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Abstract

In this Master’s thesis, we investigate splitting- and composition methods for solving semi-
linear SDEs with additive noise, where the drift satisfies a global one-sided Lipschitz condition,
is allowed to grow polynomially at infinity and satisfies a kind of dissipativity condition. We
prove that these methods are mean-square convergent of order p = 1 and that they can preserve
important structural properties of the SDE, such as geometric ergodicity and hypoellipticity.
It appears that the composition methods cannot preserve oscillatory dynamics in their entirety,
while the splitting methods can. We demonstrate these results by applying our methods to
a cubic model problem and the stochastic FitzHugh-Nagumo (FHN) model, and compare our
splitting- and composition methods with the drift-implicit Euler-Maruyama method.
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1 Introduction

In this thesis, we investigate the use of splitting- and composition methods for solving semi-linear
stochastic differential equations (SDE) with additive noise:

dX (t) = (AX(t) + B(X(t)))dt L SAW (), t>0, X(0) =X, e R%

Here, the drift (X (t)) := AX(t)+ B(X(t)) is semi-linear, i.e. it consists of a linear part A X (t)
and a nonlinear part B (X (t)) The drift is locally Lipschitz, and is allowed to grow polynomially at
infinity. Such SDEs typically do not admit exact solutions, and the solution must be approximated
by some numerical method.

In [1], splitting methods were investigated as numerical methods for solving these types of SDEs.
Their approach was based on splitting the semi-linear SDE into a nonlinear ODE and a linear SDE:

dXW(t) = B(XD(@)dt, t>0, XD () =x{",
dX®(t) = AXD()dt + SdW (1), t>0, X®(0)=Xx?.

These two sub-equations were then solved exactly, and their exact solutions were composed to
yield an approximation X (t,) of the overall solution of the SDE. In particular, two approaches
of composing the exact solutions of the two sub-equations were considered: The Strang approach
and the Lie-Trotter approach. These two approaches then gives rise to the Lie-Trotter- and Strang

splitting methods [2]. It was shown that these splitting methods were mean-square convergent of
order 1, meaning that the numerical solution X (¢,,) and the exact solution X (¢,,) satisfies

max \/E[HX(tn)_E(tn) m < Chr,

0<t, <T

for some C' > 0 and p = 1 [3] (p. XXIV). Here, p is referred to as the order of the method, and
h =t, —t,_1 is the step-size. It was also shown that the splitting methods could preserve impor-
tant structural properties of the SDE, such as hypoellipticity, geometric ergodicity and oscillatory
dynamics. Moreover, since the exact solutions to both the linear SDE and nonlinear ODE were
assumed to be available, the splitting methods were explicit and thereby computationally efficient.

The purpose of the specialization project [16] and this Master’s thesis is to generalize and expand
on the work of Buckwar et al. [I]. In particular, we investigate the scenario where the nonlinear
ODE is solved approximately by some numerical method. It is often the case for nonlinear ODEs
that they do not admit exact, explicit solutions, and so relaxing this assumption would allow for a
greater variety of SDEs to be considered within the splitting framework. It is commonly understood
within this framework that if all sub-equations are solved exactly, then the method is referred to
as a splitting method. If one or more sub-equations are solved approximately, then the method is
referred to as a composition method [4].

The goal of the specialization project and this thesis was then to investigate if our composition
methods converge strongly in the mean-square sense, and if they could preserve the same structural
properties as their splitting method counterparts. We also wanted to relax an assumption on the
linear term A X (¢); in [I], it was assumed that ||eAhH < 1. This assumption was mainly used to
prove preservation of geometric ergodicity for both splitting methods. If this assumption could be
relaxed without sacrificing the preservation of geometric ergodicity, we would have more options in
partitioning a given drift term F(X (t)) into a linear part and a nonlinear part.



In the specialization project, we considered explicit methods to approximate the nonlinear ODE—
in particular, the explicit Euler method. We chose the explicit Euler method since this is typically
the poorest performing explicit method for solving ODEs, and any results that hold positively for
the explicit Euler method is then expected to also hold for more accurate explicit methods. We
chose to focus on explicit methods of solving the nonlinear ODE, since we wanted our composition
methods to retain the computational efficiency obtained with splitting methods. While mean-square
convergence of order p = 1 was experimentally observed in the case of an explicit Euler solution of
the nonlinear ODE, we were unable to prove this result. The proof of mean-square convergence in [I]
required an assumption on linearly bounded growth of the solution to the nonlinear ODE. In order
to use the same proof-strategy to prove mean-square convergence of our composition methods, we
would need to show that the explicit Euler solution also satisfies the assumption of linearly bounded
growth for some step-size h > 0. Unfortunately, we were unable to show this for any step-size h > 0.
We also considered other explicit methods such as the tamed explicit Euler method and higher-
order methods in an attempt to regain linearly bounded growth of the solution to the nonlinear
ODE. Again, the desired outcome was observed experimentally, but any proof thereof eluded us.

In light of this, we instead turned our focus to composition methods where the nonlinear ODE
is solved using an implicit method; specifically the implicit Euler method. In this case, we are
able to attain theoretical results on mean-square convergence and on structure preservation. Thus,
solving the nonlinear ODE using the implicit Euler method has been the most extensively studied
approach in this thesis. Using the implicit Euler method involves, in general, the solution of a
system of nonlinear algebraic equations at every time-step. In the best-case scenario, this system
of nonlinear algebraic equations admits an explicit solution. If so, our composition method remains
explicit, and therefore computationally efficient. In the general case, however, we cannot solve the
system of nonlinear algebraic equations explicitly, and the solution must be approximated. This is
typically done using some iterative root-finding algorithm, with Newton’s method being a standard
choice. Unfortunately, such algorithms typically involves repeatedly solving a linear system at every
time-step. As a result, our composition method suffers in terms of computational efficiency since
it is no longer fully explicit.

This thesis is organized as follows: Section [2] presents the relevant notation and background
theory required for this thesis. Section [3] presents the class of SDEs studied in this thesis and
investigates its properties. Section [4] develops the numerical methods used in this thesis. Section [f]
presents bounds on the solution to the nonlinear ODE, both in the case of an exact solution and in
the case of an implicit Euler solution. Section [f]investigates and proves mean-square convergence of
our splitting- and composition methods. Section[7]investigates our methods’ capabilities for preserv-
ing important structural properties of the SDE. Section [§] discusses some practical implementation
details, including strategies for speeding up Newton’s method. We demonstrate our results by
performing numerical experiments on a cubic model problem and the stochastic FitzZHugh-Nagumo
(FHN) model in sections |§| and respectively. Finally, we report our conclusions in section

2 Preliminaries

This section presents the relevant notation and some required background for the theory presented
in this thesis.



2.a Scalars, vectors, matrices and functions
We distinguish between scalars, vectors and matrices by the following typeface conventions:

e Scalars are written using italic and light typeface, and may be lower-case or upper-case.
Examples: ¢, K € R;

e Vectors are written using italic and bold typeface, and may be lower-case or upper-case.
Examples: b, F' € R?

e Matrices are written using normal (non-italic) and bold typeface, and is restricted to upper-
case lettering only. Example: A € R¥*™

Let a € R be a generic scalar. We denote by |a| the absolute value of a, given by

a ifa>0
la| = .
—a ifa<0

Let 2,y € R? be generic vectors. Then, z; € R denotes the i’th component of  and =T denotes
the transpose of . In addition, we denote the inner-product of & and y by

(x,y) == 2191 + T2Y2 + ... + Taya = (Y, T).

Moreover, we denote by ||| the Euclidean norm in R, given by

x| := \/x% + 23+ .. +2i=/(z, ).

Let A € R¥™™ be a generic matrix. Then, AT € R™*¢ denotes the transpose of A, and a;; € R
denotes the scalar element of A located in row ¢, column j. The scalar elements of a matrix are,
whenever appropriate, expressed using lower-case lettering. If A is a square matrix, i.e. A € R¥*4,
we define its trace Tr(A) as the sum of the diagonal elements of A:

d
Tr(A) =) a;, AR
i=1

We denote by 04 € R? the d-dimensional zero vector, whose elements are all equal to zero. Similarly,
we denote by I; € R%¥¢ the d-by-d-dimensional identity matrix. Note that for 04 and I, we will
omit the d-subscript whenever the dimensionality is clear from the context.

We will make repeated use of the matrix exponential eA*. Let A € R?*? be a square matrix.

The matrix exponential et € R%*? is then given by
eAt = mﬁAk—I+tA+ﬁA2+O(t3) teR (2.1)
o k! N 2 ’ ’ '
k=0

Let A € R%*? be a square matrix. Let = u(A) be the logarithmic norm of A, defined by

A+AT
H= M(A) = Amax ()7

2



where Apax(M) denotes the largest eigenvalue of the matrix M € R?%4. Then, it holds for the
matrix exponential that
||€At|| < eHt, (2.3)

Let G : R + R¥*™ be an arbitrary function of ¢ € R. We say that G = G(t) is of order p if
there exists a constant ¢ > 0 such that for all ¢ € R, it holds that

IG@)] < clt]”.
We will frequently write this as G(t) = O(t).

2.b Stochastic processes

We will here summarize the theory regarding stochastic processes which is relevant for this work.
For a more detailed exposition, the reader is referred to e.g. [5] (chapters 2, 3). Let Q be a given
set, and let F be a family of subsets of 2 with the following properties:

1. D e F,
2. FEF=F%cF, F°=Q\F,
3. WF,..e F=F =2, FeF.

Then, F is a o-algebra defined on 2, and the tuple (€2, F) is referred to as a measurable space.
Given any family U of subsets of 2, there exists a smallest o-algebra on ) containing I/, namely
the o-algebra which is the intersection of all o-algebras containing . We call this the o-algebra
generated by U. In the special case where Q C R? (or some other topological space) and U is the
collection of all open subsets on €2, the generated o-algebra is called the Borel o-algebra, and is
denoted B(Q).

A probability measure P on a measurable space (€2, F) is a function P : F — [0, 1] such that

1. P(@) =0, PQ)=1,
2. If Fy, F,,... € F and {F};}2, are disjoint sets (i.e. F; N F; =0 if ¢ # j), then

IP’( D Fi> - iIP’(FZ-).

The triple (Q, F,P) is referred to as a probability space. A probability space is in general not
complete, however it can always be made complete. Therefore, whenever we consider a probability
space (2, F,P) in this work, we will assume that it is a complete probability space. If (Q, F,P) is
a complete probability space, then a function Y : 2 — R™ is called F-measurable if

Y !(B)={weQ:Y(w)eB}eF,

for all Borel sets B C R™.

We define a stochastic process as a parameterized collection of random variables { X (t)}:c[- 1)
for 7,T € R>o with 7 < T'. This collection of random variables are defined on a complete probability
space (2, F,P). The m-dimensional Wiener process {W (t)};c[-1 (also called Brownian motion)
is a stochastic process. We will assume here and throughout that all components W;(t) of W (t)
for i = 1,...,m are independent. Then, the m-dimensional Wiener process is the stochastic process
defined to satisfy the following:



1. W(0) = 0,,.

2. W has independent increments; for every s > 0, the increments W (s + t) — W (s) are inde-
pendent from W (z), where t > 0 and z < s.

3. The increments W (s +t) — W (s) are normally distributed as

W(s+t)— W(s) ~N(0,tL,).

4. W;(t) is continuous in ¢ for all ¢ = 1,...,m.

Let W (t) be an m-dimensional Wiener process. Then, we define the filtration {F(t) };c[r1] to be
the o-algebra generated by the random variables {W;(s)}1<i<m,r<t<r. Observe that F(s) C F(t)
for s < t, i.e. the filtration F(¢) is an increasing family of o-algebras of subsets of Q. A process
ft,w) : [1,T] x Q+— R™ is called F(t)-adapted if for each ¢t € [r,T], the function w — f(t,w) is
F(t)-measurable.

Let {X(t)}ief-r] € R? be a d-dimensional stochastic process on [r,T] and let {M(t)}iefr 1)
be the o-algebra generated by {X(s)}secjry. Let {F(t)} be the o-algebra generated by the m-
dimensional Wiener process {W (t)}/c[- 7). Then, {X () }se[-, 1 is a Markov process if

E[X (t)|M(s)] = E[X (t)|F (X (s))], se€[rt].

Thus, a Markov process has the property that the future behavior at time ¢ > s > 7 of the process
given what has happened up to time s is the same as the behavior obtained when starting the
process at time s; a Markov process ”has no memory”.

Let {X (t)}tefr,m) € RY be a Markov process. Denoting by B(R?) the Borel o-algebra on R,
the process’ transition probability is defined as

P, (B,x) :=P(X(t) € B|X(r) = z), (2.4)

where B € B(R?). The function P;_,(B,x) gives the probability that the process reaches a Borel
set B C R at time ¢, provided that it started in = € R? at time 7 < ¢.

2.c Stochastic integrals

We will in this subsection develop the theory regarding stochastic integration relevant for this
work. Let W () denote an m-dimensional Wiener process whose components are independent. For
a deterministic function G : [1,t] — R™™ with d,m € N, we denote by I : [r,T] — R? the
stochastic integral defined by

I(rt) = / G()dW (s) ~ N(0,C(t — 7)), (2.5)

where 7 < ¢ < T and I(r,7) := 0. If 7 = 0, we simply write I(t). Since G is assumed to
be a deterministic function, the integral represents a particular kind of Ito integral, and is
sometimes referred to as a Wiener integral. For a general Ito-integral, G need not be a deterministic
function. [6]



The expectation of I(7,t) is always zero since it is an Ito-integral. Moreover, I(7,t) satisfies

Tto-isometry [5] (chapter 3):
= E[/TtG(s)GT(s)ds].

3 ([ st ([ cuomes)

Observe that if the stochastic integral I(7,t) is given, the covariance matrix C(¢t — 7) of I(7,1)
may be found directly using Ito-isometry, the fact that the components of the Wiener process are
independent and the fact that Ito-integrals are zero in expectation:

C(t = 7) = Cov[I(r,0)] := E[(I(r, ) = BI(r,)))(I(r,t) = E[I(r,0)]) | =E[I(r, )" (r, t)]

co( o) [ ewmi) |- [eus

Consider the trace of the covariance matrix C(¢t — 7):

C(t—7) Z/ 5)G T (s)]iuds = Z/T Zg” (2.6)

Moreover, consider the mean-square norm of the stochastic integral I(r,t):

E[1(r,)]?] [Zﬂm] [1(2/9] YA ( )] 2.7)

It follows by linearity of expectation and Ito-isometry and that

Ei(élkmwwﬂj i

m[ff%@mwx@f] (28)

where the last equality follows from the fact that the components of the Wiener process are mutually
independent, such that cross-terms involving dW;(s) and dWy(s) for j # k vanish in expectation.
Thus, by egs. , and , it follows that the stochastic integral I(t — 7) satisfies the
following relation:

E[I|12(t—7)|* | = T(C(t - 7). (2:9)

For later use, we define the following stochastic integral:

w® (1) :/t(ts)de(s), k=0,1,.. (2.10)
0



Observe that W (%) (t) corresponds to the standard Wiener process W (t). Since W) (t) is an
ito-integral for all £ = 0,1, ..., it follows that

w® () ~ N(0,C(1)),

where the covariance matrix C is a diagonal matrix whose entries can be found via Ito-Isometry:

Letting G(t) = (t — s)*I, we find

t ok t2k+1
C(t)E[/O (t—s) Ids} = 2k‘—|—11'

Thus, it follows that

E[ HW(’“)(t)HQ] = Tr(C(t)) = O(R*HY), k=0,1,.. (2.11)

3 Model and Properties

We will in this section present and develop the model considered in this work. We consider the
time-interval ¢ € [0,7]. Let (2, F,P) be a complete probability space with filtration {F(t)}+c(0,7)-
Moreover, let W (t) be an {F(¢)}-adapted Wiener process with m = d components defined on
(Q,F,P). In the following, we will consider a class of d-dimensional, autonomous, semi-linear
stochastic differential equations with additive noise, given below as

dX(t)=F(X(t))dt + ZdW (t), te€[0,T], X(0)=X,eR% (3.1)

The initial value X is an F(0)-measurable random variable which is independent of the Wiener
process and has bounded second moment in expectation. The drift F’ (X (t)) is semi-linear, and is
given by

F(X(t)) =AX(t)+ B(X()). (3.2)

Here, X : [0,T] — RY, F : R? s R4 A € R4 B : R R? and & € R¥™?. We will assume
throughout that the components {W;(t)}%_; of the Wiener process are independent.

We suppose that the SDE has a unique strong solution, which is regular insofar as it is
defined on the entire interval [0, 7] such that sample paths do not tend to infinity in finite time.
This requires the existence of a stochastic process { X (t)}+c[o,7] Which is adapted to the filtration
{F(t)}+e[0,r) and has continuous paths satisfying

X(t):X0+/0 F(X(s))ds+/0 SdW (s), (3.3)

for all ¢ € [0,T] P-almost surely. Intuitively, we think of eq. as the SDE (3.1)) written on
integral form. Moreover, { X (f)}c[0,r) is @ Markov process, with transition probability given by
eq. (24).

