THE SECOND MOMENT OF S, (t)
ON THE RIEMANN HYPOTHESIS

ANDRES CHIRRE AND OSCAR E. QUESADA-HERRERA

ABSTRACT. Let S(t) = %arg((% + it) be the argument of the Riemann zeta-function at the point % + it.

For n > 1 and t > 0 define its antiderivatives as

t
sn(t):/ Sp_1(1)dT + 6n
(0]

where 6, is a specific constant depending on n and Sy(t) := S(¢). In 1925, J. E. Littlewood proved, under
the Riemann Hypothesis, that

T

[ 1suP at=o(r),

0
for n > 1. In 1946, Selberg unconditionally established the explicit asymptotic formulas for the second
moments of S(¢) and S1(¢). This was extended by Fujii for Sy (t), when n > 2. Assuming the Riemann
Hypothesis, we give the explicit asymptotic formula for the second moment of Sy, (¢) up to the second-order
term, for n > 1. Our result conditionally refines Selberg’s and Fujii’s formulas and extends previous work

by Goldston in 1987, where the case n = 0 was considered.

1. INTRODUCTION

1.1. Background. Let {(s) be the Riemann zeta-function. Let N(¢) denote the number of zeros p = 3+ iy
of {(s) (counted with multiplicity), such that 0 < v < ¢, where the zeros with ordinate v = ¢ are counted
with weight % The classical Riemann von-Mangoldt formula states that

t t t 7 1

where S(t) is known as the argument function of the Riemann zeta-function. When ¢ is not the ordinate of
a zero of ((s), we define

S(t) = Targ((5 +it),
where the argument is obtained by a continuous variation along straight line segments joining the points 2,
2 + 4t and % + it, with the convention that arg {(2) = 0. If ¢ is the ordinate of a zero of {(s), we define

S(t) =3 lim {S(t +¢) + S(t — )}

To understand the distribution of the zeros of ((s), the formula (1.1) has led to studying the oscillatory
character of S(t). J. E. Littlewood [I8] [19] and A. Selberg [23] 24] investigated the behavior and the power
of the cancellation in S(t) using its antiderivatives Sy, (t). Setting So(¢) = S(¢) we define, for n > 1 an integer
and t > 0,

t
Sp(t) = / Sp—1(1)dr + 65,
0
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where §,, is a specific constant depending on n. These are given by

(_l)k_l [e'e] o0 [e'e] o0
(52].3_1 = log‘C(Uo)lddoddl dUQk_Q
™ 1/2 Jook_o o2 Joi

for n =2k — 1, with £ > 1, and

k—1 ! ! ! ! (_1)k—1
5k=—1‘/ / ...//dada cdogp =~
’ ( ) 1/2 O2k—1 o2 JO1 0 ! 2 ! (2]41)' . 22k

for n = 2k, with k£ > 1.

Let us recall some estimates for S, (¢). In 1924, assuming the Riemann Hypothesis (RH), Littlewood [I8],
Theorem 11] established the bounds
logt
Sn(t) = Oy, ((loglogt)"“)’ (1.2)
for n > 0. The order of magnitude in has never been improved, and efforts have thus been concentrated
in optimizing the values of the implicit constants. The best known versions of these results are due to
Carneiro, Chandee and Milinovich [3] for n = 0 and n = 1, and Carneiro and Chirre [4] for n > 2 (see also
[5, Theorem 2] for a refinement in the error term). In the other direction, Selberg [23] and Littlewood [19]
first studied the largest positive and negative values of S,,(t). These have also been the subject of recent
research, with improvements for S(¢) and S (¢) in the work of Bondarenko and Seip [2]. Further refinements
for S,,(t) were obtained by Chirre and Mahatab [I0] (see also [8] and [9]).

1.2. The second moment for S, (¢). The next step to understand the behavior of the function S, (t) is to
obtain an asymptotic formula for its moments. In this paper we will concentrate on the second moment.
In 1925, assuming RH, Littlewood [19, Theorem 9] proved for n > 1 that

/T 1S, ()2 dt = O(T). (1.3)
0

A few years later, in 1928, Titchmarsh [25, Theorem II] gave the first explicit version of the above result,
for n = 1, establishing that

T
Ch
HPPdt ~ —T
| Isiopar~
where

= A%(m
=3
=, m (logm)
Here, A(m) is the von-Mangoldt function, which is defined to be logp if m = p* (for some prime number p
and integer k > 1), and zero otherwise. Unconditionally, in 1946 Selberg [24] Theorems 6 and 7] established

that

T
T
/ SO dt = o5 loglog T + O(Ty/logTog 7). (1.4)
0 Y3
and™
/T|S (t)|2dt—ﬂT+0 T (1.5)
0 = on? logT ) ‘

¢ In [24], Selberg actually calculated the second moment for the function S;(t) — §;. His formula can be used to deduce (1.5)),
by using the unconditional estimate for Sa2(t) given by Fujii [II, Theorem 2].
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Assuming RH, Selberg [23] had proved with the error term O(T"). Going even further, he computed all
even moments for S(¢) and S1(¢). Using these even moments for S(¢), Ghosh [13 [14] obtained the asymptotic
behavior for all moments of |S(¢)|*, with A > —1. Ghosh then used this to establish that |S()| is normally
distributed around its average order (loglogT)'/2. Furthermore, Fujii [12] established, assuming RH,

