ZAPPA-SZEP PRODUCTS FOR PARTIAL ACTIONS OF GROUPOIDS
ON LEFT CANCELLATIVE SMALL CATEGORIES.

EDUARD ORTEGA AND ENRIQUE PARDO

ABSTRACT. We study groupoid actions on left cancellative small categories and their
associated Zappa-Szép products. We show that certain left cancellative small cate-
gories with nice length functions can be seen as Zappa-Szép products. We compute
the associated tight groupoids, characterizing important properties of them, like be-
ing Hausdorff, effective and minimal. Finally, we determine amenability of the tight
groupoid under mild, reasonable hypotheses.

INTRODUCTION

In [I8], Spielberg described a new method of defining C*-algebras associated to ori-
ented combinatorial data, generalizing the construction of algebras from directed graphs,
higher-rank graphs, and (quasi-)ordered groups. To this end, he introduced categories of
paths —i.e. cancellative small categories with no (nontrivial) inverses— as a generalization
of higher rank graphs, as well as ordered groups. The idea is to start with a suitable
combinatorial object and define a C*-algebra directly from what might be termed the
generalized symbolic dynamics that it induces. Associated to the underlying symbolic
dynamics, he presents a natural groupoid derived from this structure. The construc-
tion also gives rise to a presentation by generators and relations, tightly related to the
groupoid presentation. In [19] he showed that most of the results hold when relaxing the
conditions, so that right cancellation or having no (nontrivial) inverses are taken out of
the picture.

In [I5], the authors studied Spielberg’s construction, using a groupoid approach based
in the Exel’s tight groupoid construction [6], showing that the tight groupoid for these
inverse semigroups coincide with Spielberg’s groupoid [17]. With this tool at hand,
they were able to characterize simplicity for the algebras associated to finitely aligned
left cancellative small categories, and in particular in the case of Exel-Pardo systems
[8]. Finally, they gave, under mild and necessary hypotheses, a characterization of
amenability for such a groupoid.

Therefore, it becomes important to understand the internal structure of the left can-
cellative small category to check the desired properties of the associated groupoid, and
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hence of its associated (C*-)algebra. A classical idea is to decompose our complex ob-
ject in different simple pieces with well-behaved relations between them. This was well
studied in [I3, 12], where it was proved that categories with length functions on N*
with certain decomposition properties can be written as the Zappa-Szép product of the
groupoid of invertible elements of the category and a higher-rank graph subcategory gen-
erated by a transversal of generators of maximal right ideals. Zappa-Szép products of left
cancellative small categories and groups were studied by Bédos, Kaliszewski, Quigg and
Spielberg in [2], where they studied the representation theory for the Spielberg algebras
of the new left cancellative small category associated to this construction.

In the present paper, we extend the scope of [2] to actions of groupoids, To this end,
we define groupoid actions on a left cancellative small category and their Zappa-Szép
products, and we show that Zappa-Szép products appear naturally in the context of left
cancellative small categories with length functions. Finally, we will extend the results
of [I5, Sections 7 & 8] to determine the essential properties of the tight groupoid asso-
ciated to Zappa-Szép products of groupoid actions on a left cancellative small category,
including the amenability of its tight groupoid.

The contents of this paper can be summarized as follows: In Section 1 we recall
some known results on small categories, and we define length functions and factoriza-
tion properties we will need in the sequel. In Section 2 we define groupoid actions on
left cancellative small categories. In Section 3 we define the Zappa-Szép products of
certain groupoid actions on left cancellative small categories. In Section 4 we show
that left cancellative small categories with nice length functions can be described as
Zappa-Szép products of the action of their groupoid of invertible elements on certain
nice subcategories. In Section 5 we analyze the structure of the tight groupoid associ-
ated to Zappa-Szép products of groupoid actions to left cancellative small categories.
We close the paper studying, in Section 6, the amenability of the tight groupoid of this
kind of Zappa-Szép products.

1. SMALL CATEGORIES.

In this section we collect all the basic background material about small categories we
need for the rest of the paper. For more details see [15].

Given a small category A, we will denote by A° its objects, and we will identify
A° with the identity morphisms, so that A° C A. Given o € A, we will denote by
s(a) :== dom(a) € A° and r(«) :=ran(«) € A°. The right invertible elements of A are

A™' = {a € A: 3B € A such that aff = s(B)}.

Definition 1.1. Given a small category A, and let o, 5,7 € A:
(1) A is left cancellative if a5 = oy then § =1,
(2) A is right cancellative if fa = ya then g = ~,
(3) A has no inverses if aff = s(f) then o = 5 = s(f).
A category of paths is a small category that is right and left cancellative and has no
inverses.

Notice that if A is either left or right cancellative, then the only idempotents in A are
A°. Therefore, given o € A~! with right inverse 3, we have that Sa = s(«). Thus, A~}
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is the set of the right and left invertible morphisms. Given o € A~ we will denote by
a~ ! its inverse.

Definition 1.2. Let A be a small category. Given «, 5 € A, we say that § extends «
(equivalently « is an initial segments of B) if there exists v € A such that 8 = ay. We
denote by [8] = {a € A : « is an initial segment of S}. We write o < § if o € [f].

Let A be a left cancellative small category. Then given «, 8 € A, then the following
is equivalent
(1) a<pand < a(a=p),
(2) Bear™t,
(3) a € BAT,
(4) ah = BA,
(5) [o = 18]

Notation 1.3. Let A be a left cancellative small category. Given a, 8 € A, we say :

(1) am g if and only if aA N BA £ 0,
(2) o L B if and only if aA N BA = 0.

Definition 1.4. Let A be a left cancellative small category, and let ' C A. The elements

of () vA are the common extensions of F. A common extension ¢ of F' is minimal if
yeF
for any common extension v with € € YA we have that v ~ ¢.

When A has no inverses, given F' C A and given any minimal common extension ¢ of
F, if v is common extension of F' with € € vA then v = . We will denote by

a V 8 := {the minimal extensions of o and 5} .

Notice that if oV 3 # () then am /3, but the converse fails in general.

Definition 1.5. A left cancellative small category A is finitely aligned if for every a, 5 €
A there exists a finite subset I' C A such that aA N A = |J YA
verl’
When A is a finitely aligned left cancellative small category, we can always assume
that a V 8 =I" where I' is a finite set of minimal common extensions of o and f.

Definition 1.6. Let A be a LCSC and o € A. A subset F' C r(a)A is ezhaustive with
respect to « if for every v € aA there exists a § € F with §m~. We denote FE(«) the
collection of finite sets of r(a)A that are exhaustive with respect to .

Definition 1.7. Let A be a LCSC and let I' C @) be a submonoid of a group ) with
unit element 1g, and such that TNT™! = {15}, A map d: A — T is called a length
function if
(1) d(aB) = d(a)d(B) for every a, € A with s(a) = r(8),
A length function is say to satisfy the weak factorization property if
(WEFP) for every a € A and 71,72 € I' with d(a) = 7179, there are a;,as € A with
s(ay) = r(ag), d(a;) = 7, for i = 1,2, such that & = ajay, and moreover for
every [y, o € A with s(f1) = r(B2), d(5;) =~ for i = 1,2, such that o = 313,
there exists g1, g» € A~! such that 8; = a1¢; and By = goaus.
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Observe that, given a LCSC A, always exists what we will call the trivial length
function d : A — T, defined by d(a) = 1¢ for every a € A.

The above definition is motivated by the one given in [12], Section 3] where there the
authors only consider the case when I' = N*.

We recall that a length function d : A — T’ satisfies the unique factorization property
(UFP) if for every a € A and 7,72 € I' with d(a) = 7172, there are unique ay, ay € A
with a = oy and d(«;) =+, for i = 1,2 [16], Defintion 6.1].

Remarks 1.8. Let A be a LCSC and let I' C @) be a submonoid of a group ) with unit
element 1, and such that T NT~' = {1g}. Then, given a length function d : A — T’
satisfying the WFP, we have:

(1) d7'(1g) = A~'. Indeed, first observe that, given v € A° we have that d(v) =
d(vv) = d(v)d(v), and hence d(v) = 1. Now, let g € A~!. Then

1o =d(s(g)) =d(g 'g) =d(g ")d(g) .

Therefore, d(g~') = d(g) ™!, whence d(g) = 1g. Now, let @ € A such that d(«) =
1g. Since a = as(a) = r(a)a, we have that d(as(a)) = 1glg = d(r(a)a). By
the WEP, there exists g1, 9> € A™! such that a = r(a)g; and s(a) = goa. Thus,

a =g < AL
(2) d : A — T satisfies the UFP if and only if it satisfies the WFP and A has no
inverses.

Definition 1.9. A LCSC A is called action-free if the action of A™! on A is free; that
is, whenever gy = 7 for some v € A and g € A™!, then g = r(v).

Observe that if A has no inverses, then A is action-free.

Lemma 1.10. Let A be a LCSC and let d : A — T be a length function satisfying the
WFP. Then A is right cancellative if and only if A is action-free.

