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Abstract

We show that the Hunter-Saxton equation u; + uuy = 3 ( /" du(t,2) — [ du(t 2))

and u¢ + (uu)y = 0 has a unique, global, weak, and conservative solution (u, u) of the
Cauchy problem on the line.
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1 Introduction
The Hunter—Saxton (HS) equation [14] reads

Up + Uy = i(/_;du(m)—/oodu(w)),

pe + (wp)x = 0.

Here u is an H'(R) function for each time ¢, and u(t) is a nonnegative Radon measure.
Derived in the context of modeling liquid crystals, the HS equation has turned out to
have considerable interest mathematically. It has, for example, a geometric interpretation
[17-21], convergent numerical methods [9,12], and a stochastic version [11], in addition
to numerous extensions and generalizations [24,25], too many to mention here. The first
comprehensive study appeared in [15,16]. While the HS equation was originally derived
on differential form
(i + )y = 08,

where, in the case of smooth functions, ¢ equal to u,% will automatically satisfy the second
equation, we prefer to work on the integrated version. Note that there are several ways to
integrate this equation, say

1 X
U + uuy = 3 / w2(t, y)dy,
0

for which the uniqueness of conservative solutions on the half-line has been established in
[5], but we prefer the more symmetric form. For us, it is essential to introduce a measure
wu(t) on the line such that for almost all times du = duac = uidx. The times ¢ when
dp # uldx will precisely be the times when uniqueness can break down. Our task here is
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to analyze this situation in detail and restore uniqueness by carefully selecting particular
solutions called conservative solutions. The aim of this paper is to show the following
uniqueness result (Theorems 3.6 and 5.10):

For any initial data (uo, o) € D the Hunter—Saxton equation has a unique global conser-
vative weak solution (u, u) € D. Here D is given in Definition 2.2.

In the case of the so-called dissipative solutions, where energy is removed exactly at the
times when the measure p ceases to be absolutely continuous, the uniqueness question
has been addressed in [7] by showing the uniqueness of the characteristics.

The problem at hand can be illustrated by the following explicit example [6]. Consider
the trivial case uy = 0, which clearly has u(%, x) = 0 as one solution. However, as can be
easily verified, also

ult %) = =St L o, y2)®) + 2% L gegen® + 2L (L.1)
is a solution for any & > 0, with u(0) = adp and du(t) = 4t‘2ﬂ(_atz/&atz/8)(x)dx for
t # 0. Here [4 is the indicator (characteristic) function of the set A. Thus, the initial value
problem is not well-posed without further constraints.

Furthermore, it turns out that the solution u of the HS equation may develop singularities
in finite time in the following sense: Unless the initial data are monotonously increasing,
we find

inf(uy) > —ooast 1 t* = 2/ sup(—up). (1.2)

Past wave breaking there are at least two different classes of solutions, denoted conser-
vative (energy is conserved) and dissipative (where energy is removed locally) solutions,
respectively, and this dichotomy is the source of the interesting behavior of solutions of
the equation (but see also [8,10]). We will in this paper consider the so-called conservative
case where the associated energy is preserved.

The natural approach to solve the HS equation is by the use of characteristics, i.e., to
solve the equation

Ve, §) = u(t, 5 £)), 30, §) = jo(§). (1.3)

However, in this case the function # = u(¢ x) will in general only be Hélder and not
Lipschitz continuous. This is the crux of the problem. Thus, we cannot expect uniqueness
of solutions of this equation. Indeed, it is precisely in the case where uniqueness fails
that the HS equation encounters singularities. See [3,5,7,26—28]. We will reformulate the
HS equation in new variables, the aim being to identify variables where the singularities
disappear.

Rewriting the HS equation, using characteristics, yields a linear system of differential
equations [4],

5’::('35) = Lv[(t’S)’
M 1. 1
Uit ¢) = E(H(t’ £) — §C)’

H(t&) =0, (1.4)
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where C = u(0,R) = u(t, R). Here UI(5 &) = u(t 3t £)) and H(t, £) = [P u2(, x)dx.
This system describes weak, conservative solutions and can be integrated to yield

56:6) = 5(0,6) + £(L0,8) + £ (H(0,8) ~ )
[1(6,8) = U(0.8) + £ (H(0,8) = ),

H(t)g) :H(O’é:)-

Here we may recover (u, i) from u(t,x) = U(t &) for some £ such that x = j(, &) and
W =P (1:15 )d&.In particular, it has been shown in [4] that given any initial data (u, 1o) € D
there exists at least one conservative solution and this solution satisfies (1.4). On the other
hand, the question of uniqueness of conservative solutions has not been addressed. This
question can also be rephrased as: Do all conservative solutions satisfy (1.4)?

In [6], we introduced a new set of coordinates, which allowed us, in contrast to [4], to
construct a Lipschitz metric d, which is not based on equivalence classes. The underlying
system of differential equations, which has been derived using pseudo-inverses and the
system (1.4), is surprisingly simple, but forced us to impose an additional first moment
condition?, fR(l + |x[)dpo < 00, on the measure. To be more specific, d satisfies

(e, 1) (0) (2 12)(0)) = (1 bt éﬁ) ({1, 11)(0), (2, 12)(0))

for any two weak, conservative solutions (u;, ;) € D, which satisfy the additional con-
dition fR(l + |x])dui0 < oo. The new coordinates are defined as follows. Let x (t, n) =
sup{x | u(t (—o0,x)) < n}and U(t n) = u(t, x(¢ n)) and introduce % (¢t n) = x(t Cn) and
U(t, n) = U(t, Cn) where C = u(t, R). Then we define

(1, 1)), (2 1) O) = [0 = o®)] |+ 76 = 0] 1 +1C1 = Cal.

However, a closer look reveals that one explicitly associates to any initial data the weak
conservative solution computed using (1.4). Thus, the question if all weak conservative
solutions satisfy (1.4) is never addressed.

Furthermore, to study stability questions for conservative solutions the coordinates from
[6] seem to be favorable, but not for investigating the uniqueness. The main difficulty stems
from the fact that for each ¢ € R, the function F(t, x) = u(t (—oo, x)), where u denotes
a positive, finite Radon measure, is increasing but not necessarily strictly increasing. This
means, in particular, that its spatial inverse x (¢ 1) might have jumps. Time evolution of
increasing functions with possible jumps can lead to the same problems as for conservation
laws. What happens to jumps as time evolves? Do they satisfy some kind of Rankine—
Hugoniot condition or do they behave more like rarefaction waves? In [6] this issue
has been resolved by using the system (1.4) to show that any jump preserves position
and height. Thus, the associated system for (x (¢ 1), U(t 1)) cannot be treated using the
classical ODE theory, but only in a weak sense with some additional constraints. Hence,
these new variables would not simplify the study of uniqueness questions.

ICondition (2.15) in [6], here stated in terms of the measure j.
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Given a conservative solution (u, i), define the quantities

¥t &) = sup{x | x + u(t (—oo, %)) < &},
Ut &) = ult, ¥t &)
HtE) =& -y ).

Then one can derive, see Theorem 3.4, that these quantities satisfy

V(6 &) + Uye(t, &) = U, €),
Hy(t &)+ UH:(t€) =0,

Uil6 &) + UL ) = (H(m _ %c)

In contrast to u(t x), the function U(t, &) is Lipschitz continuous, and hence, the above
system can be solved uniquely using the method of characteristics, which is sufficient to
ensure the uniqueness of conservative solutions. In particular, it can be shown that by
applying the method of characteristics the above system turns into (1.4), see Remark 3.5.

Although the uniqueness question is successfully addressed, the above system has one
main drawback: The definition of the function y( &) is far from unique. On the other
hand, the above system can be used to find other equivalent formulations of the Hunter—
Saxton equation, which might be advantageous for addressing, e.g., stability questions.
As an illustration, we here introduce a novel set of coordinates, which can be studied
on its own, without relying on special properties of solutions to (1.4) and which avoids
the formation of jumps but requires to impose additional moment conditions. The main
idea is to introduce an auxiliary measure v, such that G(t, x) = v(t, (—oo, x)) is strictly
increasing for each ¢t € R. To that end, define the auxiliary function (the power # to be
fixed later)

1

ptx) = A mdﬂ(t’y),

which will be a smooth function for all Radon measures ¢ and let
x (& n) = sup{x | v(t (—00, %)) < n}
X
= sup(e | [ ples)ds-+ ute (oo <),
—0o0

U, n) = ult, x&n)
P(t: 77) = P(t: X(t) 77))

Provided (u, 1) is a weak, conservative solution of the HS equation, which satisfies
an additional moment condition, see (5.2), we show, cf. Theorem 5.9, that the triplet
(x (& n), U(t, n), P(t n)) satisfies

Xt + oy =U, (1.5a)
1 n L 1
Uy + Wy = E(” —/0 Pt i) — e (1.5b)

Pi+hPy =R (1.5¢)
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where

B+C
ht,n) = UP( ) — /0 UG DK G m) — x6 (L - Poye )dn, (16)
B+C
Ritn) = — /0 UG DK el m) — x(6 D)1 — Poy(6 ) di
B+C
U ) /0 K'Getom) — x (6 )1 — Pxy(s, ) dn (17)

In particular, 4(t n) is continuous w.r.t. time and Lipschitz continuous w.r.t. space, so
that the above system has a unique solution and can be solved by applying the method of
characteristics. This is sufficient to ensure the uniqueness of conservative solutions that
satisfy an additional moment condition, cf. Theorem 5.10.

2 Background
In this section, we introduce the concept of weak conservative solutions for the Hunter—
Saxton equation. Afterward, we show that there indeed exists at least one weak conserva-
tive solution to every admissible initial data. We use C2° to denote smooth functions with
compact support and Cg° to denote smooth functions that vanish at infinity.

As a starting point, we introduce the spaces we work in.

Definition 2.1 Let E be the vector space defined by

E={f e L®R)|f € L*(R)} (2.1)
equipped with the norm || . = ||, + || ;2-
Furthermore, let

H{(R)=H'(R) x R and H;(R) = H'(R) x R%

Write Ras R = (—oo, 1) U (—1, 0o) and consider the corresponding partition of unity v+
and ¥, i.e., ¥ and ¢~ belong to C*(R), ¥~ + ¢ = 1,0 < ¢y < 1, supp(yy ") C
(—00, 1), and supp(¥+) C (—1, 00). Furthermore, introduce the linear mapping R; from
H 11 (R) to E defined as

(foa)—>f=f+ay™,
and the linear mapping R from H}(R) to E defined as
(f,ab)i>f=f+ay" +by~.

The mappings R1 and R are linear, continuous, and injective. Accordingly introduce E;
and E,, the images of H 11 (R) and H21 (R) by R1 and Ry, respectively, i.e.,

Er =Ri(H{(R)) and Ep = Ra(H,(R)). (2.2)
The corresponding norms are given by:

If g, = If +av*|,, = <|Lf||§2 + Hf’”iz +az)1/z

and

7 - 7112 112 1/2
Wi, =7 v 46wl = (W71 + 1+ o 87)
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Note that the mappings R, and R are also well-defined for all (f, ) € L%(R) =L*>R)xR
and (f,a, b) € L%(R) = L%(R) x R2. Accordingly, let

E) =Ri(Li(R)) and EY = Ri(L3(R))
equipped with the norms
Il = I +av* o = (IF 12 +6»'
and
[Flgg = I +av™ + b~ | g = (IF 12 +a* + %),

respectively.
With these spaces in mind, we can define next the admissible set of initial data.

Definition 2.2 (Eulerian coordinates) The space D consists of all pairs (i, i) such that

o u((=o0, -)) € EY,
o ditac = uidx,

where M™(R) denotes the set of positive, finite Radon measures on R.

A weak conservative solution is not only a weak solution of the Hunter—Saxton equation,
but has to satisfy several additional conditions, which make it possible to single out a
unique, energy-preserving solution.

Definition 2.3 We say that (1, 1) is a weak conservative solution of the Hunter—Saxton
equation with initial data (x(0, -), ©(0, -)) € Dif

(i) At each fixed t, we have u(t, -) € E,.
(ii) At each fixed ¢, we have u(t (—oo, +)) € E? and duac(f) = u,%(t, -)dx.
(iii) The pair (i, u) satisfies for any ¢ € C2°([0, 00) x R)

/000 _/R [M¢t + %uz@c
+ i (/x du(t) — /Oo du(t )) qb]dxdt /Ruq)h:odx, (2.3)
f [0+ updure == [ sloduto (2:3b)

(iv) The function u(t x) defined on [0, T] x R is Holder continuous and the map ¢ +—
u(t, -) is Lipschitz continuous from [0, 7] into Eg.

(v) There exists a set NV C R with meas(\) = 0 such that for every ¢ ¢ N the measure
1 (¢) is absolutely continuous and has density u2(¢, -) w.r.t. the Lebesgue measure.

(vi) The family of Radon measures {i(t) | ¢ € R} depends continuously on time w.r.t. the
topology of weak convergence of measures.

Note that the family {u(¢) | ¢ € R} provides a measure-valued solution w to the linear
transport equation

we + (uw), = 0.
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Thus, one has that «(t R) = u(0, R) for all t € R.
In [4], weak conservative solutions in D have been constructed. A closer look at their
construction reveals that the following theorem holds.

Theorem 2.4 For any initial data (uo, jL0) € D, the Hunter—Saxton equation has a global
conservative weak solution (u, i) in the sense of Definition 2.3.

In other words, all the properties stated in Definition 2.3 are satisfied for the conservative
solutions constructed in [4]. However, some of them are better hidden than others. This
is especially true for (iv) and (vi), which we show here.

We start by recalling the set of Lagrangian coordinates.

Definition 2.5 (Lagrangian coordinates) The set F consists of all triplets (§, {1, ) such
that

. @—Id,l:[,H)EEZXEZXElr
o -1, U, H) € [WH(R)]?,
E—>—00

¢« ¥ >0, ]:[g > 0a.e,
« there exists ¢ > 0 such that js + Hz > ¢ > Oae.,
. LV[SZ = )V/g]'v[g a.e..

Note that there cannot be a one-to-one correspondence between Eulerian and
Lagrangian coordinates. Instead, one has that each element in Eulerian coordinates cor-
responds to an equivalence class in Lagrangian coordinates. Furthermore, all elements
belonging to one and the same equivalence class can be identified using so-called relabel-
ing functions.

Definition 2.6 (Relabeling functions) We denote by G the group of homeomorphisms f

from R to R such that
f —1Id and f~! — Id both belong to W (R), (2.4)
f — 1 belongs to L*(R), (2.5)

where Id denotes the identity function.