T
C T
S,H)Pdt=—"=T+0 1.6
[ isarar=rro( ). (1.6
for n > 2, where C,, is defined in (1.9)).
On the other hand, Goldston refined (1.4)), assuming RH and using the techniques developed by Mont-

gomery [20] in his work on the pair correlation of the zeros of the Riemann zeta-function. We define

F(a) = F(a,T) = (277; log T) ) Yo Ty — ), (1.7)

0<yy'<T

for « € R and T > 2, where w(u) = 4/(4 + u?). Then, Goldston [I5, Theorem 1] showed that

e XG0

m=2 p

+o(T), (1.8)

/|()| dt = —loglogT+—

as T — oo, where 7 is Euler’s constant. The error term o(T) in ([1.8) was refined by Chan [0 [7], assuming
a quantitative form of the Twin Prime Conjecture and a strong asymptotic formula on pair correlation of

zeros of the Riemann zeta function due to Bogomolny and Keating [I], respectively.

Our main result in this paper is to establish an explicit version of (1.3)) up to the second-order term,
extending the result of Goldston (|1.8]) for the cases n > 1. In particular, we obtain refinements of (|1.5)) and
7 under RH. Note that our second—order term improves the error terms in and ( .

Theorem 1. Let n > 1 be an integer. Assume the Riemann Hypothesis. Then

T T >~ F 1 T/Toglog T
/ [Su(t)Pdr = 5 2 [ 1 }+0<0g20g12>’
0 2m 272 (log T)™" (log T')2n+1/

o —
a2n+2 n

as T — oo, where
oo

1.9
—m logm 2n+2 (1.9)

Let us analyze the constants that appear on Theorem [[] We highlight that C,, — co when n — co. In
fact, the growth of these constants is exponential (see Section , of order
1
Cn ~ 2(log 2)2n
Table 1 puts in perspective the constant that appears in front of the first-order term, in the small cases
1 < n < 10. For the second-order term, by following Goldston’s argument using [I5, Lemma A], it is
straightforward to obtain upper and lower bounds for the integral in the second-order term of Theorem

For any n > 1 we getE|

2 = F(a
W—ES/ gi+)2d <z C(2n+2)+67 (1.10)
1

b The constants in (1.10) may be slightly improved. However, this is far from the expected behavior suggested by the Strong
Pair Correlation Conjecture [20], and it seems difficult to obtain anything qualitatively closer.
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’n‘ C,/2n? ‘ n ‘ C,/2m? ‘
1] 0.079290... | 6 | 2.064933...
2 10.124743... | 7 | 4.290884...
310.239241... | 8 | 8.925169...
41 0.483838... | 9 | 18.571837...
5 1 0.996243... | 10 | 38.650937...

TABLE 1. Values for 1 <n < 10.

for any £ > 0 and T sufficiently large. This implies that the second-order term in Theorem [1| has the growth
T/(logT)?". We highlight that this term has a decreasing order of magnitude as n grows. Furthermore,
Montgomery has conjectured that for any fixed number M > 1, we have F(o,T) = 1+ 0o(1) as T — o0,

uniformly for 1 < a < M. This is known as the Strong Pair Correlation Conjecture. This implies that, as

© F(a) 1
——~=da = 1).
/1 a2n+2 @ n + 1 + O( )

Corollary 2. Let n > 1 be an integer. Assume the Riemann Hypothesis and the Strong Pair Correlation

T — o

Conjecture. Then

T T T
/ |5n(t)|2dt=ic7;T— o +0( 2n>’
0 27 dn(2n 4+ )72 (logT) (logT)

as T — oo, where Cy, was defined in (1.9)).

1.3. Outline of the proof. Our proof follows the ideas developed by Goldston in [I5], and involves addi-
tional technical challenges. In Section 2, we start by obtaining a new representation formula for S, (t), for
n > 1, associated with a suitable real-valued function f,,. For each n > 1 define the function f, : (0,2) —» R

as follows:

(1.11)

£(e) = vt /O‘X’ yn(Qsinh (y(1—2)) ay

n! ey + (—1)ntlev)
To get the desired formula for S, (t), we combine an explicit formula due to Montgomery [20] with an
expression for S, (¢) implicit in the work of Fujii [11] (see also [4, Lemma 2]) that depends on the logarithmic
derivative of {(s). Our formula relates Sy, (t) to a Dirichlet polynomial over primes involved with the function
fn, a sum over the zeros of the Riemann zeta-function, and a few extra terms that depend on the parity
of n. By squaring and integrating, we obtain an expression for the second moment of S, (t). Using the
asymptotic behavior of each term in this expression, we obtain Theorem [I] These asymptotic formulas will
be obtained in the following sections. We highlight that some of the additional technical difficulties come
from controlling both the imaginary and real parts of the logarithm of ((s), which will have repercussions
throughout this work.

In Section 3, we analyze the second moment of the sum over the zeros of the Riemann zeta-function.
Following Goldston, we use the ideas developed by Montgomery [20] to express sums over pairs of zeros
of ((s) in terms of the function F(a) defined in (I.7). In Section 4, we analyze the terms associated with
the sum over primes. Here, we use an argument of Titchmarsh [25] in the estimate of certain integrals

involving S, () with oscillatory functions, which have some peculiarities when n > 1. Combining the terms
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in an appropriate way and using properties of f,, we can take advantage of a surprising cancellation in our
analysis. Finally, in Section 5, we analyze the constants C,, numerically using some estimates of sums with

prime numbers that could be of independent interest.

