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Abstract

We construct a generalization of the Day convolution tensor product of presheaves that works
for certain double co-categories. Using this construction, we obtain an co-categorical version
of the well-known description of (one-object) operads as associative algebras in symmetric
sequences; more generally, we show that (enriched) co-operads with varying spaces of objects
can be described as associative algebras in a double co-category of symmetric collections.
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116 R. Haugseng

1 Introduction

The theory of operads is a general framework for encoding and working with algebraic
structures, first introduced in the early 70s in order to describe homotopy-coherent algebraic
operations on topological spaces [5,46]. Since then, the theory has found many applications in
diverse areas of mathematics—aside from algebraic topology, where operads in topological
spaces, simplicial sets, and spectra have numerous uses (see for example [5,7,17,46,50],
among many others), operads in vector spaces and chain complexes (also known as linear
operads and dg-operads, respectively) are by now a well-studied topic in algebra (see for
instance [28,42]), with applications in mathematical physics (cf. [45]) and algebraic geometry
(e.g. [41]), while operads in sets have become a standard tool in combinatorics (cf. [29,47]).

Classically, an operad O in a symmetric monoidal category C consists of a sequence
O(n) of objects of C, where the symmetric group %, acts on O(n) (this data is called a
symmetric sequence) together with a unital and associative composition operation. If C has
colimits indexed by groupoids and the tensor product preserves these, then this data can
be conveniently encoded using the composition product of symmetric sequences. This is a
monoidal structure on symmetric sequences, given by the formula’

o0

Xorym =[]l [] X@)®- X)) x5, xxx, Tn | O, Y(K);
k=0 \i1+--+ix=n

the unit is the symmetric sequence

b, n#1

1(n) = s
() 1, n=1

where 1 is the unit in C. As first observed by Kelly [40], an operad is then precisely an
associative algebra with respect to o: the multiplication map O o O — O is given by a family
of equivariant maps

Ok) ® 0@ @ -+ ®O0(K) = O + - -+ ix),

supplying the operadic composition maps, and similarly the unit map 1 — O corresponds
to aunit 1 — O(1).

In homotopical settings, this classical notion of operads has a number of shortcomings,
analogous to those afflicting topological or simplicial categories when we want to work with
them only up to homotopy (i.e. consider them as models for co-categories). This motivates
the introduction of a fully homotopy—coherent version of operads, known as co-operads. Just
as in the case of co-categories, there are several useful models for co-operads, including those
of Lurie [44] (which is currently by far the best-developed), Moerdijk—Weiss [48], Cisinki—
Moerdijk [14], and Barwick [3]. These authors only consider co-operads in spaces, but the
formalism has recently been extended to cover co-operads in other symmetric monoidal
oo-categories in [10].

The goal of the present paper is to provide another point of view on (enriched) co-operads,
by extending to the higher-categorical setting the description of operads as associative alge-
bras in symmetric sequences:

! Note that this is the reverse ordering of the product compared to many references; this convention corresponds
to the one that naturally appears in our co-categorical construction.
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o00-Operads via symmetric sequences 17

Theorem Let F= be the groupoid of finite sets and bijections. If V is a symmetric monoidal
oo-category compatible with colimits indexed by oco-groupoids®, then there exists a monoidal
structure on the oo-category Fun(F=, V) of symmetric sequences such that associative alge-
bras are V-enriched co-operads. Moreover, the tensor product is described by the same
formula as above.

More precisely, this gives a description of co-operads with a single object. It is often
convenient to consider the more general notion of operads with many objects (also known as
coloured operads or symmetric multicategories), and the term oo-operad typically refers to
the higher-categorical version of these generalized objects, which also have a description as
associative algebras: For a set S, let

o0
75 =] 57,
n=0
denote the groupoid with objects lists (si,...,s,) (s; € §) and with a morphism
(S1,...,82) = (s],...,5,,) given by a bijection o': {1, ..., n} = {1,...,m} in F= such

that s; = s;(i).

is a functor Iy x § — V. The category Fun(F§ x S, V) again has a composition product
o, given by a more complicated version of the formula we gave above, such that an operad
with § as its set of objects is precisely an associative algebra for this monoidal structure. Our
work also gives an co-categorical version of this many-object composition product.

More generally, we can describe operads with varying spaces of objects as associative
algebras in a double category. We will call a functor F§ x T — V an (S, T)-collection in
V. Then we can define a double category COLL(V) as follows:

Then a (symmetric) S-collection (or S-coloured symmetric sequence) in V

e Objects are sets, and vertical morphisms are maps of sets.
e Horizontal morphisms from S to T are (S, T')-collections.
e Composition of horizontal morphisms is given by a version of the composition product.

An associative algebra in COLL(V) consists of a set S together with an associative algebra in
the category of horizontal endomorphisms of S with composition as monoidal structure, i.e.
an associative algebra in S-collections with the composition product. Thus associative alge-
bras are precisely operads, and moreover morphisms of algebras in COLL(V) are precisely
functors of operads. We will produce an oo-categorical version of this structure:

Theorem For any symmetric monoidal oco-category V compatible with colimits indexed by
oo-groupoids there is a double co-category COLL(V) such that Alg(COLL(V)) is the co-
category of V-enriched co-operads.>

The double co-category COLL(V) admits the same description as its analogue for ordinary
categories, except with co-groupoids as objects.

In a sequel to this paper [35] we apply this description of co-operads to study algebras
over enriched co-operads. In addition, we hope that it can serve as a starting point for a better
understanding of bar-cobar (or Koszul) duality for co-operads. Over a field of characteristic
zero, Koszul duality for dg-operads was introduced by Ginzburg and Kapranov [28], and

2 By this we mean that the underlying oo-category V has colimits indexed by co-groupoids, and the tensor
product preserves such colimits in each variable.

3 Inthis paper we are considering co-operads as algebraic objects, i.e. we are not inverting the fully faithful and
essentially surjective morphisms or imposing a completeness condition. In the terminology of Ayala—Francis
[1], Alg(COLL(V)) is the co-category of “flagged V-oco-operads”.
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118 R. Haugseng

is by now well understood using model-categorical methods (see e.g. [21,22,27,42,52]). As
a first step towards an oo-categorical approach to Koszul duality, here we construct a bar-
cobar adjunction between oo-operads and co-cooperads. Following the approach proposed
by Francis and Gaitsgory [20], we obtain this as the bar-cobar adjunction between associative
algebras and coassociative coalgebras (constructed in great generality in [44, Sect. 5.2.2])
applied to our monoidal co-category of symmetric sequences. This seems likely to agree with
existing constructions not only in chain complexes over a field of characteristic 0, but also
in other settings such as spectra [8,9], where it is closely related to Goodwillie calculus [7],
as well as in K (n)-local spectra, where bar-cobar duality has been constructed and applied
in work of Heuts [37].

1.1 Overview of results

Let us now give a more detailed overview of the results of this paper. The starting point for
our construction is the “coordinate-free” definition of the composition product due to Dwyer
and Hess [18, Sect. A.1]. They observe that, if FI!= denotes the groupoid of morphisms of
finite sets and FI2> denotes the groupoid of composable pairs of morphisms of finite sets,
then:

e Symmetric sequences in Set are the same thing as symmetric monoidal functors FI!1> —
Set, with respect to the disjoint union in FI!= and the cartesian product of sets.

e Under this identification the composition product of X and Y corresponds (by [18,
Lemma A.4]) to the left Kan extension, along the functor FI?~ — U= given by
composition, of the restriction of X x ¥ from FI11= x FU1.= to FI2.=  In other words,

(XoY)(A— C)= colim X(A — B) x Y(B — O).

2]~
(A—>B—C)eF 7,

If C = x, then the groupoid ng\]j © of factorizations of A — x is the groupoid of maps

A — B and isomorphisms B = B’ under A. An isomorphism class of such objects
corresponds to a decomposition |A| = i + - - - + i where k = |B|, with a division of
A into subsets of size i ;. This can be rewritten to recover the previous formula (with the
division of A corresponding to the product with X, for a given partition of n = | A|).

After a slight reformulation this description is closely related to Barwick’s indexing category
Ay for co-operads, introduced in [3]. This is the category with objects sequences Sy — S; —

- — S, of morphisms of finite sets, with amap (So — --- — S;) = (Tp = - = Tp)
givenby amap ¢: [n] — [m]in A and injective morphisms S; — Ty ;) such that the squares

S —§;

| ]

Tyiy — Tp(j)

are cartesian. If (Ar)[,] denotes the fibre at [n] of the obvious projection Agp — A, then:

e Symmetric sequences in Set are the same thing as functors X : (AIF)?ﬂ — Set such that
for every object S — T the map

X(S—T)— [[X(Si — =),
ieT
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o00-Operads via symmetric sequences 119

induced by the morphisms

is an isomorphism.

e Under this identification the composition product of X and Y corresponds to the left Kan
extension, along the functor (AF)‘[);] — (AF)([JF] corresponding to dy : [1] — [2], of the
restriction of X x Y along the functor (AF)% — (AF)‘[)IP] X (AIF)‘[)IP] corresponding to
(da, dy). In other words,

XoY)(A— C)= colim X(A'— B) x Y(B — C).
(A'—B—CNe((Br)3)/(A-0)

This is equivalent to the previous description since the inclusion ]Fﬁlfc) —

(A]F)fgj J(A>C) is cofinal: given an object & in the target, which is a diagram

A——1—>C

l l

Al — B — (C/,

where the square is cartesian, the category (F&]’_fc))g / is a contractible groupoid with
the single object given by the factorization A — B x¢ C — C.

The projection Ax — A is a Grothendieck fibration, and the corresponding functor @ : A°P —
Cat is a double category, in the sense that it satisfies the Segal condition

D, = D1 X, - Xy D1

We will obtain the composition product by applying to this double category a general construc-
tion of monoidal structures on functor categories arising from certain double co-categories.
In fact, our construction will produce a canonical double co-category of which this monoidal
oo-category is a piece, with the full double co-category describing co-operads with varying
spaces of objects.

The construction of this double co-category can be seen a variation of the Day convolution
[16] structure on functor categories: If C is a small monoidal category and V is a monoidal
category compatible with colimits, then the functor category Fun(C, V) has a tensor product,
given for functors F' and G as the left Kan extension along ® : C x C — C of the composite

cxc S vevey,

This monoidal structure has the property that an associative algebra in Fun(C, V) is the same
thing as a lax monoidal functor C — V; more generally, the Day convolution has a universal
property for algebras over non-symmetric operads.

Day convolution (in the symmetric monoidal setting) was implemented in the oo-
categorical context by Glasman [30].* In this paper we extend this to a construction of
Day convolution for a class of double co-categories:

4 More recently, Lurie has also given a more general account [44, Sect. 2.2.6].
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120 R. Haugseng

Theorem 1.1 -1 Suppose M — A°P is a suitable double co-category. Then there is a double
oo-category Mg such that for any generalized non-symmetric oo-operad O we have a natural
equivalence®

Algy(Ms) 2 Sego . ,opn (S)-

The objects of Mg are functors Mo — 8 and the vertical morphisms are natural transfor-
mations of such functors. A horizontal morphism from F to G is a functor My p.¢ — 8,
where My r.c — M is the left fibration for the composite functor

(dy,1,do,1)
—r

Ml M(]XM()E)S.

This theorem summarizes the results of Sect. 3: We construct these double co-categories
in Sect. 3.2 using an unfolding construction introduced in Sect. 3.1, and prove the universal
property in Sect. 3.3. Note that the precise meaning of “suitable” we need is quite restrictive.
We also show in Sect. 3.4 that we can extract from Mg a family of monoidal co-categories
and lax monoidal functors which suffices to describe associative algebras in Mg. Moreover,
we consider enriched versions of the theorem, with more general targets than 8, in Sect. 3.5.

To obtain our double co-categories we use results on oo-categories of spans due to Barwick
[4], and Sect. 2 is devoted to a review of this work, with some slight variations, together with
a brief review of non-symmetric oo-operads and related structures.

In Sect. 4 we apply our results on Day convolution to co-operads. In Sect. 4.1 we describe
non-enriched co-operads as associative algebras in a double oco-categories of collections in
8, and in Sect. 4.2 we extend this to a description of enriched co-operads. More precisely, we
obtain an equivalence between associative algebras in a double co-category of collections
and oo-operads in the sense of Barwick [3], as generalized to enriched co-operads in [10].
In Sect. 4.3 we then apply this description of co-operads to obtain the bar-cobar adjunction
between oco-operads and co-cooperads.

As a warm-up to this description of co-operads, in Sect. 3.6 we also consider an additional
application of our Day convolution construction, by showing that enriched co-categories can
be described as associative algebras.

1.2 Related work

There are at least two other approaches to constructing the composition product on symmetric
sequences oo-categorically:

Composition product from free presentably symmetric monoidal categories

An alternative approach to defining the composition product of S-coloured symmetric
sequences in Set starts with the observation that Fun(] [;7, Sis,» Set) is the free presentably
symmetric monoidal category generated by S. If C is a presentably symmetric monoidal
category we therefore have a natural equivalence

o.¢]
Fun(S, C) ~ Fun™® (Fun(] [ S}y, . Set). ©),
n=0

5 The right-hand side is the co-category of “Segal O x pop M-spaces”, which are functors O x pop M — 8
satisfying certain Segal-type limit conditions; see Definition 2.1.18 for the precise definition.
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o00-Operads via symmetric sequences 121

where the right-hand side denotes the category of colimit-preserving symmetric monoidal
functors. Taking C to be

oo
Fun(F§, Set) = Fun (]_[ Sis, > Set) ,

n=0

we get a natural equivalence
Fun(F§ x S, Set) ~ Fun (S, Fun(Fg, Set)) ~ Fun’® (Fun(Fy, Set), Fun(Fy, Set)) .

Here the right-hand side has an obvious monoidal structure given by composition of func-
tors, and this corresponds under the equivalence to the composition product of S-coloured
symmetric sequences. This construction is described in [2, Sect. 2.3]. The one-object variant
is much better known; it is attributed to Carboni in the “Author’s Note” for [40], and it is
also found in Trimble’s preprint [51]. There is also an enriched version of this construction,
for (coloured) symmetric sequences in a presentably symmetric monoidal category. More
recently, this approach has been further developed in [19,23] where it is shown to arise from
a2-categorical construction that produces a 2-category of operads with varying sets of objects
(but with bimodules of operads as morphisms rather than functors).

In the co-categorical setting, it is not hard to see that Fun(] [72q X ZE”, 8) is again the
free presentably symmetric monoidal co-category generated by a space X. One can thus take
the same route to obtain a composition product on X-coloured symmetric sequences in the
oo-category of spaces. In the one-object case this approach (including its enriched variant)
is worked out in Brantner’s thesis [6, Sect. 4.1.2]. However, this approach has not yet been
compared to any of the established models for co-operads.

Polynomial monads

In [26] we show that co-operads with a fixed space of objects X are equivalent to analytic
monads on the slice co-category 8,x. These analytic monads can be viewed as associative
algebras under composition in an oo-category of analytic endofunctors of 8,x. The latter
can be identified with X-coloured symmetric sequences in 8, so this gives an alternative
description of co-operads as associative algebras for the composition product. Compared to
our approach here, this has a number of advantages:

e it makes it clear that an oo-operad can be recovered from its free algebra monad,
e it clarifies the relation between co-operads and trees (because free analytic monads can
be described in terms of trees).

It also seems likely that versions of polynomial monads in other oco-topoi can be used to define
operad-like structures that occur in equivariant and motivic homotopy theory. On the other
hand, polynomial monads do not seem to extend usefully to give a description of enriched
oo-operads.

2 Background on spans and Non-symmetric co-operads
In this section we first review non-symmetric oo-operads and related structures in Sect. 2.1,

and then recall some definitions and results regarding spans from [4], with some minor
variations to get the generality we need in the next section.
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122 R. Haugseng

2.1 Review of non-symmetric co-operads

For the reader’s convenience, we will briefly review some definitions and results related to
non-symmetric oo-operads that we will make frequent use of below. For more details, as well
as motivation, we refer the reader to [24,32,44].