Let X1 = (J1, Uy, Hy) and Xo = (§o, U, H) in F. Then, X; and X; belong to the same
equivalence class if there exists a relabeling function f € G such that
Xiof =@ of U of Hiof) = (n Uy Ha) = Xo.
Furthermore, let
Fo={0 U, H) e F|y+H =1d}.
Then Fy contains exactly one representative of each equivalence class in F. Note that if
X=@ I:[,I:I) € Fpandf € G, then one has
yof +H of =f
This implies that for each X = (j, U, H) € F one has that y + H € G.

Whether or not a function is a relabeling function, can be checked using the following
lemma, which is taken from [13].
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Lemma 2.7 (Identifying relabeling functions) If f is absolutely continuous, f — Id €
WL2R), fi — 1 € L*(R), and there exists ¢ > 1 such that % < f¢ < c almost every-
where, then f € G.

In [4], one rewrites the Hunter—Saxton equation, with the help of a generalized method
of characteristics as a linear system of differential equations, cf. (1.4),

Y€)= U E), (2.6)
. 1/. 1

Uit §) = 5 (H(r,s) - §c>, (2.6b)
Hy(t,€) =0, (2.6¢)

where C = (0, R) = u(z, R). This system of differential equations does not preserve Fo,
but respects equivalence classes. It can be integrated to yield

$66) = §(0,6) + ¢ (iz(o,s> vt (mo,s) _ %c)) (2.72)
Ut &) = U0, £) + g(mo, £) - %c), (2.7b)
H(t &) = H(0,£), (2.7¢)

with initial data determined as introduced next in (2.8).
The connection between the pairs («, 1) € D and the triplet (§, U, H) € F is given by
the following definitions.

Definition 2.8 Let the mapping L: D — Fy be defined by L(u, ) = (§, U, H), where

J(€) = supfx | x + pn((—oo, %)) < £}, (2.8a)
H(E) =& — (&), (2.8b)
UE) = uoy() (2.8¢)

Definition 2.9 Let the mapping M: F — D be defined by M(y, U, H ) = (u, 1), where?

u(x) = U(¢) for some & such thatx = y(&), (2.9a)
= ys(Hy)dE. (2.9b)

Now we can finally focus on showing that the weak conservative solutions constructed in
[4] satisfy Definition 2.3 (iv) and (vi).

2.1 On the Holder continuity in the definition of weak conservative solutions
In [4], a generalized method of characteristics was used to construct weak conservative
solutions as outlined above. This ansatz yields solutions « that are Holder continuous
with respect to space and time, but not Lipschitz continuous. Indeed, assume we are given
a solution (u, ) with corresponding Lagrangian coordinates (j, U, H) satisfying (2.6).
Choose two points (£, x1) and (¢, x3). Then, we can find &; and &; such that

¥t &) =x1 and  J(tp, &) = xo. (2.10)

2The push-forward of a measure v by a measurable function f is the measure fsv defined by fav(B) = v(f~1(B)) for all
Borel sets B.
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Thus, we have

lu(ty, x1) — u(ty, x2)| < |u(ty, ¥(t1, £1)) — ulta, y(t2, £1))
+ lu(ty, 3(t2, £1)) — ulta, ¥(t1, £1))I
+ |u(ty, x1) — ulty, x2)|. (2.11)

As far as the first term on the right-hand side is concerned, we have
. . 1
lu(t1, J(t1, 1)) — ulto, y(t2, £1))| = (U (1, &1) — U (2, &1)| < chtz — t1l, (2.12)

where we have used that —;ILC < %Iil(t, &) — %C < }LC. For the second term observe that
the time variable is the same, but not the space variable. In particular, we have

lu(ta, H(ta, £1)) — ulta, 301, E1)| < CV2 (3t &1) — (e, £1))

. 1 1/2
= C2(Jti(t, &0)l1t2 = 1] + 5C(e = 0)°)

v 3 1/2
= (o) +5CT) T —alt (213)

Here we used that u, € L%(R) and duac = ufcdx combined with the Cauchy-Schwarz
inequality. Similar considerations yield

|u(ty, x1) — ulty, %2)] < CY2|xy — 21|/, (2.14)

thus one ends up with Hélder continuity with Holder exponent %
An important consequence of the above observation is the following. The solution to
the ODE

Vit &) = u(t, ¥t £))

would be unique if the function u(z -) were Lipschitz continuous. According to (2.14),

this function is Holder continuous with exponent %, which leads to the possibility that

there might exist several weak conservative solutions to one and the same initial data.
Moreover, one has, in general, that

and hence every time wave breaking occurs, the Lipschitz continuity is lost.

2.2 On the Lipschitz continuity in the definition of weak conservative solutions

In [4], a generalized method of characteristics was used to construct weak conservative
solutions. The same approach has been used in [23], see also [6], in the case of the two-
component Hunter—Saxton system, which generalizes the HS equation. However, there
is a slight, but important difference in the solution spaces.

The one used in [23] is bigger, since one only assumes u(t, -) € L*(R) and F(¢, -) €
L*®(R) instead of u(, -) € Eg and F(t -) € E? . Thus, one would expect that the mapping
t — u(t -) is Lipschitz continuous from [0, T'] into L*°(R). Yet, a closer look at
5

1
U = —Ully + 5 F — §C)’ (2.15)

where

F(t,x) = (L, (=00, x)), (2.16)
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reveals that (¢, - ) cannot be uniformly bounded in L>°(R), since u,(¢, - ) does not belong
to L*°(R) and hence ¢ +— u(t, -) is not Lipschitz continuous from [0, T'] into L*°(R).

The smaller solution space used in [4] and here, on the other hand, is the correct choice,
since the right-hand side of (2.15) belongs to Eg and hence the mapping ¢ — u(s, ) is
Lipschitz continuous from [0, T'] into Eg.

2.3 On the continuity in the topology of weak convergence of measures in the definition of
weak conservative solutions
In [4], a generalized method of characteristics was used to construct weak conservative
solutions as outlined above. This ansatz yields measures p, such that the mapping ¢t +—
wu(t, -) is locally Lipschitz continuous if we equip the set of positive Radon measures with
the Kantorovich—Rubinstein norm, which generates the weak topology [1].

Denote by BL(R) the space of all bounded and Lipschitz continuous functions equipped
with the norm

161l = max | 1]l sup 1 LE = ON L
xty =0l

Then, the Kantorovich—Rubinstein norm of u € M*(R) is given by
il = sup {A;Qxlﬂ | ¢ € BL(R), 9]l < 1}' (2.17)

Given a solution (1, ) with corresponding Lagrangian coordinates (j, I, H), which
satisfy (2.6). Let ¢ € BL(R) such that [|¢| < 1. Then, we have

‘ /R SA(u() — 1(s))

= ’ /R (p((t, €))He (8, ) — ¢@<s,s)>Hg<s,s>)ds’

= | [ 06160 - o656 ne(s |
Recalling (2.6), we have

. 1
I3t )56 )l = b=l (s ] + g1 - sic).
Thus,
v 1
<l sl s )| +<le-sioc
L 8

/R SA((D) — u(s)
for all ¢ € BL(R) such that [|¢|| < 1, and, in particular,

. 1
@) = )y = 1t =si(| s |+ 5l =slo)C

which proves the local Lipschitz continuity, since H s, - )HLOO can be uniformly bounded
on any bounded time interval.
Note that we cannot expect global Lipschitz continuity in time due to the last term in

the above inequality.

3 Uniqueness of weak conservative solutions via Lagrangian coordinates
The main goal of this section is to present the proof of Theorem 3.6. To be a bit more
precise, we will show that the characteristic equation

Vet §) = u(t 3(5 §))
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has a unique solution and thereby establish rigorously that each weak conservative solution
satisfies the system of ordinary differential equations (2.6) in Lagrangian coordinates. The
pair (u, #) will be a solution in the sense of Definition 2.3. In particular, this means that
the function u(t, x) is Holder continuous in (¢ x), and the map ¢ — u(s, -) is Lipschitz
continuous from [0, 7] into Eg, the set of locally square integrable functions with possible
non-vanishing asymptotics at +co. The measure pu(t) is finite, u(z, R) = C, absolutely
continuous and has density #2(t, -) w.r.t. the Lebesgue measure, except on a set A/ of zero
measure. Furthermore, no moment condition is assumed on the measure here.

Given a weak conservative solution (z, u) € D, let
¥t &) =sup{x | x + F(5x) <&}, (3.1)

where F(¢, x) is given by (2.16). Then, y(¢, -): R — R is non-decreasing, y(¢, -) < Id, and
Lipschitz continuous with Lipschitz constant at most one [13, Thm. 3.8]. Furthermore,
define

HtE) =&~y 8). (32)

Note that A (¢, -) : R — [0, C] is non-decreasing (since y(¢ -) has Lipschitz constant at
most one) and continuous. For completeness, we introduce for later use

Ut &) = ult y(t &) (3.3)
For each time ¢, we have that
y(t &) =sup{x | x + F(t,x) <yt &) + H(5 €)),

which implies that

G E) + Fty(t §)-) <yt &) + H(LE) < y(t, §) + F(t, y(5 £)+). (34)
Subtracting y(z &) in the above inequality, we end up with
Fty(t€)—) < Ht€) < F(t,y(t, £)+) forall e R. (3.5)

Remark 3.1 Note that we made a particular choice in the above calculations,

Y& &)+ HtE) =& forall (1 &),

ie, X(t -) = (yt ), U(t, -),H(t -)) € Fo for all t£. However, we could have chosen
any representative of the corresponding equivalence class. Indeed, pick f(t x) such that
f(t -) € G forall t and replace y(t, ), U(t, &), and H(t, &) by

y1(6 §) = sup{x | x + F(t, %) < f(5§)},

H(t &) =f(t&) —y1(t &), and U1 (t, &) = u(t, y1(t &)), respectively. Then
9168 +Hi(6§) =f(t€) forall (& §),

ie,X1(t )= (1t -), Ur(t -), Hi(t, -)) € F for all t. In particular, one has
X168) =X6f(t§)) forall(4£).

3.1 The differential equation satisfied by the characteristics y(t, &)

Recall that u(%, x) is a weak solution to

+ Le-1e
ur +uuy = —(F — =C),
t X 2 2
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and hence we obtain, by computing u(t, -) along characteristics, that

1
(e, ~)||Lao < |u(, ')||L°° + ZCT forallt € [0, T]. (3.6)
Thus, for every characteristic x(s) given by
x(t) = u( x(t)), (3.7)
we have
1
() — x(s)| < (w0, )| ;00 + L—LCT)|t —s. (3.8)

Recall that due to the Holder continuity of u the equation (3.7) will in general not have a
unique solution. This estimate, together with the Holder continuity of the weak conser-
vative solution, helps us to refine the estimate for |x(¢) — x(s)|. Indeed, by assumption we
know that there exists a constant D such that

lu(t, %) — u(s,y)| < D(|t — s+ [x — y))/> forall Gx),(s) € [0, TI xR (3.9)
Thus, every characteristic x(¢) given through (3.7), satisfies

J5(6) = uls %)) = DIt — 5| + a(t) — x(s)]) "*.
Recalling (3.8), we end up with

1(t) — (s, x(s))| < DIt — s|V2(1+ |u(0, )| ;o0 + iCT)l/Z.
Integration then yields for all s and ¢ in [0, 7] that

|%(2) — x(s) — uls, x(s))(t — 8)| < Mt — s>/~ (3.10)

Here M denotes some positive constant, which is independent of s and ¢. Furthermore,
using (3.8), there exists a positive constant N such that

|x(t) - x(s)| <N|t—s| forallste[0 T].
We are now ready to turn our attention toward the equation
pe + (up)y = 0. (3.11)

In the case of a classical solution, one has that F(z, x(¢)) = F(s, x(s)). In our more general
case, one has

F(t,x(s) — N|t —s|) < F(s,x(s)E) < F(t, x(s) + N|t — s|+). (3.12)

We will show this estimate in the next lemma. For simplicity, we let s = 0 and only
consider the right inequality.

Lemma 3.2 [n the above notation, we have the following result
F(0,x(0)+) < F(t, x(0) + Nt+) forallt € [0, T].

Proof We have that (¢, R) = C for all t. We will first show that for a given ¢ > 0, we can
find an M > 0 such that

ut, (=M, M)) > C —¢ forallt € [0, T]. (3.13)
To that end, we first observe that for £ = 0 we can find an My > 0 such that

_ - L 1
F(O) MO) - F(O, _MO+) = M(O, (_M01 MO)) >C - 58'
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Let 8 be a small positive number to be decided later. Since u(t, -) € Ep forall ¢ € [0, T,
we can find u4(t), x5, and %s such that

|u,oo(t) — u(t, x)| <§ forall (¢x) € [0, T] x (—o0, x5], (3.14a)
‘uoo(t) — u(t, x)’ <§ forall (¢x) € [0, T] x [&s, 00). (3.14b)

Next choose x1 < x5 < x3 < x4 such that

t
xy + / U_oo(s)ds <xs forallt e [0, T],
0

t
x3 —1—[ Uoo(s)ds > X5 forallt € [0, T,
0

and pick functions ¥y, Yo € C*°(R) with

1 1
Iﬁ{ > 0, w1|(—oo,x1] =~ w1|[x2,oo) =
2 2
) 1 1
Yy <0, Valcooms] = 50 V2lixgoo) = — 3
2 2
Define

t t
Y(tx) = Y1 (x - [0 u-oo(S)dS) + Yo (x - /0 uoo(S)dS>,

which clearly satisfies ¥ (¢, -) € C°(R) for ¢ € [0, T]. We then find

F (t, x3 + ft uoo(s)ds> —F (t, X + /t u_oo(s)ds—|—>
0 0

< /Rw(t, x)du(t)

<F (t, x4 + /tuoo(s)ds> —F (t, x1 + /tu_oo(s)ds—{—).
0 0

Furthermore, using that (1, 1) is a weak solution and v is a test function, we get

F (t, x4 + /‘[ uoo(s)ds> —F <t, x1 + /t u_oo(s)ds+)
0 0

t
> /R V(6 2)du(t) = /R (0, x)du(0) + fo /R (e + ura)dpals) ds

t
> F(0,%3) — F(0,x24) + fo /R (Wt + wye)dua(s) ds.