As in [I] (Assumption 2.1), we suppose that the drift satisfies a global one-sided Lipschitz
condition and is allowed to grow polynomially at infinity. It suffices to place these assumptions on
the nonlinear part B(X (¢)) of the drift. We formalize these assumption in Assumptions and

[3:2] respectively.



Assumption 3.1 The function B € C'(R?) is globally one-sided Lipschitz continuous, i.e. there
exists a constant ¢; > 0 such that

(x—y,B(x)-B(y) <calz-y|*, VYazyecR.

Assumption 3.2 The function B € C*(R?) grows at most polynomially, i.e. there exists constants
ca >0 and x > 1 such that

|B@) = B)I* < o (1+ |2l + yl** ) o — gy, VayeR

Contrary to [I], we also introduce a kind of dissipativity condition on the nonlinear part of the drift
B. This condition is formalized in Assumption

Assumption 3.3 There exists K > 0 and a € R such that
(z,B(z)) +alz|* <K, VazeR.

Note that this condition is a true dissipativity condition only when K,a > 0. We introduce
Assumption at the onset, since it finds applications both in proving mean-square convergence
and geometric ergodicity, as we will see in later sections.

Let @ : R +— R be a twice-continuously differentiable function of X (). We showed in the spe-
cialization project [16] using Ito’s Lemma that the stochastic process {‘I)(X t is governed
by the SDE

)) }te[O,T]

de(X (1)) = (L) (X dt+z (LDD) (X (1)dWi(t), t>0, ®(X(0)) =y, (3.4)

where £(9 and £ are the generators of the SDE (3.1)), given below as

£O —ZF Z “a e (3.5a)

0

£ =0 Ox;’

i=1,..d (3.5b)

3.a Noise structure: Ellipticity and hypoellipticity

We proceed with discussing the noise structure of our system. We will assume throughout this
work that the diffusion matrix 3 is a diagonal matrix whose diagonal elements o;; € R are kept
constant. Since the diffusion matrix is diagonal, each component {X; ()}, of the process X (t) is
associated with one and only one component of the Wiener process. As in [I], we will consider two
classes of models obtained depending on the noise structure: The first class is called elliptic and
corresponds to the case when the diffusion matrix 3 is of full rank, i.e. oy # 0 for all i = 1,...,d.
The second class corresponds to the case when X is a degenerate matrix; in particular, we consider
the case when 017 = 0 and o;; > 0 for 4 > 1. Such a degenerate diffusion matrix naturally arises
in many applications, and is equivalent to the degenerate diffusion matrix considered in [I] and
[8]. In particular, this scenario occurs when transforming a d-dimensional system of second-order
SDEs to a 2d-dimensional system of first-order SDEs. In this second class of models, the first

10



component of {X (t)}cjo,7) is called smooth, since it is not directly affected by the noise due to
its corresponding noise term o11dWi(t) being equal to zero for all ¢ € [0,7]. By contrast, the
remaining d — 1 components of { X () };c[o,7) are called rough, since the noise acts directly on these
components. We emphasize that the use of the words rough and smooth in this work should not be
misunderstood to have any connection with the theory of rough paths. [7].

In the scenario of a degenerate diffusion matrix 3, the SDE is often hypoelliptic. This
means that the transition probability admits a smooth density, despite the fact that XX T is not
of full rank. It follows that a sufficient and necessary condition for hypoellipticity of the process
{X (t)}ejo,r) is that at least one of its rough coordinates appear in the first component Fy (X (t))
of the drift [8]. We summarize these notions in the following assumption:

Assumption 3.4 Let the diffusion matriz ¥ € R4 be a diagonal matriz. In addition, ¥ satisfies
one of the following conditions:

A.3.2(1) Ellipticity: The diagonal elements o;; are nonzero for alli=1,...,d.

A.3.2(2) Hypoellipticity: The first diagonal element o171 equals zero and the remaining diagonal ele-
ments {04 }%_, are nonzero. Additionally, at least one of the rough components {X;(t)}¢_,
of the process { X (t)}1cjo,r) appears in the first component Fy (X(t)) of the drift.

3.b Lyapunov Structure: Geometric ergodicity
The SDE (3.1)) is said to be geometrically ergodic if the distribution of the Markov process { X () }1e[0,1)
converges exponentially fast to a unique invariant distribution 7 satisfying

7(B) = /R Pi(B,x)r(dx) ¥V BeBRY, tel0,T).

A function L = L(x) is a Lyapunov function for the SDE (3.1)) if L(x) — +o0 as ||| — +oo, and
there exists constants p,n > 0 such that

(LOL)(z) < —pL(x) +n, VxcRY, (3.6)

where £ is the generator from eq. . Establishing geometric ergodicity of the SDE
is, essentially, a matter of finding a Lyapunov function which satisfies eq. . The process
{X (t) }+ef0,r) must also satisfy a minorization condition [9]. It was shown in [9] that if the drift
F(X(t)) satisfies the following dissipativity condition

(z,F(z)) +cllz|? <K, VazeRY K,c>0, (3.7)
then the function L : R? + [1,00), defined by
L(z):=1+|z|*, VzeR% (3.8)

is a Lyapunov function for the SDE . In particular, if the SDE (3.1) is elliptic, condition
is sufficient to establish geometric ergodicity of the solution of eq. (3.1). If the SDE
is hypoelliptic, the process is geometrically ergodic if it satisfies in addition to satisfying the
irreducibility condition P;(B,x) > 0 for all open sets B € B(R?) and = € R? [1], [9].

We will now show under which conditions Assumption implies condition . We start by
proving the following lemma:

11



Lemma 3.1 Let A € R*? be any square real-valued matriz. Then, it holds that
(x,Az) < p|lz||>, VxecR%
where (1 := Amax ((A + AT)/2) is, by definition, the logarithmic norm of A.

Proof: We start by writing the matrix A on the form

CA+AT  A-AT

A
2 + 2

(3.9)

It may easily be shown that (A + AT)/2 and (A — AT)/2 are symmetric- and skew-symmetric
matrices, respectively. It follows, then, that

- (SR (X))

Since (A + AT)/2 is symmetric, it follows that its Rayleigh quotient is bounded from above by its
largest eigenvalue, i.e. the logarithmic norm p of A. This immediately yields

.
<a:, <A+2A>m> <uplzl>, VoeR (3.11)

Moreover, we find that

_ AT
<-’B’ <A2A)$> N %<3’7Aw> - %(%AT@ =0 VazeR (3.12)

where the above follows from the fact that

(z,Az) = ((a:,Aw))T = (x,ATx) VaxecRL

The result then immediately follows from eqgs. (3.10) (3.11)) and (3.12)). H

Lemma 3.2 Let B € C1(R?) be a d-dimensional vector-valued function satisfying Assumption
for some K >0 and a € R. Let F(x) be the function given by

F(x) = Az + B(x),
for some square real-valued matriz A € R¥?4. Then it holds that
(x,F(x)) +clz||” <K, VazeR?
where ¢ :=a — p € R and p € R is the logarithmic norm of A.
Proof: The result is a direct consequence of Assumption [3.3] and Lemma [3.1
(z,F(z)) = (z,Az + B(z)) = (z,Az) + (z, B(z)) < K — (a — p) |z|*.

Letting ¢ = o — p and rearranging the above yields the result. B
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Lemma tells us that if K > 0 and p < «, then the drift F' satisfies condition with
¢ =a—pu >0 and the SDE (3.1)) is thereby geometrically ergodic. Note that if g > 0, then the
linear part of the drift is unstable. Conversely, if & > 0, then the nonlinear part of the drift is stable.
Consider the case of p > 0. The linear part of the drift is unstable, but if ;4 < «, then the nonlinear
part of the drift is more stable than the linear part is unstable, and the drift is therefore stable
overall. If, on the other hand, @ < 0, then the nonlinear part of the drift is unstable. However, if
1 < «, then the linear part of the drift is more stable than the nonlinear part is unstable. Thus,
the condition p < «a, which guarantees geometric ergodicity of the SDE , is also a statement
about the stability of the semi-linear drift F'. In particular, 4 < « tells us that the instability of
the linear (nonlinear) term of the drift is compensated for by the stability of the nonlinear (linear)
term of the drift, resulting in a stable semi-linear drift overall.

4 Numerical Methods

Consider a discretization {t, })_, of the time-interval [0, 7] with uniform step-size h :=t,, —t,,_1 €

(0, ho] for some hg > 0, where t,, := nh < Nh = T. We denote by {X (t,)})_, a numerical solution
of the SDE (3.1)) which approximates the process {X (t)}c[0,7], where X (0) = X (0) = X,. We
start by defining the notions of compositions and flows.

Definition 4.1 (Composition) Let f : U — V and g : W — U be two well-defined functions
with U, V,W C R?%. The composition (fog): W+ V of f and g is defined by
(fog)(z)=f(g(x)), VzeW

Definition 4.2 (Flow) Let X (t) with initial value X (0) = X € R? be a solution to some initial
value problem at any time t > 0. The flow (X)) is then defined as the mapping from X to X (t)
for allt >0, that is

pi(Xo) = X(t), X(0)=Xo, V=0

The flow ¢(Xyo) is furthermore defined to satisfy
@Yo (Xo) = X() (Identity),
2 (01(X0) = Poss(Xo), ¥ 1,5>0 (Group law).

4.a Splitting- and composition methods

We start by briefly introducing the concept of splitting methods, which in turn will lead us to the
concept of composition methods in a straight-forward manner. For a more detailed description of
splitting- and composition methods, see e.g. [2], [4]. We present the concept of splitting methods
in the context of ODEs, while keeping in mind that the following exposition is valid also for SDEs.
Suppose one wants to solve the initial value problem (IVP) given by

dX(t)=F(X(t)dt, X(0)=Xo, t=>0. (4.1)

Suppose further that we can decompose the operator F' as

q
F=Y FY, FO:R'mRY, j=1,.,q (4.2)
j=1
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Using this split, we may construct a collection of ¢ sub-equations on the form
dXD(t) = FO(XD () dt, XD(0)=X, t>0, j=1,...q, (4.3)

whose ezact solutions at time ¢ are denoted by the exact flows {cpgj )(Xéj )) j=1- The solution to
our original IVP (4.1)) is then constructed by some composition of the flows {cp,(gj) (Xéj ))};1»:1 of each
sub-equation. This strategy is referred to as a splitting method. There are in general many ways
to decompose a given operator F', and the main idea behind splitting methods is to decompose
F' such that each resulting sub-equation may be solved exactly. The manner in which we then
compose the flows {p\" (X ))};1.:1 determines the splitting method. Recall that if one or more of
the sub-equations are solved approximately by some numerical method, then our method is referred
to as a composition method. In this case, we refer to the numerical solution of this sub-equation
by the numerical flow g’Eij )(X(()j )). We proceed with presenting two approaches for composing the
(exact or approximate) solutions to our ¢ sub-equations.

Definition 4.3 (Lie-Trotter- and Strang approach) Let G,@(ng)) represent either the exact

. . L -5

or numerical flow for sub-equation j = 1,...,q given by eq. (4.3). Let X T(tn) and X (t,) be

the Lie-Trotter- and Strang approaches for composing the flows of each sub-equation @ﬁj)(féj)),

yielding an approximation to the initial value problem (4.1)). Then, YLT(tn) and Ys(tn) are defined
by the following compositional schemes:

LT _ —
X (t) = (wi’” o... O<P§1))(Xo),

X5(t) = (Pl 0 0Pty 0B 0t 0 0Bl)) ) (X0),
where Xq is the initial value from eq. (4.1]).

We proceed with developing the numerical methods used in this work. As in [I], we propose
splitting the nonlinear SDE ({3.1) into a nonlinear ODE and a linear SDE with additive noise:

dXO @) = B(XD@))dt, t>0, XD(0)=x", (4.4a)
dX® () = AXD()dt + AW (t), t>0, X(0)=x?. (4.4Db)

We start by discussing solutions to eq. (4.4a)). If the nonlinear ODE of eq. (4.4a)) can be solved
exactly, then its exact solution is given by
1 1 1
e (X)) = FX55), (45)
where f: R? x Rsq — R? is a function of the initial value X(gl)
eq. (4.4a) exactly at each discrete time-point t¢,, by

and time t. We may thus simulate

PV (XD (t, 1)) = F(XD(tn1);h), n=1,..,N, XD(0)=Xx" = X,. (4.6)

If eq. (4.4al) cannot be solved exactly, we approximate its solution at each discrete time-point ¢,
using the implicit Euler method. In this case, the numerical solution is given by

Sngl) (f(l)(tn—l)) = X*, n= 17 2a ) N’ :-X\:(l) (0) = X(()l) = XO (47)
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where X * satisfies the implicit equation
X*=XD(t, 1) +hB(X"). (4.8)

Obtaining the solution to the implicit equation (4.8)) requires, in general, the solving of a nonlinear
system of equations. For certain choices of the nonlinear function B, however, the implicit equation
(4.8) may be solved such that we obtain an expression for X* which is a function f that is explicit
in XM (t,_1) and h:

V(XD (t, 1)) = X* = F(XD(t,_1); ) (4.9)

This is of course highly desirable in terms of computational efficiency, since our implicit Euler
method then behaves like an explicit method while still enjoying the unconditional stability of an
implicit method. If we cannot solve the implicit equation explicitly for X*, we can approximate
it to arbitrary precision using Newton’s method. This corresponds to iteratively solving the linear
system

(1 - hJB(zk)>z(k+1) = hB(z®™) — R p(z)2®) — XW (¢, 1), 20 = XO(1,_,),  (4.10)

for z(*+1) at every discrete time-point t,, with initial value at time to = 0 given by X M(0) = X,.
Then, we update k <— k+1 and repeat the procedure until ||z(k+1) —_ || < € or until a maximum
number of iterations has been reached. Here, ¢ > 0 is the error tolerance of our approximation.
The last value for z(*t1) is then taken as the approximation of the solution X* to the implicit
equation . It is well known that Newton’s method exhibits local quadratic convergence for
initial values sufficiently close to the true solution. For well-posed problems, we can in practice (by
C'-continuity of B) guarantee that our initial value is always sufficiently close to the true solution
to yield quadratic convergence by choosing the step-size h small enough. Unfortunately, Newton’s
method requires repeatedly solving a linear system at each time-step, which negatively affects the
computational efficiency of our composition methods. We discuss in section [§| two strategies for
mitigating this issue.

We proceed by discussing the solution of eq. (4.4b]). This linear SDE is linear in the narrow
sense, and it can easily be shown (see e.g. [3], chapter 4.2) that its exact solution is given by

o) =AM X Y+ Z(t), (4.11)

where the random variable Z(t) is given by
¢
Z(t) = / A=) SIW (5) ~ N(o, C(t)). (4.12)
0

We remark that Z(t) is normally distributed with mean zero since it is an Ito integral. Combined
with the fact that the Wiener processes are independent, we find its covariance matrix C(t) via
Tto-isometry:

Ct) =E[Z®)Z (1) = E l(/t eA(t—s)EdW(S)> (/Ot eA(t—s)EdW(S)) T‘|

0 (4.13)

t
= / Al T A (=9) g5 — L)L (1),
0
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where L(t) is the lower-triangular matrix obtained by a Cholesky factorization of C(t). We can
easily simulate the random variable Z(t) by sampling a standard Gaussian ¢ ~ A/(0,I), and then
constructing Z(t) by Z(t) = L(t)¢. We note that when 3 is of full rank (i.e. the elliptic case), C(t)
is symmetric and positive-definite (SPD), whereas C(t) is symmetric and positive semi-definite
(SPSD) in the hypoelliptic case. In either case, a Cholesky factorization exists, however in the
hypoelliptic case, such a factorization need not be unique.

Thus, we may simulate eq. exactly at the discrete time-points ¢, by

e (XD (ty1)) = A XD (b, )+ Zy 1 (h), n=1,2,.,N (4.14)

where {Z,_1(h)})_; are independent and identically distributed (i.d.d.) random variables given
by eq. with covariance matrix C(h) for each n = 1,2, ..., N. Since {Z,_1(h)})_; are i.d.d.
random variables, we only need to compute C(h) once prior to sampling {Z,,_1(h)})_,. For some
systems, we may (often quite laboriously) find closed-form expressions for C(h), however we may
in general always approximate it to arbitrary precision (limited by machine precision, of course)
using numerical integration methods, e.g. the trapezoidal rule. To avoid having to derive explicit
expressions for C(h) for each individual problem, we approximate it using the trapezoidal rule in
all our implementations.

Having discussed the solutions to each sub-equation —, the Lie-Trotter- and Strang
approach for composing these solutions are then given by

X (1) = A (X (tn1)) + Zua(h), n=1,.,N, X (0)= X, (4.152)

S . L S S
(t) = B3, (e%% (X (b)) + Zn-1<h>), n=1..N,

X X (0)=Xo.  (4.15Db)

Here, ¢§11) is a generalized flow, representing both the exact flow <p§11) and the numerical flow L,Zgll).
These two compositional approaches then give rise to two splitting methods and two composition
methods, depending on which of the flows gozl) or QES) of eq. is used in eqs. and
Specifically, using the flow goﬁll) gives rise to the Lie-Trotter- and Strang splitting methods
XUT(t,) and X5(t,). Using the flow Co'g) gives rise to the Lie-Trotter Implicit Euler (LTIE) and
Strang Implicit Euler (SIE) composition methods X' LTIE(¢ ) and X' SE(1,).