Notation 2.1.1 A denotes the standard simplicial indexing category, i.e. the category of
ordered sets [n] = {0, 1, ..., n} and order-preserving maps. We say a map ¢: [n] — [m]
is inert if it is the inclusion of a subinterval, i.e. ¢ (i) = ¢(0) + i for all i, and active if
it preserves the end-points, i.e. ¢(0) = 0, ¢(n) = m. The active and inert maps form a
factorization system on A—every morphism factors uniquely as an active map followed by
an inert map. We write A for the subcategory of A containing only the inert maps, and
A% for the full subcategory of A" containing only the objects [0] and [1]; we also use the
notation

1. 1 i
A‘}[n] =A% X i A‘/‘ﬁ,]
for the category of inert maps to [n] from [0] and [1]

Definition2.1.2 For 0 < i < j < n we write p;; for the inclusion [j —i] = {i,i +
1,...,j} < [n]. If Cis an co-category with products, then an associative monoid in C is
a functor A: A°? — € such that for every n the map A,, — [[;_; Ay, induced by the maps
pi—1yi - [11 — [n], is an equivalence.

Definition 2.1.3 If C is an oco-category with finite limits, then a category object in C is a
functor X : A°? — C such that for every n the map

Xy — X1 Xxq 0 Xxo X1
induced by the maps p;—1); and p;;, is an equivalence.

Remark 2.1.4 A category object in the oo-category 8 of spaces is a Segal space in the sense
of Rezk [49]. The structure of a Segal space describes precisely the “algebraic™ structure
of an oco-category, i.e. a homotopy-coherent composition with identities, but to capture the
correct equivalences between oo-categories one must invert the fully faithful and essentially
surjective maps between Segal spaces, or equivalently restrict to the full subcategory of
complete Segal spaces.

Definition 2.1.5 A monoidal co-category is a cocartesian fibration C® — A°P such that the
corresponding functor A°? — Cat, is an associative monoid. Similarly, a double co-category
is a cocartesian fibration M — A°P such that the corresponding functor A°? — Caty, is a
category object.

Notation 2.1.6 We will use the following terminology to describe double co-categories M —
A°P:

an object of My is an object of the double co-category,

a morphism of My is a vertical morphism of the double co-category

an object of M is a horizontal morphism,

a morphism in M is a square,

composition of vertical morphisms is composition in the co-category My,
vertical composition of squares is composition in M
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o00-Operads via symmetric sequences 123

e composition of horizontal morphisms, as well as horizontal composition of squares, is
given by the functor

Ml XM() Ml <: Mz i) Ml.

. . . . (d1,1,do,)
Notation 2.1.7 Given objects X, Y € My, we write M (X, Y) for the fibre of M| ————
Mo x Mp at (X, Y), and call this the co-category of horizontal morphisms from X to Y.
Given its simplicial origin, it is usually less confusing to write composition of horizontal
morphisms in the non-standard order, and we denote it

—Oy —: M(X,Y) x M(Y, Z) > M(X, Z).
We will also write 1y € M(X, X) for the horizontal identity.

Definition 2.1.8 A generalized non-symmetric co-operad is a functor p: O — A°P such that

(i) O has p-cocartesian morphisms over all inert maps in A°P,
(i) for every n the functor Oy — Op1y X, * -+ X0 Or1), induced by the cocartesian
morphisms over the maps p(;—1); and p;;, is an equivalence,
(iii) forevery X € Op,), Y € Oy and ¢: [n] — [m] in A, the map

Map%(Y, X) — Mapg“(ﬁ(/?()l,!Y, X) XMappll’l’(pllvgY,X) ce

p(n—l)nd’
XMapt’(nfl)(nfl)¢(p(n7])(’FWY’X)MaPO (Pu—-1n1Y, X)

is an equivalence, where X — p;;1X is the p-cocartesian morphism over the
inert map p;; and Map%(Y, X) denotes the fibre at ¢ of the map Mapy (Y, X) —
Mapop ([m], [1]).

We refer to the cocartesian morphisms over inert morphisms in A°P as inert morphismsin O. A
morphism of generalized non-symmetric co-operads is a functor over A°P that preserves inert
morphisms; we also refer to a morphism of generalized non-symmetric co-operads O — P as
an O-algebra in P and write Alg (P) for the co-category of these. More generally, if O and P
are generalized non-symmetric co-operads over Q we write Alg g ¢ (P) for the analogous co-
category of commutative triangles of morphisms of generalized non-symmetric co-operads

O — 7P

N7

Definition 2.1.9 A non-symmetric co-operad is a generalized non-symmetric co-operad O
such that O[] = =*.

Notation 2.1.10 If O is a generalized non-symmetric oo-operad and x is an object of O, we
will often write x — x;; for the cocartesian morphism over p;; for0 <i < j <n.

Lemma 2.1.11 Suppose O is a generalized non-symmetric oo-operad. Let O, be a full sub-
category of Oy and O be a full subcategory of Oy such that for x € O] the objects xoo and
x11 are in Op. If O denotes the full subcategory of O spanned by objects x such that x;; € Oy
and x—yy; is in O} for all i, then

(1) O’ is also a generalized non-symmetric oo-operad,
(ii) the inclusion j: O <> O preserves inert morphisms,
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124 R. Haugseng

(iii) for any generalized non-symmetric co-operad P the functor
Jet Algp(0) — Algp(0)

given by composition with j is fully faithful, with image the algebras P — O such that
the restrictions P; — O; factor through O; fori=0,1.

Proof By definition, we have pullback squares

0, 0,

l |-

o] x%---x%og — 01 x@q -+ X0, 01,

so that the left vertical map is an equivalence. Condition (iii) in Definition 2.1.8 is also
immediate from O’ being a full subcategory. If x is in " and x — y is an inert morphism in
0, then by the definition of O’ the object y is also in O, so O’ inherits cocartesian morphisms
over inert morphisms from Q. This proves (i) and (ii), and (iii) is immediate from the definition
of Algp(0O’) as a full subcategory of Fun er (P, O”). O

Definition 2.1.12 If € is an oco-category with finite products and O is a generalized non-
symmetric oo-operad, then an O-monoid in € is a functor M: O — C such that for every
x € Oy, the map M (x) — ]_[;”:1 M (x(;—1);) induced by the cocartesian morphisms x —
X(i—1)i OVEr pi—1)i, is an equivalence. We write Mon (C) for the co-category of O-monoids
in C, a full subcategory of Fun(0O, C).

Definition 2.1.13 Let O be a generalized non-symmetric co-operad. An O-monoidal co-
category is a cocartesian fibration U® — O such that the corresponding functor O — Cate,
is an O-monoid; for X € Op; we often write Uy for the fibre of U® at X. Note that the
composite U® — O — AP is again a generalized non-symmetric co-operad (and a double
oo-category if O is one). We call a morphism of generalized non-symmetric co-operads over
O between O-monoidal co-categories a lax O-monoidal functor, and say thatitis O-monoidal
if it preserves all cocartesian morphisms over O.

Definition 2.1.14 If V® — O is an O-monoidal co-category, we write Vg — O°P for the
corresponding cartesian fibration. Then V°P® := (V)P — O is again an O-monoidal
oo-category; this describes the O-monoidal structure on V§ (X € Opy)) given by the same
operations as those on V.

Proposition 2.1.15 If M is a generalized non-symmetric co-operad and C is an co-category
with products, then there is a natural equivalence

Algy (€) = Mony (C).

Proof This is a special case of [11, Proposition 5.1] (which generalizes the version for
symmetric co-operads, [44, Proposition 2.4.1.7]). O

The oo-categorical analogue of Day convolution was first constructed by Glasman [30]
for symmetric monoidal oco-categories. It was generalized by Lurie [44, Sect. 2.2.6] to O-
monoidal co-categories where O is a (symmetric) co-operad and further extended by Hinich
to flat oo-operads [39]. The following is a special case of another generalization, proved in
[11]:
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o00-Operads via symmetric sequences 125

Proposition 2.1.16 Let O be a generalized non-symmetric oo-operad and U® — O an O-
monoidal oo-category. There exists an O-monoidal co-category U? — O, natural with
respect to O-monoidal functors, such that for X € O] we have (ug) x ~ Fun(U%, 8) and
with the universal property that for every generalized non-symmetric co-operad P over O
we have a natural equivalence

Alggp o (UF) = Algp, gy=(8) = Mong, , 1o (8).
Moreover; if P(U)® := ng@ then there is a fully faithful O-monoidal functor
U® — PW)?,
given over X € Q1] by the Yoneda embedding u? — T(U%).
Proof This is a special case of [11, Proposition 6.16 and Corollary 6.21]. O

Remark 2.1.17 The functor u? — O is a cocartesian fibration. Let U: O; — Caty
denote the corresponding functor. Then ug | — 041 is the cartesian fibration for the functor

Fun(U, §): O(fp — Caty, defined by composition, or equivalently the cocartesian fibration
for the induced functor given by the left adjoints, i.e. left Kan extensions along the functors
U(f) for finUD.

Definition 2.1.18 Let € be an co-category with pullbacks and O a generalized non-symmetric
oo-operad. A Segal O-object in C is a functor F: O — C such that for every object X € O
over [n] € A, the morphism

F(X) — F(Xo1) XF(x11) " XFXnyw-1y) FX@n=1)n)

is an equivalence. We write Seg (C) for the full subcategory of Fun(O, €) spanned by the
Segal O-objects.

Proposition 2.1.19 Let O be a generalized non-symmetric oo-operad. The restriction functor
Seg (8) — Fun(Oy, §)

is a cartesian fibration, and the fibre at &: Oy — 8 is equivalent to Mong(8) where
Oz — O is the left fibration for the functor O — 8 obtained as the right Kan extension of
E along the inclusion Oy — O.

Proof As [31, Theorem 7.5]. m]

Definition 2.1.20 Let O be a generalized non-symmetric oo-operad and let U® be an O-
monoidal co-category. We write

Algdy(U) — Fun(Oy, 8)

for the cartesian fibration corresponding to the functor X — Algg, o (U) and refer to its
objects as O-algebroids in U.

Example 2.1.21 A°P-algebroids in a monoidal co-category V are algebras in V for the fam-

ily A(;(p (X € §) of generalized non-symmetric oo-operads. These were called categorical
algebras in [24], where they were used to model co-categories enriched in V.
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Remark 2.1.22 Propositions 2.1.19 and 2.1.15 identify Algdg(S) with Segy (8). If U® is a
small O-monoidal co-category then the natural equivalence of Proposition 2.1.16 gives an
equivalence

Algo /0 (US) = Algys (8),
natural in E, and so an equivalence
Algd o (UD) =~ Algdye (S) = Segye (8).
Combined with the O-monoidal Yoneda embedding, we get:

Corollary 2.1.23 Let O be a generalized non-symmetric oo-operad and U® a small O-
monoidal co-category. Then there is a fully faithful functor

Algdo (U) g Seguop,® (8)

with image those Segal U°P®-spaces ® such that for every x € Oy}, p € ®(xq0), and
g € ©(x11) the presheaf

® @ O
Dy pyg: (u;?)()p = ugp = 8/®(x00) x P (x11) —5 8,

obtained by taking fibres at (p, q), is representable.

Definition 2.1.24 Let K be a collection of co-categories. Following [44, Definition 3.1.1.18]
we say that an ©-monoidal co-category V® is compatible with K -colimits if

e the oo-category Vx has K-colimits for every object X € Oy,
e for every active morphism f: X — Y in O with X € O, and Y € Oy, the functor

n

~pe A
I_IVXQ-,]),- ~Vy = Vy,
i=1

induced by the cocartesian morphisms over f, preserves K -colimits in each variable.

Lemma2.1.25 Let w: O — AP be a generalized non-symmetric oo-operad.

(1) If for every active morphism ¢: [1] — [n] in A and every X € Oy, there is a locally
1 -cocartesian morphism X — ¢ X in O, then 7 is a locally cocartesian fibration.
(i) If in addition for every active map ¢: [2] — [n] and X € O,,, the canonical map

(pdi X — di X

is an equivalence, then 1 is a cocartesian fibration.

Proof We first prove that O has locally cocartesian morphisms over any active map « : [n] —
[m]in A. Given x € O, and y € O,,, we have

. Qi
Map‘é (x, y) ~ lln’ell . Mapoj (xo,(i)a(j), y,‘j)
Pyl

where o;; is the active part of o o p; ;. By assumption we have locally cocartesian morphisms
Xa(a(j) —> Qij 1 Xa()e() Afi = j this is just the identity), so we can rewrite this as

lim o Mapg ,_, (@ij 1 Xa(i)a(j): Yij) = Mapo, (e1x, y),
Pij €y
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where ox is the object of O, ~ lim eop Oj_; corresponding to the family of objects
]

pijGA/[
Qjj 1Xq(i)a(j)- Thus we have a locally cocartesian morphism x — a)x.
. . . L .
Next, suppose ¢: [n] — [m] is an arbitrary map in A, and let [#] =z [k] — [m] be its
active-inert factorization. Then forx € O,, the composite x — ;x — ayu1x is locally cocarte-
sian over ¢, where the first map is cocartesian over ¢ and the second is locally cocartesian
over a: for y € O, we have an equivalence

Map‘ff) (x, y) = Map( (ux, y) =~ Mapg (o1ux, y),

since x — 1)x is cocartesian. This shows that O — AP is a locally cocartesian fibration.

Before we prove part (ii), we make a further observation in the general case: Suppose
a: [n] — [m] is active, ¢: [I[] — [n] is inert, x is an object of O,,, x — oax is locally
cocartesian, and a;x — yox is cocartesian. Then it follows from the decomposition above
of «; in terms of locally cocartesian morphisms over the unique active maps [1] — [r] that
x — yayx is locally cocartesian over ¢ := at.

It remains to prove (ii), for which we have to check that the assumption implies that locally
cocartesian morphisms over active maps compose, i.e. for active morphisms

(m] % ] & k]

the natural map (Ba)1 X — o181 X is an equivalence for X € Oy. Using the decomposition of
locally cocartesian morphisms above we can immediately reduce to the case where m = 1.
Now if « is surjective, we must have n = O or 1; if n = 0 then 8 = id|p), while if n = 1 then
a = id[;) — in either case the claim is trivially true. We can therefore assume that « is not
surjective, in which case we can find a factorization of « as

(1% 21 % [
where @’ (1) # a’(0), o’ (2); using this factorization we get for X € Oy acommutative square

(Bo'di ) X — dy(Ba'nX

l |

(@d B X — dio X,

Here our assumption guarantees the horizontal maps are equivalences, and we want to show
the left vertical map is an equivalence. It thus suffices to show the right vertical map is an
equivalence, for which it’s enough to prove (Ba’)1 X — o/ X is an equivalence since dj
is a functor. Our assumption on &’(1) means this decompoées as a pair of maps

[1] ={0,1} — {&/(0),...,d (1)} = {Ba'(0), ..., Ba'(1)}
and similarly with {1, 2}, where
(@ 0),...,d' (D}, {'(D),...,d(2)} < n.

This means we can reduce to our assumption by inducting on n. Combined with our previous
observations we have then shown that locally cocartesian morphisms compose in general,
since it holds for all combinations of active and inert maps. Thus 7 is a cocartesian fibration,
as required. O
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2.2 oo-Categories of spans

For compatibility with [4] we will work with co-categories as quasicategories, i.e. simplicial
sets satisfying the horn-filling condition for inner horns, in this and the next subsections.

Definition 2.2.1 Let €: A — A be the functor [n] — [n]x[n]°P. This induces a functor
€*: Setp — Seta given by composition with €; this functor is the edgewise subdivision of
simplicial sets. If C is an oo-category, we will write Tw” C := €*C and refer to this as the
twisted arrow oo-category of C.

Remark 2.2.2 By [44, Proposition 5.2.1.3] the simplicial set Tw" C is an oco-category if C is
one, and the projection Tw” € — € x C°P (induced by the inclusions [n], [n]°P — [n]*[n]°P)
is a right fibration.

Remark 2.2.3 1f C is an ordinary category, then it is easy to see that Tw” C can be identified
with the twisted arrow category of C. This has morphisms ¢ — d in C as objects, and
diagrams

c——d

LT

d — d

as morphisms from ¢ — d to ¢’ — d’, with composition induced from composition in C.
Unwinding the definition of Tw" € for € an co-category, we see that its objects and morphisms
admit the same description in terms of C.

Example 2.2.4 The twisted arrow category Tw" (A") is the poset of pairs (i, j) with0 < i <
j <nwhere i, j) < (', jHifi <i',j <.

Warning 2.2.5 There are two possible conventions for the definition of Tw” C: Instead of the
definition we have given we could instead consider [n] > [1n]°Px[n]; let us call the resulting
simplicial set ' Tw! @ — this is the definition of the twisted arrow co-category used in [4]
(there called O(C)). We clearly have Tw” € = (Tw* €)°P, which explains why op’s appear in
different places here compared to [4].

