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Abstract

We prove several results on homogeneous plurisubharmonic polynomials on C”,
n € Zsj. Said results are relevant to the problem of constructing local bumpings
at boundary points of pseudoconvex domains of finite D’ Angelo 1-type in C"*+1.
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1 Introduction

Local bumpings at boundary points of certain bounded, smoothly bounded pseudo-
convex domains of finite D’Angelo 1-type in C"*!, n € Z-, have been used both
in the construction of peak functions (e.g. [1,5,8]) and in the construction of integral
kernels for solving the d-equation (e.g. [4.9]).

As explained in [2,3], the problem of constructing such local bumpings naturally
leads to the study of homogeneous plurisubharmonic polynomials on C". Further-
more, in [7], results on homogeneous plurisubharmonic polynomials on C by Bharali,
Stensgnes [3], applied in combination with results from [6], played an important role
in establishing sup-norm estimates for solutions to the d-equation for a large class
of pseudoconvex domains in C3. Specifically, the crucial results on homogeneous
plurisubharmonic polynomials on C? are the following:

Result ([3, Proposition 1]) Let P be a homogeneous, plurisubharmonic, non-
pluriharmonic polynomial on C*. Then there are at most finitely many complex lines
through the origin in C? along which P is harmonic.
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Result ([3, Theorem 2]) Let P : C? — R be a non-constant, homogeneous, plurisub-
harmonic polynomial without pluriharmonic terms. Assume that there exists a
holomorphic function g: C* — C, nonsingular on a non-empty open set U < C?,
such that P is harmonic along every level set of g|y.

Then there exist a homogeneous, subharmonic polynomial s : C — R and a homoge-
neous holomorphic polynomial h: C*> — C, such that P = s o h on C2.

Result ([3, Theorem 3]) Let P : C? — R be a non-constant, homogeneous, plurisub-
harmonic polynomial without pluriharmonic terms and assume that P is homogeneous
of degree 2dy in z1, Z1 and homogeneous of degree 2d> in 72, 22, where dy, dr € Z>1.
Then, there exist a homogeneous, subharmonic polynomial s: C — R without har-
monic terms and integers j,l € Z>1, such that

P(z1, 22) = s(z1722") for all (z1, z2) € C2.

When attempting to adapt the methods from [7] to higher dimensions, it is natural
to ask for generalizations of the above-mentioned results on homogeneous plurisub-
harmonic polynomials on C? to higher dimensions. Specifically, it is natural to ask
the following questions:

Question A Given a homogeneous, plurisubharmonic, non-pluriharmonic polynomial
P on C", n > 2, is it true that there are at most finitely many complex hyperplanes
through the origin in C" along which P is pluriharmonic?

QuestionB Let P: C" — R, n € Zsx», be a non-constant, homogeneous, plurisub-
harmonic polynomial without pluriharmonic terms. Assume that there exists a
holomorphic map G: C" — C™, 1 < m < n — 1, nonsingular on a non-empty
open set U € C", such that P is pluriharmonic along every level set of G|y.

Are there necessarily a homogeneous, plurisubharmonic polynomial Q: C" — R
and holomorphic polynomials F\, ..., Fy,: C" — C, all homogeneous of the same
degree, such that P = Q o (Fy, ..., Fy,) onC"?

QuestionC Let P: C" — R, n € Z=», be a non-constant, homogeneous, plurisub-
harmonic polynomial without pluriharmonic terms and assume P is homogeneous in
I variables separately, 1 <1 <n — 1.

Are there necessarily a homogeneous, plurisubharmonic polynomial Q: C"~! — R
and holomorphic polynomials F, ..., F,_;: C* — C, all homogeneous of the same
degree, suchthat P = Qo (Fy, ..., F,_;)) on C"?

The purpose of this paper is to provide a detailed answer to Questions A, B and C.
A formal statement of the results can be found in Sect. 2.

The answer to Question A is “yes” (Proposition 2.1).

The answer to Question B is “no” in general, even if we additionally assume that the
component functions of G are holomorphic polynomials which are all homogeneous
of the same degree (Proposition 2.2). However, the answer is “yes” in the special case
m = 1, i.e., when the polynomial is pluriharmonic along the level sets of a single
holomorphic function (Theorem 2.3).
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The answer to Question C is “no” in general (Proposition 2.2). However, in the
special case where the polynomial is homogeneous in all n variables separately, the
answer is “yes” (Corollary 2.5). Furthermore, we get that the answer is “almost yes”,
or “yes, up to certain singular holomorphic coordinate changes” in the general setting
(Theorem 2.4). In many cases, the latter theorem can be used to get the desired bumping
results. This is important, since Proposition 2.2 shows that the result by Bharali,
Stensgnes [3, Theorem 3] does not generalize in this setting.