Direct computations yield

t

(Ve + ur) (6 %) = Yy (x — / U—o0(8)ds) (—t—oo () + u(t, %)Ly, (1) (%)

0

t
(- fo oo (5)dls) (— oo (£) + 14(5 ) Lay ) x)
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with

t

t
Aq1(t) = {x | x1 —i—/o U_oo(s)ds < x < xo +/0 U_oo(s)ds},
t

t
Ax(t) = {x | x3 +/ Uoo(s)ds < x < x4 +/ Uoo(s)ds).
0

0

This implies for all ¢ € [0, T], using (3.14),

t
/ (W + u)du(s) ds
0 R

t
<l [ [ ) s 90| g D) s

t
+ v oo /0 /R | —th00 (8) + u(s, )| Luy(s) (x)dpa(s) ds
< 8TC( [t oo + V3] 1 )-

Choosing § < &/(2TC(||y; ||L°° + |lv ||L°°)) and M = max{Mo, |x,|, [Ze|, [x2], [x3]}, we
see that

w(t, (=M, M)) > C —¢ forallt e[0,T]

Let ¢ € C*®°(R) with supp(¢y) € [—M, M] and ¢, > 0, such that ¢(x) = ¢(—00) forx <
—M with ¢(—o00) = — fR ¢(z)dz, and ¢(x) = 0 forx > M. Introduce ¢ € C*([0, T] x R)
such that

¢(—o0), forx < —-1-—M,

Slo,Tix—mm) =0, ¢x >0, P(6x) =
0, forx > 1+ M.

Fix a constant 5. Then we find, since ¢(x — bt) — ¢ (5, x) € C°([0, T] x R), that
/ $x — br)du(r) = / B0 2)due) + / (6 — bt) — b6 x)du(t)
R R R

_ / (6 x)du(e) + f (6(x) — $(0, 1)d(0)
R R

+ /Ot/R ((¢(x — bs) — ¢(s, x));

+ u(s, x)(p(x — bs) — ¢(s, x))x>du(8)ds

_ / (6 2)du(t) — / (0, )du(0)
R R
t
_ / / (B¢ + ubs) (s %)dpa(s)ds

f $x)du(0) + / f uls, x) — ) (x — bs)du(s)ds

By (3.13), the terms in the next to last line can be made arbitrarily small by increasing M,
so that

/(l)x—btdu fqb )du (0 // u(s, x @' (x — bs)du(s)ds.

If we choose b > u a.e., then fo [ (u — b)¢du(s)ds < 0, which together with

/ dx — bt)du(t) = — / &' (x — bt)F(t, x+£)dx = — / &' (W)F(t x + bt+)dx
R R R
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yields
/ @' (x)(F(t, x + bt+) — F(0,x+))dx > 0,
R
from which we conclude

F(0,x+) < F(t,x + bt+).

]
For any ¢t € R, introduce the strictly increasing function L(z, -): R — R given by

L(t,x) = x + F(t x), (3.15)
which satisfies, cf. (3.2) and (3.4),

Lty E)-) <& < Lt y(t6)+), teloT]. (3.16)
Then,

L(t, x(s) = Nt —s]) < L(s, x(s)%) < L(t, x(s) + Nt — s|+),
and choosing x(s) = y(s, £), we get

Lt y(s§) — Nt —sl) < Lt y(6.§)) < Lt y(s §) + Nt —s|+).
Recalling that L(¢, - ) is strictly increasing we end up with

(6,6) = ¥(s,8)| < Nit —sl. (3.17)

Since & — y(¢t &) is Lipschitz with Lipschitz constant at most one, it follows that y(, §) is
Lipschitz and hence differentiable almost everywhere in [0, T'] x R.

Next we aim at computing y,(t, &), using (3.10), and deriving the differential equation
for y(t, £). One has, combining (3.10) and the analysis used to derive (3.12),

F(t x(s) + u(s, x(s))(t —s) — M|t — s|>/?)
< F(s, x(s)£) < E(t, x(s) + u(s, x(s))(t — s) + M|t — s]>/%+).

We can derive this estimate as follows. For simplicity, let s = 0 and consider only the right

estimate.

Lemma 3.3 In the above notation, we have the following result
F(0, £(0)+) < F(t, x(0) + uo(x(0))t + Mt>%+) forallt € [0, T).

Proof Given an ¢ > 0, we can find, as in the proof of Lemma 3.2, an M > 0 such that
wt, R\(=M,M)) <& forallt €[0,T] (3.18)

Lety € C*®°(R) withsupp(/y) C [—M, M]and vy, > 0.Let¢ = ¢(t, x) satisfy ¢, +gpx = 0,
with initial data ¢|;—0 = ¥ for some given continuous function g = g(z x). Introduce
¢ € C*([0, T] x R) such that

— [gPx(t2)dz, forx < —1—-M,

PlioTix(—mm) =0, ¢x >0, P(tx) =
0, forx > 1+ M.
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Then we find, since ¢ — ¢ € C°([0, T] x R), that

/¢> 6 2)dpu(t) /¢> 6 2)dpu(t) A(¢—¢)<Lx>du(t>
_ f B(6 2)due) + f & — )0, 1))
R R
t
+ fo fR (6 — @)e + u(d — $)s) (s 2)duls)ds

t
- / B(6 2)du(o) — / $(0,2)du(0) - / / (B + ub)(s D)du(s)ds

By (3.18), the terms in the next to last line can be made arbitrarily small by increasing M,
so that

/¢>txdu /¢0xdu /f b + ugy)(s x)du(s)ds

=/¢(0,x)d,u(0)+/ /(u—g)q&x(s,x)du(s)ds.
R 0 JR

Let % € R and consider the Holder continuous function g(¢, x) = u(0, &)+ D(t + |x —%|)'/?,
which satisfies g > u a.e. by (3.9). Furthermore, let § = £(¢ z) solve & = g(¢ &) with
initial condition £(0, z) = z. Then ¢(t, £(4, z)) = ¢(0,£(0,2)) = W(z) if £(¢, -) is a strictly
increasing function. To see this, observe that one has if £(¢, z2) > &(t, z1) for zo > z1,

&t zo) — &t z1) = gt £(8 22)) — g(8 E(t, z1))
|E(t, z2) — %| — 1£(% z1) — X
(t + 1&(t z0) — XDV2 + (¢ + |§(8 21) — &[)1/2

D
> —W(g(h z2) — &(t z1)),

which implies
Ebz) — £t z1) = e P (E(0,2) — £(0,21) = e P 2y — 1),

and thus £(z, -) and ¢ (¢ -) are strictly increasing functions.
Since g > u a.e., we have fot [ (u — g)pxdpu(s)ds < 0, which together with

/ ot x)du(t) = / $x(t, x)F (6, x£)dx
_ /R $x(6, £ (6, 2))F (6, £ (6, 2)2)E,(, 2)de
_ f di¢(t, E(6 2)F (4 £ (6 2)%)dz
—_ f £ 5(0,£(0, 2)F (& £, 2)4)dz

/l[f F(t, &(t, z)£)dz,
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implies
/Rl/f/(x) (F(t, £(6 x)£) — F(0,x£))dx > 0,
from which we conclude
F(0,x+) < F(t, §(5,x)+). (3.19)
It remains to estimate & (¢, z) — £(0, z). Integrating the differential equation for & (¢, z), we
find

t
£(62) — £(0,2)] < [u(0, )|t + D /0 (v + £(x, 2) — ) 2de

¢ 1/2
< |u(0, &)t + Dt'/? (/ (t + |E(t,2) — a‘c|)dt)
0

D2 t
< 10, D)t + -t +f0 (v 4 [£(1,2) — £0,2)] + £(0, 2) — Z)dr

t
§Lt+/0 £(r,2) — £(0,2)|dr

where L = |u(0, ¥)| + |£(0,2) — x| + DTZ + % Thus,

L+ — 60,2 <L+ /Ot(L + IE(r,2) — £0, D)),
which by the Gronwall inequality implies

L+16(t2) —£(0,2)| < Leé*
or

|£(t, z) — £(0, 2)| < Lte’, forallt € [0, T].

Plugging this estimate into the integral representation of the solution, we find

t
E(tz) —£(0,2) < /0 (0, %) + D(t + |£(t, 2) — £(0, 2)| + |£(0, 2) — x)/?)de

< u(0, %)t + D|£(0, z) — %|*%t + D(1 + LeT )£/,

Introducing M = D(1 + Le™), (3.19) reads
F(0,£(0,2)4) < F(t,£(0, 2) + u(0, ®)t + D|&(0, z) — &|"/%¢ + M3/ +1).

A close look reveals that M = D(1 + (|u(0, %)| + |£(0, z) — &| + %2 + %)eT), which means
that M depends linearly on |£(0, z) — &|. On the other hand, one has for z = £(0, z) = &,

F(0,%4) < F(t £(0, &) + u(0, %)t + Mt3>/*+) < F(t, % + u(0, &)t + Mt>/>+),

where M = D(1 + (||u(0, ')”Loo + DTZ + %)eT). Since the above argument holds for any
choice of ¥ € R, we end up with

F(0,x4) < F(t, x + u(0, x)t + Mt>?>+) forallx € R

19
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Recalling (3.15), (3.16), and choosing x(s) = y(s, &), we get

Lt y(s, &) + uls, y(s, &))(t — 5) — M|t — s[*/?)
<& ulsys8)E —s)
< Lt y(s, &) + uls y(s, £))(t — s) + M|t — s|>/>+),

and, applying (3.16) once more,

Lt y(s, ) + uls, y(s, £))(t — 5) — M|t — s[>/%)
=< L(t; J’(t; S + u(S, J’(S, g))(t - S)))
< L@t y(s, &) + uls, y(s, £))(t — s) + M|t — s3> +).

Since L(t, -) is strictly increasing, we end up with

(5 & + uls (s, E)(E — 5)) — ¥(s, &) — uls, y(s, ))& — 5)| < M|t — s, (3.20)
Note that the above inequality implies that
Y& § + uls, y(s,§))(E —s5)) — y(s §)

lim — = u(t y(5.9))
since combining (3.9) and (3.17) yields
s, y(s, &) — ult, y(5 €)] < D(1+ N1z — 5]/ (3.21)
Thus, one has
ylt 6) = lim 5N S8
_ i (J/(t, §) =yt & +uls y(s, §))(E —s))
= lim
s—t t—s
" y(6 & +uls y(S;f?(z — ) — (s E)))
~ lim ¥ 8) -yt & Jtrf(z ¥(s E))(E —s)) Fult, y(t, £))
and it is left to compute
i 26 8) = (6 & + uls, y(s )t — 5)
sgl} t—s
—lim (6 8) —y(6 & + ult x5 &) —S))' (3.22)

s—t t—s
Recalling (3.21), the above equality (3.22) holds since y(¢, -) is Lipschitz continuous with

Lipschitz constant at most one. Moreover, note that for u(t, y(¢, £)) # 0, one has

L6 E) = y(6 €+ ult 306 E)(E )
s—t t—s
_ Y6 8) —y(6E +ulty ) —s))
= ey E O, w6y EN—9)
= —ult, y(t, §))ye (¢, §).
This result also remains valid in the case u(z y(¢, £)) = 0. Hence, we conclude that y(z, &)
satisfies
Ye(68) +uty(58))ye (4, §) = ult, y(5 §)). (3.23)

Furthermore, recalling (3.2), direct computations yield

H, (6, §) + u(t, y(6 §))He (6 €) = 0. (3.24)
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3.2 The differential equation satisfied by U(t, &)
To begin with, we have a closer look at the system of differential equations, given by (3.23)
and (3.24), which reads, using (3.3)

Ye(t, &) + Uye(t, &) = UL &), (3.25a)
H(t &)+ UH: (&) = 0. (3.25b)

This systems of equations can be solved (uniquely) by the method of characteristics, if the
differential equation

ke(6,¢) = Ut k(5 ¢)) (3.26)

has a unique solution and k;(t, -) is strictly positive for all ¢ € [0, T]. According to
the classical ODE theory, (3.26) has for each fixed ¢ a unique solution if the function
U(t &) = u(t y(t &) is continuous with respect to time and Lipschitz with respect to
space. The continuity with respect to time is an immediate consequence of (3.21). To
establish the Lipschitz continuity with respect to space is a bit more involved. A closer
look at (3.2) and (3.4) reveals that one has

() + 0 F(6,y(6,8)=) + (1 — 0)F(6)(6,§)+) =& for some o € [0, 1],
and
H(t &) = o F(b y(6 §)=) + (1 — 0)F (6 y(6 £)+).
This means especially, given & € R, there exist £~ < & < &% such that
y(6E7) =y(t§) =yt )
and
H(tET) =Fty(t8)-) and HGET) = Fby(t€)+).
In view of Definition 2.3 (v), we then have for & < &; such y(z, &1) # y(¢ &) that

|t y(t, £2)) — u(t, y(5, 1))
= |u(t y(t &) — u(t y(t &)
< (06.5) =yt €))7 (F 6 (6 82)-) — F(6, 35 60)0)
= (W68) — 6 61) P (HG &) - A £1)"?
<& —& 1< 16 -&l

since both y(t, -) and H(¢ -) are Lipschitz continuous in space with Lipschitz constant at
most one. Thus, (3.26) has a unique solution. Furthermore, if k(0, ¢) = ¢ forall ¢ € R and
{1 < &2, we have, as long as the function k(¢ -) remains non-decreasing that

—(k(t 2) — k(8 ¢1)) = (k(5 £2) — k(5 61))e < k(8 ¢2) — k(2 51),
which yields
(k(0, £&2) — k(0, c1))e™" < k(t, &2) — k(8 &1) < (k(0, &2) — k(0, £1))é".

Thus, k(¢ -) not only remains strictly increasing, it is also Lipschitz continuous with
Lipschitz constant e’ and hence according to Rademacher’s theorem differentiable almost
everywhere. In particular, one has that

el < ke(t,¢) < e. (3.27)
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Introducing
6 ¢) =yt k(t¢)) and  H(t¢) = H(t k(4 7)),
we have from (3.25)
Je(6 &) = ult (4 ©)) (3.28a)
Hi(t,¢)=0. (3.28b)

In particular, one has

H(t¢)=H(s¢)
and (3.2) turns into

68 +Ht §) = k(5 ¢). (3.29)
Furthermore, note that y(t, ) is a characteristic due to (3.28a). Introducing

Ut ¢) = ult, 3t §)) = ult, y(t, k(5 0)) = U k(5 ¢)),
the system (3.28) reads

yet,¢) = U ¢),
Hy(t¢)=0.

The above system can be extended to the system (2.6), which has been introduced in [4]
and which describes conservative solutions in the sense of Definition 2.3, if we can show
that

o= (H(t, () - %c) (3:30)

As an immediate consequence, one then obtains the uniqueness of global weak conserva-
tive solutions.