Proof. Suppose that A is action-free. Let «, 8,7 € A with ay = 8. Applying the WFP
we see that there exists g1, go € A~! with 8 = ag; and v = goy. Therefore, ay = aglgﬂ,
SO v = g1927 by left cancellatmn and g1go = () by action-freeness. Hence gg =g
Finally we have that g; 'y = 7, and using action-freeness again we have that g;! = 7(v)
and so 8 = a. The converse is straightforward. O

Definition 1.11. A groupoid is a small category such that every morphism has an
inverse. Given a groupoid G we denote by G the set of identity functions on its
objects (units of G). Moreover, we define the range and source functions r : G — G(©
and s : G — GO by r(g) = gg' and s(g) = g~'g for every g € G. We denote by
2 = {(g9,h) € G x G :5(9) =r(h)} the set of composable morphisms. A topological
groupoid is a groupoid with a topology that makes the product and inverse operations
continuous. A discrete groupoid is a topological groupoid with the discrete topology.

Example 1.12. Given a LCSC A, A~! is a (discrete) groupoid where we can identify
(AD)O with AP,
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2. GROUPOID PARTIAL ACTIONS

In this section, we will define actions of groupoids on left cancellative small categories.
This is inspired in the construction of partial actions of groupoids on graphs [9, Sections
2 & 3.

For the rest of the paper we will assume that I' C () is a submonoid of a group @)
with unit element 1g such that TN~ = {14}

The first step is to define the notion of partial isomorphism of a small category A
inspired in [9, Definition 3.1].

Definition 2.1. Let A be a LCSC with length function d : A — I'. Let Plso(A,d) be
the set of partial isomorphisms of A, f € Plso(A, d) such that satisfies:

(1) f:vA — wA is a bijection for some v,w € A°,

(2) f(aA) = f(a)A for every a € vA.

(3) f(v) = w,

(4) d(f(a)) = d(«) for every a € vA.
We will denote by v =: d(f) (the domain of f) and by w =: ¢(f) (the codomain of f).
Remark 2.2.

(1) Observe that condition (3) does not follow from the previous conditions. Indeed,
given g € A7 the map f : s(9)A — r(g)A given by f(vy) = gy for every
v € s(g)A satisfies conditions (1) — (2) but not (3) whenever g € A=1\ A°.

(2) Given f : vA — wA in Plso(A,d) and g € vA~! we have that f(gg~!) = w by
condition (3), and hence by condition (2) there exists h € A such that f(g)h = w,
so f(g) € A7%

Lemma 2.3. Let A be a LCSC with length function d : A — T'. Then, given f €
Plso(A,d) and o € d(f)A, there exists a unique function fio @ s(a)A — s(f(a))A in
Plso(A,d) such that f(afB) = f(a)fia(B) for every f € s(a)A.

Proof. Given f € Plso(A,d) and « € d(f)A we define

Jia o s(@A = s(f(a))A
o=y
where v € s(f(a))A is such that f(af) = f(a)y. The existence of 7 is guaranteed
by condition (2). Now suppose that there exist v1,72 € s(f(a))A such that f(af) =
f(a)y1 = f(a)y1. Then, by left cancellation, we have that v = 72, so fj, is well-defined.

Now suppose there exist (1, 82 € s(a)A that satisfy f(a)y = f(af) = f(apsy) for
some 7y € s(f(a))A. Since f is bijective, a5y = affs, whence 1 = 35 by left cancellation.
Thus, fj, is injective. Finally, if v € s(f(a))A, then f(a)y € f(a)A = f(aA), so that
there exists 8 € s(a)A such that f(aB) = f(a)y. Thus, fi.(8) =7, whence f|, is onto,
as desired.

Now let 8 € s(a)A and let § € s(B)A. Then f(aB6) = f(aB)fas(6) = f(a)fia(B9).
On the other hand, f(aﬁ) = f(a)f\a<6)7 whence f(a)f|oc(ﬁ(5) = f(a)f|a(ﬁ>f|aﬁ(5) By
left cancellation, fio(86) = fia(B)flap(d). Thus, fi, satisfies condition (2). Also, fi, is
such that f(a) = f(as(a)) = f(a)fia(s(a)), and again by left cancellation fi,(s(a)) =
s(f(«)), so condition (3) is fulfilled. Finally

d(a)d(6) = d(af) = d(f(af)) = d(f(a) fia(F)) = d(f(a))d(fia()) = d(a)d(fia(F))
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for every 8 € s(a)A. Thus, d(8) = d(fj.(8)) for every g € s(a)A, so condition (4) is
satisfied. O

Lemma 2.4. Let A be a LCSC with length function d : A — I'. Then, given o, 5 € A
with s(a) = r(B) and f € Plso(A,d) with r(a) = d(f), we have that:

(1) fap =1,
(2) s ( ) = fla(s(a)) = c(fia);
( ) - (Zdr(a))|oz;
(4) f|aﬁ = (fla)i8;

Proof. (1) — (3) are straightforward by the definition. To prove (4), let «, 5,7 € A with
s(a) =r(B) and s(5) = r(7), and let f € Plso(A,d) with r(«) = d(f). Then

flapy) = f(a) fia(B7Y) = f() fia(B)(fla)is(7) 5
and on the other hand

flapy) = f(@B)fias(v) = (@) fja(B) flas(7) -

By left cancellation of A, we have that (fi.)s(7) = fiag(7). Since this equality holds for
every o € s(B)A, it follows that fiag = (fia)s- O

(8
flen’= s

Next step is to show that PIso(A, d) has a natural groupoid structure.

Lemma 2.5. Let A be a LCSC with length function d : A — T'. Then, given f,g €
Plso(A,d) such that d(f) = c(g), the composition fog € Plso(A,d).

Proof. Given f,g € PlIso(A,d) such that d(f) = c(g), we have that (f o g) : d(g)A —
c(f)A is given by f(g(«)) for every o € d(g)A. Clearly, f o g is a bijection and (f o
9)(d(g)) = c(f). Tt remains to check that f o g satisfies condition (2). Let o € d(g)A
and 3 € s(a)A. Then (fog)(aB) = f(g(aB)) = f(9(a)g1a(B)) = f(9()) figt@)(91a(B)) =
(f 02 9)(@) fig(a)(gja(B)). Since by Lemma the maps g, and fi ) are surjective it
follows that (f o g)(aA) = (f o g)(«)A, as desired. Finally, given a@ € d(g)A then
d((fog)(a)) =d(f(g(e))) =d(g(a)) = d(a), so condition (4) is satisfied.

U

For each v € A°, we define id, : vA — vA to be the identity map on vA, so that
id, € PIso(A,d)

Lemma 2.6. Let A be a LCSC with length function d : A — T', and let f € Plso(A,d).
Then f~' € Plso(A,d).

Proof. If f € PlIso(A), then f=' : ¢(f)A — d(f)A is the unique function such that
(f7'o f) =idgy and (f o f7') = id.y). Clearly, f! satisfies conditions (1), (3) and
(4). Let o € ¢(f)A, and B € s(a)A. Then f~'(aB) = f~(f(f*(a))B), but since
f(f Y (a)A) = f(f~Ha))A = aA and f is bijective, it follows that there exists a unique
v € s(f~1(a))A such that af = f(f~'(a))8 = f(f ' (a)y). Therefore, f~1(af) =
FYf(fYa)y) = fHa)y. Moreover since for every v € s(f~!(a))A there exists
B € s(a)A such that af = f(f~(a)y), it follows that f~'(aA) = f~!(a)A. O

Now, using Lemmas & , we can define a groupoid structure in Plso(A,d).



GROUPOID PARTIAL ACTIONS 7

Definition 2.7. If A is a LCSC with length function d : A — TI', then Plso(A,d) is
a discrete groupoid, where given f,g € Plso(A,d) the product fg is defined as the
composition f o g whenever d(f) = c(g), and f~! is the set-theoretical inverse of f.
Moreover, we can identify unit space of (PIso(A,d))® = {id, : v € A%} with A°.

With this in mind, we can define the notion of action of a groupoid on a LCSC that
we need.

Definition 2.8. Let A be a LCSC with length functiond : A — I', and let G be a discrete
groupoid. An action of G on A is a groupoid homomorphism ¢ : G — PlIso(A,d). Given
g€ G and a € d(¢(g))A, we write the action of g on o by g -« := ¢(g)(«).

Using the identification (PIso(A,d))® = A° so that ¢(G®) C A°, and that ¢(s(g)) =
d(¢(g)) and ¢(r(g)) = c¢(¢(g)) for any g € G, we have that

¢(g9) - d(s(g9))A = o(r(g))A

Remarks 2.9. Let A be a LCSC with length function d : A — I', and let ¢ : G —
PIso(A,d) be a groupoid action on A. Then:

(1) Suppose that A” := ¢(G©) G A°. Let us define
A= {a € A;s(a),r(a) € A'}.

Then A is a LCSC, and ¢(G) C Plso(A,d). However A is not necessarily finitely

aligned if so is A. Thus, such a restriction will affect the arguments. Hence, we

will always assume that, given an action of G on A, either ¢(G®) = A°, or that

the restricted subcategory A inherits the finitely aligned property. In practice,

that means that, after restricting if necessary, we will assume that ¢(G®) = A°.

(2) Suppose that @) is not an injective map. Then it can happen that there exists

(g,h) ¢ G that is s(g) # 7(h), but (¢(g),#(h)) € (Plso(A,d))?), that is

6(s(9)) = d(6(g)) = c(é(h)) = 6(r(h)), and hence 6(g)é(h) € Plso(A, d) \ 6(G).

This will affect defining composability of elements in the corresponding Zappa-

Szép product. Since our model should include non-faithful self-similar actions of

a groupoid G on A, we cannot skip that case. Then, for a non-injective action,

we will need to include the condition that for every g, h € G, then s(g) = r(h) if

and only if d(é(g)) = ¢(s(g)) = ¢(r(h)) = c(¢(h)), or equivalently, that ¢ g is
injective.