1.4. Notation. The symbols <, O(-), and o(-) are used in the standard way. In Section [5| to compute
explicit constants, we use the notation o = O*() to mean that |a| < 3. For a function h € L!(R), we define

the Fourier transform of A by
o0

() = / h(y)e vy,

—0o0

2. THE REPRESENTATION FOR THE SECOND MOMENT OF S, (%)

2.1. Representation lemma for S,,(¢). We start by obtaining a new representation for the functions S,,(t)
for n > 1. This representation connects S, (t) with the zeros of the Riemann zeta-function and the prime

numbers.

Lemma 3. For cach fized n > 1 let f, : R — R be defined as in (1.11). Assume the Riemann Hypothesis.
Then, fort > 1 and x > 4, we have:

1 ) o o yn-l—l 2
Sn t) = I n+2 i(y—t)logxz / d
) = T Togay 2" Vo (G- dlogar er s (-
1 R A(m) logm
- Im {i"m ™" n 2.1
’ ”2<mz<x i }\/m(logﬂ”t)"+1 4 (logx 21)

)

b m(log z)nt+1 % on t (log z)n+2
where the first sum runs over the ordinates of the non-trivial zeros of ((s), and i, =2"""1(1—-2"")¢(n+1)

when n is odd, and zero otherwise.

Proof. Assuming RH, by [4, Lemma 2], we have for n > 1 that

1 VA e n ¢ .
Sp(t) = ——TImq — (0 —1/2)" > (o +it)do ;. (2.2)
n! 1/2 ¢

Let us analyze the integrand in the above expression. By an explicit formula of Montgomery (see [15, Eq.
(2.1) and p. 155]), for > 4 and s = o + it with o > 3 and ¢ > 1, it follows that

a1/ g(a +it) — z!/270 3(1 — o+ it)

2ir=1)

Alm 1.071/2 xl/Qfa
=(20-1) Z (0—1/22+ (7 —-1)2 Z ,n(lzt) ( me  mi-o ) (2.3)

m<zx

+x1/2”<( 20 — 1 )) +O(x5/2(0—1/2)).

o—it)(1—o—it t

First, we need a relationship between %’(a +it) and C?'(1 — o +it) in the above formula. Using the functional
equation of ((s) in the form ((1—s) = 752175 cos(ns/2) T'(s)((s), the reflection principle, Stirling’s formula
and the bound |Re {tan s}| < e=2™™* for [Im s| > 1, we obtain for ¢t > 1 and o > 1:
! / t 2
Rei(l—a—&-it):—Rei(a—&—it)—log%—i—O(at>. (2.4)
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By [15, Eq. (2.3)] we also get

/ !

¢ ) Tm S (o g o—1/2
Imz(l—a—i—zt)—lm ( +t)+0(>. (2.5)

Then, combining (2.4)) and (2.5)), we obtain

! e 2
2(170+zt) gé(a+it)log2t7T+O<aﬁ>.

Inserting it into (2.3 and ordering conveniently, one can see that

(xafl/Q n (1)n+1x1/20)§(0+it)

!
= —gl/?e ((—1)"2(0—1—% = (o +it
2=t

o)
+(2a—1);(0_1/2) Z(: - < il —i;/f_:)

20 — 1 o?
o 1/2— 7] 1/2—it ol = —-5/2 1/2—0 i
7 ngw” ((o——it)(l—a—it)>+ (t(m M ))

Dividing the above expression by C,,(c) := 27~ /2 4 (=1)"*121/2=7 and inserting it into (2.2)), we get

Sp(t) = % /1: Wlm {z" <(—1)"g(a +it) + g(a + it))x1/2_"}da

1 e —-1/2)"
o1 (U / Im
7Tn! 1/2

i(y—t)
wlmv+<vw2}“

1 o _ 0—1/2 1/2—0
S 1/2 Im{ ( s )}da
™! Ji/2 ml me m-—°

1 [ (c—-1/2)" t
—/ (J / Im < " /2~ "log}da
1 2T

!l Jio Cu(

_L/oo(a_l/Q pl/2—it 20— 1 . do
! Ji/o (0 —it)(1 — o —it)

00(0_1/2) J—x_5/2 2129\ 4o
+O</1/2 Cn(o) ¢ ( " Jd )

=L n(x,t) + Ion(x,t) + I3 (2, t) + Lo n(2,8) + I5 n (2, t) + O(IGJL(CU, t))

We analyze each term in the above expression.
1. First term: Using the fact that Im {i"((=1)"2+ %)} =0, for z € C and n > 1 we get that I; ,(x,t) = 0.
2. Second term: Using Fubini’s theore and the change of variables y = (0 — 1/2) log z, it follows that

I £) E Im {i"2("~* / (0 —1/2)"™" L d
m
2n( 7m' v 12 (0 —=1/2)2 + (y = )2 2o~ 1/2 4 (=1)nHligl/2=0 7

1 ) yn+1 2
_ I n+2 i(y—t)logx / dy.
7n!(log x)" Zy: m i e } o Y2+ ((y—t)logz)? e¥ + (—1)ntle~v 4

