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ABSTRACT
This paper provides an asymptotic description of a solution to the
Burgers-Hilbert equation in a neighborhood of a point where two
shocks interact. The solution is obtained as the sum of a function
with H2 regularity away from the shocks plus a corrector term having
an asymptotic behavior like jxj ln jxj close to each shock. A key step
in the analysis is the construction of piecewise smooth solutions
with a single shock for a general class of initial data.
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1. Introduction

Consider the balance law obtained from Burgers’ equation by adding the Hilbert trans-
form as a source term

ut þ u2

2

� �
x
¼ H u½ � : (1.1)

This equation was derived in [1] as a model for nonlinear waves with constant fre-
quency. Here the nonlocal source term

H f½ �ðxÞ ¼: lim
e!0þ

1
p

ð
jyj>e

f ðx� yÞ
y

dy

denotes the Hilbert transform of a function f 2 L2ðRÞ: It is well known [2] that H is a
linear isometry from L2ðRÞ onto itself. Given any initial data

uð0, �Þ ¼ �uð�Þ (1.2)

with �u 2 H2ðRÞ, the local existence and uniqueness of solutions to (1.1) was proved in
[3], together with a sharp estimate on the time interval where this solution remains
smooth. For a general initial data �u 2 L2ðRÞ, the global existence of entropy weak solu-
tions to (1.1) was proved in [4], together with a partial uniqueness result. We remark that
the well-posedness of the Cauchy problem for (1.1) remains a largely open question.
More recently, piecewise continuous solutions with a single shock have been con-

structed in [5]. As shown in Figure 1, these solutions have the form
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uðt, xÞ ¼ wðt, x � yðtÞÞ þ uðx � yðtÞÞ, (1.3)

where y(t) denotes the location of the shock at time t, and wðt, �Þ 2 H2ð� �1, 0½[�0,
þ1½Þ for all t � 0: Moreover, u is a fixed function with compact support, describing
the asymptotic behavior of the solution near the shock. It is smooth outside the origin
and satisfies

uðxÞ ¼ 2
p
jxj ln jxj for jxj � 1 : (1.4)

Remarkably, this “corrector term” u is universal, i.e., it does not depend on the par-
ticular solution of (1.1). The same analysis applies to solutions with finitely many, non-
interacting shocks. In addition, the local asymptotic behavior of a solution up to the
time when a new shock is formed was investigated in [6].
The aim of the present note is to describe the asymptotic behavior of a solution in a

neighborhood of a point where two shocks interact. Calling T> 0 the time when the
interaction takes place, our analysis splits into two parts. We first describe the behavior
of the solution as t ! T � , i.e., as the two shocks approach each other. In a second
step, to construct the solution for t>T, we solve a Cauchy problem with initial data
given at t¼T.
As it turns out, the profile uðT, �Þ is not “well prepared,” in the sense that it cannot

be written in the form (1.3). To explain the difficulty, we recall that the solutions con-
structed in [5] had initial data of the form

uð0, xÞ ¼ �wðx � y0Þ þ uðx� y0Þ, (1.5)

for some �w 2 H2ðRnf0gÞ and y0 2 R: These data are “well prepared,” in the sense that
they already contain the corrector term u: A natural class of initial data, not considered
in [5], is

uð0, xÞ ¼ �wðx� y0Þ with �w 2 H2ðRnf0gÞ, y0 2 R: (1.6)

By assumption, at time t¼ 0 the derivative uxð0, xÞ ¼ �wxðx � y0Þ is piecewise continu-
ous and uniformly bounded. However, in the solution to (1.1), (1.6), at each time t> 0
we expect that uxðt, xÞ ! 61 as x ! yðtÞ7: For this reason, the local construction of
this solution requires a careful analysis. A more general class of initial data, containing
both (1.5) and (1.6), as well as all profiles uðT, �Þ emerging from our shock interactions,
will be studied in Section 2.
We recall here the definition of entropy weak solutions used in [4].

Definition 1.1. By an entropy weak solution of (1.1)–(1.2) we mean a function u 2
L1locð½0,1½ �RÞ with the following properties.

Figure 1. Decomposing a solution in the form (1.3).
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(i) The map t 7! uðt, �Þ is continuous with values in L2ðRÞ and satisfies the initial
condition (1.2).

(ii) For any k 2 R and every nonnegative test function / 2 C1c ð�0,1½ �RÞ one hasð ð
ju� kj/t þ

u2 � k2

2

� �
signðu� kÞ/x þ H uðtÞ½ �ðxÞsignðu� kÞ/

� �
dxdt � 0:

(1.7)

The present paper will be concerned with a more regular class of solutions, which are
piecewise continuous and can be determined by integrating along characteristics. These
correspond to the “broad solutions” considered in [7,8]. Throughout the sequel, the
upper dot denotes a derivative w.r.t. time.

Definition 1.2. An entropy weak solution u ¼ uðt, xÞ of (1.1)–(1.2), defined on the
interval t 2 ½0,T�, will be called a piecewise regular solution if there exist finitely many
shock curves y1ðtÞ, :::, ynðtÞ such that the following holds.

(i) For each t 2 ½0,T�, one has uðt, �Þ 2 H2ðRnfy1ðtÞ, :::, ynðtÞgÞ:
(ii) For each i ¼ 1, :::, n, the Rankine-Hugoniot conditions hold:

u�i ðtÞ ¼: uðt, yiðtÞ�Þ > uðt, yiðtÞþÞ ¼: uþi ðtÞ, (1.8)

_yiðtÞ ¼
u�i ðtÞ þ uþi ðtÞ

2
: (1.9)

(iii) Along every characteristic curve t 7! xðtÞ such that

_xðtÞ ¼ uðt, xðtÞÞ, (1.10)

one has

d
dt

uðt, xðtÞÞ ¼ H u½ �ðxðtÞÞ: (1.11)

In the above setting, the Hilbert transform of the piecewise regular function uðt, �Þ
can be computed using an integration by parts:

H uðtÞ½ �ðxÞ ¼ 1
p

ð1
�1

uxðt, yÞ ln jx � yj dy þ 1
p

Xn
i¼1

uþi ðtÞ � u�i ðtÞ
� �

ln jx � yiðtÞj :

(1.12)

The remainder of the paper is organized as follows. In Section 2 we state a local
existence and uniqueness theorem for solutions to (1.1), valid for a class of initial data
containing one single shock, but more general than in [5]. Toward the proof of
Theorem 2.1, Section 3 develops various a priori estimates, while in Section 4 the local
solution is constructed as a limit of a convergent sequence of approximations. As in [5],
these are obtained by iteratively solving a sequence of linearized problems.
In the second part of the paper we study solutions of (1.1) with two shocks, up to

the time of interaction. In Section 5 we perform some preliminary computations, moti-
vating a particular form of the corrector term. In Section 6 we state and prove the
second main result of the paper, Theorem 6.1, providing a detailed description of
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solutions up to the interaction time. This is achieved by a change of both time and
space coordinates, so that the two shocks are located at the two points

x1ðtÞ ¼ t < 0 ¼ x2ðtÞ,
and interact at time t¼ 0. Our analysis shows that, at the interaction time, the solution
profile contains a single shock and lies within the class of initial data covered by
Theorem 2.1. Combining our two theorems, one thus obtains a complete description of
the solution to (1.1) in a neighborhood of the interaction time.

2. Solutions with one shock and general initial data

Consider a piecewise regular solution of the Burgers-Hilbert equation (1.1), with one
single shock. By the Rankine-Hugoniot condition, the location y(t) of the shock at time
t satisfies

_yðtÞ ¼ u�ðtÞ þ uþðtÞ
2

, u6ðtÞ ¼ lim
x!yðtÞ6

uðt, xÞ: (2.1)

As in [5], we shift the space coordinate, replacing x with x� yðtÞ, so that in the new
coordinate system the shock is always located at the origin. In these new coordinates,
(1.1) takes the form

ut þ u� u�ðtÞ þ uþðtÞ
2

� �
ux ¼ H u½ �: (2.2)

In [5], given a “well prepared” initial data (1.5), a unique piecewise smooth entropy
solution to (2.2) of the form

uðt, xÞ ¼ wðt, xÞ þ 2gðxÞ
p

� jxj ln jxj , t > 0

was constructed. Here wðt, �Þ 2 H2ðRnf0gÞ, while g 2 C1ðRÞ is an even cutoff func-
tion, satisfying

gðxÞ ¼ 1 if jxj � 1,
gðxÞ ¼ 0 if jxj � 2,
g0ðxÞ � 0 if x � 0 :

8<
: (2.3)

For future use, it will be convenient to introduce the function

/ðx, bÞ ¼: 2gðxÞ
p

� ðjxj þ bÞ ln ðjxj þ bÞ � b ln b½ �, x 2 R, b � 0: (2.4)

Observe that

/ð0, bÞ ¼ 0 for all b � 0: (2.5)

Our main goal in this section is to solve the Cauchy problem for (2.2) with initial data

uð0, xÞ ¼ �wðxÞ þ �uðxÞ, (2.6)

where

1798 A. BRESSAN ET AL.



�w 2 H2ðRnf0gÞ, �uðxÞ ¼ �c1 � v��1, 0½ þ c2 � v�0,þ1½
	 � /ðx, 0Þ, (2.7)

for some constants c1, c2 2 R: Note that this reduces to (1.5) in the case c1 ¼ c2 ¼ 1:
To handle the more general initial data (2.6)–(2.7), we write the solution of (2.2) in

the form

uðt, xÞ ¼ wðt, xÞ þ uðwÞðt, xÞ, (2.8)

where the corrector term uðwÞðt, xÞ now depends explicitly on time t and on the
strength of the jump

rðwÞðtÞ ¼: w�ðtÞ � wþðtÞ, w6ðtÞ ¼: wðt, 06Þ: (2.9)

To make an appropriate guess for the function uðwÞ, we observe that, by (1.12), (2.2)
can be approximated by the simpler equation

ut þ u� u�ðtÞ þ uþðtÞ
2

� �
ux ¼ 1

p
ðuþðtÞ � u�ðtÞÞ ln jxj: (2.10)

Indeed, we expect that the solutions of (2.2) and (2.10) with the same initial data will
have the same asymptotic structure near the origin. Their difference will lie in the more
regular space H2ðRnf0gÞ: With this in mind, we thus make the ansatz

uðwÞðt, xÞ ¼: /ðx, 0Þ þ


ðc1 � 1Þ � v��1, 0½ þ ðc2 � 1Þ � v�0,þ1½

�
� /
�
x,

rðwÞðtÞt
2

�
:

(2.11)

Inserting (2.8) into (2.2), we obtain an equation for the remaining component wðt, �Þ:
Namely

wt þ aðt, x,wÞ � wx ¼ Fðt, x,wÞ, (2.12)

where a and F are given by

aðt, x,wÞ ¼ wðt, xÞ þ uðwÞðt, xÞ � w�ðtÞ þ wþðtÞ
2

, (2.13)

Fðt, x,wÞ ¼ H uðwÞ� �
ðt, xÞ � uðwÞuðwÞ

x ðt, xÞ

þ H½w�ðt, xÞ � uðwÞ
t ðt, xÞ þ wðt, xÞ � w�ðtÞ þ wþðtÞ

2

� �
� uðwÞ

x ðt, xÞ
� �� �

:

(2.14)

We observe that, in the present case of a solution with a single shock, by (2.5) the
entropy admissibility condition (1.8) reduces to

w�ðtÞ > wþðtÞ: (2.15)

Moreover, Definition 1.2 is satisfied provided that, along every characteristic curve
t 7! xðt; t0, x0Þ 6¼ 0 obtained by solving

_xðtÞ ¼ aðt, x,wÞ, xðt0Þ ¼ x0, (2.16)

one has

COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS 1799



wðt0, x0Þ ¼ �wðxð0; t0, x0ÞÞ þ
ðt0
0
Fðt, xðt; t0, x0Þ,wðt, xðt; t0, x0ÞÞÞ dt: (2.17)

The first main result of this paper provides the existence and uniqueness of an
entropic solution, locally in time.

Theorem 2.1. For every �w 2 H2ðRnf0gÞ satisfying �wð0�Þ � �wð0þÞ > 0 and every c1,
c2 2 R, the Cauchy problem for the Burgers-Hilbert equation (1.1), with initial condition
as in (2.6)–(2.7), admits a unique piecewise regular solution defined for t 2 ½0,T�, for
some T> 0 sufficiently small, depending only on M0, d0, c1, and c2.

The solution to the equivalent (2.12) will be obtained as a limit of a sequence of
approximations. Namely, consider a sequence of linear approximations constructed as
follows. As a first step, define

w1ðt, xÞ ¼ �wðxÞ for all t � 0, x 2 R: (2.18)

By induction, let wn be given. We define wnþ1 to be the solution of the linear, non-
homogeneous Cauchy problem

wt þ aðt, x,wnÞ � wx ¼ Fðt, x,wÞ, wð0, �Þ ¼ �wðxÞ: (2.19)

The induction argument requires three steps:

(i) Existence and uniqueness of solutions to each linear problem (2.19).
(ii) A priori bounds on the strong norm kwnðtÞkH2ðRnf0gÞ, uniformly valid for t 2

½0,T� and all n � 1:
(iii) Convergence in a weak norm. This will follow from the boundX

n�2

kwnðtÞ � wn�1ðtÞkH1ðRnf0gÞ < 1: (2.20)

These steps will be worked out in the next two sections.

3. Preliminary estimates

To achieve the above steps (i)–(iii), we establish in this section some key estimates on
the right hand side of (2.19), by splitting it into three parts:

Fðt, x,wÞ ¼ AðwÞðt, xÞ þ BðwÞðt, xÞ � CðwÞðt, xÞ, (3.1)

where

AðwÞ ¼: H uðwÞ� �
� uðwÞuðwÞ

x , BðwÞ ¼: H w½ � � w� w� þ wþ

2

� �
� /xðx, 0Þ, (3.2)

CðwÞ ¼: uðwÞ
t þ

�
w� w� þ wþ

2

�
� /x

�
x,

rðwÞðtÞ t
2

�
�


ðc1 � 1Þ � v��1, 0½ þ ðc2 � 1Þ � v�0,þ1½

�
:

(3.3)

Consider the function

gbðxÞ ¼ v½0,1½ðxÞ � /ðx, bÞ, x 2 R, b � 0, (3.4)

1800 A. BRESSAN ET AL.



where /ðx, bÞ is given by (2.4). For every b 2 ½0, 1
2e� one checks that the function gb 2

C1ðRnf0gÞ \ CðRÞ is negative and decreasing on the open interval �0, 1
2e ½: Moreover, it

satisfies

suppðgbÞ � 0, 2½ �, jgbðzÞj � jz ln jzjj for all z 2 0,
1
2e

� �
: (3.5)

The next lemma provides some bounds on the Hilbert transform of gb. As usual, by
the Landau symbol Oð1Þ we shall denote a uniformly bounded quantity.

Lemma 3.1. For every 0 � b � 1
2e and jxj � 1

2e, one has

jH gb½ �ðxÞj � Oð1Þ, d
dx

H gb½ �ðxÞ
����

���� � Oð1Þ � ln 2jxj,
d2

dx2
H gb½ �ðxÞ

����
���� � Oð1Þ � ln jxj

x

����
����, d3

dx3
H gb½ �ðxÞ

����
���� � Oð1Þ � ln jxj

x2

����
����:

8>>><
>>>:

(3.6)

Moreover, for every d > 0 sufficiently small one has

kH gb½ �ð�ÞkH2ðRn �d, d½ �Þ � Oð1Þ � d�2=3, kH g0b
� �ð�ÞkH2ðRn �d, d½ �Þ � Oð1Þ � d�7=4:

(3.7)

Proof. Fix b 2 0, 1
2e

� �
: By (1.12), one has

H gb½ �ðxÞ ¼ 1
p
�
ð2
0
gb

0ðyÞ � ln jx� yj dy:

Two cases are considered:

Case 1: If � 1
2e < x < 0 then we have the estimates

jH gb½ �ðxÞj ¼ 1
p
�
ð2
0
g0bðyÞ � ln ðy� xÞ dy

����
���� ¼ 1

p
�
ð2þjxj

jxj
g0bðxþ zÞ ln z dz

�����
�����

¼ 1
p
�
ð2þjxj

jxj

gbðx þ zÞ
z

dz

�����
����� � Oð1Þ �

ð 1
2e

jxj
j ln zjdz þ 1

 !
� Oð1Þ,

d
dx

H gb½ �ðxÞ
����

���� ¼ 1
p
�
ð2
0

g0bðyÞ
y� x

dy

����
���� ¼ 1

p
�
ð2þjxj

jxj

g 0bðxþ zÞ
z

dz

�����
�����

¼ 1
p
�
ð2þjxj

jxj

gbðxþ zÞ
z2

dz

�����
����� ¼ Oð1Þ �

ð 1
2e

jxj

j ln zj
z

dz þ 1

 !
� Oð1Þ � ln2jxj,

and similarly

d2

dx2
H gb½ �ðxÞ

����
���� � Oð1Þ � ln jxj

x

����
����, d3

dx3
H gb½ �ðxÞ

����
���� � Oð1Þ � ln jxj

x2

����
����:
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Case 2: If 0 < x < 1
2e , then we split H½gb�ðxÞ into three parts as follows:

H gb½ �ðxÞ ¼ 1
p
�
ðx=2
0

g0bðyÞ ln ðx � yÞ dy þ p:v:
ð3x=2
x=2

g 0bðyÞ ln jy � xj dy
 !