We emphasize that egs. — represent the compositional approaches of our methods
for one iteration in time. We see that both approaches involve solving multiple sub-equations in
succession at every time-step. The first sub-equation to be solved uses the overall solution from the
previous time-step as its initial condition. Then, the solution (flow) of one sub-equation is passed as
the initial condition to the next in accordance with either eq. or . The solution to the
final sub-equation is then taken as the overall solution of the method for the current time-step, and
the process repeats for the next time-step. Lastly, we note that the Strang approach is expected to
be more accurate than the Lie-Trotter approach. This is due to the fact that the Strang approach
is equivalent to first performing the Lie-Trotter approach over a half time-step, then performing it
again over another half-time step, but reversing the order in which we compose the flows. As such,
the Strang approach is symmetric and uses fractional steps, whereas the Lie-Trotter approach does
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not. We conclude this section by writing out all four methods:

X(t,) = Ao (X (t, 1)) + Zn_1(h), XYT(0) = X, (4.16a)
X5(tn) = ¢}y (e%z;z (X5(ta1)) + zn1<h>), X5(0) = X, (4.16D)
XU (1) = A (XTI (1, 1)) + Z, 4 (h), X TB(0) = X, (4.16¢)
X (1) o= @iy (eAhgaﬁj}? (X5(t, 1)) + an(h)>, XSE(0) = X,. (4.16d)

4.b Drift-Implicit Euler-Maruyama method

In our numerical experiments, we will frequently compare our methods with the Drift-Implicit
Euler-Maruyama method XP™EM(¢,) defined below as

XM (p ) = XPIM () hF(XPEM () + VESCn,  Coot ~ N (0,1,), (4.17)

with initial condition X' DIEM () = X. For SDEs with additive noise, it is known that the DIEM
method is mean-square convergent of order p = 1 [3] (chapter 12). The DIEM method represents a
standard implicit Euler-Maruyama-type method for solving SDEs with locally Lipschitz drift, and
as such, we use it to benchmark our splitting- and composition methods of egs. -.
Since this is an implicit method, we use Newton’s method to approximate the solution at every
time-step.

5 Nonlinear ODE: Bounds on solutions

Before proving mean-square convergence of our considered methods, we will derive bounds on the
exact- and implicit Euler solutions to the nonlinear ODE (4.4af). These bounds are required in our
proof of mean-square boundedness, a central ingredient of mean-square convergence. Moreover,
these bounds will help establish our results on geometric ergodicity, and will be used for deriving
asymptotic bounds in the limit ¢, — +o00. The key to obtaining these bounds lies in Assumption

B3
Consider a nonlinear ODE of the form
dX (t
dt( ) _ B(X(®), te€[th-1.tn], X(th_1)=z € RY (5.1)

where h = ¢, — t,—1. Let ¢p(x) = X(t,) denote the exact flow of eq. (5.1). Moreover, let

pn(x) = X (t,,) denote the numerical flow when eq. is solved using the implicit Euler method.
The Lipschitz condition from Assumption [3.1] guarantees existence and uniqueness of both solu-
tions by Picard-Lindel6f’s theorem. Moreover, as the next two theorems establish, Assumption [3.3
determines the bounds on the solutions. We begin with the exact case.

Theorem 5.1 Let pp(x) denote the exact flow of eq. (5.1)) at time t,, with initial value X (t,—1) =
x € RY. Suppose B satisfies Assumptions and . Then, there exists ho > 0 such that for all
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h € (0, ho], the exact flow py(x) satisfies

—2ah 2 K —2ah
o _ el + £ (1-e2h), a0,
0 < len(m)]” < )
z||” + 2Kh, a=0,
where K > 0 and € R are the constants from Assumption[3.3
Proof: The key starting point is the following relation:

% - 2<X(t),B(X(t))>, (5.2)

which follows directly via the chain rule and holds for all X (t) € R%. We will first consider the case
of a # 0: It follows from Assumption [3.3] that

2<X(t),B(X(t))> <2K — 20| X ()| (5.3)

Inserting for the above into eq. (5.2) and using v(t) := || X (¢)||*, we obtain the following differential
inequality:

V() < —2av(t) + 2K, Vit E [th_1,tn), (5.4)
where v/(t) = dl;sf). Consider now the auxiliary function given by
K
t) = 2at 1) — —
utt) = (v - )

It follows by the product rule that

o' (t) = % [ezat (v(t) — f)}

= 2/ (t) + 20 (v(t) — K)

o
= ¢%ot (v'(t) + 2av(t) — QK)
Observe from the differential inequality (5.4]) that
V() + 2a0(t) —2K <0, VtE€E [th_1,tn]

Since €2** > 0 for all t € [t,,_1,t,], it follows that «/(¢) < 0 for all t € [t,,_1,t,]. That is, u(t) is a
monotonically decreasing function over the interval ¢ € [t,_1,t,]. Hence, it holds that

20t (v(tn) - K) < 2t (v(tnl) - 5)

(0%

Expressing the above inequality in terms of v(t,) yields
(tn) < e"2n=tn2) (g ) 5(1 _ 872a(tn*tnfl))
e

K
= e_Q“hv(tn,l) + — (1 — 6_2”"’)7
a
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where we used the fact that h = t, — t,_y. Inserting for v(t,) = | X (tn)|> = |lon()||*> and
0(tn—1) = ||| then yields the result for the case of a # 0.
In the case of a = 0, the proof is considerably easier: In this case, eq. (5.3)) reduces to

2<X(t),B(X(t))> < 2K.
Using this, it follows directly by integrating eq. (5.2)) with respect to time from ¢,_; to t, that
2 2 2
len(@)[I” = [ X (En)[I” < [[2]” + 2K,

which is the result when o = 0. We also note that the result for @ # 0 reduces to the result for
a = 0 in the limit, as expected. When o — 0%, we get e~ 2" — 1. Moreover, it follows that

K 1— —2ah
lim —(1—6720"1) = lim 2Kh—%

a0t o a—0* 2ach
1— —2ah
—9Kh lim —
a—0E 2ach
=2Kh,
where we used the fact that
1— e—20¢h
lim — =1.

a—0* 2ach

Thus, the bound on |j¢, (x)||> for a # 0 reduces to the case of o = 0 in the limit o — 0%. W
We also remark that if @ > 0, then the flow ¢, (x) is asymptotically bounded in the limit
h — 4o00:

K
li 2o .
plm llen(x)|” < " (5.5)

We proceed with proving an analogous theorem, where we consider the numerical approximation
pn(x) = X* of eq. (5.1), where X* satisfies the implicit Euler equation
X*=xz+hB(X"). (5.6)

To prove the analogue of Theorem for the implicit Euler case, we require that the upper bound
ho on the stepsize h satisfies the bound

1+ 2ahg > 0. (5.7)

We require this condition to ensure positivity of | X*||*. Observe that as hg — 0%, the condition
(5.7) may be satisfied for any value of o € R.

Theorem 5.2 Let gy (x) = X* € RY be the solution of eq. as computed by the implicit Euler
method such that X* satisfies eq. . Let B satisfy Assumptions and for some K > 0
and a € R. Then, there exists hg > 0 satisfying 1 + 2ahg > 0 such that for all h € (0, hg], the
numerical flow @y (x) satisfies

0 < [|@n(@)|* < e ||z|® + 2K,

where &g is given by
- 1
Qg = o log (1 4 2ahp) < a.
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Proof: Taking the norm-squared of both sides of eq. (5.6) yields
1X[1° = el + 2 (@, B(X*)) + 12 | BX)|?
= le|® + 20 X" — hB(X*), B(X")) + h* | B(X")|
= [l + 20( X", B(X")) — 0* | B(X")|?

< 2] + 2h(K — o | X",

where the last inequality follows from Assumption and from the fact that —h?2 |B(X*)||> < 0
for all X* € R? and all h > 0. Rearranging and solving for || X*||* then yields

* (12 1
1 X" <

2
2K h. 5.8
S T oan 1®I+ (5.8)

Observe at this point that if 1 + 2ahg > 0 holds, then it holds that 1 4+ 2ah > 0 for all h € (0, hgl:
First consider the case of @ > 0. Then, 1+ 2ah > 0 holds trivially for any h > 0. Second, consider
the case @ = —|a| < 0. In this case, it follows from 1+ 2ah =1 — 2|a|ho > 0 and h < hg that

1> 2|alhy > 2|alhe > 0,
which immediately yields 1 — 2|a|h = 1 4 2ah > 0 for all h € (0, ho]. Moreover, consider at this

point the function & = a&(«, h), defined by

1
a(a, h) = o log (1 4 2ah).

Observe that this function is monotonically decreasing in h such that for all h € (0, h¢], it holds
that

1 1
ap := ala, hg) = ——log 1+ 2ahg < o log (1 4 2ah) = a(a, h).

" 2k

Rearranging the above inequality then yields

—2aph
T SV he (0.l (5.9)

Inserting for eq. (5.9)) into eq. (5.8 and recalling that @, (x) = X* then yields the result:
0 < [|@n(@)||* < e %" ||z||* +2Kh, Vh € (0, ko),

where positivity of |@,()||? is guaranteed by the facts that K > 0 and e 2%" > 0. B

6 Mean Square Convergence

We will in this section prove mean-square convergence in finite time of both splitting methods
X" (t,) and X5(t,) and both composition methods X (¢,) and X5™(¢,,). Since the solution
to an SDE is a stochastic process, we can never guarantee convergence of any single solution.
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However, we can show that the solution converges in expectation. For this reason, the issue of
convergence is considered in the mean-square sense.

In proving mean-square convergence, we rely on Theorem 2.1. from [I0], which is an extension
of Milstein’s Fundamental Theorem [II] for globally Lipschitz functions as considered through
Assumptions and We start with establishing some necessary definitions and stating the
main mean-square convergence theorem of this work. We will formulate these definitions and the
main mean-square convergence theorem as in [I]. To facilitate this, we introduce the following
notation: Let X, , ¢(¢,) denote the exact solution of eq. at time t,, starting from £ at time

tn—1; that is, X (¢,—1) = €. Similarly, let th Le(tn) denote the one-step approximation starting

from £ at time t,_1 used to construct a numerical solution X (¢ ( n) of eq. . As before, we use
X(t ) as a placeholder for all four methods XLT( n)s XS( ), XLTIE( n) and ESIE(tn). It follows
from egs. m that the one-step approximations for the Lie-Trotter- and Strang splitting
methods are given by

h
X (1) = Al () + /OeA“*S)de(s), (6.1a)

h
X3, elta) = 90;(11/)2< <p§11/)2(£)+/0 eA(hs)EdW(s)>. (6.1b)

Similarly, it follows from egs. (4.16¢)-(4.16d) that the one-step approximations for the LTTE- and
SIE composition methods are given by

h
X (1) = M@0 (@) + [ AImaw (), (6.23)
0
h
XD o (tn) = gogj/g(e "G (€) + /O eA(h_S)EdW(s)>. (6.2b)

Definition 6.1 (Mean-square consistency) The one-step approzimation )ﬁénfl,g(tn) used to

construct a numerical solution f(tn) of eq. (3.1) is mean-square consistent of order p > 0 if
there exists hg > 0 such that for arbitrary {t,})_,, for all € € R? and for all h € (0, ho), it has the
following orders of accuracy:

H]E{th,l,s() X elt M_ )

el [oneti - Fesato[] = 000

Definition 6.2 (Mean-square boundedness) A numerical solution X n) of eq. (3.1) is mean-

square bounded if there exists hg > 0 and a constant K= K(ho, T)>0 such that for all step-sizes
h € (0, ho] it holds that

max E[ Hf(t

to<t, <T

) < Koo (14 5[ 13012 ),

where T € [0,400) is the end-time.



Definition 6.3 (Mean-square convergence) Let X (t,) denote the exact solution of an SDE on
the interval [0,T], and let X (t,) denote a numerical solution of this SDE. The numerical solution
X (t,,) is mean-square convergent of order p > 0 if

s 5] [0 - X0

Theorem 6.1 (Mean—square convergence (Thm. 2.1. [10])) Let X( n) denote a numerical
solution of eq. at time i, starting from X(to) = X(O) = X(0 Xo, constructed using

the one-step approxzmatzon th—l,g( n). Furthermore, let Assumptwns and . be

satisfied. If

H — 0",

1. The one-step approximation )A(/tn_l,g (t,) is mean-square consistent of order p > 0 in the sense

of Definition [6_1};
2. The numerical solution f(tn) is mean-square bounded in the sense of Definition '

Then the numerical method f(tn) s mean-square convergent of order p in the sense of Definition
0.5

It is perhaps clear from the preceding definitions and theorem that proving mean-square conver-
gence of a given method involves two tasks: (1) Proving that the method is mean-square consistent
and (2) proving that the method is mean-square bounded. In [I], mean-square convergence of or-
der p = 1 was proved for both splitting methods E(JLT(tn) and X5 (t). This proof, however, did
not rely on Assumption In this thesis, we prove mean-square convergence of order p = 1 for
both splitting methods X (t,) and X5(t,) under Assumption E We include this assumption,

2 —
J and B[ | X3 ()
T — 400 even when g > 0, which could not be done using the theory of [I]. We also show that

= 2
because it will allow us to formulate asymptotic bounds on E | HX LT(t,) ‘ | as

both composition methods X' LTIE(z ) and X' SIE(t,,) are mean-square convergent of order p = 1,
also under Assumption

Proving mean-square consistency does not rely on Assumption [3.3] For this reason, we do
not prove mean-square consistency of X' LT(t,) nor X8 (tn), since we may rely fully on the proof
given in [I]. Here, it was shown that both splitting methods X“I(t,) and XS(,) were mean-
square consistent of order p = 1. Thus, we only prove mean-square consistency for our composition
methods X LTIE(z Y and X' SIE(t,,), and we prove that they are both mean-square consistent of order
p=1.

In our proof of mean-square boundedness, however, we rely heavily on Assumption [3.3] since this
assumption yields bounds on the solution of the nonlinear ODE , as shown in section [5 Thus,
we provide mean-square boundedness proofs for all four methods XTI (¢,,), X8 (tn), X! LTIE (1) and
XSB(t,).

The mean-square boundedness proof for X' LT(t,) and X' LTIE(¢,) are rather similar. For this
reason, we show mean-square boundedness for the generalized Lie-Trotter method as defined in

eq. (4.15a)). Recall that the generalized Lie-Trotter method uses the Lie-Trotter approach with a

generalized flow cpz ) of eq. , which can represent either the exact flow cp( )

flow cpgl ). The result then holds for the X LT( n) and X LTIE( n) methods upon inserting for their

or the numerical
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respective flows (,021) or (;521). Similarly, we prove mean-square boundedness for a generalized Strang

method defined through eq. (4.15b). Also here do we obtain the result for either X8 (tn) or X' SE(t,)
when inserting for the appropriate flow.

. Once mean-square consistency of order p = 1 has been proved for both composition methods
XUTE($ ) and X5™B(t,,), and mean-square boundedness has been proved for all four methods

X:LT(tn), X53(ty,), XVLTIE(tn) and YSIE(tn), it follows immediately from Theorem |6.1| that all four
methods are mean-square convergent of order p = 1. We state this as separate theorems towards
the end of this section.

6.a Mean-square consistency
We will in this section prove the following Lemma:

Lemma 6.2 (Mean-square consistency) Let Assumptions and be satisfied, and let

XthT_IlEg(tn) and X{ilﬁ,g(tn) be the one-step approximations of the LTIE- and SIE methods defined

through eqs. (6.2a)) and 1 , respectively. Tﬁen, Xi{ﬂEg(tn) and Xtilﬁf(tn) are mean-square
consistent of order p =1 in the sense of Definition [6.1]

Proof: The key to proving Lemma lies in applying a stochastic Taylor expansion to X, , ¢(ty)
around &. We then compare this expansion with the corresponding expansions of our one-step
approximations Xg:?:lfg (t,) and XtSnH::hg(tn) to find the local error of each composition method. It
was shown in the specialization project preceding this work [I6] that the one-step approximation
of the exact solution is given by
h? h? h? h?
X1, 16(tn) =€+ hAE + hB(€) + A’ + - AB() + - IB(§) AL + S IB(£)B(€)

2
+ %D(E) + 3w () + (AE + JB(g)z) W (h) + O(h3/?).

