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Abstraci—This letter considers the problem of global
asymptotic position and heading tracking for multirotors. We
propose a hybrid adaptive feedback control law that globally
asymptotically tracks a position and heading reference in
the presence of unknown constant disturbances in both
the translational and rotational dynamics. By employing a
tuning function-based backstepping approach, the number
of parameter estimates are minimized. Moreover, we propose
a novel control law for the translational subsystem, which
leads to a simpler virtual control law when backstepping.
Global asymptotic heading tracking is achieved through a
novel construction of the desired rotation matrix. The theory
is verified through experiments on a quadrotor.

Index Terms— Flight control, adaptive control

[. INTRODUCTION

ULTIROTOR unmanned aerial vehicles (UAVs) have
become increasingly popular in recent years. Their low-
cost, vertical take-off and landing, and hovering abilities make
them well suited to perform a wide variety of tasks, such as
inspection [1], parcel delivery [2], surveillance, mapping and
even autonomous recovery of fixed-wing UAVs [3].
Multirotors are typically designed with co-planar propellers.
Although such systems have full torque actuation, forces can
only be produced along a single vehicle-fixed axis, known as
the thrust axis. Since the propulsion system cannot produce
an arbitrary three-dimensional force vector, these systems are
underactuated mechanical systems. Due to the underactuation
of the system, position and orientation tasks cannot be fully
decoupled. Instead, control algorithms for quadrotors often
employ a cascaded structure consisting of an inner- and outer-
loop control law for orientation and position control, respec-
tively [4]. For such schemes, the outer position control loop
often computes a desired three-dimensional force. The norm
of this vector then serves as the thrust input, while the vehicle
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orientation is controlled such that the thrust direction of the
vehicle is aligned with the desired force direction in the inertial
frame. This is the approach we will take in this letter.

There is an extensive amount of literature on the subject of
trajectory tracking for multirotor UAVs, and the reader is re-
ferred to the surveys [5], [6] and the references therein. The fol-
lowing review is limited to earlier works on geometric control
of multirotors, that is, the development of control laws based
on quaternion or rotation matrix feedback. The control law
proposed in [7] guarantees local exponential tracking for multi-
rotors that can produce both negative and positive thrust along
the thrust axis. An adaptive position tracking control scheme
for underactuated multirotors is proposed in [8]. However, the
control law does not enable a desired heading to be tracked.
Moreover, the adaptive control law is overparametrized.

The aforementioned approaches rely on continuous state-
feedback. However, the non-contractibility of the configuration
space of a rigid body implies that these control laws are at
most almost globally stabilizing [9]. This is referred to as a
topological obstruction to global asymptotic stability, and can
be overcome by employing hybrid feedback with a properly
defined switching logic [10]. The hybrid feedback approach
in [11] achieves global asymptotic position tracking using the
thrust and angular velocity as inputs. However, by using a
reduced orientation control approach, the rotation angle around
the thrust axis is left uncontrolled. A saturated tracking control
law for a quadrotor in the presence of unknown constant distur-
bances is developed in [12]. The control law ensures that the
position error is contained in an arbitrarily small neighborhood
of the origin, but leaves the heading uncontrolled and does not
ensure convergence of the position and linear velocity errors to
zero. In [13], the hybrid quaternion feedback strategy from [14]
is employed together with the results on backstepping of hybrid
feedback laws from [15] to synthesize a hybrid feedback control
law that achieves global asymptotic tracking of a smooth posi-
tion reference trajectory while minimizing the rotation angle
to a given orientation configuration. Moreover, the controller
includes an integral/adaptive term and is shown to work in the
presence of additive disturbances in the translational dynamics.
However, stability of the translational subsystem is shown
using a Lyapunov function with a cross term which results in a
complicated expression for the gradient, and hence, the virtual
backstepping control law. Moreover, due to the construction
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of the desired rotation matrix, a desired heading (specified by
a basic rotation matrix around the z-axis) can only be tracked
provided that the roll and pitch angles are zero. Furthermore,
the control law is overparametrized, as the number of parameter
estimates is three times larger than the number of unknown
parameters. Consequently, if the control law in [13] were to
be extended to the case of a constant disturbance in the rota-
tional dynamics, parameter convergence would be impossible.
Another hybrid feedback approach is introduced in [16]. This
approach achieves robust global trajectory tracking for multi-
rotors. However, due to a lack of integral action, the tracking
errors do not converge to zero in the presence of disturbances.

