GROUPOIDS AND HERMITIAN BANACH xALGEBRAS

ARE AUSTAD AND EDUARD ORTEGA

ABSTRACT. We study when the twisted groupoid Banach x-algebra L'(G, o) is
Hermitian. In particular, we prove that Hermitian groupoids satisfy the weak
containment property. Furthermore, we find that for L'(G, o) to be Hermitian it
is sufficient that L!(G,) is Hermitian. Moreover, if G is ample, we find necessary
conditions for L}(G, o) to be Hermitian in terms of the fibers GZ.

1. INTRODUCTION

Due to the seminal paper [I8], Hermitian Banach *-subalgebras of C*-algebras
have been intimately linked to Wiener’s lemma and the notion of spectral invari-
ance. As such, they appear in a variety of areas of mathematics, such as approxi-
mation theory, time-frequency analysis and signal processing and noncommutative
geometry, see e.g. [10] 19} 20, 21, 22].

We say that a locally compact group G is Hermitian if the convolution algebra
L'(G) is a Hermitian Banach *-algebra. In the realm of Hermitian locally compact
groups the literature is very extensive (see for example [31], 32]). The class of Her-
mitian locally compact groups includes compact extensions of nilpotent groups [2§]
and famously also all compactly generated groups of polynomial growth [27]. In
[36] it was proved that a Hermitian locally compact group must be amenable. In
another, but related context, it was proved in [25] that if A is a Hermitian Banach x-
algebra and I is a compact group acting on A by x-automorphisms, the generalized
L'-algebra L'(T", A) is Hermitian.

One of the main motivations for this article is the use of spectral invariance of
noncommutative tori in time-frequency analysis as in e.g. [22]. Noncommutative tori
can be viewed as the twisted group C*-algebra C*(Z??, o), where o is the Heisenberg
2-cocycle. However, this can generalized to the group C*-algebra C*(A, o) where A
is a closed subgroup of the time-frequency plane G x G , where G is a locally compact
abelian group. This extension has been used to construct finitely generated modules
over noncommutative solenoids [16], 24]. Spectral invariance of L'(A, o) was studied
in [4]. Pushing forward this generalization, given a quasicrystal A C R?? one can
construct a twisted groupoid C*-algebra C*(Gy, o) where G, is an étale groupoid.
Finitely generated projective modules over C*(Gy, o) were constructed in [23].

This paper together with [6] is a starting point for a project that aims to extend
the tools of operator algebras applied to Gabor analysis for lattices in the time-
frequency plane (see for example in [5] 16, 29, B5]) to the more general context of
quasicrystals [I3], 23]. In particular, in this paper we focus our attention on when
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the Banach x-algebra L'(G, o) associated to a locally compact groupoid G with a
twist o is Hermitian.

The paper is structured as follows. First, in Section [2] we give the necessary
background and results about groupoids and Banach x-algebras.

In Section [3| we use twisted actions of groupoids on LP-spaces to extend the main
result of [36] to the setting of groupoids with 2-cocycle twists. Indeed, we show
that if L'(G, o) is (quasi-)Hermitian, then the full and the reduced twisted groupoid
C*-algebras coincide (also known as the weak containment property). When G is
a group, this is equivalent to amenability. However, in the case of locally compact
groupoids the situation is more subtle.

Then, in Section 4] we give a proof that for ample groupoids satisfying a minor
technical assumption a necessary condition for L'(G,0) to be quasi-Hermitian is
that the "fibers” L!'(G® 0,) are quasi-Hermitian for every z € G. Thus under
assumptions appearing in applications, the "fibers” present obstructions to L'(G, o)
being quasi-Hermitian. Using this we give a simple example of an amenable étale
groupoid such that L'(G, o) is not quasi-Hermitian.

Finally, in Section |5| we give sufficient conditions for L'(G, o) to be Hermitian.
We construct the twisted groupoid G,, and show that L'(G, o) is Hermitian if the
"untwisted” groupoid Banach x-algebra L'(G,) is Hermitian. In particular, we prove
that if ' is a compact group or a locally compact abelian group acting by homeo-
morphisms on a locally compact Hausdorff space X, then L'(X x T, o) is Hermitian
for every group 2-cocycle o of I', where X x I' is the transformation groupoid.

2. PRELIMINARIES

2.1. Hermitian Banach x-algebras. If A is a unital Banach algebra, we denote
by A~! the set of invertible elements of A. Given a unital Banach algebra A we
denote by

Spyla) ={Ne€C:\Ny4—ad¢ A '},
the spectrum of a in A, and by
ra(a) == sup{|| : A € Sp(a)} = lim | f7[""

the spectral radius of a. If A is not unital, given a € A we define Sp 4(a) := Sp 4+ (a)
and 74(a) = r4+(a), where A" is the minimal unitization of A.

Now let A be a Banach *-algebra. Then a € A is Hermitian if a* = a. If S is a
subset of A, we denote by S;, = {a € S : a* = a} the set of Hermitian elements in

S.
Definition 2.1. A Banach *-algebra A is Hermitian if
Spu(a) CR
for every a € A;,. A is called symmetric if
Sp4(aa®) C [0, 00)

for every a € A.
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Remark 2.2. By the celebrated Shirali-Ford theorem, a Banach *-algebra is Hermit-
ian if and only if it is symmetric.

A x-representation of a Banach x-algebra A is a *-homomorphism 7: A — B(H),
where B(H) denotes the bounded linear operators on a Hilbert space H. We say A
is reduced if Ar = {a € A: w(a) = 0 for every * —representation 7 of A} = {0}.
All Banach x-algebras we consider in the sequel will be reduced. The enveloping
C*-algebra of a reduced Banach x-algebra A is the completion of A with respect to
the norm

|la|| :== sup{||=(a)|| : 7 : A — B(H) is a *-representation}

for every a € A, and it is denoted by C*(.A). The enveloping C*-algebra of a Banach
«-algebra always exists [32, Section 10.1].

