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Abstract

To enable the full power of the offline-online concept in Reduced Order Modelling (ROM) the
parametrized problem must be affine under variation of the parameters. However, many relevant
problems, in particular those involving parametrized geometry, are not affine. The present master
project aims to develop techniques for handling such cases applied to solid mechanics. This is
done through the development and testing of the Matriz Least Squares technique, where Matrix
Least Squares refers to a least square fitting problem for matrices.

In the case studies, we study three different cases of geometry deformations on a rectangle using
the plane stress problem of Constant body force in 2D. Here we also restrict ourselves to the cases
where there is some prescribed displacement on parts of the boundary. (i) The body force, (ii) the
prescribed displacement, and (iii) the prescribed traction, on the other parts of the boundary, are
independent of the material parametrization parameters we choose, i.e. the domain and thereby
its boundary depend on the geometric parametrization parameters we choose. This leads us to
testing and observing the effect of the Matriz Least Squares technique on affine and non-affine
problems.

The conclusion from this thesis is that the developed Matrix Least Square technique performs
well when we have enough snapshots and are well within the maximum valid geometry parameter
range for the Taylor expansion. This is because when using it on a problem with over 10000
degrees of freedom we observed a computational speedup of order 600 and the technique splits
the matrices of an affine problem as desired. We also conclude that the overall objective of the
thesis is achieved since we first thoroughly studied the basic theory behind the reduced basis
methods using finite elements, presented the Matrixz Least Square technique, and applied the
theory to our restricted cases of the Linear Elasticity Fquations. Then secondly, we built a
solver and tested it, and then finally, we used it to test the Matriz Least Square technique and
studied a simple numerical example using the technique for different non-affine geometries. For
future work, we suggest to investigate the use of sparse snapshot generation, the extension to
the 3D case, even more complex geometry and other partial differential equations.
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Sammendrag

For & aktivere den fulle kraften til offline-online konseptet i Redusert Ordens Modellering (ROM),
mé det parametriserte problemet veere affint under variasjon av parameterne. Imidlertid er
mange relevante problemer, spesielt de som involverer parametrisert geometri, ikke affine. Denne
masteroppgaven har som mal & utvikle teknikker for handtering av slike problemer anvendt
pa solidmekanikk. Dette gjores gjennom utvikling og testing av Matrise Minste Kvadraters-
teknikken, der Matrise Minste Kvadraters refererer til et minste kvadraters tilpasningsproblem
for matriser.

I casestudiene studerer vi tre forskjellige tilfeller av geometrideformasjoner pa et rektangel ved &
bruke planspenningstilfelle-problemet med Konstant Volumkraft i 2D. Her begrenser vi oss ogsa
til de tilfellene hvor det finnes foreskrevet forskyvning pa deler av randen. (i) Volumkraften, (ii)
den foreskrevne forskyvningen og (iii) den foreskrevne trekkraften, pa de andre delene av randen,
er uavhengige av de materielle parametriseringsparametrene vi velger, dvs. domenet og dermed
dets rand avhenger av de geometriske parametriseringsparametere vi velger. Dette forer oss til
& teste og observere effekten av Matrise Minste Kvadraters-teknikken pa affine og ikke-affine
problemer.

Konklusjonen fra denne oppgaven er at den utviklede Matrise Minste Kvadraters-teknikken
fungerer godt nar vi har nok gyeblikksbilder og er godt innenfor det maksimale gyldige geo-
metriparameterrommet for Taylor-utviklingen. Dette er fordi nar vi brukte det pa et problem
med over 10 000 frihetsgrader, observerte vi en beregningsmessig tidsbesparelse av stgrrelsesorden
600 og teknikken deler opp matrisene til et affint problem som gnsket. Vi konkluderer ogsa med
at det overordnede malet med oppgaven er oppnadd siden vi fgrst grundig studerte den grunnleg-
gende teorien bak redusert basis modellering ved bruk av endelige elementer, presenterte Matrise
Minste Kvadraters-teknikken og anvendte teorien pa vare begrensede tilfeller av de Lineere Elas-
tisitetsligningene. For det andre bygget vi en lgser og testet den, og til slutt bruke vi den til &
teste Matrise Minste Kvadraters-teknikken og studerte et enkelt numerisk eksempel ved & bruke
teknikken for forskjellige ikke-affine geometrier. For fremtidig arbeid foreslar vi & undersgke
bruken av sparsom gyeblikksbildegenerering, utvidelsen til 3D, enda kompleksere geometri og
andre partielle differensiallikninger.
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Chapter 1

Introduction

1.1 Background

In several engineering disciplines, partial differential equations (PDESs) are used to describe phys-
ical and simulated problems. The problems may be as simple as for instance the heat transfer
in an object or the airflow around a stationary object. However, the problems may also be as
complicated as adding physical realism to any digital twin [2]. In common for these physical
problems is that the governing equation, i.e. the PDEs, often are driven by the laws of nature.
Due to complexities, the equations need to be solved numerically on computers quite often.
Therefore it is of interest to solve these problems accurately and if possible efficiently.

Conventional methods for solving PDEs include well-established techniques such as Finite Volume
Methods (FVM), Finite Difference Methods (FDM) and Finite Element Methods (FEM). Com-
mon to all these methods is that they give rise to huge systems to accurately model physical
problems, often the number of degrees of freedom will be in the millions or billions [3]. Models
arising from such physical problems are usually classified as high-fidelity models.

This makes the computation of the high-fidelity models quite demanding, even in our time of con-
stantly increasing available computational power, accompanied by the progressive improvement
of algorithms for solving large linear systems [1|. This is at odds with the ever increasing demand
for real-time solutions, which is particularly relevant in optimization, control systems, inverse
and inference problems, and uncertainty quantification |3]. Common for many of these solutions
is that the PDE in question is parametrized by a suitably small number of input parameters.
We usually call these PDEs parametrized PDFEs.

This leads to the need for reduction. The main motivation for the reduced basis (RB) or reduced-
order (ROM) methods. As stated in [1] the RB methods represent a remarkable instance of
reduced-order modelling techniques. This is because they exploit the parametric dependence,
i.e. the affinity, of the PDE solution. They do so by combining a handful of high-fidelity solutions
computed for a set of parameter values. They build a basis for approximating the general solution
function space in a low-cost and low-dimensional way, by decreasing the degrees of freedom. This
leads to a great computational speed up, but on the cost of some level of accuracy [2|. However,
many relevant problems, in particular those involving parametrized geometry, are not affine.
This means that when the problem can not be represented affinely, we need an approximated
and affine representation. In the case with geometric parameters, i.e. parametrized geometry,
this can lead to significantly more complicated representations as seen in [3].

As mentioned in both [1] and [2] the RB methods are divided into two stages, the offline and
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online stages. The offline stage is run only once, and the online stage is run once for each problem
instance to solve. Here we off-load as much work as possible from the online to the offline stage,
making the cost per online execution very small. In other words, this means that the online stage
is cheap and computationally fast, since the slow offline stage has been computed beforehand
and is considered “free” [2].

1.2 Objectives and Research Topic

The tasks for this thesis was given as:

To enable the full power of the offline-online concept in Reduced Order Modelling (ROM)
the parametrized problem must be affine under variation of the parameters. However, many
relevant problems, in particular those involving parametrized geometry, are not affine. The
present master project aims to develop techniques for handling such cases applied to solid
mechanics.

1.3 Research Approach

In this thesis will study geometry deformations whiles solving the Linear FElasticity Equations.
We observe that previous techniques, such as the one presented in [3|, are based on mapping
to a reference domain and finding approximated and affine representations of the Jacobian of
the mentioned mapping and its inverse. However, in contrast to previous techniques we find
approximated and affine representations after assembling the high-fidelity systems for different
choices of our parameters. This is done by treating each of the high-fidelity system matrices and
vectors as a snapshot. Choosing a basis for our parameters based on the approximated and affine
representations of the Jacobian and its inverse. This leads to a fitting problem, which we call
Matriz Least Squares. The result of the Matriz Least Squares fit is a set of matrices and vectors
representing an approximated and affine interpolation of the high-fidelity systems. Therefore the
aim of the present master thesis becomes to construct, present and test the Matriz Least Squares
technique.

1.4 Working Method and Report Structure

As seen above, several fields where reduced-order models can be applied, and several approaches
to construct these models exist. Especially for today’s age the use in digital twins is interesting.
However, in many cases, in particular those involving parametrized geometry, the problems are
not affine. Therefore the emphasis of this thesis is to construct, present and test the Matriz
Least Squares technique. This is done by using the Galerkin reduced basis method for the Linear
Elasticity Equations.

To do this we start by presenting the relevant FEM and ROM theory in chapter before
continuing with the construction of the Matrix Least Squares method and the Linear FElasticity
FEquations with a mapping to the reference domain. Here we also restrict ourselves to the cases
where there is some prescribed displacement on parts of the boundary. (i) The body force, (ii) the
prescribed displacement, and (iii) the prescribed traction, on the other parts of the boundary, are
independent of the material parametrization parameters we choose, i.e. the domain and thereby
its boundary depend on the geometric parametrization parameters we choose.

In chapter |3 start with an introduction to our numerical case, before preforming the Patch Test.
Continuing with chapter [3| we determine a basis for the Matriz Least Squares method, i.e. the
Matriz Least Squares Functions. We end chapter [3| by presenting the problem of constant body
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force in 2D and discussing some numerical results, testing and observing the effect of the Matrix
Least Squares technique.

Finally, in chapter [] we give a summary of the main results, and present our conclusion and
suggestions for further work.

The Python code building the solver, the Python code used in this thesis and the log files can
be found via the doi-link [4].

Finally, I would like to note that parts of this chapter and multiple sections in the theory chapter[2]
are reused and partly rewritten or edited from my Specialization Project.
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Chapter 2

Theory

Since we will be solving the linear elasticity equations we in first section of this chapter present
some relevant theory for solving parametrized partial differential equations. Following Reduced
Basis Methods for Partial Differential Equations by Quarteroni, Manzoni and Negri
(QMN2016) [1] we then will be presenting the Galerkin finite element method and the con-
struction of a reduced-order method based on the Galerkin high-fidelity approximation using
the Proper Orthogonal Decomposition (POD) method. Next, since all the previous five sec-
tions assume that we have an affine problem we present the idea and theory behind the Matrix
Least Squares method. Lastly we apply the presented theory to the Linear Elasticity Equations
by presenting the strong and weak formulation, the mapping to the reference domain and the
resulting algebraic systems.

2.1 Parametrized Partial Differential Equations

As described in chapter 1 of QMN2016 [1], a parametrized partial differential equation (para-
metrized PDE) is a partial differential equation depending on some set of parameters. Let us
denote the input parameters by a vector, p = [ M1y ]T, which is the input parameters
belonging to the parameter space 9 € RP. The parameter space & is a closed and bounded
subset in the Euclidean space RP,p > 1. Then the exact solution of the parametrized PDE given
by the input parameters p can be written as u(p), where u : ? — V is the map mapping any
p € %P to the solution u(u) belonging to a suitable function space V.

2.1.1 Strong Formulation
The strong formulation of a parametrized PDE is defined in section 3.1 of QMN2016 [1];

Let us denote by  C R% d = 1,2,3 denote the reference domain, V = V(Q) a suitable
Hilbert space, V' its dual. For every g € 2 let L(p) : V — V' denotes [sic] a second-order
differential operator and f(u) : V — R a linear and continuous form on V. that is an
element of V'. In abstract from, the parametrized problem we focus on can be written as
follows:

given p € %, find the solution u(p) € V of
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2.1.2 Weak Formulation

For the sake of construction and numerical approximation the weak formulation of problem ([2.1)
as stated in section 3.1 of QMN2016 [1] is introduced;

given p € P, find u(p) € V such that

a(u(p),v;ip) = flv;p) Vv eV, (2.2)
where the parametrized bilinear form a(-,-;p) : V x V — R is obtained from L(u),

a(u(p),vs p) =v (L(p)u, v)y Yu,v €V, (2.3)

and encodes the differential operator. The linear form f(.; p) : V. — R denotes
f; ) =v (f (1), v)y - (2.4)

As stated in chapter 5 in QMN2016 [1] the set of all solutions is called the solution manifold

M={u(p)eV:peP}CV. (2.5)

For more details in deriving the weak formulation we refer the interested readers to Numerical
Models for Differential Problems by Quarteroni (Q2009) [5| and the book by Troltzsch [6].

Remark 2.1. [t is possible to find a solution to the problem through the weak formulation
even if the solution u is not twice differentiable, as seen in section 3.2.1 in Q2009 [5]. With
the example modelling the equilibrium configuration of an elastic string, where w is its vertical
displacement, and the string is fived in both ends and pulled with a force at the middle of the
string, forming a V-shape. Here a solution is possible because the weak formulation weakens the
differentiability requirements, moving from a second-order differential problem to a first order
differential problem.

2.1.3 Well-posedness of the Weak Formulation

The well-posedness of the weak formulation (2.2) can in general be established by similar
arguments as in the Lax-Milgram Lemma and Necas Theorem, both found in chapter 2 of

QMN2016 |1]. Knowing this we present first present Lax-Milgram Lemma from section 2.2.1
of QMN2016;

Lemma 2.1 (Lax-Milgram). Let V be a Hilbert space, a : VXV — R a continuous, strongly
coercive bilinear form on VXV | and V — R a bounded linear functional on V. Then, the
abstract variational problem (Py) has a unique solution and it satisfies the stability estimate

1
lullv < ~ Ml fllvr- (2.6)

Here o > 0 is the coercivity constant of a(-,-) that exists when a(-,-) is strongly coercive, i.e.

a(v,v) > allv||} Vv eV. (2.7)

Next, we present the general well-posedness statement from section 3.1 of QMN2016;

6
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Assuming that a(-, ;) : VXV — R is continues over V x V for any p € 9, i.e there exists
a constant 4 > 0 such that

() = sup sup alv, w; p) <y Vue. (2.8)

vev wev [|v]lyllwlly
Since f(p) € V' for any p € %, also f(., ) is a continuous from, i.e there exists a constant

Ar > 0 such that
J(w;p
(1) = sup L5
weVv HwHV

Here v(p) and yp () represent the continuity factors of a(-,-; u) and f(., ). For stability,
we assume that there exist a constant Sy > 0 such that for each p € 9,

B(p) = inf sup a(v, w; p)

> Bo, (2.10)
veV wev [[v]lyllwlly

inf sup LR (2.11)
weV vev [[vllyllwlly

Where we call 5(p) the inf-sup stability factor and we say that a(-,-; p) is inf-sup stable.

Provided that the continuity properties and the stability properties are verified, prob-
lem (2.2]) admits a unique solution thanks to Necas Theorem. Furthermore, the following
stability estimate holds for all u € %

()l < B(lu) 1)l < ;0 1)l (2.12)

A proof of the Lax-Milgram Lemma above can be seen in e.g section 3.4.1 of [7].

Remark 2.2. Note that the abstract variational problem (P1) not stated here is equal to the weak
formulation in (2.2)) if we remove the dependence on p.

Furthermore, from the general well-posedness statement above we see that the continuity prop-

erties (2.8)) and (2.9)) establish the continuity of a(-,-; ) and f(.; ), and (2.10) establishes the
weak coercivity of a(-,-; u). With regards to the coercivity of a(-,-; ) we state the first remark

in section 3.1 of QMN2016 [1];

Remark 2.3. A particular case where the assumptions in (2.10)- (2.11)) are verified is
when, for each p € 9, there exists ag > 0 such that

a(p) = inf a(v,iv;zu) > . (2.13)
veV ol

In this case a(-,-; @) is coercive and a(p) is the coercive factor.

2.1.4 Sobolev Spaces

In section [2.1.2) the weak formulation was introduced. For the numerical analysis of the linear
elasticity equations in section we need that the solution u(p) and the test function v lie in
a certain space for the weak formulation to hold. In QMN2016 [1] this space is introduced as
the Sobolev Spaces H'(Q) and H%D(Q), where I'p is the Dirichlet part of the boundary I' of our
domain 2. To familiarize the reader with the notion of these spaces we refer to [8, 5], and state
the definitions (for £ = 1) from section 2.4 in Q2009 [5|;

7
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Definition 2.1. Let Q be an open set of R4 We call the Sobolev space of order k =1 on
Q) the space formed by the totality of functions of L?(Q) whose (distributional) derivatives
up to the first order (k = 1) belong to L?(2):

H'(Q) = {f € L*(Q): Df € L*(Q)}. (2.14)
Using the definition above we define ]HI%D (Q) as

Hr, (@) = {f € H'(Q) : flr, =0} (2.15)
The Sobolev spaces H' () are Hilbert spaces with respect to the following inner product

(9o = [ Fod0r+ [Vi-vgan (2.16)
Q Q

which induces the H'-norm
1l ) = /(s D - (2.17)
Finally, we define the H'-seminorm

|f|H1(Q) = ||VfHL2(Q) (2.18)

2.1.5 The Energy Norm

Following the previous section we also want to define the problem dependent energy norm. We
do this through section 2.2.1 in QMN2016 |1];

When the bilinear form a(-, -; pt) is symmetric — that is, a(v, w; p) = a(w,v; u) Yo, w € V
— it defines an inner product over V

(v,w), = a(v,w) (2.19)

and the corresponding norm
I, = vVa(..) (2.20)
induced by this scalar product is called energy norm.

Concerning when the energy norm is defined, we make the following remark;

Remark 2.4. The energy norm is only defined when the bilinear for a(-,-;p) is symmetric
positive definite, i.e it is symmetric as described in the quote above and

a(v,o;u) >0 Yo e V\{0}. (2.21)

2.2 The Galerkin Finite Element Method

In this section we present the details on deriving a linear system from the Galerkin problem as
this sets the foundation for the Galerkin reduced basis problem which we construction from the
Galerkin high-fidelity approximation.
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Figure 2.1. The linear system in equation (2:25) with Ap(p) € RN»>Mu ap(p) € RY and
fw) eRYY

2.2.1 Galerkin High-fidelity Approximation

To discretize problem (2.2)) we introduce the approximation space V; C V where we seek the
weak solution up, which we also called the high-fidelity solution. This leads to the Galerkin
high-fidelity approximation of the weak formulation defined in section 3.2 of QMN2016 ;

find up(pe) € Vi, such that
a(up(p),vn; ) = f(op; ) Yo, € V. (2.22)

Remark 2.5. Note here that, the subscript h is related to the grid size of the high-fidelity system
and as noted above Vp, is some finite-dimensional subspace of V.

Now following section 4.1 in Q2009 |5] we denote by Nj = dim(V}) and {(pi}ﬁihl the dimension
and basis for Vj,. We can now write uy in therms of the basis

N,
un(p) = un(@; p) = Y u (e () (2.23)
j=1
(1) V), 1T - - -
where up(p) = [ uy () ... uy () ] holds the coefficients associated with the degrees

of freedom of up(p). Now since equation ([2.22)) holds for all Vv, € V), we can write the test
function as v, (x) = @;(x). Then the Galerkin problem becomes

Ny, ()
a(Zuj (1) w5 (), soi(w);u) = f (@i (x); p)
= (2.24)

&) ‘ o) — ol () -
a (uh (1) pj (x), pi (x) ,Il> f(pi(z);p)

which must hold for all ¢ = 1, ..., N,. Meaning that the Galerkin high-fidelity approximation is
equivalent to solving the linear system

Ap(p)un(p) = fo(p) (2.25)

where Ap(p) € RM»>*Nn s the stiffness matrix and fj,(u) € R™» is the right-hand side load
vector both depending on depending on u, and with elements

(An (N))ij =a(pj,pisp) 1 <i,j <Ny
(2.26)

(fn () = f(pisp) 1 <i < Ny,
One can see the linear system of (2.25) in figure
From section 5.1 in QMN2016 |1| we also state the definition of the discrete solution manifold as

9
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Figure 2.2. Geometric interpretation of the Galerkin orthogonality

My = {up(p) €Vy:p € P} CVy, (2.27)

where obviously it is a subset of the exact solution manifold, i.e. My C A . Furthermore, we
assume that choosing the discretization fine enough, or equivalently by choosing h small enough,
we can approximate V by Vj, and . by ; within an acceptable approximation error.

