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Abstract

The representation space of a finitely generated group over a field k can be viewed
as a point of an affine k-scheme. There is a categorical equivalence between affine
k-schemes and commutative k-algebras, thus the coordinate k-algebra of a repres-
entation scheme characterises the k-scheme completely. The coordinate k-algebra of
a scheme and the coordinate ring of the underlying variety are related via nilrad-
ical reduction. We define the moduli scheme through a geometric invariant theory
quotient and show that the ring of invariants is finitely generated by traces and de-
terminants. In addition, the moduli space parameterises equivalent semi-simple rep-
resentations. The tangent space of an affine scheme can be realised as a 1-cocycle
space and the representation space is completely reducible when the first cohomology

vanishes everywhere.

Resume

Repreesentationsrummet for en endeligt genereret gruppe over et legeme k kan ses
som et punkt pa et affint k-skema. Der er en kategorisk cekvivalens mellem affine k-
skemaer og kommutative k-algebraer, hvilket vil sige, at koordinat-k-algebraen for et
repreesentationsskema karakteriserer k-skemaet fuldstendigt. Koordinat-k-algebraen
for et skema og koordinatringen af den underliggende sort er relateret via nilradikal
reduktion. Vi definerer modulskemaet gennem en geometrisk invariant teori kvotient
og viser, at ringen af invarianter er endeligt genereret af spor og determinanter. Deru-
dover parametriserer modulrummet wkvivalente semi-simple repreesentationer. Tan-
gentrummet for et skema kan realiseres som et I-cocyklusrum, og repreesentation-

srummet kan reduceres fuldstendigt, hvis den fprste cohomologi forsvinder overalt.
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Introduction

For a finitely generated group I', an n-dimensional representation of I is a group homo-
morphism p : I' — GL,, (k) where k will usually be take to be an algebraically closed field
of characteristic zero. In this thesis we study the representation space R(I', GL,(k)), con-
sisting of all n-dimensional representations of I'. The aim is to provide an approachable
introduction to representation schemes, with an emphasis on detailed proofs and worked
examples. We assume a basic understanding of abstract algebra and some knowledge
of elementary category theory is recommended, but not necessary. The primary source
throughout is Lubotzky and Magid’s book [LM85] and a more general overview of the

subject can be found in Heusener’s survey [Heul4].

For finite groups, representations are well understood. Maschke [Stel2, p. 23] proved
that, for a finite group, any representation over a field k of characteristic not dividing the
order of the group is a direct sum of simple representations. Thus, in the finite case, it
is sufficient to study these simple representations since the representation space is com-
pletely reducible. However, in the infinite case, representations are not as well behaved.

Take, for instance, the representation
p:leyla®=y") = GLy(C) x> (§3) 1y = (§3)

This representation is neither simple, nor is it a direct sum of linear representations, see
example 1.1.10. In order to describe the structure of the representation space, we view
the representation space as an affine variety V' C A,,,(k), constrained by relations on the
finitely generated group I'. More generally, we consider what happens to the representation
space when we vary the base ring k. A functor X : CRing — Set is an affine scheme

if, for some A € CRing, we have X is naturally isomorphic to the functor
Spec(A) : CRing — Set : B — Homcring(4, B)

In this case we call A the coordinate ring of the affine scheme X, denoted by O(X). We
want to ensure that each point of an affine scheme gives rise to an affine variety, so we
work over a fixed base field k. Since we are only concerned with representation spaces
defined over k-algebras, we obtain the notion of an affine k-scheme (2.1.3). These are

affine schemes X such that there exists a natural transformation from X to Hom(k, ).

Theorem A.

There exists an equivalence of categories

CommkAlg ~ AffkS°?
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This is Theorem 2.1.6 in the main text and the proof is a direct consequence of Yoneda’s
Embedding [Lan71, p.61]. Note that affine schemes can be thought of as affine Z-schemes
since Z is terminal in CRing. Thus, to prove statements about affine schemes, we can
work on the level of coordinate k-algebras instead. If we consider the functor sending an

arbitrary ring B to the representation space of ' over that ring B we obtain:

Theorem B. [LMS85, p. 3]
If T is a finitely generated group, and n € Z~, then

R(I',GL,) : CRing — Set : B — Hom(I',GL,(B))

is an affine scheme.

This is proven in 2.2.2 and relies on finding a suitable candidate for the coordinate ring
of R(I',GL,,) and using the equivalence in 2.1.2. On the level of affine varieties, we
consider all regular maps from the variety V' C A,,,(k) to the base field k and call this the
coordinate ring of the variety, denoted O(V'). The coordinate k-algebra of a k-scheme

and the coordinate ring of the underlying variety are related in the following sense:

Theorem C. [LMS5, p. 31]
Let X := R(I', GL,), considered as a k-scheme. Then, on the level of points, we have that
the coordinate ring of the variety X(k) is given by

This is a consequence of Hilbert’s Nullstellensatz [AM69, p. 85] and proven in 2.3.6. In
particular, if the k-algebra representing an affine k-scheme is reduced, then the coordinate
ring of the variety and the coordinate k-algebra of the scheme above coincide. For ex-
ample, O(GL,,) is reduced, see 2.3.7.

For group representations, we have the notion of equivalent representations, where two
representations p, p’ : I' — GL,, (k) are equivalent if they are equal up to conjugation by
some element of GL,,(k). Similarly, we can talk about representations which are invari-
ant under conjugation or, more generally, invariant under some group action. In order to
extend this idea to affine schemes, we define affine group schemes, affine schemes which
behave like groups, and affine group scheme actions induced by these. This then allows for
a geometric invariant theory (GIT) quotient of our affine scheme X by some group scheme
&, where the quotient intuitively consists of elements of X which are invariant under the

action induced by &.
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In the case of the representation k-scheme X = R(I", GL,,), we define the moduli scheme
of X as the GIT-quotient of X by GL,, denoted M (I",GL,). The action of GL,, on X
descends to an action of GL,,(k) on the coordinate k-algebra O(X).

Theorem D.
The projection

induces a bijection between points of M (I',GL,(k)) and equivalence classes of semi-

simple representations in R(I', GL,(k)).

This is theorem 4.3.2 in the main text and proven using a technical result by [LMS8S5, p.
25]. In this sense, the moduli space encapsulates the well behaved representations of the
representation variety. Moreover, we can express the moduli space in terms of traces and

determinants:

Theorem E. [LMS8S5, p. 27]

Let k be our fixed ground ring and consider the affine k-scheme X = R(I',GL,,). Then
the coordinate k-algebra O(X)*) of the moduli scheme X//GL, (k) is generated by
trace and determinant elements. Moreover, the ring of invariants O (X)) is finitely

generated.

The finite generation is proven in Theorem 3.3.5 and follows from GL,, being linearly
reductive. The generation by traces and determinants is proven in Theorem 4.2.1 and
relies on Procesi’s result about invariants in matrix rings [Pro76]. Using this presentation
of the moduli scheme, we show that the underlying moduli space of the free abelian group

(x,y | zy = yz) into SLy(C) is isomorphic to the surface (4.2.4):
M({z,y | vy = yx),SLy(C)) = {(a,b,c) € C* | a* + b* + ¢* — abc — 4 = 0}

Returning to the representation scheme, we consider the tangent space of the scheme at a
representation. The tangent space of X at the point p € X(k) is defined as the fibre at p
of the map n* : X(k[e]) — X(k) induced by sending € — 0 (5.1.2). The tangent space can

be expressed as a 1-cocycle space:

Theorem F. [LMS85, p.33]
Let p € R(I',GL,,(k)), then there exists a k-linear isomorphism

Z\T',Conjo p) —=— T,(R(T',GL,(_)))

T [y (I +7(7)e)p(7)]




The proof can be found in Theorem 5.2.2. In the case of the trefoil knot group into GLy(C),
we calculate the tangent space and first cohomology groups of a family of semi-simple

representations:

Example.
Let 21,20 € C\ {0} and T = (x,y | 2* = y3) and consider the family of representations
p: ' = GLy(C) given by:

ZS 22
pix = (013%) CY = (5%)
Then the tangent space of the representation variety X = R(I', GL,,) at p is given by

T,(X)2C* < z/zne C\{0,e™3 m/3)
Tp(X) ~(Cl = Zl/Z2 S {Gﬂ/?’, 65m/3}

Moreover, the first cohomology is given by

HI(F, Conjo p) = C2 zu/me C\{0,1, e7ri/37 e5m‘/3}
HYT',Conjop) 2 C* = z/znc {1,733}

The tangent space calculations are done in example 5.3.1 and the first cohomology groups
are computed in 5.4.4. We obtain a sufficient condition for when the representation variety

is completely reducible:

Theorem G. [LMS85, p.37]
Let X = R(I",GL,,), then:

HY(T,Conjop) =0V pec X(k) = psemi-simple¥ p € X(k)
This is Theorem 5.4.6 in the main text and the proof consists of showing that the orbit of

every representation is closed before invoking a technical result by Lubotzky and Magid
[LM8S, p. 25].
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This thesis is divided into five chapters. The first and second chapter cover foundations
and elementary results. The third and fourth chapter focuses primarily on moduli spaces,

whereas the final chapter concerns itself with tangent spaces and cohomology.

Chapter 1 introduces some preliminary definitions of the representation space and af-
fine varieties. We provide an introduction to category theory and define affine schemes in

that setting.

Chapter 2 is used to prove the categorical equivalence between commutative k-algebras
and affine k-schemes and show that the representation scheme is affine. We prove that the
coordinate ring of a variety V' is isomorphic to the coordinate k-algebra above V', modulo

nilpotents.

Chapter 3 introduces the moduli space of representations, defined via the geometric in-
variant theory quotient. We show that the the coordinate k-algebra of the moduli space is

finitely generated.

Chapter 4 is used to give a reformulation of the moduli space, proving that the coordinate
k-algebra of the moduli space is generated by traces and determinants. We show that the
moduli space parameterises equivalent semi-simple representations and that semi-simple

representations are defined by their character, up to equivalence.

Chapter 5 provides a more geometric approach, showing that the tangent space of the
representation scheme is given by 1-cocycles and describing the 1-coboundary space in
terms of the orbit map. We calculate the tangent space and first cohomology of the trefoil
knot group and give a sufficient condition for complete reducibility of the representation

space.
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Affine n-space
Affine scheme
Affine scheme represented by A
Category
Coordinate ring
Coordinate k-algebra
First cohomology group
Free group of rank n
General linear and Special linear group
General linear and Special linear scheme
Geometric invariant theory quotient
Matrix group scheme
Moduli scheme
Moduli space
Matrix ring
Representation scheme
Representation space
Zariski tangent space
1-coboundary space

1-cocycle space

GL, (k), SL, (k)
GL,, SL,,
x//G
M,

M(T,GL,)

B(T, Conj o )

ZY(T, Conj o p)

Ex 1.3.10
Def 1.3.9
Def 1.3.9
Def 1.3.1
Def 1.2.3
Def 1.3.9
Def5.4.3
Def 1.1.2
Def 1.1.5
Prop 2.2.1
Def 3.1.5
Rem 4.1.3
Def 3.2.2
Def 3.2.2
Rem 4.1.3
Th2.2.2
Def 1.1.11
Def 5.1.2
Th5.4.2

Th5.2.2
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1 Representation Varieties

We begin with some elementary definitions, before introducing the space of represent-
ations R(I", GL,(k)) of a finitely generated group I' into GL,,(k), which we view as an
affine variety. We define the coordinate ring of an affine algebraic set V' C k™ as the set
of all regular maps from V' to the base ring £. In order to study the representation variety
across different base rings, we define affine schemes; representable functors from the cat-
egory of commutative rings CRing to the category of sets Set. From this perspective, an
affine variety over some base ring k is interpreted as an affine scheme at the point k. We
will usually denote by R an arbitrary commutative ring and by £ an algebraically closed
field of characteristic zero. The general reference for representation theory and algebraic

geometry is [Stel2] and [Har77], respectively.

1.1 The Space of Representations

Definition 1.1.1. A group (I', x) is said to be finitely generated if there exists some
finite subset S C T" such that for all g € T, there exist s; € S, a; € Z withi € {1,...,n}

satisfying g = X s7. Call the magnitude of the set S the rank of the group I'. In this
=1

i—
context, S is referred to as a generating set for I' and each element in the generating set
is a generator for I'. A presentation of I is a set of generators .S of I together with a set

of relations R on those generators, denoted (S | R).