Definition 2.2.6 The functor €* has a right adjoint €,: Seta — Seta, given by right Kan
extension. Explicitly, €, X is determined by Hom(A", €, X) = Hom(Tw" (A"), X). If Cis an
oco-category, we write Span(C) for the simplicial set €,.C.

Definition 2.2.7 Let Tw" (A")( denote the full subcategory of Tw” (A") spanned by the
objects (i, j) where j —i < 1. We say a simplex A" — Span(C) is cartesian if the
corresponding functor F: Tw"(A") — C is the right Kan extension of its restriction to
Tw" (A™)g, or equivalently if for all integers 0 <i < k <[ < j < n, the square

F(@i, j) — F(k, J)

|

F(@,l) — F(k,1)

is cartesian. We write Span(C) for the simplicial subset of Span(C) containing only the
cartesian simplices.
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Remark 2.2.8 A morphismJ — Span(C) correspondsto a functor F: Tw" (J) — C.Unwind-

ing the definitions, we see that the map to Span(C) takesi € J to F (i o i) and a morphism
f:i — jtothe value of F at the span

lii;f>j
I b
z*>]7]

A functor J — Span(C) then corresponds to a functor Tw”(J) — C such that for all com-
posable morphisms f:i — j, g: j — k, the value of F at the commutative square

/

i

J

/5

\. \7 "

in Tw" (J) is a cartesian square in C.

Proposition 2.2.9 (Barwick, [4, Proposition 3.4]) If C is an co-category with pullbacks, then
Span(C) is an co-category. O

Definition 2.2.10 Following Barwick [4], we say a triple is a list (€, €F, @F) where € is
an oo-category and €8 and @F are both subcategories of € containing all the equivalences.
We will call the morphisms in 8 the backwards morphisms and the morphisms in ¥ the
Sforwards morphisms in the triple. We say a triple is adequate if for every morphism f: x — y
in @F and g: z — y in @5, there is a pullback square

w—>z
g Jg
X——Yy

where f’isin @F and g’ is in CB.

Example 2.2.11 1If C is any co-category, we have the triple (C, €, €) where all morphisms are
both forwards and backwards morphisms. We call this the maximal triple on C; it is adequate
if and only if € has pullbacks.

Remark 2.2.12 1In [4], the forwards morphisms are called ingressive and the backwards mor-
phisms are called egressive.

Definition 2.2.13 Givenatriple (C, CF', %) we define Spang £ (C) to be the simplicial subset
of Span(C) containing only those simplices that correspond to maps o : Tw" (A") — € such
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that for all i, j the map o (i, j) = o(i + 1, j) liesin CF and the mapo(i,j)—>o(@,j—1)
lies in CB. We write Spang (C) for the simplicial subset of Spang (C) containing the
cartesian simplices with this property.

Proposition 2.2.14 (Barwick, [4, Proposition 5.6]) If (C, eF,eByisan adequate triple, then
Spang (C€) is an co-category. O

2.3 Spans and fibrations

Definition 2.3.1 Given an adequate triple (B, B, B®) and an inner fibration p: & — Bsuch
that & has p-cartesian morphisms over morphisms in B2, we define a triple (€, £F, £€8) by
taking €5 to consist of cartesian morphisms over morphisms in B2 and £ to consist of all
morphisms lying over morphisms in B .

Proposition 2.3.2 In the situation of Definition 2.3.1, the triple (&, X, &8) is adequate.
Moreover, we have a pullback square of simplicial sets

SpanB’F(E) E— SpanB,F(S)

Spang (B) — Spang y(B).

This is a consequence of the following simple observation:

Lemma2.3.3 Let p: & — B be an inner fibration, and suppose we have a pullback square

a—>b’

| )

a*>b

inB. If b’ — b is a morphism in & over B and there exist p-cartesian morphisms a — b
over f anda’ — b’ over ', then the commutative square

S

f—

Q¢—— |
S———

—

(where the left vertical morphism is induced by the universal property ofa — b) is cartesian.

Proof For any x in € over x € B we have a commutative cube

Mapg (%, a') Mapg (%, b')
Mape (%, a>/ l Mapg (%, 15)/
Mapg (x, a) Mapg (x, b
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in the co-category of spaces. Here the bottom face is cartesian since @’ is a pullback, and the
front and back faces are cartesian since the morphisms @ — b and @’ — b’ are p-cartesian.
Therefore the top face is also cartesian. Since this holds for all X € & this means a’ is the
pullback a@ x; &', as required. O

Proof of Proposition 2.3.2 Adequacy follows immediately from Lemma 2.3.3. Moreover, this
lemma also shows that an n-simplex of Spany (&) lies in Spanp (&) if and only if it maps
to an n-simplex of Spany (B), giving the pullback square. O

Definition 2.3.4 For K a simplicial set, let Tw/;(K) denote the marked simplicial set
(Tw"(K), B) where B is the set of “backwards” maps, i.e. those lying in the image of
K — Tw" (K).

In the remaining part of this subsection we give a reformulation of the results of [4,
Sect. 12] that will be convenient for us.

Proposition 2.3.5 For 0 < k < n, the map Tw'y (A})°? — Tw'p (A™)P is marked anodyne
in the sense of [43, Definition 3.1.1.1].

Proof This follows from the filtration defined in [4, Sect. 12], using [4, Proposition 12.14].
0

Corollary 2.3.6 If € — B is as in Definition 2.3.1, then

(i) Spang r(&) — Spang (B) is an inner fibration.
(>i1) SpanB’F(E) — Spang ¢ (B) is an inner fibration.

Proof To prove (i) we must show that there exists a lift in every commutative square

A} — Spang (€)

=
-
-
-
-
-
-

A" — Spang p(B)

with 0 < k < n. This is equivalent to giving a lift in the corresponding commutative square

Tw A} — &
3

-
-,
-
-
-
-

Tw" A" — B.
Here the lift exists by Proposition 2.3.5, since by definition the backwards maps go to

cartesian morphisms in €. Now (ii) follows from the pullback square in Proposition 2.3.2. O

Proposition 2.3.7 Let p: & — B be as in Definition 2.3.1, and assume that in addition &
has locally p-cocartesian edges over morphisms in BY. Then:

(i) Spang (&) — Spang p(B) is a locally cocartesian fibration,
(i) Spang (€) — Spang g (B) is a locally cocartesian fibration,

A span X <L Y& Zin€is locally p-cocartesian if and only if g is a locally p-cocartesian
morphism in E.
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Proof We first prove (i). Consider a 1-simplex ¢ of Spang r(B), which corresponds to a

span b L b 5 b in B. We wish to show that the pullback ¢*Spanp (&) — Alisa
cocartesian fibration. Pick an object e of € lying over b. Then a 1-simplex of Spang (&)

with source e lying over ¢ is a span e L ¢ 5 ¢ where f is a cartesian morphism over
f and g is any morphism over g. The space of maps from e to ¢” in ¢p*Spang r(€) can
therefore be identified with the Space Map e(€',e")g of maps in € lying over g. From this
it follows immediately that if g: ¢’ — ¢” is a locally cocartesian morphism from e’ over g

then the span e <i e i> ¢ is locally cocartesian, as required. This proves (i), from which
(ii) follows by the pullback square of Proposition 2.3.2. O

Corollary 2.3.8 Let p: € — B be as in Definition 2.3.1, and assume in addition:

(1) &€ has p-cocartesian edges over morphisms in BF .
(2) Consider a pullback square

in B witha, B in BY and f', f in BE. Let b’ be an object of & over b', and suppose

= B 7. . . _ [z , fz .
b = b is a p-cocartesian morphism over B and a — b and a’ — b’ are p-cartesian
morphisms over f and f’. Then in the commutative square

induced by the universal property of f, the morphism & is again p-cocartesian.

Then Spang (&) — Spang r(B) is a cocartesian fibration.

Proof We know from Proposition 2.3.7 that Spany (&) — Spang (B) is alocally cocarte-
sian fibration. By [43, Proposition 2.4.2.8] it therefore suffices to show that the locally
cocartesian morphisms are closed under composition. Lemma 2.3.3 shows that this is indeed
the case under the given assumptions. O

3 Day convolution for double co-categories

In this section we carry out the main technical construction of this paper: We show that for a
certain class of double co-categories M, there exists a Day convolution double co-category
Mg such that for any non-symmetric co-operad O we have a natural equivalence

Algy(Ms) 2 Sege . ,op 0 (S)-

In Sect. 3.1 we introduce an “unfolding” construction that we use to define ﬁg in Sect. 3.2;
we then establish the universal property in Sect. 3.3. Next we prove in Sect. 3.4 that we may
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view associative algebras in M as algebras in a family of monoidal co-categories. We also
consider enriched variants of the Day convolution construction in Sect. 3.5, and in Sect. 3.6
we illustrate the theory by discussing the example of enriched co-categories.

3.1 An unfolding construction

Suppose we have a cocartesian fibration p: &€ — U and a cartesian fibration g: U — B.
Our goal in this subsection is to construct for every cocomplete co-category X a cocartesian
fibration £y — B with the universal property that for any functor ¢ — B there is a natural
equivalence

Map 5 (€, Ex) — Map(C x5 &, X).

Remark 3.1.1 Recall that a functor of oco-categories f is called an exponentiable, flat, or
Conduché fibration if the functor f* given by pullback along f has a right adjoint f;.
Both cartesian and cocartesian fibrations are examples of exponentiable fibrations, hence the
composite gp: € — B is an exponentiable fibration. The universal property of € is that of
(gp)+«(X x &), but it is not clear from the latter that £y will be a cocartesian fibration if X is
cocomplete.

To define Ex we first introduce an “unfolding construction” that uses p and g to construct
a functor B — Span(Cat,) that takes b € B to the fibre &} of the composite £ — B, and
takes a morphism f: b — b’ to the top row in the diagram

&y —— ey s &y

I =] I

Up Uy —— Uy,
where f*: Uy — Uy is the functor given by the cartesian morphisms over f and the left
square is a pullback; an object of f*&}, then corresponds to a pair (x € Ep, u € Uyr) such that
p(x) = f*u in Up, and the top right morphism takes (x, u) to the cocartesian pushforward
fix where f: f*u — u is the g-cartesian morphism over f.

Construction 3.1.2 Let ¢¥: UY — B°P be the cocartesian fibration dual to g: U — B (i.e.
the cocartesian fibration corresponding to the same functor as ¢). By [25, Theorem 4.5], the
free cocartesian fibration on g~ is UY X pop (B"P)Al — B°P, where the fibre product uses
g" and evaluation at 0 and the functor to B°P uses evaluation at 1. Since g" is a cocartesian
fibration, the identity induces a functor

uv X Bop (30p)A1 = uv

over B°P that preserves cocartesian morphisms. Dualizing again, we obtain a morphism of
cartesian fibrations

WY g0 (B®)A)Y - 1

that preserves cartesian morphisms. The following lemma identifies the source of this functor
with UV X Bop Tw" (BOP):

. . 1
Lemma 3.1.3 Forany functor f: € — B, the cartesian fibration (C x5 B2 )Y — BP dual
to the free cocartesian fibration on f is equivalent to

C x5 TW (B) — BP,
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Proof We can write the cocartesian fibration C x ¢ BA' 5 B as the fibre product
(6 X 3) X(%x‘B) BAI

of cocartesian fibrations over B. Since dualization of fibrations is an equivalence of oco-
categories, it preserves fibre products, hence we obtain an equivalence

(€ x5 BA)Y ~ (€ x BP) x(pxpory (BA)Y ~ € x5 (BA)Y.

By [36, Proposition A.2.4] the dual of BA B is Tw"(B) — B°P, which completes the
proof. O

Definition 3.1.4 Given a cartesian fibration U — B, we have constructed a canonical functor
WY xpgop TW (B) — U.

For € — U a cocartesian fibration, we define the unfolding Unf(€) as the fibre product
(WY xpop TW" (B)) xq &, using ¢y, and write ¢y for the induced map Unf(€) — & over
cy- The projection Unf(E) — Tw’" (B) is then a cocartesian fibration, since it decomposes
as a composite

(Uv X Bop TWr('B)) XU & — Uv X Bop TWV(B) — TWr('B),

where the first map is a pullback of the cocartesian fibration £ — U and the second is a
pullback of the cocartesian fibration WY — B°P.

Remark 3.1.5 Given a functor C — B, we have a commutative diagram

Unf(C xg &) Cxpé
\’ Unf(&) \ g
(€ x5 U)Y xgop TW (C) exzU
\)uv x gop TW' (B) \ u
Tw' (€) e
Tw' (B) \ B.

In the top cube, the back and front faces are cartesian by definition of unfolding, and the right
face is cartesian since the bottom right and right composite squares are cartesian. This implies
that the left square in the top cube is cartesian. Moreover, since dualization of fibrations is
compatible with pullbacks we have (€ x5 U)¥ >~ UY xpop C°P, and hence

(G XPB U)V X @Eop Tw" (G) ~ uv X Bop Tw" ((9) ~ (uv X Bop ™" (B)) XTw" (B) Tw" ((i’)

The bottom left face in the diagram is therefore cartesian, and so the left composite square
is a pullback. Thus unfolding is compatible with base change, in the sense that we have a
natural equivalence

Unf(@ x5 &) — TW' (€) X1y (B Unf(E).
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Lemma3.1.6 The cocartesian fibration Unf(E) — Tw'(B) corresponds to a functor
e B — Span(Caty).

Proof Given morphisms a i) b5 cin B, we have the commutative diagram of oco-
categories

g f*&a

€ @’ g"Es
/ U, Ep / \ Ee
/
Up Ue
\
/ \ b / \ b
and by Remark 2.2.8 we must show that the commutative square in the top level is cartesian.

But in the commutative cube the bottom, back left, and front right faces are cartesian, hence
so is the top face. O

€a

U

We can now define Ex using the following construction:

Definition 3.1.7 For any co-category X, let py: Fy — Caty denote the cartesian fibration
correspoding to the functor Fun(—, X): Catgp — Catyo. If X is cocomplete, then this is
also a cocartesian fibration (with cocartesian morphisms given by left Kan extensions). We
then have a locally cocartesian fibration Spang (Fx) — Span(Cat) by Proposition 2.3.7,
where F is equipped with the triple structure from Definition 2.3.1.

Definition 3.1.8 Given a cocartesian fibration € — U and a cartesian fibration U — B, we
let € for a cocomplete co-category X be defined by the pullback

Ex — Spang ¢ (Fx)

L

B L Span(Caty).
Then Ex — B is a locally cocartesian fibration.

Lemma 3.1.9 Let X be a cocomplete co-category. The locally cocartesian fibration gx —- B
is a cocartesian fibration.

Proof We must show that the locally cocartesian morphisms are closed under composition.

. fo,o8 . .
For morphisms a — b = c in B, we have the cartesian square
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as above, and we must show that the mate transformation
Fv!/G/* — G*E

of functors Fun(f*&,, X) — Fun(g*&p, X) is an equivalence. At ¢ € Fun(f*E,, X) and
x € g*&p, the mate transformation evaluates to the natural map of colimits
colim (G'y) -  colim (@)
.ye(g*f*‘cl‘a)/x(Zs Y ZE(,f*gcz)/G,r¢

arising from the functor (g* f*€,)/x — (f*€4)/Gx induced by G. It thus suffices to show
that this functor is cofinal.

By definition, (g* f*€,),x is the pullback g* f*E, xgrg, (g"Ep)/x. Since g*Ep and
g* f*E&, are pulled back along U, — U, we can rewrite this to see that there is a natu-
ral pullback square

(g*f*ga)/x — (f*ga)/Gx

! !