2.2.2 Galerkin Orthogonality
By fixing g € & such that u(p) = u,up(p) = up,a(-, 5 @) = a(-,-) and f(.; ) = f(.). We now

present the Galerkin orthogonality as stated in Lemma 4.1 of Q2009 [5];
Lemma 2.2 (Galerkin Orthogonality). The solution of the Galerkin Method satisfies
a(u —up,vp) =0 Yo, € Vy (2.28)

Proof. Since V;, C V, the exact solution satisfies the weak problem (2.2)) for each element
v =wvp €V, hence we have

a(u,vp) = f(vp) Vo, € V. (2.29)

By subtracting side by side from , we obtain
a(u,vp) — a(up,vp) =0 Yo, €V, (2.30)
from which, thanks to bilinearity of the form a(,-), the claim follows. O

A figure of the geometric interpretation of the Galerkin orthogonality is given in figure

Remark 2.6. Because of property (2.29) we could also state Cea’s lemma, see e.g Lemma A.6
in the book by Hesthaven, Rozza and Stamm (HRS2016) [9].

2.3 The Linear Lagrange Rectangle Element

The Finite Element solver used in this thesis is based on a commonly used Bilinear Lagrange
Element and hence we briefly discuss the topic of the Bilinear Lagrange Rectangle Element. First

10
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Lq
°® ®
Z4 Z7

Figure 2.3. Bilinear Lagrange Rectangle Element — Here "e" indicates the nodal value evalu-

ation at the point where the dot is located.

we state the definition of a finite element and two lemmas, then we present the example Bilinear
Lagrange Rectangle Element from chapter 3 in The Mathematical Theory of Finite Element
Methods by Brenner and Scott (BS2008) [10];

Definition 2.2. Let

(i) K CR" be a bounded closed set with nonempty interior and piecewise smooth boundary
(the element domain).

(i) P be a finite-dimensional space of functions on K (the space of shape functions)
and

(11i) N ={N1,Na,--- , Ny} be a basis for P' (the set of nodal variables).
Then (K, P,N) is called a finite element.

Lemma 2.3. Let P be a d-dimensional vector space and let {Ni, No,--- , Ny} be a subset
of the dual space P'. Then the following two statements are equivalent.

(a) {N1,Na,--- ,Ng} is a basis for P’.
(b) Given v € P with N;(v) =0 fori=1,2,--- ,d, then v =0.

Lemma 2.4. Let P be a polynomial of degree d > 1 that vanishes on a hyperplane L. Then
we can write P = LQ, where Q is a polynomilal of degree (d — 1).

Example 2.1. Let K be any rectangle, P = Q1, and N as depicted in Fig.[2.3.

Suppose that the polynomial P € Q1 vanishes at z1,z9,2z3 and z4. The restriction of P
to any side of the rectangle is a first-order polynomial of one variable. Therefore, we can
write P = cLyLs for some constant c. But

0 = P(z4) = cL1(24)La(z4) = ¢ =0, (2.31)

since L1(z4) # 0 and La(z4) # 0. Thus P = 0.

The poof of the lemmas above can be found in chapter 2 of BS2008 [10]. We do here note that
in example 2.1, we could write P = c¢L;Ls because of lemma Furthermore, we verified
lemma [2.2[(iii) using lemma [2.3|b), i.e we prove that A determines Q.

11
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1D Linear Lagrange basis

1.21
Lol @o(X) @1(x)
0.81
0.61
0.41

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.4. The two Lagrange basis functions on the line element [0, 1].

1D Linear Lagrange basis

P1(x)  @3(x)  @s(x)  @7(x)  @o(x)
1.0-¢0(X) P2(x)  @a(x)  @s(x)  @s(x) @10(x)

1.2]

0.8

0.6

0.41

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.5. The Lagrange basis functions on the line [0, 1] divided into 10 elements.
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Now, to present a picture of the basis functions on the lines L; and Lo, we show two basis
functions on the 1D line element [0,1] in figure 2.4 Figure shows how the basis functions
behave over multiple elements in a 1D example.

2.4 Reduced Basis Methods

As mentioned in chapter 3 of both HRS2016 and QMN2016 [9, |1] solving the high-fidelity prob-
lem for any value of p € % entails severe computational cost. However, this can be
mitigated by introducing a suitable reduced-order approximation. In this section we present the
Reduced Basis (RB) Method as a way to approximate the high-fidelity solutions as described
above. With the aim of exploiting the pu-dependence of the solution, the following observation
is stated in section 3.3 of QMN2016;

Given the discrete solution set of the high-fidelity solutions generated as p varies over
the parameter domain %, we could expect that any uy(p) could be well approximated by
linearly combining few elements of ;. This is true especially when ;, is low-dimensional
and smooth. The idea behind RB methods is to generate an approximate solution to
problem belonging to a low-dimensional subspace Vy C V}, of dimension N < Np,.
The smaller N, the cheaper the reduced problem to solve.

For more on the low-dimensionality and smoothness of /;, we refer to chapter 5 in QMN2016 [1].
Furthermore, continuing from section 3.3 in QMN2016 we state precisely what setting a RB
method entails;

1. the construction of a basis of V. We start from a set of high-fidelity solutions

{un(pr), - un(pn)}, (2.32)
that we call snapshots, corresponding to a set of N selected parameters
Sy =A{p1, -+ ,un} CP. (2.33)
Then, we generate a set of IV functions
{(STEERNGS (2.34)

called the reduced basis, by orthonormalization of the snapshots with respect to a
suitable scalar product (.,.)y, that is

Typically, (.,.)n = (.,.)y, the V-scalar product. The functions (2.34)) are thefore

called reduced basis functions, and generate the reduced basis space

Vy = Span{gla"' vCN} (236)

The spaces {Vx, N > 1} are therfore nested, that is Vy D Vy_1, N > 2. By construc-
tion, the reduced basis functions are no longer solutions of the high- fidelity problem.
However,

Vi =span{(i,---,(n} = span {up(p1), - ,up(pen)} - (2.37)

2. the computation of the RB solution uy () € Vv, expressed as a linear combination
of the reduced basis functions,

N
un(p) = Y ul” ()G (2.38)
m=1

13
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-
where uy(p) = u§\17) (n) ... U%V)(N) € RY denotes the RB coefficients, also

called the generalized coordinates, of ux(p) in the reduced basis;

3. the setup of a reduced problem for determining the unknown coefficients uy () € RY.

2.4.1 Galerkin Reduced-order Approximation

A setup for determining the unknown coefficients uy () € RY is the Galerkin RB method which
in section 3.3.1 of QMN2016 |1] is defined as;

find un(p) € Vi such that

a(un(p), vnip) = f(unip) Yoy € Vy. (2.39)

Remark 2.7. Note that the well-posedness of the weak formulation above follows from a similar
arqgument as for well-posedness of the weak formulation (2.2)) in section .

We now consider the Galerkin case stated in section 3.4.1 of QMN2016 [1];

Inserting (2.38)) into (2.39) and then choosing vy = (,,1 < n < N, we obtain a set of NV
linear algebraic equations

N

3" @Gy Cons ) (1) = f(Guim), 1<n<N. (2.40)

m=1

We denote by Ax(p) € RV*N the matrix with elements (Ax(g))nm = a(Cm, Gm; p) and
by fn(p) € RY the vector the vector with components (£ (), = f(Ca; ). Then, (2.40)
is equivalent to the linear system

An(p)un(p) = fn(p)- (2.41)

Furthermore, to relate the reduced-order system to the high-fidelity system in section we
state the description from section 3.4.1 of QMN2016 |1|;

Since the basis functions (,, belong to Vj we can compute the RB matrices and vectors
from the corresponding high- ﬁdehty ones. Indeed, expanding each RB basis function with
respect to the basis functions {goZ —

Np,

m=> C(Wp;, 1<m<N, (2.42)
=1

we can define the transformation matriz V€ RN»*N whose columns contain the coefficients

of the RB basis functions in (2.42)), that is V' = [ Gl o [ ], or equivalently
VMim=¢%, 1<m < N,1<i<Ny. (2.43)
It follows that, for 1 <n,m < N,
Np Np Np,
Cmagn chm Qq (Pja(Pz C(l)a fq (Cn) = qu (%‘)Cr(f)- (2-44)
=1 j=1 =1
Equivalently, in matrix form
Ag\?) — VTA( )V f(q — VT (Q) (2.45)
where
(A7) = aq (e3000), ()i = falps), 1<n<N. (2.46)
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Figure 2.6. The linear systems of equations (2.41]) and ([2.45) with Aj, = Ay () € RVwX"h gy =
uy(p) € RY, fir = fu(p) e RN,V ee RNWN Ay = Ay () € RVN and fyv = fa(p) € RY.

A figure of how the reduced-order system ([2.41)) relates to the high-fidelity system (2.25)) by the
transformation matriz V introduced above is given in figure [2.6]

Remark 2.8. In this section we have said nothing about the construction of transformation
matriz V. For this we refer to section[2.5

2.4.2 The Affine Parametric Dependence Assumption

The observant reader may have noted that the last quoted description of Quarteroni, Manzoni
and Negri in section 2.4.1] mentions RB matrices and vectors, and not RB matrix and vector.
This is because of the affine parametric dependence assumption described in e.g both HRS2016
and QMN2016 [@7 . We here provide the introduction to the affine parametric dependence
assumption from section 3.4.1 of QMN2016;

Matrix Ay is full, whereas the high-fidelity matrix Ay is (in general) sparse. However, since
typically N < Ny, (2 is (in principle) much faster and less computationally intensive
to solve than the orlgmal high-fidelity linear system (2.25)). Unfortunately, the assembly of
the reduced matrix Ay () and vector fn(p) still 1nvolves computations whose complexity
depends on Ny,

A key ingredient to overcome this drawback is to make the affine parametric dependence
assumption. As anticipated in Chap.1, in this case we require both the parametric bilinear
form a and the parametric linear form f to be affine (or separable) with respect to the
parameter p, that is

a(w,v; @) 20(‘1 wag(w,v) Yo,weV,peP, (2.47)
Qy

flosp) = Zogﬂ)fq(u) YoeV,pued. (2.48)
q=1

Here 9,(1@ :® > Rg=1,---,Q, and 95;1) :® = R,g=1,---,Qy are p-dependent
functions, whereas a, : VXV — R, f, : V — R are p-independent forms.

This will lead to that the high-fidelity system (2.25) matrix and vector can be written as

Qr
Z 0 (WAL, fu(p) = 09 () £ (2.49)
q=1
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where
(A0 = ag(ese), (B = ful): (2:50)

Similarly for the reduced-order system ([2.41)) we can write

Qa Qy
An(p) =" 0@ WAL, fu(w) =S 09 () (2.51)
q=1 q=1
where
(A% )m = () (Gms G)y (P = FulGo)- (2.52)

2.4.3 Error Computations

Picking up from where we left in section [2.4.1] we now want to look at the error computations
between the high-fidelity and RB solution. We denote by ep(p) = up(p) — un(p) € Vy this
error, as defined in section 3.6 of QMN2016 |1, and note that by the triangle inequality we have
that

len(ll = llu(p) = un ()| < flu(pe) — un(p)ll + [lun(p) = un (@)]- (2.53)

Hence if for desired accuracy, the grid parameter h is small enough, i.e. chose h such that
llu(p) — un(p)|| < €tol, then the accuracy of how good the RB solution approximates the exact
solution depends on how good the RB solution approximates the high-fidelity solution.

Now, using (2.38) and (2.42)) we can write uyn () as

N N . N, N A
un(p) = > S u (wce; =303 Wl ()¢ g, (2.54)
m=1 j=1 j=1m=1

which together with (2.23|)gives ep () as

Ny, ) N '
en(p) =Y (ugf)(u) -y CWU%”(M)) ;- (2.55)
j=1 m=1

This leads us to the to definition of the discrete error between the recovered RB solution and
high-fidelity solution in section 3.7.1 in QMN2016 [1];

en(p) = un(p) — Vun(p), (2.56)

Now defining the vector ® = [ ¢1 ... ¢, ]T we have ey (u) = ® ey (p), and can write the
X-norms induced by some V-inner product as

lenllk = (en,en)x = (2 en(p), @ en(p))x =
(2.57)
en(p) (@, @) xen(p) = en(p) " Xnen(p),

where Xj, € RV»*Nu is a symmetric positive definite matrix defined by the respective V-scalar
product, which in case of the energy norm form section is Xp = Ap(p).
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2.4.4 The Formal Obtaintion of the Galerkin RB Problem

Inspired by the computations in section we subtract the RB weak formulation ([2.39))
from the high-fidelity one (2.2) and we get the error representation defined in section 3.6.1
of QMN2016 [i];

alen(p)vi 1) = F(v; ) — alun ()i vi ) Vo € Vi, (2.58)
Continuing form the same section we set
r(vip) = fv;p) —alun(p),v:p) Vo€V, (2.59)

as the residual, between the RB and high-fidelity solutions. This gives rise to the discrete residual
defined in section 4.1.2 of QMN2016;

rp(un;p) = fr(p) — Ap(p)Vun (), (2.60)

Following the mentioned section of QMN2016 we state the lemma providing the main algebraic
connections between the RB and high-fidelity Garlerkin approximations and the formal oblation
of the Galerkin RB problem ([2.41)) for a given matrix V of reduced bases;

Lemma 2.5. The following algebraic relations hold:

Ap(p)en(p) = rp(un; p) (2.61)
VT Ap(p)un(p) = fv(w) (2.62)
Vi, (un;p) = 0. (2.63)

In summary, for a given matrix V' of reduced bases, the Galerkin RB problem (2.41]) can
be formally obtained as follows:

Galerkin Reduced Basis (G-RB) problem
1. consider the Galerkin high-fidelity problem ({2.25));

2. set up(p) = Vuy () + en(p), where uy € RY has to be determined and the error
ey, is the difference between up, and Vuy;

3. left multiply (2.25) by VT to obtain

VA ()Vun(p) = VT fu(p) = =V Ap(w)en,

that is
VAL () Vun(p) = VT () = =V e, (un; p);

4. require uy to satisfy V Ty (un; p) = 0, or equivalently

VA () Vun(p) =V fu(p). (2.64)

This coincides with what we found in section where the relationship between ([2.41))
and ([2.64) is shown in figure
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Parametrized PDE M

1. Offline Phase, N,-dependent > 2. Online Phase, N-dependent
I
High fidelity discretization: Assembling RB system:
An(p)un(p) = fr(p) A (i) = 3002 03 () A
Affine Mapping;: In(p) = ZQf 9q( )
A( ):E§a163( ) h U
frnlp) = ZQf 0% (1) fil Solve RB system
4 An(p)un(p) = fn (1)
Generation of solution snapshots {us(p;)}; (3
by POD algorithm,; Error estimation
construction of the matrix V. llup, — Vuyl|
.
Projection:
@ _ T 4@
Ay =V 4TV — @aluate error and choice of @
q T ¢£la
f( N v f( )

Figure 2.7. The affine reduced basis (RB) workflow at a glance.

2.4.5 The Offline and Online Phases

Going back to section we see that from a computational standpoint, we can take advantage
of the affine parametric dependence property by splitting the assembly of the reduced matrices
and vectors in two different phases. In the first phase, we perform offline once and for all, doing
the computation of all the Np-dependent and p-independent matrices A(Q)
the second phase, to be performed online for any given value of u € %, we assemble and solve
the RB system. Which has a cost depending only on N, as stated in section 3.5 of QMN2016 [1].
For further reading, see the computational complexity section 3.5 of QMN2016 for the Galerkin
RB case.

and vectors f,SQ). In

Figure inspired by the figure in chapter 1. of QMN2016 |1|, shows the algebraic workflow
for the affine RB workflow. The process Proper Orthogonal Decomposition (POD) algorithm
for constructing V' and choosing N has not been presented yet, but will be introduced in the
following and discussed in further detail in section

2.5 Proper Orthogonal Decomposition

There are multiple ways to create the reduced basis from which the reduced-order model can
be constructed. In QMN2016 [1| both the Proper Orthogonal Decomposition (POD) and the
Greedy methods are discussed. For this project, POD was chosen, which is discussed in detail
in section 6.3 of QMN2016. From that section we note that POD is a numerical technique for
compressing and approximating a high-dimensional data set by an orthonormal basis. For the
finite element case, this means that the original variables wuj,, are transformed into a new set of
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uncorrelated variables, called POD modes or principal components, where the first few modes
ideally retain most of the energy present in all of the original variables. This means that POD
is Principal Component Analysis(PCA) used in mechanical engineering. For more on PCA we
refer the reader to e.g |11} 12].

2.5.1 Singular Value Decomposition

Before we can apply POD to parametric PDEs the concept of singular value decomposition
(SVD) is needed. Therefore we present the singular value decomposition as stated in section 6.1
of QMN2016 |[1];

if A € R™*" is a real matrix, there exist two orthogonal matrices.
U=[¢&] .. [&n ]eR™™, Z=[41| ... |, | eRV™" (2.65)
such that
A=UxZ", with ¥ =diag(o,---,0,) € R™™" (2.66)
and o1 > 09 > -+ > 0, > 0, for p = min(m, n).

The matrix factorization (2.66) is called singular value decomposition (SVD) of A and the
numbers o; = 0;(A) are called singular values of A. (1, -+ ,(y are called left singular
vectors of A, whereas 1, - - , 1, right singular vectors of A, as

A = 0:Ci, AT¢ =opb;, i,j=1,---,n.

Now, since the singular values of a matrix are related to its norm, we state the definition of the
two relevant norms for matrices from section of QMN2016 [1];

> o (2.67)

142 = omae = max oi, | Alle =
i=1

=1,...

where the Frobenius norm is defined as

[A]lr = (2.68)

For the complex version of the SVD, more on matrix norms and a proof for the 2-norm in (2.67))
see section 1.9 and 1.11 in |7]. Moreover, if A € R™*™ has r positive singular values, then
rank(A) = r. As stated in section 6.1.1 in QMN2016 [1] a particular feature of SVD arises;

if A € R™*™ has rank equal to r, then it can be written as the sum of r rank-1 matrices

A= "oiCap (2.69)

i=1

Formula ([2.69) is very useful, since it allows us to compute low-rank approximations of a matrix,
which is thanks to properties (2.67). This leads to Schmidt-Eckart-Young Theorem and a similar
result for the 2-norm in section 6.1.1 of QMN2016 |1];
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Theorem 2.1 (Schmidt-Eckart-Young). Given a matriz A € R™*"™ of rank r, the matriz

k
Ap =) oGy, 0<k<r, (2.70)
=1

satisfies the optimality property

B e R™*"
rank(B) < k

(2.71)

A similar result holds by considering the 2-norm instead of the Frobenius norm: for any
0 < k < r, the matrix Ay defined in (2.70]) is also such that

A= Ayly=  win A—Bl,=ops. (2.72)
B e Rmxn
rank(B) < k

For a proof of ([2.71])) Quarteroni, Sacco and Saleri refer to |13|, while for the proof of the optimality
with respect to the 2-norm they refer to |14} [15]. Using the theorem and result from above we
see that there is no better rank-k approximation with respect to the energy of the system.

2.5.2 Orthogonal Projection Operators

We now want to provide a brief note on Orthogonal Projection Operators. To learn more about
orthogonal projectors please see e.g section 1.12 in [16]. From and we see that
columns of V are orthonormal with respect to a V-scalar product, i.e V' X,V = Iy, where
X, € RN»XNn g o symmetric positive definite matrix defined by the respective V-scalar product,
which in case of the energy norm is X, = Ap(u).