(6.3)

Here, Jp(&) is the Jacobian of B evaluated at € whose elements are given by

Moreover, D(£) is the vector whose i’th element is given by
2 ~ , PBig)
D;(§) = TT<E H&(f)) = i g2
- X
Jj=1 J
with Hp, (€) being the Hessian of B; evaluated at & and Tr(-) denoting the trace of a matrix. In
addition, W,onl (h) and W,Si)l(h) are stochastic Ito integrals which, for each n > 0, are given by

ca. (T,

We proceed with expanding the one-step approximations for our LTIE- and SIE composition

methods from eqs. (6.2a)-(6.2b]). Recall from eq. (4.7]) that
& =x",

where X* satisfies the equation
X*=¢6+hB(X"). (6.4)
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We start by expanding B(X*) to the first order around &:
B(X*) = B(§) +J(&)(X* — &) + O(h?). (6.5)

To see why the last term is O(h?), observe that the quadratic term in the expansion of B(X*)
around £ is given by Q, where @Q; satisfies

1 * T * .
Qi=5(X"—¢) Hp(©)(X —¢), i=1...d
From eq. (6.4) it is clear that X* — & = hB(X™*) = O(h). It then follows directly from the
expression for @Q; that Q; = O(h?) for all i = 1,...,d; hence, @ = O(h?), which justifies why the
last term in eq. (6.5) is O(h?). Inserting for eq. (6.5) into eq. (6.4) and rearranging then yields
—1
X =¢+ h(I - hJB(§)> B(€) + O(h?). (6.6)

Using the Neumann series, we have the following expansion:
-1 &
(T-nIB(©) =D W I5(E) =T+ hIs(E) + O(h?). (6.7)
k=0
Inserting for (6.7)) back into eq. then yields
X*=¢+hB(&) +h*Ig(€)B(€) + O(h%). (6.8)
Recalling that QZS)(E) = X*, we’ve found

(&) = £+ hB(&) + h2Ip(€)B(€) + O(hY). (6.9)

We will now insert for the expansion and the expansion of the matrix exponential given by

eq. (2.1) into the one-step approximations (6.2a))-(6.2b|) of our composition methods. The one-step
approximation for the LTIE composition method then reads

X () = 2 (6) + / " At-saw ()
0
- (1 L hA + h22A2> (g L hB(€) + hQJB(S)B(g))
" (h — 5)2 2 3
+/0 (I+ (h=s)A+ 55" A >2dW(s) +O(h?)
— &+ hB(&) + h2I5(€)B(€) + hAE + h2AB(£) + h;AQ{ + 3 / Caws) (610
h 1 2 h 2 03
+AE/O (h— 5)dW (5) + 5 A z/o (h— $)2dW (s) + O(h?)

= &+ hB(€) + h*Tp(§)B(€) + hAE + h?AB(E) + %2A25

1
+ W (h) + AW, (h) + 5A22W,§231(h) +O(R3)
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Similarly, we find the one-step approximation for the SIE composition method. Let S be given by
M "
S =g, 5 (8) +/0 A=W (s)

= (1 +hA + h;AQ) (5 + gB(E) + %QJB(E)B(@)

(h—s)
2

h 2
+ /0 (1 +(h—s)A + A2> EdW (s) + O(h%) (6.11)

—e+ DB+ MaseBe hae Uabe) L aze
£IWY, () + ASW, () + S APSWI, (h) + O(h)
=&ty
where y is given by

2 2 2
yi= SB(E) + " I5(€)BE) + hAE + U AB(E) + ) A%

1
+ W9 (h) + AZW Y, (n) + §A22w<2> (h) + O(h3).

n—1

(6.12)

Using eqs. (6.11))-(6.12)), we find that the one-step approximation for the SIE method reads
~(1
X3, e(tn) = &},)5(S)

— S+ gB(s) + %QJB(S)B(S) + O(h®) (6.13)

2
eyt SBE+y)+ In(E+y)BE +y) +O0).

Expanding B(€ + y) around £ yields
B(¢+y) = B(6) +Is(&)y + G(E&) + Oy,

where G;(&) is given by
Gi=y Hp &y, i=1,...4d,

and O(||ly||*) = O(h3/2) since
O(llyll) = O(|W,_1(B)]}) = O(h'/?).
Thus, we have that
h h h h
3 BE+y) = 5B+ 5IpOy + 3G + O(h™?), (6.14)

and
2 2

" In(E+y)BE+y) = " I5EBE) + O (6.15)
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Inserting for egs. and into eq. - ) then yields

2
X5, e(ta) = € +y + DB(E) + 2Ip()y + 5 CE) + T In(©)BE) + O")

Inserting for y from eq. , we find that

h h? h? h?
§+y+5BE) =&+ B+ [ Ip(6)B(€) + AL+ S AB(§) + A%
+2W, 0, () + ASWY, () + §A22W,§2_>1<h> +O(1),
and
h h?

2 4

h )
- fJB<s>A22W£2_>1<h> +O(h?).
Finally, inserting for egs. and (| into eq. - 6.16]) yields
h? h? h?
X7 ¢(tn) = €+ hB(€) + [ IB(6)B() + hAE + S AB(E) + - A%

1
+ W9 (h) + AZWY, (h) + EA2zw<2> (h)

n—1

2

2
+ P In©BE) + L Is©)AE + LInE©ZW, ()
oI5 @ASWY, (1) + L I5(©ASWE, () + L G(E)

n—1

2

h
+ 7 IB(E)B(E) +O(h*?)
We now introduce the local errors ELTEEs (tn) and 5;?276 (tn), defined by
5LT11 g( ) Xty E(tn) - XLTIE (tn)v
p.", e(tn) = X,y g(tn) — X01F, ¢(tn).
It follows from eqs. and (6.10) that (SLTIE (tn) is given by

S (1) = ST (E)AE — T AB(E) - L T5(€)B(E) + o D(e)

+ JB<5>2W£21<h> ~ fAQEW@%(h) +O(h%/?)

Similarly, it follows from eqs. ) and (6.19) that 7' . (¢,) is given by

05", ltn) = %(D(S) - G(£)> - h—JB(S)B(s) +I(&EW,, ()
_ %A@Wﬁ)l(h) _ gJB(g)EWSJJl(h) - gJB(ﬁ)AEWﬁ)l(h)
~LIp©ATSW, (1) + O*?)
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Lin©y="350)BE + L Is©Ac+ LIn@©SWO (1) + LIsE©ASW(h

(6.16)

(6.17)

(6.18)

(6.19)

(6.20a)
(6.20Db)

(6.21)

(6.22)



Taking expectations of (6.21]) and ( m yields

HE[&}?IE&( )] H = O(h?), (6.23a)
HE [55{215(%)] H = O(h?), (6.23b)
where we used the fact that
[W ]:0 Vk>0,n>0.
Recalling from eq. (2.11) that E[ HW H } O(h?F+1), it follows that
J SETIE (1) ] = 00, (6.242)
2
\/IE SjEl e(ta) } = O(h*?). (6.24b)

By eqgs. (6.23a])-(6.23b]) and ([6.24al)-(6.24b)), it follows that ELTIE(tn) and /)ZSIE(tn) are mean-

square consistent of order p = 1 in the sense of Definition [6.1] W

6.b Mean-square boundedness

We will now establish mean-square boundedness of all four methods X' LT,), X' S(tn), X' LTIE (¢
and X' SIE(¢,,). This proof requires that the solution (exact or approximate) to the nonlinear ODE
is linearly bounded. In this thesis, we prove mean-square boundedness under Assumption
wherein the assumption of linearly bounded growth on the exact- and implicit-Euler solutions of
follows readily through Theorems and Recall from [I] and the specialization project
[16] that linearly bounded solutions of had to be assumed explicitly in lieu of Assumption
Recall also from the specialization project that we approximated the solution to via the
explicit Euler method. This was problematic, since it was discovered that the explicit Euler method
could not guarantee linearly bounded solutions in the sense required (thus leading us to consider
the case where is solved using the implicit Euler method).

We will prove mean-square boundedness for all four methods X (¢,,), XS(t S( ) XITIE(¢ ) and

X' SIE(t,,) by proving mean-square boundedness for the generalized methods x" ( n) and YS( tn)
defined through egs. m m At this point, we introduce the function ©(z), defined by

1—e %
O(z) := ze , z€R. (6.25)

Observe that while ©(z) is undefined for z = 0, it follows in the limit that
lim ©(z) =1
A 06)

Thus, we define ©(0) := 1. Observe that since Assumptions and holds, it follows from
Theorems [E.1] and [£.2] that

2 K
Hapg”(x)H < e 2 o)+ 2 (1— e ) = e 2 ja|* +- 2KO(2ah)h, Y b€ (0ol (6:262)

2 _ -
|60 @) < 2" af* + 2K = 25 2> + 2KOO)h ¥ h e (0,ho], (6.26D)
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where, in eq. (6.26b)), the upper-bound hg on the step-size h must satisfy 1+ 2ahy > 0. Recall that
a, g € R and that ag is given by

~ 1
g = —/ log (1 + QOLho). (627)
2hg

It is clear that we may write eqs. (6.26al)-(6.26b)) as a single expression using the generalized flow
_(1
?r (): 2

[@ ) @)|| < e 2l + 2K0(28R)h, ¥ h e (0,hol. (6.28)

Observe that if a = 8 = «, then eq. (6.28]) reduces to eq. (6.26a). Similarly, if a = ag and 8 = 0,
then eq. (6.28]) reduces to eqgs. (6.26b]).

Having defined the necessary ingredients, the goal of this subsection is to prove the following
lemma:

Lemma 6.3 (mean-square boundedness) Let YLT(tn) and XVS(tn) be the Lie-trotter and Strang

splitting methods defined through eqs. and , respectively. Similarly, let ELTIE(tn)
and YSIE(tn) represent the LTIE- and SIE composition methods defined through egs. (4.16¢|) and
, respectively. Let Assumptions and hold. Then there exists hg > 0 such that
XLT(t,), X5(tn), XETIE(t,) and XSE(t,,) are mean-square bounded in the sense of Definition

[6.9 for all h € (0, ho).

Proof: We start by proving mean-square boundedness for the generalized Lie-Trotter method
defined through eq. (4.15a). Taking the expectation of the norm-squared of (4.15a)), we find

E[ | X" ) 2] = B[ A (& () + zn_l(h)Hz}

= B[ 2@ (X ()| ] +E[1Z0s(0)]?] (6.29)

+ QE |:<6Ah<P§ll) (YLT(tn—l))7 Zn—l(h)>:| 5 n = O, 1, ceey N € N,
where we recall from eq. (4.12) that
h
Zn_1(h) = / AT BAW (s) ~ N(0,C(h)), n=1,..,N.
0

Moreover, it follows from eq. ([2.9) that E[ | Z—1(h) ||2} = Tr(C(h)). The trace of a matrix satisfies

for any matrix M € R%*? the following relation:

Te(MM) = Te(M"M) = M, (6.:30)
with ||-||p denoting the Frobenius norm, which is a submultiplicative norm. Additionally, the
Frobenius norm satisfies the following relation for any matrices My, My € R%*

2 2 2
My M| < [[My |7 [ Me||g (6.31)
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where ||-|| is the usual Euclidean norm. Thus, it follows from eq. (4.13), submultiplicativity of the
Frobenius norm and egs. (6.30)-(6.31) that

Tr(C(h)) = Tr < /Oh (eAuH)z) (eA(hs)z)TdS>
_ /O "o < (6A<h*5>2) (eAUH)E) T) ds
_ /Ohﬂ((em—wgf(eAw—sm))ds

h 2
:/ HeA(h*S)E“ ds
0 F

2 (M1 A
<zl [ ert=

Letting u = p(A) denote the logarithmic norm of A, it follows from eq. (2.3)) that

2
ds

[[eAR||* < e, (6.32)

Thus, we find that Tr(C(h)) satisfies

2
ds

h
Te(C(m) < =) [ [ert
h

<= / ¢21(=9) g

2ph _q 6.33
D (6.33)
2u
e2rh _ 1
=|=lp ———h
2uh

= ||| e*"O(2uh)h,

It follows from [5] (Theorem B2 (e)) and the fact that Z,,_1(h) is zero in expectation that

EKBA%?(XLT(%_O),Zn_l(h)>] _ <6Ahsogbl)(XLT(tn_l)),E[Zn_l(h)}> =0,  (6.34)

Thus, by eqgs. (6.32)), (6.33) and (6.34)), we find that (6.29)) reduces to

E[||X" ) 2} < E{HeAhag”(YLT(tn,l))HQ} + )2 e24h0 (2uh)h

<E[[leA")’ HES)(YLT(tn_l))HQ} L2 e oui)h  (6.35)

< 62;¢hE[”¢§Ll)(yLT(tn_l))H2:| N ||Z|\%€2“h@(2ﬂh)h
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By eq. (6.28]), it follows that
(1) /LT 2 _
H(pg)(x (tnfl))H < ¢—2ah
Inserting for eq. (6.36]) into (6.35]) yields

2:| < 62uhE |:e—2ah

‘YLT(tn,l)HQ + 2K 0280 (6.36)

o<

‘YLT(tn,l)Hz n 2K@(25h)h} +|IB|2 €240 0(2uh)h
- eﬂﬂ-ama[ HYLT(tn,l)HQ} + e2uh (2K@(2/3h) +Iz)? @(2uh))h (6.37)
- eZW—a)hE[ HYLT(tn_l)HQ} +T"n,

where 6LT is given by

T =T (B 1) = 0 (2K0(281) + | T3 ©(2uh) ). (6.38)
Note that éLT reduces to constants CLT associated with the LT splitting method and CLTIE
associated with the LTIE composition method by inserting for f = « and 8 = 0, respectively.
Back-iterating eq. (6.37) n times yields

3"

n—1
2 —
| < e2mmhE 0|2 ] + TR Y e2nmen, (6.39)
k=0

Observe at this point that the sum involved above is a geometric sum, and satisfies

eQ(;Lfa)tn -1

2(p—a)kh __ .
h Z e (n—a) = hm = \I!(tn), (640)

where we used the fact that nh = t,,. Inserting for eq. (6.40) into eq. (6.39)), we find

E[HYLT(tn) 2] < =R || X|2] + T w(t,). (6.41)

Recalling that ¢, < ty = T, we proceed with showing that W(¢,) may always be bounded from
above by a constant Wy(7") which is independent of ¢,, and h. For the case of u —a > 0, it follows
that

e2(u—a)tn —-1< GQ(H—G)T -1, h >0, w—a>0,

implying that

eQ(u—a)T -1
2(u—a) ’

For the case u —a < 0, it follows that U(t,) is a monotonically increasing function in ¢, > 0 and

h > 0, yielding

U(t,) <Ty(T) = w—a>0.

62(#70.)’]1 -1

30



Lastly, we have that ¥(¢,) is undefined for y — a = 0, however we have in the limit that

lim U(t,) =t, <¥o(T)=T.
pu—a—0%
Thus, we see that ¥(t,) may be bounded from above for all u—a € R by a constant ¥y (7") which is
independent of ¢,, and h. Similarly, the constant éLT = 6LT(B, i, h) may be bounded from above

by 6? = 6LT(B , 11, ho), where 6? is independent of h. Note that depending on the sign of 3, we
have
1, B>0

O(26h) < {@(Zﬂho), B <0

Thus, depending on the sign of p and 3, it follows that 6§T is given by

e (2K + |25 ©(2uho)), 1>0, B>0
o e2uho (QK@(Qﬁho) + ||E||12: @(Z,uho)), uw>0, B<0, (6.42)
O o .
2K + |5, <0, >0,

2KO(28ho) + |Zll, #<0, B<0.