þ 1
p
�
ð2
3x=2

g0bðyÞ ln ðy� xÞ dy ¼: 1
p
� ðI1 þ I2 þ I3Þ:

We first estimate

jI1ðxÞj ¼
����
ðx=2
0

g0bðyÞ ln ðx � yÞ dy

���� � Oð1Þ �
����
ðx=2
0

g0bðyÞ dy

���� � j ln xj � Oð1Þ � x ln 2x,

jI01ðxÞj ¼
����
ðx=2
0

g 0bðyÞ
x � y

dy þ 1
2
� g 0b

 x
2

�
ln

 x
2

����� � Oð1Þ � ln 2x,

8>>><
>>>:
and similarly

jI001 ðxÞj � Oð1Þ � ln x
x

����
����, jI0001 ðxÞj � Oð1Þ � ln x

x2

����
����:

By a similar argument, one obtains

jI3ðxÞj � Oð1Þ, jI03ðxÞj ¼
ð2
3x=2

g0bðyÞ
y� x

dyþ 3
2
� g0b

3x
2

� �
� ln x

2

� ������
�����

� Oð1Þ � ln 2x,

and

jI003 ðxÞj � Ð 2
3x=2

g 0bðyÞ
ðy� xÞ2 dy

�����
�����þOð1Þ � ln x

x

����
���� � Oð1Þ � ln x

x

����
����,

jI0003 ðxÞj � Ð 2
3x=2

g 0bðyÞ
ðy� xÞ3 dy

�����
�����þOð1Þ � ln x

x2

����
���� � Oð1Þ � ln x

x2

����
����:

8>>>>><
>>>>>:

Finally, using the fact that g 0b is concave, we obtain

jI2ðxÞj ¼ lim
e!0þ

ðx�e

x=2
g0bðyÞ ln ðx� yÞdyþ

ð3x=2
xþe

g0bðyÞ ln ðy� xÞdy
�����

�����
¼ lim

e!0þ

ðx=2
e

g0bðx� zÞ þ g 0bðxþ zÞ� � � ln z dz

�����
����� � 2jg 0bðxÞj �

ðx=2
e

ln zdz

�����
����� � Oð1Þ,

jI02ðxÞj ¼ lim
e!0þ

ðx=2
e

g 00b ðx� zÞ þ g00b ðxþ zÞ� �
ln zdzþ 1

2
g 0bðx=2Þ þ g 0bð3x=2Þ
� � � ln ðx=2Þ

�����
�����

�Oð1Þ � jg00b ðx=2Þj �
ðx=2
e

ln zdz

�����
�����þ ln2x

 !
� Oð1Þ � ln2x,
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and

jI002ðxÞj � lime!0þ
Ð x=2
e g 000b ðx � zÞ þ g000b ðxþ zÞ� �

ln zdz
��� ���þOð1Þ � ln x

x

����
���� � Oð1Þ � ln x

x

����
����,

jI0002ðxÞj � lime!0þ
Ð x=2
e g 0000b ðx� zÞ þ g 0000b ðxþ zÞ� �

ln zdz
��� ���þOð1Þ � ln x

x2

����
���� � Oð1Þ � ln x

x2

����
����:

8>>><
>>>:
We thus achieve the same estimates as in Case 1, and this yields (3.6).
Finally, the function gb is continuous with compact support and smooth outside the

origin. Therefore, the Hilbert transform H½gb� is smooth outside the origin. As jxj !
1, one has

H gb½ �ðxÞ ¼ Oð1Þ � jxj�1,
dk

dxk
H gb½ �� 	ðxÞ ¼ Oð1Þ � x�ðkþ1Þ, k ¼ 1, 2, 3:

Thus, (3.6) yields (3.7). w

Remark 3.1. For every 0 < b � 1
2e , one has

d
db

gbðxÞ ¼ 2gðxÞ
p

ln ðxþ bÞ � ln ðbÞ½ � for all x > 0:

Since

ln ðx þ bÞ � ln ðbÞj j � x
b
,

the same arguments as used in the proof of Lemma 3.1 yield that, for 0 < jxj � 1
2e ,

H
d
db

gb

� �
ðxÞ

����
���� ¼ Oð1Þ � 1

b
,

d
dx

H
d
db

gb

� �� �
ðxÞ

����
���� ¼ Oð1Þ � ln ðxÞj j

b
,

d2

dx2
H

d
db

gb

� �� �
ðxÞ

����
���� ¼ Oð1Þ � ln ðxÞ

bx

����
����:

Moreover, for d > 0 sufficiently small,



H d
db

gb

� �




H1ðRn �d, d½ �Þ

� Oð1Þ � 1
b
,





H d
db

gb

� �




H2ðRn �d, d½ �Þ

� Oð1Þ � 1
b
� d�2=3:

The next lemma provides some a priori estimates on the function F ¼ Fðt, x,wÞ
introduced in (2.14).

Lemma 3.2. Let w : ½0,T� � R ! R such that wðt, �Þ 2 H2ðRnf0gÞ for all t 2 ½0,T�,
kwðt, �ÞkH2ðRnf0gÞ � M0, rðwÞðtÞ ¼: wðt, 0�Þ � wðt, 0þÞ > 0:

Moreover, assume that 0 < T < 1
4eM0

and that rðwÞð�Þ is locally Lipschitz on �0,T�:
Then there exists a constant C1 > 0, depending on M0, d0, c1, and c2 such that, for a.e.

t 2 ½0,T� and jxj < 1
2e, one has
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jFðt, x,wÞj � C1 � ð1þM0Þ � j ln tj þ j _rðwÞðtÞj
rðwÞðtÞ � jxj

 !
,

jFxðt, x,wÞj � C1 � ð1þM0Þ � jxj�1=4 þ j _rðwÞðtÞj
rðwÞðtÞ

 !
:

8>>>>><
>>>>>:

(3.8)

Furthermore, for every d > 0 sufficiently small

kFðt, x,wÞkH2ðRn �d, d½ �Þ � C1 � 1þM0 þ j _rðwÞðtÞj
jrðwÞðtÞj

 !
� d�2=3 þ ð1þM0Þ � j ln ðtÞj

" #
:

(3.9)

Proof. According to (3.1), the function F can be decomposed as the sum of three terms,
which will be estimated separately.

1. By the analysis in [5, Section 3], for every ðt, xÞ 2 ½0,T� � � 1
2e ,

1
2e

� �
one has

BðwÞðt, xÞ�� �� � Oð1Þ �M0, BðwÞ
x ðt, xÞ

��� ��� � Oð1Þ �M0 � j ln jxjj2,
kBðwÞðt, �ÞkH2ðRn �d, d½ �Þ � Oð1Þ �M0 � d�2=3:

8<
: (3.10)

2. Next, we estimate CðwÞðt, xÞ: For every 0 < x < 1
2e , we have

CðwÞðt, xÞ ¼ EðwÞ2 ðtÞ þ ðc2 � 1Þ � _rðwÞðtÞt
2

þ ðwðt, xÞ � wðt, 0þÞÞ
� �

� /x x,
rðwÞðtÞt

2

� �
,

(3.11)

where we define

EðwÞ
2 ðtÞ ¼: 1� c2

2
� /x

rðwÞðtÞt
2

, 0

� �
� _rðwÞðtÞt þ rðwÞðtÞ

 �

:

Since kwðt, �ÞkH2ðRnf0gÞ � M0, one has jrðwÞðtÞj � 2M0,

jCðwÞðt, 0þÞj ¼ 1� c2
2

� /x
rðwÞðtÞt

2
, 0

� �
� rðwÞðtÞ

�����
����� � Oð1Þ � ð1þM0Þ � j ln tj,

(3.12)

and

jCðwÞðt, xÞj � Oð1Þ ð1þM0Þ � j ln tj þ j _rðwÞðtÞj
rðwÞðtÞ � jxj

 !
:

Moreover, observing that
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CðwÞ
x ðt, xÞ ¼ ðc2 � 1Þ � d

dx
_rðwÞðtÞt

2
þ ðwðt, xÞ � wðt, 0þÞÞ

� �
� /x x,

rðwÞðtÞt
2

� �" #
,

CðwÞ
xx ðt, xÞ ¼ ðc2 � 1Þ � d

2

dx2
_rðwÞðtÞt

2
þ ðwðt, xÞ � wðt, 0þÞÞ

� �
� /x x,

rðwÞðtÞt
2

� �" #
,

8>>>>><
>>>>>:

(3.13)

we estimate

CðwÞ
x ðt, xÞ

��� ��� � Oð1Þ � M0 � jxj�1=4 þ j _rðwÞðtÞj
rðwÞðtÞ

 !
,

CðwÞ
xx ðt, xÞ

��� ��� � Oð1Þ � M0 þ j _rðwÞðtÞj
jrðwÞðtÞj

 !
� jxj�1 þ jwxxðt, xÞj � j ln jxjj

" #
:

8>>>>><
>>>>>:

(3.14)

Similarly, for every � 1
2e < x < 0, we have

CðwÞðt, xÞ ¼ EðwÞ1 ðtÞ � ðc1 � 1Þ � _rðwÞðtÞt
2

� ðwðt, xÞ � wðt, 0�ÞÞ
� �

� /x x,
rðwÞðtÞt

2

� �
,

EðwÞ
1 ðtÞ ¼: 1� c1

2
� /x

rðwÞðtÞt
2

, 0

� �
� _rðwÞðtÞt þ rðwÞðtÞ

 �

:

This yields the same bounds as in (3.11)–(3.14). We thus conclude

kCðwÞðt, �ÞkH2ðRn �d, d½ �Þ � Oð1Þ � M0 þ j _rðwÞðtÞj
jrðwÞðtÞj

 !
� d�1=2 þM0 � j ln ðtÞj

" #
: (3.15)

3. Finally, to obtain a bound on AðwÞ we observe that, by (3.5),

uðwÞðt, xÞ�� �� � Oð1Þ � jx ln jxjj, ðt, xÞ 2 0,T½ � � � 1
2e

,
1
2e

� �
:

This leads to the estimates

uðwÞuðwÞ
x

�� �� � Oð1Þ � jxj1=2, ðuðwÞuðwÞ
x Þx

�� �� � Oð1Þ � ln 2jxj, ðuðwÞuðwÞ
x Þxx

�� ��
� Oð1Þ � ln jxj

x

����
���� :

Thus,

kuðwÞðt, �ÞuðwÞ
x ðt, �ÞkH2ðRn �d, d½ �Þ � Oð1Þ � d�2=3:

On the other hand, if 0 < T < 1
4eM0

, then supt2½0,T�
rðwÞðtÞt

2 � 1
2e and Lemma 3.1 implies

for all t 2 ½0,T� and jxj � 1
2e , that

H uðwÞðt, �Þ
h i

ðxÞ
��� ��� � Oð1Þ, d

dx
H uðwÞðt, �Þ
h i

ðxÞ
����

���� � Oð1Þ � ln 2jxj, (3.16)
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d2

dx2
H uðwÞðt, �Þ
h i

ðxÞ
����

���� � Oð1Þ � ln jxj
x

����
����,





H uðwÞðt, �Þ
h i





H2ðRn �d, d½ �Þ
� Oð1Þ � d�2=3:

(3.17)

Therefore, combining (3.10)–(3.17), we obtain (3.8)–(3.9). This completes the
proof. w

Our third lemma estimates the change in the function F ¼ Fðt, x,wÞ as wð�Þ takes dif-
ferent values. These estimates will play a key role in the proof of convergence of the
approximations considered at (2.20).

Lemma 3.3. Let wi : ½0,T� � R ! R, i¼ 1, 2 such that for all t 2 ½0,T�, wiðt, �Þ 2
H2ðRnf0gÞ and

kwiðt, �ÞkH2ðRnf0gÞ � M0, rðwiÞðtÞ�� �� � d0:

Moreover, assume that rðwiÞ is locally Lipschitz on �0,T� and that there exists a func-
tion K(t) such that

_rðwiÞðtÞ�� �� � KðtÞ a:e: t 2 ð0,TÞ:
Set

z¼: w2 � w1, rðzÞ ¼: rðw2Þ � rðw1Þ, M1ðtÞ¼: kzðt, �ÞkH1ðRnf0gÞ,

M2ðtÞ¼: kzðt, �ÞkH2ðRnf0gÞ:

Then there exists a constant C2 > 0, depending on M0, d0, c1, and c2 such that, for
every x 2 � 1

2e ,
1
2e

� �
and a.e. t 2 ½0,T�, one has

jFðt, x,w2Þ � Fðt, x,w1Þj � C2 � j _rðzÞðtÞj � jxj þM1ðtÞ � ðj ln tj þ KðtÞÞ
h i

: (3.18)

Moreover, for every d > 0 sufficiently small, it holds

kH uðw2Þðt, �Þ � uðw1Þðt, �Þ
� �

kH1ðRn �d, d½ �Þ þ kBðw2Þ � Bðw1ÞkH1ðRn �d, d½ �Þ � C2 �M1ðtÞ
d1=2

,

kFðt, � ,w2Þ � Fðt, � ,w1ÞkH2ðRn �d, d½ �Þ � C2 � M2ðtÞ � ðj ln tj þ 1þ KðtÞ
d2=3

� �
þ j _rðzÞðtÞj

d1=2
Þ:

8>>><
>>>:

(3.19)

Proof.
1. For notational convenience, we set

AðzÞ ¼: Aðw2Þ � Aðw1Þ, BðzÞ ¼: Bðw2Þ � Bðw1Þ, CðzÞ ¼: Cðw2Þ � Cðw1Þ:

From [5, Section 3], for every ðt, xÞ 2 ½0,T� � � 1
2e ,

1
2e

� �
, it holds
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BðzÞðt, xÞ�� �� ¼ Oð1Þ �M1ðtÞ, kBðzÞðt, �ÞkH1ðRn �d, d½ �Þ � Oð1Þ �M1ðtÞ
d1=2

,

kBðzÞðt, �ÞkH2ðRn �d, d½ �Þ � Oð1Þ �M2ðtÞ
d2=3

:

8>><
>>: (3.20)

2. We now provide bounds on CðzÞðt, xÞ: By (3.11)–(3.13), for every 0 < x < 1
2e one

has

jCðzÞðt, xÞj � Oð1Þ j _rðzÞðtÞj
d0

� x þM1ðtÞ � KðtÞx
d20

þM0xþM2
0 þ 1

d0
þ j ln tj þ jx1=2 ln xj

 !" #
,

(3.21)

jCðzÞ
x ðt, xÞj � Oð1Þ � j _rðzÞðtÞj

d0
þ KðtÞ

d20
þM0

d0

 !
� jrzðtÞj þ jzðt, xÞ � zðt, 0þÞj

x
þ jzxðt, xÞj � ln ðtÞj j þ 1

d0
þM0

� �" #

� Oð1Þ � j _rðzÞðtÞj
d0

þ KðtÞ
d20

þM0

d0

 !
�M1ðtÞ þM1ðtÞ

x1=2
þ jzxðt, xÞj � ln ðtÞj j þ 1

d0
þM0

� �" #
,

(3.22)

jCðzÞ
xx ðt, xÞj � Oð1Þ �

� j _rðzÞðtÞj
d0x

þ jzxxðt, xÞj � ðj ln ðtÞj þ 1
d0

þM0Þ þ jzxðt, xÞj
x

þ jzðt, xÞ � zðt, 0þÞj
x2

þ jrðzÞðtÞj �
� jw1, xxðt, xÞj

d0
þ KðtÞ

d20x
þ jw1, xðt, xÞj

d0x
þ jw1ðt, xÞ � w1ðt, 0þÞj

d0x2

��

� Oð1Þ �
�� j _rðzÞðtÞj

d0
þ KðtÞM1ðtÞ

d20
þM1ðtÞM0

d0
þM2ðtÞ

�
� 1
x

þ jzxxðt, xÞj � ðj ln ðtÞj þ 1
d0

þM0Þ þ jw1, xxðt, xÞj �M1ðtÞ
d0

�
:

(3.23)

For every � 1
2e < x < 0, by a similar argument, we obtain the same bounds as in

(3.21)–(3.23). Therefore

kCðzÞðt, �ÞkH1ðRnf0gÞ � Oð1Þ � M1ðtÞ � j ln tj þM0 þ 1
d0

þ K

d20

 !
þ j _rðzÞðtÞj

d0

 !
,

kCðzÞðt, �ÞkH2ðRn �d, d½ �Þ � Oð1Þ � M2ðtÞ � j ln tj þ M0 þ 1
d0

þ K

d20

 !
� 1ffiffiffi

d
p

" #
þ j _rðzÞðtÞj

d0
ffiffiffi
d

p
 !

:

8>>>>><
>>>>>:

(3.24)

3. To achieve bound on AðzÞ, for 0 < x < 1
2e we compute

uðw2Þuðw2Þ
x � uðw1Þuðw1Þ

x

��� ��� � Oð1Þ � jr
ðzÞðtÞj
d0

� jx ln jxjj � Oð1Þ �M1ðtÞ
d0

� jx ln jxjj,

uðw2Þuðw2Þ
x � uðw1Þuðw1Þ

x


 �
x

����
���� � Oð1Þ � jr

ðzÞðtÞj
d0

� j ln jxjj � Oð1Þ �M1ðtÞ
d0

� j ln jxjj,

uðw2Þuðw2Þ
x � uðw1Þuðw1Þ

x


 �
xx

����
���� � Oð1Þ � jr

ðzÞðtÞj
d0

� ln jxj
x

����
���� � Oð1Þ �M1ðtÞ

d0
� ln jxj

x

����
����:
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This yields 


uðw2Þuðw2Þ
x � uðw1Þuðw1Þ

x





H1ðRnf0gÞ

� Oð1Þ �M1ðtÞ
d0

,


uðw2Þuðw2Þ
x � uðw1Þuðw1Þ

x





H2ðRn �d, d½ �Þ

� Oð1Þ �M1ðtÞ
d0

� d�2=3:

8>><
>>:

On the other hand, for 0 < x < 1
2e we observe that

uðw2Þðt, xÞ � uðw1Þðt, xÞ ¼ ðc2 � 1Þ � / x,
rðw2ÞðtÞt

2

� �
� / x,

rðw1ÞðtÞt
2

� �� �

¼ c2 � 1
2

�
ð1
0
/b x,

rðw1ÞðtÞt
2

þ s � r
ðzÞðtÞt
2

� �
ds

 !
� rðzÞðtÞt

¼ c2 � 1
2

�
ð1
0

d
db

gbsðxÞ ds

 !
� rðzÞðtÞt,

(3.25)

with bs ¼ rðw1ÞðtÞt
2 þ s � rðzÞðtÞt2 : Thus, by Remark 3.1 it follows

H uðw2Þðt, �Þ � uðw1Þðt, �Þ
� �

ðxÞ�� �� � Oð1Þ �M1ðtÞ
d0

,

d
dx

H uðw2Þðt, �Þ � uðw1Þðt, �Þ
h i

ðxÞ
����

���� � Oð1Þ �M1ðtÞ � ln jxjj j
d0

,

8>>><
>>>:

and

kH uðw2Þðt, �Þ � uðw1Þðt, �Þ
� �

kH1ðRn �d, d½ �Þ � Oð1Þ �M1ðtÞ � 1d0 ,

kH uðw2Þðt, �Þ � uðw1Þðt, �Þ
� �

kH2ðRn �d, d½ �Þ � Oð1Þ �M1ðtÞ
d0

� d�2=3:

8>><
>>:

Similarly, one gets the same estimate for � 1
2e < x < 0: Therefore (3.2) yields

AðzÞðt, xÞ�� �� � Oð1Þ �M1ðtÞ
d0

, AðzÞ
x ðt, xÞ�� �� � Oð1Þ �M1ðtÞ � j ln jxjjd0

,

kAðzÞðt, �ÞkH1ðRn �d, d½ �Þ � Oð1Þ �M1ðtÞ
d0

,

kAðzÞðt, �ÞkH2ðRn �d, d½ �Þ � Oð1Þ �M1ðtÞ
d0

� d�2=3 :