According to Remarks 2.9, we will assume during the whole paper that an action of a

discrete groupoid G on a small category A through a (not necessarily injective) groupoid

homomorphism ¢ : G — Plso(A, d), satisfies that ¢|gw) is a bijection. Therefore we will
identify G = A©®) = PIso(A, d)® omitting ¢.

3. ZAPPA-SZEP PRODUCTS FOR GROUPOID ACTIONS

In this section, we will define the Zappa-Szép product of a left cancellative small
category. This is inspired in the construction of the Zappa-Szép product of a groupoid
on a finite graph [9, Section 3| and the Zappa-Szép product of a group acting on a left
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cancellative small category [3], [I5]. This has also been recently done in [12] where they
construct Zappa-Szép products of groupoids acting on higher-rank graphs.

First, we will state the abstract notion of self-similar action, in order to boil up the
exact definition of 1-cocycle we will need.

Definition 3.1. Let G be a discrete groupoid acting on a LCSC A with length function
d: A — I'. We say that the action is self-similar if for every g € G and for every
a € s(g)A there exists h € G such that

g-(ap) = (g-a)(h-p)
for every p € s(a)A.

Clearly, in the above definition A depends on g and «. A natural question is to decide
whether such an h is unique. Suppose that hi, hy € G satisty g - (ap) = (g - a)(h; - p)
(i = 1,2) for every p € s(a)A. Then

(9-a)(hy-p) =(g-a)(hs-p).
Since A is left cancellative, then

(hy - p) = (ha - )
for every u € s(a)A. Hence, we can only guarantee that ¢(hy) = ¢(ha), and hy = he
only holds when ¢ is injective. We will use this fact to define a suitable notion of cocycle

for such an action. We will essentially follow [2, Section 4], taking care of the fact that
the action is partial.

Definition 3.2. Let A be a LCSC with length function d : A — I', and let G be a
discrete groupoid acting on A. Consider the set

Gs %, Ai={(g9,0) € G xA:5s(g9) =r(a)}.
A (partial) cocycle of the action of G on A is a function ¢ : G X, A — G satisfying the
cocycle identity
p(gh,a) = ¢(g, h- a)e(h, o)
for any (g, h) € G and any a € A such that s(h) = 7(a).
Observe that in particular p(r(a), a) € G© for every a € A.

Now, we state the properties that a cocycle will enjoy (in a similar list as that of [I5],
Section 7]). But instead of impose them, we will try to deduce from the definition, as
in [9, Section 3].

First step is to fix the requirement to guarantee that the action of G is compatible with
the composition in A. We will introduce minimal requirements to guarantee this fact
when constructing our “self-similar” actions, and also that we can associate a suitable
small category to the action and the cocycle.

Definition 3.3. Let A be a LCSC with length function d : A — I', and let G be a
discrete groupoid acting on A. A (partial) cocycle ¢ for the action of G on A is said to
be a category cocycle if for every g € G, a € A with s(g) = r(«) and every 8 € s(a)A
we have that:

(CC1) p(g,d(o(9))) = g,
(CC2) (g, aB) = p(v(g,a),B),
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(CC3) g (af) = (g- ) (p(g, ) - B).
If we have an action of G on A, and ¢ is a category cocycle for this action, we will say
that (A, d, G, ) is a category system.

Remark 3.4. Let A be a LCSC with length function d : A — I', let G be a discrete
groupoid acting on A, and let (A,d,G,¢) be a category system. Then, by condition
(5) in Definition the action of G on A is self-similar. Moreover, given g € G and
a € s(g)A, we have that ¢(p(g,a)) = ¢(9)ja- Indeed, if B € s(a)A then ¢(g)(aB) =
?(9)(a)@(g)ja(B). On the other hand ¢(g)(aB) = g - (aB) = (g9 a)(¢(g,a) - ) =
#(9)(a)(p(¢(g,a))(B)). By left cancellation of A it follows that ¢, (5) = ¢(¢(g,a))(B),

and hence
?(9)1a = ¢((g,a)) -

Lemma 3.5. Let A be a LCSC with length functiond : A — T, and let G be a discrete
groupoid acting on A. Let ¢ be a category cocycle for the action of G on A. Then for

every g € G, a € N with s(g) = r(«) we have that:
(CC4) 8(9 ’ Oé) = 90<ga CK) ) S(Oé) = r((p(ga CM)),
(CCH) s(a) = ¢(r(a), a).

Proof. For (CC4), using Remark [3.4]

©(g,a) - s(a) = ¢(g)a(s(a)), by (CC3)

(
)

= c(#(9)ja), by Lemma 2.4(2)
= 5(¢(¢9)(@)), by Lemma [2.4(2)
=s(g-a),

this gives the first half of (CC4). For the second half,
(0(9)1a) = c(d(p(g,@))), by (CC3)
((g,0)).
For (CC5), a = r(a)-a, so s(a) = s(r(a)-a) = p(r(a), a)-s(a) by (CC3). Therefore,
p(r(a), o) = s(a).

r

i

Remark 3.6. Similarly, (CC1) and (C'C2) will follow from (C'C3), modulo the action
homomorphism ¢. In particular, when the action homomorphism is injective, (CC1)
and (C'C2) are direct consequences of (C'C3).

Example 3.7. If A is a LCSC with length function d : A — I, then ¢ : PIso(A,d)4 X,
A — PlIso(A,d) defined by ¢(f, ) = f is a category cocyle (Lemmas & , SO
(A,d,Plso(A,d), ) is a category system.

The property of being a category cocycle is the correct version of [8, (2.3)], as we will
see. Let us determine which are the basic properties satisfied by a category cocycle.
These properties, joint with Definition , are analog to those proved in [9, Lemma 3.4
& Proposition 3.6].

Proposition 3.8. Let A be a LCSC with length function d : A — T', let G be a discrete
groupoid acting on A, and let (A,d,G,p) a category system. Then, for every g € G,
every o, f € A with s(g) = r(«), s(a) =r(B), we have that:
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(1) r(g-a)=g-r(a).
(2) s(p(g, @) = s(a).
(3) ¢lg,0)7 =g g a).
Proof. Let g € G, let a, f € A with s(g) = r(«a), s(a) = 7(5).
(1) Since r(a) = s(g) and g-s(g) = r(g), we have that r(g-a) = r(g) = g-s(g9) = g-r(@).
(2) By (CC4), (g, a) - s(a) = r((g, ). Thus, s(p(g, @) = s(a).
(3) By the cocycle condition and (C'C5)
s(a) = @(g'g,0) = (97", g - a)p(g, @),
whence ¢(g, )™t = (g7, g a). -

Now, we will fix a definition of Zappa-Szép product for a category system (A, G, p),
similar to that in [2, Section 4], using the strategy introduced in [4].

Definition 3.9. Let A be a LCSC with length function d : A — T, let G be a discrete
groupoid acting on A, and let (A, d, G, ¢) be a category system. We denote by A x¥ G
the set

AX?G =A%, G={(a,9) e A xG:s(a) =71(9)},
with distinguished elements
(A ¥ g)(O) — A0 ¥ g(O).

We equip this pair of sets with range and source maps r,s : A x% G — (A 1% G)©
defined by

r(a,g) = (r(a),r(a))  and  s(a,g) = (s(9),5(9)) = (97" - s(a), s(9)) ,
for every (a,g) € A x? G. Observe that the later equality holds because g - s(g) =

r(g) = s(@), whence g~" - s(a) = g~ - 7(g) = s(g).
Moreover, given («, g),(8,h) € A x¥ G with s(«, g) = r(8, h), we define the compo-
sition of two elements as follows:

(v, 9)(B,h) = (alg - B), ¢(g, B)h).

We now adapt the arguments of [2, Proposition 4.6] and [2, Proposition 4.13] to prove
the next results.

Proposition 3.10. Let A be a LCSC with length functiond : A — T, let G be a discrete
groupoid acting on A, and let (A,d, G, ) be a category system. If given («,g), (B, h) €
A %% G with s(a, g) = r(B, h), we define the composition of these two elements by

(@, 9)(B, h) := (alg - B), (g, B)h),
then A x¥ G is a small category.
Proof. First observe that, given («, g), (5,h) € A X¥ G with s(«, g) = r(5, h),
r(B)=g"'-s(@) and  r(8)=s(g).

Whence g - 3 is well-defined, and since r(3) = g~! - s(a) so does a(g - 3).
On the other hand we have that

s(alg - B)) = s(g - B) = r(elg, B)) = r(e(g, B)h)
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and
Then, the product

is well-defined.

Now, observe that

r((e, 9)(B,h)) = r((alg - B), ¢(g, B)h))
r(a),r(a)) =r(a,g),

I
~~
=
—
L
—~
S
=@
SN—
N—
3
—~
L
o)
S
=
N—
N—
N—

and

s((a,9)(B,h)) = s((alg - B), (g, 8)h)) = (s(e(g, B)h), s(e(g, B)h))
= (s(h),s(h)) = s(8,h).