The goal of this letter is to achieve uniform global asymptotic
tracking of both the position and heading of a multirotor in
the presence of unknown constant disturbances in both the
translational and rotational dynamics. To this end, we build on
the work in [13], which we extend as follows. First, we propose
a novel bounded adaptive control law for the translational
subsystem, which leads to a simpler virtual control law when
backstepping. Second, we propose a novel construction for the
desired rotation matrix, which avoids the use of intermediary
Euler angles, and is crucial in ensuring global asymptotic
tracking of the desired heading reference. Third, we augment
the rotational dynamics with a constant disturbance, and by
employing tuning functions [17], the number of parameter
estimates becomes equal to the number of unknown parameters.
As a consequence, we can show that the disturbance estimates
in both the translational and rotational dynamics converge to
their true values.

This letter is organized as follows. In Section II, we intro-
duce the equations of motion and give the problem statement.
Section III introduces a bounded adaptive control law for the
translational subsystem, before extending this control law using
a backstepping approach to account for the rotational dynamics.
Finally, Section IV presents experimental results verifying the
theoretical developments, before Section V concludes the letter.

A. Preliminaries

The Euclidean inner product in R™ is written (x,y), and
the Euclidean norm is denoted |z| = (z,z)'/2. The unit n-
sphere embedded in R"*! is given by S" = {z € R**! :
|z| = 1}, and the closed ball of radius r in R™ is the set

" ={x € R" : |z| < r}. The standard basis vectors in R"
are denoted ey, ea, . .., e, and the entry of a matrix a € R™*"
corresponding to the ith row and jth column is denoted a;;. The
special orthogonal group of dimension three is denoted SO(3)
and defined by SO(3) := {R € R®*3:det R =1,RR" = I},
where I is the identity matrix. The Lie algebra of the matrix Lie
group SO(3) is denoted s0(3) and can be identified with the
space of skew-symmetric matrices in R3*3. Define the mapping
()x : R? = 50(3) by axB = a x B with a, 8 € R3. A set-
valued mapping is denoted by F': X == U, where X C R" is
the domain of the mapping and U C R™ is its codomain. The
range of a mapping f : R™ — R" is defined as rge f = {y €
R™: 3z € R™ such that y = f(x)}. A unit quaternion is given
by z = (n,€) € S3, where n € R and € € R?, describe its real
and imaginary components, respectively. Any unit quaternion
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is mapped to a rotation matrix through the surjective mapping
R : S3 — SO(3) defined by R(z) = I3 + 2nex + 2(ex)>.
Finally, we define the constant matrix S = ((1) _01 )

[I. MODELING AND PROBLEM STATEMENT

Let p € R? denote the position of the vehicle in the inertial
frame and let R € SO(3) denote the orientation of the vehicle-
fixed frame with respect to the inertial frame. Additionally,
we deﬁne the heading relative to the inertial frame as v =

[e:ze Rgl)% (R11,R21) € S for |(Ry1, R21)| # 0. Furthermore,
let v € R® and w € R3 denote the linear and angular velocites
of the vehicle in the inertial and vehicle-fixed frames, respec-
tively. The equations of motion for a multirotor are given by [4]

p=v (1a)
R = Ruwy (1b)
mv = —Reg f + mges + b (1c)
T = —wyIw+p+6, (1d)

where b, 0 € R? are constant disturbances, m > 0 is the mass
of the vehicle, g > 0 is the gravitational acceleration, Z € R3*3
is the vehicle inertia matrix, f € R is the total thrust generated
by the rotors and p € R? is the total torque generated by the
rotors in the vehicle-fixed frame.

Assumption 1. The disturbances b,0 are upper and lower
bounded by known constants b,0 € R3 and b, 0 € R3, respec-
tively.

