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Abstract

In this thesis, we define Kan extensions and introduce the pointwise construction
in order to define derivators in an appropriate context. By developing the theory of
pointed and stable derivators, we prove that stable derivators induce additive categor-
ies. We establish the functors needed to construct the auto-equivalence and class of
triangles in the main result, which states that stable and strong derivators give rise
to triangulated categories. This provides a replacement for the well-known flaw of
triangulated categories, namely the non-functorial cone construction. Lastly, the re-
lated functors between the induced triangulated categories are proven to be exact

functors.

Sammendrag

I denne oppgaven definerer vi Kan-utvidelser og introduserer den punktvise kon-
struksjonen som lar oss definere derivatorer i en passende kontekst. Ved d utvikle
teorien om punktede og stabile derivatorer, beviser vi at stabile derivatorer induserer
additive kategorier. Vi etablerer funktorene som er ngdvendige for  konstruere auto-
ekvivalensen og klassen av trekanter i hovedresultatet, som sier at stabile og sterke
derivatorer gir opphav til triangulerte kategorier. Dette gir en erstatning for den
velkjente ulempen ved triangulerte kategorier, nemlig den ikke-funktoriale kjeglekon-
struksjonen. Til slutt viser vi at de relaterte funktorene mellom de induserte trian-

gulerte kategoriene er eksakte funktorer.
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Introduction

The aim of this thesis is to introduce derivators, prove that they induce triangulated categor-
ies and understand how that solves, to some extent, the issue regarding the non-functorial

cone construction.

The triangulated category was introduced by Jean-Louis Verdier [Ver96], based on ideas
of Alexander Grothendieck, in order to axiomatise the extra structure of the derived cat-
egory D(A), for an abelian category .A. Both for triangulated categories in general, and
the derived category in particular, the respective cone constructions 7 ! <one, T and
D(A)m Cone, D(A), are not functorial. However, for the derived category there is a

functor D(A) — D(A). Utilising this approach is the idea behind a derivator.

Although similar concepts were studied and introduced independently by several others, it
was Grothendieck who first introduced the notion of a derivator [Gro]. A derivator can be
thought of as a well-behaved 2-functor Cat’” — C AT with some requirements, one being
that the induced functors admit adjoints. These adjoints are inspired by Kan extensions, a
notion initiated by Daniel M. Kan [KT76].

The main result of this thesis is theorem 6.9, stating that for some derivator D and small
category X, the category ID(X) is triangulated. In proving this, we construct the functor
D([1]) — D(1), providing the main ingredient of the solution to the non-functorial cone
construction. This functor is exactly D(AM) — D(.A) for the derivator of A, denoted D 4.

In regards to sources, the author found the paper by Moritz Rahn (previously Moritz Groth)
[Gro13] the most useful and it is therefore the primary source for the chapters 3-6. Most
of chapter 1 is regarded as well-known homological algebra, see for example [Opp16],
and [KS74] for the definition of a 2-category and 2-functor, specifically. The definitions
in chapter 2 are based on Saunders Mac Lane [Lan71], see also [Riel4] for additional
details. Simultaneously, a previous thesis on derivators [Bra21] proved a valuable source
regarding details, and as a result of this, several proofs follow a similar structure. Following

is an outline of how the thesis builds up the theory resulting in the main theorem.

The first chapter is meant as a gentle and particular introduction to the category theory ne-
cessary for the rest of the thesis. In addition to the more familiar definitions of categories,
functors and natural transformations, there are also some concepts which might be new to

some, such as slice categories, 2-categories and 2-functors.

In the second chapter we define Kan extensions, which at first sight are an abstract way

of extending a functor F" along a functor GG. Section 2.1 provides another way of thinking

iii



of Kan extensions by showing that they generalise adjoints, and more importantly, that
they generalise (co)limits. Kan extensions can also be calculated pointwise, which is done
in section 2.2, and results in proposition 2.7, preparing us for the prime example of a

derivator, namely the represented derivator ID,.,,.

In the third chapter we introduce Beck-Chevalley transformations, leading to the definition
of a derivator. Then we establish the opposite derivator and show some useful properties
of derivators, before proving in theorem 3.19 that they give rise to categories which admit
products and coproducts. The chapter ends with the definition of a shifted derivator and

proposition 3.22 assuring us that this is a reasonable definition.

The fourth chapter is concerned with pointed derivators, that is, when the underlying cat-
egory admits a zero object. In section 4.1 we prove lemma 4.9, a result often thought about
as an extension by zero. This leads to the very important pairs of adjoints in section 4.2,
namely the cone and fiber functor, and the suspension and loop functor. We see how these
generate cartesian and cocartesian squares, and in section 4.3 we prove corollary 4.22,

allowing us to calculate the (co)cartesian squares pointwise.

In the fifth chapter we define stable derivators and unravel the consequences of when
cartesian and cocartesian squares coincide. We prove lemma 5.6, which emphasises the
nuances in generating (co)cartesian squares and leads to the related two out of three prop-
erty given by corollary 5.8. We also characterise stable derivators via certain squares
in proposition 5.10, before proving that stable derivators induce pre-additive categories.
With reference to the mentioned main source of this thesis, we state that these categories

indeed are additive.

In the sixth chapter we introduce the triangulated derivator, through the notion of a strong
derivator. Finally, we prove theorem 6.9, and discuss the consequences regarding the re-
lated cone constructions. The chapter ends with proposition 6.11, stating that the induced

functors G*, G* and G are exact.

iv



Notation

Categories
Objects

Morphisms

Set of morphisms from a to b
Functors
Natural transformations
Terminal category

Limit of F'

Colimit of F’

Slice category for functor G and objecty € Y
Vertical 2-cell composition
Horizontal 2-cell composition
Category of all small categories
Category of all categories
Left Kan extension functor of F' along G
Right Kan extension functor of F' along G
Pre-derivator and derivator
Induced restriction functor D(G)
Right adjoint to G*

Left adjoint to G*

The derivator of A
Category of chain complexes
The derived category
The represented derivator
The opposite derivator
The diagonal functor
The shifted derivator
The arrow category
Subcategories of [1] x [1] = [
Suspension functor

Loop functor

X, ), etc.
a,b,c, A, B, etc.
f,q,h,id, etc.
Hom(a,b)
F,.G,H,Id,etc.
a, 3,7, etc.

1
limF
colimF
(G = ]

Bla
Ba
Cat
CAT
LKgF
RKGF




1 Category theory

The first chapter begins with the definition of a category, and ends with the definition
of a 2-functor, the preamble of a pre-derivator. Most of the definitions in between are
from homological algebra, and might be familiar to the experienced reader. The examples
and observations provided in this chapter are chosen such that they hopefully clear any

confusion that might arise in the rest of the thesis.

1.1 Categories, functors and natural transformations

Definition 1.1. A category C consists of
i) aclass of objects, denoted obj(C)
ii) for any two objects a, b, a set of morphisms, Home(a, b)
iii) for any three objects a, b, ¢, a composition map
o: Home(a,b) x Home(b,¢) — Home(a,c), (f,9)—go f

which is associative. In other words, for any objects a, b, ¢, d, and any morphisms
f € Home(a,b), g € Home(b, c), h € Home(c, d) we have

ho(gef)=(hog)of

iv) for any object a, a morphism called the identity morphism id, in Hom¢(a, a) such
that for f € Home(a,b) and g € Home(b, a) we have

foid,=f
idaog:g

Example 1.2. The terminal category, denoted 1, is defined as the category with a single

object, and is of course a category.

Example 1.3. Any poset forms a category. For two elements pq, p; in a poset P there is a

morphism p; — po whenever there is a relation p; < ps.

Example 1.4. Any set S forms a discrete category if one allows identity morphisms for

each element in S.




1.1 Categories, functors and natural transformations

Definition 1.5. Let X be a category.
i) An initial object © € X is an object such that for every other object z € X there
exists exactly one morphism 7 — x.

i) An terminal object t € X is an object such that for every other object v € X" there

exists exactly one morphism = — t.
Definition 1.6. A small category is a category where the class of objects forms a set.
The terminal category has an object which is both initial and terminal. Such an objects is
a zero object. A poset category admits an initial object if it has a ”smallest” element, and

likewise for a terminal object. A discrete category has no initial or terminal object. All

three of the mentioned categories are small.

Definition 1.7. Let X', ) be two categories. Then a functor F' from X to ) consists of
two maps
F : obj(X) — obj())

F : Homx(x1,29) = Homy(F(x1), F(z2))
satisfying the following properties.
i) forall z € X we have F(id,) = idp)
ii) for any two composable morphisms f, g € C we have F'(gf) = F(g) o F'(f)
It is often useful to think of diagrams in categories as functors. For example, consider
a diagram consisting of two objects, say a and b, in some category C. If we let P be a

category consisting of only two objects, then the diagram {a b} can be identified with a

functor P 5 C , given by sending one of the objects in P to a and the other to b.

Definition 1.8. Let X = Y be a functor and x, x5 objects in X.

i) Fis full if Homx(z1, x2) i Homy (F(x1), F(z2)) is surjective.
ii) Fis faithful if Homy (1, z2) L Homy (F(xy), F(xy)) is injective.
iii) F'is essentially surjective if forevery y € ) thereexistsaxz € X suchthat F'(x) = y.

iv) The essential image of F', denoted essIm(F'), is all objects y € ) such that F'(z) =

y for some x € X.




1.2 Adjoints, limits and 2-categories

Functors F' such that Homy (z1, x2) i Homy(F(x1), F(x2)) is a bijection are called
Sfully faithful.

Definition 1.9. Let ', G : X — ) be functors between two categories. A natural trans-
formation o : F' — G consists of a morphism «, : F'(z) — G(z) for all z € X such that

the following diagram commutes for f : x1 — xs.

G(r1) ———— G(z

(1) —5— Gl)
It will be useful in many proofs to consider natural transformations that are the result of a
natural transformation composed with a functor. For example, given G = H, we have a

natural transformation o' from the functor GF to the functor H F'.

G
F m
vty T e
H

This is also the same as using o only on objects in ) that are in the image of F'.

Definition 1.10. Let ¥ ——— ) be a functor and = € X. The identity transformation
on F, denoted Idp, is defined by (Idr), = idp()-

1.2 Adjoints, limits and 2-categories

Definition 1.11. There are two equivalent ways of defining an adjoint pair of functors,
(F,G) : X = ). Both definitions are useful, and in both cases F' is the left adjoint while
is G the right adjoint.

i) there are two natural transformations called the counit and unit, respectively,

e: FG — 1d

n:Ild— GF

such that the natural transformations

F-" spagrp —F 4 p




1.2 Adjoints, limits and 2-categories

G "< ,qrc—% _q

compose to the identity transformations. These are often referred to as the triangle

identities.
ii) there is an isomorphism
Homy(F(x),y) = Homa(z, G(y))

which is natural for all objects x € X and y € ).

Following are some useful results which will be used multiple times throughout the thesis.
Observation 1.12. Let (F,G) : X = Y be an adjoint pair of functors. Then F' preserves

initial objects and G preserves terminal objects.

Proof. We prove the first claim, the second is dual. Let i € X be an initial object. By
definition there exists only one morphism in the set Homy (i, z) for all z € X, and in

particular for G(y) given some y € ). And by definition of adjoint pair we have that
Homx (i, G(y)) = Homy(F (i), y)
implying that F'(7) is an initial object in ). ]

Observation 1.13. Let 1 5 X be the functor identifying the terminal objectt € X, and

X 5 1 be the canonical projection functor. Then (w,t) is an adjoint pair.