¢ It is justified by the fact that the number of zeros on the interval [t, ¢ + 1] is O(logt).
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3. Third term: Recalling that f,(x) is defined in (1.11]), similar computations give us

it m logm
I3 (z,t) Zlm{z m }f(lo(gnl)"ﬂ I <loggx>'

m<r

4. Fourth term: Note that when n is even, we obtain that Iy ,,(z,¢) = 0. Let us suppose that n is odd. Then
Crn(o) =2cosh((o — 1/2)log x). By a change of variables and [I7, Eq. 3.552-3] we get that

m{z"} * (g —1/2)" x /20
27n! log 57 2 /1/2 cosh((o —1/2) logx)d

147»”(33,1))
Im{:"} __, ;4 _
=—————27"" " (1-27" 1) log —.
7 (log )"+l ( Jo(n+1)log 2’7T
5. Fifth term: Using the same change of variables,
(0 —1/2)""! 1

Is n(x,t

|5, (2, |<<f/ (0 —it)(1 — o —it)| x7~1/2 + (=1)ntigl/2-0

\/E o0 ynJrl 1
N (log )" / |((1/2 —it)logz)2 — y2| e¥ + (—1)"*tle~v
DEN s JE

n+2 ey +(

t (logx) —1)ntlev v< t (logz)nt2’

6. Sixth term: As in the previous term, we have

do

dy

1

Isn(z,t —_.
He,n(z,t)| < t (log z)n+1

Combining all the terms, we obtain the desired result. |

Note that in the above lemma we establish the connection between S, (t) and the function f,. The

following lemma summarizes useful information related to the function f, and a new auxiliary function g,.

Lemma 4. Let n > 1 be an integer and f, : (0,2) — R be the real valued function defined in (1.11). Then,
the function g, : (0,2) = R given by

1= fnlz) (2.7)

gn(m) = 1l
satisfies the following properties:

(I) gn can be extended to the interval (—2,2), such that g, € C"o((fQ7 2)), and g2 is an even function.
(IT) For x € (—2,2), the function g, has the representation
0o B ery + (—1 n+167wy
gn(@) == [ ey — ( )n+1 -
n! Jo ev + (=1)ntle—v

(III) In particular, g,(0) =27"(1 —27™)((n + 1) when n is odd, and zero otherwise.

(2.8)

Proof. Using the definition of f,,, it follows that for z € (0, 2),

Fle -z 1,—(z+1
fn(l’) l /00 e_yyn<ea:y + (—1)" e £y)dy B 1 oo yn(e( z)y 4 (_1)n+ e—(x )y)dy
0

antl  opl ev + (—1)ntle—y nlJo ey + (—1)ntley
Y 1
- = -2y Jy —
ol ), yle Wy = 1’



where in the last equality we have used [17, Eq. 3.351-3]. This implies that

1 ] 3 N exy + (_1)n+1e—zy
gnla) = — ey y ntlo— ,
nl Jy ey + (—1)ntley

(2.9)

for z € (0,2). Using dominated convergence one can see that the right-hand side of defines a function
in C‘X’((—Q,Q)). Then, this representation allows us to extend the function g, to (—2,2). On the other
hand, g,(—z) = (—=1)"*1g,(x), and this implies that g2 is an even function. When n is even, g, is an odd
function and therefore g,,(0) = 0. When n is odd, using [I7, Eq. 3.552-3] we get

0= [ S =22
9= o coshy v= '

2.2. Proof of Theorem |1} Lemma [3| allows us to obtain the second moment of S, (¢) in terms of certain
integrals depending of each summand involved in (2.1). Let n > 1 be a fixed integer. Using Lemma (3| we
have for ¢ > 1 and x > 4 that

S(t) = Iy (@, ) — Lin(,t) = Iy, t) + O (75\/5)

(log z)"+2
where
Lo (z,t) = ; Zlm {in+2€i('y—t) Ing}/oo yntl 2 dy
2T mnl(log ) & o v+ ((v—t)logz)2 ev + (—1)rFley
1 i A(m) log m
I3 n(z,t) = — I " g n )
3n(,t) W% m{i"m }\/ﬁ(logm)"+1 / <logx
and
Im {¢" t
Iyn(z,t)=p &log —.

" 1(log z)nt1 27
Then, for T' > 3, squaring the above expression and integrating from 1 to T" we obtain
T

T T T
/ |Sn(t)|2dt:/ |12’n(a:,t)\2dt+2/ Sn(t)lg’n(m,t)dt—/ Ty (2, )2t
1 1 1 1

T T T
_ / (s £)[? b+ 2 / () Lun(z, £) dt — 2 / Lin(@. ) T (o)At (2.10)
1 1 1

VT T (2, t)] x
+O<(10gm)"+2 : ;) 0 o)

Using the continuity of S,,(t), we get

T T
/ ENGIE dt:/ 1S, (t) 2 dt + O(1). (2.11)
1 0
Now, let us analyze the right-hand side of (2.10]). Note that p,, = 0 when n is even. Then, we have that
T )2 T 2
Im {i"}) t i TlogT