2.2. Invariant spectral radius.

Definition 2.3. We say that A C B is a nested pair of reduced Banach x-algebras
if A and B are reduced Banach *-algebras and A embeds continuously into B as a
dense x-subalgebra. A nested triple of reduced Banach x-algebras is defined similarly.

Definition 2.4. Let A C B be a nested pair of reduced Banach *-algebras and S a
(not necessarily closed) #-subalgebra of A. We say S, has invariant spectral radius
in (A, B) if
ra(a) =rs(a),

for every a € S;. If A, has invariant spectral radius in (A, B), we say that A
has invariant spectral radius in B. Moreover, we say S is a spectrally invariant
subalgebra of (A, B) if

Spa(a) = Spg(a),
for every a € S. If A is a spectrally invariant subalgebra of (A, B), we say A is
spectrally invariant in B.

Clearly, if S is a spectrally invariant subalgebra of (A, B), then S;, has invariant
spectral radius in (A, B). The Barnes-Hulanicki Theorem [7] provides a partial
converse when B is a C*-algebra.

Theorem 2.5. Let A be a Banach *-algebra, S a x-subalgebra of A, and © : A —
B(H) a faithful x-representation. If A is unital, we assume that ©(14) = 1p). If
ra(a) = [[x(a)ll,

for all a € Sy, then
Sp(a) = Spp(s (m(a))
for every a € S.

In |36, Proposition 2.7 they prove a very useful property related to invariant
spectral radius.

Proposition 2.6. Let A C B be a nested pair of reduced Banach x-algebras, and
let S be a dense x-subalgebra of A. Suppose that Sy, has invariant spectral radius in

(A,B). Then A and B have the same C*-envelope.
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2.3. Hermitian and quasi-hermitian Banach *-algebras. Let A be a reduced
Banach x-algebra. Then the following statements are equivalent:
(1) A is Hermitian,
(2) A is symmetric,
(3) A is spectrally invariant in C*(.A),
(4) ra(a) = re-a)(a) for every a € A.
(see |30, Lemma 2.8] and [20], p. 340]).

Definition 2.7. A dense *-subalgebra S of a Banach x-algebra A is called quasi-
Hermitian in A if Sp 4(a) C R for every a € S,. We say S is quasi-symmetric in A
is Sp 4(a*a) C [0, 00) for every a € S.

Let S be a dense x-subalgebra of a Banach *-algebra A. If A is Hermitian, then
S is automatically quasi-Hermitian in A. The converse is not true in general, but
holds whenever A is commutative [36, Proposition 2.10].

2.4. Spectral interpolation.

Definition 2.8. Suppose A C B C C is a nested triple of reduced Banach x-algebras
and S is a dense *-subalgebra of A. We say that (A, B,C) is a spectral interpolation
triple relative to S if there exists 6 € (0,1) such that

rs(a) < raa)~re(a)’
for every a € S,.

A nice property of spectral interpolation triples of reduced Banach x-algebras was
proved in [36, Propostion 3.4].

Proposition 2.9. If (A, B,C) is a spectral interpolation triple of reduced Banach
x-algebras relative to a quasi-Hermitian dense x-subalgebra S of A, then S; has
invariant spectral radius in (B,C). In particular, C*(B) = C*(C) and

rg(a) =re(a),
for every a € Sp,.

2.5. Groupoids, twists and associated algebras. We now introduce the Banach
x-algebras and C*-algebras associated to a groupoid as described in [33]. Given a
topological groupoid G we will denote by G its unit space and write r, s : G — G
for the continuous range and source maps, respectively. We will also denote by
G® ={(a,8) € G x G :s(a) =r(B)} the set of composable elements. G*) inherits
the subspace topology from G xG. Given z € G we define G, := {y € G : s(7) = x}
and G* :={ye€ G :r(y) ==z}

Let A = {A\;},cg be a Haar system for G, where A, are measures with support
G, such that

(1) for every f € C.(G), the function = — fgx f(v)dAz(7) is continuous,
(2) for every n € G and f € C.(G) we have that

/ FOym)dX.y(v) = / F(V)dNsey () -
Gr(m) Gs(m)
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If G is a locally compact groupoid, then there always exist Haar systems for G.

A groupoid G is called étale if the range map, and hence also the source map, is
a local homeomorphism. In this case the sets G* and G, are discrete sets for every
z € GO and the Haar system consists of counting measures. A subset B of an
étale groupoid G is called a bisection if there is an open set U C G containing B
such that r: U — r(U) and s: U — s(U) are homeomorphisms onto open subsets
of G, Second-countable étale groupoids have countable bases consisting of open
bisections.

The orbit of x € G is defined to be Orbg(z) = {r(y) : v € G.}. The isotropy
group of x is given by G := G* NG, = {y € G : s(y) = r(v) = z}, and the isotropy
subgroupoid of G is the subgroupoid Iso(G) := |J,cgw G5 with the relative topology
from G.

We will consider groupoid twists where the twist is implemented by a normalized
continuous 2-cocycle. To be more precise, let G be a locally compact groupoid. A
normalized continuous 2-cocycle is then a continuous map o: G — T satisfying

(2.1) o(r(y),v) =1=0(y,s(7))
for all v € G, and
(2.2) o(a, B)o(aB,y) = a(B,7)o(a, B7)

whenever («a, ), (8,7) € G@. The set of normalized continuous 2-cocycles on G will
be denoted Z%(G, T). Note that this is not the most general notion of a twist of a
groupoid (see [37, Chapter 11]).