Proof. Let e be the only object in 1, and x some object in X'. Then both Homy (7(z), )

and Homx(z,t(e)) consist of a single element due to the fact that ¢ is terminal. Hence

Homy(m(x),e) = Homxy(x,t(e))

Lemma 1.14. Let (F,G) : X = Y be an adjoint pair of functors. Then

i) F is fully faithful if and only if the unit [dxy —— GF is an isomorphism.
it) G is fully faithful if and only if the counit FG —— Idy is an isomorphism.
Proof. We prove ii). We have the following composition where @ is the natural isomorph-

ism related to the adjoint pair.

Homy(y,y') —— Homx(G(y), G(y')) —>— Homy(FG(y),y)

4



1.2 Adjoints, limits and 2-categories

In order to find out what this composition does on a map y - 4/, we use the naturality of
.

Homx(G(y), G(Y)) — Homy(FG(y),y')

The square commutes, hence ®(G(g)(idg(y))) = g(P(idg(y)) and since D (ide,)) = €,
we get that ®(G(g)) = ge,. Now it is possible to see that G is fully faithful if and only if

g€, is an isomorphism if and only if the counit € is a natural isomorphism.

]

In the next chapter we will see how limits and colimits form a bridge between the more
concrete concepts such as a product and the relatively abstract definition of a Kan exten-

sion. The definition of a slice category will be important in creating that bridge.

Definition 1.15. For a functor F' : X — C, the limit of I, denoted lvmF’, is an object in
C together with morphisms limF = F(z) for z € X such that

i) given x; EN xo € X we have that FI(f) ooy = ay

ii) for any other object T € C with morphisms 7' LN F(z) which also satisfies the

previous criterion, there exists a unique map v : 7" — limF s.t. aoy = [

Flr1) — D P(a,)

a1

a2 B1 B2

limF ----- CL T

Definition 1.16. For a functor F' : X — C, the colimit of F', denoted colim F', is an object
in C together with morphisms F(z) = colimF for x € X such that

i) given x; ER x9 € X we have that a0 F/(f) = o
ii) for any other object " € C with morphisms F'(z) 5, T which also satisfies the

previous criterion, there exists a unique map v : colimF — T s.t. v o a = 5 for all
reX




1.2 Adjoints, limits and 2-categories

F(z)) ————— F(z2)

a1
a2 B1

colimF ---—-—-=—————- s T

Definition 1.17. For a functor X £> Y and object y € ), the slice category, denoted
[G — y], has objects of the form (z, f) for z € X and G(x) EN y € Y. A morphism
between two objects (z1, f1) and (22, f) is a morphism z; < x5 in X such that the

following diagram commutes in ).

Together with a slice category [G' — y| comes a canonical projection functor
py G-yl =X

sending (z, f) to z, and (x1, f1) & (22, f2) to 21 < x5. Using this functor is the same as

. : : : h :
forgetting the extra structure a slice category carries. Given y; — y2 € ) there also exists
a functor

G > 1] G - g

which sends (z, f) to (z, hf), and (21, f1) 5 (9, f2) to (z1,hf1) 2 (22, hfs). Finally

comes the definition of a 2-category and 2-functor, central concepts in chapter 3.
Definition 1.18. A 2-category C consists of

i) O-cells A, B,C, etc.

ii) I-cells F',GG, H, etc.

iii) 2-cells o, 3,7, etc.

such that

i) the O-cells and 1-cells form a category C, together with standard composition




1.2 Adjoints, limits and 2-categories

ii) the 1-cells and 2-cells form a category C(.A, B) together with vertical composition

' F
e N\ RN
A—ac—— B = A ﬂﬁa B

NS S

In addition we have horizontal composition of 2-cells

F G GF
/_\)
A/ﬂa\"s/ﬂﬁ\c _ A 2 c
\E/ S~ Y

which is associative and s.t. (8]a)(d]7) = (y«)|(6/3) holds for the diagram

TRty
N b

G J
Lastly we need horizontal identity, i.e. for id,q, : ida — ida, 1d;q, : idp — idp and

a: F'— G we have id;;, a0 = o = aid,g,, for the diagram

ida F idp
\JA/( \5/ \zd_B/

E L s e
A HidF B ﬂidc C = A HidGF C

Definition 1.19. The category of all small categories is denoted Cat and the category of

(not necessarily small) categories is denoted CAT'.

Example 1.20. Cat and CAT are both 2-categories. The O-cells are categories, the 1-cells

are functors and the 2-cells are natural transformations.
Definition 1.21. A 2-functor D is a map between two 2-categories X and Y such that

i) D: Xy — Yy is a functor




1.2 Adjoints, limits and 2-categories

ii) D : X(AX, &) — Y(J4, V%) is a functor

iii) given o : F'— H and 5 : G — T we require that D(5)D(«a) = D(fa)

iv) given idp : F' — F we require D(idp) = idp(r)
A 2-functor is a map between 2-categories that preserves all identities and compositions.
Therefore, if a diagram commutes prior to applying a 2-functor, it will commute afterwards
as well. Since a derivator will be defined as a 2-functor, this property will be utilised

implicitly throughout. We end the chapter with another useful observation making use of

this property.

Observation 1.22. Let D : Cat? — CAT be a 2-functor. If (F,G) : X = Y is an adjoint
pair of functors, then (D(G),D(F)) : D(X) = D(Y) is an adjoint pair of functors.

Proof. By using the mentioned property of 2-functors and definition 1.11 ii), we see that

the following now commutes

Likewise for D(n), and again by definition, we are done. O




2 Kan extensions

Saunders Mac Lane wrote that ”All concepts are Kan extensions” ([Lan71]). In section
2.1 we argue the same, first by generalising the concept of a product to that of a limit, then
by introducing Kan extensions and showing how limits are right Kan extensions, tying
all three concepts together. We end the section with an example regarding adjoints, again
emphasising the quote. In section 2.2, we construct the pointwise Kan extension, giving

us an example of a derivator for chapter 3.

2.1 All concepts are Kan extensions

Assume we have two objects, a, b, in some category C. The product of a and b is an object,
a x b, together with two morphisms a x b =% a and a x B =% b, satisfying the universal
property. That is, for any other object 7" and morphisms (7' Loy a,T LN b) we get a unique

map 7" — a x b such that the following diagram commutes.

In order to generalise the concept of a product, we introduce a discrete category P con-
sisting of two objects, 1 and 2. Let P L, C be the functor sending 1 to a and 2 to b. Then,
hopefully it is clear that the limit of F'is a x b. By changing the category P, many similar

concepts, such as pushouts and kernels, can be generalised and shown to be a limit.

In a similar manner, the concept of a limit can be generalised and shown to be a right Kan

extension. Dually, the colimit is a left Kan extension.

Definition 2.1. Given two functors X > Cand X % Y, a left Kan extension of F' along
G is a functor Y LRl ¢ together with a natural transformation F % LKoF o G such
that for any other functor and natural transformation ()/ l> C, F ﬁ) T'G) there exists a
unique LKoF 5 T'st. f=Gyoa.




2.1 All concepts are Kan extensions

LKsF oG pve > TG

Definition 2.2. Given two functors X - C and X g, Y, aright Kan extension of F' along
G is a functor Y ﬂG—F% C together with a natural transformation RKgF o G 2 F such
that for any other functor and natural transformation ()/ EIN C, TG i F) there exists a
unique 7 5 REKoF sit. f = a o Gy

RKgF oG < e TG

Let us see one perspective on how to think about Kan extensions. Given any functor
X = C and the projection functor X = 1, the right Kan extension of I along 7 turns out
to be the limit of F, i.e. RKF = limF.

If we recall definition 1.15, we see that the notation matches up nicely. From the definition,
i) is satisfied because « is a natural transformation, while ii) is satisfied by the universal

property of the right Kan extension, namely the fact that 5 = a o G"y.

10



2.1 All concepts are Kan extensions

If we try and tie all three concepts together, the product, limit and right Kan extension,
the result might be slightly overwhelming or satisfying, depending on the reader. Since
the limit is our middle ground, that is the notation used in the diagram. However, keep in

mind that RK . F' = limF = a x b for our specific case.

limF

We end this section with another example of how an important construction actually is a

Kan extension.

Example 2.3. Any functor ' : X — ) has a right adjoint G, if and only if the right Kan
extension of /dy along [ exists and it is preserved by any functor H : X — Z for some
category Z. What is meant by the latter criterion, is that H o RKpldy = RKpldy o
H. In this case the right Kan extension is the right adjoint G and the related natural
transformation is the unit. The natural transformation related to the left Kan extension is

the counit.

Id
X ad s X
n RKpldy=G
F
Yy

11



2.2 Pointwise Kan extensions

2.2 Pointwise Kan extensions

We want to know what the left Kan extension, LK F', does on objects. This is known
as the pointwise construction of Kan extensions. In other words, given y € ), what is
LKgF(y) €C?

X r s C
/ ?
G
LKoF
¥y /
Yy

It turns out that if we define any map L by sending y to a particular colimit, then it is indeed
a functor and left Kan extension. This section is about proving this and we therefore start

with the set up as follows.

G =y X ¢
G‘
L
Yy

|G — y] is a slice category, p, is the corresponding projection functor and L is given by

sending any y € Y to colimFp,.

Lemma 2.4. L, as described above, is a functor.

Proof. We need to show that for y - 1/ LN y" we have that L(h'h) = L(R')L(h)

colimFp, ORI colimF p, SECUPRN colimE p,

It suffices to show that L(h) is unique, because then, by similar reasoning, L(h") will also

be unique implying L(h'h) and L(h') L(h) will both be the same unique map. In addition,

12



2.2 Pointwise Kan extensions

if L(h) is unique, it will be clear that L(id,) = idp ). In aid of this, consider the diagram

G -yl

2.1

where colimF'p, sends the only object in 1 to the object colim F'p, in C, and likewise for
colimFp,,. Hence, finding a unique map between the objects colimF'p, and colimF p,,
in C is the same as finding a unique natural transformation between the functors colimF p,

and colimF p,.

We know from earlier discussions that colimF'p, is the left Kan extension of F'p, along
7. We have another functor from 1 to C, namely colim F'p,,. If we can find a natural trans-
formation from F'p, to colimF'p,, o ™ we can invoke the universal property of colimF'p,.
We also know colimF'p,, is a left Kan extension, and therefore have a natural transform-

ation colimFp, o = Fp,.

We see that colimFp,m = colimF p,n[G — h] il Fpy|G — h| = Fp, using the
two commuting triangles

(G =]

% \
C 1
[G—h]
pr/ m
G =]

from diagram 2.1. Now, by the universal property of colimF'p,, there is a unique natural

transformation colimF'p, ui colimF p,,» which is what was needed. [

Now that we know L is a functor, we want a natural transformation € : /' — LG in order
to show later that L indeed is a Kan extension. Our goal is, given = 2% /, to end up with

a commuting diagram of the form

13



2.2 Pointwise Kan extensions

F(x) = » LG(z)
F(g) LG(g)
F(z) > LG(z')

We adopt diagram 2.1 from the proof of lemma 2.4, and replace y and 3 with G(x) and
G(z'). The transformations « and o’ are the natural transformations associated with their

respective Kan extensions, and -y is as in the previous proof.

(G = G()]

[G=G(9)]

(G - G(2)] Lo //

Fpg ()

colimFpg (q)

colimeG(x/)

Lemma 2.5. There exists a natural transformation € : F' — LG.

Proof. Using the three functors F'pg s, colimFpg(y) o m and colimF pg(,ry o m on the

object (z,id(c(z)) € |G — G(x)] we get the triangle

AG(x)

F(z) » colimF pe(q)

o)
a’o[G-G(g)] K (22)

colimF pg(ar

which commutes by definition of -y. Using the two functors F'pg(,»y and colimF pg o m

14



2.2 Pointwise Kan extensions

on the morphism (7, G(g)) % (2',idg()) € [G — G(")] we get the triangle

F(g) Gle) (2.3)

F(x) > colimF pe gy

which commutes because o is a natural transformation. Noticing that o o [G — G(g)]
and o/G(I) are the same morphism, we get a commuting square which is a combination of

the triangles 2.2 and 2.3.