(uc)/m.x — (ub)/rrbe s

where 7, denotes the projection & — U,;. In this square the right vertical functor is a
cocartesian fibration, and the bottom horizontal functor is cofinal since both (Uc) /x,x and
(Up) /z,Gx have a terminal object, which is preserved by this functor. It follows by [43,
Proposition 4.1.2.15] that the top horizontal functor is also cofinal, as required. O

Remark 3.1.10 The cocartesian fibration Ex — B corresponds to a functor B — Cateo.
This takes b € B to Fun(€p, X) and a morphism f: b — b’ to the composite functor

Fun(&p, X) — Fun(f*&,, X) — Fun(&,, X)

where the first functor is given by composition with f*€;, — &, and the second by left
Kan extension along f*&, — &;. Both f*&;, and &, are cocartesian fibrations over Uy,
and the functor fi: f*E, — & preserves cocartesian morphisms. The following lemma
therefore implies that the left Kan extension along f; can be computed fibrewise, i.e. for
®: f*Ep — X and x € &y over u € Uy we have

(fin®(x) ~ colim &,

b,_f'*u)/x
where we have used the equivalence (f*&;), ~ &, r+4, and the slice
(Eb,f*u)/x = eb,f*u XS[;’,M (Eb’,u)/x

is defined using the functor &, ¢+, — &, given by cocartesian pushforward along the
cartesian morphism f: f*u — u. We obtain the following description of the functor
Fun(€p, X) — Fun(&y, X) arising from the cocartesian fibration Eoc — B:ForW¥: &, — X,
its image is the functor ;7 — X thatto x € €, assigns

_ colim W(y).
>, fiy—=>x)€(€p ) /x

Lemma 3.1.11 Consider a commutative triangle of co-categories
& —f> F

N
3,
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where p and q are cocartesian fibrations and f preserves cocartesian morphisms. Then for
x € Fp the inclusion

Epjx = Ep X7, Tpyx = Exg Fyy =1 &)y

is cofinal. In particular, if C is a cocomplete oo-category then the left Kan extension fiF
along f of any functor F: & — € can be computed fibrewise over B, i.e. for x € Fp we
have

fiF(x) >~ colim F(y).
ye€p)x

Proof By [43, Theorem 4.1.3.1] it suffices to check that for every object n = (y, f(y) i X)
in € /x, the co-category (€ /x )y, is weakly contractible. This co-category has as objects maps
y — y’ over q(¢) together with commutative triangles

S .
\ )
V

o)

where ¢’ lies over idp. It therefore has an initial object, given by the cocartesian morphism

¥y — y over q(¢) together with the canonical factorization f(y) M f(y) — x that

exists since f () is again a cocartesian morphism. O

Remark 3.1.12 We can identify sections of the cocartesian fibration Ex as follows: For any
functor ¢: € — B, we have

- € — Spang r(Fx) W (@) —— Fy
Map;(€, Ex0) = 1 |o [spm (S lwer  [ex
B & Span(Cateo) Tw" (B) — Caty

By the pullback square in Proposition 2.3.2, the only condition for a point of the right-hand

oo-groupoid to lie in the image of Map g (€, Ex) is that the functor Tw" (C) 2 F takes
morphisms in Tw” (C) of the form

f

Lo
S

1

to cartesian morphisms in Jo¢. This amounts to the natural transformation

d(f)*Epo)

N0
L
®(id,)

Ep(o)
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being an equivalence. Since F is by definition the cartesian fibration for the functor
Fun(—, X) we can use [25, Proposition 7.3] and Remark 3.1.5 to obtain an equivalence

™ () —— Fy
lTW’(@ lpx >~ Map(Tw" (C) x 1w (s) Unf(€), X) =~ Map(Unf(€C x5 &), X),

Tw" (B) — Caty

natural in C, under which Map 3 (C, €x) is identified with the functors Tw’ (C) XTw' (B)
Unf(€) — X that take morphisms

(fic—>d,ec 8¢(C), u e U¢(d), Tp(c)e = o (f)*u) — (de, e, d(f)*u, Tp(c)e o (f*u),
over the morphism in Tw” (C) above, to equivalences in X.

Notation 3.1.13 Let Wy, denote the class of morphisms in UY xgop TW" (B) (or Unf(U))
of the form

(weUp, f:a—b)— (fFu,id,),

corresponding to the cocartesian morphism # — f*u in U and the morphism

f

S — 8

Q=—=9Q

in Tw" (B); this is the union over b € B of the classes Wy,3 , of such morphisms that lie
over b. Then let W¢ /3 denote the class of morphisms in Unf(€) consisting of cocartesian
morphisms lying over the morphisms in Wy;.

Remark 3.1.14 Using this notation, Remark 3.1.12 identifies the space Map /B (€, :‘fx) of

sections with the space of functors Unf(C x 5 €) — X that take the morphisms in W e 5E/C
to equivalences in X, or equivalently the space

Map(Unf(€ x5 &)[Wey, ¢ el X)

of functors from the localization at W@XB ¢/e. Our next goal is to identify this localization
with € x 3 €E.

Proposition 3.1.15 The functor ¢ : WY xgop TW' (B) — W exhibits U as the localization at
the class Wy /5.

Proof The functor ¢y is by construction a map of cartesian fibrations over B that preserves
cartesian morphisms. On fibres over b € B, the functor

Ub: uv X Bop ('Bb/)OP — Up

takes (u € Uy, f: b — a) to f*u € Up. This has a canonical section sp, taking u € Uy
to (u, idp). Moreover, the cocartesian morphisms in U determine a natural transformation
id — speyp, given for (u, f: b — a) by the cocartesian morphism u — f*u and the
triangle
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It follows that ¢y 5, exhibits Uy, as the localization of U x gop (Bp)°P at the class Wy 3 p.
The same argument also shows that Uy is the localization at the larger class Wy, /Bb of
morphisms

w,f:b—a)— @, f:b—ad)

over

b .
N
a «——5——ad

and a*u — u’, such that the induced morphism f*u >~ f*a*u — f"u’isanequivalence in
Up. This class is compatible with cartesian pullback, in the sense that §* Wvl,t /Bb C W{L /Bl

for B: b — b, and so [38 Proposition 2 1.4] implies that ¢y exhibits U as the localization
of U x Op Tw" (B) at W. /B = U, Wy, /Bb It thus only remains to see that localizing at

Wy, /B is the same as localizing at Wy /5, which follows from applying the 2-for-3 property
of localizations using the diagram

—p —
f l
a

o

Nl

Q%W‘

'

in Tw" (B). O

Corollaryi1.16 The functor ¢y : Unf(E) — & exhibits € as the localization of Unf(€) at
the class We 3.

Proof 1t follows from [38, Proposition 2.1.4] and its proof that if X — Y is a cocartesian
fibration and 1: Y' — Y exhibits Y as the localization of Y’ at the morphisms in W, then the
canonical functor X’ — X from the pullback X’ of X along 1 exhibits X as the localization
of X’ at the cocartesian morphisms over W. O

From this the universal property of :‘fx now follows using Remark 3.1.14:

Corollary 3.1.17 For any oo-category X, there is a natural equivalence
Map, 3 (€, Ex) ~ Map(C x5 &, X),
natural in C € Catoo 5. ]

Remark 3.1.18 We remark briefly on the naturality of the construction in the cocartesian
fibration. Suppose then that we have a commutative triangle

80 —>¢ 81

S

and a cartesian fibration ¢ : U — B. We can replace the triangle by a cocartesian fibration
p: € — U x A and then apply the construction to p and g x A': U x Al - B x Alto
obtain for any cocomplete co-category X a cocartesian fibration 8x — B x Al. By naturality
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of the construction the fibres at i = 0, 1 identify with Ei,x — B and so this cocartesian
fibration corresponds to a commutative triangle

g(),x —_—> El,x
\ ) /

where the horizontal functor preserves cocartesian morphisms. On the fibre over b € B, this
is the functor Fun(&¢ 5, X) — Fun(& 5, X) given by left Kan extension along ¢ : o —
€1,5- Making the same construction with Al replaced by A” for all n it is easy to see that we
get a functor (-) from (small) cocartesian fibrations over B to (large) cocartesian fibrations
over B.

3.2 The day convolution double co-category

We now apply the construction of the previous subsection to obtain the Day convolution for
a double co-category. First we need some notation:

Definition 3.2.1 Let X" denote the partially ordered set of pairs of integers (i, j), 0 < i <
j < n,with (i, j) < (', j))ifi < i’ < j' < j. This determines a functor ¥*: A — Cat
by taking ¢ : [n] — [m] to the functor ¥" — Y™ that sends (i, j) to (¢ (i), ¢(j)); we write
b3 - A°P for the cartesian fibration corresponding to this functor. We can also define a functor
IT: ¥ — A°P by sending ([n], (i, j)) to [j — i], with a map ([n], (i, j)) — ([m], (i, j")),
which corresponds to a map ¢: [m] — [n] in A such that (i, j) < (¢(@’), #(j’)) in X,
to the map [j* — i’] — [j — i] obtained by restricting ¢ to a map {i’,i’ +1,..., j'} —
{i,i+1,...,j}

int,op

Remark 3.2.2 We can identify " with Tw" (A") and with A Jin] -
Definition 3.2.3 Let M — A°P be a double co-category. Then the base change
):M::Mxﬂnpg)f—)f

along the functor IT is a cocartesian fibration. Applying the unfolding construction of the
previous subsection to this together with the cartesian fibration ¥ — A°P, we get a new
cocartesian fibration Unf(XM) — Tw’ (A°P), corresponding to a functor Usy: AP —
Span(Caty ), from which we obtain another cocartesian fibration

MY = TMyx — AP,

where X is any cocomplete co-category.

Remark 3.2.4 The cocartesian fibration J/V\E; — A°P corresponds to a functor A’ — Caty
that takes [n] to Fun(M x 4er 2", X) and a morphism ¢ : [m] — [n] in A to

Fun(M x por 2", X) — Fun(¢*(M x por 2), X) — Fun(M x por 2™, X)
where ¢* (M X por 3) is equivalently the pullback M x or ¥ along the composite ¥ LA
Y — AP, the first functor is given by composition with the induced functor M x pop " —

@* (M x por X™), and the second by left Kan extension along ¢* (M X por &™) — M x pop 2.
Since both ¢* (M x pop X™) and M x pop ¥™ are cocartesian fibrations over ¥, and the functor
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preserves cocartesian morphisms, Lemma 3.1.11 implies that this left Kan extension is given
at (x € Mj_;, (i, j) € ¥™) by the colimit over
Mo (p-/x = M- Xn; i Mji/x,

where the functor My (jy—¢@) — M,_; arises from the cocartesian morphisms over the
restriction of ¢ to an (active) morphism [j —i] = {i,i + 1,...,j} — {¢@), o) +
I,...,0()} = [@(j) — ¢(i)]. Note in particular that this is the identity if ¢ is an inert
morphism.

Remark 3.2.5 Continuing from Remark 3.2.4, let us spell out the description a little further
in the case of d; : [1] — [2]: A functor F : M x pop X assigns to every x € M a span

F(dy)x) < F(x) — F(dp,x)

in X, while a functor G : M x pop 25X assigns to (x, y) € My >~ M x ¢, My adiagram

Gx. )
Gx) — Gy
T ™~

G (dp,1x) G(dy,1x) =~ G(do,1y) G(dy,y).

\/

In the first step, this is taken to the functor d; (M x pop Xz) — X that to (x, y) assigns the
span

G(do,x) < G(x,y) = G(d1,y),
which then in the second step is taken to the functor M x yop ! — X thatto x € M| assigns

G(d(),!x) <~ colim G(x/, y/) — G(dl.gx),
(x',y")eMy,

X

where the colimit is over the fibre product My, := Mz x5, My, defined usingd; : My —
M.

Remark 3.2.6 Note that if ¢: [m] — [n] is an inert morphism in A, then ¢* (M X pop ") —
M x pop ™ is an equivalence, and so the functor

Fun(M x por X", X) — Fun(M x o0 2™, X)
is simply given by restriction.
We now define a subobject of JV[;E that, in good cases, will be a double co-category:

Definition 3.2.7 Let A" be the full subcategory of ¥" on the objects (i, j) such that j —i < 1.
We define AM, to be the pullback

M, — M,
i !
N — 3",

and write J/\\/[x for the full subcategory of j\\/[;% spanned by the functors ¥M,, — X that are
right Kan extensions of their restrictions to AM,,, for all n.
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Lemma3.2.8 A functor F: ¥ M, — X is a right Kan extension of its restriction to N\M,, if
and only if for every object ((i, j) € ¥", x;j € M;_;) and every integer k, i < k < j, the
commutative square

F(xij) — F(xir)

! l

F(xpj) — F(xkk)
is cartesian, where x;j — x;1jr denotes the cocartesian morphism over (i, j) —> @, j.

Proof For £ = ((i,j) € Y¥",x;j € M;_;), let AM’ &/ denote the full subcategory of
Mgy == MM, xynt, M, ¢ spanned by the cocartesian morphisms. Then AM, & =

A’gl Y= A~ and the inclusion AM, ne < AM, ¢, is coinitial. It follows that F is a right

Kan extension of its restriction to /\M if and only if F(x;;) is the limit over F(x;/ /) with
@, jhe N, j,- Depicting the category NG, ) as

(@, 0) G+1,i+1) (G—Lj-D U
we see that the condition is that the map
F(xij) = F(Xiit1) XF(xginien) = XFGgong-n) F&G-1j)

must be an equivalence. Inducting on j — i and using that limits commute, we see that this
condition holds for all (i, j) if and only if the given commutative squares are all cartesian. O

Definition 3.2.9 Let M be a double co-category and X a cocomplete co-category with pull-
backs. Fix an active morphism ¢: [m] — [n] in A, an object xgp,, € M,,, and an integer
0 < k < m. Suppose given functors

Foe: Mo /xo = X,

Fip: MO/XM( — X,

Fim s Mn—p k) /xim = X,
where xo,; — x;j is the cocartesian morphism over {i, ..., j} < [m] and M(ﬁ(j)*(b(i)/xij is
defined using the restriction of ¢ to an active morphism

U-id=li+1L....j0 = {6@. 00+ 1.....6()} = [6() — ()],

together with natural transformations For — Firln 000 Fin — Frelom,,_ Y Then
m

define Fo,, : Myx,,, — X as the fibre product Foi X g, Fim using these natural transfor-
mations and the equivalence M /xy, =~ Mo k) /xoe X Moy, Mn—¢k)/x - We then have an
equivalence

colim Fp,, >~ colim Fox X Fy Frm-
Mo/xom Mo o X Moy, M=) 5t

This induces a canonical distributivity morphism

colim Flo, — | colim For | x/ .. colim Fy, | .

My Moo o (cotimrcy, Fic) Mo—4®)51m
We say M is X-admissible if this morphism is always an equivalence, i.e. if colimits over
these slices of M distribute over pullbacks.
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Remark 3.2.10 Given a functor F: ¥M,, — X that is right Kan extended from AM,,, the
condition of X-admissibility implies an equivalence

colim F|n¢ —>< colim  Flyg,,, ) < colim  Flyg, .. )
M”/X(Jm /X0 M¢(k)/¥0k ¢ ®)/xok (COlimMO/xkk F‘MO/ka) M”*‘P(k)/"'km "= ® xkm

Example 3.2.11 If My is an oo-groupoid (in which case we may view M as an (oo, 2)-
category, in the sense of a (not necessarily complete) 2-fold Segal space), then (Mo) /x,, =
%, s0 M is X-admissible provided pullbacks in X preserve colimits, i.e. colimits in X are
universal. In particular, M is X-admissible for any co-topos X.

Proposition 3.2.12 Suppose M is an X-admissible double co-category. Then 5\7[3(: is a double
00o-category.

Proof Using the description of Mx in Lemma 3.2.8 we see that the condition of X-
admissibility is precisely set up so that for F € Mx n and¢ [m] — [n]in A, the cocartesian
morphism F — ¢ F in M+ lies in Mx . Hence My — AP is a cocartesian fibration. It

remains to check that J\/[x is a double co-category, i.e. that the functor

Mo = Mx 1 XNixo " XMoo M 1

is an equivalence. From the definition of J/\\/[x it is immediate that we may identify JT/[x,” with
Fun(AM,,, X), where AM,, is equivalent to the pullback M x por A". Under this equivalence
our functor is given by composition with

AN Upovy - -+ Uaovgg AMy — AM,.

Since M — AP is a cocartesian fibration, pullback along it preserves colimits, hence this
functor is equivalent to

M X pop (I\] o --- o /\1) — M xpo0 A",
which is an equivalence by [33, Proposition 5.13]. O

In the case where X is 8, we can give a more explicit description of the oo category
Mg(F G) of horizontal morphisms from F to G, i.e. the fibre of Mg | — MS o at (F, G):

Notation 3.2.13 Given F, G: My — § with corresponding left fibrations &, § — My, let
M1, r,g = M be the left fibration defined by the pullback

Mirg — I x§

l |

M| —— My x M.

