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Abstract

We define geometric Hodge filtered complex cobordism groups MU™(p)(X) for
complex manifolds X. Refining the Pontryagin-Thom construction, we give
a natural isomorphism MU"(p)(X) ~ MUZ(p)(X), where MUZ(p)(X) are
the Hodge filtered complex cobordism groups defined in [30]. We establish
a pushforward map g.: MU"(p)(X) — MU 24 (p + d)(Y) for each proper
holomorphic map ¢g: X — Y. Using g., we get for algebraic manifolds X a
map Q7 (X) — MU?"(n)(X), where Q7 (X) denotes the algebraic cobordism
group of X. This induces an Abel-Jacobi map. Using a cycle model for
Deligne-cohomology similar to that of [21], we describe the Thom-morphism
MU™(p)(X) — HE(X;Z(p)), and verify that our Abel-Jacobi map refines that
of Griffiths.
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Chapter 1
Introduction

Let X be a compact Riemann surface of genus g, and let w € H°(X; Q') = Q}(X),
where Q! denotes the sheaf of holomorphic 1-forms. Given a pair of points
p,q € X we can integrate w over a path ~ connecting p and ¢, to obtain a
number

D(p,q)(w) = /w e C.

~

Thus ®(p,q) defines an element of the dual space H°(X;Q')". Clearly ®(v)
depends on the choice of the path v. We can understand this dependence: If
1, 72 are two paths, then the difference between integrating w along ~; and s

1S
[o-fw=] w
2 1 Y2—71

The functional f"/Q*’Yl € H°(X;QY)* depends only on the homology class of the
cycle v — 1. Hence we define the lattice

A= {/ iy € Hl(X;Z)} C HY(X; 0.

The quotient
HY(X; QY /A = J(X)
is a torus of complex dimension g. The pair of points p, ¢ defines an element of
J(X).
This was generalized by Griffiths in the following way. Let now X be a
Kahler manifold of dimension n. Hodge theory implies

Fn—k+1A2n—2k+1 (X, C)cl

Fn7k+1H2n72k:+1 X:C) =
( ’ ) dF”_k"'lAZ”_Qk(X;C)

where A*(X; C) is the C-valued smooth de Rham complex of X, the subscript
cl denotes the closed forms, and F? is the Hodge filtration. Consider now a
formal sum Z =), a;Z; of analytic subvarieties Z; C X of codimension p. The
primary topological invariant of Z is its homology class [Z]. Suppose [Z] = 0,
say Z = OI'. Then integration over I' defines a homomorphism

/: anp+1H2n72p+1(X;(C) —~C.
r

For this, we are using that for n € F"~PT1 A?"=2P(X; C) we have

Jotn= =0
I zZ



1. Introduction

where the first equality follows from Stokes’ theorem and the second equality
holds, since each Z; is analytic of dimension n — p and 7 has no component of
degree (n —p,n —p). The map [, € (F*~PHH=2PF1(X; (C))Hk depends on T.
However, just as in the case of curves, the equivalence class

/ . (Fn—p+1H2n—2p+1(X;(C))'
v H> =271 (X Z)

=: J?¥H(X)

depends only on Z. The torus J?~1(X) is called Griffiths’ intermediate Jacobian.
One important property of the Deligne cohomology groups H%p (X;Z(p)) is that
when X is a compact Kahler manifold, it sits in a short exact sequence

0— J2~1 & HZ(X;Z(p)) — HdgPP(X) — 0

where Hdg??(X) = H??(X;Z) N HP?(X;C) are the integral Hodge classes on
X. The cycle map which takes an analytic subvariety to its fundamental class,

Z 7] € H*(X;Z)

takes values in the Hodge classes. This cycle map factors through H%p (X;5Z(p)).
This explains how Griffiths’ intermediate Jacobian J?P~! is the target of
secondary invariants of algebraic cycles which are homologous to 0. For
the Griffiths Abel-Jacobi map is just the morphism induced on the kernel
of the cycle map. This shows that Deligne cohomology not only carries the
topological information of singular cohomology but also the more subtle geometric
information of the secondary invariant given by the Abel-Jacobi map.

One aim of this thesis is to expand on ideas from [46] and tell a story similar
to the above for proper holomorphic maps f: Z — X which are nullbordant,
meaning that f.[lz] = 0 in MU?*(X). We now consider the Hodge filtered
complex cobordism groups as defined in [30]. If X is compact Kéhler, these too
sit in a short exact sequence

0— JoPoH(X) — MUZ (p)(X) — Hdghh, (X) — 0. (1.1)

The groups MUZ(p)(X) are by definition represented by MUp(p), defined as
the homotopy pullback

MUp(p) MU

| I

H(Q2P (Vi) —= H(Q* (V1))

in the category of presheaves of spectra on the site of complex manifolds.
Here MU is the constant presheaf X — MU, V., = MU, ® C, and for a
presheaf of chain complexes A, HA denotes the presheaf which assigns to X the
Eilenberg—MacLane spectrum associated to the chain complex A(X). Finally,
@P is defined as the composition MU — HV, — H(Q*(V.)) where MU — HYV,

2



is any map of spectra inducing on 7, the multiplication by (274)"*? map and
HY, — H(2*(V,)) is induced by the inclusion of constant functions into the
holomorphic de Rham complex V. — Q*(V,).

In order to better understand the theory MUp we consider geometrically
defined groups MU™(p)(X), denoted without the subscript D. Let us now
briefly describe the construction of MU"(p)(X). It is inspired by the geometric
differential complex cobordism groups of [8] and Karoubi’s multiplicative K-
theory, [34]. The multiplicative K-theory groups MK (X) are generated by
triples (E,V,h) where E — X is a complex vector bundle with connection
V, and h is a sequence of forms such that cha,(V) + dha, € FPA*(X) where
chap(V) is the 2p-th Chern-Weil Chern character form of V. For Hodge filtered
complex cobordism, we essentially replace vector bundles with connection by
the differential cobordism cycles of [8].

Consider the genus ¢: MU, — V, given by multiplication by (27¢)™ in degree
2n. By Thom’s theorem, MU, is the bordism group of n-dimensional almost
complex manifolds. Hirzebruch showed that if R is an integral domain over Q,
then any genus ¢: MU, — R is of the form

o(2) = /Z (KT )

for a multiplicative sequence K¢, which yield an R-valued characteristic class
of complex vector bundles. For us R =V, = MU, ® C, and we consider the
characteristic class K? = (27i)? - K. If V is a connection on a complex vector
bundle E, Chern-Weil theory gives a form K?(V) representing K?(E). Given a
form w on Z and a proper oriented map f: Z — X, we consider the pushforward
current f,w, which acts on compactly supported forms on X by o+ [ ZWwA fro.

Now we can describe the group of Hodge filtered cycles ZMU (p)(X). We use
triples (f, V, h) where f is a complex oriented map f: Z — X, V is a connection
on the complex stable normal bundle of f and h is a current on X so that
f+KP(V) + dh is a smooth form in FP A"(X;V,). Here the convention we use is
that

FPA™(X; V) = @ FPH A2 (X Vy;).
J

De Rham proved that all closed currents are cohomologous to forms, so it is
always possible to find an h such that f,K?(V) + dh is smooth. We grade
ZMU (p)(X) by the codimension of f, so for (f,V,h) € ZMU"(p)(X) we have
dim X —dim Z = n.

The first main result of the thesis is to prove:

Theorem 1.1. For every complex manifolds X and integer p, there are Hodge
filtered complex: cobordism groups MU™(p)(X) given as the equivalence classes
of Hodge filtered geometric cycles modulo a suitable bordism relation. Moreover,
there is an isomorphism of Hodge filtered cohomology groups

MUB(p)(X) = MU (p)(X)

which respects pullbacks.



1. Introduction

Our proof of the existence of the isomorphism proceeds in two steps. First
we define another spectrum of simplicial presheaves MUys(p) as a homotopy
pullback similar to that defining M Up(p), with tailor made models for all three
presheaves. The constant presheaf MU is replaced by the spectrum of simplicial
presheaves with n-th simplicial presheaf given by X — Map®™ (X x A®, QMU,,),
where QMU,, = colimy, Q¥ MU, |1, and the superscript sm indicates the subspace
of maps which in the appropriate sense are smooth. Then we define a map of
spectra

Gsm: Map™ (X x A*,QMU,,) — A%(V)(X x A®).

Here A%L(V,) is a presheaf of simplicial spectra over Mang which is weakly
equivalent to the Eilenberg-Maclane spectrum HV,. We also define a spectrum
FP A%, (V,) which is weakly equivalent to H (F?.A*(V,)), and comes with a natural
objectwise inclusion FPAS(Vy)) — A%L(Vs), corresponding to the objectwise
inclusion Q*2? — Q*. Our definition of the spectrum A% (V,) follows essentially
from the work of Hopkins-Singer [31], in honor of which we denote the resulting
theory with subscript hs. A key ingredient for the construction of the map ¢gy, is
the existence of natural Thom forms for Hermitian vector bundles with unitary
connection. We use the Mathai-Quillen Thom forms of [42]. We show that there
is a weak equivalence of presheaves of spectra MUp ~ MU,s. We are then able
to directly define a natural map

w: MU (p)(X) = MU™(p)(X).

For the construction of k¥ we need all the deatils of the internal mechanics
of the Pontryagin—Thom construction. For the proof that  is an isomorphism,
we furthermore depend on knowing the particular isomorphism p: MU;(X) —
MU*(X) in play, to see that s is compatible with it. Here MU*(X) denotes
Quillen’s geometric model for MU*(X) from [47], and MU} (X)) are the homotopy
theoretic cohomology groups of X represented by the complex cobordism
spectrum MU in the stable homotopy category. Therefore we find it natural
to provide along the way a concrete description of p, and a proof that it is an
isomorphism. Though the map p by no means is new, and probably is what
Quillen had in mind in [47], we could find no sources treating it in full detail as
a map of cohomology theories. We hope that our exposition of p can contribute
to make this version of the Pontryagin—Thom construction more accessible for
non-experts. Finally, we note that it should be possible to adapt the construction
of Kk to give a more concrete geometric description of the isomorphism between
the smooth cobordism of [8] and the differential cobordism of [31]. Though the
existence of such an isomorphism follows from [9], a concrete description might
for some purposes be useful.

The second main achievement of the thesis is the construction of pushforwards.
This is also inspired by [8]. We are able to prove:

Theorem 1.2. Let g: X — Y be a proper holomorphic map between complex
manifolds. Then there is a natural pushforward homomorphism

ge: MU™(p)(X) — MU (p 4 d)(Y')



where d denotes the complex codimension d = dim¢ Y — dime X.