F(x) e » colimF pea)
F(g) v
F(a') - > colimF pe ey
A6 ()
Remembering that L(G(z)) = colimF pg (. by definition, completes the proof. O

Now that we have a functor L together with a natural transformation e, it remains to show

that the pair is a Kan extension.

Theorem 2.6. (L, ) as constructed above is a left Kan extension.

Proof. We assume () L , ' TG) is another pair of functor and natural transforma-

tion and need to show that there exists a unique L —» T such that the triangle on the right

commutes.
X
F
G
y LG G sy TG

15



2.2 Pointwise Kan extensions

The fact that using L on objects is defined as a colimit, will be used in order to construct

~v. Fixing some y € ) results in the following diagram

> X
G‘
N

Using the different functors on the objects and morphism (xz, f) 2 (2/, ') € [G - 1],

G =y a

gives us the following diagram, allowing us to use the universal property of L(y).

F(z) 1) . F(a)
y N . l%,
LG(x) TG(x) ! y TG(z') (24
L) —mm S s T(y)

The right top square commutes because 7 is a natural transformation, and the right lower
triangles commutes because 7' is a functor. This implies that there is a unique map L(y) RN
T(y) by definition 1.16. It is unique in the sense that for all (z, f) € [G — y] itis the unique

morphism such that v, o L(f)e, = T'(f)7,.

. . L h
The next goal is to show that  is a natural transformation, i.e. that fory — ¢’ € ) the

following square commutes in C, where -,/ is constructed in the same manner as 7,

L(y) E > T(y)
L(h)l lT(h)
L(y') T » T'(y')

In order to achieve this, we turn our attention to a new diagram, where the right triangle is

the same commuting triangle as in diagram 2.4, only extended with the morphism y LN Y.

16



2.2 Pointwise Kan extensions

The universal property of L(y) implies a unique morphism from L(y) to T'(y'), say ¢,
making the left triangle commute. Both v,/ L(h) and T'(h)~, also make that particular

triangle commute, as shown in the following diagram.

F(x)
L(fV X(f)m
L(y) - > T(y)
Ly X(h)

L(y") o » T(y')

Therefore, 7, L(h) and T'(h)~y, must be the same unique morphism. The reason that the

latter diagram commutes is the observation

Yy LN L(f)ex = T(h)T(f)7e = T(h) 7y L(f)ex

where the first equality is by the colimit property of 7,/, and the second is from the top

commuting triangle.

Lastly, it is required that +y is such that yGe = 7. We fix the morphism (x1, f1) LA (22, f2)
and object (z,id¢(y)) in the slice category [G — G(x)]. Using the functors F,T'G and
LG, we get the diagram

F(z) TG(a1) £ TG(x)
e T T T(f2)
L(G(x)) s T(G(x))

where the right hand square and triangle commute because 7 is a natural transformation

and T is a functor, respectively. This then allows us to use the colimit property of L(G(x)),

17



2.2 Pointwise Kan extensions

giving us a unique morphism v¢(,). The last observation that vg(,) = (7G),. finishes the

proof. ]

Proposition 2.7. Let X', ), C be small categories, let C admit colimits, and let X N y
be a functor. Then there is a left Kan extension functor C* 255 ¥, given by LK (F) =
LEKGF, which is left adjoint to C¥ <5 C¥, given by G*(T)=TQG.

LK

— T
\_/

aG*

c* cY

Proof. We need to show that
Homey (LKgF,T) RN Homex (F, TG), ~v+—— (Gv)a

is a bijection, where « is the natural transformation associated to LK F'. Let the inverse
of ¢, say 1, be such that it sends a natural transformation F' = T'G to some LK F 3 T,
where 7 is constructed as the - from the previous theorem. That is, such that 7 = (G*)«
and ¥ is unique such that T'(f)7, = 7, LKcF(f)a, for all (z, f) € [G — y]. It remains
to show ¢ and ¢ are inverses. The first direction is the easiest as ¢p(¢(7)) = ¢(§) =
(YG)a = T where the last equality is by definition of 4.

Conversely, ¥(o(7)) = Y((7G)a) = 4 st. (7G)a = (YG)a. If v also is such that
T()(vG)a)y = vy LK F(f)a, then we are done. Since y¢(,) = 7Go, it is the same as

asking the following to commute, which it does because 7 is a natural transformation.

F() \
LKGF(G(z)) —= 5 TG()
LKcF(f)l lT(f)
LKGF(y) ——— T(y)

18



2.2 Pointwise Kan extensions

Example 2.8. For ) = 1 and the projection functor X — 7, the previous proposition

implies an adjunction

where LK sends a diagram in C with shape X to LK F' which, as we saw in the previous

section, is the colimit of F'. Hence, the left adjoint of 7* is the colimit functor.

In later chapters, whenever the reader sees 7L, the notation for the left adjoint of 7%, it it

R

safe to think of it as a variation the colimit functor. Likewise, 7" can be thought of as a

variation of a limit functor.
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3 Derivators

In order to define a derivator, we first introduce pre-derivators, Beck-Chevalley transform-
ations, and in particular those transformations induced by slice squares. After defining the
opposite derivator, we investigate some properties of general derivators. We also construct
the (partial) underlying diagram functor, an essential piece to proving that derivators in-
duce categories that admit products and coproducts. Lastly, we prove that it makes sense

to define the shifted derivator.

3.1 Pre-derivators and Beck-Chevalley transformations

Definition 3.1. A pre-derivator D is a 2-functor

D: Cat®” — CAT

Before we give examples of some pre-derivators, we introduce some notation which will
be used throughout this thesis. Given a morphism x N y in some small category &,
there are two induced functors x,y : 1 — X identifying their respective object, and a
natural transformation A between them. Applying the pre-derivator results in the func-
tors D(x),D(y) and the natural transformation D(%), which we denote by z*, y* and h*,

respectively.

/I\,x /x\
17 D(X) Hh* D(1)
ky/ ~_
y*
= (1)

Fora 2 b e D(X') we denote z*(a) —= x*(b) as a, LN b.., and likewise for y*. Using

h pointwise between x* and y* results in the following commuting square.

These are all objects in (1), which often is called the underlying category. Given an
object a in X', we evaluate a pointwise in the underlying category by using the functors

D(X) , D(1) for x € X. If we do this for all z € X, we get the underlying shape of a.

20



3.1

Pre-derivators and Beck-Chevalley transformations

We are already in a position to construct the underlying diagram functor dia y, which sends

an object in D(X) to its underlying diagram or shape in D(1).

Lemma 3.2. Let D be a pre-derivator and X a small category. For a ENY € D(X) and

h
xr — y € X as above

i)
i)

iii)

Proof.

iii)

y Hax(a) D(1) given by x — a, and h — R’ is a functor.

diay(a) M diax(b), given by f component-wise, is a natural transformation.

D(X) dax, D(1)* with a — diax(a), f — diax(f) is a functor.

. h ‘ id.;
i) Forz = y - zand z % x € X we have that

diax(a)(ih) = (ih)*

(1)a(h)s = diax(a)(i)diax(a)(h)

and
diay(a)(id,) = (idy): = (idg+)q = id,, = 1l dia (a)(z)

using that D is a 2-functor, and the definition of an identity transformation.

In the following square, f, and f, are the components of diax(f).

aszz

h;l lh;‘

Qy —>y by

As h* is a natural transformation, the square commutes, and diax(f) is therefore a

natural transformation.

id, .
Fora L b canda % q € D(X), we look at the natural transformations

component-wise

(diax(gf))e = (9f)x = (9)a(f)2 = (diax(g)diax(f))a

and
(dia;\g(ida))x = (Z'da)m = x*(ida) = Z'dx*(a) = idaz = (Iddiax(a))x

In these steps we are using that z* is a functor.
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3.1 Pre-derivators and Beck-Chevalley transformations

Now that we are more familiar with the notation that will be used for functors and natural
transformations induced by a derivator, namely —*, we look at some examples of pre-

derivators.

Example 3.3. Let C be a category which admits (co)limits. We define the represented
pre-derivator for a small category X by D,.,(X) := C*. Given a functor X Sy
between small categories, the represented pre-derivator induces the pre-composition func-

tor C¥ — C%, as seen in proposition 2.7, and is indeed a pre-derivator.

G G*
x |—> a*
* 3y c c
H H*

Example 3.4. What follows is a rough introduction to another example of a pre-derivator.
For more details, see [Gro19] and [Kra21].

Given an abelian category A, one can form the category of chain complexes, C(.A). Ob-
jects are chain complexes . .. £> An L gn ﬂ ... for A® € A and such that
d"od"! = 0. A morphism between two complexes A %, B consists of levelwise morph-
isms between them A" % Bi such that the obvious squares commute. ¢ is said to be a
quasi-isomorphism if the induced map in homology H"¢ : H"A — H"™B is an isomorph-

ism for alln € Z.

Given a small category X', we can also form the category C(A)*. As the objects now
are functors, a quasi-isomorphism in this category is a natural transformation that is level-
wise a quasi-isomorphism. We denote the class of quasi-isomorphisms in C(A)* by W .
Localisation of a category C with respect to a class of morphisms in C, say S is a way of
creating a category C[S™!] where all the morphisms in S are invertible. This leads to the

definition of the derivator of (chain complexes in) A.

Da(X) = C(A)M[(WZ) ]

This is the derived category D(.A). For a functor X G, Y, there is a pre-composition
functor C(A)Y <, C(A)? as seen in the previous example. This will preserve quasi-

isomorphisms and in turn induce a functor

q)

DA(Y) = CLAP W) '] =2 CA (W)™ = Du(X)

Definition 3.5. Let D be a pre-derivator and X N Y a functor. We say D admits a left

Kan extension along G if there exists a left adjoint, G, to the induced restriction functor
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3.1 Pre-derivators and Beck-Chevalley transformations

G*. Likewise, D admits a right Kan extension along G if there exists a right adjoint, G%,
to G*.

/G_L\L /g\\
D(X) D(Y) D(Y) D(X)
\G_*/ \\G_R/

Remark 3.6. This definition is not directly connected with the definitions of Kan ex-
tensions. However, recalling proposition 2.7 it is clear that the represented pre-derivator
admits both left and right Kan extensions, and that these are precisely the Kan extensions

from section 2.1.

We are almost ready to define a derivator. Before we do so, consider a pre-derivator D and
some small categories X, X5, Vi, Vo. Applying the pre-derivator to the square on the left

induces the square on the right.

X, —E2 o, D(X,) +——— D(X,)
H / Ho Hi / H
BZ1 T) Vs D<y1) <G— D<y2)

If we assume D admits left Kan extensions along its functors, it results in the diagram

D) 1 D) D)

/

"
Hy « H; Id
Id 77/

D)) ¢——gr— D) ¢ D(X)

where 7) and € are the counit and unit of they respective adjunctions. We can then compose

1, a* and € to get the following composition and simplified square
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3.1 Pre-derivators and Beck-Chevalley transformations

D(X;) +—F—— D)
coG* L LOO{*O L L *o |
HILF*( G*Hy')(H;y Hy)(H{ F n)G*HQL HlL « H2L

DY) ¢ DO%)

This is called the Beck-Chevalley transformation associated to «.. In order to avoid writing
the long composition in the future, it is denoted by o'. The dual construction begins with
the following square on the left, and its associated Beck-Chevalley transformation is on

the right.

x, —F—— D(X)) +—F—— D)
H, / Hy HE X HE
W T) Vs D<y1) <G—* D<y2)

We will now take a look at a special case of the Beck-Chevalley transformations, which
will show up in the definition of a derivator. We look at the following diagrams, which

will be referred to as a slice squares.
(G >y —— ly - G —"—

> T

\ \
1 J > 1 7 >

Consider the left slice square. For the functor X N Y, we get the slice category [G — ]
and its corresponding projection functor p,. The functor y identifies the objects y in ),
and 7 is the canonical projection functor. We should also notice that for an object (z, f)

in [G' — y| we get a(, 5y = f, which is the reason o might be denoted as the morphism f.

