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Abstract

We present the theory of Grobner bases in algebras with a multi-
plicative basis, and in particular of Grébner bases in path algebras.

We show how to construct the tensor product A ®x I' of algebras
A and T as a quotient of a path algebra, when A and I' are given as
quotients of path algebras. We extend this to a new result showing how
we can construct the tensor product A®xI", where X is another algebra.
Additionally, we show how we can explicitly describe a Grobner basis
for the case where the tensor product is taken over the field K.

We also investigate how, given a quiver ) and an ideal I C KQ
satisfying the condition

Jo €1
for some m, we can find a new quiver @’ and ideal I’ C K Q' such that
KQ/I=KQ'/I',

and such that I’ is an admissible ideal, i.e.

/ 2
Jo CI'C g

for some m.

Sammendrag

Vi presenterer teori for Grobner-basis i algebraer med multiplikativ
basis, og spesielt for Grobner-basis i vei-algebraer.

Vi viser hvordan man kan konstruere tensorproduktet A @ I' av
algebraer A og I som en kvotient av an vei-algebra, nar A og I er gitt
som kvotienter av vei-algebraer. Vi utvider dette til et nytt resultat
som viser hvordan vi kan konstruere tensorproduktet A ®y, I', der X er
en annen algebra. I tillegg viser vi hvordan vi eksplisitt kan beskrive
en Grobner-basis for tilfellet der tensorproduktet tas over kroppen K.

Vi undersgker ogsé, gitt et kogger @ og et ideal I C K@ som
tilfredsstiller betingelsen

Jo C1
for en eller annen verdi av m, hvordan vi kan finne et nytt kogger @Q’
og et ideal I’ C K Q' slik at

KQ/I=KQ'/I',
og slik at I’ er et tillatelig ideal, det vil si
2
Joy €1 CJy

for en eller annen verdi av m.
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Prerequisites

It is assumed that the reader is familiar with the basics of ring theory in
general, and with quivers and path algebras in particular. It should be enough
to have taken the course MA3203 Ring Theory at NTNU, or similar.

For Chapter 3, it would benefit the reader to be familiar with tensor
products. At NTNU, this is covered in the course MA3204 Homological
Algebra. However, we recall the definition of tensor products at the start of
Chapter 3, so it may not be strictly necessary to know anything about tensor
products beforehand.
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Conventions regarding
terminology and notation

Throughout this thesis, K always denotes a field.

All rings have a multiplicative identity, and all algebras are associative
and unital. All ring homomorphisms and algebra homomorphisms preserve
the multiplicative identity unless otherwise noted.

Given a ring A and an ideal I C A, we sometimes use the notation [A]
the equivalence class A+ 1. If A,y € A and A+ I = p+ I, then we write

A=p (mod I).

All quivers are finite by definition. When @) is a quiver, we denote the sets
of vertices and arrows by @)y and @), respectively. Multiplication of paths
in a quiver is written from right to left. For example, for arrows a: vy — vy
and 3: vy — w3, we have a path Sa from v, to v3. The source and target of a
path p are denoted by s(p) and t(p), respectively. The length of p is denoted

by [(p).
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Chapter 1

Introduction

In 1965, Bruno Buchberger introduced the concept of Grébner bases in his
PhD thesis, naming them after his advisor Wolfgang Grébner [Buc06]. Since
then, Grobner bases have become an important tool in computational com-
mutative algebra and computational algebraic geometry. They were origi-
nally defined in the setting of commutative polynomial rings in a finite num-
ber of variables over a field, and while this remains the most notable use
case for Grobner bases, they have since been generalized to various other
settings. In particular, there is a Grobner basis theory for path algebras, and
this theory is used to facilitate computations with the package QPA (Quivers
and Path Algebras) [QPA22| for the programming language GAP [GAP20].
In this thesis, we present this theory of Grobner bases. We also study tensor
products of algebras.

This thesis has three main chapters. In Chapter 2, we present Grobner ba-
sis theory for algebras with a multiplicative basis, with an emphasis on path
algebras. We see how Grébner bases can be used to facilitate computations
with quotient algebras, and show how they may be computed. Chapter 3
deals with tensor products of algebras. We prove a result that shows how
we can construct the tensor product A ® I' as a quotient of a path algebra,
when A and I' are given as quotients of path algebras. We then generalize
this to obtain a result that shows how we can construct the tensor product
A ®x I', where X is another algebra. Finally, we show that for the case of
tensor products over the field K, we can explicitly describe a Grébner basis,
which means that we do not need spend time computing one. In Chapter 4,
we consider the following question: Given a quiver () and an ideal I C K@
which is “lower-admissible”, i.e. which satisfies the lower bound

JpCl



for some m, can we find another quiver )’ and an ideal I’ C K@’ such that
KQ/I 2 KQ'I

and such that I’ is an admissible ideal? We answer this question in the
affirmative, and we present algorithms to find Q" and I’.



Chapter 2

Grobner basis theory

In this chapter, we present the theory of Grobner bases in algebras with a
multiplicative basis, with an emphasis on quivers and path algebras. We will
see how Grobner bases lend themselves towards computational use, and in
particular how they facilitate computations with quotient algebras.

Section 2.1 introduces the basic concepts of Grobner basis theory that
underpin the rest of the chapter, and indeed the rest of this thesis. In Sec-
tion 2.2, we show how Grobner basis theory can be used to define canonical
representatives of equivalence classes in a quotient algebra, and how these
representatives can be computed with the aid of Grobner bases. Section 2.3
discusses reduced Grobner bases, which are in some sense the “best” kind of
Grobner bases. Finally, in Section 2.4, we focus exclusively on path algebras,
and show how Grobner bases may be computed. We also prove a theorem
that gives a sufficient condition for the existence of a finite Grébner basis for
an ideal in a path algebra.

It bears mentioning that most of the ideas in this chapter are not origi-
nal. Unless otherwise stated, all theory in this chapter is based on [Gre99],
with the exception of some lemmas used in the proof of correctness for Algo-
rithm 2.3. Content and ideas based on other sources than [Gre99| are cited
whenever they appear.

2.1 Admissible orders and Grobner bases

We will now introduce the basic concepts that are foundational to Grobner
basis theory. Although we are primarily interested in path algebras in this
thesis, most of this chapter deals with Grébner bases in a more general
setting, namely in the context of algebras with a multiplicative basis. This
allows us to state results that hold not only for path algebras, but also for the



classical case of a commutative polynomial ring. Let us start by explaining
what is meant by an algebra with a multiplicative basis.

Definition 2.1. Let A be a K-algebra. A K-basis B of A is called a multi-
plicative basis if for all p, ¢ € B, we have that either pg € Bor pg=0. R

A notable example of an algebra with a multiplicative basis is the com-
mutative polynomial ring Klxy,...,z,]|, in which the canonical choice of a
multiplicative basis B is the set of all monomials, i.e. all elements of the form

Mn

A

for non-negative integers m;. This is the context in which Grébner bases
were originally introduced. Another example, and one which will be central
to this thesis, is the path algebra K@ of a quiver (), where the set of all
paths in () forms a multiplicative basis.

Although an algebra might have several different multiplicative bases, we
will always assume that if A is a path algebra (resp. polynomial ring), then
the multiplicative basis B denotes the set of all paths (resp. monomials).

Grobner basis theory requires that the elements of a multiplicative basis
B have been given a total order, more specifically an admissible order. This
is essentially an order that is compatible with the multiplication of basis
elements. Before we state the definition, recall that a well-order on a set X
is a total order < on X such that every nonempty subset of X has a smallest
element. For z,y € X, we write x <y if z <y and x # y.

Definition 2.2. Let A be a K-algebra with multiplicative basis B. An ad-
missible order on B is a well-order < on B such that the following state-
ments hold for all p,q,r € B:

(i) If p < ¢ and pr and gr are nonzero, then pr < gr.
(ii) If p < ¢ and rp and rq are nonzero, then rp < rq.

(iii) If pq is nonzero, then p < pg and ¢ < pq.

Let us look at some examples of admissible orders.

Example 2.3. Let A = K[z, ...,x,]. We define an order on the monomials
in the following way:

mi m my ‘
ot <yt

4



if and only if there exists some j such that

/

for © < 7, and such that
my < mj.
This is known as the lexicographic order on the monomials in K[z, ..., z,]

Example 2.4. Let ) be a quiver, and let A = K@ be the path algebra of
@ over K. Recall that B then denotes the multiplicative basis consisting of
all paths in ). Let < be any total order on Qg U ()1 such that v < « for all
vertices v € (Jy and arrows a € );. We extend < to an order on B in the
following way: If p is a path of length at least 2, then v < p and o < p for
all vertices v and arrows «. If ¢ is some other path of length at least 2, then
p < ¢ if and only if one of the following holds:

* I(p) < Uaq)
e p=op...a0 and ¢ = By ...[, for some arrows «; and f3;, and there
exists some j € {1,...,r } such that a; = §; for 1 <i < j and o; < f3;.

It can be seen that this is an admissible order on B, which we call the left
length-lexicographic order, or just the (left) length-lex order.
For a concrete example, consider the following quiver.

~

()

o
Qi V1 ) > Us

Suppose that we order the vertices and arrows of () as
v <vy<vg<a<f<.
Then the paths in @) of length at least 2 have the following order in the left
length-lexicographic ordering:
Pa < By <ya<yy < Pya<fyy <yra<yyy <...

It is also possible to define a right length-lex order. This is defined in the
same way as the left length-lex ordering, except that arrows are compared
from right to left instead of left to right. For example, if () is the quiver above
with the same order on the vertices and arrows, then the paths of length at
least two have the following order in the right length-lex ordering:

Pa <ya < By <yy < Pya<yya < pfyy <73y <...



In the case where A = K@ for a quiver ), we will often just say that “<
is an admissible order on ()” when we mean that < is an admissible order on
the set of paths in Q).

Throughout the rest of this chapter, let A be a K-algebra with multi-
plicative basis B, and assume that we are given some admissible order < on
B. Although statements about Grobner basis theory depend on the choice of
order, we will often omit reference to the order when it is clear from context
(in both this chapter and elsewhere in the thesis). For example, we might
simply say that a set G is a Grobner basis, when what we really mean is that
G is a Grobner basis with respect to the admissible order <.

Before we can state the definition of Grobner bases, we need a few more
preliminary concepts.

Definition 2.5. Let

n

xzzazpz GA,

i=1
where a; € K\ {0 } and the basis elements p; € B are distinct. Then we say
that the elements py,...,p, appear in x. ]

For example, if A = K[z,y] is the commutative polynomial ring in two
variables, then x appears in xy + = + 1, but = does not appear in zy + 1.

Definition 2.6. Let x € A\{0}. The tip of =, denoted Tip(z), is the
largest basis element that appears in . We denote the coefficient of Tip(x)
in « by CTip(z).

If X C A is a subset, we define

Tip(X) ={Tip(z) |r€ X and z #0 } C B.

We also define
NonTip(X) = B\ Tip(X) C B.

Example 2.7. Consider the following quiver:

Q: anDﬁ

We give ) the (left) length-lex order with o < /3. Assume that char(K) = 0.
Then some examples of tips are

Tip(208 + ) = aff

6



and
Tip(a — 8) = 8.

For these two elements, the coefficients of the tips are
CTip(2af + ) =2

and
CTip(a — B) = —1.

We can now define the concept of Grobner bases. We will eventually see
that a Grobner basis for an ideal is a generating set that is suitable for doing
computations.

Definition 2.8. Let I C A be an ideal. We say that a subset G of [ is a
Grobner basis for [ if

(Tip(G)) = (Tip(1)) -
m

When working with Grobner bases, it is useful to have a notion of divis-
ibility of basis elements. If p and ¢ are elements of the multiplicative basis
B, then we say that p divides ¢ (or that ¢ is divisible by p) if there exist
basis elements r, s € B such that ¢ = rps. We then write p | q.

Lemma 2.9. Let S be a subset of the multiplicative basis B. Let p be an
element of BN (S). Then p is divisible by some element of S.

Proof. Since p € (5), the element p can be written as a finite sum of elements
of the form Asp, where A, u € A and s € S. Since A, u € Span(B), it follows

that
n
b= Z aiq; S;T;
i=1

for scalars a; € K\ {0}, basis elements ¢;,r; € B, and s; € S. Moreover, we
can assume that ¢;s;,7; # 0, and that ¢;s;r; # ¢;s;r; if i # j. But then we
have written p as a linear combination of distinct basis elements ¢;s;r; € B
with nonzero coefficients, so since p is an element of the basis B, it follows
from linear independence that n = 1 and a; = 1. Thus p = ¢18171. O

As a consequence of Lemma 2.9, we have the following alternate char-
acterization of Grobner bases, which we will use frequently throughout this
thesis.



Corollary 2.10. Let I C A be an ideal, and let G be a subset of I. Then
G is a Grobner basis for I if and only if for all x € I\ {0}, there exists an
element g € G such that Tip(g) divides Tip(z).

Proof. First assume that G is a Grobner basis for I. Let # € I\ {0 }. Then
Tip(x) € (Tip(1)) = (Tip(G)),

and hence Tip(z) € BN (Tip(G)). Since Tip(G) is a subset of B, Lemma 2.9
then implies that Tip(z) is divisible by some element of Tip(G), as desired.

Conversely, assume that for all x € I\ { 0 }, there exists some g € G such
that Tip(g) divides Tip(z). Then every element of Tip(/) is a multiple of
some element of Tip(G), and hence Tip(/) C (Tip(G)). But we also have
Tip(G) C Tip(]) since G is a subset of I, and hence

(Tip(1)) = (Tip(Q)) -
Hence GG is a Grobner basis for 1. O

Note that in our definition of Grébner bases, we did not assume that G is
a generating set for /. That is because this assumption would be redundant,
as the following result shows.

Lemma 2.11. Let I C A be an ideal, and let G C I be a Grébner basis for
I. Then (G) = 1.

Proof. For the sake of contradiction, suppose that I # (G). Then, because <
is a well-order, there must exist some z € I\ (G) such that Tip(z) is minimal
with respect to <. Since GG is a Grobner basis, there exist p,q € Band g € GG
such that

Tip(z) = p Tip(g)q.
Without loss of generality, assume that
CTip(z) = CTip(g) = 1.
Note that = # pgq since = ¢ (G), so x — pgq # 0. Therefore it has a tip, and
Tip(z — pgq) < Tip(x).

By the minimality of Tip(z), we have that x — pgq € (G). This implies that
x € (G), which is a contradiction. O

We illustrate the concept of Grobner bases with the following example.



Example 2.12. Let Q be the following quiver:
. B
Q, ozC V1 — U9

We give () the length-lex order with
U1<U2<’U3<Oz</3.

Consider the ideal

Then the set { fa — B, } is not a Grobner basis for I, because we have
B =pa—(Ba—p)el,

but 3 is not divisible by any element of the set

Tip{ fa—p,a} ={pa,a}.

On the other hand, I is also generated by the set { «, 5 }, and this set is a
Grobner basis for . ]

2.2 Normal forms and remainders

In this section, we will see how Grobner bases can be used to do computa-
tions with quotient algebras. Let I C A be an ideal, and suppose that we
are interested in representing the quotient A/l on a computer. Then it is
important to be able to test if two elements of A/I are equal. That is, given
two elements A and p of A, we need to be able to determine whether

AT =p+1.

In general, it is not obvious how we can create a computer program that
performs such an equality test. We will need to find a way to compute some
sort of canonical representative for an element of A/I. In order to define
such representatives, we require the following result. Recall that for a set
X C A, we denote by NonTip(X) the set of basis elements in B that are not
contained in the set Tip(X).

Proposition 2.13. Let I be an ideal in A. Then as vector spaces,

A = I & Span(NonTip(])).

9



Proof. Let x € I N Span(NonTip([)). If = # 0, then Tip(z) € Tip(I). But
this is impossible since z € Span(NonTip()). Hence we must have z = 0,
which shows that I 4+ Span(NonTip(/)) is a direct sum.

For the sake of contradiction, suppose that A # I 4+ Span(NonTip([/)).
Since < is a well-order, there must exist some element

x € A\(I + Span(NonTip(])))

such that Tip(x) is minimal. Without loss of generality, we may assume that
CTip(x) = 1. Then we either have z — Tip(z) = 0 or

Tip(z — Tip(z)) < Tip(x),
so it follows from the minimality of Tip(x) that
x — Tip(x) € I + Span(NonTip(7)).

This implies that Tip(x) € Tip(I), for if Tip(z) € NonTip(/) we would find
that
z = (z — Tip(x)) + Tip(z) € I + Span(NonTip(])).

Since Tip(z) € Tip([), there exist scalars a; € K\ { 0 } and basis elements
p; € B such that

Tip(z) + Z a;p; €1,
where p; < Tip(x). By the minimality of Tip(z), we see that

Z a;p; € I + Span(NonTip(])).
We then have
Tip(z) = (Tip(x) + Z aipi> - Z a;p; € I + Span(NonTip(7)).

But then both x — Tip(z) and Tip(z) are elements of I 4+ Span(NonTip(7)).
It follows that = € I + Span(NonTip([/)), which is a contradiction. O

The following definition makes sense in light of Proposition 2.13.

Definition 2.14. Let I be an ideal of A, and let x € A. The normal form
of x modulo [ is the unique element N(z) of Span(NonTip(/)) such that
x— N(z) el |

10



As a consequence of Proposition 2.13, we have the following result about
normal forms.

Corollary 2.15. Let I be an ideal in A, and let x,y € A.
(i) x =y (mod I) if and only if N(x) = N(y).
(ii) © = N(z) (mod I).
(11i) There is a vector space isomorphism
f:A/JI — Span(NonTip(7))
gwen by f(a+1) = N(a).
(iv) N(zy) = N(N(z)N(y)).

Proof. The first three points follow immediately from Proposition 2.13. More-
over, since x = N(x) (mod /) and y = N(y) (mod I), we have

xy = N(z)N(y) (mod I),
and hence N(zy) = N(N(x)N(y)) by point (i). O

Corollary 2.15 shows that normal forms provide a way to check whether
two elements of the quotient algebra A/I are equal. Moreover, point (iii)
shows that normal forms are compatible with the vector space structure of the
quotient, while point (iv) shows that they are at least somewhat compatible
with ring multiplication. This suggests that normal forms are a suitable
choice of canonical representatives for elements of A/I, so if we wish to do
computations in A /I, we should find a way to compute normal forms modulo
I. To this end, we introduce a notion of division and remainders that is
analogous to the classical “division algorithm” in the polynomial ring K|[z].

Definition 2.16. Let X be a (possibly infinite) subset of A, and let y €
A\ {0 }. We say that an element r € A is a remainder of y under division
by X, and write y = x r, if there exist elements u;,v; € A and x; € X\ {0}
such that:

(i) y =, uizyv; +r.
(ii) For all 4, if u;x;v; # 0, then Tip(u;z;v;) < Tip(y).

(iii) For all z € X\ {0} and all p € B, if p appears in r, then Tip(x;) does
not divide p.

11



If y =0, then we say that y =x r if and only if » = 0. |

Remark 2.17. If the remainder r in Definition 2.16 is zero, then point (iii)
is redundant. In particular, it follows that if X C Y are subsets of A, and if
y =x 0, then we also have y =y 0. |

Note that if A = KJz| is the polynomial ring in one variable and X =
{g(x)} is a set containing a single (nonzero) polynomial g(z), then the notion
of remainders defined in Definition 2.16 coincides with the usual notion of
polynomial remainders. That is, it can be shown that for a polynomial
f(x) € Klz], we have f(x) =4 r(x) if and only if there exists some
polynomial ¢(z) such that

f(x) = q(z)g(x) + r(z),

and such that either r(z) = 0 or deg(r(x)) < deg(g(z)).
We illustrate the concept of remainders with some examples. Note that
both of these examples show that remainders need not be unique.

Example 2.18. Let A = K|[x] be the polynomial ring in one variable. We
give the monomials in A the only possible admissible ordering, i.e. the one
where
"<z
if and only if m < n. Let g;(z) = x and go(x) = z* + 1, and consider the set
X ={gi(z),92(2) }.
Let f(z) = 2® + 2* + 1. Then we have
f(@) = 2%g1(x) + g2(2) +0.

Writing f(x) in terms of g, (z) and go(z) in this way satisfies Definition 2.16,
so f(x) has remainder 0 under division by X. However, we also have

f(@) =2"gqi(z) + zgi(7) + 1,
so 1 is also a remainder of f(z) under division by X. [

Example 2.19. Consider the following quiver.

«
~ A
@G Zm )
B

12



Let A = KQ. We give @) the left length-lex order with
n<m<a<f<y<o.
Let 1 = ay and x5 = da + 3, and consider the set
X ={x,22}.

Let y = day + B + ay. Then we have

Yy = x2y + a1 + 0,
and hence y has remainder 0 under division by X. We also have

y = oxy + 1 + 37,
so y also has remainder S under division by X. ]

Lemma 2.20. Let X be a subset of A, and let y,r € A. Suppose that r # 0
and y =x r. Then
Tip(r) < Tip(y).

Proof. Let u;,v; € A and z; € X\ {0} be elements such that

Yy = Z U T;0; + 7, (2.1)

and such that the other conditions in Definition 2.16 are satisfied. Suppose,
for the sake of contradiction, that Tip(r) > Tip(y). Then by (2.1), Tip(r)
must cancel with some of the terms in ), u;x;v;, so there exists at least one
index i such that Tip(r) appears in u;x;v;. But then

Tip(u;z;v;) > Tip(r),
which contradicts our assumption that
Tip(uw;z;v;) < Tip(y).
O

Algorithm 2.1, REMAINDER(y, X ), lets us compute remainders, assuming
that we're dividing by a finite set. Note that many of the variables in the

13



algorithm, such as m;;, are not actually needed for the algorithm to be
correct, but they do make it easier to reason about the algorithm.
Algorithm 2.1: REMAINDER(y, X)

Input: An element y € A, a finite set X = {zy,...,2, } CA\{0}
Output: A remainder of y under division by X

1 fori =1 ton do

2 ‘ mio < 0;

3 end

a 19+ 0

5 20 < Y;

6 j < 0;

7 while z; # 0 do

8 DIVISION OCCURRED <« False;

9 for i =1 ton do

10 if z; # 0 and Tip(z;) = uTip(x;)v for some u,v € B then
11 J—7+1L

12 m;j < M1+ 1;

13 Wimi ;S CC%%&Z?“?

14 Viim;,; < U

15 Zj &= Zj—1 — Wimy 3 TiVim, ;5

16 T <= Tj-1;

17 DIVISION OCCURRED < True;
18 end

19 end

20 if DIVISION OCCURRED = False then
21 J4<7+1

22 My 5 <= My 51,

23 z; < zj_1 — CTip(zj_1) Tip(zj_1);

24 r; < rj_1 + CTip(z;_1) Tip(zj_1);

25 end

26 end

27 T 4 153

28 return r;

Proposition 2.21. Algorithm 2.1 produces a correct result. That is, given
y and X as in the input to the algorithm, the algorithm terminates after a
finite number of steps, and outputs a remainder v of y under division by X.

Proof. 1f y = 0, then the algorithm terminates shortly after it reaches line 7,
and clearly produces a correct result. So assume that y # 0. First note that
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there is a descending chain
Tlp(20> > T1p<21> > Tlp(Zz) > ..

of elements of the multiplicative basis B. Since < is a well-order, this chain
must eventually end, i.e. z; = 0 for some j, so the algorithm terminates.

Let us now prove that when the algorithm terminates, it produces a
correct result. We proceed by induction on the index j. Let Pi(j), P»(j),
and Ps(j) denote the following three statements.

Pi(j): y =21 S w vk + 1 24
P5(j): Tip(w; px;iv; ) < Tip(y) for all i and 1 < k < m; ;.
P3(j): If p € B appears in r, then Tip(x;) does not divide p for any i.

Clearly the statements P;(0), P»(0), and P3(0) are true. For the inductive
step, suppose that j > 0, and assume that P,(j —1), P,(j—1), and P3(j — 1)
are true. Let us check that the statements P;(j) through P;(j) are then also
true.

First assume that Tip(z;_1) is not divisible by the tip of any element of
X, so that no divisions will occur during the for loop (line 7 to line 19).
Hence we have

z; = zj—1 — CTip(zj_1) Tip(z;_1)

and
rj =1j-1+ CTip(zj_1) Tip(zj-1).

Moreover, we have m; ; = m; j_1. Thus the truth of P;(j) and P»(j) follows
immediately from the inductive assumption. We also see that P3(j) follows
from P;(j — 1), because the only basis element that appears in r; but not
in 7;_; is Tip(z;_1), and we assumed that Tip(z;_;) is not divisible by any
element of X.

Now assume that Tip(z;_1) is divisible by the tip of some element of X.
Let i be the index such that the algorithm divides Tip(z;_1) by Tip(z;),
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where Tip(z;_1) = u Tip(x;)v. Then we have

n My;

E E UL ETIULE + Tj + Zj

=1 k=1

n Mpj—1
*
=D D wmvig | + i, @ivim,, |+ o1+ (2521 — Ui, TiVim, ;)
=1 k=1
n Mpj-1
= g UL kT VL + Tj—1 + Zj-1
1 k=1

o~
Il

i
=Y

where the equality marked with * is due to the fact that m; ; = m,;_; +1
and my; = my j_y for | # i, while the equality marked with { follows from
the inductive assumption. Thus we see that P;(j) is true. We also see that
Py(j) is true because

Tip(u@mi’jmivi,mi’j) = Tip(z;) < Tip(z;_1) < ... < Tip(20) = Tip(y),

while P5(j) is true because r; = r;_.

By induction, we see that the statements Py(7), Py(j), and P;(j) hold for
all values of the index j. But when the algorithm terminates, the element z;
is zero, and then these three statements are just the definition of remainders.
Hence we see that, at the end of the algorithm, r; is a remainder of y under
division by X. O]

Remark 2.22. Algorithm 2.1 assumes that we are performing division by
a finite set. However, we can also use the algorithm to perform division by
certain infinite sets. Suppose that X C A\ {0 } is an infinite set such that
for any basis element p € B, the set

{ze X |Tip(z) <p}

is finite. Given an element y € A, let z1,...,z, € X be those elements of X
whose tips are less than or equal to Tip(y). Let r be a remainder of y under
division by the finite set { x1,...,2, }. Then for any x € X\ {z1,..., 2, },
we have

Tip(z) > Tip(y) > Tip(r).

It follows that Tip(z) 1 p whenever p € B is a basis element that appears
in . Hence r is also a remainder of y under division by X. Thus we can
perform division of y by the infinite set X by applying Algorithm 2.1 to y
and the finite set { zy,..., 2, }.
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Also note that the proof of Proposition 2.21 does not actually depend on
the assumption that the set X is finite, except of course for the fact that
the algorithm REMAINDER(y, X) could not be implemented on a computer
(and hence would not deserve to be called an “algorithm”) if X were infinite.
In particular, if X C A is an arbitrary infinite subset, then Proposition 2.21
shows that there exists a remainder of y under division by X. |

As shown in Example 2.18 and Example 2.19, remainders need not be
unique. However, when we are dividing by a Grébner basis, there is only one
remainder.

Proposition 2.23. Let I C A be an ideal, and let G be a Gréibner basis for
I. Lety be an element of A. Then the remainder of y under division by G
1s unique. In fact, the remainder is the normal form of y modulo I.

Proof. 1f y = 0, then the only remainder of y is 0, which is also the normal
form of y. Assume that y # 0.

Let » € A be a remainder of y under division by G. Then there exist
elements u;,v; € A and ¢g; € G such that

y= Z Ui givi + 1,

and such that the other conditions in Definition 2.16 are satisfied. We first
show that r € Span(NonTip([)). Suppose p € B is a basis element that
appears in r. Then by the definition of remainders, we have assumed that p
is not divisible by Tip(g) for any element g € G. But since G is a Grébner
basis for I, this must mean that p ¢ Tip([), i.e. p € NonTip(/). Hence
r € Span(NonTip([)).