8>>>>>><
>>>>>>:

(3.26)

Finally, combining the estimates (3.20)–(3.26), we obtain (3.18)–(3.19). w

4. Proof of Theorem 2.1

In this section we give a proof of Theorem 2.1 by constructing a solution to the Cauchy
problem (2.2) with general initial data of the form (2.6)–(2.7), locally in time. This solu-
tion will be obtained as limit of a Cauchy sequence of approximate solutions wnðt, xÞ,
following the steps (i)–(iii) outlined at the end of Section 2.
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Step 1. Consider any initial profile �w 2 H2ðRnf0gÞ: Let d0,M0 > 0 be the constants
defined by the identities

�wð0�Þ � �wð0þÞ ¼ 6d0, k�wkH2ðRnf0gÞ ¼
M0

2
: (4.1)

Given two constants c1, c2 2 R, the corresponding initial data of the form (2.6)–(2.7)
is

uð0, xÞ ¼ �wðxÞ þ


c1 � v��1, 0½ þ c2 � v�0,þ1½

�
� /ðx, 0Þ:

Moreover, let wn : ½0,T� � R ! R be a function such that

jwnðt, 06Þ � �wð06Þj � d0, kwnðt, �ÞkH2ðRnf0gÞ � M0, t 2 0,T½ �: (4.2)

Set rnðtÞ¼: wnðt, 0�Þ � wnðt, 0þÞ: As in (2.11), the correction term associated to wn

is denoted by

unðt, xÞ¼: /ðx, 0Þ þ
�ðc1 � 1Þ � v��1, 0½ þ ðc2 � 1Þ � v�0,þ1½

	 � /�x, rnðtÞt
2

�
: (4.3)

In this step, we will establish the existence and uniqueness of solutions to the linear
problem (2.19).
We begin by observing that the speed of all characteristics for (2.19) is

anðt, xÞ ¼: aðt, x,wnÞ ¼ unðt, xÞ þ wnðt, xÞ � w�
n ðtÞ þ wþ

n ðtÞ
2

,

where unðt, xÞ¼: uðwnÞðt, xÞ, the correction term associated to wn. From (4.3) and (4.2)
it follows that unðt, 0Þ ¼ 0 and

�4d0 � anðt, 0þÞ ¼ � rnðtÞ
2

� �2d0, 2d0 � anðt, 0�Þ ¼ rnðtÞ
2

� 4d0:

Furthermore, for any given ðt, xÞ 2 ½0,T�� �0, 1
2e�, we estimate, using (3.5),

anðt, xÞ � anðt, 0þÞj j � 2ð2þ jc2jÞjx ln xj
p

þ
ðx
0
jwn, xðt, yÞjdy

� 2ð2þ jc2jÞjx ln xj
p

þ x1=2 �
ðx
0
jwn, xðt, yÞj2dy

� �1=2

� ð2þ jc2j þM0Þ �
ffiffiffi
x

p
:

Similarly, we also have

janðt, xÞ � anðt, 0�Þj � ð2þ jc1j þM0Þ �
ffiffiffiffiffi
jxj

p
, ðt, xÞ 2 ½0,T� �

�
� 1
2e

, 0

�
:

In particular, setting

d1 ¼: 1
4
� d0

4þ jc1j þ jc2j þM0

� �2

� 1
16

, (4.4)

we have
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�5d0 � anðt, xÞ � �d0, ðt, xÞ 2 ½0,T�� �0, 2d1�,
d0 � anðt, xÞ � 5d0, ðt, xÞ 2 ½0,T� � ½�2d1, 0½ :

�
(4.5)

Next, choose

0 < T < min
d1
10d0

,
1
2e

� �
, (4.6)

and denote by t 7! xðt; t0, x0Þ the solution to the Cauchy problem

_xðtÞ ¼ anðt, xðtÞÞ, xðt0Þ ¼ x0: (4.7)

By (4.5) it follows

d0ðt0 � tÞ � jxðt; t0, x0Þ � x0j � 5d0ðt0 � tÞ, jx0j � d1, 0 � t � t0 � T: (4.8)

The next lemma provides the Lipschitz continuous dependence of the characteristic
curves considered at (4.7).

Lemma 4.1. Let wn, un be as in (4.2)–(4.3). Then there exists a constant K1 > 0, depending
on M0, d0, c1, and c2, such that, for any x1, x2 2 ½�d1, 0½ or x1, x2 2 �0, d1�, one has

jxðt; s, x2Þ � xðt; s, x1Þj � K1 � jx2 � x1j, for all 0 � t � s � T: (4.9)

Proof. We shall prove (4.9) for x1, x2 2 ½�d1, 0½ , the other case being entirely similar.
For any �d1 � z1 < z2 < 0, it holds

janðt, z2Þ � anðt, z1Þj � jwnðt, z2Þ � wnðt, z1Þj þ junðt, z2Þ � unðt, z1Þj

� M0 þ 4þ 2jc1j
p

� ð1þ j ln jz2jjÞ
� �

� jz2 � z1j:

Therefore, from (4.8), it follows

d
dt

jxðt; s, x2Þ � xðt; s, x1Þj � M0 þ 4þ 2jc1j
p

� ð1þ j ln jd0ðs� tÞjjÞ
� �

� jxðt; s, x2Þ

� xðt; s, x1Þj,
and this yields (4.9). w

From (4.5), by the same arguments as in [5, Lemma 4.1], one obtains:

Lemma 4.2. Let wn, un be as in (4.2)–(4.3). There exists T> 0 sufficiently small, depending
only on M0, d0, c1, c2, such that, for every s 2 ½0,T� and any solution v of the linear equation

vt þ anðt, xÞ � vx ¼ 0, vð0, �Þ ¼ �v 2 H2ðRn �d0s, d0s½ �Þ,
one has

kvðs, �ÞkH2ðRnf0gÞ � 3
2
� k�vkH2ðRn �d0s, d0s½ �Þ:

Step 2. Consider a sequence of approximate solutions wðkÞ to (2.19), inductively
defined as follows.
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	 wð1Þðt, �Þ ¼: �wð�Þ for all t � 0:
	 For every k � 1, wðkþ1Þðt, �Þ solves the linear equation

wt þ anðt, xÞ � wx ¼ FðkÞðt, xÞ, wð0, �Þ ¼ �wð�Þ
with FðkÞðt, xÞ¼: Fðt, x,wðkÞÞ: Equivalently, wðkþ1Þ satisfies the integral identities

wðkþ1Þðt0, x0Þ ¼ �wðxð0; t0, x0ÞÞ þ
ðt0
0
FðkÞðt, xðt; t0, x0ÞÞdt: (4.10)

The following lemma provides a priori estimates on wðkÞ, uniformly valid for
all k � 1:

Lemma 4.3. Let wn, un be as in (4.2)–(4.3). Then there exists T> 0 sufficiently small,
depending only on M0, d0, c1, c2, and satisfying (4.6) so that the following holds. For every
k � 1 and a.e. s 2 ½0,T�, one has

wðkÞðs, 06Þ � �wð06Þ�� �� � d0, (4.11)

_rðkÞðsÞ�� �� � 4C1ð1þM0Þ � j ln sj, (4.12)

kwðkÞðs, �ÞkH2ðRnf0gÞ � M0, (4.13)

for some constant C1 > 0:

Proof.
1. It is clear that (4.11)–(4.13) hold for k¼ 1. By induction, assume that (4.11)

holds for a given k � 1: By the assumptions (4.1) and (4.11), for all s 2 ½0,T�
one obtains

rðkÞðsÞ � �wð0�Þ � �wð0þÞ � wðkÞðs, 0þÞ � �wð0þÞ�� ��� wðkÞðs, 0�Þ � �wð0�Þ�� ��
� 4d0:

For a fixed s 2 ½0,T�, let x6 : ½0, s� 7!R be the characteristics which reach the ori-
gin at time s, from the left and the right, respectively. Recalling (4.10), (3.8), (4.1),
and (4.8), we estimate

wðkþ1Þðs, 06Þ � �wð06Þ�� �� � �wðx6ð0ÞÞ � �wð06Þ�� ��þ ðs
0
FðkÞðt, x6ðtÞÞ�� ��dt

� 3M0d0sþ C1 �
ðs
0

ð1þM0Þ � j ln tj þ j _rðkÞðtÞj
jrðkÞðtÞj � jx

6ðtÞj
 !

dt

� 3M0d0sþ C1ð1þM0Þ �
ðs
0
1þ 5C1ðs� tÞð Þ � j ln ðtÞjdt

� Oð1Þ � ð1þM0Þ � j ln ðsÞj � s � Oð1Þ � ð1þM0Þ � j ln ðTÞj � T

and this shows that wðkþ1Þ satisfies (4.11), provided that T> 0 is chosen sufficiently
small, depending only on M0, d0, c1, and c2.

2. For any s 2 ½0,T� and �d1 � �x2 < �x1 < 0, consider the characteristics

t 7! x1ðtÞ ¼ xðt; s, �x1Þ, t 7! x2ðtÞ ¼ xðt; s, �x2Þ:
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Using (4.10), (4.9), (3.8), (4.11), and (4.8), we estimate

wðkþ1Þðs, �x2Þ � wðkþ1Þðs, �x1Þ
�� ��

� j�wðx2ð0ÞÞ � �wðx1ð0ÞÞj þ
ðs
0
jFðkÞðt, x2ðtÞÞ � FðkÞðt, x1ðtÞÞjdt

� M0K1 � j�x2 � �x1j þ C1 �
ðs
0

ð1þM0Þ � jx1ðtÞj�1=4 þ j _rðkÞðtÞj
rðkÞðtÞ

 !
� jx2ðtÞ � x1ðtÞjdt

� M0K1 � 1þOð1Þ � 1þ 1
M0

� �
� s

d0

� �1=4

þ js ln sj
d0

" # !
� j�x2 � �x1j:

Therefore, choosing T> 0 sufficiently small, we obtain

wðkþ1Þ
x ðs, xÞ�� �� � 3M0K1 for all s 2 0,T½ �, x 2 �d1, 0 :½

�
(4.14)

An entirely similar estimate holds for s 2 ½0,T�, x 2 �0, d1�:
3. Next, given any 0 � s1 < s2 � T, denote by t 7! x6i ðtÞ¼: xðt; si, 06Þ the charac-

teristic which reaches the origin at time si, from the positive or negative side,
respectively. Recalling (4.9)–(4.11), (3.8), and (4.14), we estimate

wðkþ1Þðs2, 06Þ � wðkþ1Þðs1, 06Þ�� ��
� wðkþ1Þðs1, x62 ðs1ÞÞ � wðkþ1Þðs1, 06Þ�� ��þ ðs2

s1

FðkÞðt, x62 ðtÞÞ
�� ��dt

� 3M0K1 x
6
2 ðs1Þ

�� ��þ C1 �
ðs2
s1

ð1þM0Þ � j ln tj þ j _rðkÞðtÞj
jrðkÞðtÞj � jx

6
2 ðtÞj

 !
dt

� 15M0K1d0ðs2 � s1Þ þ C1ð1þM0Þ
ðs2
s1

j ln tjð1þ 5C1ðs2 � tÞÞdt

� 15M0K1d0 þ C1ð1þM0Þj ln ðs1Þjð Þ � ðs2 � s1Þ � 2C1ð1þM0Þj ln ðs1Þj � ðs2 � s1Þ,

provided that T> 0 is sufficiently small. In particular, we have

rðkþ1Þðs2Þ � rðkþ1Þðs1Þ
�� �� � 4C1ð1þM0Þj ln s1j � ðs2 � s1Þ:

This shows that _rðkþ1Þ satisfies (4.12).
4. Finally, from Lemma 4.2, Lemma 3.2, (4.12), and Duhamel’s formula, for all s 2

½0,T� we obtain

kwðkþ1Þðs, �ÞkH2ðRnf0gÞ

� 3
2
� k�wkH2ðRn �d0s, d0s½ �Þ þ

3
2
�
ðs
0
kFðkÞðt, �ÞkH2ðRn �d0ðs�tÞ, d0ðs�tÞ½ �Þdt

� 3M0

4
þ 3
2
� C1ð1þM0Þ �

ðs
0

1þ C1

d0
� j ln tj

� �
� d�2=3

0 � ðs� tÞ�2=3 þ j ln tjdt

� 3M0

4
þ 3
2
� C1ð1þM0Þ � 6 1þ C1

d0
� j ln sj

� �
d�2=3
0 s1=3 þ js ln sj

� �
� M0 ,
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provided that T> 0 is sufficiently small, depending only on M0, d0, c1, and c2. This
shows that (4.13) is satisfied by wðkþ1Þ as well. w

Thanks to the above estimates, we can now prove that the sequence of approximations
wðkÞ is Cauchy and converges to a solution w of the linear problem (2.19). This is a key
step toward the proof of Theorem 2.1.

Lemma 4.4. Let wn, un be as in (4.2)–(4.3). Then, for some T> 0 sufficiently small,
depending only on M0, d0, c1, c2, the sequence of approximations ðwðkÞÞk�1 converges to a
limit function w in L1ð½0,T�,H2ðRnf0gÞÞ, i.e.,

lim
k!1

sup
t2 0,T½ �

kwðkÞðt, �Þ � wðt, �ÞkH2ðRnf0gÞ ¼ 0:

The function w provides a solution to the Cauchy problem (2.19) and satisfies

wðs, 06Þ � �wð06Þj j � d0, kwðt, �ÞkH2ðRnf0gÞ � M0, t 2 0,T½ � (4.15)

Moreover, rðtÞ¼: wðt, 0�Þ � wðt, 0þÞ is locally Lipschitz in ð0,TÞ and
_rðtÞj j � 4C1ð1þM0Þ � j ln tj, a:e: t 2 ð0,TÞ: (4.16)

Proof.
1. For any k � 1, we set

zðkÞ ¼: wðkþ1Þ � wðkÞ, rðkÞz ðtÞ ¼: zðkÞðt, 0�Þ � zðkÞðt, 0þÞ,
MðkÞ

z ðtÞ¼: kzðkÞðt, �ÞkH2ðRnf0gÞ, bkðsÞ ¼: supt2 0, s½ � M
ðkÞ
z ðtÞ, akðsÞ ¼: supt2 0, s½ � _r

ðkÞ
z ðtÞ�� ��:

8<
:

(4.17)

Recalling Lemma 3.3, Lemma 4.2, and Lemma 4.3, and using Duhamel’s formula,
we estimate

Mðkþ1Þ
z ðsÞ � 3

2
�
ðs
0
kFðkþ1Þðt, �Þ � FðkÞðt, �ÞkH2ðRn �d0ðs�tÞ, d0ðs�tÞ½ �Þdt

� C3 �
ðs
0
bkðtÞ � j ln ðtÞj 1þ 1

ðs� tÞ2=3
 !

þ akðtÞffiffiffiffiffiffiffiffiffiffi
s� t

p dt

� C4 � bkðsÞs1=3 þ akðsÞs1=2

 �

,

and this implies

bkþ1ðsÞ � C4 � bkðsÞs1=3 þ akðsÞs1=2

 �

, s 2 0,T½ �, k � 1, (4.18)

for some constant C3,C4 > 0 depending only on M0, d0, c1, and c2.
2. We now establish a bound on k _rðkþ1ÞkL1ð½0,T�Þ: Given any 0 < s1 < s2 � T,

denote by t 7! x6i ðtÞ¼: xðt; si, 06Þ the characteristics, which reach the origin at
time si, from the positive or negative side, respectively. Using (3.18), (4.12), and
(4.8) we obtain
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jzðkþ1Þðs2, 06Þ � zðkþ1Þðs1, 06Þj
� jzðkþ1Þðs1, x62 ðs1ÞÞ � zðkþ1Þðs1, 06Þj þ

ðs2
s1

jFðkþ1Þðt, x62 ðtÞÞ � FðkÞðt, x62 ðtÞÞjdt

� bkþ1 � jx62 ðs1Þj þ C5 �
ðs2
s1

akðtÞ � jx62 ðtÞj þ bkðtÞ � j ln tj dt

� ð5bkþ1ðs2Þd0 þ C6 � ½bkðs2Þ � j ln s1j þ akðs2Þðs2 � s1Þj�Þ � ðs2 � s1Þ,

for some constants C5 > 0 and C6 > 0 depending only on M0, d0, c1, and c2. Thus, for
0 < T < d0 sufficiently small, we obtain

akþ1ðsÞ � 10bkþ1ðsÞd0 þ 2C5bkðsÞj ln sj s 2 �0,T�, k � 1, (4.19)

and (4.18) yields

bkþ1ðsÞ � C7 � bkðsÞ þ bk�1ðsÞð Þ � s1=3:
for some C7 > 0 depending only on M0, d0, c1, and c2. In particular, for T> 0 suffi-

ciently small, one has

bkþ1ðsÞ þ
1
2
bkðsÞ � 3

4
� bkðsÞ þ

1
2
bk�1ðsÞ

� �
,

which implies X1
k¼1

sup
s2ð0,T�

kzðkÞðs, �ÞkH2ðRnf0gÞ < 1:

We thus conclude that ðwðkÞÞk�1 is a Cauchy sequence in L1ð½0,T�,H2ðRnf0gÞÞ and
converges to a limit function w 2 L1ð½0,T�,H2ðRnf0gÞÞ, which provides the solution
to the linear problem (2.19), and satisfies (4.15). Moreover, since limk!1 wðkÞðs, 06Þ ¼
wðs, 06Þ, one has that limk!1 rðkÞðsÞ ¼ rðsÞ for all s 2 ½0,T�: Thus, from (4.12), rð�Þ
is locally Lipscthitz in ð0,TÞ and satisfies (4.16). w

We are now ready to complete the proof of our first main result.