The proof of (3.30) is based on an idea that has been used in [2]. According to the
definition of a weak solution, one has for all ¢ € C°([0, 00) x R) that

t 12 L F 1C dxd
'/S/R<u¢t+§bt¢x+§( —5 )([5)(1’,?6) T

=[u¢(t,x)dx—/ up(s,x)dx, s<=¢t
R R

Note that in the above equality, one can replace ¢ € C;°([0, oo) x R) by ¢(, x) such that
#(t, -) € C°(R) for all £ and ¢( -, x) € C1(R) for all x.
To prove that (¢ ¢) is Lipschitz, we have to make a special choice of ¢(t, x). Let

@e(t,x) = %w(j’(txf%>

where v is a standard Friedrichs mollifier. Our choice is motivated by the following

observation,

lim | uge(t,x)dx = u(t 5t ¢)),
R

e—>0

and hence

(6 3(6,0)) — uls 365 0)) = lim f (be (6, ) — upe(s, )l
e—0 Jr
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Direct calculations then yield
1, 11
(u¢s,t + Eu Gex + E(F - ECM)&)(T: x)dx
R

- %u(r,y(f,é))zéélﬁ/(w#)dx

1

1 ) ) —
-3 /R (u(t, ) — u(t, j(z, g)))zg_zw,(y(fg%)dx

1 _ 1 i) —
+ /R (F(t,%) — E(t, 3(, g)))gw(m%)dx

1 } 1
+ EF(T;J’(T: {)) - ZC

= /R (17, e, 362, 00) 5 (P22 Y

1

+ 5 /]R (F(r,x) — F(7, j(z, g)))éw(W)dx

1 B 1
+ §F(T;J/(T; $) — ZC

Introduce the function

X
Fac(t, %) = / u2(z, y)dy
o0

and note that Foc(7, -) is absolutely continuous. Moreover, one has
|u(z, %) — u(T, )| < |6 — 31"/ |Fac(r, ) — Faclz, )|/
and

- 21 ¥z, ’)—«x
[ e =t 56e, 00 o (B0
1
_L / (1, 31, ) — ) — u(z, 3z, £) 9 ()]
€ Ja
< |Fac(f’j/(7:) C) + 8) - Fac(T))_/(T: é:) - 8)')

which implies

. - 2 1 / 5](.[1 {) —X
1 ,x) — u(t, j(t, ¢ — =0.
tim | [ (ute, 20 = e 362,00 50 (B2 Jarl =0
For the last two terms, observe that for every T ¢ N, i.e., for almost every T € [0, T] one

has

F(T’_)_/(T: $) = Fac(T:j’(r: f)) = H(T: é-)

and

1 ¥z, ¢) —
/R(F(r,x) —F(r,y(f,;)))gw@(fé“%)dx‘
1
B ‘/1 (F(z3(r.8) — en) ~ F(z, 3(x, C)))w(n)d"’

1
= ‘/1 (Fac(t, (7, ¢) — &) — Fac(t, 3(z, é)))w(n)dn’

5 |Fac(T;)—’(T;§) - S) —Fac(‘f,)-’(f; g))| - O; as & — 0'

19
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Thus, the dominated convergence theorem yields

t
)~ s ) = [ 5 ode - 3¢ -9
= SR O~ 1C—9) = TH 0 —5) — 1Cl ).

In particular,
106)~ Ul 6)] = 5Cle s,
e, U(t¢)is Lipschitz continuous with respect to time, and
(6 0) = SHG) - 1€ (331)

forall (¢, ¢) in [0, T] x R. Moreover, one has, using (3.27) and (3.29)

\U (5 ¢1) — Ut 02)| = |ult, 3t 1) — ult, (5 £2))]
< 156 ¢1) — 36 &) 1M1 Fac(t, 36 £1)) — Faclt, 76 £2))/?
< |3(6 £1) + Fac(t 3t £1) — 3(6 £2) — Fact, 3t £2))]
= |k(, ¢1) — k(t, £2)]
< ke (5 )| o 161 — 22
<éla -l (3.32)

i.e., (¢ ¢) is Lipschitz continuous with respect to space.
The final step is to derive the differential equation for U (¢, &) from (3.31). Recall that we
have the relation

U ¢) = Uk 0)). (3.33)

Since k(t, -) is continuous and strictly increasing, there exists a continuous and strictly
increasing function o(¢, -) such that

ot k(t2)=¢ forall(t¢) e[0,T] xR (3.34)
Now, given & € R, there exists a unique ¢ € R such that k(¢, {) = &, and thus,

o(t,§) — o(s, &) = o(t, k(£ £)) — o(s, k(2 ¢)) = ols, k(s, ) — os, k(, £)).
By definition, we have that o(¢, -) is continuous and strictly increasing and hence differ-
entiable almost everywhere. Furthermore, one has that o(¢, -) satisfies

—t _ 1 t
e 50g(t,$)——k§(m(t’§)) <é, (3.35)

by (3.27), which yields

max(s,t)

106, €) — ofs, £)] < eT ks, ) — k(5 ¢)] < " / lu(t, y(t, k(z, £)))|dr.

min(s,¢)
Since u(t, x) can be uniformly bounded on [0, T'] x R, it follows that o(z, &) is Lipschitz with
respect to both space and time on [0, T'] x R and by Rademacher’s theorem differentiable
almost everywhere. Moreover, direct calculations yield

0:(t, &) + Uog(t,£) =0 almost everywhere. (3.36)
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For every t € [0, T, o(t, -) is strictly increasing and continuous, and combining (3.33)
and (3.34), one has

Ut§) =UtotE) forall(t§)e[0,T] xR

Furthermore, both {7 and o are Lipschitz with respect to both space and time on [0, T] x R,
and hence, both U/ and U are Lipschitz and hence differentiable almost everywhere on
[0, T'] x R. Using (3.31) and (3.36), we finally end up with

Ut &) = Ut 0(t, §)) + U (5 0(t, §))os (8, §)

1/. 1
=3 (H(t» §) — 5C> — Ul (1, §). (3.37)

Following closely [4] one can show that for each time ¢ the triplet (y, U, H) belongs to
Fo. Furthermore, the system given by (3.25) and (3.37) can be uniquely solved in Fy with
the help of the method of characteristics. Thus, we have shown the following result.

Theorem 3.4 Given a weak conservative solution (u, 1) to the Hunter—Saxton equation.
Then, the functions y(t, £), U(t, &), and H(t, &) defined in (3.1), (3.2), and (3.3), respectively,
satisfy the following system of differential equations

V(6 &) + Uye(t, &) = UL, €), (3.38a)
Hy(t &)+ UH:(t€) =0, (3.38b)
Ur(6E) + UU: (5 &) = % (H(t, &) — %C> (3.38¢)

which can be solved uniquely in Fo with the help of the method of characteristics. In
particular, applying the method of characteristics yields the system of ordinary differential
equations (2.6), which describes the weak conservative solutions constructed in [4].

Remark 3.5 Note that the above system of differential equations (3.38) is related to the
system (1.4) by relabeling. Indeed, denote by (§, {7, ) the classical Lagrangian solution
with initial data in Fy, which solves (1.4), as introduced in [4].

Applying the method of characteristics to (3.38), will yield a unique solution, since the
characteristic equation

ki(t, ¢) = Ut k(¢ ¢))  with  k(0,¢) =¢

can be solved uniquely and k(z, -) is strictly increasing, see the beginning of this subsection.
Thus, we are led to investigating the system

ket ¢) = U ), (3.39a)
Je(t,¢) = U ¢), (3.39b)
. 1/. 1

Uit ¢) = 3 (H(t, $) — §C>, (3.39¢)
Hi(t¢)=0, (3.39d)

where (5, U, H)(¢, ¢) = (y, U, H)(¢, k(t, ¢)) with initial data

G, U, F)(0,¢) = (3, U, H)(0,¢) = (5, U, H)(0, ).
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While the last three equations coincide with the ones in (1.4), which suggests

G0, U e) HEC) = 51 0), Ul ¢), H(t ©)), (3.40)

the role of the first equation has to be clarified to prove (3.40). By construction, one has
that

+H)GE) =& forall(t£),

which implies that

kto) =@+ H) (k) =G+ H) L)

and in particular, k(¢ -) is the relabeling function connecting (y, U, H)(t, -) € Fo with
3, U H) -) € F for every t € R. Furthermore, since k(t, {) can be recovered using
(¢ ¢) and H(t ), system (3.39) can be reduced to (1.4) and hence one obtains the weak
conservative solutions constructed in [4].

We have proved the following theorem.

Theorem 3.6 Forany initial data (uo, (to) € D, the Hunter—Saxton equation has a unique
global conservative weak solution (u, 1) € D in the sense of Definition 2.3.

4 Introduction of an auxiliary function

As a preparation for rewriting the Hunter—Saxton equation in a set of coordinates, which

shares the essential features with the Lagrangian coordinates, while at the same time

avoiding equivalence classes, we introduce an, at the moment, auxiliary function p(t, x).
According to the definition of a weak solution, one has for all ¢ € C°([0, o0) x R) that

t
/ f (6 + uge)(x, x)du(z, x)dr = f (6 )l %) — f plsx)duls®). (@)
s R R R

Furthermore, recall that F(f, x) = u(z (—o0, x)). If we would use the change of variables
from [6], which is based on the pseudo-inverse of F, one difficulty turns up immediately.
The function F(¢ -) might have intervals, where it is constant and that would especially
mean that its inverse would have jumps. The classical method of characteristics implies
that these intervals, where F(t, - ) is constant, will change their position (i.e., they move to
the right or to the left), but their length remains unchanged. This would imply that one
has to deal with jumps in the inverse, and hence, the involved change of variables does not
simplify the problem we are interested in. Therefore, a change of variables, for proving
the existence and uniqueness of conservative solutions of the HS equation, while at the
same time avoiding equivalence classes, should not be based on the inverse of F, but the
inverse of a strictly increasing and bounded function. This is where p(¢, x) will come into

the play.
Let n € N. Introduce the nonnegative function
1
2ot = (e )0 = [ G dute) @)
with
1
Ky (x) = m (4.3)

We note the following elementary result.
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Lemma 4.1 Let n € N and K, be given by (4.3). Then K, € LP(R) N C3°(R) for all
1 < p < oo. Note that

K| <Ky 0<Ky <Ky, [Killpg =7

The jth derivative K,(,j ) satisfies

, (x

K9 = %)

(1 +x2)2n

where q,,j(x) denotes a polynomial with degree not exceeding 2ty —2n —j.
Thus, pu(t, -) = Ky > u(t) € CP(R) N H*(R) for any integer s > 1.

Proof Clearly K,Y ) = q,,,]-r’zi” for some polynomial g,,; where r = 1 + x2. It remains to
estimate the degree of g,,;. We prove this by induction. Observe first that deg(g,,0) = 0
and deg(r”) = 2n. We find in general

j ; Y ,
njr1 =g " — Ingur® ", j e NU{0}.

Assume that deg(q,,;) < 2*+1y — 21 — j for some j. Then, we note

deg(qnj+1) < max(deg(q),;+*"), deg(qn,r
<max@'n—2n—j—14+2Mn Yy —2n—j+220n—-1)+1)

=22 —om—j—1

21}’1—1’,/))

Furthermore, one has
deg(gy,;) < deg(r”") —j,
and therefore p,(Z x) not only belongs to Cg°(R), but p,( -) in H*(R) for any integer

s> 1. O

Remark 4.2 We will drop the subscript # in the notation, and the value of n will only be
fixed later. Thus, we write

K(x) = plt,%) = (K * pu(6)) ().

1
What can we say about the time evolution of the function p(z x)? We have two main
ingredients: On the one hand the definition of p(t, x). Consider ¥ € C;°(R) such that
supp(¥) C (=1, T+ 1),% =1on [0, T],and 0 < ¢ < 1.If we define ¢ (¢ x) = ¥ (£)K (x),
then ¢(¢ x) € C*([0, 00) x R), and it can be approximated by admissible test functions.
On the other hand, we have the definition of a weak solution (4.1), which implies

pls %) — plbx) = /R $(5x — 9)duls ) — /R $(6x — »)du(ty)
__ / / ()b (0 % — (o, y)de
t R
= —/ / u(t,)K'(x —y)du(r,y)dr, 0<t<s<T. (4.4)
t R

Note that the above equation implies that the function p(z, x) is locally Lipschitz continu-
ous with respect to time, if

/R u(t, DK (& — )dp(r, )
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can be uniformly bounded. Therefore, observe that

| /R u(, YK (x = y)du(, y)| < n |u(r, )| o p(r, ) < 1 fulz, )| C
Furthermore, since u(¢ x) is a weak solution to
by = 27— Loy
Ue ks = o 5C)
we have that
1
L)l < 0, )|, +=Ct forall ¢=>0.
e, ) = [0, )+ 2t fora
Thus, Rademacher’s theorem yields that the function
£ pltx) = / K (s — 9)du(s, )
R

from [0, T'] to R is Lipschitz continuous (or locally Lipschitz continuous on [0, c0) x R)
and hence differentiable almost everywhere on the finite interval [0, T']. In fact, one has
from (4.4) and Definition 2.3 that

piltx) = — fR u(t, YK (x — y)du(s, y) (4.5)

for all (£, x) € [0, T] x R. Indeed, use (4.4) as a starting point, which reads in Lagrangian
coordinates (J, U, H),

pls %) — pl6x) = — / fR [z, £)K' (x — §(z, &) (1, £)de dr. (4.6)
t

Recalling (2.6), direct calculations yield

s %) — pltx) = — /t /R U106 €K (e — (6 E) L (6 £)ddr + O((t — 5)?)
_ A ult, DK (x — y)dalt, 1)s — £) + O((¢ — )

which implies
I p(sx) — pt, %)
im—————~ =
s—>t s—t
for all (£, x) € [0, T] x R.
Note that combining (4.5), (3.6), and Lemma 4.1, one has

- /R u(t YK (x — y)du(t, y) (4.7)

et 0] < [ult )| o 1 PG )] o0 < (0, )] o + ECT)nc (4.8)
For later use, note that, we have
0=p60) = [ dutey)=C (29)
and )

/Rp(t, x)dx = /R/RK(x —y)du(t y)dx = /R/RK(x —y)dxdu(s y) = B, (4.10)

where B is independent of time. A closer look reveals that

1
AP(Ex)dxféémdu(ty)dx:ﬂc

Furthermore, Lemma 4.1 implies that p.(t, -) € C°(R) and

|px(t, x)| < np(t, x). (4.11)
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Finally, note the following useful expression

/ pi(tz)dz = — / fR u(t, ))K'(z — y)du(t, y)dz

= - / / u(t, y)K'(z — y)dz du(z, y)
R J—o00

. /R wlt, K (x — 9)dpu(s, ). (4.12)
Thus, the function
y(6E)
gt é) = f p(t, z)dz (4.13)
—o0

is differentiable almost everywhere on [0, T'] x R and satisfies

& (L&) =p(ty(t &))y:(t &), (4.14)

y(5E)
@) = / et 2)dz + plt (6 )6, )

—00

= pu(t y(t, §))He (4 ) — /R u(t, 2)K(y(t, §) — 2)du(s 2). (4.15)

Here we used, in the last step, (3.2) and (3.23). Note that g(¢ &) is not only differentiable
on [0, T] x R, but even Lipschitz continuous.