In [8] the pushforward exist only for proper submersions with smooth MU-
orientations. Let us explain why our pushforward exist for all proper holomorphic
maps. We first define a notion of M Up-orientations, which again is inspired by
[8] and [34]. Then we use ideas from [34] to obtain canonical M Up-orientations
of holomorphic maps. Concretely, [34, Theorem 6.7] says that choosing a
Bott connection D induces a map K{ ,(X) — MKY(X) by [E] — [E,D,0].
Essentially applying the corresponding result for M Up-orientations to the virtual
holomorphic normal bundle of a holomorphic map g, grants g an M Up orientation.
The pushforward map of [8] could have been extended to arbitrary proper smooth
maps with smooth M U-orientations, essentially by the same formulas, had the
authors considered the corresponding currential differential extension of MU.
The currential differential extension of MU would however not be isomorphic
with the smooth differential extension, simply because the space of closed currents
D™ (X) is larger than the space of closed forms A™(X).. This is developed
for differential K-theory in [19], where particularly the exact sequences [19,
(2.20)] and [19, (2.29)] makes it clear that the smooth and currential differential
K-theory groups are different. In the Hodge filtered context, the currential and
smooth theories are however canonically isomorphic. This is because instead
of A"(X)y and D"(X), we use H"(X; FPA*) and H"(X; FPD*), and instead
of A"(X)/Im(d) and D™(X)/Im (d), we use H" (X; ?—;) and H™ (X; ?;)
Essentially because the Dolbeault-Grothendieck lemma holds both for currents
and forms, in both cases the canonical map from the first to the second group is
an isomorphism.

We return to the short exact sequence (1.1). Our pushforward is compatible
with the pushforward along proper complex oriented maps for the cohomology
theory MU*. Hence if f: Z — X is a nullbordant proper holomorphic map,
then f.1 € MU?!(p)(X) lands in J37; ' (X). Using the geometric description of
the pushforward map we are able to give formulas for AJ(f). They are however
not easily evaluated as they feature certain Chern—Simons transgression forms
mediating between an arbitrary connection on Ny, and a connection related to
Bott connections on T'Z and f*T'X. The Abel-Jacobi map is constructed in
Section 8.

The Thom morphism MU"(X) — H"(X;Z) induces a Hodge filtered Thom
morphism MUZ(p)(X) — HRE(X;Z(p)). We give a cycle description of this map
in Section 9. For this, we use a cycle model for Deligne cohomology inspired
by that of Gillet and Soulé in [21], but differing in that we for simplicity use
currents of integration instead of integral currents in the sense of Federer [16].

Before we construct our geometric theory, we discuss an axiomatic definition
of the notion of Hodge filtered cohomology theories in Chapter 3. This definition
is inspired by the axiomatic definition of differential cohomology theories of [9].
In [9] it is shown that under mild assumptions these axioms suffice to characterize
differential cohomology up to isomorphism. The hope is that our axioms too
suffice to characterize Hodge filtered cohomology up to isomorphism. Such a
uniqueness result would have saved us of the considerable effort of Chapters 5

5



1. Introduction

and 6.

The difficulty of a straight forward translation of the proof from [9] is
essentially the well known phenomenon that holomorphic maps are much more
rigid than smooth maps. Using Oka-theory, we did however obtain partial
results for Stein manifolds. We report on this in Section 3.5. The necessary
assumption is that the underlying cohomology theory for which we would like to
prove uniqueness of Hodge filtered extensions can be represented by spaces which
can be approximated by manifolds which are Oka-Stein, meaning they are both
Oka and Stein. Our only example of such a theory is complex K-theory. We
note that it is an open problem in complex analysis whether the homotopy-types
representable by Oka—Stein manifolds are the same as those representable by
smooth manifolds. In light of the successful construction of the isomorphism
in Theorem 1.1, which does not make use of the complex manifold structure
of the Grassmannians and the tautological bundles, a new attempt at proving
uniqueness seems due.

Finally a brief comment on Section 2. There we begin with both notation
and recollections as well as the proof of some results which are relevant later in
the thesis but would take the focus off the main argument if they were discussed
where they are needed. Most of the subsections are independent from one
another. Instead of collecting them in a long appendix at the end we decided
to put them at the beginning. Hence one may first skip over Section 2 and get
back to it when needed.



Chapter 2

Conventions, notation,
recollections, and lemmas

In this chapter we explain notation and recollect material that will be used
throughout the thesis. We also prove some results that would unduly interrupt
the flow of the text if given in the main body. It is not advised to read this
chapter in its entirety, but rather to read its sections only when they are needed
for the main story.

2.1 Transversality

Let X be a smooth manifold and Z C X a properly embedded submanifold of
codimension d. For each p € S there is a neighborhood U, C X and a smooth
map f,: U, — R? having 0 as a regular value and satisfying Z N U, = fp_l(O),
see [38, Proposition 5.16]. We say that f, is a local defining function for Z.

We say that a smooth map ¢g: Y — X is transverse to Z, denoted g th Z, if
whenever g(y) = z € Z, we have Dyg(T,)Y) +T.Z =T.X.

Proposition 2.1. Let Z C X be a submanifold of codimension d. If g: Y — X
is transverse to Z, then g~ (Z) is a submanifold of Y of codimension d.

Proof. Let y be an arbitrary point in g~%(Z), say g(y) = p. Being a submanifold
is a local property, since Hausdorfness and second countability is inherited by
any subset. Therefore it is enough to give a local defining function for g=!(Z)
around y. Let U be a neighborhood of p in X, and let f: U — R be a local
defining function for Z around p. Then on the open set V := g=!(U) consider
the function

F:=fogly:V —=R%

It suffices to show that 0 is a regular value of F. Observe that D, f(T,Z) = 0.
Since 0 is a regular value of f, and T,Z + D,g(T,Y) = T, X, we must have

Dy f(Dyg(T,Y)) = TR
Then 0 is a regular value of F' by the chain rule
Dy(fog) = (Dpf)o Dyg. u

More generally, we say that for a map f: Z — X, g: Y — X is transverse to
f, written g M f, if whenever g(y) = x = f(z) we have

Dyg(T,Y) + D.f(T.Z) = T, X.

We define the codimension of a map by codim f := dim X — dim Z.



2. Conventions, notation, recollections, and lemmas

Proposition 2.2. If g f, there is a cartesian diagram of manifolds:

7 2.z

f’l lf
If f is proper, then f’ is proper. We have codim f/ = codim f.

Proof. Consider the two maps f x¢g: Z XY —- X x X and A: X — X x X
given by A(z) = (z,x). Then A is an embedding, and f hg = (f x g) M A.
Hence by Proposition 2.1, we get a cartesian diagram of manifolds

77— X

(g'vf/)l lA

7/ xY — X x X.
fxg

Then the diagram

7 4.z

f’l J{f

is also cartesian. Suppose f is proper, and let K C Y be a compact set. Then
fY(g(K)) is compact. We have

FHE)={(zy) € Zx K : f(2) = g(y)}
C K x f~H(g(K)).

Since f’ is continuous, f'~1(K) is a closed set. Since it is a subset of a compact
set, it is compact. For the last statement we need only note that by Proposition
2.1 the following equalities hold:

dim Z 4+ dimY — dim Z" = codim (¢, f') = codim A = dim X
Definition 2.3. We define
Map™ (Y, X; f) := {g € C*(Y, X) : grh f}.
When f is the inclusion of a submanifold f: S — X, we may write
Mapm(Y, X;9) = Mapm(U7X; S).
We recall the following important theorem from [26, p. 35].

Theorem 2.4 (Thom’s transversality theorem). If Z C X is a proper submanifold,
then the space Mapm(Y,X;Z) is open and dense in C(Y,X) in the strong
topology.

Remark 2.5. The point is that transversality is a generic property.

8



Normal bundles

2.2 Normal bundles

Given an embedding ¢ : Z — X, there is the normal bundle
Nu:=J"TX/TZ.

Suppose g: Y — X is smooth and transverse to ¢. Then Z' := g71(1(Z)) is a
submanifold of Y. We denote the inclusion Z’ < Y by ¢/, and the restriction
gl (z by g'. We will need the following proposition:

Proposition 2.6. The differential Dg induces an isomorphism
N/ ~ g Nu.
Proof. Consider the commutative diagram:

7 4.z

y =X
If v is a curve in Z’, then g ot/ o~y is a curve in «(Z). Hence Dg(D/(TZ")) C
Du(TZ), so that Dg induces a map
Dg: N/ — g"*Nu.

It follows from Proposition 2.1 that the two bundles have the same dimension,
so it is enough to show that Dy is surjective. Consider [v,] € N, for v, € T, X,
x = 1(z) = g(y). Using transversality, we can write

vy = Dyg(vy) + Di(v.)
forv, € T.Z, v, € T,Y. Then [v,] = Dg([v,]). [ |
We shall also need the following basic fact:

Proposition 2.7. Let 7: E — X be a vector bundle, and let io: X — E denote
the 0-section. Then Nig ~ FE.

Proof. The proposition will follow once we establish an isomorphism
iwTE~TX @ E.
Since 7 is a submersion, we get a short exact sequence

Dr

0 VE TE 7TX ——0

of vector bundles on FE. Here VE is just the kernel of D, and is called the
vertical bundle of E. It suffices to show that ij(V E) ~ E. We define a bundle
map ¢: E — VE covering g by

0

Y(vz) = ot » (t-vz).



2. Conventions, notation, recollections, and lemmas

Since 7(t - v,) = x for each t € R, it is clear that ¢(v,) € VE, so we have a
commutative square:
E

Furthermore, v is clearly fiberwise linear, and fiberwise injective. Then % is a
fiberwise isomorphism for dimensional reasons. Thus ¢ induces an isomorphism
E ~ iV E, which proves the proposition. |

o

2.3 Forms and Currents

2.3.1 Forms

We will denote the de Rham complex of a real manifold X with real coefficients
by A% (X). The de Rham complex with complex coefficients will be denoted by
A*(X). Thus the relationship between these groups is

AR (X) = AR (X) @R C.

We follow de Rham [12], and consider A*(X') with the C'*° compact-open topology,
which is defined by the family of seminorms obtained as follows: Let U C X be
a coordinate patch. With respect to these coordinates, write a differential form

w as
w= E wrdxy.