2 Statement of Results

In this section, we state the results of this paper. All the proofs can be found in the
later sections.
The answer to Question A is “yes”. We have:

Proposition 2.1 Let P: C" — R, n € Z=», be a homogeneous, plurisubharmonic,
non-pluriharmonic polynomial. Then there are at most finitely many complex hyper-
planes through the origin in C" along which P is pluriharmonic.

The answer to Question B is “no”, even if we additionally assume that the compo-
nent functions of G are holomorphic polynomials which are all homogeneous of the
same degree. The answer to Question C is “no” as well. All of this is implied by the
following:

Proposition 2.2 Let P: C? — R,
Pz, wi, wa) = |z - (Jwi [* + [w] — wiwa]* + [wa]*).

Then P is a non-constant, homogeneous, plurisubharmonic polynomial without pluri-
harmonic terms and P is homogeneous in one variable separately (see Definition 3.3).
Furthermore, away from the coordinate hyperplanes, P is pluriharmonic along the
level sets of G : C? > C? G(z,wy, wy) = (zw%, zw%).

However; there do not exist a homogeneous, plurisubharmonic polynomial Q : C* —
R and holomorphic polynomials Fy, F>: C3 — C, homogeneous of the same degree,
such that P = Q o (Fy, F») on C3.

Nevertheless, the answer to Question B in the special case where m = 1 is “yes™:

Theorem2.3 Let P: C* — R, n € Zsa, be a non-constant, homogeneous,
plurisubharmonic polynomial without pluriharmonic terms. Assume that there exists
a holomorphic function G : C" — C, nonsingular on a non-empty open set U < C",
such that P is pluriharmonic along every level set of G|y.

Then, there exist a homogeneous, subharmonic polynomial s: C — R without har-
monic terms and a homogeneous holomorphic polynomial h: C" — C, such that
P=sohonC".

Note that Theorem 2.3 generalizes the upper mentioned result by Bharali, Stensgnes
[3, Theorem 2] to higher dimension.
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Although the answer to Question C is “no”, we get the following result, which says
that the answer is “yes, up to singular holomorphic coordinate changes”:

Theorem 2.4 Let P: C" — R, n € Zx», be a non-constant plurisubharmonic poly-
nomial without pluriharmonic terms and assume that P is homogeneous of degree
2k, k € Z>1. Let 1 <1 < n — 1 and assume that P is homogeneous of degree 2d;,
di € Z-o,inzj, Zj for j = 1,...,1 (see Definition 3.3). Assume furthermore that
k—D >0, where D =d; + --- 4+ d;. Writed := ged(dy, ..., d;, k) € Z>.

Then, there exists a plurisubharmonic polynomial Q: C"™' — R without pluri-
harmonic terms, homogeneous of degree 2k — 2D, with the property that both the
holomorphic and the anti-holomorphic degree (see Sect. 3) of every term appearing in
Q are divisible by the integer (k — D) /d, such that we have for all (zy, ..., z,) € C":

P(Z15 "-7Zn) = Q(TZ1+]5 sy Tzn);
for every solution T € C of t*=D)/d = Zfl/d e Zldl/d.

Alternatively, we can carry out a singular holomorphic coordinate change

O:C" = C", (z1,...,20) = ("D g *k=D)d 7 1 .. z,) and write
dy/d d;/d dy/d dy/d
(Po®)(z1.....zn) = QG gz, ),
Note that, without the assumptions di,...,d;,k — D > 0 in Theorem 2.4, P is

effectively a polynomial in fewer than n variables, hence we can ignore that case.
As a corollary (of the proof) of Theorem 2.4 we get that the answer to Question C
in the special case where P is homogeneous in all n variables separately is “yes’:

Corollary 2.5 Let P: C" — R, n € Zx2, be a non-constant, homogeneous, plurisub-
harmonic polynomial without pluriharmonic terms and assume that P is homogeneous
of degree 2dj, dj € Z-o, in zj, 7 for j = 1,...,n (see Definition 3.3). Write
d:= ng(dl, ey dn) € Zzl-

Then, there exists a homogeneous, subharmonic polynomial s: C — R without har-
monic terms, such that

Pzi,....,z0) = S(Zldl/d e ‘an”/d)

forall (z1,...,z,) € C".

Note that Corollary 2.5 generalizes the upper mentioned result by Bharali, Stensgnes
[3, Theorem 3] to higher dimension.