5 Uniqueness in a new set of coordinates
In this section, we will rewrite the Hunter—Saxton equation in a set of coordinates, which
shares the essential features with the Lagrangian coordinates, while at the same time avoids
equivalence classes. However, there is a price to pay: we have to impose an additional
moment condition.

Given y > 2 and a weak conservative solution (i, i) in the sense of Definition 2.3, such
that

f(l + |x|”)d (0, x) < oo. (5.1)
R

Using the reformulation of the Hunter—Saxton equation in Lagrangian coordinates, whose
time evolution is given by (2.6) and that f,, (x) = |x|” is convex for y > 2, it follows that

/(1 + lx[")du(t x) < oo forallt € R, (5.2)
R

We can see this as follows.
L+ maut ) = [+ 560 s
= [[a+15 0 e
<1 /R (1+ 150, €)17)FI: 0, £)dé
+ 2" (lluolloo + %)W fRHg(o,S)ds

< C(/R(H |x|”)du(0,x)+ty>,
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for a constant C, using (2.7c), (2.9b) and the estimate
. . . , cT
5e6)] < 0.0+ [ 1o 0] s < [30.6)] + (||uonoo n T) :
Moreover, recalling the definition of p(t, x), cf. (4.2) and introducing the nonnegative
measure

dv(t, x) = p(t, x)dx + du(t x), (5.3)

we have that (5.2) implies for any n > y,
/(1 + x| )dv(t x) < oo forallt € R. (5.4)
R

For details, we refer to Lemma A.3.

Furthermore, let
X

Gt %) = v(t, (—o0, %) = / p(6)dy + F(6 %) (5.5)

—00
where F(¢, x) is given by (2.16). Then for all ¢ € R the function G(¢, ) is strictly increasing
and satisfies

lim G@tx)=0 and Ilim G(tx)=B+C. (5.6)
X— —00 X—00
Last but not least introduce x (¢, -) the (pseudo) inverse of G(t, - ), i.e.,
x(&n) =sup{x | G(x) < n}. (5.7)

Then x(t -): [0,B + C] — R is strictly increasing for every ¢ ¢ N. Furthermore, since
the function G(t, -) is of bounded variation, it can have at most countably many jumps,
which implies that x (¢ -) can have at most countably many intervals where it is constant.
On the other hand, the function x (¢, - ) has no jumps since the function G(%, - ), in contrast
to F(t, -), is strictly increasing.
Our first goal is to show that

x (& n) = y(& €5 ), (5.8)
where y(t, ) is given by (3.1) and £(t, -): [0, B+ C] — R is a strictly increasing function
to be determined next. Note that combining (4.13) and (5.5) one has

Gty E)L) =gt &)+ Fty(t &)L),

and therefore (3.5) can be rewritten as

Gt y(tE)—) <gt &)+ H(LE) < GLy(E)+)
Introducing (cf. (3.2) and (4.13))

H(t§) =gt 8) +H ), (5.9)
we end up with
Gyt E)—) <HtLE) <Gyt E)+) foralé eR. (5.10)

Since H(t, -): R — [0, B+ C] s strictly increasing (as H is non-decreasing and g is strictly
increasing) and continuous, it is invertible with inverse £(z, -), i.e.,

Ht Lt n) =n foral(sn). (5.11)
This is the function sought in (5.8). Furthermore,

Gyt €6 n)—) < H(5 L@ n) = n = Gyt €6 n)+). (5.12)
Since y(¢, -) is surjective and non-decreasing, we end up with

x(tn) =suplx | Gt x) < n} = y(t, £t n)).
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Remark 5.1 Recall Remark 3.1 and the notation therein. Assume

X1t 8) =X(6f(58)) forall (s §),

where X(t, -) € Foandf(t, -) € G,i.e, X(¢ -) and X (¢ -) belong to the same equivalence
class. Then, following the same lines as above and denoting the inverse of f( -) by
f~H¢ -), we would have ended up with

X&) =316 (6 m) =y f(6.f (6 €6 ) = ¥(& €0 )

and

G(tn) =f71 s )

Thus, we obtain the same function x(t 1) independent of which representative in the
corresponding equivalence class we choose. This is in contrast to some of the following
steps, where relabeling will play a crucial role. In particular, it is then of great importance,
which representative we choose from the equivalence class.

5.1 Differentiability of y(t, n) with respect to time

Next, we want to study the time evolution of x(z ). On the one hand, we will see that
x (t, n) behaves like a characteristic. On the other hand, we expect x:(¢, -) € LY ([0, B+ C]),
since one has

B+C
/|x|ydv<t,x>:/ X (6 )17 dn,
R 0

by (5.4) and (5.7).

To begin with, we aim at showing that x (¢ n) is differentiable with respect to time in
the following sense: We establish that x (-, n) is Lipschitz continuous and show that for
each ¢t € [0, T] one has that

(6 m) = lim x&n) — x(sn)
s—>t t—s
exists for almost every n € [0, B + C]. The dominated convergence theorem then implies
that x.(¢, -) € LY ([0, B+ C]).

To establish that x (¢ 1) is Lipschitz with respect to time, a relabeling argument will be
the key. We will show that (y + H)(t, -) is a relabeling function denoted v(z, -). To that
end, observe that combining (3.2) and (5.9) yields

Y68 +H(tE) =& +g(48) (5.13)
Introducing the function

vt &) =& +g(t§), (5.14)
where g(t, £) is given by (4.13), we end up with

y&E) +HtE) =v(t§). (5.15)

Combining (4.9), (4.10), and 0 < yg(t, £) < 1, we have that v(¢, -) satisfies all assumptions
of Lemma 2.7, and hence, v(t, -): R — R is a relabeling function. Thus, v(f, -) : R —> R
is strictly increasing and continuous, which implies that there exists a unique, strictly
increasing and continuous function w(z, -) : R — R such that

vt w(t €) =& =wtv(t &) forall(4,€) € [0, T] xR (5.16)
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In particular, one has

Y wt, §) + Htw(t§) =&  forall(58) € [0, T] x R,

Introducing

It €) =yw(t€) and H(t,E) = H(Ew(t §)) (5.17)
the relation (5.15) rewrites as

W6 E) +H(GLE) =E. (5.18)

Since both H(¢, -) and w(, -), and hence H(z, -), are strictly increasing and continuous,
there exists a unique, strictly increasing and continuous function 2t ):[0B+C] >R
such that

Ht 2t n) =n forall(tn)el[0,T] x [0,B+ C]. (5.19)
Recalling (5.16) and (5.17), we have that

H(t, wit, v(s (6 ) = H( £t m) = n = Ht, £ n) = H(6 wlt, £ 0))).
Thus, cf. Remark 5.1,

Ut ) = vt Lt n) forall (5n) € [0,T] x [0,B+ Cl.
and

x (&) = y(& €t n) = (& £(t,m)), (5.20)
which, together with (5.18), implies

X&) +n =3t Lt )+ H (b 26 ) = Lt n) = €& n) + gt £t ). (5.21)

An important consequence of the above equality is that we can choose whether we want
to study the differentiability of x (¢ 1) = 2(t, ) — n or of £(t, n) with respect to time. Since
2(t, -) is the inverse to H(Z, -), it seems advantageous to study £(, 1) in detail. The basis
will be a good understanding of the relabeling function v(¢, ) and its inverse w(z, ).

The Lipschitz continuity of w(t, §)

We proceed by showing that the function w(t, £) is Lipschitz continuous, which then
implies that both (¢, £) and H(t, £) are differentiable almost everywhere. A closer look at
(5.14) reveals that v(z, &) is Lipschitz continuous and hence differentiable almost every-
where on [0, T] x R. In particular, (4.14), (4.9), and 0 < y: (£, &) < 1 yield

1=ve(8) =1+ptyGE)):E) <1+C (5.22)
and, using (5.14) and (4.15),

V(6 §) = gi(6,€) = pult, y(6 ) () — /R Wt KOG E) — Ddubz),  (5.23)
which satisfies

6 )1 = 2( [0, ) + 3 GG

by applying in addition (3.6) and (3.2). Now, given £ € R, there exists a unique n € R by
(5.16), such that

w(t,§) = w(t v(t, ) = n = wis v(s n)).
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Thus, we can write
w(t &) —w(s, &) = w(t, vt n) — w(s, v(E, n) = wis v(s, 1)) — w(s, v(E 1)) (5.24)

By definition, we have that w(z, -) is continuous and strictly increasing. In particular, one
has that w(t, - ) is differentiable almost everywhere and

1 1

Ve w6 €)1+ plt (6 wit €)ye (6 w(t £))
1

T 14 p 3 E)ye (6 Wit €)

W‘g‘(t)é) =

)51,

Combined, with (5.24), this yields

1
w(t, &) —w(s, &) < [v(sn) — vt )| < 2(””(01 ')”Loo + ZCT)C“ sl
Furthermore, one has
[w(t, &1) — w(t &) < &1 — &l

This finishes the proof of the Lipschitz continuity of w(z, &), which implies by Rademacher’s
theorem that w(z, £) is differentiable almost everywhere on [0, T] x R. Since also y, H,
and g are Lipschitz continuous on [0, T] x R, (5.9) and (5.17) imply that H and § are
differentiable almost everywhere on [0, 7] x R.

The Lipschitz continuity of £( -, )

We are now ready to show the Lipschitz continuity of ( -, ), which immediately implies
that x (-, n) is Lipschitz continuous by (5.21). In view of (5.19), we start by having a closer
look at H(t, £). By (5.16), we have that

we(t, &) = —ve (& w(t, §))we (&) = —ge (&, w(t, §))we (8 §), (5.25)
and, using (5.9), (3.24), and (4.14) that

Hy(6,&) + ult y(t, §))He (£, )
= Hy(t, &) + u(t, y(t, €))Hz (6, &) + g1(6 &) + ult, y(8 £))ge (& &)
=gt &)+ ult y(t &))ge (4 §)
=gt &) +up(t, ¥t £))y: (¢ ). (5.26)

Combing the above equations and recalling (4.15), (5.17), (5.18), and (5.22), we get

Hy(t, &) + ult, 55 £))He (5 €)

= (He(t, w(t, &) + u(t 3t &))He (&, w(t, €))) — ult, 3(6 §))He (8, w(z, §))
+ He (6 w(t, €))we (6 €) + ult, 3t €)Hz (4 €)

= g (6 w(t, &) + up(t, 9t &))ye (6 w(t, &) — ult, 5(6 €))He (& §)ve (& w(t, §))
— g6 Wt E)He (6 €) + ult, 3(t €))He (4, §)

=gt wt, §))J: (6 ) + up(t, 58 €))ye (& wit, £))
— up(t, 3(6 €))Fle (&, € )ye (&, w(t, €))

= (gt w(t &) + up(t, 3t ))y: (& w(t £)))de (L &)

= (up6.506 ) — [ s K566 — (e )3 )
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If we can show that the term on the right-hand side can be bounded by a multiple of H¢,
then we are led to sub- and supersolutions, which solve a transport equation. Recalling
(5.9), (4.13), and (3.6), we have that

|<MP(E ¥t &) — /R u(t, 2)KG( &) — z)du(s z))jzg t )|
<2 [Jult, )| oo P& 3(6 €)7e (5 €)

1 .
< 2([Ju(0, )] + ZCT)Hs(t; £).
Here we have used that

H:(t, &) = He (& w(t, ))we (8 §)
= (Hz(t, w(t, &) + p(6 y(t w(t, £)))ye (& w(t £))we (8 €)
> P(t: 5’(t» "E))JA’S (t: %_):

which combines (4.13), (5.9), (5.17),0 < Hg(t &) < 1, and wg (4, &) > 0. In particular, one
obtains that

Hy(t£) — AH: (£ &) <0 < Hy(t €) + AH: (£, £),

where A = 3(|u(0, -)||,~ + 1CT). Applying the method of characteristics, we end up
with the following estimate

H(s,x —Alt —s|) < H(t,x) < H(s, x + At — s]).
Now, following the same lines as before, we have: Given n € [0, B+ C], there exists a
unique 7] € R such that

Furthermore, we have

126 1) — (s, )| = 18t F (6 1)) — U(s, H (8, 7))
= |2(57 H(S: 77)) - Z(S, H(tx ﬁ))l
< (s, H(s, 7+ Alt —s)) — Us, H(s, i) — Alt — 5])) = 24|t — 5],

since 2(¢, -) is strictly increasing, and (cf. (5.21))

2(13 Tl) - 2(51 T))

<2A. (5.27)
t—s

‘x(t,n)—x(s,n) _
t—s o

This finishes the proof of the Lipschitz continuity of 2(-, n). Note that x (%, -): [0, B+C] —
R and hence 2A can be seen as a dominating function. This observation is essential since
the differential equation for x has to be considered in LY ([0, B + C]).

The time derivative of y.(t, 1)
It is left to compute, cf. (5.21),

. (tl )_ (S; )
X6 ,,)Z?E}M

t—s
— lim £(t, 1) — £(s, m) + lim g(t £(t,n) — g(s, £(s,m)) (5.28)
s—>t t—s s—t t—s

for almost every n € [0, B+ C].
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The time derivative of £(t, 1)
To begin with, we will show that

I 2t n) — L(s, )
m-—————-

s—t t—s

exists for almost every n € [0, B 4+ C] and compute its value. Since £(z, - ) is the inverse of
H(t, -), cf. (5.11), we start by having a closer look at H (¢, £). Recall (3.21), which implies
that

(6§ +uls y(s )t =) = 96§ +ul y(6 ) — ) < DA +N)V2|e — s,
and, combined with (3.20), that there exists a positive constant M such that

(8§ + ult, y(6 )t — 9)) — (s, ) — ult, y(6,E)(E —5)| < Mt — /2. (5.29)
Applying (3.2), the above inequality reads

|F(s, &) — H (6 & + ul y(6 £)(t — )| < Mlt — s, (5.30)

As the following lemma shows a similar estimate holds for H(t, £). The proof relies on

a detailed investigation of the function g(z &) and can be found in Lemma A.1.

Lemma 5.2 (i) Let g(t &) be given by (4.13). Then, there exists a positive constant M such
that

— Mt — s — p(t, y(t & + ult, y(t, £))(t — 9))u(t, y(5 £))(t — 5)
- /R u(t, y(& MK (y(t, & + u(t, y(5, §))(t — 5)) — y(t, n))He (¢, n)dn (s — t)

<g(s &) —g(t&+ultyt &)t —s))
< Mt —sPP’* — p(6y(6 & + ult, y(t §))(t — 9))ult, (6 )t — 5)

- /R u(t, y(& MK (y(t, & + u(t, y(5, ))& — ) — y(6 n))He (8, n)dn (s — £).  (5.31)
(ii) Let H(t, &) be defined by (5.9). Then

— (M + M)t —sP? — p(6y(6 & + ult, y(t €))(t — 9))ult, y(6 )t —s)
- /R u(t, y(6 MK (y(t, & + u(t y(t, €)E — ) — (& ) He (6 n)dn (s — t)

<H($E) —H(t & +ultyt€)E—s)
< (M4 M)t — s> — p(t,y(6 & + ult, y(& §))(E — 5)))ult (6 €))(t —3)

- /Ru(t, ¥t MK (y(t & + u(t, y(t, §))(t — 5)) — y(t, n))He (& n)dn (s — t).