For each compact set L C U and m, k € N, we have a seminorm defined by

p,Ln’k(w):sup max  (D%wy(x)).
zeL =k, |al<m

Here a = (ay, ..., agim x) € N X o] := 3" a; and

glalwr

@ —
D wr = 8x0¢1 . 8x@dimX :
1 dim X

The support of a differential form is the smallest closed set outside of which it
vanish:

supp(w) = () (X\U)

U open : w|y=0

We denote the space of compactly supported forms on X by
AN(X) :={w e A" (X) : supp(w) is compact}.
We give A*(X) the subspace topology from A*(X).
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Forms and Currents

Remark 2.8. We here follow the convention from topology. For example Bott and
Tu [5], Lee [38], and Madsen—Tornehaven all use subscript ¢ to denote compact
support. Also [23] use our convention. It seems the convention in analysis is to
write 2* instead of A}, and &* instead of A*. De Rham [12], directly inspired by
Schwartz, followed the analysis convention. Also Demailly [11] and Hérmander
[28] use the analysis convention.

When X is a complex manifold we have the Hodge decomposition of forms

A" = @ AM(X),

p+qg=n

where AP?(X) are those n = p 4 ¢ forms w so that for any vy,...,v, € TX and
complex number z we have

w(zvy, ...y 20,) = 2PZ% (01, ..o, 0p).

This is the same as requiring that with respect to local holomorphic coordinates
z;, if we write

w :Zw[JdZ] /\%J
1,7

then wr; = 0 unless |I| = p and |J| = ¢. With respect to this bigrading, we
decompose the exterior differential d as d = 9 + 9, where 0 has bi-degree (1,0),
and 0 has bi-degree (0,1).

2.3.2 Currents

In this section, we assume for simplicity throughout that all manifolds are
oriented. Note that in [12], the theory of currents is developed also for non-
oriented manifolds.

We define the space of current on X, denoted D*(X), as the topological dual
of the space of compactly supported smooth forms A%(X). Unless otherwise
stated, we are considering D*(X) with the weak* topology, which is induced by
the seminorms

po(T) = [T(0)]

for o € A%(X). Thus lim;_,o T; = T if and only if lim;_,0 T3(c) = T'(0) for every
o € A*(X). This corresponds to the topology used for distributions in [28].
Some theorems, such as the Schwartz kernel theorem, are however better stated
using the strong topology, see [50, p.198].

Remark 2.9. Following up Remark 2.8, our notation D*(X) is that of Griffiths
and Harris [23]. The authors denoting AX(X) by 2*(X), such as de Rham
and Hormander, denotes D*(X) by 2*(X). Curiously, in [50] where only open
subsets of euclidean spaces, U, are considered, A%(U) is denoted by €>°(U), yet
its dual by D'(U).
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2. Conventions, notation, recollections, and lemmas

There is a map A*(X) — D*(X) denoted w +— T, defined by

(o) _/me.

The integral converges since ¢ has compact support. It is clear that this map is
C-linear and continuous. Now we show:

Proposition 2.10. The map w — T, is injective.

Proof. Suppose w € A*(X) is non-zero. Pick a Riemannian metric on X, let
volx be the associated Riemannian volume form, and let * be the Hodge-star.
Then we have

wA*xw = f-volx

for f: X — [0,00) a smooth function. Let p be a compactly supported bump
function with supp p Nsuppw # (. Then T, (p - (xw)) > 0, so T, # 0. [ |

Hence we view currents as generalized forms, in the same way that
distributions are generalized functions. We call a current smooth if it is of
the form T, for some w. Later on, we will not always take care to distinguish
between the smooth form w and the smooth current T,,. The space of smooth
currents on X is a dense subspace of the space of all currents on X. This follows
for example from [12, Theorem 12].

We grade D*(X) such that the inclusion A*(X) — D*(X) preserve grading:
DF(X) are those currents which vanishes on A%(X) for i # dimg X — k. There
is a multiplication

A:DY(X) @ A¥(X) — DTR(X)

defined as follows. For T € D*(X), w € A*(X) and 0 € A%(X) we put
(T Aw)(o) :=T(wA o).

If V. is a graded algebra, not only a graded vector space, we get an induced
multiplication
A D (X Vi) @ A(X; Vi) — DY (X V).

We define the support of T" as the largest closed set such that T'(c) = 0 whenever
the interior of supp(o) Nsupp(T) is empty, i.e.,
supp(7) := N (X\U)

U open : T|y=0

Let f: W — X be a smooth map, let T' € D*(W) and let o € A*(X). The
expression

fT(o) =T(f0) (2.1)

is valid whenever supp(T') Nsupp(f*o) is compact. In particular, f,T defines by
(2.1) a linear map A%(Y') — C if f|supp(r) is proper. Hence we define the space

D}’UC(W) = {T € D*(W) : f‘supp(T) is proper},
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Forms and Currents

and conclude that we have a well defined pushforward map

fe: Diyo(W) — DFFeotim/ (), (2.2)
In particular, if f: W — X is proper, then (2.1) defines a map

fo: D¥(W) — DrHeedimf(x), (2.3)

We denote for a complex vector space V the space of currents with coefficients
in V by D*(X;V) = D*(X) ®c V. We define the pushforward of currents with
coeflicients

fo: DX(W3V) = DX, V)

by tensoring (2.3) with the identity map of V. We have the projection formula:

Proposition 2.11. Let f: W — X be a smooth map, let w € A*(X), and let
T € D*(W) be such that flsuppr @s proper. Then

fo(T A frw) = (£:T) Aw.
Proof. For o € A%(X) we have

[T A frw)(o) = (TN ffw)(f o)
=T(f'wA ffo)
= fiT(wA o)
= ((f«T) Aw)(0o)

which proves the formula. |
It is natural to consider the boundary operation on currents b, defined by
b(T) (o) =T(do).
Let w be a k-form, and o a compactly supported form. Then
dwAo)=duoAo+ (—1)FwAdo

and using Stokes’ theorem we get
Taw (o) :/ dw Ao
b's

:/X(—l)kHwAdU—i-/ d(w A o)

X

= (=1)*T,(0) +/ wAo.
0X

Define the operator
w: D*(X) = D*(X) (2.4)



2. Conventions, notation, recollections, and lemmas

by defining it for each k& on D*(X) by w = (—1)*. Let tpx be the inclusion
0X < X of the boundary with its induced orientation, and consider the
integration current of X defined by dsx = (tox)«1l. From the above
computation, we conclude that for smooth currents T,

Ty = Wb, + dox NT,,.
We would like to define dT" so that dT,, = Ty,. Hence we are forced to attempt
dT = wbTl + dox NT. (2.5)

However dpx AT is not well defined for arbitrary T' € D*(X), and so we will in
general consider the exterior differential of currents only on manifolds without
boundary. We note that using the techniques and language of Section 2.6 below,
we can define the product dgx AT whenever WF(T) N N(0X) = (. That is,
we can define T' A dgx if the singularities of 7" meet with the boundary in a
controlled way. In any case, (2.5) provides a useful expression for dT,, on a
manifold with boundary. If X = () we define

d: D*(X) - D*"(X)

by
dT = wbT. (2.6)

Lemma 2.12. When f,T is defined, we have the relation bf, T = f.bT.
Proof. For o € A%(X), we have
bf.T (o) = fT(do) =T(df*o) =bT(f*o) = f.bT(0). |

Proposition 2.13. Let X be a manifold, W a manifold with boundary, f: W — X
a smooth map of codimension d, and T € D%, (W) a current for which dow N'T
is well defined. Then

df.T = (=1)* (f.wbT + f.(6ow AT)),

where dow = (iow )1, for igw the inclusion of the boundary with the induced
orientation, igw : OW — W. In particular if OW = (), then for any current
T € D*(W) with flsuppT proper, we have

df. T = (—1)4f.dT.
Proof. Since the degree of T and f,.T differ by d, we have

wbf. T =wf.bT
= (—=1)4f, wbT.

This proves the second claim. The first claim then follows from (2.5). |
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Forms and Currents

Remark 2.14. To remedy that f, does not commute with d, let us again consider
the identity bf, = f.b. It means that the equality

/ wAdffo = fi(w)(do)
w

holds for all ¢ € A%(X) and w € A*(W); the same is true if we demand
that w is compactly supported, and are agnostic regarding the support of
o. Hence we should consider the current T, which acts on ¢’ € A%(W) by
T.(0") = [y o' Aw. If w is homogeneous of degree k, then the number T7,(¢”)
depends only on the homogeneous component of ¢’ of degree dim W —k. Therefore
T/ = (—1)kdmW=K)T We let w’ be the operator defined on homogeneous
T € D*(W) by w/T = (—1)k+FdmW The above discussion culminates in the
equality

w f.w'wb = whw' f.w'. (2.7)

In any case, (2.7) is readily verified directly using bw’ = (—1)1HdmWyw/p

together with fow = (—1)¢wf, and (—1)¥rdmW = (_1)dmX where d is the
codimension of f.

Remark 2.15. If we were working with non-oriented manifolds, we would have to
specify an orientation of f, i.e. a local matching of the possible local orientations
of X and Y, in order to define f,. This is developed in [12]. It amounts to giving
an orientation of the stable normal bundle of f. Since X and Y are oriented,
the stable normal bundle of f has a canonical orientation, and so f: X — Y has
a canonical orientation.

When X is a complex manifold, the space of currents is bi-graded: DP-2(X)
are those currents which vanishes on compactly supported (p’, ¢')-forms unless
p+p=dimc X =¢ +q. If 0X = (), we extend 9 to D* by

o1l = WbaT

where bpT (o) = T'(00) and w is the operator of (2.4). Similarly 9 is defined
on D*(X) by & = wbz. Then the inclusion A**(X) — D**(X), w — T, is a
map of double complexes. If f: X — Y is holomorphic of complex codimension
d, then f* respects the bigrading, and it follows that f. has bidegree (d,d).
Furthermore, since the real codimension of f is even, the proof of (2.13) shows

of.T = f.0T, Of.T = f.0T.