Let G be a locally compact groupoid with Haar system A. We will define the
o-twisted convolution algebra C.(G, o) as follows: As a set it is just

Ce(G,0)={f:G — C: f is continuous with compact support},

but equipped with o-twisted convolution product
@23) (Fro0)0) = [ fOu (ot i) dhn(i). f.9.€ CG.0). €6,

and o-twisted involution

(2.4) [y =ty f(vh), feldlg,0),v€gd.

We complete C.(G,0) in the "fiberwise 1-norm”, also known as the I-norm, given
by

(25) ||f||z=xigg){ma><{ Mane). [ 176 o}
(2.6) —wselg)o){max{ Ay /|f*<’ ) o )}}

for f € C.(G,0). Denote by L'(G,a,\) (or L'(G, o) when there is no ambiguity on
the Haar system) the completion of C.(G, o) with respect to the I-norm. If G is an
étale groupoid, then we denote it by £1(G, o).
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The (full) twisted groupoid C*-algebra C*(G,o,\) (or C*(G, o) when there is no
ambiguity on the Haar system) is the completion of C.(G, ) in the norm

If|| ;== sup{||=(f)|| : 7 is an I-norm bounded *-representation of C.(G, o)},

for f € C.(G,0). It was observed in [3, Lemma 3.3.19] that if G is a locally compact
Hausdorff étale groupoid, then every s-representation of C.(G, o) is bounded by the
I-norm. In addition, if G is a transformation groupoid (see Example [2.12), every
x-representation is bounded by the I-norm. In these cases, since we are completing
with respect to a supremum over *-representations, C*(G, o) is just the C*-envelope
of LY(G, o).

Now we will construct a faithful *-representation of L*(G, o) called the o-twisted
left reqular representation. In particular, we have that L'(G, o) is reduced. The
completion of the image of L'(G, o) under the o-twisted left regular representation is
called the o-twisted reduced groupoid C*-algebra of G and will be denoted C*(G, o, \)
(or C*(G, o) when there is no ambiguity on the Haar system). Let » € G, Then
there is a representation L%?: C.(G,0) — B(L*(G,)) (here L*(G,) = L*(Gsx, \z))
which is given by

27) (12206 0 = [ o™ )60 D 1)

T

for f € C.(G,0), £ € L*(G,) and v € G,.
We then obtain a faithful /-norm bounded *-representation of C.(G, o) given by

P L3%: CG.0) — @ BIG) < BIA) L3(G.)).

zeg(©®) zeG©) G
C*(G,0) is then the completion of C.(G, o) with respect of the image of C.(G,0)
under the o-twisted left regular representation, so given f € C.(G,0)

1fllr2 == sup {ILI*(F)B2g.) -
x€g<0)

As the representation is I-norm bounded, it extends to a *-representation of L'(G, o),
and C#(G, o) is also the C*-completion of L'(G, o) in the extended *-representation.
Moreover, since C*(G, o) is the completion of C.(G, o) with respect to the supre-
mum of the /-bounded norms, the identity map on C.(G, o) extends to a (surjective)
«-homomorphism 7 : C*(G,0) — C*(G, o).

Definition 2.10. Let G be a locally compact groupoid with Haar system A and let
o € Z*(G,T). We say that G twisted by o has the weak containment property when
the natural map 7: C*(G,0) — C}(G,0) is an isomorphism.

If G is an amenable groupoid with Haar measure A [2], we have that C*(G,0) =
C*(G,0) for every o € Z*(G, T) |2, Proposition 6.1.8], and hence G twisted by o has
the weak containment property for every o € Z*(G,T). In [39] it was proved that
amenability is not equivalent to having the weak containment property.

Remark 2.11. It was shown in [33] that the full and reduced C*-algebras don’t
depend, up to Morita equivalence, on the Haar system. Suppose A, X' are two
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Haar systems for a locally compact groupoid G, let ¢ € Z?(G,T), and suppose
C*(G,0,\) = C*(G,0,)A). Then C!(G,0,\) and C}(G,0,N) are Morita equivalent,
as are C*(G,o0,\) and C*(G, 0, \). However, it is not known to the authors if this
also implies C*(G, 0, \') = C*(G, 0, N), that is, if weak containment is independent
of the Haar system.

Example 2.12. Let I be a locally compact group with left Haar measure A and with
unit e, and let us consider an action of I' by homeomorphisms on a locally compact
Hausdorff space X. Then we define the transformation groupoid X x I' as the set
X x I with the product topology, such that

s(x,7) = (z,e),  r(z,y)=(v-x,¢) and (71 7,7%) (T, 1) = (T,727) .

Then X x T is a locally compact groupoid. Moreover, if X and I' are both second-
countable, then so is X x T'. One defines the Haar system {0, X A} g0 where 0,
is the Dirac measure, and in this case, given f € Co(X x I') we have that

151 = sup {max{ [ 17 ax0). [ 15600 1ax0) ) e 0]
—sup{ [ lare) v g0}

Now let o € Z*(T', T). Then we can extend o to a 2-cocycle of X x T, also denoted
by o, by defining

o((z1, M), (22,72)) = 0(11,72) ,
for all z1, 25 € X and 1,72 € T for which ((x1,71), (22,72)) € (X x ). Then
CHLNX xT,0)) 2 C*(X xT,0) 2 Cy(X) x°T
18 the full twisted crossed product C*-algebra, and
CHX xT o) = Co(X)x) T

15 the reduced twisted crossed product C*-algebra.

3. QUASI—HERMITIAN GROUPOIDS HAVE THE WEAK CONTAINMENT PROPERTY.

In this section we prove the main result of the paper, namely that if L'(G,o)
is Hermitian, then C*(G,0) = C*(G,0). As a consequence, we also prove that if
L'(G, o) is Hermitian, then L'(G, o) is spectrally invariant in C(G, o). The general
strategy is to follow [36], Section 4], but not all the steps trivially extend to our
situation.