Definition 1.1.2. A free group F,, of rank n is a finitely generated group of rank n, with no
relations imposed on the generators. Let S = {s1, ..., s, } be a generating set for F,,. An
element of [F,, is any word in the elements of .S and two words are only equal if it follows
from the group axioms. Note that, for I a finitely generated group of rank n, there exists
a surjective homomorphism

¢:F,—T

sending generators to generators. In other words, every finitely generated group is a homo-
morphic image of a free group. Moreover, since we are free to choose where the generators

of a free group are mapped to, we have the isomorphism
Y :Hom(F,I) =T : (f:s1—=7)—7y

where s; is a generator for [F; and [ is any finitely generated group. Usually, the general
linear group is defined over a field but in our case it will be more convenient to consider
commutative rings in general. To that end, we require the notion of a module, which can

be thought of as a vector space where the scalar field is replaced by a ring.
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1.1 The Space of Representations

Definition 1.1.3. Let R be a commutative ring, then a R-module )/ is an abelian group

under addition with an operation * : R x M — M such that

D) 7 % (my +mg) =11 xmy + ki % mgy for any r; € R and my, ms € M
M) (ry +7re)*«m=ryxm-+ry+xmforany ri,ro € Rand m € M
M) (r7re) *m =11 * (ro *m) forany ry,ro € Rand m € M

IV) 1g *m = mforany m € M

Usually, a module is defined over a general ring with unity, where R acts from the left or
the right, giving rise to the notion of a left and right R-module but since we always assume
that our base rings are commutative rings, the two notions coincide. We call a module M
free if it has a proper basis. That is, there exists some linearly independent generating set

of M. If there exists a finite basis of M of magnitude n, then call M free of rank n.

Example 1.1.4. Let R be a ring and consider the Cartesian product R" for some n € Z.

Define the scalar multiplication
xR R — R": (r,(r1,....;mn)) ¥ (171, ...y 77)

Since R is a ring, the R-module structure of R" follows from the distributivity and as-

sociativity of addition and multiplication in k. Moreover, R" is a free R-module since

S = {(1g,...0), (0,15, .,0), .y (0, .., 1)} C R

forms a basis for R as a module. Indeed, the set S is clearly linearly independent and,

moreover, for any (71, ...,7,) € R"™, we have that

(71, oy 1) =11 % (1R, ..., 0) + .. + 7, % (0, ..., 1g)

as required. Note that, if R is a field, then we arrive at the usual definition of a vector
space. That is, a R-module M is a vector space if and only if R is a field. Modules allow

for a more general definition of the general linear group over a commutative ring:

Definition 1.1.5. Let R be a commutative ring, then the general linear group of degree
n over R is the automorphism group of the free R—module R", denoted GL,,(R). That is,
every element g € GL,,(R) is amap g : R" — R" such that

D g(v+u)=g(v)+ g(u) forany v,u € R" (additivity)

II) g(r1v) =r1g(v) forany r; € Rand v € R" (homogeneity)

II) There exists some g~! € GL,(R) suchthat go g~! = g7 0 g = idgn (bijection)

2



1.1 The Space of Representations

Alternatively, GL,,(R) can be thought of as the group of invertable n by n matrices with
coefficients in R. The special linear group is the subgroup SL,(R) < GL,(R) of

matrices with trivial determinant.

Definition 1.1.6. A representation of a group I into GL,,(R) isamap p : I' — GL,(R)

subject to:
plab) = p(a)p(b)Va,b €T

That is, a representation is a group homomorphism. For two representations p; : I' —
GL,(R) and ps : I' — GL,(R), we define the direct sum of representations [Heul4, p.
139] as a map:

(p1®p2): T = GLp(R) : vy — <p1(7) ‘ 0 )

This is a representation since we have

_ () ‘ 0 \
(p1 ® p2)(1172) 0 ‘ p2(7172)/
() | o)

0 ‘ P2(71)P2(72)/
p) |0 N (mbw) | 0
0 | o)\ 0 | pw)
= (Mm@ p2)(m) - (01 ® p2)(12)

If we consider a free sub-module R™ C R", we can define the subrepresentation o’ of

p:I'— GL,(R) on R™ as a representation
p:T = GL,(R): v+ p(v)

Here, the automorphism given by p(v) on R™ is induced by the inclusion of R™ — R".
For this to be a valid representation, we require that the sub-module R is stable under p,

such that the map p’ is an automorphism of R". Denote such a subrepresentation of p by
P Cp.

Definition 1.1.7. Two representations p, p' : I' — GL,,(R) are equivalent if and only if
there exists some g € GL,,(R) such that p'(y) = gp(v)g~* for every v € T'. Denote this

equivalence relation by p ~ p'.

In order to understand an arbitrary representation, it is often useful to study the building
blocks of such a representation if it can be broken into ’smaller’ parts. In the case of

representation theory, we call such fundamental representations simple representations.
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1.1 The Space of Representations

Definition 1.1.8. Let R be a commutative ring. A representation p € Hom(I", GL,,(R))
is simple if the only sub-modules of R" invariant under p(I") are {0} and R". If a repres-
entation is not simple, we say that it is reducible. p is said to be semi-simple if, for any

p' C p, there exists p* C p such that p = p/ & p*

Note that simple representations are precisely those representations with no non-trivial
subrepresentations. If G is a finite group, there is a complete description of the represent-

ations from G to GL,, (k) when £ is a field, in terms of simple representations.

Theorem 1.1.9 (Maschke).
Let G be a finite group and k a field of characteristic m such that m [Ord(G), then every

representation
p:G— GL,(k)

is semi-simple.
Proof: See Steinberg’s book [Stel2, p. 23]

Unfortunately, this is not always the case for infinite groups. In particular, for I" finitely

generated, there exists some reducible representations which are not semi-simple.

Example 1.1.10. Consider the map p : (z,y | 2* = y*) — GLy(C) defined by

o 1 3 = 1 2
i T ;
P 0 1 Py 01

If we let p(ab) = p(a)p(b) for any a,b € (z,y | 2* = y3), we have

p(z?) =

That is, the map p respects the structure given by the relation in (z,y | 22 = y?), so pis a

representation. Moreover, note that

1 a 1 b B 1 a+bd
o1/\o 1/ \o 1
p(@)oly™) = (; 1)

4
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1.1 The Space of Representations

That is, for any n € Z \ {0}, we obtain
1 n
T —1\\n —

(p(x)p(y™)) 01

It is clear then that the image of p is isomorphic to Z:
Im(p) ={(¢7) € GLa(C) [n € Z} = Z
Consider the subset
:={(a,0) € C*|a € C} CC?

For any g € (z,y | 2% = y3) we have p(g) = (} 1) for some n € Z. But then p(g)u = u
forany u € U so U is invariant under p(I") and clearly U # {0}. Therefore, p is a reducible
representation. Moreover, if we consider any non-trivial subrepresentation p’ C p, then
p': I' = GLy(C). But, if p is assumed to be semi-simple, then there must exist some

other subrepresentation p* : I' — GL;(C) such that, for any v € " and some n € Z, we

1 n
p(y) = (0 1)

have

This only holds for n = 0, a contradiction. Thus p : I' — GLy(C) is a reducible repres-
entation which is not semi-simple. We show that, for finite groups, such a representation
cannot exist. If GG is a finite group, then the order of each element of (G is finite. Let g € G,
then there exists some m € Z- such that g™ = 1. Moreover, if p : G — GLy(C) and
p(g) = ({1) for some n € Z \ {0}, then we have

_[2 == 10)

)

(
(™)
(9™

()
0%

Since both m, n € Z\ {0}, we have mn # 0, a contradiction. Thus, such a representation

s

p cannot exist for a finite group G. We note that the set of all representations from I to

GL, (k) is equipped with a natural structure endowed by the presentation of I

5



1.2 Afhine Varieties

Definition 1.1.11. Let I = (xq, ..., 2|71, ..., 75) be finitely presented group with repres-
entation p : [' — GL,,(R) where R is a commutative ring. Now p is a group homomorph-
ism, so p is completely determined by where it maps generators. Therefore, the tuple
(91, s gm) == (p(x1), ..., p(x1,)), subject to relations r; (g1, ..., gm) = I, for 1 < j <'s,

characterises p entirely. The space of representations is defined as:
R(I',GL,(R)) == {(g1, .-, gm) € (GLL(R))"|75(g1, e, Gm) = In, 1 < j < s}

As we will see later, this presentation of the representation space defines an affine algebraic

set when R is a field.

1.2 Affine Varieties

Definition 1.2.1. Let k be a field and f1, ..., f,, € k[z1, ..., z,], then the affine algebraic

set over the polynomials f; is defined by

V(fis oo fm) = (a1, s an) € K" | fiar, oosan) = 0V i € Zocicm}

That is, an affine algebraic set is the zero locus of a collection of polynomials. Moreover, if
we define the ideal I = (f1, ..., f)<k[x1, ..., x,], generated by f;, then the affine algebraic

set over [ is given by
V(‘[) = V(f S ]) = {(ala "')an> S k" ’ f(ala “'7an) - va S ‘[}

It is clear that V((f1,..., fm)) = V(fi,..., fm) since each element f of the ideal gener-
ated by polynomials f; necessarily contains a factor of some f;, thus f vanishes when f;

vanishes. Moreover, for I, J < k[z1, ..., z,,|, we have:
VHUV(J)=V({J) and VI)NV(J)=V(+J)

In fact, affine algebraic sets are closed under arbitrary intersection and finite union. See
[Har77, p. 2-3] for more details. Note that we will often refer to an affine algebraic set
as an affine variety, without requiring that the set is irreducible. We define the ideal of a

variety Z(V') for some V' C k" via
Z(V):={f €klxy,...x,] | fo)=0Vv eV}

That is, the ideal of a variety is the ideal generated by polynomials vanishing on the variety.
For any ideal [ < k[z1, ..., x,], we have I C Z(V(I)).




1.2 Afhine Varieties

Example 1.2.2. In general, we cannot expect I C Z(V(I)) to be an equality. If we let
I = (z?) < Clx], then
V(1) = Z(V((=?))
Z({0})
= (x)
As a direct consequence of Hilbert’s Nullstellensatz, we have that the states that the ideal
of the variety of an ideal [ is given by the radical of I, see [AMG69, p. 85]. That is

IOV =V :={f € k[x1, ...z, | Im € Luy, st f € I}
In the case of I = (z2), we have
VI={feClz]|Im € Zuy, st f™ € (z2)}

Clearly 2 € C[z] and 22 € T so (z) C /(22). Now, assume there exists some f € Clz]
such that f™ € (x?). If f is constant then f™ € C for any m € Zwo so f & (2?), a
contradiction. Therefore f must be non-constant but then f € (), so 1/(22) C (z). We
conclude that v/ (z2) = Z(V((z?))), as expected.

Definition 1.2.3. Let IV C k™ for some field k. We call f : V' — k regular if there exists
some f' € klxy,...,z,| such that f(v) = f'(v) for any v € V. The set of all regular
functions on V' is denoted by O(V') and referred to as the coordinate ring of the variety.

Note that there is a natural surjection
¢ klry, . x,] = O(V)
The kernel of ¢ is given by all polynomials in k[x, ..., z,,] vanishing on V' and thus
OWV) 2 klxy,...,x,]/Z(V)
This shows that it is enough to study the ideal Z(V'), to describe O(V').
Example 1.2.4. Let V = {—1,1} C C. Then the coordinate ring of V' is given by
O(V) = Clal/Z(V) = Cla]/(f € Cla] | f(=1) = 0= f(1))

Choose arbitrary f € Z(V'). Thenz —1,x+1 | f and since both x — 1 and = + 1 are linear
polynomials, they are irreducible, thus 2 — 1 = (z — 1)(z + 1) | f. But2? — 1 € Z(V)
and Z(V') C (2% — 1), so we conclude that

o) = Clal/(+*—1)

Clz]/(z—1)®C/(x + 1)
CeC

I




1.3 Functorial Affine Schemes

1.3 Functorial Affine Schemes

We move to a more general approach, introducing affine schemes, which are representable
functors from CRing to Set. Note that there is also a topological approach to schemes,
in which affine schemes are locally ringed spaces isomorphic to the prime spectrum of
some ring [Har77, p. 74]. These two viewpoints are compatible in the sense that both the
category of “topological” affine schemes and the category of “functorial” affine schemes
are equivalent to the opposite category of commutative rings. We opt for the functorial
approach since it is more convenient for the construction of the moduli space as a geometric
invariant theory quotient and requires no background in topology. The general reference

for category theory is [Lan71].