2.3.3 Dolbeault-Grothendieck and de Rham quasi-isomorphisms

We note that DF is a sheaf on X. Le. if U C V, then we can view compactly
supported functions on U as compactly supported functions on V' by extending
by 0, and so apply currents defined on V' to them. If {U;} is a collection of open
subsets of X, and for each i we have T; € D¥(U;) such that for each pair i, j,
Tilv,nu; = Tjlu.nu;, then we can combine the currents T; thus: Let U = U;U;,
and let {A;} be a partition of unity on U subordinate to a locally finite refinement
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2. Conventions, notation, recollections, and lemmas

of {U;}. Then T = 3" \; - T; is the unique current 7" € D*(U), such that for
each ¢ we get Ty, =T;.
We denote the holomorphic de Rham complex by Q*(X). Thus

O (X) € AMO(X)

are those (n, 0)—for1ris that have holomorphic coefficient functions. Equivalently,
0" is the kernel of 9 : A™0 — A™1,

Theorem 2.16. The natural map of complexes of sheaves on Mang
QP — AP*,
and the natural maps of complexes of sheaves on X
A* = D",  and A" — DP*
are quasi-isomorphisms.

Proof. The first statement is known as the d- Poincare lemma, or as the
Dolbeault-Grothendieck lemma. For a proof, we refer to [23, p.25]. The second
and third assertion are proven at [23, p.382-385]. The second statement was
essentially first proven by de Rham, see [12, Theorem 14]. We note that both the
first and third statements follow from the version of the Dolbeault-Grothendieck
lemma of [11, p.28]. |

2.4 Grading-conventions and the Hodge filtration

Let V. and W, be degree-wise finite dimensional evenly graded complex and
real vector spaces respectively. We define

AMX; V) = P A (X5 V) (2.8)

DM(X;V.) = P D (X; V)
(2.9)

where A" (X;V;) = A" (X) ®c V;, and similarly for the other groups. We
stress that we will never mean by A"™(X;V.) the space A"(X) ® V., unless
V. =V of course. We note that with our convention, we get

HM(X;V.) = @@ H"™ (X;V;).
J
Let X be a complex manifold. We define the Hodge filtration by
FPDM(X) = @D (X)

12p
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Cohomology of filtered forms and currents

FPA"(X) = P A" (X).

iZp

We always mean the Hodge filtration when we write FPA™ or FPD™, unless
explicitly saying otherwise. We have the subcomplex

07P(X) C FPA*(X)
which in degree k is QF(X) if & > p, and 0 if k < p. We further define
Q7P(X;V.) = P77 (X3 V)

J

FPAY(X;V,) = @ FPHI A1 (X0, ) (2.10)
A” A2 (X Vy;)
@ Frti An+2i (X; Vy;)

FPD”(X;V*) _ @FP-H'DTH-ZJ (X; sz)
J
D Dn+2j(x.V2,)
X; - = .
Fp( V. ) @ FptipDn+2j (X;ng)

2.5 Cohomology of filtered forms and currents

Let V, be an evenly graded complex vector-space. Let % (V*) and FPA™(V,)
be the sheaves A

Ur—> (U V), Uw FPAYU;V,),
respectively, where the rlght hand sides are defined by (2.10).
Lemma 2.17. The sheaves FP A™(V,) and ?—;(V*) are acyclic.

Proof. Both FPA™(V,) and ?—Z(V*) are fine, in the sense that they are sheaves
of modules over A°(C), which admits a partition of unity. Fine sheaves are well
known to be acyclic. See for example [51, 4.36]. |

We will now describe the hypercohomology of the complexes of sheaves
A” d 40 d 1 d
ﬁ(v*) = <---H;},,(V*)H;‘p(v*)ﬁ---), (2.11)
I E d 0 d 1 d
FPA* V)= -+ ——=FPA (V) ——= FPA' (V) —— - -~

on a complex manifold X. We define:
FPA™Y(X:V,) := FPAY (X V,) + dA™ (X V,), (2.12)
“HEPATTH X V) = {w € AM(X;V,) ¢ odw € FPA™TH(X; VL))
FPAYM (X Vi) i={w e FPA"(X;V,) @ dw=0}.
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2. Conventions, notation, recollections, and lemmas

Proposition 2.18. We have

* —1 p An+1 . n
i () = LA )
PP FrAn(X;V,)

and

n * FPA™ (X Vi),
H™ (X; FPA*(V,)) ~ dFPA”(l(X-Ll)

where the left hand sides are hyper-cohomology groups.

Proof. The previous lemma implies, for example by [51, Proposition 8.8], that

the hyper-cohomology group H" (X ; %(V*)) can be computed as

H (X~ A (v*)> ~

) An(X;V*) An+l(X;V*)
ker (d FP A (X Vs) - FP.A""*'l(X;V*))

L _ATHXGY.) A(XV,) )
Im (d' FrATL(X V) FPA"(X;V*))

,Fp

The kernel are the classes of forms modulo F? which map to FPA" T (X;V,)
under d. The image are the classes modulo F? of exact forms. This establish
the first isomorphism of the proposition. Similarly we can write

ker (d: FPA™(X;V,) — FPA™L(X;),))
n P A* ~

which implies the second isomorphism. [ ]

Consider now the short exact sequence of complexes of sheaves

0 —— FPA*(V,) —— A*(V,) ——> A (V) — 0.

For each complex manifold X, there is an associated long exact sequence of
cohomology groups

HP (X3 FP A (V) — o P (X3V,) —Te B (X 5 (01)) —
H" WYX, FPA*(V,)) s H"™ (X V,) —> H"H! (X; ?\p (V*)) .

Proposition 2.19. The connecting homomorphism d is, using the descriptions
of the groups given by Proposition 2.18, induced by the exterior differential

d: d”Y(FPA"THX; V)" — FPA™TH X V,).

18



Cohomology of filtered forms and currents

Proof. In the proof, we will for the sake of clarity denote the connecting
homomorphism d by ¢. Since our complexes of sheaves are acyclic, we can

describe § concretely in terms of cycles as follows: Let [a] € H" (X ; ?—;(V*))
We can write a = 7(8) for some 8 € A"(X;V,). Since

An+1

Fr

w(dB) =da=0¢€

(X5 Vi)

we have d3 = i.(y) for some v € FPA""(X;V,). Then the connecting
homomorphism § is by definition

From this description of § we see that d[a] is represented by da. This proves
the proposition. For the readers convenience, we remark that the class of 7 is
independent of the choice of 3 for the following reason: If w(8) = w(4’), then
B—B € FPAY(X;V,). Hence dB’ —dB € dFP A"T1(X;V,), which is to say that
dB and dp’ represent the same class in H" 1 (X; FPA*(V,)). [ |

We define complexes of sheaves on X, %(V*) and FPD*(V,), by replacing
A with D in (2.11). These too are complexes of modules of the sheaf A". Hence
replacing A by D in (2.12) and the proof of Proposition 2.18, we get

* —1 PN . n—1
Fr FrDn(X; V)

and

. ) FPDM(X; V).
H (X; FPD*(V.)) = deDn(l(X-Ll)'

Finally, we have the following important result:

Theorem 2.20. The maps of complexes of sheaves on X

FPA*(V,) — FPD*(V,)
A* D*
ﬁ(V*) - ﬁ(V*)

are quasi-isomorphisms.

Proof. Both statements are trivial consequences of Theorem 2.16, which states
that the map of complexes of sheaves on X

APy DP*
is a quasi isomorphism. |

Remark 2.21. 1t is of course not true that A™ and D" are quasi-isomorphic. Nor
are the complexes AZ" and D" quasi-isomorphic. This is the basic reason
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2. Conventions, notation, recollections, and lemmas

why the currential K-theory of [19] differ from differential K-theory. * Theorem
2.20 will however imply that currential Hodge filtered cohomology theories are
canonically isomorphic with smooth Hodge filtered cohomology theories. This
is the fundamental reason why Hodge filtered cohomology theories have good
pushforward maps, not only along submersions, but along arbitrary proper maps.

2.6 Computations with wave front sets

One of the drawbacks of currents is that they cannot, in general, be pulled back
along a smooth map ¢g: Y — X. Of course, the smooth currents can be pulled
back, but g*: A*(X) — A*(Y) does in general not extend continuously to a
map D*(X) — D*(Y). That is; we can find a smooth map f: X — Y and a
current T € D¥(Y) so that if we let w; be forms on Y with lim; ,ow; = T, the
limit lim; ,¢ f*w; depends on the particular family w;, not just 7. To us the
most important fact is that when f: Z — X is proper and transverse to g, then
there is a good pullback g* on the image of f.: A*(Z) — D*(X). In order to
define ¢*T we need the current T' € D*(X) to look smooth from the point of
view of Im (g). Hence de Rham defines the singular locus of T, sing suppT C X,
as the set of points x such that 7|y is not smooth for any open U containing x.
Clearly, then g*T is defined whenever Im g N sing supp 7’ = (). This is not good
enough for our purposes, and we therefore now introduce more sophisticated
analytic tools, from microlocal analysis, which refine the singular locus. We will
not provide all the definitions, since our subject is not microlocal analysis, and
building up the whole context would take us to far astray. We will rather just
state what we need and refer to precise locations of [28, Chapter 8§].

Let for x € X the 0 element of 7))X be denoted by 0,, and define
Ox = Uzex{0,}. For a distribution T € DY(X), the wave front set, W F(T),
is defined in [28, Definition 8.1.2], see also the comments preceding example
8.2.5. [28, p.265]. It is a conic set (in the sense that it is closed under scalar
multiplication)

WF(T) CcT*X\0x.

If we view currents as distributional sections of the bundle A*(7*X), then the
comments preceding [28, example 8.2.5, p.265] also defines the wave front set of
a current. Let us expand that. For U C X a coordinate patch, D*(U) is a finite
sum of copies of D°(U). To be concrete, we can write a current T' locally as
T =Y, Trdxy for distributions Ty € D°(X) and we then define its wave front
set by
WF(T) = | JWF(Ty).
I
The wave front set is a measure of the singularities of a current, which takes into
account also the “directions” of the singularities. For mx the projection onto X,
we have
mx (WF(T)) = sing supp(T).

1We mention K-theory in particular only because currential K-theory is the only “currential
differential cohomology theory” we could find in the literature.
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Computations with wave front sets

In particular, if ' = T,, is a smooth current, then WF(T) = (). Given a closed
cone I' C T*X\0x, we define

Di(X) = {T e D*(X) : WF(T)C T}

There is a natural topology for the space D;(X), see [28, Definition 8.2.2].

The topology of Dj:(X) is finer than the weak™ topology, so that the inclusion
D (X) — D*(X) is continuous. As an immediate consequence of [28, Theorem
8.2.3], we have:

Theorem 2.22. A*(X) is dense in Di(X). |
Let f: Z — Y be a smooth map. We define the conormal bundle of f by
N*(f)={(z,v) €e ZxxT*X : v(D(T,Z)) = 0}.

Then the normal set of f, Ny is defined as the image under the projection
N*(f) = T*X of N*(f).
We now state the key result.