Definition 3.1. Let G be a locally compact groupoid with Haar system A and let
o € Z*G,T). We say that G is o-quasi-Hermitian (resp. o-quasi-symmetric) if
C.(G,0) is quasi-Hermitian (resp. quasi-symmetric) in L'(G, o, \).

Proposition 3.2. Let G be a locally compact groupoid with Haar system X\ and
o€ Z%G,T). If G is o-quasi-symmetric, then G is o-quasi-Hermitian.



8 ARE AUSTAD AND EDUARD ORTEGA

Proof. The proof of |36, Proposition 4.1] adapts trivially to give us the following
result. Let f € C.(G,0)p, then by assumption Spy. (g ) (f*of*7) C [0,00). Therefore

{)\2 tAE Sle(g,cr)(f)} c Sle(g,a) (f *o f) = Sle(g,a) (f *o f*o) < [07 OO) :
Hence Spy1(g ) (f) C R for every f € C.(G, o). O
Let G be a locally compact groupoid with Haar system A\, o € Z%(G,T) and

1 <p< oo Nowfix z € G¥ so we define the representation LI? : C.(G,0) —
B(L*(Gs)) by

LI (F)E(y) = / oyt ) v e (1),

T

for every f € C.(G,0) and v € G,. For p = 2 this is just (2.7).
Then we define the LP-reduced o-representation of G as

L7 = @ L7 : C(G,0) = @ BL(G.)).
zeg(o) :EEQ(O)
The following lemma is a straightforward modification of [I5, Lemma 4.6] to the

situation of general LP-spaces.

Lemma 3.3. Let G be a second-countable locally compact groupoid with Haar system
Aand 1 <p<oo. Then

B flle = ilég{|f(7)l} < L7 (NI = Sgg){||[/;7p(f)”B(LP(Qz))} < |Ifllr

for every f € C.(G,0).

Definition 3.4. Let G be a second-countable locally compact groupoid with Haar
system A\, 0 € Z?(G,T) and 1 < p < oo. The reduced groupoid LP-Banach algebra,
denoted by FP(G, 0, )\), is the completion of C.(G, o) with respect to the norm

1 fllrp = sup {{[L37(f)lBLrg.)
z€G(0)

for all f € C.(G,0). We will denote FP(G,0,\) by FP(G,0) when there is no
ambiguity on the Haar system A.

Let 1 <p<qg<oowithl= ]lo + %. Then, given any € GO, there is a duality
relation (LP(G,))* = L%(G,) given by

(6,C) = /g EORape

for € € L?(G,) and ¢ € LY(G,).

Lemma 3.5. Let G be a second-countable locally compact groupoid with Haar system
A, let o € Z%(G,T), and let 1 < p,q < oo be such that 1 = % + é. Then

(L (f7)8: ¢) = (& LTU(f)C) s
for every x € GO, f € LY(G,0,)\), € € LP(Gy, \e) and ¢ € LGy, \y).
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Proof. Fix x € GO, f € LY(G,0), £ € LP(G,) and ¢ € L(G,). Then

u&%ﬁﬂacw=/‘(/(ﬂerMf%ww4xumuam)ZG&maw

=/’(/awu%mawww4mwﬂﬂwww*ﬁmme0cwmaw>

=/ §(p) (/g U(WflyM)U((Vﬂ_l)_laWfl>f(lﬂ’_1)§(7)d)\x(V)) dAz (1)

= / &) / (dw*l,v)f(m‘l)C(v) de)) s (1)

= [ &) LT (f)C(p) dAe(p) = (€, LT f)C).

Ga

Here we used that o(yu=t, p)o((yu=) "1, yu™t) = o(uy™t,7), or equivalently, that

oyt = o(wy ™ oyt )
for every u,v € G,. We get this from (2.2)) using uy~!, (uy~')~!, p instead of a, 3,
7, and then applying (2.1)). O

Proposition 3.6. Let G be a second-countable locally compact groupoid with Haar
system A and o € Z*(G,T), and suppose 1 < p,q < oo with 1 = 1—1) + %. The algebra
LY(G,0,)) is a normed x-algebra with norm

1/ 1lp := max{|[fllrps [[fllra}
for f € C.(G, o), with the convolution and involution in L'(G, o, \).

Proof. We will adapt the proof of [36, Proposition 4.2 to our setting. Given f €
C.(G,0) we have that

1Fllzp = max{ sup {[ILZF(NI}, sup {[ILZ()II}}

z€G(0) €g0)

= sup {{ILZ (A L1 WOIT < N f s

zeG(©)

by (3.1), so [|f|ls, is well defined. It is easy to check that (L*(G,o),] - |lzp) is a
normed algebra. We only have to prove that the involution is an isometry with
respect to || - ||y, Let f € LY(G, ). Given z € G by Lemmawe have that

LS (f* ) B(Lra)) = sup{ (L3 (f*)E O = [I€ll, < 1, (€]l < 1}
= sup{[(&, L31(F)O €]l < 1, lIClly < 1}
= |L7()ll Bzace.)) -

Similarly, switching p and ¢ we obtain that

ILe(f* M Bza.)) = ILTP () Bzr@.)) »

and therefore || f*||s, = || fllsp, as desired. O
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Definition 3.7. Let G be a second-countable locally compact groupoid with Haar
system A\ and o € Z%(G,T), and let 1 < p < co. The Banach x-algebra Fé’(g, o, \)
(FY(G,0) when there is no ambiguity on the Haar system) is defined to be the
completion of L'(G, o, \) with respect to the norm || - |4,

Given 1 < p,q¢ < oo with 1 = i—i— %, the Banach x-algebras F}(G,0,\) and
Fﬁq(g ,0,A) are isometrically isomorphic. Moreover, Ff(g Lo, A) = CHG, o, N).
The following result is a combination of [9, Theorem 5.1.1] and [14], Section 10.1].