Now observe that

y—r= Zuigivia

which is an element of I because each g; lies in /. Since the normal form of
y is the unique element

N(y) € Span(NonTip(7))

such that y — N(y) € I, it follows that r = N(y). O

Combining Proposition 2.23 with Algorithm 2.1, we get the following
important corollary.
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Corollary 2.24. Let I C A be an ideal, and suppose that G C I is a finite
Grébner basis. Then there is an algorithm to compute normal forms modulo

I.

Recall that for an ideal I C A and for z,y € A, we have N(z) = N(y) if
and only if z + I = y 4+ I. In particular, Corollary 2.24 shows that there is
an algorithm to determine whether two elements of A/I are equal, at least
if we are given a finite Grobner basis for /. This solves the problem of how
to represent A/I on a computer, which was outlined in the beginning of this
section. This is one of the main reasons why Grobner bases are useful.

Of course, none of this is of very much use unless we can actually find
a (finite) Grobner basis for an ideal. We will come back to this problem in
Section 2.4.

2.3 Reduced Grobner bases

We will now discuss reduced Grobner bases. We will see that every ideal has
a unique reduced Grébner basis, which is in some sense the “best” possible
Grobner basis for the ideal, in part because it satisfies a minimality condition.
We start with the following definition.

Definition 2.25. Let I C A be an ideal, and let G C I be a Grobner basis
for I. We say that GG is a reduced Grobner basis if the following three
conditions hold:

(i) 0¢ G.
(ii) If g € G, then CTip(g) = 1.

(iii) If g,¢' € G are distinct elements and p € B is a basis element which
appears in g, then Tip(g’) does not divide p.

The following lemma will be useful when proving the uniqueness of re-
duced Grobner bases.

Lemma 2.26. Let I C A be an ideal, and suppose G C I is a reduced
Grobner basis for I. Then

g — Tip(g) € Span(NonTip(]))

forall g € G.
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Proof. Let g € G, and let x = g — Tip(g). For the sake of contradiction,
suppose that = ¢ Span(NonTip(7)). Then there must be some basis element
p € B such that p € Tip(/) and p appears in x. Since G is a Grébner basis
for I, there exist elements ¢, € B and ¢’ € G such that p = ¢ Tip(¢')r. We
then have that g # ¢’, because

Tip(¢') < ¢ Tip(¢')r
=p
< Tip(x)
< Tip(g).

The first inequality holds because < is an admissible order, and the last
inequality holds because CTip(g) = 1. But this contradicts item (iii) in
Definition 2.25, because Tip(g’) divides p, and p appears in g. Therefore it
must be the case that x € Span(NonTip([)). O

The next result will help us prove the existence of a reduced Grébner
basis. We first introduce some terminology. A monomial is an element
of B. An ideal is called a monomial ideal if it is generated by a set of
monomials.

Proposition 2.27. Let I C A be a monomial ideal. Then there exists a
smallest monomial generating set of I.

Proof. If I = 0, then () is the smallest monomial generating set. So assume
that I # 0. (In particular, this implies that a generating set of I cannot be
empty.)

Let S = I N B be the set of all monomials in /. Consider the set

M={peS|if g€ S divides p, then g =p }.

We claim that M is the smallest monomial generating set of I. To see that
this is true, we first show that M generates I. Let C' be some monomial
generating set of I, and let ¢ be an element of C. If ¢ ¢ M, then c is
properly divisible by some element of S, so we can write ¢ = p;s1¢; for some
s1 € S\{c} and p;,q1 € B. Observe that ¢ > s; since < is an admissible
order. If we also have s; ¢ M, we can continue this process, and we get a
descending chain of elements of S:

C> 81 >8> ...

Since < is a well-order, this chain must eventually terminate; that is, the
process cannot be continued indefinitely. Thus we eventually get

c= (plpz e D) G Gn—1 - --Q1) € (M),
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where p;, ¢; € B and m € M. This shows that C' C (M), and it follows that
I=(M).

Next we show that any monomial generating set of I contains M. So let
C C I be a monomial generating set, and let m be any element of M. Since
m € (C), it follows from Lemma 2.9 that there exists some ¢ € C which
divides m. But since ¢ € S and m € M, the definition of the set M implies
that ¢ = m. In particular we see that m € C, and hence M C C. n

We can now prove the following result, which allows us to speak of the
reduced Grobner basis for an ideal (with respect to a given admissible order).

Proposition 2.28. Let I C A be an ideal. Then there exists a unique reduced
Grébner basis for 1.

Proof. We first prove the existence of a reduced Grobner basis. Let T be
the smallest monomial generating set of (Tip([)), which exists by Proposi-
tion 2.27. Consider the set

G={t-N(@#)|teT}CI,

where N(t) is the normal form of t modulo I. We claim that G is a reduced
Grobner basis for I. To see that G is a Grobner basis, let t € T', and let

g=t—N(t) € G.

Since Tip(/) is a monomial generating set for (Tip(/)), we have T' C Tip(]),
and in particular ¢ € Tip(/). It follows that g # 0, because N(t) ¢ Tip(I).
Moreover, we have Tip(g) € Tip(/) and N(t) € Span(NonTip(7)), and hence
Tip(g) does not appear in N(t). It follows that Tip(g) = ¢, and hence
Tip(G) = T. Since T is a generating set for (Tip(I)), we see that G is a
Grobner basis.

To see that G is reduced, note that we saw in the previous paragraph
that 0 ¢ G. We also have CTip(g) = 1 for all g € G, since Tip(t — N(t)) =t
for all t € T. Finally, suppose that g,¢" € G are distinct elements. Then
g=1t—N(t) and ¢ =t — N(t') for some distinct elements ¢,¢' € T. From
the construction of the minimal monomial generating set 7" in the proof of
Proposition 2.27,! it is clear that ¢’ cannot divide t. Moreover, ¢ does not
divide any basis element which appears in N(t), since this would imply that
N(t) ¢ Span(NonTip(I)). It follows that G is a reduced Grobner basis.

!Note that we used the variable name M instead of T in the proof of Proposition 2.27.

20



We now prove the uniqueness of G. Let H be some reduced Grébner basis
for I. For any h € H, we have

Tip(h) — h € Span(NonTip([))
by Lemma 2.26. Then since h € I and
Tip(h) = (Tip(h) — h) + h,
it follows that N(Tip(h)) = Tip(h) — h. In particular,
Tip(h) — N(Tip(h)) = h.
This shows that the set
{2 —N(z) |z e Tip(H) }

is equal to H. But (Tip(H)) = I since H is a Grébner basis, so T C Tip(H).
Then we have

{t—N@t)|teT}C{x—N(x)|zeTip(H)},

or in other words, G C H.

To see that we also have H C @, suppose that there exists some element
h € H\G. Since G is a Grobner basis, there exists an element g € G such
that Tip(g) divides Tip(h). But this contradicts our assumption that H is a
reduced Grobner basis, because g € H and g # h. Therefore H = G. O

Remark 2.29. The proof of Proposition 2.28 suggests an algorithm for com-
puting the reduced Grobner basis for an ideal /, assuming that we already
know a finite Grobner basis G for I. We proceed as follows: We first compute
the set

T ={te Tip(G) | if ¢’ divides t for t' € Tip(G), then t' =+t }.

For each t € T, we then use Algorithm 2.1 to compute the normal form N ()
of ¢t modulo I, which is possible because we know a finite Grobner basis for
I. Then the set

{t—N@t)|teT}

is the reduced Grobner basis of 1. [ ]

One of the reasons why reduced Grobner bases are nice is the following
minimality condition.
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Proposition 2.30 (|Lea06, Proposition 2.11]). Let I C A be an ideal, and
let G be the reduced Gribner basis of I. Let H C I be any subset. Then H
is a Grébner basis for the ideal I if and only if Tip(G) C Tip(H).

Proof. First assume that Tip(G) C Tip(H). Since G is a Grobner basis for
I, it follows that

(Tip(H)) = (Tip(1)) .
In other words, H is a Grobner basis for I.

Conversely, assume that H is a Grobner basis for I. Then Tip(H) is a
monomial generating set for (Tip(7)), so

T C Tip(H),

where T is the smallest monomial generating set for (Tip(/)). But by the
proof of Proposition 2.28, T' is equal to Tip(G), so we see that

Tip(G) C Tip(H).
m

Corollary 2.31 ([Lea06|). Let I C A be an ideal, and let G be the reduced
Gréobner basis of I. Then G has the smallest cardinality of all Grobner bases
for I.

Proof. Let H be any Grobner basis for I. Then by Proposition 2.30,
Tip(G) C Tip(H),

and hence

| Tip(G)| < [ Tip(H)|.

Note that if g, ¢’ € G are distinct elements, then Tip(g) # Tip(g’) by Defini-
tion 2.25. It follows that |G| = | Tip(G)|. Moreover, the map

H\{0} — Tip(H)
h +— Tip(h)

is surjective, and hence | Tip(H)| < |H|. Thus we see that
|G| = | Tip(G)] < [ Tip(H)[ < [H],
as desired. O

In particular, an ideal I has a finite Grobner basis if and only if the
reduced Grobner basis of [ is finite.
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2.4 Grobner bases in path algebras

Up until this point, we have been assuming that A is some K-algebra with
multiplicative basis B and admissible order <. This was sufficient for our
purposes, as none of the theory we have dealt with so far required any addi-
tional assumptions. However, much of the content that we will cover in this
section requires a somewhat different treatment for path algebras than for
the classical case of commutative polynomial rings. We therefore narrow our
scope to focus only on path algebras. Throughout the rest of this chapter,
assume that A = K@) is the path algebra of some quiver Q).

2.4.1 Tip reduced and uniform sets

When working with Grobner bases, and with generating sets for ideals more
generally, it is often convenient to impose some additional technical condi-
tions on the sets we’re working with. The first condition is that of uniformity.

Definition 2.32. Let .
T=Y ap; €A,
i=1

where a; € K\ {0 } and where the p; € B are distinct paths. Then x is said
to be uniform if there exist vertices v and w in () such that every path p;
starts at v and ends at w.

A subset X C A is called uniform if every individual element of X is
uniform. |

Example 2.33. Consider the following quiver.

«
/N ’Y
Q: v Vg — Us
~__

B

Then a—f is uniform, while the elements a+v; and a+~ are not uniform. MW

The following result shows that we can always replace a Grobner basis
with a uniform Grobner basis.

Lemma 2.34. Let G be a generating set for an ideal I in A. Then the set
H={vgw|ge€ G, vandw are vertices in Q }

1s a uniform generating set for I. Moreover, if G is a Grobner basis for I,
then so is H.
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Proof. The set H is clearly uniform. Moreover, every element g € G can be

written as
g= > wvgwe (H),

URUISON

which shows that I C (H) since G generates I. Because H C I, we also have
(H)y C I. Hence (H) = 1.

Now suppose that G is a Grobner basis. If g € G\ {0 }, then there exist
vertices v and w in @ such that Tip(g) is a path from w to v. Then vgw € H,
and

Tip(g) = v Tip(g9)w = Tip(vgw) € Tip(H).

This shows that
Tip(G) C Tip(H).
Since G is a Grobner basis, this implies that H is also a Grébner basis. [

The next technical condition we will consider is the notion of a tip reduced
set.

Definition 2.35. A subset X C A is said to be tip reduced if for all
z,y € X\ {0} with = # y, we have that Tip(z) does not divide Tip(y). W

A notable example of a set that is both tip reduced and uniform is the
reduced Grobner basis of an ideal, as the following proposition shows.

Proposition 2.36 (|Lea06, Proposition 2.13|). Let I C A be any ideal, and
let G be the reduced Grobner basis of I. Then G is tip reduced and uniform.

Proof. The fact that GG is tip reduced follows immediately from Definition 2.25.

For the sake of contradiction, assume that G is not uniform. Let g € G
be some non-uniform element. Then there exist vertices v and w in @) such
that v Tip(g)w = 0, but vgw # 0. Because vgw € I and G is a Grobner basis
for I, there exists some ¢’ € G such that Tip(¢’) | Tip(vgw). Note that

Tip(g') < Tip(vgw) < Tip(g),

and hence ¢’ # ¢g. But this contradicts the fact that G is a reduced Grobner
basis. O
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Algorithm 2.2, TIPREDUCE(G), allows us to replace any finite generating
set for an ideal with a generating set that is tip reduced.
Algorithm 2.2: TIPREDUCE(G)

Input: A finite subset G ={ ¢1,...,9, } CA
Output: A finite tip reduced subset H C A that generates the same

ideal as GG
fori=1to n do
‘ hi < gi;

end
H()(—{hl,...,hn};

1
2
3
4
5 k< 0;
6
7
8
9

do
MODIFIED <« False;
for : =1 to n with h; # 0 do
for j =1 to n with j # 1 do

10 if h; # 0 and Tip(h;) = p Tip(h;)q for paths p,q then
11 T hj— ggi((zgphiq;
12 k+k+1,;
13 Hiy<A{hy,....¢hj_1, 2, hjsa, ... by b
14 hj < x;
15 MODIFIED < True;
16 end
17 end
18 end
19 while MODIFIED = True;
20 H < Hy;

21 return H;

Proposition 2.37. The algorithm TIPREDUCE(G) (Algorithm 2.2) produces
a correct result. Moreover, if G is uniform, then so is H; and if G is a
Grobner basis, then so is H.

Proof. We first show that the algorithm terminates. During every iteration
of the do-while loop (except the last iteration, if there is one), there is at
least one value of the index k such that some element h; € Hj is replaced
with an element whose tip is strictly smaller. Since < is a well-order and the
set Hy is finite (and because its size stays constant as k increases), this can
only happen a finite number of times. Hence the algorithm terminates.
When the do-while loop terminates, there do not exist any distinct el-
ements h;, h; € Hy such that Tip(h;) divides Tip(h;). In other words, the
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returned set H is tip reduced.
Next we show that (G) = (Hy) for all k. This is clearly true for £ = 0. So
let £ > 0, and assume, inductively, that (Hy) = (G). On line 11, we define

_ CTip(h;)
T=h CTip(hy) """

Since h; and h; are elements of Hy, = is an element of (Hy) = (G). Hence
(Hg11) C (G). To see that (G) C (Hy41), observe that

— g,
U CTip(hy P

This is an element of (Hy.1) because = and h; are elements of Hy,;. Hence
(Hy41) contains the set

{hi,...,hy },

which is a generating set for (G) by our inductive assumption. This shows
that (G) = (Hyy1).

Now suppose that the set G is uniform. In order to show that the set H
produced by the algorithm is uniform, it is enough to show that the element

_p,, _ CTin(hy)
T CTip(hy) M
defined on line 11 is uniform. Clearly ph;q is uniform. Moreover, we may
assume (inductively) that h; is uniform. Since Tip(h;) = pTip(h;)q, the
element x must also be uniform.

Finally, suppose that G is a Grobner basis. Since h; is replaced with z on
line 13, the element Tip(h;) € Tip(H}) might not be contained in Tip(Hj41).
However, Tip(h;) is still an element of Tip(Hy1), so we see that

Tip(h;) € (Tip(Hy11)),

because Tip(h;) = p Tip(h;)q. By induction, it follows that H is a Grébner
basis. =

We see that any finite generating set (or Grobner basis) can be replaced
with a tip reduced uniform generating set (or Grobner basis) by applying
Lemma 2.34 and Algorithm 2.2, in that order. Thus it is not unreasonable to
assume that the sets we're working with are tip reduced and uniform. Such
sets are often more convenient to work with, one reason being that there
exists a criterion for determining if such a set is a Grébner basis, as we will
see in the next subsection.
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2.4.2 Overlap relations

In the theory of Grobner bases in commutative polynomial rings, there is a
concept called S-polynomials, which are used in the computation of Grobner
bases. When working with path algebras, the analogous concept is that of
overlap relations, which we now define.

Definition 2.38. Let f and g be elements of A\ {0} (not necessarily dis-
tinct) and suppose that there exist paths p and ¢ in @ such that the following
conditions hold:

(i) Tip(f)p = ¢Tip(g) # 0.
(ii) Tip(f) does not divide ¢ and Tip(g) does not divide p.

Then we say that f and g have a (p, ¢)-overlap, and their overlap relation

1S
fp q9

~ CTip(f) CTip(g)’

o(f,9.0,9)
n

Remark 2.39. If f € A\ {0} is any nonzero element, then there exist ver-
tices v and w such that

Tip(f)v = w Tip(f).

If Tip(f) is not a vertex, then this technically satisfies the definition of an
overlap. However, this is a rather trivial and uninteresting overlap, so in this
thesis we will always ignore this particular kind of overlap. ]

Note that if condition (i) in Definition 2.38 is satisfied, then condition (ii)
is equivalent to assuming that [(p) < [(Tip(f)) and [(¢) < [(Tip(g)). This
ensures that there really is an “overlap”, in the sense that if

Tip(f) =1 ... am

and
Tip(g) = p1--- B

for arrows «; and 3;, then we must have

AYg)+1 - - - Oy = 51 .. .5n,[(p).

We illustrate this with an example.
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Example 2.40. We consider the following quiver.

«
/N "Y

Qi (2 Vg — U3
' —

B

We give ) the left length-lex order with
< <vg<a<f<y.

Assume that char(K) = 0. Let f = yaf + v and g = 2afa + «. The path
~va3 contains a factor a8 on the right, while afSa contains a factor of a8 on
the left. Hence f and g have an overlap, or more precisely an (o, v)-overlap.
The overlap relation is

1
o(f,g,0,7) = fa— 379

1
= yafa + ya — yafo — éva
1
= —"a.
27

Now let h = afafa—a. This element overlaps with itself in two ways: there
is both a (Bafa, afaf)-overlap and a (Sa, aff)-overlap. In both cases the
overlap relation is 0. |

We will now see how overlap relations can be used to check if a given
generating set is a Grobner basis.

Theorem 2.41. Let G C A be a (possibly infinite) tip reduced uniform set.
Then the following are equivalent.

(i) G is a Grébner basis for the ideal (G).

(i) For all elements g1, g, € G\ {0} and all paths p and q in Q, if g1 and
g2 have a (p, q)-overlap, then

0(917 92, p, Q) =G 0.

Proof. First assume that G is a Grobner basis. For any ¢1,¢9, € G with a
(p, q)-overlap, the overlap relation is

__ 9 492
CTip(g1) CTip(g2)

0(917 92, D, q)
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This is an element of (G). As mentioned in Remark 2.22, there exists some
element r € A such that

0(g1,92,0,q) = T

But since G is a Grébner basis, 7 must be the normal form (modulo the ideal
(G)) of the overlap relation, by Proposition 2.23. Since the overlap relation
is an element of (G), its normal form is zero, and hence r = 0, as desired.
Conversely, assume that all overlap relations of elements of G' have re-
mainder zero under division by G. For the sake of contradiction, assume that
G is not a Grobner basis. Then there exists some element 2z € (G)\ {0}
such that Tip(x) ¢ (Tip(G)). Since x is an element of (G), we may write

T = Z ijPij 9ilij (2.2)
i?j

for scalars a;; € K\ {0}, paths p;; and ¢; in @, and distinct elements
gi € G. We may assume that p;;g,¢;; # 0. Each g, may be written as a
K-linear combination of distinct paths v;;:

9i = Z bir ik
k
for scalars b, € K\ {0 }. We then get
T = Z Clijbikpz'j%k%- (2-3)
ik

Let p* be the largest of the paths p;;7vikqi; with respect to the ordering <,
and write p* = p;;virqi; for some fixed ¢, j, and k. Since g; is uniform, we
have that p;; Tip(g;)gi; # 0, and hence

PiiYikQi; < Pij Tip(9i)aij-

It follows that 7, = Tip(g;), and in particular, p* € (Tip(G)). But we have
assumed that Tip(z) ¢ (Tip(G)), so p* # Tip(z). But then Tip(z) < p*, so
the occurrences of p* in the right-hand side of (2.3) must cancel each other

out. Thus p* appears at least twice in (2.3), so there exist indices i, 7', j, j’
with (4,7) # (¢, j) such that

p* = pi; Tip(9:)q:; = pirjr Tip(gir ) gy

Write p = pij, 9 = i, ¢ = Gij, @ = Gij, P = pirjr, § = gy, ¢ = gy, and
CL/ = CLi/j/.
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Out of all the possible ways to write = as in (2.2), we may assume that
we have chosen one such that p* is minimal with respect to the well-order <.
Moreover, once we have chosen a minimal value of p*, we may assume that
the number of appearances of p* in the right-hand side of (2.3) is minimal.
Then we have the following possible cases.

L. [(p) =1(p'): It follows that p = p, and hence Tip(g) contains Tip(g’)
as a subpath, or vice versa. But then one of them divides the other, so
since G is tip reduced, it follows that ¢ = ¢’ and ¢ = i’. We then also
have that ¢ = ¢’. But then we can rewrite (2.2) by replacing the two
terms apgq and a'p’g’q’ with the one term (a + a’)pgq. This produces
a version of (2.3) in which the number of occurrences of p* is one less
than before (or possibly two less, if a + a’ = 0?), which contradicts our
assumption about p*.

2. (p) < I(p): Either ((q) = [(¢"), lq) < Iq'), or I(q) > I(¢).

2.1.
2.2.

2.3.

[(q) = l(¢’): Same as case 1.

[(q) < I(¢'): Then Tip(g) contains Tip(g’) as a subpath. Since G
is tip reduced, we then get ¢ = ¢’. But this is impossible, because

[(p") = Up) + Uq) + UTip(g)) = Up') + K¢') + U(Tip(g")),

which contradicts the inequality [(p) 4 [(q) < [(p') + ().
[(q) > U(¢'): Either I(p') < I(pTip(g)) or (p') > I(p Tip(g)).

2.3.1. I(p') < (pTip(g)): Since we are assuming that [(p) < [(p)

and [(q) > [(¢'), there exist paths r and s in @ such that
q=rq,p = ps, and Tip(g)r = s Tip(¢’). Notice that

[(Tip(g)) — I(s) = (Tip(g)) — (i) — Up))
= ((Tip(g)) + Up)) — 1P
= l(pTip(g)) — U(p')
> 0.

It follows that Tip(g) contains s as a proper subpath. In par-
ticular, we have Tip(g) 1 s, and a similar argument shows that

2If a +a’ = 0 and p* appears exactly twice in (2.3), then p* would no longer appear
at all in (2.3) after we rewrite (2.2), which might seem like a problem. However, this is
actually impossible, because we have assumed that p* is minimal with respect to <.
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Tip(g’) t r. Hence by Definition 2.38, g and ¢’ have an (r, s)-

overlap, so we can consider the overlap relation o(g,¢’,r,s).
Then

p9q

o G Gt
oG 1

= CTip(g)p ( CT?;g) - CT?I{( 5 q + g%}f;((j))p/g/q,
= CTip(g)po(g,d’,, 8)q’+ o (( )) vdq. (2.4)

By assumption, o(g, ¢, 7, s) has remainder 0 under division by
G. It follows from the definition of remainders that o(g, ¢, r, s)
can be written as a K-linear combination

o(g, 4,7, s) chngztﬂ, (2.5)

for paths p; and ¢ in ) and elements g, € G, where

Tip(pgi@i) < Tip(o(g,q’,7,s)) < Tip(g)r = s Tip(g').

By using (2.4) and (2.5), we get

o]

apgq +apgq

o . / / CTlp( ) I
=a <CT1p(9)p0(9,g 1 8)q + S CTin(g)” gq) +a'p'g'q

. - CTip(g)
=a | CTip(g)p apid | ¢ + ==—F7=0'gd | +dv'g'd
( S anaa ) + St
a"p'g'd + ) phiadd
l

where o’ = a%f(()) + a and ¢, = aCTip(g)q. Hence we

can rewrite (2.2) by replacing the two terms apgq and a'p'g'q’
with the single term a”p’¢g’q’, plus several terms of the form
ppigiqiq’- Note that whenever ¢;pp3iGiq° # 0, we have

*

Tip(eppiaiqiqd’) = p Tip(mgi@)d’ < p(s Tip(¢))q' = p*,

31



so p* does not appear in ¢;pp;G1q;q’. It follows that by rewriting
(2.2) in this way, we decrease the number of occurrences of p*
n (2.3). But this contradicts our assumption about p*.?

2.3.2. I(p') > (pTip(g)): Then there exists some path r in @ such
that p’ = pTip(g)r and ¢ = r Tip(¢’)q’. Write

g=cTip(g) + Y cp;

and
g = dTip(g) + Zdzpz

for scalars ¢, ¢;, d,d; and paths p; < Tip(g), p; < Tip(¢').
Then we have that

pgq = pgr Tip(g')¢’
1 / 1 / . ! !
= g — =g +T
pgr (dg 29+ ip(g )) q
1

1 )
= Epgrg’q’ — pgr (ag’ - Tlp(g’)) q

1 . 7 dl / /
=D (c Tip(g) + Z:cipi> rg'q — pgr (Z K

_C . /1 Ci /o dl /1
= —pTip(g)rg'q + Z JPpirgd - Z —P9rPid

/

Vi

= pgq +Z —ppirg'q —nggm

Thus we can rewrite (2.2) by replacing the two terms apgq
and a'p’g'q" with the one term (a’ 4 a§)p'g'q’, plus a K-linear
combination of elements of the form pplrg' q' or pgrp.q’. This
decreases the number of occurrences of p* in (2.3), because
Tip(ppirg'q’) and Tip(pgrp.q’) are strictly smaller than p*
with respect to the admissible order <. But this contradicts
our assumption about p*.

3. I(p') < I(p): Same as case 2.

[]

3If @” = 0, then it might be the case that p* no longer appears in (2.3). But this again
leads to a contradiction of the minimality of p*.

32



Note that when proving the implication (i) = (ii) in Theorem 2.41, we did
not need to use the assumption that G is tip reduced and uniform. Moreover,
our proof for this implication did not actually rely on the definition of the
overlap relation, but would have worked for any element of (G). In other
words, if G is an arbitrary Grébner basis and y is an element of (G), then
y =a 0.

The following examples show how the implication (ii) = (i) in Theo-
rem 2.41 may fail without the assumption that the set G is tip reduced and
uniform.

Example 2.42. Let () denote the following quiver.
Q: v — vy
We give () an admissible order by declaring
v < vy < Q.

Let G = { @+ v, }. Then G is tip reduced, but not uniform. There are no
overlaps between elements of GG, so the assumption that all overlap relations
have remainder zero is vacuously true. But G is not a Grobner basis, because

v = Ul(Oé + 'U1> € <G> s
but v; is not divisible by a. |

Example 2.43. Let @ be the following quiver.

B Y
QZ (U a)’UQ > U3 > V4

\_/

)

We give () the left length-lex order with
M<m<vg<y<a<f<y<o.

Let G = {yBa+ 9,5 }. The set G is uniform, but not tip reduced. There
are no overlaps between elements of G. However, GG is not a Grobner basis,
because

6 = (YPa+0) —yPa € (G),
but ¢ is not divisible by B« or 5. |
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2.4.3 Computation and existence of finite Grobner bases

We will now see how we can compute Grobner bases. This is done by using
a variant of Buchberger’s algorithm. The original version of Buchberger’s
algorithm, which was introduced by Bruno Buchberger in his PhD thesis,
computes Grobner bases in commutative polynomial rings. Algorithm 2.3
is an adaptation of this algorithm to the non-commutative setting of path
algebras. Recall that if S is a finite subset of A, then TIPREDUCE(S) denotes
the tip reduced set that is obtained by applying Algorithm 2.2 to S. Also,
for an element y € A, we denote by REMAINDER(y, S) the remainder of y
under division by S produced by Algorithm 2.1.