Since both H(t, -) and its inverse £(¢, ) are strictly increasing and continuous, we have

that there exists a unique 7(s) such that

Es, 1) + u(t, y(6 £(s,m) (t — 5) = €5 n(s)), (5.32)

19
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and replacing & by £(s, n) in Lemma 5.2 (ii), we have
— (M + M)t —s]3?
—p(t ¥t €(s, ) + u(t, y(5, (s, ))& — s)))u(s y(5 £(s, 1)) (E — s)
- / ult, (0, 7)
R
x K (y(5 €(s, ) + u(t, y(& €(s, )t — 5)) — y(& 7)) He (¢, 7)dii (s — t)
<n-n(s)
< M+ M)t —s*?
—p(6y(t €(s, n) + u(t, ¥ (s ))& — s)))u(s y(5 £(s,0)) (& — s)
- / u(t, 96 7))
R

x K (y(t, £(s, m) + u(t, y(t, £(s, n)(t — 5)) — y(t, 7)) He (¢, 7)d7 (s — ¢). (5.33)
Furthermore, note that the above inequality implies that n(s) — n as s — ¢ and hence

(s, n) — £(t, n) ass — t by (5.32).
Thus, we have

. L(s,m) — Lt n)
be(b) = lim ———

lim (Z(t, n(s) = t&m) ns) —n ult 906 €(s n))))
st n(s) —n s—t

= tim LD = O 50 0O =0 i 450005, ) (5.34)
s>t n(s) —n s>t s—t s—>t

if all the above limits exist.
The first limit is of the form
lim £, f7~) — L5 n)
—=n n—n
since n(s) — n ass — t. Moreover, {(¢, -) is strictly increasing and continuous and hence
differentiable almost everywhere. Thus, the above limit exists for almost every n € R and
equals £,(t, n).
For the second limit, keep in mind that both u(¢, -) and p(t - ) are continuous and that
£(s,n) — £(t, 1) ass — t. The estimate (5.33) then implies that

y n(s) —n
m--—-

s—>t S —

— —p(t 36 006 M)t ¥(6, €6 1))
+ fR ut, 96, ENK ({6, €6 1) — 36 ) (6 £)dE
= —p(t, x@&n)ut x & n)

B+C
+ /O ut, x(6 ENK (x (61) — x (6 E) (1 — pl&, x (& &) xn(t §))dE.
(5.35)

Here we used (5.8), (4.13), (5.9). Introducing

Ut,n) =ul x(tn) and Pt n) =pQ x&n), (5.36)
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we end up with

im "7 e, (5.37)
s—>t S—1t
where
B+C
ht,n) =UP{En) — /0 U, K (x (& n) — x & 7))L — P xy(t 7))d7. (5.38)

Using once more that u(t, - ) is continuous and that (s, n) — £(t, 1) as s — t, we get
}Lmt u(t, y(t, £(s, n))) = u(t, y(t, £(t, n))) = UL n). (5.39)

Combining (5.34)—(5.39), we have shown that for a given ¢, one has for almost every
n € [0, B+ C] that
Lt m) + h(s e, (& n) = U ), (5.40)
where (¢, n) is given by (5.38). This completes the computation of €,(, n).
It is left to show, cf. (5.28), that

s—t t—s

exists for almost every n € [0, B+ C] and to compute its value. Recall (5.31) and (5.32),
which imply

g £(5 ) —g(s £(s,m)
=g(5 Lt n) — gt £ n(s)))
+g(5 €(s, m) + u(t, y(t, Ls, M))(E — 5)) — g(s £(s,m))
_ gt —gtone)
n —n(s)
+ p(t ¥, €5 n(s))))u( (8 €(s, m))) (t — 5)

- /R u(t, y(&, MK (y(t, £(8 n(s))) — y(& ) He (& 7)d7 (¢ — 5)

+ O(|t — s3/?).

Using (5.37) and (5.38), we thus end up with

lim g(t) e(t) 77)) - g(S) E(S, 77))

s—t t—s

= (1 — ge (& €@ m)ey (& m) (5 )
= (1 = P& n)xn & n)h(t n). (5.41)

Combining (5.28), (5.40), (5.41), and (5.21) finally yields that for each ¢ € [0, T]

xe(& ) + h(t, n)x, (& n) =UL ) (5.42)

for almost every n € [0, B+ C] and the function A(Z ) is given by (5.38). This completes
the computation of (¢ n).
To summarize, we showed with the help of the dominated convergence theorem that

B+C B+C Y
. x(&n) — x(sn)
fo x; & n)dn = gl_rg /O (— dn

t—s

B+C
= fo (= k& )@ m) + U )" dn.

19
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Actually we showed that
B+C L _ s, y
—> 0 —

which is a limiting process in LY ([0, B + C]). Thus, the correct Banach space to work
in is LY ([0, B + C]). This might be surprising at first sight since only x(t, -) belongs to
LY ([0, B+ C]) but not x,(¢ -). On the other hand, one has that the function g(z, £(t, -)) is
non-decreasing and hence differentiable almost everywhere. Furthermore, (5.9) and (5.11)
imply that g(, €(¢, -)) is Lipschitz continuous with Lipschitz constant at most one and for
almost every n € [0, B+ C] it follows that

d
0< d—ng(t, Lt ) =Px,tn) <1 (5.43)
Thus,

B+C B+C
/0 (P (6 m)dy < /0 P ot ) = /R Pl x)dx,

using (5.43), which is finite, cf. (4.10) and which implies that /x,(t, -) € LY ([0, B + C]).
Thus, we will not study (5.42) pointwise, but as a differential equation in LY ([0, B + C]).

Theorem 5.3 The function x(t, - ) satisfies for almost all t the following differential equa-
tion in LY ([0, B + C])

xe(t,n) + k(& ) xn (6 m) = Ut n), (5.44)
where
B+C
h(t,n) =UP{En) — /0 UL DK (x (& n) — x & M)A — Pxy(t 7))di. (5.45)

Furthermore, the mapping t — x(t, -) is continuous from [0, T into LY ([0, B + C]).

Remark 5.4 The above computations are based on error estimates. This idea is also used
when proving the chain rule in the classical setting for functions of several variables.
However, one cannot use the chain rule here. Namely, writing

xtn) =2t n) —n=vtltn)—n

one is tempted to look at (¢ n) as a composition of two functions, since v(¢, &) is dif-
ferentiable almost everywhere with respect to both time and space. However, v,(¢, §) and
Ve (t, &) are not continuous with respect to time and space, and this fact prevents us from
using the following splitting

V(t, E(t, 77)) - V(S, E(S, TI)) _ V(t» E(t) 77)) - V(S, e(t) Tl))
t—s o t—s
v(s, £(t, n)) — v(s, £(s, n)) £(t, n) — £(s, n)
et n) — £(s, ) t—s

>

together with a limiting process based on the existence of the partial derivatives of v.
Furthermore, £(t, ) is not differentiable almost everywhere, we only know that for fixed
t, the derivatives £;(, n) and £,(t, ) exist for almost every 7.
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Remark 5.5 An alternative derivation of the differential equation for x (¢ 1): By the weak
formulation, we have cf. (2.3b), (4.5), and (5.3), that

T
/0 /I;{(d)t + udy)(t x)dv(s x)dt
T
- fo /R [1; u(t, YK (x — y)dv(t, ) (6 x)dxdt

_/(;T'[R(up¢x(t,x)—/I:&u(t,y)K’(x_y)p(t’y)dyd)(t’x))dxdt
:/¢(T,x)dv(T,x)—/¢(0,x)dv(0’x)
R R

for any test function ¢ € C2°([0, 00) x R). Using (5.5) and changing the coordinates
according to (5.7) and (5.36), we end up with

T B+C
/0 fo (606 x (6 1) + UG M (t, 106 m))dnd

_ATAB+CAB+CU(Lﬁ)

x K'(x (&) — x(& M)A = Pxy(t D)di ¢t x (& n)) xn (& n)dndt

T B+C
- / f UP( mbalt x (6 )06 )dnde
0 0

B+C B+C
_ fo (T, 1 (T, m)dy — fo (0, x(0, n)dn. (5.46)

First of all note that using integration by parts (for the integral with respect to 1) in the
triple integral, we obtain

T pB+C pB+C
o e

x K'(x(tn) — x @& M)(L — P xy (& 7))di ¢(& x (& n)) x5 (& n)dndt

P P

x K(x (&) — x @& a)A =Pyt M))di éx (& x (& 1) xy (& n)dndt.

Furthermore, the right-hand side of (5.46) can be rewritten as

B+C B+C
f (T, x(T; )dn — / $(0, (0, M)dn
0 0

B+C
B ./0 /o (@t x (&) + ¢x(t x (& ) xe (& m)dndt.

19
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Combining the last two equation with (5.46), we have

T B+C
f / UG (6, 1 (6 m)dnde
0 0

T B+C B+C
+/ / / Ut )
0 0 0

x K(x(&n) — x(&2) 1L =Py, (& 0))di ¢x(t, x (& 1)) x5 (£ n)dndt

T B+C
- f / UP (& mbalt x (6 )06 )dnde
0 0
T B+C
=/ / &=t x (& 1) x:(t, n)dndt.
0 0

Now we are ready to read off the differential equation for x (¢ 1), since the above equality
is equivalent to

T B+C
fo /O (6 1) + 16 )0 (6 1)) 50, (6, m)) el

T B+C
_ f / UG )6, (6 m)dnds,
0 0

where /(t, n) is given by (5.38). Since the above equality must hold for any test function ¢,
we end up with

xe(& n) + h(t, ) x, (6 n) = UL ).

5.2 Differentiability of U(t, ) with respect to time
To begin with, we have a closer look at the differential equation (5.44), which reads

xe(& ) + h(t, n) x, (6 n) = UL 1),

where (2, n) is given by (5.45). This equation can be solved (uniquely) by the method of
characteristics, if the differential equation

my(t, 0) = h(t, m(t 6)) (5.47)

has a unique solution and my (¢, ) is strictly positive for all £ € [0, T']. According to the
classical ODE theory, (5.47) has for each fixed 6 a unique solution, if the function A(z, n)
is continuous with respect to time and Lipschitz with respect to space. This is the result
of the next lemma, whose proof can be found in Lemma A.2. Hence (5.47) has a unique

solution.

Lemma 5.6 Counsider the function h defined by (5.45). Then

(1) t — h(t n) is continuous;
(ii) n > k(¢ n) is Lipschitz and satisfies

(e 1) = he, )| < (1421 (0, )] o + C + SCE) 12 = mal. (5.48)

For the method of characteristics to be well-defined, we must check that solutions to
(5.47) are strictly increasing. If m(0,0) = 6 for all 6 € [0,B 4+ C] and 6; < 65, we have,
using (5.48), as long as the function m(t, - ) remains non-decreasing, that

|(m(5, 62) — m(t, 61))¢| < B(t)(m(t, 02) — m(z, 61)),
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where B(t) =1+ 2n ||u(0, ')”LC’C + C + 5Ct, which yields

(m(0, 62) — m(0, 61))e™ o BO < (1, 6) — m(t, 61) < (m(0, 6) — m(0, 6y))eo B,

Thus m(t, -) not only remains strictly increasing, it is also Lipschitz continuous with

s)ds

t
Lipschitz constant elo B6)ds and hence according to Rademacher’s theorem differentiable

almost everywhere. In particular, one has that
e 3 B(s)ds < my(t0) < ef()t B(s)ds (5.49)

Thus m(¢, -) is strictly increasing.
Introducing

X 0) = x(t m(t0)), (5.50)
we have from (5.44)

Xe(60) = u(t x (8, 0)), (5.51)
and hence (¢, n) is a characteristic. Introducing

Ut,0) = ult, x(&0)) = Ut m(t 0)), (5.52)
equation (5.51) reads

Xe(t,0) = U5 6).

To take a next step toward deriving the differential equation for Z/(¢, 1), we want to show
that U(t, 0) satisfies

0
(66 = 5 (m(e0) = 3¢ = [Pl oot o) 5:53)
where
P(66) = plt X6 6) = P m(s ) (559

The proof of (5.53) is again based on an idea that has been used in [2]. According to the
definition of a weak solution, one has, see (2.3a) and (5.5), for all ¢ € C2°([0, co) x R) that

X

t
/S fR (e, 9061 + Ju0.0) + 5 (Glen) — [ pte.o)dy = SC)te,n)dscr

—00

:/uq&(t,x)dx—f ug(s, x)dx. (5.55)
R R

In the above equality, one can replace ¢ € C2°([0, o0) x R) by ¢(t, x) such that ¢(¢, -) €
C2°(R) for all  and ¢( -, x) € CL(R).

The Lipschitz continuity of U(t, -)
To prove that 2(t, 0) is Lipschitz with respect to time, we have to make a special choice
of (¢ x). Let
pelt ) = 2y (KD%Y,
€ €
where ¢ is a standard Friedrichs mollifier. Our choice is motivated by the following
observation,

lim | uge (&, x)dx = u(t, X (¢ 0)),
=0 Jr
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and hence
ult, X (6.0)) — u(s, X(s,0)) = lim . (e (8 %) — ugpe (s, %)) dw.
Direct calculations then yield, using (5.51)

X

./]I; (u¢5,t + %uz(ﬁs,x + %(G — / P(T: J’)dy - %C)(ps(f: x))dx
1 ) 1 ,(x(t,0)—x
= Jule 7(5,0) /R v (T) d
1 1 v (t,0) —
-3 fR (7, ) = (e, 25,65 (%) d

+ % / (G(r,x) — G(z, X(T,g)))lw <M) @
R - -

. ’ 1 (#%(,0)—x

_ Ly (KO-
2 /R/)'((fﬁ)p(r ) ysw < € > x
1 %(z,0) )

+ 9 (G(r, % (t,0)) — /_oo p(r,y)dy) _ ZC

= —% A;{(u(r,x) - u(r,)'((fjg)))zizw, (W) W

. ’ 1 X(T; 9) —x>

_ Ly (Km0 -
2 ‘[R/);(r,e)p(r ) J’EW ( € x

+ l / (G(z, x) — G(z, )‘((719)))11// <M) w
2 Jr - 4

1 %(7,0) 1
+ 3 (G(r, x(z,0)) — ‘/; p(z, y)dy) — L—LC. (5.56)

]

Introduce the function
Guelr) = [ 02+ p)e

and note that G,c(7, -) is absolutely continuous. Moreover, one has
ju(t, %) = u(t,9)| < Ix = y'2|Gac (T, %) = Gac(T,9)['/%,

and

| f () = (e, 20, ) ¥ (M) da|
R e e
1 1
=21 [ (wte, 7(0.6) = en) = ule, 2, 070 (e
& J-1

< |Gac(T, (7, 0) + &) — Gac(T, X (7, 6) — €)l,

which implies

lim |/ u(z, x) — u(z, x(z,0))*= 1 W' (X(T’ Z) )dx| =0.

e—0 g2
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For the next term, observe

* 1 (7(,0)—x
dyty (KB =%\
LI ol (2=
[ 16t ) = Gucte 2t o (K25 Y
£ R .

|Gac(T, X(7,0) + &) — Gac(t, (7, 0) — )|,

IA

IA

which implies
* 1 ¥(t,0) —
lim | / p(t, y)dy—v (M> dx| = 0.
e=0 " Jr J3(1,0) & &
For the last two terms, observe that for every T ¢ N, i.e., for almost every T € [0, T] one
has, using (5.7), that
G(7, X(7,0)) = Gac(t, (7, 0)) = Gac(t, x(r, m(t, 0))) = m(z,0)

and

1 1 x(1,0) —
sli_rH) 5 A (G(r,x) — G(z, )'((t,@)))gw (%) dx =0.