If D admits left and right Kan extensions, it results in the corresponding Beck-Chevalley

. i |
transformations o and (3°.
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3.1 Pre-derivators and Beck-Chevalley transformations

DG = y]) «———— D(&) D(ly » G]) +———— D(X)
D(1) ¢ D(Y) D(1) ¢ D(Y)

Asking that the Beck-Chevalley transformations associated to slice squares are natural

isomorphisms, is a way of integrating pointwise Kan extensions into derivators.

25



3.2 Derivators

3.2 Derivators

Definition 3.7. Let &}, &5, X', ) be small categories, and y € ). A pre-derivator D is a

derivator if it satisfies the following
Der i) Theinclusions X; — X;UA5 and Ay — A& LUAS induce an equivalence of categories
D(X, U Xy) — D(X;) x D(X,), and D() is equivalent to 1.

Der ii) A morphism a EN e D(X) is an isomorphism if and only if a, ELN b, is an

isomorphism in D(1) for all x € X.

Der iii) Each functor X < ) induces a restriction functor D(Y) <, D(X') which admits

left and right Kan extensions G* and G*.

GL G”
m /—\\
D(X) adj D(Y) D(Y) adj D(X)
\_/ \_/
G GE

Der iv) The Beck-Chevalley transformations induced by slice squares are isomorphisms.

L 150 L R 150 R
sz—>y*G y*G —_— T ,0;

Remark 3.8. We will use the notation Der i) when referring to the first derivator axiom,

and similarly for the other axioms.

Example 3.9. It is now possible to see that the previous chapter was concerned with show-
ing that the represented pre-derivator, ID,.,, actually is a derivator. Der i) is satisfied be-
cause C¥19¥2 = C% % C*% and C” = 1. Der ii) is true by definition of a natural iso-
morphism. Der iii) is satisfied as mentioned in remark 3.6. Der iv) also holds if we take
a closer look at the Beck-Chevalley transformation given when applying the represented

pre-derivator to a slice square.




3.2 Derivators

Recall that 7% is the colimit, as seen in example 2.8. For a functor F' € C¥* we have
that 7% p5(F) = colimFp, and y*G*(F) = LKgF(y). In section 2.2 we defined a
map L such that L(y) = colimFp, and then showed that L actually was the left Kan
extension LK F. Hence the Beck-Chevalley transformation 7’ Py, = y*GL is a natural
transformation. The arguments are dual for the other transformation, meaning Der iv) is

satisfied. The conclusion is that the represented pre-derivator D(X) = C* is a derivator.

Example 3.10. With some restriction on A, the derivator of A is in fact a derivator. In

addition to the mentioned sources, [Bra21] provides a detailed explanation.

Definition 3.11. The opposite derivator, D, is defined as D?(X) = (D(XP))° for

some small category X.

Proposition 3.12. D is a derivator if and only if D is a derivator.

Proof. Let X1, X,, X and ) be small categories, a i) b a morphism in D°?(X’), and fix
ye .

(=) Assume D is a derivator.

[Der i)]
DP(X; U X)) = (D(&) U Xy)P)oP (by def)
= (D(A? L XP))P
= (D(X7) ND(AZ?)P (D derivator)
(D(XT7) 11 (D(A;")) ™
= DP(X;) N D% (&) (by def)

and D7 (0) = (D(§)) = (D(0)) = 1 =
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3.2 Derivators

[Der ii)]

alsb isomorphism in D (X))
= abp isomorphism in D(X?)”
e adl b isomorphism in D(X'P)
= a, & b, isomorphism in D(1) for all z € X'P
= a, 50, isomorphism in D(1) for all z € X'P

= a, LN b, isomorphism in D?(1) for all z € X

The last step is true because the objects in X and AP are the same.

[Der iii)]

Given X % ) we want to define the induced functor Dor(Y) e, D°P(X’) such that it
admits left and right Kan extensions, i.e. left and right adjoints. We have that X'°P SN yer
induces D(Y°P) wrr, D(X°F) with left adjoint (G°)* and right adjoint (GP). Taking

the opposite functor results in

Gop)*)op

D)) L maoryyer

with left adjoint ((GP)f)°P and right adjoint ((G°))°P. Hence, D?(G) = ((G°P)*)oP
with left adjoint (D°P(G))* = ((GP)f)?P and right adjoint (D°P(G))? = ((GoP)L)e».

[Der iv)]
Given the slice square on the left, we want to show that the induced Beck-Chevalley trans-

. | o .
formation, o', is a natural isomorphism.

Gy — 2 o x D?([G - y]) «—®) o)
- / G (DoP ()L \ (DoP(G))L (31)
\ op Z op
:[I‘ Yy 4 y ID) (1) < DOp(y) D (y)

Taking the opposite of the slice square induces the Beck-Chevalley transformation (a°?)".

Because [G — y| = [y — G°P], the induced (a°?)' is a natural isomorphism by Der iv).
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3.2 Derivators

op OP \ %
G = ylr — 2y xer D([G - y]7) 2 p(xe)
op P Gor (o) (a®P)! (o
R D(17) ¢————— D)

Taking the opposite of the right square gives exactly the right square in diagram 3.1 using
the definitions from [Der iii)], and ((a’)')? = o' is a natural isomorphism. The other

Beck-Chevalley transformation is dual.

(<) We have that (D?)P(X) = (DP(X°P))P = ((D((X°P)%))?)? = D(X). We as-

sume D is a derivator and see that its opposite, D, must also be a derivator by (=). [

Lemma 3.13. The two diagrams

XI ol > XQ £ > X3 Xl o > Xg
G G
Wi - > Vo : > V3 Wi Gl > Vs

induce three different Beck-Chevalley transformations, o', ' and ((Go)|(BFY))', where

the two first can be vertically composed to induce the third. In other words, that
(G18)](@'F3) = ((G2a)|(BF))

Proof. 1t is possible, but perhaps not insightful to brute force this proof. Instead, we use
diagrams and notice (G%3')|(o' Fy) is the same as composing all of the natural transform-

ations in the diagram

D) ‘L D) — D(AX;)

&
* a* . Id
H; H
Id /
L

D) — DQs) +—— D(X,) +———— D(Xy)

1
€
Z }Ig / }1; , ld
1d %

D) ¢z D) ¢ D)

which, by using the triangle identities of adjoints (definition 1.11), is the same as
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3.2 Derivators

HE Py F3
D) +—— D(X)) «——— D(Ay) «+—— D(A3)
1d /HW / }L} / }IJLU/ [
D) e D)%) T D(Ys) A — D(A3)
which is the same as the diagram
HE F 3
D)) +——— D(X)) +———— D(A,) +———— D(A3)
1d /fﬂ ((CV }r; % <
D) e D(%) e D()s) S D(A5)

because ((o*G3)|(Fy5*)) = ((Gaa)|(BF1))*. Realising that the last diagram is the defin-
ition of ((G2a)|(8F}))" completes the proof. O

This result implies that if two of the three transformations o', 3 and ((G2a)|(8F}))" are

natural isomorphisms, then the last one must also be a natural isomorphism.

Lemma 3.14. Let (G, H) : X = Y be a pair of adjoint functors. Given the squares

G

X ——m— ) y—% L x
ﬂxh / kﬂ—y Wyk / BTI'X
11 1 1

the Beck-Chevalley transformations 3 : m{G* — Id*m%} and ot Ty H* — Id*nk are

natural isomorphisms.

Proof. We prove that o' is a natural isomorphism. Since (G, H) is an adjoint pair, by
observation 1.22, (H*, G*) is also an adjoint pair. This implies H* = G* and allows us
to see that 7l H* = n5,G" = (myG)" = (Idmx)" = n% by the left commuting square in

the diagram. Since D(—) = —* is a functor, it means Id* = Id, hence Id*7% = 7%.

Lemma 3.15. If X N Y is a functor, then G* and GT are fully faithful.

Proof. We prove the result for GY. The Beck-Chevalley transformation induced by the
following left square is the unit of the adjunction (G%, G*), namely Id - G*G*.
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3.2 Derivators

x —14 L x D(X) % D(X)

Therefore, if 7 is an isomorphism, we are done by lemma 1.14. We paste a slice square to

the left of our original square and obtain the diagram

[Id - ] X M, x
) / Id‘ / ‘G
1 ~ s X g > )

By Der iv) we know that f' is an isomorphism, and by lemma 3.13 we know that if the
outer square induces an isomorphism, we are done. In aid of this, consider the following

diagram where the outer square agrees with the outer square of the previous diagram.

Id 2] — % [G - Ga) —29

1 Id » 1 Gox ’

Notice that G, given by sending (, f) to (x, G(f)), is an equivalence. This is true because
@ is dense, and G is fully faithful, so Hom(z, ') = Hom(G(x), G(z')) meaning that G
is also fully faithful.

As G is an equivalence, the Beck-Chevalley transformation of the left diagram, id', is an
isomorphism by lemma 3.14. In addition, ¢' is an isomorphism by Der iv), so the Beck-

Chevalley transformation of the outer diagram is an isomorphism by lemma 3.13. [
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3.3 D(X) admits products and coproducts

3.3 D(X) admits products and coproducts

The underlying diagram functor used functors induced by 1 = X for  in X. In the
next lemma, we want to construct the partial underlying diagram functor, and instead use

functors induced by
kex Idy

IxXY —5S5KxX

Lemma 3.16. D is a derivator and IC, X are small categories. Let a s bbea morphism
in D(K x X), and let k; 2 ky be a morphism in K.

diax x(a)

i) K D(X) given by k — (k x Idy)*(a) and h — h is a functor.

. dia . . .
ii) diax x(a) diaex ), diax x(b), given by f component-wise, is a natural transform-

ation.

diax, x

iii) DK x X) —= D(X)* with a — diax x(a), f = diax x(f) is a functor.

Proof. Analogous to lemma 3.2. U

Definition 3.17. The diagonal functor Ax : X — XX sends an object A in X to the

constant diagram of shape K in X'.

X y Xk

A —— K— X

k— A

Consider diax : D(X) — D(X)*. Finding left and right adjoints to A is something we
want to do in general, as it would mean that D(X") admitted colimits and limits of shape K.
There is a case in particular when these adjoints exist. We will use diax » and the functor
D(X) ™5 D(K x X) induced by K x X ™5 X.

Lemma 3.18. Let A € D(X).

diax, x

i) The composition D(X) N DK x X) —= D(X)X is equal to A.

ii) If diayx x is an equivalence, then Ay admits left and right adjoints.
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3.3 D(X) admits products and coproducts

Proof. i) Writing out what the composition does on objects, we get the following dia-
gram.
DX) — 5 DK x X) dorex D(X)~
A — a4 K Ao () D(X)
ko (k x idx)"(mi(A))

If we observe that mc(k X idy) = idy, it is clear that the composition sends A to

the constant diagram of shape /C in D(X).

ii) We know that 7;- admits adjoints by Der iii), and if diax x is an equivalence it will
also admit adjoints. By i), this means that the diagonal functor diax x o T = A

will admit adjoints.
]

Theorem 3.19. D is a derivator. Given a small category X, the category D(X) admits

products and coproducts.