Also, given (v, f) € A x¥ G, we have that

((r, 9)(B, 1)) (v, f) = (alg - B), (g, B)R)(7, f)
= (a(g - B)((g, B)h - 7), ¢(p(g, B)h, 7))
= (alg - (B(h 7)), e(e(g, B)h7) [)
= (a(g- (B(h-7)),¢(e(g, B), h-v)e(h,7)f)
= (alg - (B(h-7)), (g, B(h-7))p(h, 7))
= (a,g)(B(h-7), (k1) [)
= (a,9)((B,h)(7, f)) -

Now, let (u,u) € A’ x? GO sou e A = G©®. Then,
r(u,u) = (u,u) and s(u,u) = (u,u).

Finally,

(e, g)(a, g) =(r(a), r(a)) (e, g) = (r(@)(r(a) - a), o(r(a), @)g) = (o, 9),
and

So we are done O

Lemma 3.11. Let A be a LCSC with length function d : A — T, let G be a discrete
groupoid acting on A, and let (A,d, G, ) be a category system. Then, (A x¥ G)™1 =
A %, G.

Proof. If (a, g) € (A x? G)~!, then there exists (3,h) € A x¥ G such that

(a, 9)(B,h) = (alg - B), (g, B)h) = r(a, g) = (r(a), r(e)).
Therefore, a(g - ) = r(a), and so « € A=, Hence, (a,g9) € A1 X, G. If (a,9) €
A7t x, G, then
(@, 9) (g7 a7 p(g.g7" a7 ) = (r(a),r(@)),
and so (a, g) € (A x? G)™L.
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Proposition 3.12. Let A be a LCSC with length functiond : A — T, let G be a discrete
groupoid acting on A, and let (A,d, G, p) be a category system. Then:

(1) A ¥ G is left cancellative.

(2) If A is finitely (singly) aligned, then:
(a) (0 g)(A w7 G) (1 (5, h)(A %* G) = (ah 1 GA), %, G.
(b) A ¥ G is finitely (singly) aligned.

Proof.
(1) By hypothesis, A is left cancellative. Let («, g), (8, h), (v,k) € A x? G such that

(aag)(ﬁa h) = (O‘7g)<’}/7 k) Then7 (Oé(g ’ ﬁ)?@(gaﬁVl) - (Oé(g ’ 7)790(977)1{;) ThUS, we
have that a(g- ) = a(g- ), and by left cancellation we get g- 5 = g -+, whence 5 = .

Moreover, ¢(g,B8)h = v(g,7)k = w(g,5)k, and so h = k. Thus, (8,h) = (7,k), as
desired.
(2) Let us prove both asserts:

(a) First, let (o, g), (B,h) € A x¥ G such that («, g) @ (3, h). This means that there
exist (v, k), (5 ) € A x¥ G such that z := (a, g)(v, ) (B,h)(d,1), whence

= (a(g-7),¢(g,7)k) = (B(h-6),p(h,0)l) .

In particular, a(g-v) = f(h-d) € aA N SA. Moreover, since z € A x¥ G, we
conclude that z € (AN BA);s %, G.

Conversely, suppose that z € (A N SA)s X, G. Then, z = (¢,m) with ¢ €
aA N BA, m € G and s(e) = c(p(m)). Set ¢ = a, and notice that, for any
(a,g9) € A X¥ G, (a,9) = (o, s())(s(er),g9) € A X? G, with (s(a),g) € (A x?
G)~! with inverse (97" - s(a),g7"'). Thus, (o, idy@)) ~ (o, ¢) in A. Hence, z =
(aA,m) = (a, s(a))(A\,m) € (a, s(a))(A X¥ G) = (a, g)(A x¥ G). Similarly, we
prove that z € (8,h)(A x¥ G). Thus, z € (a,g)(A X? G) N (B, h)(A x¥ G), so
we are done.

(b) By part (a), for any v € A we have vAs X, G = (7,5(7))(A X? G).
Suppose that A is finitely (singly) aligned. Then, using part (a), we have that

(@, ) (A %% G) N (B, h)(A %7 G) = (AN JA)s %, G = ( U 7A> s %G

YEQVS

= U o @)= | (1, s(m)(A x* )

yEaVS yEaVS

= U naxeg).

ne(aVvB)sx A0

Thus, A x¥ G is finitely (singly) aligned, as desired.

Also, we can prove an analog of [2, Lemma 4.15]

Lemma 3.13. Let A be a LCSC with length function d : A — T', let G be a discrete
groupoid acting on A, and let (A, d, G, ) be a category system. Take any (v,v) € (A X?
G)°, and let F C (v,v)(A x¥ G). Set

H :={a €vA: thereis g € G such that (o, g) € F}.
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Then, F is exhaustive at (v,v) if and only if H is ezhaustive at v.

Proof. Since (o, s(a)) =~ (a, g) for all (o, g) € A x? G, by [2, Lemma 2.3] we can assume
without loss of generality that I = H, x, A°.
First, suppose that F' is exhaustive at (v,v). If § € vA, then (5, s(8)) € (v,v)(A ¥
G). Then, there exists («, s(a)) € F such that
0 # (o, s(@))(A %7 G) N (B, 5(8))(A ¥ G) = (aAN PA)e X, G.

Hence, aA N SA # (), and since o € H, we conclude that H is exhaustive at v.

Conversely, suppose that H is exhaustive at v. Set (5,¢9) € (v,v)(A x¥ G). Then,
B € vA, so that there exists a € H such that aA N BA # 0. Since (8, 9) =~ (5, s(8)) in
A X% G, we have that

(o, 5())(A %% G) N (8, 9)(A x* G)
= (o, 5(a))(A %% G) N (B, s(6))(A x* G)
— (@AM BA), %, G £ 0.
Since («, s(«)) € F, we conclude that F' is exhaustive at (v,v), as desired. O

Proposition 3.14. Let A be a LCSC with length function d : A — T satisfying the
WEP, let G be a discrete groupoid acting on A, and let (A, d, G, @) be a category system.
Then the map d : A x? G — T defined by d(«, g) = d(a) for every (o, g) € A X? G is a
length function satisfying the WEP.

Proof. The map d : A x¥ G — T given by d(«, g) = d(«) for every (a,g) € A x¥ G is
clearly well-defined. Now let («, g),(8,h) € A X? G with s(«,g) = (5, h). Then,
d((a,9)(8,h)) = d(a(g - B), ¢(g,8)h) = d(a(g - §))
= d(a)d(g - 8) = d(a)d(é(9)(8))
= d(a)d(f) = d(a,g)d(3,h),

since ¢(g) € Plso(A,d). So, d is a length function of A x¥ G.

Now, let (a,g9) € A x¥ G, with d(a,g) = d(a) := 7. Then, by the WFP, given
1,72 € I' such that v = 7179, there exist oy, s € A with @ = ayay and d(ay) = 71 and
d(a) = 5. Thus, we have that

(a, 9) = (a1, s(an)) (2, 9),
and
v=d(a) =d(a,g) = d(aq, s(aq))d(az, g) = d(ar)d(az) = 7172 -
Let us suppose there exist (81, h1), (B2, he) € A x¥ G with
(B1, h1) (B2, ha) = (Bi(ha - B2), (h1, B2)ho) = (a, g)

such that d(f1,h1) = d(B1) = 71 and d(5s, he) = d(B2) = 2. By the WFP there exists
fl, fQ € A_l such that 51 = Oélfl and h1 : 62 = fQOéQ, whence

(B1, h1) = (a1 fi, h1) = (a1, s(on))(f1, h1)
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and
(B2, ha) = (hit - (hy - B2), o(ha, B2)~'g)
= (A" - (ha - Bo), o(h, hit - facn) ™ g)
= ((h" - (faa2),0(hi", foaz)g)
= (k" fo) (o ( 1 f2) - ), p(p(hy, fo), a2)g)
= (hi* - fa,p(hy ))(04279)
= (hi* - fa 0(ha f2)"H)(az, 9)
= (fy g hi)” (a )
as desired. 0

Remark 3.15. Observe that in the proof of the above Proposition that if A satisfies
the WEP as it is defined in [12] then so does the Zappa-Szép product.

Definition 3.16. Let A be a LCSC with length function d : A — I, and let G be a
discrete groupoid acting on A. We say that a category system (A, d, G, ) is pseudo-free
if A is an action-free category, and whenever g - @« = fa and ¢(g,a) = s(«) for some
a€N geGand fe A, then g € GO

Proposition 3.17. Let A be a LCSC with length function d : A — T' satisfying the
WEP, let G be a discrete groupoid acting on A, and let (A, d, G, ) be a category system.
Then, A x? G is right cancellative if and only if (A,d, G, ) is pseudo-free.

Proof. First suppose that A X% G is right cancellative. Then A is right cancellative too,
and hence action-free. Now, let us suppose there exist « € A, ¢ € G and f € A~! such
that ¢ - o = fa and ¢(g, @) € GO, Thus,

(r(9), 9)(ev, s(a)) = (for, s(@)) = (f, s(f))(e, s(e))
but by right cancellation g = s(f) € G, Hence, (A,d, G, ¢) is pseudo-free.
On the other hand, suppose that (A,d, G, ¢) is pseudo-free, and let (a,g) € A x¥ G
and (f,h) € (A x¥ G)~! such that

(f7 )( ):(f(ha)7<p(h,(x)g):(a,g),
soa = f(h-a) and p(h,a) = r(g), and hence f~'a = h-a. But then, by pseudo-freeness,
we have that h = r(a). Hence, f~'a = a, but since A is action- free we have f = r(«).