Now, we for simplicity assume that V'V = Iy and state proposition 4.1 from section 4.2.4 in
QMN2016 |1];

Proposition 2.1. The following results hold:

1. the matrix P =VVT € RNoXNu 45 an orthogonal projector from the whole space RNn
onto the subspace Vy;

2. the matriz I — VV'T € RNo*Nu s q projector from the whole space RNn onto the
subspace V+ , the subspace of RMr orthogonal to Vi ;

3. the residual Ty (un; p) satisfies
Pry(un;p) =0, (2.73)

o 1L
that is, it belongs to the orthogonal space V.

Remark 2.9. Note that the proposition also holds in the case when V' X,V = Iy, by defining
Y = X}IL/2V because this gives Y'Y = Iy.
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2.5.3 POD for Parametrized Problems

The starting point for the POD approach is a parameter sample set {1, ..., oy, } C % for which
high-fidelity solutions {up(p1), ..., up(pn,)} are calculated. Therefore we define the snapshot
matrix S € RVrX7s a5

S=[wl] - |un, ], (2.74)

and utilizing the SVD in section we get the statement in section 6.3.1 of QMN2016 [1];
According to (2.66[), the SVD decomposition of S reads

S=Uxz", (2.75)
where U = [ ¢1| ... [Cn | € RMMhand Z = [ 4| ... |¢n | € R™*" are ortho-
gonal matrices, and ¥ = diag(cy,---,0,) € RN»X"s with oy > 09 > -+ > 0, > 0. Here

r < min(NVp, ns) denotes the rank of S, which is strictly smaller than ng if the snapshot
vectors are not all linearly independent. Then, we can write

Stpi =03, STCi=oipi, i=1,--- 1. (2.76)

or, equivalently
STSy; = olvp;, SST¢ =00, i=1,--,r (2.77)
i.e.a?{i, i=1,---,r are the nonzero eigenvalues of the matrix ST.S (and also of SST ),

listed in nondecreasing order.
Now, by defining the correlation matriz C = ST.S € R™*™ by its elements as
Cij =uj uj, 4,j <i,j<ng, (2.78)
we provide the next statement in section 6.3.1 QMN2016 |1
For any N < ng, the POD basis V € RV*N of dimension N is defined as the set of the

first N left singular vectors (1,---,{xy of U or, equivalently, the set of vectors
1
CGi=—S5%;, 1<j<N (2.79)
gj
obtained from the first IV eigenvectors 11, -+ , 9 of the correlation matrix C.
From this we have V = [ ¢1 o Cn ] as described in point one of what precisely setting a RB

method entails in section 241

Inspired our discussion of orthogonal projectors in by section and that by construction the
POD basis is orthonormal, we define

N
Pyz =) (@,w))w; =WW 'z (2.80)
j=1
as a projector onto the subspace spanned by W = [ wi| - |wy } € RV»XN “and state the

proposition given in section 6.3.1 QMN2016 [1];

Proposition 2.2. Let ¥y = {W e RVeXN Ty = IN} be the set of all N-dimensional
orthonormal bases. Then,

=1

2 s
= min
2 WeYn <
=1

2 T
.= > o (2.81)

1=N+1

u; — WWT’U,Z‘

‘ui — VVT’U,Z‘

21



CHAPTER 2. THEORY

For the proof of the proposition we refer to section 6.3.1 QMN2016, but note that it is by
Theorem [2.1] in section [2.5.1] Furthermore, this means that the POD basis minimizes the sum of
the squares of the errors between each snapshot vector u; and its projection onto the subspace
spanned by W. It also follows that the error in the POD basis is equal to the sum of the squares
of the singular values corresponding to the neglected POD modes. This gives us a suitable
criterion to select the minimal POD dimension N < r such that the projection error is smaller
than a desired tolerance epop, as suggested in section 6.3.1 QMN2016 [1];

It is sufficient to choose N as the smallest integer such that

(2.82)

that is the energy retained by the last » — IV modes is equal or smaller than epqp.

Remark 2.10. I(N) represents the percentage of energy of the snapshots captured by the first
N POD modes, and it is referred to as the relative information content of the POD basis.

Lastly, we here also state one remark by Quarteroni, Sacco and Saleri in section 6.3.1
QMN2016 |1];

Computing of the POD basis by solving an eigenvalue problem for the correlation matrix
C yields inaccurate results for the modes associated to small singular values. This is due
to the roundoff errors introduced while constructing C' and the fact that x(C) = (x(S))2.
In such cases it is recommended to construct the POD basis by means of stable algorithms
for the computation of the SVD.

This is important in algorithm [I} for computing the POD basis described in section 6.3.1 of
QMN2016 [1].

Algorithm 1 The algorithm for computing the POD basis described in section 6.3.1 of Re-
duced Basis Methods for Partial Differential Equations by Quarteroni, Manzoni and Negri
(QMN2016) [1].

1: function V = POD(S, epop)

2: if ny < N, then

3: from the correlation matrix C' = S'S9

4: solve the eigenvalue problem Cv; = af'wi, 1=1,---,r
5: set ¢; = U%S’l,bi

6: else

7: form the matrix K = SST

8: solve the eigenvalue problem K(; = a?@, 1=1,---,r
9: end if

10: define N as the minimum integer such that I[(N) > 1 —&2
1 V=[¢l - K]

12: end function

2.5.4 POD with Respect to Energy Inner Product

Since the snapshot functions wup(p;) belong to the space Vj, C V, it becomes natural to seek a
POD basis minimizing the norm defined by a inner product of V, which is usually the energy
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norm and energy inner product which we defined in section In particular as stated in
section 6.3.2 in QMN2016 [1];

We seek a basis W € “VXh, with
3 = {w e RN WX W = Iy},

which minimizes the squares of the Xj-norm of the error between each snapshot vector w;
and its Xp-orthogonal projection onto the subspace spanned by W, i.e.

Ns
min

X
L u; — PWh’U/l
WG“VNh i=1

(2.83)

Xn

Therefore as in section [2.5.3] and our discussion of orthogonal projectors in by section [2.5.2] we
define the Xj-orthogonal projector

N
PV)[(/LCL' = Z(m, wi)x,w; = WW' Xy, (2.84)
j=1

remembering that for the energy norm and energy inner product X, = Ap(u) as stated in

section Then by (2.84) we have
3 =X
i=1 X i3

Ns
-y HX;/ 2u; — X} PWWT X
=1

2

u; — Pé(/hul u; — WWTX}LUZ'

Xhn

(2.85)

2 2
= HX;/QS ~ XPwwx,s|,

which leads us to the proposition deduced from Schmidt-Eckart-Young Theorem and Pro-
position stated in section 6.3.2 in QMN2016 [1];

Proposition 2.3. Let S = [ uy| -+ |un, | € RM*" be a given matriz of rank r <
min(Ny,ns), X, € RVXNu o symmetric positive definite matriz, S = X,i/QS and S =
USZT its singular value decomposition, where

U=[¢| ... |y, | €RNWN Z = ahy| ... |, | € R™"" (2.86)
are orthogonal matrices and ¥ = diag(oy,--- ,0,) € RNX"s with oy > 09 > -+ > 7, > 0.
Then, for N <r, the POD basis V = { X;l/zfl‘ ‘X;l/QEN ] is such that

n n

S 2 S
3w - vV X = min S Hu —WW T Xyu
i=1 Xn wevgh i

2 T
=) ol (2.87)
X}L .
1=N+1

Now, since for ng < Nj, we have
STS; = oap;, i=1,---,r, (2.88)

we can obtain the POD basis without forming the matrix X }1/ 2, as described in section 6.3.2 in
QMN2016 |1];
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We first compute the correlation matrix ¢ = STS = ST X}, S and its first N eigenvectors
1[) 1, ,1Z)N Then, we define the POD basis as V' = [ Xh_l/2cl| |X;:1/2CN , where

1/2

6= X; G = X, 5, = 5% (2.89)

Using this we present algorithm [2| for computing the POD basis with respect to the X3 norm
in section 6.3.2 in QMN2016 |1].

Remark 2.11. For algorithm[3, we make the same note as in section[2.5.5 about the computation

of the POD basis. i.e that solving the eigenvalue problem for the correlation matriz C yields
inaccurate results for the modes associated with small singular values.

Algorithm 2 The algorithm for computing the POD basis with respect to the X} norm in section
6.3.2 of Reduced Basis Methods for Partial Differential Equations by Quarteroni, Manzoni and
Negri (QMN2016) [1].
: function V = POD(S, X}, €pop)
if ny < N, then
from the correlation matrix C = ST X hS
solve the elgenvalue problem C’v,b, = 0] '¢)Z, t=1,---,7r

1
2
3
4
5: set ¢; = p S’l,bz
6
7
8
9

else .
form the matrix K = X;/ZSSTX;/Q
solve the eigenvalue problem f(é = 0?@, i1=1,---,rset ;= X;l/Qé
: end if
10: define N as the minimum integer such that I(N) > 1 — &2,
ne V=[xl e 1x
12: end function

2.6 Matrix Least Squares

In section we introduced the affine parametric dependence assumption that gives rise to
the affine notation of the high-fidelity system ([2.49),

Qa Qf
An() =S 09 WAL, u(m) =S 00 ()0, (2.90)
q=1 q=1

However, this only holds if the problem is affine. If the problem is not affine we do not have this
splitting, i.e.

Qa Qf
An(p) #3090 AL Fulw) 2S00 ()£ (2.91)
g=1 q=1

Since the affine mapping does not exists, both the projection and the assembly of the reduced-
order system will fail, i.e. the workflow in figure breaks down.

In this section we present our suggested technique to for solving non-affine problems where we
do not have an affine mapping. Our technique consists of turning the “mapping” around to get
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a fitting problem, i.e.

Q
>0 A = An(ue), 1<k <nm,
q=0
Q (2.92)
(9)
> gqw) £ = fulpr), 1<k <n,
q=0

where ¢ starts at 0 because we by go(p) denote the constant function 1. The goal with this is to
find an approximate affine decomposition for the matrices A(u) and vectors fp,(py) to be used
in reduced order methods.

2.6.1 The Matrix Least Square Problem

Generalizing the fitting problem (2.92)) we get the matrix problem
Q
qu(ﬂk)Aq = A(pr), 1<k<n, (2.93)

q=0

where A(p) and A, are matrices of size N x m and the functions {gq(u)}quo are assumed
known.

2.6.2 A Simple Matrix Least Square Problem

To get an introduction, we look at the simple case where () = 3, the vector of parameter p only
has the component p and the functions {g,(p) = uq}quo. This gives us the problem

Ao + prAr + ,U«%AQ + ,uzAg = A(pg), 1<k<mn, (2.94)

where A(py) and A, are matrices of size N x N.

To solve this by least squares we start by defining the matrix M € R™** as follows

TR BT
M=|: : @ (2.95)
1o p
Next we define the block matrices
ﬁo Am)
X = A1 eRWN B : e RPN, (2.96)
2
As A(pn)

From here we see two methods, either mapping the matrices to vectors and minimizing the 2-
norm or working with the matrices we have and minimizing the Frobenius norm. In the following
sections we look at both methods and see that they give the same result.
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2.6.2.1 Method 1 — Mapping to vectors.

For this method we start by mapping the matrices in X and B from ([2.96|) to vectors giving us

veelJo) vee(A(m))
x =vec(X) = ZEEEA;; eRY™Y’ b= vec(B) = : e R"N?, (2.97)
vec(As) vec(A(pn))

Next up we define the matrix M = M ® In2 € RANVIXAN? 4 gt up the minimization problem
mzin||b—Mm||§. (2.98)
This minimization problem has the known solution of
p= (M71) " M, (2.99)
Next note that by the rules for the Kronecker product we have
M"=M" & Iy2
M = (MT ® INQ) (M ® Iyz) = (MTM) © Iy

(MTM)_I - (MTM) T eIy (2.100)
(MTM) T = ((MTM)_1 ® IN2> (MT ® INZ) - ((MTM)_1 MT) © Ino.
This gives us
= K(MTM)_l MT> ® Im] b. (2.101)

2.6.2.2 Method 2 — Minimizing the Frobenius Norm

For this method we define the matrix M = M ® In € R™*4N to set up the minimization
problem
- 2
min HMX B
X

F

(2.102)

To solve this minimization problem we use the Frobenius inner product (A, B), = tr(A" B) to
find when the Fréchet derivative of X is zero.

HM X+H)

H(MX B)

< X - BMH>

<MX B, M > <(MX B) MH)

:tr<<MT (MX—B > MT MX - B) H> .

(2.103)

F

In ([2.103) H is the Fréchet derivative of X and it is zero when M " (MX — B) = 0 giving us
. N
X = (MTM) MTB. (2.104)
By using the same rules for the Kronecker product as shown in (2.100]) we get

X = [((MTM>_1 MT> ® IN] B. (2.105)
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2.6.2.3 The Resulting Algorithm
Looking at the results form the two methods in (2.101)) and (2.105)) we see that they are equal

taking the vector mapping into consideration. This is as expected since the Frobinus norm for
matrices is equivalent to the 2-norm, i.e

(A, B), = tr (ATB) = vec(A) T vec(B). (2.106)

Furthermore both (2.101f) and (2.105) use the matrix C' = (MTM)f1 MT € R*™™ for the
Kronecker product with the corresponding identity matrix. This means that in both cases we
can compute the matrices in X as follows

Xo=> CouA(m). (2.107)
k=1

Remark 2.12. For Method 1 — Mapping to vectors this means that we do not map to vectors
physically, but implement the effect on the matrices via (2.107)).

Redefining X and B as vectors of matrices,
X = [A(]v Ay, Ag, A3] S R4><N><N> B = [A(:UJ% e 7A(Mn)] € RnXNXNv (2108)

and generalizing from @ = 3 and Ay, A(uy) € RY*Y gives rise to the following Least Squares
algorithm,

Algorithm 3 An algorithm solving problem (12.6.3)) by least squares.
1: function X = MLS(M, B)
Be RnXNXm’ M e RnX(Q—l—l)
2: compute the matrix C' = (MT]M)*1 MT
3: for ¢ =0 to @ do

n
4: compute the matrix X'q = Z Cqr B

k=1
5: end for

6: end function

2.6.3 The General Matrix Least Square Problem
Going back to the general problem in (2.93)),

Q

> ga(i)Ag = Alpr), 1<k <n, (2.109)
q=0

where A(py) and A, are matrices of size N x m. The matrix M "M, in algorithm [3| represents
the matrix of discrete inner products between the functions {gq(lv‘)}?:o Furthermore, it is well
known that in case when the functions {gq(u)}quo are orthogonal, the matrix M "M will have
a low condition number. This is important, because the higher the condition number, the more
noise our data has. As a consequence, we need considerably more matrices A(py) than functions
{g4(1) }(?:0. For more specifics on how we obtain the functions {g, (,u,)}(?:0 we refer to section .
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Parametrized PDE M

1. Offline Phase, N,-dependent > 2. Online Phase, N-dependent
I
High fidelity discretization: Assembling RB system:
An(p)un(p) = fr(p) AN (1) = Sy 90() A%
Matrix least squares: Inv(p) = 222:1 9e() FY;
Y2 0 ga(mi) A = Ap(m), 1<k <n, i
S ga(bn) £ = fulp), 1<k <n, Solve RB system
4 An(p)un(p) = fn (1)
Generation of solution snapshots {us(p;)}; (3
by POD algorithm,; Error estimation
construction of the matrix V. llup, — Vuyl|
)
Projection:
@ _ 17T 4@
Ay =V 4TV — @aluate error and choice of @
f](\;l) — VTf;(lq)

Figure 2.8. The non-affine reduced basis (RB) workflow at a glance.

Remark 2.13. In general one needs n + 1 snapshots in each direction for an approximation of
order n.

Using Matrix least squares instead off an affine mapping in the RB workflow described in figure[2.7]
would give a new non-affine RB workflow shown in figure

2.7 The Linear Elasticity Equations

In this section we present The Linear Elasticity Equations as our equations of interest for building
a reduced-order model. We start by presenting the strong and weak formulations of the problem,
and then present the mapping to the reference domain. Lastly we present our general algebraic
system by restricting the problem arising from The Linear Elasticity Equations with the potential
non-affine mapping to the reference domain.

2.7.1 Strong Formulation

The linear elasticity equations are described in terms of the stress tensor o : R — R4¥9 the
strain tensor € : R — R4 the body force f : R — R¢ and the displacement field u : R — R,
where the latter is the unknown of the problem. Using this notation, we can describe linear elastic
deformations of an isotropic solid occupying the domain Q C R? as presented in section 2.1.2 in
QMN2016 |1];

The governing equations consist of an equation stating the equilibrium of forces

—div(e)=f in £, (2.110)
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the strain-displacement relation
1 T
e(u) = 5 <Vu + Vu ) (2.111)
and the constitutive law, which in the linear isotropic case takes the form
o = 2pe(u) + A(div(u))I. (2.112)

Here p and M\ are the Lamé coefficients, which can be expressed in terms of the Young
modulus E and the Poisson coefficient v as

Ev E

A= Q+n1-2v) "2+

(2.113)

The equilibrium problem for a linear elastic material can therefore be written as follows:

— div (u (Vu+VuT> +A(div(u))[> —F i Q

w=g on T, (2.114)

on=h on I\.

Note that on the Dirichlet boundary I'y, we impose a prescribed displacement,whereas
on the Neumann boundary I'y we impose that the normal stress on equals a prescribed
traction vector h.

Here (2.114]) denotes the strong formulation of our problem. Using the Lamé coefficients in (2.113])
we solve the plane strain case. However, if we want solve the plane stress case we need to replace
the Lamé coefficient A in (2.113)) with A as described by Hughes in [17], whereas p stays the same

as before,
2\ Ev E

5\: = = —
At2n 102 Moy

(2.115)

2.7.2 Weak Formulation

To derive the weak solution we multiply by a test function v € V and integrate by parts.
Noting that we can substitute Vv with &(v) because &(v) is the symmetric part of Vv and the
product of the symmetric stress tensor and the anti-symmetric part of Vv is zero. This gives us
the weak formulation of our problem as described in section 2.3.2 in QMN2016 |1];

The weak formulation of problem (2.114]) reads: find u € V = [H%D(Q)]d such that
a(u,v) = f(v) veV (2.116)
where we have defined the bilinear form a¢ : VxV — R as

a(u,v) = /QQ,ua(u) : s(v)dQ+/ﬂ)\div(u) div(v) d€2, (2.117)

and the linear form f:V — R as

f('v):/Qf"de%—/ h-vdl —a(rg,v). (2.118)

N

Here vy € [Hf (Q)]d is a lifting vector function such that r4|r, = g; the solution to
problem ([2.114) is then obtained as u + 7.
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Here e(u) : €(v) denotes the tensor scalar product

e(u):e(v) =) > e(u)ije(v);. (2.119)

i=1 j=1

Furthermore, the bilinear form E} is symmetric and strongly coercive, owing to Korn’s
inequality. Therefore problem @ can be cast in the form (P;) and admits a unique solution
u € V thanks to Lax-Milgram Lemma which we discussed in section We here note
that if we have a pure traction problem, i.e I'y = ), f and h must satisfy some compatibility
conditions, which is out of scope for this thesis. For the full computations, the Korn’s inequality
and the mentioned compatibility conditions, we refer the interested reader to chapter 11 in The
Mathematical Theory of Finite Element Methods by Brenner and Scott (BS2008) [10].

2.7.3 Mapping to the Reference Domain

In this section we look at the mapping to a reference domain in case of The Linear Elasticity
Equations. The mapping may be non-affine, which then will make the whole problem non-affine.