Proof. Let S be a discrete category, which can also be considered as a set by ignoring the
identity morphisms. By lemma 3.18, if we let = S, itis enough to show that dias x is an
equivalence. This is true by the following commuting square where the three equivalences

come from Der i), and the two known facts S x X = L,csX; and Mes X = XS,

dias, x

D(S x X) D(X)S

1%
1%

D(USESXS) T> I—]SES]D)(X)S

Corollary 3.20. The category D(X') admits initial and terminal objects.

Proof. Similarly to the proof of the theorem, by setting C = () in lemma 3.18 the resulting

functor diag » = Id, is an equivalence. ]

Definition 3.21. Let K and X be small categories. Then the shifted derivator D" is given
by
D (X) = D(K x &)

33



3.3 D(X) admits products and coproducts

Proposition 3.22. Let D be a pre-derivator and L € Cat. Then D is a derivator if and

only if D* is a derivator.

Proof. (<=) If DX is a derivator, then in particular D' =2 D is a derivator.

(=) We assume D is a derivator.

[Der i)]

DE (X LX) = D(K x (X U X))

(K x X UK x Xy)

(K x X)) x DK x Ay)
M) x D (&)

D
D
D

and

DE(B) = D(K x 0) = D(0) = 1

[Der ii)] Let f € D*(X). Consider the commuting triangle.

D(}C « X) inclusion™ , D(]C)

[ is an isomorphism in D(C x X') if and only if f(; ;) is an isomorphism in ID(1)
for all (k,x) € K x X if and only if f, is an isomorphism in D(K) = D*(1) for all
reX.

[Der iii)] A functor ¥ % Y induces DX(Y) = D(K x V) 2% D(K x X) = DF(X),

which admits adjoints because D is a derivator.

[Der iv)] The goal is to show that (idx x f)' from the following diagram is a natural iso-

morphism.
Py (idic X py)*
G-y ——— X DK x [G - y]) DK x X)
wl / c (idyc xﬂ)Ll mﬂ! h(id;c X)L
% %
1 J Yy D(K x 1) i DK x V)

The transformation (idx x f)' is induced by idx x f in the following diagram where

we have pasted a slice square to the left.
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3.3 D(X) admits products and coproducts

idic X py

[(idic x ) = k] —2—— K x [G = 4] KxX
™ idic X7 V idie XG
1 P s K x 1 P~ s K x Y

By lemma 3.13, it is enough to show that the left and outer square induce Beck-
Chevalley isomorphisms. The left square is by construction a slice square, so by
Der iv) it will induce an isomorphism. Tracing what the functors do to objects, it

can be seen that the outer square is the same as the slice square

[(idx x G) > (k,y)] — 22— K x X
™ idKXG
1 ) > K xY

which also will induce an isomorphism by Der iv).
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4 Pointed derivators

In this chapter we introduce the notion of a pointed derivator, requiring a zero object in the
underlying category. This enables us to prove lemma 4.9, which we think of as an extension
by zero. At the end of section 4.1 we highlight a subtle observation, which will be used
liberally throughout. We define cartesian and cocartesian squares in order to introduce the
fiber, cone, suspension and loop functors in section 4.2. These will be revisited in theorem
6.9, the main result of the thesis. The last section shows how the (co)cartesian squares can

be calculated pointwise.

4.1 Extension by zero

Definition 4.1. A derivator D is pointed if the underlying category ID(1) has a zero object,

that is, an object which is both initial and terminal.

Example 4.2. The represented derivator is pointed if and only if C admits a zero object,

as Dy, (1) = C is the underlying category.

Example 4.3. The homotopy derivator D 4 is pointed due to the fact that A is abelian
([Gro19] example 3.18).

Lemma 4.4. Let D be a pointed derivator and K a small category. Then,

i) D is pointed if and only if D is pointed.

ii) D is pointed if and only if D* is pointed.

Proof. i) (=)If Dis pointed, then D(1) has a zero object, hence (ID(1))° has a zero
object. Since D°?(1) = (ID(1°?))°? = (ID(1))°? we are done.
(«=) We assume D is pointed, and by (=) its opposite must be pointed, which is
(Dor)P = D.

ii) (=) By corollary 3.20 we know D*(1) = ID(K) has an initial and terminal object,
say ¢ and ¢. The morphism between them, ¢ Iyt isan isomorphism in D(K) if and
only if iy ELN t) is an isomorphism in D(1) for all & € K. As k* is both left and
right adjoint, we know by observation 1.12 that 7;, and ¢, are initial and terminal
in D(1), respectively. In addition, D is pointed, hence must both i, and ¢; be the

zero element in D(1). This implies fj is an isomorphism for all £ and hence f is an
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4.1 Extension by zero

isomorphism.

(<) If DX is pointed for all K € Cat, then in particular D' = D is pointed.

Lemma 4.5. Let X & Y be a functor. Then G*, G* and G* preserve zero.

Proof. Let x € X and consider the induced commuting triangle on the right.

D(X) < o D(Y)

X ¢ Y
\ Ax) N Ar)*
1

D(1) has a zero object by definition, and by lemma 4.4 ii) both D()) and D(X’) also have
zero objects. G(x)* and =* are both left and right adjoints, implying G(x)*(0y) = 0y and
z*(0x) = 0y, by observation 1.12.

Consider the unique morphism G*(0y) — Oy. This is an isomorphism if and only if
r*G*(0y) — 20 is an isomorphism in D(1), which is true because by the two equations
above. Hence G* preserves zero, and again by observation 1.12 G* and G* preserve

ZEero. O]

Lemma 4.6. Let X', Y be small categories and X N Y a fully faithful functor. For
B € D(Y), then

i) the following are equivalent
1) B € essIm(GF).
2) the adjunction unit Id 2 GRG* induces an isomorphism B — GRG*(B).
3) the adjunction unit Id 2> GRG* induces an isomorphism B, — GRG*(B),
forally € Y — G(X).

ii) the following are equivalent

1) B € essIm(GL).
2) the adjunction counit G*G* < Id induces an isomorphism G*G*(B) — B.

3) the adjunction counit G*G* < Id induces an isomorphism G*G*(B), — B,
forally € Y — G(X).
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4.1 Extension by zero

Proof. We prove ii). By lemma 3.15 we have that G is fully faithful.
[1) < 2)]
B € essIm(G")

<= B~ G*(A) for some A € D(X)

<~ G*(B) 2 G*G*(A) = A using lemma 1.14

<« G'G*(B)=G"*(A) =B
[2) <= 3)] By Der i) it is clear that 2) = 3). It remains to show that if y € G(X)
then we have that GYG*(B), — B, is an isomorphism. Therefore, let y = G(z) for some
r € X, then

B, = G*(B), = G*G*G*(B), = G*G*(B),

where the first and last steps are given by the commuting triangle

D(X) < o D(Y)
D(1)
and the middle step is by lemma 1.14. U

It is time to introduce some useful categories. Let [1] be the category with two objects and
a morphism between them, 0 — 1.This is often called the arrow category. We denote by

[ the category [1] x [1] which is the following poset considered as a category.

(0,0) —— (1,0)

(0,1) — (1,1)

In addition, there are full subcategories ™ and _J, together with the canonical inclusions

r—" sdand J —2— .

(0,0) —— (1,0) (1,0)
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4.1 Extension by zero

Definition 4.7. Let X E> Y be a fully faithful, then

i) G is a sieve if whenever there is a morphism y — G(z) it implies y € G(X).

ii) G is a cosieve if whenever there is a morphism G(z) — y it implies y € G(X).

There is an immediate example of a sieve and cosieve.
Example 4.8. The functor ™ — " s Oisasieve, and _| —=— [ is a cosieve.

. , . G ,
Lemma 4.9. D is a pointed derivator and X — Y is a functor.

i) If G is a sieve, then G is fully faithful and B € (D)) lies in the essential image of
GRifand only if B, = 0 forally € Y — G(X).

ii) If G is a cosieve, then G is fully faithful and B € D()) lies in the essential image
of GY ifand only if B, 2 0 forally € Y — G(X).

Proof. We prove ii). Since G is a cosieve it is fully faithful, and by lemma 3.15, G* is
also fully faithful. By the previous lemma we need to show that G*G*(B), N B, is an
isomorphism for ally € Y — G(X) if and only if B, = O forally € J — G(X). In aid
of this, let y € ) — G(X). In this case the slice category [G' — y] is the empty set and by
Der iv) we have y*G*G*(B) = ©"p; G*(B)

giving us that
B, = G*G*(B), = " p;G*(B) = "(0) =0

where the last step by the fact that adjoints preserve zero (lemma 4.5). [l

Remark 4.10. Let D()) be the full subcategory of I()’) such that all objects are in the

essential image of G¥. Then G* will be dense and fully faithful, and hence an equivalence.




4.1 Extension by zero

Example 4.11. Let [1] % be the functor identifying the horizontal morphism and let
A € D([1]) with underlying shape a LN f. Then h is a sieve and by lemma 4.9 we have
that h*( A) has the following underlying shape. This is the reason it might be appropriate

to think of the lemma as an extension by zero.

In the example, we see that h*¥(A) g 0) = Ao 0) and K (A)(1 ) = A(1). The subtle reason
for this is mainly Der iv). Consider the following where we have applied the derivator on

a slice diagram in order to understand (0, 0)*h%(A).

1%

D(1) ¢ D)

The slice category [(0,0) — h] has the initial object ((0, 0), id). By the dual of observation
1.13, and observation 1.22, (7*,(0,0))* is an adjoint pair, meaning 7/* = (0,0)*. In
addition, [(0,0) — h] = [1], hence p(o,0) = Id. This implies

(0, 0)*hR(A) = 7TR,O(O,O)(A) = (0, 0)*,0(0,0)(14) =~ (0,0)"(A)

The case for (1, 0) is simpler as the slice category will be equivalent to 1. These arguments
hold for many similar cases and will be used implicitly multiple times throughout the

thesis.
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4.2 Fiber, cone, suspension and loop

4.2 Fiber, cone, suspension and loop

Definition 4.12. Let D be a derivator and B € D(0J).

i) B is said to be cocartesian if B is in the essential image of i%.

ii) B is said to be cartesian if B is in the essential image of i%.

Consider the following compositions where h and v identify the horizontal and vertical

morphisms, respectively.

Definition 4.13. D is a pointed derivator. We define

i) the cone functor as the composition
i v*
Cone : D([1]) —“— D(r) —— D(O) —~— D([1])

ii) the fiber functor as the composition

Fiber : D([1]) —%— D(_) —2— D(O) —¥— D([1])

As seen in the previous example, / is a sieve and h¥ is therefore an extension by zero. Let
A € D([1]) have the underlying shape a > b. Then iLh(A) is cocartesian by definition

and will have an underlying shape of

a—L b
l lcone(f)
0 —— C(f)

where C(f) is notation for i#h®(A)( 1). Likewise, the squares in D(0J) that lie in the

essential image of " will be cartesian and have an underlying shape of

fiber(f)
F(f) —

|

"

41



4.2 Fiber, cone, suspension and loop

Example 4.14. The cone functor is a generalisation of a cokernel. Let D = ID,..,, and let
A € D([1]) = C™M have the underlying shape a %, b as above. We know h2(A) is the
extension by zero and want to see what iZ does to this diagram, in particular at the corner

(1,1). Consider the following slice square and the induced square using D,.,,.

C+———CH
(1,1) (1,1)*

Here we are using that [i- — (1,1)] = . So for h*(A) in C', Der iv) gives us that
(1,1)%L(A) = n(A). As we saw in example 2.8, this is the colimit of A. And the

colimit of the diagram

O<——Q

is the cokernel of f. Similarly, the fiber is a generalisation of the kernel.