This left fibration corresponds to the functor

%2 FxG

M- M2 G,

Lemma 3.2.14 The co-category ¥ M is equivalent to the pushout (V| X XI)LIJ\/[IHM1 MoI
Mp).
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Proof By definition Y M is the pullback X' x sor M. The category X! can be written as a
pushout A! LTjpy A!, and since pullbacks along cocartesian fibrations preserve colimits we
get a decomposition TM =~ (Al x 4o0 M) Ly, (Al x 400 M). By [25, Lemma 3.8] (which
summarizes results of [43, Sect. 3.2.2]) for any cocartesian fibration & — Al there is a
pushout € ~ £y x A! e, 1y €1. Applying this we get an equivalence

M 2 (Mg x A Ly, iy Mo) Linvg, x oy OV x A L, g1y Mo),
which we can rewrite as the desired expression. O

Proposition 3.2.15 Given F, G: My — 8, the oco-category JV[S(F, G) is equivalent to the
Sfunctor co-category Fun(My F g, 8).

Proof By Lemma 3.2.14 we have a pullback square

Fun(XM;, 8) — Fun(M; x X1, 8)

l l

Fun(My, 8)*2 —— Fun(My, 8)*2.

Now since ¥! ~ {0, 1}7, for any oo-category C we can identify the fibre of
Fun(X!, @) — @2

at x, y with €, , := €y, for the diagram p: {0, 1} — C picking out x and y, and if
C has products then €/, , >~ €/, by the universal property of the limit. We therefore
have an equivalence between the fibre of Fun(0M; x ', 8) — Fun(M, 8)*2 at («, B) and
Fun(M}, 8) /a4 xg- Now [25, Proposition 9.7] describes this as Fun(&, 8) where & — M is
the left fibration for the functor o x 8. Together with the pullback square above, this identifies
the fibre of Fun(IM;, 8) — Fun(My, 8)*% at F, G with Fun(M r.g, 8), as required. O

Remark 3.2.16 Let us reformulate the description of the horizontal composition from
Remark 3.2.5 in terms of our description of horizontal morphisms: Suppose & is a hori-
zontal morphism from F to G and W is a horizontal morphism from G to H, so that we may
view @ as a functor M| r ¢ — 8 and W as a functor M g, g — 8, then their composite is
the functor M; . g — 8 given by

(x, p € F(x00),q € H(x11)) — colim colim colim colim ®(yor, p, r)
yeMyyx p'€F(yo0)p g’ €H (y22)q reH (y11)

xW(y12,7.4"),

where y;; and x;; denote the cocartesian pushforwards of y and x along the inert inclusion
of [j —ilas{i,i +1,...,j}.
Note that if the oo-category My is an co-groupoid, the formula above simplifies to

(x, p € F(x00),q € H(x11)) — colim colim ®(yo1, p,r) X ¥V(y12,7, q).
yeMyyy reH (y11)

Remark 3.2.17 More generally, we can write the composition of n horizontal morphisms
®;: MiF_ . F — 8, i=1,...,n,
as the functor M g, r, — & given by

(x, p € Fo(x00),q € Fu(x11)) > colim colim @1 (yor, to, 1) X - - -
YEMn/x (0, tn)EF(y)p,q

Xq)n(y(nfl)nv h—1, tn),
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where F(y)p.q := F(yo0)p X F(y11) X -+ X F(Yu-1)(n—1)) X FYun)g-

Remark 3.2.18 Let M® , denote the full subcategory of Mx spanned by functors F : ¥ M,, —
X such that for all maps [O] — [n] in A the composite ¥ My — ¥ M,, — X is constant at the
terminal object of X. For such F we have an equivalence

colim F|y¢ ~ colim Fly x Fly
n/x ¢ (k)/x n—=¢ k) /xpp °
n/X0m o Mohy/xgr Mo/, Min=0®) /x4 o o

giving a canonical morphism

colim F|y¢ — | colim Fln,, X colim  Flnt, 4, .
n/x0m on Mo xor prox M= 60/ xtm o

Mx . 1s a monoidal oo-category under the weaker hypothesis that this morphism is an
equlvalence. This holds, in particular, if X has finite products that commute with colimits in
each variable, and the functors

Mo /xom = M¢(k)/x0k X Mn—¢(k)/ka

are cofinal.

Remark 3.2.19 From Remark 3.1.18 we see that any morphism of double co-categories
[,L N—->M (1 e. a functor over A°P that preserves cocartesian morphisms) induces a functor

N+ — M+ (given by taking left Kan extensions). However, even if both N and M are X-
admlss1ble thls does not necessarily restrict to a functor Nx — Mx Using Lemma 3.1.11
we see that this happens precisely when for every x € My ~ M; xy, M; the natural
distributivity morphism

colim Fo1 X Fy, Fi2 — colim Fyi Xcolimyy ot colim Fip
N X N N 0/ N
1/xo1 X Nojxyy M /x12 1/x01 1/x12

is an equivalence for all functors F: Ny — Sin Jfo This happens, for instance, if No/x,, is a
contractible co-groupoid and colimits in X are universal, or if X is § and all co-categories of
the form No/x,, and Ny x,, admit cofinal functors from oo-groupoids (since colimits indexed
by spaces distribute over limits by [12, Corollary 7.17]).

3.3 The universal property

Suppose M is an X-admissible double co-category and O is a generalized non-symmetric
oo-operad. Our goal in this subsection is to show that there is a natural equivalence

Algo(Ma) 2 Sege . op 1 (X)-

Remark 3.3.1 We already know from Corollary 3.1.17 that j\\/['j'z — AP has the universal
property that there is a natural equivalence

Map ) jop @d, Mx) =~ Map(J x o0 M, X).

Our first goal is to reduce the right-hand side to functors from J x yor M by a further local-
ization.

Remark 3.3.2 For M := A°P, the universal property we want was proved as [34, Corol-
lary 3.11], and our proof will build on the constructions made there.
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Notation 3.3.3 We recall some notation from [34]:

e The functor TT: & — A has a section W: A% —s 52\, taking [n] to ([n], (0, n));
there is also a natural transformation n: ids — WII given at ([n], (i, j)) by the map
([n], G, j) — ([j —i], (0, j — 1)) lying over the inert map p;;: [j — i] — [n]. Note
that ITn =~ idp. R

e We also have pW = idyop, where p is the Cartesian fibration ¥ — A°P, and a natural
transformation € : W p — ids given at ([n], (i, j)) by the natural maps ([n], (0, n)) —
(Inl, @, j))-

e We let I denote the set of cartesian morphisms in 3 that lie over inert morphisms in A°P.

The functor IT exhibits A% as the localization of T at by [34, Proposition 3.8]. We can
extend this as follows:

Proposition 3.3.4 The projection Ty : M — M exhibits M as the localization of ¥ M at
the set I of cocartesian morphisms that lie over 1.

Proof Let W be the class of morphisms in ¥ that are mapped to isomorphisms (i.e. identities)
by IT and let Wy be the class of morphisms in ¥ M that are mapped to equivalences by ITjy;
then Wy is precisely the class of cocartesian morphisms over W.

The section W pulls back to a section Wy : M — ¥M, and since Ty =~ idpy the trans-
formation n pulls back to a natural transformation 7y : idyag — WacIIn. Then nyy is
componentwise given by cocartesian morphisms in ¥ M that lie over morphisms in W, and
so this data becomes an equivalence of co-categories after localizing at W. In particular, Ty
exhibits M as the localization of Y M at Wy,. It thus only remains to see that the localization
at Iy is the same as the localization at Wy,. Since the morphisms involved are cocartesian,
this follows from the same 2-of-3 argument as in the proof of [34, Proposition 3.8]. O

Proposition 3.3.5 Suppose f:J — A°P is any functor such that J has f-cocartesian mor-
phisms over inert maps in A°P. Then there is a functor T1: I x yop XYM — I x pop M lying over
I1, which exhibits J x yoo M as the localization at the set 15 3 of morphisms whose image in
AP is inert, whose image in J is cocartesian, and whose image in Y. is cartesian (and whose
image in M is therefore an equivalence).

Proof As the proof of [34, Proposition 3.9], using the lifts defined in the proof of the previous
proposition. O

Corollary 3.3.6 Suppose f: I — AP is any functor such thatJ has f -cocartesian morphisms
over inert maps in A°P. Then there is an equivalence

Map!fjon (3, M) = Map(J x por M, X),

natural in J, where Mapi/rz(,p {d, M;) denotes the subspace of Map /0P {d, M;) consisting of
functors that preserve the cocartesian morphisms over inert maps in A°P.

Proof Using Proposition 3.3.5 we may identify Map(J x o0 M, X) with the subspace of
Map(J x por TM, X) =~ Map ;pop (J, M'&) consisting of functors that take morphisms in /5 ¢
to equivalences. Unwinding the definitions, we see that (as a cocartesian morphism in J/\\/[J{C
over an inert morphism does not involve a left Kan extension) these precisely correspond to
the functors that preserve cocartesian morphisms over inert morphisms in A°P. O
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Replacing J by J x A® this induces an equivalence
Funi/fzop {d, J)V\E}) >~ Fun(J x por M, X).
Restricting further to functors with value in Mo, we get:

Corollary 3.3.7 Suppose O is a generalized non-symmetric co-operad. Then there is an equiv-
alence

Fun'ffop (O, My) =~ Sego x ot (X)s

natural in O. O

3.4 Day convolution monoidal structures

Our goal in this subsection is to show that ﬁx induces a family of monoidal co-categories,
and in some cases (including for associative algebras) algebras in M+ are algebras in these
monoidal oo-categories. This will follow from a general observation about framed double co-
categories, which we will consider after some simple observations about algebras in double
oo-categories:

Definition 3.4.1 For any oco-category C, let A%p — A°P be the terminal double co-category
with € as its fibre at [0]. This is defined as the cocartesian fibration for the functor A’ — Caty,
obtained as the right Kan extension along {[0]} <> A°P of the functor {[0]} — Caty, with
value C. Thus (A‘ép Yo~ €D with cocartesian morphisms over face maps given by
projections and those over degeneracies given by diagonals. Note that there is in particular a
canonical functor € x AP — A%p, given fibrewise by the diagonal C — @*+1),

Definition 3.4.2 Given a double co-category M, define M® as the pullback

M —— M

| |

op op
Mo x AP — AMO'

This is a pullback of cocartesian fibrations over AP along functors that preserve cocartesian
morphisms, hence M® — A is again a cocartesian fibration.

Proposition 3.4.3 Suppose O is a generalized non-symmetric co-operad such that the inclu-

sion Og — O induces an equivalence O = O[I~ ] where I is the class of inert morphisms
in O. Let M be a double co-category. Then

Algy (M®) — Algy (M)
is an equivalence.

Proof The double oo-category M® is defined by a pullback square of generalized non-
symmetric oco-operads, so we have a pullback square

Algy(M®) ——— Algy (M)

l l

Algy (Mo x AP) — Algo(A‘;&o).
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It therefore suffices to show that Algy (Mo x AP) — AlgO(A(j\f’to) is an equivalence if O
satisfies the assumptions.

By definition Algo(A(ﬁO) is equivalent to Fun(Qg, Mp), while we may identify
Algy (Mp x A°P) with the oo-category of functors O — Mj that take inert morphisms
to equivalences. We therefore have an equivalence if Og — O[/~!] is an equivalence. O

Corollary 3.4.4 Let M be a double oo-category and O a non-symmetric 0o-operad such that
the co-category O is weakly contractible. Then

Alg o (M®) — Algy (M)
is an equivalence.

Proof We mustshow that O[1 ~!]is contractible, where [ is the class of inert morphisms. Since
O is weakly contractible, it suffices to check that inverting the inert morphisms in O amounts
to inverting all morphisms. To see this we first observe that for any map ¢: [n] — [m]in A,
we have a commutative triangle

[0]
(] ——2 5 [m]

where the maps from [0] are inert. Given a morphism X — Y in O we therefore have a
commutative triangle

X —Y

N7
0,

where () denotes the unique object of Q¢ and the diagonal morphisms are cocartesian mor-
phisms over the (inert) morphisms from [0] in the first triangle. ]

Since AP is weakly contractible, as a special case we have:
Corollary 3.4.5 Let M be a double oo-category. Then
Algyop (M®) — Algyop (M)
is an equivalence. O

Definition 3.4.6 A double co-category M is framed if the functor (dy 1, do,): M| — M{fz
is a cartesian fibration.

Remark 3.4.7 By [26, Proposition A.4.4], (dy 1, dp,) is a cartesian fibration if and only if it
is a cocartesian fibration, and this is also equivalent to the existence of “companions and
conjoints” in (the homotopy double category of) M.

Proposition 3.4.8 Suppose M is a framed double co-category. Then M® — My is a carte-

sian fibration, and corresponds to a functor from My to monoidal co-categories and lax
monoidal functors.
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Proof We apply the dual of [36, Lemma A.1.10] to M® — Mgy x A°P to conclude that
M® — My is a cartesian fibration. We know that M® — AP is a cocartesian fibration, so
it remain to check that for [n] € A°P the functor Mff — My is a cartesian fibration. This
functor lives in a pullback square

M M,

| |

MO s Mg(n+l)'

Here the right vertical map is equivalent to the iterated fibre product
2 2
Ml XM ** XMy M1—>(M6< )XMQ"'XMO (ME)( )7

and so is a cartesian fibration since M is framed. It follows that MS? — M is a cartesian
fibration, and hence we can conclude that M® — My is a cartesian fibration and that cartesian
morphisms lie over equivalences in A°P.

The fibre M? — A% at X € My is a monoidal co-category, so it remains to check that
the functor f*: M%’ — M% corresponding to the cartesian morphisms over f: X — Y in
M is lax monoidal, i.e. preserves those cocartesian morphisms that lie over inert morphisms
in A°P.

Since the cartesian morphisms lie over identities in AP, it is equivalent to check that
for every inert morphism ¢: [m] — [n], the functor M@ — M2, given by cocartesian
pushforward along ¢, preserves cartesian morphisms over M. To see this it suffices to
consider the outer face maps [n — 1] — [n] (as any inert morphism is a composite of these).
In this case we have a commutative diagram

M® M, My
M?_ 1 J{ Mn —1 J MO
Mo Mpt! M3

A

Mo

NN

Here all the vertical morphisms are cartesian fibrations, and in the left-hand cube the front
and back faces are cartesian. It therefore suffices to show that M,, — M,,_ takes cartesian
morphisms over Mg“ to cartesian morphisms over M.

In the right-hand cube the top and bottom faces are cartesian, i.e. M,, — MSH is a fibre
product of cartesian fibrations, and both morphisms to My preserve cartesian morphisms
(since all morphisms are cartesian for the identity functor). A morphism in M, is hence
cartesian if and only if its images in both M,,_; and M are cartesian, and in particular the
functor to M, preserves cartesian morphisms, as required. O

Mp.

Remark 3.4.9 The underlying oo-category of the monoidal oco-category M? is the oo-
category M(X, X) of horizontal endomorphisms of X, and the monoidal structure is given
by horizontal composition. Since M is framed, a vertical morphism f: X — Y gives rise
to two horizontal morphisms, say f~ := (f,idy)*1y from X to Y and f° := (idy, f)*1y
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from Y to X, and f* is left adjoint to f~. The underlying functor of the lax monoidal functor
M? — M? is the functor M(Y, Y) — M(X, X) givenby ® - f* Oy ® Oy [, where we
use Oy for horizontal composition over Y as in Notation 2.1.7. The lax monoidal structure
comes from the unit transformation (note the non-standard order of composition)

fFor®0y ffOox fFOr Yoy ff—> fFOoy @0y ¥ oy -

Corollary 3.4.10 Suppose M is a framed double co-category and O is a non-symmetric 0o-
operad such that the co-category O is weakly contractible. Then the restriction functor

Alg (M) — Fun(Og, Mp) = Mo

is a cartesian fibration, corresponding to the functor Mgp — Caty, taking X € My to
Algo (M$).

Proof Observe that we have a commutative diagram

Fun 00 (O, M®) ——— Fun(O, M®)

l l

Fun(O, My) —— Fun(O, My x A°P)

| !

* ——% Fun(0, A°P),

where the bottom and outer squares are clearly cartesian. Hence the top square is also carte-
sian, and here [43, Proposition 3.1.2.1] implies that all but the top left vertex are cartesian
fibrations over Fun(OQ, My) and the morphisms to Fun(O, My x A°P) preserve cartesian
morphisms. Hence Fun, o (O, M®) — Fun(O, Mp) is a cartesian fibration.