Thus, we see that there exists constants égT and ¥o(T) independent of h and ¢, such that
éLT\I/(tn) < 63T\IIO(T). Then, it follows from eq. (6.41]) that

E| HYLT(tn) 2] < 2= IME[ [ Xo|2] + Ty Wo(T) (6.43)
Moreover, it holds that
2u—a)tn o {GQ(HQ)T’ p—a>0, (6.44)
1, p—a<0.
Letting e be given by
K = max{1, 29T Trlw,(T)}, (6.45)
it follows from egs. and that
B[ X @] <E (14 EL1X0)) (6.46)

Since eq. (6.46) holds for all n = 0,1,..., N, it also holds for the value of n which maximizes

E YLT(tn)H } Thus, we’ve shown that the generalized method YLT(tn) defined through eq.
(4.15a]) is mean-square bounded in the sense of Beﬁnition Since this generalized method
represents both the Lie-Trotter splitting method X'T(¢,,) (recovered by setting a = 8 = «) and
the LTIE composition method X LTIE(#,) (recovered by setting a = ap and B = 0), it follows that
both X' LT(t,) and X LTIE (2, ) are mean-square bounded in the sense of Definition
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We proceed with proving mean-square boundedness for the generalized Strang method defined
through eq. (4.15bf). It follows from eq. (6.28)) that

e[ [%°)] ] == [Hsoh/g(“sof/é(XSK ) + Zua(h )H]

< e*“hE[HeAhag/)Q(X (tn_1)) +Zn_1(h)H ] + KO(Bh)h

(6.47)

Using the same logic which brought us from eq. (6.29)) to eq. (6.35) for the generalized Lie-Trotter
method, we find

B el )+ 2o < 8o )|

+ ISl " O(2uh)h

(6.48)

It follows once more from eq. ((6.28]) that
(1) /~S 2 —a S 2
E[ [, tn-0)| ] < e ][ Xt )| ] + KOBRA (6.49)
Inserting for eq. (6.49) back into eq. (6.48]) then yields

A, (X () + Zoma | ] < 2 (e—“hE[ [®5 )| ] + K@(Bh)h)
+ | [l " O(2uh)h

Moreover, inserting for eq. (6.50) into eq. (6.47)) yields

dlia

(6.50)

2} < B[ A1) (X (ta)) + Zas HQ] + KO(Bh)A

< ¢~ he2uh (eahE[ Hys(tn_l)HQ} + K@(ﬂh)h>
+e M| S|f ehO(2uh)h + KO(Bh)h

_ ez(u_aw]E[ X5t 1) 2] + el Q8RR (6.51)
+ ePr=ah |22 ©(2uh)h + KO(Bh)h

= 20| X1, ) 2}

+ (@ =" £1) KO(BR) + =" | B2 ©(2uh) )

. 2 .
_ 62(u—a)hE[ X (tp1) ] +C°h,

where 68 is given by

C° =C%(a,B.p,h) = (=" 1 1) KO(Bh) + e~ || 2|2 ©(2uh). (6.52)
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-5 =~ . . s =~ .
Note that C~ reduces to constants CS associated with the Strang splitting method and C5™ associ-
ated with the SIE composition method by inserting for a = 8 = « and (a = &y, 8 = 0), respectively.
By back-iterating eq. (6.51)) n times and inserting for ¢, = nh, we obtain

B[ [ 2] < 2R |1 X0 | + T wita), (6.53)

where U(t,) is the same function from eq. (6.40). Comparing eq. (6.53) with the corresponding
expression (6.41]) for the generalized Lie-Trotter case, it becomes clear that the remainder of the
proof is essentially identical to the generalized Lie-Trotter case: It is clear from eq. (6.52)) that

. =S . —S -8
there must exist a constant C; independent of h such that C° < C|. Thus, eq. (6.53)) reduces to

—S8 2 —a —S
E[| X)) ] < e[ 1%l | + Towo(T), (6.54)
at which point it immediately follows that
— 2 .
E[ HXS(tn) } < KS(I + E[HXOIIQD, (6.55)

where FS is independent of ¢,, and h, and is given by
K = max{1, e*W=9T  CSwy(T)}. (6.56)

Since eq. (6.55) holds for all n = 0,1,..., N, it also holds for the value of n which maximizes

E[ HYS(t”)H ] Thus, we’ve shown that the generalized Strang method x° (tn) defined through
eq. (4.15b) is mean-square bounded in the sense of Definition Since this generalized method
represents both the Strang splitting method X (tn) (recovered by setting a = 5 = a) and the SIE
composition method XS1E (tn) (recovered by setting a = @ and 8 = 0), it follows that both fs(tn)
and XSIE (tn) are mean-square bounded in the sense of Definition Thus, we’ve proven that all

four methods X T(t,,), X5(t,,), X “T™B(¢,,) and XS'™B(t,,) are mean-square bounded in the sense of
Definition ]

We summarize the results of this section in the following theorems:

Theorem 6.4 (Mean-square convergence of splitting methods) Let fLT(tn) and fs(tn)
be the Lie-Trotter- and Strang splitting methods defined through egs. (4.16a)) and (4.16b)), respec-
tively. Let Assumptions and hold. Then, there exists hg > 0 such that for all
h € (0,ho), XLT(t,) and X5(t,) are mean-square convergent of order p = 1 in the sense of Defi-
nition [6.3.

Proof: The result follows directly from Lemma 4.1. of [I] and Lemma ]

Theorem 6.5 (Mean-square convergence of composition methods) Let XVLT}E(tn) and XVS}E(tn)
be the LTIE- and SIE composition methods defined through egs. and , respectively.

Let Assumptions[3.]) and[3.4) hold. Then, there exists ho > 0 satisfying 1+ 2ahg > 0 such

that for all h € (0, ho], XETIE(t,,) and X5E(t,)) are mean-square convergent of order p = 1 in the

sense of Definition[6.3

Proof: The result follows directly from Lemma [6.2] and Lemma [6.3] W
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7 Structure Preservation

In this section, we investigate the conditions under which our considered methods are able to pre-
serve important structural properties; in particular, 1-step hypoellipticity and geometric ergodicity.

7.a Preservation of noise structure and 1-step hypoellipticity

Recall that the SDE is hypoelliptic if its transition probability admits a smooth density,
even though 337 is not of full rank. The discrete analogue of this property is termed 1l-step
hypoellipticity, and it states that the distribution of X (¢,) given X (t,—1) admits a smooth density.
Of particular interest is the case where this smooth density is (multivariate) Gaussian. It was
shown in [I] that the Lie-Trotter splitting method is 1-step hypoelliptic, and that the distribution

of XLT (t,) given X LT (¢, 1) is normally distributed with mean and covariance matrix given by
E[X(6)| X1 (6-1)] = Al (X (1),
Cov [X’LT(tn)p?LT(tn,l)} = C(h),

where C(h) is the covariance matrix of eq. (4.13). By contrast, the conditional distribution for
the Strang splitting method is in general not explicitly available [I]. We prove in Theorem
that the LTIE method also satisfies 1-step hypoellipticity, and that the distribution of XTTIE(¢,)

given X LTIE (tn—1) also is multivariate normal. We do not prove this for the SIE method since, also
here, the conditional distribution is in general not explicitly available. Furthermore, the property
of 1-step hypoellipticity implies that, for a hypoelliptic SDE, the numerical method propagates the
noise into the smooth component after 1 simulation step. It is known that Euler-Maruyama-type
methods don’t satisfy this property; rather, they are 2-step hypoelliptic, meaning that the noise is
propagated into the smooth component after 2 simulation steps [9].

Theorem 7.1 Let ELTIE(L‘") be the LTIE composition method defined through eq. . Assume
that the SDE is hypoelliptic in the sense of Assumption . Suppose further that Assumptions
and holds. Then, there exists hg > 0 satisfying 1 + QCVhOZ 0 such that forAc/Lll h € (0, hol,
XETIE(t,) is 1-step hypoelliptic. Moreover, the distribution of X T1E(t,) given XTTIE(t, 1) is
multivariate normal with expectation and covariance given by

E{X’LT}E(%)‘X“LTIE(%A)} _ eAhszgll)(fLTIE(tnil))’
Cov [XM7I8(1,) [ XH2(1, )] = C(h),

where C(h) is the covariance matriz of eq. (4.13)).

Proof: By Assumptions[3.1]and [3.3] and since hg satisfies 1+ 2ahg > 0, the implicit-Euler solution
of (4.4a) is well-defined for all h € (0, hg]. It follows immediately from eq. (4.16c) and from the
fact that E[Z,_1(h)] = O that

E[i’LTIE(tn”X/LTIE(tn_l)] _ E[eAhSB;ll)(X/LTIE(tn_l) + Zn—l(h)):|

_ eAhszgll) (fLTIE(tn_l)) )
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The result then follows by

Cov P‘(“LTIE(tn) |§‘(“LTIE(tn71)]

=E

SFLTIE _ n[3LTIE SFLTIE S LTIE _ [3FLTIE SFLTIE '
(F ) - B[R ) K )] ) (KE05() - B[R X mn})]

=E|Z,1(h)Z] 1 ()] = C(h),

where C(h) is the covariance matrix of eq. (4.13). W

7.b Preservation of Lyapunov structure and geometric ergodicity

Recall from Lemma[3.2)that if 4 < o and K > 0, then the drift F' satisfies the following dissipativity
condition:
<w,F(m)>§K—c||w||2, VeecRY c=a—-pu>0, K>O0. (7.1)

Recall further that this condition ensured that the function
L(x) :=1+||>, VezeR

was a Lyapunov function satisfying condition for the SDE (3.1). The existence of such a
function then implies that the SDE is geometrically ergodic [9], [1].

Our goal now is to show that our numerical methods X =T (tn), XS (tn), ELTIE(tn) and XVSIE(tn)
preserves the geometric ergodicity of the underlying SDE (3.1). The key to proving this result lies
in showing that the methods satisfy a discrete analogue of which we refer to (as in [I]) as a
discrete Lyapunov condition. The discrete Lyapunov condition is formally stated in Definition

Definition 7.1 (Discrete Lyapunov Condition) Let L be a Lyapunov function for the SDE

13.1). A numerical solution Y(tn) of (3.1) satisfies the discrete Lyapunov condition if there exists
p€(0,1) and 17 > 0 such that

E[L(X (4) X (ta-1)] < PL(X (tn-1)) +7

It was shown in [I] that both splitting methods X T(t,,) and X5(t,) satisfy this condition, however,
their proof required HeAhH < 1. This is guaranteed if ;1 < 0 (though the converse does not hold).

In this work, we prove that all four methods X T (tn), Xvs(tn), XVLTIE(tn) and XVSIE(tn) satisfy the
discrete Lyapunov condition of Definition [7.1} albeit under slightly different conditions. Specifically,
we prove that if 4 < «, then there exists hg > 0 such that X*T(¢,) and X5(¢,) preserves geometric
ergodicity of the SDE for all h € (0, ho]. Similarly, we prove that if u < &g, then there exists
ho > 0 satisfying 1 4+ 2ahg > 0 such that X LTIE@ ) and X' SIE(t,,) preserves geometric ergodicity
of the SDE for all h € (0,hg]. Crucially, and in contrast to [I], there is room for u to be
non-negative.

The proof is nearly identical for all four methods, so we will prove the result for a general-
ized method X (t,), where X (t,) represents all four methods X" (t,), X5(t,), X"T™B(¢,) and

XSE(¢,). Recall from eq. (6.37) that

o <] <2 a2
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where O = 6LT(B, 11, h) is given by eq. (6.38). Here, x" (tn) represents both methods X (t,,)
and X/LTIE(tn). Setting a = 8 = « causes YLT(tn) and O to reduce to /)ZLT(tn) and CLT,
respectively, where CLT = 6LT(04, i, h). Similarly, setting a = @ and 8 = 0 causes YLT(tn) and
T to reduce to X LTIE (¢ Y and C~'LTIE, respectively, where CLTIE — 5LT(O, i, h). Recall also from

(651) that

E[Hfs(tn) 2} < 62<ﬂ*a>hE[Hfs(tn_1)H2} +C°h. (7.3)

where C° = 68((1,6,#, h) is given by eq. (6.52)). Here, Ys(tn) represents both methods XS (t,,)
and ESIE(tn). Setting a = B = « causes X - (t,) and C° to reduce to X (tn) and CS, respectively,
where G5 = C° (o, ay i, h). Similarly, setting a = & and 8 = 0 causes x° (tn) and C° to reduce to
EESIE(tn) and C~'SIE, respectively, where CSE = 65(&0,0,;1, h).

Using the generalized method X (tn), we can represent egs. and by the general
expression

JE[HY(tn) 2] < eQ(“—@h]E[Hf(tn_l)HQ} +Ch. (7.4)

We will use eq. (7.4) to prove that the generalized method X (¢,) satisfies the discrete Lya-
punov condition of Definition when g < a. The result for all four methods X (t,), X5(t,),
XUTE(2,) and X5™(t,) is then obtained by appropriately inserting for a = {a,dp} and C =
{CNvLT CS.CLTIE 6SIE}'

Theorem 7.2 Let X/LT(tn) and /)Zs(tn) be the Lie-Trotter and Strang splitting methods defined

through eqs. (4.16a) and (4.16b), respectively. Moreover, let XLTIE(tn) and XS[E(tn) be the
LTIE- and SIE composition methods defined through eqs. (4.16c) and (4.16d)), respectively. Let

L(@):=1+]z|?, VaoecR

be a Lyapunov function of the SDE (3.1). Let p = p(A) be the logarithmic norm of A. Suppose
fl\:ssumption @holds for some K > 0 and o € R. If u < «, then there exists hg > 0 such that
XET(t,) and X5(t,,) satisfies the discrete Lyapunov condition of Deﬁm'tz'onfor h e (0,ho] . If
1 < ag, where ag is given by

~ 1
(7)) —

" 2hg

then there exists hg > 0 satisfying 1 + 2ahg > 0 such that fLTIE(tn) and XSIE(tn) satisfy the
discrete Lyapunov condition of Definition for h € (0, ho).

log (1 + 2achy),

Proof: We will now show that the generalized method X| (t) satisfies the discrete Lyapunov
condition of Definition using eq. (7.4). By assumption, y < a. If a = «, then this proof

corresponds to the case of X 1T (tn) of X8 (tn). If a = g, then this proof corresponds to the case of
XITE($ ) and X5™(t,). In either case, u < a implies that e2(#=4)" < 1 for all h € (0, hg]. Thus,
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we find
B[L(X (1)1 X (tn-1)] = 1+ E[X (6)| X (t01)]
<14 2=k Hkv(tn,l)’r +Ch

(7.5)
— 2 ~
< e2<”—“)h(1 + HX(tn,l)H ) +Ch+1

= 2O (X (t,-1)) + Ch + 1.
That is, X (t,) satisfies the discrete Lyapunov condition of Definition with p and 77 given by
p=e2rDh c(0,1), F=Ch+1>0, he(0h)

Appropriate insertion of a = {«, &y} and C = {6LT, CS, CLTIE, GSIE} yields the result for all four
methods X T (t,), X5(t,), X“™B(¢,,) and X5'B(¢,). B

Recall that ay < « with equality only when o = 0. As such, it is clear from Theorem that
the splitting methods XLT (tn,) and X S(t,,) can preserve geometric ergodicity for larger values of 1
than the composition methods X' LTIE(¢ ) and X' SIE(t,,). Tt follows in the limit hg — 0%, however,
that

1
lim ap= lim ——1log(1l+ 2ahy) = a.
ho—+oo 0 ho—4+o0 2h0 g( + 0)
Thus, as the step-size decreases, the condition for preserving geometric ergodicity for the splitting
methods and composition methods coincide. Figure [I|shows g as a function of « for three different
step-sizes hg. We also include the straight line y = « for reference. Observe that as the step-size
decreases, ag approaches the line y = a.

~

Qo VS a
10
a
&0, ho = 10)
57 &o, h0=0.1)
&0, ho=0.01)
0
—51
-10 T T r
-10 -5 0 5 10

Figure 1: ag vs « for different stepsizes hyg.

We proceed with deriving asymptotic bounds for all four methods XT(t,,), X5(t,.), X" (¢,,)
and X5'E(t,) as t,, — +o00. We will again consider the generalized method X (t,) in this proof.
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Recall from eq. ([7.4) that all splitting- and composition methods satisfy a bound of the type

E[[X(t)| ] < B[ 1X (1) ] + .

where appropriate insertion of a = {a, &} and C = {éLT, 55, éLTIE, GSIE} yields the particular
bound for any of our methods X (t,,), X5(t,,), X""E(t,) and X5 (¢,). Back-iterating eq. (7.4)
n times then yields the bound

E[Hf(tn) 2} < AR | Xo|* | + CU(t) = Flt). (7.6)

Here, we obtain four different bounds %(t,) = {FT (t,,), &> (tn), T (¢,), 55 (t,)} corresponding
to each of our four methods X T (t,), X5(t,), X" (t,,) and X5 (t,), depending on our choice
of a = {a,ap} and C = {C*T,CS, CVTIE CSIEY,

Corollary 7.2.1 Let the conditions of Theorem[7.9 hold. If i < «, then it holds that

N 2 hé«LT h 6LT
3 LT 0“0
tnl—lg-looE[ HX (tn> } = 1 — e2(p—a)h = 1 — e2(p—a)ho’
= 2 hCS hoC§
. S 0~
tnllgklooE[ HX (tn) ] — 1 — e2(p—a)h = 1 — e2(p—a)ho’

Similarly, if p < oy, then it holds that

L 2 hc”vLTIE h éLTIE
: LTIE 0“0
tnlgilooE[ HX (tn)H } = 1 — e2(h—@0)h = 1 — 2(n—a0)ho’
— 2 hOSIE hoCOSTE
. SIE 0“0
tnl—lg—looE[ HX (tn) } — 1 — e2(p—a)h — 1 — e2(p—ao)ho "

Proof: Let Xv(tn) represent all four methods XLT(tn), X8 (tn), XVLTIE(tn) and XVSIE(tn). More-
over, let a represent both o and &, and let C represent any of the constants {CTT, S, OTTIE CSIEL
Suppose now that p < a. Then, it follows in the limit ¢,, — +oo of eq. (|7.6) that

lim 2@t =,

tn—+00
e2(p—a)tn _ q h ho
tnligiloo \I](tn) tnligkloo h e2(p—a)h _ 1 1 — e2(p—a)h — 1 _ e2(p—a)ho’

and the result immediately follows for X (tn). Appropriate insertion for a = {a,ap} and C =
{CUT,CS,CLTIE CSIEY then yields the result for all four methods XT(t,,), X5(t,), X T (¢,
and fSIE(tn). [ |