Lemma 4.15. D is a pointed derivator. Then there is an adjoint pair

(cone, fiber) : D([1]) = D([1])

Proof. We consider the full subcategories ID(), D(0J) and D(7™), all consisting of objects
B such that B(g1) = 0. By construction of D(™) and D(™), A and v* will be dense and

therefore equivalences (similar to remark 4.10). The two inner pairs of functors are adjoint

by definition.
i it Z? vl
T T T~ e
D([1]) () D(0) D() D([1])
h i " v*
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4.2 Fiber, cone, suspension and loop

Consider the following composition where (0, 0) and (1, 1) identify the respective corners.

(0,0) ir (1,1)

1 > > [ < 1
e N TR o D GV |
Definition 4.16. D is a pointed derivator. We define
i) the suspension functor as the composition
R Z,; %
2. Da) —22 L pr) ——— p@) — s p(1)
ii) the loop functor as the composition
L iR *
Q:D(1) —2 L p) —2 o) —2 5 pa)

Again, we notice that (0, 0) is a sieve and therefore (0,0) is an extension by zero. Any
A € D(O) which is in the essential image of iZ(0,0)" is cocartesian and will have an

underlying shape of

]

— D

O

Likewise, there will be a cartesian square A € D(0J) with an underlying shape of

Qa —— 0
0 ——a
Example 4.17. For the represented derivator, this is a special case of example 4.14, so Ya

is the cokernel of 0, namely 0. Hence, the functor > =0 : C — C.

Lemma 4.18. D is a pointed derivator. Then there is an adjoint pair

(£,0) : D(1) = D(1)

Proof. Analogous to lemma 4.15. [
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4.3 Pointwise cartesian and cocartesian

4.3 Pointwise cartesian and cocartesian

This section aims to prove that if there is a (co)cartesian square B in a category D(XC x OJ),
then that is the same as the underlying pointwise squares By, being (co)cartesian in D(0J)
for all k € K.

Lemma 4.19. Let D be a pointed derivator, 1 L X is the functor identifying the initial

object i in X, and 1 RN [1] is a particular such functor.

i) B € D(X) is in the essential image of i* if and only if B; = B, forall x € X.

ii) Let [1] x 1 S LU TN [1] x [1] = O be the functor identifying the top horizontal

morphism, and let B € D(0J). Then B is in the essential image of (Id x 0) if and
only if the vertical morphisms By — Bo,1) and B0 — By are isomorph-

isms.
iti) Let B € D(OJ). Assume By — Bo,1) is an isomorphism. Then B is cocartesian

if and only if B(10) — B(1,1) is an isomorphism.

Proof. i) Notice first that the slice category [i — x| only has a single element because i

is initial. Hence the following square commutes using Der iv) and that [i - =] = 1.

D(1) +—4—— D(1)
Id N’L
D(1) +——— D(X)

x*

This means B = i A for some A € D(1) if and only if B, & 2*B = z*ilA~ A
for all # € X including i. Hence, B € essIm(i*) if and only if B; & A = B,.

ii) An important observation is that [1] x 1 10 [1] x [1] is the same functor as

1 s
DM (1) ——— DI([1]), where 0* is notation for (DI/(0))*. By i) B € essIm(0*)
if and only if By = B; € DU(1) = D([1]). Looking at this in the underlying
category ID(1) using the functors 0%, 1* : D([1]) — ID(1), this means B(o 9y — B(o,1)

and B( gy — B(1,1) are isomorphisms.

iii) (<) We observe that [1] — 129, (s the composition

ir

1] ——r O
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4.3 Pointwise cartesian and cocartesian

where h identifies the horizontal morphism. By the assumption and ii) we have
that B € essIm((Id x 0)), implying B € essIm((i-h)*) which means B is
cocartesian.

(=) We assume B is cocartesian, so let B = iZ' A for some A € D(). If we can
show that A € essIm(h”), then B € essIm((Id x 0)%) and by ii) we will be done.
Showing that A € essIm(h%) is the same as showing h'h*A = A by 4.6 ii). By

assumption, A o) = A 1), hence the underlying shape of A is

A — A

!

Ao,

Using h* on A we restrict to the morphism A ¢y — A(1,0), and using ht on h*A

gives us exactly the same underlying shape as above, meaning h*h*A = A.

Above there are three subtle uses of the discussion after example 4.11. These are that
the left vertical morphism in A is an isomorphism because it is in B, that h* A has
underlying shape A o) — A(1,0), and that the left vertical morphism in hEh* A is
an isomorphism. The confused reader is encouraged to write out the corresponding
slice categories and squares, and hopefully see that they reduce to similar cases as

the mentioned discussion.

]

Lemma 4.20. D is a derivator. Let X, X', Y,Y’ be small categories, and let X R X/,

Yy LN V' be functors. Then, given the squares

VxId VxId
Yx X T Y xX YxX T YV xX
1d 1d
IdyxU b Idy xU IdyxU p Idy xU
! / !/ / / /
XX — V' x XX — V' x
yxx VxIdy: Vix & yx& VxIdy Vxx

the induced Beck-Chevalley transformations, 1d, and 1d,, are isomorphisms.

DY x &) Iy« x) DY x &) « I pyry x)
l Id} l l Id} h
(IdyxU)E (Idy, xU)E (IdyxU)E (Idy: xU)E
D(Y x ') ¢ DY x &) D(Y x ') ¢ DV x &)
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4.3 Pointwise cartesian and cocartesian

Proof. We show that Id' is an isomorphism. Consider the following diagram.

Idxpys VxIdx

Y x[U - 2] YVxX V' x X
Idxn /IdyXU h TdyrxU
/ / !/
>
yx1 Idxa' Y x X VxIdy Yx X

Using the derivator DY and Der iv), we have that the induced Beck-Chevalley transform-
ation in the left square is an isomorphism. By lemma 3.13, if the Beck-Chevalley trans-
formation associated to the outer square is an isomorphism, we are done. To this end,

consider the diagram with the same outer square.

VXIds ice Id /sz/
Y x [U - 2] he s YV x (U - o) 2 V' x X
Idyx / Idyx / Idy xU
X s V' x s V' x XY
y ﬂ VXId][ y ﬂ Idy/X.’E/ y X

The right square Beck-Chevalley transformation is an isomorphism by similar reasoning as
above, only using D" instead. Therefore, if the left square Beck-Chevalley transformation
is an isomorphism, we are done. Consider the following diagram where [U — 2'] is

denoted as S for simplicity.

S (yvid)x-[dslice [Idy N y] % S pyXIdslice y > S VXIdslice yl X S
‘ / " / Idyxn / Iy xn (41)
\ \ /
1 Tds > 1 m > y x 1 W y x 1

The middle square is a slice square by realising that [Idy — y] X S = [(Idy X 7) = y],
meaning that the associated Beck-Chevalley transformation is an isomorphism. The left
square also induces an isomorphism by using that (y, id) is a terminal object in [/dy — y]
together with observation 1.13 and lemma 3.14. This means that if the outer square Beck-
Chevalley transformation is an isomorphism, we are done. The outer square is the same

as the following square.
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4.3 Pointwise cartesian and cocartesian

>< Idslzce

S — 5 Y'xS
Idy/XTr
1 ——— V' 'x1

which can be extended to the following square, denoting V' (y) as v/’

(ylvid)xjdslice ’XIdslzce

S—)[Idylﬁy y/XS

ﬂh / Idy/><7r
N /

1 — y 1 - y V' x 1

Comparing this diagram to diagram 4.1, we realise that we have almost exactly the same
squares as the two leftmost squares in 4.1. Therefore, by the same reasoning as above,
both squares induce natural isomorphisms, and by one last reference to lemma 3.13 we are

done.

]

Lemma 4.21. D is a pointed derivator. Let X, X', Y be small categories, and X % Xa
fully faithful functor. Consider the diagram where 1D has been applied to the left square.

X — 1Y xxy D(X) +—L DX x V)
U UxId ~ vl| |UuR (UxId)t| |(UxId)E
X’ T X’Xy D(X/) <y—*ID)(X/Xy)

Let B € D(X' x Y). Then

i) B is in the essential image of (U x Id)" if and only if B, is in the essential image
of UF forally € .

ii) B is in the essential image of (U x 1d)" if and only if B, is in the essential image
of UE forall y € Y.
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4.3 Pointwise cartesian and cocartesian

Proof. We show i). U is fully faithful, hence U x Id is fully faithful. By lemma 4.6, B is
in the essential image of (U x Id) if and only if the counit (U x Id)X(U x Id)*B — B
is an isomorphism. This counit is the same as the induced Beck-Chevalley transformation
from the right square in the diagram

Idxy (UxId)

X X x)y X'xY

U UxId Id
/ / !/
XT)XXJ/T)XX:)}

The left square induces an isomorphism (by lemma 4.20), implying that B lies in the
essential image of (U x Id)" if and only if the outer square induces an isomorphism, by

lemma 3.13.

The counit UXU* — Id is the Beck-Chevalley transformation associated to the following
left square, so by similar reasoning we see that B, is in the essential image of U for all

y € ) if and only if the outer square induces an isomorphism.

U Idxy
X s X/ s X' x Y
U Id 1d
!/ ! /
> > X
A 1d A Idxy ATXY
As the two outer squares agree, we are done. [

The previous lemma immediately provides the following result.
Corollary 4.22. D is a pointed derivator. Let K be a small category and B € D*(D).
Then

i) B is cocartesian if and only if By, is cocartesian for all k € K.

ii) B is cartesian if and only if By, is cartesian for all k € K.
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5 Stable derivators

In the last chapter we introduced cartesian and cocartesian squares. Stable derivators re-
quire that these two notions coincide. In section 5.1 we explore related properties, in
particular the two out of three-property in the context of derivators and the characterisa-
tion of stable derivators. Along the way we prove lemma 5.6 and 5.9, both dealing with the
nuances of generating (co)cartesian squares. The most important statement of the chapter

is found in section 5.2, that is, stable derivators give rise to additive categories.

5.1 Definitions and properties

Definition 5.1. A derivator DD is said to be stable if it is pointed and every B € D(0) is
cartesian if and only if it is cocartesian. Squares that are both cartesian and cocartesian

are called bicartesian.

Example 5.2. It can be shown that a derivator D is stable if and only if the adjunction
(3,8) : D(1) = D(1) is an equivalence (see [GPS13] theorem 7.1). For the represented
derivator, > = 0 (example 4.17), hence it is stable if and only if C = 1.

Example 5.3. With some constraint on A, the homotopy derivator D 4 is stable. See
[Gro19, ex. 3.30] for details.

Lemma 5.4. D is a derivator. D is stable if and only if D°P is stable.

Proof. By lemma 4.4 i), we only need to check that cartesian and cocartesian squares are

bicartesian.

A cocartesian in D (0J)

s A€ essImof D?(7) — 22D por()
s A€ essTm ot DFP)? — 0" pyrperyer
<= A€ essImof D(TP) % D(OP)

<= AcessImofD() —i——> D(O)

<= A cartesian in D(0J)

If we assume DD is stable, we get that A is cocartesian in D°P(0J) if and only if A is cartesian
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5.1 Definitions and properties

in D(O) if and only if A is cocartesian in D(0) if and only if A is cartesian in D’ (7).

Similarly for the opposite implication.

]

Lemma 5.5. D is a derivator and K a small category. D is stable if and only if D* is
stable.

Proof. Again, by lemma 4.4 i), we only need to check that cartesian and cocartesian
squares are bicartesian. Therefore, let B € DY(0J). Using corollary 4.22 and the as-

sumption that ID is stable we have

B cocartesian in D*(0J)
<= B, cocartesian in D(O) for all £ € K
<= By cartesian in D(J) forall k € K

<= B cartesian in D*(0)

For the other direction, if D is stable for all £ € Cat, then in particular D! = ID is stable.