Definition 1.3.1. A category C consists of classes Obj(C) and Hom(C) consisting of ob-

jects and morphisms, respectively, together with class functions
dom : Hom(C) — Obj(C)

cod : Hom(C) — Obj(C)

and composition o : Hom(B, C') x Hom(A, B) — Hom(A, C'). Here Hom( A, B) denotes
the subclass of morphisms f € Hom(C) such that dom(f) = A and cod(f) = B. We
will write f : A — B to denote such an element f € Hom(A, B). These morphisms are

subject to the following axioms:

) f:A—B,g:B—Candh:C — D,thenho(gof) = (hog)o f (associativity)

IT) For all X € Obj(C), there exists some 1x € Hom(X, X) such that for any f : A —
X andany g: X — A, we have that 1x o f = f and g o 1x = ¢ (identity)

In essence, a category consists of objects and maps between objects (morphisms) such that
these maps behave in a natural way with composition and associativity. Note that we will
often write A € C for an object A € Obj(C) when the context is clear. In the case where we
are working with several categories, we will include a subscript for the morphism classes
Hom¢ (A, B) to specify the category C to which the class belongs. A basic example of a

category is sets together with total functions, denoted Set.

Definition 1.3.2. Let C be a category. A morphism f : A — B € Hom(C) is said to be
a monomorphism if it satisfies the following: For any C' € Obj(C) and any morphisms

91,92 : C — A, we have
foq=fogp = g =g




1.3 Functorial Affine Schemes

Monomorphisms are categorical generalisations of injections. In particular, every inject-
ive morphism is a monomorphism. Similarly, f is an epimorphism if it satisfies: For any
C' € Obj(C) and any morphisms g1, g» : B — C, we have

giof=gof = g =09

Epimorphisms are categorical generalisations of surjections, in the sense that every sur-
jective morphism is an epimorphism. We say that a morphism f : A — B is an iso-
morphism if there exits a morphism g : B — A such that

fog=1lgandgo f=1y4

Definition 1.3.3. Let C be a category. If Hom(A, B) is a set for any A, B € Obj(C), call
C locally small. If both Obj(C) and Hom(C) are sets, we say that C is small. let A € C,
then if we have

|[Hom¢ (A, B)| = 1V B € Obj(C)

call A initial in C. If instead
|[Hom¢(B, A)| = 1V B € 0bj(C)

call A terminal in C.

The empty set is initial in the category of sets since there is exactly one total function
from the empty set, specifically the empty function. To move between categories we have
functors, preserving identity morphisms and composition. We destinguish between two
types of functors, covariant and contravariant functors. Covariant functors preserve the

direction of morphisms whereas contravariant functors reverse the direction of morphisms.

Definition 1.3.4. Let C, D be categories, then a covariant functor F' : C — D consists
of a pair of maps
Forj : Obj(C) — Obj(D)

Fyom : Hom(C) — Hom(D)

satisfying the following axioms:
I) FHom(f A — B) : FObj(A) — FObj(B)

I) Fuom(lx) = L Ry (%)

M) Fyom((g: B —=C)o(f:A— B)) = Fgom(9) © From(f)




1.3 Functorial Affine Schemes

When the context is clear, we denote Fo,y = F' and also Fyom = F. A contravari-
ant functor is a functor such that F(f : A — B) : F(B) — F(A) with appropriate
composition. For a category C, we can construct the opposite category C°? such that
Obj(C) = Obj(C°). Each morphism

(f : A— B) € Hom(C)

gives rise to a morphism
(f': B— A) € Hom(C®)

As such, we have that Hom¢ (A, B) = Homeor (B, A) and it is clear that (C?)? = C.
We note that a contravariant functor from C to D is a covariant functor from C? to D.
Moreover, initial objects in C are terminal in C°?. Similarly, monomorphisms in C are
epimorphisms in C° and vice versa. Whenever we write ’functor’ we will assume that it
is covariant since contravariant functors can be represented as covariant functors from the

opposite category.

Example 1.3.5. Any locally small category C admits both a covariant and contravariant

functor to Set. Let A, B € C, then we have the two Hom-functors:

Hom(A, ) :C — Set : C'— Hom¢(A, C)

Hom(_, B) : C — Set : C'+— Hom¢(C, B)
The notion of two categories being isomorphic is rarely practical since it is too restrictive.
Instead, we define an equivalence of categories for locally small categories. Two categories

C and D are equivalent if there exists some functor F' : C — D between them which is

bijective on hom-sets and essentially surjective on objects.

Definition 1.3.6. We say that a functor F' : C — D between locally small categories is an

equivalence of categories if it satisfies:
I) F': Hom¢(A, B) — Homp(F(A), F(B)) is surjective (full)
) F:Hom¢(A, B) — Homp(F(A), F(B)) is injective (faithful)

III) For any D € Obj(D) there exists C' € Obj(C) such that F'(C') = D (dense)

Definition 1.3.7. Let F, G be functors from C to D, then a natural transformation 7

from F' to G is a family of morphisms satisfying:
I) For all X € Obj(C), we associate a morphism nx : F'(X) — G(X) € Hom(D)

II) Forall (f: X —Y) € Hom(C) we have ny o F'(f) = G(f) onx

10



1.3 Functorial Affine Schemes

In the notation above, if 7x is an isomorphism in D for any X € Obj(C), then call n a

natural isomorphism.

Note that we could rewrite the definition of an equivalence of categories via natural trans-
formations [Lan71, p. 91]. Two categories C and D are equivalent if there exists functors

F :C — Dand G : C — D such that we have natural isomorphisms:
FoGZ=1, and Go F = 1p

The advantage of this approach over 1.3.6 is that it is sometimes easier to verify that two
functors do indeed give rise to an equivalence of categories whereas 1.3.6 is more useful

in cases where there is not a natural candidate for an inverse.

Example 1.3.8. Commutative rings together with ring homomorphisms constitute a cat-

egory, denoted CRing. Indeed, every ring R has an automorphism given by
idgp: R—R:r—r
Moreover, if there exists ring homomorphisms
f+A—B g:B—=C

then the composition go f : A — ('is also a ring homomorphism. Additionally, compos-

ition of ring homomorphisms is associative by construction.

Definition 1.3.9. A functor 2 : CRing — Set is a (functorial) affine scheme if it is

naturally isomorphic to the functor
Spec(A) : CRing — Set : B — Homcring(4, B)

for some commutative ring A. Explicitly, the functor 2 is an affine scheme if, for any

commutative rings R, .S and any morphism f : R — S, we have the isomorphisms
nr : A(R) — Hom(A, R) and ng : 2A(S) — Hom(A4, S)
such that the following diagram commutes:

A(R) »—nr—>» Hom(A, R)

l |

A(S) ——ns —» Hom(A,S)

N

11



1.3 Functorial Affine Schemes

In other words, an affine scheme is a functor mapping commutative rings to sets which is
essentially the same as a Hom-functor, for some fixed ring A. We say that A represents
Spec(A) and that A is the coordinate ring of the scheme 2, denoted O(2(). Note that, if
we have a map of rings g : A — A’, then this induces a map Spec(A’) — Spec(A) via
composition. For (3 : A’ — B) € Hom(A’, B) we have that fog : A — A" — B €
Hom(A, B). Thus

_og:Hom(A’', B) — Hom(A, B)

Under these morphisms, affine schemes form a category, denoted AffS. We will exclus-
ively concern ourselves with affine schemes throughout so the terms “affine scheme” and

”scheme” will be used interchangeably.
Example 1.3.10. Consider the functor
A" : CRing — Set: R — R"

For any commutative ring R, we have R = Homcring(Z[z], R) given by r — (z — r).
Moreover, we have R" = HomcRing (Z[21, ..., T,|, R) given by (71, ...,7,,) — (z; — 7).

Thus, up to isomorphism of sets, we rewrite A" as
A" : CRing — Set : R — Homcgring(Z[21, ..., 2], R)

That is, A” is a scheme, represented by Z[z1, ..., z,,].

12



2 Representation Schemes

We show that there are two categorical equivalences
CRing® ~ AffS CommkAlg®™ ~ AffkS

This allows us to parse to commutative rings when proving statements about affine schemes

and vice versa. We show that the functor
R(I",GL,) : CRing — Set : k — R(I',GL,(k))

is an affine scheme. Additionally, we prove that there is a simple way of moving from
the coordinate ring of the scheme R(I',GL,,) to the coordinate ring of R(I', GL,,(k)) via

nilradical reduction.

2.1 Categorical Equivalences

The Yoneda embedding provides a means to embed any locally small category C into the

category of functors from C to Set such that the structure of the Hom-sets is preserved.

Theorem 2.1.1 (Yoneda Embedding).

Let C be a locally small category, then the contravariant functor
F :C — Fun(C,Set) : B — Hom¢(B,_)
is full and faithful. In other words, it is bijective on Hom-sets.

Proof: See ’Categories for the working mathematician” [Lan71, p.61]

Theorem 2.1.2.

There exists an equivalence of categories
AffS ~ CRing”

Proof: It is sufficient to prove that there exists a full, faithful and dense contravariant func-
tor from the category of commutative rings to the category of affine schemes. Consider

the contravariant hom-functor:

) —

G : CRing — Fun (CRing, Set) : A— Hom(A, )

G :Hom(A, Ay) — Hom(Hom(Ag,_),Hom(Al,_)) cf—_of

13



2.1 Categorical Equivalences

Rings are sets with additional structure and the maps between two sets forms a set it-
self. Since ring morphisms are set maps with additional constraints, CRing is locally
small. It follows immediately from the Yoneda Embedding, that G is both full and faith-
ful. Moreover, the functors H : CRing — Set such that there exists A € CRing with

G(A) naturally isomorphic to H are, by definition, affine schemes. Then G is dense onto

the subcategory of affine schemes inside Fun (CRing, Set) , as required.

Q.ED.

This justifies the emphasis on the ring A in the notation Spec(A) since the categories
CRing® and AfTS are essentially the same. It is often useful to associate a base ring to our
affine schemes and work over commutative k-algebras instead of all commutative rings.
Unless otherwise specified, we assume that the commutative base ring we are working
over is an algebraically closed field of characteristic zero. This is done in order to ensure

that the points of our schemes are well-defined as affine varieties.

Definition 2.1.3. An affine scheme 2 = Spec(A) is an affine k-scheme, for some com-
mutative base ring k, if there exists a morphism of affine schemes Spec(A) — Spec(k).

Denote the category of affine k-schemes by AffkS.

Next, we note that, for any commutative ring A, there exits a unique ring morphism
Q7 —>A:1w 1y

That is, Z is initial in the category of commutative rings. Moreover, if we have a ring

morphism ¢ : Z — A, this induces an affine scheme morphism
¢* : Spec(A) — Spec(Z)

In particular, Spec(Z) is terminal in the category of affine schemes. Thus, every affine

scheme is an affine Z-scheme.

Definition 2.1.4. Let i and A rings, then A is an R-algebra if there exists a ring morphism
a: R — Asuch that

Im,(R)C{acA|lb-a=a-bYbe A} =1 Z(A)
The set Z(A) is called the center of ring A. a gives rise to a scalar multiplication:
tRxA— A:(ra)— ar)a

Note that Z(A) = A if and only if A is commutative. Thus, a commutative ring A is an

R-algebra if and only if there exists a ring homomorphism o : R — A.

14



2.1 Categorical Equivalences

If commutative ring A is a R-algebra, for some commutative base ring R, we call A a com-
mutative R-algebra. We denote the category of commutative k-algebras by CommkAlg.
Since Z is initial in CRing, we have that any A € CRing is a Z-algebra. Since affine
schemes are defined over commutative rings, we take ’k-algebra’ to mean ’commutative

k-algebra’ throughout.

Example 2.1.5. Let A = R|x, ..., z,] for some commutative ring R, then A is trivially

endowed with an R-algebra structure via the inclusion
a: R A:rrad
We define the scalar multiplication via
tRxA—A:(r,a) = alr)a=ra
The language of k-algebras and k-schemes allows us to reformulate 2.1.2 to be an equival-
ence between the category of affine Z-schemes and the opposite category of commutative

Z-algebras. It is natural, then, to expect that the correspondence between affine schemes

and commutative rings might extend to arbitrary base rings k. This is indeed the case:

Theorem 2.1.6.