Theorem 2.23. There is a unique way to define f*T € D*(Z) for those
T € D*(X) which satisfy WEF(T) N Ny = 0 such that the following is true:

o IfT =1, is smooth, then f*T,, = Tp«,.

o IfT CT*X is a closed cone in T* X \Osee(X) such that TNN(f) =0, then
f* defines a continuous map

[T Dr(X) = Dhp(2).

In particular, whenever WF(T) N N(f) =0 we have WE(f*T) C f*WF(T).

Proof. Tt suffices to consider the case when X C R™ is open, since we can patch
locally defined pullbacks together using a partition of unity. The case when T is
a distribution is [28, Theorem 8.2.4], and all we need to do is to translate this
result into our context. We can write T' = ), Trdx; for distributions T7. If

WFE(T)N Ny =0,
then WF(T7) N Ny =0, so that we can define
FT =" (T f*(day).
I
That this is the unique way to define f*T such that the stated properties hold

now follows at once from the case of distributions. |

We now establish the version of the Schwartz kernel theorem which we will
need. Essentially, we will perform the “obvious” verification Héormander indicates
after [29, Theorem 18.1.34’], only we omit the half-orientation bundles, since
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2. Conventions, notation, recollections, and lemmas

we assume our manifolds are oriented. For wy € A*(Z) and wx € A*(X) we
mean by wz @ wx € A*(Z x X) the form which at (z,x) is the multilinear map
deifned by

wz @wx (vl ok el k) =w (el o) wx (), uke).

Clearly for 7 and wx the projections onto Z and X respectively, we have
Wz @wx = Tywz A TxQx.
If Ty, € D*(Z) and Tx € D*(X), we can also define Tz @ T'x by
(T, @Tx)(oz@0x)=Tz(0z) Tx(ox). (2.13)

Alternatively, since 75 T*Z N5 T*X = 0zxx, we can apply Theorem 2.23 to
define the tensor product by

(TZ ®TX>(UZ ®Ux) = W}TZ /\7T}Tx.

Theorem 2.24. Given a kernel K € D*(Z x X), the associated linear
transformation

K AX(Z) = DH(X)

given by
H (0)(1) = K(c®T)

is continuous. This defines a linear bijection between D*(Z x X) and continuous
linear maps A%(Z) — D*(X).

Proof. That J# is continuous is obvious. We can assume that Z and X are open
subsets of Euclidean spaces, since we can patch things together using partitions
of unity. Using the Euclidean coordinates

21y 2dim Z, L1y -+ -5 Ldim X

we can write K € D*(Z x X) as a finite sum over pairs of increasing multi-indices

K = Z urdzr, @ drr,
I:(Iz,lx)

for distributions u; € D°(Z x X). Identifying the forms dz; € T*Z with
wydz, € T*(Z x X), and similarly for the dz;, we can replace ® by A. Then
is entirely characterized by

(%(deJ))(f/del) = Z’U,[ (f ® f/dZ]Z ANzr, Ndzg A d.TJ/).
I

Write dz = dx1 A - - A dzgim x, and similarly for dz. Let I7, and Iy be the
unique multi-indices such, such that

dzr, Ndxry Ndzp, ANdzp, = tdz Ndz.
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Computations with wave front sets

The natural pairing of D*(X) with AZ(X) restrict to a pairing of D°(X) - dz
with AY(X) - dz 1, which induces an isomorphism
/
DY(X) - dry, ~ (.AS(X) . dx1%>

w-dzr = (f-dep, = u(f - dere Adzp)).
Let #7 be the map A%(Z) — D°(X) with Schwartz kernel u; - dz, i.e.
H1(f) = (ox = ur(fdz®@ox)).

The correspondence uy + #7 is a bijection between elements of D°(Z x X) and
continuous linear maps AY(Z) — D°(X) by [28, Theorem 5.2.1.]. 2 Then

Ad(z) —

.dZI/Zl 'deX

AAZ) - dxy, — DY(X) - dxyy

DY(X)

commutes for every pair of multi-indices I = (Iz, Ix). Summing over all pairs,
the theorem is proven. [ |

Remark 2.25. Not all maps A%(Z) — D*(X) extend to A*(Z). However, all
maps A*(Z) — D*(X) can be restricted to A*(Z), and so correspond to a
Schwartz kernel.

Given a map f: Z — X, let vy: Z — Z x X be the graph map ¢f(z) =
(2, f(2)), and let L}: Z — X x Z be the transposed graph map, given by
vp(2) = (f(2),2)).
Lemma 2.26. Let f: Z — X be smooth. Then the continuous map
[ ANX) - AN(Z) — D (2)

has Schwartz kernel (). 1. If f furthermore is proper, the map f.: A;(Z) —
D*(X) has Schwartz kernel (vf).1.

Proof. Let w € A%(X), and think of f*w as a current. For o € A%(Z) we get:

(F"(@)(0) = / fwho

4

- /Z () (w® o)
— () D) o).

28ee also [50, Theorem 51.7], where the topologies are chosen such that the bijection is an
isomorphism of topological vector spaces.
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2. Conventions, notation, recollections, and lemmas

Similarly

(fo)w) = [ an

Z

- / (1) (0 ® w)
— (e D)o B w). o

Theorem 2.27. Let % : Ai(Z) — D*(X) be the map with Schwartz kernel
K € D*(Z x X), as in the Theorem (2.24). We have

WEF(H (o)) C{uy € ToX : (0,,v,) € WF(K) for some z € suppo}.

Proof. We can assume that Z and X are open subset of Euclidean spaces. Then
this is essentially [28, Theorem 8.2.12.], which is the case of distributions. For
o€ Ai(Z), write 0 = ) ; fsdx ;. In the notation of the proof of Theorem 2.24,
ifve WF(X o), then ve WF(%;f;,) for some I. Then [28, Theorem 8.2.12.]
implies that for some z € supp f;,, we have (0,,v) € WF(us). Realizing that
then z € supp o, and (0,,v) € WF(K), the theorem is proven. [ |

Theorem 2.28. Let K € D*(Z x X). There is a unique way to define % (T) for
all T € Di(Z) satisfying WF(T)NWF'(K)z =0 where

WF(K)z ={£.,eT*Z : (—€.,0,) € WE(K) for some z € X}

so that for each compact L C Z, and closed conic T' C T*(Z x X) with
I'NWF(K) =0, the map D(L)ND;(Z) — D*(X) defined by & is continuous.
We have

WF(AT)CWF(K)x UWF' (K)o WF(T)

where
WF'(K) ={(62:n:) € T"X xT"Z + (&, —1:) € WF(K)}
is considered as a relation mapping sets in T*Z\0yz to sets in T*X\0x.

Proof. Using the adaptation techniques of the proof of Theorem (2.24), this
follows from [28, Theorem 8.2.13]. |

As an immediate consequence, we get:

Theorem 2.29. If K € D*(Z x X) is a smooth current, then for each T € D} (Z),
KT is defined and smooth.

Theorem 2.30. Let f: Z — X be a smooth and proper map. For w € A*(Z) we
have

W F(f.w) C Ny.

Proof. If f is an embedding, then this follows from [28, example 8.2.5.]. Hence
WPF((tf)«1) = N,;. Then the theorem follows from Theorem 2.27 together with
Lemma 2.26. |
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Computations with wave front sets

Theorem 2.31. Let g be a proper smooth map of codimension d, and let f be
smooth with f @ g. We consider the cartesian diagram

ZX)(YHZ

i)

Y—>

Then we have an equality of continuous C-linear maps
g o fue=flog": AN(Z) = DHY).

Proof. Tt suffices to prove this equality on A%(Z). We start by proving the
special case that if f and g are embeddings, then

9" f+(1) = flg"L. (2.14)

This is essentially [28, example 8.2.8.], but we must adapt the proof to our
context. This is a local question; if it holds in a neighborhood of each point
z € Z, then we use a partition of unity to show that it holds everywhere.
Locally in X we choose coordinates (x1,...,Zd4im x) so that Z is the 0-locus
of the first n’ = dim X — dim Z coordinates and Y is the O-locus of the last

n'” ;= dim X —dim Y coordinates. We put n” = dim Z +dimY — dim X. Write

ll? (xla )

2" = (Tpi1, .. Tdimy)

.’L‘ (xdlm Y+15- xdlmX) and
(.I'I 2 .’13/”)

Then z = (2”,2"") are coordinates for Z, (z’,2") are coordinates for Y, and z”
are coordinates for Z x x Y. We also use the notation dz’ = dxy A -+ A dx,y,

and similarly for 2”7 and z”/. We analyze f.1. For o € A%(X), we can write
0 =) ;ordzr. Then

fl(0) = fl(0(n41,....aim x)dz” A dz'),

so fil =T -dx’ for some T € DY(X). Let h(z') be a compactly supported
real valued smooth function of 2/, satisfying [h(z')dz’ = 1. Put hy(z) =
h(z'/t)t~"". Then we have [ ht(z)dz’ = 1. Note supp ht C tsupp h, so that
supp(lim;,0 ht) = Z. We claim Tdm = lim;_yg hyda’. To prove this, let
o = oodz” A dz" € AV (X). Put Si(z”,2") = U,/ csupp b, 00 (2, 2", 2.
Then lim;_,o S¢(2z”,2"") = 00(0,2”,2""). We get

/ht(x)ao(x)dx’ é/ (()S (2", 2" da' = (2", 2"") — 00(0, 2", 2.
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2. Conventions, notation, recollections, and lemmas

Using instead infimum, we similarly get lim,_,o [ hi(z)oo(z)da’ > Sy(z”,z"").

Since 00(0,2”,2"") = (9*(0)) (2", 2""), we have

(hydx") (o) = /Z (/ ht(:c)ao(x)dzv’> dz" A dx"" — /Zg*adx” Adz'",

proving f,1 = lim;_,ohi;dz’. Then g¢g*f,1 can be computed as the limit
lim;_,0 g*hydz’. Since (g*hy) (2, 2") = he(2’, 2”,0), the techniques used above
yields

lim g*hida’ = f11.

t—0

This proves equation (2.14). Using lemma (2.26), the Schwarts kernel of f, is
Ky = (1p)«1 € D*(Z x X),
and the Schwarts kernel of ¢g* is
Ky = (1)1
We will compute the kernel K associated to
H =0 =g o f.