Since O is weakly contractible, the inclusion My — Fun(O, M) of the constant functors
is a full subcategory. Let Fun’/ 200 (0, M®) — My denote the pullback of Fun e (O, M®)
along this inclusion; then Fun/,,o, (0, M®) is a full subcategory of Fun,,er (O, M®) that
contains Alge (M®). The projection Fun; 200 (0, M®) — My is a cartesian fibration, so
to show that Algq(M®) — My is a cartesian fibration it suffices to check that for every
cartesian morphism in Fun’ 200 (0, M®) whose target is an O-algebra, its source is also an O-
algebra; this follows from 1éroposition 3.4.8, which shows that cartesian morphisms preserve
cocartesian morphisms over inert maps in A°P. Since Alg, (-) preserves pullbacks, the fibre
at X € My can be identified with Algo(.’N[g), and from the description of the cartesian
morphisms in [43, Proposition 3.1.2.1] it follows that for f: ¥ — X in M the functor
Algy (M%) — Algg (M) is given by composition with the lax monoidal functor M§ —
M? arising from the cartesian morphisms over f in M®. O

Lemma 3.4.11 If M is an X-admissible double co-category where X is cocomplete, then 3/\7[95
is framed.

Proof It suffices to show that the source-and-target projection JV[X 1= JV[;CZO isacocartesian
fibration. This is the functor

i*: Fun(IM;, X) — Fun(Mo, X)*?

given by composition with the inclusion i : Mo LI Mo — M x 00 X', To see that this is a
cocartesian fibration we use the criterion of [32, Corollary 4.52].
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First observe that i* has a left adjoint i\, given by left Kan extension along i. Note that for
X € My € XM the oo-category (Mo LI My),x is empty, and so for F: Mo I My — X
we have i) F(X) >~ @. Given G: YM; — X and ¢: i*G — F consider the pushout square

i}i*G — 0 F

l l

G —— G

Since pushouts in Fun(XM;, X) are computed pointwise, we see that F — i*ijF — i*G'is
an equivalence, which is what we need in order to apply [32, Corollary 4.52] to conclude that
i* is a cocartesian fibration (with G — G’ being the cocartesian morphism over i*G — F).

]

Remark 3.4.12 Suppose M is an 8-admissible double co-category. Given natural transforma-
tions ¢: F — F',y: G — G’ of functors My — S and ®: M| g — 8, the description
of the cocartesian pushforward of @ along (¢, ) above amounts to this being given by the
left Kan extension along the induced functor My r ¢ — M, p/ ¢, i.e.

(@, yn®(x,p'.q") ~ colim @(x, p,q).
b4 PEF (x00) ,.q€G (x11) b4

It follows that the cartesian pullback of W: M; g gr — 8 is given by composition with this
functor.

Applying Corollary 3.4.10 to ﬁx, we now get:

Corollary 3.4.13 Let O be a non-symmetric oo-operad such that the co-category O is weakly
contractible and M an X-admissible double oco-category where X is cocomplete. Then

Algy (Mo) — Fun(Mo, 8)
is a cartesian fibration, corresponding to the functor
X € Fun(My, 8) > Algey(Mx (X, X))
arising from the family of monoidal co-categories JT/[?E X O

Remark 3.4.14 Suppose M is 8-admissible and O is as above. Then we can use the equiva-
lence

Algy (My) = Segp i (8)

and the description of the cartesian fibration from Proposition 2.1.19 to conclude that there
is fibrewise a natural equivalence

Algy (Mg (X, X)) 2 Mong .oty (8) = Algg o iy (S)-
3.5 Enriched day convolution
In this subsection we generalize our construction slightly by showing that if M is a double

oo-category and V® is an M-monoidal co-category then in good cases there exists a double
oo-category My such that we have a natural equivalence

AlgoMy) = Algdg, (V).
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More generally, an object 5\7[\7 with this property will exist as a generalized non-symmetric
oo-operad that is not a double co-category. If V® is given by Day convolution, we can obtain

My from the following observation:

Proposition 3.5.1 Suppose M is an X-admissible double oo-category where pullbacks in X
preserve colimits, and U® — M is a small M-monoidal oo-category. Then U® is also an
X-admissible double co-category.

Proof Given an active morphism¢: [m] — [n]inAand anobjectuq, € ug over xo, € M,
the functor US?/ wom M, /xq,, 18 a cocartesian fibration, whose fibre at yo, and ¢ : yo, — Xom
over ¢ we can identify with the slice (U;% You) /o> defined using the cocartesian morphisms

over q_b For 0 < k < m we can decompose this as a product

® ~ ® ®
(un,y()n)/u()m - (u([)(k),yoq)(k))/“()k X (un7¢(k),y¢(k)n)/uk”l.
Given functors

. ®
Foe: Ug iy juge = s

L ® ~
Fir : uo/ukk >~ Mo/ = X,

. [
Fion: W ) gy, =

together with natural transformations For — Firly® s From = Frelye , we have
o (k) [ugg n—¢ k) /ugy,

equivalences

c%lim For Xy Fim >~ colim colim  Fox X g, Fim

n/ugm yOnEMn/xOm ai?i«"()n )/"()m

~ colim colim For | X Fy colim Fim

®
Yon €M /xq,, (u¢<k)vYO¢(k) ) Juok (un—(p(k),y¢(k)n )tk

~ colim colim Fox

) . ®
Y0060 Moty /x0 (Ugiey o000k

colim colim Fim

X .
(COhmMO/xkk Fkk) Yo km EMu—g®)/xp (u?*¢<’<)-."¢<k)n )it

colim Fyp |,

®
u® Fkk) un—¢(k)/ukm

~ | colim Fpr | x
(co]im
0/ukk

®
W)y
where the second equivalence uses that fibre products in X preserve colimits in each variable
and the third equivalence uses the X-admissibility of M. O

Corollary 3.5.2 Let M be an S-admissible double oo-category and_let U® be a small

M-monoidal oco-category. Then there exists a double oco-category U? such that for any
generalized non-symmetric co-operad O we have a natural equivalence

Algo(UF) = Segoy op100 (8) == Algdig oy 71 (O X gor UF).
Moreover, any M-monoidal functor U® — V® induces a morphism of double co-categories

® ®
ug — vg.
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Proof The only part that is not an immediate consequence of Proposition 3.5.1 and our results
in the previous subsections is the claim about M-monoidal functors, which follows using the
criterion of Remark 3.2.19, where we can compute the colimits by decomposing them as in
the proof of Proposition 3.5.1. O

Remark 3.5.3 Let us describe the double co-category u? a bit more explicitly. The objects

of u? are functors ug?’ ~ Moy — 8, and the vertical morphisms are transformations of such
functors. If £, G: Mo — 3 are two objects, then by Proposition 3.2.15 the co-category
U (F, G) of horizontal morphisms can be identified with Fun(Uf ; ;. 8); here U,  ~
u‘? xnt, M1, F,g where u‘? — M is a cocartesian fibration. Using Remark 2.1.17 and [25,
Proposition 7.3] we can identify this co-category with Fun ¢, (M1, F,G, U?l). Translating
the formula for composition of horizontal morphisms from Remark 3.2.16 in these terms,
the composite of ®: M; r.g — U?I and W: My g g — ugl is the functor from M; r g
given by

(x, p € F(xp0),q € H(x11))

[ colim colim  colim colim ay(®(yo1, p’,r), ¥(y12,7,q")),
(o y=>x)eMo/x p'€F (yoo)p ¢’ €H (y22)g r€H (y11)

. ® ®
where a; : Us’l’ym X Us’l’ylz

(given by a left Kan extension along the corresponding operation for U®).

~ ® ® . .
~ us,z,y — Ug, , is the cocartesian pushforward along

Remark 3.5.4 For an M-monoidal oo-category of the form M x pop C®, where C® — AP
is a monoidal co-category, the description above simplifies considerably: We can identify
(M x por €®)g with the pullback M x pop (‘3?, so that horizontal morphisms reduce to functors
Mi,r.¢ — Fun(C, 8). The composition of ®: M r ¢ — Fun(C, 8) and V: M, g. g —
Fun(C, 8) is then given by the formula

(x, p € F(x00),q € H(x11)) — colim colim colim colim ®(yor, p’, r)
yeMayyx p'€F(yo0)p g’ €H (y22)g r€H (y11)

Q¥ (yi2,7.4"),

where ® denotes the Day convolution.

More generally, we can obtain JV{V by passing to a larger universe:

Definition 3.5.5 Let S denote the (very large) co-category of large spaces. If V® is a locally
small (but potentially large) M-monoidal co-category, let My denote the full subcategory

of V%p ® spanned by the objects whose

e inert restrictions to the fibre at 0 are functors My — S that factor through the full
subcategory 8,
e inert restrictions to the fibre at 1 correspond to functors of the form

op, ®
Mi,r.c = Vg’l
that factor through the full subcategory V‘? (via the Yoneda embedding V® — V%p@).

Proposition 3.5.6 Let M be an 8-admissible double oo-category and V® a locally small
M-monoidal co-category.

(1) My is a generalized non-symmetric co-operad.
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(ii) For any generalized non-symmetric co-operad O we have a natural equivalence
AlgyMy) = Algdg 7 (O X po0 VE).

(iii) An M-monoidal functor ue - V® induces a natural morphism of generalized non-
symmetric 00~ operads Mu — Mv
@iv) Mv 1 — MV o = Fun(Mp, 8 8)*2 is a cartesian fibration, and the inclusion Mv 1 —

/_\

op,®
Vg preserves cartesian morphisms.

Proof Part (i) follows from Lemma 2.1.11, which also identifies Algo(ﬁ[v) with the full

—

subcategory of O-algebras in V%p@ whose restrictions to Qg and O factor through 8§ C B

and V® C (VOp ®)1 . Under the equivalence between Algq (vgp ’®) and Klgio % pop M (O x pop
op ®
S

usmé S) this full subcategory corresponds to that of O x pop M-algebroids (O x por M) x —

such that X is a functor Og x My — § and the functor (O x o0 M)x 1 — VOp ®

) from Corollary 3.5.2 (where the latter denotes the co-category of O-algebroids defined

factors through V®; since the Yoneda embedding is a fully faithful O x op M- m0n01dal
functor, this full subcategory is precisely Algd, o, (O X pop V®), which gives (ii). From
Corollary 3.5.2 we also know that an M-monoidal functor induces a morphism of double
oo-categories u‘g’ - VOP Y8, ; this evidently takes the full subcategory Mu into Mv, which

/_\

proves (iii). We know that Vg is a framed double co-category, so that VOP ® (VOP ®) x2

is a cartesian and cocartesian fibration. From the description of the carte51an morphlsms in
Remark 3.4.12 it follows that these restrict to My, which proves (iv). O

Proposition 3.5.7 Let M be an S-admissible double co-category.

(i) Suppose that V® is a locally small M-monoidal co-category such that:

(1) Forevery x € M the oo-category 'V, has colimits indexed by oo-groupoids and by
the oo-categories M,y for y € M,

(2) These colimits are preserved by the functors fi: V, — Vs induced by the cocartesian
morphisms over f: x — x"in M.

Then My — A% isa locally cocartesian fibration.
(ii) Suppose V& and U® are locally small M-monoidal oo-categories satisfying conditions
(1) and (2) in (i), and U® — V® is an M-monoidal functor such that:

(3) For all x the functor Uy — 'V, preserves colimits indexed by co-groupoids and by
the oo-categories M, /y.

Then the induced morphism JT/[u — JV[V of generalized non-symmetric co-operads from
Proposition 3.5.6(iii) preserves locally cocartesian morphisms.

Proof We already know from Proposition 3.5.6 that JV[V is a generalized non-symmetric
oo-operad, so to prove (i) it suffices by Lemma 2.1.25 to show there are locally cocartesian
morphisms over the active morphisms to [1] Let «,,: [1] — [n] denote the unique active
morphism to [#] in A. Given an object of Mv, which we can identify with (X1, ..., X,) with

@ Springer



o00-Operads via symmetric sequences 155

X; in Jv[v(Fi_l, F;) for F;: My — 8, as well as Y in JT{V(G, H), we have

Mapa” (X1,..., X0, Y) > Map ((Xl,...,Xn),Y)
Ve

>~ Map— (X1 OF, - OF,_, X, Y)

8.1
Since V?® is a framed double oo-category, if we take the fibre of the right-hand side over
maps g: Fop - G, h: F, —> G, we get

Map 55 (X1 OF; -+ OF,_y Xn. Y) (g
S 1

~ MapFun(Ml,Fo,F,,,Vogp'?)(X] OF - OF,_, Xu, (g, NY).

Using [25, Proposition 5.1] and the notation of Remark 3.2.17, we can expand this out as the
limit over (x, p, q) = (x', p’, q¢") € TW" (M, F,,F,) of

Map.,op.® < colim colim o (X1(vo1, to, 1),
VS \a: yoxe€Musx (10, tn) €F () pg

. Xn(y(nfl)nv In—1, tn))s (g7 h) Y()C/, p/7 q/))

x~ lim lim Mapye (o1 (X1(yo1, to, 1),
a: yr €M, (0t EF g A

o Xn(y(n—l)n» In—1,t)), (&, h)*Y(x’, P/» q/))

~ Mapye < colim colim a1 (X1 (o1, to, 1),
Vi a: y—=>x€Mpy/x (10, tn)EF(Y)p g

. Xn(y(nfl)nv Ih—1, tn))a (g7 h)*Y(x/, P/7 q/)) ’
under our assumptions. Let o, 1(X1, ..., X,,) denote the functor My g, r, — \7?9 given by

(x,p,q) —~  colim colim ar(X1(yo1, 10,115 - -+ » XnY—1)n> ta—1, tn)),
a: y=>x€Myx (0, tn)EF (V) p g
then we see using Proposition 3.5.6(iv) that the mapping space we started with is equivalent
to MapM (ap1(Xq,...,Xp),Y), sothat (Xy,..., X,) = a,1(X1,..., X,) is indeed a
locally cocartesmn morphlsm over o, as required. Moreover part (ii) also follows immedi-
ately from this description of the locally cocartesian morphisms. O

For an arbitrary S-admissible double co-category M it seems extremely awkward to for-
mulate a condition on V such that My is a double co-category. We therefore content ourselves
with the following observation:

Proposition 3.5.8 Let M be a double co-category such that My is an 0o-groupoid.

(i) If V® is an M-monoidal oo-category that is compatible with colimits indexed by oo-
groupoids and by the oo-categories M, /. for x € My, then My is a framed double
00-category.

(i) IfU® — V® isan M-monoidal functor between M-monoidal oo-categories with colimits
as in (i) such that each functor Uy, — V, preserves these collmlts then the natural
morphism of generalized non-symmetric co-operads Mu — JV[V preserves cocartesian
morphisms.
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Proof We know from Proposition 3.5.7(i) that JT/[V — A°P in (i) is a locally cocartesian
fibration. If we can show this is actually a cocartesian fibration, then (ii) also follows since
Proposition 3.5.7(ii) implies the functor preserves locally cocartesian morphisms.