Proof of Theorem 2.1. As outlined at the end of Section 2, we construct, by induction, a
sequence of approximate solutions ðwnÞn�1 where each wn is the solution to the linear
problem (2.19). For some T> 0 small enough, depending only on M0, d0, c1, and c2, we
claim thatX

n�2

kwnðsÞ � wn�1ðsÞkH1ðRnf0gÞ < 1 for all t 2 0,T½ � : (4.20)

For a fixed n � 2, we define

Wn ¼: wn � wn�1, anðt, xÞ ¼: aðt, x,wnÞ, Anðt, xÞ ¼: anðt, xÞ � an�1ðt, xÞ,
vn ¼: uðwnÞ � /ð�, 0Þ, Vn ¼: vn � vn�1, bnðtÞ¼: sups2 0, t½ � kWnkH1ðRnf0gÞ:

(

(4.21)

Set Zn ¼ Wn þ Vn: From the above definitions, by (2.19) it follows
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Znþ1, t þ an � Znþ1, x ¼ �ðAnwn, x þ Anþ1vnþ1, xÞ þ Gnþ1 (4.22)

with

Gnþ1 ¼: Bðwnþ1Þ � BðwnÞ þH uðwnþ1Þ � uðwnÞ
� �

� uðwnþ1Þ � uðwnÞ
� 	

� /xð�, 0Þ:
Recalling the first inequality in (3.19) and (4.15), we estimate

kAnðt, �Þ � wn, xðt, �ÞkH1ðRn �d, d½ �Þ � C7 �MnðtÞ � C7 � bnðtÞ,
kAnþ1ðt, �Þ � vnþ1, xðt, �ÞkH1ðRn �d, d½ �Þ � C7 �Mnþ1ðtÞ

d1=2
� C7 � bnþ1ðtÞ

d1=2
,

kGnþ1ðt, �ÞkH1ðRn �d, d½ �Þ � C7 �Mnþ1ðtÞ
d1=2

� C7 � bnþ1ðtÞ
d1=2

:

8>>>>><
>>>>>:

for some constant C7 > 0 depending only on M0, d0, c1, and c2. Hence, choosing T> 0
sufficiently small, we have, using Duhamel’s formula,

kZnþ1ðs, �ÞkH1ðRnf0gÞ � 3
2
�
ðs
0
kGnþ1 � Anwn, x � Anþ1vnþ1, xkH1ðRn �d0ðs�tÞ, d0ðs�tÞ½ �Þdt

� 3C8

2
�
ðs
0
bnðtÞ þ

bnþ1ðtÞ
ðs� tÞ1=2

dt ¼ 3C8

2
� bnðsÞ � sþ 2bnþ1ðsÞs1=2

 �

(4.23)

for some constant C8 > 0: On the other hand, (2.11), (4.21), and (3.25) imply

kVnþ1ðs, �ÞkH1ðRnf0gÞ � C9 � kWnþ1ðs, �ÞkH1ðRnf0gÞ � s1=4,
and (4.23) yields

kWnþ1ðs, �ÞkH1ðRnf0gÞ � 3C8

2
� bnðsÞ � sþ 2bnþ1ðsÞs1=2

 �

þ C9 � kWnþ1ðs, �ÞkH1ðRnf0gÞ � s1=4:
for some constant C9 > 0 depending only on M0, d0, c1, and c2. In particular, for T> 0
sufficiently small, one has that

bnþ1ðsÞ � 1
2
� bnðsÞ for all s 2 0,T½ �:

Thus, (4.20) holds and for every t 2 ½0,T� the sequence of approximations wnðt, �Þ is
Cauchy in the space H1ðRnf0gÞ, and hence it converges to a unique limit wðt, �Þ:
It remains to check that this limit function w is an entropic solution, i.e., it satisfies,

cf. (2.2), (2.8), and (2.6),

w þ uðwÞ� 	
ðt0, x0Þ ¼ ð�w þ �uÞðxð0; t0, x0ÞÞ þ

ðt0
0
H wþ uðwÞ� �

ðt, xðt; t0, x0ÞÞdt,

where t 7! xðt; t0, x0Þ is the characteristics curve, obtained by solving (2.16). This follows
from slightly rewriting (2.19), which yields
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wnþ1 þ uðwnþ1Þ
� 	

ðt0, x0Þ ¼ ð�w þ �uÞðxnð0; t0, x0ÞÞ þ
ðt0
0
H wnþ1 þ uðwnþ1Þ
� �

ðt, xnðt; t0, x0ÞÞdt

�
ðt0
0

Znþ1 �
W�

nþ1ðtÞ þWþ
nþ1ðtÞ

2

� �
uðwnþ1Þ
x ðt, xnðt; t0, x0ÞÞdt,

where t 7! xnðt; t0, x0Þ denotes the characteristic curve, obtained by solving (4.7).
Finally, to prove uniqueness, assume that ~w,w are two entropic solutions. We then

define

W ¼: ~w � w, bðsÞ ¼: sup
s2 0, s½ �

kWðs, �ÞkH1ðRnf0gÞ:

The arguments used in the previous steps now yield the inequality

bðsÞ � 1
2
� bðsÞ for all s 2 0,T½ �,

which implies bðsÞ ¼ 0 for all s 2 ½0,T� and completes the proof. w

5. Two interacting shocks

In this section, denote by u(t, x) the solution to Burgers’ equation

ut þ uux ¼ 0, uð0, xÞ ¼ �uðxÞ, (5.1)

and by v(t, x) the solution to the perturbed linearized equation

vt þ uvx ¼ H uðt, �Þ½ �ðxÞ, vð0, xÞ ¼ �vðxÞ: (5.2)

By the method of characteristics, at all points where u is continuous, one has

vðs, yÞ ¼ �vðy� suðs, yÞÞ þ
ðs
0
H uðt, �Þ½ �ðy� ðs� tÞ uðs, yÞÞ dt: (5.3)

We expect that v can provide a leading order correction term, in an ansatz describing
the solution with two interacting shocks to the Burgers-Hilbert equation (1.1).
To fix the ideas, consider a piecewise constant solution to Burgers’ equation contain-

ing two interacting shocks with initial data

uð0, xÞ ¼ �uðxÞ ¼
u‘ if x < �x1,
um if �x1 < x < �x2,
ur if �x2 < x:

8<
: (5.4)

with u‘ > um > ur: Setting

r1 ¼ u‘ � um,

r2 ¼ um � ur,

(
a1 ¼ u‘ þ um

2
,

a2 ¼ um þ ur

2
,

8>><
>>:

x1ðtÞ ¼ �x1 þ a1t, x2ðtÞ ¼ �x2 þ a2t,

we thus have
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uðt, xÞ ¼
u‘ if x < x1ðtÞ,
um if x1ðtÞ < x < x2ðtÞ,
ur if x2ðtÞ < x:

8<
: (5.5)

We now compute the corresponding solution v ¼ vðs, yÞ of (5.2). For this purpose,
consider the characteristic through the point ðs, yÞ, namely

xðtÞ ¼ yþ ðt � sÞuðs, yÞ: (5.6)

Recalling (1.12), we compute the integral

Iðs, yÞ ¼:
ðs
0
H uðt, �Þ½ �ðxðtÞÞ dt ¼ �r1

p

ðs
0
ln jx1ðtÞ � xðtÞj dt � r2

p

ðs
0
ln jx2ðtÞ � xðtÞj dt

¼ r1
2j _x1 � _xj ðuðjx1ðsÞ � yjÞ � uðjx1ð0Þ � xð0ÞjÞÞ

þ r2
2j _x2 � _xj ðuðjx2ðsÞ � yjÞ � uðjx2ð0Þ � xð0ÞjÞÞ þ eðt, xÞ:

(5.7)

Here u is given by (1.4), while e ¼ eðt, xÞ is an additional smooth correction term.
Neglecting smooth terms, we thus consider three cases, depending on the location of
the characteristic x(t) w.r.t. the two shocks:

Case 1: y < x1ðsÞ: We then have

Iðs, yÞ 
 2
p

ðx1ðsÞ � yÞ ln ðx1ðsÞ � yÞ þ r2
2r1 þ r2

ðx2ðsÞ � yÞ ln ðx2ðsÞ � yÞ
� �

: (5.8)

Case 2: x1ðsÞ < y < x2ðsÞ: We then have

Iðs, yÞ 
 2
p

ðy� x1ðsÞÞ ln ðy� x1ðsÞÞ þ ðx2ðsÞ � yÞ ln ðx2ðsÞ � yÞ� �
: (5.9)

Case 3: x2ðsÞ < y: We then have

Iðs, yÞ 
 2
p

r1
r1 þ 2r2

ðy� x1ðsÞÞ ln ðy� x1ðsÞÞ þ ðy� x2ðsÞÞ ln ðy� x2ðsÞÞ
� �

: (5.10)

Next, consider a more general piecewise smooth solution u of the Burgers–Hilbert
equation (1.1) with two interacting shocks located at points x1ðsÞ < x2ðsÞ with strengths

r1ðsÞ ¼ uðs, x1ðsÞ�Þ � uðs, x1ðsÞþÞ,
r2ðsÞ ¼ uðs, x2ðsÞ�Þ � uðs, x2ðsÞþÞ,

(
(5.11)

respectively. As the interaction time T is approached, we expect that the two limits
will coincide

lim
s!T�

uðs, x1ðsÞþÞ ¼ lim
s!T�

uðs, x2ðsÞ�Þ:

Furthermore, as shown in Figure 2, all characteristics located in the triangular region
between the two shocks will hit one of them within time T.
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To construct such solutions, we should thus try with an ansatz of the form

uðs, yÞ ¼ wðs, yÞ þ /ðs, yÞ, (5.12)

where

wðs, �Þ 2 H2ð��1, x1ðsÞ [½ �x1ðsÞ, x2ðsÞ [½ �x2ðsÞ, þ1 Þ:½ (5.13)

Moreover, in view of (5.8)–(5.10), the correction / should be defined as

/ðs, yÞ ¼

2
p

ðx1ðsÞ � yÞ ln ðx1ðsÞ � yÞ þ r2ðsÞ
2r1ðsÞ þ r2ðsÞ ðx2ðsÞ � yÞ ln ðx2ðsÞ � yÞ

� �
if y < x1ðsÞ,

2
p

ðy� x1ðsÞÞ ln ðy� x1ðsÞÞ þ ðx2ðsÞ � yÞ ln ðx2ðsÞ � yÞ� �
if x1ðsÞ < y < x2ðsÞ,

2
p

r1ðsÞ
r1ðsÞ þ 2r2ðsÞ ðy� x1ðsÞÞ ln ðy � x1ðsÞÞ þ ðy � x2ðsÞÞ ln ðy � x2ðsÞÞ
� �

if x2ðsÞ < y:

8>>>>>>><
>>>>>>>:

(5.14)

Note that, for each fixed time s < T, since x1ðsÞ < x2ðsÞ, for y < x1ðsÞ, the term
ln ðx2ðsÞ � yÞ remains smooth. The same is true for the term ln ðy� x1ðsÞÞ in the region
where y > x2ðsÞ: As a consequence, the asymptotic profile of the function /ðs, �Þ near
both points x1ðsÞ and x2ðsÞ has the same “x ln jxj” singularity that we encountered
before. However, these two additional terms cannot be removed from the definition of
/, because they are not uniformly smooth as s ! T � :

6. Constructing a solution with two interacting shocks

We consider here a solution of the Burgers-Hilbert equation (1.1), which is piecewise
continuous and which has two shocks located at the points y1ðtÞ < y2ðtÞ: By the
Rankine-Hugoniot conditions, the time derivatives satisfy

_yiðtÞ ¼
u�i ðtÞ þ uþi ðtÞ

2
, i ¼ 1, 2: (6.1)

Here u6i ðtÞ¼: uiðt, yiðtÞ6Þ denote the left and the right limits of u(t, x) as x ! yiðtÞ:
Throughout the following, we assume that

Figure 2. The characteristics for a solution to Burgers’ equation with two shocks at x1ðtÞ < x2ðtÞ:
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u�1 ðtÞ þ uþ1 ðtÞ
2

¼ _y1ðtÞ > _y2ðtÞ ¼
u�2 ðtÞ þ uþ2 ðtÞ

2
:

The function s¼: y1 � y2 is negative and monotone increasing. It will be useful to
change the space and the time variables, so that in the new variables ~t , ~x the location of
one shock is fixed, while the other moves with constant speed 1. For this purpose, we
set

~x ¼: x� y2ðtÞ, ~t ¼: sðtÞ < 0 :

As a consequence, the two shocks, in the new coordinate system, are located at

y1ð~tÞ ¼ ~t , y2ð~tÞ ¼ 0,

and interact at the point ð~t , ~xÞ ¼ ð0, 0Þ: Introducing the function

vðsðtÞ, xÞ ¼ uðt, xþ y2ðtÞÞ, (6.2)

we define the left and right values

v61 ðsðtÞÞ ¼: vðsðtÞ, sðtÞ6Þ ¼ uðt, y1ðtÞ6Þ, v62 ðsðtÞÞ ¼: vðsðtÞ, 06Þ ¼ uðt, y2ðtÞ6Þ:
(6.3)

The change of variables (6.2) yields

vxðs, xÞ ¼ uxðt, x þ y2ðtÞÞ, vsðs, xÞ ¼ utðt, xþ y2ðtÞÞ þ _y2ðtÞ � uxðt, x þ y2ðtÞÞ
_y1ðtÞ � _y2ðtÞ

:

Therefore, (1.1) implies

vsðsðtÞ, xÞ þ
vðsðtÞ, xÞ � _y2ðtÞ
� � � vxðsðtÞ, xÞ

_y1ðtÞ � _y2ðtÞ
¼ H vðsðtÞ, �Þ½ �ðxÞ

_y1ðtÞ � _y2ðtÞ
: (6.4)

Thus, by (6.1), (6.3), and (6.4), we can recast the original (1.1) in the following
equivalent form

ut þ 1
a1ðtÞ � a2ðtÞ � u� a2ðtÞ½ � � ux ¼ H u½ �

a1ðtÞ � a2ðtÞ : (6.5)

Given s0 < 0, for t 2 ½s0, 0� the two functions

a1ðtÞ ¼: u�1 ðtÞ þ uþ1 ðtÞ
2

, a2ðtÞ ¼: u�2 ðtÞ þ uþ2 ðtÞ
2

, (6.6)

yield the speeds of the two shocks in the original coordinates, as shown in Figure 3.
We shall construct the solution of (6.5) in the form

uðt, xÞ ¼ wðt, xÞ þ uðt, xÞ for all ðt, xÞ 2 s0, 0½ � � R : (6.7)

Here u is a continuous function, which satisfies uðt, tÞ ¼ uðt, 0Þ ¼ 0, while

wðt, �Þ 2 H2ð��1, t [½ �t, 0 [½ �0, þ1 Þ for all t 2 s0, 0½ �:�
(6.8)

According to (6.8), the function wðt, �Þ is continuously differentiable outside the two
points x¼ t and x¼ 0. Moreover, the distributional derivative Dxwðt, �Þ is an L2 function
restricted to each interval � �1, t½ , �t, 0½ and �0, þ1½ : However, both wðt, �Þ and
wxðt, �Þ can have a jump at x¼ t and at x¼ 0. At the points (t, t) and ðt, 0Þ, the
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following traces are well defined:

w�
1 ðtÞ ¼: wðt, t�Þ ¼ u�1 ðtÞ,

wþ
1 ðtÞ ¼: wðt, tþÞ ¼ uþ1 ðtÞ,

b�1 ðtÞ ¼: wxðt, t�Þ,

bþ1 ðtÞ ¼: wxðt, tþÞ,

8<
:

8<
: (6.9)

w�
2 ðtÞ ¼: wðt, 0�Þ ¼ u�2 ðtÞ,

wþ
2 ðtÞ ¼: wðt, 0þÞ ¼ uþ2 ðtÞ,

b�2 ðtÞ ¼: wxðt, 0�Þ,

bþ2 ðtÞ ¼: wxðt, 0þÞ:

8<
:

8<
: (6.10)

For the shocks to be entropy admissible, the inequalities

w�
1 ðtÞ > wþ

1 ðtÞ, w�
2 ðtÞ > wþ

2 ðtÞ, (6.11)

will always be assumed. Writing

aðwÞ1 ðtÞ ¼: w�
1 ðtÞ þ wþ

1 ðtÞ
2

aðwÞ2 ðtÞ ¼: w�
2 ðtÞ þ wþ

2 ðtÞ
2

, (6.12)

(6.5) reads

wt þ aðt, x,wÞ � wx ¼ Fðt, x,wÞ, (6.13)

where a and F are given by

aðt, x,wÞ ¼ wðt, xÞ þ uðwÞðt, xÞ � aðwÞ2 ðtÞ
aðwÞ1 ðtÞ � aðwÞ2 ðtÞ

, (6.14)

Fðt, x,wÞ ¼ H w½ � � ðw� aðwÞ2 ðtÞÞ � uðwÞ
x

aðwÞ1 ðtÞ � aðwÞ2 ðtÞ
� uðwÞ

t

" #
þH uðwÞ� �

� uðwÞuðwÞ
x

aðwÞ1 ðtÞ � aðwÞ2 ðtÞ
, (6.15)

respectively. Here the function uðwÞðt, xÞ is chosen in such a way that a cancelation
between leading order terms near to the location of the two shocks at x¼ t and at x¼ 0
is achieved. More precisely, in view of (5.14) and recalling (2.3) and (2.4), we set

/0ðxÞ ¼ /ðx, 0Þ ¼ 2gðxÞ
p

� jxj ln jxj, (6.16)

and define

Figure 3. Positions of the two shocks in the original variables (left), and in the adapted varia-
bles (right).
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uðwÞðt, xÞ ¼

/0ðx � tÞ þ rðwÞ2 ðtÞ
2rðwÞ1 ðtÞ þ rðwÞ2 ðtÞ

� ð/0ðxÞ � /0ðtÞÞ if x < t,

/0ðx � tÞ þ /0ðxÞ � /0ðtÞ if t < x < 0,

rðwÞ1 ðtÞ
rðwÞ1 ðtÞ þ 2rðwÞ2 ðtÞ

� ð/0ðx� tÞ � /0ðtÞÞ þ /0ðxÞ if 0 < x :

8>>>>>>><
>>>>>>>:

(6.17)

The following theorem provides the existence of solutions to the Cauchy problem for
(1.1) where the initial datum contains two shocks. In particular, the solution to (6.5) is
constructed up to the time where the two shocks interact. Furthermore, the solution is
of the form (6.7), where u ¼ uðwÞ, the corrector function defined in (6.17).

Theorem 6.1. For any given constants b, M0, d1, d2 > 0, there exists e0 > 0 small enough
and a constant K such that the following holds.
Consider any s0 2 ½�e0, 0½ and any initial condition �w 2 H2ðRnfs0, 0gÞ such that

k�wkH2ðRnfs0, 0gÞ � M0

4
, k�wxkL1ð�s0, 0½Þ � b,

�wðs0�Þ � �wðs0þÞ � 8d1, �wð0�Þ � �wð0þÞ � 8d2:

8<
: (6.18)

Then the Cauchy problem (6.13) with initial data

wðs0, �Þ ¼ �w 2 H2ðRnfs0, 0gÞ (6.19)

admits a unique entropic solution, defined for t 2 ½s0, 0�. Moreover, this solution satisfies

kwðt, �ÞkH2ðRnft, 0gÞ � M0, kwxðt, �ÞkL1ð�s0, 0½Þ � Kb,

wðt, t�Þ � wðt, tþÞ � d1, wðt, 0�Þ � wðt, 0þÞ � d2

�
(6.20)

for all t 2 ½s0, 0½:
Remark 6.1. By (6.20), at the interaction time t¼ 0 the solution u ¼ wþ uðwÞ is the
sum of a corrector term plus a function in H2ðRnf0gÞ: This function lies within the
class of initial data covered by our earlier Theorem 2.1. Thus, combining Theorems 6.1
and 2.1 yields the behavior of a solution to (1.1) across the interaction of two shocks.