Therefore, (f,h) = (r(a), r(a )) (A x¥ g) so A x¥ G is action-free, and hence right
Cancellative i

4. LENGTH FUNCTIONS IN LCSC

Now we will see that Zappa-Szép products of LCSC arises naturally among LCSC.
In [I1] they defined the generalized higher rank k-graphs categories and described them
as Zappa-Szép products. Here we slightly generalize their arguments to a more general
class of LCSC.

Let A be a LCSC, and let M be a monoid with neutral element 1, and let d : A — M
be a length function satisfying:

(LF1) d~'(1) = A,



GROUPOID PARTIAL ACTIONS 15

(LF2) for every a € A, if d(a) = mymy for my, my € M then there exist aj, a0 € M
such that a = ajay and d(a;) = m; for i = 1,2.
Observe that if d : A — M satisfies the WFP then it satisfies conditions (LF1) and
(LF2).

Remark 4.1. A length function d : A — M satisfying the conditions (LF1) and (LF2)
forces the monoid M to be conical. Let mi,mys € M such that 1 = m;my. Take
any @« € A™! so 1 = d(a) = mymy, and hence by (LF2) there exist oy, ay such that
a = ajay with d(a;) = m; for © = 1,2. Thus, s(a) = (o lay)as, so that ay € A7
Hence, a; = aa;’ € A~'. By (LF1), m; = d(oy) = 0 for i = 1,2. Thus, M is conical.

We say that e € M is an atom if e ¢ M~ and whenever e = m;m, then either m; = 1
or me = 1. We denote by M, the set of atoms of M. We say that M is atomic if M is
generated by its atoms. We say that a € A\ A~! is an atom if whenever a = (3~ then
either 8 or v is in A=!. We denote by A, the atoms of A.

Lemma 4.2. Let A be a LCSC, let M be a conical monoid, and let d : A — M be a
length function satisfying (LF1) and (LF2). Then, o is an atom if and only if d(«) is
an atom. In particular, Ao = ,cp,, d7'(€).

Proof. Let e € M be an atom, and let « € A with d(a) = e. If @« = (7, then
e = d(a) = d(By) = d(B)d(v). Hence, either d(8) = 1 or d(v) = 1, or equivalently
either 3 € A= and v € A~!. Thus, a is an atom.

Now, let @ € A be an atom of A. Suppose that d(«) = m is not an atom, so there
exist mq, mg € M\ {1} such that m = myms. By (LF2) there exist a1, as in A such that
a = ajas and d(oy) = m; for i = 1,... k, and by (LF1) oy and as are not invertible.
This contradicts that « is an atom. U

The following lemma is an easy consequence of Lemma [4.2]

Lemma 4.3. Let A be a LCSC, let M be an atomic and conical monoid, and let d :
A — M be a length function satisfying (LF1) and (LF2). Then every a € A\ A~! can
be written as a finite composition of atoms.

Remark 4.4. Under the hypothesis of Lemma[4.3|the decomposition need not be unique.
For example, let a length function d : A — M satisfying conditions (LF1) and (LF2)
where M =< 2,5 >7+C Z*. Then, by Lemma [4.2] we have that A, = d~!(2) Ud~!(5).
Thus, for any a € A with d(a) = 10, there exist atomic factorizations o = 1 --- 5 =
7172 with d(5;) = 2 for every i = 1,...,5 and d(v;) = 5 for every j =1, 2.

Given a LCSC A and a € A we denote by aA = {ay : r(y) = s(a)} a principal
right ideal of A. A principal ideal oA is call mazimal if it is a maximal principal ideal
properly contained in r(a)A. From the above observations we can easily adapt the
following results from [12}, Section 2] to our context.

Proposition 4.5 ([12, Lemma 2.3]). Let A be a LCSC, let M be a conical atomic
monoid, and let d : A — M be a length function satisfying (LF1) and (LF2). Then aA
1s maximal if and only if o is an atom.

Proposition 4.6 ([12, Proposition 2.6]). Let A be a LCSC, let M be a conical atomic
monoid, and let d : A — M be a length function satisfying (LF1) and (LF2), and
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let B C A, be a transversal of generators of mazximal principal right ideals. Then,
A = B*A~! where B* is the subcategory of A generated by B.

The next step is to realize such a A as a Zappa-Szép product B* x A~!. In order to
do that we need to impose an extra condition in the category A:

Definition 4.7. Let B C A, be a transversal of generators of maximal principal right
ideals, then we say that B satisfies the R-condition if whenever a = g for o, 5 € B*
and g € A~ we have that g € A°.

Proposition 4.8 ([12] Theorem 4.2]). Let A be a LCSC, let M be a conical atomic
monoid, and let d : A — M be a length function satisfying (LF1) and (LF2), let B C A,
be a transversal of generators of maximal principal right ideals, and suppose that B
satisfies the R-condition. Then, every element of A has a unique representation as an
element of BEFA™1. Thus, A is the Zappa-Szép product B* x A=t. Moreover, if A satisfies
the WFP, then the restriction of d to B* satisfies the UFP.

Now let A be a LCSC, let M be a conical atomic monoid, let d : A — M be a length
function satisfying (LF1) and (LF2), let G be a discrete groupoid acting on A, and
let (A,d,G,¢) be a category system. We can naturally extend d to a length function
d: Ax?G — M by d(o,g) = d() that trivially satisfies conditions (LF'1) and
(LF2). Also, if d satisfies the WFP on A then it also does A x¥ G by Proposition [3.14]
Moreover, since any transversal of generators of maximal principal right ideals of A is
also a transversal of maximal principal right ideals of A x¥ G, it is straightforward to
check that A x¥ G satisfies R-condition whenever A does. Finally, observe that the
action of the groupoid G on A restricts to an action of A~! (Remark [2.2(2)) and hence
(A1, d,G, p) is a category system too. So, we can conclude

Corollary 4.9. Let A be a LCSC, let M be a conical atomic monoid, let d : A — M be
a length function, let G be a discrete groupoid acting on A, let (A,d, G, ) be a category
system, let B C A, be a transversal of generators of maximal principal right ideals of A,
and suppose that A satisfies the R-condition. Then, A )% G is the Zappa-Szép product
B* x (A™! ¥ G). Moreover, if A satisfies the WFP, then the restriction of d to B*
satisfies the UFP.

5. PROPERTIES OF THE TIGHT GROUPOID ASSOCIATED TO LCSC

In this section we will extend the application of the results of [I5, Section 7 and 8] to
category systems.
First, we will recall the essential facts needed to understand what it follows.

Definition 5.1. A semigroup § is an inverse semigroup if for every s € S there exists
a unique s* € S such that s = ss*s and s* = s*ss*.

Equivalently, S is an inverse semigroup if and only if the subsemigroup
E(S) ={eeS:e’=¢}
of idempotents of S is commutative.

Definition 5.2. Let & be an inverse semigroup, and let £(S) be its subsemigroup of
idempotents. Given e, f € £(S), we say that e < f if and only if e = ef. We extend
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this relation to a partial order as follows: given s,t € §, we say that s <t if and only if
s = 55"t =ts*s.

Given a LCSC A, we will define some inverse semigroups associated to A. First, we
define the (symmetric) inverse semigroup on A as
ZA):={f:Y = Z:Y,Z CAand f is a bijection },
endowed with operation
go £+ [~ (ran(f) N dom(g)) —> g(xan(f) N dom(g)).

and involution
f*i=f:ran(f) — dom(f).
Notice that Z(A) has unit Idy : A — A and zero being the empty map 0 : ) — 0.

Definition 5.3. Let A be a LCSC. For any o € A, we define two elements of Z(A):
(1) 0% : aA — s(a)A given by aff +— 3,
(2) 7 : s(a)A — aA given by S — af.
Definition 5.4 ([I5, Lemma 2.3]). Given a LCSC A, we define the inverse semigroup
Spi= (%1% € ).
Given s € Sy we denote by dom(s) and ran(s) the domain and the range of s respec-

tively.

Definition 5.5. Let A be a finitely aligned LCSC. A nonempty subset F' of A is:
(1) Hereditary, if « € A, f € F and o < ( implies a € F,
(2) (upwards) directed, v, 5 € F implies that there exists v € F' with o, 5 < 7.
We denote A* the set of nonempty, hereditary, directed subsets of A.

Definition 5.6. Given A a LCSC, we say that F' € A* is mazimal if whenever FF C G
with G € A* we have that G = A. We will denote A** := {F € A* : F' is maximal}.

Definition 5.7. Let A be a LCSC and v € A°. We say that F' € vA* is tight if for every
a € F and every finite set C' of A with C N F = (), there exists G € A* with a € G and
GNC =0. We denote by Az the set of tight hereditary directed sets.

In [I5] Defintion 3.21] is defined a topology on Aygn: that makes it a locally compact,
Hausdorff and totally disconnected space.

Definition 5.8. Let s = 7%¢” € S). Then, we define
E, ={FelN :ae(C} and Ez:={FelA :5eC}.
and a map s : By — E, given by

s-F = U [0405(7)} )
B<y,vEF
for every F' € A*. This action restricts to a continuous action on Ay [I5, Corollary
4.7].

Given Sy X Aygne == {(s, F) : F ndom(s) # 0}, we define the following groupoid
structure. Given (s, F), (t,G) € Sa X Agigns:
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(1) d(s,F)=F and r(s, F) =s- F,

(2) (s, F)-(t,G) is defined if t - G = F, and then (s, F) - (t,G) = (st,G),

(3) (s, F)7h = (s",s- F).