Algorithm 2.3: Buchberger’s algorithm for path algebras

Input: A finite, tip reduced, uniform subset { fi,...,f, } CTA
Output: A finite Grobner basis G for the ideal (fy, ..., f,), if one

exists

1 Gos—{fi,.. i fu b

2 [+ 0;

3 do

4 MODIFIED < False;

5 X + 0;

6 for g,h € G, do

7 for all paths p,q such that g and h have a (p, q)-overlap do
8 r < REMAINDER(0(g, h,p, q), G));
9 if » # 0 then

10 X+ XU{r}k

11 MODIFIED < True;
12 end

13 end
14 end
15 if MODIFIED = True then

16 Gi41 < TIPREDUCE(G, U X);
17 [+ 1+1
18 end
19 while MODIFIED = True;
20 G+ G;

21 return G;

The algorithm above is based on an algorithm presented in [Gre99|. How-
ever, there are two details in Algorithm 2.3 which were omitted in [Gre99|,
possibly by accident. Firstly, the algorithm in [Gre99| does not assume that
the input set { fi,..., f, } is tip reduced. Secondly, it does not perform the
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tip reduction step on line 16 of Algorithm 2.3, and instead does the equiva-
lent of letting Gy.1 = G; U X. Before proving the correctness of Algorithm
2.3, we explain why these two details are necessary.

If the input set { fi,..., f, } were uniform but not tip reduced, and if
there were no overlaps between its elements, then Algorithm 2.3 would ter-
minate immediately, and would return the set { fi,..., f, }. However, Ex-
ample 2.44 shows that this set would not necessarily be a Grébner basis. It
is therefore necessary to make sure that the input to the algorithm is tip
reduced.

The following example shows that the tip reduction step on line 16 is
necessary.

Example 2.44. Let () denote the following quiver.

B2
[e5] a2 m s
Q: vy > Vg > U3 > Uy > Us > Vg
B1

We give () the left length-lex order with
M <V <3< <v5<vs<a <ay<az<ay<as<pf <.
We consider the following set of relations in KQ:
Gy = { g0y — Ba, azoy — B, asPacnn }

The set Gy is tip reduced and uniform. Let us see what happens if we apply
Algorithm 2.3 to Gy, but omit the tip reduction step on line 16. The only
overlap relation between elements of Gy is

o(a4a3 — Pa, sy — B, (g, 044) = (044043 - 52)042 - 064(043042 - 51)
= —faay + auf.

Neither Sy nor ayf is divisible by any element of Tip(Gy), so the overlap
relation is its own remainder under division by Gg,. We therefore add the
overlap relation to our set of relations, and since we do not perform a tip
reduction step, we obtain the set

G = { Qa3 — fa, azag — P, asBaanan, — oy + sy } .

Note that Tip(—pfsag + a4f1) = Pean, which divides asfyasc;. Hence G is
not tip reduced.
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The only overlap between elements of G is the (aw, ay)-overlap between
aga3 — Po and azas — (1. Since the corresponding overlap relation is an
element of GGy, we have

o(auas — Ba, g — B, e, ) =¢, 0.

Therefore we do not add any more elements to the generating set G;, and
the algorithm terminates. However, G; is not a Grobner basis, because

asoyfBion = asfrasan + as(—PFaan + aufr)oy € (Gy) ,
but asayBiaq is not divisible by any element of
TiP<G1) = { g0z, 0i30ia, Qs Ba0rpry, oy } .

This shows that Algorithm 2.3 could produce an incorrect result if we were
to omit the tip reduction step. |

Let us now prove that Algorithm 2.3 does what it is supposed to. We will
need a few technical lemmas.

Lemma 2.45. Let { f1,..., fu } € A be a tip reduced uniform subset. Then
at any time during the execution of Algorithm 2.3, the set Gy is a tip reduced
uniform generating set for the ideal I = (fy,..., fn).

Proof.

The set (G} is clearly tip reduced. Moreover, if g, h € G; are elements that
have a (p, ¢)-overlap such that o(g, h,p, q) =¢, r for some r € A, then r is an
element of (G}). It follows that the set G;UX in Algorithm 2.3 generates the
same ideal as GG, and hence so does ;1 1, by Proposition 2.37. By induction,
we see that for every [, the set GG is a generating set for [.

It remains to be shown that G, is a uniform set for all [. This is clearly
true when [ = 0. So suppose that [ > 1, and that G, is uniform. The tip
reduction algorithm preserves uniform sets by Proposition 2.37, so in order
to show that G, is uniform, it suffices to show that if g,h € G; have a
(p, q)-overlap, then the element r computed on line 8 is uniform. Recall that
the overlap relation is given by

__gp _ gh
CTip(g)  CTip(h)

0(g,h,p, q)

Since g and h are both uniform, and because Tip(g)p = ¢ Tip(h), it follows
that the overlap relation is also uniform. Hence r is also uniform, because
the algorithm REMAINDER (Algorithm 2.1) produces a uniform remainder
whenever the input element is uniform. ]

36



The following lemma will allow us to express an element of GG,y in terms
of elements of G;UX, where GG, G;,1, and X are the sets defined in Algorithm
2.3. This will be useful in the proof of Lemma 2.47.

Lemma 2.46. Let G be a finite uniform subset of A, and let H be the tip
reduced generating set for (G) that is obtained when applying the tip reduction
algorithm (Algorithm 2.2) to G. Let g # 0 be an element of G. Then there
exist elements y; € H (not necessarily distinct), scalars c; € K, and paths
uj and v in Q such that the following conditions hold.

(i) g =35, ciuy;v;.
(1) Tip(u;y;v;) < Tip(g).
(iii) There is only one index j such that Tip(u;y,;v;) = Tip(g).

Proof.

Recall that Algorithm 2.2 produces a finite sequence Hy, H1, Hs, ... of
generating sets for the ideal (G), and that the last set in this sequence is the
tip reduced set H.

In order to prove the lemma, we will prove that for each value of the
index £ in the algorithm, there exist elements y; € H, scalars ¢;, and paths
u; and v; such that

t
9= § :Cjujijja
j=1

and such that conditions (ii) and (iii) are also satisfied. We first consider
the case k = 0. Since ¢ is uniform, there exist vertices u and v such that
g = ugv. Hence we see that our claim is true for £ = 0, since ¢ is an element
of HO =G.

Now let £ > 1, and assume inductively that the claim above is true for
all smaller values of k. Then there exist elements y; € Hy_, scalars c¢;, and
paths u; and v; such that g = Z;Zl c;u;y;0;, and such that conditions (ii)
and (iii) are satisfied. If each of the elements y; € Hy_; is also an element
of Hy, then we are done. So assume that y; ¢ Hj, for some j. Since the set
H), was obtained by replacing one element of H;_1, there exists exactly one
element h € Hy_; such that h ¢ Hy. Recall from Algorithm 2.2 that there
must exist some element b’ € Hy_1\ { h } and paths p and ¢ in @ such that
Tip(h) = pTip(h')q, and such that if h is the element

P_p CTip(h)

I S h/
CTip(r)"
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then h € Hj,. Without loss of generality, we may assume that there exists
some index ¢ such that

ylzygz...:yi:h,

and such that y; # h for j > ¢. Then we may write g in the following way:

t
9= Z Cju;jY;vj
= Z cjujhvj + Z CiU;Y;;

J=i+1
- CTip(h) ’
— Z CjUj (h + th’q Uj + Z Cjijj’Uj
]—l Jj=i+1
t
= Z c]ujhvj + Z (u;p)h'(qu;) + Z CjUu;Y;v;,
J=i+1
CTip(h)

where ¢ = ¢; G- Since h, I, and y; are elements of Hy (for j > i), we
see that this new expression for g has the desired form.

In order to complete the proof, we must show that conditions (ii) and
(iii) are satisfied. For i +1 < j <t, we know that

Tip(u;y;v;) < Tip(g),
by the inductive assumption. Moreover, for 1 < j < i, we have
Tip(u;ph'qu;) = u; Tip(ph'q)v; = u; Tip(h)v; < Tip(g)

and
Tip(u;hv;) = u; Tip(h)v; < u; Tip(h)v; < Tip(g).

This shows that condition (ii) is satisfied. Moreover, because
Tip(u;hv;) < Tip(g)

and
Tip(u;ph’qu;) = Tip(u;hv;),

we have not increased the number of terms whose tip is equal to Tip(g).
Hence there is still only one such term, by the inductive assumption. This
shows that condition (iii) is satisfied. O
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The following lemma is the key to proving that Algorithm 2.3 terminates
if a finite Grobner basis exists. The statement of the lemma is based on a
brief comment preceding [Gre99, Proposition 2.8|, where it was stated that
the lemma could be proven by modifying the proof of Theorem 2.41. For the
sake of completeness, I have developed a complete proof. However, this proof
turned out to be quite long and technical, so we delay it to an appendix.

Lemma 2.47. Let { f1,...,fn } € A be a tip reduced uniform subset, and
let I =(f1,...,fn). Let x be an element of the reduced Grobner basis of I.

Then during the execution of Algorithm 2.3, there exists some | such that
Tip(x) € Tip(G)).

Proof. See Appendix A. O

We can now prove that Algorithm 2.3 is correct, and in particular that it
terminates if a finite Grobner basis exists.

Theorem 2.48. Let { f1,...,fn } C A be a finite, tip reduced, uniform sub-
set, and let I = (f1,..., fn) € A. Suppose I has a finite Grébner basis. Then
Algorithm 2.3 terminates, and produces a finite Grébner basis for I.

Proof. Let H be the reduced Grébner basis of I. Since we are assuming that
I has a finite Grobner basis, H is finite by Corollary 2.31. Hence we may
write

H:{xl,...,xm}.

For 1 <i < m, Lemma 2.47 tells us that there must exist some [; such that
Tip(z;) € Tip(Gy,). It may be shown (Tip(G;)) € (Tip(Giy1)) for all [, so
we see that if we let L = max{ly,...,l, }, then Tip(H) C (Tip(GL)) . But
then G, is a Grobner basis for I, so whenever elements g, h € G have a
(p, q)-overlap, we know that o(g, h, p, q¢) =¢, 0, and this remainder is unique
by Proposition 2.23. Hence the do-while loop in the algorithm terminates,
and the algorithm outputs the finite Grobner basis G. [

Algorithm 2.3 computes a finite Grobner basis for an ideal, if one exists.
In the setting of commutative polynomial rings over a field, it can be shown
that all ideals have a finite Grobner basis. However, this is not true for ideals
in path algebras, as the following example shows.

Example 2.49. Let A = K (z,y) be the free algebra on two generators,
which we may interpret as the path algebra of a quiver with one vertex and
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two loops. We give the monomials in A some arbitrary admissible order.
Consider the set

G = { zx, vy, xyyx, ryyyx, ... }.
It can be seen that G is the reduced Grobner basis for the ideal (G). But the

reduced Grobner basis has minimal cardinality among all Grébner bases, so
this means that all Grobner bases for (G) are infinite. |

In Example 2.49, the ideal (G) was given by an infinite generating set,
so it is perhaps not so surprising that it did not have a finite Grobner basis.
However, the following example shows that even a finitely generated ideal
might only have an infinite Grobner basis.

Example 2.50 (J[Arnl0]). Let A = K (z,y) be the free algebra on two gen-
erators, and give the monomials in A an arbitrary admissible order where
x > y. Let I be the ideal in A generated by zx — xy. Hence by construction,
I is a finitely generated ideal. We claim that the set

G = { vx — xy, vyxr — TYY, TYYT — TYYY, - . }

is the reduced Grobner basis for /.
We first show that G is the reduced Grobner basis for some ideal. Let

G = 2y 'z — zy".

Note that G is precisely the set of elements of the form g, for n > 1. Also
observe that the tip of g, is zy" 'z, because x > y. It follows that the only
overlap relations between elements of G are those of the form

0(gi7 gj, yj_1$7 xyi_l)
for i, > 1. Then a straightforward computation shows that
0(9i, 95,y "', 2y' ) = 997 — Ginjs (2.6)

and moreover, the tips of g;y/ and g;;; are both less than or equal to the tip
of the overlap relation. This shows that

0(gi, g5,y w2y’ ") =¢ 0.

Then it follows from Theorem 2.41 that G is a Grdbner basis for (G). Ad-
ditionally, since Tip(g;) = xy*~ 'z, which does not divide zy’~'z or xy’ for
J # i, we see that G is a reduced Grobner basis.
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Next we show that I = (G). Note that I C (G), because G contains the
generator xx — xy. To show that (G) C I, it suffices show that g, € I for
all integers n > 1. We proceed by induction on n. The base case n = 1 is
satisfied since g = xx — zy, so assume that n > 1 is some fixed integer such
that g, € I. By using (2.6) with i = n and j = 1, we see that

Int+1 = GnlY — U(Qnaghx?zynil)a

which is an element of I because ¢g; € I and g,, € I. This shows that I = (G).
We see that G is the reduced Grobner basis of the ideal I, and conse-
quently all Grobner bases of I are infinite. |

The fact that finite Grobner bases are not guaranteed to exist even for
finitely generated ideals is rather unfortunate. Thankfully, it turns out that
a finite Grobner basis for an ideal I always exists if A/I is finite-dimensional,
as the following result shows.

Theorem 2.51. Let [ C A be an ideal such that the quotient algebra A/I is
finite-dimensional. Then I has a finite Grobner basis.

Proof. By the construction of the reduced Grébner basis given in the proof
of Proposition 2.28, it suffices to show that the ideal (Tip(/)) is generated
by a finite set of paths. Consider the set

X =(QoU{ap|ae@,peNonTip(I) }) N Tip(J),

where )y and ()1 denote the set of vertices in () and the set of arrows in (),
respectively. We are assuming that A/I is finite-dimensional, so NonTip(7)
is a finite set by Proposition 2.13. Since @)y and @); are also finite, we see
that the set X C Tip([/) is a finite set of paths.

We claim that X generates (Tip([)) . Let t be an element of the minimal
monomial generating set of (Tip([)). If ¢ is a vertex, then t € Qo N Tip(I),
and hence t € X. If t is not a vertex, then there exists an arrow a and a
(possibly trivial) path p such that ¢ = ap. Since t is a minimal monomial
generator of (Tip([)), the path p cannot be an element of Tip(/). In other
words, we see that p € NonTip(/), and hence t € X. This shows that X
generates (Tip(I)). O
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Chapter 3

Tensor products of algebras

In this chapter, we study tensor products of algebras. One reason why one
might be interested in this topic is bimodules. If M is a A-I’-bimodule over
K-algebras A and I, then M can be turned into a left module over A @7 I'P
in a natural way. If in addition M is K-symmetric (that is, if the left K-
module structure that M inherits from A coincides with the right K-module
structure inherited from I'), then M is also a A ® x ['°P-module. Thus we can
understand bimodules by studying left modules over tensor products. We
will not pursue this approach to bimodules in further detail in this thesis,
and mention it only as one possible source of motivation.

In Section 3.1, we briefly explain how the tensor product of algebras is it-
self an algebra. Then in Section 3.2, we show how tensor products of algebras
can be constructed using quivers. We prove a theorem (Theorem 3.13) that
shows how the tensor product A ®x I' can be realized as a quotient of a path
algebra when A and I' are themselves quotients of path algebras. We then
generalize this to a new result (Theorem 3.18) that allows us to compute the
tensor product A ®yx ', where X is another algebra. In Section 3.3, we apply
Grobner basis theory to the computation of tensor products. We prove a
result (Theorem 3.26) that shows how we can explicitly describe a Grébner
basis for the ideal by which A ® I is a quotient. Unfortunately, we find that
this result does not extend in a nice way to the tensor product A ®x, T

3.1 The ring structure of the tensor product

We begin this chapter by studying how the tensor product of algebras (or
of rings in general) may be given a ring structure. Let us first recall the
definition of the tensor product of modules over a ring.
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Definition 3.1. Let R be a ring (not necessarily commutative), let M be a
right R-module, and let N be a left R-module. Let A be an abelian group.
Then a map ¢: M x N — A is called R-balanced if the following conditions
hold.

(i) ¢ is Z-bilinear, i.e.
¢(mv n+ n,) = ¢(mv n) + ¢(m7 n/)

and
¢(m+m',n) = ¢(m,n) + ¢(m’, n)

for all m,m’ € M and n,n’ € N.
(ii) ¢(mr,n) = ¢(m,rn) forallm e M, n € N, and r € R.
[ |

Definition 3.2. Let R be a ring, let M be a right R-module, and let N be
a left R-module. Then a tensor product of M and N over R is an abelian
group M ®r N along with an R-balanced map ¢: M x N — M ®gz N, such
that for every abelian group A and every R-balanced map ¢: M x N — A,
there exists a unique group homomorphism f: M ®z N — A making the
following diagram commute:

MxN—% MosN

317
(

N2
A
|

It can be shown that a tensor product M ®z N always exists, and it is
unique up to isomorphism. Hence we may speak of the tensor product of M
and N. Given ¢ as in the definition above and for module elements m € M
and n € N, we typically denote the element ¢(m,n) by m®n. Such elements
are often called elementary tensors. Not all elements of M ®r N have this
form, but every element can be written as a finite sum of elementary tensors.

In general, the tensor product M ®r N is only an abelian group. However,
if N is an R-bimodule, then we may turn the tensor product into a right R-
module by defining

(m®n)r=m® (nr)

for elementary tensors m ® n and ring elements » € R. This ring action on
elementary tensors can be shown to be well defined by using the universal
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property of the tensor product, and it extends uniquely to a module structure
on M ®gr N. Similarly, if M is an R-bimodule, then the tensor product can
be given a left R-module structure.

In this thesis, we will primarily be interested in tensor products of rings,
and in particular of K-algebras. Let A, B, and C' be rings, and assume that
A and B are C-bimodules, so that we may form the tensor product A ®¢ B.
We wish to turn the tensor product into a ring by defining

(a®@b)(a’ @) = (ad) @ (b))

for elementary tensors a ® b and o’ ® b’. The following lemma shows that we
can do this, as long as we impose an additional condition on the C-module
structures of A and B; we essentially need to assume that A and B are C-
algebras, although we should probably not use the term “algebras”, since C'
is not necessarily commutative.

Lemma 3.3. Let A, B, and C be rings, and let f: C — A and g: C — B be
ring homomorphisms such that Im(f) C Z(A) and Im(g) C Z(B). View A
and B as C-bimodules via the homomorphisms [ and g, respectively. Then
the tensor product A ®c B is a ring, with multiplication given by

i J 0]

for a;,a; € A and b;,b; € B. Moreover, if A, B, and C are algebras over
a commutative ring R, and if f and g are R-linear, then A ®¢ B is an

R-algebra.

Proof. 1t is straightforward to verify that the ring axioms hold, so we omit
this step. However, we need to check that multiplication is well defined. Fix
elements aq,...,a, € A and by,...,b, € B. Consider the map

Y: Ax B— A®c B
(a,b) — Zam@bib.

The map v is clearly Z-bilinear. To see that ¢ is C-balanced, we must show
that ¢(ac,b) = ¢ (a,cb) for all a € A, b € B, and ¢ € C. Note that, since
the C'-module structures of A and B are given by ring homomorphisms, we
have a;(ac) = (a;a)c and ¢(b;b) = (cb;)b. Moreover, because the image of g is
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contained in the centre of B, we have ¢(b;b) = b;(cb). Hence we see that
(ac,b) = Z a;(ac) ® b;b
= i(aia)c ® b;b
= i a;a ® c(b;b)
= i a;a ® b;(cb)
= wz(a, cb).

Thus v is C-balanced, so by the universal property of the tensor product,
there exists a unique group homomorphism h: A ®c B — A ®c B such
that h(a ® b) = 1(a,b) for all elementary tensors a ® b. Now suppose that
aj,ay € A and U}, by € B are elements such that >, a; ® b = >, ay ® by.
Then we have

Z a;a; @ bl = h <Z a; ® b;)
ij j
—h <Z ay @ b;;>
k

E " /!
i,k

This shows that the multiplication in A ®¢ B is well defined with respect to
the second operand. Similarly, it can be shown that multiplication is well
defined with respect to the first operand.

Finally, suppose that A, B, and C' are algebras over a commutative ring R,
and suppose that f and g are algebra homomorphisms. Let ¢: R - A®¢c B
be the function given by

¢(r) = f(r-1lc) ® 1p,
or equivalently by
¢(r) =1a®@g(r-1lc),

for r € R. Then ¢ can be seen to be a ring homomorphism, and Im(¢)
is contained in Z(A ®¢ B) because Im(f) C Z(A). Hence A ®¢ B is an
R-algebra. O]
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Remark 3.4. When proving that A®¢ B is an R-algebra, we did not actually
need to use the assumption that the maps f and g are R-linear. However,
this assumption ensures that the R-module structure of A®c B is compatible
with the R-module structures of A and B, in the sense that

rla®b) = (ra) ®b=a® (rb).
This would not necessarily be true if the maps were not R-linear. |

If we do not assume that the images of f and ¢ are contained in the
centres of A and B, respectively, then the multiplication in Lemma 3.3 will
typically not be well defined. We illustrate this with an example.

Example 3.5 (Inspired by [Wof21]). Consider the following two quivers.
Q: v ——— vy

R: un Uy

We may view KR as a subring of K(). However, KR is not contained in
the centre of K(), because via = 0 while av; = a. We consider the tensor
product KQ ®xr KR, which we may identify with K () via the identification
r®1 =z for x € KQ. For the sake of contradiction, assume that the
multiplication in Lemma 3.3 is well defined. Then we have

a=a®l
=av ®1
=a® U
=(lou)(a®l)
= (n®l)(a®1)
=vna®l
:(),

which is a contradiction.
[ |

3.2 Constructing the tensor product of path al-
gebras

We will now see how we can construct the tensor product of (quotients of)
path algebras. Throughout this chapter, let (@, p) and (R, o) be quivers with
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relations (not necessarily admissible, or even finite), and let A = KQ/ (p)
and I' = KR/ (o). We will first consider how we can construct the tensor
product of A and I" over the field K, before generalizing to tensor products
over an algebra.

3.2.1 Tensor products over a field

We want to realize A ®x I' as a quotient of a path algebra K P for some
quiver P. The first thing we need to do is to find out what this quiver P
should look like. Note that an arbitrary element of A ®x I' can be written as
a K-linear combination of elements of the form [p] ® [¢] for paths p in @) and
q in R. The element [p] ® [¢] can in turn be written as a product of elements
that have the form [v] ® [w], [v] @[], or [a] & [w] for vertices v, w and arrows
a, 8. This is similar to the fact that in a path algebra, every element can
be written as a linear combination of products of vertices and arrows. This
motivates our definition of product quivers.

Definition 3.6 (|Les94|). The product quiver of () and R is the quiver
@ X R, with vertex set

(@ x R)o = Qo x Ry,
and arrow set

(@ x R)1 = (Q1 x Ry) U(Qo x Ry).

A pair (o, w) € Q1 X Ry is regarded as an arrow from (s(«a), w) to (t(a), w),
and similarly for (v, 8) € Qo x R;. |

Note that although Definition 3.6 cites [Les94| (as that is the oldest source
for the concept of product quivers that I am personally aware of), the nota-
tion and terminology in said source is somewhat different from the one used

in our definition. A source with similar notation and terminology to that
used in this thesis can be found in [Her08§].

Notation. Instead of using pair notation as in Definition 3.6, we use the
following notation: if v € Qy,w € Ry are vertices and o € Q1,5 € R; are
arrows, we denote the vertex (v,w) by v x w, and similarly we denote the
arrows (o, w) and (v, ) by @ X w and v x 3, respectively.

Given a sequence of composable arrows aq, s, ..., q, in @, let p be the
path ajas ... a,. Then for any vertex w in R, we define

pxXw= (a3 Xxw)(ag Xw)...(a, Xw).
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More generally, if
T = Z a;p; € KQ

is an arbitrary K-linear combination of paths from @), and if w is any vertex
in R, we define

xxw:Zai(pi xw) € K(Q x R).
If vis a vertex in (Q and y € KR is an arbitrary element, we define v X y in
an analogous manner.
Note that we do not define x x y for arbitrary elements x € K@ and
y € KR, since this is ambiguous. For example, if o and § are arrows in )
and R, respectively, then it is not clear if o x 8 should denote the path

(@ x t(8)) (s(c) x B),

or if it should instead denote the path

(t(a) x B) (a x s(3)).

We illustrate the notion of product quivers with an example.

Example 3.7. Let ) and R denote the following quivers.

a1
Q: v —— vy jaz

B1 B2
R: w > Wy > Ws

Then the product quiver @) X R is the following quiver:

v1 X1 v1 X B2
V1 XWp — V1 X Wy — V1 X W3

Q X R: Oé1><w1l loalxwg loqxwg
Vg X W ——> Uy X Wy ——— Vo X W
GG
a2 Xwi a2 Xwsg aXws

An example of a path in () x R is

(UQ X 62&1)(0[%0[1 X U)l) = (UQ X BQ)(UQ X 61)(0&2 X w1)2(a1 X wl).
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We can cross a vertex in () with an arbitrary element of K R, and vice versa.
For example, we have

Uy X (302 — 56251) = 3(va X Ba) — 5(va X Ba)(va X Br).
[ |

Remark 3.8. If p and p’ are composable paths in Q and w € Ry is a vertex,
then it follows immediately from the definition of (pp’) x w that

(pp') x w = (p x w)(p' x w).
In fact, it is also true (and easy to verify) that
(x2") x w = (z x w)(z' x w)
for arbitrary elements x, 2’ € K(). Similarly,
vx (yy') = (vxy)(vxy)
for all vertices v € Qg and elements y,vy" € KR. |

We wish to express the tensor product A ®x I' as a quotient of the path
algebra K (Q x R), where [a] ® [w] should be the image of & x w for an arrow
« and a vertex w, and similarly for [v] ® [5]. Note that in A ® I', we have

o] ® [8] = ([e] ® [t(8)]) ([s()] @ [8]) = ([t(e)] @ [B]) ([e] ® [s(B)])-

We therefore need to impose relations on K (Q x R) that represent the above
equality. This leads us to the following definition.

Definition 3.9 ([Les94]). Let « and 8 be arrows in () and R, respectively.
The commutativity relation of a and 5 is the element

Com(a, B) = (a x t(83)) (s(e) x 8) — (t(e) x B) (v x s())
in K(Q x R). We let Com(Q, R) denote the set
Com(Q, R) = { Com(a, 8) |« € Q1,8 € Ry }

of all commutativity relations in K(Q x R). |
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Note that although the concept of commutativity relations is taken from
[Les94|, the term “commutativity relation” itself is from [Skall].
In the tensor product A ®x I', we don’t just have the equality

([o] ® [t(8)]) ([s(e)] ® [B]) = ([t()] @ [B]) ([o] ® [s(B)])

for arrows o and [, we also have

(Ip] @ [t(@)]) ([s(p)] @ [q]) = ([t(»)] © [a]) ([p] © [s(q)])

for arbitrary paths p and ¢. The following lemma shows that this behavior
is already captured by our definition of commutativity relations.

Lemma 3.10. Let p and q be paths in () and R, respectively. Then

(px t(q))(s(p) x q) = (t(p) x q) (p x 5(q)) (mod (Com(Q, R))).

Proof. 1f either p or ¢ is a vertex, then the two sides of the congruence are
actually equal, and there is nothing to prove. So assume that p and ¢ are
paths of length at least 1.

We proceed by induction on n = max{[(p), [(¢)}. We have just seen that
the base case n = 0 holds, so assume that n > 0, and that the result is true
for all paths of length less than n. Since we are assuming that p and ¢ are
not vertices, there exist arrows o € 1,3 € Ry and paths p’ in @) and ¢ in
R such that p = ap’ and ¢ = f¢’. Then we get

q)(p xs(g)) (mod (Com(Q,R))),
where the marked congruences are true for the following reasons:

x If n =1, then p’ is a vertex and the congruence is actually an equality.
Otherwise, 8 and p’ both have length strictly less than n, and then the
congruence follows from the inductive assumption.
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T The congruence

(e x t(8)) (t(p) x B) = (ta) x B) (a x 5(B))

follows from the definition of Com(Q, R) and the fact that t(p’) = s(«).
The congruence

(v x 5(8)) (s(v') x ¢) = (4()) x ¢') (¢ x 5(d))
follows the inductive assumption along with the fact that s(5) = t(¢).