There exists an equivalence of categories

CommkAlg ~ AffkS

Proof: Fix a base ring k, then consider the contravariant functor:

F: CommkAlg — Fun (CommkAlg, Set) : A — Homcommialg (4, )

F :Hom(A;, Ay) — Hom(Hom(Ag,_), Hom(Al,_)> f—=_of

As in the proof of 2.1.2, Yoneda’s embedding implies that ' is both full and faithful. It
remains to show that F' is dense onto the subcategory of AffkS. By the construction of

F, each point F'(A) is a Hom-functor
Homcommialg(A, ) : CommkAlg — Set

Choose arbitrary H € AffkS, that is a functor H : CRing — Set such that there exists
B € CRing with HomcRing (B, _) ~"* H and a morphism H — Spec(k). Since H is

naturally isomorphic to Homcring (B, _), there must exist a scheme morphism

¢* : HomCRing(B,_) — SpGC(k)

15



2.2 The Representation Scheme

By 2.1.2, we obtain a ring morphism
¢:k— B
This endows B with a k-algebra structure via the scalar multiplication
xg:kXx B — B:(K,b)— ¢(k') b
Thus, it is sufficient to find some A € CommkAlg such that
F(A) := Homcommialg(4, ) = Homcging(B, ) ~"*" H

Let A = B and choose arbitrary C' € CRing. We claim that any ring morphism ¢ : B —
C' extends to a morphism of k-algebras. C is endowed with the structure of a k-algebra,

via the ring morphism & o ¢, given by
xc:hkxC —C:(K,c)— (®Pod(k)) cc
Moreover, for arbitrary &’ € k and b € B, we obtain

(K xpb) = @(o(K) )
® o (k') - D(b)
= Kk xc ®(b)

Since ® is also a ring morphism by assumption, ® is a morphism of k-algebras, as claimed.

Every morphism of k-algebras is a morphism of rings so for any B € CommkAlg:

HomCommkAlg(Ba _) = HomCRing(B> _)

Then, any arbitrary H € AffkS is naturally isomorphic to F'(B) for some B € CommkAlg.
Therefore, I is dense onto AffkS, as required.

Q.E.D.

2.2 The Representation Scheme

From now on, we will assume that we are always working over some fixed base field
k. From the proof of 2.1.6, we have shown that the coordinate ring of a k-scheme is a
k-algebra which we will call the coordinate k-algebra of the scheme in order to avoid

confusing the coordinate ring of varieties and schemes.

Proposition 2.2.1.
The functor GL,, given by

GL, : CRing — Set : B — GL,(B)

is an affine scheme.

16



2.2 The Representation Scheme

Proof: It is sufficient to find a commutative ring representing GL,,. Let B € CRing. We

note that, as a set, we have
GL,(B) ={B;; € B|Det(B; ;) € B*}
where 7, j € {1,...,n}. But then we have multiplicative inverse y € B such that
Det(B; ;) -y =y -Det(B;;) = 1p
Thus, since B is assumed to be commutative, we can characterise GL,,(B) via
GL,(B) ={y,B;; € B|Det(B;;)-y—1=0}

The existence of a multiplicative inverse to the determinant is precisely the relation im-

posed on GL,,(B). But this set is in 1 to 1 correspondence with the set
HomcRring(Z[ X ;,Y]/(Det(X; ;) - Y — 1), B)
where coefficients are chosen from 5. Therefore the ring
A:=7[X;; Y]/(Det(X;;)-Y —1)
represents GL,, as a functor. We conclude that GL,, is indeed an affine scheme.

Q.E.D.

Note that, for any choice of commutative ring k, we obtain the morphism
o:k— Ag = k[X;;,Y]/(Det(X;;) Y — 1)
given by the inclusion. Then, on schemes, this induces a morphism
0" : Spec(Ax) — Spec(k)
In particular GL® := Spec(A},) is an affine k-scheme given by
GLF : CRing — Set : B + Homcgring(Ay, B)

Moreover, GL” agrees with GL,, at all k-algebra points. This highlights the importance of
tracking the base ring £, since 'the’ coordinate ring of the scheme GL,, varies depending

on if we are viewing it as an affine k-scheme or an affine Z-scheme.

Theorem 2.2.2. [LMS85, p. 3]
If T is a finitely generated group, then

R(I',GL,) : CRing — Set : B — R(I',GL,(B))

is an affine scheme.

17



2.2 The Representation Scheme

Proof: It is sufficient to find a ring A representing R(I', GL,,). Let B € CommkAlg.
Consider the group I' = (21, ..., 2|71, ...,7:) and p(zx) =: B* € GL,(B) for some
representation p € R(I", GL,(B)). Then we have the form for R(I", GL,,(B)) we obtained
in 1.1.11:

R(I',GL,(B)) = {(B", ..., B™) € GL,,(B)™ | rs(B*,...,B¥) =id, 1 < s < t}

But each B! for [ € {1,...,m} can be expressed as an (n? + 1)-tuple in B satisfying a
relation:
B'={B!,y € B|Det(B.)) -y = 15}

Here Det(B! ;) denotes the formal determinant of the matrix (B} ;)1<; j<n for some fixed
. Since each relation 7, for s € {1, ..., ¢} is defined on the B! matrices, we can define the

same relations on Bi j and yl instead, retaining the same information. That is, we define
rs(nyj,yl) = ry(B', ..., Bk)
For u,l € {1,...,m}, we define:
rtﬂ(Bf’j, yl) = Det(B;fj) Sy
With the setup out of the way, we have:
Hom(I',GL,(B)) = {B.,;,y' € B | ry(B.,,y) = 15}

Where1 <i,j<n,1<Il<mandl <s <t+m. Recall that n denotes the dimension
of the matrices whereas m and ¢ denote the amount of generators in I' and relations in I,

respectively. But this set is precisely:

Hom(I',GL,,(B)) = Hom(k[X!

17] 4

Y/ (rs(X3

ZL]’

Yl) o 1)7 B)
Given by sending X/ ; — B; ;and Y" — y'. Then k[X/;,Y"]/(ry(X},,Y")—1) represents
Hom(T", GL,,(_)), as required.

Q.ED.

Call the scheme R(I', GL,,) the representation scheme of I". The inclusion

k— k[X!

Z?J’

Y'Y — O(R(T,GL,))
shows that the representation scheme is a k-scheme.

Example 2.2.3. Let " = (a,b | a®> = b%) and & = SL,. We present an explicit description
of the coordinate C-algebra representing R(I", &(C)). The representation variety is given
by:

R(I',8(C)) = {(4, B) € (SLy(C))* | A* = B’}

18



2.3 Reduction of the Coordinate k-algebra

The coordinate C-algebra of the representation scheme is:
O(R(F7 6)) - C[Al,h A1,27 A2,17 A2,27 B1,17 Bl,27 32,17 BQ,Q]/R

R = (Ri=Ry=R3=Ry;=R;=Rs=1)
Ry = Ajy-Agg—Aig-Agy
Ry = DBi1-Bap— Bip-Bag
Ry = (Ail + A 9A491) — (Bil +2B11B19By 1 + B12B21B22) + 1
Ry = (A11A12+ A12A55) — (Bile + B11B1 2822 + 3%7232,1 + 31,23572) +1
Ry = (A11421+ As1A52) — (Bile,l + 31,232271 + B11B821 B2 + B2,1B§,2) +1
R = (A12421+ A%,Q) — (B11B12B21 +2B12Bs1Bag + BS,Q) +1
As illustrated above, even for simple representation spaces, it is difficult to draw meaning-
ful conclusions from the explicit description of the coordinate k-algebra. In chapter three,

we will resolve this issue by introducing the moduli space of representations.

2.3 Reduction of the Coordinate k-algebra

Proposition 2.3.1. [LM8S5, p. 6]
Let X = Spec(A) be an affine k-scheme over some fixed base ring k. Then we have the

identification:
A= HOIIlAﬁ‘kS (%, Al)

Proof: Since a k-algebra morphism fixes the base ring £, we have the isomorphism

A= HomCommkAlg<k[T]7 A)
induced by the map
w A — HOmcommkA1g<k[T], A) ta H(Z bjTj — ijaj)
J J
But then, by the equivalence in 2.1.6, we obtain
A = Homcommialg(k[T], A) = Homags (Spec(A), Spec(k[T7]))

Since we are viewing Spec(k[7']) as a k-scheme, we have

I

Spec(k[T]) : CommkAlg — Set : B — Homcommialg(k[T], B) = B

Therefore, on k-algebras we have Spec(k[T]) = Spec(Z[T]) = A'. We conclude that

indeed
A HomAffks (:{, Al)

Q.ED.
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2.3 Reduction of the Coordinate k-algebra

Then each element a of the coordinate k-algebra O(X) is in 1-1 correspondence with some
k-scheme morphism a* : X — A!. On the level of points, this descends to a morphism
a* : X(B) — B for any B € CommbkAlg. This is reminiscent of the coordinate ring of
a variety and, as it turns out, these notions coincide whenever the coordinate k-algebra is

a reduced ring.

Definition 2.3.2. Let R € CRing, then an element € R is nilpotent if  # 0 and there
exists some n € Z-q such that v = 0. A ring R is reduced if it contains no non-zero

nilpotent elements. We define the reduction of B as

Bred:B/ m p

p<B, prime

Call the ideal ) p the nilradical of B.

p<B, prime
We require a set-theoretical result in order to prove that the nilradical consists of all nilpo-

tent elements of the ring.

Lemma 2.3.3 (Zorn).
Suppose a partially ordered set P has the property that every chain in P has an upper
bound in P. Then the set P contains at least one maximal element. That is, an element not

less than any other element in P.
Proof: See “Algebra” [Lan02, p. 884]

Proposition 2.3.4. [AMG69, p.5]
Take A € CRing, then:

ﬂ p={a€A|a" =0forsomen € Z-y}
p<A, prime
Proof: Assume a € A\ {0} nilpotent, that is a™ = 0 for some n € Z~q. Since 0 € p for
any prime ideal p < A, we have aa”! = 0 € psoa € Aora™! € p. Continuing this
process, we obtain a € p and since p was an arbitrary prime ideal, a is in the intersection

of all prime ideals of A. Thus

{a € A]a" =0forsomen € Z-o} C ﬂ p

p<A, prime

In order to prove the opposite direction, we use a counter-positive argument. Assume that

non-zero a € {a € A | a™ = 0 for some n € Z~(}. Then, we define the set

Y={I<A|d"Z€IVmeZs}

20



2.3 Reduction of the Coordinate k-algebra

The set . is partially ordered by C. The zero ideal is an element of X since a is chosen
to be non-zero. Consider a chain of ideals [; C I, C ... where I; € Y forall 7 € Z~.
Then the union / := |, I; is an ideal of A and an upper bound for the chain. We claim
that / € . Assume, for a contradiction, that ¢ € I for some m € Z~,. Then a™ € I;
for some j, a contradiction. Thus I € .. Since every chain in X has an upper bound in X,
by Zorn’s lemma, there exists some maximal element m € >. We claim that m is a prime
ideal of A. Assume, for a contradiction, that there exists some g, h € A such that gh € m
but g, h ¢ m. Consider the ideals m + (g) and m + (h). Both are strict supersets of m,
thus cannot be elements of X since m is maximal. Then, there must exist some r, s € Z~
such that a” € m + (g) and a®* € m + (h). Let a” = my + ¢’ and a® = my + I’ for some
my,me € mand ¢’ € (g), A’ € (h). Then

ar+s — aras
= (m1 -+ g’)(mg + h/)
= mimg +mih' + g'ms + g'h’

€ m+ (gh)

But, this is a contradiction since gh € m meaning m + (gh) = m € X. Thus mis a
prime ideal of A. We conclude that, for any choice of non-zero a ¢ {a € A |a" =
0 for some n € Z~q}, there exists some prime ideal m such that ™ ¢ m for any m € Z-

and, in particular, a ¢ m. Thus, a ¢ ﬂp <A, prime P+ Then

{a € A]a" =0forsomen € Z-o} 2 ﬂ p

p<dA, prime

Since both containments hold, the sets are equal, as required.

Q.E.D.
Remark 2.3.5. For A noetherian, we do not require Zorn’s lemma since every ascending
chain of ideals in . stabilises. In the case where & is a field, thus noetherian, we have
that k[x1, ..., ,,] is also noetherian by Hilbert’s basis theorem [Hil90]. Moreover, if I is
a two-sided ideal of k[z1, ..., x| then k[xq, ..., 2, /I is noetherian. Thus, in the case of
coordinate k-algebras over a field k, we do not require Zorn’s lemma in order to prove the

statement in 2.3.4.