We say that (s, F)) ~ (t,G) if and only if FF = G and there exists e € £(Sy) with
x € dom(e) and se = te. This is an equivalence relation, compatible with the groupoid
structure. Thus, we define the tight groupoid of A as Gigni(A) := Sp X Agignt/ ~, with
the induced operations defined above, and the topology generated by the open sets of
the form

O(s,U) ={[s, F] : F € UnNdom(s)},

for s € Sy and an open set U C Aygne. Then Gygne(A) is a locally compact ’etale
groupoid. A nice description of Gy (Sa) is given in [15, Lemma 4.8]:

gtight(A) = {[Ta0ﬂ7F] : S(CY) = S(B)? 5 € F} :

Let A be a LCSC with length function d : A — T', let G be a discrete groupoid acting
on A, let (A,d,G,¢) be a category system, and let A X% G be the associated Zappa-
Szép product. Then observe that A can be identified with the full subcategory A x¢ G(©
of A x¥ G, and hence Gy (A) can be seen as an open subgroupoid of Gygn (A 1% G).

Remark 5.9. Let A be a LCSC with length function d : A — I', let G be a discrete
groupoid acting on A, let (A,d,G, ) be a category system, and let A X% G be the
associated Zappa- Szép product.

(1) Let (a, 9), (B, f) € A x¥ G, and suppose that («, g) < (8, f). Then, there exists
(6,h) € A x¥ G with (0, h) = s(a, g), that is, (6) = g~* - s(a) such that
Hence, a(g-d) = B and f = p(g,0)h. Thus, g-0 = 0“(B) by left cancellation,
andso 6 = g~'-0%(B) and h = p(g,97" - 0%(8)) " f = (97", 0*(B)) f because of
the cocycle identity. Therefore,

(,g9) <(B,f) ifandonlyif —a<p,

and then we have that

N8, f) = (g7 0 (B), el o (B))S)
The above observation, together with Proposition[3.12|(2)(a), shows that the map
F—FxG:={(a,9) e Ax*G:a€F}

is a bijection between A* and (A x¥ G)*. This bijection clearly restricts to a
bijection of their tight (maximal) hereditary upper-directed subsets, so we will
identify (A X% G)ignt With Agigne.

(2) Let (a,g), (B, f) € A x¥ G with s(a,g) = s(8, f), and let 7(*958) € Sy g
Observe that, since (3, f)(A x% G) = (B, s(f))(A x¥ G), we have that 7(9) g(5:5) =
Hongf ) g (Bs(1).

(3) Given F € Aygne and (o, g), (B, f) € A x? G with s(a, g) = s(8, f), we have that
+(e9) 5 (B.1) (F x¥G)=F n*@G,
where F' := U%%Vep[@((gf_l) -0’ (7))] € Aigns-
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First we will give necessary and sufficient conditions for Gygn:(A ¥ G) to be a Haus-
dorff groupoid.

Proposition 5.10. Let A be a LCSC with length function d : A — T, let G be a
discrete groupoid acting on A, let (A,d,G,p) be a category system, and let A x¥ G be
the associated Zappa-Szép product. Then, Gygne(A X% G) is a Hausdorff groupoid if and
only if, given o, € A and g € G with g=* - s(a) = s(B), there exists a finite subset
H C s(B)A such that

(1) alg-v) = By and @(g,7) = s(v) for every v € H,

(2) for every § € s(B)A with a(g-0) = B0 and ¢(g,0) = s(v), then § M~y for some

vyeH.

Proof. According [7, Theorem 3.16] the groupoid Gi;gne(A ¥ G) is Hausdorff if and only
if for any s € Syxeg the set

T, ={e € E(A ¥ G) : e < s},

admits a finite cover, that is, a finite set H C Z, such that for every e € Z; there exists
f € H with ef # 0. Now, we will translate this equivalence to our language in terms of
element of the category A. By Remark (2) we can assume without lost of generality
that s = 7(*9)g(559)  Observe that, given an idempotent of the form e = 715 5(7:5()
for some v € A, es = se = s is equivalent to say that v = a(g - 0”(y)) = Bo’(y) and
©(g,0°(7)) = s(7y). Therefore, we can identify Z, with the set

T,:={yer(B)A:alg-v) =By and p(g,7) = s(7)}.

Now, given 7,0 € Ty we have that
(7 B1500)  B70) ) (85,5(6)) 5 B55(6))y 2

if and only Sy m 59, that by left cancellation is equivalent to ymd. Then, having a finite
cover of Z; is equivalent to have a finite subset H C T such that for every v € T} there
exists 6 € H with vmd. O

Corollary 5.11. Let A be a LCSC with length function d : A — T satisfying the
WEP, let G be a discrete groupoid acting on A, let (A,d,G,p) be a category system,
and let A X¥ G be the associated Zappa-Szép product. If (A, d, G, ) is pseudo-free, then
Gright(A X% G) is a Hausdorff groupoid.

Proof. Let o, 3 € A and ¢! - s(a) = s(8), and suppose there exists 7 € s(3)A with
a(g-v) = By and p(g,7) = s(v). Then, we have that

d(e)d(7) = d(a)d(g -v) = d(al(g 7)) = d(B)d(v) = d(B)d(v),
whence d(a) = d(3), and by the WFP there exists f € A~! such that g -~y = f~. Since
(A,d, G, ) is pseudo-free, g = s(a), so ay = a(g-~y) = pfv. But by Lemma A
is right cancellative, and so a = . Hence, taking H = {a} we can apply Proposition
0. 10l U

Now, we are ready to characterize minimality and effectiveness for the corresponding
tight groupoid. The following results are straightforward translations of the results in
[15, Section 6 & 7).
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Proposition 5.12. Let A be a LCSC with length function d : A — T, let G be a
discrete groupoid acting on A, let (A,d,G,p) be a category system, and let A x¥ G be
the associated Zappa-Szép product. If Gugni (A %% G) is Hausdorff or Aygne = A**, then
the following are equivalent:

(1) Grignt(A x? G) is topologically free,

(2) Given (aya),(B,b) € A x¥ G with r(a,a) = r(5,b) and s(a,a) = s(5,b), if
(a,a)(d,d) m (B,0)(6,d) for every (0,d) € s(a,a)(A X¥? G) then there exists C' €
FE(s(a,a)) such that (o, a)(~y,d) = (8,b)(y, )for every (v,d) € C.

(3) Given o, € A, a,b € G with r(a) = s(a), r(b) = s(ﬁ), r(a) = r(B) and
al s(a)=>b"1" s(ﬁ), if a(a-0)mB(b-0) for every § € (a=' - s(a))A then there
exists C € FE(a™' - s(a)) such that a(a -~) = B(b-~v) and go(a, v) = @(b,y) for
every v € F'.

Proposition 5.13. Let A be a LCSC with length function d : A — T, let G be a
discrete groupoid acting on A, let (A,d,G, @) be a category system, and let A x¥ G be
the associated Zappa-Szép product. If Gugni(A )¥ G) is Hausdorff or Aygne = A**, then
the following are equivalent:

(1) Guignt(A X% G) is minimal.

(2) For every (o, a),(B,b) € A x¥ G there exists C € FE(«,a) such that for each

(7,9) € C, 5(B,0)(A x? G)s(v,9) # 0.
(3) For every a, 8 € A there exists C' € FE(a) such that for each v € C, there ezists

g € G with s(8)A(g-s(v)) # 0.

Given an étale groupoid G with totally disconnected unit space and a field K, one
can construct the so-called Steinberg algebra K(G) [20], and in [21, Theorem 3.5] there
are given conditions for the simplicity of K(G). Thus, we conclude with the following
result.

Theorem 5.14. Let A be a LCSC with length function d : A — T', let G be a discrete
groupoid acting on A. Let (A, d, G, @) be a category system and A x¥ G be the associated
Zappa-Szép product. If Gugn (A ¥ G) is Hausdorff or Aygn = A**, then the following
are equivalent:
(1) CH(Grignt(A 1% G)) (the reduced groupoid C*-algebra) is simple.
(2) For any field K, K(A x¥ G) (the Steinberg algebra) is simple.
(3) The following properties hold:
(a) Given a, 8 € A, abengthr(a): r(B) and a™' - s(a) = bt - (ﬁ), if
a(a-0)mB(b-8) for every d € (a™'-s(a))A then there exists C € FE(a™'-s(a))
such that oa -v) = B(b- ) and ¢(a,y) = @(b,v) for every v € C.
(b) For every o, B € A there exists C € FE(a) such that for each v € C, there
exists g € G with s(8)A(g - s(v)) # 0.

6. AMENABLE GROUPOIDS

Now, we will discuss the amenability of Gygne(A x¥ G), following the same strategy
used in [I5], Section 8§].

Recall that I' is a submonoid of a group ) with unit element 1, and such that
I'NT~! ={1p}. Then, given two elements v;,72 € T,

Y1 < Yo if and only if Vil €T.
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Lemma 6.1 (c.f.[I5, Lemma 8.2]). Let A be a LCSC with length functiond : A — T'
satisfying the WFP. Let o, 8 € A with a M 5. Then a < § if and only if d(a) < d(5).
In particular o = 3 whenever d(a) = d(f).