The technique for computing K from K; and K is described prior to [28,
Theorem 8.2.14]. We start by showing that condition [28, (8.2.14), p.269], which
we will refer to as condition (8.2.14), holds. The condition says that if (1,) € T*X
is such that

(0., —ns) EWF(K) CT(Zx X)=T"Z xT*X

for some z € Z, then there is no y € Y for which (0,,-7n,) € WF(K>).
We have WF(K1) = N,;, and WF(Kz) = N,,. So, given such a covector
Nz, there must be 2/ € Z and y' € Y with g(y') = f(2') = z. Then, that
(Oy, 74(yy) be normal to ¢y means that g;,n,(,) = 0, and similarly for f. Hence
1, vanishes on Dg(T..Z + D¢(TyY) = T, X, where we use g h f, and so
Ne = 0. But (0,,0,) ¢ WF(K3), since the 0-section is excluded from the
wave front set by definition. This establish the condition, and hence that
Jo o =g* o f.: AX(Z) — DL(Y) is a continuous map.

Hormander then tells us how to compute K from K; and Ky: Consider
first K1 ®@ Ky € D*(Z x X x X xY), which for us is (15 x 1j).1. Since the
condition (8.2.14) holds, K1 ® K5 can be pulled back along idz X A X idy-, where
A: X — X x X is the diagonal. Then K is the projection to D*(Z x Y') of this
current. To compute the pullback, we use the following cartesian diagram

ZxyY 9t ZxY

]l lLfXL;

IXXXY — >/ x XXX XY

ideAXidy
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Computations with wave front sets

where j(z,y) = (2, f(2),y) = (2,9(y),y), and ¢’ x f’ is the inclusion. We use
the labels g’ and f’ since these maps are so named in the theorem we are in the
middle of proving. By equation (2.14), we have

(idg x A xidy)" ((vf X 1)+1) = jil,

where we note that transversality of idz x A x idy and ¢y X L; is exactly
condition (8.2.14). Let mzxy: Z x X XY — Z x Y be the projection. Clearly
Tzxy ©j =g x f'. Hence we have

K = (Tzxy)«jul = (9/ X fl)*l-

It remains to see that (¢’ x f’).1 also is the Schwartz kernel of f. o g"*. So let
oz € A2Z and oy € A%(Y). Then

(¢ % f)1)(oz ® oy) = /Z oz nftoy

= (fig"(02))(oy)
which concludes the proof. |

Let p: W — X be a submersion. We define A%, (W) as the space of forms w

pve
such that plsuppw is proper. As another application of theorem (2.30) we get:

Proposition 2.32. For w € A%, (W), the current p.w is smooth.

pve

Proof. We have WF (p,w) C N,\0Ox by Theorem (2.30). Since p is a submersion,
N, = 0. Le. since Dp(T,W) = Tp4)X, the only covector at p(w) which pulls
back to 0, is 0,(,). Since the wave front set of a current projects to its singular

locus, WF(T) =0 = sing supp(T) = 0, which implies that T is smooth. H

Remark 2.33. This is a local statement in X, and locally in X this is a form of
Fubini’s theorem. See [11, 1-2.15] for a direct proof, along these lines.

Definition 2.34. Let p: W — X be an oriented submersion of codimension d
between closed manifolds. We define integration over the fiber

/ A (W) = ATH(X)
W/X

by
Tf v = w/p*Tww’,
wW/X

where W' is the sign operator acting on D*(X) and A*(X) by (—1)k+kdimz X,

More generally, we define for an evenly graded vectorspace Vi,

Jo = (S i, | A » ari,).
w/X T JwW/x
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2. Conventions, notation, recollections, and lemmas

From (2.7), (2.5) and Proposition 2.11, we get:

Proposition 2.35. Let p: W — X be a submersion. We assume 0X = ().
Integration over the fiber satisfies

d/ w :/ do.)—/ w
W)X w/X oW/ X

/ p (o) Nw=0cA / w
W/ X W/ X

Remark 2.36. When E — X is a vector bundle, there is also a direct description
of [ B/X at [5, p. 61]. That their integration map agrees with ours follows from

[5, Proposition 6.15 (b)].

2.7 Thom spaces and the Thom isomorphism

Let m: E — X be a vector bundle of dimension n. If X is compact, we define
the Thom space, denoted Th(E) or X ¥, as the one-point compactification of E.
In general we define it as the colimit over compacta K C X;

Th(E) = XF = colim K¥.
C

To be more explicit, the underlying set of X ¥ is just E U {oo}. We say that
K C F is vertically compact, ve for short, if K is closed, and furthermore
K N7 1(z) is compact for each z € X. To topologize X, we declare:

« open subsets of E are also open in X%,
o XP\K is open whenever K is vertically compact.

We choose this approach to have the explicit inclusion £ C Th(FE) available. See
[43, p.205] for another approach. Note that if E — X is the vector bundle of
dimension 0, then oo is an isolated point. We consider forming Thom spaces as
a functor

Th: Bun — Top,

from the category of smooth vector bundles and smooth, fiberwise linear maps,
to that of pointed topological spaces and pointed maps. We will however keep in
mind all the extra structure on Th(E)\{oco} endowed by the canonical inclusion
E C Th(E).

Remark 2.37. Continuous fiberwise linear maps are not necessarily bundle maps,
which are furthermore required to be fiberwise linear isomorphisms.

It is clear that whenever F': E; — E5 is continuous and fiberwise linear and
K C Ej is ve, then F~1(K) is vc too, so F extends to a map of Thom spaces,
Th(F): Th(E;) — Th(FE>).

28



Thom spaces and the Thom isomorphism

We denote by K’)“(, respectively Q];(, the k-dimensional trivial real, respec-
trively complex, vector bundle over X. We define the k-sphere as the Thom
space

k k
S% = Th(Ry,).

We will always mean this exact space when writing S*, unless otherwise specified.
Recall that for pointed topological spaces (X, xq) and (Y, o), we define the
wedge and smash product respectively by

X xY

XVY = YUX X xY d XAY = .
{.’L’Q} X X {yo} C X an XYy

One basic property of Thom spaces we will use is this:

Proposition 2.38. Let F1 — X1 and Fy — X5 be two vector bundles. Then
Ey x By — X1 X X5 is a vector bundle, and we have a canonical pointed
homeomorphism
(X1 x Xo)BrxE2) o xEv \ xEo

which is a diffeomorphism away from basepoints.

Proof. Removing the basepoint {oo} from the left hand side renders the manifold
Ey x Ey. Removing the basepoint [X1E1 x {oo} U {oo} x XQEZ} from the right
hand side too renders the manifold E; x Es, so we have a canonical basepoint
preserving bijection between the two spaces, which is a diffeomorphism away
from the basepoints. If X; and X5 are compact, we are done since both sides are
the one-point compactification of Fy X Fsy in this case. Taking the colimit over

compact subsets of X; and X5, we see that our canonical bijection is a colimit
of homeomorphisms, and we are done. |

Recall that for a pointed space Y, we define the reduced suspension
Y = SFAY.

Proposition 2.39. We have a canonical pointed homeomorphism
XPERY ~ wk x B
which is a diffeomorphism away from basepoints.
Proof. Apply proposition (2.38) with
(By — X1) = (RE, - pt) and (B — Xo) = (E — X). [

Further specialization yields:

Proposition 2.40. We have X®x ~ "X
Proof. Take E = 0 in Proposition 2.39. |
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Let now E be a fixed real oriented vector bundle of dimension n. We denote
by Di.(E) the currents on F with vertically compact support, defined by

D, (E):={T € D*(F): 3 K C E which is ve s.t. T'|p\x = 0}.

In the notation of 2.2, we have D} (E) = D%,.(E), so that we have a map

TVC

e D (E) — D (X).

Theorem 2.41. The pushforward map induces an isomorphism
7. HY(D! (E)) ~ H*"(X).
Proof. See [5, Theorem 6.17]. [ |

We define A%.(E) to be the smooth forms on E with vertically compact
support.

Proposition 2.42. The inclusion A} (E) — D} (E) induces an isomorphism on
cohomology.

Proof. We have previously discussed de Rham’s result that each current is
cohomologous to a smooth form; for T € DE.(E) we can therefore find
o € DF=Y(E) with T + da € A¥(E). Since smooth forms are dense in currents,
we can of course assume that 7'+ da is close to 1" and hence also vertically
compactly supported. This loose argument can be made rigorous using [12,
Theorem 12]. This proves surjectivity of the induced map on cohomology.
Injectivity follows directly from injectivity of the induced map on cohomology of
the map of complexes A*(X) — D*(X). [ |

We note that there are canonical isomorphisms
H" (A% (E)) ~ H"(E, E\Im (0)) ~ H"(X %), (2.15)

for 0 the 0-section. Hence A} (E) and D (E) compute the reduced cohomology
of the Thom space X¥. We define

D*(Th(E)) = Dy.(E).

We shall also need a slightly larger complex; that of rapidly decreasing currents.
For the definition, we require that F is endowed with a Euclidean norm, which
we denote by & — |£]. We need some notation. Let first

Di(B)={¢€E : [g|<1)

be the unit disc bundle in E. Next, let Dj(F) denote currents with support in
the unit disc bundle,

Di(E) =A{T € D;.(E) : supp(T) C Di(E)}.

ve
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There is a diffeomorphism ¢: F — D;(F) defined by

€

Y€)= \/TW

We define
ra(E) =v¢*(Di(E)) C D*(E).

There is a pushforward map
me: Drg(E) = D (X)
because m = m o). We also define
ra(E) = A"(E) N D;y(E) (2.16)

which comes with an integration over the fiber map
[ s am) -4
E/X

where f B/X is defined by the same formula as in Definition 2.34.

Remark 2.43. The space of forms A7 ,(F) is the same as the space of rapidly
decreasing forms considered by Mathai and Quillen in [42].

Definition 2.44. If E has a Fuclidean norm, we define the space of currents on
Th(E) by

D*(XF) := Djy(E).
We also define

A*(XP) = A7y (E).

If V. is a graded vector space, we apply the conventions of (2.8) to define
D*(XE;V,) and A*(XE;V,).

Thus we have overloaded the notation D*(Th(E)). We will always mean
D*(Th(E)) = Dy.(E) unless we specify the metric. Usually we will state which
complex we mean. We note that the canonical inclusion D} (E) — D}, (E) is a
quasi-isomorphism. B

The Thom class 7z € H"(XF) is defined as the class corresponding to
1 € H°(X) under the Thom isomorphism H™(X ) ~ HO(X). It is characterized
by m«7p = 1. Let tp: X — F denote the 0-section. Since o1y = idx we have
7« (tg), 1 = 1, proving that the current (1), 1 represent the Thom class of E.
We record this for future reference.