I Similar to *, using the fact that s(5) = t(¢’) and t(p') = s(«).

Since A = KQ/ (p), we have
[z] @ [p] =0 (3.1)
in A ®g I for all relations = € p and elements p € K R. Similarly, we have
A @[yl =0 (3.2)

for all A € K@ and y € 0. We need to introduce relations in K (Q x R) that
represent these equalities. Note that

[ @ = ([]e1) (1o u) = (Z 2] @ [w]> (@ [ul),

so in order to represent (3.1), we only need relations for the case where p
is a vertex in R. Similarly, to represent the equality (3.2), we only need to
consider the case where A is a vertex in (). This leads us to our definition of
inclusion sets. This concept is taken from [Les94|, but the terminology and
notation are from [Skall].

Definition 3.11 ([Les94]). Let X C K@ be an arbitrary subset. Then the
inclusion set of X in K(Q x R) is the set

Incy(X)={azxw|zxe X, weRy}.
Similarly, for a subset Y C KR, we define

Inca(Y)={vxylyeY,veQ}.
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The following simple result is often convenient.

Lemma 3.12. Let w be a vertex in R, and let z,2' € KQ be elements such
that

r=a2" (mod (p)).

Then
rxw=1z"xw (mod (Inci(p))).

Similarly, if v is a vertez in Q and y,y € KR are elements such that
y=y (mod (o)),

then
vxy=vxy (mod (Incy(o))).

Proof. We only prove the first statement; the second statement follows from
a similar argument.

By assumption, x — 2’ is an element of (p). Hence there exist elements
z; € pand A\, p1; € KQ such that x — 2’ = ). \izip;. Then

rXw—1 xw= Z (Nizips X w) = Z(/\Z X w)(z; X w)(p; X w),

which is an element of the ideal (Inc;(p)) because z; x w € Incy(p). O

We can now state and prove the following theorem, which shows how we
can realize the tensor product A ®x I' as a quotient of K(Q x R). Because
the tensor product is taken over the field K, we use the notation /i for the
ideal such that K(Q x R)/Ix = A ®g I

Theorem 3.13 (|Les94, Lemma 1.3|). Let Ik be the ideal
Ik = (Com(Q, R),Incy(p), Inca(0))
in K(Q x R). Then the tensor product of A and T over K is
Aok T2 K(Q x R)/Ix.

Proof.
Let ¢: K(Q x R) - A ®g I' be the unique K-linear map that satisfies
the following criteria:

e o(v x w) = [v] ® [w] for all vertices v in @ and w in R.

e o(a x w) = [a] ® [w] for any arrow « in () and any vertex w in R.
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e ¢(v x ) =[v] ®[f] for any vertex v in @ and any arrow ( in R.

o If v1,...,7, is a sequence of composable arrows in the product quiver

@ X R, then
d(v1-- M) = O() - A(Vn).

It can be seen that ¢ is a homomorphism of K-algebras. Moreover, ¢ is
surjective, because its image contains all elements of the form [v] ® [w],
[a] ® [w], or [v] ® [B], and the set of such elements generates A @ I' as
an algebra.

We claim that I C Ker¢. Let a: v — v and 8: w — w’ be arrows
in @ and R, respectively. Then the commutativity relation of a and § is
contained in the kernel:

P((a xw')(vx B) — (V' x B)(axw))

= ([o] @ [w([v] ® [8]) = ([v'] @ [B])([o] ® [w])

= [aw] ® [w'B] — [v'e] ® [Buw]

= [a] @ [A] — [a] @ [A]

=0.
This shows that Com(Q, R) C Ker¢. The fact that Inc;(p) and Incy(o)
are contained in the kernel is an immediate consequence of the fact that

A=KQ/{p) and I'= KR/ (o). Hence Ix C Ker ¢.
Since Ix C Ker ¢, the map ¢ induces an algebra homomorphism

¢ K(QxR)/Ix — Ak T,

and this homomorphism is surjective. To complete the proof, we will show
that ¢ is an isomorphism by constructing an inverse map.

We will find an inverse of ¢ by using the universal property of the tensor
product. We therefore need to find a K-bilinear map from A x I" to K(Q X
R)/Ix. We first consider the map

b KQ x KR — K(Q x R)
(Z aipi, y ijj) = abi(ps % 4g;))(s(p:) X q5),
i=1 j=1 i,

where a;,b; € K are scalars, and p;, ¢; are paths in ) and R, respectively.
The map 1 is clearly K-bilinear. Moreover, suppose that x is an element of
the ideal (p). Then we can write

/
T = E ;P TiP;
i
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for some scalars a;, paths p; and p, in @), and elements z; € p. For each i,
write
v =Y bipl,
J

where b;; is a scalar and pf; is a path. Then for any path ¢ in R, we have

U(x,q) =9 (Z a;bi;pip;pi, q)
= Z a;byg (pipiip; < Hq)) (s(p}) x q)

- Zaz pi X t (Z blﬂpzj X t ) (p; X t(q)) (5(]);) X Q)
= Zai pi X t(q)) (z: x t(q)) (1} x t(q)) (s(p}) x q).

Since z; x t(q) € Incy(p), we see that ¢ (x,q) € (Inci(p)) C Ik. Since ¥ is
K-bilinear, it follows that ¢ maps (p) x KR into Ix. A similar argument
shows that ¢ also maps KQ X (o) into .

The argument above shows that 1 induces a (well defined) K-bilinear
map:

U: (KQ/(p)) x (KR/(0)) = K(Q x R)/Ix
(x4 (p),y+ (o) = ¥(z,y) + Ik.

Now the universal property of the tensor product tells us that there is a
(unique) K-linear map

h: A@KF%K(QXR)/IK

such that h(z ® y) = ¥ (x,y) for all z € A,y € I'. We will see that & is the
inverse of ¢.

We claim that h is a homomorphism of K-algebras. To prove this claim,
it suffices to show that h is multiplicative on elementary tensors of the form
[p] @ [q], where p and ¢ are paths. So let p and p’ be paths in @, and let ¢
and ¢’ be paths in R. Without loss of generality, assume that s(p) = t(p’)
and s(¢) = t(¢’). Then

h((lpl @ [d)(P] @ [¢]) = h(lpr'] © lag])

=¥ ([pp'], [aq])
= (pp’ x t(q)) (s(p) % q¢') + Ik.
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On the other hand, we have

= (p > (@) (s(p) x ) (¢ x () (s(¢) x &) + I
= (p x (@) (t) x a) (" x 5(0)) (s(P') x ¢') + I
= (px @) (' x 4@)) (s(') x ¢) (') x ') + I

where the marked equality follows from Lemma 3.10. This shows that

h(([p] @ la)([PT®[d]) = h(lpl @ [q]) h([P'] © [4']),

as desired.
We can now show that h is the inverse of ¢. We claim that

ho(z+ 1) = 2 + I (3.3)

for all z € K(Q x R). To see that this is true, consider a vertex v X w in
@ X R. Then we have
ho(vx w+ Ix) = h([v] ® [w])
=(v,w) + Ix
= (v x t(w)) (s(v) x w) + Ix
= xw)(vxw)+ Ig
=vXw+ Ig.

Moreover, for an arrow of the form o x w in ) x R, we have
ho((a x w) + Ix) = h([a] @ [w])
= (o x t(w)) (s(a) x w) + I
= (o x w) (s(a) x w) + I
=a Xw—+ [K-
Similarly, we have that
ha(UXﬁ—l—[K) :UXﬁ—l—IK

for an arrow v x 5. This shows that (3.3) holds as long as z is either a vertex
or an arrow. Because ho ¢ is a homomorphism of K-algebras, it follows that
(3.3) holds for all z € K(Q x R), since an arbitrary element z is a K-linear
combination of products of arrows and vertices. Hence h o ¢ is equal to the
identity on K(Q x R)/Ix, so h is a left inverse of ¢. Since ¢ is surjective, it
follows that A is also the right inverse of ¢, and hence h and ¢ are mutually
inverse isomorphisms. L]
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Let us look at an example computation of tensor products using Theo-
rem 3.13.

Example 3.14. Suppose ) and R are the following quivers.

Q: alC v Daz
R: w L Wo

Let p = {a},a3} and o0 = (). The product quiver Q x R is the following

quiver.
a1 Xw1 a1 XwW2

OO

vXf
QXRZ VXW — U X Wy

O O

g Xwi a2 XWwa
Let us find the relations in K (@ x R) that give the tensor product of
A=KQ/{p)
and
I'=KR/ (o)

over K. The set of commutativity relations is
Com(Q, R) = {(on x wa)(v x B) — (v x B)(on x wy),
(a2 X wa)(v x B) = (v x F) (2 X wi)}.
The inclusion set of p in K(Q x R) is
Inci(p) = { af x wi, af X wa, 0 X wy, a3 X wy },
and the inclusion set of o is
Incy (o) = 0.
Thus the tensor product of A and I' is
Ao I'= K(@x R)/(X),
where X is the set
X = {(a1 x wa)(v x B) — (v x B)(cr X wr),

(g X wa)(v x B) — (v X f)(ag X wy),
aF X wy, aF X wy, ai X wy, i X wy}.
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3.2.2 Tensor products over an algebra

In Section 3.2.1, we saw how we can construct the tensor product A @ I'.
But what if we want to compute the tensor product of A and I' over some
other algebra 37 For example, it is conceivable that by computing A ®yx I,
we could learn something interesting about the original algebras A and T’
that we can’t easily learn by studying A @ I'.!

We will use the construction of A ®x I' in Theorem 3.13 as a starting
point for our construction of the tensor product over an algebra. Recall that
we have defined the algebras A = KQ/ (p) and I' = KR/ (o). Throughout
the rest of this section, let S be a quiver, and let ¥ = KS. Suppose we are
given algebra homomorphisms

f:X—=A

and
g: 2 —T

such that Im(f) € Z(A) and Im(g) € Z(I'). These homomorphisms allow
us to view A and I' as ¥-bimodules, and by Lemma 3.3, the tensor product
A ®5 T is a K-algebra.?

Observe that in the tensor product over ¥, we must have

rf(s)@y=2®g(s)y (3.4)

forall x € A, y € T', and s € ¥. Hence we need to introduce relations in
K(Q x R) that represent this equality. Note that we have the following:

ef(s)@y=(@oy)(fel) =y Y [If(s)e]ul

vEQo,wERo

rRg(sly=(roy)(1ogls) =(oy) >  []ogs)v]

v€Qo,wERo

In order to represent (3.4), it is therefore enough to add relations for the case
where x and y are cosets of vertices in () and R, respectively. This leads us to
our definition of balancing relations. However, we first need some additional

I This possibility was part of the original motivation for studying tensor products over
an algebra when my advisor suggested the topic to me. In the end, I didn’t have time to
investigate this possibility in depth, but it remains a potential topic for future research.

2We could also consider the case where ¥ = KS/ (1) for a relation set 7. However, if
A and T are KS/ (7)-modules, then they are also K S-modules, and the tensor products
A®ksT and A®gg) (- I are isomorphic. It therefore suffices to consider the case ¥ = K'S.
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setup. For an element s € X, we pick some fixed, arbitrary representative
f(s) € KQ of the equivalence class f(s) € KQ/ (p). This defines a function

f:Y = KQ.

(This function is typically not a homomorphism). Similarly, we define a
function

§: Y — KR.

Definition 3.15. A ¥-balancing relation (with respect to our choice of f
and ¢) is an element in K(Q x R) of the form

vf(s) x w—v x §(s)w,

where s € X is either a vertex or an arrow, and where v and w are vertices
in (Q and R, respectively.

We let Baly(Q, R) denote the set of ¥-balancing relations (with respect
to f and §) in K(Q x R). |

Remark 3.16. If > = K, then there is only one vertex in S, and no arrows.
Hence all balancing relations have the form

vf(lg) X w—v x g(1lg)w.

Since f(1x) = 15 and g(1x) = 1r, it would be natural to choose representa-
tives in such a way that f(1x) = 1xg and §(1x) = 1xp. Then we find that
all balancing relations are zero. |

The following result justifies Definition 3.15’s assumption that s is a ver-
tex or an arrow.

Lemma 3.17. Let v and w be vertices in () and R, respectively, and let
s € 3 be an arbitrary element (not necessarily a vertex or an arrow). Then

vf(s) xw=wvx§(s)w (mod (Balg(Q,R),Inc;(p), Incy(c))).

Proof. We first prove the case where s is a path p in the quiver S. If p is a
vertex, then the statement of the lemma is clearly true, by the definition of
Baly(Q, R). So suppose that p is a nontrivial path, i.e. that p =~ ..., for
some composable arrows 7; in S. Since Im(f) is contained in the centre of
A, we have that

[].f () = W71 () = PI([]f () = ] f () ).
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Consequently, we get that

of () =vf(y)v (mod (p)),
and by a similar argument

9(vi)w = wg(y)w  (mod ().

By repeatedly applying this observation, we get the following congruences:

vf(s)=vf(m)... f(w) =vf(m)v...vf() (mod (p))
gs)w=g(m) .- g(v)w = gmw. .. wj(y,)w (mod (o)) (3.5)

This gives us the following:

Jw) ... (v x G(yn)w)
( M)w .. .wg(’yn)w)
g(s)w (mod (Balg(Q, R),Inci(p),Incy(0))),
where the congruences marked with * follow from (3.5) and Lemma 3.12,
and the congruence marked with { follows from the definition of balancing

relations. This proves the case where s is path.
We now prove the statement for an arbitrary element of . Let

S:Zaipi 627
%

where each p; is a path in the quiver S. Then

vf(s) xw= Zai(vf(pi) X w)

O

We are now ready to prove the following generalization of Theorem 3.13.

Since we are taking the tensor product of A and I' over the algebra ¥, we
denote by Iy the ideal such that K(Q x R)/Ix = A ®x .
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Theorem 3.18. Let I, be the ideal
Is, = (Com(Q, R), Incy(p), Inca(0), Bals (@, R))
in K(Q x R). Then the tensor product of A and T over ¥ is
AosT 2 K(Q x R)/Is.

Proof. Recall that in the proof of Theorem 3.13, we saw that there was a
surjective algebra homomorphism

¢ K(QxR) = A®gT

given by ¢(v x w) = [v] ® [w] for vertices v X w, and similarly for arrows v x
and a X w. Note that the canonical map A x I' -+ A ®x I' is K-bilinear, and
hence there exists a K-linear map

tA®KF—>A®EF

given by t(A ®f 7) = A ®x v for elementary tensors A ® v in A @k I'. Tt is
clear that t is a surjective algebra homomorphism, and hence the composition

K(QxR) -5 A@xT -5 A@sT

is also a surjective algebra homomorphism.

We claim that Iy, C Ker(to¢). In the proof of Theorem 3.13, we saw that
the sets Com(Q, R), Incy(p), and Incy(o) are contained in Ker ¢ C Ker(to¢),
so it suffices to show that Baly(Q, R) C Ker(t o ¢). Suppose that v and w
are vertices in () and R, respectively, and let s € 3 be either a vertex or an
arrow. Then

to((vf(s) x w) — (v x g(s)w)) = [vf(s)] @ [w] — [v] @ [g(s)w]
= [vf(s)] @ [w] - [v] ® (g(s)[w])
= [vf(s)] ® [w] — ([v](s)) @ [u]
= [vf(5)] ® [w] — [vf(5)] ® [w]
=0,

which shows that Balg(Q, R) C Ker(t o ¢).
Since Iy, C Ker(t o ¢), there is an induced map

tog: K(Qx R)/Is - A®xT,

and this map is a surjective algebra homomorphism. We will show that ¢ o ¢
is an isomorphism by constructing an inverse map.
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As in Theorem 3.13, we let I denote the ideal

Ix = (Com(Q, R),Inci(p), Inca(0))

in K(Q x R). Recall from the proof of Theorem 3.13 that there is a (well
defined) K-bilinear map

P AxT — K(Qx R)/Iy

given by 9 ([p], [q]) = (p x t(q))(s(p) X q) + I for paths p and ¢ in Q and R,
respectively. Consider the composition

AxT % K(Q x R)/Ix = K(Q x R)/Is,

where 7 is the algebra homomorphism given by m(z + Ix) = z + Is. Note
that m o1 is K-bilinear. Let us verify that it is also ¥-balanced, i.e. that

T (sA, ) = (A, s7)

for A € A, v € T', and s € 3. It suffices to check the special case where
A = [p] and v = [g] for paths p and ¢. For an element s € 3, we have

(sl [a)) = 70 (1F()p), [a])

where the equality marked with = is due to the fact that f(s) is contained in
the centre of A, while the equality marked with { follows from Lemma 3.17.
This shows that 7 09 is a S-balanced map. Then by the universal property
of the tensor product, there exists a unique group homomorphism

h: A®ZF—>K(QXR)/[E

such that h(z ® y) = m(x,y) for € A and y € T'. Then h is the inverse of
t o ¢, by a similar argument to the one given in the proof of Theorem 3.13. [
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Let us use Theorem 3.18 to compute a tensor product.

Example 3.19. Let @, R, and S denote the following quivers.

V2
Q: V Y
V1 < o3 V3
B
R: wq —— wq

S ui}v

We let p = { agazaq } and 0 = 0, and set A = KQ/ (p), I' = KR/ (o), and
¥>=KS. Welet f: ¥ — A be the unique algebra homomorphism such that

f(v) =1+ aazan + avoqag),

and we let g: ¥ — I be the unique homomorphism such that g(v) = 0. Note
that Im(f) C Z(A) and Im(g) C Z(T"). Then the tensor product of A and T
over X is

A®sT = K(Q x R)/(Com(Q, R) UInc(p) UBals(Q, R)),

where we have omitted Incy(o) because it is empty. The product quiver of
@ and R is the following quiver.

a3z Xwi

V1 X Wy < V3 X W1
alm Awl
Vo X W1
Q X R: U1><B U2><,3 v3><B
Vo X W9
Vi
V1 X Wy < s X102 V3 X Woy

It can be seen that, for a natural choice of the functions f and §, the set of
(nonzero) balancing relations is

Balg(Q, R) = {Ul X Wi, Vg X Wy + j0gtg X Wi, V3 X Wy + oz X Wy

U1 X We, Vg X Wy + Qi3Qy X Wy, Uz X Wg + Qg X Wa .
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Since the vertex v; X w; is an element of the set Baly(Q, R), we see that
[v1] ® [w1] = 0 in A ®x I'. But since ajasas is a path that moves through
the vertex vy, we have

[cnazas] @ [wi] = ([an] @ [wi])([v1] ® [wi])([azas] @ [wi]) = 0.

Since the element vy X w1 4+ ayazas X wy is a balancing relation, we now find
that
[UQ] ® [wl] = —[061053042] (%9 [wl] =0.

Similarly, we also have [v3] ® [w;] = 0, and a similar argument shows that
[01] @ [ws] = [v2] @ [w2] = [vs] @ [ws] = 0.

But this means that all the vertices of ) x R have image zero in the tensor
product A ®x I'. It follows that

A®ysT'=0.
|

Recall that if P is a quiver, then an ideal I C K P is called admissible
if there exists some integer m such that

JpCICJ3,

where Jp is the ideal in K P generated by the arrows of P. In Example 3.19,
we saw that even if the ideals (p) € K@ and (o) C KR are admissible,
the ideal Iy, might not be admissible, since in Example 3.19 we had Iy, =
K(Q x R). However, we will see that the ideal Iy, satisfies a weaker condition,
namely that of being “lower-admissible”, a term we now define.

Definition 3.20. Let P be any quiver, and let [ C KP be an ideal. We
say that I is lower-admissible if there exists some integer m such that
Jp C 1. |

Proposition 3.21. Suppose that the ideals {(p) C KQ and (c) C KR are
admissible. Then the ideal

Ix = (Com(Q, R),Inci(p), Inca(0))

18 admassible, while the ideal

Iy = (Com(Q, R),Incy(p), Incy(0), Bals (@, R))

1s lower-admissible.
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Proof. Since p and o are assumed to generate admissible ideals, there exist
integers m; and my such that Ji" C (p) C Jg and Ji? C (o) C Jp. Let
m = max{mq, my}, and let p be a path in @ x R of length at least 2m. Then
there exist paths ¢ in @ and r in R such that

p+ Ik =g @[r] = (lg @ [t(r)])([s(¢)] @ [r])

in the tensor product A @k I', which we identify with K(Q X R)/Ix. In other
words, we have

p=(gxt(r)(s(q) xr) (mod Ik).

Since [(p) = l(q) + I(r) and [(p) > 2m, we see that [(¢) > m or I(r) > m.
Without loss of generality, assume that [(¢) > m. Then q € Ji C (p), so

g x H(r) € (Inc, (p)) € Ik,

and hence
p=0 (mod Ik).

In other words, p € Ix. This shows that J%ZL r € Ik, and hence I is lower-
admissible. To see that the upper bound Ix C J3, is also satisfied, note
that Com(Q, R) is clearly contained in J§, , and so are Incy(p) and Incy(o),
because p C Jé and o C J%. Hence [k is an admissible ideal. Moreover, the
ideal Iy, is lower-admissible since I C Is. O

In Chapter 4, we will see how we can replace () x R and Iy, with another
quiver P and an ideal I C K P such that K(Q x R)/Iy, = KP/I, and such
that I is an admissible ideal.

3.3 A Grobner basis for the tensor product

In Theorem 3.13 and Theorem 3.18, we saw how we could find ideals I and
Is, in the path algebra K(Q x R), such that

and
A®ZFgK<Q X R)/IE,

where A = KQ/(p) and I' = KR/ (o). It is of interest to represent the
algebras A @ I' and A ®x I" on a computer, for instance using the package
QPA (Quivers and Path Algebras) for the programming language GAP. In
order to do this, we need to find Grobner bases for I and Ix.. Of course, we
could simply use an algorithm, such as Buchberger’s algorithm (Algorithm
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2.3), to compute Grobner bases. However, this is potentially time-consuming,
especially because the quiver () X R and the generating sets for I and Iy, can
easily become quite large. It would therefore be nice if we could explicitly
describe Grobner bases for I and Iy, assuming that we are given Grobner
bases for (p) and (o). In this section, we show that this can be done for the
ideal Ix. Unfortunately, it seems that this is not possible for the ideal Iy, as
we will see.

In order to find a Grobner basis, we must first choose some admissible
order on the set of paths in () x R. Throughout this section, assume that
the paths in @) and R are ordered according to the left length-lexicographic
ordering, as in Example 2.4.3 Let v,v' € Qy and w,w’ € Ry be vertices, and
let a, @/ € Q1 and 3, 5’ € Ry be arrows. We order the vertices and arrows in
@ x R as follows:

e vxw<v xwifv<v,orifv=2v and w < w'.

Every vertex is smaller than every arrow. In other words, v xw < axw’
and v X w < v X S.

e vxfB<v xp ifv<dv, orifv=2vand g <f.
e U X < axuw.
eaxw<d xwifa<d orifa=ac and w < w'

We extend this to an admissible order on the set of paths in () x R by using
the left length-lexicographic order.

Example 3.22. Let Q and R denote the following quivers.
[e5]

—

v (Y
Q w_ w

a2
B
R: wy —— wy
The product quiver of () and R is the following quiver.

v1 X3
V1 XWp — U1 X W2

Q X R: o1 Xwi g XW1 a1 Xw2 a2 X W2

ngwlTw>vgxw2

30ne reason to use the length-lex order is the fact that this is the only order supported
by QPA.
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Suppose that the order on the vertices and arrows of () is given by
v < vy < g < g,
and that the order on the vertices and arrows of R is given by
wy < wy < f.
Then the order on the vertices in () x R is
v X wyp < U X wy < Vg X wyp < Vg X Wa,

while the order on the arrows in ) X R is

M XP<vXP<arXw <ap Xwy <ag Xw <y X Ws.

Let us start by finding a Grobner basis for the ideal Iy, which we used
to construct A @ I'.

3.3.1 A Grobner basis for the tensor product over a field
Recall that the ideal Ix C K(Q x R) in Theorem 3.13 is given by

Ix = (Com(Q, R),Incy(p), Inca(0)) .

Let G and H be Grobner bases for the ideals (p) € KQ and (o) C KR,
respectively. Since (G) = (p) and (H) = (o), it follows that the set

X = Com(Q, R) Ulnc;(G) UlInco(H)

is a generating set for Ix. It is natural to ask if X is a Grobner basis. We will
see that the answer is affirmative, as long as we assume that Tip(G) C Jé
and Tip(H) C Jz, where Jg and Jr denote the ideals generated by the
arrows in () and R, respectively. Note that this will always be true if G and
H generate admissible ideals.

We will prove that the set X is a Grobner basis by reducing to the case
where G and H are reduced Grobner bases and then using Theorem 2.41.
However, before we can apply Theorem 2.41, we must check that X satisfies
the hypothesis of said theorem. This brings us to the following lemma.

Lemma 3.23. Suppose G C KQ) and H C KR are tip reduced uniform sets
such that Tip(G) C J§ and Tip(H) C Jg. Then the set

X = Com(Q, R) UInc;(G) UlIncy(H)

1s tip reduced and uniform.
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Proof. The set Com(Q, R) of commutativity relations is uniform, because
if « € @ and § € R; are arrows, then Com(a, ) is a linear combination
of paths from s(a) x s(8) to t(a) x t(8). The inclusion sets Inc;(G) and
Incy(H) are also uniform, because G and H are uniform. It follows that X
is a uniform set.

Let z,y € X\ {0} be some nonzero elements. In order to show that X
is tip reduced, we must show that if Tip(x) | Tip(y), then = y. So assume
that Tip(z) | Tip(y). We consider the following cases.

1. z,y € Com(Q, R): Let a,a’ € Q1 and B, " € R; be arrows such that
x = Com(a, B) and y = Com(c/, '). Recall that commutativity rela-
tions have the form

Com(a, B) = (a x t(B)) (s(e) x B) — (t(@) x B) (o x 5(B)).

From our definition of the order on () x R, it follows that

Tip(Com(a, B)) = (a x t(B)) (s(ax) x B).

Since we are assuming that Tip(z) | Tip(y), we see that

(a x 4(8)) (s(a) x B) | (o x 8)) (s(a') x B).

But this is clearly only possible if &« = o’ and 5 = . Hence = = y.

2. 2,y € Inc(G): Then there exist elements ¢, ¢" € G and vertices w,w’ €
R such that x = g x w and y = ¢ x w’. Note that

Tip(g x w) = Tip(g) X w.
Since Tip(z) | Tip(y), it follows that
(Tip(g) x w) | (Tip(g') x w').

This is only possible if w = w’ and Tip(g) | Tip(¢’). Since we are
assuming that G is a tip reduced set, this implies that ¢ = ¢’. Hence

r=1y.

3. x,y € Incy(H): Similar to case 2.

4. r € Com(Q, R),y € Inc1(G): Let a € @1 and f € Ry be arrows such
that x = Com(a, ), and let g € G be an element and w € Ry a vertex
such that y = g x w. Then

(a x t(B)) (s(e) x B) | (Tip(g) x w),
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and in particular,

(s(e) x B) | (Tip(g) x w).
But this is impossible.

. x € Com(Q, R),y € Incy(H): Similar to case 4.

. x €Incy(G),y € Com(Q, R): Let g € G, w € Ry, « € @1, and € Ry
such that z = ¢ x w and y = Com(c, ). Then

(Tip(g) X w) | (a X t(ﬂ)) (5(04) X 6)

It follows that Tip(g) € { a, t(«),s(«) }. But this contradicts our as-
sumption that Tip(G) C J3.

. x €Incy(H),y € Com(Q, R): Similar to case 6.

. x € Incy(G),y € Incy(H): Then there exist elements g € G, h € H and
vertices v € Qp, w € Ry such that x = g x w and y = v X h. Then

(Tip(g) x w) | (v x Tip(h)).

This is only possible if Tip(g) = v and Tip(h) = w, which contradicts
our assumption that Tip(G) C J§ and Tip(H) C J3.