As an interesting side-note, we investigate the behavior of our methods in the limit hg — 0F.
This also implies that h — —+oo since h € (0, hg]. In this limit, we transition from a discretized
regime to a continuous regime, whereupon t, — t. Observe moreover from eq. that ag
approaches a as hg — 07. We will therefore insert for « = o whenever hy — 0T. Since our
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splitting- and composition methods approach the exact solution of (3.1)) in this limit, the bound
obtained is interpreted as a bound on the exact solution of (3.1)). It follows from eq. ((6.40))

eQ(,u—a)tn -1 eZ(,u—a)t -1

U(t) := lim U(t,)= lim h = 7.7
()= Hm Wlta) = B b oo =T = 2= a) (7.7)
Moreover, we find from eq. (6.38) that
. =L .. 24h 2 o 2
Jim C = lim e (2K9(2[3h)+||2||F®(2,uh))_2K+HE||F (7.8)
Similarly, we find from eq. (6.52]) that
. —S T (2u—a)h (2u—a)h 2 _ 2
dim ©° = lm((e +1)KO(Bh) + e ISI7 0Cun)) =2K + ]IS} (79)

Thus, taking the limit h — 07 of eqs. (6.41)) and (6.53)) and inserting for eqs. (7.7)), (7.8) and (7.9)

yields

. LT 2 2(p—a)t 2 2 62(M_a)t —1
hlir&E[HX (tn)‘ } < e E{HXoH } + (2K + ”EHF)W

] —s eQ(u—a)t -1

h—0t

2
} < eQW—a”E[HXoIIz} + (2K + |=|3)

Since the upper bounds on E

X" (t,) 2] and B[ || X5 (1)

treat this as an upper limit on ]E{HX(I?)H2 }, where X (t) is the exact solution of eq. (3.1]). Thus,
we find

2
} converge in the limit h — 0T, we

—

eQ(u—a)t -1

]E[Hx(t)ﬁ < eQW—a)t]E[HXoHQ} + (2K + IIEH%)W

ol ”2”2 (7.10)
— —2(a—p)tE|: X 2] + F o —2(a—p)t
e 0 + 1—e .
X0l ]+ 25 )
The bound (7.10)) is only defined for o — y1 # 0, however in the limit o — p — 0% we find
2 2 2
E[IX(0)I | <E[1X0)*] + @K + I}t (7.11)
Moreover, observe that if u < «, then from eq. (7.10) it holds in the limit ¢ — 400 that
. 2 2K + ||IZ7
< ——M— — . .
Jim E[IX )] < S50 a- a0 (7.12)

Observe the close correspondence between the bounds (7.10) and (7.11]), and the bounds from
Theorem Observe also the similarities between the asymptotic bound for the nonlinear ODE
given by eq. (5.5, which we recall here as

K
lim [|X(8))° <=, a>0,
t—+4o0 (6%

and the bound on the SDE given by eq. (7.12)). Note in particular that, for the nonlinear ODE
(5.1), asymptotic boundedness is determined by « > 0, whereas for the SDE (3.1) asymptotic
boundedness is determined by « — > 0 (or equivalently, p < ).
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8 Implementation

In this section, we discuss some practical implementation details of our proposed methods. We
discuss how to speed up the implementation of Newton’s method for the case where the implicit
equation cannot be solved explicitly. We also discuss our approach for numerically demon-
strating mean-square convergence.

8.a Newton’s method

In this section we describe two simple strategies for speeding up our implementation of Newton’s
method when the implicit equation cannot be solved explicitly. The first strategy consists
in choosing a split of the semi-linear drift F' such that the jacobian of the nonlinear part B is
diagonal, while still satisfying Assumptions and This may require further splitting of
the nonlinear part B into multiple nonlinear parts, increasing the total number of sub-equations
to be solved by our composition methods. If the Jacobian is diagonal, then the Newton matrix
I - hIp(z®) from eq. is trivially invertible, and its inverse is also a diagonal matrix.
Thus, we may easily find an explicit expression for the inverse Newton matrix (I — hJg(z(*)))~1,
reducing our problem of solving the linear system to the problem of performing the following
matrix-vector multiplication at every discrete time-point ¢,:

-1 — —
2k D) = (1 - hJB(zk)) [hB(z<k>) ~ hIp(2®)z® _ X<1>(tn_1)}, 20 = X, 1), (8.1)

where X' (1)(0) = X,. Moreover, since the inverse Newton matrix is diagonal, this vector-matrix
multiplication can be further reduced by simply multiplying the i’th diagonal element of the in-
verse Newton matrix with the ¢’th component of the right-hand-side of eq. (4.10). Then, on an
implementation level, Newton’s method behaves like a standard fixed-point iteration scheme where
2+ = v (2(0) for the function V' : R? s R? defined by the right-hand-side of eq. . We note
that finding an explicit expression for the inverse Newton matrix may require placing restrictions
on the step-size h and/or parameters of the system.

Recall from section [ that the DIEM method also employs Newton’s method at every time-
iteration if the corresponding implicit equation cannot be solved explicitly. With this method,
there is no equation splitting, and so we are forced to use the Jacobian of the full drift, which
will in general not be a diagonal matrix. For this case, it would typically be easier to use a
standard implementation of Newton’s method, where we repeatedly solve a linear system. Lastly, we
note that for systems of small dimensionality d, the difference in computational efficiency between
a standard implementation of Newton’s method, and an implementation which uses the inverse
Newton matrix explicitly, will be small. However, for systems of large dimensionality, this difference
in computational efficiency could in and of itself be sufficient to prefer the composition methods
over the DIEM method.

The second strategy for speeding up our approximation of the solution to the implicit equation
involves only performing a single iteration of Newton’s method. Letting k£ = 0 and noting that

20 = XM (¢, 1), eq. (B.1) reduces to
— — —1 —
20 = X0t 1) + h(T- W35 (XD (ta1))) BXV(tar)-

The vector z(1) is then taken as the approximation to the implicit Equation of eq. (4.8)). Note that
with this approach, we are no longer approximating the solution to the nonlinear ODE of eq. (4.4al)
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by the implicit Euler method (via Newton’s method). Rather, we are employing its linearized cousin;
a first-order Rosenbrock method [12]. This method corresponds to approximating the solution to
eq. (4.4a) at every time-step ¢, by

V(XD (k1)) = XD (b, ) + h(I - hJB(X'\(l)(tn_l))) TBEY, ), (82)

where the initial value is given by X (1)(0) = Xy. Combined with a diagonal Jacobian Jg, the
method of eq. can then easily be implemented to behave like an explicit method (in terms of
computational efficiency) for solving the nonlinear ODE of eq. , while still enjoying increased
stability over e.g. the explicit Euler method.

Having introduced another method for approximating the solution to the nonlinear ODE of
eq. (4.4a), we remark that the theory of sections |§| and (7} which pertain to the implicit Euler
method, no longer applies and would require modification. We will nevertheless include some
numerical examples where eq. is solved using eq. , for comparison purposes. Whenever
we do, we will refer to the composition methods obtained by solving the nonlinear ODE using eq.
as the Lie-Trotter first-order Rosenbrock (LTR1) method XYTRY(¢,) and the Strang first-
order Rosenbrock (SR1) method XSR(t,). These composition methods are given by eq. (Z.15a)
and respectively, where the generalized flow @S) is replaced by the flow @S) of eq. .

The next two sections will be dedicated to numerical demonstrations of the theory presented
in this thesis. First, we consider a simple 1D cubic model problem which will demonstrate several
of the theoretic results derived thus far. Second, we will consider the FitzHugh-Nagumo (FHN)
model, which was also considered in [I]. Using the theory developed in this thesis, we are able to
extend several of the results obtained in [1].

8.b Testing mean-square convergence

We test mean-square convergence by first computing a reference solution using a small step-size
h, and then compare the error between this reference solution and the solutions obtained by our
numerical method X (¢,,) for successively larger step-sizes h. Since the solution (exact or numerical)
of an SDE is itself a stochastic process, we repeat this process across M simulated Brownian paths,
recording the error along each path. Our measure for the overall error of the method X (¢,,) as a
function of step-size h is the Root Mean-Squared Error (RMSE), defined as

2

)

1 U ~
RMSE(R) := | 2 Z_ HX(T) fX(T)’

where X | (T') represents any of our considered methods. Essentially, the RMSE is the average error of
our method across all M simulated paths. Note that all errors are recorded at the end time ty =T
This is because our methods incur a local error at every time-step which accumulate throughout
the simulation. Thus, we expect the error to be largest at the end-time T of the simulation.

The issue of reconstructing the Brownian paths at larger step-sizes is a nontrivial matter, and
is discussed in the specialization project [I6]. Using the terminology of that work, we recon-
struct the correct Brownian paths across all step-sizes using an ezact accumulation of ﬁne;;q/m'd ran-
dom variables when testing mean-square convergence of X T (t,), X5(t,), X ME(t,), X5 (t,),

XLTR1 (tn) and X SR (t,). For comparison purposes, we also test mean-square convergence of the
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DIEM method X PIEM (t). In this case, we reconstruct the correct Brownian paths using a linear
accumulation of fine-grid random variables. The RMSE is of order p if it holds for some constant
C > 0 that

RMSE(h) < ChP.

Note that by taking logs, we may express the above as
log (RMSE(h)) < log C + plogh

We may then use a linear least-squares regression to fit a straight line to the data points

(log h,log (RMSE(h)) The slope of this straight-line is then the experimental order of mean-
square convergence.

When computing the reference solution, we would ideally like to use the exact solution of the
SDE in question. This is of course rarely available, so we compute our reference solution by using
Strang splitting with a small step-size h. We choose Strang splitting since this is presumed to
be the most accurate of our methods and will therefore be the best proxy for the exact solution.
Nevertheless, the results remain unchanged if we instead compute the reference solution using any
of the other splitting- or composition methods, or indeed the DIEM method.

9 1D Cubic model problem
In this section we will investigate the following 1-dimensional cubic model problem:
dX(t) = (wX(t) — X?(t))dt + cdW (), t>0, X(0)=X,€R, (9.1)
where w € R and ¢ > 0. The drift F(X(t)) is on the form
F(X(t)) = AX(t)+ B(X(t)), A=w, B(X(t))=-X%@). (9.2)
We start by showing that this choice of B (X (t)) satisfies Assumptions and

Proposition 9.1 The function B(X(t)) = —X3(t) satisfies Assumptionfor any ¢; > 0.
Proof: Using the relation

(@ =)@ +ay+y?) =2t +y' —ay’ —ya®, Va,yeR,
where

2 2
3
x2+xy+y2:<x+g> +%20, Vz,y €R,

the result follows immediately

(z —y.B(x) = By)) = —a* —y* + 2y’ +ya®
=—(z—y?@+ay+y*)<0<ci(r—y)? Vr,yeR, ¢ >0 N

Proposition 9.2 The function B(X(t)) = —X3(t) satisfies Assumptionfor co =8 and x = 3.
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Proof: Using the relations

(v —2°)? = (@® +ay +y°)* (¢ —y)®, Va,yeR,
xy§x2+y2 VzryeR,
2 2 4 4
20°y" <" +vy", Vaz,yeR,

the result follows by

<42 + )z —y)?

= 4(x4 +yt + 2x2y2)(:c y)2
<8zt +y")(w —y)?

<81+ +ytz—y)? |

Proposition 9.3 The function B(X(t)) satisfies Assumption for any a € R and K = o? /4.

Proof: We find
zB(z) + ar? = —2* + ax® (9.3)

We note that if @ < 0, then the above is clearly globally bounded from above by K = 0. Assuming
that o > 0, we differentiate the above, set the derivative equal to zero and solve for x:

423 4200 =0 <= x=1{0,+a/2}.

It follows that * = 0 corresponds to a local minimum of xB(z) + ax?, whereas * = +/a/2

correspond to global maxima when « > 0. Inserting for x = +/a/2 into eq. (9.3]) then yields the
global maxima o?/4 of xB(z) + ax?, which is the result. B
With the split (9.2)), the resulting linear SDE is given by

dXP(t) = wXP()dt + cdW (t), t>0, XD (0)=X. (9.4)
The exact solution to the linear SDE (0.4) at time t,, starting from X () (t,,_;) is thus given by
XO(t,) = e“" XD (t,_1) + Zn_1(h), (9.5)
where Z,,_1(h) is given for every n > 0 as

Zn_1(h) = a/oh =) g (s) ~ /\/(0, %(e%h - 1)). (9.6)

Note that in the limit w — 0%, the variance of Z, 1 (h) reduces to o2h.
The nonlinear ODE for the split (9.2)) is given by

axO() = (X)) 'at, =0, xV(©) =X (97)
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The exact solution of this ODE at time t,, starting from X (¢, ;) is given by
X(l)(tn—l)

¢£1)(X(1)(tn_1)) = —,
\/1 +2(XD(tp_1))"h

XM (0) = X,. (9.8)

The implicit equation (4.8]) used to compute the implicit Euler solution of eq. (9.7 is given by

3

X* = XD (t,_1) - h(X) (9.9)

This corresponds to a depressed cubic equation on the form
(X*)3 +aX* =b,
where @ = § and b = X (t,_1)/h. Thus, we can find an explicit solution X* to the implicit

equation. Introducing the change-of-variables 3uv = a and u® — v3 = b, it follows that the solution
X* is given by X* = u — v, where u and v are given by

_ i/_b+ 1922—1—4(a/3)37 e & (9.10)

Thus, the implicit Euler solution is given at every time-step as

ﬁ%wwnm—vb+bquw - XM = Xo,  (911)

3 s/ bt b22+4(a/3)3 ’
where a = 1/h and b= X (t,_1)/h.

The Jacobian of B(X(t)) = —X3(t) is simply equal to its derivative since d = 1. Thus, the
first-order Rosenbrock solution of eq. (9.7) defined through eq. (8.2)) is given at every time-step as

()A((l)(tn_l))gh
14 3(XW(t,_1))°h

(ﬁ;zl) ()’5(1)(15”_1)) = X(l)(tn—l) - ’ 55(1)(0) = XO' (912)

We emphasize once more that we have not developed any theory regarding mean-square convergence
or structure preservation for the composition methods X T®1(¢,) and X581 (#,,) obtained when the
nonlinear ODE is solved by the first-order Rosenbrock method. However, for comparison purposes,
we include its results when appropriate.

9.a Mean-square convergence

We start by investigating mean-square convergence of our methods when applied to the cubic model
problem . We test mean-square convergence for two noise levels: A moderate noise level given
by ¢ = 0.1 and a high noise level of 0 = 1. We test mean-square convergence for three distinct
choices of the parameter w, namely w = {—1,0,1}. Observe that for the cubic model problem ,
the logarithmic norm p of A is given simply by w. As such, we can vary the behavior of the linear
SDE by simply varying the parameter w. In particular, w = —1 yields a stable linear SDE.
By contrast, w = 1 yields an unstable linear SDE, and w = 0 yields neither a stable nor unstable
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SDE. Thus, we refer to the linear SDE as non-stable when w = {0,1}. We perform this test for
XET(t,), XS(tn), XYT™B(¢,) and XS™(¢,). For comparison purposes, we also report the results
for the DIEM method XPIEM (t,). The reference solution is computed using Strang splitting with
step-size h = 2714, We test our methods for step-sizes h = 277 with ¢ = {12,11,10,9,8,7,6}. We
simulate the solutions across M = 1000 Brownian paths. For each path, the initial value is set to
Xo = 2 and the end-time is set to T = 10. The results for mean-square convergence are reported

in Figures and

[CMP] MSC (w=-1.0, 0=0.1) [CMP] MSC (w=-1.0, 0=1.0)

107!

RMSE(h)
e

10771 10774
........ y=h o XLT(ty) «  XLTE(t,) o y=h o XLT(t,) +  XLTE(t,)
. )?DIEM(tn) )?S(tn) N )?S/E(tn) . )?DIEM(tn) )?S(tn) . )’(SIE(tn)
107° 107°
1073 1072 1073 1072
h h
(a) 0 =0.1 (b)o=1
Figure 2: Cubic model problem; mean-square convergence (msc) test with w = p = —1 using two

different noise levels ¢ = 0.1 and o = 1. Tested for each method across M = 1000 simulated
Brownian paths with initial value Xy = 2 and end-time 7' = 10 for step-sizes h = 277 with
q={12,11,10,9,8,7,6}.
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[CMP] MSC (w=0.0, 0=0.1) [CMP] MSC (w=0.0, 0=1.0)
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Figure 3: Cubic model problem; mean-square convergence (msc) test with w = g = 0 using two
different noise levels ¢ = 0.1 and o = 1. Tested for each method across M = 1000 simulated
Brownian paths with initial value Xg = 2 and end-time T = 10 for step-sizes h = 279 with
q=1{12,11,10,9,8,7,6}.
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[CMP] MSC (w=1.0, 0=0.1)
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1073 1072 1073 1072
h h
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Figure 4: Cubic model problem; mean-square convergence (msc) test with w = g = 1 using two
different noise levels ¢ = 0.1 and ¢ = 1. Tested for each method across M = 1000 simulated
Brownian paths with initial value Xg = 2 and end-time T = 10 for step-sizes h = 279 with
q={12,11,10,9,8,7,6}.