By Lemma 2.1.25 to show we have a cocartesian fibration it suffices to check that for
every active map ¢ : [2] — [n] and for & € My , the canonical map

1@ = (pd1 )& — dy P

is an equivalence.
For @ over Fy, ..., F,: Mo — §, the object o, 1P is given at (x, p, q) by

colim colim Y(®1(Yot1, 10,11, -+ o, Lo Y—1yn> ta=1, tn))s
nyEM,,/X (10, In))EF(y)p,q

while if ¢;; denotes the active part of ¢ o p;;, we have

dy g ®(x, p,g) =~ colim colim  &1(¢o1,1Pog (1) (201, P, 1), P12, Py 1)n (212, 1, q)),
teFpay(z11)
z—=>xeMo/x

where (setting £ := ¢ (1))

¢o1,1Poe(zo1, ps 1)

>~  colim colim  81(Py(uo1, to, t1), ..., Pelue—1ye, te—1, te)),

8 (tg,...,tg)EFoe (1)
M_>ZOIEM(/ZO|

612,/ Pen(z12, 1, q)

~ _ colim COliHI; €(Ppp1 ey, tes ter1)s - o s PuV—1yns tn—1, t))-
U—)leeMn,(/le (te,..., tn)EFe, (u)

Since V® is compatible with these colimits, we can pass these colimits past ¢; in the expression
for dy 1P (x, p, q), obtaining an expression for this object as an iterated colimit of terms
of the form

(81 ( @1 (uor, 0, t1), - .., Pe(ue—1ye, te—1, te)), €(Poy1(Weces1), te, tes1),
s @ (V—1)ns ta—1, ta)))-
Note that we can rewrite this as
(& 0 (8, €))(P1(uot1, 10, 1) - - - » Pr(Wn—Dyn» tu—1, tn))
since V® is cocartesian. Thus we can rewrite the expression for di g ®@(x, p,q) as

colim colim colim (€ o (6, €)1(P1(uo1, to, t1),
CE€Mayx (8,€)€Meyzg) X Mu—t/215 (10, 10) € Foe () X Fy 2) Fen (V)

, Py (U(n—])n, th—1,tn))
On the other hand, we can evaluate the colimit over M,/ in the expression for a, | ® by first

taking a left Kan extension along the functor ¢: M,,;x — Mp,, given by the cocartesian
morphisms over ¢. For a functor f out of M,/, this gives

colim f =~ colim colim f,
y—>xeM,/x z=>x€Mo/x (Mayx)/z

where (My/x);z =2 Mz = Mey/zo X Moyzy, Myu—¢(1)/z1,» Which is equivalent to
Me1y/z01 X Mpu—¢(1)/z1, since My is an oo-groupoid. Rewriting our expression for o, &
using this, we get exactly our last formula for dj ¢y P, as required. O
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Remark 3.5.9 We can describe the double co-category JV[V as follows:

e its objects are functors My — 8, and its vertical morphisms are natural transformations
of these,

e its horizontal morphisms from F to G are functors My r ¢ — V? over M,

e the composite of horizontal morphisms ®: M; r ¢ — V‘? and V: My g.p — V? is
the functor My r g — V? given by

(xeMy, peF(x0),q € F(x11)) — colim  colim a\(®(yo1, p, 1), ¥(y12, 1, q)).
a: y>xeMayx teH (y11)

3.6 Example: enriched oo-categories as associative algebras

In this subsection we illustrate our results on Day convolution by considering a simple exam-
ple of our construction: we will give a description of enriched co-categories as associative
algebras in a family of monoidal co-categories. An alternative construction of these monoidal
oo-categories is given in [39], where this perspective on enriched co-categories is developed
extensively.

Remark 3.6.1 Our construction will extend the following description of ordinary enriched
categories: If S is a set and V is a monoidal category where the tensor product preserves
coproducts in each variable, then there is a monoidal structure on Fun(S x §, V) given by

(FRG),b=]]Fi,HeGy,hb,
jes
with unit 1 the functor
1, i=j
@, i#]j.
This is sometimes known as the “matrix multiplication” tensor product, since the formula is
a “categorified” version of that for multiplication of matrices. An associative algebra A in

the category Fun(S x S, V) with this tensor product is the same thing as a V-category with
set of objects S:

1G, j) =

e The multiplication map A ® A — A supplies composition maps A(i, j) @ A(j, k) —
A, k).
e The unit map 1 — A supplies identity maps 1 — A(i, i).

Let us consider first the result of applying Day convolution to the simplest double co-
category, namely A°P. This is trivially X-admissible for an/yooo—category X with pullbacks,
and so by Proposition 3.2.12 there is a double co-category Agg which by Corollary 3.3.7 has
the universal property that for any generalized non-symmetric oco-operad O there is a natural
equivalence

Algy (BY) ~ Segg (X).

By construction, the fibre @ggn is the co-category of functors ¥" — X that are right Kan
extended from A". We thus see that:

e objects of @gg are objects of X,
e vertical morphisms (morphisms in zgé)o) are morphisms in X,
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e horizontal morphisms (objects in @gg ) are spans in X, i.e. diagrams of shape
o< 0 — o,
. . ~op .
e squares (morphisms in Ay ;) are diagrams of shape

e<— o0 —> @

Lol

e <— o — o,

e composition of horizontal morphisms is given by taking pullbacks.
Indeed, the double co-category @gg , is precisely the double co-category SPANT (X) of spans
constructed in [33], and its universal property is that established in [34]. In particular, we
have an equivalence

Algyor (By) = Segon (X),

identifying associative algebras in the double co-category E;g with category objects in X.
Specializing to the co-category § of spaces, this says that associative algebras in Eép are
equivalent to Segal spaces, which describe the algebraic structure of co-categories.

By Corollary 3.4.13, the restriction Alg,op ('Egp) — 8 is a cartesian fibration, with fibre at
a space X given by Alg,op (EEP(X, X)). Here Eép(X, X) isequivalent to §,xx x ~ Fun(X x
X, 8). The monoidal structure is given by pullback of spans, which in terms of functors to §
admits the following description:

Proposition 3.6.2 Forany space X there is a monoidal structure on the co-category Fun(X x
X, 8) such that

(i) the tensor product of F and G is given by
(F®G)(x,x) ~ COli}I{'ﬂ F(x,y) x G(y, x').
ye

(ii) the unit 1 is given by

2, xZEy
1(x,y) >~ Mapy(x,y) >~
(x, y) px(x,¥) QX. x~y,

where Mapy (x, y) is the mapping space in the oco-groupoid X, i.e. the space of paths
fromxtoyinX.
(iii) we have Algop (Fun(X x X, 8)) =~ Seg(8)x.

In other words, co-categories with space of objects X are associative algebras in Fun(X x
X, 8) with this monoidal structure.

Now we want to consider the analogue of this result for enriched oco-categories. Proposi-
tions 3.5.6 and 3.5.8 specialize to give the following:

Proposition 3.6.3 Let C® — A°P be a monoidal co-category compatible with colimits

indexed by co-groupoids. Then there is a framed double co-category A%p such that for any
generalized non-symmetric oo-operad O there is an equivalence

Algy (BF) =~ Algdy (O x por €2).

A monoidal functor C® — D® induces a natural morphism of generalized non-symmetric

oo-operads A%p — A%’, and this preserves cocartesian morphisms if the monoidal functor
preserves colimits indexed by co-groupoids.
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In particular, we get an equivalence
Algpop () = Algd o (C),

where as in Example 2.1.21 the right-hand side is the model of enriched oco-categories con-
sidered in [24]. Specializing Remark 3.5.9 gives the following description of the double
oo-category A%p:
e its objects are spaces, and its vertical morphisms are morphisms of spaces,
e a horizontal morphism from X to Y is a functor X x ¥ — C,
e the composite of the horizontal morphisms ®: X x ¥ — Cand V: Y x Z — Cis the
functor X x Z — C given by

(x, 2) > colim ®(x, y) ® ¥(y, 2).
yeY

From Corollary 3.4.10 we know that the restriction Alg,op (@ ) — § is a cartesian
fibration, with fibre at a space X given by Alg/Aop((A‘ép)(X , X)) ~ AlgA}p(G). Here the
oo-category (A(ép)(X, X) is equivalent to Fun(X x X, €), giving:

Corollary 3.6.4 Let C be a monoidal oo-category compatible with colimits indexed by co-
groupoids. Then there is a monoidal structure on the co-category Fun(X x X, C) such that
(i) the tensor product of F and G is given by
(FQG)(p,q) x COéi)I(n F(p,x) ® G(x, q),
X

(ii) the unit 1 is given by

2, P #q
1(p,q) =~ Mapy(p,q) ® 1 =~
P.q px (P, q Q,X®1, p~aq.

where 1 is the unit of C,
(iii) we have Algyop (Fun(X x X, C)) ~ Algﬁ(;(p (©).

4 The composition product and oc-operads

In this section we apply our results on Day convolutions to describe co-operads as associa-
tive algebras in double oco-categories. We first consider ordinary co-operads (in spaces) in
Sect. 4.1, and then enriched co-operads in Sect. 4.2. We also briefly observe, in Sect. 4.3, that
a version of the bar-cobar adjunction between co-operads and co-cooperads follows from
this description of co-operads.

4.1 oo-operads as associative algebras

In this subsection we will see that co-operads are given by associative algebras in a double
oo-category of symmetric collections (or coloured symmetric sequences) in 8. For this we
use Barwick’s model of co-operads from [3]; this is known to be equivalent to other models
of co-operads thanks to the results of [3,13—15]. Before we recall Barwick’s definition we
first introduce some notation:
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Definition 4.1.1 Write F for a skeleton of the category of finite sets, with objects k :=
{1,...,k},k=0,1,.... Let A be the category with objects pairs ([n], f: [n] — ) with
a morphism ([n], f) — ([m], g) given by a morphism ¢: [n] — [m] in A and a natural
transformation n: f — g o ¢ such that

(1) the map n;: f(i) — g(¢(i)) is injective foralli =0, ..., m,
(ii) the commutative square

£() — g(¢(i))

ROE=TICI0)
J

is a pullback square forall0 <i < j < m.

Notation 4.1.2 For I = ([n], f) in Ap, we write I|;; := ([j —i], fl,i+1,....j)) for0 <i <
Jj <mn,and I|; := ([0], f(i)). Moreover, for x € f(n) we write I, := ([n], fy) where f is
obtained by taking fibres at x.

Definition 4.1.3 A presheaf F: Ay — § is a Segal operad if it satisfies the following three
“Segal conditions”:

(1) for every object I = ([n], f) of A, the natural map
F(I) = F(loy) Xrap - XFdl-y) FUlan=1)n)

is an equivalence,
(2) for every object I = ([1], k — 1), the natural map

F(h— [ Fa
xel

is an equivalence,
(3) for every object I = ([0], k), the natural map

F(h) - [[Fo
xek
is an equivalence.

opd
oY

We write Seg op (8) for the full subcategory of P(Ar) spanned by the Segal operads.

Remark 4.1.4 In the presence of condition (1), conditions (2) and (3) can be replaced by the
following more general version:

For every object I = ([n], f) of Ay, the natural map
F()— ] Fa
xef(n)

is an equivalence.

Segal presheaves on Ay describe the algebraic structure of co-operads: If we write ¢ :=
(01, 1) and ¢, := ([1], n — 1), then the Segal conditions describe how F'(I) decomposes
as a limit of F(e) and F(c,). We can think of an object of Ar as a forest with levels; then
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e correponds to a plain edge and ¢, to a corolla with n leaves, while the Segal condition
corresponds to the decomposition of a forest into its edges and corollas. If F' is viewed as
an oo-operad, the value F (e) is the space of objects of F, while F(c,) is the space of n-ary
morphisms.

The following is the starting point for our construction of the composition product on
symmetric sequences:

Proposition 4.1.5 The projection A%p — AP is an X-admissible double co-category for any
cocomplete co-category X with pullbacks where colimits are universal.

For the proof we need some notation and a lemma:

Definition 4.1.6 Suppose ¢: [n] — [m] is an active map in A and A = (a9 — --- — a,)
is an object of (Ap)[,]. An object of the slice (Ar)m),4/, defined using ¢, is an object
(bg — -+ — by) of (A)[,) together with injective maps a; — by ;) such that the squares

a —— a4

|

by i) — by i+1)

are cartesian. Let (AIF)i[;?], A/ denote the full subcategory of (Ap)(,),4/ containing those
objects where the map a, — by ) is an isomorphism.

Lemma4.1.7 Let ¢: [n] — [m] be an active morphism in A, and let A = (ag — --- — a,)
be an object of (Ap)[n). For 0 <i < j <nlet A;j := (a; — a;11 — --- — a;).

(i) The inclusion (A[[T)i[;(;J,A/ < (AF)[m),A/ IS coinitial.
>ii) For ev?ry k, 0 < k < n, the functor (AF)ES],A/ — (AF)if;(k)J-AOk/ X (Aﬂr)‘[%’_wk)J’Ak”/ is
an equivalence.

Proof By [43, Theorem 4.1.3.1] for part (i) it suffices to check that for all B € (Ap)[m),4; the
category ((Ay)i[:‘;’L A /) /B is weakly contractible. Observe that the projection (Ap)[n) — Fip;
given by evaluation at [m] is a cartesian fibration, where [Fiy; denotes the subcategory of
F containing only the injective maps. The category ((Ay)i[f;’L 4,)/B therefore has a terminal
object, given by the cartesian morphism B’ — B over the map A, — Bg ), which implies
that it is weakly contractible. (Indeed this is the unique object of ((AF)i[ffl’]’ A /) /B> Which is
actually a contractible co-groupoid.) Part (ii) is immediate from the definition. O

Proof of Proposition 4.1.5 The functor A — A is a cartesian fibration, and the corresponding
functor A°’ — Cat, takes [r] to the category (Ap)[,) where

e an object is a sequence ag — - - - — a, of morphisms in F,
e a morphism is a commutative diagram

a — ay — - —> A1 —
J g

17l Ll

bp — by — -+ —> b1 —> b,

where the squares are cartesian and the maps a; — b; are injective.
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This clearly satisfies the Segal condition, i.e. (Ap)[n] = (AF)[1] X (ap)0; * * * X (2p)o) (BF)(1]- 1t
follows that A%p — AP is a cocartesian fibration corresponding to the functor A°? — Cat

taking [n] to (AF)FE] and so is also a double co-category.
Suppose ¢: [n] — [m]is an active map in A. If A = (ag — --- — a,) and A’ = (ag —
- — a;)and A” = (a — --- — a,) then we must show that the natural map

colim F — colim F Xcolim () oo F colim F
((AJF)[m].A/)Op ((A]F)W(k)J_A//)OP T/[01.ay / ((AF)[”7¢(k)J.A///)Op

is an equivalence for any appropriate functor F.
We have a commutative square

cohm((A]F)ilf;,J.A/)op F— cohm((m)i[;?(k)m//)op

|- I~

colimag).ap F colim (ag) gy F X colim (agy gy o, o0 F colim (ag);,_y 4y, 4 F»

X colim o F colim((/AF)iso Jop F

(@P[0],a,/ [n—¢®)1, A" /

where the vertical maps are equivalences by Lemma4.1.7(i). To see that the bottom horizontal
map is an equivalence it hence suffices to show the top horizontal map is an equivalence.
Here (A]F)[O lac/ is contractible, since it only contains the identity map of aj, while the

functor (AF)‘SO LA~ (A]F) b1, A7 % (AF)i[Z"_(p(k)]’A/,/ is an equivalence by Lemma 4.1.7(ii).
Thus the top horlzontal functor is

colim F(X) xFqop,a,) F(Y)
X ) 4 JPXBR )P

— colim F(X) X Fqoy,a) colim F(Y),

XSy YR, 1 )™

which is an equivalence since colimits in X are universal. O

Notation 4.1.8 Given a morphism f: a — b of finite sets, we write Fact( f) for the groupoid
((BF)[3) ap,)P of factorizations of f.

Applying Proposition 3.2.12 and Corollary 3.3.7 we get:

Corollary 4.1.9 There is a double co-category Z&%I’)S with the universal property that for any
generalized non-symmetric co-operad O there is a natural equivalence

0]
Algg (Bys) = Sego 0120 (S).
In particular, Alg,op (ZA\;I.’S) ~ Segmﬁp (8).

Here Seg 2P (8) is the co-category of presheaves on Ay that satisfy condition (1) in Defi-

nition 4.1.3. The double oco-category 7&%’ g can be described as follows:

e Objects are functors IFmJ ~ A](;-p o] 8,

e Vertical morphisms are natural transformations of such functors.
e A horizontal morphism @ from F to G: IF‘mJ — § assigns to ([1],a — b) a span
F(a) < ®(a — b) —> G(b).

e Squares are natural transformations of such diagrams.
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e If ® is a horizontal morphism from F to G and W is a horizontal morphism from G to

H then their composite assigns to ([1], a i> b) the space over F'(a) and H (b) given by

colim ®(a— x) xgx) V(X — b).
a—x—beFact(f)
Definition 4.1.10 Let COLL(S) denote the full subcategory of 7&%,)8 spanned by the functors
(ZAg")n — 8 such that their inert restrictions to (ZAp ) = IE‘?HI; take coproducts of finite
sets to products, and their inert restrictions to (XA%p )1 moreover satisfy condition (2) in
Definition 4.1.3 when restricted to (Ag ){1)-

Lemma 4.1.11 COLL(S) is a sub-double oo-category of?&%[”s.