2.7.3.1 General notation

We denote by € the real domain, by Q the reference domain and by @ the coordinate mapping
the reference coordinates (Z1, 2) to the real coordinates (x1,z2). For more specifics on how the
mapping ® looks we refer to section[3.1] We also denote the displacement vector and its gradient
as

uy Our  Oug
u:[u ] Vu=| g Gu | (2.120)
2 Oxo 0o
The symmetric gradient and the divergence are defined as
1 0 0
(u) = 5 (Vu + VuT) . div(u) = tr(Va) = a% + a%; (2.121)
Using this, we can now express the differentials
8U1 8@1 8.%1 817,1 (%2
e yme YR P2 2.122
8.731 8531 8:61 8@2 8x1 ( )
8U1 87]1 8:%1 8’&1 (%2
— =+ == 2.123
81‘2 8@1 8562 8%2 8952 ( )
8UQ 87]2 89%1 8112 8502
— =4+ == 2.124
83?1 85?1 6x1 8532 8951 ( )
8UQ 8712 3531 8112 8552
— =4+ == 2.125
81‘2 8:?:1 3%2 6532 8952 ( )
by the Jacobian
9% 9i1
J = [ b o ] : (2.126)
8%1 6m2

of the coordinate mapping ®. Meaning that we can write the real gradient Vu in terms of the
reference gradient Vu as

Vu=J"Va, (2.127)
or simply
Oui _ 5 O | 5, Ot (2.128)
a.’L'j Ul Bi:j 2 8:2'2 '
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Next we denote the inverse of the Jacobian and its entries by

_ Ji1 Ji2
Jh = ,
[ Ja1 J22 }

for simplicity, and by |J| we denote the determinant of the Jacobian

8.7}1 8%’2 (9.%'1 81‘2

= det
|J| ¢ (J) 8.7}1 833‘2 61’2 81‘1

and note that

Area(Q)—/ dQ_/~ |J| d2
Q Q

/g'de:/~g(<I>)-6]J|dQ
Q Q

and

(2.129)

(2.130)

(2.131)

(2.132)

Remark 2.14. All index-mappings in the following sections assume a 1-indexing. If 0-indexing

15 used a shift is needed.

2.7.3.2 The Symmetric Gradient Terms and the Encoding Matrix

Looking at the term &() : £(v) we have
e(u) : e(v) = %tr ((Vu + vuT) (w + vJ))
i [tr (Vuvo) + tr (Vuvo! ) + tr (Vu' Vo) + i (Vu Vo' )|
% (Vu: Yo+ Vu:vo')

Using (2.128]) for the fist term, we get

Vu: Vv = Z Oui Ovi

I 718% 0z
2
Ot; 0l; 0; 0v;
= i]zjl <J1Ja~ Jgja > <J1]a~ JQ ax >
B ot 72 0v; 8ul 0v; 8uz ov; 0ty 5 0
Z <8x1 e, T om gz, T oz, i gs, axz‘]ﬂam)

7.]7

0v;

auz 5\ 00; 0,
= Z < (Ji + le)(%l = (J11da1 + J12JQQ)8 Z

01
8~ 0v; Bul 0v;
toz (leJ11+J22Jl2)8 AR TR —(J3 + J22)8 2>

This gives us

/Vu Vo d) = Z /g;“ jkggl a9,
J

i,5,k=1

(2.133)
(2.134)

(2.135)

(2.136)

(2.137)

(2.138)

(2.139)

(2.140)

(2.141)

where W = J~1J~T|J|. This result corresponds with what is presented in section 8.2.1 in

QMN2016 [1].
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Using ([2.128]) for the second term, we get

8ui (%j
(%:j (%Z

Vu:Vo'! =
ij=1

2
ou; ou; 0v; 0v;
-2 (g, + gy ) (D + gz

ou; (%] o, 811] ou; 81)] ou; 0v;
—Z; <a~ Jljjlza P 8 JIJJ218~ Dy JQJJIZa i1 8~ J2jJ27,a o
_ 8U1 2 (9171 8’&1 (9172 GUQ 8171 GUQ 2 6172
T 01y T am T2 gg T ag g g Mg,
8u1 31)1 8u1 81)2 8u2 (%1 8u2 81)2
8~ J11J21ax2 0%, J12J2181:2 9y Jquzax2 0%, leJzza~
8u1 81)1 8U1 8’()2 8’LL2 c%l au2 81)2
8~ J21J118x1 B 2J22J118z1 EF 2J21J128931 77 2J22J123~
8U1 2 81}1 8u1 3772 8u2 8171 8’LL2 ) 81)2
t oz, T o5 2 M s, T an, 2 e, T ar, 205,
This gives us
2 -
0u; 0v;
T i j
: dQ = — 7 dsQ,
/QVu Vo o 0Fy, ks 0,369 97, 7

1,9,k l=1

where the encoding matriz

JE Judia Jiedu JE
L | Judar Jindee JizJor JiaJdae
|| Jordin Jadiz JaaJin Jazdie

Jh Joidae Jaadan I3

Z=J " 'oJ )| =

(2.142)

(2.143)

(2.144)

(2.145)
(2.146)
(2.147)

(2.148)

(2.149)

(2.150)

encodes all information form the Jacobian, and the mappings 7 and j are defined as follows

i(ky 1) = 1+ 2001, J(i,5) = i + 209;.

(2.151)

Noticing that the element Wj; corresponds to two entries in Z, where ¢ = j in the mapping

j’(i,j), we have
Wi = Z{(j,k),j(l,l) +Z i(j:k),5(2,2)"

This gives us

auz 8’[)1‘ ~
/V’u VodQ = Z / Ziini00 5,

i,5,k,l=1

Now finally combining the terms we get

/Q e(u) :

,],kl 1
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2.7.3.3 The Divergence Terms
We now look at the term div(w)div(w). Using (2.128) we get

. 8u1 8U2 81)1 81)2

8U1 8111 6u1 81)2 8’&2 8’01 8’LL2 81/2 2 8u2 ij

= — 2.1
81‘1 6$1 t o 81'1 81‘2 t or, 8:1:2 8:131 t oy 81:2 81‘2 i _:18172‘ 8:13j ( 56)
2 -
B ot 0u; 0v; 0v;
= i]zjl <J1Z 97y nga > <J1]a~ + Jo; D > (2.157)
2 - - -
o0t (%j ou; C%J ou; 0v; 8u1 0v;
_ I AP Ry N Ly N A Ly 2.1
]Z ( o5 T 5= 5t om —L Ty Jaj ==L 5.+ o5 —L JoiJ1j ==L %+ 5 — Ty Jaj ==L . (2.158)
8&1 ) 8171 6u1 81)2 8UQ 8171 8712 2 8172
== 2.1
97, 118551 EF: 1=]11J128 7, oz J12J118 (%1 255 (2.159)
8u1 8’1)1 (9’11,1 81)2 8UQ 81}1 8@2 8’[72
— 2.1
8~ J11J218~ B 1J11J226~ EF: 1J12J21a~ 071 J12J228:32 (2.160)
8u1 8’1)1 8u1 61}2 8UQ 6@1 8@2 8’52
— 2.161
o5, 1M T ag, FE TR D7 (2.161)
8’&1 2 8’01 aul 61]2 8uQ 6 8112 2 8{/2
——J5y—— 2.162
T 95 05, T 03,00 205, T 55,7 65, T 83,7205, (2.162)
This gives us
aul (%]
i Q. 2.1
/Q div(uw) div(u Z / o Zi i g @ (2.163)

1,7,k,1=1

Do note that we here use the mapping (4, ) instead of j(i, j) for the second index of Z, because
this gives the difference from Vu : Vo',

2.7.3.4 Needed Computations

Which combinations of @4, Z and ¥ do we need? Many of the 16 components in the three
computations are equal. Firstly all the 8 components in the “left” and “right” columns of all
terms are equal. Furthermore, considering that J;;Ji; = JpJ;j;, the 4 components in middle of
the “top” and “bottom” rows in the terms Vau : Vo' and div(u) div(u) are equal. In other words
what seams to be 48 total components are in reality 28 unique components. This should be
exploited.

Inspired by this we define

Il:/@ 2 9%, Zim k) 5z, O (2.164)
igk=1 "7
b= 2 Ly Lo 2.165
T a 2 0%, Gk AW gz PO (2.165)
ig k=1 "7 J
2 . ~
8UZ‘ (%Z(Z) ~
fs= /Q ,Zl oz, Zka) gz, M (2.166)
1,]=



CHAPTER 2. THEORY

2 4. -
ou; aU[(Z') ~
= /Q D 55 Gt gy 4 (2.167)
1,7=1 J 1(y)
2 4. -
ou; avl‘(z) ~
I5 = g .
1,7=1 J 1(y)
where )
" vt ' (2.169)
m(i) = 2402,  h(i) =14 30y,
and
k(i) = i(iyi) = j(i,i) = 1+ 30a. (2.170)
Then
/ Vu:VodQ =11 + I,
! (2.171)
/Vu:VUTdQ:1'1—|—I3-|-[47
Q
giving
1
/ e(w) e(v)dQ =T+ 5 (I + I3+ 1),
i (2.172)

/ le(’LL) le(’U,) dQ) = I + 13 + 15.
Q

Meaning that our two bilinear forms are defined by five main integrals, which will simplify the
needed computations greatly, especially taking remark [2.17] into account.

2.7.4 The Algebraic System

In this section we restrict our problem and then deduce and present our algebraic systems
resulting from the Linear Elasticity Equations, the mapping to the reference element and the use
of matrix least squares.

2.7.4.1 Restricting the Problem; Our Cases and the Affine Parametization of the
Problem

Noting the definition of the weak formulation (2.116]) for our problem in section we define
our parameters of interest. Our chosen parameters of interest are split into two groups, pu =
[ Mmat  Mgeo ]T. The first group consist of the Young modulus F and the Poisson coefficient v,

T . . .
Mmat = [ E v ] , i.e the affine material parameters in our problem. The second group, pgeo,
consists of the geometry parameters mapping the reference domain €2 to our real domain Q will
be discussed in section B.1l

Continuing with just our affine material parameters pyat, the relation , gives us our affine
parametric dependence as described in section [2.4.2] Furthermore, we restrict ourselves to the
cases where the body force f, the prescribed displacement g on I'y, and the prescribed traction
vector h on I'y do not depend on the choice parameters gy, and I'y, # (). However, as we show
in section the domain €2 and thereby the boundaries I', and I'y will depend on prgeo.

Using the restrictions above we can affinely parametrize our problem for the material para-
meters by defining our pt.t-dependent functions and pyat-independent forms for the bilinear
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form (2.117)) and linear form (2.118). We do this by setting @), = 2 and

E
2= 0 i) = s an(u) = [ o) s e(w)dg
(1+v) . (2.173)
_ E :
A =02 (pmat) = 7y, as(u,v) = / div(u) div(v) dQ.
1— V2 Q
for the bilinear form a(-,-; u), and Qf = 4,
O i) =1, i0) = [ f-wan
0D (pa) = 1, falv) = / h-vdl
foarma ’ . ’ (2.174)

3
950 )(/J'mat) = _egl)(ll'mat)a f3(v) = al(’f‘g,’U),
4
0 (ptanat) = —02 (Bmar), fa(0) = aa(rg, ),
for the linear form f(.;u). Note that we in (2.173) used the plane stress Lamé coefficient
from ([2.115]).

Remark 2.15. If we zero prescribed traction, i.e h = 0, or only Dirichlet conditions, then the
second linear form is zero, i.e fo(p) = 0. If also the mentioned Dirichlet conditions are zero, i.e
g = 0, then the two last linear forms are zero too, and effectively Q¢ = 1.

Finally we define the parameter space Ppa = F x v C R?, where we use

E €[10,310] GPa, (2.175)
v € 10,0.4], '

for all numerical examples.

Remark 2.16. Since we for all our numerical examples will consider plane stress in 2D, we use

the Lamé coefficient in (2.115)) as described by Hughes in [17];

. 2A 1 Ev E
A pu— pu— = . 2.176
A2 102 P o) (2.176)
gives us the ranges -
X €[0,147.6] GPa
(2.177)

ju € [3.6,155]  GPa.

for the Lamé coefficients.

2.7.4.2 The High-Fidelity System

Before using our definitions for the pmat-dependent functions and pmat-independent forms in
section and the Galerkin high-fidelity approximation in section to assemble our
high-fidelity system, we need two more definitions. First, since we have a vector test function
v, we need to define an indexr mapping, mapping the d dimensions to one single running index.
This can be done through defining the mapping j = d - j + d; where J is the node number in the
triangulation and d; is the vector component of the function.

Example 2.2. In 2D (d = 2) the mapping defined above gives

- @3 - 0
Pioit1 = [ O] ] ;oand @i oo = [ 5; ] , (2.178)
where ©; 1 the normal 1D basis function.
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With this we can write

Ny
wn(@; ) = Y uf (10)85(&)) (2.179)
j=1
1) (Ng) T . e .
where up () = uy, () ... uy () } . Second, we define the discrete lifting function
T (@5 Hgeo) = D 905 o)) @5 (&5), T = {5+ & €T} (2.180)
jels

as the approximation of g on the boundary I'p, as described in section 4.5.1 of Numerical Models
for Differential Problems by Quarteroni (Q2009) [5], using the reference Dirichlet boundary I'y,.

Now, having defined the index mapping and discrete lifting function above, we can assemble our
high-fidelity system affinely for our material parameters ppmat as described in section [2.4.2}

An(p) = 2uA (pgeo) + A (p1geo),
Fr() = £ (t1geo) + £ (t1ge0) (2.181)
- zuBl(zl) (I‘l'geo)rgh (ngo) - /\B](f) (Ngeo)rgh (l"‘geo)v

where for ¢,5 =1,--- Ny

(Agll)(p'geo))ij = al(¢j7 95i§ Ngeo)a (AELZ) (ugeo))ij = a2(¢j7 ‘151‘; ”geo)v

) _ @ ~ (2.182)
(fh (P’geO))i = fl(‘PUngO)a (.fh (ngO))i = f2(‘Pi§Nge0)a
and for j e Tpand i =1,--- N,
(4) — = .
r MHoeo) = G ¢ Tj; Hgeo)),
(1) - :qh . ((2)( Ji o)) L (2.183)
(Bh (ﬂgeo))ij =a (‘pﬁ Pis ﬂgeo)a (Bh (ﬂgeo))ij = a2(§0j7 Pis “geo)-

This gives us the high-fidelity system

Ap(p)ty = fr(p), (2.184)

where the high-fidelity solution is obtained as wy = up, + 7y, .

Remark 2.17. When using [2.172) to assemble the local matrices A" (pgeo) and AP (prge,) on
an element, one should exploit the symmetry of these matrices. Furthermore, if we in 2D use the
basis functions

~ (%23 ~ 0
Pi0 = |: 0 :| and Pi1 = |: 851 :| (2'185)
we see that L o L L

LI (@io, Pio) = L2(Pi1, @i1), 12(Pio, @io) = I1(Pit, Pit), (2.156)
I3(@i0, @i1) = I3(Pi1; Pio),  La(Pios Pi1) = Is(@i1, Pio)

and

Is(@io, Pi1) = 1a(Pi1, Pio)- (2.187)
This symmetry should also be exploited. All in all, reduces the number of integral per node of an
element from 10 to 5. This gives a total reduction of

48— 28 L

= 70. 2.1
= 70.8% (2.188)

per node of an element.
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2.7.4.3 The Matrix Least Squares High-Fidelity System

Studying the high-fidelity system in section [2.7.4.2] we see that the affine mapping is not inde-
pendent of the chosen parameters p, since the affinity only applies to the material part pmat
and not the geometry part prgeo. To solve this we generate multiple snapshots of the matrices

A;Ll)(pgeo) and AELQ)(ugeo), and the vectors

0
honts (o)

fis,lr)nls (/J'geo)
2
ff(L,liﬂs(“geo)

and apply the matrix least squares algorithm, algorithm [3| on each of them,

flsl) (ngo) + f}§2) (Ngeo),
By (11ge0)7g, (Hgeo), (2.189)
(

2
B, )(NgeO)Tgh (Ngeo);

, 2
“geo qu Pgeo) hr?lls’ ( ) (geo) qu Pgeo) A h mls
q=1
(0) Q (0,9)
fh,mls(“geo) = Z (Ugeo) h,rﬁls’ (2.190)
q=1
1) $ (1,9) Q
f h,mls(“geo) = Z q(Hgeo) h,rgls’ hmls (Kgeo) Z (Kgeo) hmls'
q=1 g=1
This gives us
: 1 (2,q)
Ah,rnls(”’) =2u Z gq(ugeo)Ah fﬂs + A Z gq Hgeo Ahgls,
q=1 q=1
0 (2.191)
0, )
fh,mls Z Ngeo ](l n(llls —2pu Z gq Hgeo .fh mls A Z gq Mgeo fh H(111)S7
g=1 q=1 q=1
leading to the matriz least squares high-fidelity system
Ah,mls(u)'&h,mls = fh,mls(p/)a (2192)

where the solution is obtained as w mis = Wh,mis + g, -

Remark 2.18. We have here chosen to use the affine splitting from section[2.7.4.73 giving us two
matrices and three vectors to preform matrix least squares on. This choice was made to reduce
the number of functions gq(pgeo) and thereby the number of snapshots needed, since now each
snapshot can represent multiple high-fidelity systems given the material parameters phpq;.

2.7.4.4 The Reduced-Order System

We can now assemble the reduced-order system. We do this by first constructing the transform-
ation matrix V' by the Proper Orthogonal Decomposition (POD) algorithm with respect to the
energy inner product, algorithm [2| and then projecting the matrices and vectors from the matrix
least squares high-fidelity system with it,

a1, T 4(1,9) 2,q) T 402
AN ?gls 4 AgL I’?IISV7 Ag\/ rqnls 14 A]('L I’?I%SV

D = VTR, (2.193)
1, 1, 2, )
](V,rgl)ls VTfl(z 11(111)57 ](V,I?I)IS VTfh n?l)s
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This gives us

Q Q
1
An(p) =24 Z gq(NgeO)Ag\ffrzls +A Z 9q(Pgeo) Ag\/,?n)ly
q=1 q=1

(2.194)
Q Q
Z (Bgeo) les e qu(“geo les - Z 9q(Bgeo) les’
resulting in the reduced-order system
An(p)un = fy(p), (2.195)

where the recovered reduced-order solution is obtained as 4y = Vun + 7y, .

Remark 2.19. It is important to note that for the POD algorithm with respect to the energy
nner product, algorithm@ we need the matriz X, = Ap(p) to be independent of the choice of
parameters. We do this by setting X, = Ap(mean),

1T, (2.196)

Hmean = [ Erean Vmean H1,mean M2 ,mean

where 1 mean 15 the mean value of geometry parameter ;.
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Chapter 3

Case Studies

In this chapter we present our case studies on the linear elasticity equations for three different
cases of a mapping to the reference domain. First we start by giving an introduction to our
three numerical cases. Then we implement a solver in Python and test it using the Patch Test.
Next, knowing that our solver works, we study how to determine the Matrix Least Squares
functions {gq4 (1) }22:0. Then we do some problem analysis to study the effect of the Matrix Least
Squares algorithm [3| depending on (i) different choices of the order p of approximation for the
Matrix Least Squares functions {gq(u)}quo and (ii) the choice of geometry parameter range Ggeo
inside the maximum ranges found under the study how to determine the Matrix Least Squares
functions {gq(u)}quo. Finally we end the problem analysis by doing a final analysis where we
use more than 10000 degrees of freedom to get a picture of the computational of the non-affine
reduced-order workflow in figure

The Python code building the solver, the Python code used in this thesis and the log files can
be found via the doi-link [4].

3.1 An Introduction to Our Numerical Cases

As an introduction to our numerical cases, we present the computational results for three cases
of the coordinate mapping ®, mapping from the reference domain §2 to the real domain 2, as
mentioned in section 2.7.3l The three cases are:

Case 1 — Scaling of a Rectangle,
Case 2 — Dragging One Corner of a Rectangle, and
Case 3 — Dragging All Corners of a Rectangle.

These three cases are of interest since they cover most of the geometry deformations that can
happen on a rectangle.