Lemma 3.8. Let G be a second-countable locally compact groupoid with Haar system
N\ let z € GO and let 1 < p1 < po < p3 < oo. Suppose that T is a bounded
operator defined on LP*(G,, A\;) N LP3(G,, A,) such that it extends continuously to
bounded operators on both LP* (G, \;) and L*3(G,, \;): Then T extends continuously
on LP?(G,, A;). Furthermore, if M; is the norm of the extension of T on LPi (G, \;)
fori=1,2,3, then

My < M}7MY

for 0 < 0 <1 satisfying
1 1-60 0

17_2 a D1 P_S
Proposition 3.9. Let G be a second-countable locally compact groupoid with Haar
system X\ and o € Z*(G,T), and suppose 1 < p < 2. Then

(LG, 0, \), F(G. 0, \), C(G. 0, \))
is a spectral interpolation triple of reduced Banach *-algebras relative to L'(G, o, \).
Proof. Let q € (2,00) such that 1 = i + %, and let
2p — 2

0 = €(0,1),
P (0,1)
and hence
1_1—6’+8
p 1 2"

Then, for € G and f € L'(G,0), using Lemma and ([2.5)) we have that
LS (D sr@ay < NEE (D @1 E2* (D B2,
< NAONANT < NN
and therefore || fl,,, < [|f]I;7°[ f]|%5. On the other hand,

1_1 1_ 1— 06 6
q_ p_ 1 2
=1-(1-6)—90 1—1
B 2
0 1—-6 0
:O _= — —

+2 00 2’
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so we can apply the same above argument to show that | f|., < ||f||}_9||f||f2
Hence,

(3.2) 11l < ISR

for every f € LY(G,0).
Therefore given f € L'(G, o), we have that
2]

n % < n 1%0 n||n
1™ gy < Il LS

r29

for every n € N. Then taking the limit as n — oo we have that

(3.3) rerG.o) (f) S i) () rereo ()’

for every f € L*(G,0).

To finish the proof we only need to prove that (L'(G, o), Ff{(G,0),Cr(G,0)) is a
nested triple of reduced Banach x-algebras.

Let 6 € (0,1) be such that

Then for f € LY(G,0),

[ fllsp = sup {I L2 () Br.)), I1L74(f)lBLag.)}

z€G ()

> sup (U2 iy 159 W)
z€G

> sup {IL* (Al sz} = 1 flln2,
z€G(0)

by Lemma Therefore the identity map on L'(G, o) extends to a contractive
sx-homomorphism

Tz F2(G,0) = C3(G,0).
Now we want to see that m,, is injective. Let f € ker(m,2). Then there exists a
sequence { f,}5, in L'(G,0) such that lim f,, = f in F}(G,0). Then given z € GO
and & € C.(G,) we have that

lim L3%(f,)€ =0  in L*(G,),

n—oo

that is
0 = || Jim 2*(£.)€] 2.y

~ ([ Jm |L;’2<fn>£w>|2dxx<v>)1/2

n—oo
T

5 1/2
d>‘z(7)> )

/g oy ) fu(yp ™ E() dAa (1)

which forces

(3.4) lim
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Now observe that the map
LYG,0) = B (®,e60 (L(G2) @ LU(Gy))) .
defined by f — @, cq0 (LIP(f) © LLU(f)), extends isometrically to a map
U FP(G,0) = B(®ueq0 (LFP(Gr) © LU(G,))) -
Now fix z € G and i € {p,q}. Then given ¢ € C.(G,) we have that
(/) = lim W(7,)E.
but

e (f)E

Li(Gy) = | l1m U(fa)€ Li(Gy)
I Jim LE"(fa)¢

= lim ( /
n—oo -

; 1/i
dAAv))
—0

because of (3.4). Thus, U(f) = 0 and since V is isometric we have that f = 0.
Hence m, 5 is injective.

Now, by (3.2) and the fact that the regular representation is /-norm bounded, we
get

L(Ga)

/ oy 1) ™ E ) e (1)

£ e < WFIFPNANT2 < WANEPNANT = 1A
for every f € L'(G, o). Hence, the identity map on L'(G, o) extends to a contraction
®,;: L'(G,0) — FP(G,0).

Observe that then (m,2 0 ®, ) : L'(G,0) — C¥(G,0) is the regular representation
of L'(G, o), which is injective. It follows that ®,; : L'(G,0) — F}(G,0) is injective
too. 0

Proposition 3.10. Let G be a second-countable locally compact groupoid with Haar
system X and o € Z*(G, T). Then the following statements are equivalent:

(1) G is o-quasi-symmetric,

(2) G is o-quasi-Hermitian,

(3) rergon(f) = rexgon([f) for every f € Ce(G, o),

(4) SpLigen (f) = SPcs(g.on(f) for every f € C(G,0).
Proof. (1) = (2) was proved in Proposition 3.2 (3) = (4) is proved in Theorem
2.5, and (4) = (1) is clear. So we only need to prove (2) = (3).

Suppose that G is o-quasi-Hermitian and 1 < p < 2. Then
(L'(G,0), F{(G,0),C}(G,0))

is a spectral interpolation triple of reduced Banach x-algebras relative to L'(G, o)
by Proposition [3.9] Hence, by Proposition 2.9 we have that

TFg’(g,a)(f) = T’C;f(g,a)(f) )
for every f € C.(G,0)p.
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Now fix f € C.(G,0)n. Then the sets U = Supp(f) and s(U) are compact sets.
Replacing U by U U U~ we can assume that 7(U) = s(U), and that given any
x € s(U), the map G,NU — G*NU given by v + v~ is a bijection. Then since G is
locally compact, using a partition of the unit, there exists a function g; € C.(G,0)
such that ¢;(v) = 1 for every v € U. Then since the map = — fgz g1(7y) dAz(7) is
continuous we have that

(3.5) K = sup { / () e e s(U)} <.