Lemma 6.2 (c.f.[15, Lemma 8.5]). Let A be a LCSC with length functiond : A — T
satisfying the WEP, let G be a discrete groupoid acting on A, let (A,d, G, p) be a category
system, and let A X% G be the associated Zappa- Szép product. Then, the map

d: Gugn(A x? G) = Q,  [r*e™) F ¥ Gl d()d(8)
is a well defined continuous groupoid homomorphism. In particular, d restricts to
gtight(A)~

Proof. The proof is verbatim that of [I5, Lemma 8.5|, replacing [15] Remark 8.4] by
Remark [p.9(1) and [15, Lemma 8.2 by Lemma with the observation that, by the
WEFP, we have d~(1g) = A~' (Remark [1.§(1)). O

Let d : Gright(A X? G) — @ be the cocycle defined in Lemma , and let us define

KA %% G) = (d) "} (1e) = {[7 90" F w? G] € Guign(A ¥ G) : d(a)d ()" = 1},

which is an open subgroupoid of Gy;gn (A X% G).
In order to be able to decompose the groupoid (A x¥ G) as a union of more treatable
groupoids, we need to impose some conditions on the semigroup I'.

Definition 6.3. Let I' C @ be a subsemigroup of a group @ with TNT~! =1, We
say that I" is a join-semilattice if given g, go € T’

inf{g el :g,9 < g}

exists and is unique. We will denote it by g1 V ¢s.

Remark 6.4. Let A be a LCSC with length function d : A — T" satisfying the WFP,
and assume that I' is a join-semilattice. Then, given o, with am 5, we have that
d(v) = d(«a) vV d(B) for every v € oV 5. Indeed, let v € aV 5. Since «, 8 < 7, then
d(a),d(B) < d(y), so d(a) vV d(B) < d(y). By the WFP, there exist 71,72 € A such
that v = v172 with d(v1) = d(a) vVd(8). Now, d(«),d(8) < d(71), and so we have that
a, <7 <~ by Lemma[6.I] But since 7 is a minimal extension of « and 3, it follows
that v ~ 71, so d(v) = d(71) = d(a) vV d(B).

We now assume that I' is a join-semilattice. Then, given g € ', we define
Ky(A % G) = {[r M) F w? G] - d(a) = d(8) < g} .
We claim that K, (A X% G) is an open subgroupoid of IC(A x¥ G). Since
Ky (A x¥? G) = U O(r @M g8 dom(r( @M g |
d(a)=d(8)<g

we have that K,(A x% G) is an open subgroupoid. Let [r(@M BN F x# G], [r@R ™D Fr 1@
G| € K4(A x¥ G) two composable elements with ¢g; := d(f) = d(a) < ¢g and ¢, :=
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d(6) =d(n) < g. Since 3,6 € F, there exists ¢ € (FVJ)NF, and d(e) = d(a) Vd(B) =
g1V g2 < g (Remark . Then,
[reMaB) | F] = [ D) F

_ (@R 85 5 5D
_ [ehs T o @) @) g 5| )

and
[rORGmD) | F) = [7Or () gk pr

— [T(aaS(a))0(678(6))7-(577“(16))U(mlk*l)’ F']
_ [ples(@) gl @tk p

while the product give us
[ 107 @)0(0” ©hS ) (5| B[ gl @ik p] —

= [T(a(hf*Laﬁ(E))#p(oﬁ(8),hf*1))0(05(6)mlk’1)7 F']
But
d(a(hf™-0%(¢))) = d(a)d(hf! - 07(e)) = d()d(0” ()
= d()d(8)7'd(e) = d()d(a)"'d(e) = d(e) = 1 V g2
and
d(0°(e)n) = d()d(9)'d(n) = d(e)d(n)'d(n) = d(e) = g1 V g2

Therefore, [t @M g Fl[rOR ™D '] € Iy ve (A 1% G) C K (A x¥ G), as desired.

Moreover, as a consequence of the above computation, given g1, g2 < g we have that
Ko (A % Gy, (A 1% G) C Ky(A x¥ G). Then, if I' is countable, there exists an

ascending sequence of elements gy, go,... € I' such that for every g € I' there exists
n € N with g < g,,. Hence, K(A x? G) = 2, Ky, (A x¥ G).

The next step will be to define a cocycle of the groupoids Ky(A x? G) onto A~ x¥ G.
In order to do that, we will need to make the following assumption.

Definition 6.5. Let A be a LCSC with length function d : A — T satisfying the WFP.
We will say that A satisfies property (%) if given F' € Ay, and g € T, then there exists
By € F (non-necessarily unique) with d(53,) < g such that, whenever a € F' satisfies
d(a) < g, we have that a < f.

Remark 6.6. Let A be a LCSC with length function d : A — T' satisfying the WFP
and property ().

(1) Let F' € Ayignt, and let g € I' and let 5, € A satisfying the conditions of Definition

. Suppose that there exists another 3 satisfying the same properties than (.

Then, d(8,) = d(f,), and hence by Lemma we have that 3, ~ ;. Thus, 3,

is unique up to an invertible.
(2) Let F' € Ayignt, and let g € I' and let 5, € A satisfying the conditions of Definition
[6.5] Now, let @ € A such that s(3,;) = s(a) and d(8,;) = d(«). Recall that

F'=1%" . F = U [P ()]

Bg<v,YEF
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Let 3, € F' satisfying the conditions of Definition Then, a < 3. On the
other hand, there exists v € F such that ac®(8)) = 8, < aoP(y), whence
by left cancellation o®(8)) < o (v), and B,0%(3;) < Byo” () = 7. Thus,
Byo*(B,) € F and d(By0*(B;)) = d(B;) < g. Then, by property (%) we have
that B,0%(8;) < By, whence by left cancellation o(;) must be an invertible.
Thus, 8, ~ a.

Proposition 6.7 (c.f.[15, Lemma 8.8]). Let A be a LCSC with length functiond : A — T
satisfying the WFP, and assume every bounded ascending sequence of elements of T’
stabilizes. Then A satisfies property (¥).

Given a LCSC A, a discrete groupoid G acting on A and a category system (A, d, G, ),
by Lemma [3.11] we have that (A x¥ G)™' = A™! x¥ G. Thus, A™! x¥ G is a discrete
groupoid.

Before proving the connection between amenability of both Gyign (A x¥ G) and Gyigni(A),
we need a key technical result.

Proposition 6.8. Let A be a LCSC with length functiond : A — T satisfying the WFP,
let G be a discrete groupoid acting on A, let (A,d, G, p) be a pseudo-free category system,
let A x¥ G be the associated Zappa-Szép product, and suppose that A satisfies property
(). Then, for every g € ', there exists a continuous groupoid homomorphism

t@ K, (A xPG) - AT X G
Proof. Fix g € T, and for every F' € Aygne choose S satisfying property (%). Let
[ @ NgrsU) F] € K, (A x% G). Then, d(a) = d(7) < g, and hence v < 8p. Therefore,
(o.f) 5 (7:8(f)) — [r(f) 5 (1:5(5) - (BF,s(BF)) 5(Br.s(BF))
[T\ g JF) = [r'%Yo T o , F]
— [alf-o7(Br))p(f07(BF))) 5 (BF.s(BF))
ka o JF).

By Remark we have that af
£e At So,

07 (Br)) = B¢, where F' := 7(@f)g - F and

f
@D GO F] = [rBerbplfo () 5Brs(Be) ]

Therefore, every element in K,(A x¥ G) is of the form [r(Fr &M gBrs(3r)) F] for some
£ € A ' and h € G, and then we define
t(g)([T(ﬂpfé 1) o (Br-s(Br)) F)) = (€,h).
Let us check that t(9 is well defined. To this end, let [r(#r&h)gBrsBr) F] and
[ (BF”€2 hQ)U(ﬁF S(BF ] ln IC (A NSO g) Wlth
[T(ﬁpfil,m)o-(ﬂz?,s(ﬂz?))’ F] = I:T(ﬂF”gQ:hQ)O'(IBFyS(IBF))’ F].
First observe that since the germ of 7(8#€1:01) g (Br5(Br)) and 7Brré2:h2) 5 (Br.s(Br)) on F ig

the same, this means that the image of F' by these maps are the same, so F' = F”.
Moreover there exists v € F with fp < 7 such that

(T(IBF’gl,hl)o-(ﬂFvs(BF)))(7—('7’5('7))0-(775(7))>

FBrr&1(h1:aPF (7))p(h,0PF (1)) 5 (1:5(7))

— (T(ﬁwiz,hz)a(ﬁp,s(ﬁp)))(T(%S(v))g(%s(’v)))
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— 7 (B&a(haoPF (7))p(h2,0°F (7)) 1 (1:5(7)
Therefore,
Be&i(hy - 0% (7)) = Br&a(he - 07" (7)) and  @(h1,0" (7)) = p(ha, 07" (7)) .
In particular, by left cancellation we have that
&1(hy - 0" (7)) = &o(h2 - 077 (7))
and
& & (hy - a7 (7)) = hy - 0P (7),
2 (& (- 07 (7)) = 07 (v)
(' - &) (p(hyt & ) - 0P (7)) = 077 ()
p(hy' & € -0 (7)) = (' - &716) T o ().
On the other hand, we have that
s(7) = @(ha, o"F (7)) (hh a7 (7)) = p(hy s ha - 077 (7)) (ha, 07 (7))
= @(hy', & & (b1 - 077 (7)) p(ha, 077 (7))
= plp(hy!,&'€1), by - 07 (7))p(ha, 07" (7))
= @(p(hy ', & €, 0 (7))
Since the system is pseudo-free, we have that
plhy & 6 =s(h)  and (b - &7&) ™ = s(Bk).
From the second equality we deduce that & '¢; = s(8r), and hence & = &. Thus,
plhyt &6 = p(hy ', s(&)h = hy'ha = s(ln)

and so hy = hy. Hence, t9 is a well-defined map, as desired.
Now, two composable elements (z,y) € K, (A x¥ G)? are of the form

T = [7—(617//517h1)0-(BF/73(617/))7 F/] and y = [T(BF/£27h2)O-(ﬁI7S(BF))7 Fl,

24

where &,& € A™Y, hy,ho € G, F € Mgy, ' = 7Bpr&2:h2) (Brs(Br)) . Foand F” =

T(BF”gl:hl)o'(/BF’75(ﬁF’)) . F/' Since

Ty = [7-(51(hl'52),</’(h1:52)h2)0(51~“75(51~“))7 F]

Y

we have that

t @ (zy) = (&1(h - &), 0(h1,&)ha) = (&1, h)(&e, ha) = t9 (2)t9(y) .