3 Preliminaries

For the remainder of this section we fix an integer n > 2 and a non-constant polynomial
P: C" — R with the following properties:

e P is R-homogeneous of degree 2k, for some positive integer k,
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e P is plurisubharmonic,
e P does not have any pluriharmonic terms (i.e., purely holomorphic or purely anti-
holomorphic terms).
In particular, there exists a collection (daq,g)(,)es Of complex numbers where
e J is the set of all pairs («, B) € (Z=0)" X (Z>0)" satisfying |«| > O, || > 0 and
la| + [B] = 2k,
® ay 8 =agq forall (o, B) € J,

such that
P(z) = Z a0, p2°7°
(a,p)eT
for all z = (z1,...,z4) € C". Here we are making use of the usual multi-index

notation: |o| = a1 + -+ oy and z% = z‘fl .- zp" (and analogously for 8 and 9. 1f
aq,p # 0, then we say that |«| (resp. |B]) is the holomorphic (resp. anti-holomorphic)
degree of the term aq, 77",

Furthermore, let L(P; p, V) denote the Levi form of P at the point p € C" in
direction V = (Vq, ..., V,)! € C", i.e.,

2P 32p —
8z18ﬂ( ) - Bzﬁia( )

E(Papav)z(vlvvvn)

22p 92pP V,
FEmia COURER e ol V) "

Lemma3.1 Let A= {o € (Z>0)": |o| = k and ay.o # 0} and let

n
C=1(ct,...,cpn) €C": Zajcj =0foralla € A
Jj=1

Then we have for all (cy, ...,cy) € Cand forall z = (z1,...,z,) € C":
L(P;z,(c121s .-+ cuzn)") = 0.
Proof Forall z = (z1,...,z,) € C", (c1, ..., cy) € C" astraightforward calculation
shows that
n n
LOPsz iz s anzn)) = ) dap (Z am‘) ' <Z ﬂjcf) 7
(a,p)eT Jj=1 Jj=1
Assume for the sake of a contradiction that the claim is wrong. We then find some
(c1y...,cy) €eCandsomery, ..., 1y, € Rso, @1, ..., ¢, € [0, 21), such that:
L(P; (rie?, ... rel®), (cir1e®, ..., cprae'®)h) # 0.
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By continuity, and since P is plurisubharmonic, we then get:

2 2
0< / L(P; (rie®, ... ret®™), (cire?, ..., cprne’®))do . .. do,
0 0
n n
= D dup: (Z%‘w) ' (Z ﬂﬂ) P et
(a,p)eT Jj=1 Jj=1

2 2
) <f ei(al—ﬁl)(?ld@l) o (/ ei(“"_ﬁ")g"d9n>
0 0

n 2
= (2n)" Z Ao+ Zozjcj L R IR
acA j=1
=0,
where the last equality is due to the fact that (cy, ..., ¢;) € C. We have arrived at the
desired contradiction; the claim follows. O

Forall 8 € (Z=¢)" with 1 < |B] < 2k — 1 we define a homogeneous holomorphic
polynomial Pg: C" — C,

Pg(z) = Z g, 2"

o |a|=2k—|B|

In particular, we can write

P)= > PP

B: 1=|B|<2k—1

Lemma 3.2 Assume that there exists a holomorphic map G: C" — C", 1 <m <
n — 1, nonsingular on a non-empty open set U C C", such that P is pluriharmonic
along every level set of G|y .

Then, foralliy, ..., in, L € {l,...,n} (not necessarily pairwise distinct) and for all
B € (Z=p)" with 1 < |B| <2k — 1, the following equality holds on C":

G 0G|
0zip "7 0y,
96, 961 961 3G
0z 0Zip, m iy 0z
d Pg P, P, 9G
.o . _ B B J
det| @ .. e det | 7= ... 5z Sy
N * ZL - 1 m ZL
3G G, j=1 BGjJrl o 3GjJrl
0z, © 02y, 9ziy i
3G rem
0zi;p "7 0ziy,
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Proof Fix a point p € U. Then there exist an open neighborhood W < U of p and
holomorphic maps Ky, ..., Ky—pn: W — C" \ {0}, such that {K{(z), ..., Ky—u(2)}
is a basis for the null space of G'(z) € C"*" forallz € W.Forl =1,...,n —m,
denote the component functions of K; as Kl(l), ..., K| ™) Since P is pluriharmonic
along every level set of G|y, we get