Observe that given x € s(U) we have that

/ 01 (1) d\a(7) = M(Go N U) < K.

x

Now given n € N, we denote by f” the n’th convolution power f*,---*, f. Then
we have that

Supp(f™) C U™ = {7y -4, : v € U such that 7(v;) = s(y41) fori=1,...,n—1}.
By continuity of the groupoid product U™ is a compact subset of G. Now given
z € s(UM) we define U := U™ N G,, so

MO = [ MoTom dn) < [ d W) d)

Uﬂ(cn—l)

< /( >Kd/\z(7) :K/\I(Uﬂgn_l))

u{rt
< KNUM) < S KNG, N )
< K",

by using the invariance of the Haar measures.
Now, fix n € Nand z € s(U™). Let 1, € L'(G.) be the characteristic function

on Ué"). Then we have that

16 1@ = 16 1yl

. 11
< /g lr@a 1y llag,) — (where 1 = » T 5)
< N2 (I s | fige | o) K @

< 1" Mgl figa | 2o K o -

In a similar way we have that

1 )ig, g < W) el fig ler@n K s = 11" Hlepll £ o6 K o -

Now using (3.5) but replacing g; with |f|P and |f**|?, we have that

Su[(?)){maX{HﬁngLP(Qx)v Hf|*gz||Lp(ggc)} — C < OO,
reG
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and then
157 = sup fmess{ oo, 15 v )
< Hf"_IHmp;:;%ﬁﬁnax{ﬂfwwHngx»IKf*”hngngu}}le
< e CE
Therefore,

1 _1 1 1.1
1o < Il Cn ke
tp
and then when n — oo, we have that

1 1
r11G.0)(f) S Trrg.o) (/KT = resgq (f) K.

Then, taking the limit for p — 1%, we have that ¢ — 00, 50 r1(g,0)(f) < Tex(g.0)(f)-
But we always have that rcxg ) (f) < rr1g,0)(f), and hence

TC:(g,a)(f) = 7"Ll(g,a)(f) .
[l

Theorem 3.11. Let G be a second-countable locally compact groupoid with Haar
system X\ and o € Z*(G,T). If G is o-quasi-Hermitian, then C*(G,0) is the C*-
envelope of LY(G, o). In particular, G with Haar system \ and the twist o has the
weak containment property.

Proof. By Proposition , if C.(G,0) is quasi-Hermitian in L'(G, o, \), then for
every f € C.(G,0), we have 7¢x(g.0)(f) = r11(g,0)(f). Therefore by Proposition
we have that C*(G, 0, ) is the C*-envelope of L'(G, 0, \). But this means that the
reduced norm is the maximal norm, and so C}(G, 0, \) = C*(G, 0, \). O

Finally, we address the problem of spectral invariance. Recall that spectra in
non-unital algebras are defined in terms of the spectra in their minimal unitizations.
Since a Banach x-algebra A is Hermitian if and only if its minimal unitization is
Hermitian [34], Theorem (4.7.9)], we obtain the following corollary.

Corollary 3.12. Let G be a second-countable locally compact groupoid with Haar
system X and o € Z*(G,T). Then L*(G,0,)\) is Hermitian if and only if L'(G, 0, \)
is spectrally invariant in CF(G, o, \).

Proof. Suppose that L'(G, o) is Hermitian. Then C*(L'(G, o)) = C#(G, o) by The-
orem m But as L'(G, o) is Hermitian, it must be spectrally invariant in its
enveloping C*-algebra, hence it is spectrally invariant in C*(G,0). The converse
implication is trivial.

O
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4. NON-HERMITIAN AMPLE AMENABLE GROUPOIDS

In the previous section we proved that if G is a second-countable locally com-
pact quasi-Hermitian groupoid, then G satisfies the weak containment property, i.e.
C*(G) = C*(G). In the case G is a group, this translates to the fact that quasi-
Hermitian groups are amenable. In the case of groupoids the situation is more
subtle, since the weak containment property is not equivalent to G being amenable.
There are examples of non-amenable groupoids with the weak containment property
in [I, B9]. In this section we will see that when G is an ample groupoid, an obstruc-
tion to G being quasi-Hermitian is that the isotropy groups are not quasi-Hermitian.
We can then easily construct an amenable ample groupoid that is not Hermitian.

Definition 4.1. A locally compact Hausdorff étale groupoid is called ample if it
has a basis consisting of open and compact bisections.

Let G be an ample groupoid and let o € Z(G,T). Then, given x € G, the
restriction of o to the isotropy group G7 is a group 2-cocycle. We denote this
restricted 2-cocycle by o,.

Proposition 4.2. Let G be a second-countable ample groupoid and o € Z*(G,T),
with G© compact. Suppose that for every v € Iso(G) there exists a clopen bisection
U C G such that v € U and r(U) = s(U) = GO, If G is o-quasi-Hermitian, then
G? is a o.-quasi-Hermitian group for every v € GO

Proof. Let us suppose that there exists z € G® such that G is not o,-quasi-
Hermitian. Then there exists f € C.(G%, 0,)5 such that Spp ge .\ (f) € R. Observe
that f must be of the form

Z)\(S%—FZ)\U )0,

where \; € C and v; € Gf. Let \ € Spel(g§7oz)( ) \ R. By assumption, for every
v € G there exists a bisection U, C G such that v € U, and r(U,) = s(U,) = G.
Then f = 37, ANily,, + 00 )\ia(’yjl,’yi)lUw_ﬁ € C.(G,0)n. We claim that A €
SPsi(g,0)(f), that is AMlge) — f is not invertible in (*(G, o). Suppose that Al — fis
invertible in £1(G, o), so there exists § € £1(G, o) such that (Mg — f) %5 § = 1.
Let {gn}niy be a sequence in C¢(G,0) such that g, — g in El(g o), and hence
(Mg — f) %6 Gn = 1go in £1(G, o). In particular, (Mg — f) %o gn)(z) — 1 and

(Mg — f) %0 Gn)(y) — 0 for every v € G&\ {z}. Let g, = ZFl Binly,, where
the Vj,,’s are compact open bisections. Then

|

ln
(A1g<0) - f) *o gn = (Alg(O) - f) *o (Z B],nlvjn)

l’ll

—ZA@AVM Z@Jnf* ly,.).