The reduction A™ is the ’largest’ quotient of A such that the quotient is reduced, where
largest is in the sense of the argument above. This allows us to describe the exact relation-
ship between the coordinate k-algebra of a scheme and the coordinate ring at a point of

the scheme.
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2.3 Reduction of the Coordinate k-algebra

Theorem 2.3.6. [LMS85, p. 31]
Let X := R(I',GL,) by a k-scheme. Then, on the level of points, we have that the co-
ordinate ring of the variety X (k) is given by

Proof: Recall that O(X) = k[X!,, Y] /(r (X},
we set k[zy, ..., z,] = k[X] ;Y] and I = (ry(X]

7/7.77
coordinate k-algebra of X becomes

Y!)—1). In order to simplify the notation,
Y'!) — 1). Using this notation, the

O(X) = kl[zy, ..., xi)/T
Then, X(k) is given by

%(k‘) == HomCommkAlg(k[xlv-"7xu]/]7k)
{(ab "'7au) € k" | f(ala -">au) = va € [}
= V() C k"

Then, by Hilbert’s Nullstellensatz, we have
Z(x(k)) =Z(V(I)) = VI

We obtain that O(%(k)) = O(%)/+/T and it is sufficient to prove that O(X)/vI =
O(X)"d. Note that

ﬂ p={ae€OX)|a" =0forsomen € Z.}
p<O(X), prime
But then, each element of the nilradical is an element of the radical of the zero ideal /(0).
For any element b € \/@ , we have b" € (0) for some n € Z- and thus it is nilpotent.
But the zero ideal of O(X) is I, by construction, since k[x, ..., x,] is an integral domain.
We conclude that
O(X(k)) = O(X)/VI = O(X)*

Q.E.D.
Example 2.3.7. Consider the affine k-scheme GL,, over a field k, represented by

O(GLn) = k:[Xl,lyXl,% ...7Xn7n7Y]/(Det(Xi7j) Y — ].)

Then the coordinate ring of the variety GL,, (k) is given by

O(GL(k)) = k[X11, X12. s X, Y/ (Det(X, ) - Y = 1)

But, from the definition of the determinant, the ideal / := (Det(.X; ;)Y — 1) is given by

2

(Det(X;)Y —1) = (Y ) sgn(o) H(Xi,o—i) -1

oESy 1=
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2.3 Reduction of the Coordinate k-algebra

Each summand in the determinant will be of the form
Y - (Xp0)" M ( Xy )2 (X)) omm

where a; ; € {0, 1}. Assume that there exists some polynomials f, g € k[X1 1, X12, ..., Xy
such that f - g = Det(X; ;)Y — 1. If we write

n

f= ZkYQSHH i)+ kg

=1 j=1

DL | )| CRER

i=1 j=1
for ks, k; € kand s',t',a; s, as,b;js,bs € Z>o and assuming, without loss of gener-
ality, that not all a; ;; = 0O for any s and not all b; ;; = O for any ¢. These sums will
be non-empty if f and g are both non-constant. Note also that, since & is integral, so is
E[X11, X12, ..., Xpn, Y]. Assume that X, ; is in a summand of f, then X, ; cannot be
in a summand of g, otherwise we would have (X 1,1)2 as a factor of one of the summands
in Det(X; ;). Moreover, X; ;X ; is not a factor of any summand in Det(X; ;) for any j
so X ; cannot be in a summand of g. Thus, every row of the matrix (X; ;) is in either
entirely in summands of f or g. I similar argument shows the same is true for the columns
of (X, ;). But then, if we assume the first row of (X; ;) is entirely in f then there is one

element of each column in f so all columns are in f and thus
g=kY+ Ky s

for some k* € kand b € Z>(. If b > 1 then a square factor of Y will appear in the product

of f and g, a contradiction. Assume b = 1, then
Fo = (SR T T (K)o + R )+ K )
= kY SZ/ koY [Ty T (Xig) ™0 + kg a k7Y
+ Ky Z kY [Timy H] V(Xag) e + kg ki

But then kg1 k*Y appears as a summand of Det(X; ;)Y or ky 41 k* = 0. The first case is
clearly a contradiction. Then ks 1£* = 0 and, since £ is assumed to be integral, ky 1 =
Oor k* = 0. If kyyy = 0O then /{:slﬂk:g/“ = 0 # —1, a contradiction. Thus, £* =
0 and ¢ is constant. We conclude that Det(X; ;)Y — 1 is an irreducible polynomial in
k[X11,X12,..., Xnn, Y]. Butthe quotient of a ring by an irreducible element gives rise to
an integral domain. Thus O(GL,,) is an integral domain and cannot contain any nilpotent
elements. Therefore
O(GL,) = O(GL,)™ = O(GL,(k))

23



3 Moduli Schemes

We generalise the notion of a group and a group action to the setting of affine k-schemes.
Since categorical objects are distinguished by the morphisms to and from the object, we
define a group object in a category in terms of morphisms satisfying relations similar to
the usual group axioms. This allows for the notion of an affine group scheme action in
which a scheme acts on another scheme, analogous to a group acting on a set. From this
perspective, we define the geometric invariant theory (GIT) quotient of a scheme X under
some action as the functor represented by the ring of invariants of O(X) under the induced
action on coordinate k-algebras. If we consider the conjugation action induced by GL,, on
X := R(I",GL,,), we construct the moduli scheme M (I", GL,,) represented by

O%)% 0 = o € OX) | a(ApA™) = alp)Vpe X, Ae GL,(k)}

Here a € O(X) is thought of as a morphism a : X — A;. Since the general linear

GLan (

group is linearly reductive, we conclude that O(%)%“(*) is finitely generated. The general

reference for invariant theory is [MukO03].

3.1 The Geometric Invariant Theory Quotient

Definition 3.1.1. A Group object in category C is an object G € C such that the product

G x @ exists, with morphisms:

I) m: G x G — G (group law)
1) e: 1 — G (identity)
III) inv : G — G (inverses)

Satisfying the following properties:
i) m(m x idg) = m(idg x m)
ii) For projections p; : G X 1 — G and py : 1 X G — G, we have m(idg X €) = py

and m(e x idg) = po

iii) For diagonal d : G — G x Gandeg : G — G = ¢ oe where ¢/ : G — 1 then

m(idg x inv)d = eg and m(inv X idg)d = eg

When G € Grp we have that these morphisms correspond to the ordinary definition of a

group, in terms of elements.
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3.1 The Geometric Invariant Theory Quotient

Example 3.1.2. For a canonical example, consider the cyclic group with 5 elements, de-

noted C5 € Grp, with generator z. Now the morphisms defining C5 are given by
m:Cs x C5 — Cy 1 2™ x g™+ gmtn
e:l1—=0C5:1— eq,
inv: Cs = Cy 1 2™ = 277"
Checking the properties, we have
i)  m(m xidg,) (2% 2% 2°) = m(z*t?, 2°)
xa+b+c
m(xa’ xb+c)

= m(idg, x m)(z®, xb, x¢)

ii)  m(ide, x e)(z?, 2°) = m(z% ec,)
2at+0
e 4t (xa’ xb)
iii) m(ide, x inv)d(z?) = m(idg, X inv)(z®, %)

m(z®, 25-9)
o
= eg,
The argument is identical for m(e x idg) = p, and m(inv x idg)d = eg. Thus, Cs5 € Grp
is a group object, as expected.

Definition 3.1.3. Let G be a group and X a set, then a group action of G on X is a map
a:GxX—=X

satisfying the following:

i) aleg,r) =z forall x € X (identity)

ii) a(g,a(h,x)) = a(gh,x) for all z € X (compatibility)

A group acting on a set is, in essence, an endomorphism of the set in such a way that
the group structure is compatible with the mapping. We can define a similar notion on

schemes:

Definition 3.1.4. An object & in the category of affine schemes is an affine group scheme
if & is a group object. A left affine group scheme action of & on affine k-scheme X is a
morphism:

c:B6xX—>X
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3.1 The Geometric Invariant Theory Quotient

satisfying the properties:
D) o0o(lg Xx0) =00 (m X lx) with grouplawm : & x & — &

I) oo (ex 1) = 1y with identitye : 1 — &

This action induces an action on the set X(B) for any B € CRing via:

G x X = > X
B B
Hom(O(®), B) x Hom(O(X), B) Hom(O(X%), B)

Moreover, if we take B to be a k-algebra, then there is a natural map ¢ : k — B. This map

induces a map on the points of & via:

k ) s B
| |
& &
<+ <+

Hom(O(®), k) ¢o_— Hom(O(®), B)

Then & (k) acts on X(B) for all B € CommbkAlg, so &(k) acts on the functor X. By
the functoriality of the map O : X — O(X), the action of &(k) on X induces an action
of &(k) on O(X). A scheme & equipped with the group scheme action of & is called a
®-scheme. This action will sometimes be abbreviated an affine action when the context

is clear.

Definition 3.1.5. [MukO03, p. 164] Given affine k-scheme X = SpecA and affine group
scheme action given by &, the geometric invariant theory quotient (GIT quotient) of
X by & at point B € CRing, is defined as:

X(B)//® := Hom(A®® B)
Here A®® denotes the fixed subring or the ring of invariants and is given by:
AW —faecAlgxa=a, Vge&k)}

If A represents the k-scheme Spec(A) : CRing — Set, then the GIT quotient of Spec(A)
by group scheme @& is the affine scheme Spec(A®*)) represented by the k-algebra A®*),

Example 3.1.6. [Heul6, p. 4] Consider the C-scheme A? : A — Hom(C[z,y|, A) and
G = C* := C )\ {0}. Define the group scheme action of G on A? at the point A%(C) via:

0:C*xC*—= C?: (a,(21,22)) > (az1,az)
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3.2 The Moduli Scheme of Representations

The coordinate C-algebra of the scheme A? is given by
O(A?) = Clz,y]

But C is an integral domain and therefore C[z, ] is integral. Since O(A?) cannot contain

2

any nilpotents, it is reduced. Thus the coordinate ring of the variety A%(C) = C? coincides

with O(A?). We have
O(C*) ={f:C* - C|3f €Clz,y] st f = f on C*} = Clx, ]
Now, if we choose arbitrary (z1, 25) € C?, g € G and f € O(C?), then:
(09 X f)(21,22) = [ o04(21,22) = fg21,922)
The only polynomials f fixed by any choice of g € C*, are the constant. Thus
o) =C

Then, we have that the GIT quotient of A? by C* is given by

I

A%/)G Homcommcalg(O(A?)E, C)

Homcommcalg(C, C)

{f € Homcring(C, C) | f(b2) = bf(2) ¥ b,z € C}

{f € Homering(C, C) | f(b-1) = bf(1) =b¥ b e C}

>~ {x}

1l

12

3.2 The Moduli Scheme of Representations

Returning to the specific case of R(I",GL,(k)), we can construct the moduli space of

representations via the GIT-quotient.

Proposition 3.2.1. [LM8S5, p. 8]

Consider the map
a:GL, x R(I',GL,) — R(T',GL,,) : (A, p) > (ApA~' 1y Ap(7)A™)

Then « is a morphism of schemes satisfying

i) I,pl,' = pforany p € R(T",GL,)

ii) (A, (B,p)) = (AB,p) forany A, B € GL, and p € R(I",GL,,)

In other words, « is a group scheme action.
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3.2 The Moduli Scheme of Representations

Definition 3.2.2. [MP16, p. 399] Let I = (x4, ..., 2, | 71, ..., 7,) be a finitely generated
group and & = GL,. Then the moduli scheme of representations of I" into &, denoted
M(T', &), is defined as the GIT-quotient:

M(T,®) := R(T",®)//® = Hom(T, GL,)//GL,

where GL,. (k) acts on R(I", ®) via v in 3.2.1. On the level of coordinate k-algebras, we
have that every a« € O(R(I", GL,,)) induces a map a* : R(I', GL,,) — A,. Then a is stable

under the action of GL,, by conjugation precisely when

a(A,a%)(p) i= a*(ApA™") = a*(p)
That is, the coordinate k-algebra of the moduli scheme is given by

O(R(T,$))®™ = {a € O(R(T',®)) |a*(ApA~") = a*(p) forall p € R(T, &), A € &(k)}

It is important to emphasise that we are viewing the representation scheme as a k-scheme,
which is necessary for the conjugation by GL,, (k) to be well-defined. If we consider a point

M (T',GL,(k)) of the moduli scheme, we call this the moduli space of representations.