Assumption 1 implies that the disturbances are contained in
the convex sets

P = [blvgl] X
@ = [ngl] X

[QQaBQ] X [b3a53]7 (2)
[0, 02] x (05, 03]. 3)

Let Proj : R? x S = R3 be the outer semicontinuous, convex-
valued and locally bounded set-valued mapping defined by

Proj(0,5) = (proj(c1, 51), proj(92, 52), Proj(crs, 53)). where
5,5 € R? and S:=[s;,31] X [89,52] X [s3,53] C R? and
q i, lfO'LET[S s]( )
roj(o;, s;) = ¢ 4
proj(oi, si) = {[o oy, if 0 ¢ Tia, 5 (5:) ¥
where the tangent cone T,z : [a,a] = R is defined by
[07 OO), ifo=a
T[Q,E](gp) = (—OO, 00)7 if P e (Qa a) (5)
(_007 O]a if p=a

for a,a € R. Observe that the solutions to the constrained
differential inclusion

$ € Proj(o,s), s€S8, (6)

where o is a hybrid input [18], include solutions arrived at if
the discontinuous projection

o;, ifo; € T[ﬁi’gi](Si)

7
0, if ag; ¢ T[épgi](si) ( )

proj(o;, s;) = {

would have been used instead. As a result, there always exists
a flow direction contained in Proj(c, s) that steers s within
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S, i.e. Proj(o,s) N Ts(s) # 0 for all s € S, where Ts(s) =
TL1751](51) x Tis, 5] (52) X T, 5,)(s3). Therefore, since S
is compact, every maximal solution to (6) is complete [19,
Proposition 6.10].

Lemma 1. Let 5,5 € S, § = s — § denote the estimation error
and I' € R®**3 be a positive definite and diagonal matrix. Then

—(3, " 'Proj(o,3)) < —(5, o). ®)

Proof. If s < § <3, orif § € S and o € Ts(s), it follows
that Proj(o, 8) = o and (8) is satisfied with equality. Since I’
is diagonal with positive entries, we only have to verify (8)
componentwise for the case §; € {s;,3;} and o; & T, 5,)(s:).
Observe that §; =5, and o; ¢ T, 5,(s:) implies that o; > 0
and 3 < 0. Similarly, 8; = s; and 0; ¢ Ty, 5,)(s:) implies that
0; < 0 and 5; > 0. In both cases it follows that

_<§i71—‘11710—i> 2 <Slvr [O 1]02>

9
= —(%;, I} 'proj(o;, ©)

$;))>0. O

A desired trajectory for the multirotor consists of a desired
position pg : R>g — R? of the multirotor relative to the
inertial frame, and a desired heading v4 : R>¢g — S of the
multirotor relative to the inertial frame. Given a continuously
differentiable desired heading v, the quantity 2; can always be
expressed in terms of the scalar desired heading rate wy(t) =
<Sl/d(t), Dd(t». Then, I)d(t) = Sl/d(t)wd(t).

Assumption 2. The desired position pg and its derivatives up to
the fourth order are bounded and continuous. The desired head-
ing vq and its derivatives up to the second order are bounded
and continuous. The bias b is lower and upper bounded by the
constants b and b, respectively. Finally, it holds that

m(g — Sggﬁd,:a(t)) +b3 =c>0. (10)
t_

Let x = (p4, Pd, Pd, p((f’), Vg, ™q). For every desired trajec-
tory satisfying Assumption 2, there exist scalars ¢; > 0, ca > 0
and a compact set  C R3 x R? x R? x R? x S x R such that
the desired trajectory is a solution to the differential inclusion

X € F(x) =

Assumption 2 is relatively mild, seeing as the supremum of the
desired acceleration in the z-direction is often small compared
to the gravitational acceleration. When the z-component of the
desired acceleration is zero and b5 is negative, we require that
the absolute value of the lower bound of the z-component of
the disturbance force is smaller than the gravitational force.

Let Ry € SO(3) denote the desired orientation, which will
be defined in Section III. The desired angular velocity is given
by (wq)x = R 'R,, and by introducing the error coordinates
pi=p— pd,v:_v—pd,R = RR] and @ = w — wgq, we
obtain the error system

(Bas Ba> 0, 1B, Svama, caBY), x € Q. (1)

=

R = R(R4®)x
mf)zmgeg—Regf—mj)'d—&—b
Io:bzu—wXZw—i—e—Iobd

X € F(x)

e

X €0 12)
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Problem statement: Design a hybrid feedback control law
with output (f, 1) € R x R? such that the compact set

AO:{(@R,@,@,X) p=0R=10=0,0= 0}, (13)
is uniformly globally asymptotically stable for the system (12).