Iy (z,t)|?dt = 2(7/ log? —dt = ——"_—_Tlog’T —). (212
/1 [ an (1)l Hn w2 (logx)?2n+2 J, o8 2 w2 (log z)2n+2 0g"T+0 (log x)2n+2 ( )
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Furthermore, using the relation S, | (t) = S, (t), the bound S,,(t) = O(logt) (see (L.2))), and integration by
parts, we obtain
2 {in) t log” T
Sp(t) Iy (x,t ni1(t)log —dt = O ———= . 2.13
/ 4n\T, ) (log x)nJrl n+1< ) 0g m ((10g$)n+1 ( )
Observe that by (I) from Lemma [4] it is clear that |fn(y)| < 1 for y € (0,1]. Then, using the estimate
A(m) <logm and integration by parts, we have

(m)
oy 2 \/‘*1og1n>n+1

T
. t

’ / I o (2,t) Iy n (2, t) dt‘ < / Im {i"m~"} log 2dt‘
7r

(2.14)
log T Z f logT
\F

loga: (log z)n+1 (log z)"+1"

We estimate the first error term in (2.10)) using Cauchy-Schwarz to get

1/2

r T
(log\ffn+1 1 |I27n(tx, )‘dt (103;@"“(/1 |I2,n(x,t)|2dt> : (2.15)

Let us define the following integrals:

T T
R, (z,T) :/ I, (2, )| ?dt, H,(z,T) :2/ S (t) I3 (2, t) dt,
1 1

and -
Gn(m,T):/ Ty, )2
1
Plugging [@.11), @.12), .13), (2.14) and [@.15) into (2.10) gives us

T 2
2 _ lun 2
/0 [Su()f? e = R0, T) + Ha(,T) = G0, T) = iy Tlog? T

TlogT 2R, (x,T) zlog?T
0 (ogarms) + O it ) + O Gy )

Choosing x = T?, for a fixed 0 < 8 < %, we get that

(2.16)

T 2
T
(D2 dt = R, (T?,T) + H,(T?, T) — G, (T?, T) — —tn
1808 &t = BT 1) 4 B(00.T) - G101 -

T T8/2\/R, (T?,T)
+0 (o) +o(pampe )

We conclude our desired result by using the asymptotic formulas for R, (T?,T) and H,(T?,T) — G, (T?,T)
given by Propositions |§| and |§| respectively. We remark that by Proposition |§| and (1.10]), we can use the
bound R, (T?,T) = O(T) to estimate the error term. O

In the following sections, we will concentrate on obtaining the asymptotic formulas for R,,(z,T), H,(z,T)

and G, (z,T). Throughout these sections, we will assume that n > 1 is a given fixed integer.
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3. ASYMPTOTIC FORMULA FOR R, (z,T): THE SUM OVER THE ZEROS OF ((s)

Our objective is to evaluate the mean square of the sum over the zeros of the Riemann zeta-function that
appears in (2.16]). We recall that for T'> 3 and = > 4,

B2, T) = m2(n!)2( 1logx /

2

n+1 2
dt.

n+42 1(7 loga:}/
P F () = D loga)? (v + (1) 1e7)

dy

Lemma 5. Let g, be the function defined in (2.7). Assume the Riemann Hypothesis. Then, for T' > 3 and

T >4 we have

1 — log®> T )
- - kn((y — 7 logz +0< , 3.1
oy, X Rl = owa) + 0t (3.)

R, (z,T)

where the function k, : R — R is given by

gn(2m),  if €] < 5
=4 (32)
W7 if [§] > 5.
Moreover, we have that
—~ ) 1
()] < min {1, |y|} (33)
Proof. Define the function
n+1 2

() = T {572} / dy.

Since |hy, (u)| < min{l,1/u?} < 1/(1 + u?), using Fubini’s theorem we have

y? +u? (ev + (=) tiey)

1 T ,
Ru(e.T) = i 3 [ bl = Dloga) ha(y' = ) log) .

Note that h,, is an even function when n is odd and h,, is an odd function when n is even. Using an argument
of Montgomery [20] p. 187] (see also [I5, p. 158]) one can see that

1 ' D losx log® T
2 (log 1) Z / v —t)logz) h,((7 —t)log )dt+0<(logx)2">

0<y,y'<T

R, (z,T) =
(3.4)

(—1)n+t , log® T
= Ry * hy —v)1 — |-
72(n!)2(log z)2n+1 O<§;<T n*hn((y —7')logz) + O (log )"

Let us calculate the Fourier transform of h,,. Using Fubini’s theorem, it follows that for £ > 0

y? +u? (ev + (-1
[e’e) o) n+1
~ Im {72} (/ cos(2m&u) cos(u) du) 4y __ay
0 0

—~ n+1
hn(f) — [ <Im {Zn+2 zu}/ 2)n+16_y)dy> (COS(Q’]T&U) — isin(27r§u)) du

P+ (v + (—1) e v)

. . o *° sin(2m&u) sin(u) 4qntl
gy [ ([
g, ( g ) e ¥
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where we have used the parity of the involved functions. Then, using the formulas [I7, Eq. 3.742-1 and
3.742-3] we write

7 _ 042 > —|27e—1ly —(2we+1)y y"
hn(€) = mIm {i }/0 (e te ) (e¥ + (—1)ntlev) dy
i i3y [ (e-l2me=1ly _ —(@ne+y y"
imIm {4 }/0 (e e ) @ T Do) dy.
For 2w¢ > 1, making a separate computation of the n odd and n even cases, using [I7, Eq. 3.351-3], we
obtain
—~ n . n n!
ha(€) = (Im {i"2} — i (")) s Sy