Example 3.2.3. Let ' = (a,b | a®* = b*) and & = SL,. We have shown in 2.2.3 that the

coordinate C-algebra of the representation scheme is given by:
O(R<F7 6)) = (C[Al,la A1,27 A2,17 A2,27 B1,17 Bl,27 B2,17 BQ,Q]/R

Consider the element b = A; 1 + A5 € O(R(I', &)). Take some p € R(I', (C)) and let
p(vy) = (2%) for some v € I'. The induced map b* : R(I", &) — A, is given, on the level
of varieties, by

b* i p(y) —a+d

Now, choose arbitrary B = (2 7) € SLy(C), then

w0 )(: 3)
—r p
ap+cq bp+dg\ [ s —q
(ar—i—cs br+ds) (—7" P ))

aps + cqs — bpr — dqr  bp? + dpq — apq — cq?
( ars + cs®> —ar? — crs  bpr + dps — aqr — cqs )
= aps+ cqs — bpr — dqr + bpr + dps — aqr — cqs

aps + dps — dqr — aqr

(a+d)(ps — qr)
= a+d
= b (p(7))
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3.3 Finite Generation of the Ring of Invariants

Since p, B and « were arbitrary, we conclude that b € O(M (I', ®)). This is an example
of a trace element of O(M (I", &)) and, as we will prove later, every element of the ring of

invariants is of this form.

3.3 Finite Generation of the Ring of Invariants

A priori, it is unclear as to if we should expect A to be finitely generated. In general, a

subring of a finitely generated ring need not be finitely generated.

Example 3.3.1. Consider I' := C|z, y], the polynomial ring in two variables over C. This
ring is finitely generated by the elements x,y € I'. We have the subring

I":=Clz,zy,xy? ..]CT

By definition, we have that the set G := {x,zy,zy?, ...} generates I". Assume, for a

contradiction, that there exists some finite generating set S for [ given by
S = {zy™, . ,ay*} CG

with as € Z>(. Choose an element zy™ € I'" \ S. Then, we must have

n
Qj'ym = CH<xyas)B.s — xZ;Lzl ﬂsyzg:l asfBs

s=1

For some f3; € Z>¢ and some ¢ € C. Comparing powers of x, we have

1= Z/BS
s=1

Since all (¢ are non-negative, 5; = 1 for some ¢t € {1,...,n} and s = 0 for all s # ¢.
Then ¢ = 1 and

xy™ = cry™
This is a contradiction since we assumed xy™ ¢ S. Thus I is a subring of a finitely

generated ring ', by I is not itself finitely generated.

Definition 3.3.2. A group object in the category of affine varieties is called an algebraic
group. The group operation of such a group object is given by regular functions on the
variety. An algebraic group G is linearly reductive if, for every epimorphism ¢ : V. — W

of G-representations, the induced map on G-invariants ¢¢ : V¢ — WY is surjective.
Proposition 3.3.3. The general and special linear group are both linearly reductive.

Proof: See ”An Introduction to Invariants and Moduli” [MukO03, p. 132-135]
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3.3 Finite Generation of the Ring of Invariants

Then, in the case of linearly reductive groups, the issue of finite generation is resolved by

the following theorem:

Theorem 3.3.4 (Hilbert).
Let G be an algebraic group acting on polynomial ring S. If G is linearly reductive, then

the ring of invariants SC is finitely generated.

Proof: See ”Uber die Theorie der algebraischen Formen” [Hil90] for the original proof,

see also ”An Introduction to Invariants and Moduli” [MukO3, p. 135].

Theorem 3.3.5. The coordinate k-algebra of the moduli space
O(M(T,GL,)) = O(R(T, GL,))°L®

is finitely generated.

Proof: This follows directly from the fact that GL,.(k) is linearly reductive by 3.3.3, Thus

the ring of invariants is finitely generated by 3.3.4.

Q.E.D.
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4 Character Varieties

We define trace and determinant maps from the general linear group to our base ring k. In
the case of k-schemes, we define the analogous notion of trace and determinant elements
in the coordinate k-algebra. For the representation scheme over a free group, we prove

that
O(R(F,,GL,)) = k[Xi 1, - Xijr Hdet Xijs)] =2 OM)] Hdet Xijs)

By applying Procesi’s theorem [Pro76, p. 313], we show that the coordinate k-algebra of
the moduli space M (F,, GL,,) is generated by trace and determinant elements. Moreover,
this remains true for any representation scheme R(I", GL,) over finitely generated I". Fi-
nally, we argue that the character variety parameterises equivalence classes of semi-simple
representations and that two semi-simple representations are equivalent if and only if they

have the same character.

4.1 Traces and Determinants

Definition 4.1.1. Recall that, for R € CRing, the trace map on GL,(R) is a map
tr: GL,(R) = R : (x;j) — szz

That is, the trace of a matrix is the sum of it’s diagonal entries. The determinant map on
GL,(R) is a map

det: GL,(R) — (z ;) Z sgn(o ﬁ (Tio:)
=1

€S
Here S,, denotes the symmetric group of order n and sgn is the sign function of a permuta-

tion in .S,,.

Consider the affine k-scheme Spec(A) := R(I',GL,,) with the usual assumptions on I'
and a fixed base ring k. Then, for each element a € A there is a corresponding morphism

a* : Spec(A) — A'. We define the trace and determinant in the setting of schemes:

Definition 4.1.2. Let Spec(A) := R(I',GL,) and ¢ € A, then ¢ is a trace element if the
corresponding morphism ¢* : Spec(A4) — A' is the composition ¢* = tr o ev., where tr is
the trace map and ev, is the evaluation at a point v € I" defined on the level of functors of

points in the following way: Let R € CommkAlg and v € I, then

ev, : R(I',GL,(R)) = GL,(R) : p = p(7)
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4.1 Traces and Determinants

That is, a scheme trace is an element ¢ € A such that the diagram below commutes for

some vy € I.

R(I,GL,(R)) —~— R

GL,(R)

Similarly, ¢ is a determinant element if ¢* : Spec(A) — A! is the composition ¢* =

det o ev, where det is the determinant map.
Remark 4.1.3. We note that
R(I',GL,) := Hom(F,,GL,) = GL,

On the level of points, this follows from freely choosing where each generator of I, is

mapped. Let M,, denote the affine k-scheme given by:
M, : CRing — Set : R — M,,(R)

Here, M,,(R) denotes the ring of n by n matrices over R, referred to as the matrix ring of

rank n over R. GL,, is a sub-scheme of M,, and we have diagram:
Hom(F,,GL,)

|

GL] - > M) = AT

| |

GL’//GL, — M’ //GL,

On the level of coordinate k-algebras, we have [LM85, p. 27]

O(GL,) = k[Xi;Y]/(det(X;;)-Y —1)
KX et (X))
= O(M,)[det™!(Xi;)]

If we instead consider GL , we obtain

O(GLL) = k[Xij1,- Xijo)[det 1 (Xij1), ..., det (X, ;)]
= k[Xijas e Xigo) [Tz, det™ (Xij0)]
= OM) ([T, det™ (Xi )]
Theorem 4.1.4. [Pro76, p. 313]
Let Ay = (a; js)1<ij<n where s € {1, ...,7} and a; j s € k for some base ring k. Consider
a polynomial P € k[a; ; 5], invariant under the action of group G on the matricies A,. Then

P € k[tr(Aq, - ... - Aa,,)| ranging over all monomials A,, - ... - Aq,, withay € {1,...,1}
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4.2 Reformulating the Ring of Invariants

In essence, the theorem states that an invariant in the entries of a set of matrices, is gen-
erated by the traces of monomials in these matrices. The immediate consequence of this
is that the coordinate k-algebra of quotient M, //GL,, is generated by traces since the
coordinate k-algebra consists of precisely the polynomials which are invariant under the

action of GL,, (k). That is, we obtain a surjection:
OM)) = kla; js) — kltr(Aay - oo - Aa,)] = O(M;)GLn(k)

Moreover, since the determinant of a matrix is invariant under conjugation, we have that:

r GL,, (k) r
O(GLE) o) — (0<M:;>{H detl(Xz-,j,sﬂ) — oM7) T det™ (X))
s=1

s=1

This observation, combined with the surjection above, gives rise to the surjection:

klai e, [ [ det™ (as;5)] = Kltr(Aq, ..+ Aa,,), det™ (A7), ..., det ™ (A,)] - O(GL},)% ")

s=1

Recall that Hom(F,, GL,,) = GL,, so, in fact, we have a surjection

kltr(Agy, - ... Ay,,),det ™ (A), ..., det 1 (4,)] - O(M(F,,GL,))

4.2 Reformulating the Ring of Invariants

Theorem 4.2.1. [LMS85, p. 27]
Let k be our ground ring and consider the affine k-scheme X = Hom(I', GL,,) = Spec(A).
Then the coordinate k-algebra A %) = O(X)*®) of the moduli scheme X //GL, (k)

is generated by trace and determinant elements. That is, there exists a surjection

Klr(An, - .- A, ) det ™ (Ay), ... det™ (A,)] — O(M(T, GL,))

Proof: Assume that I is generated by r generators. Consider M/ (k), generated by the

matrices A, ..., A, € M,,(k). We have already shown that there exists a surjection
kltr(Ag, - ... - Ag,,)] — OM?)CLn (k)
That is, the ring O(M”,)5(¥) is generated by traces. Moreover, we have a surjection:
kltr(Ag, - ... - Ag,,),det 1 (Ay), ..., det *(A,)] - O(M(F,,GL,))
Thus, it is sufficient to prove that there exists a surjection

O(M(F,,GL,)) - O(M(I',GL,))
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4.2 Reformulating the Ring of Invariants

Since I is generated by r generators, I is the image of [F,, under some group morphism
¢:F,—-T

This is a surjection by construction. Moreover, every surjection is an epimorphism. By

the contravariance of the functor Hom(__, ('), this induces a monomorphism
® : Hom(T", GL,,) = Hom(FF,,GL,,) : p— po ¢

Then, by the equivalence of categories between AffS and CRing®, we obtain an epi-
morphism
®* : O(Hom(F,,GL,)) - O(Hom(I',GL,)) = A

Recall that GL,, (k) is linearly reductive. Thus, by definition of linear reductiveness, we

obtain
®* : O(GL") — A, epimorphism = &* : O(GL" ) _, AS®) gurjective

Here ®* denotes the induced map on invariants of ®*. Since the composition of surjective

ring morphisms is surjective, we conclude that
Eltr(Ag, - ... - Aa,,),det 1 (A)), ..., det *(A,)] - O(M(F,,GL,)) - O(M(T,GL,))

Q.E.D.
Definition 4.2.2. Let p € R(I", GL,(k)), then the character of p is the map

Xp: ' = kv t(p(y))

Theorem 4.2.3.
If we define the function

U2 R(D, GLo (k) = K2 p = (o (1) s Xp (), det(p(ims1)) ' .. det(p(7,)) )
then we obtain the 1-1 correspondence:
U(R(I',GL,(k))) = M(I",GL,(k))
Proof: See “Varieties of Representations of finitely generated groups” [LM8S5, p. 28]

Call the image of W the character variety of I into GL,,(k). Since SL, (k) is also linearly

reductive we can do a similar computation for the special linear group [MP16, p. 400].

Example 4.2.4. Consider the finitely generated free abelian group I' = (z,y | zy = yx)
and the representation variety R(I', SLy(C)). Then there exists some v, ...,7, € I' such

that, for the function

W R(T,SLy(C)) = €2 p = (Xp(11): -0 Xo(m), det(p(vms1)) ™ ey det(p(3)) )

34



4.2 Reformulating the Ring of Invariants

we have
U (R(T',SL,(C))) =2 M(T",SL,(C))

but the determinant of a matrix in SLy(C) has trivial determinant by definition. Thus the

character variety is given by the image of

U R(D,SLy(C)) = C™: p = (xp(1)5 -+ Xp(9m)

Let A= (§1a2),B=(}. ) € SLy(C), then

tr(A™1) = (%, %))
= a4+
= tr(A)

tr(AB) = tu((@@)(hh))
b b b b.
= tr((@piTezs apetae )

CL1b1 + CLng + (lng + a4b4

biai+b2a3 bzai+bsas
'[I‘( ( brag+b2ay bzaz+biay ) )

( (3 2) (4 82))

= tr(BA)

tr(AB) + tr(AB™Y) = (a1by + asbs + agby + asby) + (ayby — asbz — azby + asby)
ayby + asby + arby + asby
= ay(by +bs) + as(bs + by)
(a1 + ay)(by + by)
= tr(A)tr(B)

It can be shown that the character variety is given by the image of

U™ . p = (Xp(x)v Xp(y)7 Xp('ry))

See [MOO09, p. 2378]. In particular, if we set p(z) = X, p(y) = Y for some p €
R(I",SLy(C)), then, via the identities above, we have

tr

4+ t(X)r(Y)tr(XY) = 44 tr(X)(
(tr

4 4+ tr(X

(X)(tr(YXY) + te(YV(XY) ™))
(X)
4+ tr(X)
(X)
(X)

XY?) + (X))
+ tr(X)tr(XY?)
4+ tr(X)? + or(X?Y?) + tr(V?)
4+tr(X)2+tr(XY)? —tr(fp) + tr(Y)? — tr(1)
= u(X)? +u(Y)? + u(XY)?