O

Lemma 5.6. Let [,r,0 : 11 — L] be the functors which send a square to the left, right

or outer square, respectively. Let| DT —2 s Mandr —> L] be the
canonical inclusions, i = iyis, and B € D(CL]).

i) I*(B) € essIm(if) <= i3(B) € essIm(il)

i) r*(B) € essIm(i¥) <= B € essIm(i})

iii) 0*(B) € essIm(it) < B € essIm(i%)

Proof. i) By lemma 4.6 we need to prove that iZi*l*(B) — [*(B) is a natural iso-

morphism if and only if i%i%75(B) — i%(B) is a natural isomorphism. Consider the

-
—

diagram

;)D
k l
> L
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5.1 Definitions and properties

where u, v are inclusions such that everything commutes. Applying the derivator

results in a diagram where everything still commutes.

DI ) «——— DU ) «— D))

Using this, we can rewrite iZ471*(B) — [(B) as itu*iti3(B) — v*i3(B), which is a
natural isomorphism if and only if ifu*i}i3(B), — v*i3(B), is a natural isomorph-
ismforall p € (O —i(7)) = (1,1).

Now we would like to argue that (1,1)*ifu*iji3(B) = (1,1)*il43i3(B). In aid of

this, denote ¢}i5(B) = C and consider the cube induced by slice squares

Pl

D([ir - (1,1)]) <

(L1

There is no map from (2,0) to (1,1) in[, so the two slice categories are actually
equal, meaning the top square commutes. Using this and Der iv) we can now see

that

(1, D) ifu*itis(B)
= (1, 1)*itu*C
e
=rlpiC

= (1,)%kC

= (1, 1)"iyi1i5(B)
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5.1

Definitions and properties

With this information, i#u*i}i5(B)1,1) — v*i3(B)(1,1) can be rewritten in the form

ifi’fi;(B)(Ll) — v*i5(B)(1,1). Noticing that (1,1) = v(1,1) implies v*i5(5B)q,1) =
13(B)(1,1)-

In summary, we have shown that i%i*{*(B) — [*(B) is an isomorphism if and only
if if43i5(B)1,1) — i5(B)(1,1) is an isomorphism, which is if and only if if'i}i3(B) —

i5(B) is an isomorphism, by lemma 4.6.

The idea of this proof is similar to i). However, in this case the goal is to show
that (2, 1)*iZitr*(B) = (2, 1)*ii%(B). Unfortunately, the two corresponding slice
categories are not equal, as they were in i). The way to remedy this is to use the

following square.

D(fis — (2, 1)]) —2—— D([™ - (2,1)])

D(1) - s D(1)

The square commutes by 3.14, and the observations that [i; — (2,1)] = [J and
[ir = (2,1)] 2 together with the fact that = —— [T is a right adjoint to the

canonical map ™ — [] .

iii) Analogous to ii).

]

Proposition 5.7. D is a pointed derivator. Let the functors be as in lemma 5.6, let B €

D(CLJ) and assume [*(B) is cocartesian. Then r*(B) is cocartesian if and only if o*(B)

is cocartesian.

Proof. We know that [*(B) is cocartesian if and only if [*(B) € essIm(it) if and only

if i5(B) € essIm(i¥) by lemma 5.6), which is if and only if i¥s; — Id is a natural

isomorphism by lemma 4.6. Using ii) and iii) of lemma 5.6 together with our assumption,

we get
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5.1 Definitions and properties

*

0*(B) cocartesian

0*(B) € essIm(iF)

B € essIm(i")

i*i* B — B is a natural isomorphism

(i9i1)* (i2i1)* B — B is a natural isomorphism
i%i i%i3 B — B is a natural isomorphism
i%i3B — B is a natural isomorphism

B € essIm(iy)
r*(B) € essIm(iF)

IHIIIIHHHHHI

r*(B)cocartesian

We are rewarded with the two out of three-property in the context of derivators.
Corollary 5.8. If any two of I*(B),r*(B) and o*(B) are bicartesian, then so is the third.

Lemma 5.9. We have the following square
J U
[ (1]

where [, iy, 1, are as before and v is such that the square commutes. Let B € D(LL)). If B

S PR

—

is in the essential image of i, then [*(B) is cartesian.

Proof. B € essIm(if}), solet B = if(A) for some A € D(_[J). Our goal is to show that
[*if(A) = i%v* A. By Der ii), this is an isomorphism if and only if p*[*ilf(A) = p*ifv* A
for all p € [J. Consider the following diagram.
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5.1 Definitions and properties

D([lp — is)) < £ D(_)
incl.* ’g
7TR *
D([p = i.]) < a D)
D(1) < ()" D (mm)
iR
7TR l*
Id
D(1) « = D(O)

By Der iv), our goal can be rewritten to proving that 7%p*(A) = 7%p*v*(A), which is

Y

reduced to showing that m%p*(A) = nfincl*p*(A) because the top square commutes.

[

Hence it is enough to prove that 7/* = wfincl*. This is similar to the corresponding

argument in 5.6 ii) when using lemma 3.14. [

Proposition 5.10. D is a pointed derivator. Then the following are equivalent.

i) D is stable.

ii) A € D(0O) such that A1) = 0 is cartesian if and only if it is cocartesian.

Proof. The direction i) = ii) is by definition.

ii) = i) Consider the inclusions

O—*— O0—=2 5[0

which induce
iL il
D(O) S N D(_L]) -2 D))

where if is an extension by zero since i, is a cosieve. Let B € D(CLJ) in the essential

image of i2%¥. Then the underlying shape of B is

B,y — Bo,o) — Boo)

| | |

0 — B(O,O) —_— B(O,O)
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5.1 Definitions and properties

Recalling the functor r from lemma 5.6, we denote A = r*(B), and assume it is cartesian.
We want to show that A is also cocartesian. By lemma 5.9 we have that [*(B) is cartesian,
implying that the outer square is also cartesian by lemma 5.7. The outer square and the
left square, [*(B), are both cocartesian by ii). This means the right square, A, must also

be cocartesian, again by lemma 5.7.
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5.2 Stable derivators induce additive categories

5.2 Stable derivators induce additive categories

One way to define a coproduct in a category X, is by the left adjoint of the diagonal functor
X —2 XX , sending an object z to (x, x). Likewise, the product is the right adjoint
to the same functor. Comparing this to the functor D(1) S AN D(1) x D(1) induced
by I x 1 —"— 1, we see that A = 7* for ¥ = ID(1). This implies that the coproduct is

7k, and the product is 7, leading us to the following definition.

Definition 5.11. Let 1T x 1 —2— Jand 1 x 1 —— I be functors identifying the
corners (0, 1) and (1,0). For B € D(I), we say

I
i) B is a coproduct cocone if it is in the essential image of D(1 L 1) —X— D(_J).

iR
ii) B is a product cone if it is in the essential image of D(1 L/ 1) ——— D(7).
Consider the two slice categories

P(1,1) £(0,0)

7= (1,1)] 1u1 [(0,0) — 1] 1u1
s J bis i
1 oD > 1 ) >

Recalling that D(1 L 1) = D(1) x D(1) by Der i), and realising that both slice categories

are equivalent to 1 U 1, results in the following commuting squares.

D(1) x D(1) +—4— D(1) x D(1) D(1) x D(1) +—4—— D(1) x D(1)
D(T) T D() D(1) o0 D()

If B = j*(A) for some A € D(1 x 1), then j*(A)q1y = (1,1)*j¥A = 7l A., which,
by the discussion above, is the coproduct of A. Likewise, for B = if*(A) we get that
i%(A)(0,0) = A, which is the product.
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5.2 Stable derivators induce additive categories

Lemma 5.12. Let i-,i i and j be as above, B € D(0), and By ) = 0. Then

i) i*(B) is a coproduct cocone if and only if B is cocartesian.

ii) it (B) is a product cone if and only if B is cartesian.
Proof. We show i). Consider the commuting square

L

D(1) x D(1) —2—— D()
D() z > D(O)

where both ¥ and i” are extensions by zero by lemma 4.9. Also notice that by lemma
3.15, the functor i~ is fully faithful, hence i*i“C = C for all C' € D(_J), by lemma 1.14.

Hence

B is cocartesian and B ) = 0

<= B € essIm(ifi")

< B¢ esslm(iij), say B = iijA

< B X 0andi*B = i*i"j"A =~ j1 A

Definition 5.13. A category X is pre-additive if the following is satisfied.

Add i) A& has a zero object.
Add ii) X admits products and coproducts.
Add iii) All (co)products are biproducts in X

Theorem 5.14. D is a stable derivator and X is a small category. Then the category
D(X) is pre-additive.

Proof. By lemma 5.5 it is enough to show (1) is pre-additive.

[Add i] A stable derivator is pointed by definition, so ID(1) has a zero object.

57



5.2 Stable derivators induce additive categories

[Add ii] By theorem 3.19.

[Add iii] For two objects a,b € D(1), the goal is to show that the product and coproduct of a
and b coincide. Therefore, note that the object (a,b) € D(1) xD(1) can be identified
with an object (a,b) € D(1U 1) by Der i). Let D denote the poset category [2] x [2].

(0,0) —— (1,0) —— (2,0)

0,2) — (1,2) —— (2,2)

Consider the full subcategories 1 LI 1, D and Dy, respectively from left to right,

(2,0) (2,0)
+ 0
(2,1) C (2,1) C (2,1)
1
(1,2) (0,2) » (1,2) (0,2) » (1,2) » (2,2)

together with the inclusions 1 LI 1 “ . p, —2 v D, —" 4 D. Notice that

11 and ¢3 are cosieves, while 75 is a sieve. This results in a composition of functors
il it il
D(1IU1) ——— D(D;) —— D(Dy) —— D(D)

where the first two are extensions by zero, using lemma 4.9. Now we can look at the

underlying shape of the object ifi%il(a, b) € D(D)

d s a s 0
1 2

! b
3 4

0 ' o . 0

for some objects a’,b',c,d € D(1). Adding the objects ¢, a’, b’ and d using the

functor 1! created four cartesian squares. The argument for this is in the same style
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5.2 Stable derivators induce additive categories

of the proof of lemma 5.9. By lemma 5.7 and proposition 5.10, any combination of
these four squares is bicartesian. Using lemma 4.19 iii) on the outer square, we get
that d = 0. Likewise, the squares 2 + 4 and 3 + 4 imply that ' = a and b’ = b,
respectively. Lastly, considering the squares 1 and 4 using lemma 5.12, we get that

c is both the product and coproduct of a and b.
]

We will refer the reader to [Grol3, sec.4.1] in regards to proving that the morphism sets
in D(X) are abelian groups, and that composition of morphisms is bilinear. Showing that
a morphism has an inverse in this case, is a fairly technical process. However, with this

reference, we can now state that D(X') in fact is an additive category.

G .
For a functor X — ), we have shown that the induced functors G*, G*, G® preserve
zero in lemma 4.5. A functor is a group homomorphism on morphism sets if it preserves
biproducts. Left adjoints preserve coproducts and right adjoints preserve products, hence

we can state that G*, G¥, G are additive functors.
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6 Triangulated derivators

In order to prove that derivators induce triangulated categories, we must require that they
are both stable and strong. Defined in section 6.1, strongness of a derivator will enable us
to lift objects and morphisms from underlying categories, so that we can apply appropriate
functors to create bicartesian squares. In section 6.2 we finally prove the main result and
include a discussion of how this solves the flaw of triangulated categories. Lastly, we prove

that the induced functor G* and its adjoints are exact functors.

6.1 Strong derivators

Definition 6.1. Let X € Cat. A derivator D is called strong if the partial underlying

diagram functor
diapy,x : D([1] x X) — D(&)M

is full and essentially surjective.

