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Abstract
Assuming the Riemann hypothesis we establish explicit bounds for the modulus of the log-
derivative of Riemann’s zeta-function in the critical strip.
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1 Introduction

Let ¢ (s) be the Riemann zeta-function. In this paper we are interested in its log-derivative

%(s) = Z An(sn) (Res > 1)

n>1
and its growth behaviour in the strip 1/2 < Res < 1 (above A(n) is the von Mangoldt
function). Let p denote the zeros of ¢ (s) in the critical strip. The Riemann hypothesis (RH)
states that the zeros are aligned: p = % + iy with y € R. Assuming RH, a classical estimate
for the log-derivative of ¢ (s) (see [12, Theorem 14.5]) establishes that

i/(a +it) = 0 ((logt)*™%*
: = g1)°>7),

uniformly in % 48 <o < 1-—4,forany fixed § > 0. The purpose of this paper is to establish
this bound in explicit form.
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Theorem 1 Assume RH. Then

%(0 +it)

=

2—20
(logt)z_za + 0 ( (log?) ) ,

B
o(1—0) (0 — D1 —0)?loglogt
uniformly in the range

1 A
ot+e sagl—é and t >3, (1.1)

+
2 loglogt J/loglogt

Sfor any fixed small ¢ > 0, where Ao = 0.771 ... is such that 21g tanh(X9) = 1 and

B — Bo* — 17063 + 1962 + 40 —4) (=02 + 30 — 1)
c o(2—o0) '

In particular

‘%(a +it)

S(—lh—ﬁmﬁﬁﬂ%ﬂ%%,ﬂr%+8§a§l—&
o(l —o)

We believe that A is simply a by-product of our proof, although it is curious that such a
number appears. It turns out that when (o — 1/2) loglogt is too small, our main technique
delivers a bound of the form A, (logt)/loglogt, however the calculations are lengthy and
convoluted, and this it not the purpose of this note. Moreover, a conjecture of Ki [10], related
to the distribution of the zeros of ¢'(s), states that the bound O ((log 1)2729) still holds in the
rangeo > 1/2+c/logt,but this lies outside of what this technique can accomplish. Theorem
1 is derived by combining Theorem 2 and estimates for the real part of the log-derivative of
£ (s) obtained in [4, Theorem 2]:

_o2 _ 220
< <w> (logZ)Z—ZU +0 (lOg t) ’
o(l—-o) (0—%)(1—0)2loglogt

/

Re %(0 +it)

uniformly in the range (1.1) (in fact A9 + ¢ can be replaced by just c).

Theorem 2 Assume RH. Then

=

‘Im%(g +it)

o 220 (log1)>~%°
70(1_0)(10&") +0<(0_1 >,

3)(1 — o) loglogt

uniformly in the range (1.1), where

c 2(—02 450 —2)(—024+30c — (=62 +0+1)
c o(2—0) '

Theorem 2 is obtained using a known interpolation technique [4, Section 6]. Essentially,

to bound the asymptotic growth of Im %(s) one can bound instead its primitive log | (s)]
(see [1, Theorems 1 and 2]) and its derivative (Theorem 3).

Theorem 3 Assume RH . Then

'\ , 262 420 +2 5o (log1)>~%°
Re (?) (o +it) < <W) loglog? (log?) +0 m )
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Bounding the log-derivative of the zeta-function 1043

and
Ay —202 4+ 60 —2 logt)>=20
Re <i> (0 +it) > — <i>loglogt(logt)2_2a+0 % ,
¢ o(l—o) (0 — 30 —0)?
uniformly in the range
1 ) c
= <0<1l———— and t >3,
2 + loglogt — 7= J/loglogt a -

for any fixed ¢ > 0.

The main technique to prove these theorems revolves in bounding a certain sum over the
ordinates of zeta-zeros
D> fy—o,
14

where f is some explicit real function that varies according to the problem of study. The
key idea is to replace f by explicit bandlimited majorants and minorants that are in turn
admissible for the Guinand—Weil explicit formula (Proposition 5). From there estimating the
sum is usually easier. This bandlimited approximation idea originates in the works of Beurling
and Selberg (see [14, Introduction]), and was first employed in this form by Goldston and
Gonek [8], and Chandee and Soundararajan [6], but many others after them (see [1-4,7] to
name a few). In our specific case, f = f, as in (2.1), which has zero mass and therefore is
not in the scope of the machinery developed in [5], nor its close relatives (the constructions
in [5] are regarded as the most general thus far and have been used widely). Nevertheless,
we are able to overcome this difficulty with a very simple optimal construction which, in the
majorant case, requires some basic results in the theory of de Branges spaces.