. x € Incy(H), xz € Inc;(G): Similar to case 8.

]

Before we can prove that the set X is a Grobner basis, we will need a few
more lemmas.

Lemma 3.24. Suppose G C KQ 1is a subset, y € KQ 1is any element, and
w € Ry is a vertex. If y has remainder O under division by G in KQ, then
y X w has remainder 0 under division by Inci(G) in K(Q x R).

Similarly, suppose H C KR is a subset, x € KR is an element, and

v € Qo is a vertex. If x has remainder 0 under division by H in KR, then
v X x has remainder zero under division by Inco(H) in K(Q X R).

Proof. We only prove the first statement, as the second one follows from a
similar argument.

Assume that y =¢ 0. Then by the definition of remainders (Defini-

tion 2.16), there exist elements g; € G and u;, u, € K@ such that

Y= Z Uigiu;a
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and such that Tip(u;g;u;) < Tip(y). Then we also have that
Yy X w= Z(ul X w)(gi X w)(u; X w).
Note that g; x w € Inci(G), and that
Tip((u; X w)(g; X w)(u; x w)) = Tip(u;giu;) X w
< Tip(y) x w
= Tip(y x w).
Hence y x w has remainder 0 under division by Inc;(G). O

We also need the following technical result.

Lemma 3.25. Let a be an arrow in Q, and let

be a nontrivial path in R, where each [; is an arrow. Then the following
equality holds:*

(ax t(p)) (s(a) x p) = (t(c) x p) (a x 5(p)) +

n—1

Z(t(a) X By ...[3;) Com(a, Bjt1) (8(c) X Bjsa...Bn).

J=0

Moreover, the equality still holds if p is a vertex, as long as we define the
sum Z;L;Ol( -+ ) to equal zero in this case.

Similarly, if B is an arrow in R and if q is a path in Q) that is either a
vertex or a nontrivial path of the form

g=qai...q,
for arrows «;, then the following equality holds:

(g x t(8)) (s(q) x B) = (t(q) x B) (a x s(B)) +

n—1

Z(al oy x () Com(ayjyr, B) (ysa . .. v X 5(B)).

J=0

If j = 0, then we define t(a) X 1 ...53; to be equal to 1. Similarly, if j =n — 1, then
s(a) X Bjt2... 5By, is also equal to 1.
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Proof. We only prove the first equality; the second one follows from a similar
argument.

We proceed by induction on n = [(p). The equality clearly holds if n = 0,
i.e. if p is a vertex.

If n =1, then we have

(axt )
ax{ﬁl)

(s

= ( )(
(t 1)(a>< )+Com( , B1)
= (t(e) x 81) (o x 5(B1)) + }_ Com(a, Bj11),

as desired.

Now suppose that n > 1, and assume that the lemma holds for all non-
trivial paths that are strictly shorter than p. Let p’ = 8;...5,_1. Then by
applying the inductive assumption to p’, we see that

(o x t(p)) (s(a) x p)
= (axt(p))(s(a) x p') (s(c) x B,)

— ((t(a) x ) (a x s(p))

+ ‘_ (t(a) x Br... ;) Com(a, Bj41) (s(c) X Bjsz.-. Bu 1)>( (@) x )
= (t(a) x p') (o x t(B)) (s5(e) % Bn)

p: (ta) x Br ... B;) Com(ar, Bj11) (s(c) X Bjsz ... Bu1By). (3.6)

'B,) (e x 8(5,)) + () x p') Com(ax, B,)
) (o x5(8,)) + (t(a) x Bi...B,-1) Com(a, B3,). (3.7)
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Combining (3.6) and (3.7), we then get the following:

(o x t(p)) (s(e) x p)
= (t(a) x p) (a X 5(/3,1)) + (t(a) X B .. -Bn—l) Com(a, )

+ (t() x By ... B;) Com(v, Bj41) (8() X Bjya ... 5y)

n—1
+ (t(Oé) X 51 . 53) COHI(O(, ﬁj+1)(5(0() X ﬁj+2 - ﬁn),
=0
which is what we wanted to show. O

We are now ready to prove the following theorem, which is based on a
theorem from Helene Tuft Bjgrshol’s bachelor thesis [Bjo21|. We present an
alternative proof to the one given by Bjgrshol. The idea behind our proof is
somewhat similar to the one in Bjgrshol’s thesis, in that we will show that
all overlap relations between elements z,y € X have remainder zero, which
we will prove by considering different cases based on whether x and y are
elements of Com(@Q, R), Inc,(G), or Ince(H). However, the arguments given
in each case are quite different from the arguments given in [Bjg21], unless
otherwise noted.

Theorem 3.26 (|Bjo21, Theorem 5.4|). Suppose that G and H are Grib-
ner bases for the ideals (p) C KQ and (o) C KR, respectively, such that
Tip(G) C J§ and Tip(H) C J3. Then the set

X = Com(Q, R) Ulncy(G) Ulnco(H)
is a Grobner basis in K(Q X R).

Proof. Let G’ and H' be the reduced Grobner bases for (G) and (H), respec-
tively. Then Tip(G’) C Tip(G) and Tip(H') C Tip(H) by Proposition 2.30.
Let X’ denote the set

X' = Com(Q, R) UInc; (G') U Incy(H').

Then we have

Tip(X') = Tip(Com(Q, R)) U Tip(Inc; (G")) U Tip(Incy(H'))
= Tip(Com(Q, R)) U Inc;(Tip(G")) U Inco(Tip(H"))
C Tip(Com(Q, R)) U Inc; (Tip(G)) U Incy(Tip(H))
= Tip(Com(Q, R)) U Tip(Inc; (G)) U Tip(Inca(H))
= Tip(X).
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Since Tip(X’) C Tip(X), and because X’ and X generate the same ideal,
it suffices to show that X’ is a Grobner basis. We may therefore assume
throughout the rest of the proof that G and H are reduced Grébner bases.
Then G and H are tip reduced and uniform by Proposition 2.36, which in
particular implies that the set X is tip reduced and uniform by Lemma 3.23.

Suppose z,y € X are elements that have a (p, ¢)-overlap for some paths
p and g in Q X R. Since X is tip reduced and uniform, it suffices to check
that

U(ZL', Y, D, (I) =X Oa

as it then follows from Theorem 2.41 that X is a Grobner basis. We have
the following possible cases.

1. z,y € Com(Q, R): Then x = Com(a, 8) and y = Com(c/, ') for some
arrows a, &’ € ()1 and o, ' € R;. Since there is an overlap, we have

Tip(x)p = ¢ Tip(y),

or in other words

(o x 4(8)) (s(0) x B)p = (e’ x (8)) (s(a) x B).

From the definition of overlaps, it follows that p and ¢ are arrows in
the product quiver @) x R. But this implies that s(a) x 5 = o’ x t(§'),
which is impossible. Hence such an overlap cannot exist.

2. z € Com(Q, R),y € Inc;(G): Then z = Com(c, 8) for arrows a € @y
and § € Ry, and y = g X w for an element g € G and a vertex w € Ry.
By assumption, we have

(a x ¢(B)) (s(a) x B)p = q(Tip(g) x w).

From the definition of overlaps, it follows that ¢ must be an arrow, and
in particular ¢ = a x t(f). Then we get

(s(a) x B)p = Tip(g) x w

But this is impossible, since Tip(g) x w is a product of arrows which
are all of the form v x w for v € @1, and s(«) x  does not have this
form. Hence such an overlap cannot exist.

3. x € Incy(H),y € Com(Q, R): Similar to case 2.
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4. x € Inci(G),y € Incag(H): Then z = g x w and y = v X h. We see
that Tip(z) = Tip(g) X w and Tip(y) = v x Tip(h). But then Tip(z)
and Tip(y) have no nontrivial subpaths in common, so such an overlap
cannot exist.

5. x € Inco(H),y € Incy(G): Similar to case 4.

6. z,y € Inc;(G): Our argument for this case is based on the one given
in [Bj@¢21]. There exist elements g, ¢’ € G and vertices w, w’ € Ry such
that = ¢ x w and y = ¢’ x w’. By assumption, we have

(Tip(g) x w)p = ¢(Tip(g) x w’).
We may write
Tip(g) = a1 ...y
and
Tip(¢') =} ...,

for some arrows «;, ;. Then it follows from the definition of overlaps
that
g=(ai...a) Xw

and

p=(a)...a) xw

for some integers 1 < k < m and 1 <[ < n. Moreover, the vertices w
and w’ must be equal. Letting § = o ...a4 and p = o) ..., we see
that

Tip(g)p = ¢ Tip(g").
This satisfies the definition of an overlap, because Tip(g) 1 ¢ and

Tip(¢’) 1 p. Hence an overlap in Inc;(G) C K(Q x R) gives rise to
an overlap in G C KQ.

Let a = CTip(g) and b = CTip(g’). Then the overlap relation in
K(Q x R) is
o(z,y,p,q) = a”'ap — b qy
=a ' (gxw)(pxw)—b""(gxw)(y xw)
= (a'gp—b7'q9") x w
=0(g,9,5.4) x w.

By assumption, GG is a Grobner basis, so
0(gag/a]§> Cj) =G 0
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in KQ. It follows from Lemma 3.24 that

U(Z', Y, D, Q> :>IHC1(G) 0

in K(Q x R), and hence
0(x7y7p7 Q) =X 0.

. x,y € Incy(H): Similar to case 6.

. x € Com(Q, R),y € Incy(H): Then x = Com(c, §) for arrows a € @y
and 8 € Ry, and y = v X h for an element h € H and a vertex v € R,.
By assumption, we have

( x £(B)) (s(c) x B)p = q(v x Tip(h)).

From the definition of overlaps, it follows that ¢ must be an arrow, and
in particular ¢ = @ x t(f). Then we get

(s(e) x B)p = v x Tip(h).

Hence p must be a path of the form

p=(vxpB1)...(vxLB)

for arrows (; in R, where n > 1, and moreover, the vertex v must be
equal to s(a). It follows that

Write

for scalars a,b; € K\ {0} and distinct paths r; < Tip(h) in R. Then
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the overlap relation is

o(z,y,p,q)
=1l-zp—a'qy

= Tip(z)p — ¢ Tip(y) — (t(e) x B) (a x s(8))p — a‘lqz bi(v X 1;)

= (t(a) x B) (a x t(B1)) (s(a) x P)
- Z a b (o x t(ry)) (s(a) x 1), (3.8)

A

where p = f1...08,. Note that the last equality uses the fact that
t(5) = t(r;), which is true because h is uniform. In order to show
that o(x,y,p,q) =x 0, we will rewrite (3.8) in a way that satisfies
Definition 2.16.

Whenever r; is a nontrivial path, we may write

Ty = Y1 Yimg»

where m; > 1 and each +; ; is an arrow in R. By applying the first part
of Lemma 3.25 to (3.8), we get

o(z,y,p,q)
= — (t(a) x B) ((f(a) x ) (e x 5(B,))
+ 2 (t(@) x Br ... ;) Com(ar, Bjz1) (s(cx) X Bjsa. .. 5n)>
— Za—lb ( ) x 77) (a x 5(r;))
+ mf ) X Yix i) Com(e, 7iji1) (5() X Yijpa - ’ym)>

(3.9)
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where we define sums of the form > 7" "(--+) to equal the empty
sum, i.e. zero, if r; is a vertex. For the sake of brevity, we introduce
the following notation:

uj = t(a) x BB ...B;

vj =s(a) X Bjta... By
¢; = Com(a, Bj11)

u;j =t(a) X Yi1...7ij

vij = 5(Q) X Yijr2 - Vim
bi; = Com(ev, ¥ij+1)

Note that since h is uniform, s(r;) is equal to §(3,). By combining this
fact with the notation above, we can rewrite (3.9) in the following way:

o(z,y,p,q)

o (ua) . (ﬁerZa‘lbm)) (o x 5(8.)

m;—1

- ZUJSOJUJ Z Z a”'b; uU?/ng ij
m;—1
= —a ' (t(a) x h) (a x 5(8,)) Zu]gojv] Z Z a” b iy,

(3.10)

Since t(a) x h, @;, and 1);; are elements of X, we have written o(z, y, p, q)
in a way that satisfies item (i) in the definition of remainders (Defini-
tion 2.16). In order to show that o(x,y, p,q) =x 0, it now only remains
to check that item (ii) in Definition 2.16 also holds. In other words, we
must check that the tips of (t(a) x h) (o x s(5,)), uje;v;, and w10},
are all less than or equal to the tip of o(z,y, p, q)

We must first determine the tip of o(z,y, p, ¢). Recall that in (3.8), we
wrote the overlap relation as a linear combination of paths of the form

(t(a) X 6) (a X t(ﬁl)) (s(a) X ﬁ)

or

(o x t(r;)) (s(@) x 7).
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Since these paths are distinct and all have nonzero coefficients, the tip
of the overlap relation is simply the maximum of the paths:

Tip(o(z,y, p,q)) = max{ (t(a) X ﬁ) (a X t(ﬁl)) (s(a) X ]5),
(o x t(r1)) (s(a) x 71),..., (o x t(re)) (s(a) x 1)}

Now observe that

Tip ((t(e) x h) (o x 5(B,)))

(t(a) x Tip(h)) (a x s(5n))
(t(e) x B) (t(a) x p) (a x 5(B,))
(@) x B) (a x t(B1)) (s(a) x p)

Tip(o(z,y,p,9)),

ES
< (o
<

where the marked inequality follows from the definition of the left
length-lexicographic order, because the two paths being compared have
the same length and because t(«) x 1 < a x t(f;). By a similar argu-
ment, it can be shown that

Tip(UjQOj'Uj) < (t(()é) X 6) (O./ X t(ﬁﬂ) (5(0&) X ]5)
< Tip(o(z,y,p,q))

and
Tip(uj;hijvy;) < (@ x t(ry)) (s(@) x ry)
< Tip(o(z, y,p,q)),
whenever r; is a nontrivial path. We have now shown that
o(z,y,p,q) =x 0,
as desired.

. x € Inci(GQ),y € Com(Q, R): This case is very similar to case 8, al-
though this is not immediately obvious. We therefore present a sketch
of how the argument given in case 8 can be adapted to the present case.

There exist an element g € G, a vertex w in R, and arrows a and /3 such
that x = g x w and y = Com(a, 3). Since x and y have a (p, ¢)-overlap,
we have

(Tip(g) x w)p = g(a x 4(B)) (s(e) x B).
It follows from the definition of overlaps that p = s(«) x 5. Hence we
have

Tip(g) x w = q(Ot X t(5)>7
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and ¢ is a path of the form

q:(alxw)...(anxw),

for arrows «; in @ and n > 1. Moreover, w = t(/3), and

Tip(g) = a1 . .. ana.

We write

g =aTip(g +Zb7‘l

for scalars a,b; € K\ {0} and distinct paths r; < Tip(g) in Q. Then
the overlap relation of z, y, p, and ¢ is

o(z,y,p,q)
:a’lxp—l-qy
= Tip(x)p — ¢ Tip(y +Za bi(ri x w)p +q(t(a) x B) (a x 5(3))

:0—1—2 szwp+q((oz)><ﬂ)(a><5(ﬁ))
Za i (s x 4(B)) (s(e) x B) + (4 x t(8)) () x B) (o x 5(8))
— Za‘lbi(n x () (s(r:) x B) + (g x t(8)) (s(an) x B) (a x 5(B)),

%

(3.11)

where § = ay...q,. Note that the last equality uses the fact that
s(a) = s(r;), which is true because g is uniform. Similarly to case 8,
we will rewrite this equation in a way that satisfies Definition 2.16.
Whenever r; is a nontrivial path, we can write

T =i Yim,

for some arrows «; ; in ) and an integer m; > 1. Then by applying the
second part of Lemma 3.25 to (3.11) and using an argument similar
to the one we used to show (3.10) in case 8, it can be shown that the
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following equality holds:

o(z,y,p,q)
=a (o) x B) (9 x 8(3))

+ i (o ... x 4(B)) Com(ts1, B) (hta - . . e X 5(B3))
k=0

m;—1

+ folbi Z (%’,1 <o Yig X f(ﬁ)) Com(vij+1,3) (%,j+2 <o Yigmy X 5(5))
i =0

As in case 8, we have now written o(z,y,p,q) in a way that satisfies
item (i) in Definition 2.16. The fact that item (ii) is also satisfied
follows from a similar argument to the one presented in case 8. This
shows that

O(SL’, Y, D, Q) =X 0.
]

Remark 3.27. The assumption that Tip(G) C J§ and Tip(H) C Jj is
essential to the proof of Theorem 3.26. If this assumption is not satisfied,
then X will typically not be a tip reduced set,? even in the special case where
G and H are reduced Grobner bases, and hence we cannot use Theorem 2.41.
With that being said, I have not been able to find an example where X is
not a Grobner basis, although I admittedly haven’t had much time to try to
find one. It is therefore plausible that the conclusion of Theorem 3.26 holds
even without the assumption that Tip(G) € J3 and Tip(H) C J3. However,
this would require a different proof. |

3.3.2 For the tensor product over an algebra

Recall that in Section 3.2.2, we turned A and I' into modules over an algebra
Y = K S (for some quiver S) by using algebra homomorphisms f: ¥ — A and
g: 3 — I' such that Im(f) € Z(A) and Im(g) C Z(I'). We then constructed
the tensor product A ®yx I' as a quotient of K(Q x R).

We have just seen that if G C K@) and H C KR are Grobner bases that
satisfy a reasonable technical condition, then the set

X = Com(Q, R) Ulnc,(G) UlInco(H)

°For example, if a € Tip(G) and B € Ry are arrows, then a x t(3) is an element of
Inc; (G) whose tip divides the tip of Com(«, ).
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is a Grobner basis for the ideal Ix € K(Q x R). With this in mind, we might
hope that the set

Y = Com(Q, R) UInc; (G) U Incy(H) U Balg(Q, R)

is a Grobner basis for the ideal Iy. Unfortunately, it turns out that this is
not generally true, as the following example shows.

Example 3.28. Let ), R, and S denote quivers that each have one vertex
and a single loop, as shown below.

Q: vja R: wjﬂ S ujv

Let G={a'} C KQ and H ={3*} C KR. Then G and H are Grobner
bases with respect to the unique admissible orders on ) and R, respectively.
We consider the algebras A = KQ/(G), I' = KR/ (H), and ¥ = KS. Let
f: 2 — A be the algebra homomorphism such that

f() =lv+a+a’],

and let g: ¥ — I" be the algebra homomorphism such that

Let Y be the set
Y = Com(Q, R) UInc; (G) Ulnco(H) U Bals(Q, R).

We will see that Y is not a Grobner basis. Let us first find all the elements
of Y. The set of commutativity relations is

Com(Q, R) = { (a x w)(v x B) — (v x B)(a xw) },
while the inclusion sets are
Inci(G) = {a* xw }

and
Inco(H) = {vxp'}.

The set of balancing relations depends on which representatives f (s) € KQ
and g(s) € KR we choose for f(s) € KQ/(G) and ¢g(s) € KR/ (H), where
s = wu or s = . It could conceivably happen that Y is a Grobner basis
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for some choices of representatives but not for others, so let us consider all
possible choices of the functions f and g. Since K() is isomorphic to a
polynomial ring with one variable, every element of the ideal («*) in KQ has
the form P(a)a* for some polynomial P. Hence any choice of representatives
for f(u) and f(7) must have the form

f(u) = v+ Pi(a)a’

and 3
f(Y) =v+a+a®+ Pya)a?

for some polynomials P, and P,. Similarly, we have
g(u) = w + Py(p)5*

and
g(7) = w+ Py(B)B*

for polynomials P3 and P;. Then it can be seen that the set of balancing
relations is

Balys(Q, R) = {Pi(a)a’ x w —v x P3(8)B*,
(a+a® + Py(a)at) x w—v x Py(B)B*}.

Now observe that

o’ xw = (axw) ((a+a’+ Py(a)a?) x w)
— ((v 4 Py(a)a) x w) (a* x w),

which is an element of (X') because
(a+ a® + Py(a)a*) x w € Balg(Q, R)

and
ot x w € Incy (G).

However, o x w is clearly not divisible by any element of the set
Tip(Com(Q, R) U Inc; (G) U Incy(H)),
nor is it divisible by any element of

Tlp(BalE(Q> R))a

regardless of our choice of the polynomials P, P, P53, and P,. Hence the set
Y is not a Grébner basis, regardless of how we choose representatives when
defining the functions f and g. |
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It is conceivable that we could find a Grobner basis for Iy, by choosing
a different generating set than Y (preferably one which can be computed
quickly), or by making some additional assumptions about the sets G and
H, or about the homomorphisms f and g. However, I have not found any
way to do this.

But this does not mean that our only option is to apply a naive version
of Buchberger’s algorithm (Algorithm 2.3). After all, the set Y contains X
as a subset, and we know that X is a Grobner basis. Recall that when we
use Buchberger’s algorithm to compute a Grobner basis for YV, we repeatedly
compute remainders of overlap relations o(z,y,p, ¢). If we happen to know
that x and y are elements of X, then we know that o(z,y,p,q) =x 0 (and
hence also o(x,y,p,q) =y 0), so there is no need to compute a remainder in
this particular case. Thus we can exploit the fact that X is a Grobner basis
by skipping some of the computations in Buchberger’s algorithm.

Actually, the preceding discussion elides an important detail. Buch-
berger’s algorithm does not simply add more elements to the generating set
Y’ it also tip reduces the resulting set. Thus we should be worried about
the possibility that an overlap relation o(z,y,p,q) that has remainder zero
under division by some set S does not have remainder zero under division by
the tip reduced set TIPREDUCE(S). Thankfully, this is not an issue, as the
following lemma shows. Note that in this lemma (and in Algorithm 3.1, as
we will see), we make an exception to the notation used so far in this section,
as we do not assume that G and H are Grobner bases in the path algebras
K@ and KR, respectively.

Lemma 3.29. Let () be a quiver with an admissible order < on the paths in
@, and let G be a finite set of uniform elements of K(Q). Let H be the result
of applying the tip reduction algorithm (Algorithm 2.2) to G. Lety € KQ be
an element such that

y =¢ 0.

Then we also have

Proof. By assumption, y has remainder 0 under division by G. Hence there
exist elements ¢1,..., g, € G and elements u;, v; € K@ such that

n
Y= E U; GiVs,
i=1
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and such that Tip(u;g;v;) < Tip(y). By Lemma 2.46, for each g; there exist
elements h;; € H, scalars ¢;;, and paths p;; and ¢;; such that

9= Ciipiihijdij,
J

and such that Tip(pi;hi;qi;) < Tip(g;). Then we have

y= Z U; (Z Cijpijhi%'j> v = Z CijUWiDijhij Qi Vi-
i=1 J 2

Moreover,
Tip(uipishijgijvi) < Tip(uigivi) < Tip(y).
By the definition of remainders, this shows that

[]

The following algorithm incorporates the modifications to Buchberger’s
algorithm described in the discussion preceding Lemma 3.29. Aside from
some differences in notation, the only significant difference from Algorithm
2.3 is the fact that some overlap relations are skipped. (We also need to
tip reduce the generating set at the start, because we are not assuming that
the input is tip reduced.) The correctness of the algorithm follows from
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Lemma 3.29 along with the correctness of Algorithm 2.3.

Algorithm 3.1: Modified version of Buchberger’s algorithm
Input: A quiver () with an admissible order <, a finite uniform
subset { f1,...,fn} C KQ, and a subset Z C{ f1,..., fu }
such that Z is a Grobner basis for the ideal (Z)
Output: A finite Grébner basis G for the ideal (fy, ..., f,), if one

exists

1 G < TIPREDUCE ({ f1,..., fn });

2 do

3 MODIFIED < False;

4 X « 0

5 for g,h € G do

6 if g¢ Z or h ¢ Z then

7 for all paths p,q such that g and h have a (p,q)-overlap

do

8 r <— REMAINDER(0(g, h,p, q), G);
9 if » # 0 then

10 X+ XU{r}k

11 MODIFIED < True;

12 end

13 end

14 end
15 end
16 if MODIFIED = True then

17 | G+ TIPREDUCE(G U X);
18 end

19 while MODIFIED = True;
20 return G;

When executing the algorithm above, we need to check if the elements g
and h are contained in the Grobner basis Z. The most obvious way to do this
is to simply search through Z and check if we can find g and h. If we store Z
as an array and sort it according to some easily computable total order, then
we can perform such a search in time O(log(|Z])) by using a binary search.
However, this would probably not be the most efficient option. Instead, we
can store a list of boolean flags [by,...,b,]. At the start of the algorithm,
we set the flag b; to True if and only if f; is an element of Z. We then store
G as an ordered list, and whenever the ith element of G is modified during
the tip reduction step on line 17, we set the flag b; to False if i < n. When
checking if g and h are elements of Z, we simply check if their corresponding
flags are set to True, which can be done in constant time. This will probably
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be faster than using a binary search on 7.5

An implementation of Algorithm 3.1 can be found in Appendix B, along
with the results from performance tests comparing it to an implementation
of Algorithm 2.3. The performance tests found that Algorithm 3.1 was more
efficient than Algorithm 2.3, at least for the examples that I used in the tests.
However, it turns out that it is even more efficient to use another algorithm
that uses free algebras. See the appendix for more details.

Once we have found generating sets X and Y for the ideals I and Iy,
respectively, where X is a Grobner basis and X C Y, we can use Algorithm
3.1 to compute a Grébner basis for Is.” However, there is another possible
approach that may be more efficient. In Chapter 4, we will see how, given a
quiver P and a lower-admissible ideal I C K P, we can find another quiver
P’ and an admissible ideal I’ C K P’, such that

KP/I=KP'I.

If the ideals (p) € K@ and (o) C KR are admissible, then we know that Iy,
is lower-admissible, but not necessarily admissible. We can therefore use the
methods in Chapter 4 to replace the lower-admissible quotient K (Q x R) /I
with an isomorphic admissible quotient K P’/I’. The quiver P’ and the
generating set for I’ can potentially be a lot smaller than @) x R and Y,
respectively, so it seems likely that it would often be more efficient to compute
P’ and a Grobner basis for I’ than it would be to compute a Grobner basis for
Is;. However, I have not had time to implement the algorithms in Chapter 4,
so I have not been able to compare the performance of these two approaches.

6The latter approach may occasionally produce false negatives, since the flag b; may
be False even if the ith element of G happens to be an element of Z. However, this seems
like it should happen only rarely, so it would probably not have a significant impact on
performance.

"This requires that the set Bals(Q, R) is uniform. But this is not a problem, because
we can make sure that all balancing relations are uniform by choosing f in such a way
that vf(s) = vf(s)v for vertices v and elements s € X, and similarly for .
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Chapter 4

From lower-admissible ideals to
admissible 1deals

In Chapter 3, we studied the tensor product A ®yx, I' of two algebras A and
I'. Given that A = KQ/ (p) and I' = KR/ (o) for bound quivers (Q, p) and
(R,0), we saw that the tensor product was given by

A@sT 2 K(Qx R)/I

for an ideal /. If the ideals (p) and (o) are admissible, then I is not neces-
sarily an admissible ideal, but by Proposition 3.21, it does satisfy the weaker
condition

ngg]

for some integer m. Recall that in Definition 3.20, we called such ideals
lower-admissible.

It is often convenient to work with admissible ideals. With the previous
paragraph as motivation, it is therefore natural to ask the following question:
Given a quiver () and a lower-admissible ideal I C K (), can we find another
quiver ()" and an ideal I’ C K Q' such that

KQ/I = KQ/T,

and such that I’ is an admissible ideal? In this chapter, we answer this
question in the affirmative. Parts of the chapter are based on [Skall]|, which
presents an algorithm to find @' and I’ in the special case where we also
assume that I C Jg.
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4.1 Lower-admissible to pre-admissible

We will first see how we can replace a lower-admissible quotient K@ /I with
an isomorphic quotient K@Q'/I’, where I’ satisfies the condition

Jo CI'C Jgy
for some integer m.