Then, the moduli space is given by

~—~

M (T',SLy(C)) = {(a,b,c) € C* | a®> + b* + ¢* — abc — 4 = 0}
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4.3 Parameterising the Moduli Space

Proposition 4.3.1. Consider the canonical projection:
qr : R(I',GL,(k)) — M(T',GL,(k))

Then each fibre p~!(z) contains a semi-simple representation and if p, p’ € R(T', GL,,(k))
semi-simple with ¢r(p) = qr(p’), then p ~ p'.

Proof: See "Varieties of Representations of finitely generated groups” [LMSS5, p. 25]

Then, each fibre p.* () of representations in R(I', GL,(k)) can be identified with some

equivalence class of semi-simple representations in that class:

Theorem 4.3.2.
the projection
qr : R(I',GL,,(k)) — M(T",GL,(k))

induces a bijection between points of M (T', GL,(k)) and equivalence classes of semi-

simple representations in R(I', GL,(k)).

Proof: The restriction of ¢r to equivalence classes of semi-simple representations is well-
defined since the points of M (I", GL,,(k)) are GL,,(k)-stable by definition. gr is surjective
by construction and since every fibre of g contains a semi-simple representation, the re-
striction of ¢r to semi-simple representations is also surjective. Let p € R(I", GL,,(k)),
semi-simple, and set 2 = qr(p). Assume there exists some other p’ € R(I", GL, (k)) with
p' € qr(z). Then, by 4.3.1, p' ~ p as required.

Q.E.D.
Proposition 4.3.3. Assume that p, o’ € R(I",GL,(k)) are both semi-simple representa-
tions, then we have sufficient and necessary conditions:
pr~p = X, =X,

Proof: The trace map is invariant under conjugation. Therefore we have

/

p~p = Xp=X,
Moreover, in the case when the representations p and p’ are semi-simple, by 4.2.1, we have
Xo =X, = t(p(y)=ul@()Vyel = qalp)=aq(p)

By 4.3.2, we obtain qr(p) = qr(p’) = p ~ p, completing the argument.

Q.E.D.
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See [CS83, p. 120] for an elementary proof in the special case of p, p’ € R(I', SLy(C))
and [LMSS, p. 28] for the generalised result. Since every equivalence class of semi-simple

representations agrees on characters, we can reformulate 4.3.2 as follows:

Proposition 4.3.4. There exists a bijection

{x,: ' = k|pe R(I',GL,(k)), semi-simple} <= M(I',GL,(k))
Xp — qr(p)
Xy forany p’ € qr'(z), semi-simple i T
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S Tangent Spaces

We define the Zariski tangent space 7,.(X) of X at a point r € X(k) as the fibre at r of the
morphism
n* : X(kle]) — X(k)

induced by sending € — 0. Intuitively, the points of the tangent space will be points of the
augmentation X(k[e]) which tend linearly to r when e vanishes. We prove that there is a

k-linear isomorphism
Z\(T', Conj o p) = T,(R(T', GL,))

By considering the vanishing of the first cohomology group, we obtain a sufficient condi-

tion for a representation space to consist entirely of semi-simple representations.

5.1 Zariski Tangent Spaces

Definition 5.1.1. Let £ € CRing and consider the ring
klej={a+b-€|abek, € =0}
Then we define the augmentation map
n:klel >k:e—0

Definition 5.1.2. Let X = Spec(A) be an affine k-scheme, and r € X(k). Define the

induced k-scheme morphism
n*: X(kle]) = X(k):p—nop

The Zariski tangent space to X at r is the fibre

Letr : A — kand 7 € T,(X). Then, by assumption n*(7) = r. Moreover, 7 : A — kl[¢]

and we write 7(a) = 7 (a) + T2(a)e for each a € A. Thus
T €T (X) < 7(a) =7(a) + m2(a)e k-algebra morphism
Therefore, it is equivalent to define 7,.(X) via [LM85, p. 31]:

T.(X) = {r € Hom(A, k) | a = r(a) + 7(a)e € Hom(A, k[e]), k-algebra morphism}
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5.2 Tangent Spaces as 1-cocycles

Moreover, if we consider a morphism of k-schemes
F:X—=9
Then there is an induced morphism of k-algebras, given by
F*:0®) - 0(%)

Then, for (z : O(X) — k) € X(k), we have (z o F* : O(Q)) — k) € (k). On kle]-
points, choose t € T,.(X) C X(k[e]), then t o F* € 9 (kle]). In particular, since not = x
we have (not)o F'* = xo F* = no(to F*). Thatis, a morphism F' of k-schemes, induces
a map

(DF)y : Tp(X) = Tpor=(Y) it —>to F*

The tangent space of the functor of points X(k) at r € X(k) is given by

T,.(X(k)) = T:(Spec(O(X)"™))

5.2 Tangent Spaces as 1-cocycles

Proposition 5.2.1. [LM8S5, p. 32]
Let GL, (k) act on M,, (k) by conjugation, that is
Conj : M, (k) x GL,,(k) — M, (k) : (b,a) — aba™*

Consider the associated semi-direct product M,, (k) x GL,, (k). Explicitly this is the group
(M,,(k) x GL,(k), -) where the group operation is given by:

(b1, a1) - (b2, az) := (b1 + Conj(ay, ba), araz)
Then there exists an isomorphism
¥ : GL,(kle]) =M, (k) x GL, (k)
such that, for the induced map n*, the projection onto the second component
po : My, (k) x GL, (k) — GL, (k) : (b,a) — a

yields n* = pa o).

Proof: Any matrix a € GL,,(k[e]) can be written in the form a = p + ge for p, ¢ € M,,(k)

and evaluating € = 0 shows that p € GL,,(k). Then we obtain an isomorphism

¥ : GL,,(k[e]) 2 M,,(k) x GL,(k) : p+ ge = (qp~ ", p)
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This is clear since p is invertible and for any desired (b, a), we can find a ¢ = ba € M,,(k)

such that
Y(a+ce) = (ca ', a)
(baa™*, a)
= <b> a)

Moreover, 1) is a homomorphism via

(gp~t,p)(srt,7)
(gp~' +psr—tp~,pr)
((gr +ps)(pr) ', pr)
= (pr + (qr + ps)e)
= P((p+ ge)(r + se))

V(p + qe)p(r + se) =

Finally, we require that ker()) = I,,. Assume that there exists some a + be € GL,,(k[e])
such that ¢)(a+be) = (0, I,,). Then (ba™!,a) = (0,, I,,) and a+be = I,,+0,,¢ as required.

Q.E.D.

Returning to representation spaces, we set X = R(I', GL,(_)). Then we obtain
X(k[e]) = R(I",GL,(k[e])) = Hom(T', GL,,(k[¢])) = Hom(I",M,,(k) x GL,(k))

For some choice of p € X(k), computing the tangent space 7,(X) involves finding the
fibre of
n*: X(kle]) = X(k):p—nop

To illustrate this, we have the diagram

Hom(T, GL,, (k[¢])) ——==— Hom(T, M,,(k) x GL,(k))

: [
no__

Hom(T",GL,(k))

By 5.2.1, we have that there exists some isomorphism 1 such that the fibre (7*)~!(p) is
given by the set of homomorphisms f € Hom(I', M,,(k) x GL,(k)) where ps o f = p.

Similar to the argument in 5.1.2, assume
7:I'— M,(k) x GL, (k) withpaoT = p

We write 7(7) = (71(7), 72(7)) € M, (k) x GL, (k) for some v € I'. Thus we can
characterise the tangent space 7,(X) by functions 7y : I' — M,,(k) such that:

7: ' = M, (k) x GL, (k) : v — (71(7), p(7)), a homomorphism

40



5.2 Tangent Spaces as 1-cocycles

See [LM8S5, p.33]. Moreover note that

T()T(v2) = (1), p(1))(11(12), p(12))
= (1(n) + p()1(v2)p(n) 7 p(1)p(72))

Then the map 7 is a homomorphism if and only if
T(v)7(12) = T(1172)
= (n(n) +p(y)1(2)p(n) 71 p(1)p(12)) = (11(1172), (N172))
But p : I' = GL,, (k) is a homomorphism by assumption, so we conclude that
T(X) 2 {7 : T = Mu(k) [ 7(m72) = 7(m) + p(n)7(32)p(1) '}

on the level of sets. The set {7 : T' — M,,(k) | 7(m172) = 7(71) + p(71)7(72)p(71) 1} is
denoted Z'(T", Conj o p) and referred to as the 1-cocycle space of " with coefficients in

Conj o p.

Theorem 5.2.2. [LMS85, p.33]
let p € R(I',GL,(k)), then there exists a k-linear isomorphism

ZNT, Conjo p) —=~— T,(R(T",GL,))

T [y (ln +7(7)e)p(7)]

Proof: The argument above shows that we already have an isomorphism of sets. It remains

to be shown that the specific map given above is a bijection. We define the function
Pr: T — GLy(k[e]) : v = (In + 7(7)€)p(7)
and denote the map above by
© : ZYT',Conjo p) — T,(R(T,GL,)) : 7 — P,

Since p(7) is invertible for any choice of -y, we have that 7(v)p(y) = 0 if and only if 7 is

the zero map, thus © is injective. Moreover, if we choose some arbitrary
(P* iy p(y)+ 71" (7)e) € T,(R(I",GL,,))

Then, O is surjective if there exists some 7/ € Z'(T', Conj o p) with ©(7') = P*. By the
invertability of p(), we can define 7(7) := 7*(7)p(v) ! and it is sufficient to check that

7 is indeed a 1-cocycle. Let a,b € I', then:

P*(ab) = p(ab) + 7(ab)p(ab)e <= I, + 7(ab)e = P*(ab)p(ab)™!
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By assumption, P* is a representation. Therefore P*(ab) = P*(a)P*(b), and we obtain

I, +7(ab)e = P*(ab)p(ab)™!

)
P*(a)(I, + 7(b)e)p(b)p(b)~*p(a) ™!
P*(a)p(a)”t + P*(a)T(b)ep(a)™
(In + 7(a)e)p(a)p(a)™ + (I + T(a)e)p(a)T(b)ep(a)
I, + 7(a)e + p(a)T(b)p(a) e + 7(a)p(a)Tbp(a)~ e
= I, + (7(a) + p(a)T(b)p(a)")e

Equating coefficients, we obtain

7(ab) = 7(a) + p(a)7(b)p(a)™
This shows that 7 is a 1-cocycle and thus P, = P*, as required.

Q.ED.

5.3 Trefoil Knot Tangent Spaces

Example 5.3.1. Consider the trefoil knot group I' = (x,y | 22 = y3) into GLy(C) and the

representation given by

a0
p:{x,y|2*=y*) = GLy(C) : a (Zl )

0 =5
where 21, 20 € C\ {0} and @ € ' is the image of @ € I" under the abelianisation map
ab: (z,y |2 =y°) = (z,y | 2® ="

We calculate the tangent space of I" at p. Note that (z,y | 22 = y3)® = (z,y | 22 =

y®, 1y = yx) since we require that all elements commute. Moreover, in the abelianisation,

we have
(ey™)° = ayleyTley () = wyTlay
3y — 22y?
wyPy S — yPy2

Thus, the element zy~! in the abelianisation generates I'®®. That is
¢: vyl =) = Z oyt 1

is an isomorphism. Under ¢ we have ¢(x) = 3 and ¢(y) = 2. That is

20 N
p(l’)=<0 Z§> and ﬂ(y)—<0 z§>
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5.3 Trefoil Knot Tangent Spaces

It is clear that p(z?) = p(y?), so p respects the structure imposed by I and p is therefore
a representation. Then, let X = R(I', GLy) and assume 7 € T,,(X). Set

r(x) = (Z 2) and  7(y) = (i Z)

Then, calculating 7(2?), we have

7(2?) = 7(x) + plz)7(x)p(x)”!

b 50 b 50
_ (@ 423y “1 a Z
c d (I c d 0 2z
a b 2a 230\ [z 0
e[ ) (20
c d z5c zyd 0 2z
b 3.3 Gb
N 4oy Zl'ZQCL 513)
c d zoc  2{%5d
z1)3
_ (@ b N a (z—z)b
c d (2)’c d
B 2a (1+(§—2)3)b
1+ @Pe 2

Similarly, for 7(y?), we have

(W) = () + )T (y*)p(y) "
= )




5.3 Trefoil Knot Tangent Spaces

Thus, since 22 = y3, we require 7(2?) = 7(y*), implying
( 20 (1+ <z—;>3>b> _ ( 3p (1+(2)*+ <z—;>4>q>
(1+(2)%)e 2d (L+ (22 + (&)Y 3s