We recall that, without assuming RH, explicit bounds for %(s) are given by Trudgian [13]
in a zero-free region for £ (s).

2 Lemmata

For a given a > 0 we let

2 _ 2

X
a(X) = ——.
Jalx (2 + )

Lemma4 (Representation lemma) Assume RH. We have
Y 1
Re <?> (o +it) = ijfa—]ﬁ(y -+ 0 <72> ,

for % <o < landt > 3, where the above sum runs over the ordinates of the non-trivial
1 .
zeros p = 5 +iy of {(s).

(2.1)

Proof Lets = o + it and t > 3. From the partial fraction decomposition for ¢’(s)/¢ (s) (cf.
[12, Eq. 2.12.7]), we have

¢ 1\ 1T (s 1 1
S (s) = (S 4 1) B4 2 logr — ——
: & Zp:<s—p+p aT\2 Tt eyleer =
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1044 A. Chirre, F. Gongalves

with B = =) , Re (1/p). Differentiating and taking its real part we get

Re (& /( +i) =Y forrpy —1) Y r /(U+1+it)+0 !

el = = - —t)—-Re| = | (= - = -
¢ )T T L 2o\ \1) 2 2 2

Using Stirling’s formula, that guarantees the I term is O (1/¢2), we conclude.

As always, the crucial tool to work with sums as in Lemma 4 is the Guinand—Weil explicit
formula (see [4, Lemma 8]), which for even functions reads as follows.

Proposition 5 (Guinand—Weil explicit formula) Let h(s) be analytic in the strip |Ims| <
% + &, for some & > 0, such that |h(s)] < (1 + |s|)’(1+5),for some § > 0. Assume further
that h is even. Then

1 ’ . .
_1 | oo I /142 log 77 ~
Sh P2 =7f naRe — (2" Yau + 20 (L) = 22750
- i 27 J_o r 4 2 2w

1 ZA(n)ﬁ<logn>
T Nz 2 )’

n>2

where p = B + iy are the non-trivial zeros of ¢ (s) and

h(y) :/ h(x)e 2T dx

—00

is the Fourier transform' of h.

2.1 Bandlimited approximations

Lemma 6 (Minorant) Fora, A > 0 let
72 —a® — (AZ? + Ba®)sin® (7 Az)
(2% 4 a?)?

La,A(Z) =

where
2Axcoth(Ad) — 1 2Axcoth(A) +1
A=l g T
sinh2(}) sinh2(})

’

and A = waA. Then:
(1) The inequality
La,A(x) < fa(x)

holds for all real x, L, A € L'(R) and its Fourier transform is supported in [—A, A]
(i.e. Ly, A is of exponential type at most 2w A);
(2) We have

- 1 ZA
Loa®©) =2 3 faln/8) = =5 22)

5 s
oy h*(wraA)

and any other function F # L, A having the same properties as Ly A in item (1) has
integral strictly less than the integral of L, a.

! We shall use this definition of the Fourier transform throughout the paper.
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Bounding the log-derivative of the zeta-function 1045

Proof Note first that the constants A, B were chosen so the numerator of L, o vanishes
doubly at z = %ia. We then see that L, A is entire, of exponential type at most 27w A and
belongs to L!(R). Therefore, the Paley-Wiener Theorem guarantees its Fourier transform
is supported in [-A, A]. Since B > A > 0 we have L, A(x) < f,(x) for all real x. This
proves item (1). We now prove item (2). Suppose F is an L' (R)-function, F(x) < f,(x) for
all real x and F is supported in [—-A, A]. Poisson summation implies

~ 1 1 1 ~
FO) =23 Fo/8) = D fan/8) = 1 3 La(1/A) = Laa(0),

nez nez nez

where the last identity is due to the fact that L, A interpolates (in second order) f, in
%Z. Equality is attained if and only if F(x) = L4 a(x) in second order for all x € %Z.
However, this completely characterizes F' = L, a (see [14, Theorem 9]). Finally, using that
an(y) = —272|y|le=?" Yl identity (2.2) can easily be derived using Poisson summation
over %Z.