Definition 4.1 ([Skall]). Let @ be a quiver, and let I C K@ be an ideal.
We say that I is pre-admissible if there exists some integer m such that

Ty C1C .
m

Let (@, p) be a quiver with lower-admissible relations. Our strategy for
finding a quiver )’ with a pre-admissible relation set p’ C K@’ such that
KQ/{p) = KQ'/{p) is fairly simple. If there is a vertex v in @ and a
relation x € p such that v appears in z, then we will simply remove v from
. For any relation y € p, we remove all terms of y that are divisible by v.
The reason why this works is due to the following lemma.

Lemma 4.2. Let Q) be a quiver, and let I C KQ be a lower-admissible ideal.
Let v be a vertex in (), and suppose that there exists some element x € [
such that v appears in x. Then v € I.

Proof. Without loss of generality, we may assume that x = vrv, and we may
assume that the coefficient of v in x is 1. Then v — 2 € Jg. Moreover,
v—(v—z)=x€l,s0v=v—x (mod I). By assumption, there exists some
integer m such that Jé” C I. Then we have

v=v"=@w—2)"=0 (mod I),

where the last congruence follows from the fact that (v —x)™ € Jgj'. Hence
vel. [l

As mentioned above, whenever a vertex v appears in some relation z € p,
we will remove those terms of elements of p that are divisible by v. The
following notation is therefore convenient.

87



Definition 4.3 ([Skall]). Let @ be a quiver, and let z € KQ. Let py,...,p,
be the unique paths and ¢y, ..., ¢, the unique nonzero scalars such that

n

i=1
Then we let Terms(x) denote the set of terms ¢;p; of x:
Terms(x) = { c1p1, .-+, CuPn }-

Moreover, if I C K@ is an ideal, then we let Terms;(z) denote the set of
terms of x that are contained in I, i.e.

Terms;(x) = Terms(z) N I.
|

Using Algorithm 4.1, LOWERADMISSIBLETOPREADMISSIBLE(Q, p), we
can transform a lower-admissible quotient K@)/ (p) into a pre-admissible quo-
tient K@Q'/ (p’). Note that for a set V' of vertices in @), we let Q\V denote
the subquiver of () obtained by removing the vertices in V. More precisely,
the vertex set of Q\V is

(Q\V)o = Qo\V,

while the arrow set is

(@\V)1 ={aeQi|s(a) ¢V and t{a) ¢V }.
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Algorithm 4.1: LOWERADMISSIBLETOPREADMISSIBLE(Q, p)

Input: A quiver (Q and a finite lower-admissible subset p C KQ
Output: A quiver ' C @ and a finite pre-admissible subset
p' € KQ' such that KQ/ (p) = KQ'/ {¢')

V « 0; // Set of vertices to remove
for v € )y do

if v appears in x € p then

‘ Ve Vu{v}

end
end
Q'+ Q\V;
P 0
for x € p do
10 | T < Terms(z)\ Termsy(x);
1| Yy et
12 | P pU{y}
13 end
14 return (Q', p);

© 0 N O ;oA W N e

In order to prove the correctness of Algorithm 4.1, we will need the fol-
lowing lemma.

Lemma 4.4. Let Q) be a quiver and p C KQ a finite lower-admissible set of
relations. Let Q' and p' be the output produced when Algorithm 4.1 is applied
to Q and p. Then

(p) =KQ n{p),

where (p') denotes the ideal in KQ' generated by p', and (p) denotes the ideal
n KQ generated by p.

Proof. As in Algorithm 4.1, let V' denote the set of vertices v € )y such that
v appears in some element of p. Note that a path p in @ is contained in Q" if
and only if p is not divisible by any elements of V. It follows that the ideal
(V) is spanned (as a vector space) by precisely those paths in K@ which are
not paths in @’. In particular, we have KQ = KQ' @ (V) as vector spaces.
Hence for any element A € K@, we can let X' € KQ' and A\* € (V) denote
the unique elements such that A = X + \*.

Let z € KQ' N {p). Since z € (p), there exist elements f;, g; € KQ and

x; € p such that
= Z fiTigi.
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Then we see that

2= Z(ﬂ + @+ 2} (g + g7)
= fiaigi+w

for some element w of the ideal (V). Note that ). f/zigl € K(Q)', and hence
w = z*, and z* = 0 because z € K(@'. Moreover, observe that x} is the sum
of those terms of x; which are not contained in (V'), and hence 2 € p’ by the
construction of p’. Thus we have

=Y flaigi e (o).

This shows that KQ' N (p) C (o).

To complete the proof, we show that (p') C KQ' N (p). To prove this, it
is enough to show that p’ C (p). Let y be an element of p’. Then there exists
an element x € p such that y = /. Then we have

r—y=a" € (V).

Now note that every vertex in the set V' appears in some element of p, and
hence V' C (p) by Lemma 4.2. But then z —y € (p), and hence y € (p).
Thus we see that p' C (p). O

Proposition 4.5. Algorithm 4.1 produces a correct result.

Proof. Let ) be a quiver and p C K@ a lower-admissible set of relations, and
let (@', p’) be the quiver with relations produced by Algorithm 4.1. Through-
out this proof, let (p') denote the ideal in K@’ generated by p'.

We need to show that (p') is a pre-admissible ideal of K@Q’. From our
construction of p’ in the algorithm, it is clear that no vertex of @)’ can appear
in an element of p', and hence (p’) C Jg. Moreover, the ideal (p) C KQ is
lower-admissible by assumption, so there exists some m such that J§ C (p).
It follows that Ji C Jg' C (p), and in particular J3J € KQ' N (p). Hence
Ji € (p') by Lemma 4.4, so (p') is a pre-admissible ideal.

Lastly, we show that KQ/ (p) = KQ'/ (p'). Since @' is a subquiver of @,
there is an inclusion map

¢: KQ — KQ,

and this map is a non-unital algebra homomorphism. Note that (p’) C (p)
by Lemma 4.4, so ¢ descends to a map

o KQ'/{p") = KQ/ {p).
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We claim that ¢ is an algebra isomorphism. Let v € Qg be a vertex. If
v € Qf, then v + (p) = ¢(v + (p')). Otherwise, we have that v € (p) by
Lemma 4.2, and hence v+ (p) = 0. In either case, we see that v+ (p) € Im ¢.
If & € Q, is an arrow, then a similar argument shows that o + (p) € Im ¢.
Since the cosets of the vertices and arrows in ) generate KQ/ (p) as an
algebra, we see that ¢ is surjective. To see that ¢ is injective, let A\ € KQ’
be an element such that ¢(\ + (p')) =0, i.e. X € (p). Then A\ € KQ' N {p),
so A € {(p/) by Lemma 4.4. This shows that Ker¢ = 0, and hence ¢ is an
isomorphism. O

Let us apply Algorithm 4.1 to an example.

Example 4.6. We consider the following quiver.

o a > Vs E>U4jc

Let p be the following lower-admissible set of relations in KQ).
p= {58)@‘87& _76763+U37C2 + V4. }

The vertices that appear in relations in p are vz and v4. We therefore remove
these vertices from (), and are left with the following quiver.

Q: vy —F—— vy

After removing all terms that are divisible by v3 or vy, we obtain the relation
set p' = { @ }. Thus we see that

KQ/(p) = KQ'/{a) = K*.
n

Let (@, p) be a quiver with lower-admissible relations, and let < be an
admissible order on the set of paths in (). Consider the quiver with relations
(@', p") produced by Algorithm 4.1. Since @' is a subquiver of @), we may
restrict < to an order on the set of paths in )', which we also denote by
<. This restricted order is still an admissible order. A question that then
naturally comes to mind is the following: If p is a Grobner basis with respect
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to the order on @), is p' a Grobner basis with respect to the restricted order
on Q"7 We might expect that the answer is no, since some elements of Tip(p)
may disappear from the quiver when we remove vertices. However, it turns
out that the answer is actually yes, as the following result shows.

Proposition 4.7. Consider (Q, p), (@', "), and < as in the preceding para-
graph. Suppose that p is a Grébner basis for the ideal (p) with respect to the
order <. Then p' is a Grobner basis for the ideal (p') C KQ' with respect to
the restricted order on Q)'.

Proof. Let z # 0 be an element of (p) C K@'. Then z is also an element
of (p) C K@ by Lemma 4.4, so since p is a Grobner basis there exists an
element = € p such that Tip(z) | Tip(z). Let p and ¢ be paths in @) such that
Tip(z) = pTip(z)q. Note that p, ¢, and Tip(x) are necessarily paths in the
subquiver ', since Tip(z) is a path in @'. Let V' denote the set of vertices
such that Q' = Q\V, and let y € p' be the element such that

y=>_t,
teT

where T' = Terms(x)\ Terms (). Since Tip(z) is a path in @', we have
CTip(x) Tip(z) ¢ Terms (),
and hence Tip(y) = Tip(z). We see that

Tip(z) = pTip(y)q,

so Tip(y) | Tip(z) in the ring KQ'. This shows that p’ is a Grobner basis. [

4.2 Pre-admissible to admissible

Given a quiver () with lower-admissible relations p C K@), we have seen how
we can replace K@/ (p) with an isomorphic quotient K@’/ (o), where p’ is
a pre-admissible relation set. Hence the problem of finding an admissible
path algebra quotient that is isomorphic to K@/ (p) can be reduced to the
case where p generates a pre-admissible ideal. In this section, we present a
solution to this case that is due to Qystein Skartseeterhagen [Skall].

Before presenting a precise algorithm, we give a less formal overview of
the idea behind the solution. Assume that (@, p) is a quiver with uniform
pre-admissible relations. If p does not generate an admissible ideal, then
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there exists an arrow « in () and an element z € K@ such that « —z € p (up
to a scalar multiple), and such that a does not appear in z. We then have

a=z (mod (p)).

Thus the arrow « is redundant, in the sense that the element of KQ/ (p)
represented by « is also represented by z, so we can remove a from the
quiver. If there are relations in p that reference «, then we replace those
relations by substituting z for a. Having eliminated the arrow «, we then
repeat this process until we are left with an admissible set of relations.

However, there is a problem. We want to use the element z as a replace-
ment for «, but what if z has the form

Z = Z bipi

for paths p; and scalars b;, where at least one of the paths p; contains a as
a subpath? Then our relation set would still contain references to «, even
after we substitute z for a. We solve this problem by repeatedly applying

the substitution
i

to z itself, until all references to o vanish modulo (p).
The notion of substitution in the previous paragraphs is made precise by
the following definition.

Definition 4.8 ([Skall|). Let @ be a quiver, and let o be an arrow in Q.
An element z € K@ is called a-uniform if z = t(a)zs(«). Given that z is
a-uniform, the substitution map

Subst(mz): KQ — KQ

is the unique algebra homomorphism such that Subst(.)(v) = v for all
vertices v in (), and such that

z iff=«
B itf+a
for all arrows 8 in Q. |

Subst(a,z) (ﬁ) = {

Remark 4.9. It is clear that the homomorphism Subst, ) is unique, since
the vertices and arrows of () generate K() as an algebra. However, it is less
clear that such a homomorphism actually exists. To see that it does indeed
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exist, let f: K@ — K@ be the unique K-linear map such that f agrees with
our definition of Subst, ) on the vertices and arrows of (), and such that

for all arrows Sy,..., 3, for which £;...5, # 0. Let us verify that f is an
algebra homomorphism. It is enough to check that f(pq) = f(p)f(q) for all
paths p and ¢. Note that since z is a-uniform, we have

f(p) =tp)f(p)s(p), (4.1)

regardless of whether p is divisible by «.
First suppose that pg = 0. Then we have

fpg) = f(0) = 0.

On the other hand, by using (4.1), we see that

because s(p) # t(q).
Now suppose that pg # 0. If p is a vertex, then p = t(¢), and hence

f(pg) = f(q),

while
f(p)fa) = f(t(q) fla) = t(q)f(q) = fla),

by (4.1). Hence f(pq) = f(p)f(q) if p is a vertex. A similar argument shows
that this also holds if ¢ is a vertex. If neither p nor ¢ is a vertex, then the
equality f(pq) = f(p)f(q) follows immediately from how we defined f on
nontrivial paths.

We see that f is an algebra homomorphism. Hence the homomorphism
Subst .y described in Definition 4.8 really does exist, and it is equal to f. W

Algorithm 4.2, ELIMINATEARROW(Q, p, o, x), eliminates all references to
a single arrow « in a relation set p, bringing us one step closer to obtaining an
admissible relation set. The notation @\ { @ } denotes the quiver obtained
by removing the arrow « from @), i.e. the quiver whose vertex set is the same
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as that of (), and whose arrow set is @1\ { o }.
Algorithm 4.2: ELIMINATEARROW(Q, p, o, z) ([Skall, Algorithm

1])

Input: A quiver @, a finite pre-admissible set p C K@ of uniform
relations, an arrow « € (1, and a relation x € p such that «
appears in x

Output: A quiver @' = Q\ { @ } and a finite pre-admissible set

P C KQ' of uniform relations, such that
KQ/{p) = KQ'/{)

¢ + coefficient of « in x;

20— a—c la;

14 0;

while there is a term of z; that is divisible by o do

141+ 1;

Zi + Subst(q, ) (2i-1);

T < Terms(%)\ Terms ) (%);
Zi < ZteT t;

end

Z < Z5;

1 Q — Q\{a};

12 p { Subst(a,z)(r) | 7 € p };

13 return (Q', p);

© W N O Gk W

[y
= o

w

Remark 4.10. On line 7 of Algorithm 4.2, we remove those terms of Z; which
are contained in the ideal (p). In order to do this, we need to be able to check
if an element of K@) is contained in said ideal. We can do this if we first
compute a finite Grobner basis for p (with respect to some admissible order),
which is possible by Theorem 2.48 and Theorem 2.51 because KQ/ (p) is
finite-dimensional.

However, another approach is also possible. Instead of removing those
terms of z; which are contained in (p), we could just remove the terms that are
contained in the ideal Jg, where m is some integer such that J&' C (p). This
would not affect the correctness of the algorithm. Of course, this modified

version of the algorithm requires that we know some such value of m.
|

Note that since the relation set p is assumed to be uniform, z, is an
a-uniform element, and hence the substitution map Subst(, ., is defined.
Observe that substitution preserves uniformity (and in particular it preserves
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a-uniformity), so the elements Z; and z; are also a-uniform for all i. It follows
that the map Subst(,,) is also defined, and that p’ is a uniform set.
Before we prove that Algorithm 4.2 is correct, we consider an example.

Example 4.11. Let ) denote the following quiver.

as
Vg — Vs
/ \ loés/—\
Q: ar > Vg s

\/

We consider the pre-admissible set
_ 3
p= { Qo — (i3, Qs — Quy, Qg lgQrr g — (g, (QtgQrg iy ) }

of relations in K'@). The relations preventing p from being admissible are
agas — g and agagarag — ag. We start by performing

ELIMINATEARROW (Q, p, iy, agars — ad),

which gives us the following quiver.

as
Vo — Vs
V l%
> Vg

Substituting agas for ay, we get the set

/.
Q ! ar asg

/o 3
p = { Qo] — 5013, (s — Qe (ls, Qg (lg A7ty — g, (g Qig(ry) }

of relations in K@)’. This is still not an admissible set, so we apply the
algorithm one more time, this time performing

ELIMINATEARROW (Q', o', cvg, cigargvrcrg — avg).

We then get the following quiver.

Qs
Vg — Us
b |
ag
",
Q - U1 () > Vg > Ut

a7 ag

U3
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In order to obtain a new set of relations, we must first find a suitable sub-
stitute for ag. We repeatedly perform the substitution ag — agagarag, and
see that

Qg = QgQig7Qlg

(OégOZgOé70ég)Oé8a/7((l/9048&7a9)
= (049048047)3049

=0 (mod (p)).
Thus we can substitute 0 for ag, and we obtain the admissible relation set
" ={ @y — agasas, agas — agas }
in KQ". |

We will now prove that Algorithm 4.2 is correct. In order to do this, we
will require some preliminary results. We start by showing that the algorithm
terminates.

Lemma 4.12 ([Skall, Proposition 5.2|). Algorithm 4.2 terminates.

Proof. Consider a quiver (), a set p C K@, an arrow «, and a relation x € p
such that the assumptions in Algorithm 4.2 are satisfied. For an element
y € KQ, let L,(y) denote the shortest length of a path appearing in y that
is divisible by «. In other words, L, (y) is the infimum of the set

{(p) | pis a path appearing in y, and « divides p },

where we define L, (y) = oo if the set above is empty.
We claim that if p is any nontrivial path, then

Lo(Subst(a ) () > (p). (4.2)

We proceed by induction on the length of p. For the base case [(p) = 1, we
must have p = 3 for some arrow (5. If 8 # «, then we have

L (Subst(a. ) (p)) = La(B) = oc0.
Otherwise, if p = a;, we have

Subst(a,z)(P) = 20,

and hence
La(Subst (a2 (p)) = La(20) > 2 > (p),
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where L,(z9) > 2 because « does not appear in zy. This shows that the base
case for our claim holds.

Now suppose that [(p) > 2, and assume that (4.2) holds for all paths that
are strictly shorter than p. Then we can write p = ¢¢’ for nontrivial paths ¢
and ¢’. Now suppose that r is some path that appears in the element

SUbSt(a,zo) (p) = SUbSt(a,zo) (Q) SUbSt(a,zo) (q/)a

such that « | r. Then r must have the form r = ss’, where s is a path
that appears in Substa,.,)(¢) and s’ is a path that appears in Subst (4 .,)(¢').
Furthermore, at least one of the paths s and s must be divisible by a.
Without loss of generality, assume that « | s. Then

[(r) = 1(s) + 1(s)
> Lo (Subst(a,2)(q)) + I(q),

where we have used the fact that [(s) > [(¢') because Subst(,,.,)(¢') is a
linear combination of paths of length at least I(¢). Applying the inductive
assumption to ¢/, we see that

(r) > Uq) + U(q') = Up),

and consequently
La (SubSt(a,zo) (p) ) > [(p) ’

as desired.

Now consider the sequence zg, 21, 29, ... produced by the algorithm. If
Lo (z;) = oo, then the algorithm will terminate after the ith iteration of the
while loop. Otherwise, there exists at least one path p appearing in z; such
that « divides p. Then by using (4.2), we see that

La(Subst(a ) (p)) > Up) > La(2),

and hence L,(Z;71) > Lo(2;). Since we obtain z;,1 by removing terms from
Zit1, we also see that

Lo(2i41) 2 La(Zit1) > La(2i).-

Since (p) is assumed to be pre-admissible, there exists some integer m such
that J; C (p). By the preceding argumentation, there exists some j such
that L,(z;) > m. Thus if p is a path that appears in z; and which is
divisible by a, then p € (p). But by the construction of z;, none of the paths
appearing in z; are contained in (p), and hence none of the paths appearing
in z; are divisible by . This shows that the algorithm terminates after the
jth iteration of the while loop. ]
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Next we show that substitution is compatible with the relation set p, in
the sense that the map Subst(,,x) preserves equivalence classes modulo (p),
as long as a and \ belong to the same equivalence class.

Lemma 4.13 ([Skall, Lemma 5.1|). Let Q be a quiver, and let I C KQ be
an ideal. Let a be an arrow in Q, and let A € KQ be an a-uniform element.
Furthermore, assume that « = X (mod I). Then for any element y € KQ,
we have

y = Subst(s,x)(y) (mod I).

Proof. Since Subst(,,y) is an algebra homomorphism, it suffices to check the
special case where y is a vertex or an arrow. If y is either a vertex or an
arrow different from o, then y is actually equal to Subst(q, ) (y). Otherwise,
we have y = «, and hence

Subst(a,\) (y) = Subst(q (o) =A=a =y (mod I).

As a consequence of Lemma 4.13, we have the following result.

Corollary 4.14 (|Skall, Lemma 5.3|). Let (Q, p) be a quiver with relations,
let o be an arrow in Q, and let x € p be a relation, such that the conditions in
Algorithm 4.2 are satisfied. If z is the element defined on line 10 of Algorithm
4.2, then we have

z=a (mod (p)).

Proof. We clearly have
zo=a (mod (p)).

Moreover, we have
4=% (mod (p)

for all 7, because we obtain z; from Z; by removing terms that are contained
in (p). We also have

Z = zi-1 (mod (p))
by Lemma 4.13. By induction, it follows that

z=a (mod (p)).

99



Lemma 4.15 (|[Skall, Lemma 5.4|). Let (Q, p) be a quiver with relations, let
a be an arrow in @), and let x € p be a relation, such that the conditions in
Algorithm 4.2 are satisfied. Let (Q)',p') be the quiver with relations produced
by the algorithm. Then

(') = KQ' N {p),
where (p') denotes the ideal in KQ' generated by p', and (p) denotes the ideal
in KQ generated by p.

Proof. Let z € KQ@Q' be the element defined on line 10 of the algorithm.
Recall that the relation set p’ is defined as
p' = {Subst.(r)|rep}.

In order to show that (p') C KQ' N (p), it therefore suffices to show that
Subst(a,z)(r) € (p) for all r € p. But by Corollary 4.14 and Lemma 4.13, we

have
Subst(ay(r) =r =0 (mod (p)),

i.e. Substs.)(r) € (p). This shows that (p') € KQ' N {p).
Now suppose that y € KQ' N (p). Since y € (p), there exist relations
r; € p and elements f;, g; € K@ such that

Yy = Z firigi.

Note that y = Subst(,.)(y) because y € KQ', and hence

y = Subst,,z) (Z fﬂ“i%)

= Z Subst(q,2)(fi) Subst(q,»)(r:) Subst(a,.)(g;).

Note that Subst(,,.)(r;) € p’, while Subst(,.)(fi) and Subst, .)(g;) are ele-
ments of K. Thus the equality above shows that y € (/) C K@’, and
hence KQ N (p) C (p). O

We now have all the preliminary results we need in order to prove that
Algorithm 4.2 does what it is supposed to.

Proposition 4.16 ([Skall, Proposition 5.5|). Algorithm 4.2 produces a cor-
rect result.
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Proof. Let @ be a quiver, p C K( a finite pre-admissible set of uniform
relations, a an arrow in (), and x € p a relation such that o appears in x.
Let (@', p') be the quiver with relations produced by Algorithm 4.2. We first
show that the ideal (p’) C K Q' is pre-admissible. Since the ideal (p) C KQ
is pre-admissible by assumption, there exists some integer m such that
Jo S {p) € Jo

Then we see that (p') C Jg, since our construction of p’ from p did not
introduce any vertices into the relations. Let p be a path in @’ of length
m. Then p € (p), so since we also have p € KQ', we see that p € (p/) by
Lemma 4.15. Hence Jgj, C (p'), so (') is pre-admissible.

Next we show that KQ'/ (p') = KQ/ (p). Recall that )’ is the subquiver
of ) obtained by removing the arrow «, so there is an inclusion map

¢: KQ' — KQ,

and this is a (unital) algebra homomorphism. We have (p') C (p) by
Lemma 4.15, so ¢ induces a map

o KQ'/{p") = KQ/{p).

We claim that ¢ is an isomorphism. Using a similar argument to the one
given in the proof of Proposition 4.5, it can be shown that ¢ is injective. To
see that ¢ is surjective, let y € K@ be an arbitrary element. Consider the
element z € K@’ defined on line 10 of the algorithm, and note that

o (mod (p))

by Corollary 4.14. Let § = Subst(,.)(y) € KQ'. Then

z

g=y (mod (p))

by Lemma 4.13, and hence

oW+ () =9+ () =y+{p).

Thus ¢ is surjective, and hence it is an isomorphism.

]

Algorithm 4.2 only eliminates a single arrow from a pre-admissible set
of relations. By repeating this process until there are no more arrows to
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remove, we eventually obtain an admissible set of relations. This is described
in Algorithm 4.3, PREADMISSIBLETOADMISSIBLE(Q, p).

Algorithm 4.3: PREADMISSIBLETOADMISSIBLE(®, p) ([Skall,
Algorithm 2|)
Input: A quiver () and a finite pre-admissible set p C K@ of
uniform relations
Output: A quiver Q" and a finite admissible set p’ C KQ' of
uniform relations such that KQ/ (p) = KQ'/ (p)
Q'+ @;
P p;
while p' contains an element in which an arrow appears do
Choose an element x € p and an arrow « € ()7 such that a
appears in x;
(@', p') < ELIMINATEARROW (Q)', ¢/, o, );
6 end
7 return (Q', p);

B W N =

[}

Proposition 4.17 ([Skall, Proposition 5.8|). Algorithm 4.3 produces a cor-
rect result.

Proof. In every iteration of the while loop, an arrow is removed from the
quiver ()’. Since there are only finitely many arrows, this means that the
algorithm must terminate. When the algorithm terminates, the set p’ must
generate an admissible ideal, for otherwise there would be more arrows to
remove from the quiver )'. Finally, the fact that p’ is a uniform set and the
fact that KQ/ (p) = KQ'/ {p) both follow from the correctness of Algorithm
4.2. O

It is now clear how we can replace a lower-admissible path algebra quo-
tient K@)/ (p) with an admissible one: we first use Algorithm 4.1 to obtain a
pre-admissible quotient, and then we apply Algorithm 4.3 to get an admissi-
ble quotient.

In Proposition 4.7, we saw that Algorithm 4.1 preserves Grobner bases.
Our proof of this fact boiled down to showing that if € p is a relation in
the lower admissible set p C K@), and if Tip(x) is contained in the subquiver
@’ produced by the algorithm, then Tip(x) € Tip(p'). If we could prove that
the analogous statement holds for Algorithm 4.2, then it would follow that
Algorithm 4.2 and Algorithm 4.3 also preserve Grébner bases. Unfortunately,
the analogous statement does not hold. For let x be an element of a uniform
pre-admissible relation set p C K@), and suppose that Tip(z) is contained
in the subquiver ' produced by Algorithm 4.3. If « is some arrow that is
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removed from the quiver and replaced with an element z during the execution
of the algorithm, then it may happen that

Tip(Subst(a,.)(x)) > Tip(z),

because some of the lower order terms of x may be replaced by terms that
are greater than Tip(z). It could also happen that Subst(, . (z) = 0. As a
consequence, Tip(z) will not necessarily be an element of Tip(p’). In particu-
lar, Algorithm 4.3 does not preserve Grobner bases, as the following example
shows.

Example 4.18. Consider the following quiver.
v

> N

> Uy ;)n

N S
v

3

2

S

Q: Cd U1

We equip @) with the left length-lexicographic ordering (Example 2.4), with
the vertices ordered numerically and the arrows alphabetically, i.e.

V1 < Vg <3 <y

and
a<f<y<di<e<(<n.

We let p denote the following pre-admissible set of relations in KQ:

p= { 604C_57775ﬁy_7755 C37773’€CZ } :

Let us verify that p is a Grobner basis. The set p is tip reduced and uniform,
so we can use Theorem 2.41. We have the following overlaps between elements
of p:

e Ba¢ — e and ¢ have a (¢?, fa)-overlap.

n® and ndvy — ne have a (6, n?)-overlap.

£¢? and ¢? have both a ({, g)-overlap and a (¢?, e()-overlap.

¢ has both a (¢, )-overlap and a (¢?, ¢?)-overlap with itself.

Similarly, n® has an (n,n)-overlap and an (n?, n?)-overlap with itself.
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We must check that all of the overlap relations have remainder zero under
division by p. The overlap relation of Ba( — ¢ and (3 is

U(ﬁOZC - & <37 C27 BOO = (504C - 8><2 - Bagg
= —e(%

This element has remainder zero, because it is simply a scalar multiple of
eC? € p. Next, the overlap relation of ® and ndy — ne is

o(n®,ndy — ne, 6v,1%) = n°0y — n*(ndy — ne)
3
= 1P,

which has remainder zero because it is divisible by n* € p. The overlap
relations corresponding to the rest of the overlaps are all zero, so we see that
p is a Grobner basis.