16 ARE AUSTAD AND EDUARD ORTEGA

Therefore, defining 7;, = zV;,x € G and g, = Zé.":l Binby,, € (G, 0,), we
have that the sequence {g,}°°, converges in '(G*, o,) because {g,}°, converges
in /*(G, o), and

(AL = f) %o Gn = (AL = f) ko, g = 1.
Therefore A ¢ Spp gz ,,)(f), a contradiction. O

Remark 4.3. It was observed in [30, Lemma 4.9] that the condition that for every
v € Iso(G) there exists a clopen bisection U C G such that v € U and r(U) =
s(U) = GO is satisfied if |Orbg(z)| > 2 for every z € G0,

Example 4.4. Willett constructed in [39] a second-countable locally compact ample
groupoid G with G compact that satisfies the weak-containment property. G is a
group bundle so it clearly satisfies the assumptions in Proposition[[.2. Moreover, G
has an isotropy group isomorphic to the free non-abelian group with two generators,
which is not quasi-Hermitian by |36, Corollary 4.8|. Therefore, by Proposition
we have that G is not quasi-Hermitian.

Example 4.5. Let I" be a countable discrete group with unit e, and let us consider
an action of I' on a second-countable compact Hausdorff space X. Then X x T is
a second-countable locally compact Hausdorff étale groupoid. Let us suppose that T’
contains a free semigroup on two generators z,t. Giveny € I we define the bisection
U, = (X,7) of X xT'. Observe that given v,y € I' we have that U,U, = U, . Let
us consider

f = CLoer + CL11UZ + aglez € CC(X X F) s
where ag, a1, ay € C satisfy |aol = |a1| = |az] = & and

sup{|ag + a1 + axx?| :x € T} < 1.

Observe that 1y, is the unit of {*(X x T'). We then have

Tfl(XxF)(f) <1,

by using the spectral mapping theorem and maximum modulus principle, and since
f s normal, v.e. ff*= f*f, we obtain

/]

Now, since 1y, is a unitary in C*(X x I') it follows that

cr(xxr) = Toxxxn) (f) < 1.

1f %o Lo || = [laoly, + arly., + azly,, I
Then since t,z generate a free non-abelian group we have that
(aoly, + arly,, + azly,,)"

has 3" linearly independent terms. Hence, since U, N Uy = 0 if and only if v # +/,
we have that

[(aoly, + arlu,, + a2ly ,,)" lo(xur) = 1
for every n € N, and so rp(x.ry(aoly, + arly,, +agly, ) = 1. Thus we have that

SpPe (xxry(@oly, + ai1ly,, +a2ly,,) # Spes(xwr(aoly, + arly., + a2l ,,),
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and hence by Proposition [3.10 we have that X x T is not quasi-Hermitian.

Then, let Fy be the non-abelian free group with two generators. It is known that
there exists a locally compact space X and an amenable free action of Fy on X (see
for example [38]). Hence, X x Fy is an amenable groupoid but not quasi-Hermitian
and with no non-trivial isotropy groups.

5. HERMITIAN TWISTED GROUPOID BANACH *-ALGEBRAS

Let G be a second-countable locally compact groupoid with Haar system A and
let 0 € Z%(G, T). In this section we give a sufficient condition for the Banach x-
algebra L'(G, 0, \) to be Hermitian. As a consequence we are able to give conditions
for twisted transformation groupoids so that the associated twisted transformation
groupoid Banach x-algebras are Hermitian.

Definition 5.1. Given a second-countable locally compact groupoid G with Haar
system \ and o € Z2(G,T), we define the twisted groupoid G, to be the groupoid
G x T with product topology and operations defined by

(1, 21) - (72, 22) = (72, 21220 (01, 72))  iF (71,72) € GP,
and
(v, 2) = (v L za(r, ).
The Haar system of G, is the one given by A x n = {\; X n},cgw, where 7 is the

normalized Lebesgue measure on T.

Proposition 5.2. Let G be a second-countable locally compact groupoid with Haar
system X\ and o € Z*(G,T). The map

j:LYG,0,0) = LGy, A x 1),
given by 7(f) (v, 2) = zf(7y) is an isometric x-homomorphism.

Proof. First we prove that j is a *-homomorphism. Fix f,g € L'(G,0), v € G and
z € T. Then we have that

J(f %0 9)(7,2) = 2(f % 9)(7) = 2 /g oy ) f () g () dXsy (1)

s(7)

=l/‘ 01 o (s i) (v g () Aoy (1)t

Gs(v)

/ / o (o o (g, ) Fvp ) g (k) dAsiy) (p)dt

Gs(v)

// o, 120 (s ) F (v g () sy ()t

Gs(v)

/ / D to(y, =) zo (py 17))5(9) (1, 1) dAg() (1) dt

Gs(y)

// (0 t) ) (0) 1) e ()i

S('v)

* J(9))(7,2) ,
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where, at the third equality, we have used o(yu™t, u)o(y, ™) = o(u=t, 1). This
identity follows from (2.2)) by using v, u~!, p instead of a, 8, v and then applying
[2.1). We then use that o(u=t, 1) = o(p, =), which follows from (2.2) using p,

w1, winstead of a, 3, v and then applying (2.1]).