On the other hand, for 0 < 27¢ < 1 we obtain that

—~ _ bl 2 cosh(2m&y) _ ) bl 2sinh(27&y)
n — I n+2 / Y, n _ I n+3 / Y, n )
hn(€) = nIm {i" %} ; e Yy (& 1 (—1) e ) dy — i Im {i" "} ; e Yy @ 1 (C1) e ) dy

Defining the even real-valued function

we have

and this implies in (3.4) that
1

— log® T
—_— kn((y =) logx —i—O().
(IOg x)2n+1 0<§ST (( ) ) (10g I)Qn

R, (z,T) =

Finally, we calculate k,,. For 2r¢ > 1 we obtain

—1)ntt T, n! ? 1
kn(8) = W((Im {i"7?} —iIm {i +3}) 2’n+1ﬂ-n§n+1> = (2m€)2nt2’

and using the parity of the involved functions, we get that the above expression holds for |27£] > 1. On the
other hand, for 0 < 27¢ < 1, we have that

_1\n+1 00 cos -
kn(ﬁ)z( Dl <7rIm{i”+2}/0 e—yyn( 2 cosh(27¢y)

(e e+ (1))

2
, ) e 2sinh(27&y)

_ I n+3 / Y, n
imIm {i"7°} ; e Yy @ 1 (1) e) dy

= gn(2n€),

where in the last line we have treated separately the cases n odd and n even, and used (2.8)). Using (I)
from Lemma |4} it follows that the above express;ign holds for [¢] < 5. To prove the estimate (3.3)) (see
[15, p. 161]), we use that k, € L'(R) implies |k,(£)| < 1, and that integration by parts twiceﬂ implies

kn ()] < - O

Finally, the following proposition establishes the relation between R, (x,T) and the function F(«,T).

@ The function ky is absolutely continuous and has bounded derivatives on R — {:ti}
11



Proposition 6. Let 0 < 5 <1 be a fired number. Assume the Riemann Hypothesis. Then,

T 1)\ 1 * F(a) 1 2 u? T+/loglogT
B - - i D 3 do — — n Voo
R0 1) = ooy | (A4 )+ () amnte = 3) + vt O Gy
as T — oo, where
1
A, = [ agia)da, (3.5)
0

and i, is defined as in Lemma[3

Proof. Let us analyze the main term in (3.1]). The estimate (3.3)) and a classical argument [I5] p. 161] imply
that

ST kal(r=)logz) = D kal((y =) logz) wly — ') + O(T), (3.6)
0<y,y' <T 0<y,y'<T
where w(u) = 4/(4 + u?). Letting = 77, from (1.7) one can see that
—~ TlogT [ !
Y kally—)loga)wly —) = e | F(a)ka( ooz )da (3.7)
(2m)2B J oo 273
0<yy'<T

To evaluate the integral on the right-hand side of (3.7), we use the fact that F'(«) is even and we split this
integral into the intervals [0, 5], [8, 1] and [1, 00). Moreover, we calculate these integrals using the asymptotic
formuld?| for F(a): As T — oo, we have

F(a) = (a+T**logT) (1+0(1)), (3.8)

uniformly for 0 < @ < 1, where o(1) = O(,/lolgolTogTT).
1. On the interval [0,]: Note that, using (I) from Lemma [4, we have that ¢g2(a) = ¢2(0) + O(a?) for

a € [0,1]. Then, using (3.2), (3.8) and the fact that Bfol T2 1og T dov = % + 0 ( we get

_1
log?T )°

/OB F(a)ky (%;.éﬁ)da = (,82 /01 ag?(a)da + 922(0) i o(loglzT»(l +o(1)).

We remark, by (III) from Lemma[4] that g2(0) = 4u2.
2. On the interval [B,1]: Here, by (3.8), F(a) = o + o(1). Then, we handle this integral using (3.2) to get

! - ' B i L oo L sont2
Fla)k,| — |da = )| — da = —p* — —p*nt 1).
[ Pk (g )aa = [Jaromn(2) da= g - o)
3. On the interval [1,00): In this case we write

00 o 00 ,3 2n+2 . [ee) F(a)
/1 F(O{) k'n (W)da = /1 F(Oé) <a> da = 52 +2 1 a2n+2 dav.

Finally, inserting the above estimates in (3.7) and combining with (3.6) and Lemma [5| we conclude the
desired result. 0

¢ This result is due to Goldston and Montgomery [16] Lemma 8], refining the original work of Montgomery [20].
12



4. ASYMPTOTIC FORMULAS FOR G, (x,T) AND H,(x,T): THE SUM OVER THE PRIME NUMBERS

4.1. The terms G, (z,T) and H,(x,T). We recall that, for T' > 3 and x > 4, we have defined

Gl ) = 55 [ |3 e ) oy (s )

m<x

2
dt

and

T ogm
Ho(2,T) = % 3 ( /1 S, (#) Im {i"m“}dt) m(ﬁ;mnl)nﬂ fn(llogg x) (4.1)

m<zx

We can get the following expression for G,,(z,T) using similar computations as Goldston.