Let us now see what happens when we replace the pre-admissible quotient
KQ/ {p) with an admissible quotient KQ'/ (p’). The relation preventing p
from being admissible is fa( — &, so we need to remove the arrow . We

obtain the following quiver.
)
>N

Q/: CC (%1 V4 D"]

oA

U3

We give @ an admissible order by restricting the order on ) to the set of
paths in ). By substituting Sa( for €, we get the following admissible set
of relations in KQ’:

= { 0oy —nBal, %1, Bac® }.
The set of tips of p’ is

Tip(p') = { nBag, ¢, n*, Ba® } .
Consider the element ndy(%. We have
n07¢* = 1oy (* — nfac’® +nfal’
= (167 = nBaC)¢* +n(Bac’).

Since ndy —nBac and fa? are elements of p/, the element nd~y¢? is contained
in the ideal (p’) C K@Q'. But ndy(? is not divisible by any element of Tip(p/),
so p' is not a Grobner basis. |
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Since Algorithm 4.3 does not preserve Grobner bases, we will have to
find a Grobner basis for p/ C K@ by some other means. Of course, we could
simply use Buchberger’s algorithm. However, this means that we would have
to compute a Grobner basis both before and after running Algorithm 4.3,
which could be time-consuming. It would therefore be nice if we could devise
a modified version of Algorithm 4.3 that preserves Grobner bases.

As suggested by the discussion preceding Example 4.18, it would be
enough to compute a relation set p” C K@ such that p” generates the
same ideal as p/, and such that if z € p is an element whose tip is a path
in @', then Tip(x) € Tip(p”). However, this approach cannot work, because
such a set p” does not exist in general. For example, consider Example 4.18.
It can be shown (e.g. by using Buchberger’s algorithm) that the set

G = {ndy —npa¢, 1, név¢* }

is a Grobner basis for (p’). Consider the relation

x =ndy —ne € p.

The tip of x is ndv, which is a path in )’. But this path is not divisible by
any element of Tip(G), so since G is a Grobner basis, there does not exist
any element y € (p) such that Tip(y) = Tip(x).

Of course, the fact that this specific approach is impossible does not
preclude the possibility that there is another way to modify the algorithm so
that it preserves Grobner bases. However, because of time constraints, I was
unable to investigate this further in this thesis.
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Appendix A

A long proot

We will now provide a proof of Lemma 2.47, which we used to show that
Buchberger’s algorithm (Algorithm 2.3) terminates. Recall that A = K@ is
the path algebra of a quiver ), and that we have fixed some admissible order

on Q.

Lemma 2.47. Let { f1,...,fn } € A be a tip reduced uniform subset, and
let I =(f1,...,[n). Let x be an element of the reduced Grobner basis of I.
Then during the execution of Algorithm 2.3, there exists some | such that
Tip(x) € Tip(G)).

Proof.

We adapt the proof of Theorem 2.41. For the sake of contradiction,
assume that Tip(x) ¢ Tip(G)) for all [. Fix an index [. Since z € I and G,
is a generating set for I, there exist distinct elements g; € G, paths p;; and
gij, and nonzero scalars a;; such that

xr = Zaijpijgi%’j- (A1)
,J

We may assume that p;;g,q;; # 0. For each i, we can write
9i = Z birYik,
k

where the b;; are nonzero scalars and the v, are distinct paths. Then we get
T = Z @i bikDij ik Qi - (A.2)

irj,k
Let p* be the largest of the paths p;;virg;; with respect to the admissible order
<. Out of all possible choices for the index [, and out of all the possible ways
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to write = as in (A.1), we may assume that we have made our choice in such
a way that p* is minimal with respect to the well-order <. Moreover, once
we have chosen our minimal p*, we may assume that we have chosen [ and
our expression for z in (A.1) in such a way that the number of occurrences
of p* in the right-hand side of (A.2) is minimal.

Let 41, j1, and k; be fixed indices such that p* = p; j,Viik ¢,j,- Then
p* = Tip(piyj1 Virk:1Girjr ). Because g;, is uniform and because we chose p*
to be the largest path appearing in the sum in (A.2), it must be the case
that 7,5, = Tip(gi,), and hence p* = p;;, Tip(gi, )¢, ;- We claim that
Tip(z) # p*. For if Tip(x) were equal to p*, then Tip(x) would be divisible by
Tip(g;,). But g;, is an element of I and x is an element of the reduced Grébner
basis of I, so this would imply that Tip(x) = Tip(g;, ), which contradicts our
assumption that Tip(z) ¢ Tip(G)).

Since Tip(z) # p* and p* is the largest of the paths appearing in the
right-hand side of (A.2), the appearances of p* in (A.2) must cancel out. In
particular, p* must appear at least twice in the right-hand side, so there exist
indices i9, j2, and kg such that (iy, j1, k1) # (i2, j2, ko) and

Piyjy Tip(gil)qiljl = DigjaVigka Qiago-

Note that p;,j, Tip(gi,)¢i,j # 0 because g;, is uniform, and consequently
DPisjoYisks Qisgo < Disjo Tip(gi2>ql'2j2' Hence we have Yioky = Tip(gi2)7 and we get
Pirgs T1P(9i)Ginjy = Pisge T1P(9is ) Gino-

To simplify our notation, we write p = D1, 9 = iy, ¢ = Qirjrs @ = Q45
pl = pi2j27 g/ = gigjgv q/ = Qinzv and (l/ = aigjg'

We are now in a similar situation to the proof of Theorem 2.41. Indeed,
most of the cases in that proof carry over to this proof with no modifications
needed. The only exception is case 2.3.1, whose proof in Theorem 2.41 used
an assumption that may not be satisfied in the present proof. Hence we only
need to check that we obtain a contradiction in this case. So assume that
((p) < U(p), Ug) > Uq'), and I(p") < [(pTip(g)).

Then there exist paths r and s such that ¢ = r¢/, p’ = ps, and Tip(g)r =
sTip(¢'). Just as in the proof of Theorem 2.41, we have Tip(g) 1 s and
Tip(g’) t r. Hence there is an (r, s)-overlap of g and ¢’. By using an argument
identical to the one given in the proof of Theorem 2.41, it can be shown that

CTi

_ p(g/) p/g/q/
CTip(g')
Let w € A be the element computed by the algorithm REMAINDER (Algo-
rithm 2.1) such that

pgq = CTip(g)po(g, 9,7, s)qd + (A.3)

0(g,9',7,8) =¢, w.
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Then there exist scalars ¢, € K\ {0 }, paths p,, and G, in @, and elements
Jm € G} such that

0(97 9/7 T, S) - Z Cmﬁmgm(jm + w, <A4)

m

where
Tip(pmGmim) < Tip(o(g, 9,7, 5)),
and where Tip(y) 1 p whenever y € G;\ { 0 } and p is a path that appears in
w.
By using (A.3) and (A.4), we get

o]

apgq +apgq

CTi
=a <CTlp<g)p0(g,g/,T, S)q,+ 1p<g) lg/ql) o0

CTip(g") rerga

. o CTip(g)

— CT 2 DrmGrm Gm / /1] 1
a( ip(g)p (;c PmGm{ +w>q+—CTip(g,)pgq +a'p'g'q
= d"Vg'q + ) pPmimimd + bpwd,

m

where o’ = agTTif((gg,)) +d, ¢, = aCTip(g)cym, and b = a CTip(g). Thus we

can rewrite (A.1) in the following way:

T = Z @ijPij 9idij

(]

= Z aiipij9igi; + a"v'g'qd + Z ¢ PPmImimq + bpwq'. (A.5)
(4,5)#(1,71),(i2,42) m

This decreases the number of occurrences of p* by one.! Unlike the proof
of Theorem 2.41, however, this does not immediately yield a contradiction,
because w is not an element of (G;, so our new expression for x would not
have the same form as (A.1). In order to obtain a contradiction, we will use
Lemma 2.46.

If w = 0, then we get a contradiction just as in the proof of Theorem 2.41.
So assume that w # 0. Then w will be added to the set X during the for loop
in Algorithm 2.3. The set (G;;; is obtained by tip reducing the set G; U X,

! This could actually decrease the number of occurrences of p* by two, if o’/ = 0. If p*
occurred exactly twice in (A.1), then this would mean that p* no longer appeared at all.
But this would contradict the minimality of p* with respect to the admissible order.
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so by Lemma 2.46, there exist elements h; € G, 1, scalars d;, and paths u,
and v; such that
w = Z dtuthtvt,
t

where Tip(ushivy) < Tip(w), and such that Tip(ushsvy) = Tip(w) for only
one value of ¢t. Similarly, since ¢g; and g,, are elements of G, they can be
written as

_2 : AV
g; = dit,uit/ hitlvit/
+

and
gm = § dmt”ﬂmt” hmt”ﬁmt”a

tl/

where we again assume that the other conditions in Lemma 2.46 are satisfied.
By combining this with (A.5), we obtain the following equality:

U / / /
z = E E Wij iy Dij Wi Mg Vg Qi

(1,5)#(11,51),(i2,52) ¥

I/ / ! ! /
+ E a dm,p uiQt,hiQt,vm,q
t/

§ : rg ~ o~ 7 ~ ~
+ Cmdmt”ppmumt” hmt” Umt"dmq

m,t”

+ Z bdtputhtvtq/. (AG)
t

Since hl,, by, and hy are elements of G, we see that we have found a
new way to write x as in (A.1), except that we are using elements of G4
instead of elements of (G;. We will see that this leads to a contradiction of
our minimality assumptions about p*.

Since w is a remainder of 0(g, ¢, r, s), Lemma 2.20 tells us that

Tip(w) < Tip(o(g, 9,7, 5)).

Hence we see that

Tip(puchyveg’) < Tip(pwq')
<pTip(o(g,9',7,5))d
< pTip(g)rd
= pTip(g)q
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Similarly, using the fact that Tip(pmGmGm) < Tip(o(g,d’, 7, s)), we see that

Tlp (pﬁmﬁmt” ilmt” @mt”qu/> S Tlp (pﬁmgmgmq/>
< pTip(g)rd

This shows that p* does not appear in the terms

puthtvtq/

or
~ o~ i:L ~ ~ /
PPmUmt! Nt Ui m g -

Moreover, it is straightforward to check that
Tip(pijtip My Vip gij) < P*

We see that all paths appearing in the terms in (A.6) are less than or equal
to p*. In other words, p* is the largest of the paths appearing in (A.6). In
order to obtain a contradiction of our minimality assumptions, it is therefore
enough to show that the number of occurrences of p* in (A.6) is strictly
smaller than the number of occurrences of p* in (A.1).

We have seen that p* does not appear in terms of the form pu h,v.q
or pﬁmﬁmtnﬁmtnf)mtnqu’ . It therefore suffices to consider terms of the form
pijui v, Recall that by Lemma 2.46, we could choose the elements
., hl., and v}, in such a way that for any given index ¢, there is only one

value of ¢’ for which
Tip(ujyhipviy) = Tip(g:),
i.e. for which
Dij Tip(u;y hgt/”ét/)%’j = pij Tip(9i) s

for any index j. In particular, if p;; Tip(g;)q;; = p*, then there is exactly one
value of ¢’ such that p* appears in p;;u, bl v}, q:;; and if p;; Tip(g:)qi; # p*,
then p* does not appear in p;;u;, hl, v}, q;; for any value of ¢. This shows that
the number of terms of (A.6) in which p* appears is equal to the number of
occurrences of p* in (A.5), which is one less than the number of occurrences
of p* in (A.1). But this contradicts our assumption about p*. ]
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Appendix B

Implementation of algorithms

This appendix contains implementations of some of the algorithms in this
thesis, written in the programming language GAP using the package QPA.
Appendix B.1 contains code related to the computation of Grébner bases,
including the modified version of Buchberger’s algorithm presented in Chap-
ter 3. Appendix B.2 contains code for computing tensor products of algebras.
Appendix B.3 tests comparing the performance of implementations of Algo-
rithm 2.3 and Algorithm 3.1.

The source code displayed in this appendix is also available in the form of
PDF attachments. If you are viewing this thesis in a PDF reader, it should be
possible to access these attachments by clicking (or possibly double clicking
or right clicking) on the following items:

e groebner basis.g

e tensor products.g

e timing.g

The source code may eventually also appear on my personal GitHub page,
which can be found at https://github.com/jonwanundsen.

B.1 Grobner basis algorithms

Listing B.1 contains code for computing Groébner bases, which can also be
found in the PDF attachment groebner_basis.g. The following are the
most important functions found in the code:

e TipReduceInPlaceWithoutFlags: Implements TIPREDUCE (Algorithm
2.2).
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LoadPackage("qpa");

PathDivision := function(path, sub)
    # Returns a list [p, q], where p and q are paths such that path = p*sub*q,
    # or returns fail if no such paths exist.
    local index, p, q, path_walk, i;
    if not IsQuiverVertex(sub) then
        # Sub is a nontrivial path.
        index := PositionSublist(WalkOfPath(path), WalkOfPath(sub));
        if index = fail then
            return fail;
        else
            path_walk := WalkOfPath(path);
            p := SourceOfPath(path);
            for i in [1..(index - 1)] do
                p := p*path_walk[i];
            od;
            q := TargetOfPath(sub);
            for i in [(index + LengthOfPath(sub))..LengthOfPath(path)] do
                q := q*path_walk[i];
            od;
            return [p, q];
        fi;
    else
        # Sub is a vertex.
        if IsQuiverVertex(path) then
            if path = sub then
                return [sub, sub];
            else
                return fail;
            fi;
        else
            if SourceOfPath(path) = sub then
                return [sub, path];
            else
                path_walk := WalkOfPath(path);
                index := fail;
                p := SourceOfPath(path);
                for i in [1..Length(path_walk)] do
                    p := p*path_walk[i];
                    if TargetOfPath(path_walk[i]) = sub then
                        index := i;
                        break;
                    fi;
                od;
                if index <> fail then
                    q := sub;
                    for i in [(index + 1)..Length(path_walk)] do
                        q := q*path_walk[i];
                    od;
                    return [p, q];
                else
                    return fail;
                fi;
            fi;
        fi;
    fi;
end;

TipReduceInPlaceWithoutFlags := function(generators)
    local modified, i, j, generator1, generator2, pair, c;
    while true do
        modified := false;
        for i in [1..Length(generators)] do
            generator1 := generators[i];
            if not IsZero(generator1) then
                for j in [1..Length(generators)] do
                    generator2 := generators[j];
                    if j <> i and not IsZero(generator2) then
                        # "Divide" the tip of the second generator by the tip
                        # of the first generator:
                        pair := PathDivision(TipMonomial(generator2), TipMonomial(generator1));
                        if pair <> fail then
                            c := LeadingCoefficient(generator2)/LeadingCoefficient(generator1);
                            generators[j] := generator2 - c*(pair[1]*generator1*pair[2]);
                            modified := true;
                        fi;
                    fi;
                od;
            fi;
        od;
        if not modified then
            break;
        fi;
    od;
end;

TipReduceInPlaceWithFlags := function(generators, flags)
    local modified, i, j, generator1, generator2, pair, c;
    while true do
        modified := false;
        for i in [1..Length(generators)] do
            generator1 := generators[i];
            if not IsZero(generator1) then
                for j in [1..Length(generators)] do
                    generator2 := generators[j];
                    if j <> i and not IsZero(generator2) then
                        # "Divide" the tip of the second generator by the tip
                        # of the first generator:
                        pair := PathDivision(TipMonomial(generator2), TipMonomial(generator1));
                        if pair <> fail then
                            c := LeadingCoefficient(generator2)/LeadingCoefficient(generator1);
                            generators[j] := generator2 - c*(pair[1]*generator1*pair[2]);
                            if j <= Length(flags) then
                                flags[j] := true;
                            fi;
                            modified := true;
                        fi;
                    fi;
                od;
            fi;
        od;
        if not modified then
            break;
        fi;
    od;
end;

RemainderUnderDivision := function(y, dividing_set)
    local z, r, x, division_occurred, pair, c;
    r := 0*y; # Sets r to the zero element of the path algebra containing y
    z := y;
    while not IsZero(z) do
        division_occurred := false;
        for x in dividing_set do
            if not IsZero(x) then
                pair := PathDivision(TipMonomial(z), TipMonomial(x));
                if pair <> fail then
                    c := LeadingCoefficient(z)/LeadingCoefficient(x);
                    z := z - c*(pair[1]*x*pair[2]);
                    division_occurred := true;
                    if IsZero(z) then
                        break; # Break the for loop because z has become zero
                    fi;
                fi;
            fi;
        od;
        if not division_occurred then
            r := r + LeadingTerm(z);
            z := z - LeadingTerm(z);
        fi;
    od;
    return r;
end;

ComputeOverlaps := function(x, y)
    # This function computes a list of all pairs [p, q] of paths p and q
    # such that x and y have a (p, q)-overlap.
    local tip_x, tip_y, i, j, n, path_pairs, arrows_x, arrows_y, p, q;
    if IsZero(x) or IsZero(y) then
        return [];
    else
        tip_x := LeadingMonomial(x);
        tip_y := LeadingMonomial(y);
        if IsQuiverVertex(tip_x) or IsQuiverVertex(tip_y) then
            # Overlaps cannot exist if either of the tips is a vertex
            return [];
        else
            n := Minimum(LengthOfPath(tip_x), LengthOfPath(tip_y));
            arrows_x := WalkOfPath(tip_x);
            arrows_y := WalkOfPath(tip_y);
            path_pairs := [];
            for i in [1..n] do
                if arrows_x{[(Length(arrows_x) - i + 1)..Length(arrows_x)]} = arrows_y{[1..i]} then
                    # The last i arrows in the tip of x coincide with the first
                    # i arrows in the tip of y, so there is an overlap.
                    p := TargetOfPath(tip_x);
                    for j in [(i + 1)..Length(arrows_y)] do
                        p := p*arrows_y[j];
                    od;
                    q := SourceOfPath(tip_x);
                    for j in [1..(Length(arrows_x) - i)] do
                        q := q*arrows_x[j];
                    od;
                    Add(path_pairs, [p, q]);
                fi;
            od;
            return path_pairs;
        fi;
    fi;
end;

ComputeOverlapRelations := function(x, y)
    local overlap_relations, overlap, p, q, relation;
    overlap_relations := [];
    for overlap in ComputeOverlaps(x, y) do
        p := overlap[1];
        q := overlap[2];
        relation := (x*p)/LeadingCoefficient(x) - (q*y)/LeadingCoefficient(y);
        Add(overlap_relations, relation);
    od;
    return overlap_relations;
end;

ComputeGroebnerBasisWithKnowledge := function(generators, k)
    local groebner_basis, flags, remainders, i, j, ith_is_in_grb_basis,
        jth_is_in_grb_basis, overlap_relation, r;
    groebner_basis := ShallowCopy(generators);
    # Note that the variable groebner_basis will not actually be a Gröbner basis
    # until the algorithm terminates.
    flags := []; # A list representing which of the first k elements of the
                 # generating set have been modified by tip reduction.
    for i in [1..k] do
        flags[i] := false;
        # The flag is set to false because the corresponding element
        # has not yet been modified by tip reduction
    od;
    TipReduceInPlaceWithFlags(groebner_basis, flags);
    while true do
        remainders := [];
        for i in [1..Length(groebner_basis)] do
            # Check if the ith element is among the first k elements
            # and has not been modified by tip reduction:
            ith_is_in_grb_basis := (i <= k and not flags[i]);
            for j in [1..Length(groebner_basis)] do
                jth_is_in_grb_basis := (j <= k and not flags[j]);
                if not ith_is_in_grb_basis or not jth_is_in_grb_basis then
                    # The elements are not both contained in the Gröbner basis
                    # formed by the first k elements of the list given as an
                    # argument to this function, so we need to check overlaps
                    for overlap_relation in ComputeOverlapRelations(groebner_basis[i], groebner_basis[j]) do
                        r := RemainderUnderDivision(overlap_relation, groebner_basis);
                        if not IsZero(r) then
                            Add(remainders, r);
                        fi;
                    od;
                fi;
            od;
        od;
        if Length(remainders) <> 0 then
            Append(groebner_basis, remainders);
            TipReduceInPlaceWithFlags(groebner_basis, flags);
        else
            break;
        fi;
    od;
    return groebner_basis;
end;

ComputeGroebnerBasisWithoutKnowledge := function(generators)
    # This function requires that the generating set is uniform.
    local groebner_basis, remainders, i, j, overlap_relation, r;
    groebner_basis := ShallowCopy(generators);
    # Note that the variable groebner_basis will not actually be a Gröbner basis
    # until the algorithm terminates.
    TipReduceInPlaceWithoutFlags(groebner_basis);
    while true do
        remainders := [];
        for i in [1..Length(groebner_basis)] do
            for j in [1..Length(groebner_basis)] do
                for overlap_relation in ComputeOverlapRelations(groebner_basis[i], groebner_basis[j]) do
                    r := RemainderUnderDivision(overlap_relation, groebner_basis);
                    if not IsZero(r) then
                        Add(remainders, r);
                    fi;
                od;
            od;
        od;
        if Length(remainders) <> 0 then
            Append(groebner_basis, remainders);
            TipReduceInPlaceWithoutFlags(groebner_basis);
        else
            break;
        fi;
    od;
    return groebner_basis;
end;
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LoadPackage("qpa");

CrossVertexFirst := function(v, y, product_quiver_path_algebra)
    local y_terms, field, product_quiver, crossed_element, i, path,
        coefficient, crossed_path;
    product_quiver := QuiverOfPathAlgebra(product_quiver_path_algebra);
    field := LeftActingDomain(product_quiver_path_algebra);
    y_terms := CoefficientsAndMagmaElements(y);
    # y_terms is a list where the entries at odd indices are the paths
    # appearing in y, and the entries at even indices are the coefficients.
    crossed_element := Zero(product_quiver_path_algebra);
    for i in [1..(Length(y_terms)/2)] do
        path := y_terms[2*i - 1];
        coefficient := y_terms[2*i];
        crossed_path := IncludeInProductQuiver([v, path], product_quiver);
        crossed_element := crossed_element + coefficient*ElementOfPathAlgebra(
                                product_quiver_path_algebra, crossed_path);
    od;
    return crossed_element;
end;

CrossVertexSecond := function(x, w, product_quiver_path_algebra)
    local x_terms, field, product_quiver, crossed_element, i, path,
        coefficient, crossed_path;
    product_quiver := QuiverOfPathAlgebra(product_quiver_path_algebra);
    field := LeftActingDomain(product_quiver_path_algebra);
    x_terms := CoefficientsAndMagmaElements(x);
    # y_terms is a list where the entries at odd indices are the paths
    # appearing in y, and the entries at even indices are the coefficients.
    crossed_element := Zero(product_quiver_path_algebra);
    for i in [1..(Length(x_terms)/2)] do
        path := x_terms[2*i - 1];
        coefficient := x_terms[2*i];
        crossed_path := IncludeInProductQuiver([path, w], product_quiver);
        crossed_element := crossed_element + coefficient*ElementOfPathAlgebra(
                                product_quiver_path_algebra, crossed_path);
    od;
    return crossed_element;
end;

CommutativityRelation := function(a, b, product_quiver_path_algebra)
    local Q, path1, path2;
    Q := QuiverOfPathAlgebra(product_quiver_path_algebra);
    path1 := IncludeInProductQuiver([a, SourceOfPath(b)], Q)
            * IncludeInProductQuiver([TargetOfPath(a), b], Q);
    path2 := IncludeInProductQuiver([SourceOfPath(a), b], Q)
            * IncludeInProductQuiver([a, TargetOfPath(b)], Q);
    return ElementOfPathAlgebra(product_quiver_path_algebra, path1)
            - ElementOfPathAlgebra(product_quiver_path_algebra, path2);
end;

TensorProductOverField_Relations := function(A, B)
    local product_quiver, field, product_pa, tensor_relations, Q_A, Q_B, ideal,
        A_grb_basis, B_grb_basis, a, b, vertex, rel, tensor_ideal;
    Q_A := QuiverOfPathAlgebra(A);
    Q_B := QuiverOfPathAlgebra(B);
    product_quiver := QuiverProduct(Q_A, Q_B);
    field := LeftActingDomain(A);
    product_pa := PathAlgebra(field, product_quiver);
    tensor_relations := [];
    # Add commutativity relations:
    for a in ArrowsOfQuiver(Q_A) do
        for b in ArrowsOfQuiver(Q_B) do
            Add(tensor_relations, CommutativityRelation(a, b, product_pa));
        od;
    od;
    # Get (reduced) Gröbner bases for the ideals by which A and B are quotients:
    if IsQuotientOfPathAlgebra(A) then
        ideal := IdealOfQuotient(A);
        A_grb_basis := GroebnerBasisOfIdeal(ideal);
        if not HasIsCompletelyReducedGroebnerBasis(A_grb_basis) or not IsCompletelyReducedGroebnerBasis(A_grb_basis) then
            A_grb_basis := CompletelyReduceGroebnerBasis(A_grb_basis);
        fi;
    else
        A_grb_basis := [];
    fi;
    if IsQuotientOfPathAlgebra(B) then
        ideal := IdealOfQuotient(B);
        B_grb_basis := GroebnerBasisOfIdeal(ideal);
        if not HasIsCompletelyReducedGroebnerBasis(B_grb_basis) or not IsCompletelyReducedGroebnerBasis(B_grb_basis) then
            B_grb_basis := CompletelyReduceGroebnerBasis(B_grb_basis);
        fi;
    else
        B_grb_basis := [];
    fi;
    # Include the original relations:
    for vertex in VerticesOfQuiver(Q_A) do
        for rel in B_grb_basis do
            Add(tensor_relations, CrossVertexFirst(vertex, rel, product_pa));
        od;
    od;
    for vertex in VerticesOfQuiver(Q_B) do
        for rel in A_grb_basis do
            Add(tensor_relations, CrossVertexSecond(rel, vertex, product_pa));
        od;
    od;
    return [product_pa, tensor_relations];
end;

TensorProductOverField := function(A, B)
    local rels;
    rels := TensorProductOverField_Relations(A, B);
    return rels[1]/rels[2];
end;

BalancingRelation := function(v, w, s, f, g, product_quiver_path_algebra)
    # v and w are vertices, s is an element of KS (should be a vertex or arrow)
    local image_f, image_g;
    image_f := ImageElm(f, s);
    image_g := ImageElm(g, s);
    if IsElementOfQuotientOfPathAlgebra(image_f) then
        image_f := image_f![1];
    fi;
    if IsElementOfQuotientOfPathAlgebra(image_g) then
        image_g := image_g![1];
    fi;
    return CrossVertexSecond(v*image_f*v, w, product_quiver_path_algebra)
        - CrossVertexFirst(v, w*image_g*w, product_quiver_path_algebra);
end;

TensorProductOverAlgebra_Relations := function(A, B, f, g)
    local tensor_over_field, C, product_pa, relations, k, S, v, w, s, b;
    C := Source(f);
    if C <> Source(g) then
        ErrorNoReturn("The homomorphisms f and g must have the same source");
    fi;
    if Range(f) <> A or Range(g) <> B then
        ErrorNoReturn("The codomain of f must be A, and the codomain of g must be B");
    fi;
    if not IsPathAlgebra(C) then
        ErrorNoReturn("The source of f and g must be a path algebra");
    fi;
    tensor_over_field := TensorProductOverField_Relations(A, B);
    product_pa := tensor_over_field[1];
    relations := tensor_over_field[2];
    k := Length(relations); # We need to keep track of this for the modified
                            # version of Buchberger's algorithm.
    S := QuiverOfPathAlgebra(C);
    for v in VerticesOfQuiver(QuiverOfPathAlgebra(A)) do
        for w in VerticesOfQuiver(QuiverOfPathAlgebra(B)) do
            for s in Concatenation(VerticesOfQuiver(S), ArrowsOfQuiver(S)) do
                b := BalancingRelation(v, w, One(C)*s, f, g, product_pa);
                if not IsZero(b) then
                    Add(relations, b);
                fi;
            od;
        od;
    od;
    return [product_pa, relations, k];
end;