Remark 3.1. By geometry deformations we mean deviations from the reference geometry, i.e
the reference domain ().
3.1.1 Case 1 — Scaling of a Rectangle

In this section we look at the case where the real domain (2 is a scaling of the reference domain
Q=(0,1)%ie Q= (0,L;) x (0, L,), giving us the coordinate mapping

o(F) = [ w0 + Ly ]

- 1
Yo + Lyxg (3 )
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where xg = yg = 0 in our case, since we do not translate the whole real domain away from the
origin. The Jacobian of the coordinate mapping is

L, O
o[ ] o2
and |J| = LyL,. This gives
1 L 0
Jl=— | 3.3
Al o 33
and the encoding matrix
200 0
1 _1 1 0 1.0 O
Z=U70J )= 4 01 o (3.4)
0 00 £
Using the equations in section [2.7.3.4] this gives
L 6&1 8171 ~ Lm 6ﬂ2 a'52 A
L=+ — dQ =11 +1 3.5
Y7 L. Jo 071 071 Ly Jg 0y 07, 1+ 12y (35)
L Oug Ovy ~ Ly [ Oup 001 ~
L= [ —_—=dQ dQ =1y + I 3.6
2 Lm Q 8501 85?1 Ly Q 6:%2 8.23’2 2t 22 ( )
I3 =0, (3.7)
Ouy vy Oty 0Uy ~
Iy = — a2 3.8
4 /Q (6:1?2 05, on (%2> (38)
and
Ouy 0ty Olig 001 ~
Is = — dsQd. 3.9
> /Q <8§:1 0%y | 0 65;1) (39)

All in all this gives us 6 unique integrals, since I; and I3 split in two and I3 = 0. The computation
of our two bilinear forms now follows from (2.172)), giving us

L 1 L 1 1
: Q=Y (I + =1 g+ =T -1
/QE(U) e(v)d L$<11+221>+L <12—|—222>+24,

Yy
L, L.
/ div(w) div(w) d2 = 221 + Lo g, 4 1,
Q Lﬂ@ Ly

(3.10)

Remark 3.2. For this case we note that if the determinat of the Jacobian, |J|, of the coordinate

transformation ® is constant with respect to the spacial coordinates 1 and To, the problem will
still be affine.

3.1.2 Case 2 — Dragging One Corner of a Rectangle

In this section we look at the case where the real domain € is the reference domain Q = (0,1)?
and the real domain € has the vertices (0,0),(1,0), (a,b), (0,1) where a and b are parameters
dragging one corner of the rectangle. This gives us the coordinate mapping

O(F) = To + T12X201 + 21

i i 3.11
Yo + T1Top2 + T2 ( )
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where p1 = a—1 and uo = b—1, i.e. the deviation from the reference domain. Also, xg = yg =0
in our case, since we again do not translate the whole real domain away from the origin. The
Jacobian of the coordinate mapping is

J — |:$2'/:le + 1 ~ T1H1 :| (312)
Top2 Tipe +1

and ‘J’ = u1Z2 + pe1 + 1. This gives

_ 1 {Zipe+1 -2y
J b= [T N 3.13
|J| [ —Zouo  Topp +1 ( )

and the encoding matrix Z = (J 1eoJ _1) |.J| results in 10 unique entries, taking the symmetries
into account.

(Fop1 +1)%, — Zopig (Top1 + 1),
—Topg (T1pe + 1), — Ty (Topn + 1),
(Fipe +1),  E1@appe, (3.14)

T5u3, (T1p2 + 1) (Topr + 1),
—Zipr (Tipe + 1), IS

Using the equations in section [2.7:3.4] this gives

]1:/ j%'u% %% _,_‘%%'u% %% (315)
Q ’J’ 6501 8.’%1 |J‘ 6.%2 8:2‘2 '

(Frp +1)% (Oug 001\ | —dopa (F1pa +1) (Ol 901 | Oty Oy (3.16)
|| 071 071 |J] 071 0Ty 09 011 '
(:f)gul + 1)2 OU9 009 —T141 (.%2/1/1 + 1) 09 009 Ol 009 ~

W2pn 7)) (Ouz 02 guz 9v2 | 92 0 1
1] D% 0% 7] D1 07y " 072011 ) | TH (3:17)
Iy =/ Tint (O 00 | Ty (0 0 (3.18)

al |[J| \0z1 0% |J| \ 02 02
(Frp2 +1)% (D Db\ | —dopz (F1p2 + 1) (Diig Dby | 0 0Ty (3.19)
|| 071 071 |J] 071 0Ty  0T2 071 '
(Zop1 + 1) 071}187721 —Zyp (T2 +1) 371}1871:’1 877:‘1 87:)1 dQ, (3.20)
’J| 83:2 8.732 ’J| 6:751 8%2 8:{:2 8%1
—Ta 2 (ffgpl + 1) 0ty 009 Oty 011
I g Ovz | Otta OVt 21
: /Q { 7] (a@ Dis | 02 0 (3:21)
—T1l1 (i’lug + 1) 01 009 0y 001 ~
—_—— + — ds) 3.22
* 7] (agzl 0%, | 0 0 ’ (322)
fl.i'gul/AQ 6’&1 8’[)2 8’112 (9171

I gty Otz , Otz OVy 2

! /Q [ ] <agz1 0%y | 02 031 (3:23)
(il,ug + 1) (ig,ul + 1) 0ty 09 Oty 01 ~

—_—  — ds) .24
+ ] 072 051 | 071 0o (3:24)

41



CHAPTER 3. CASE STUDIES

and
_ (F1p2 + 1) (Fopn + 1) (i OV | Diig Dty
= /ﬁ [ ]| 01 0%y 0%9 071 (3.25)
T1ZTopipe [ OUg OV  Oug 01 ~
g oY Q 2
i || (8572 01, * 0T1 0%9 a2, (3.26)
where

’J’ = W1T2 + pax1 + 1, (3.27)

All in all this gives us 18 unique components, for “something” over |.J|. The computation of our

two bilinear forms now follows from ([2.172)).

3.1.3 Case 3 — Dragging All Corners of a Rectangle

In this section we look at the case where the real domain € is the reference domain Q = (0,1)2 and
the real domain  has the vertices (0,0), (a2, b2), (as, b3), (a4, bs) where a; and b; are parameters
dragging three corners of the rectangle. The last corner, (0,0), is not directly dragged, since
dragging this corner is equivalent to translating the whole rectangle away from (0,0) to (xo,yo)
for the lower left corner.

This gives us the coordinate mapping

- X 1—=x 1T T 1—2
I N e B B e e B (3.25)
Yo + T1pe (1 — T2) + T1T2p14 + Topie (1 — 1) + T2
where
pr=az—1,  pg = b,
s = as — 1, g = bz — 1, (3.29)

M5 = ay, pe = by — 1,

i.e. the deviation from the reference domain. Here again zg = yp = 0 in our case, since we again
do not translate the whole real domain away from the origin, i.e. do not move the lower left
corner. The Jacobian of the coordinate mapping is

T (pz —p1 —ps) Fpa+ 1 Ty (pg — 1 — ps) + s
J=|"2 _ (3.30)
To (g — p2 — pe) +p2 T1(pa — p2 — pe) + pe + 1
and
|J| =1+ p1 + pe — paps + pu1 i
+ &1 (g — p2 — pe + pafia — p1pte — pafi3 + p2pts) (3.31)
+ @ (3 — p1 — p5 — p1fte + f2fts + 13406 — [L4ft5) -
This gives

gr_ L (e —pe —pe) Fpe+ 1 —Z1 (kg — = pis) — s (3.32)
|J| | %2 (pa — po — pe) — p2 T2 (p3 — p1 — ps) +p1 + 1

and the encoding matrix Z = (J_1 ® J_l) |J| again resulting in 10 unique entries, taking the

42



CHAPTER 3. CASE STUDIES

symmetries into account.

(Tipr — Trps + Tips — ps) (Topio — Topts + Tope — p2)
— (T1p1 — Tips + Taips — ps) (Tipe — Tapa + Tipe — o6 — 1),
(Type — Tipa + T1pe — e — 1)2 ,
(Zap1n — Fapia + Fapie — p2)?,

— (Topo — Topa + Tope — p2) (T1p2 — T1pa + T1pe — pe — 1),
— (Z2p2 — Topia + Topie — p2) (Topn — Topiz + Tops — pr — 1),
(Z1pg — Trpa + Trpe — pio — 1) (F2pn — Topz + Tops — p1 — 1),
(Fop1 — Toptz + Fops — p1 — 1)°,

— (T1p1 — Tapz + Taps — ps) (Topn — Tops + Tops — pa — 1),
(F1pn — Taps + Frps — ps)” .

Using the equations in section [2.7.3.4] this gives

1 . . . o (0t 001
I = —_— — — —1 - -
1 /Q|J| [(1’1/12 Tiphs + Trpe — 6 — 1) <(%1 8£1>
09 0D
- - . 2 9 02
+ (Z1p1 — T1pg + T1ps — W) <6551 8:%1>

— (Topo — Topug + Tope — p2) (T1p2 — T1pg + T1pe — e — 1) (

— (T1p1 — Trps + Taps — ps) (Topr — Tops + Tops — 1 — 1) (
o0 )

+ (Zapia — Fopia + Fopis — p2)’ ((%2 57

] ] ) Oty 0V A
+ (Fapn — Bopis + Fops — 1 — 1)° ((9@28562)] .

1] . - -
I, = / [(ﬂflm — F1pz + Erps — 1us)? <

Az
alJl

0% 071

+ (F1pg — T1pa + Erpe — pg — 1) <3i1 97,

— (T1pr — Zips + Taps — ps) (Topn — Tapg + Topis — 11 — 1) (

— (Topo — Topg + Tope — p2) (T1p2 — T1pg + T1pe — e — 1) (

0ty 6171>

+ (Fopy — Tops + Tops — pp — 1) <8332 079

- . - 09 0D ~
+ (Topo — Tog + Tope — ,U2)2 (85:2 85;2)] s,

1 - - .
I3 = /~[— (Zipr — Taps + Tips — p15) -
aldl
00 0% 00200 )

071 071 = 071 071
— (ZTopo — Topa + Tope — p2) -
o 0 000

(Tipe — T1poa + Trpe — pe — 1) (

o guz dS
(Top1 — Tops + Tops — pa — 1) <6502 0Ty 02 072 7
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Qg 01 Oy O
071 0iy = 0%z 0d1
diiy Dby | Dy O
0%1 0iy = 0%z 031

ouy 0vr ~ Oug 0y
0% 0%y Oi2 0
Oug OVy Ot 09
0% 0%y 02 0

)
)

)
)

(3.33)

(3.34)
(3.35)
(3.36)
(3.37)
(3.38)

(3.39)

(3.40)
(3.41)
(3.42)
(3.43)
(3.44)

(3.45)
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L. _ -
Iy = / {(fﬂlﬂl — Z1ps + Tips — Ps) - (3.50)
al|
Oty 00y  Otug 01
0%1 0T  OT9 011

+ (T1p2 — T1ppa + T1ppe — pe — 1) - (3.52)

(Topiz — Topa + Topie — p12) ( (3.51)

- - - 0ty 0vy ~ Oug 00y ~
- —pu —1 — 4+ == dQ :
(Zop1 — Topz + Tops — p1 — 1) < 9%, 051 + 97, a@)] : (3.53)
and
L] . - -
Is = /|J| [(ﬂflﬁ‘? — Tipia + Tipe — pe — 1) - (3.54)
)
- - ~ Oty OV9y Oty 01
- —p =) =+ == 3.55
(Zopn — Tops + Tops — p1 — 1) (8:‘&1 95, 97, 8951> (3.55)
+ (jllll — T3 + T1ps — ,u5) . (3.56)
- - - ouy 0vy  Oug 00y ~
- - — + = Q :
(Top2 — Topa + Tapie — p2) <8§72 05, " om 85;2>] d (3.57)
where

|J| =14 p1 + pe — paps + p1pe
+ 1 (g — pi2 — e + s — p1fie — pops + Hafls) (3.58)
+ Zo (3 — p1 — ps — pafie + H2pis + (36 — Hafls)

All in all 18 unique components, for “something” over |J|. The computation of our two bilinear

forms now follows from ([2.172]).

3.1.4 Some General Notes

As the observant reader may note Case 1 — Scaling a Rectangle is still affine as mentioned in
remark [3.2] while Case 2 — Dragging One Corner of a Rectangle and Case 3 — Dragging All
Corners of a Rectangle are not. This can be seen in the determinant of the Jacobian, |.J|, of the
coordinate transformation ®. Furthermore, since the coordinate mapping & is bilinear in the
special coordinates 1 and T2, as seen in Case 2 and Case 3, the use of bilinear elements, as the
bilinear rectangle element [2.3] is recommended.

3.2 The Patch Test

For the following sections we need to implement a solver for the 2D case of the Linear Elastic
Problems satisfying the restrictions described in section So the goal of this section is to
take a step to the side and test the implemented solver for all three cases mentioned in section 3.1}
This was done by performing the Patch Test for all three cases. Focus was on testing that the
solver solves linear problems exactly, even under our bilinear mapping ® from the reference
domain.

Remark 3.3. For more information on the Patch Test we refer the reader to [18].

Test Case 1. 2. 3. 4.
["1lo gyl [ [yo] [[0a

Uex [m 0 ]T

Table 3.1. Patch Test — The different test cases for the exact solution uey in the patch tests.
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(b) The real domain 2 in Case 1 — Scaling of a

O — 2
(a) The reference domain Q = [0, 1% Rectangle using L, — 4 and L, — 0.3.

\
(c) The real domain 2 in Case 2 — Dragging One  (d) The real domain §2 in Case 3 — Dragging All
Corner of a Rectangle using pq = 0.2 and Corners of a Rectangle using p1, 2, 3 = —0.1 and
p2 = —0.2. P s pe = 0.1.

Figure 3.1. Patch Test — Domains with n = 2 element along the axes.
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Test Case 1. 2.
Uex(2,0.15) (2 0]" [0 015]"
up(2,0.15) | [ 055 18.6-107% " | [7.8-10718 045"
Test Case 3. 4.

e (2,0.15) [045 0]" [0 055]"
up(2,0.15) | [0.45 20-1078 )" | [ —35.1078 055 ]

Table 3.2. Patch Test: Case 1 — Scaling of a Rectangle; A comparison of the displacement
given by exact solution wuey and finite element approximation wy in the one free node (2,0.15)
for the patch tests considering Case 1 — Scaling of a Rectangle, section [3.1.1] using L, = 4 and
L,=0.3.

3.2.1 General Patch Test Setup

Testing the solver in all three cases mentioned above is achieved by prescribing Dirichlet boundary
conditions compatible with a linear exact solution wey. Since we do not have any Neumann
boundary conditions, i.e., I'y = {) and we set the body force f = 0. The components u, and u,
of the displacement vector u are then both of the form ¢; - 1+ ¢y - x + ¢y - y where c1, ¢k, ¢y € R.
This gives us the problem

{— div(e) =0

U = Uex

in

(3.59)
on I'p.
For the Patch Test we choose as few elements as possible for easing the search for any bugs.
Thus, we have chosen a mesh with n = 2 elements along the axes shown on the reference domain
in figure where the node located at (0.5,0.5) is the only free node, giving two degrees of
freedom (dofs). Furthermore, the Patch Test is considered passed if the exact solution ueyx and
the high-fidelity approximation uj are exactly equal within machine precision on the patch.

Remark 3.4. Since all three test cases depend on their respective geometry parameters the Patch
Test is done for multiple values form the cross product of the parameters ranges G geo-

3.2.2 Results From the Patch Tests
Now, having briefly discussed the Patch Test, we consider the four test cases of u., in table

Because the exact solution u., is linear and we are using the Bilinear Lagrange Rectangle Element
introduced in section [2.3] our four patch tests are considered passed if the exact solution e,
and the high-fidelity approximation uy, coincide in the one free node.

3.2.2.1 Case 1 — Scaling of a Rectangle

We now look at Case 1 — Scaling of a Rectangle described in section Choosing the values
L, =4 and L, = 0.3 gives the real domain Q shown in figure [3.1b| with the free node at (2,0.15).
Performing the patch tests gives the results summarized in table [3.2] The patch tests are all
considered passed since all values for the numerical solution w; are within machine tolerance
of their respective values for the exact solution u., in the free node (2,0.15). We also see in
the plots of the displacement given by the high-fidelity solution in test cases 1 and 3, shown in
ﬁguresandrespectively, that the displacement of the node (2,0.15) is as expected given
the exact solution. With this we mean that in test case 1, it moved x = 2 to the right, when in
test case 3, it moved y = 0.15 to the right.
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0.30 0.30

0.25 0.25

0.20 0.20

015 0.15

0.10 0.10

0.05 0.05

0.00 000 | !
6o 1 2 3 4 5 & 1 8 0 1 2 3 4

(a) Patch Test — Test Case 1. (b) Patch Test — Test Case 3.

Figure 3.2. Patch Test: Case 1 — Scaling of a Rectangle; The displacement given by the high-
fidelity solutions of two patch tests for Case 1 — Scaling of a Rectangle, section [3.1.1] using
L, =4 and L, = 0.3. The displaced position is shown in gray with shading, whereas the initial
position is shown in light gray without shading, i.e. the displaced position is the position being
displaced to the right. The solutions were obtained using the mean-values for the Young modulus
FE and the Poisson coefficient v. Please note the different scales on the x and y axes.

Test Case 1. 2.
e (0.55, 0.45) [055 0]" [0 045]"
up,(0.55,0.45) [2 1.9-1078 )" [ -3.8-10720 015 ]"
Test Case 3. 4.
Uex (0.55,0.45) [045 0] [0 015]"
up,(0.55,045) | [ 015 —1.7-1072° " | [46-10718 27

Table 3.3. Patch Test: Case 2 — Dragging One Corner of a Rectangle; A comparison of the
displacement given by exact solution uey and finite element approximation wp in the one free
node (0.55,0.45) for the patch tests considering Case 2 — Dragging One Corner of a Rectangle,
section [3.1.2] using p1 = 0.2 and pp = —0.2.

Remark 3.5. The patch tests also pass when performing them on all values for L, and L, in
the cross product of the range (0.1,5.1).

3.2.2.2 Case 2 — Dragging One Corner of a Rectangle

We now look at Case 2 — Dragging One Corner of a Rectangle described in section [3.1.2
Choosing the values p; = 0.2 and s = —0.2 gives the real domain  shown in figure and
the free node at (0.55,0.45). Again performing the patch tests gives the results summarized
in table Again the patch tests are all considered passed since all values for the numerical
solution uy, are within machine tolerance of their respective values for the exact solution e, in
the free node (0.55,0.45). We also see in the plots of the displacement given by the high-fidelity
solution in test cases 1 and 3, shown in figures [3.3a] and [3.3b] respectively, that the displacement
of the node (0.55,0.45) is as expected given the exact solution. With this we mean that in test
case 1, it moved x = 0.55 to the right, when in test case 3, it moved y = 0.45 to the right.

Remark 3.6. The patch tests also pass when performing them on all values for pi and pg in
the cross product of the range (—0.49,0.49).
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1.0{ —00 1.0
0.8 0.8 //
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0

0.0 0.5 1.0 1.5 2.0 2.5 0.00 0.25 050 0.75 1.00 1.25 150 1.75 2.00

(a) Patch Test — Test Case 1. (b) Patch Test — Test Case 3.

Figure 3.3. Patch Test: Case 2 — Dragging One Corner of a Rectangle; The displacement
given by the high-fidelity solutions of two patch tests for Case 2 — Dragging One Corner of a
Rectangle, section [3.1.2] using u1 = 0.2 and pus = —0.2. The displaced position is shown in
gray with shading, whereas the initial position is shown in light gray without shading, i.e. the
displaced position is the position being displaced to the right. The solutions were obtained using
the mean-values for the Young modulus £ and the Poisson coefficient v. Please note the different
scales on the x and y axes.