It turns out that because f,, (x) has alocal maximum at x = /3 a, the bandlimited majorant
of f, with minimal total mass will have to be adjusted when wa A is small. This adjustment
will require some de Branges spaces theory.

Lemma 7 (Majorant) For a, A > O let

22 —a? 4+ (C72 4+ Da?)(cos(m Az) — Ex Azsin(r Az))?

Ua,a(2) =

(Z2 + a2)2 ’
where
2)tanh(A) — 1 2Atanh(A) + 1
( anh) — 1, a“§)+,) i = o,
cosh”(A) cosh”(A)
(C,D,E) = )

1 2 + tanh()) 1 — 2Atanh(A) .

0, 2| = ; if & < Ao,
2 \'sinh(X) + A sech(}) 2A2 4 X tanh())

A =mal and hg = 0.771 ... is such that 2Ay tanh(Ag) = 1. Then:
(1) The inequality
Ja(x) < Uqg a(x)

holds for all real x, Uy a € LY (R) and its Fourier transform is supported in [—A, A]
(i.e. Uy, A is of exponential type at most 2w A);
(2) We have

7ZA

cosh2(%)

2A {21 + sinh(2x 21 + tanh(X 2
bid + sinh( )( + tanh (1) >_1 i3 < o,

if A > Ao,
Ua,n(0) =

sinhZ(}) 8 sinh(1) + A sech())

Moreover, any other function F # U, A having the same properties as U, a in item (1)
has integral strictly greater than the integral of Uy a.

Proof Note that the constants (C, D, E) are chosen so that U, a is entire, that is, its numerator
vanishes doubly at z = =ia. Since U, a is visibly of exponential type at most 27 A and
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1046 A. Chirre, F. Gongalves

belongs to L' (R), the Paley—Wiener Theorem guarantees its Fourier transform is supported
in [-A, A]. Noting that C, D > 0 we have f,(x) < U, a(x) for all real x, and this proves
item (1). We now show item (2). Suppose F is an L' (R)-function, F(x) > fa(x) for all real
xand F is supported in [—A, A]. We now apply the generalized Poisson summation formula
of Littmann for bandlimited functions [11, Theorem 2.1] for y = (7 E) ' with E > 0. It
translates to

POy = - 3 (1 - TE )F(t A)
A oo n(m2E?? + 1)+ wE /

> L (1 - uds ) Falt/ D)
A 7(72E22+ 1)+ 7E
- i <1 B n(nQEzt;Tf D+ 7rE> Ua,alt/4)
B(t)=0
= Ua.(0),

where B(z) = cos(rz) — Emzsin(mwz). Note when E = 0, thatis, A > A, this is the classical
Poisson summation over % (% +7).Equality is attained if and only if F'(#/A) = Uy a(t/A) in
second order for all real ¢ with 5(¢) = 0. We claim this completely characterizes F' = U, a.
The trick is to use the theory of de Branges spaces and the interpolation formula [9, Theorem
A] (the introduction of [9] gives a solid short background on the necessary de Branges spaces
theory which we will use here without much explanation). First we note that the function
E(Z) = (i + mEz)e "% is of Hermite—Biehler class (i.e. |£(Z)| < |E(z)| for all z with
Imz > 0) and therefore the de Branges space H(E?) exists, and it consists of all entire
functions of exponential type at most 27z belonging to L3(R, dx/(1+ E272x?)). Note also
that B(z) = i(E(Z) — £(z))/2. Moreover, it is not hard to show that all conditions of [9,
Theorem A] are satisfied by £(z), and thus we conclude that any function G € H(Sz) is
completely characterized by its values G(¢) and G'(¢) for all real ¢ with B(¢) = 0. Now it is
simply a matter to note that (i 4 nEz)zF(z/A) and (i + nEz)zUa,A(z/A) both belong to
H(E?), and so they must be equal.”