3P 3P —T
971021 02107, Kl( )
0=(",.... k") :
o2r - p ) \K,™
811135 e 3Zn95
on W forl = 1,...,n — m; but since the Complex Hessian matrix of P is positive
semidefinite, we even get
el el
dz10z1 * 7 02107,

©,....,00 =KV, ..., K™

3’P 3P
0z,0Z1 " 02,02,

Writing
P)= > P,
B:1=IB1<2k—1
as above, we getfor / =1, ..., n:
n 2
0-P
0= K )- Z
; @ 5=
n
_ A _ JP
= Z (,3111’31 SR TR L ZKZ(J)(Z)a—ﬁ(Z))
B: 1<|B|<2k—1 J=1 <t
forallze W,l=1,...,n—m;hence

" P
_ 5B . ) B
= E <|/3| F4 E K (2) 22, (Z)>-

B: 1<|B|<2k—1 J=1
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Owing to the fact that the K;/) and the Pg are holomorphic, we then get for all
B € (Z=p)" with1 < |B| <2k —1:

n
9P
0=k L@ forallz e Wl e(l,....n —m),
J=1 9zy

ie, K (z) = (KV(2), ..., K™ (2))" isin the null space of the matrix Pé (z) € C*7,
But this implies that the null space of the matrix

0G| G
5@ 5 (@)

' R e Cmthxn - c W
3G 3Gy ’ ’
() ... 52 (2)

971 9z,
dPg 0Pg
E(Z) R T (Z)

is (n — m)-dimensional for all 8 with 1 < |8| < 2k — 1, so the rank of said matrix is

m. Hence, given iy, ..., in, L € {l,...,n}, we have
G 0G| 0G|
0zip "7 0ziy, 0zL

O=det| .~
G, 3Gy 9Gp
Bz,'l Tt 0z, 0L
aPg aPg Pg
dzi; """ 0ziy, OdzL

on W for all 8 with 1 < || < 2k — 1; noting that all the entries of the latter matrix are
holomorphic on C”, the identity theorem gives that the determinant vanishes on all of
C". The claim follows by Laplace expanding by the last column and calculating. O

Definition 3.3 Given / € {1, ...,n}, we say that P is homogeneous in | variables
separately, provided there exist integers 1 < i; < .-+ < i; < n and inte-
gers d;,...,d; > 1, such that for every (a, ) € J with ay g # 0 we have
aj, + Bi, =2d;,, ..., a; + B, = 2d;. In this case we say that P is homogeneous of
degree 2di_/ in Zij» Zi; forall j € {1,...,1}.

Note 3.4 We restrict attention to even degrees in Definition 3.3 due to the plurisubhar-
monicity requirement. Note furthermore that, in the case [ = n — 1, the polynomial
P is necessarily homogeneous in all n variables separately, since P is homogeneous.

Lemma3.5 Let 1 <[ < n — 1 and assume that P is homogeneous of degree 2d;,
di € Z-o, inzj, 7 for j = 1,...,1. Assume furthermore that k — D > 0, where
D=d +-- - +d.
Then, away from the coordinate hyperplanes, P is pluriharmonic along the level sets
of G: C" — C" 7,

d d k=D k=D k=D
G(Zl,--.,zn)=Z1‘-~-le'<zl+1 I R & )
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Proof G is nonsingular on U := {(z1,...,2n) € C": 21 # 0, ..., 2, # 0}. Given
z € U, we have to show that L(P; z, V) = 0 for all V in the null space of G’'(z) €
C=hxn_But since the Complex Hessian matrix of P is positive semidefinite, it
suffices to verify this for a basis of said null space. If z € U, then the collection of
vectors

(k — D)z; jth entry

,where j € {1,...,1}

—djzi41 (I + Dyth entry

—d;jz,

forms a basis for the null space of G’(z) € C”~D*" Hence, with A and C as in
Lemma 3.1, it suffices to show that C; € C for j € {1, ..., [}, where

Cji: (0, ey 0, k—D, 0, ey 0, —dj, ey —dj) e C".
jth (I + Dth

To this end, we consider some j € {1, ..., [} and some o € A. Since ay,o 7# 0 and by
assumption on P we then have; op=dy, ...,y =d,andoy +---+o, =k —D.
Writing C; =: 1D, ..., c,¥), we then have:

n
Y asesV = (k= Dyaj —dj(ersr + - +an) =0,

s=1

as desired. O

4 Proof of Proposition 2.1

Proof of Proposition 2.1 We proceed by induction on the dimension n. The 2-
dimensional case was handled by Bharali, Stensgnes [3], so let n > 3 and assume
the claim holds in dimensions 2, ..., n — 1. Let P be as in the statement of the theo-
rem and assume for the sake of a contradiction that P is pluriharmonic along infinitely
many complex hyperplanes through 0 € C". We then find a sequence (M) jez., of
pairwise distinct such hyperplanes. It is furthermore easy to see that there exists a
complex hyperplane A through 0 € C", such that P is not pluriharmonic along A.
Since P is pluriharmonic along each H;, j € Zx>1, we get that P is pluriharmonic
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along A N'H; for all j € Z>;. Hence, by induction, the set {A NH;: j € Z>1} is
finite. So, there exists an (n — 2)-dimensional complex vector subspace V of A, such
that AN'H; = V for infinitely many j € Z>1. Thus, after deleting some members of
the sequence if necessary, we can assume that

ANH; =Viorall j € Z>;.

It is easy to verify that there exists a complex hyperplane B through 0 € C”", such
that P is not pluriharmonic along B and B does not contain V. By repeating the same
argument and again deleting some members of the sequence if necessary, we find an
(n — 2)-dimensional complex vector subspace W of B, such that

BNH; =Wforall j € Z>;.

Hence every H; contains V + W. However, B contains W but does not contain V, so
we get that V + W is at least (n — 1)-dimensional. We conclude that H; = V + W
for all j € Zx;. Since the members of the sequence (H;);ez., were chosen to be
pairwise distinct, we have arrived at the desired contradiction. - O

5 Proof of Proposition 2.2

Let P and G be as in the statement of Proposition 2.2. It is obvious that P is indeed
a non-constant, homogeneous, plurisubharmonic polynomial without pluriharmonic
terms and that P is homogeneous of degree 2 in z, 7, so P is homogeneous in one
variable separately. Furthermore, away from the coordinate hyperplanes, P is pluri-
harmonic along the level sets of G by Lemma 3.5.

Assume for the sake of a contradiction that there exist a homogeneous, plurisub-
harmonic polynomial Q: C? - Rand holomorphic polynomials Fi, F;: (AN C,
homogeneous of the same degree, such that P = Q o (Fy, F2) on C3. As in Sect. 3
we write

P(z, wy, wp) =7 - Wi> - (ZZw12 —zwiwa) +Z Wy - w2 - (zwiwy — zwlz)

+Z- w2 - (zw2?).

Even though the holomorphic map (F, F2): C* — C? is (a priori) not necessarily
non-singular, an argument analogous to the proof of Lemma 3.2 gives that the matrix

IF; R AR
0z dwq Jwr
IF aF AF
0z dwq Jwyo
2w12 — wiwy 4zw1 — Wy —Zwq
wiwy — w1? —2zwy +zwy Zw)
wo? 0 27wy
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has the same rank as the matrix

OF OF OF
dz Jdwp Jwz
AF OF; OF

dz Jdwp dwp

at every point of some non-empty open subset U of C3, which does not meet the
coordinate hyperplanes. In particular, said rank is 2 and (Fy, F>) is non-singular on
U hence F and F; are both non-constant and homogeneous of degree d := deg F| =
deg F> > 1. After adding the fourth row (of the former matrix) to the third row and
applying the identity theorem, we get that the following holds on C> for j € {1, 2}:

aF; OF; OF;
Dz dw; owy
O=det | w;22zw; 0 )

w22 0 2ZU)2

and, using that F; is homogeneous, a calculation then gives

oF; JdF; oF; oF;
3, 7 ) _d.F;.
Z Py Z Py +wlaw1 +w28w2 j

From this we readily deduce that d/3 is a positive integer and that there exist holo-
morphic polynomials 0 # fi, f»: C> — C, homogeneous of degree 2d/3, such
that

d
3

Fj(z, wi, w2) =25 - fj(wy, wa) on C?

for j € {1,2}. Since Q: C> — R is a homogeneous, plurisubharmonic (and clearly
also non-pluriharmonic) polynomial, its degree deg Q is even. But d/3 is an integer
and 6 = deg P = d - deg O, so we necessarily have degQ = 2 and d = 3. In
particular, f; is homogeneous of degree 2 and F;(z, wi, w2) = z- fj(w, wz) on C3
for j € {1, 2}. Since P does not have any pluriharmonic terms, we can assume that
Q does not have any pluriharmonic terms either. So there exist a, ¢ € R, b € C, such
that we have for all (x, y) € C*:

Qu,y)=a-|xP*+b-xy+b-xy+c-|y*

For j € {1, 2} we furthermore findo;, p;, it ; € C, suchthatwehave forall (w, wz) €
(025

fitwy, wa) = ij12 + pjwiwy + Mngz.
A calculation then shows that
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0(z- filwy, w2),z- fa(wr, wa))
= |z)*- (w_l2 - g1(wy, wp) 4+ Wrwy - h(wy, wp) + Wa> - g2 (wi, wz))

for some g1, h, g2: C> — C contained in the C-vector space V spanned by f; and
f2; we trivially have dim¢c V < 2. Recalling that P = Q o (F1, F>), we necessarily
have

2 2 2
g1(wy, w2) =2w1” —wiwr, h(wi, w2) = wiwz —wi”, g2(wr, w2) = wr

which implies that dim¢ V > 3. We have arrived at the desired contradiction.

6 Proof of Theorem 2.3

In this section we will (without further comment) identify holomorphic polynomials
C" — C with elements of the polynomial ring C[z1, . .., z,] in the obvious way.

Notation 6.1 Let 0 # g € Clzy, ..., z,] be a homogeneous polynomial of positive
degree. Then the set

{m € Z-g: g =g" for some homogeneous g € C[zy, ..., z,1}
is clearly non-empty and bounded from above. Hence it has a maximum, which we

denote as My € Z~.

Lemma6.2 Let 0 # g € Clzy, ..., z,] be a homogeneous polynomial of positive
degree and leth € Clz1, ..., z,] be any homogeneous polynomial with g = hMs (see
Notation 6.1). If 0 # f € Clzy, ..., z,4] is a homogeneous polynomial of positive
degree satisfying

(degg) - g - af = (deg f)- f- —forallle{l -, n},

then M, - (deg f)/(deg g) is a positive integer and there exists a c € C \ {0}, such
 deg f

that f = c - h™¢ e

Proof Let g, h, f € C[zy, ..., z,] be as in the statement of the lemma. Write

g=upi® - pn*,
where m is a positive integer (since degg > 0), u € C\ {0} is a unit, py, ..., py €
Clz1, ..., zn] are pairwise non-associate primes, and o1, . . . , &, are positive integers.
Since deg f > 0, we get that g divides f - (dg)/(dz;) for Il = 1,...,n. Hence,
considering any s € {1, ..., m}, we get that p;* divides

apij
— u - a’”.a-. -a.fil._J'
f- aZl =f- Zpl 12 Pm jPj 921
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If j # s, then the corresponding summand is trivially divisible by p;“. But this
implies that p;% divides

— 1 Op
f.u.p]al...pxas...pmam.as.psaf 1. S.
az;
Hence
—5 ap,
ps | fop1® e ps®s e p -
0z;
Since py is prime, it divides one of the factors. Since the primes py, ..., p,, are
pairwise non-associate, we get for all/ € {1, ..., n}:
ap
Ps \ Jor ps 5 =
2l
But since p; is prime and hence (9 ps)/(dz;,) # O for some [, € {1,...,n}, we get

Ds | f. We have shown that every prime factor of g divides f. But by reversing the
roles of f and g and repeating the same argument, we also get that every prime factor
of f divides g. We conclude that there exist a unit v € C\ {0} and positive integers
B1, ..., Bm, such that

f= Uplﬂl "'pmﬂm-
By assumption we then have forall/ € {1, ...,n}:
(degg) .up]al ...pma’” TR Zplﬂl pjﬂ/ pmﬂm :3] . pj'Bj_l . a_Zl]
j=1

m
— 1 Op
:(degf).vplﬂl pm'Bm .M.Zplal ...pjaj "'pmam .aj .pja./ 1 . 8le’
j=1
and hence
—~ J
0= ;pl Py (B(degg) —atj(deg ).
Considering any s € {1, ..., m}, we note that p; obviously divides the jth summand

for j # s, and hence

o~

pl...ps...pm.

Ds

ap,
ap - (By(deg g) — s (deg f)).
2]
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Using again that the primes py, ..., p, are pairwise non-associate and considering
some [y € {1,...,n} with (9p,)/(9z;,) # 0, we get

Ps | (Bs(deg g) — ay(deg f)),
i.e., Bs(deg g) — as(deg f) = 0. So, since s was chosen arbitrarily, we have

Bj _degf
a; degg

forall j € {1,...,m}.
Since g = hMs  we can write
h — wplyl .. ,pme’
where w € C\ {0}, ws = u, and vj = aj/M, is a positive integer for j =

1,...,m. Due to the defining properties of M, (see Notation 6.1) we furthermore
have ged(y1, ..., ym) = 1, i.e., there existdy, ..., d, € Z, such that