TensorProductOverAlgebra := function(A, B, f, g)
    local rels;
    rels := TensorProductOverAlgebra_Relations(A, B, f, g);
    return rels[1]/rels[2];
end;
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LoadPackage("qpa");

Read("groebner_basis.g");
Read("tensor_products.g");


time_high_level := function(path_algebra, relations)
    local start_time, gb;
    start_time := Runtime();
    gb := HighLevelGroebnerBasis(relations, path_algebra);
    return Runtime() - start_time;
end;

time_qpa_implementation := function(path_algebra, relations)
    local start_time, gb;
    start_time := Runtime();
    gb := GBNPGroebnerBasis(relations, path_algebra);
    return Runtime() - start_time;
end;

time_my_naive_implementation := function(path_algebra, relations)
    local start_time, gb;
    start_time := Runtime();
    gb := ComputeGroebnerBasisWithoutKnowledge(relations);
    return Runtime() - start_time;
end;

time_my_less_naive_implementation := function(path_algebra, relations, k)
    # Still pretty naïve, though.
    local start_time, gb;
    start_time := Runtime();
    gb := ComputeGroebnerBasisWithKnowledge(relations, k);
    return Runtime() - start_time;
end;

test_examples := function(examples, n)
    # n is the number of runs
    local i, e, tensor, results, name, avg, sum, x, variance, std;
    Print("Testing examples with ", n, " iterations\n\n");
    for e in examples do
        Print("Testing example:\n", e, "\n\n");
        results := rec(naive := [], less_naive := [], high_level := [], gbnp := []);
        for i in [1 .. n] do
            tensor := TensorProductOverAlgebra_Relations(e.A, e.B, e.f, e.g);
            Add(results.naive, time_my_naive_implementation(tensor[1], tensor[2]));
            Add(results.less_naive, time_my_less_naive_implementation(tensor[1], tensor[2], tensor[3]));
            Add(results.high_level, time_high_level(tensor[1], tensor[2]));
            Add(results.gbnp, time_qpa_implementation(tensor[1], tensor[2]));
        od;
        for name in RecNames(results) do
            avg := Float(Average(results.(name)));
            if n > 1 then
                # Compute the unbiased sample variance:
                sum := 0;
                for x in results.(name) do
                    sum := sum + (x - avg)^2;
                od;
                variance := sum/(n - 1);
                # Then take the square root to get the standard deviation:
                std := Sqrt(variance);
            else
                std := fail;
            fi;
            Print(name, "\n", "Mean: ", avg, " ms\n", "Standard deviation: ", std, " ms\n\n");
        od;
        Print("\n\n");
    od;
end;


EXAMPLES := [];
K := Rationals;
Q := Quiver(3, [ [1, 2, "a"], [2, 3, "b"], [3, 1, "c"] ]);
KQ := PathAlgebra(K, Q);

# Modulo paths of length at least 4:
A := KQ/NthPowerOfArrowIdeal(KQ, 4);
a := A.a;
b := A.b;
c := A.c;
S := Quiver(["u"], [ [1, 1, "x"], [1, 1, "y"], [1, 1, "z"] ]);
KS := PathAlgebra(K, S);
generators := [KS.u, KS.x, KS.y, KS.z];
images := [One(A), a*b*c, b*c*a, c*a*b];
f := AlgebraWithOneHomomorphismByImagesNC(KS, A, generators, images);
f!.generators := generators;
f!.genimages := images;
Add(EXAMPLES, rec(A:=A, B:=A, f:=f, g:=f));

# Modulo paths of length at least 8:
A := KQ/NthPowerOfArrowIdeal(KQ, 8);
a := A.a;
b := A.b;
c := A.c;
S := Quiver(["u"], [ [1, 1, "x"] ]);
KS := PathAlgebra(K, S);
generators := [KS.u, KS.x];
images := [One(A), a*b*c + b*c*a + c*a*b];
f := AlgebraWithOneHomomorphismByImagesNC(KS, A, generators, images);
f!.generators := generators;
f!.genimages := images;
Add(EXAMPLES, rec(A:=A, B:=A, f:=f, g:=f));

# Three vertices in a cycle; modulo paths of length 4? Or something else.
# Or even length 8...
# (For length 3 the centre is just K, so there's not much of interest.)

test_examples(EXAMPLES, 1000);
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e TipReduceInPlaceWithFlags: Implements TIPREDUCE (Algorithm 2.2).
In addition to accepting a list of generators, this function also takes an
argument containing a list of k£ boolean flags, which correspond to the
first k& generators. If the ith element of the generating list is modified
during the tip reduction process, the ith flag is set to true.

e RemainderUnderDivision: Implements REMAINDER (Algorithm 2.1).

e ComputeGroebnerBasisWithoutKnowledge: Implements Buchberger’s
algorithm (Algorithm 2.3).

e ComputeGroebnerBasisWithKnowledge: Implements the modified ver-
sion of Buchberger’s algorithm from Section 3.3.2 (Algorithm 3.1).

Listing B.1: Implementation of Grobner basis algorithms in GAP

LoadPackage("qpa");

PathDivision := function(path, sub)
# Returns a list [p, q], where p and q are paths such that
path = pxsubxq,
# or returns fail if no such paths exist.
local index, p, q, path_walk, 1i;
if not IsQuiverVertex(sub) then
# Sub is a nontrivial path.
index := PositionSublist(WalkOfPath(path), WalkOfPath(
sub));
if index = fail then
return fail;
else
path_walk := WalkOfPath(path);
p := SourceOfPath(path);
for 1 in [1..(index — 1)] do
p := pxpath_walk[i];
od;
g := TargetOfPath(sub);
for i in [(index + LengthOfPath(sub))..LengthOfPath(
path)] do
g := gxpath_walk[i];
od;
return [p, ql;
fi;
else
# Sub is a vertex.
if IsQuiverVertex(path) then
if path = sub then
return [sub, sub];
else
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return fail;
fi;
else
if SourceOfPath(path) = sub then
return [sub, path];
else
path_walk := WalkOfPath(path);
index := fail;
p := SourceOfPath(path);
for 1 in [1l..Length(path_walk)] do
p := pxpath_walk[i];
if TargetOfPath(path_walk[i]) = sub then

index := 1i;
break;
fi;
od;
if index <> fail then
g := sub;

for 1 in [(index + 1)..Length(path_walk)] do
q := qxpath_walk[i];

od;
return [p, ql;
else
return fail;
fi;
fi;
fi;
fi;
end;
TipReduceInPlaceWithoutFlags := function(generators)

local modified, i, j, generatorl, generator2, pair, c;
while true do

modified := false;
for 1 in [1..Length(generators)] do
generatorl := generators[i];
if not IsZero(generatorl) then
for j in [1..Length(generators)] do
generator2 := generators[j];
if j <= i and not IsZero(generator2) then
# "Divide" the tip of the second
generator by the tip
# of the first generator:
pair := PathDivision(TipMonomial(
generator2), TipMonomial(generatorl))

if pair <> fail then
Cc := LeadingCoefficient(generator2)/
LeadingCoefficient(generatorl);
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generators[j] := generator2 — c*(
pair[l]*xgeneratorlxpair[2]);

modified := true;
fi;
fi;
od;
fi;
od;
if not modified then
break;
fi;
od;
end;

TipReduceInPlaceWithFlags := function(generators, flags)
local modified, i, j, generatorl, generator2, pair, c;
while true do

modified := false;
for 1 in [1..Length(generators)] do
generatorl := generators[i];
if not IsZero(generatorl) then
for j in [1..Length(generators)] do
generator2 := generators[j];
if j <> i and not IsZero(generator2) then
# "Divide" the tip of the second
generator by the tip
# of the first generator:
pair := PathDivision(TipMonomial(
generator2), TipMonomial(generatorl))

if pair <> fail then

Cc := LeadingCoefficient(generator2)/
LeadingCoefficient(generatorl);
generators[j] := generator2 — c*(

pair[l]l*xgeneratorl*xpair[2]);
if j <= Length(flags) then
flags[j] := true;

fi;
modified := true;
fi;
fi;
od;
fi;
od;
if not modified then
break;
fi;

od;
end;
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RemainderUnderDivision := function(y, dividing_set)
local z, r, x, division_occurred, pair, c;
r := Oxy; # Sets r to the zero element of the path algebra
containing y
Z =Y,
while not IsZero(z) do
division_occurred := false;
for x in dividing_set do
if not IsZero(x) then
pair := PathDivision(TipMonomial(z), TipMonomial
(x));
if pair <> fail then

Cc := LeadingCoefficient(z)/
LeadingCoefficient(x);

z 1=z — cx(pair[1l]*x*xpair[2]);

division_occurred := true;

if IsZero(z) then
break; # Break the for loop because z
has become zero
fi;
fi;
fi;
od;
if not division_occurred then
r :=r + LeadingTerm(z);
zZ := z — LeadingTerm(z);
fi;

od;
return r;
end;

ComputeOverlaps := function(x, vy)
# This function computes a list of all pairs [p, q] of paths
p and q
# such that x and y have a (p, q)-overlap.
local tip_x, tip_y, i, j, n, path_pairs, arrows_x, arrows._y,
p, q;
if IsZero(x) or IsZero(y) then
return [1];
else
tip_x := LeadingMonomial(Xx);
tip_y := LeadingMonomial(y);
if IsQuiverVertex(tip_x) or IsQuiverVertex(tip_y) then
# Overlaps cannot exist if either of the tips is a
vertex
return [];
else
n := Minimum(LengthOfPath(tip_x), LengthOfPath(tip_y
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));
arrows_x := WalkOfPath(tip_x);
arrows_y := WalkOfPath(tip_y);
path_pairs := [];
for i in [1..n] do
if arrows_x{[(Length(arrows_x) — i + 1)..Length(
arrows_x)1} = arrows_y{[1..1]} then
# The last i arrows in the tip of x coincide
with the first
# 1 arrows in the tip of y, so there is an
overlap.
p := TargetOfPath(tip_x);
for j in [(i + 1)..Length(arrows_y)] do
p := pxarrows_y[jl;

od;
g := SourceOfPath(tip_x);
for j in [1..(Length(arrows_x) — 1i)] do
g := gxarrows_x[j];
od;
Add(path_pairs, [p, ql);
fi;
od;
return path_pairs;
fi;
fi;
end;

ComputeOverlapRelations := function(x, vy)
local overlap_relations, overlap, p, q, relation;
overlap_relations := [];
for overlap in ComputeOverlaps(x, y) do
p := overlap[l];
g := overlap[2];
relation := (x*p)/LeadingCoefficient(x) — (qg*y)/
LeadingCoefficient(y);
Add(overlap_relations, relation);
od;
return overlap_relations;
end;

ComputeGroebnerBasisWithKnowledge := function(generators, k)

local groebner_basis, flags, remainders, i, j,
ith_is_in_grb_basis,
jth_is_in_grb_basis, overlap_relation, r;

groebner_basis := ShallowCopy(generators);

# Note that the variable groebner_basis will not actually be
a Grobner basis

# until the algorithm terminates.

flags := []; # A list representing which of the first k
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end;

elements of the
# generating set have been modified by tip
reduction.
for 1 in [1..k] do
flags[i] := false;
# The flag is set to false because the corresponding
element
# has not yet been modified by tip reduction
od;
TipReduceInPlaceWithFlags(groebner_basis, flags);
while true do
remainders := [];
for 1 in [1l..Length(groebner_basis)] do
# Check if the ith element is among the first k

elements
# and has not been modified by tip reduction:
ith_is_in_grb_basis := (i <= k and not flags[il);

for j in [1..Length(groebner_basis)] do
jth_is_in_grb_basis := (j <= k and not flags[j])

if not ith_is_in_grb_basis or not
jth_is_in_grb_basis then
# The elements are not both contained in the
Grobner basis
# formed by the first k elements of the list
given as an
# argument to this function, so we need to
check overlaps
for overlap_relation in
ComputeOverlapRelations(groebner_basis[i
1, groebner_basis[j]) do
r := RemainderUnderDivision(
overlap_relation, groebner_basis);
if not IsZero(r) then
Add(remainders, r);
fi;
od;
fi;
od;
od;
if Length(remainders) <> 0 then
Append(groebner_basis, remainders);
TipReduceInPlaceWithFlags(groebner_basis, flags);
else
break;
fi;
od;
return groebner_basis;
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ComputeGroebnerBasisWithoutKnowledge := function(generators)
# This function requires that the generating set is uniform.
local groebner_basis, remainders, i, j, overlap_relation, r;
groebner_basis := ShallowCopy(generators);
# Note that the variable groebner_basis will not actually be
a Gréobner basis
# until the algorithm terminates.
TipReduceInPlaceWithoutFlags(groebner_basis);
while true do
remainders := [];
for 1 in [1..Length(groebner_basis)] do
for j in [1..Length(groebner_basis)] do
for overlap_relation in ComputeOverlapRelations(
groebner_basis[i], groebner_basis[j]) do
r := RemainderUnderDivision(overlap_relation
, groebner_basis);
if not IsZero(r) then
Add(remainders, r);
fi;
od;
od;
od;
if Length(remainders) <> 0 then
Append(groebner_basis, remainders);
TipReduceInPlaceWithoutFlags(groebner_basis);
else
break;
fi;
od;
return groebner_basis;
end;

B.2 Tensor products

Listing B.2 contains an implementation of the construction of the tensor
product of algebras discussed in Chapter 3, more specifically in Theorem 3.13
and Theorem 3.18. This code can also be found in the PDF attachment
tensor_products.g. The most important functions are
TensorProductOverField, which computes the tensor product A ®x B for
K-algebras A and B, and TensorProductOverAlgebra, which computes the
tensor product A ®¢ B for K-algebras A, B, and C.

Listing B.2: Implementation of tensor product of algebras in GAP

LoadPackage("gpa");
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CrossVertexFirst := function(v, y, product_quiver_path_algebra)
local y_terms, field, product_quiver, crossed_element, i,
path,
coefficient, crossed_path;
product_quiver := QuiverOfPathAlgebra(
product_quiver_path_algebra);
field := LeftActingDomain(product_quiver_path_algebra);

y_terms := CoefficientsAndMagmaElements(y);

# y_terms is a list where the entries at odd indices are the
paths

# appearing in y, and the entries at even indices are the
coefficients.

crossed_element := Zero(product_quiver_path_algebra);

for i in [1..(Length(y_terms)/2)] do

path := y_terms[2xi — 1];

coefficient := y_terms[2x*i];

crossed_path := IncludeInProductQuiver([v, path],
product_quiver);

crossed_element := crossed_element + coefficientx
ElementOfPathAlgebra(

product_quiver_path_algebra,
crossed_path);

od;
return crossed_element;
end;
CrossVertexSecond := function(x, w, product_quiver_path_algebra)
local x_terms, field, product_quiver, crossed_element, i,
path,

coefficient, crossed_path;

product_quiver := QuiverOfPathAlgebra(
product_quiver_path_algebra);

field := LeftActingDomain(product_quiver_path_algebra);

x_terms := CoefficientsAndMagmaElements(x);

# y_terms is a list where the entries at odd indices are the
paths

# appearing in y, and the entries at even indices are the
coefficients.

crossed_element := Zero(product_quiver_path_algebra);

for i1 in [1l..(Length(x_terms)/2)] do
path := x_terms[2xi — 1];

coefficient := x_terms[2xi];

crossed_path := IncludeInProductQuiver([path, w],
product_quiver);

crossed_element := crossed_element + coefficientx

ElementOfPathAlgebra(
product_quiver_path_algebra,
crossed_path);
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od;
return crossed_element;
end;

CommutativityRelation := function(a, b,

product_quiver_path_algebra)
local Q, pathl, path2;
Q := QuiverOfPathAlgebra(product_quiver_path_algebra);
pathl := IncludeInProductQuiver([a, SourceOfPath(b)], Q)

* IncludeInProductQuiver([TargetOfPath(a), bl, Q);
path2 := IncludeInProductQuiver([SourceOfPath(a), bl, Q)

* IncludeInProductQuiver([a, TargetOfPath(b)], Q);
return ElementOfPathAlgebra(product_quiver_path_algebra,

pathl)
— ElementOfPathAlgebra(product_quiver_path_algebra,
path2);
end;
TensorProductOverField_Relations := function(A, B)

local product_quiver, field, product_pa, tensor_relations,
Q_A, Q_B, ideal,
A_grb_basis, B_grb_basis, a, b, vertex, rel,
tensor_ideal;
Q_A := QuiverOfPathAlgebra(A);
Q_B := QuiverOfPathAlgebra(B);
product_quiver := QuiverProduct(Q_A, Q_B);
field := LeftActingDomain(A);
product_pa := PathAlgebra(field, product_quiver);
tensor_relations := [];
# Add commutativity relations:
for a in ArrowsOfQuiver(Q_A) do
for b in ArrowsOfQuiver(Q_B) do
Add(tensor_relations, CommutativityRelation(a, b,
product_pa));

od;
od;
# Get (reduced) Grobner bases for the ideals by which A and
B are quotients:
if IsQuotientOfPathAlgebra(A) then
ideal := IdealOfQuotient(A);
A _grb_basis := GroebnerBasisOfIdeal(ideal);
if not HasIsCompletelyReducedGroebnerBasis(A_grb_basis)
or not IsCompletelyReducedGroebnerBasis(A_grb_basis)
then
A_grb_basis := CompletelyReduceGroebnerBasis(
A_grb_basis);
fi;
else
A_grb_basis := [];
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fi;
if IsQuotientOfPathAlgebra(B) then
ideal := IdealOfQuotient(B);
B_grb_basis := GroebnerBasisOfIdeal(ideal);
if not HasIsCompletelyReducedGroebnerBasis(B_grb_basis)
or not IsCompletelyReducedGroebnerBasis(B_grb_basis)

then
B_grb_basis := CompletelyReduceGroebnerBasis(
B_grb_basis);
fi;
else
B_grb_basis := [];

fi;
# Include the original relations:
for vertex in VerticesOfQuiver(Q_A) do
for rel in B_grb_basis do
Add(tensor_relations, CrossVertexFirst(vertex, rel,
product_pa));
od;
od;
for vertex in VerticesOfQuiver(Q_B) do
for rel in A_grb_basis do
Add(tensor_relations, CrossVertexSecond(rel, vertex,
product_pa));

od;
od;
return [product_pa, tensor_relations];
end;
TensorProductOverField := function(A, B)
local rels;
rels := TensorProductOverField_Relations(A, B);
return rels[1]/rels[2];
end;
BalancingRelation := function(v, w, s, f, g,

product_quiver_path_algebra)

# v and w are vertices, s is an element of KS (should be a
vertex or arrow)

local image_f, image_g;

image_f := ImageElm(f, s);

image_g := ImageElm(g, s);

if IsElementOfQuotientOfPathAlgebra(image_f) then

image_f := image_f![1];

fi;

if IsElementOfQuotientOfPathAlgebra(image_g) then
image_g := image_g![1];

fi;

return CrossVertexSecond(vximage_fx*v, w,
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product_quiver_path_algebra)
— CrossVertexFirst(v, wximage_g*w,
product_quiver_path_algebra);
end;

TensorProductOverAlgebra_Relations := function(A, B, f, g)
local tensor_over_field, C, product_pa, relations, k, S, v,
w, s, b;
C := Source(f);
if C <> Source(g) then
ErrorNoReturn("The homomorphisms f and g must have the
same source");
fi;
if Range(f) <> A or Range(g) <> B then
ErrorNoReturn("The codomain of f must be A, and the
codomain of g must be B");
fi;
if not IsPathAlgebra(C) then
ErrorNoReturn("The source of f and g must be a path

algebra");
fi;
tensor_over_field := TensorProductOverField_Relations(A, B);
product_pa := tensor_over_field[1];
relations := tensor_over_field[2];

k := Length(relations); # We need to keep track of this for
the modified
# version of Buchberger’s algorithm.
S := QuiverOfPathAlgebra(C);
for v in VerticesOfQuiver(QuiverOfPathAlgebra(A)) do
for w in VerticesOfQuiver(QuiverOfPathAlgebra(B)) do
for s in Concatenation(VerticesOfQuiver(S),
Arrows0fQuiver(S)) do
b := BalancingRelation(v, w, One(C)xs, f, g,
product_pa);
if not IsZero(b) then
Add(relations, b);
fi;
od;
od;
od;
return [product_pa, relations, k];
end;

TensorProductOverAlgebra := function(A, B, f, g)
local rels;
rels := TensorProductOverAlgebra_Relations(A, B, f, g);
return rels[1]/rels[2];

end;
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B.3 Performance tests

In this section, we compare the performance of the implementations of dif-
ferent versions of Buchberger’s algorithm found in Listing B.1, namely
ComputeGroebnerBasisWithoutKnowledge (which implements Algorithm 2.3)
and ComputeGroebnerBasisWithKnowledge (which implements Algorithm 3.1).
We also compare these implementations to two functions that are built into
QPA. The first of these is HighLevelGroebnerBasis, which is an implemen-
tation of a standard version of Buchberger’s algorithm, similar to Algorithm
2.3. The second is GBNPGroebnerBasis, which follows a different approach:
Given a quiver () and a relation set p C K@), it constructs another relation
set p' in a free algebra K (z1,...,x,), computes a Grobner basis for the ideal
(py C K {(x1,...,x,) by using the GAP package GBNP, and then translates
the result back to K@) to obtain a Grébner basis for the ideal (p) C KQ.

In order to measure the performance of the implementations, we will need
some examples. We therefore consider the following quivers.

%
a B
Q: / \
V1 < ~ V3

T

S': ()
GO,
S’ w Dx’

Let K denote the field of rational numbers. We define the K-algebras A =
KQ/Jb, N = KQ/JS, ¥ = KS, and ¥ = KS'. We give A a Y-module
structure through the algebra homomorphism f: > — A given by

f(x) = [Bal, fly) =larbl, f(z) = [Bar].

Similarly, we give A’ a ¥'-module structure by using the algebra homomor-
phism f’: ¥’ — A’ given by

f(@") = [yBa+ ayB + Bary).

Note that the images of f and f’ are contained in the centres of A and A,
respectively.
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Our performance tests will measure how long it takes to compute the
tensor products A ®x A and A’ ®sy A’. More precisely, we will measure how
long it takes to compute a Grobner basis for the ideal

Iy CK(QxQ)
from Theorem 3.18, where K(Q x Q)/Is = A ®x A, and similarly for Is.

B.3.1 Code

Listing B.3 contains the code used in the performance tests. This code can
also be found in the PDF attachment timing.g.

Listing B.3: Code for performance tests in GAP

LoadPackage("qgpa");

Read("groebner_basis.g");
Read("tensor_products.g");

time_high_level := function(path_algebra, relations)
local start_time, gb;
start_time := Runtime();
gb := HighLevelGroebnerBasis(relations, path_algebra);
return Runtime() — start_time;
end;

time_qgpa_implementation := function(path_algebra, relations)
local start_time, gb;
start_time := Runtime();
gb := GBNPGroebnerBasis(relations, path_algebra);
return Runtime() — start_time;
end;

time_my_naive_implementation := function(path_algebra, relations

)

local start_time, gb;

start_time := Runtime();
gb := ComputeGroebnerBasisWithoutKnowledge(relations);
return Runtime() — start_time;

end;

time_my_less_naive_implementation := function(path_algebra,

relations, k)

# Still pretty naive, though.
local start_time, gb;
start_time := Runtime();
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gb := ComputeGroebnerBasisWithKnowledge(relations, k);
return Runtime() — start_time;
end;

test_examples := function(examples, n)
# n 1is the number of runs
local i, e, tensor, results, name, avg, sum, X, variance,
std;
Print("Testing examples with ", n, " iterations\n\n");
for e in examples do
Print("Testing example:\n", e, "\n\n");

results := rec(naive := [], less_naive := [], high_level
:= [1, gbnp := []);
for i in [1 .. n] do
tensor := TensorProductOverAlgebra_Relations(e.A, e.
B, e.f, e.qg);

Add(results.naive, time_my_naive_implementation(
tensor[1l], tensor[2]));
Add(results.less_naive,
time_my_less_naive_implementation(tensor[1],
tensor[2], tensor[31));
Add(results.high_level, time_high_level(tensor[1],
tensor([2]));
Add(results.gbnp, time_gpa_implementation(tensor[1],
tensor([2]));
od;
for name in RecNames(results) do
avg := Float(Average(results. (name)));
if n > 1 then
# Compute the unbiased sample variance:
sum = 0;
for x in results. (name) do
sum := sum + (x — avg)”"2;
od;
variance := sum/(n — 1);
# Then take the square root to get the standard
deviation:
std := Sqrt(variance);
else
std := fail;
fi;
Print(name, "\n", "Mean: ", avg, " ms\n", "Standard
deviation: ", std, " ms\n\n");
od;
Print("\n\n");
od;
end;
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EXAMPLES := [1;

K := Rationals;

Q := Quiver(3, [ [1, 2, "a"], [2, 3, "b"1, [3, 1, "c"]1 1);
KQ := PathAlgebra(K, Q);

# Modulo paths of length at least 4:

A := KQ/NthPowerOfArrowIdeal (KQ, 4);

a := A.a;

b := A.b;

c := A.c;

S := Quiver([{"uv"], [ [1, 1, "x"], [1, 1, "y"1, [1, 1, "z"] 1);

KS := PathAlgebra(K, S);

generators := [KS.u, KS.x, KS.y, KS.z];

images := [0One(A), axbxc, bxcxa, c*xaxb];

f := AlgebraWithOneHomomorphismByImagesNC(KS, A, generators,
images);

fl.generators := generators;

fl.genimages := images;

Add (EXAMPLES, rec(A:=A, B:=A, f:=f, g:=f));

# Modulo paths of length at least 8:

A := KQ/NthPowerOfArrowIdeal (KQ, 8);

a := A.a;

b := A.b;

c :=A.c;

S := Quiver(["u"]l, [ [1, 1, "x"]1 1);

KS := PathAlgebra(K, S);

generators := [KS.u, KS.x];

images := [One(A), axbxc + bxcxa + cxaxb];

f := AlgebraWithOneHomomorphismByImagesNC(KS, A, generators,
images);

fl.generators := generators;

f!l.genimages := images;

Add (EXAMPLES, rec(A:=A, B:=A, f:=f, g:=T));

# Three vertices in a cycle; modulo paths of length 47 Or
something else.

# Or even length 8...

# (For length 3 the centre is just K, so there’s not much of
interest.)

test_examples (EXAMPLES, 1000);

B.3.2 Results of performance tests

Table B.1 shows the results I obtained when running the code from List-
ing B.3. T used version 4.11.0 of GAP, version 1.33 of QPA, and version 1.0.5
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of GBNP, and I ran the code on Debian GNU /Linux 11. Each of the numbers
in the table was obtained by performing the given computation 1000 times
and taking the average. The numbers are rounded to two decimal places.

Table B.1: The results of the performance tests

Tensor Time for | Time for | Time for | Time for

product standard | modified | high level | GBNP
Buch- Buch- Grébner | (ms)
berger berger basis
(ms) (ms) (ms)

A ®s A 30.98 30.18 34.77 4.50

AN ®@sw A | 65.91 53.57 68.01 8.06

As we can see from the table, the implementation of the modified version
of Buchberger’s algorithm (Algorithm 3.1) is more efficient than the imple-
mentation of the standard version of the algorithm (Algorithm 2.3), although
the difference is quite small when computing A ®yx A. High level Grobner
basis is a bit slower than my own implementation. Finally, it turns out that
GBNP is significantly faster than any of the other implementations. I per-
sonally found this a bit surprising, since one might expect that the process
of translating between a path algebra and a free algebra would add some
overhead. Due to time constraints, I was unable to investigate why it is
so much faster to use GBNP, although I suspect that the version of Buch-
berger’s algorithm used by GBNP is more efficient than the more general
version for path algebras (Algorithm 2.3). It might be possible to improve
the performance of GBNP even further by modifying it in the same way that
we modified Algorithm 2.3 to obtain Algorithm 3.1, but it is unclear if this
would be worth the effort.
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