Toward a proof of Theorem 6.1, solutions to (6.13) will be constructed by an iter-
ation procedure. The main difference between this and the earlier case with a single
shock is that the correction term u now depends on time through the variable strengths
r1, r2 of the two shocks. Define

wð1Þðt, xÞ ¼ �wðxÞ if x 2�t, 0½[�0,1½,
�wðx þ s0 � tÞ if x 2� �1, t½:

�
(6.21)

By induction, let wðnÞ be given and satisfy (6.8) for every t 2 ½s0, 0½ : Moreover, call
rðnÞ1 ðtÞ and rðnÞ2 ðtÞ the strengths of the two shocks at x¼ t and x¼ 0 of wðnÞ, respect-
ively. We construct the next iterate w ¼ wðnþ1Þðt, xÞ by solving the linear equation

wt þ a t, x,wðnÞ� 	
wx ¼ Fðt, x,wÞ, (6.22)

with initial data (6.19) and a as introduced in (6.14).
The induction argument requires the following steps:
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(i) Given wðnÞ, (6.22) with the initial data �w admits a unique solution w with
wðt, �Þ 2 H2ðRnft, 0gÞ for all t 2 ½s0, 0½:

(ii) A priori bounds on the strong norm kwðnÞðt, �ÞkH2ðRnft, 0gÞ for
all t 2 ½s0, 0½, n � 1:

(iii) Convergence in a weak norm. This will follow from the boundX
n�1

kwðnþ1Þðt, �Þ � wðnÞðt, �ÞkH2ðRnft, 0gÞ < þ1:

6.1. Some preliminary estimates

To achieve the above steps (i)–(iii), we first establish some key estimates on the right
hand side of (6.13). For any w : ½s0, 0� � R ! R such that wðt, �Þ 2 H2ðRnft, 0gÞ for all
t 2 ½s0, 0�, we write

wðt, �Þ ¼ v1ðt, �Þ þ v2ðt, �Þ (6.23)

with

v2ðt, xÞ ¼: wðt, 0�Þ þ x � wxðt, 0�Þð Þ � gðxÞ if x < 0 ,
wðt, 0þÞ þ x � wxðt, 0þÞð Þ � gðxÞ if x > 0:

�
(6.24)

Recalling (6.9)–(6.12) and (6.15), we split F into the four parts:

Fðt, x,wÞ ¼ 1

aðwÞ1 ðtÞ � aðwÞ2 ðtÞ
� AðwÞðt, xÞ þ BðwÞðt, xÞ þ CðwÞðt, xÞ þ DðwÞðt, xÞ
h i

: (6.25)

Here we take

AðwÞ ¼: H uðwÞ� �
� uðwÞuðwÞ

x , BðwÞ ¼ ~B
ðv2Þ ¼: H v2½ � � v2 � v2ðt, 0�Þ þ v2ðt, 0þÞ

2

� �
� /0

0ðxÞ ,

(6.26)

CðwÞ ¼ ~C
ðv1Þ ¼: H v1½ � � v1 � v1ðt, t�Þ þ v1ðt, tþÞ

2

� �
� /0

0ðx � tÞ, (6.27)

DðwÞ ¼: H w½ � � w� aðwÞ2 ðtÞ

 �

� uðwÞ
x � aðwÞ1 ðtÞ � aðwÞ2 ðtÞ


 �
� uðwÞ

t � BðwÞ � CðwÞ: (6.28)

Lemma 6.1. Let w : ½s0, 0� � R ! R be such that wðt, �Þ 2 H2ðRnft, 0gÞ for all t 2 ½s0, 0�,
and

kwðt, �ÞkH2ðRnft, 0gÞ � M0, jwxðt, 0�Þj þ jwxðt, 0þÞj � b, rðwÞj ðtÞ � d0 > 0:

Moreover, assume that � 1
4 �min 1, d20

M2
0

n o
< s0 < 0 and rðwÞj ð�Þ is locally Lipschitz on

½s0, 0½ for j¼ 1, 2. Then there is a constant C1 > 0, depending only on M0, b, d0 such
that, for a.e. t 2 ½s0, 0� and jxj < 1

2e, one has
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jFðt, x,wÞj � C1 �
�
1þM0 þ b

d0
þ j ln jtjj

þ vRn�t, 0½ �
j _rðwÞ

1 ðtÞj þ j _rðwÞ
2 ðtÞj

d0
�


jxj1=2 þ jx� tj1=2

��
,

jFxðt, x,wÞj � C1 �
1þM0 þ bþ vRn�t, 0½ � ðj _rðwÞ

1 ðtÞj þ j _rðwÞ
2 ðtÞjÞ

d0
� ðjxj�1=2 þ jx � tj�1=2Þ:

8>>>>>>><
>>>>>>>:

(6.29)

Furthermore, for every d > 0 sufficiently small one has for all t 2 ½s0, 0�

kFðt, x,wÞkH2ðRn �d, d½ �[ t�d, tþd½ �Þ � C1 �
1þM0 þ bþ _rðwÞ

1 ðtÞ
��� ���þ _rðwÞ

2 ðtÞ
��� ���

d0
� d�2=3 þ j ln ðtÞj

2
4

3
5
:

(6.30)

Proof. We observe that, for all t 2 ½s0, 0�, it holds

aðwÞ1 ðtÞ � aðwÞ2 ðtÞ � d0 þ wðt, tþÞ � wðt, 0�Þ � d0 �M0 � jtj1=2 � d0
2
, (6.31)

0 < rðwÞj ðtÞ < rðwÞ1 ðtÞ þ rðwÞ2 ðtÞ ¼ wðt, t�Þ � wðt, tþÞ þ wðt, 0�Þ � wðt, 0þÞ � 2þ
ffiffiffiffiffi
jtj

p
 �
M0,

kv1ðt, �ÞkH2ðRnftgÞ, kv2ðt, �ÞkH2ðRnf0gÞ � Oð1Þ � ðM0 þ bÞ:

According to (6.25), the function F can be decomposed as the sum of four terms,
which will be estimated separately.

1. Recalling (3.2) and (3.10), (6.26) and (6.27) imply that for every ðt, xÞ 2
½s0, 0� � � 1

2e ,
1
2e

� �
one has

BðwÞðt, xÞ�� �� � Oð1Þ � ðM0 þ bÞ, BðwÞ
x ðt, xÞ

��� ��� � Oð1Þ � ðM0 þ bÞ � j ln jxjj2,
kBðwÞðt, �ÞkH2ðRn �d, d½ �Þ � Oð1Þ � ðM0 þ bÞ � d�2=3:

8<
:

(6.32)

and, for every ðt, xÞ 2 ½s0, 0� � t � 1
2e , t þ 1

2e

� �
CðwÞðt, xÞ�� �� � Oð1Þ � ðM0 þ bÞ, CðwÞ

x ðt, xÞ
��� ��� � Oð1Þ � ðM0 þ bÞ � j ln jx � tjj2,

kCðwÞðt, �ÞkH2ðRn t�d, tþd½ �Þ � Oð1Þ � ðM0 þ bÞ � d�2=3:

8<
:

(6.33)

2. Next, we estimate AðwÞ: Recalling (3.4), i.e.,

gbðxÞ ¼ v½0,1½ðxÞ � /ðx, bÞ, x 2 R, b � 0,

(2.4), and (6.16), we can rewrite, for ðt, xÞ 2 ½s0, 0� � � 1
2e ,

1
2e

� �
,

uðwÞðt, xÞ ¼ /0ðx � tÞ þ /0ðxÞ � /0ðtÞ þ EðwÞ1 ðt, xÞ þ EðwÞ2 ðt, xÞ, (6.34)
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EðwÞ
1 ðt, xÞ ¼ � 2 � v��1, t� � rðwÞ1 ðtÞ

2rðwÞ1 ðtÞ þ rðwÞ2 ðtÞ
� ½/0ðxÞ � /0ðtÞ� ¼ � 2rðwÞ1 ðtÞ

2rðwÞ1 ðtÞ þ rðwÞ2 ðtÞ
� gjtjðt � xÞ,

EðwÞ
2 ðt, xÞ ¼ � 2 � v½0,1½ � rðwÞ2 ðtÞ

rðwÞ1 ðtÞ þ 2rðwÞ2 ðtÞ
� ½/0ðx� tÞ � /0ðtÞ� ¼ � 2rðwÞ2 ðtÞ

rðwÞ1 ðtÞ þ 2rðwÞ2 ðtÞ
� gjtjðxÞ:

8>>>>><
>>>>>:

(6.35)

Thus, for ðt, xÞ 2 ½s0, 0� � � 1
2e ,

1
2e

� �
, Lemma 3.1 and [5, Section 3] imply,

jH uðwÞðt, �Þ
� �

ðxÞj � Oð1Þ, d
dx

H uðwÞðt, �Þ
h i

ðxÞ
����

���� � Oð1Þ � ln 2jxj þ ln 2jx� tj� 	
,

kH uðwÞðt, �Þ
� �

kH2ðRnð �d, d½ �Þ[ t�d, tþd½ �Þ � Oð1Þ � d�2=3:

8>><
>>:

(6.36)

On the other hand, given t 2 ½s0, 0�, for every jxj � 1
2e , (6.34) combined with (3.5)

yields

uðwÞðt, xÞ�� �� � minðjx ln jxjj, jðx� tÞ ln jx� tjjÞ:
Furthermore, we compute for every x 2 Rnft, 0g

uðwÞ
x ðt, xÞ ¼

�
1� 2 � v½0,1½ � rðwÞ2 ðtÞ

rðwÞ1 ðtÞ þ 2rðwÞ2 ðtÞ

�
/0
0ðx � tÞ þ

�
1� 2 � v��1, t� � rðwÞ1 ðtÞ

2rðwÞ1 ðtÞ þ rðwÞ2 ðtÞ

�
� /0

0ðxÞ,

(6.37)

which together with [5, Section 3] implies for jxj � 1
2e that

uðwÞ
x ðt, xÞ�� �� � Oð1Þ � j ln jxjj þ j ln jx� tjjð Þ, uðwÞ

xx ðt, xÞ�� �� � Oð1Þ � 1
jxj þ

1
jx � tj

� �
,

uðwÞ
xxxðt, xÞ

�� �� � Oð1Þ � 1
x2

þ 1

ðx� tÞ2
� �

:

A direct computation yields, for jxj � 1
2e ,

uðwÞuðwÞ
x ðt, xÞ

��� ��� � Oð1Þ � jxj1=2 þ jx� tj1=2

 �

,

d
dx

uðwÞuðwÞ
x

h i
ðt, xÞ

����
���� � Oð1Þ � ln 2jxj þ ln 2jx� tj� 	

,

d2

dx2
uðwÞuðwÞ

x

h i
ðt, xÞ

����
���� � Oð1Þ � ln jxj

x

����
����þ ln jx � tj

x � t

����
����

 !
:

8>>>>>>>><
>>>>>>>>:

and thus

kuðwÞuðwÞ
x ðt, �ÞkH2ðRn t�d, tþd½ �[ �d, d½ �Þ � Oð1Þ � d�2=3:

Recalling (6.36), we get
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AðwÞðt, xÞ�� �� � Oð1Þ, AðwÞ
x ðt, xÞ

��� ��� � Oð1Þ � ln 2jxj þ ln 2jx� tj� 	
,

kAðwÞðt, �ÞkH2ðRn t�d, tþd½ �[ð�d, dÞÞ � Oð1Þ � d�2=3:

8<
: (6.38)

3. Finally, to estimate DðwÞ, we shall consider three cases:

Case 1: Assume that � 1
2 < t � 1

2e < x < t: We have

DðwÞðt, xÞ ¼ DðwÞ
1 ðt, xÞ þ DðwÞ

2 ðt, xÞ þ DðwÞ
3 ðt, xÞ (6.39)

with

DðwÞ
1 ðt, xÞ ¼ wxðt, 0�Þ � ðt � xÞ � /0

0ðx� tÞ,

DðwÞ
2 ðt, xÞ ¼ rðwÞ2 ðtÞ � wðt, 0�Þ � wðt, tþÞ þ wðt, t�Þ � wðt, xÞ½ �

2rðwÞ1 ðtÞ þ rðwÞ2 ðtÞ
þ xwxðt, 0�Þ

 !
� /0

0ðxÞ,

DðwÞ
3 ðt, xÞ ¼ aðwÞ2 ðtÞ � aðwÞ1 ðtÞ

h i
� rðwÞ2 ðtÞ

2rðwÞ1 ðtÞ þ rðwÞ2 ðtÞ

 !0
� gjtjðt � xÞ � rðwÞ2 ðtÞ � /0

0ðtÞ
2rðwÞ1 ðtÞ þ rðwÞ2 ðtÞ

2
4

3
5:

8>>>>>>>>><
>>>>>>>>>:
Recalling (6.16), we estimate

DðwÞ
1 ðt, xÞ

��� ��� � Oð1Þ � b � jx� tjj ln jx� tjj � Oð1Þ � b,
d
dx

DðwÞ
1 ðt, xÞ

����
���� � Oð1Þ � b � j ln jx � tjj, d2

d2x
DðwÞ

1 ðt, xÞ
����

���� � Oð1Þ � b
jx� tj ,

8>><
>>:

(6.40)

DðwÞ
2 ðt, xÞ

��� ��� � Oð1Þ � ðM0 þ bÞ � xj ln jxjj, d
dx

DðwÞ
2 ðt, xÞ

����
���� � Oð1Þ � ðM0 þ bÞ � j ln jxjj,

d2

dx2
DðwÞ

2 ðt, xÞ
����

���� � jwxx � /0
0ðxÞj þ Oð1Þ �M0 þ b

jxj ,

8>>><
>>>:

(6.41)

and

DðwÞ
3 ðt, xÞ

��� ��� � Oð1Þ � aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� ��� � _rðwÞ

1 ðtÞ
��� ���þ _rðwÞ

2 ðtÞ
��� ���

d0
jx � tjj ln jx � tjj þ j ln jtjj

0
@

1
A

d
dx

DðwÞ
3 ðt, xÞ

����
���� � Oð1Þ � aðwÞ2 ðtÞ � aðwÞ1 ðtÞ

��� ��� � _rðwÞ
1 ðtÞ

��� ���þ _rðwÞ
2 ðtÞ

��� ���
d0

� j ln jx � tjj,

d2

dx2
DðwÞ

3 ðt, xÞ
����

���� � Oð1Þ � aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� ��� � _rðwÞ

1 ðtÞ
��� ���þ _rðwÞ

2 ðtÞ
��� ���

d0
� 1
jx � tj :

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

(6.42)

Combining (6.39)–(6.42), we obtain
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DðwÞðt, xÞ�� ��
aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� ��� � Oð1Þ � M0 þ b

d0
þ j ln ðtÞj þ

_rðwÞ
1 ðtÞ

��� ���þ _rðwÞ
2 ðtÞ

��� ���
d0

� jx� tj1=2
0
@

1
A
,

d
dx

DðwÞðt, xÞ
����

����
aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� ��� � Oð1Þ �

M0 þ bþ _rðwÞ
1 ðtÞ

��� ���þ _rðwÞ
2 ðtÞ

��� ���
d0

� j ln jx � tjj,

d2

dx2
DðwÞðt, xÞ

����
����

aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� ��� � Oð1Þ �

M0 þ bþ _rðwÞ
1 ðtÞ

��� ���þ _rðwÞ
2 ðtÞ

��� ���
d0 � jx � tj þ jwxxj

d0
� j ln jx � tjj

0
@

1
A
:

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

(6.43)

Case 2: Assume that t < x < 0: We have

DðwÞðt, xÞ ¼ wxðt, 0�Þ � ðt � xÞ � /0
0ðx� tÞ þ ðv1ðt, 0Þ � v1ðt, xÞÞ � /0

0ðxÞ þ aðwÞ1 ðtÞ � aðwÞ2 ðtÞ
h i

� /0
0ðtÞ, (6.44)

and this yields

DðwÞðt, xÞ�� ��
aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� ��� � Oð1Þ M0 þ b

d0
þ j ln jtjj

� �
,

d
dx

DðwÞðt, xÞ
����

����
aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� ��� � Oð1Þ �M0 þ b

d0
� j ln jxjj þ j ln jx � tjjð Þ,

d2

dx2
DðwÞðt, xÞ

����
����

aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� ��� � Oð1Þ � M0 þ b

d0
� 1

jxj þ
1

jx� tj
� �

þ jwxxðt, xÞj
d0

� j ln jxjj
 !

:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(6.45)

Case 3: Assume that 0 < x < 1=2: As in Case 1, writing

DðwÞðt, xÞ ¼ DðwÞ
1 ðt, xÞ þ DðwÞ

2 ðt, xÞ þ DðwÞ
3 ðt, xÞ (6.46)

with

DðwÞ
1 ðt, xÞ ¼ v1ðt, xÞ � v1ðt, tþÞ½ � � /0

0ðx� tÞ

þ rðwÞ1 ðtÞ
rðwÞ1 ðtÞ þ 2rðwÞ2 ðtÞ

� ðwðt, tþÞ � wðt, 0�Þ þ wðt, 0þÞ � wðt, xÞÞ
" #

� /0
0ðx� tÞ,

DðwÞ
2 ðt, xÞ ¼ wðt, 0þÞ � wðt, xÞ þ xwxðt, 0þÞð Þ � /0

0ðxÞ,

DðwÞ
3 ðt, xÞ ¼ aðwÞ2 ðtÞ � aðwÞ1 ðtÞ

h i
� rðwÞ1 ðtÞ

rðwÞ1 ðtÞ þ 2rðwÞ2 ðtÞ

 !0
� gjtjðxÞ � rðwÞ1 ðtÞ � /0

0ðtÞ
rðwÞ1 ðtÞ þ 2rðwÞ2 ðtÞ

2
4

3
5,

8>>>>>>>>>>>><
>>>>>>>>>>>>:

we estimate
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DðwÞðt, xÞ�� ��
aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� ��� � Oð1Þ � M0 þ b

d0
þ j ln ðtÞj þ

_rðwÞ
1 ðtÞ

��� ���þ _rðwÞ
2 ðtÞ

��� ���
d0

� jxj1=2
0
@

1
A
,

d
dx

DðwÞðt, xÞ
����

����
aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� ��� � Oð1Þ �

M0 þ bþ _rðwÞ
1 ðtÞ

��� ���þ _rðwÞ
2 ðtÞ

��� ���
d0

� j ln jxjj,

d2

dx2
DðwÞðt, xÞ

����
����

aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� ��� � Oð1Þ �

M0 þ bþ _rðwÞ
1 ðtÞ

��� ���þ _rðwÞ
2 ðtÞ

��� ���
d0

� 1
jxj þ

jwxxj
d0

� j ln jxjj

0
@

1
A
:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(6.47)

In summary, from (6.43), (6.45), and (6.47), given t 2 ½s0, 0�, for every x 2
ð�1=2, 1=2Þnft, 0g, it holds that

jDðwÞðt, xÞj���aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� � Oð1Þ �

�
M0 þ b

d0
þ j ln ðtÞj

þ vRn�0, t½ �
j _rðwÞ

1 ðtÞj þ j _rðwÞ
2 ðtÞj

d0
� ðjxj1=2 þ jx � tj1=2Þ

�
,���� ddxDðwÞðt, xÞ

�������aðwÞ2 ðtÞ � aðwÞ1 ðtÞ
��� � Oð1Þ �M0 þ bþ vRn�t, 0½ðj _rðwÞ

1 ðtÞj þ j _rðwÞ
2 ðtÞjÞ

d0
� ðj ln jxjj þ j ln jx� tjjÞ,

kDðwÞðt, �ÞkH2ðRn½t�d, tþd�[ð�d, dÞÞ
jaðwÞ2 ðtÞ � aðwÞ1 ðtÞj

� Oð1Þ �
�
M0 þ bþ j _rðwÞ

1 ðtÞj þ j _rðwÞ
2 ðtÞj

d0d
2=3

þ j ln jtjj
�
:

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

(6.48)

To complete the proof, combining (6.32), (6.33), (6.38) and (6.48), we obtain
(6.29)–(6.30). w

The next lemma estimates the change in the function F ¼ Fðt, x,wÞ as wð�Þ takes dif-
ferent values. These estimates will play a key role in the proof of convergence of the
approximations inductively defined by (6.22).

Lemma 6.2. Let w1,w2 : ½s0, 0� � R ! R be such that, for i 2 f1, 2g and t 2 ½s0, 0�, one
has wiðt, �Þ 2 H2ðRnft, 0gÞ and
kwiðt, �ÞkH2ðRnft, 0gÞ � M0, jwi, xðt, 0�Þj þ jwi, xðt, 0þÞj � b, rðwiÞ

j ðtÞ
��� ��� � d0:

Moreover, assume that � 1
4 �min 1, d20

M2
0

n o
< s0 < 0 and rðwiÞ

j is locally Lipschitz on
½s0, 0½ and there exists a function K(t) such that

max _rðwiÞ
1 ðtÞ

��� ���, _rðwiÞ
2 ðtÞ

��� ���� �
� KðtÞ a:e: t 2 s0, 0½ �:

Set z¼: w2 � w1, rðzÞi ¼: rðw2Þ
i � rðw1Þ

i , and cðzÞðtÞ ¼: max _rðzÞ
1

��� ���, _rðzÞ
2

��� ���� �
. Furthermore,

let
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M2ðtÞ ¼: kzðt, �ÞkH2ðRnft, 0gÞ þ jzxðt, 0�Þj þ jzxðt, 0þÞj þ jzðt, 0�Þj þ jzðt, 0þÞj:
Then there exists a constant C2 > 0, depending only on M0, b, d0 such that, for every

x 2 � 1
2e ,

1
2e

� �
and a.e. t 2 ½s0, 0�, one has

jFðt, x,w2Þ � Fðt, x,w1Þj � C2

d20
� ðM0 þ bÞ � cðzÞðtÞ � ðjxj1=2v½0,1½ þ jx� tj1=2v½�1, t½Þ

þ C2

d20
� ½M2ðtÞ � ðj ln jtjj þM0 þ b

d0
þ KðtÞ

d0
� ðjxj1=2 þ jx � tj1=2ÞÞ�

(6.49)

and for every x 2 ðt, 0Þ

jFxðt, x,w2Þ � Fxðt, x,w1Þj � C2

d20
�M2ðtÞ � 1þ d0 þM0 þ bÞðjxj�1=2 þ jx� tj�1=2


 �
:

(6.50)

Moreover, for every d > 0 sufficiently small, it holds

kFðt, � ,w2Þ � Fðt, � ,w1ÞkH2ðRn �d, d½ �[ t�d, tþd½ �Þ � C2

d20
� ðM0 þ bÞ � cðzÞðtÞ � d�2=3

þC2

d20
�M2ðtÞ � KðtÞ þM0 þ bþ 1

d0
þM0 þ bþ 1

� �
� d�2=3 þ j ln jtjj

� �
:

(6.51)

Proof.
1. For notational convenience, we set

AðzÞ ¼: Aðw2Þ � Aðw1Þ, BðzÞ ¼: Bðw2Þ � Bðw1Þ, CðzÞ ¼: Cðw2Þ � Cðw1Þ, DðzÞ ¼: Dðw2Þ � Dðw1Þ:

(6.52)

Furthermore, let zj ¼ v1, j � v2, j for j¼ 1, 2, then

kz1ðt, �ÞkH2ðRnftgÞ � Oð1Þ �M2ðtÞ kz2ðt, �ÞkH2ðRnf0gÞ � Oð1Þ �M2ðtÞ:
Comparing (3.2) and (6.26) and recalling (3.20), then yields, for every
ðt, xÞ 2 ½s0, 0� � � 1

2e ,
1
2e

� �
,

BðzÞðt, xÞ�� �� ¼ Oð1Þ �M2ðtÞ, BðzÞ
x ðt, xÞ�� �� ¼ Oð1Þ �M2ðtÞ � j ln jxjj2,

kBðzÞðt, �ÞkH2ðRn �d, d½ �Þ � Oð1Þ �M2ðtÞ
d2=3

:

8><
>: (6.53)

Similarly, for every ðt, xÞ 2 ½s0, 0� � t � 1
2e , t þ 1

2e

� �
, it holds

CðzÞðt, xÞ�� �� ¼ Oð1Þ �M2ðtÞ, CðzÞ
x ðt, xÞ�� �� ¼ Oð1Þ �M2ðtÞ � j ln jx� tjj2,

kCðzÞðt, �ÞkH2ðRn t�d, tþd½ �Þ � Oð1Þ �M2ðtÞ
d2=3

:

8><
>: (6.54)
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2. We now provide bounds on AðzÞðt, xÞ: From (6.34) and (6.35), it follows that

uðw2Þðt, xÞ � uðw1Þðt, xÞ ¼ 2rðw1Þ
1 ðtÞ

2rðw1Þ
1 ðtÞ þ rðw1Þ

2 ðtÞ
� 2rðw2Þ

1 ðtÞ
2rðw2Þ

1 ðtÞ þ rðw2Þ
2 ðtÞ

" #
� gjtjðt � xÞ

þ 2rðw1Þ
2 ðtÞ

rðw1Þ
1 ðtÞ þ 2rðw1Þ

2 ðtÞ
� 2rðw2Þ

2 ðtÞ
rðw2Þ
1 ðtÞ þ 2rðw2Þ

2 ðtÞ

" #
� gjtjðxÞ:

(6.55)

Since

2rðw1Þ
1 ðtÞ

2rðw1Þ
1 ðtÞ þ rðw1Þ

2 ðtÞ
� 2rðw2Þ

1 ðtÞ
2rðw2Þ

1 ðtÞ þ rðw2Þ
2 ðtÞ

�����
����� � Oð1Þ �M2ðtÞ

d0
,

2rðw1Þ
2 ðtÞ

rðw1Þ
1 ðtÞ þ 2rðw1Þ

2 ðtÞ
� 2rðw2Þ

2 ðtÞ
rðw2Þ
1 ðtÞ þ 2rðw2Þ

2 ðtÞ

�����
����� � Oð1Þ �M2ðtÞ

d0
,

8>>>>><
>>>>>:

Lemma 3.1 implies for x 62 ft, 0g and jxj � 1
2e ,

H uðw2Þðt, xÞ � uðw1Þðt, xÞ
� ��� �� � Oð1Þ �M2ðtÞ

d0
,

d
dx

H uðw2Þðt, xÞ � uðw1Þðt, xÞ
h i����

���� � Oð1Þ �M2ðtÞ
d0

� ln 2jxj þ ln 2jx� tj
� 	

,

kH uðw2Þðt, �Þ � uðw1Þðt, �Þ
� �

kH2ðRn t�d, tþd½ �[ð�d, dÞÞ � Oð1Þ �M2ðtÞ
d0

� d�2=3:

8>>>>>>><
>>>>>>>:

and from (3.5), we obtain for x 62 ft, 0g and jxj � 1
2e ,

uðw2Þuðw2Þ
x � uðw1Þuðw1Þ

x

��� ��� � Oð1Þ �M2ðtÞ
d0

� jxj1=2 þ jx � tj1=2

 �

,

d
dx

uðw2Þuðw2Þ
x � uðw1Þuðw1Þ

x


 �����
���� � Oð1Þ �M2ðtÞ

d0
� ln 2jxj þ ln 2jx� tj
� 	

,

d2

dx2
uðw2Þuðw2Þ

x � uðw1Þuðw1Þ
x


 �����
���� � Oð1Þ �M2ðtÞ

d0
� j ln jxjj

jxj þ j ln jx � tjj
jx � tj

� �
,


uðw2Þuðw2Þ

x � uðw1Þuðw1Þ
x





H2ðRn t�d, tþd½ �[ð�d, dÞÞ

� Oð1Þ �M2ðtÞ
d0

� d�2=3:

8>>>>>>>>>>><
>>>>>>>>>>>:

Thus, (6.26) yields

AðzÞðt, xÞ�� �� � Oð1Þ �M2ðtÞ
d0

, AðzÞ
x ðt, xÞ�� �� � Oð1Þ �M2ðtÞ

d0
� ln 2jxj þ ln 2jx � tj
� 	

,

kAðzÞðt, �ÞkH2ðRn t�d, tþd½ �[ð�d, dÞÞ � Oð1Þ �M2ðtÞ
d0

� d�2=3 :

8>><
>>:

(6.56)

3. Finally, to achieve bound on DðzÞ, we consider three cases as in the proof of
Lemma 6.1. As before, we define DðzÞ

i ¼ Dðw2Þ
i � Dðw1Þ

i for i ¼ 1, 2, 3:
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Case 1: Assume that �1=2 < t � 1
2e < x < t: Note, that we can write

DðzÞðt, xÞ ¼ DðzÞ
1 ðt, xÞ þDðzÞ

2 ðt, xÞ þDðzÞ
3 ðt, xÞ

DðzÞ
1 ðt, xÞ ¼ IðzÞ1 ðt, xÞ � /0

0ðx � tÞ, DðzÞ
2 ðt, xÞ ¼ IðzÞ2 ðt, xÞ � /0

0ðxÞ ,

DðzÞ
3 ðt, xÞ ¼ IðzÞ31 ðtÞ � gjtjðt � xÞ þ IðzÞ32 ðtÞ � /0

0ðtÞ:

8>><
>>:

which implies

IðzÞ1 ðt, xÞ
��� ��� � Oð1Þ �M2ðtÞ � jt � xj, @xI

ðzÞ
1 ðt, xÞ

��� ��� � Oð1Þ �M1ðtÞ,

@2
xxI

ðzÞ
1 ðt, xÞ ¼ 0, IðzÞ2 ðt, xÞ

��� ��� � Oð1Þ �M2ðtÞ �M0 þ b
d0

� jxj,

@xI
ðzÞ
2 ðt, xÞ

��� ��� � Oð1Þ � M0 þ b
d0

�M2ðtÞ þ jzxðt, xÞj
� �

,

@2
xxI

ðzÞ
2 ðt, xÞ

��� ��� � Oð1Þ � jw2, xxðt, xÞj
d0

�M2ðtÞ þ jzxxðt, xÞj
� �

,

IðzÞ31 ðtÞ
��� ��� � Oð1Þ � KðtÞð1þ d0ÞM2ðtÞ

d20
þM0cðzÞðtÞ

d0

 !
, IðzÞ32 ðtÞ
��� ��� � Oð1Þ �M0M2ðtÞ

d0
:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:
Thus, for t> 0 sufficiently small such that jtj < e�M0�b, it holds

DðzÞðt, xÞ�� �� � Oð1Þ � M0 þ b
d0

� cðzÞðtÞ � jx� tj1=2 þM2ðtÞ
d0

� KðtÞ
d0

� jx � tj1=2 þ ð1þM0Þ � j ln jtjj
� �� �

,

and

d
dx

DðzÞðt, xÞ
����

���� � Oð1Þ � M2ðtÞ
d0

� KðtÞ
d0

þM0 þ bþ 1

� �
� jx � tj�1=2 þ jzxðt, xÞj � j ln jxjj

� �

þOð1Þ � M0 þ b
d0

� cðzÞðtÞ � j ln jt � xjj
� �

d2

d2x
DðzÞðt, xÞ

����
���� � Oð1Þ �M2ðtÞ

d0
� KðtÞ

d0
þM0 þ bþ 1

� �
� 1
jx � tj þ jw2, xxðt, xÞjj ln jxjj

" #

þOð1Þ � jzxxðt, xÞj � j ln jxjj þM0 þ b
d0

� cðzÞðtÞ � 1
jx� tj

� �
:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

Case 2: Assuming t < x < 0, we have

DðzÞðt, xÞ ¼ zxðt, 0�Þ � ðt � xÞ � /0
0ðx � tÞ þ ðz1ðt, 0Þ � z1ðt, xÞÞ � /0

0ðxÞ þ aðzÞ1 ðtÞ � aðzÞ2 ðtÞ
h i

� /0
0ðtÞ,

with

aðzÞj ðtÞ¼: aðw2Þ
j ðtÞ � aðw1Þ

j ðtÞ,
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which yields

DðzÞðt, xÞ�� �� � Oð1Þ �M2ðtÞ � j ln jtjj,
d
dx

DðzÞðt, xÞ
����

���� � Oð1Þ � M2ðtÞ � jxj�1=2 þ jx� tj�1=2

 �

þ jz1, xðt, xÞj � j ln jxjj
h i

,

d2

dx2
DðzÞðt, xÞ

����
���� � Oð1Þ � M2ðtÞ � 1

jxj þ
1

jx� tj
� �

þ jz1, xxðt, xÞj � j ln jxjj
� �

:

8>>>>><
>>>>>:

Case 3: Assume that 0 < x < 1=2 and jtj � e�M0�b: As in Case 1, we estimate

DðzÞðt, xÞ�� �� � Oð1Þ � M2ðtÞ
d0

� KðtÞðM0 þ d0Þ � x1=2
d0

þ ð1þM0Þj ln jtjj
 !"

þM0 þ b
d0

� cðzÞðtÞ � x1=2
#

and

d
dx

DðzÞðt, xÞ
����

���� � Oð1Þ � M2ðtÞ
d0

KðtÞðM0 þ d0Þ
d0

þM0 þ bþ 1

� �
� jxj�1=2

� �

þOð1Þ � jzxðt, xÞj þ jz1, xðt, xÞj þM0 þ b
d0

� cðzÞðtÞ
� �

� j ln xj,
d2

dx2
DðzÞðt, xÞ

����
���� � Oð1Þ � ðjzxxðt, xÞj þ jz1, xxðt, xÞjÞ � j ln jxjj þM0 þ b

d0
� cðzÞðtÞ � 1

jxj
� �

þOð1Þ �M2ðtÞ
d0

� KðtÞðM0 þ d0Þ
d0

þM0 þ bþ 1

� �
� 1
jxj þ jw2, xxðt, xÞjj ln jx� tjj

" #
:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:
In summary, given t 2 ½s0, 0� sufficiently small, for every x 2 ð�1=2, 1=2Þnft, 0g, it

holds that

jDðzÞðt, xÞj � Oð1Þ �
�
M2ðtÞ
d0

� ð1þM0Þ � j ln jtjj

þ
�
M2ðtÞKðtÞ

d20
þM2ðtÞ þM0 þ b

d0
cðzÞðtÞ

�
�


jxj1=2v½0,1½ þ jx � tj1=2v��1, t�

��
,���� ddxDðzÞðt, xÞ

���� � Oð1Þ �M0 þ b
d0

� cðzÞðtÞ �


jxj�1=4v½0,1½ þ jx � tj�1=4v��1, t�

�
þOð1Þ �

��
M2ðtÞ
d0

�
KðtÞ
d0

þM0 þ bþ 1

�
þ jzxðt, xÞj

�
� ðjxj�1=2 þ jx� tj�1=2Þ

�

kDðzÞðt, �ÞkH2ðRn½t�d, tþd�[ð�d, dÞÞ � Oð1Þ �M2ðtÞ
d0

�
��

KðtÞ
d0

þM0 þ bþ 1

�
� d�2=3 þ j ln jtjj

�

þOð1Þ �M0 þ b
d0

� cðzÞðtÞ � d�2=3:

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

(6.57)

Finally, combining (6.25)–(6.28), Lemma 6.1, and (6.52)–(6.57), we obtain (6.49)–(6.51) w
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6.2. Proof of Theorem 6.1

We are now ready to give a proof of Theorem 6.1. Given s0 2 ½�e0, 0½ sufficiently small
and some initial data wðs0, �Þ ¼ �w satisfying (6.18), we construct a solution to the
Cauchy problem (6.13). This solution will be obtained as the limit of a Cauchy sequence
of approximate solutions wðnÞðt, xÞ, following the steps (i)–(iii) outlined in the begin-
ning of Section 6.