Lemma 6.2. Let K ¢ Cat.

i) D is strong if and only if D°P is strong.
ii) D is strong if and only if D* is strong.
Proof. i) We show that we can lift an object in D°? (X)) = (D(A°?)?P)[ to an object

in D% ([1] x X) = D([1] x XP)°P,

A L% Bisan objectin (D(&x°P)°P)lU] if and only if A < Bisanobjectin D(xr)H,
D is strong, so this can be lifted to an object A’ L Bin D([1] x X°P). Lastly, this
is if and only if A’ 7 Blisan object in D([1] x X'°P)°P.

The opposite implication is analogous.

ii) We can lift an object in DX (X)) = D(K x &) to an object in D([1] x K x X) =
D*([1] x X) because D is strong. Conversely, if DX is strong, then D! 2 D) is strong.

]
Definition 6.3. A derivator D is triangulated if it is stable and strong.
Example 6.4. The represented derivator is strong as CI"*¥ = (C*)[1] is an equivalence.

Example 6.5. The derivator of A is strong ([Gro19, ex. 3.48]).
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6.1 Strong derivators

From example 5.2 we know that the represented derivator rarely is stable. On the other

hand, the derivator of A is both stable and strong, and is therefore a triangulated derivator.

Definition 6.6. A triangulated category is an additive category 7, together with an auto-
equivalence [1] : 7 — T, and a class A consisting of sequences, also called triangles, of

the forma L b % ¢ 2 a[1], such that the following axioms are satisfied.

[T1] e Foranya Iy be T thereisa triangle a ERY NN a[l] in A.
e Forany a € T the triangle a Moy 50— a[l] is in A.

e A is closed under isomorphisms.
[T2] For any triangle a Hohel a[l] in A, the triangles

b5 et an) 2 pp

c[—1] S NPAE Y NE N
are also in A.
[T3] Given the solid part of the diagram
a > b > C > all]
kll le k3 i lkl[l]
a > U >y > a'[1]

where the left square commutes and the rows are triangles in A, there always exists

a morphism ¢ — ¢’ such that the entire diagram commutes.

[T4] Given the sequence a ERYALN u, there is a commuting diagram

a—1 b —2 5 > all]
: H
a kf>;; y v > a[l]

bfl] — c[1]

where the rows and columns are triangles in A.
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6.2 The induced triangulated categories

Remark 6.7. The third object in a triangle is usually called the cone object. The fourth
axiom is often referred to as the octahedral axiom, because if the triangles are drawn as

geometric triangles, the fourth axiom creates an octahedral.

6.2 The induced triangulated categories

Remark 6.8. In the following proof we use:

i) [3]is the category 0 — 1 — 2 — 3.
ii) U L O is an inclusion and sieve, hence ¢¥ is an extension by zero by lemma 4.9.
iii) [T —2 5 [TJis as in lemma 5.6.

Theorem 6.9. Let D be a triangulated derivator, and X a small category. Then D(X) is

a triangulated category.

Proof. By lemma 5.5 and lemma 6.2, it suffices to show that D(1) is a triangulated cat-
egory. In order to prove this, let the auto-equivalence on ID(1) be the suspension functor
> D) —22 5 pr) —C p@) —Y°  D(1) from section 4.2. This

functor also comes to play in the definition of the class A.

i v*
Recall the cone functor D([1]) LN D(m) —— D(O) ——— D([1]) from the
same section. For an object a s bin D(1) we use that D is strong and lift this to
an object C' in ID([1]), which has the underlying shape of f. If we use the composition

tria := iXt%iLhf on C it looks like the following on the underlying shapes.

R r
a ! > b h > a ! > b ! > a ! > b
l l lcone(f)
0 0—— ¢
— N > 0 A L, )

O(TG‘
Q
S
2
=
O
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6.2 The induced triangulated categories

Consider the last double square. By definition, the left square is cocartesian, and by lemma
5.6 ii), the right square is also cocartesian. The outer square is cocartesian by lemma 5.7,
and since D is stable, all of these are bicartesian. In addition, the corners are zero, so
the outer square is in the essential image of i#(0,0)", hence we have an isomorphism

¢ : d = Ya. We pick out the sequence

a i) b cone(f)\ c qbcone?(f)\ Y0

dia 3
—2 D(1)¥ on the double square. We define

A as the class consisting of sequences that are isomorphic to the one constructed above.

using the composition D(CLJ) — D([3])

[T1] By the above discussion, it is clear that any morphism f in (1) can be completed
to a sequence in A. By definition, A is closed under isomorphisms. Lastly, using

the construction above on id, for some @ in ID(1) results in the sequence

id, cone(ida) cone?(id )
a—=a 50 S Ya

by lemma 4.19 iii).
[T2] Given a sequence a i> b % el Yain A, we want to show that
b2 clhyg _—Ef> >b

is in A, the other rotation is dual. Let J; be the full subcategory [2] x [2] —
{(1,1),(2,1),(0,2),(2,2)} and Jo is [2] x [2] — {(0,2)}. I [1] &% 7 & %
are the canonical inclusions, then they are both sieves and ;I is an extension by
zero, while jL creates bicartesian squares. The latter is true by the same reasoning

as in lemma 5.6.

Therefore, if we lift a 2 b in D(1)M to an object F in D([1]) using that ID is strong,
we can apply the composition jZjf to F' and achieve an object in D(7;) with an

appropriate underlying shape.

~
(=
~
@)
v

a s b >

~
~

|

O

AN

Again, similar to the above discussion regarding the triangles in A, we have that the

O— O —
D QLD

0

squares are bicartesian, d = Ya, and e = Yb. The fact that the morphism between
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6.2 The induced triangulated categories

[T3]

[T4]

them is —X f is related to the details of showing that D admits categories with abelian

morphisms sets. The reader is referred to [Grol3, prop. 4.12] for details.

Consider the diagram

a ) > C > Ya
l l l 6.1)
a —— > ! > Ya/

f

The leftmost square is a morphism between two objects (a ERN b) and (d’ Iy )
inD(1)M. As diap,; is full and essentlally surjective, we can lift both objects and
morphism to objects and morphism A & A'in D([1]). If we now apply the functor

D([1)) Lria, D(CL) it results in tria(A) triali), tria(A’) with underlying shape

a > b O
i
a > b O
J ‘ l ‘ (6.2)
0 > C > da
S LA
0 d

\
7

where everything commutes and the two front and back squares are bicartesian, as
seen in the construction of tria. Using diar sends the objects and morphism to their
underlying shapes, giving us the morphism ¢ — ¢’ in D(1) completing diagram 6.1

such that it commutes.

There are three parts to proving this axiom. First we argue that we can lift an object
in D(1)" to D(OJ), and send it to D([1] x () with the ¢ria functor, where it will
have the same underlying shape and bicartesian squares as in diagram 6.2. Then we
observe a useful result, allowing us to finally show the fourth axiom using the third

axiom twice.

As in [T3], we begin with the square in diagram 6.1. This time we view it as a
morphism between the objects (¢ — a') and (b — ') in D(1)! and lift it to a
morphism A 55 B in D([1]). That is, an object F' in D([1])". Again, this is lifted
to an object F” in DIY([1]), before applying DI ([1]) 2% DI(CTJ) on it. Keeping
track of the underlying shape of tria(F') in D'(1), we end up with
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6.2 The induced triangulated categories

~

b

:

\
7
\
7

g

where the left and right squares are bicartesian, for the same reasons as when con-
structing the original functor ID([1]) Lria, D(CLJ). By corollary 4.22, the pointwise
(or underlying) squares will also be bicartesian. In other words, our object tria(F")
in DU (CTJ) has exactly the underlying shape in ID(1) as diagram 6.2. This allows

us to make a very useful observation.

Consider the right cube in diagram 6.2, where the front and back are bicartesian. By
corollary 5.8, the left square is bicartesian if and only if the outer square of the left
and front square combined is bicartesian if and only if the outer square of the right
and back square combined is bicartesian if and only if the right square is bicartesian.
Lastly, this is if and only if g is an isomorphism, by lemma 4.19 iii). We refer to this

observation as *.

Finally, we prove [T4]. Given the sequence a EN LN u, we want to induce the
appropriate commuting octahedral diagram. As mentioned, the idea is to use the

same construction as in [T3] twice. We begin by viewing the square

.

b
¥
u

Q—Q

kf

as an object in (D(1)). Then, as in [T3], we lift it to some object A =5 A’ in
D([1))!") and apply the functor D([1])1 L2 D([3])!1.

b c Ya
|
U v Ya

Because >a — Xa is an isomorphism, by %, the middle square is bicartesian. We

repeat the process, only this time on the middle square to get the following.
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6.2 The induced triangulated categories

f g
a ) e > D
" ! |
a kf>u > U > D
m
UJT>Z

b —— Y
g

We know the bottom morphism is >.g because ¢ria is a functor such that 3* o tria =
Y1 o 0*. By % and the fact that the top middle square is bicartesian, we get that ¢ is

an isomorphism. Hence we have

f g
a ) e > D
" ! |
a kf>u > U > D
¢~ m
w w

b —— Y
g

where everything commutes, thus finishing the proof.

]

As advertised in the introduction, one of the issues with triangulated categories is that
the cone construction T 2% 7T is not functorial. However, in proving that D(1) is
triangulated, we constructed a functor D([1]) — D(1)P which can be extended to the
functor D([1]) — D(1) selecting the object ¢ from our sequence, namely the cone of
the triangle. This, in addition to the strongness of a triangulated derivator, enables us to

establish a replacement for the non-functorial cone construction.

(1) 25 (1)) — D(1)

For the derivator of A, our example of a triangulated derivator, this is exactly utilising
the fact that although there is no functor D(A)!! Lone, D(A), there is instead a functor
D(AY) £ D(A).
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6.2 The induced triangulated categories

Definition 6.10. An exact functor is an additive functor 7 Ly T7 between triangulated
categories together with a natural isomorphism F o [1]7 % [1]+ o F, such that for every

sequence a ENNCNPN a[l] in A7, the triangle

Fla) 22 p) 29 poe) s F(a)[1]

isin A,

We end the chapter with proving that the functors G*, G* and G are exact functors

between the induced triangulated categories.

Proposition 6.11. D is a triangulated derivator. For the functor X E> Y, the induced

G*, G* and G are exact functors.

Proof. We know G*, G* and G are additive by the discussion at the end of section 5.2,
and that functors that are adjoint to exact functors are also exact. Therefore it suffices to
show that G* preserves triangles. In other words, that given a triangle « — b — ¢ — Xa
in D(Y), the induced G*(a) — G*(b) — G*(¢) — G*(Xa) is a triangle in D(X"). We can
assume @ — b — ¢ — Ya in D()) came from an object A in D(LL] x ))

~

D/

|

\
7
>

O

~

as in the construction of triangles in the previous proof. GG induces the functor
D(MxG)

DL x Y) DL x &)

If the object D(LLJ x 7)(A) has bicartesian squares, this will result in a triangle in D(X)
with G*(Xa) = ¥G*(a), finishing the proof. It therefore suffices to show that given a
bicartesian square A in D(OJ x ), it will result in a bicartesian square in D(O x X).
Since A is bicartesian, it follows from corollary 4.22 that this is equivalent to A, being
bicartesian in D(0J) forall y € Y. A, is really D(0 x y)(A), and since this is true for all
y, then in particular we have that D((J x G(z))(A) is bicartesian for all x € X.

We notice D(OJ x G(z)) = D(O x z) o D(O x G) and therefore we have that the object
D(O x z)(D(O x G)(A)) is bicartesian for all z € X. Again by corollary 4.22, this is
equivalent to D(CJ x G)(A) being bicartesian in D(C x X).
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