Test Case 1. 2.
Uer (0.475,0.525) [055 0]" [0 045]"
u,(0.475,0.525) | [ 0475 —3.0-10717 |7 | [ —=3.3-10717 0525 |
Test Case 3. 4.
Uex (0.475, 0.525) [045 0] [0 015]"

T

u(0.475,0.525) | [ 0525 —5.4-10717 )" | [ —2.4-10717 0475 ]"

Table 3.4. Patch Test: Case 3 — Dragging All Corners of a Rectangle; A comparison of the
displacement given by exact solution uey and finite element approximation wy in the one free
node (0.55,0.45) for the patch tests considering Case 3 — Dragging All Corners of a Rectangle,

section [3.1.3] using pu1, pio, p3 = —0.1 and pa, pi5, s = 0.1.

3.2.2.3 Case 3 — Dragging All Corners of a Rectangle

We now look at Case 3 — Dragging All Corners of a Rectangle described in section [3.1.3]
Choosing the values pq, pg, 3 = —0.1 and py, ps, i = 0.1 gives the real domain €2 shown in
figure and the free node at (0.55,0.45). Again performing the patch tests gives the results
summarized in table [3:4] Again the patch tests are passed since all values for uy, are within
machine tolerance of their respective exact solution u., in the free node (0.475,0.525). We also
see in the plots of the displacement given by the high-fidelity solution in test cases 1 and 3,
shown in figures and respectively, that the displacement of the node (0.475,0.525) is as
expected given the exact solution. With this we mean that in test case 1, it moved x = 0.525 to
the right, when in test case 3, it moved y = 0.475 to the right. It is also worth mentioning that
the lower right corner in test case 3 moves to the left since it initially had a negative y-value.

Remark 3.7. The patch tests also pass when performing them on all values for p1, po, s, fia, s
and pe in the cross product of the range (—0.16,0.16).
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1.0

0.8

0.6

0.4

0.2

0.0

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 0.00 0.25 0,50 0.75 1.00 1.25 150 175 2.00

(a) Patch Test — Test Case 1. (b) Patch Test — Test Case 3.

Figure 3.4. Patch Test: Case 3 — Dragging All Corners of a Rectangle; The displacement given
by the high-fidelity solutions of two patch tests for Case 3 — Dragging All Corners of a Rectangle,
section [3.1.3] using w1, 2, s = —0.1 and pg, s, e = 0.1. The displaced position is shown in
gray with shading, whereas the initial position is shown in light gray without shading, i.e. the
displaced position is the position being displaced to the right. The solutions were obtained using
the mean-values for the Young modulus £ and the Poisson coefficient v. Please note the different
scales on the x and y axes.

3.2.3 A Note on the use of Bilinear Elements

An important note here is the use of a bilinear element, in particular the Bilinear Lagrange
Rectangle Element presented in section [2.3] If we would have used a linear element, e.g. the
Linear Lagrange Triangle Element, see section 3.2 in BS2008 [10], all patch tests would have
passed for Case 1 — Scaling of a Rectangle, since the coordinate mapping ® from the reference
domain € is still linear in the spacial coordinates Z; and Z,. However, for Case 2 — Dragging
One Corner of a Rectangle and Case 3 — Dragging All Corners of a Rectangle the patch tests
would only pass when the parameters u; are such that they in principle just scale the rectangle.
As a conclusion we state that the use of linear elements is unsuitable for our solver because we in
general have a bilinear coordinate mapping ®, which means we need bilinear elements in general.

3.3 Determining the Matrix Least Squares Functions

In this section we go back to the Matrix Least Square problem in section [2.6.3

Q

D g Ag = Alpi), 1<k <n, (3.60)
q=0

where A(py) and A, are matrices of size N x m. More specifically we study the approximations
needed for determining the Matrix Least Square functions {gq(u)}?zo.

We do this by first studying how to approximate the reciprocal of the determinant F], then

studying how to approximate a function in general on the reference domain, and finally using

this study, we determine the Matrix Least Squares functions {g,() }éQ:O.
Remark 3.8. By general function we refer to the function g(¢@) for the prescribed displacement
g in the discrete lifting function

Tgy (T Hgeo) = Z 9(D(&;; Mgeo))Pj(&7), T = {j 1Ty € f‘D} (3.61)
j€ls
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for the evaluation of the bilinear form a(rg,,v) on the reference domain, and the functions f(¢)
and h(@) for the body force f, and the prescribed traction vector h in the integrals

/f.de:/f(¢)-@|J|dQ, (3.62)
Q Q
and
/h-de:/h(@)ﬁ\J!dQ (3.63)
Q Q
on the reference domain.

3.3.1 The Reciprocal of the Determinant

In general the reciprocal of the determinant takes the form

1
—_— 3.64
k+c'ad’ (3.64)
which has the Taylor expansion
1 1 c'z (c'x)? T-

3.3.1.1 Case 1 — Scaling of a Rectangle

In this case we know from section that |J| = L,L, and that L., L, > 0. This gives
k= L,L, and ¢ = 0 in (3.67)), resulting in an invalid Taylor expansion. However, this is not a
problem since the determinant is constant and L., L, > 0. This gives us the possible range for
the geometry parameters L, and L, as Gsz = (0,00) and the term

{ L:Ly } (3.66)

for the Matrix Least Squares functions {gq(,u)}(?zo.

3.3.1.2 Case 2 — Dragging One Corner of a Rectangle

In this case we know from section that |J| = 1 4+ 122 + pe®, giving us £ = 1 and
c= [ IR ]T. This results in the Taylor expansion

1

iz = L (Bt pedn) + (@ + potr)® — -, for e'z| <1, (3.67)

giving us the possible range for the geometry parameters pq and p2 as Gpr = (—0.5,0.5) since
|Z;| <1 on the reference domain and the terms

{1,/,1417#2,#%,/1,1/112,#%,'”} (368)

for the Matrix Least Squares functions {gq(u)}gzo.

Remark 3.9. We count the term p;u;,i # j as a second order term, and similar for higher
order terms.
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3.3.1.3 Case 3 — Dragging All Corners of a Rectangle
In this case we know from section that
|J| =1+ p1 + pe — paps + pui i

+ 21 (pa — p2 — pe + 1t — 1t — f2fi3 + f2fls) (3.69)
+ Zo (13 — 1 — ps — pfie + Hops + (36 — Hafls)

giving us k =1+ p1 + pe — popls + pape and

c— | Ha— 12— He + pipa — pipe — p2ps + pops (3.70)
B3 — 1 — U5 — pife + Hopts + U3ie — U4fts

This results in the Taylor expansion

1 1 c'z (c'x)?

ko k2 k3

_ T4
m = L — ey, for ‘C m’ < ’k‘, (371)

giving us the possible range for the geometry parameters pui, pa, s, pa, 5 and pe as Gos =
(—0.16,0.16) since |Z;| < 1 on the reference domain. Concerning the terms for the Matrix Least
Squares functions {gq(,u)}?zo, (c"&)” will give the polynomial terms

{ ].,Hl,/,LQ,,LLg,H4,/.,65,,11,6,#%,MlMQ,,lLl,l/z?,,H1M4,M1M5,H1H6,M%,,UQ,LL?,, } (3 72)

[L2 s B2 fLs s L2065 3y H3 145 3 HU5s 316> Vs HALLS s [LAIGs HUE s H5 1465 s+
1

However, 5t gives problems since k depends on multiple p;. This also makes it difficult to

orthogonalize the ﬁ to the polynomial terms. As a solution to this problem we choose to only

use the polynomial terms for the Matrix Least Squares functions {gq(u)}gzo,
will correspond to further expanding kl’% in pq, po and ps, which is valid beyond our geometry

parameter range Gqs.

noting that this

3.3.2 Approximating a Function on the Reference Domain

In general, since we do not know what kind of functions g, f and h are, we do not know what
kind of functions g(¢), f(¢) and h(¢) are, in terms of the the geometry parameters L; or u;.
However, both components of coordinate mapping ¢ in all the cases are linear in the geometry
parameters L; or p;. This means that the function components are multivariate polynomials
of degree p in the spatial coordinates T; and Zo, and we get multivariate polynomials p in the
geometry parameter. For instance, if the function components are multivariate polynomials of
degree p = 2 in the spatial coordinates ; and T3, and we have the geometry parameters p; and
L, 1.e. case 2, we get the terms

{1, p1, pr2, papa} (3.73)

for the Matrix Least Squares functions {gq(pt) }22:0.
3.3.3 Approximating the Determinant and the Numerators of the Encoding
Matrix

We know that in general the determinant |J| is a “bilinear” polynomial and the numerators of
the encoding matrix Z, are second order, p = 2, polynomials in the geometry parameters,
i.e they take the forms
ap -1+ Z bift; + Z CijlifL, (3.74)
i i#]
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and
ag - 1 + Z bz’Hi + Z Cijg i, (375)
% i

respectively. Which for case 2 gives the terms

{1, 1, pa, 13, pa iz, 13 } (3.76)

for the Matrix Least Squares functions {gq(,u)}(?zo.

3.3.4 Determining the Matrix Least Squares Functions.

To put all the terms from the previous sections together we need to “multiply” them, i.e. “Mul-
tiplying” (3.73)) using order p = 2 and (3.76)) would give the set

{17Ml?,u2>/’4%7Mlu%#;/‘iu%u%#lﬂ%:u%} (377)
and “multiplying” (3.66)) and (3.76)) using L; would give the set

s 1 1 1LxLy}_

{1,Lx,Ly,L§,LxLy,L _ = (3.78)

Observe that the approximation set, , for the determinant and the numerator of the encod-
ing matrix in general always is of order p = 2. Also observe that the reciprocal of the determinant
may reduce the order of the resulting set. Therefore we suggest that we always compute the
p + 2 polynomial set of terms for the approximation of a general function, the determinant and
the numerator of the encoding matrix. This may then be “multiplied” with the non-polynomial
terms of the set order p for the reciprocal of the determinant, if the non-polynomial terms are
few and simple. Lastly we get the Matrix Least Squares function set from the resulting set by
cutting out the terms higher than p in absolute value. This means that the p = 2 order set for
Case 1 — Scaling of a Rectangle would be

1 1 1 L L L2 12
17 9 aL 7La ) yaL27 IyL L 7L2, y,i . 379
{ L, Ly Y7 L,L, L, Y L, "7V T L L, (3.79)

Remark 3.10. The order of appearance of the terms in (3.79) are given to match the order of
appearance in figure [3.8

Furthermore, as mentioned in section [2.6.3] the functions should be close to orthogonal. So we
will be using the Legendre polynomials shifted to the currently used geometry parameter range
Ggeo- This makes it more efficient to store the order of the the terms, i.e for each term a list of
the order for each geometry parameter, in the mentioned sets above. Then when “multiplying”
instead “add” the orders of the terms together, cut off the terms higher than p in absolute value
and then compute the resulting Matrix Least Square function set Gy.s = {gq(u)}quo. This
results in algorithm

Remark 3.11. It is not always necessary to make all the functions {gq(u)}quo orthogonal to
each other. Here we have the orthogonal set of shifted Legendre polynomials f/(x) on the interval

[1a,b] ,a,b > 0 and the functions P"T(‘r). Making % orthogonal to P,(x) would give the function

2 — Tn(x), where T, () is a polynomial. Hence, as mentioned above we see the case of Scaling a
Rectangle to have simple non-polynomial parts in the set for I% However, in general we would
only recommend to not use an orthogonal basis when we know that we have a iood matrix least

square fit for few matriz least square functions {gq(u)}Q

g—0> @5 seen wmn section |3.1. 1|
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Algorithm 4 An algorithm to construct the set of Martix Least Square functions Gys =
{g4(1) }(?:0 given the order p, the set of geometry parameters fige, and the geometry parameter
range Ggeo. The order p is interpreted as in remark

1: function G5 = FuncsM LS (p, pigeo, Ggeo)
2: Compute the set, Cys, of all orders of the all terms in the p 4+ 2 polynomial set

3: if the set for ﬁ will have simple non-polynomial parts then
i.e, case: scaling of a rectangle
4: Compute the set, Ky.s, of all orders of all terms in the p order set of non-polynomial

terms in the p order set for ‘7‘1”1 i.e {ﬁ}

“Add” Cys and Kyys to from Giys
else

GMLS = UmLs
end if
Cut out the lists where the absolute value of the sum of the entries is higher than p, the
sum of the positive entries is higher than p and sum of the negative entries is smaller
than —p from Gys
10: for list of orders of the geometry parameters in G5 do
11: Construct g4(p) by using Legendre polynomials shifted to Ggeo for positive

orders of the geometry parameters, use the negatives as they are.

12: end for
13: end function

3.4 Constant Body Force in 2D

Before we can start our analysis we need a problem to study. For this analysis we use the case
of Constant Body force in 2D or more precisely the case where one component of the body force
f is a constant, we have homogeneous Dirichlet boundary conditions on the west side of the real
domain 2, i.e a clamped down side, and the rest of the boundary has homogeneous Neumann
boundary conditions, i.e a traction free boundary. The proposed problem then becomes

—div(o-):f:{g] in Q = [0,1)2

3.80
u=20 onI'p ( )
on=20 on I'y
A picture of the proposed problem given on the domain Q = Q = [0,1]% can be seen in figure
3.5
Furthermore, to get our field we set
a=p-100g -t =8-10% kg/m* - 100 - 9.81m/s? - 0.01m = 784.8 - 10> N/m, (3.81)

approximately equal to the mass density of steal times 100 the gravitational acceleration times
the thickness ¢ = 1 cm.

Remark 3.12. For Case 1 — Scaling of a Rectangle and Case 2 - Dragging one corner of a
rectangle the boundary conditions and the body force f are given on the real domain 2. However,
for Case 8 — Dragging all corner of a rectangle the boundary conditions and the body force f
are given on the reference domain Q because here the left side deviates from the line x = 0.
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'y

(0,1) on=0 (1,1)
f f f
f f

I'p . -, I'y
u = f L f on =20

f f f

(0,0) I'y (1,0)

on=20

Figure 3.5. Constant Body force in 2D — A picture of describing the Constant Body force in
2D problem, showing the body force f and boundary conditions on the domain Q = = [0, 1]2.

3.5 Discussions

In this section we discuss the three cases presented in section We do this by studying
the relative errors between the high-fidelity solution up(p) and the high-fidelity MLS solution
uh,mls(u)a
||uh(“) - uh,mls(#’)”a
[un ()l

, (3.82)
for orders p of approximation for the matrix least square functions {gq(“)}qQ:o- Then, having
determined good choice for the order p, we study the relative contribution per term for the
matrices from the MLS algorithm

ll9q(#e) Aiglle .
M99 2hglle o) (3.83)
[ A

and the relative errors between the high-fidelity solution up(p) and the recovered reduced-order
solution Vupn(p),
[un(p) = Vun(p)]la
[un(p)lla
for different N, to see the effect of the MLS algorithm on the reduced-order solution constructed
by the Proper Orthogonal Decomposition (POD) algorithm with the energy norm, algorithm [2|

, (3.84)

We start by testing the Matrix Least Squares algorithm using Case 1 — Scaling a rectangle,
then study Case 2 — Dragging one Corner of a Rectangle and Case 3 — Dragging all Corners
of a Rectangle. In all these studies we are using the problem of Constant Body force in 2D,
discussed in section [3.4] with n = 20 elements along the axes. Moreover, from some small scale
testing for when the matrix M "M has large condition numbers, given different orders p, in the
Matrix Least Squares algorithm (3, we find that a 25 x 25 uniform gird works. This is a good
compromise between accuracy and computational time given we have two geometry parameters
as in Case 1 — Scaling of a Rectangle and Case 2 — Dragging all Corners of a Rectangle. This
gives 252 = 625 snapshots of matrices and vectors. For Case 3 — Dragging all Corners of a
Rectangle we use a 3 x 3 x 3 x 3 x 3 x 3 uniform grid, giving 3% = 729 snapshots of matrices and
vectors. This may seem as too few snapshots, however, 56 = 15625 would be the next alternative
and this is too much considering computational time for this analysis.
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== ————————————— |

(@) L, =0.1,L, =5.1 (b) L, =5.1,L,=0.1

Figure 3.6. Testing the Matrix Least Squares algorithm: Case 1 — Scaling of a Rectangle; The
two extremes of the geometry range Gsx = (0.1,5.1) for L, and L, using n = 2 elements per
axes.

Finally, we study Case 2 — Dragging one Corner of a Rectangle again using what we have learned
from the previous studies, i.e. we have chosen the order p of approximation for the matrix least
square functions {gq(,u,)}quo. Moreover, we still use the problem of Constant Body force in 2D
discussed in section [3.:4] and a 25 x 25 uniform grid for p; and pe. However, we are using n = 90
elements along the axes to give us Np = 16380 degrees of freedom (dofs) or free nodes. This
is more than ng = 15625 = 25 x 25 x 5 x 5 , which is the number of solutions in the snapshot
matrix in the POD algorithm. Having more than 10000 degrees of freedom here give us
a good example to study the computational times.

The Python code building the solver, the Python code used in this thesis and the log files can
be found via the doi-link [4].

Remark 3.13. In this section we have used Epeqn aNd Viean for our material parameters pmqr-

3.5.1 Testing the Matrix Least Squares algorithm; Case 1 — Scaling of a
Rectangle

As mentioned in section the case of scaling a rectangle is still affine, see (3.2)). Therefore
we are using this case to test the Matrix Least Squares algorithm, algorithm [3] Furthermore, we
are restricting us to the geometry range Ggr = (0.1,5.1) for L, and L,, where the two extremes
of L, =0.1,L, =5.1and L, = 5.1, L, = 0.1 are shown in ﬁgure@for n = 2 elements per axes.

3.5.1.1 The Relative Errors Between the High-fidelity Solution and the High-
fidelity Matrix Least Squares Solution

Studying the relative errors in figure we see that the errors are below 1072 from order p = 2
until p = 8, and from p = 8 until p = 10 they increase again. This is as expected since the
term L;L,, i.e. the determinant of the coordinate transformation @ in this case, is considered
a second order term and therefore is not included before order p = 2. This term is important
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Relative Errors, ||un(u) — un, mis()]|a/|un()]]a
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Figure 3.7. Testing the Matrix Least Squares algorithm: Case 1 — Scaling of a Rectangle; The
relative errors between the high-fidelity solution wuy () and the high-fidelity Matrix Least Square
solution up, mis(pe) solving the problem of Constant Body force in 2D using n = 20 elements along
the axes and the geometry parameter range Gz = (0.1,5.1).

because we need to evaluate the integral

/f-de:/f((I))-13|J|dQ, (3.85)
Q Q

where the body force f is constant and |J| = L,L, as shown in section The increases in
the errors from p = 8 until p = 10 can be explained by noise form the inverting of the matrix
MM in Matrix Least Squares algorithm [3| since the condition numbers here are above 10°,
which we use as our noise limit.

3.5.1.2 The Relative Contribution per Term

From the previous section we note that order p = 2 is a good choice for the order, we study
figure

the relative contributions per term for the affine matrices, (2.181)), A;(u) and A2(p) shown in
Remark 3.14. The terms in figure[3.§ are ordered as follows

11 1 L L Ly 12
177777[/ JL ) 77y7L27iaL L 7L277y77x ’ 3.86
{LnyyILxLnyyLyxnyxLy (3.86)
and the polynomial terms and the numerator of the non-polynomial terms use Legendre polyno-
mials shifted to G = (0.1,5.1). This is not shown here for simplicity.

Taking remark [3.14] into account, when studying the relative contributions per term in figure [3.§|
we see that the terms 1, %

and % are relevant as expected from (3.10). However, the terms
Y

1
L
56
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Relative contribution per term

10—11 ]
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Figure 3.8. Testing the Matrix Least Squares algorithm: Case 1 — Scaling of a Rectangle; The
relative contribution per term solving the problem of Constant Body force in 2D using n = 20
elements along the axes, the geometry parameter range Ggr = (0.1,5.1) and order p = 2. The
terms are ordered as stated in remark

and Li are also relevant. This is because of the use of shifted Legendre Polynomials which shifts

the term Ly to Lfrk and therefore makes the term & - L relevant, and similar for L L . From this

we conclude that the Matrix Least Squares algorithm I 3| does split the affine ma‘mces Aq(p) and
Az () in the desired way for an affine problem.