Step 1. Let b, M0, d1, d2 > 0 and �w 2 H2ðRnfs0, 0gÞ such that

k�wkH2ðRnfs0, 0gÞ � M0

4
, k�wxkL1ð�t, 0½Þ � b,

�wðs0�Þ � �wðs0þÞ ¼ 8d1, �wð0�Þ � �wð0þÞ ¼ 8d2:

8<
: (6.58)

We first establish the existence and uniqueness of solutions to the linear problem
(6.22) with initial data �w and a given function wðnÞ with wðnÞðt, �Þ 2 H2ðRnft, 0gÞ for all
t 2 ½s0, 0½ and such that for all t 2 ½s0, 0½,

kwðnÞðt, �ÞkH2ðRnft, 0gÞ � M0, kwðnÞ
x ðt, xÞkL1ð�t, 0½Þ � Kb,

jwðnÞðt, t6Þ � �wðs06Þj � d1, jwðnÞðt, 06Þ � �wð06Þj � d2,

(
(6.59)

for some constant K> 0 depending only on b, M0, d1, d2. Note that wð1Þ, defined in
(6.21), satisfies all of these assumptions.
Note that if such a sequence exist, then the constant d0 in Lemma 6.1 and Lemma

6.2 can be chosen as minðd1, d2Þ: Accordingly, we define

d0 ¼: minðd1, d2Þ:
Assume

� 1
4
�minfd21, d22g

M2
0

< s0 < 0, (6.60)

and denote by t 7! xðt; t0, x0Þ the solution to the Cauchy problem

_xðtÞ ¼ anðt, xðtÞÞ, xðt0Þ ¼ x0, (6.61)

where

anðt, xÞ ¼: wðnÞðt, xÞ þ uðnÞðt, xÞ � aðnÞ2 ðtÞ
aðnÞ1 ðtÞ � aðnÞ2 ðtÞ

: (6.62)

Here,

uðnÞðt, xÞ ¼: u wðnÞð Þðt, xÞ, aðnÞj ðtÞ ¼ aðw
ðnÞÞ

j ðtÞ, rðnÞj ðtÞ ¼ rðw
ðnÞÞ

j ðtÞ for j ¼ 1, 2:

(6.63)

To begin with we study the travel direction of x(t), which depends on the sign of an.
Therefore, observe that (6.58) and (6.59) imply
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6di � rðnÞi ðtÞ � 10di t 2 s0, 0 , i 2 f1, 2g:½½ (6.64)

Furthermore,

aðnÞ1 ðtÞ � aðnÞ2 ðtÞ � 1
2
� rðnÞ1 ðtÞ þ rðnÞ2 ðtÞ

 �����

���� ¼ wðnÞðt, tþÞ � wðnÞðt, 0�Þ�� �� � M0

ffiffiffiffiffi
jtj

p
,

and

3ðd1 þ d2Þ �M0

ffiffiffiffiffi
jtj

p
� aðnÞ1 ðtÞ � aðnÞ2 ðtÞ
��� ��� � 5ðd1 þ d2Þ þM0

ffiffiffiffiffi
jtj

p
:

Recalling (6.60) we end up with

2ðd1 þ d2Þ � aðnÞ1 ðtÞ � aðnÞ2 ðtÞ
��� ��� � 6ðd1 þ d2Þ: (6.65)

For every ðt, xÞ 2 ½s0, 0½��0, 12 ½, one has, using (6.17), (6.35), and (3.5),

anðt, xÞ þ rðnÞ2 ðtÞ
2ðaðnÞ1 ðtÞ � aðnÞ2 ðtÞÞ

�����
����� ¼ wðnÞðt, xÞ � wðnÞðt, 0þÞ þ uðnÞðt, xÞ

aðnÞ1 ðtÞ � aðnÞ2 ðtÞ

�����
�����

� 1
2ðd1 þ d2Þ � jwðnÞðt, xÞ � wðnÞðt, 0þÞj þ juðnÞðt, xÞj


 �

� 1
2ðd1 þ d2Þ � M0x

1=2 þ 2jx ln xj
� 	

:

(6.66)

Similarly, for every ðt, xÞ 2 ½s0, 0½�� � 1=2, t½,

anðt, xÞ � 1� rðnÞ1 ðtÞ
2 aðnÞ1 ðtÞ � aðnÞ2 ðtÞ

 �

������
������ ¼

wðnÞðt, xÞ � wðnÞðt, t�Þ þ uðnÞðt, xÞ
aðnÞ1 ðtÞ � aðnÞ2 ðtÞ

�����
�����

� 1
2ðd1 þ d2Þ � M0 � jx� tj1=2 þ 2 � jjx � tj ln jx � tjj


 �
, (6.67)

and for any ðt, xÞ 2 ½s0, 0½��t, 0½,

anðt, xÞ � 1þ rðnÞ1 ðtÞ
2 aðnÞ1 ðtÞ � aðnÞ2 ðtÞ

 �

������
������ ¼

wðnÞðt, xÞ � wðnÞðt, tþÞ þ uðnÞðt, xÞ
aðnÞ1 ðtÞ � aðnÞ2 ðtÞ

�����
�����

� 1
2ðd1 þ d2Þ � M0 � jx � tj1=2 þ 2 � jjx � tj ln jx � tjj þ jx ln jxjjð Þ


 �
:

(6.68)

Since

rðnÞ1 ðtÞ
rðnÞ1 ðtÞ þ 10d2 þ 2M0

ffiffiffiffiffijtjp � rðnÞ1 ðtÞ
2ðaðnÞ1 ðtÞ � aðnÞ2 ðtÞÞ

� rðnÞ1 ðtÞ
rðnÞ1 ðtÞ þ 6d2 � 2M0

ffiffiffiffiffijtjp ,

rðnÞ2 ðtÞ
rðnÞ2 ðtÞ þ 10d1 þ 2M0

ffiffiffiffiffijtjp � rðnÞ2 ðtÞ
2ðaðnÞ1 ðtÞ � aðnÞ2 ðtÞÞ

� rðnÞ2 ðtÞ
rðnÞ2 ðtÞ þ 6d1 � 2M0

ffiffiffiffiffijtjp ,

8>>>>><
>>>>>:

by (6.64), we conclude, using (6.64) and (6.60) once more, that
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d1
d1 þ 2d2

� rðnÞ1 ðtÞ
2ðaðnÞ1 ðtÞ � aðnÞ2 ðtÞÞ

� 2d1
2d1 þ d2

,

d2
2d1 þ d2

� rðnÞ2 ðtÞ
2ðaðnÞ1 ðtÞ � aðnÞ2 ðtÞÞ

� 2d2
d1 þ 2d2

,

for all t 2 s0, 0½ �:

8>>>>><
>>>>>:

Therefore, by (6.66)–(6.68) there exists �d > 0 such that

� 5d2
2d1 þ 4d2

� anðt, xÞ � � d2
4d1 þ 2d2

for all ðt, xÞ 2 ½s0, 0½�½0, �d�,

1� 4d1 þ d0
4d1 þ 2d2

� anðt, xÞ � 1� 2d1 � d0
2d1 þ 4d2

for all t 2 ½s0, 0�, x 2 ½t, 0½\ð½t, t þ �d½[� � �d, 0�Þ,

1þ d1
2d1 þ 4d2

� anðt, xÞ � 1þ 5d1
4d1 þ 2d2

for all t 2 ½s0, 0�, x 2 ½t � �d, t�:

8>>>>>><
>>>>>>:

(6.69)

The next lemma provides the Lipschitz continuous dependence of the characteristic
curves (6.61).

Lemma 6.3. Let wðnÞ and uðnÞ be as in (6.59) and (6.63). Given s 2 ½s0, 0½, let x1, x2 2
Rnfs, 0g with �x2 < �x1 such that both �x1 and �x2 belong to � � 1

2e , s½, �s, 0½ or �0, 1
2e ½. Then

jxðt; s, �x1Þ � xðt; s, �x2Þj � K1 � j�x2 � �x1j for all t 2 s0, s½½ (6.70)

for some K1 > 0 depending only on M0, d1, d2, K, and b.

Proof. We shall prove (6.70) for �x1, �x2 2�s, 0½: The other cases follow the same lines as
the proof of (4.9).
For any t < x2 < x1 < 0, (6.67) and (6.65) imply

janðt, x2Þ � anðt, x1Þj �
wðnÞðt, x2Þ � wðnÞðt, x1Þ
�� ��þ uðnÞðt, x2Þ � uðnÞðt, x1Þ

�� ��
jaðnÞ1 ðtÞ � aðnÞ2 ðtÞj

� 1
2ðd1 þ d2Þ � Kbþ j ln jx2 � tjj þ j ln jx1jjð Þ � ðx1 � x2Þ:

Setting 0 � zðtÞ¼: xðt; s, �x1Þ � xðt; s, �x2Þ, we obtain

_zðtÞ � � 1
2ðd1 þ d2Þ � Kbþ j ln jxðt; s, �x2Þ � tjj þ j ln jxðt; s, �x1Þjjð Þ � zðtÞ:

Since (6.69) implies for any �x 2 ð0, tÞ that

1� 4d1 þ d0
2ð2d1 þ d2Þ

� �
ðs� tÞ � xðs; s, �xÞ � xðt; s, �xÞ � 1� 2d1 � d0

2ðd1 þ 2d2Þ
� �

ðs� tÞ,

one ends ups with

_zðtÞ
zðtÞ � � 1

2ðd1 þ d2Þ � Kbþ 2 � ln min
d0

2ð2d1 þ d2Þ ,
d0

2ðd1 þ 2d2Þ
� �

ðs� tÞ
� �����

����
 !

,

which yields (6.70). w
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Next, consider the constants

c0 ¼: min
d0

2ðd1 þ 2d2Þ ,
d0

2ð2d1 þ d2Þ
� �

, c1 ¼: max
5maxðd1, d2Þ
2ðd1 þ 2d2Þ ,

5maxðd1, d2Þ
2ð2d1 þ d2Þ

� �
,

(6.71)

and define

Ist ¼: t � c0ðs� tÞ, t þ c0ðs� tÞ½ � [ �c0ðs� tÞ, c0ðs� tÞ½ �: (6.72)

From (6.69), one has

xðt; s, �xÞ 62 Ist for all s0 � t < s � 0, �x 2 �1=2, 1=2½ �nf0, sg: (6.73)

Furthermore, for all s0 � t < s � 0, one has

jðxðt; s, �xÞ � tÞ � ð�x � sÞj � c1ðs� tÞ, �x 2
�
� 1
2
, 0

�
nfsg,

jxðt; s, �xÞ � �xj � c1ðs� tÞ, �x 2
�
� s,

1
2

�
nf0g:

8>><
>>: (6.74)

By the same arguments used in [5, Lemma 4.1], we now obtain

Lemma 6.4. Let wðnÞ and uðnÞ be as in (6.59) and (6.63). There exists e0 > 0 small
enough, so that for any �e0 � t < s < 0 and any solution v of the linear equation

vt þ anðt, xÞ � vx ¼ 0, vðs0, �Þ ¼ �v 2 H2ðRnIst Þ,
one has

kvðt, �ÞkH2ðRnft, 0gÞ � 3
2
� k�vkH2ðRnIst Þ:

Step 2. Let us now consider a sequence of approximate solutions wðkÞ to (6.22)
inductively defined as follows.

	 wð1Þ : ½s0, 0½�R ! R such that for all t 2 ½s0, 0½,

wð1Þðt, xÞ ¼ �wðxÞ if x 2 ðt, 0Þ [ ð0,1Þ,
�wðxþ s0 � tÞ if x 2 ð�1, tÞ,

�

where �w satisfies (6.58).
	 For every k � 1, wðkþ1Þðt, �Þ solves the linear equation

wt þ anðt, xÞ � wx ¼ FðkÞðt, xÞ, wðs0, �Þ ¼ �wð�Þ

with FðkÞðt, xÞ¼: Fðt, x,wðkÞÞ and �w as in (6.58). This can be rephrased as

wðkþ1Þðt0, x0Þ ¼ �wðxðs0; t0, x0ÞÞ þ
ðt0
s0

FðkÞðt, xðt; t0, x0ÞÞdt: (6.75)

The following lemma provides a priori estimates on wðkÞ, uniformly valid for all k � 1:
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Lemma 6.5. Let wðnÞ and uðnÞ be as in (6.59) and (6.63). Then there exists e0 > 0 suffi-
ciently small so that the following holds. If s0 2 ½�e0, 0½ , then for every k � 0 and a.e.
s 2 ½s0, 0½ , one has

wðkÞðs, s6Þ � �wðs06Þ�� �� � d1, wðkÞðs, 06Þ � �wð06Þ�� �� � d2 , (6.76)

max _rðkÞ
1 ðsÞ

��� ���, _rðkÞ
2 ðsÞ

��� ���� �
� 4C1j ln jsjj, (6.77)

kwðkÞ
x ðs, xÞkL1ð�s, 0½Þ � 2K2b, kwðkÞðs, �ÞkH2ðRnfs, 0gÞ � M0, (6.78)

for some positive constants C1 and K2.

Proof. It is clear that (6.76)–(6.78) hold for k¼ 1. By induction, assume that
(6.76)–(6.78) hold for a given k � 1:

1. We shall establish the first inequality in (6.78). Given s 2 ½s0, 0½ and s < �x2 <
�x1 < 0, consider the characteristics t 7! xiðtÞ ¼ xðt; s, �xiÞ for i 2 f1, 2g, which
satisfy, cf. (6.73),

min jxiðtÞj, jxiðtÞ � tj� � � c0 � ðs� tÞ for all t 2 s0, s½ �, i 2 f1, 2g: (6.79)

Recalling (6.75), (6.70), and (6.29), we estimate

wðkþ1Þðs, �x2Þ � wðkþ1Þðs, �x1Þ
�� ��
� �wðx2ðs0ÞÞ � �wðx1ðs0ÞÞj j þ

ðs
s0

FðkÞðt, x2ðtÞÞ � FðkÞðt, x1ðtÞÞ
�� ��dt

� K1 � bþ C1ð1þ 2M0 þ 2K2bÞ
c1=20 d0

�
ðs
s0

1

ðs� tÞ1=2
dt

 !
� j�x2 � �x1j

� K1 � bþ 2C1ð1þ 2M0 þ 2K2bÞðs� s0Þ1=2
c1=20 d0

 !
� j�x2 � �x1j:

Thus, if 0 � �s0 �
�

bc1=20 d0
2C1ð1þ2M0þ2K2bÞ

�2

, then

wðkþ1Þðs, �x2Þ � wðkþ1Þðs, �x1Þ
�� �� � 2K2b � j�x2 � �x1j

and (6.78) is satisfied by wðkþ1Þ:
2. We shall establish (6.77) for i¼ 2 and the second inequality in (6.76). The other

ones are quite similar. Given any s0 � s1 < s2 � 0, let t 7! x62 ðtÞ¼: xðt; s2, 06Þ
be the characteristics, which reach the origin at time s2 from the positive and
negative side, respectively. From (6.74), it follows that

x62 ðtÞ
�� �� � c1 � js2 � tj for all t 2 s1, s2½ �:

Furthermore, recalling (6.77), (6.78), and (6.29), we have
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jwðkþ1Þðs2, 06Þ � wðkþ1Þðs1, 06Þj � jwðkþ1Þðs1, x62 ðs1ÞÞ � wðkþ1Þðs1, 06Þj
þ
ðs2
s1

jFðkÞðt, x62 ðtÞÞjdt � 2ðK2bþM0Þc1 � ðs2 � s1Þ

þ C1 �
ðs2
s1

1þ 2M0 þ 2K2b
d0

þ
�
1þ 8C1

d0
ðjtj1=2 þ 2c1=21 ðs2 � tÞ1=2Þ

�
j ln jtjj dt

�
�
2ðK2bþM0Þc1 þ

C1ð1þ 2M0 þ 2K2bÞ
d0

þ C1

�
1þ 8C1ð1þ 2c1=21 Þjs0j1=2

d0

�
j ln js2jj

�
� ðs2 � s1Þ:

Thus, for js0j is sufficiently small, we then obtain (6.77) for ðkþ 1Þ and i¼ 2 by

rðkþ1Þ
2 ðs2Þ � rðkþ1Þ

2 ðs1Þ
��� ��� � 4C1j ln js2jj � ðs2 � s1Þ:

Moreover, for the second inequality in (6.76), choose s1 ¼ s0 in the above estimate, i.e.,

wðkþ1Þðs2, 06Þ � �wð06Þ�� �� � 2ðK2bþM0Þc1 þ
C1ð1þ 2M0 þ 2K2bÞ

d0

�

þC1 1þ 8C1

d0

� �
� j ln js0jj

�
� js0j:

and this yields (6.76).
3. Finally, from Duhamel’ formula, Lemma 6.4, (6.58), Lemma 6.1, (6.77), and

(6.72), we obtain, for all s 2 ½s0, 0�,


wðkþ1Þðs, �Þ




H2ðRnfs, 0gÞ

� 3
2
k�wkH2ðRnIss0 Þ

þ 3
2
�
ðs
s0




FðkÞðt, �Þ



H2ðRnIst Þ

dt

� 3M0

8
þ 3
2
C1 �

ðs
s0

1þ 2M0 þ 2K2bþ 8C1j ln jtjj
d0c

2=3
0

ðs� tÞ�2=3 þ j ln jtjj dt

� 3M0

8
þ 9C1ð25þ 2M0 þ 2K2bþ 8C1 � j ln js0jjÞ

2d0c
2=3
0

 !
� js0j1=3 þ 3C1 � js0 ln js0jj:

Identifying an upper bound on s0 such that the right hand side is less or equal than
M0, shows that the second bound in (6.78) is satisfied by wðkþ1Þ as well. w

Thanks to the above estimates, we can now prove that the sequence of approxima-
tions wðkÞ is Cauchy, and converges to a solution w of the linear problem (6.22). This
will accomplish the inductive step, toward the proof of Theorem 6.1.

Lemma 6.6. There exists e0 > 0 sufficiently small so that, for all s0 2 ½�e0, 0½ the follow-
ing holds: Let wðnÞ,uðnÞ as in (6.59) and (6.63). Then the sequence of approximations
ðwðkÞðt, �ÞÞk�1 converges uniformly for all t 2 ½s0, 0½ to a limit function wðt, �Þ in
H2ðRnft, 0gÞ. Namely,
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lim
k!1

sup
t2 s0, 0½ �

kwðkÞðt, �Þ � wðt, �ÞkH2ðRnft, 0gÞ ¼ 0:

The function w provides a solution to the Cauchy problem (6.22) and satisfies for all
s 2 ½s0, 0�

jwðs, s6Þ � �wðs06Þj � d1, jwðs, 06Þ � �wð06Þj � d2 , (6.80)

kwxðs, xÞkL1ð�s, 0½Þ � 2K2b, kwðs, �ÞkH2ðRnfs, 0gÞ � M0: (6.81)

Moreover, r1ðtÞ¼: wðt, t�Þ � wðt, tþÞ and r2ðtÞ¼: wðt, 0�Þ � wðt, 0þÞ are locally
Lipschitz in ðs0, 0Þ and

max _r1ðsÞj j, _r2ðsÞj j� � � 4C1j ln sjj a:e: s 2 s0, 0½ �: (6.82)

Proof.
1. For any k � 1, we set

zðkÞ ¼: wðkþ1Þ � wðkÞ, MðkÞ
z ðsÞ ¼: kzðkÞðs, �ÞkH2ðRnfs, 0gÞ,

rðk, zÞ1 ðsÞ¼: zðkÞðs, s�Þ � zðkÞðs, sþÞ, rðk, zÞ2 ðsÞ ¼: zðkÞðs, 0�Þ � zðkÞðs, 0þÞ,
akðsÞ¼: supt2 s0, s½ � maxi2f1, 2g _rðk, zÞ

i ðtÞ
��� ��� ,

bkðsÞ¼: supt2 s0, s½ � MðkÞ
z ðtÞ þ zðkÞx ðt, 0�Þ

��� ���þ zðkÞx ðt, 0þÞ
��� ���þ zðkÞðt, 0�Þ�� ��þ zðkÞðt, 0þÞ�� ��� �

:

8>>>>>>>><
>>>>>>>>:

(6.83)

Recalling Duhamel’s formula, Lemma 6.4, Lemma 6.2, (6.72), and Lemma 6.5, for
all s 2 ½s0, 0� we estimate

Mðkþ1Þ
z ðsÞ � 3

2
�
ðs
s0




Fðkþ1Þðt, �Þ � FðkÞðt, �Þ




H2ðRnIst Þ

dt

� 3C2

2d20
�
ðs
s0

bkðtÞ �
4C1j ln jtjj
d0c

2=3
0

þ ð2M0 þ 2K2bþ 1Þð1þ d0Þ
d0c

2=3
0

 !
� ðs� tÞ�2=3 þ j ln jtjj

" #
dt

þ 3C2

2d20
�
ðs
s0

2M0 þ 2K2b

c2=30

� akðtÞ � ðs� tÞ�2=3 dt

� C3 � js0 � sj1=3 � j ln js0 � sjj � bkðsÞ þ
ðs
s0

akðtÞðs� tÞ�2=3dt

 !