Thus, t9 is a groupoid homomorphism.
Finally, given any x = (£, h) € A™! x¥ G we have that

(t(g)(& h))_l(l‘) _ {[T(ﬂpr&h)g(ﬂp,s(ﬂﬂ) F] - F e Atight}

= U {[7—( p1&:h) 5 (Br.s(Br)) G]:G e Aigns and Bp € GY,
FeAtight, S(BF):S(h)

that is a union of open sets of Kj(A x¥ G), so t9) is continuous.
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Given two groupoids G and H a groupoid homomorphism p : G — H is called strongly
surjective if p is surjective and for every # € G we have that p(r—'(z)) = r~'(p(x))
(see [1 Definition 5.2.7]).

In general the map t@ : Ky(A x? G) — A™! x¥? G defined in Proposition is not
strongly surjective. However, we can consider the subgroupoid

H, =t (K, (A % G)) =

{(¢,9) € A7' )? G IF, F' € Nyignt, s(Br) = d(6(g)), r(§) = s(Br)} .
Let F' € Ky(A ¥ Q)(O) (here we identify KCj(A x¥ Q)(O) with Ayigne), then

69 (1 (F1)) =
69 ({[FOr e OrsBe) F]: () = s(Bpr), IF € Auigns with s(8x) = s(g)}) =

{(gvg) € A_l X7 g : T<§> = S(BF'% dF e Atight with S(BF) - S(g)}
and

r O E)NHy =17 (s(Br), s(Br)) VHy = {(€,9) € AT ¥ G2 1() = s(Bp)} NH,

s
={(&9) e A x? G:r(&) = s(Br), IF € Myigny with s(Br) = s(g)}
Therefore the map t9 : K,(A x¥ G) — H, is strongly surjective.
Now, we are ready to prove the main result in this Section:

Proposition 6.9. Let A be a LCSC with length function d : A — T satisfying the WFP,
let G be a discrete groupoid acting on A, let (A, d, G, ) be a pseudo-free category system,
let A ¥ G be the associated Zappa-Szép product, and suppose that A satisfies property
(%). Suppose that the groupoid A=t x¥ G and the group Q are amenable. Moreover,
assume that T 1s a join-semilattice. Then the following statements are equivalent:

(1) Guignt(A x¥® G) is amenable,

(2) the kernel of the map d : Gyignt(A) — Q is amenable,

(3) Grignt(A) is amenable.

Proof. (2) and (3) are equivalent due to [16, Corollary 4.5] and that kerd is an open
subgroupoid of Gygn: (A). That (1) implies (3) is because Gyigni(A) is an open subgroupoid
of Guignt(A ¥ G). So, it is enough to prove that (2) implies (1).

Let t : Gugni(A xX? G) = @ be the cocycle defined in Lemma By [16, Corollary
4.5], it is enough to prove that 3‘1(1Q) = K(A x¥ G) is amenable. Moreover, since
KA %% G) = U, er Ky(A x# G), we have that (A % G) is amenable if Kg(A x? G) is
amenable for every g € T' [, Section 5.2(c)]. Now, let t9) : IC,(A x¥ G) — A~ x¥ G
defined in Proposition . By assumption A™! x? G is amenable, and thus H, :=
tW (I, (A x¥ G)) € A™! x¥ G is amenable and the map t9 : IC,(A x¥ G) — H,
is strongly surjective (see the comments after Proposition . Then, by [I, Theorem
5.2.14], K,(A x¥ G) is amenable if ker t\9) is amenable. But observe that, if we identify
Gright(N) With Grigni(A X% G©) | then we have that

ker t(9) = IKCo(A )2 G) N Grigne(A) C kerd N Gright(A)
so ker t\9) is an open subgroupoid of kerd. Thus, ker t9) is amenable by hypothesis. [
With the above notation observe that if A=' = A° then A™! x¥ G =~ G.
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Corollary 6.10. Let A be a LCSC with length function d : A — T satisfying the UFP,
let G be a discrete groupoid acting on A, let (A,d, G, p) be a pseudo-free category system,
let A }% G be the associated Zappa-Szép product, and suppose that A satisfies property
(). Moreover, assume that T' is a join-semilattice. Suppose that the groupoid G and
the group @ are amenable. Then Gygn (A 1% G) is an amenable groupoid.

Proof. First observe that, sinced : A — I" has the UFP, A has no inverses. So, A~! x¥ G
is isomorphic to G. Then, by Proposition 6.9, it is enough to prove that the kernel of
the map d : Ggne(A) — @ is amenable. But this was shown in [I5] Section §]. 4

Example 6.11. Let A be the category with objects {v; };cz and freely generated by the
morphisms {a; }icz, {7itiez and {7; ' }icz, such that

s(ay) = v and r(a;) = vy,

s(vi) = v and () = vi,
s(i)=v  and (v

for every ¢ € Z, modulo the relation
W= = i

for every i € Z. A is a left and right cancellative small category. We can define the
length function d : A — N given by d(a;) = 1 and d(v;) = d(v; ') = 0 for every i € Z.
Then d satisfies the WFP and A~! is generated by {7i,7; '}icz. Now we define the
groupoid G with unit space G0 = {v;};cz and generated by {g;}icz with s(g;) = v; and
7(g:) = vi—1. We define ¢ : G — PlIso(A, d) such that ¢(g;) : v;A — v;_1A is such that it
translates the path one position to the left. Observe that then

o(gi)y, = (i) and  G(Gi)ary = P(gi-1)

for every ¢ € Z. Therefore, the action of G on A is self-similar, and we define the cocyle
©:Gs X N — G by ¢(gi,v) = g; and ©(g;, ;1) := gi—1. Observe also that (A,d, G, )
is a pseudo-free category system, and hence Gygni(A ¥ G) is a Hausdorff groupoid by
Corollary [5.11]

We will check that the groupoid Gigni (A X% G) is topologically free and minimal. Let
Br, P2 € A with r(81) = r(B2), let a1,as € G such that r(a;) = s(81) = vy, r(az) =
s(B2) = v and s(a1) = s(az) = v;, and assume that fi(ay - 0) M Bz(as - §) for every
d € v;A. We claim that then 3; = (5. Indeed, first observe that 8 (a; - v;) M Ba(as - v;),
so (51 M 2. But this mean that either 8; < 85 or S5 < 1. Suppose that 8; < 35, so that
there exists v € vxA such that f;y = S2. But, by hypothesis, 8i(ay - §) M B17y(az - §) for
every 0 € v;A. Thus, f1(a1-0) < f1y(az-6) for every 6 € v;A. Then, by left cancellation,
ar -0 < 7(ag - 9d) for every 6 € v;A. But this forces v = v, and hence 1 = .

Now, since f; = [32, we have that a; = as, and therefore the set F' = {v;} satisfies the
conditions of Proposition [5.12{(3). So, Gugne(A x? G) is topologically free.

To check minimality take 51,0: € A and let F = {r(52)}. Now, let ¢ € G be
the unique element such that s(g) = r(52) and r(g) = s(81). Then, we have that
s(B1)A(g - r(52)) = s(B1)As(B1 # 0. Thus, condition (3) of Proposition is satisfied,
and hence Gjgni(A X% G) is minimal.
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Now we will show that Gyn:(A X% G) is an amenable groupoid. First we will check
that A= x¥ G is an amenable groupoid. Indeed,
A w2 G ={(3"9) € An? Grin€Zr(g) =uvi},
with
(7' 9) - (95" h) = (777" gh)
for n,m € Z, g,h € G with r(g) = v;, s(g) = v; and r(h) = v;. Then, we can define
the homomorphism ¢ : A™' x¥ G — Z by ¢(7",9) = n, with ker ¢ isomorphic to G.
Therefore A=! x¥ G is amenable.

Now, by Proposition , Gright(A ™% G) is amenable if and only if Ggni(A) is
amenable. To determine amenability of Ggn(A), first observe that (A,d) is a Levi
category [12, Theorem 3.3] and, since A is left cancellative, we have that A is the Zappa-
Szép product of the free category B* generated by a transversal of generators of maximal
right principal ideals and the groupoid A~! [13, Theorem 5.10]. Thus, A = B* x A~
But then (B*,d) has the UFP and A™! = | |,_, Z is an amenable groupoid. Moreover,
since A is right cancellative, we have that (A, d, G, ¢) is a pseudo-free category system

by Proposition . Thus, Gyigne(A) is amenable by Corollary [6.10]
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