Finally, in the case A > A one can use Poisson summation over i ( % + 7Z) to evaluate the
integral of U, A and obtain
—~ 7ZA
Vaa @) = cosh?(waA)’
If A < Ag then we can use Poisson summation over %Z to obtain

Our® =25 (fanssy + 2
= — n —_—
“h A ‘ (n2/ A2 + a?)?
nez
= —27%A Z Inle= " 4 Dr2A Z(|n| + ﬁ)e_z’”"l
nez nez
ZA 2 + sinh (21
= —,7172 + DH’ZA&Z()
sinh” (1) 4) sinh“(\)

T2A <ZA+sinh(2A)< 2). + tanh(3.) )2_1>

~ sinh? A)

8A sinh(}) + A sech(})

2 Note when E = 0 this argument reduces to classical Paley-Wiener space theory and Poisson summation.
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Bounding the log-derivative of the zeta-function 1047

— . 2
Above we used that f,(y) = —2m2|yle 27l and the Fourier transform of (xzj-iaz)z is

7'[2 (|y|+ﬁ)e—2na|y\.

Lemma 8 The functions defined in Lemmas 6 and 7 satisfy the following inequalities for
—-A<y<A:

Loa(y) <0
and, if taA > A,
Uan () > fa(y).

Proof First we deal with the minorant. Using that fa (y) = —2m2|yle~ ¥l and the Fourier

77 are

1 _and —<
transforms of e and Tt

T 1 ,
76727Ta\y| and 7T2 <|y| + > 6727ra|)\’
a 2ra

respectively, we obtain

- | 21d-Ty-T- B+A
La,a(y) = =2m?|yle”27el] — R |:712 ( 2; + (B~ A)Iyl) e*zﬂa‘yl] :

where T}, is the operator of translation by /4 and Id is the identity operator. These operators
come from the (distributional) Fourier transform of sin? (7 Ax). We claim that the function
e2may Za. A (y) is convex in the range 0 < y < A, which would show that /L\a, A(y) is negative
in the same range since it is negative at y = 0 and vanishesat y = A.For0 < y < A we
have

d? )~ & [#% (B+A

[ Taa] = 5 | T (Gt + 8 = 00— 9 77207 e
= (A+7ma(B — A)(A — y)) dam3eP9@=2)
> 0,

because B > A > 0. The majorant case is simpler, since if A = maA > X a similar
computation leads to

Ua,a(y) = =27[yle 71 +

21d+TA+T,A|: 2(C+D
v

D—C —2maly|
2 Tma +( )Iyl)e ,

and so the desired inequality follows because D > C > 0.

3 Proof of Theorem 3

Let % < o0 < land A > 0. Throughout the rest of the paper we seta = o — % and A = waA.
Using Lemma 4 and the evenness of the zeta-zeros we obtain

Re (%) @+it)=) (3faly =D+ 3 fuly + 0 + fa(¥)) + O (D),
Y
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1048 A. Chirre, F. Gongalves

ast — 0o, where we have used that f,(x) = 0(1/x2) uniformly for [x| > 1 and 0 < a <
1/2, hence Zy fa(y) = O(1). We then apply Lemmas 6 and 7 to get

D MiLoa(y)+0(1) <Re (%) (@ +it) <Y MUsa(y)+0(), (3D
14 14

where M; = %T, + %T_t + Id. Note that for each t > 0 the functions M;L, A and M;U, A
are even and admissible for the Guinand—Weil explicit formula (Proposition 5). We use the
operator M; because its Fourier transform is the operator that multiplies by 2 cos?(tx),
which is nonnegative. This will allow us to simply discard (or easily bound) the sum over
primes in the explicit formula.

3.1 Proof of the lower bound

Applying Proposition 5 and Lemmas 6 and 8 we obtain

1 o I (14 2iu i
Y MiLoa() == [ MLia@wRe— du+2MLoa (5
- 27 J o r 4 2

2 —Am) ~ (1
@) 7 <0gn

1 —~
) cosz(%t logn) — ﬂLa,A(O)
T

2 = Jn “2\ 2x
1 o0 I’ (14 2iu i
> g - M[La’A(M) RCF ( 4 >dl/{ +2MILH,A <§) .