Hence

deg f degf o, Bi  ~
My - Zd Vi e =Zdj‘_j’Mg'a_;=Zdjl3j
=1

is a (positive) integer, as desired. Finally, we compute

m £
deg f deg f M, =L
hMg degg — wMg degg . 1_[ (ij.i) 8 aj
Jj=1
Pj
M deg f m A g-aij
= w ¢ dezg 1_[ p]Mg
Jj=1
deg f
— wMg deg g plﬂl . pmﬂm
deg f
w8 degg
= 5 ,
and the claim follows. O

Armed with Lemma 6.2, we can provide a proof for Theorem 2.3.
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Proof of Theorem 2.3 As in Sect. 3 we write

P)= > P

B: 1=|B|<2k—1

We then apply Lemma 3.2 and get for all 8 € (Z>0)" with 1 < |B| <2k — 1 and for
all j,le{l,...,n}):

dPg G  0Pg G
PSP oncn,
dz; dz; 9z 9z

Writing G = G(0) + g + R, where g: C* — C is a non-constant, homogeneous,
holomorphic polynomial and R: C" — C is a holomorphic function whose Taylor
series at 0 does not involve any terms of degree < deg g, we get, owing to the fact that
the Pg are homogeneous:

oPg o oPg 0
Sl Rl AP ¢

dz; 9z dz; 9z
forall B € (Z=p)" with 1 < |B| <2k —1andforall j,/ € {1, ..., n}. By multiplying
with z; and then summing over j, we get, using that both Pg and ¢ are homogeneous:

aq dPg
deg Pg) - Pg - — = (de .g-—=onC"
(deg Pg) - Pg 021 (degq) - q 071

for all B,1. Let h: C" — C be any homogeneous, holomorphic polynomial with
g = h™4 (see Notation 6.1). Lemma 6.2 then implies that, for a given g, the following
is true:

. deg Pg deg Pg _ 2k—|B|
d lqu T degg — Ma” M,-degh — degh

o if 2('1(6;'5 lisa positive integer, then there exists a cg € C, such that

is not a positive integer, then Pg = 0,

[yt ] 2%-1pl
Pﬁzcﬁ.h 9" degq =Cﬁ‘h degh

(if Pg = 0, take cg = 0, otherwise apply Lemma 6.2).

Since P # 0, there exists a positive integer L, such that

2k —|BI .

2k —
B e (Z=0)" 1 <|Bl <2k —1, 2k— 1P|
degh -

{1,...,L}={ degh

(S Z>o} .

Hence we can write on C":

L
PRy=Y" Y P )

I=1 B: |B|=2k—1I-degh
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I
Mh

(G169) LR S O R

1=l B |Bl=2k—Idegh
L

= Zﬁl : Z g2’
=1 B |Bl=2k—I-degh

where the last equality is due to the fact that P is real-valued. Since i’ = 0, we can
find an o € (Z>o)" with |a;| = [ - deg h, such that z* appears with coefficient y; # 0
in the Taylor expansion of A! at 0 (note that ¢ is not uniquely determined in general).
Recalling that

P= Y P,

B: 1=|B|<2k—1

we see that we necessarily have (recall that / is homogeneous):

Pu@=w- Y, ¢
B: |Bl=2k—I-degh

and hence

P(z) = Zh(z) + Py (2).

1
Vi

Assume for the sake of a contradiction that 2k /(deg &) is not an integer. Then we have
forall/ =1,..., L that

2k —Jou| 2k
degh ~ degh

—1¢7,

which implies that Py, = O (see above). But then P = 0 and we arrive at the desired

contradiction. Hence 2k/ (degh) € Z. But then we have that 2k l“ll is a positive
integer for / = 1, ..., L, which, using the above, implies that
2k—|ey| L—l
Pal = Cq * h degh — Coy - Jpdegh

We now define s: C — R,

C,
T > E I

Note that s is indeed real-valued. It is now easy to see that s and & have all the desired
properties. O
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7 Proof of Theorem 2.4 and Corollary 2.5

In this section we will provide a proof for Theorem 2.4. We will not provide a separate
proof for Corollary 2.5, since it will be obvious from the proof of Theorem 2.4.