Lemma 7. For T > 3 and x > 4, we have that
logm 9
T) .
G LC 27‘-2 Zx logm 277,+2 f (10g$> + O(.’E )

Proof. See [15, pp. 164-165]. ]

The expression for H,(z,T') is more subtle, since it requires some modification to the computations of
Titchmarsh [25] that arises when n > 1.

Lemma 8. Assume the Riemann Hypothesis. Then, for T >3 and x > 4, we have

logm 9
2 Z:z logm 2”+2 I (loga:) +O(alogT).

Proof. First, let us calculate the integral inside of (4.1). Using integration by parts in (2.2)), it follows that,
for t > 0,

Sn(t) = 1 Im{(in/Oc (0 —1/2)" " log (o +it) do}.

™ 77,71)! 1/2

Then, using the identity

and Fubini’s theorem, we get

/ U5 (6) Im (") dt
! (4.2)

_é Oo _ n—1 ’ . it _qyn+l,—it
_27T(n—1)!/1/2(0 1/2) Re{/o log ((o +it)(m™ + (=1)""'m )dt}da+0(1).

Now, we compute the integral from 0 to T, following the idea in [25, Lemma ~]. Let m > 2 be a natural

number and % < 0 < 2. Consider the integral

/ log ¢(s) m®ds,
OR

where R is the rectangle with vertices o, 2, 2+ 4T and ¢ 44T with suitable indentations to exclude the point
s = 1. The function log {(s) is analytic inside the contour R, and the radii of s = 1 may be made to tend to

zero. Then, using Cauchy’s theorem we have that

T 2 T 2
1 / log ¢(o +it) motitdt = / log ((a)m®da+ 4 / log ¢(2 + it) m* T dt — / log ¢(a +iT) m*TTda.
0 o 0 o

13



Note that f: log {() m® da = O(m?). Then, by [25, Lemmas o and 3] we get that

A(m)

o log T+0( =% 10g T)). (4.3)

T
/ log ((o + it)m™dt =
0

Similarly, using the integral

/ log ¢(s) m™*ds,
AR
around the same contour, it follows that
T .
/ log ((o + it)m~"'dt = O(log T). (4.4)
0
Therefore, combining (4.3) and ([4.4), we get for § < o < 2 that

A(m

Tlog ) T+O(m2"’ log T'). (4.5)

T
/ log ¢ (o +it)(m"" + (—1)"T'm~")dt =
0

On the other hand, using the expansion of the logarithm of ¢ ( ) and Fubini’s theorem, we have for o > 2
that

T T it n+1 —it
. i n i Ak m' + (-1 m
[ oncto i+ (a0 A [T CRT
0 k>2 0

A(m) T e
- N 7 1 -1 n+1 24t
mo logm/o ( +(=1) m )dt

" kzzg k”A ffgk /OT ((73) + <—1>"“<mk>“)dt
k#m

(4.6)

__A(m) 1
~ mclogm +O<Zk>+0 Zm

k>2
k;ém
A 1
__Ampo(2),
me logm 20
where in the last sum we have used that > x> m is bounded (see [25] p. 451]). Therefore, inserting
k#m
(4.5) and (4.6)) in (4.2) and using [I7, Eq. 3.351-3] we have
T
i A(m)T
Sy () Im {i"m ="} dt =
/1 (5) Tm {i"m 2my/m(log m)n+1
Inserting it in (4.1) we get

logm mA(m)
T a2 z:z logm 2”+2 fn(logx > + O( Z (logm)n+t1

m<zx

+0(m*?1ogT).

1
fn( Ogm)‘logT).
log x

Finally, using the bound |f,(y)| < 1 for y € (0, 1] in the error term, we get

Z logm
log m) "“ log x

<> m<a’

m<x

14



4.2. The power of cancelation in H,(z,T)— G,(x,T). Here, we will obtain the asymptotic behavior for
the difference H,,(T°,T)—G,(T?,T), as T — oo. It is possible to obtain asymptotic formulas for H,(T?,T)
and G, (T?,T) independently, as we did in Proposition |§| for R, (T?,T). However, the expressions are much

more complicated, so we will take advantage of a surprising cancellation in their difference.

Proposition 9. Let 0 < 5 < % be a fized number. Assume the Riemann Hypothesis. Then,

- T 1 T
— Apn+—|+0| —— |,
27T'2 ZZ log m 2n+2 27_[_25271 (IOg T)Zn |: + 2n:| + ( (log T)Qn-l—l )

as T — oo, where A, is defined as in (3.5)).

H,(T?,T) - G, (T"

Proof. Using Lemmas [7| and |8 and completing the square, we get for & = 7%,
H,(T%,T) - G, (Tﬂ T)

logm logm
27r2 Z logm 2n+2 {an(logx) fz(logx)] +0(T* 10gT)

logm 2 9 (47)
— 1— fn T% log T
271'2 Z 1ogm 2”+2 27r2 Z logm 2”+2 { / (loga,‘ ﬂ +0( ogT)
T A%(m) o (logm 9
- %P logT).
27r2 Z 1ogm 2”+2 272 (log x)2n+2 Z m g”(logm +0( ogT)
m<x m<x
Using Lemma [I0] and partial summation, it is clear that
A%(m > A?%(m 1 1
> e = O e~ i O T gET) 49
= m(logm) =, m(logm) 2n(log x) Va(log x)
Let us analyze the second term in (4.7)). By the estimate |g,(y)| < 1 for y € [0,1], we get
A2(m) , (logm log?p o (logp
= 1). 4.
S () S RE L (B2 4 oq) (49)

m<zx p<zx

To analyze the sum over primes on the right-hand side of (4.9)), we useﬂ

log”p log’y
Ply)=> o = g TOlogy),
p<y

for y > 2. Then, using integration by parts and the bound |g,(y) g,,(y)| < 1 for y € [0,1] we get