Proposition 2.45. Let 1p: X — E denote the 0-section of the oriented n-plane
bundle E — X. The current

(tg), 1€ D"(XF)

represents the Thom class 75 € H™(X ).
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2.8 Mathai—-Quillen Thom forms

We recall the construction of the Mathai-Quillen Thom forms, originaly defined
in [42]. We rely on [2, Section 1.6]. Let E — X be an oriented Euclidean
vector bundle of dimension 2m?3 with compatible connection V. Let AE — X
denote the exterior bundle of E. There is an induced Euclidean metric, and
compatible connection on AE. The Berezin integral T': A*(X;AE) — A*(X) is
defined as follows. For o € A*(X; AVE), we let T(c) = 0 unless j = 2m. There
is a canonical global non-vanishing section of the bundle A*”E — X, locally
expressed as x1 A- - - ATy, Where x1, ..., o, forms a local oriented orthonormal
frame for E. We let

TwRzi A AToy) = w.

Extrapolating linearly, T is defined on arbitrary elements of A*(X; AF). Let
x € AY(E; A'7* E) denote the tautological section:

id

/\

E—smFE

E

Let exp: AE — AF be defined by the usual power series. We define the Mathai-

Quillen Thom form by
1 Ix|2
T —— —iVy —7"F
e GG S )

where F' is the curvature of V, and Vy is the covariant derivative of x with
respect to the induced connection on An*E. These forms are shown to be Thom
forms in [2, Proposition 1.52]. Inspecting the definition of U, we conclude:

&

<~
3

s
[

>

Proposition 2.46. The Thom form U depends only on the orientation, Euclidean
norm, | — | and compatible connection V on E. Furthermore, U depends on this
data in a natural way, in the sense that if f: Y — X is a smooth map, we have

where f: f*E — E is the canonical bundle-map. ]

Next we relate this to the Thom-current of Proposition 2.45. We remark first
that since F is of even dimension, for a Thom form U, we get 7, Ty =T T
E/X

We use for t € R+ the notation

Q= t?x|?/2 + itVx + 7 F € A*(E; AT E),

3In [2] this is formulated so that it works also for odd dimensional bundles.
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Then we let U; = W -T'(exp(—€)). Notice that U, is the Thom form obtained

by scaling the metric by ¢t. We have the transgression formula, [2, Proposition

1.53]

% = —i-dT(xexp(—Q)). (2.17)

We define -
a :/ 1T (x exp(—£2;))dt.
1

Note that « too depends naturally on the metric and connection. We also note
that « is a well defined, and rapidly decreasing form on E, though it need not
be smooth. We apply (2.17) to get

da = Ul — lim Ut-
t—o0
Lemma 2.47. We have lim; o Uy = (tg)s1, for tp the 0-section of E.

Proof. Denote for t € R the multiplication by ¢ map by m;: E — E. Then
(myv, myw) = t2(v,w), so that m;U = Uy; rescaling the metric amounts to the
same thing as rescaling the vectors. Hence we prove the lemma by proving more
generally that for any Thom form U, we have

tlggoth = (tp)«1l.

In local coordinates, we can write U as 7 ® 1 for 7 € A?7(R?*™) such that
Jgzm™ = 1 € R and 1 the constant function 1 € A°(X). In this vein,
(tg)«l = dp ® 1 for 6y € DY(R?>™) the Dirac delta function, do(f) = £(0).
Thus it suffices to show

lim m;7 = do.
t—o00

Using the substitution z™*% = 2°¢ .t we have for compactly supported
f: R 5 R

/]R?m mi(7(x)) - f(x) = /]R2m m(x) - f(2/t).

Using the dominated convergence theorem with T'(7) - sup,cgam f(x) we get

fim [ mire) f@) = [ Jimrle) ) = £0)- [ = f0). ®

t—o00 R2m om t—r00

We summarize our work compactly for convenient future reference:

Proposition 2.48. Let E be an oriented vector bundle of dimension 2m, endowed
with a Fuclidean metric and compatible connection. Then there is a current
o € DX H(E) satisfying

do=U — (1g).1 € D27(E),

where 1g denotes the 0-section of E. Furthermore, o depends naturally on E,
the metric and the connection.
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2.9 Simplicial presheaves

Let Manc denote the category of complex manifolds and holomorphic maps.
The Grothendieck topology defined by open coverings turns Manc into an
essentially small site with enough points. We denote by sPre = sPre the
category of simplicial presheaves on Mang, i.e., contravariant functors from
Man¢ to the category sS of simplicial sets. We will often refer to objects in
sPre just as spaces. Recall that sending an object X of Mang¢ to the presheaf
of sets it represents defines a fully faithful embedding of Mang¢ into the category
of presheaves of sets on Mang. Since any presheaf of sets defines an object
in sPre of simplicial dimension zero, we can embed Mang¢ into sPre. On the
other hand, every simplicial set K defines a simplicial presheaf by sending every
object to K. By abuse of notation, we denote this simplicial presheaf by K as
well.

We will consider sPre with the local projective model structure (see e.g. [13],
[14]). We will not discuss the specific properties of this model structure, but
just recall that a map F — G in sPre is called a (local) weak equivalence if
the induced map of stalks F, — G, is a weak equivalence in sS for every point
z in Mang¢. Furthermore, a map F — G is called an objectwise fibration if
F(X) — G(X) is a fibration in sS for every X € Manc. A map is a local
projective fibration if it is an objectwise fibration and satisfies descent for all
hypercovers in Manc (see [14, Corollary 7.1]). We denote the corresponding
homotopy category of sPre by hosPre.

Let A™ be the standard topological n-simplex

For a topological space Z, we will consider the simplicial presheaf Sing Z on
Man¢ defined by
X — Sing Z(X) = Sing (Z, X)

whose n-simplices are continuous maps
[ X xA" - Z.

For any C'W-complex Z, the simplicial presheaf Sing Z is objectwise fibrant and
satisfies descent for hypercovers in Manc by [15, Theorem 1.3] (see also [30,
Lemma 2.3]). By [14, Corollary 7.1], this implies that Sing Z is a fibrant object
in the local projective model structure on sPre. For a topological spectrum F,
we denote by Sing F the spectrum of presheaves on Manc whose nth presheaf
is Sing (Ey,).

For a simplicial set K, let | K| be its geometric realization in the category of
CW-complexes. By [30, Proposition 2.4], the natural map

K — Sing | K| =: Sing K

is a weak equivalence of simplicial presheaves. Hence we can use the assignment
K — Sing |K| as a natural fibrant replacement in sPre for simplicial presheaves
coming from simplicial sets.

34



Eilenberg—MacLane spaces

2.10 Eilenberg—MacLane spaces

Let C* be a cochain complex of presheaves of abelian groups on Manc. For
any integer n, we denote by C*[n] the cochain complex given in degree ¢ by
C4n) := C9t". The differential on C*[n] is the one of C* multiplied by (—1)". The
hypercohomology H*(X;C*) of X € Manc with coefficients in C* is the graded
group of morphisms Hom(Zx,aC*) in the derived category of cochain complexes
of sheaves, where aC* denotes the complex of associated sheaves of C*. We
will denote by K (C*,n) the Eilenberg—MacLane space, i.e., simplicial presheaf,
associated to the connective cover of C*[—n] by the Dold—Kan correspondence.
For every integer n, this defines a functor K (—, n) from the category of presheaves
of complexes on Manc to sPre. The following result is a version of Verdier’s
hypercovering theorem due to Ken Brown.

Proposition 2.49. ([7, Theorem 2]) Let C* be a cochain complex of presheaves
of abelian groups on Manc. Then for every integer n and X € Manc, there is
a canonical isomorphism

H"(X;C") 2 Hompespre(X, K(C*,n)).

2.11 Concrete model for Eilenberg—MacLane space of forms

Let AF be standard topological k-simplex, as in (2.18). Then A® is a
simplicial space, with the face-maps 9;: AF — AF! given by 0;(tg, ..., t;) =
(to, .- ti—1,0,t;, ... 1), i.e., inserting a 0 in the ith position. The degeneracy
maps s;: A¥ — AF~! are the maps adding the ith and (i + 1)th element,
ie., Si(to, R ,tk) = (to, o tim1 i i, Lo,y - ,tk). Then also X x A® is a
simplicial space, and we get a simplicial presheaf X — A™(X x A®;V,), which
on X has face maps 9 := (idx x 9;)*. In this section, we will prove:

Proposition 2.50. The simplicial presheaf X — A™(X x A®;V,) on Man is
weakly equivalent to K(A*(Vy),n).

We recall that the Dold—Kan correspondence is an equivalence of categories
between simplicial abelian groups and connective chain-complexes under which
weak equivalences correspond to quasi-isomorphisms. It associates to a simplicial
presheaf F, its the normalized chain complex, N(F,). There is also the Moore
complex of a simplicial presheaf, M(F,), which has nth presheaf F),, and
differential Y (—1)'0;, where 0; are the face maps of F,. There is a natural map
N(F,) — M(F,) which is a quasi-isomorphism by [22, Theorem II1.2.1]. We will
therefore establish Proposition 2.50 by showing the following lemma.

Lemma 2.51. Integration over the fiber fXxAl/X induces a chain homotopy
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equivalence

e AT(X X AR V) T T AN(X X AL Vg~ AN Ve

foAk/xJ/ fxw/xl idl

4 AR X V) — e A (X)) — L AY(X V)

Remark 2.52. This is [31, Corollary D.14]. We provide the proof, because we
need the technique in the next section.

Proof. Let v; € A* be the point with ¢; = 1. Let pp: AF\vg — AF~1 be radial
projection onto the Oth face,

t1 tr
toy...,tp) = .
pk( 05 ; k) <1_t07 31_t0>

Then we have the identities

P 0 Jp = id, (2.19)
pr o0y =0;—10pr—1 fori>0.
Let g: [0,1] — R be smooth, and vanishing 0 in a neighborhood of 0 and equaling

1 in a neighborhood of 1. We note that 95 (¢g) = 0 and 97 (g) = 1, and furthermore
both 95 and 07 takes all derivatives of g to 0. We define

hr_1: AM(X x AL Y) 5 A"(X x AF;)),)
W = g(l — to) : (1d X pk)*w.