Thus, the dominated convergence theorem, using (5.56) and (5.55), yields that

Z/_l(t,G)—Z/_{(s,Q)=/:%(m(r,9)—/

—00

x(7,0) 1
p(t, y)dy)dt — ZC(t —s).

Furthermore, the continuity of m(t, 0), x (¢, 6), and p(t, ) with respect to time, implies that

x(0)

Ut 6) = %(m(t, 9) — / ot y)dy) - %C (5.57)

—00
forall (t,0) € [0, T]x [0, B4+C]. Thus,U( -, n) will be Lipschitz on [0, T, if we can show that
the right-hand side of (5.57) can be uniformly bounded on [0, T]. Since p(¢, -) € L' (R),
cf. (4.10), the claim follows if (¢, -) can be bounded. Therefore, recall that m(z, 6) satisfies
(5.47) with the initial condition m(0, 6) = 6, which implies that it suffices to show that
| )| 1o €an be bounded by a function, which is at most growing linearly. Using (5.45),
(5.36), (3.6), Lemma 4.1, and (4.2), we have

D] P LICRD] Y LRI PN
<B+Q2+7)C)||u )|~

< B+ 2+m)C)(|u, )|~ + %a), (5.58)

and thus ||h(t, -) || o0 grows at most linearly. This finishes the proof of the uniform Lips-
chitz continuity in time of (%, 0).

As a closer look reveals the differential equation (5.57) holds pointwise. Thus, one can
either look at /(¢ -) as a function in LY ([0, B+ C]) or in L°°([0, B + C]). Furthermore, the
mapping ¢ > U(t -) is continuous from [0, T] into LY ([0, B + C]).

19
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The differential equation for U(t, n)
In view of (5.44), it remains to derive the differential equation for U(¢ n) from (5.57).
Recall that we have by (5.52) the relation

Ut 0) = UL, m(t, 0)).

Since m(t, -) is continuous and strictly increasing, cf. (5.49), there exists a unique, contin-
uous and strictly increasing function n(t, -) such that

nt,mt0)) =6 forall (t0) e [0, T] x [0,B+ C]. (5.59)
Now, given 1 € [0, B + C], there exists a unique 6 € [0, B+ C], such that

n(t, n) — n(s, n) = n(t, m(t, 0)) — n(s, m(t, 0)) = n(s, m(s, 0)) — n(s, m(t, 0)).
By definition, we have that n( -) is continuous, strictly increasing, and hence differen-

tiable almost everywhere. Furthermore, one has that n(¢, -) satisfies

1 < ejg B(r)dr

ot
e~ Jo BT ny(6m) = mg (6 n(t,m)) ~

by (5.49), which yields

[n(t, n) — n(s, n)| < elo Blr)dr lm(s, 0) — m(z, 0)|

TB( q max(s,t)
< oli B / |h(z, m(z, 0))]dr.

min(s,t)

Since /(t, n) can be uniformly bounded on [0, T] x [0, B 4+ C], see (5.58), it follows that
n(t, n) is Lipschitz with respect to both space and time on [0, T] x [0, B + C] and by
Rademacher’s theorem differentiable almost everywhere. Moreover, direct calculations
yield
ne(t, n) + hny(t, n) =0  almost everywhere.
Since n(¢, -) is strictly increasing for every ¢ € [0, T], combining (5.52) and (5.59) yields
Ult,n) =U( nn) forall (4 n) [0, T] x [0,B+ C].
Furthermore, using (5.36), (5.20), (3.3), and (5.52), one has
Ult,n) = U Lt n) and UL 0) = UL, €t m(t, 0))).

In Sect. 3.2, we showed that for every ¢ € [0, T], the function U(t, -) is Lipschitz. Since
£(t, -) and m(t, -) are strictly increasing, it follows that both (¢, -) and U(%, -) are differ-
entiable almost everywhere on [0, B+ C]. Thus, for any ¢ € [0, T'] one ends up with

Us(t,n) = Up(t, n(t, n) + Uy (& n(t, n))ne(t, 1)

1 x(&n) 1
=5 (= [ pe) = zC — e mite

n
- %(’7 - /0 Pxn(t f))dﬁ) - ZILC — h(t, Uy (t, 1)

for almost every n € [0, B+ C]. This is the sought differential equation for 2(t, n).
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The correct Banach space to work in is LY ([0, B 4+ C]) N L°°([0, B + C]). To see this,
introduce the function

x(&n) n
ol ) = / pitalt y)dy = fo PU (& )0

o0
Observe that (5.5) and (5.12) imply that g(¢, ) is Lipschitz continuous with Lipschitz
constant at most 1 + C, since
x(tn2)

1226 1) — a6 )| < | f pisat )]
x(&n1)

x(tm2) ) )
< f (w2 + )6 )y
x(&m)
x(&n2) 5
<@1+C) (uy + p)(& y)dyl
x&n1)

< (1 + O)Gac(t, x (&, m2)) — Gaclt, x (£ 1))
<A+ O)lnz —ml

Thus, it follows that for any fixed ¢ € [0, T

&0t n) = PUy(t,n) for almost every n € [0, B+ C].
In particular, one has

[Pl (6n)l = (1 +C)

and
B+C B+C
/0 PU I (6 mdn < (1 +C)7 ! /0 PU (6 n)dn

=Q1+cCy! / |puy|(t x)dxdx,
R

which is finite, cf. (4.9) and (5.6), and which implies that 4lf, (¢, -) € LY([0,B+ C]) N
To summarize, we showed the following theorem.

Theorem 5.7 ThefunctionU(t, -) satisfies the following differential equation in LY ([0, B+
Cl)nL>([0,B+Cl)

1 n 1
et )+ e ) = 5 (= [ Poy(e i) = 3 (5.60)
where
B+C
ht,n) =UP@En) — /0 UL DK (x (& n) — x @& M)A — Pxy(t 7))dn.

Furthermore, the mapping t — U(L, ) is continuous from [0, T] into LY ([0, B + C]).

5.3 Differentiability of P(t, n) with respect to time
To close the system of differential equations (5.44) and (5.60), i.e.,

xe(6m) + (& n)xy (6 n) = UL 0),

1 n 1
s )+ sty e = 5 (0= [ Prote i) = 56

19
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where
B+C
h(t,n) =UP®En) — /0 U@ MK (x &) — x @& 7)1 = Pxy(s 7)d,
it remains to derive the differential equation satisfied by P(¢, ), given by (5.36).
The Lipschitz continuity of P(t, n)

To begin with, we show that P(z, ) is Lipschitz continuous on [0, T] x [0, B+ C] and
hence differentiable almost everywhere on [0, T'] x [0, B + C]. Direct calculations yield

P(t,n) —P(s,0) = p(t, x(t,n) — pls, x(s,0))
=p(t, x(&n) — pls, x (& n)
+p(s, x (6 n) — p(s, x(s,m) + p(s, x(s, 1) — p(s, x(s,6))

t
=/ pe(T, x (6 m))dr
’ 1
+/0 px(s x(sm) +k(x (@& n) — x(s 1)) (x (& n) — x(s n))dk

n
+ f Pt x (& 7)) xn (& 7)di), (5.61)
4

where we used that p(t, -) € C5°(R) and p( -, ) is differentiable almost every on the finite
interval [0, T']. Furthermore, we took advantage of x (¢, - ) being continuous and increasing
and hence differentiable almost everywhere on [0, B + C].

Combining (5.61) with (5.27) and (5.43) as well as (4.8) and (4.11), we end up with

|P(t1) — Ps 0)] < max(([|u(0, -)|,~ +24 + %CT)HC, n)(|t — s+ [n —6]),

i.e., P(¢ n) is Lipschitz continuous on [0, T] x [0, B+ C].
We are now ready to derive the differential equation satisfied by P(, ). Therefore, note
that (5.42) implies that for each ¢ € [0, T'] one has

Pty n) = pxlt, x (& 1) xy (8 1)

for almost every n € [0, B + C], since p(¢, -) € C;°(R). Furthermore, one has for almost
every (¢, 1) € [0, T] x [0, B+ C] that

Pt(t, 77) — lim ,P(t» T)) - P(S) 77)

s—>t t—s
P& x@m) —pls x@&n) . pls x(&n) —pls x(sn)
= lim + lim s
s>t t—s s>t t—s

if the two limits on the right-hand side exist. The first one exists and is given by (4.7). The
second one, on the other hand, requires a closer look. Write

P(S: X(t, 77)) _P(S» X(S, 77))

x(&n)
= (px(s,9) — px(6 y))dy
x(sm)
1

+ /0 px(t x(6n) + k(x(s,m) — x (& n))dk (x (& 1) — x (s, n)).
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Following once more the argument leading to (4.4), recalling (3.6), (5.27), Lemma 4.1, and
that py(t, -) € Ci°(R), we have

x(&n) )
/ (0x(5,3) — px(6 M)y = Ot = 5)?)
X

(sm)
and
> t; - 2] 2 t) - 2
lim19(s x (&) — pls, x(s1)) — pelt, (6 ) lim x(@&n) — x(s n))
s—t t—s s—t t—s

if the limit on the right-hand side exists. In view of (5.42), one has that for each ¢ € [0, T']

Pe(t, n) = pe(t, x (& 1) + px(t x (& 0)x: (8 1)

for almost every n € [0, B+ C]. We find, using (5.44), (cf. (2.9b)), (4.5), (5.8), (5.9), (5.11),
(4.14), that

Pr(t, n) + h(t, )Pyt 1) (5.62)
= pe(t, x (&) + px(t, x (& n)UE 1)

__ / ult, 2K (6 m) — 2)du(t, 2) + UGt 1) / K'(x(6n) — 2)duls 2)
R R
__ /R ult ¥(t6 DK (x (6 1) — (6 ) Fe (5 £)de
U ) /R K'(x(6 1) — y(6, ) (6, £)de
B+C i
—_ /0 ult y(t, €6 K Ce(tn) — o6 €06 ) Fe (6 €6 7)) (6 )7
B+C i
U ) /0 K'(x(6 1) — (6, €6 M) (6 €06 7)€y (6, 7)dR
B+C
—_ /0 UG DK et n) — x (6 )1 = Pt )i

B+C
+U(5n) /0 K'(x(&m) — x(& M)A = Pxy(t, 7)di. (5.63)

The correct Banach space to work in is again LY ([0, B + C]) N L*°([0, B + C]), since
[Py )l <nPx(tn) <n

by (4.11) and (5.43).
To summarize, we showed the following theorem.

Theorem 5.8 The function P(t, -), given by (5.36), satisfies for almost all t the following
differential equation in LY ([0, B+ C]) N L*°([0, B+ C])

Pe(t,n) + bt n)Py(tn) = R(& ), (5.64)

where

B+C
Wt m) = UP(6 ) — /0 U DK (6 n) — %6 )L — Pyt M)di

19
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and

B+C
Rion) = — fo UG DK el m) — x(6 D)1 — Poxy(6 )i

B+C
+ U ) fo K'Geltm) — 26 i) (1 = Pt ) din (5.65)

Furthermore, the mapping t — P(t, -) is continuous from [0, T into LY ([0, B + C]).
5.4 Summary
We have shown the following result.

Theorem 5.9 The functions x(t, n), U(t, n), and P(t, n) defined by (5.7) and (5.36), respec-
tively, satisfy the following system of equations:

xe(tn) + h(t, n)x, (& n) = U ), (5.66a)
U, h U, = L ! P )dn 1 C, 5.66b
o)+ ke iy e = 5 (1= [P i) = 26 (5.66b)
Pr(t, n) + h(t, )Pyt n) = R(t n) (5.66¢)
where
B+C
h(t,n) = UP®n) — /O Ut DK (x & 1) — x & M)(1 — Pxy(t 7))di, (5.67)

B+C
Rion) = — /O UG DK el m) — x(6 D)L — Pyt )i

B+C
+ U ) /0 K'Geltm) — 26 i) (1 = Pt 1)) (5.68)

which can be uniquely solved using the method of characteristics in LY ([0, B + C]) x
(L7 ([0, B+ C) NL=([0, B+ C])~

We remark that Definition 2.3, which lists all properties that have to be satisfied by weak

conservative solutions, requires
u(t,-) € Ey and (4 (—oo, -)) =F(t -) € EY. (5.69)

In our new coordinates, these conditions can be formulated in terms of U x, (¢ ) and
xn(t 1), whose time evolution cannot be described with the help of (5.66). On the other
hand, the imposed moment condition (5.2), which is preserved with respect to time,
implies (5.69). Indeed, let

Utoo(t) = xllrjl:loo u(t, x),

which both exist and are finite. Thus, u(¢, -) € Ey, if and only if

1

-1
/ ((ult, %) — u—co(t))* + (6 x))dx + / (u® + u2) (& x)dx

oo -1

+ /‘X’ ((M(t; %) — too(t))? + u(t, x))dx < oo,
1



Grunert, Holden Res Math Sci (2022) 9:19 Page 47 of 54 19

by the definition of E;. Here we only consider one integral, since all of them can be
investigated using similar ideas. One has

—1 . i ,
/ (u(t, x) — U_oo(£))?dx = / (/ ux (s, Z)dz) dw
—1 % )
B / (f (—zl)m<—z)” Zus(t z)dz) d
_1 x M
= / (/ (—lz)V dz) <f (—2)7 ul(t, Z)dz) dx
1 -1 1
y—1 /—oo (—x)V—ld" (/R |21 u(t, Z)dz)
8 m (fR 2l dv (s, z)),

which is finite if y > 2 and (5.2) is satisfied.
For the second condition, recall that

lim F(tx)=0 and lim F(tx) =C.