[1l. CONTROL DESIGN

As introduced in [20] for fully actuated marine vehicles,
we define a modified velocity error £ := v — (, where ( is
generated by the dynamical system

AC = —k19(p) — Z9(Q),

where =, A € R3*3 are positive definite and diagonal, k; > 0
and ¥ : R™ — R"™ denotes the following saturation mapping

I x) =

It is clear that { = 0 implies ¢ = v, which entails that the
velocity tracking control objective © = 0 can be restated as
(&€, ¢) = 0. We propose the following adaptive control law for
the translational subsystem

(14)

tanh|z|

5)
]

AQ.: = —k19(p) — E9(C)
I;Em(Fgag) [A)G'P
u = b+ mges —m(C + pa) + k19(p) + K9(€)
= [u

where b denotes the estimate of the disturbance b and K €
R3*3 is positive definite and diagonal.
Given a desired heading vy and a desired thrust direction
p = \%I € S?, we define the desired vehicle orientation by
Ri=(r pxr p) (16)
P3Vd (17
P1Vd,1 — P2Vd,2

_ sgn p3 (
\/ﬂ% + (p1va1 + pava2)? \ ™
Moreover, by defining w := (p,r), the desired angular velocity
can be computed according to

TTPxﬁ-’ TTPX 0 ;
wa=| rTp |=[ T 0 <ﬁ>:;A(w)w. (18)
—TTPXT.‘ 0 _TTIOX

Observe that Ry is well-defined for any vy € S and p € S?
provided ps # 0. The desired orientation aligns the thrust axis
of the multirotor with the desired thrust direction p. The vector
r € S? should be interpreted as the desired configuration of the
vehicle-fixed x-axis of the multirotor expressed in the inertial
frame. It is chosen such that its projection onto the horizontal
plane is aligned with the desired heading. Note that R, as
defined in (16) can also be constructed using the approach in
[21]. However, [21] employs an intermediary step in which the
desired roll and pitch angles are computed as a function of p
and the desired yaw angle. Although a direct computation of
the desired roll-pitch-yaw angles are required for any control
algorithm based on a three-parameter representation of SO(3),
it is unnecessary for any control scheme based on rotation
matrix or quaternion feedback. Also, note that the approach in
[7] does not yield the same R, as (16) and only guarantees
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that the vehicle-fixed z-axis converges to the projection of the
desired body-fixed x-axis onto the plane orthogonal to p.

Let z = (n,€) € S® be a unit quaternion satisfying R(z) =
R. Since z is not measured, we employ the path-lifting mech-
anism proposed in [22] in order to lift the solution ¢ — R(t)

of R = R(R4&) to a continuous path ¢ — z(t) that satisfies
the kinematic equation

LT YR = TR
=5 ks + e W = T(2)R4&.

If wg were entirely known, it would be straightforward to
design a backstepping control law using the angular velocity
error as the virtual control input. However, due to the presence
of the constant disturbance b in the translational dynamics, the
following part of wgy is problematic

ow »

AW) (5,0 105 ae?
Although the first term is known, it cannot be canceled without
increasing the dynamic order of the system. In other words,
we would need two additional estimators for the same bias due
to its appearance in wy and wq. Note that this is the approach
taken in [13]. To circumvent this, we will follow a tuning
function based design procedure. For i € {2,3}, we define f3;

19)

1 0w Ou~ ) 20)

as the known part of wy with b replaced by I'7;
ow 2
i=wg— A —b
B = - Atw) (Gob+
which can be rewritten as
) + b J (p)5

5= Aw) 32 (P7i — m( + 1

ou 21D
+EJ(€)(ges — pa— C + E(b — R(z)u))) —s—A(w)adeDd

w
w 7[‘7’@7

ow

where 7; is the 4th tuning function and J(¢) = %(;). Let g €
Q = {—1,1} be a logic variable, let ko, k, > 0 and define
the virtual control input o by

Qg = 62 + qR}h>

2

kf((nI +ex)u)x&.
Furthermore, following the tuning function-based backstepping
approach in [23], we define the tuning functions

(22)

h = —kyk,e+ (23)

T =¢ )
k. T !
T3 =Ty — W(2)Z(w — o), (26)

() () (2 () () (%)
() () (& o (2]