(6.84)

for some constant C3 depending only on M0, b, K2, d1, and d2.
2. We now establish a bound on zðkþ1Þ

x ðs, 06Þ: Since
zðkþ1Þ
x ðs, 0þÞ�� �� � kzðkþ1Þðs, �ÞkH2ðRnft, 0gÞ � Mðkþ1Þ

z ðsÞ, (6.85)

it suffices to have a closer look at zðkþ1Þ
x ðs, 0�Þ: Given s 2 ½s0, 0½ and s < �x2 < �x1 <

0, consider the characteristics t 7! xiðtÞ ¼ xðt; s, �xiÞ for i 2 f1, 2g: Recalling
(6.75), (6.50), (6.79), and (6.70), we estimate
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zðkþ1Þðs, �x2Þ � zðkþ1Þðs, �x1Þ
�� ��

¼
ðs
s0

Fðkþ1Þðt, x2ðtÞÞ � Fðkþ1Þðt, x1ðtÞÞ
h i

� FðkÞðt, x2ðtÞÞ � FðkÞðt, x1ðtÞÞ
h i

dt

����
����

�
ðs
s0

ð1
0

Fðkþ1Þ
x � FðkÞ

x


 �
ðt, ð1� sÞx1ðtÞ þ sx2ðtÞÞ

��� ��� � jx1ðtÞ � x2ðtÞj ds dt

� 2C2K1

d20c
1=2
0

�
ðs
s0

bkðtÞ � ð1þ d0 þ 2M0 þ 2K2bÞ � ðs� tÞ�1=2 dt � j�x2 � �x1j

� C4 � bkðsÞ � js� s0j1=2 � j�x2 � �x1j
for some constant C4 depending only on M0, b, K1, d1, and d2. This implies

zðkþ1Þ
x ðs, 0�Þ�� �� � C4 � bkðsÞ � js� s0j1=2: (6.86)

3. Finally, we establish a bound on akþ1ðsÞ for s 2 ½s0, 0�: We only present here the
details for _rðkþ1, zÞ

2 ðtÞ, since _rðkþ1, zÞ
1 ðtÞ can estimated in the same way. Given any

s0 � s1 < s2 < 0, denote by t 7! x62 ðtÞ¼: xðt; s2, 06Þ the characteristics which
reach the origin at time s2 from the positive and negative side, respectively.
Using (6.75), (6.49), (6.74), and (6.79), we estimate

zðkþ1Þðs2, 06Þ � zðkþ1Þðs1, 06Þ�� ��
� zðkþ1Þðs1, x62 ðs1ÞÞ � zðkþ1Þðs1, 06Þ�� ��þ ðs2

s1

Fðkþ1Þ t, x62 ðtÞ
� 	� FðkÞ t, x62 ðtÞ

� 	�� ��dt
� 2bkþ1ðs1Þ � x62 ðs1Þ

�� ��þ C2

d20
�
ðs2
s1

ð2M0 þ 2K1bÞ � akðtÞ � c1=21 js2 � tj1=2dt

þ C2

d20
�
ðs2
s1

bkðtÞ �
4C1

ffiffiffiffiffijtjp þ d0
d0

j ln jtjj þ 2M0 þ 2K1b
d0

þ 8C1c
1=2
1

d0
� j ln jtjjjs2 � tj1=2

 !
dt

� 2bkþ1ðs2Þc1 þ C5 � bkðs2Þ � j ln js2jj þ akðs2Þ � js1 � s2j1=2
h i
 �

� ðs2 � s1Þ

for some constant C5 depending only on M0, b, K1, d1, and d2. Thus, for s 2 ½s0, 0�,
akþ1ðsÞ � 2bkþ1ðsÞc1 þ C5 � bkðsÞ � j ln jsjj: (6.87)

Moreover, by choosing s1 ¼ s0 and s2 ¼ s 2 ½s0, 0�, we also get

zðkþ1Þðs, 06Þ�� �� � C6 � bkðsÞ � jjs� s0j � ln js� s0jj þ
ðs
s0

akðtÞ � jt � sj1=2dt
 !

,

and (6.84)–(6.87) imply that

bkþ1ðsÞ � C7 � js� s0j1=3 � j ln js� s0jj � bkðsÞ þ
ðs
s0

akðtÞ � js� tj�2=3dt

 !

� C8 � js� s0j1=3 � j ln js� s0jj � bkðsÞ þ bk�1ðsÞð Þ:
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In particular, for s0 < 0 sufficiently close to 0, we get

bkþ1ðsÞ þ
1
2
� bk � 3

4
� bkðsÞ þ

1
2
� bk�1

� �
,

which implies X1
k¼1

sup
s2 s0, 0½ �

kzðkÞðs, �ÞkH2ðRnft, 0gÞ <
X1
k¼1

bkðsÞ < 1:

We thus conclude that ðwðkÞðs, �ÞÞk�1 converges uniformly for all s 2 ½s0, 0½ to a limit
function wðs, �Þ in H2ðRnft, 0gÞ, which provides the solution to the linear problem
(6.22). Moreover, since limk!1 wðkÞðs, 06Þ ¼ wðs, 06Þ and limk!1 wðkÞðs, s6Þ ¼
wðs, s6Þ, one has that limk!1 rðkÞi ðsÞ ¼ riðsÞ for all s 2 ½0, s�: Furthermore,
limk!1 wðkÞ

x ðs, 06Þ ¼ wxðs, 06Þ and limk!1 wðkÞ
x ðs, s6Þ ¼ wxðs, s6Þ and hence Lemma

6.5 implies that w satisfies (6.80)–(6.82). w

We are now ready to complete the proof of our second main theorem, describing the
asymptotic behavior of solutions up to the time when two shocks interact.

Proof of Theorem 6.1.
1. By induction, we construct a sequence of approximate solutions ðwðnÞÞn�1 where

each wðnþ1Þ is the solution to the linear problem (6.22). Assuming that s0 2
½�e0, 0½ is sufficiently close to 0, we claim thatX

n�1

kwðnþ1Þðt, �Þ � wðnÞðt, �ÞkH1ðRnft, 0gÞ < 1 for all t 2 s0, 0½ �: (6.88)

For a fixed n � 2, recalling that anðt, xÞ ¼ wðnÞðt, xÞþuðnÞðt, xÞ�aðnÞ2 ðtÞ
aðnÞ1 ðtÞ�aðnÞ2 ðtÞ , we define

WðnÞ ¼: wðnÞ � wðn�1Þ, AðnÞðs, xÞ ¼: anðs, xÞ � an�1ðs, xÞ,
rðnÞ1 ðsÞ ¼ WðnÞðs, s�Þ �WðnÞðs, sþÞ, rðnÞ2 ðsÞ ¼ WðnÞðs, 0�Þ �WðnÞðs, 0þÞ,
bðnÞðsÞ ¼: supt2 s0, s½ � kWðnÞðs, �ÞkH1ðRnft, 0gÞ þ WðnÞðt, 0�Þ�� ��þ WðnÞðt, 0þÞ�� ��h i

:

8>>><
>>>:

Set ZðnÞ ¼ WðnÞ þ VðnÞ with VðnÞ ¼ vðnÞ � vðn�1Þ and vðnÞ ¼ uðnÞ � /0ðx � tÞ �
/0ðxÞ: From the above definitions, by (6.22), we deduce

Zðnþ1Þ
t þ an � Zðnþ1Þ

x ¼ � AðnÞwðnÞ
x þ Aðnþ1Þvðnþ1Þ

x


 �
þ Gðnþ1Þ � GðnÞ (6.89)

with

GðnÞðt, xÞ ¼ H wðnÞðt, �Þ þ uðnÞðt, �Þ
� �

ðxÞ
aðnÞ1 ðtÞ � aðnÞ2 ðtÞ

� anðt, xÞ � /0
0ðx� tÞ þ /0

0ðxÞ
� �

:

We split

wðnÞ ¼ v1, n þ v2, n, v2, nðt, xÞ ¼ wðt, 0�Þ � gðxÞ, x < 0,
wðt, 0þÞ � gðxÞ, 0 < x:

�

Recalling the definition of ~B and ~C in (6.26)–(6.27), we write
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GðnÞðt, xÞ þ /0
0ðx� tÞ

¼ � v2, nðt, xÞ � v2, nðt, tÞ½ � � /0
0ðx � tÞ þ v1, nðt, xÞ � v1, nðt, 0Þ½ � � /0

0ðxÞ
aðnÞ1 ðtÞ � aðnÞ2 ðtÞ

þ
~B
ðv2, nÞðt, xÞ þ ~C

ðv1, nÞðt, xÞ þH uðnÞðt, �Þ
� �

ðxÞ � uðnÞðt, xÞ � /0ðx� tÞ þ /0ðxÞ½ �0
aðnÞ1 ðtÞ � aðnÞ2 ðtÞ

:

Here it is important to note that WðnÞ
j ¼ vðnÞj � vðn�1Þ

j satisfies

kWðnÞ
j ðt, �ÞkH1ðRnft, 0gÞ � Oð1Þ � MðnÞðtÞ þ WðnÞðt, 0�Þ�� ��þ WðnÞðt, 0þÞ�� ��
 �

� Oð1Þ � bðnÞðtÞ,
while, (6.31) implies,

kvðnÞj ðt, �ÞkH1ðRnft, 0gÞ � Oð1ÞkwðnÞkH1ðRnft, 0gÞ � Oð1ÞM0:

Recalling (6.31), (3.10), (3.20), (6.34), (3.6), (3.5), and (6.36), we get

Gðnþ1Þ � GðnÞð Þðs, xÞ�� �� � C1 � bðnþ1ÞðsÞ, s < x < 0,

kðGðnþ1Þ � GðnÞÞðs, �ÞkH1ðRn �d, d½ �[ s�d, sþd½ �Þ � C1 � b
ðnþ1ÞðsÞ
d1=2

,

8><
>: (6.90)

for some positive constant C1: Furthermore, we have for all x½� 1
2 ,

1
2�nfs, 0g that

AðnÞwðnÞ
x ðs, xÞ

��� ��� � C2b
ðnÞðsÞ, jAðnÞvðnÞx ðs, xÞj � C2b

ðnÞðsÞ � jxj�1=2 þ jx � sj�1=2

 �

,

kAðnÞwðnÞ
x ðs, �ÞkH1ðRnfs, 0gÞ � C2b

ðnÞðsÞ, kAðnÞvðnÞx ðs, �ÞkH1ðRn �d, d½ �[ s�d, sþd½ �Þ � C2b
ðnÞðsÞ

d1=2
,

8>>><
>>>:

(6.91)

for some constant C2 > 0, dependent on M0, b, d1, and d2. Hence, if s0 < 0 is suffi-
ciently close to 0, we have, using Duhamel’s formula and (6.71), for all s 2 ½s0, 0½
that

kZðnþ1Þðs, �ÞkH1ðRnfs, 0gÞ �
3
2

ðs
s0




 Gðnþ1Þ � GðnÞ � AðnÞwðnÞ
x � Aðnþ1Þvðnþ1Þ

x

h i
ðt, �Þ





H1ðRnIst Þ

dt

� 3
2
ðC1 þ C2Þ �

ðs
s0

bðnÞðtÞ þ bðnþ1ÞðtÞ � c�1=2
0 ðs� tÞ�1=2dt:

Thus, there exists a constant C3 > 0 dependent on M0, b, d1, and d2 such that

kZðnþ1Þðs, �ÞkH1ðRnfs, 0gÞ � C3 � bðnÞðsÞ � js0 � sj þ bðnþ1ÞðsÞ � js0 � sj1=2

 �

: (6.92)

2. We establish a bound on Zðnþ1Þðs, 06Þ�� ��: Given any s0 � s � 0, let
t 7! x2ðtÞ¼: xðt; s, 0�Þ be the characteristic, which reaches the origin at time s
from the negative side. Since

Zðnþ1Þðs0, xÞ � 0, Zðnþ1Þðs, 0þÞ�� �� � kZðnþ1Þðs, �ÞkH1ðRnfs, 0gÞ, (6.93)

we have
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Zðnþ1Þðs, 0�ÞÞ�� �� � ðs
s0

ð�AðnÞwðnÞ
x � Aðnþ1Þvðnþ1Þ

x þ Gðnþ1Þ � GðnÞÞðt, x2ðtÞÞ
�� ��dt

� ðC1 þ C2Þ �
ðs
s0

bðnÞðtÞ þ bðnþ1ÞðtÞ � 1þ 2c�1=2
0 ðs� tÞ�1=2


 �
dt

� C4 � bðnÞðsÞ � js� s0j þ bðnþ1ÞðsÞ � js� s0j1=2

 �

,

(6.94)

where we used (6.74) and C4 denotes a positive constant dependent on M0, b, d1,
and d2. Combining (6.92) -(6.94), we end up with

kZðnþ1Þðs, �ÞkH1ðRnfs, 0gÞ þ Zðnþ1Þðs, 0�Þ�� ��þ Zðnþ1Þðs, 0þÞ�� ��
� C5 � bðnÞðsÞ � js� s0j þ bðnþ1ÞðsÞ � js� s0j1=2


 �
,

where C5 > 0 denotes a constant dependent on M0, b, d1, and d2.
3. From (6.34), it holds that Wðnþ1Þðs, s6Þ ¼ Zðnþ1Þðs, s6Þ,Wðnþ1Þðs, 06Þ ¼

Zðnþ1Þðs, 06Þ, and
kVðnþ1Þðs, �ÞkH1ðRnfs, 0gÞ

� C6 � Wðnþ1Þðs, s�Þ�� ��þ Wðnþ1Þðs, sþÞ�� ��þ Wðnþ1Þðs, 0�Þ�� ��þ Wðnþ1Þðs, 0þÞ�� ��
 �
¼ C6 � Zðnþ1Þðs, s�Þ�� ��þ Zðnþ1Þðs, sþÞ�� ��þ Zðnþ1Þðs, 0�Þ�� ��þ Zðnþ1Þðs, 0þÞ�� ��
 �
� 3C6 � kZðnþ1Þðs, �ÞkH1ðRnfs, 0gÞ þ Zðnþ1Þðs, 0�Þ�� ��þ Zðnþ1Þðs, 0þÞ�� ��
 �

for some positive constant C6 on M0, b, d1, and d2. Thus, we end up with

bðnþ1ÞðsÞ � ð1þ 3C6Þ kZðnþ1Þðs, �ÞkH1ðRnfs, 0gÞ þ Zðnþ1Þðs, 0�Þ�� ��þ Zðnþ1Þðs, 0þÞ�� ��
 �
� C7 bðnÞðsÞ � js� s0j þ bðnþ1ÞðsÞ � js� s0j1=2


 �
:

Provided that s0 < 0 is sufficiently close to 0, we obtain that

bðnþ1ÞðsÞ � bðnÞðsÞ=2 for all s 2 ½s0, 0½:
Thus, (6.88) holds for all s 2 ½s0, 0�, and the sequence of approximations wðnÞðs, �Þ is

Cauchy in the space H1ðRnfs, 0gÞ, and hence it converges to a unique limit wðs, �Þ:
It remains to check that this limit function w is an entropic solution, i.e., it satisfies,

cf. (6.5), (6.7), and (6.13),

wþ uðwÞ� 	
ðt0, x0Þ ¼ ð�w þ �uÞðxðs0ÞÞ þ

ðt0
s0

H wþ uðwÞ� �
ðt, xðtÞÞ

a1ðtÞ � a2ðtÞ dt,

where t 7! xðt; t0, x0Þ denotes the characteristics curve, obtained by solving _x ¼ aðt, x,wÞ
with xðt0Þ ¼ x0: This follows from slightly rewriting (2.19), which yields
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wðnþ1Þ þ unþ1
� 	

ðt0, x0Þ ¼ ð�w þ �uÞðxnðs0ÞÞ þ
ðt0
s0

H wðnþ1Þ þ uðnþ1Þ� �
ðt, xnðtÞÞ

aðnþ1Þ
1 ðtÞ � aðnþ1Þ

2 ðtÞ
dt

�
ðt0
s0

Zðnþ1Þ �Wðnþ1Þ,�ðtÞ þWðnþ1Þ,þðtÞ
2

� �
uðnþ1Þ
x ðt, xnðtÞÞ

aðnþ1Þ
1 ðtÞ � aðnþ1Þ

2 ðtÞ
dt

þ
ðt0
s0

uðnþ1Þ
x ðt, xnðtÞÞ

aðnþ1Þ
1 ðtÞ � aðnþ1Þ

2 ðtÞ
� uðnþ1Þ

x ðt, xnðtÞÞ
aðnÞ1 ðtÞ � aðnÞ2 ðtÞ

" #

� wðnÞ � wðnÞ,�ðtÞ þ wðnÞ,þðtÞ
2

þ uðnÞ
� �

dt

where t 7! xnðtÞ denotes the characteristic curve, obtained by solving (6.61)
with xnðt0Þ ¼ x0:
Finally, to prove uniqueness, assume that ~w and w are two entropic solutions. We

define

W ¼: ~w � w, bðsÞ ¼: sup
t2 0, s½ �

kWðt, �ÞkH1ðRnft, 0gÞ þ Wðt, 0�Þj j þ Wðt, 0þÞj j
h i

:

The arguments used in the previous steps now yield the inequality

bðsÞ � bðsÞ=2,
and this implies ZðsÞ ¼ 0 for all s 2 ½s0, 0�, completing the proof. w
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