Moreover,
)y, 2) = 2f* () (v ) f(rh)
=j(f)(v "1 Zo(y,v71))
N COR)
— () (%)
Finally,
st /M/\f ) de (v
/ ()] dAa() dz
[
—/ () (2 dA () d2
[
and

s /|z|/ Y dA() d2
//zlwvv ) () dz

-/ [0zt ldn) d:
-/ [ 102 ) .

Therefore,

£l = s mae { [ ioiane. [ If(v‘l)ldkx(v)}
:;‘é%max{ [ [ ueananms [ [ e Ol o) ds

= (Ol
O
Proposition 5.3. Let G be a second-countable locally compact groupoid with Haar

system \ and o € Z*(G,T). Suppose that L'(G,) is Hermitian. Then L'(G, o) is
Hermitian.

Proof. By Proposition[5.2 L'(G, o) is a closed Banach *-subalgebra of L!(G,). Then
by [10, Proposition 7.10] L'(G, o) is Hermitian. O
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Example 5.4. Let X be a second-countable locally compact Hausdorff space, and
let T' be a second-countable locally compact group acting on X by homeomorphisms.
Let G = X x T be the transformation groupoid, which is locally compact. Recall that
G is étale if and only if T is discrete. Let o € Z*(T',T), and extend o to a 2-cocycle
of X X T as shown in Example[2.14. We define T, to be the group that is T x T with
the product topology, and

(71, 21) (725 22) = (M1725 21220 (71, 72))
for every z1,2z9 € T and 1,7 € I'. Now if we define the action of T', on X by
(v,2) - x:=7-x,
then the transformation groupoid X x I, is isomorphic to (X x T'),.

Let X be a second-countable locally compact Hausdorff space, and let I' be a
second-countable locally compact group with modular function A, acting on X by
homeomorphisms. Further, let ¢ € Z2(T', T), and let Cy(X) be the Banach -algebra
of continuous functions on X that vanish at infinity with the supremum norm || - || .
Then T acts on Co(X) by v - f(z) = f(y 7' z) for every f € Cyp(X) and v € T. Let
us define the generalized L'-algebra L'(T', Co(X), o) to be the completion of

Co(T',Co(X),0) ={f : T — Co(X) : f is continuous with compact support}

with respect to the norm

nﬂwzzﬂfwmmdmw,

where A is a left Haar measure of I'. Then L!(T',Cy(X),0) becomes a Banach
x-algebra with the operations

u%mwmw:/QWMKMNw*mr@mmwme,

T

and

(f) (@) = ALy (v, () - 2),
for every f,g € LY(T',Co(X),0), vy €T and z € X.
If o is the trivial twist, we denote L'(T',Cy(X),o) by L'(T',Cy(X)). The C*-
envelope of L'(T',Cy(X), o) is the twisted crossed product C*-algebra Cy(X) = T.

Lemma 5.5. Let X be a second-countable locally compact Hausdorff space, and let
[ be a second-countable locally compact unimodular group (A = 1) acting on X by
homeomorphisms. Let o € Z*(T',T). Then there exists a surjective *-homomorphism
¢ : LYT,Co(X),0) = LY (X xT,0). Consequently, if L*(T', Co(X), o) is Hermitian,
then so is L'(X x T, o).

Proof. First observe that C.(T', C..(X), o) is a dense *-subalgebra of L' (T, Cy(X), o).
The map @ : C.(T',C.(X),0) = C.(X xT,0) given by ®(f)(x,v) = ®(f)(v)(z)
defines a *-homomorphism. Indeed, given f,g € C.(I',Co(X),0), v €' and z € X
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D(f %o g)(z,7) = (f %0 9)(7)(2)
- / oy ) F v - )9 (1) ) dA ()

_ / oy @) - vy ) (g) (s 1) dA (1)
— (@(f) %0 D(9))(z,7).

and

() (@, y) = fr()(@) = a(v,r ) f(y (- @)
=01, )y -2y = 2(f) (7).
Observe that clearly @ is a bijection. Now given f € C.(I', C.(X), o) we have that

18(7)]1r = sup{ [1e@ian) o e X}

—Sup{/|f ) dA() xeX}

< / sup{|f(7)(@)] : = € X}dA()
_ / 1 Dlloe dA() = [IF1]-

Thus, ||®(f)||r < ||f]| for every f € C.(T',C.(X),0), and so ¢ extends to a continu-
ous surjective x-homomorphism ® : L(T', Cy(X),0) — LY (X x T, 0).

Finally, the last statement follows by the fact that quotients of Hermitian -
algebras are Hermitian [32, Theorem 10.4.4]. O

Corollary 5.6. Let X be a second-countable locally compact Hausdorff space, and
let T' be a second-countable compact group or a locally compact abelian group acting
on X by homeomorphisms. Let o € Z*(I',T). Then L*(X xT,0) is Hermitian, and,
in particular, LY (X x T, o) is spectrally invariant in C*(X x T, o).

Proof. By Example |5.4] we have that (X xI'), = X x I';. Then by Proposition
LY(X x T, o) is Hermitian if L'(X x I';) is Hermitian. By Lemma 5.5 L}(X x T,) is
Hermitian if L'(T,, Co(X)) is Hermitian. Now if I' is compact, then I, is compact
too, and if T is abelian, then T, is nilpotent, and hence L'(T',, C5(X)) is Hermitian
[8, pg. 1285]. So in both cases L'(X x T, o) is Hermitian, and it then follows by
Theorem that X x I' has the weak containment property with respect to o.
Finally, by Corollary it follows that L'(X x T',0) is spectrally invariant in
CHX xT, o). O
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