( ) ( )AT RJe)x Ag—w%r (%’)TAT (27)
a5 () (i) (5
o () (ot (2 )
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Define the state space X' := R xS* xR3 xR?*xR*xPxOxQ,
the state vector x := (p, z,£,(,©, b, 0, x), where 0 denotes the
estimate of 6, and the flow and jump sets

C:={(z,q) € X x Q:q¥(zx) > -6},
D:={(z,q) € X x Q: q¥(z) < -6},

where 0 € (0,1) is the hysteresis half-width, and

(28)
(29)

1 0
V() =1+ 5w = o+ Aa—wr(m - Tl))TIO(x) (30)
o(z) = RJh — e Aa—w @ aw ATRYe.  (31)
23
Consider the following hybrid control law
C—*A (k19(p) + Z9())
b € Proj(I'ms, b) (z,q)€C
0 € Proj(In(w — o), 0)
¢'=—q (z,q)€D
w=b+mges —m(C+a) + k() + Ko(e) O
= [u
p=—0+wyTw — Ko(w — ay) — gk R} e
T
+ Ty, — gk, IW (z)'T (gw) A(w)TRJe
u
where Ky = K5 € R3*3 is positive definite and
0f2 O 0
voi= (2004 22 (- LK) + 2T Raleo — 53)
B2 ,. 1- 0B2 1- 0Bz . 0OP2:
+%(U*Eb) (E*E)+87yy+gb
k.q 0w _ [du ow\ " (33)
- =tAser (a?) (%) AT(R}€)xBs + q(R}h) x B
1o}

QR T(2) Ralto — ) + - AT KIOR(ux (w — o),

where y = (5,¢,p, va, @a). The hybrid control law (32)
leads to the following hybrid closed-loop system

p=R(2)0

2=T(2)®

é=ges —ja—C+ - (b= R(:)u)

C = (klﬂ( )+ ﬂ(C)) (Z Q) cC
HK o= I'i(.’E) ’ (34)

b € Proj(I'rs, b)

6 € Proj(Iy(w — ay), )

X € F(x)

7 =—q (2,9) €D
where

() =04y — g — T Ko(w — ay)

(35)

— gk T (1 LIWTT (‘ZZ) AT>RdTe
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Theorem 1. If Assumptions 1 and 2 hold and the gains satisfy

k1 + K33+ mki— er— <ec, (36)

/1 Ass
with c defined as in Assumption 2, then there exists ¢ > 0 such
that ps > < for all solutions to H, and the compact set

A={(z,q) e X x Q:p =0,z = gey,

) (37)
€=0,=0b=bw=00=0}

is uniformly globally asymptotically stable for H.

Proof. Tt follows from Assumption 2, (36) and (32) that
u3(t,j) > infy ;) us(t, j) > 0. Therefore, there exists ¢" > 0
such that us(t,j) > ¢’ for all (¢,7) in the hybrid time domain
of the solution. Since u is bounded, it follows that there exists
¢ > 0 such that ps(t,j) = "ff((tt;))‘ > . Let U be an open
set containing X' and consider the continuously differentiable
function V : U x Q@ — R defined by

1 lor 1
V(z,q) = ki In cosh|p| + %ng +5CTAC+ BT

1~ ~ 1
+ §0TF2_19 + 2k, (1 —gn) + i(w —ay) " T(w — a).

For all (z,q) € C, the change in V along the solutions of H
can be shown to be
V < —ETKO(E) — (TEV(C) — kokoe €
— (w—ay) T Ky(w—ay) <0.

Consequently, the growth of V' along the flow solutions of H
is bounded by

—ETKY(€) — CTEY(C) — kokoe' €

—(w— O‘q)TK2(W — ay)

—0Q,

rel
ue(x) =
otherwise

For all (z,q) € D, the change in V' across jumps is

V(z,—q) — V(x,q) = 2k,q¥(z) <0,

where the last inequality follows from the definition of the
jump set D. Since the continuously differentiable function V'
has compact sublevel sets and is positive definite with respect
to the compact set A, it follows that 4 is uniformly globally
stable. Furthermore, H satisfies the hybrid basic conditions,
and the time between jumps is lower bounded by a positive
constant. Thus, it follows from [19, Corollary 8.7 (b)] that each
solution to H converges to the largest weakly invariant subset
® contained in V~1(7) N u;l(O), for some 7 € R, where

uz ' (0) = {(2,q) €C: € =0, =0,e = 0,0 = g} .