X—>—00 X—>00
Thus, F(t, -) € E? if and only if
—1 1 o0
/ F2(t, x)dx + f F2(t, x)dx + / (F(t,x) — C)%dx < oo,
—00 -1 1

by the definition of Eé. Again we only consider one integral, since all of them can be
considered using similar ideas. One has

f: F2(t, x)dx
-1

(

L

N

1

X 1 2
m(—z)wzdﬂ(t) Z)> dx

/ ?00 (—z )yd“(t Z)dz) dx (/ Izlydv(t,z)>

/_oo (—i)VF(t’x)_ /x (_ ;yﬂF(t z)dz> d (/ Izlydvtz))
cf (v [ mte) ([ eraven)

e (/R |z|Vdu(t,z)>,

which is finite if y > 2 and (5.2) is satisfied.
We have proved the following theorem.

IA

-1

IA

Theorem 5.10 Let y > 2, then for any initial data (ug, o) € D such that
[+ w)dno < oc
R

the Hunter—Saxton equation has a unique global conservative weak solution (u, u) € D in
the sense of Definition 2.3, which satisfies

/(1 + |x|V)du(t) < oo forallt e R
R
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Appendix A: Proof of Lemmas 5.2 and 5.6
Lemma A.1 (Lemma 5.2) (i) Let g(t &) be given by (4.13). Then, there exists a positive
constant M such that

— Mt — s = p(t,y(6, & + ult, y(& &)t — 9)))ult, (6 €)( — 5)
- /Ru(t, y(& MK (y(t, € + ult, y(& §))(t — 5)) — y(& ) e (&, m)dn (s — 1)
<g(s8) —g(t & + ult y(t §))(t —9))
< Mt — 51> = p(6 76, § + ult, y(&, )t — 9)))ult, y(6 )t — s)

- /Ru(t, Y& MK (6 € + ult, y(t €))(t — ) — y(& n)He (&, n)dn (s — 1) (A1)
(ii) Let H(t, &) be defined by (5.9). Then,

— (M + M)t —sPP? — p(6y(6 & + ult, y(t £))(t — 9)))ult, (6 )(E —s)
- fR u(t, y(& MK (vt & + u(t, y(5, €))& — 5)) — y(& 0))He (& n)dn (s — £)

< H(s &) = H(5€ + ult,y(5 )¢ —5)
< (M + M)l = s = p(b, 906 & + u(t ¥ E)(E — 9)))ult, (5 ) —s)

- /R u(t, y(6 MK (y(t, & + u(t, y(t, €))(& — ) — y(& ) He (6 n)dn (s — ¢).

Proof (i): We want to estimate

g(s, &) —g(t,§ +ult y(t §))(t — 3)).

Recalling (4.13), we split the above difference into two terms as follows

¥(s,€)
a(5,8) — (6 & + ult Y6 E))(t — ) = / pls 2)dz

Y(6E+u(ty(58))(E—s))

Y(6E+ulty(t§))(E—s))
+ / (p(s,2) — p(t, 2))dz

—00

=1+ 1

I;: Since p(¢, x) is continuously differentiable on [0, T'] x R, we have by the mean value

theorem that

y(s§)
I = / p(s, z)dz
Y(&E+ulty(68))(t—s))

= p(s, m)(y(s,§) — y(t, § + u(t, y(¢ §))(t — 5)))
= (p(s, m) — pt, y(& & + ult, (£, §))(t — 5))))
x (s, §) — y(6 & + ult, y(t §))(t — 5)))
+ (¥t § +ult, y(5 ))& — $))0(s, §) — y(6 & + ult, y(& §))(t — 5)))
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for some m between y(s, £) and y(t, £ + u(t, y(¢, £))(¢ — s)). Furthermore, we find

|p(s,m) P&y & +ulty(6 €)(E —9))| (s ) — y(6 & + ult, (6 £))(¢ — 5))|
M(ls—t|+ |m— y(ts+u(ty(ts))t—s))!)

(\uty(ts)(t—s) t—s*?)

(Is —tl+ |y(s &) — (& & + ult, y(t, §))(& — )| ) 1t — 5|

(

|

|s—t|+|u tyté))(t—s)‘)lt—sl

X
<M
<M
<M s—t|2

Page 49 of 54

for some constant M (that is increased during the calculation), using (4.8), (4.11), (5.29),

and (3.6). In addition, we estimate

P&yt § +ult y(t, §)E — ))(s &) — y(6 & + ult, y(5 §))(t — 5)))
=p(6y(t, & + ult y(t, §))(t — S)))(u(t, y(5 €))(t —s)
+ (s, §) — (6 & + ult, (8, §))(t — 5))) — ult, y(5 6))(E — S)>'

Finally, using (5.29) once more, there exists a positive constant M such that

11+ pt y(t & + ult, ¥t €)(E — 9))ult y(6 )t — )| < Mt — s>/
I,: Using (3.1), (3.2), and (4.5), we can write

Y(bE+u(ty(68))(t—s)
I = / (p(s 2) — p(t,2))dz
—00

Y(6E+u(ty(tE))(t—s)) ps
:/ /pt(t,z)drdz

o0
Y(6E+ulty(t§))(E—s))
—/ / / u(t, x)K'(z — x)du(r, x)drdz

oo

—/S u(t, X)K (6, & + u(t, y(5, §))(t — 5)) — x)du(z, x)dr

t JR

- / /R (e, Yo K (6 & + ult, 96 E))( — 5)) — 3(x, M) (x, m)dnde
t

_ / / (u(r, y(t, ) — ult, y(5 1))
t JR

« KO &+ ult, y(6 E)(E — ) — y(t ) He (z, m)dnde

- /t fR ult, y(6 MK 66 € + ult, y(5 E))(E — ) — y(T 1)

— K€+ ult,y(6 E)(E — ) — 36 ) (z, n)dnde

- / f ult y(t, m)
t R

« K6 & + (b y(6 )t — 5)) — y(6 m) (Fle (v, m) — Fle (6 m)dde

- / fR ult ¥t KO & + ult, 96 E))(¢ — 5)) — y(6 ) (6, n)dnde
t

=1I; +1I, +1I3

- / /R ult, 96 MK (6 € + e, 96 E)(E — ) — 36 M) (6 n)dndr.
t

19
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Next we will show that each of the terms 113, II5, and II3 is of order |t — s|3/ 2, Therefore,
it is important to keep in mind that 0 < y¢, I:IE <1.

II;: Since u(t, x) is Holder continuous with Holder exponent % on [0, T] x R, we have,
by (3.8) and (3.9), for all T between s and ¢ that

lu(z, y(x, m) — ult y(6 )| < D(1t — T| + Iy(z, ) — 36 M)
1
< D1+ (0, )] oo + 5CT) 1t = 712
1
<D+ |ul0 )|~ + ZCT)I/ZM — |12,

and
1 1/2 3/2
1| < DC(1+ [u(0, )|, + ZCT) It — s>/
II5: Since K (- ), given by (4.3), is smooth one has for all T between s and ¢ that
IK(y(6 & + ult, y(8 )¢ —5) —y(T,m) — Kt & + ult, y(& €))(t —5)) — y(t )]
y(t.n)
=1 [ K 6+ ut (6 )~ 9) — 9|
y(5n)
< nly(r,n) — y(&n)|
1
< n( ||u(0, ')||L°° + ZCT)U — 1|
1
< n( [0, )] ;o + €T )t =]

and
1 2 9
o] = nC( (0, )| o + 7CT) It = 5P
II3: Here integration by parts will be the key. Indeed, one has

/R u(t, y(& MK (y(t, & + u(t, y(t, §))(t — 5)) — y(t, n)(Hz (t, n) — He (4, ))dn
=~ [ unteyte )
R
x K(y(t, & + ut, y(t &))(& —5)) — y(& ) (H(z, n) — H(5 0)ye (& n)dn
+ /R o)
x K'(y(t, & + ult, y(t, §))(t — ) — y(& ) H (z, n) — H (& n)ye (5 n)dn.
Recalling (3.24) and that 0 < f{g < 1, we have for all T between s and ¢ that

N - 1
(6 m) = (e, ) < ([0, )], + €T )t =]

and

| e 306 MK + 6 306 €0 = 9) = 506 M) 5, ) — e )
< (10 e + CT) [ us(e 0K 016+ 506 0 =) = ) e =
([0 )+ 5€T) [ 106 91K 10 + 506 £ =) = ) e =

< (( |u©, )|~ + iCT)Cl/an/Z +n(|u© )] + iCT)Zn)M — .
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Thus, we have
1 1
13| < (( [0, )] oo + ZCT)C2x 2 4 m( u(0, )] + ECT)Zn)hf _ s

Combining now all these estimates, we have that there exists a positive constant M such
that

I + A; ult, y(& MK (6, & + ult, y(t, €))(& — 5)) — y(t, n))He (¢ n)dn (s — t)’

< M|t —s*?

(ii): Combine (5.9), (5.30), and (A.1). O
Lemma A.2 (Lemma 5.6) Consider the function h defined by (5.45). Then

(i) ¢t h(t n) is continuous;
(i)  n > h(t n) is Lipschitz and satisfies

n
(e, m2) = bt nDl = (1420 [1(0, )| joe + C + ZCOI2 = mal. (A2)

Proof (i) First, we establish the continuity with respect to time. Recalling (3.6), (3.9), (4.4),
(4.9), and (5.27), we have

[UPEn) —UP(s, )l < 1UEIP&n) — Pls )l + [Pl mIUE n) —Uls 1)l
< ([0, ) + ZCT)IpE x(6 ) — pls x5 0)
+ Clu(t x (&) — uls, x (s )l
< (0 ), + %CT)( [u(0, )|, + }LCT+2A)nC|t — s
+CD(1+24) 2|t — V2.

For the second term of %(z, 1), note that one can write
B+C
/ U DK (x & n) — x (& )L — Py,(s i))dn
0

B+C
_ /0 UG DK (6 n) — 106 )i — /R K(x(5 1) — »up(t, y)dy.

Using (3.9), (5.27), and Lemma 4.1, one has
B+C
| /0 (106 MK Gt m) = (6 ) = Uls, DK (s ) = (5, 7)) |
B+C
<| [ @ n — s mKGee - (e i)

B+C
+| fo Ul 1) (Kl m) = x(6 ) = K m) = (s 7)) i
1/2

1/2

< B+ C)D(1+24)"" |t —3s]

+ 2n(|[u(0, -)||~ + %CT)(B + C)24A|t —s.

19
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Last but not least, recalling (3.9), Lemma 4.1, (4.4), (4.10), and (5.27), we have
| [ (G 1) = 5yp6) = K510 = s )]
< | [[@0cten =)~ Koxtsm) = )upe )
R
| [ K m =96 - upts e
R

<nx(6) - xts ~)||Loo/R|u|p(t,y>dy
+7T ”uP(t» ‘)_up(s: )”Loo

1
< 2nA(|u(0, )|, + 2CTIBIt —s|
+ (|| u(0, )|~ + %CT)ZCM — 5| + 7 CD(t — s)'/2.

Thus, we have that 4(t, n) is Holder continuous with exponent % with respect to time.
(if) To establish the Lipschitz continuity with respect to space is a bit more involved,
but follows pretty much the same lines. As a closer look at (5.12) reveals, one has
oG x(tn)—)+ (1 —0)G( x(tn)+)=n forsomeo € [0,1].
This means especially given n € [0, B + C], there exist = < n < n™ such that
x&n7)=x&n) = x@&n")
and
" =G x(tn—) and " =Gt x (& n)+).
In view of Definition 2.3 (v), (5.3), (4.11), and (5.5), we then have for n; < 1y such that
x(&m) # x (¢ n2) that

[UP(t, n2) — UP(L, n1)
= [UP(tny) —UPE )
= lup(t, x (& 1)) — up(t x (& n))|

X(Ml{)
< / luxp + upx|(8 y)dy
x&n7)

x(&ny)

< / (2 + p* + nlulp)(t y)dy
x (&)

x(@&ny)
< @ |6 ) o + 7 s -)||Lm>/ N

x&ny
< (14 C 4 (@, )+ §CONGE (6 1))~ Glo x (6 )
1
= 1+ C ot n([u@, )] o + L NIy =11
< (4 C (@, )] + 7COMm2 = .

As far as the second part is concerned, observe that (cf. (5.63))

B+C
/0 U DK (x (& n) — x (& )L = Py,(t 7))dij = fRu(t, YK (x (t, 1) — y)du(t ),
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and we have
B+C
| / UL DK (x (& n2) — x @& 7)) — K(x (& m) — x @& ))A = Pxy(t 7))di|

y / ult YK (X (6 1) — 9) — Kl m) — y)du(s )

x(tn2)
.y / ulty) / K'(z — y)dedu(t y)|

(&m)

X(t’nz
-1/ / (6 9K (2 — y)dyu(s, )dz]
X

®&n)

< (Ju© )|, + = Ct) f / nK(z — y)du(s y)dz

x(&n7)

Q0 e+ ety [ pi 21
=n(||u0, -)|,;0 +=Ct p(t, z)dz
a4 L

= n(|u(0, )| o + iCt)(Gu (6 07) — Gt x (6 )

1

Thus, we have that 4(t n) is Lipschitz continuous with respect to space with
n
|h(t, n2) — h(t, m)l < (1 + 21 |u(0, -) ||, + C + ECt)lnz -l

O

Lemma A.3 Given y > 2 and a weak conservative solution (u, i) in the sense of Defini-
tion 2.3, which satisfies

/R(l + [x")dut) < oo forallt € R
Then for any n € N such thatn > y

/]R(l + |x")p(t x)dx < 0o forallt € R
Proof Due to (4.10), it suffices to show

-1 0
/ lx|” p(8, x)dx + / lx|” p(t, x)dx < oc.
oo 1

Since p(¢, -) is nonnegative and both integrals can be estimated using the same ideas, we
only present the details for the first one. Direct computations yield

14 — 2yv/2
/_ R0 = /_ @) /R Esr _y)Z)ndu(t,y)dx

-1
— _ v/2 _
— [ = [ dnte s

(x=9)*+5*\"" 1
/2
<2 / / ( 1+ &—y)p ) TP TP du(t y)dx

1
2y/2f / 1 +J’2)y/2 (1 ( y)Z)n—y/Z dM(t’ y)dx

< 21//2/R (/R T _y) =Ze dx) (1 +J’2)y/2du(t,y)

19
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1
<2y/2// dz) (1 + 927 2duls
< A R1+ZZZ(+y) w5 )

<27/ / 1+ 2du(s y)
R

<on /R (L + y)")duls, )

In the above calculations, we used that (@ + b)* < 2(a? + b?) and that (@ + b)? <
2 max(a?, b?). O
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