In this part we assume that A > ¢ for some given fixed ¢ > 0. We now analyze the terms on
the right-hand side above. The function L, o depends on the parameters A and B, but both
behave like (since A > ¢)

8re ™ 4+ O(e™M).

Hence [L, A (x)] < K(xZ+ az)_1 for some K > 0. Since (s + az)La,A(s) has exponential
type 27 A and it is bounded on the real line, a routine application of the Phragmén—Lindelof
principle implies that

27 Allms|
[La,a(s)] < Km, seC (3.2)

(alternatively, one could derive such bound by direct computation). Using the bounds for A
and B it follows that

i 4n,aAe(l—2a)7rA e(l—Za)nA er[A
2MLaa (=)= 10 n .
o (2) a?— @-p* 7

Using that M; is self-adjoint and applying Stirling’s approximation to obtain

M;Re —
4

I’ 1+ 2iu
r

) =logt + O(log(2 + |ul)),
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Bounding the log-derivative of the zeta-function 1049

we deduce that

1 [*® I’ (14 2iu wAlogt 1
— MLy, A(u)Re — du=————+0|-
27 J_ o r 4 2sinh”(raA) a

— —2maA 1 —4ran
= 27 Ae T 10gt+0(5+Ae Ta logt)

14 e 27 Jog
p .

= 27 Ae % ogr + O (

Combining the above bounds we obtain

dgaAel—20mA
Y MiLoaly —1) = =2 Ae” 7 *logt + —— —————

y 4

e(l—2a)rrA enA 1
+0——=+—5 +-(1+e % l0gr) .
@-3p? 2 a

Choosing 7 A = loglogt (which is the optimal choice) and using (3.1) we obtain

g./ ’ ) —262 +60 —2 220 (IOgZ)z_z(r
Re <?) (o+it) > — <W) loglogz (log?) +0. m

for m(o — 1/2) loglogt > c. This proves the desired result.

3.2 Proof of the upper bound

Using Proposition 5 and Lemma 7 we obtain

1 o0 I (1+42iu [
> MUsa(y) < 5= [ MUsa()Re— du+2M Uy s ( 5
. 27 o r 4 2

2 A ~ 1
- — ﬂ Uy a (%) cosz(%tlogn).
T

When A > Ag the computations are very similar to the lower bound and we just indicate them
here. We still have both C and D behaving like 8re~2* 4+ O(e~2*), and a bound similar to
(3.2) holds. Using Stirling’s formula and Lemma 7 we get

L/OOMU (u)ReF—/<1+2iu>du: wAlogt +0<1>
o oo @8 r 4 2cosh?(raA) a

14 e 27 logt
),

=21 Ae " Jogt + O (
Using the estimates for C and D it follows that
i draAe1 207 A e(1—2a)7A oA
ZMrUa,A (5) =—a2_% + 0 7([12_%)2 +0<7>

Since ﬁa, A is supported in [—A, A], we egimate the sum over primes (which we cannot
discard as before) using Lemma 8 and that f,(y) = —272|yle= 274! to get
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1050 A. Chirre, F. Gongalves

2 An) ~ logn 21 A(n)
_;Z Jn Ua,A< 7t )cos (ytlogn) <2 Z Wlogn

n>2 2<n<e?tA
4t Ae1-200mA 1-2007A A3
T 14 Goa @
2 2~ a)

The above estimate follows from the prime number theorem (see [4, Eq. (B.2)]). Choosing
A =loglogt and using (3.1) we obtain

) 20 2—-20

ol —0) (0 =31 ~0)
in the range (o — 1/2)loglogt > Ap and (1 — o)+/loglogt > ¢ for some fixed ¢ > 0; note
that A3 = O, ((1/2 — a)~%(log#)' ~2¢). This finishes the proof. O

4 Proof of Theorem 2

To obtain the bounds for the imaginary part of the log-derivative ¢ (s) we will employ the inter-
polation technique of [4, Section 6] for functions with slow growth, which we conveniently
state in the form of a lemma.