Mean-square convergence of order p = 1 is observed for all considered method, for all choices of
w = {—1,0,1} and noise levels o = {0.1,1}. The results for XPEM(¢, ) are somewhat difficult to

observe in Figures [3b and [4a] because they coincide with those of the XLT and X S| respectively. In
Figure the results for XPM(¢,) lie nestled between those of X'T and X5.
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We observe a general trend of the Strang approach outperforming the Lie-Trotter approach,
which is expected due to the inherent symmetry and use of fractional steps associated with the
Strang approach. Moreover, we observe a general trend of X5(t,) outperforming X5™(t,) and
X LT(t,) outperforming X LTIE (¢ Y, which is also as expected. The difference in error between our
splitting- and composition methods for a given compositional approach (Strang or Lie-Trotter)
varies across our tests. In Fig. for instance, it is observed that X5(t,) and XS™(t,) coincide,
and the same is true for X“T(t,,) and X“T™E(¢,,). By contrast, in Fig. [4alfor instance, the difference
in error between our splitting- and composition methods are rather large for a given compositional
approach.

We observe a general trend of error increasing with the noise level o, which seems reasonable.
We also observe that the errors for all splitting- and composition methods tend to increase with w,
however this does not appear to be the case for XP™EM(¢,). This is especially interesting considering
that, for our splitting- and composition methods, w only features in the linear SDE, which these
methods solve exactly. This is perhaps explained non-rigorously by the fact that when w = {0,1},
the linear SDE is non-stable. Meanwhile, the nonlinear ODE remains stable. For w = {0, 1}, then,
it may be the case that the intra-step dynamics of composing the solutions from a non-stable linear
SDE and a stable nonlinear ODE increases error more than solving the linear SDE exactly reduces
it. By this logic, it would make sense that the DIEM method is relatively unaffected by the changing
values of w: The DIEM method features no equation splitting, and hence it does not distinguish
between the linear and nonlinear parts of the drift; there is just “the drift” F(X(t)) = wX (t)—X3(¢).
From proposition [9.3] we showed that Assumption [3.3] is satisfied for any o € R. Hence, we can
always guarantee w = p < «, meaning that the drift F(X(¢)) = wX(t) — X3(t) is stable for all
values of w. More work is needed to determine if this notion indeed can explain this observed result,
and if so, to what extent it generalizes.

Lastly, we investigate mean-square convergence for the LTR1- and SR1 methods in the case
of w = —1, and compare them with the results of the LTIE- and SIE methods. The results are
reported in Figure
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Figure 5: Cubic model problem; mean-square convergence test comparing the LTIE- and SIE
composition methods against the LTR1- and SR1 composition methods with w = p = —1 using
two different noise levels 0 = 0.1 and ¢ = 1. Tested for each method across M = 1000 simulated
Brownian paths with initial value Xy = 2 and end-time T' = 10 for step-sizes h = 277 with
q={12,11,10,9,8,7,6}.

We observe that the results for the LTIE- and LTR1 methods essentially coincide, as do the
results for the SIE- and SR1 methods. Numerical experiments indicate that this holds true for
w = {-10,0,1,10} as well, for both noise levels. This seems promising, especially since the first-
order Rosenbrock method can be made to behave like an explicit method in terms of computational
efficiency if we split the drift term F' such that all nonlinear parts of the drift has diagonal Jacobians,
as discussed in section Bl

9.b Preservation of geometric ergodicity

We proceed by investigating the proposed methods’ ability to preserve geometric ergodicity. As
shown in Proposition B (X (t)) satisfies Assumption for any value of a. Therefore, the SDE
is geometrically ergodic for any value of w since w = p < « can always be ensured. Consequently,
our splitting- and composition methods should be able to preserve geometric ergodicity for any
value of w as well. Of particular interest is the case when w = p > 0, since the linear SDE in this
case is neither stable nor geometrically ergodic.

We note that for any SDE of the form

av

dX(t) = — dix)dt FodW(t), t>0, X(0)=X,€cR, (9.13)

the limiting distribution of the process X (t) is given by the Gibbs distribution [13] (Chapter 4.5)
n(x) = ze 2V @/, (9.14)

Observe that may write eq. (9.1) on the form (9.13) by letting V(x) be given by
wr? ozt

= — — —. 1

Vi) === (9.15)
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Thus, we may test if our methods preserve geometric ergodicity by whether or not the distribution
of their solutions approach, for all initial values, the true limiting distribution given by eq.
with V(z) as in eq. (9.15). We test this by simulating M = 50000 Brownian paths and measuring
the value of X (t,) at time ¢, = 20. Moreover, for each simulated Brownian path, the initial value
Xp is drawn from a uniform distribution over the interval [1,2]. That is, Xo ~ U(1,2) for each
simulated path. The noise level and step-size are set to 0 = 1 and h = 0.01, respectively. The results
for XY (t,), X5(t,), X"T™B(t,) and X5'®(t,) are reported in ﬁguresﬂ Iﬂ and respectively.
For comparison purposes, we also report the results for XUTR(¢,)), XSR1(¢ ) and XPEM (¢, ) in

Figures and [12] respectively.

[CMP] Density of X!7(t,) [CMP] Density of X!7(t,) [CMP] Density of X!7(t,)

0.8 0.8 8
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0.4 0.4 0.4
0.2 0.2 0.2
0.0 0.0 0.0
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
X X X
(a) w=-1 b)w=0 (c)w=1

Figure 6: Histogram of XLT (t, = 20) across all M = 50000 simulated Brownian paths vs theoretical
Gibbs density for w = {—1,0,1}. Computed using step-size h = 0.01, noise o = 1 and initial values
XE(0) = Xo ~ U(1,2) for each path.

[CMP] Density of X5(t,) . [CMP] Density of X5(t,) __ [CMP] Density of X(t,)

0.8

—— Gibbs —— Gibbs —— Gibbs

X5(ty) X5(ty) XS(ta)
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0.0 0.0 0.0

-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
X X X
(a) w=-1 b)w=0 (c)w=1

Figure 7: Histogram of XS (tn, = 20) across all M = 50000 simulated Brownian paths vs theoretical
Gibbs density for w = {—1,0,1}. Computed using step-size h = 0.01, noise o = 1 and initial values
X5(0) = Xo ~ U(1,2) for each path.
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Figure 8: Histogram of X LTIE (2, = 20) across all M = 50000 simulated Brownian paths vs theo-
retical Gibbs density for w = {—1,0,1}. Computed using step-size h = 0.01, noise o = 1 and initial
values X'TE(0) = X ~ U(1,2) for each path.

+s._[CMP] Density of X*'(t,) o5 [CMP] Density of X*'(t,) +s._[CMP] Density of X*'(t,)
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x x
(a) w=-1 (b)w=0

Figure 9: Histogram of X SIE(t,, = 20) across all M = 50000 simulated Brownian paths vs theoretical
Gibbs density for w = {—1,0,1}. Computed using step-size h = 0.01, noise o = 1 and initial values
XSE(0) = X ~U(1,2) for each path.
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Figure 10: Histogram of X LTRL(¢ = 20) across all M = 50000 simulated Brownian paths vs
theoretical Gibbs density for w = {—1,0,1}. Computed using step-size h = 0.01, noise o = 1 and
initial values XXTR1(0) = X ~ U(1,2) for each path.

+s._LCMP] Density of XR3(t,) . [CMP] Density of X**%(t,) ~ _ [CMP] Density of XSR(t,)
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m— XSRL(t,) m— XSRL(t,) m— XSRL(t,)
0.6 0.6 0.6

0.4 0.4 0.4
02 02 02
0.0 0.0 0.0
4 2 o 2 3 4 2 o 2 4 4 4
x x
(a) w=—-1 (b)w=0 (c)w=1

Figure 11: Histogram of XSR(¢, = 20) across all M = 50000 simulated Brownian paths vs
theoretical Gibbs density for w = {—1,0,1}. Computed using step-size h = 0.01, noise o = 1 and
initial values X 5% (0) = Xy ~ U(1,2) for each path.
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+s. [CMP] Density of X?E"(t,) ~  [CMP] Density of X®#M(t,) [CMP] Density of X?'E"(t,)
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Figure 12: Histogram of X DIEM (2, = 20) across all M = 50000 simulated Brownian paths vs
theoretical Gibbs density for w = {—1,0,1}. Computed using step-size h = 0.01, noise ¢ = 1 and
initial values XP™EM(0) = X ~ U(1,2) for each path.

It appears that all methods are able to preserve geometric ergodicity for w = {—1,0, 1}, since
all methods show good correspondence between the predicted Gibbs distribution and the
distribution of the numerical solution. It is particularly interesting that geometric ergodicity of
the SDE appears preserved even when w = p = {0, 1}, since the linear SDE in this case is

é this is justified for XY (t,,), XS(t,,),

X LTIE(, ) and X SIE(,,) since the conditions u < « and p < &g can always be guaranteed by

Proposition It seems reasonable that similar justifications could be derived for XYTR! (tn),
XSR1 (tn) and XPEM(¢ ) given their apparent ability of preserving geometric ergodicity.

When performing this test, the normalization constant z of the Gibbs distribution needs

to be computed via
/ e-2v@/et _ 1 (9.16)
o z

not geometrically ergodic nor stable. As we saw in section

where V() is given by eq. . Unfortunately, this integral does not admit an analytic ex-
pression; hence, we must compute the integral numerically to obtain an approximation of the
normalization constant z. It turns out that the Gibbs distribution in eq. features very
narrow peaks for even moderately small values of ¢ and moderately large absolute values of w,
leading to an inaccurate approximation of the integral in eq. . For this reason, we don’t test
geometric ergodicity for other values of o or w.

Lastly, we report the distribution of XYTE(#,) when w = 1 for the time-points t,, = {0,1,5} to
see how the distribution evolves over time. The results are reported in Figure [I3]
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Figure 13: Histogram of X LTIE (¢ Y across all M = 50000 simulated Brownian paths vs theoretical
Gibbs density at times ¢, = {0,1,5} for w = 1. Computed using step-size h = 0.01, noise ¢ = 1
and initial values X (0) = Xy ~ U(1,2) for each path.

We also investigate the asymptotic behavior of our methods. Recall from eq (7.6) that our
splitting- and composition methods satisfy bounds of the form

E[Hf(tn) 2} < AR Xo|* | + CUtn) = Flt). (9.17)

Appropriately inserting for a = {a, ao} and C = {C'T,CS, CLFTIE CSIE} then yields bounds 7(t,) =
{RE (L), RS (tn), RETE (t,), BSTE(t,)} for our methods for all ¢, > 0. We perform a numerical
experiment to investigate whether or not the bound holds for the methods X (t,,), XS(¢,,),
XUTIE(¢ ) and XS™(t,). We do not consider XVTRY(¢, ) XSRL(¢, ) nor XP™EM (¢, ) since we have
not derived asymptotic bounds for these methods.

We perform this test by simulating the solution from each considered method M = 50000 times,
and computing the mean-square norm of the solution of each method as a function of time. We
then compare this with the predicted bound from eq. (9.17). We test this for Xo = 2,7 = 10,
h =10.01, 0 = 0.5 and w = {-1,0,1}. Note that for each value of w, we must choose a value of
« such that 4 < o and p < ag is guaranteed for our choice of step-size h = 0.01. It follows that
choosing a = {0,1,2} for w = {—1,0, 1}, respectively, satisfies u < o and p < &g. The results of
this test are reported in Figure [T4]
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Figure 14: Experimentally observed asymptotic behavior of the mean-square norm of X LT(t,),
X5(t,), XF¥ME(¢,) and X5™®(t,) vs their predicted upper bounds for w = {—1,0,1}. For all
M = 50000 simulated paths we set Xo =2, T = 10, h = 0.01 and o = 0.5.

We observe good correspondence between the experimentally observed values of the mean-square
norm of XTI (t,), X5(t,), X"ME(t,) and X5™(t,), and their predicted upper bounds #“T(¢,),
R (tn), RETIE(t,), F5E(t,,), respectively. Note that for w = {—1,0}, the experimentally observed
values and predicted bounds are essentially indistinguishable from one method to the next. Observe
also that the bound is particularly tight for w = —1. When w = 1, we notice a slight difference
between both the experimentally observed values and the predicted bounds from one method to
the next. This discrepancy is no longer noticeable when decreasing the step-size to h = 0.001.

Lastly, we investigate the effect of a large initial value. For this experiment, we set Xy = 2-10%.
We let h = 0.01, T =5 and o = 0.5, and consider w = {—1,0,1}. We perform this test for all
methods XY (t,,), XS(tn), X"T™B(¢,,), XS™B(¢,), XUTRL (), XSRL(¢ ) and XPEM(¢,). The results
are seen in Figure [T5]

Xo = 2e+04, w=-1.0 Xo = 2e+04, w=0.0 Xo = 2e+04, w=1.0
4 4 4
H
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X o el ”\,.«f««,fv‘w e X o ot X )
—— XOEM(t) - XLTE(t,) XETRY(t,) —— XOEM(t) - XLTE(t,) XETRY(t,) —— XOEM(t) ---- XLTE(t,) XETRY(t,)
=20 XM(ty) - XOE(t) XSR(ty) 29— XM(t)) === XE(ty) XSR(ty) 29— XM(t)) === XE(ty) XSR(ty)
XS(ty) X(t) XS(th)
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t t t
(a) w=-1 (b)w=0 (c)w=1

Figure 15: Plot of all methods along a single simulated Brownian path with large initial value
Xo=2-10%, where T =5, 0 = 0.5 and h = 0.01.

All methods appear to converge towards the same solution for all w = {—1,0,1}, even for this
very large initial value. There is some discrepancy between our methods in the initial decay of the
solution, particularly for the LTR1- and SR1 composition methods, but this discrepancy quickly
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resolves. The discrepancy in the initial decay is hardly noticeable when reducing the step-size to
h = 0.001. It is unsurprising that the LTR1- and SR1 methods are the worst performing methods
for this test, since they represent a linearization of the implicit Euler solution. For the rapid initial
decay exhibited by this problem when X is large, this linearization has considerable error.

10 FitzHugh-Nagumo model

We will in this section investigate our splitting- and composition methods applied to the stochastic
FitzHugh-Nagumo (FHN) model, which is a widely used neuronal model used to model the firing
activity of single neurons. For a more in-depth discussion of this model, see e.g. [14] and [I5]. This
model was also investigated in [IJ.

The FHN model is given by the following 2-dimensional semi-linear SDE:

X)) _ [2(Xa(t) — XP(t) - Xa(t)) o 0 _
d[X;(t)} _[ lel(t)_xﬂt)fﬁ }dt+ [01 02] AW (t), X(0)= X,, te[0,T], (10.1)

=F (X))

with solution X (¢) = (X3 (t),XQ(t))T for t € [0,7]. Here e > 0, v > 0 and 8 > 0 are parameters
which describe the neuronal activity. In [I], the following split of F'(X (¢)) was considered:

A= {3 ‘ﬂ . B(X(1) = [E(Xl(t)ﬂ‘ Xe () (10.2)

For this split, mean-square convergence for Lie-Trotter splitting could be proved for all 5 > 0. For
Strang splitting, however, mean-square convergence could only be proved for f = 0. Numerical
demonstrations nevertheless indicated that mean-square boundedness was satisfied in the case of
Strang splitting for any S > 0. Moreover, preservation of geometric ergodicity for Strang- and Lie-
Trotter splitting could only be proved under 3 =0 and v = 1. We remark that, in [I], preservation
of geometric ergodicity for the Strang- and Lie-Trotter splitting methods was guaranteed by the
condition HeAhH < 1, which holds for the split for all h > 0 when =0 and v = 1/e. Lastly,
asymptotic bounds on the mean-square norm of the solution could not be derived for this split,
since the split with § =0 and v = 1/e yields p = 0. In the theory of [I], u < 0 was required
to derive such asymptotic bounds. Note that u < 0 implies ||€Ah|| < 1, but the converse does not
hold.

It can be shown that the split can only satisfy Assumption when a < 0. This is
a problem, since for this split, 4 > 0 for all ¢ > 0 and v > 0. Thus, there is no choice of
parameters which will yield p < « for the split , and geometric ergodicity for this split cannot
be established within the theory of this thesis.

The following split was also briefly discussed in [I]:

0 -1 [HE) - X
AL 0}, B(X(t)) = (ﬂ_Xz(t) ) (10.3)

It was remarked that for this split, mean-square convergence could be established for both splitting
methods under 8 = 0. However, geometric ergodicity of this split could not be established since
HeAhH > 1. Employing the theory of this thesis, however, we are able to prove for the split (10.3])
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(1) mean-square convergence for both splitting- and composition methods with arbitrary 5 > 0 and
(2) preservation of geometric ergodicity for arbitrary 8 > 0 and arbitrary ¢ > 0 with |y — 1] < 2.
We start by proving that Assumptions [3:2] and [3:3] holds for the function B given by the

split (T0.3)-

Proposition 10.1 The function B from eq. (10.3)) satisfies Assumptionfor ¢ = é

Proof: We find

(x—y,B(z) - B(y))

—~

M =0 [ =0 =o o]

IN

o1 =) (Ba(@) — Ba(w)) + (22— 12) (Ba(a) — Bo(y)
(@1 —y1)(z1 =y + 97 —a) — (22 — y2)?