2 xt 1
5 log”p 2 <logp> - / P (log“) dP(u) = (/ ag(a) da> log? z + O(log ). (4.10)
=P log z - log z 0

Therefore, combining (4.8)), (4.9) and (4.10) in , we conclude the proof of the proposition. O

5. COMPUTING (), NUMERICALLY

In this section we study the series that appears in the main term. For each n > 1, let C), be the series
defined in (|1.9), i.e.

f This can be obtained using integration by parts in [2I} Theorem 2.7 (b)].
15



Then, Theorem [I] implies that

T
C
2 _n
/0 [Sa(®)Pdt ~ 5T

1 <C,< ! + A
2(log2)2» = 7" = 2(log2)2"  (log3)2"’
for some universal constant A > 0. Since log2 < 1, then C,, — 00 as n — 00, with
1
Cp~——.
2(log 2)?"

Clearly, C,, satisfies the estimates

Let us obtain numerical bounds for C),. To do this, we calculate numerically the first x,, terms of the series

and obtain explicit bounds for the tail

Vo) = 30—

s m (logm)

Lemma 10. Assume the Riemann Hypothesis. Define
)= Y A*(m)
m<zx

Then, for all z > 10°,
—0.047/z(log z)® < M(z) — (zlogz — x) < 0.057v/z(log x)?, (5.1)

and
0.017n + 0.167 1 0.020n + 0.181

" Valoga 1 = ) T aliogan = allogmEnt

Proof. We recall an explicit version of the Prime Number Theorem error term under RH (see [22] Theorem
10]): letting 6(z) = >, logp, for all z > 600 we have
Vv log? x
0 = O* —_— | .
(@) =+ 0" (L2
We start by obtaining explicit bounds for N(z) := Zpg . log® p. Using integration by parts we have, for
x> 105,

+

N(z) = N(600) + /I
6

00+

1 1
logy d0(y) = wloga — z + o+ 0* (VI ) L o / o8 yd
8 8 600

where ¢ := N(600) — 6(600) log 600 + 600 = 62.9734... The above integral is bounded by

0< — < 0.006921/z log® x.

Y=
8 600 \/g 87 f

1 [ log2yd < log? flog x
47

This gives

N(z) = zlogz — x + co + O*(0.04671y/z log® z). (5.3)

16



‘ Ty ‘ Lower bound for C,, | Upper bound for C,

n

1| 108 1.5651238 1.5651260
2 107 2.46232872 2.46232876
3 |5-10° 4.72243168 4.72243169
4 | 10° 9.55058572 9.55058573
5 | 10° 19.6650658 19.6650659
6 | 10° 40.7601579 40.7601580
7| 10° 84.6986707 84.6986708
8 | 10° 176.175788 176.175789
9 | 10° 366.593383 366.593384
10| 10° 762.938920 762.938921

TABLE 2. Upper and lower bounds for C,, for 1 < n < 10.

In particular, we obtain for > 10° that N(z) < xlogx. This inequality is also true for 45 < x < 10° by

numerical experiment. Now, using these estimates for N(z), we obtain bounds for M (z) as follows:

[1255]
oy 30 A = Ylowpt Y eyt S 3 lowty
p<z m<z p<z p2<z k=3 pk<az

logz
< N(z) + N(Vz) + IO§2N(€/§)

< zlogz — x + co + 0.04671y/z log® = + 0.5/z log = + 0.4809+/z log? x

< zlogx — x + 0.0568y/x log® x,
for z > 10°. The lower bound follows from (5.3)) and the fact that ¢y > 0. This proves (5.1)). Finally, let us
prove (5.2). We write M (x) = zlogz — x + E(x). Then, integration by parts gives us

[ dM(y) 1 E(x) * E(y) (2n+ 2+ logy)
Val@) = /E /z Plosy)™ s ¢

+ y(logy)2+2 ~ 2n(logz)?"  x(logz)2n+2

(5.4)

Using the upper bound for E(z) obtained in (5.1)), we have for = > 10°,

/°° E(y) (2n+2+logy)
. y2(log y)2n+3

(2 2+ 1
dy < 0.057 / (2n+2+logy)
. Y ?(logy)*

0.057 [* (2n+2) 0.057 |
d d
= (logz)?n /x 7 YT (logayr / Y

< 0.020m + 0.134

= Va(log )21
Similarly, for the same integral we obtain the lower bound (—0.017n — 0.110)/y/z(logz)**~!. Finally,
combining these estimates with (5.1)) in (5.4)) we conclude (5.2). |

Table 2 gives the bounds for C),, applying ([5.2) for a specific value z,, in the small cases 1 < n < 10. For

n > 11, it can be verified that C, is essentially given by its exponentially-growing first term up to

__ 1
2(log 2)2n
an error of at most 0.1.
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