Proof of Theorem 2.4 We adapt the notation from Sect. 3. In particular we write

P)= Y PP =) 7P,

B 1=|p|<2k—1 BeB

where B = {f € (Z>0)": 1 < |B| <2k — 1 and Pg # 0}. By assumption on P we
find, for every 8 € B, a holomorphic polynomial g4 : C"! — C, homogeneous of
degree 2k — (2dy + - -+ + 2d; + Bi+1 + - - - + Bn), such that

2d1-pi -z d

Pg(z1, ..., 20) = 21 Prag(zitts s zn)-

For ease of notation we write m = n — [ and (wy, ..., Wy) = (Zi+1,...,2n). We
will switch back and forth between notations whenever convenient. By Lemma 3.5,
away from the coordinate hyperplanes, P is pluriharmonic along the level sets of
G:C"—= Cm,

d d k—D k—D
G(Zl!“"zl7w17"'1wm)=Z1I'..le.(wl 1""w’n )‘

Lemma 3.2 then gives that the following holds on C" for all § € B and for all
vell,...,n}

3Gy G
dwyp 7T dwy
61 26 96, 9G,
m aP m awl awm aG
det o . ﬁ:Zdet gﬂ gﬁ 1,
! : 8Z\) HGU.” 3Gw.m BZV
3G 3G j=1 el RS F Y
W, - By, Jwq AW,y
3Gy 3G
Jw ow,,
A calculation then shows that the following holds on C” forall 8 € B,v € {1, ...,1}:
m aq
(k = D)Qdy = Bu)ap(wi. ... wn) = dy Y wjizE i, w),
j=1 !

but since gg # 0 is homogeneous, this simplifies to

(k = D)(2dy — Bu)gp(wi, ..., wy)
=dy- 2k = Qdy+---+2d1 + o1+ + B0) - gp(wi, . wm).
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For B € B we have gg # 0,sowe getforall B € B,v e {1,...,[}:

(k= D)(2d, — pv) =dy - 2k — Qdi + - +2d1 + Bry1 + - + Bn)
:d\) Mﬂ?

where Mg is defined in the obvious way. Since d = gcd(dy, ..., d;, k), there exist
c,Cl,...,c; € Z,suchthatd = c¢- (k — D) + Zf):l ¢y - d,. But then we have for all
B € B:

l I
d-M M
—k_D/S =c- Mg —|—;cvd1}—k —ﬂD =c-Mg +ZCU(2dU_ﬂ\))9

v=1

sod - Mg/(k — D) is an integer for all 8 € B. If Mg was 0 for some 8 € B, then
2d, — B, would be 0 for v € {1, ...,1}, implying that |8| = 2k, in contradiction to
B € B.Hence d - Mg/(k — D) is a positive integer for all 8 € B. This implies that
for all B € B we have

d-M
4} q

dap 4\ k=D
Pﬁ(Zl,-..,Zn)=<Zld~--Zlf’> “qp(Zt1s -5 2n)s

where all occurring exponents are positive integers. If 8 € B, then Mg < 2(k — D). If
this was an equality, then, similarly to above, we would get || = 0, in contradiction
to B € B. Hence we have for all 8 € B:

d-M d-M
b g — Fe1,2,...,2d - 1).
k—D k—D

Forg € B,v €{l,...,1l} we have

dy M d d-M
By =2d, — B T (g TP
k—D d k—D

and both factors in the latter equality are positive integers. We now calculate, noting
that all occurring exponents are positive integers:

P(2)=) ZPs2)

peB
damg o, dMg
o aNTh 7 a2
= (Zld"'Zld) .(Z]d...zld)
BeB
—ZH_]/SIH .. 'Eﬁ'I(Iﬂ(Zl-q—l, s Zn)
d—1

P ——2d—j

2d—
di aNJ di 4
:Z(Zld...Z1d> '(Zld"'Zl‘[)

@ Springer



11602 L. Simon

E —Zl_Hﬂm "'Z_nﬁ"qﬂ(zl+1,...,zn).
d-M
BeB: T=h=j

Now if B € Band j € {1,...,2d — 1} satisfy d - Mg/(k — D) = j, then every
term occurring in Zj5 P! - - 'Eﬂ"q,g (Zi41, - - -, Zn) has holomorphic degree Mg =
j - (k — D)/d and anti-holomorphic degree Bj+1+ -+ B, = 2d — j) - (k — D)/d.
This implies that the polynomial Q: C" — R,

2d—1

Q(U)],...,wm) = § § w_lﬁH—["'wmﬁm+IQﬁ(wls"'vwm)’
=1 dMg
J BeB: —,ﬁ[j =j

has the property that both the holomorphic and the anti-holomorphic degree of
every term appearing in Q are divisible by the integer (k — D)/d. Furthermore
Owi,...,wy) = PA,...,1,wi,...,wy), so Q is (indeed real-valued and)
plurisubharmonic. It is now easy to see that Q has all the other desired properties.

]
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