(01— 91)* = (22 = )2 + = (1 — )0 — o)
(=300 + (o2 = 12?) + 201 = )0 — )

1
lz = yll* + = (21 — y1)(y7 — 23)

= M

2
e —ylI* — =(z1 — y1)* (@} + 211 + ¥7)

)

1 2
“lz—y/|”. W
€

Proposition 10.2 The function B from eq. (10.3) satisfies Assumptz’onfor co =1+8/e% and

X =3.
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Proof: We find

1B) ~ B = 5 (rr 91 —a1) + (2~ )?
= Eiz(— (z1 — 1) (@3 + 2191 +yi — 1))2 + (z2 — y2)?
1 2
= ;2((% —y1) — (1 —y1) (@] + 2191 + yf)) + (29 — y2)?
= é((ml —y1)* + (z1 — )? (@ + 2 +47)7 — 2(x1 — y1)*(2F + @y + 1/2))
+ (z2 — 12)°
= é(wl —y0)? (14 (@3 + 2 + 4D - 2003 + aan + D)) + (@2 — 1)
< o= (14 (@ + o +90)2) + (22— o’
< S lon — ) (14 8+ 891) + (22 — 32’
< E%(% —1)?(8 + 821 + 8z5 + 8yt + 8y5) + (x2 — y2)?
< Sl =)+l + ) + (22 — 32)?

< (14 5) 0ol 4 1) (o = )? + (o2 = o))

8 4 4 2
(e S)at el + Iyl e -yl
Proposition 10.3 The function B satisfies Assumptions[3.3 for any a < 1 and
1 -1 2 2
T

4 € 11—«

), B>0, &>0.
Proof: We find
1 1
(z,B(x)) + a ||” = gxf - gm‘f + Bxe — 73 + azi + azj. (10.4)

We consider the terms involving x; and x, separately, and investigate their global maxima, should
they exist. Defining the two functions

1 1
fi(zy) = ggc% - gx‘ll + ax?, (10.5a)

fa(xe) = By — x% + owcg7 (10.5b)

we find their stationary points by solving the equations d/dz; fi(z;) = 0 for ¢ = {1,2}. Doing this

for fi(x1) yields stationary points at x = 0 and = = £,/ ”‘5; L whereupon z = 0 is revealed to be
a local minimum and x = + %‘H are global maxima. It follows, then, that the maximal value of
fi(z1) is given by
_ (ae+1)2
max filen) = ——
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attained at both z = + %H Moving on, we find that fa(z2) has a stationary point at « = ﬁ
This stationary point corresponds to a global maxima if and only if @ < 1; for a = 1, fa(z2) is a
linear function and « > 1 yields a convex parabola, neither of which can be bounded from above.
Assuming a < 1, it follows that the maximum value attained by fa(z2) is given by

/62
41 - «a)’
Thus, we find that the choice of B in (10.3)) satisfies the dissipativity condition with

1 12 2
k= Lfleet)”, B >0, a<l, ¢>0, $>0. & (10.6)
4 £ 11—«

max fo(22) =

The exact solution of the nonlinear ODE at time t, starting from X (¢,_1), with B
given by eq. (10.3)), is given by
XV (tn1)
o) (XD (tn 1)) = | ferrrmra—e-ao (xe,0)” |, XD(0) = Xo. (10.7)
e (XS (ta1) — B) + 8
The implicit Euler solution is given at every discrete time-point ¢,, as

~(1) /= X7
e

} . XM(0) = X,, (10

2>
where X* = (X;, X3) " satisfies the implicit equation

{Xi‘] _ Ffl)(tn—ﬁ - (X7 - (XT)3)] (10.9)

X3 XM (te1) + hB — WX

Note that the equations for X7 and XJ are decoupled, so we can solve them individually. The
equation for X7 can be solved in the same way as for the cubic model problem, since it can also be
written as a depressed cubic equation

X7+ a(X))? =0,
witha= ; —1and b= s)?fl)(tn_l)/h. The equation for X3 is easily solved to yield
X3 (tn1) + h8
1+h

Lastly, the Jacobian of B with B defined through eq. (10.3)) is diagonal. Thus, the Newton
matrix of eq. (8.2)) is easily invertible, and the first-order Rosenbrock solution of the nonlinear ODE
is given at every discrete time-point by

X5 =

8 (51200m- (300-0))

XV (tar) +

(X (1, 1)) = e (sEe)) [ X0 =X (1010
~ _ @
RO (1) + M0=E i)

Note that for the above solution to be defined everywhere, we require 0 < % < 1.
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10.a Mean-square convergence

We test mean-square convergence of the methods XJLT(tn), XS (tn), XLTIE (tn) and fs(tn) applied
to the FHN model using the split of . We also include the results for the DIEM
method X PIEM (t,,) for comparison purposes. We test mean-square convergence in the same manner
as described in section [9) using M = 1000 simulated paths, computing the reference solution
using Strang splitting with step-size h = 274 and testing our methods for step-sizes 279 with
q = {12,11,10,9,8,7,6}. We set ¢ = 8 = v = 1 and let the initial value and end-time be
X = (2,0)" and T = 10, respectively. The noise is set to o; = g9 = 0.5. We report the results in
Figure [16]

[FHN] MSC

1071
—~ 1073
=
L
n
=
mlo—s
........ y=h o  XT(t,) +  XLTE(t,)
o7l XPIEM(t,) XS(t)) 6 XE(t)
10-3 102

Figure 16: FHN model; mean-square convergence (msc) test using M = 1000 simulated Brow-
nian paths with initial value X, = (2,0)7, end-time 7" = 10 and step-sizes h = 279 with
q={12,11,10,9,8,7,6}. Weset e =v=8=1and 01 =02 =05

Mean-square convergence of order p = 1 is observed for all considered methods. As for the
cubic model problem, it appears that the Strang compositional approach outperforms the Lie-
Trotter compositional approach. For a given compositional approach, we observe that the splitting
methods outperform the composition methods. Lastly, we observe that the DIEM method performs
roughly at the level of the Lie-Trotter splitting method.

10.b Preservation of geometric ergodicity

We proceed by investigating the proposed methods’ ability to preserve geometric ergodicity for the
FHN model using the split . Recall from Proposition that the function B from eq.
satisfies Assumption [3.3] for o < 1. Thus, our system is geometrically ergodic if y < @ < 1, which
in practice reduces to u < 1 since, for any p < 1, there exists a € (u, 1). From a simple eigenvalue
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computation of (A + AT)/2 with A given by eq. (10.3), we find that the logarithmic norm of A is

given by
ey—1 572_1, if v >
12 max { % } { l—ey if v <

2e

=0 =

Under the constraint that g < 1, it follows immediately that we obtain a geometrically ergodic
system for any € > 0 and ~ satisfying |y — %| < 2.

We test preservation of geometric ergodicity for all methods X T(t,), XS(t,), XLTE(t,),
XSIE(4), XLTRL( ) XSR1(4,) and XPIEM(¢,). This test is performed in the same way as for
the cubic model problem of section )} We compute the solution to each method across M = 50000
simulated Brownian paths. For each method, we consider the distribution of the M = 50000
solutions at time t,, = 20, with initial values drawn from a uniform distribution over the interval
(1,2). The step-size is h = 0.01, and we set ¢ = 1, v = 2 and S = 2. Lastly, the noise is set to
o1 = 03 = 0.5. The results for the first component of the solution are reported in Figures[I7] [I§ and
All methods appear to approach the same limiting distribution. We don’t report the results
for the second component, though this component also appears to approach the same limiting
distribution for all methods (a different distribution from that of the first component, though).

[FHN] Density of X{(t,) . LFHN] Density of X3(t,)
1.5 1.51
1.0 1.0
0.5 0.51
0.0 0.0 ,
- 1 2 -2 -1 0 1 2

Figure 17: Histograms of X (¢,, = 20) and X$(t,, = 20) across all M = 50000 simulated Brownian
paths. Computed using step-size h = 0.01, noise o3 = 02 = 0.5 and initial values Xy ~ U(1,2).
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[FHN] Density of X{™(t,) ~ ___ [FHN] Density of X3(t,)

1.5
1.0
0.51
0.0+
1 2 -2 1 2

Figure 18: Histograms of XFE(¢, = 20) and X$'E(¢, = 20) across all M = 50000 simulated
Brownian paths. Computed using step-size h = 0.01, noise 07 = o2 = 0.5 and initial values
Xo ~U(1,2).

[FHN] Density of XP/EM(t,,) 1o [FHN] Density of Xt™R(t,) ,o. [FHN] Density of X5R(t,)

m XDEM(t,) X4TRY(t,) - X5R(t,)
15 15 1.5
1.0 1.0 1.0
0.5 0.5 0.5
0.0 0.0 0.0
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
X X X

Figure 19: Histograms of XPIEM (¢ — 20), XETRL(¢  — 20) and X$R1(¢, = 20) across all M =
50000 simulated Brownian paths. Computed using step-size h = 0.01, noise 0; = o3 = 0.5 and
initial values Xy ~ U(1,2).

We proceed by considering asymptotic bounds of the mean-square norm of the solution for all
methods, as we did for the cubic model problem of section [9] Again, the theoretically predicted
bounds are given in general by eq. , which reduce to bounds for each method. We simulate
M = 50000 Brownian paths, and compute the mean-square norm of the solution across all paths
for each method. The initial value, end-time, noise level and step-size are given by Xy = (2,0) 7,
T = 20, 01 = 02 = 0.5 and h = 0.01, respectively. We perform this test for e = {1,0.05} with
v = % + 1 and B = 2. For these parameter values, the logarithmic norm g is given by u = 0.5.
Lastly, we use a = 0.8 for this test.
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[FHN] Asymptotic Bounds [FHN] Asymptotic Bounds

40 40 \\\\\\\\\\\\
20 - 20
0 U 0 L
........ RLT(t,) —— ELIXM(t)]17] e R (tn) — E[XT(E)I]
20 RS(tn) EL|IXS(tn)]12] 20 R*(tn) ELIIXS(6)]12]
-------- KLTE(t,) — E[|IXLTE(t, )| |2 e RLTIE(E,) — E[|IRLTE( )2
ZSiE X (6] 2] g X6 17]
sl K (tn) —_ E[”XSIE(tn)HZ] a0l K (tn) —_ E[||X5’E(t,,)||2]
0 5 10 15 20 0 5 10 15 20
th th
(a)e=1 (b) & = 0.05

Figure 20: Experimentally observed asymptotic behavior of the mean-square norm of X LTt,),
X5(t,), XM (¢,) and X5 (t,,) vs their predicted upper bounds for ¢ = {1,0.05} with v = 1/e+1
and B = 2. For all M = 50000 simulated paths we set X, = (2,0)", T = 20, h = 0.01 and
01 = 09 = 0.5

The theoretically predicted bounds appear to hold, though they significantly over-estimate the
true mean-square norm of the solution to our methods compared to the cubic model problem of
section [0] This is due to the fact that the constant K from Assumption becomes quite large
for the FHN model with the split and our chosen values of €, § and v, as is evident from eq.
. Moreover, observe that when € = 0.05, the observed mean-square norm appears to oscillate
at first, though this oscillation appears to decay with time.

10.c Oscillatory Dynamics

Lastly, we investigate our proposed methods’ ability of preserving oscillatory dynamics. This was
also investigated in [I], where the Lie-Trotter- and Strang splitting methods indeed appeared to
preserve such dynamics. We test this by setting e = 0.05, v =20, § = 0.1, 01 = 0.1 and o2 = 0.2;
a parameter choice which in [I] yielded oscillating solutions. We perform this test by computing
the solution for all methods across a single simulated Brownian path with end-time T = 30 and
initial value X = (—1,0). We then observe how the phase, amplitude and frequency of the first
component of the solutions evolve over time. The results are reported in Figure for step-sizes
h =0.01 and A = 0.001.
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[FHN] Oscillatory Dynamics [FHN] Oscillatory Dynamics

I X’DIEM(tn) I )?LTIE(tn) XLTRl(tn) I )?DIEM(tn) I )”('LTIE(tn) )”('LTRl(tn)
-2 . . . -2 ; y .
— Rt — X)) —— XU — () — X)) —— XR,)
X5(ty) R X5(ty)
"290 292 294 296 298 30 290 292 29.4 296 298 30
th th
(a) h = 0.01 (b) h = 0.001

Figure 21: Oscillatory dynamics of our methods: We compute the solution for each method along
a single simulated path, and consider the first component of each solution. Parameters are set to
e =0.05, v =20, 8 =01 = 0.1 and o2 = 0.2 with initial value Xy = (—1,0)—'—7 end-time T = 30
and step-sizes h = {0.01, 0.001}.

In agreement with [I], the splitting methods X LT(t,) and X8 (tn) appear to preserve phase,
amplitude and frequency, since they coincide at every time-step. By contrast, none of our compo-
sition methods appear to preserve phase, though amplitude and frequency appear to be preserved.
This is presumably due to the fact that the composition methods only solve the nonlinear ODE
approximately, but it is nevertheless interesting that this error appears to only manifest as error
in the phase of the solution, and not in the frequency or amplitude. It appears that the DIEM
method preserves neither phase nor amplitude, and the error in phase appears larger than for the
composition methods. This is especially apparent for the step-size h = 0.001.

11 Conclusion

Splitting methods has recently been proven in Buckwar et. al. [I] to be fast and reliable methods
for approximating the solutions to semi-linear SDEs with additive noise and globally one-sided
Lipschitz-continuous drift, where the drift is allowed polynomial growth at infinity. In this context,
the semi-linear SDE is split into a linear SDE and a nonlinear ODE, both of which are solved exactly.
The exact solutions are then composed according to the Lie-Trotter and Strang approaches to yield
a solution of the overall semi-linear SDE. Depending on the compositional approach used, this
strategy gives rise to the Lie-Trotter- and Strang splitting methods, which remained the focus of
the work of Buckwar et. al.

Following their success, this thesis set out to generalize their work by considering the case
where the nonlinear ODE is solved approximately, which is often required in applications. In
such a scenario, our strategy is referred to as a composition method. In particular, we consider
the case where the nonlinear ODE is solved using the implicit Euler method. This gives rise to
the Lie-Trotter implicit Euler (LTIE) and Strang implicit Euler (SIE) composition methods. The
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goal of this thesis was to investigate mean-square convergence and structure preservation of these
composition methods.

By introducing an additional condition (Assumption on the nonlinear part of the drift, we
were able to prove that our composition methods are mean-square convergent of order p = 1. This
was facilitated by the fact that this additional condition yields global bounds on the exact- and
implicit Euler solutions to the nonlinear ODE. For completeness, we also provided a proof of mean-
square convergence of the splitting methods under this additional condition. Using this condition,
we were further able to prove that our splitting- and composition methods preserve geometric
ergodicity, even in cases where the linear SDE itself is not geometrically ergodic, provided that the
overall semi-linear SDE is. This result could not be attained using the theory of Buckwar et. al.
Lastly, we derived asymptotic bounds on the mean-square norm of the solutions to our splitting-
and composition methods, even for cases where the linear SDE is non-stable, provided that the
overall semi-linear SDE is. This is also an extension of the work of Buckar et. al.

These results were confirmed by numerical experiments. In particular, we demonstrated our
results on a cubic model problem and the FitzHugh-Nagumo (FHN) model. In the cubic model
problem, it was also shown that the composition methods remained stable even when the initial
value is very large. Under the FHN model, Assumption allowed us to show preservation of
geometric ergodicity for a larger parameter space than in [I]. Our experiments using the FHN model
also showed that our composition methods could not completely preserve oscillatory dynamics of
the SDE; in particular, it appears that phase is not preserved. Though frequency and amplitude
appears to be preserved, more research is needed to answer this definitively.

If the implicit equation associated with the implicit Euler method can be solved explicitly for the
updated value of the solution, then our composition methods retain the computational efficiency of
their splitting-method counterparts. If this is not possible, the solution to the implicit equation can
be approximated to arbitrary precision using Newton’s method. This reduces the computational
efficiency of our composition methods, since they are no longer fully explicit. We briefly discussed
strategies for mitigating this issue: In particular, by choosing a split of the drift of the semi-linear
SDE such that the nonlinear part(s) has only diagonal Jacobians, and by restricting ourselves to
a single Newton iteration (corresponding to a Rosenbrock approximation of the solution to the
nonlinear ODE), we may devise composition methods which are essentially explicit in terms of
computational efficiency. We did not present theoretical results for these composition methods,
however numerical demonstrations indicate that these composition methods perform at the same
level as the LTIE- and SIE composition methods.

For future work, additional composition methods could be studied by considering alternative
numerical methods for solving the nonlinear ODE, e.g. using the first-order Rosenbrock approxima-
tion. Future work could also consider other types of semi-linear SDEs than those studied here, e.g.
semi-linear SDEs where the diffusion matrix is non-diagonal and/or non-constant in time, or indeed,
semi-linear SDEs with multiplicative noise. Lastly, preservation of other structural properties than
those considered here is also an interesting topic for future work.
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