3.5.1.3 The Relative Errors Between the High-fidelity Solution and the Reduced-
order Solution

Finally we want to study the relative errors between the high-fidelity solution wuy(p) and the
recovered reduced-order solution Vup(p). For this we use the Proper Orthogonal Decomposition
(POD) algorithm with the energy norm, algorithm with €pop = 1072 to capture at least 99.99%
of the energy in the system. Studying the relative information content, I(/N), and the singular
values in figures 3.9 and [3.10] respectively, we observe that the capture of at least 99.99% of the
energy in the system is achieved for N = 4 singular values. We also observe that the singular
values decrease rapidly until approximately N = 75 where the decrease flattens out.

Next we study the relative errors between the high-fidelity solution uj(p) and the recovered
reduced-order solution Vuy(p) in figure Here we observe that the mean error for N = 2
is a bit above 1072, However, more interesting is that the max and mean errors flatten out from
around N = 60, where we observe that the max error flattens out at approximately 10~* and
the mean error at approximately 107%. Here we also observe that the min error preforms well
and flattens out below 1078, Interestingly, when studying the log files from running the python
scrip to plot the figures in this section, we observe that max error in general is achieved in the
endpoints of the geometry parameter range Gsgr for L;.
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Relative information content, /(N)

1.0000
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= 0.99981
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Figure 3.9. Testing the Matrix Least Squares algorithm: Case 1 — Scaling of a Rectangle; The
relative information content for the solving of the problem of Constant Body force in 2D using
n = 20 elements along the axes, the geometry parameter range Gsr = (0.1,5.1), order p = 2 and

€rop = 1072,
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Figure 3.10. Testing the Matrix Least Squares algorithm: Case 1 — Scaling of a Rectangle; The
singular values for the solving of the problem of Constant Body force in 2D using n = 20 elements
along the axes, the geometry parameter range Gsz = (0.1,5.1), order p = 2 and €pop = 1072
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Relative Errors, ||up(u) — Vun(u)||a/||un(u)]|a
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Figure 3.11. Testing the Matrix Least Squares algorithm: Case 1 — Scaling of a Rectangle; The
relative errors between the high-fidelity solution up(p) and the recovered reduced-order solution
Vupn(p) for solving the problem of Constant Body force in 2D using n = 20 elements along the
axes, the geometry parameter range Gsz = (0.1,5.1), order p = 2 and epop = 1072, The chosen
N =4 is marked by the black dashed line.

3.5.2 Problems with the Geometry Range; Case 2 — Dragging One Corner
of a Rectangle

In this section we study the non-affine case of dragging one corner of a rectangle discussed
in section [3.1.2] and the effect of the Matrix Least Squares algorithm [3] More specifically we
study the problems that occur when the chosen geometry parameter range is too close to the
singularities of the expansion, which in this case are the singularities at p; = £0.5, as seen in
section Therefore we use the geometry parameter range Gpr = (—0.49,0.49) where the
two extremes of p1, 2 = —0.49 and pq, po = 0.49 are shown in figure for n = 2 elements
per axes. Looking at figure [3:124] especially, we see what will happen at the singularity of
1, o = —0.5 where we get a triangle.

3.5.2.1 The Relative Errors Between the High-fidelity Solution and the High-
fidelity Matrix Least Squares Solution

Studying the relative errors in figure [3.13] we see that the max and mean errors are decreasing
until order p = 24 and that the min error decreases until order p = 18, however, form here they
increase quite rapidly. This is because for order p = 25 the matrix M " M in Matrix Least Squares
algorithm [3| can be considered singular since the condition number is above 10717, This is not
a surprise since a 25 x 25 grid should only allow approximations up to order p = 24 since n + 1
snapshots in each direction are needed for order n as mentioned in remark 2.13] Furthermore,
the increase in the min error from p = 20 can also be explained by the condition number of the
matrix M " M, since it from here is higher than our noise limit of 10°, and increases to above
100, Because of this we choose order p = 19 for further analysis. Another observation is that
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(a) pa, 2 = —0.49 (b) w1, p2 =0.49

Figure 3.12. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;
The two extremes of the geometry parameter range Gpr = (—0.49, 0.49) for py, 2 = —0.49 and
w1, o = 0.49 for n = 2 elements per axes.

for order p = 19 the max and mean errors are right above 1072 and around 10~ respectively,
which is a bit higher than we would have hoped for.

3.5.2.2 The Relative Contribution per Term

From the previous section we note that order p = 19 is a good choice for the order, we do a short
study of the relative contributions per term for the affine matrices, (2.181), A;(p) and Aa(p)
shown in figure Here we observe that the terms do decrease, but none of the terms are
irrelevant in contrast to the affine case in section [3.5.1.2] Furthermore, the decrease may be a
bit slow since relative contributions only decrease to below 1074,

3.5.2.3 The Relative Errors Between the High-fidelity Solution and the Reduced-
order Solution

Lastly we again want to study the relative errors between the high-fidelity solution wy(p) and
the recovered reduced-order solution Vun(p). For this we again use the Proper Orthogonal
Decomposition (POD) algorithm with the energy norm, algorithm with €pop = 1072 to capture
at least 99.99% of the energy in the system. Again studying the relative information content,
I(N), and the singular values in figures and respectively, we observe that the capture
of at least 99.99% of the energy in the system is achieved for N = 11 singular values. We also
observe that the singular values do not decrease as rapidly as in section however, the
decrease begins to flatten at approximately N = 150.

Now, studying the relative errors between the high-fidelity solution wuy(p) and the recovered
reduced-order solution Vuy(p) in figure we observe that the mean error for N = 11 is
approximately 1072, However, more interesting, the max and the mean errors flatten out form
N = 50. Here the max error flattens out above 1073 and the mean error below 10~%, which is
quite close to the max and mean relative error between the high-fidelity solution uy () and the
high-fidelity Matrix Least Square solution wj, mis(ft) in section This makes sense since we
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Relative Errors, ||Uun(k) = Un, mis()]la/[1Un()]]a
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Figure 3.13. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;
The relative errors between the high-fidelity solution uj(p) and the high-fidelity Matrix Least
Square solution wp mis(p) solving the problem of Constant Body force in 2D using n = 20
elements along the axes and the geometry parameter range Gpr = (—0.49, 0.49).
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Figure 3.14. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;
The relative contribution per term solving the problem of Constant Body force in 2D using n = 20
elements along the axes and order p = 19.
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Figure 3.15. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;
The relative information content for the solving of the problem of Constant Body force in 2D
using n = 20 elements along the axes, geometry parameter range Gpr = (—0.49,0.49), order

p =19 and and epop = 1072,
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Figure 3.16. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;

The singular values for the solving of the problem of Constant Body force in 2D using n = 20
elements along the axes, geometry parameter range Gpr = (—0.49,0.49), order p = 19 and and

€pop = 1072,
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Figure 3.17. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;
The relative errors between the high-fidelity solution up(p) and the recovered reduced-order
solution Vupy(p) for solving the problem of Constant Body force in 2D using n = 20 elements
along the axes, geometry parameter range Gpr = (—0.49,0.49), order p = 19 and epop = 1072
The chosen N = 11 is marked by the black dashed line.

can estimate the error between the high-fidelity solution up(p) and the recovered reduced-order
solution Vuy(pu) by

[un(p) = Vun ()lla < llun(pe) = whms(p)lla + |[wnms(p) = Veun(p)lla, (3.87)

using the triangle inequality. Moreover, again when studying the log files from running the
python scrip to plot the figures in this section, we observe that max error in general is achieved
in the endpoints of the geometry parameter range Gpr for ;. Noting this, we here hypothesise
that the max and mean errors are dominated by the high-fidelity error.

3.5.2.4 Discussion

We have studied the relative errors between the high-fidelity solution wuy, (1) and the high-fidelity
Matrix Least Square solution up, mis(pt), the relative contribution per term and the relative errors
between the high-fidelity solution uy(p) and the recovered reduced-order solution Vuy (p) in the
previous sections. We see that our concerns around flattening out of the max and mean errors in
section and decrease of the relative contribution per term in section result in the
max and mean errors in section [3.5.2.3] being dominated by the high-fidelity error. Going back,
we defined our geometry parameter range as Gpr = (—0.49,0.49) in section and noted that
this is close to the singularities at pu; = £0.5, as seen in section [3.3.1.2] Noting that Taylor
expansions are most accurate when we are well within our maximum range, we conclude that
we here may have been too close to the singularities and that smaller geometry ranges than the
maximum ranges should be used.
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(@) p1,p2 =-0.3 (b) p1,p2 =03

Figure 3.18. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;
The two extremes of the geometry parameter range Gpr = (—0.3,0.3) for ui, u2 = —0.3 and
w1, e = 0.3 for n = 2 elements per axes.

3.5.3 Geometry Range Changes

Again making the note that Taylor expansions are most accurate when we are well within our
maximum range, we want to make our ranges smaller. So we will use the range Gpr = (—0.3,0.3)
for Case 2 — Dragging One Corner of a Rectangle, and Gos = (—0.1,0.1) instead of Gos =
(—0.16,0.16).

Remark 3.15. The maximum ranges for our geometry parameters in all three cases where found
in section [3.3.

3.5.4 Using a Smaller Geometry Range; Case 2 — Dragging One Corner of
a Rectangle

In this section we again study the non-affine case of dragging one corner of a rectangle discussed
in section and the effect of the Matrix Least Squares algorithm [3] More specifically we
study the problems that occur when the chosen geometry parameter range is well within the
our maximum range as mentioned in section [3.5.3] Therefore we use the geometry parameter
range Gpr = (—0.3,0.3) where the two extremes of pq, o = —0.3 and p1, 2 = 0.3 are shown in
figure for n = 2 elements per axes.

3.5.4.1 The Relative Errors Between the High-fidelity Solution and the High-
fidelity Matrix Least Squares Solution

Studying the relative errors in figure [3.19 we see that the max and mean errors are decreasing
until order p = 19 and that the min error decreases until order p = 18, however, form here
they again increase quite rapidly, even more so than in figure [3.13] Again, this is because for
order p = 25 the matrix M ' M in Matrix Least Squares algorit can be considered singular
since the condition number is above 10717, The increase from p = 20 can be explained by the
condition number of the matrix M " M, since it from here is higher than our noise limit of 10°,
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Figure 3.19. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;
The relative errors between the high-fidelity solution up () and the high-fidelity Matrix Least
Square solution upmis(p) solving the problem of Constant Body force in 2D using n = 20

elements along the axes and the geometry parameter range Gpr = (—0.3,0.3).

and increases to above 10'%. Because of this we again choose order p = 19 for further analysis.
Another observation here is that for order p = 19 the max and mean errors are right above 10~
and right below 10! respectively, which is really small and considerably lower than what we

observed before in section [3.5.2.11

3.5.4.2 The Relative Contribution per Term

From the previous section we note that order p = 19 is a good choice for the order, we again do
a short study of the relative contributions per term for the affine matrices, (2.181)), A;(p) and

Aa(p) shown in figure|3.20, Here we observe that the terms do decrease, and we have some terms,
mostly after approximately ¢ = 150, that are close to irrelevant. Furthermore, the decrease is

better than in section [3.5.2.2 since relative contributions decrease to below 10710

3.5.4.3 The Relative Errors Between the High-fidelity Solution and the Reduced-

order Solution

Finally we again want to study the relative errors between the high-fidelity solution uy(p) and
For this we again use the Proper Orthogonal

the recovered reduced-order solution Vupy(p).

Decomposition (POD) algorithm with the energy norm, algorithm with epop = 1072 to capture
at least 99.99% of the energy in the system. Again studying the relative information content,

I(N), and the singular values in figures and respectively, we observe that the capture
99.99% of the energy in the system is achieved for N = 8 singular values and not N = 11 as in

section [3.5.2.3] We observe that the singular values decrease as in section [3.5.2.3] however, the
decrease begins to flatten at approximately N = 100.
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Figure 3.20. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;
The relative contribution per term solving the problem of Constant Body force in 2D using n = 20
elements along the axes and order p = 19.
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Figure 3.21. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;
The relative information content for the solving of the problem of Constant Body force in 2D
using n = 20 elements along the axes, the geometry parameter range Gpr = (—0.3,0.3), order
p =19 and €pop = 1072.

66



CHAPTER 3. CASE STUDIES

Singular values, scaled to o3

—— Singular Values, o;.

0 100 200 300 400 500 600
i
Figure 3.22. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;
The singular values for the solving of the problem of Constant Body force in 2D using n = 20

elements along the axes, the geometry parameter range Gpr = (—0.3,0.3), order p = 19 and
Epop = 1072,

Now, again studying the relative errors between the high-fidelity solution uy(p) and the recovered
reduced-order solution Vupy(pu) in figure we observe that the mean error for N = 8 is
approximately 1072, i.e. the same as we had for N = 11 in section However, more
interesting, the max and the mean errors flatten out form N = 100, and the max error flattens
out right below 1076 and the mean error right below 10~7, which is much better than in ﬁgure
from section [3.5.2.3] Moreover, as in section [3.5.2.3] when studying the log files from running
the python scrip to plot the figures in this section, we observe that max error in general is
achieved in the endpoints of the geometry parameter range Gpr for ;. Noting this, we confirm
our hypothesis from section [3.5.2.3] about the max and mean errors being dominated by the
high-fidelity error.

3.5.4.4 Discussion

During the study of this example and though the comparison with the previous example in
section [3.5.2] we conclude that the use of a smaller geometry parameter range, i.e. a range
well within the maximum geometry parameter range form section [3.3] is impor.e.tant for the
performance of the Matrix Least Square algorithm 3] This is because otherwise the relative error
high-fidelity solution u(p) and the recovered reduced-order solution Vuy (p) may be dominated
by the relative error between the high-fidelity solution uy () and the high-fidelity Matrix Least

Square solution up mis(p) as hypothesised in section [3.5.2.3 and confirmed in section |3.5.4.3

3.5.5 Too few Snapshots; Case 3 — Dragging All Corners of a Rectangle

In this section we study the non-affine case of dragging all corners of a rectangle discussed
in section and the effect of the Matrix Least Squares algorithm [8] More specifically we
study the problems that occur when the chosen geometry parameter range is well within our
maximum range as mentioned in section Therefore we use the geometry parameter range
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Figure 3.23. Problems with the Geometry Range; Case 2 — Dragging One Corner of a Rectangle;
The relative errors between the high-fidelity solution up(p) and the recovered reduced-order
solution Vupy(p) for solving the problem of Constant Body force in 2D using n = 20 elements
along the axes, the geometry parameter range Gpr = (—0.3,0.3), order p = 19 and €pop = 1072
The chosen N = 8 is marked by the black dashed line.

Gos = (—0.1,0.1) where two of the extremes are shown in figure for n = 2 elements per
axes using of pi, pa, pus, pg = —0.1 and ps, pg = 0.1 for the left figure, and pq, po, us, pg = 0.1
and ps, pg = —0.1 for the right figure.

3.5.5.1 The Relative Errors Between the High-fidelity Solution and the High-
fidelity Matrix Least Squares Solution

Studying the relative errors in figure [3.25] we see that the max and mean errors are decreasing
until order p = 2 before increasing. This is again because for order p = 3 the matrix M T M
in Matrix Least Squares algorithm [3] can be considered singular since the condition number is
above 10~!7. This is again caused by having 3 snapshots in each of our 6 directions, meaning
that order p = 2 is the best order we can achieve, noting remark Order p = 2 is less
than we would have wished for, however, increasing the number of snapshots from 3% = 729 to
56 = 15625 or more will give longer computational times as motioned in section Because of
this we are again choosing order p = 2 for further analysis here. Another observation is that for
order p = 2 the max and mean errors are right above 1072 and right above 1072 respectively,
which is still is quite large and may lead to the relative errors between the high-fidelity solution
up(p) and the high-fidelity Matrix Least Square solution up mis(p) dominates the relative errors
between the high-fidelity solution uy(p) and the recovered reduced-order solution Vupy(p). Just
as previously seen from the study in section [3.5.2
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Figure 3.24. Too few Snapshots; Case 3 — Dragging All Corners of a Rectangle; Two of the
extremes for the geometry parameter range Gos = (—0.1,0.1) for n = 2 elements per axes
using of p1, pa, ps, ug = —0.1 and ps, pug = 0.1 for the left figure, and w1, pa, ps, ug = 0.1 and
i3, g = —0.1 for the right figure.
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Figure 3.25. Too few Snapshots; Case 3 — Dragging All Corners of a Rectangle; The relative
errors between the high-fidelity solution uy,(p) and the high-fidelity Matrix Least Square solution
U mis(p) solving the problem of Constant Body force in 2D using n = 20 elements along the
axes and the geometry parameter range Gqs = (—0.1,0.1).
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Figure 3.26. Too few Snapshots; Case 3 — Dragging All Corners of a Rectangle; The relative
contribution per term solving the problem of Constant Body force in 2D using n = 20 elements
along the axes and order p = 19.

3.5.5.2 The Relative Contribution per Term

Having chosen p = 2 in the previous section we again do a short study of the relative contributions
per term for the affine matrices, (2.181)), A1 (u) and Az(p) shown in figure[3.26] Here we observe
that the terms do decrease, however none are close to irrelevant. Furthermore, the decrease
happens in distinct steeps after ¢ = 0 and ¢ = 6. Looking at the log files we see that the
step after ¢ = 1 is the barrier between O-order term 1 and the 1-order terms, and that the
step after ¢ = 6 is the barrier between the 1-order terms and 2-order terms. The fact that the
relative contribution of all terms is above 1073 again indicates that the relative errors between
the high-fidelity solution uy(pt) and the high-fidelity Matrix Least Square solution wp, mis(pe) will
dominate the relative errors between the high-fidelity solution uy () and the recovered reduced-
order solution Vuy(p) because of too few snapshots.

3.5.5.3 The Relative Errors Between the High-fidelity Solution and the Reduced-
order Solution

Finally we again want to study the relative errors between the high-fidelity solution uy(p) and
the recovered reduced-order solution Vuy(p). For this we once more use the Proper Orthogonal
Decomposition (POD) algorithm with the energy norm, algorithm with epop = 1072 to capture
at least 99.99% of the energy in the system. Studying the relative information content, I(N),
and the singular values in figures [3:27] and [3.28| respectively, we observe that the capture of at
least 99.99% of the energy in the system is achieved for N = 11 singular values. We also observe
that the singular values decrease slower than in section[3.5.2.3] and the decrease begins to flatten
at approximately N = 200.

Now, studying the relative errors between the high-fidelity solution wuy(p) and the recovered
reduced-order solution Vuy(p) in figure we observe that the mean error for N = 11
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Figure 3.27. Too few Snapshots; Case 3 — Dragging All Corners of a Rectangle; The relative
information content for the solving of the problem of Constant Body force in 2D using n = 20
elements along the axes, the geometry parameter range Gos = (—0.1,0.1), order p = 2 and

€pop = 1072,
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Figure 3.28. Too few Snapshots; Case 3 — Dragging All Corners of a Rectangle; The singular

values for the solving of the problem of Constant Body force in 2D using n = 20 elements along
the axes, the geometry parameter range Gqs = (—0.1,0.1), order p = 2 and €pop = 1072

71



CHAPTER 3. CASE STUDIES

Relative Errors, ||up(u) — Vun(u)||a/||un(u)]|a

X i
Y
10714 %* 5
% |
LM
10724 % ¥
|
s
1%
1073, ! W’a
1
1
1
1
: MM
: 06 QOPOGOH) QDOPOOCOIOIOO0ONE
0 20 40 60 80 100
N
-x- max -%= min
mean --- N=11

Figure 3.29. Too few Snapshots; Case 3 — Dragging All Corners of a Rectangle; The relative
errors between the high-fidelity solution up,(p) and the recovered reduced-order solution Vuy ()
for the solving of the problem of Constant Body force in 2D using n = 20 elements along the
axes, the geometry parameter range Gos = (—0.1,0.1), order p = 2 and €pop = 1072, The chosen
N =11 is marked by the black dashed line.

is approximately 10~2. However, more interesting, the max and the mean errors flatten out
form N = 20 and here the max error flattens out above 1072 and the mean error below 1072,
which is quite bad. Taht is close to the max and mean errors for the relative errors between
the high-fidelity solution wup(p) and the high-fidelity Matrix Least Square solution up mis(pt) in
section Moreover, when studying the log files from running the python scrip to plot the
figures in this section, we observe that max error in general is achieved in the endpoints of the
geometry parameter range GQS for p;. Noting this we confirm our hypothesis from section
and section [3.5.5.2] about the max and mean errors in figure [3.17] being dominated by the high-
fidelity errors.