Lemma9 (Interpolation) Let ¢ : (tg, 00) — R be twice differentiable, ty > 0, and assume
that

—Bo(t) < (1) <ap(t) and — Br(1) < ¢" (1) < a2(2),

for some differentiable functions g, By, a2, B2 : (tg, 00) — (0, 00). Suppose the numbers

2(aa (1) + B2(0)) (0 (1) + Po (1))

L = sup )
1>1y 3o (1) Ba ()
M; = suplaj()| and N;=sup |/ (i=0,2)
t>1 1>1

are finite. Then, fort > ty + ~/3L we have

0 ()] < 2000(1) B2 (1) (et (1) + Po (1))
a o (1) + Ba(1)

+ Mo + No + (M2 + N2)L.

Proof Since the bound is symmetric when we interchange o, Bp and a2, B> (i.e. we change ¢
by —¢), itis enough to prove that ¢’ (¢) is bounded above by the desired bound. An application
of the mean value theorem easily gives that

o' t)— @'t —h) =¢"(t"h
< hyao(t™) + (=h) 4 2 (t™)
< hyan(t) + (—=h)4Ba(t) + (Ma + No) k|

Averaging in & in the interval [—v(1 — A), vA], for some v > 0 (with # — v > fp) and
0 < A < 1, we obtain

@' (1)

3 The notation h4 means max(h, 0).
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Bounding the log-derivative of the zeta-function 1051

IA

Lt + (1= A) — ot — Av) + 3 (A2a2(1) + (1 — A)2Ba(D)) + % (M2 + Na)
oot + (1 = A) + Bolt — Av) + 3 (A2ax () + (1 — A>Ba(0)) + 5 (Ma + Na)
L@o() + fo(0) + % (A%aa(t) + (1 = A2 B2(1)) + Mo + No + % (M2 + Na).

IA

IA

Minimizing the main term above as a function of v and A, we must set

and A

b 2(az(t) + B2 (1)) (o (2) + Bo(1)) _ Ba(1)
az (1) Ba(1) ar(t) + fa(r)’

which gives, for t > 9 + +/3L, that

S0 < \/20620)52(1)(0!00)+ﬁo(l)) Mo+ No -+ (s Na) L

ax (1) + Ba(1)

The lemma follows.
We will apply this lemma for
@(1) = —log (o +in)]
noting that
¢ (t) =Im %’(0 +it) and ¢”(t) =Re <i/>/(a +it).
Theorem 3 and [1, Theorems 1 and 2] establish respectively that

—Po(t) = ¢(1) <ap() and —Bo(t) < ¢ (1) < a2 (1),

in the range

1 Ao c/ro/(ho +©)
il <g <] N7 d t>3, 4.1
2 + loglogt — 7= J/loglogt an - “-1)

where ¢ > 0,

—20%2 420 +2 £0.5 ()
= Tl s o, | —>2~ ],
as(t) ol —o) 1o+ ((o—%)(l—o)z)

_ 92 _
pry = 2218722, 4o, <M> ,

o(l—o) (@ =3 —0)?
_ _ 0’450 -2 290
ap(t) = Bo(t) = mfl,o@) + O, (m)

and ¢, (1) = (log )220 (loglog#)™. We can then apply Lemma 9 with 1y = fo(o, ¢)
equals to the smallest ¢ such that (4.1) is not vacuous. A routine computation shows that
V3L = O.(1) and that My, M, Ny, N, are O.((oc — %)_1(1 — 0)72). We obtain
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1052 A. Chirre, F. Gongalves

20502 0™ + fo®) | 1
a(t) + Ba (1) N -DH-o)2

-
~ \/2(—02 +50 —2)(=02 + 30 — )(—o? + 0 + 1)
J’_

¢ .
Im —(o + it
‘m{(o it)

31 —-0)22—0) bo.0 (1)

zl,t‘r(l‘)
(c— D —-0)?

¢

’
if ! =t — /3L > ty. Letting #; (c) be such that llf)gglf(’)ggt, z AOA% if 1 > 11(c), we conclude
that the above estimate holds in the range

1 M+

C
<o <l——— and t > 1(c),

+
2  loglogt J/loglogt

where 1, (c) = max(t1(c), 3 4+ +/3L). To finish the proof we note thatif 3 < ¢ < #,(c) then a
simple compactness argument gives the full desired range. O
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