Proof Tt follows from Lemma 2.1.11 that COLL(S) is a generalized non-symmetric oco-
operad, so it only remains to check that the cocartesian morphisms restrict to COLL(S).
To see this it suffices to check that the horizontal morphisms in COLL(8) are closed under
composition. If ® is a horizontal morphism from F to G and W is one from G to H, and
both lie in COLL(S8), then we have

(®Og ¥)(a—b) ~ colimeD(a — X) Xgx) V(X —b)
a—>X—>

~ colim d(a; — X;
o (1_1[, (ai J)

(a; —>x;—1)€[ ], Fact(a;

X(TMien Gx)) (1_[ W(x; — 1))

ieb

~ colim d(a; — X;) Xgx) V(x; = 1
@—>xi—>1el L1y Fact(aiel)iel_[b @ i) XGe) W )

~ 1_[ colim P(a; — x;) Xgx) V(X — 1)
t ta;j—x;—1€eFact(a;—1)
ieb

~[]@ o w)@ — 1,
ieb

i.e. ® O¢g Y also lies in COLL(S), as required. ]

The double oo-category COLL(8) can be described as follows:

e Its objects can be identified with spaces (since functors F?rf; — § in COLL(8)¢ are
determined by their value at 1).

e Its vertical morphisms are maps of spaces.

e A horizontal morphism ® from X to Y is determined by assigning to ([1],m — 1) a
span

X" «— d(n) — Y,

where ®(n) has a X, -action compatible with permuting the factors of X*".

e A square is a natural transformation of such diagrams.

e If @ is a horizontal morphism from X to Y and W is one from Y to Z, then their composite
assigns to ([1], n — 1) the space over X" x Z given by

colim ®(n — m) Xyxm V(m),
n—m—1

where ®(n — m) >~ [[72, ®(n;).

@ Springer



164 R. Haugseng

Restricting Corollary 4.1.9 to COLL(S), we get:
Corollary 4.1.12 There is an equivalence Alg,op (COLL(S)) =~ SegZ‘;ﬂ(S). O
iy

In other words, oco-operads can be described as associative algebras in the double
oo-category COLL(8). Moreover, applying Corollary 3.4.13 we see that the restriction
Alg,op (COLL(S)) — 8 is a cartesian fibration. If we write

Collx (8) := COLL(8)(X, X)

for the oo-category of X-collections in 8, the fibre at X € 8 is given by Alg,ep (Collx (8)).
To describe the monoidal structure on Colly (8) we first need to introduce some notation:

Notation 4.1.13 Let F= denote the maximal subgroupoid of IF, and write j : F~ — (A]%p)[ 1
for the fully faithful functor takingnton — 1. Given X € §, we write (A?Fp)[o], x — (A%p)[o]
for the left fibration corresponding to the unique product-preserving functor (A%p)[o] ~
IF?KE — § that takes 1 to X. Moreover, for X,Y € 8 let (A]%p)[l], x,y denote the pullback
(A%p)[l] X Py ((A?Fp)[o],x X (A%p)[o]yy). If we define Fy := [[,;_, X;;n to be the free
commutative monoid on the co-groupoid X, then we have a pullback

~ JX.
}F} xY i> (A%p)[l],)(,y

| !

F* —L s P

Lemma4.1.14 For any X € §, the oo-category COLL(8)(X, Y) of horizontal morphisms
from X to 'Y is equivalent to the full subcategory of Fun((A]%P )1L.x.v, S) spanned by functors
that are right Kan extensions along jxy, so that

COLL(8)(X,Y) ~ Fun(F3 x Y, 8).

Proof By Proposition 3.2.15 we may identify Z;{’S(F, G) with Fun((Ag))11, 7,6 8) for
any functors F, G: (A;p)[o] — 8. For the objects that lie in COLL(S) these are functors

(A%p)[ 11.x,y — S, and under this identification it is easy to see that the functors that lie in
COLL(8)(X, Y) are precisely those that are right Kan extended from Fy x Y. O

Remark 4.1.15 1In particular, we may identify the co-category Coll,(8) of horizontal endo-
morphisms of the point with the co-category Fun(F~, 8) of symmetric sequences in 8. More
generally, the oo-category Collx (8) is equivalent to Fun(Fy x X, §), the oo-category of
X-collections, or X-coloured symmetric sequences, in 8.

Notation 4.1.16 Forafunctor F : F§ xY — @, wewilldenoteits valueat ((xy, ..., x,), y) €
Xy5, x Y by F(" ™).
Corollary 4.1.17 The oo-category Fun(Fy x X, 8) has a monoidal structure such that
(i) the tensor product of F and G is given by
. tken;
(FoG) <x1 x") ~ colim F(xk 1) X G<y1 ym),
d n—m—1 - Vi Z
(y)eX™ iem

where the colimit is over ((AEX)i[SZ(]’,(n—A,(xl-),z)/)op’
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(ii) the unit 1x is given by

L <x1,.‘.,xn> %, n*l,
X ~
y Mapy(x1,y), n=1,

(i) we have Algyop (Fun(F% x X, 8)) = SegZES(S) X
T
Remark 4.1.18 In particular, the oco-category Fun(F~, 8) of symmetric sequences has a
monoidal structure with tensor product given by
(F 0 G)(n) = colim [] Fmi) x Gm).
(

n—m— 1)eFact(n—1) :
iem

This formula is easily seen to agree with the usual formula for the composition product of
symmetric sequences by expanding out Fact(n — 1) as a coproduct of its components, cf.
[18, Lemma A.4].

Remark 4.1.19 In [3], Barwick defines ®-oco-operads for operator categories ® as Segal
presheaves on categories Ag, of which Ay is a special case. The proof of Corollary 4.1.17
works for any operator category, giving a monoidal structure on the co-category Fun(®%, 8)
of “X-coloured ®-symmetric sequences” where associative algebras are ®-oco-operads with
X as their space of objects. In particular, replacing F with the category O of ordered finite
sets we obtain the analogous results for non-symmetric co-operads.

4.2 Enriched oco-operads as associative algebras

In this subsection we extend the results of the previous subsection to co-operads enriched in
a symmetric monoidal co-category. The starting point is the following analogue of Proposi-
tion 3.5.8 for A%p -monoidal co-categories:

Proposition 4.2.1 Let U® be a A%p—monoidal oo-category that is compatible with colimits
indexed by oo-groupoids. Then ZA\]%?H is a framed double co-category. If U® — V@ is
a A;p-monoidal functor between such A?Fp-monoidal oo-categories such that each functor
Ux — Vx for X € (&f)q1y preserves colimits indexed by oo-groupoids, then the natural
morphism of generalized non-symmetric co-operads E%f’u — ZAZE}"V preserves cocartesian
morphisms.

Proof Follows as in the proof of Proposition 3.5.8, using Lemma 4.1.7 to restrict to colimits
indexed by oco-groupoids. O

We now recall some definitions from [10]; we refer the reader there for motivation for
these definitions.

Definition 4.2.2 Let V: A%p — [, be the functor of [10, Definition 2.2.11], taking
([n], a0 — -+ — a,)to (L[}, ai)+,and amorphism ([n], a9 — - - — a,) — ([m], by —

- = by) over ¢: [n] — [m] in A°P to the map ([ [/, a)+ — (]_[']’.:l b;)+ given on
the component a; by the map a; — (I_[;f:] b;); taking x € a; to an object y € b; if
¢(j—1) <i < ¢(j) and the map a; — ay(;) takes x to the image of y under the map
b; — ay(;), and to the base point * otherwise. The functor V assigns to a forest its set of
vertices with an added basepoint. Note that V' assigns every morphism in A;p that lies over
an identity morphism in A°P to an inert morphism in F,.
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Definition 4.2.3 If V® — T, is a symmetric monoidal co-category, and Vg — T’ is the
corresponding cartesian fibration, then we define the co-category A]}? by the pullback square

A%?‘)V@

|

op
Ap W F,".

Note that V : A;p — IF, satisfies
V(nl,ap —> --- —a,) = V([1l,a0 — a) +--- + V([1], a,—1 — ay),
which implies that AI\; P is a Ap-monoidal co-category.

Remark 4.2.4 LetV be a symmetric monoidal co-category compatible with colimits indexed
by oco-groupoids. The double co-category E;pﬂv,op can be described as follows:
B

e The objects are functors (A]F)fgj — 8, and the vertical morphisms are natural transfor-
mations of such functors.
e A horizontal morphism from F to G is a functor

®: (bR)1)p.c = @R xF, V®

over (AF)FF]. This thus assigns to an object (n i) m, p € F(n),gq € G(m)) an object

(®(f, P, @)i)iem of VXM,
e If ®isahorizontal morphism from F to G and W is one from G to H, then their composite
is the functor from (A]F)([)FL FoH given by

L m, peFm),qe Hm))

> colim colim (g, p, ) @Y(h,t,q)
1eG(x)

h
(0> x—>m)eFact(f) jeh=16) iem

Definition 4.2.5 Let V be a symmetric monoidal co-category compatible with colimits

indexed by co-groupoids. We denote by COLL(V) the full subcategory of Z;pﬁv_op spanned
B

by the objects

(1) whose inert restrictions to [0] are given by functors (AF)?& ~ IE‘f’nI; — § that take
coproducts of finite sets to products,
(2) whose inert restrictions to [1] correspond to functors

@OR)1).r.c = @R xF, V&
that send all morphisms to cocartesian morphisms in the target.

This is a sub-double co-category of ZA\EPAVOP by a variant of the proof of Lemma 4.1.11.
O

Remark 4.2.6 A functor F: IF;)IF — 8 that satisfies condition (1) is the right Kan extension
of its restriction to the object 1. Thus the objects of COLL(V) can equivalently be described
as spaces. Since the restriction of the functor V to (A]F)FFJ sends all morphisms to inert

morphisms in F,, the functor (A]F)Ff] — Caty, corresponding to the cocartesian fibration
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(AF)([’IP] xp, V® is also a right Kan extension of its restriction to the full subcategory F~, and
this restriction is the constant functor with value V. Thus a horizontal morphism from X to
Y in COLL(V) is uniquely determined by its restriction to a functor Fy x ¥ — V.

Notation 4.2.7 We say a morphism in A;p is operadic inert if it lies over an inert morphism in
A°P. Let Al gZES (V) denote the full subcategory of Alg B /6% (V*V) spanned by morphisms
that take operadlc inert morphisms to cocartesian morphisms; we call such objects operadic
A]F x-algebras. We then write Algd (V) for the full subcategory of Algd, op (V) correspond-

ing to operadic algebras for all AF x> X € 8. Similarly, we can define operadlc algebras and
algebroids for O x pop A%p where O is any generalized non-symmetric co-operad, by taking
the operadic inert morphisms in O x yop A%p to be those that lie over inert morphisms in O
and operadic inert morphisms in A%p .

Restricting the equivalence from Proposition 3.5.6 to COLL(V), we get:

Corollary 4.2.8 LetV be a symmetric monoidal co-category compatible with colimits indexed
by oo-groupoids. There is a framed double co-category COLL(V) where:

e objects are spaces and vertical morphisms are morphisms of spaces,

e horizontal morphisms from X to Y are functors Ty x Y — V,

o ifO:FyxY = Vand W: Fy x Z — 'V are two horizontal morphisms, their composite
is the functor Fy x Z — V given by

1,
(.X],...,Xn> —  colim COhIIl ® (-xl ief (J)) ®\p(y1,~.7ym>.
Z i Z

ni>m 1(y]) Vi

We have Algs(COLL(V)) ~ Algd?gp?< e (V). Moreover, if p: V — W is a symmetric
AOP B

monoidal functor that preserves colimits indexed by oo-groupoids, then ¢ induces a mor-
phism of double co-categories COLL(V) — COLL(W) given on horizontal morphisms by
composition with ¢.

Let Collx(V) := COLL(V)(X, X); then Collx(V) is equivalent to the oco-category
Fun(Fy x X,V) of symmetric X-collections in V. The monoidal structure on Colly (V)
has the following description:

Corollary 4.2.9 LetV be a symmetric monoidal co-category compatible with colimits indexed
by oo-groupoids. The co-category Fun(Fy x X, V) has a monoidal structure such that

(i) the tensor product of F and G is given by
. ken; e,
(Fo G)(xl x”) ~ colim F(xk ) ® G(yl y"),
Z n—-m—1 ' i Z
yieX,jemiem

) where .the co.lim.it is over ((AF,X)l[Sﬁ,(n—>1,(x,-),z)/)0p
(ii) the unit 1x is given by

1 (xl,...,xn)N @, n*l,
X —
y Mapy (x1,y) ® 1, n=1,

(iii) we have Algyop (Fun(Fy x X,V)) ~ Alg s, ).
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Moreover, if ¢V — W is a symmetric monoidal functor that preserves colimits indexed
by oo-groupoids, then composition with ¢ gives a monoidal functor Fun(Fy x X, V) —
Fun(Fy x X, W).

4.3 oo-cooperads and a bar-cobar adjunction

In this subsection we will apply Lurie’s bar-cobar adjunction for associative algebras [44,
Sect. 5.2.2] to obtain a version of the bar-cobar adjunction between oco-operads and oo-
cooperads with a fixed space of objects. We first spell out the variant of co-cooperads that
this applies to:

Definition 4.3.1 For X € 8 and V a symmetric monoidal co-category compatible with col-
imits indexed by oo-groupoids, a V-enriched co-cooperad with space of objects X is a
coassociative coalgebra in Fun(Fy, x X, V), equipped with the monoidal structure of Corol-
lary 4.2.9. We write

Coopdy (V) := Algyer (Fun(Fy x X, V)°P)°P
for the co-category of V-oco-cooperads with space of objects X, and
Coopdgfaug (V) := Coopdy (V)1y/
for the co-category of coaugmented V-oco-cooperads. Similarly, we write
Opdy (V) := Alguer (Fun(Fx x X, V))
and
Opdy (V) := Opdy (V) /1.

Corollary 4.3.2 Let V be a symmetric monoidal co-category compatible with small colimits.
There is an adjunction

Bar : Opdy #(V) = Coopdy**(V) : Cobar,

where on underlying symmetric sequences Bar(Q) is given by

JlXOOﬂx:C%l()ipm(ﬂgogooO%m) 1)

and Cobar(Q) is given by
11F(1§Q§QOQ§--->. )

Proof Apply [44, Theorem 5.2.2.17] to the monoidal co-category Fun(Fy x X, V)1, //1,.0

Remark 4.3.3 Here we have defined co-cooperads as coalgebras in symmetric sequences,
following the definition proposed in, for instance, [20]. However, the notion of cooperad in
V that is relevant in bar-cobar duality for operads often seems to be that of operads enriched in
V°P (as for example used by Ching to define the bar—cobar adjunction for operads in spectra
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[7]). In general these two versions of cooperads are quite different: an co-cooperad O with
one object in our sense has a comultiplication O — O o O, which is given by morphisms

o0
om - [] [ mdy s OG)®---©06) |@0® | .
k=0 i1+ ig=n [N

while an co-operad enriched in VP would be given by morphisms

hZy
oo
pI . . .
om —[] [T comdy .5, Q@@ @0G) |©0K ]|
k=0 i1 +Fig=n

oM R . . . . .
here IndEi1 X B and CoIndEi1 —— denote induction and coinduction, respectively, or

in other words left and right Kan extension along the functor B(%;, x --- x X;) — BX,.

However, if we make some assumptions on both the co-operads we consider and on the
oo-categories we enrich in, then the two notions do agree: First suppose V is a semiadditive co-
category, meaning it has a zero object and finite biproducts (i.e. finite products and coproducts
coincide). (For example, this holds in any stable co-category, such as those of spectra or chain
complexes.) If we then restrict ourselves to consider only reduced co-operads O € Opd, (V),
meaning oo-operads such that O(0) = 0, then the coproducts in O o O are finite and hence
are equivalent to products. Moreover, for such reduced symmetric sequences we can rewrite
the formula for the composition product without taking any homotopy orbits:®

Vo0~ P 06G1)®: - ®0(i) ® k),

n—»Kk—»x

wherei; = |n;|. Thisis easy to see in the coordinate-free description as discussed in Sect. 1.1:
passing to reduced symmetric sequences means only surjective maps of sets appear, and these
have no automorphisms in FI2h~,

Therefore for reduced O a comultiplication O — O o O is equivalently described by
¥, -equivariant maps

O(m) - 0@1) ®---® 0@k ® O(k)

where n = i| 4 - - - + i¢. This is precisely the structure of an co-operad enriched in V°P with
the same n-ary operations as .

For reduced oco-operads enriched in semiadditive co-categories, we therefore expect that
the bar—cobar adjunction arising from the composition product is the correct one for under-
standing bar—cobar duality for enriched co-operads. One might wonder if there exists some
more general version of a bar-cobar adjunction without these restrictions, but this setting
does in fact seem to cover all the cases of bar—cobar duality for operads in the literature that
we are aware of.
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