3.5.5.4 Discussion

During the study of this example we concluded that the relative errors between the high-fidelity
solution up(p) and the recovered reduced-order solution Vuy(p) are dominated by the relative
errors between the high-fidelity solution uy (@) and the high-fidelity Matrix Least Square solution
unmis(p) because we have too few snapshots. We also observed the effect of this in figure
where we had two distinct steps showing the decrease in relevance of the terms as the order p of
the term gets larger. From this we see that too few snapshots is a problem to take into account.

3.5.6 More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One
Corner of a Rectangle

In this section we do a final analysis on the case of dragging one corner of a rectangle. From
the studies in section [3.5.2] and section we learned that order p = 19 is a good choice for
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Table 3.5. More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One Corner of
a Rectangle; The relative errors between the high-fidelity solution wup (@) and the high-fidelity
Matrix Least Square solution up mis(p) solving the problem of Constant Body force in 2D using
n = 90 elements along the axes and the geometry parameter range Gqs = (—0.3,0.3) for order
p=19.

the order of approximation for the Matrix Least Squares functions {gq(p,)}Q Furthermore, we

=0

observed that the geometry parameter range G should bee chosen well %vithin the maximum
geometry parameter range mentioned in section Therefore we will use Gpr = (—0.3,0.3).
Next, as mention in section [3.5] we use n = 90 elements along the axes to get N, = 16380
degrees of freedom (dofs) or free nodes which is more than ng = 15625 = 25 x 25 x 5 x 5, which
is the number of solutions in the snapshot matrix . Since we have chosen order p = 19
for the Matrix Least Squares functions {gq(u)}qQZO we present the max, mean and min relative
errors between the high-fidelity solution uy () and the high-fidelity Matrix Least Square solution
Up,mis(p) in table . Here we see that errors are approximately equal to the errors for p = 19
in figure [3.19|in section

3.5.6.1 The Relative Errors Between the High-fidelity Solution and the Reduced-
order Solution

Having chosen order p = 19 for the Matrix Least Squares functions { gq(p,)}qQ:O we now study the
relative errors between the high-fidelity solution up(p) and the recovered reduced-order solution
Vupn(p). For this we again use the Proper Orthogonal Decomposition (POD) algorithm with
the energy norm, algorithm [2| with epop = 1072 to capture at least 99.99% of the energy in the
system. Studying the relative information content, I(N), and the singular values in figures
andrespectively, we observe that the capture of at least 99.99% of the energy in the system is
achieved for N = 8 singular values, as in section This gives us an approximate reduction
factor of 2000 in the degrees of freedom. We also observe that we have more singular values than
for n = 20 elements along the axes and that they decrease rapidly until 10~ for approximately
N = 200, before beginning to flatten out.

Remark 3.16. In all figures of the relative information and the singular values all singular
values larger than 0 from the Proper Orthogonal Decomposition (POD) algorithm with the energy
norm, algorithm[3, have been plotted.

Studying the relative errors between the high-fidelity solution wuy(p) and the recovered reduced-
order solution Vuy(p) in figure we observe that the mean error for N = 8 is approximately
1072, More interesting, the max and the mean errors decrease slower than in figure How-
ever, in the end at N = 200 the errors are lower, i.e right below 10~% versus right below 1076.
This leads to the conclusion that more degrees of freedom slows down the decrease of the errors,
but in the end gives lower errors. Furthermore, when studying the log files from running the
python script to plot the figures we observe that max error in general is achieved in the endpoints
of the geometry parameter range Gpy for ;.

Finally, studying the four POD modes in figures[3.33]and [3.34] we notice that the deformations get
smaller and smaller in the zoomed-in plots to the left. This corresponds nicely to the reduction
in the singular values. Furthermore, we observe that the first mode is traction free, whereas the
following modes all display some traction.
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Figure 3.30. More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One Corner of a
Rectangle; The relative information content for the solving of the problem of Constant Body force
in 2D using n = 90 elements along the axes, the geometry parameter range Gpr = (—0.3,0.3),
order p = 19 and epop = 1072
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Figure 3.31. More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One Corner of
a Rectangle; The singular values for the solving of the problem of Constant Body force in 2D
using n = 90 elements along the axes, the geometry parameter range Gpr = (—0.3,0.3), order
p =19 and epop = 1072,
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Figure 3.32. More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One Corner
of a Rectangle; The relative errors between the high-fidelity solution up(p) and the recovered
reduced-order solution Vupy(pu) for the solving of the problem of Constant Body force in 2D
using n = 90 elements along the axes, the geometry parameter range Gpr = (—0.3,0.3), order
p =19 and €pop = 1072. The chosen N = 8 is marked by the black dashed line.

3.5.6.2 Displacement and Recovered von Mises Stress

In this section we want to study the displacement and recovered von Mises stress in the high-
fidelity (HF') solution up(p) and the recovered reduced-order (RB) solution Vuy (). We chose
to use pu1 = 0.2 and po = —0.2. We get the recovered von Mises stress by doing simple stress
recovery, inspired by . This is done by first getting the stress at the nodal values, by averaging
the stresses over all neighbouring elements, and then interpolate linearly within each element
using the basis functions for the displacement. With the recovered stress o we compute the
recovered von Mises stress o, as

3
T =1/58:8, (3.88)
where s is the deviatoric stress tensor
1
s=0-3 tr(o)l, (3.89)

as in [20].

Studying the displacement plots in figures and respectively, we do not see differences.
Making us conclude that the RB solution for N = 8 will approximate the HF solution quite good
for N = 8 POD modes.

Next, studying the recovered von Mises stress in figures [3.37] and [3:38| respectively, we see a small
difference. Here the orange and yellow colored areas in the HF plot reach higher on the y-axis
than in the RB plot, i.e. the HF plot has yellow above 0.4 and orange closer to 0.2 than the RB
plot. Besides this the plots are pretty similar.
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Figure 3.33. More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One Corner of
a Rectangle; The two first POD modes for the solving of the problem of Constant Body force
in 2D using n = 90 elements along the axes, the geometry parameter range Gpr = (—0.3,0.3),
order p = 19 and epop = 1072, The plots to the left show the whole picture, whereas the plots
to the right zoom in at the end z = 1.
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(a) POD mode — N =3 (b) POD mode — N = 3 zoomed in
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Figure 3.34. More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One Corner
of a Rectangle; The third and fourth POD modes for the solving of the problem of Constant
Body force in 2D using n = 90 elements along the axes, the geometry parameter range Gpr =
(—0.3,0.3), order p = 19 and €pop = 1072, The plots to the left show the whole picture, whereas

the plots to the right zoom in at the end z = 1.
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Figure 3.35. More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One Corner
of a Rectangle; The displacement in the high-fidelity (HF) solution uy(p) for the solving of the
problem of Constant Body force in 2D using n = 90 elements along the axes, the geometry
parameter range Gpr = (—0.3,0.3), order p = 19, and p1 = 0.2 and ps = —0.2. The displaced
position is shown in gray, whereas the initial position is shown in black, i.e. the displaced position
is the position being displaced to the right.
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Figure 3.36. More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One Corner
of a Rectangle; The displacement in the recovered reduced-order (RB) solution Vun(p) for the
solving of the problem of Constant Body force in 2D using n = 90 elements along the axes, the
geometry parameter range Gpr = (—0.3,0.3), order p = 19, epop = 1072, N = 8 RB degrees
of freedom, and p; = 0.2 and po = —0.2. The displaced position is shown in gray, whereas the
initial position is shown in black, i.e. the displaced position is the position being displaced to the
right.
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Figure 3.37. More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One Corner
of a Rectangle; The recovered von Mises stress in the high-fidelity (HF) solution wuy,(p) for the
solving of the problem of Constant Body force in 2D using n = 90 elements along the axes,
the geometry parameter range Gpr = (—0.3,0.3), order p = 19, and p; = 0.2 and up = —0.2.
Note that the von Mises stress approaches infinity at (0,0), therefore the plots are limited to a
maximum stress of 200 000.
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Figure 3.38. More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One Corner of a
Rectangle; The recovered von Mises stress in the recovered reduced-order (RB) solution Vuy(p)
for the solving of the problem of Constant Body force in 2D using n = 90 elements along the
axes, the geometry parameter range Gpr = (—0.3,0.3), order p = 19, epop = 1072, N = 8 RB
degrees of freedom, and p; = 0.2 and up = —0.2. Note that the von Mises stress approaches
infinity at (0,0), therefore the plots are limited to a maximum stress of 200 000.
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High-fidelity model
Number of HF dofs Ny, 12960
Number of Snapshots 625
MLS components @ 210
MLS fit time ~ 9 min
Time for saving one snapshot™ =& 2 min 30 s
HF assembly time ~ 1 min 52 s
HF solution time ~09s
Reduced-order model
Number of RB dofs N 8
Dofs reduction 4095 :2
Build RB model by POD time ~ 15 min
Offline CPU time** ~ 24 hours
Online CPU (RB solution) time ~ 1.3 ms

Table 3.6. More than Ten Thousand Degrees of Freedom; Case 2 — Dragging One Corner of a
Rectangle; Computational details for the high-fidelity (HF) and reduced-order (RB) model built
form solving of the problem of Constant Body force in 2D using n = 90 elements along the axes,
the geometry parameter range Gpr = (—0.3,0.3), order p = 19, 1 = 0.2 and s = —0.2, and
€pop = 1072 for the proper orthogonal decomposition (POD) with respect to the energy norm,
algorithm 2} *The time for saving one snapshot is based on saving the snapshot for u; = 0.2 and
po = —0.2 multiple times, different p1, uo may result in a different time. **The time to save one
snapshot is multiplied by 252 = 625 to get the total time for saving snapshots, in addition comes
the time of one HF assembly for the special mean snapshot. Note that the use off multiprocessing
to save snapshots may speedup the saving of snapshots.

Remark 3.17. The von Mises stress approaches infinity in the corner of (0,0) of the clamped
boundary of x = 0, therefore the plots are limited to a mazrimum stress of 20000.

3.5.6.3 Computational Performance

We now test the computational performance of our solver for this case. As stated in section[3.5.6
we use n = 90 elements along the axes to get N;, = 16380 degrees of freedom (dofs) which is
more than ng = 15625 = 25 x 25 x 5 x 5, which is the number of solutions in the snapshot
matrix . This means that we have an approximate reduction factor of 2000 in the degrees
of freedom and that we use a 25 x 25 uniform grid for the geometry parameters p; and pe, and
a 5 x b uniform grid for the material parameters £ and v. Studying the computational details
and times show in table [3.6] we see that we get a speedup of order 600 for the online stage. This
is quite good taking into account that the Matrix Least Square algorithm gives ) above 200,
meaning that since we here have homogeneous Dirichlet boundary conditions will need to sum
above 200 matrices for A%l,) (p) and Ag\%) (p), and above 200 vectors for f](\?)(u) in (2.194).

Remark 3.18. The times in table|3.6| show the mean of 1000 runs of the high-fidelity (HF) and
reduced-order (RB) solutions, 50 runs of the HF assembly and saving of one snapshot, and 10
runs for the Matriz Least Square fit and the building of the RB model by the POD algorithm. The
results where obtained on a private computer using a AMD Ryzen 9 5950x 16-Core Processor @
3.4/4.9 GHz CPU and 32 GB RAM on an ASUS ROG Striz X570-F Gaming Motherboard with
an AMD RX 6800XT Sapphire Nitro+ GPU. The computer was set to run with only Python
(Anaconda3 + Pycharm) running in the foreground.
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3.5.6.4 Discussion

During the study of this example we concluded that decrease in the relative errors between the
high-fidelity solution uy(pt) and the recovered reduced-order solution Vuy (p) slows down because
of the higher number of degrees of freedom than in the previous examples. Furthermore, in
section [3.5.6.2| we observed that the reduced-order solution for N = 8 POD modes approximates
the high-fidelity solution quite good since the displacement and recovered von Mises stress are
similar. Using N = 8 POD mode lead to an approximate reduction factor of 2000 in the degrees
of freedom, which ultimately resulted in a speedup of order 600 for the online stage. This is quite
good taking into account that the Matrix Least Square algorithm gives @) above 200, meaning
that since we here have homogeneous Dirichlet boundary conditions will need to sum above 200
matrices for Ag\}) (@) and A%)(p), and above 200 vectors for f](\?)(p) in (2.194)).

3.6 Summarizing the Results

In section we tested and observed that our implemented solvers work. In section [3.3| we sat
up algorithm 4| to determine the Matrix Least Square functions {gq(u)}gzo and in section |3.4| we
presented the problem of a Constant Body force in 2D. We used both in the studies in section|3.5]

In section [3.5.1] we tested the Matrix Least Squares algorithm [3] and concluded that it does split
the affine matrices A;(p) and Ag(p) in the desired way for an affine problem.

In sections and respectively, we observed what happens when being too close to the
singularities of the maximum valid range for the Taylor expansion, and how this effects the
relative errors between the high-fidelity solution up(p) and the recovered reduced-order solution
Vupn(p). First in section , we hypothesised that the relative errors between the high-fidelity
solution wuy,(p) and the recovered reduced-order solution Vuy(p) are dominated by the relative
errors between the high-fidelity solution uj () and the high-fidelity Matrix Least Square solution
wpmis(p). We confirmed this in section by using a smaller geometry parameter range well
within the maximum geometry parameter range.

Next, we observed in section that we had too few snapshots leading to the relative errors
between the high-fidelity solution uy(p) and the recovered reduced-order solution Vuy () being
dominated by the relative errors between the high-fidelity solution uy(p) and the high-fidelity
Matrix Least Square solution up mis(p). This was caused by having 3 snapshots in each of our 6
directions, meaning that order p = 2 is the best order we can achieve, noting remark

Finally, in section [3.5.6] we observed the effect of having more than 10000 degrees of freedom,
which lead to N = 8 POD modes for the reduced-order solution leading to an approximate
reduction factor of 2000 in the degrees of freedom. This, ultimately resulted in a computational
speedup of order 600 for the online stage. That is quite good taking into account that the
Matrix Least Square algorithm gives ) above 200, meaning that since we here have homogeneous

Dirichlet boundary conditions, we will need to sum more than 200 matrices for Ag\l,)(u) and

A%)(u), and more than 200 vectors for fj(\?) (p) in (2.194).

The results regarding the geometry parameter range are as expected, since we know that the
Taylor expansion is more accurate when well within the valid range for the parameters. However,
the results regarding few snapshots in each direction are both expected and unexpected. Expec-
ted because we know we need n + 1 snapshots in each direction for approximations of order n.
Unexpected because we would have hoped for better results for low orders. Studying the other
cases, we observe that the results are similar to the low orders in these other cases , making the
result expected. Finally, the results when studying the effect of over 10000 degrees of freedom
are expected in the form that we expected there to be little difference between the high-fidelity
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solution and the reduced-order solution when capturing 99.99% of the energy in the system.
Furthermore, the computational speedup of order 600 for the online stage is as expected, since
the reduced-order solution needs to add over = 200 matrices and vectors three times.

As we have seen, tweaking the input parameters on how many snapshots we have in each direction
greatly effects the results. This would also, to a lesser degree, be the case for our affine parameter
FE and v, which we here only have used a 5 x 5 uniform grid for. Moreover, changing epop form
1072 to 1073 to now capture 99.9999% of the energy in the system would only make the reduced-
order solution closer to the high-fidelity solution. Changing the way the Matrix Least Square
functions {gq(p,)}qQ:O are determined would change the results. But a bad choice of functions
will lead to that the relative errors between the high-fidelity solution uy () and the high-fidelity
Matrix Least Square solution up mis(p) do not decrease or decrease quit slowly. We experienced
such a result when we ran a bugged analysis, not shown in this thesis, where some of the functions
depending on p; where missing.
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Chapter 4

Conclusion and Future Work

In this chapter we first present the summary of the main results, then conclusions of our study
on the Matriz Least Square technique. Finally, we state some recommend potential further work
for continued studies.

4.1 A Summary of the Main Results

In section we tested the Matrixz Least Squares algorithm [3| and concluded that it does split
the affine matrices A; () and Az (p) in the desired way for an affine problem. Studying the results
sectionwe hypothesised that the relative errors between the high-fidelity solution uy (@) and
the recovered reduced-order solution Vuy (p) where dominated by the relative errors between the
high-fidelity solution uj(p) and the high-fidelity Matrix Least Square solution wp, mis(t) because
we were too close to the singularities of the maximum valid range for the Taylor expansion.
This we confirmed in section by using a smaller geometry parameter range well within the
maximum geometry parameter range. Next, in section we observed that this domination
also occurs when we had to few snapshots because we need n + 1 snapshots in each of our
directions for approximations of order n, noting remark [2.13] Finally, in section [3.5.6] we observed
the effect of having more than 10000 degrees of freedom, which lead to N = 8 POD modes for
the reduced-order solution leading to an approximate reduction factor of 2000 in the degrees of
freedom. This, ultimately resulted in a computational speedup of order 600 for the online stage.

4.2 Conclusions

The main conclusion from these results is that the developed Matrixz Least Square technique
preforms well when we have enough snapshots and are well within the maximum valid geometry
parameter range for the Taylor expansion. The technique also splits the matrices of an affine
problem as desired. Furthermore, when using it on a problem with over 10 000 degrees of freedom
we observed a computational speedup of order 600. Using this observation we conclude that the
Matriz Least Square technique has a great potential for reduced basis modelling, even if the
number of snapshots needed may increase greatly with the increase of number of non-affine
parameters as observed in section We conclude this even if we did restrict our problems
heavily and thereby made them simple.

The overall objective of the thesis was the construction, presentation and testing of the Matrix
Least Square technique for non-affine problems. We consider this objective achieved since we
first through chapter 2] thoroughly studied the basic theory behind the reduced basis methods
using finite elements, presented the Matrixz Least Square technique, and applied the theory to our
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restricted cases of the Linear Flasticity Fquations. Then secondly, though chapter [3] we built a
solver and tested it, and finally we used it to test the Matriz Least Square technique and studied
a simple numerical example using the technique for different non-affine geometries.

4.3 Recommendations of Future Work

As mentioned in the conclusions in section our study was done on a simple example for
different non-affine geometries. However, all these cases are of great interest and have their
applications in areas such as design, optimization and real-time control [9]. Therefore, we suggest
to investigate the use of sparse snapshot generation, especially for problems containing a large
number of design parameters. The impact of this on the performance is expected to be that we
do not need as many snapshots as now, while still maintaining the order of approximation for
the Matriz Least Square technique.

We also suggest to investigate the extension to the 3D case. This would give more geometry
design parameters and it would be interesting to observe the speedup gain. Furthermore, we
would like to see if results of this thesis extend to more complex geometry deformations and
other partial differential equations.

Looking at physical applications of reduced-order modelling, especially modeling non-affine geo-
metries, could be useful in for instance modeling a bridge that is about to collapse, like the one
dividing northern Norway in half [21]. This could be a complex geometry problem in 3D with
many design parameters.
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