Note that for every z € S?, € = 0, implies n = £1. The closed-
loop system # is such that ( = 0 implies p = 0. Thus, £ =0
implies that b = 0, since € = 0 implies R(z) = I. Finally, e =
0 and £ = 0 imply that o, = B2 and that 75 = 0, from which
we can conclude that w = o, = wy. It follows that & = 0 and
hence that § = . Consequently, no solution ¢ makes V (¢(t, §))
equal to a non-zero constant, and it follows from [19, Theorem
8.8] that A is uniformly globally asymptotically stable. [
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Fig. 1. ModalAl Qualcomm Flight RB5

We remark that Theorem 1 implies that the problem state-
ment is solved. Indeed, by employing the path-lifiting mecha-
nism from [22], it follows from [22, Thm. 9] and Theorem 1
that A is uniformly globally asymptotically stable for the
interconnection between (12) and (32).

IV. EXPERIMENTAL RESULTS

The experimental platform is the ModalAl Qualcomm
Flight RB5 depicted in Fig. 1. The mass of the quadro—
tor is m = 1l.4kg, the inertia matrlx is 7 =
diag(0.029 kgm?, 0.029 kgm?, 0.052kgm?), the lower and
upper bounds for the parameters are given by 6 =
(-0.3,-0.12,-0.3),6 = (0.2,0.2,0.2), b = (-1,—1,-0.3),
and b = (1, 1, 3). Moreover, the reference trajectory is given by

_ sin(0.5(t — 30)
pa(t) = 1 — cos(0.5(¢ — 30)) ¢ > 300
—0.8 + 0.5(cos(0.5(t — 30)) — 1)
va(t) = (cosia(t),siny(t)), (39)
5 t <30
va(t) = {g — 257 Gin(0.3(¢ — 30)) ¢ > 30 (40)

and the control parameters are chosen as k1 = 2.2, K =
diag(2.9,2.9,3.3), & = K, Ky = diag(0.08,0.08,0.05),
k. =31,k =1, A =1, I = diag(0.25,0.25,0.52) and
I = 0.051. It is straightforward to verify that (36) is satisfied.
In the implementation, we apply the approximation ¥(x) =
x when |z| < 1076, Moreover, we implement the maximal
solution to (6), which employs the discontinuous projection
(7), i.e. a componentwise saturation.

The experimental results are presented in Figs. 2 to 5. From
Figs. 2 and 3 we observe that the quadrotor successfully tracks
the position and velocity references. Fig. 4 shows that the
estimate bs approaches a value of approximately 1.7 N. This
suggests that there are minor modelling errors in the mass
of the quadrotor and the thrust produced by the propellers.
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Fig. 5. The control torque p, control thrust f and the logic variable gq.

Indeed, as b3 approaches its steady-state value, we see that ps
approaches ps 4. The estimates by and by remain very close
to zero. The orientation disturbance 91 increases to a value
of approximately 0.05 Nm. This suggests that there are minor
modeling errors in the roll-loop of the quadrotor, most likely in
the position of the center of mass and the moments produced by
the propellers. The two other orientation disturbances remain
small. Moreover, we observe that the yaw angle of the quadrotor
1 = atan2(ve, v1), successfully tracks the desired yaw angle
14. The desired propeller torque, total propeller thrust, and
logic variable ¢, are plotted in Fig. 5. The two spikes in the
desired torque correspond to lift off and the abrupt change
in the desired trajectory at ¢ = 30s, respectively. The logic
variable ¢ does not change sign during the motion.

V. CONCLUSIONS

This letter has addressed the global position and heading
tracking control problem for multirotor aerial vehicles. The
proposed control law achieves uniform global asymptotic posi-
tion and heading tracking. Global asymptotic heading tracking

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

is achieved by utilizing a novel construction of the desired
rotation matrix. Moreover, the use of tuning functions ensures
that the number of parameter estimates is equal to the number
of unknown parameters. In turn, this guarantees that the param-
eter estimates in both the translational and rotational dynamics
converge to their actual values. The effectiveness of the control
law has been demonstrated through experiments.
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