Setting f := 2 € C\ {0} and g := f~' € C\ {0}, we obtain the four relations
2a = 3p
I+ = Q4+ 1
(1+g%)c = (1+g°+g")r
2d = 3s

Assume 2z € C such that 23 + 1 = 0, then z = —e?™/3 for some k € Z. Then

2mik[3 4 Amik/3 4
cos(2mk/3) + isin(27k/3) + cos(4mk/3) + isin(4dwk/3) + 1
= 1+ cos(2wk/3) + cos(4mk/3) + i(sin(27k/3) + sin(47k/3))

For k = 0 (mod 3) we have
224+ 22+1 = 1+ cos(0)+ cos(0) + i(sin(0) + sin(0))

14+ 1+1+i(0+0)
=

For k = 1 (mod 3) we have
224+ 22+1 = 1+ cos(2m/3) + cos(4r/3) + i(sin(27/3) + sin(47/3))
1-3-3+i($-4)
= 0
For k = 2 (mod 3) we have
22422 +1 = 1+ cos(4n/3) + cos(87/3) + i(sin(47/3) + sin(87/3))

1 + cos(4m/3) + cos(27/3) + i(sin(47/3) + sin(27/3))
=0

Note that —e?™/3 = ¢57/3 and —e*™*/3 = ¢™/3, The calculation above shows that
z € {e™3 B3 = P4 l1=0andz*+22+1=0
If instead we consider z € C such that z* + 22 + 1 = 0 and set z = €%, then
0 = 2" +22+1
A0 4 o200 4

cos(40) + isin(40) + cos(26) + isin(26) + 1
= 1+ cos(40) + cos(20) + i(sin(46) + sin(260))
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5.3 Trefoil Knot Tangent Spaces

Let © = 26. By equating imaginary parts, we obtain
0 = sin(20) +sin(O)
2sin(©)cos(O) + sin(O)
= sin(©)(2cos(0) + 1)
— 0 € {0,7,2n/3,4r/3}

Next, we check which values for © satisfy the equation given by equating real parts:

=0 = 1+ cos(2(0)) + cos((0)) = 1+1+1 = 3
O=m = 1+ cos(2(nm)) + cos(n) = 1+1-1 1
©=2r/3 = 1+cos(2(27/3)) +cos(2r/3) = 1—3—3 = 0
©=4m/3 = 1+cos(2(47/3)) +cos(4r/3) = 1—35—1 0

We conclude that © € {27/3,47/3} if any only if 2% + 2% + 1 = 0. Then, for 6 we have
0 € {r/3,4r/3} < © =20 = 27/3 (mod 27)
6 € {2n/3,57/3} <= © =20 =47 /3 (mod 27)
Thus, the zeroes of the equation are as follows:
2 € {emi/3, 2mif3 Amif3 o5mi/3) e A4 241 =0
For ease of notation, we define the complex subsets

Al — {637ri/3}

A2 — {627”'/3’ e47ri/3}
A3 — {eﬂi/37 e571'2'/3}
A4 = C \ {eﬂ'i/37 627ri/3’ 637ri/3’ 647”'/3’ 657”'/3}

With the notation above, we have four cases which can arise
) 2 A < 22+1=0and2*+22+1#£0
I z2€ A < 22+1#0andz*+22+1=0
III) 2€ A; <= 2Z2+1=0and2z*+224+1=0
IV) ze Ay <— 22+1#0and2*+22+1+#0
An important point is that each such set A; is closed under multiplicative inverses:

63772'/3637Ti/3 =1 6772'/3657ri/3 =1 627ri/3€47'ri/3 -1

Thus, f € A; if any only if g € A, for all i € {1,2,3,4}. Returning to our original four
relations given by 7(2?) = 7(y3), we have

2a = 3p

A+ = QA+ 2+

(I+g%)e = (I+g°+gY)r

2d = 3s

45
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If f,g € A, then none of the polynomials in f and ¢ vanish so each arbitrary tuple
(a,b,c,d) € C* determines the tuple (p, ¢, r, s) € C* and vice versa. If instead f, g € A;,

then
20 = 3p

00 = (1+f+fY)q

0c = (1+g¢*+g")r

2d = 3s
Thus both ¢ = 0 and » = 0. Since b and ¢ can be chosen freely, we have that 7 is defined
by an arbitrary tuple (a,b,c,d) € C*. A similar argument shows that, in the case where
f,g € A,, then 7 is defined by an arbitrary tuple (p,q,r,s) € C*. Finally, in the case
where f, g € As, we have

2a = 3p
0b = 0Oq
Oc = Or
2d = 3s

Thus, there are no relations imposed on b, ¢, q and r. Then 7 is defined by an arbitrary

tuple (a,b, c,d,q,r) € C° We conclude that, for z;, 2, € C \ {0}, and the representation

p:(z,y]2* =y’) = GLy(C)

50 2.0
x “ and y+— “
0 =z 0 23

the tangent space at p is determined up to isomorphism by the ratio z; /2, and in particular

I

21/2y € {e™/3, 53 — T,(x)=C°
z1/z € C\{0,em/3, ™3} = T,(X)=C!

For a specific example, consider the trivial representation
pr iz, y|2* =9y*) — GLy(C) : a — I
We calculate the tangent space of X = R(I", GL,) at the point p;:

Tp (%) = {7:T = My(C) | 7(ab) = 7(a) + pr(a)7(b)ps(a) "}

{r:{z,yl2? =y°) = My(C) | 7(ab) = 7(a) + 7(b)}

I

Setting 2’ := 7(z) € My(C), we have

T(@?) = 7(2) +7(2)
27/
7(y°)
T(y) +7(y) + 7(y)
= 37(y)
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Then 7(y) = 2/32’. In particular, each element of the tangent space corresponds to a

choice of an element 2’ € M,,(C), that is

T, (R((z,y | 2> = y*),GLy)) = M,(C) = C*

5.4 The First Cohomology

Definition 5.4.1. Let X := R(I', GL,,) and choose p € X(k). Then the orbit map U, :
GL, — X is defined, on the level of points, by

Uk GL, (k) = X(k) : g — (¥5(g) v = gp(7)g™")

The orbit of p over k is the image O(p) := Im(¥F). The 1-coboundary space of I, with

coefficients in Conj o p, is defined as
BY(T',Conjop) :={7:T = M,(k) | Ja € M,(k) st 7(7) = p(y)ap(y) ' —aV~ €T}

Theorem 5.4.2. [LMS85, p.34]
Let p € R(I',GL,,(k)). Consider the map

(D¥,)1, : T1,(GLy) = T,(R(I', GLy))
Then, under the identification given by the isomorphism in 5.2.2, we have

Im(DW,),,) = B'(T', Conj o p)

Proof: We begin by proving, for consistency, that
7€ BYT,Conjop) = 7€ Z(I',Conjo p)

Assume 7 € BY(T", Conj o p). Then there exists some a € M,,(k) such that, for any v € T,
we have 7(7) = p(7)ap(y)™' — a. Let vy, v, € T, then

(1) + p()T(v2)p(n) ™ = (p(n)ap(n) ™t —a) + p(n)(p(r2)ap(r2) ™" —a)p(y) ™

p(1)p(v2)ap(2) tp(n) "t —a

(
P(%%)OLP(%%)*1 —a
(

7172)

\]

Thus, every 1-coboundary is a 1-cocycle. Consider 77, (GL,), that is the fibre of n* :
GL,(k[¢]) — GL, (k) over the identity matrix [, € GL, (k). Let m € T}, (GL,), then
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m = I,, + m’e for some m’ € M,,(k). We have

Uhm)(y) = (In+m'e)p(y) (I +m'e)™!

= Ly +m'e)p(y)(I, —m'e)
p(v) — p(y)m'e + m'ep(y) —
p(7) + (m/p(7y) = p(y)m’')e
(p(V)p() " +mp(V)ep(y) " = p(v)mep(y) ) p(7)
(I + (m" = p(y)m/p(v)"")e)p(v)

Then, via the the identification in 5.2.2, for the 1-coboundary 7, defined by

/ /

m'ep(y)m’e

7:0 = My(k) : vy = m — p(y)m/p(y) !

we obtain O(7) = W%(m). Thus, ©'(Im(¥¥)) C B'(T,Conj o p). It remains to prove
that, for an arbitrary 1-coboundary 7 € B*(T', Conjo p), there exists some m = I,, +m/e €
Ty, (GL,) such that U*(m) = ©(7). If 7 € B'(I',Conjo p), then 7 : T’ — M, (k) : 7 —
p(v)ap(y)~* — a for some fixed a € M,,(k). Thus, we conclude that

k _
Wo(l, —ae) =

as required.

Q.E.D.
Definition 5.4.3. The first cohomology group of I' with coefficients in Conj o p for some
p € R(I',GL,(k)) is defined as

H'(T',Conj o p) := Z*(T',Conj o p)/B*(T, Conj o p)

That is, the 1-cocycles modulo the 1-coboundaries of I'. Combining 5.2.2 and 5.4.2, we

obtain the identification
H'(T', Conj o p) = T,(R(T,GL,))/Im((D¥,),,)

Example 5.4.4. Consider the trefoil knot group I' = (x,y | 22 = y3) into GLy(C) and the

representation given by
p:{z,y|2* =y’) = GLy(C)

20 220
T and y+—
0 =z 0 =22
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for 21,2, € C\ {0} and define f = 2t and g = f~% as in 5.3.1. We compute the first
cohomology group H'(T', Conj o p). Choose arbitrary 7 € B'(T",Conj o p). Then, there
exists some A = (.} ¥) € My(C) such that

w z

r(2) = pla)Ap(z)™t — A

In the case of 7(y), a similar calculation yields:

m(y) = ply)Apy)™" — A

L, (A0 t v\ [z 0 t v
o= (O z%) (w z) <O z%>_(w z>
_ ( 0 (f2—1)v>

(9> — Dw 0

We compute the zeroes of 2% — 1 and 2% — 1. For ease of notation, define the sets

B1 = {1}

By, = {627”'/3’ 647”'/3}

Bg = {—1}

By, = C \ {1’ _1’ 6271’1'/3’ e47ri/3}

With the notation above, we have four cases which can arise

) z2€ B < 2’—1=0and2?—-1=0
II) 2€¢ B, <= 22—1=0and2?2—-1#0
III) 2€ B3 <= z22—-1#0and2?—-1=0
IV) z€ By <= 22—1#0and2?2—-1#0

Moreover, B; are all closed under multiplicative inverses. In case z € C \ By, then
the 1-coboundary space is two-dimensional since either 7(x) or 7(y) is parameterised
by (v,w) € C? If instead z = 1, then the coboundary space collapses. From 5.3.1, the
tangent space is four-dimensional when z = 1. Thus, the 1-cohomology group of I' with

coefficients in Conj o p is given by

2120 € {1,em/3 5m/3) <= HYT',Conjop)=C*
z1/20 € C\{1,e™/3 e™/3} = HY(T,Conjo p) = C?
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5.4 The First Cohomology

Definition 5.4.5. A representation p € R(I', GL,,(k)) is called scheme rigid if
H*(T',Conjop) =0

A finitely generated group I' is scheme n-rigid if every representation in R(I", GL,,(k)) is

scheme rigid. I is n-reductive if every representation p € R(I", GL,(k)) is semi-simple.

Theorem 5.4.6. [LMS85, p.37]
I' scheme n-rigid —> 1" n-reductive

Sketch of proof
Let X = R(I", GL,,) and suppose that I is scheme n-rigid. Then, any p € X(k) is scheme
rigid and we have

H*(T,Conjop) =0

We define the Zariski topology on the representation variety via the subspace topology
R(I',GL,(k)) C k™

Then it can be shown that, for any p’ € R(I', GL,(k)) such that
H*(T,Conjop) =0

we have O(p’) is open with respect to the topology. This was originally proven in [Wei64],
see also [LM85, p. 36]. Moreover, R(I', GL, (k)) is quasi-compact. In particular, every
open cover of the space admits a finite subcover and the open orbits form a cover for the
representation variety. Thus R(I", GL,,(k)) consists of a finite disjoint union of these open
orbits and since they are disjoint, the orbits are also closed with respect to the topology.
Finally, a representation p is semi-simple if and only if its orbit O(p) is closed [LMS85, p.
25]. Since every representation p € X(k) is in some closed orbit, the orbit O(p) is also

closed. Thus, every representation is semi-simple and I is indeed n-reductive, as required.

Q.E.D.
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