We will now show that h is a contraction of the complex A™(X x A®;V,), with

k
0" = (-1)'0; s AM(X x AR V) — AM(X x AFLY,)
i=0
as differential. For hg, this means 0*hg = id. This follows from (2.19), which
implies d5ho = I95(g(1 — to) - (id X p1)*) = ¢(1) - id* X (pg 0 Jp)* = id using
g(1) = 1. Since ¢g(0) = 0, we similarly have the second of the following equalities:

More generally, for any k we use (2.19) to compute:

k+1

O hy = Z(—mia;gu —to) - (id X prs1)*
o k+1 ‘
= 05(9(1 —to) - (id X pg+1)*) + Z(—wa;f(ga —to) - (id X pg41)")
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Concrete model for Eilenberg—MacLane space of forms

k+1

=id+ Z g9(1 —to)(id" x 0" pj 1)
k41
:1d+z g(1 —to)(id x pr)* 07,

k
id — g(1 — to)(id x p)* > _(—

=0

=id — hy_10"

Using the contraction hj; we can define the homotopy inverse of [ XxA®/X by
70 = id: A"(X;Vi)er = A™(X; Vi) e, and for k > 0,
e AVR(XG V) = AMX x AR V) g (2.21)
s =dohg_1o0do---odohjodohyg.

Since 7 (w) is exact, it is closed. Next we show that 7, is a chain map. Using
(2.20) we have 0% = 9*dhg = d0*hg = d = 19 o d. Inductively we get

6*Tk+1 = 8*dhkrk
= da*hka
= d(id - hk,1a*)7'k
= dhk_1a*Tk
=dhy_174_1d
= Trd

where we also use that dr, = ddhy_17x—1 = 0. We now show fXxAk/X (W) =w
for all w € A" *(X;V,). For k = 1 we have

/ Tw = / dhow = / 0 —g(1 —tg)dto A (id X p1)*w
XxAL/X XxAL/X xxat/x 9o
(2.22)

—(g(1-1)=g(1-0)) w=w

where we use that fXXAl/X g(1—t0)d(id x p1)*w = 0, since there is no dty-factor.
Similarly for the induction step:

/ Tr1(w) :/ dhy7i(w)
XxAk+1/X XxAk+L/X
Lo
= / (/ 879(1 — to)dto) (ld X pk+1)*Tk(w)
xxak/x \Jo Oto
= / Tr(w) = w.
XxAk/X
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Instead of showing that 7 f Ax 18 homotopic to the identity, we show that the
two complexes A"(X x A®; V)% and A" °(X;V.) are quasi-isomorphic. We

cl
consider the following double complex:

e ATE(X X AR Y,) = AR(X X ARTLY,) s ATR(XG )

o AH(X X AR Y,) = AT X X ARLY,) s AL (X V)

cs AN(X X AR V) —= AP(X x ARV ) — e AY(X V)

Here the horizontal arrows are 9* = > (—1)'9;, and the vertical arrows are the
exterior differential d. We consider the two spectral sequences of this double
complex. Using the homotopy operators h, we see that computing horizontal
cohomology first, the second page has only one non-zero row, namely the
cohomology of the complex A™(X x A®;V,). Computing vertical cohomology
first, we observe that all columns have the cohomology of the complex

In fact 9;: X xAF~1 — X x A*¥ is a homotopy equivalence for each i. Furthermore,
all the 0; are homotopic, so their induced maps on cohomology coincide. Hence

J

0" = (-1)/0;: H" /(X x A V,) — H" (X x A1 V,)

i=0
is an isomorphism if j is even, and 0 if j is odd. In particular the rightmost
column is hit by the O-map 95 — 97, while all groups outside of the rightmost
column are either the source or the target of an isomorphism, and so disappears
on page 2. Since the spectral sequences converge to the same complex,
we deduce that the cohomology of the complexes A™(X x A®*;V.)q and
AR(X: V) — - = AM(X;V.)q are isomorphic. Since [, o7, = id, we
conclude that [ Ak 18 a quasi-isomorphism. [ ]

2.12 A concrete Eilenberg-MacLane space for filtered forms

We continue using the notation of the previous section. Let 7: X x AJ — X
denote the projection. We can write any form on w € A*(X x A*:),) as a sum
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of forms of the form
w=m"0NA(f(x,t)dt;) (2.23)

for 0 € A*(X;V,) and dt; some product of the forms dtq,...,dt; (leaving out
dto since ¥ dt; = 0) and f: X x AF — C a smooth function. We define
FPA"(X x AF) as the linear span of forms w € A"(X x AF;)),), as in (2.23),
with 0 € FPA*(X;V,).

We observe that f XX Ak /X0 and each 0; preserve the filtration. Furthermore,

the contraction h restricts to a contraction of FP A*(X x A®). That is, inspecting
the definition of hj;, we observe that

hie(FPA*(X x AR V,) ¢ FPA* (X x AFTL D),

and so the equality 0*hy + hyy10* = id must still hold in FPA*(X x AF;V,). Tt
follows that 75, preserve the filtration. As before we have f Xxak/x Th = id on

A"k (X;V,). For the spectral sequence argument of the previous section, we need
to know that each 9; define the same isomorphism H"(FP A*(X x AF);V,) —
H"(FPA*(X x AF=1;1),)). For this we prove:

Lemma 2.53. The projection 7: X x A* — X induces an isomorphism
7 H"(FPA*(X;V,)) — H"(FPA* (X x A% D,)).

Proof. As Karoubi points out in [34, Theorem 4.10], this is a version of the
Poincaré lemma. Let us expand on that. Let S,: AP(AF;V,) — AP~L(AR; V)
be maps satisfying dS, — Sp+1d = id for p > 0, and S1d = id — ev, where ev
maps a function f € A°(A¥;V,) to the constant function at f(pt) for pt € A* a
point of our choosing. See for example [41, Theorem 3.15]. We also set Sy = 0.
Set S =3, 8i: A (AR V,) — A*~1(AF;V,). Then define

K: A (X x A% V) = A7 X x AR V,)

as the linear map with Kw = (—1)9(id ® S)w when w is a form as in (2.23) with
0 homogeneous of degree q. We observe that K preserves the filtration. Let
w € A*(X x A¥;V,) be of the form (2.23) with # homogeneous of degree ¢, and
|I| =1 > 0. We have

Kdw = (id® S)dw = ((-1)"d ® S; —id ® Spy1d)w

and
dKw =d(id ® S))w = ((-1)¥d ® S; + id ® dS))w.

Therefore
(dK + Kd)w =id® (dS; — Sl+1d)w = w.

If |I| =0, we get
Kdw = ((-1)1"'d ® Sy —id @ (id — ev))w = (id ® (id — ev))w,
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so that w = Kdw + (id ® ev)w. Suppose now that w =), wr = fr- 70 A dt;
is closed. Let J be the empty multi-index. We get

w=dK Z wr | +7%05 - fi(x,pt).
I, |I1>0

Since f(z,pt) is independent of ¢, we can absorb it into 6; we conclude that w is
cohomologous to a form of the form 7*#. This proves the lemma. |

Let 7 X x A¥ — X be the projection. Then we have 7, = 7, 00; for each
face map 0;. The induced equation on pullbacks, 0} o 7 = 7} _,, implies that
each 0; induces the same isomorphism 9} : H™(X x A*; V,) — H™"(X x A*=L:V,).
Now the spectral sequence argument of 2.11 applies and shows:

Proposition 2.54. Integration over the fiber fXxM/X induces a chain homotopy
equivalence

P AKX ) AR V) g B S PR AX x AV Y, B FPAT (X V)

| | |

L4 FPA™ k(X V,) _d 4 FPAL(X; V) _4, FPAMX;V,)a

with inverse T, given by (2.21)

Therefore we can use FP A" (X x A®;V, ) as a model for K(FPA*(X;V.),n).

2.13 Concrete Eilenberg-MacLane spectrum of presheaves
for forms

Let A, be a pointed simplicial set. The simplicial loop space Q5™P A, is the

simplicial set with set of k-simplices given by the set of maps of simplicial

sets h: AF x Al — A, such that h(z,0) = h(x,1) = ag, where ay denotes the

basepoint of A,. As described in [31, pages 379+381], for Ay = A" (X X A®; V. )a,
a k-simplex of the simplicial loop space can be described as a sequence

wWo, - w € A™M(X % Ak“;V*)Cl
satisfying the conditions

Ofwi = 0jwi—1 (2.24)
88&)0 =0= 8,j+1wk

We will now construct natural simplicial weak equivalences

s AM (X X A% V)0 — QTP AMTLHX AV,
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Concrete Eilenberg-MacLane spectrum of presheaves for forms

Let g: A' — R be a smooth map which is 0 on a neighborhood of 0 and 1 on a
neighborhood of 1. Then we use the map 79 from Section 2.11

Tow = d(g(1 — to) - pow),

where w is a form on X x A* and pg: X x Al x A¥ — X x A*¥ is the projection.
From the fundamental theorem of calculus it follows that 7y satisfies

/ Tow = W.
X XATXAF /X X AF

Since g is constant on a neighborhood of the endpoints, we have Tyw restricting
to 0 at the endpoints. The resulting simplicial map

AM(X x A% V) a — A"THX x AT x A% V)

is a weak equivalence, since the underlying map of chain complexes is a quasi-
isomorphism.

Now we restrict Tow to the (k4 1)-simplices in the standard triangulation of
A' x A¥ to get a sequence of forms wy, ...,wy in A" (X x AFL:V,) ) which
satisfy the identities (2.24). As pointed out in [31, page 381], this defines a
natural weak equivalence of simplicial sets

s A (X X A% V) — TP AMTLX A%V,

Since A™(X x A®;V,)q is a simplicial abelian group and hence a Kan complex
for each n, the sequence n — A™(X x A®;V,)q is an Q-spectrum of simplicial
sets for every X. Moreover, since each simplicial presheaf A™(— x A% V.)a
satisfies descent with respect to hypercovers, we obtain a fibrant object in the
local projective model structure of presheaves of sequential spectra on Manc.
This provides a proof of the result:

Proposition 2.55. The sequence AL (Vi): n — A"(— x A®;V,)a defines an
Q-spectrum in the category of sequential spectra of presheaves on Manc.

Furthermore, we note that the maps s restrict to natural weak equivalences
SEPALFPAM (X % A% V) — QSPFP AL X % A%V, )a
as the filtration on forms on X is independent of the simplicial identities which

define the map. Since each simplicial presheaf FPA™(— x A®;V,)q satisfies
descent with respect to hypercovers, this proves:

Proposition 2.56. For cvery integer p, the sequence
FPAL(V):n—= FPA™(— x A% V)

defines an Q-spectrum in the category of presheaves of sequential spectra on
Man(c. |
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2.14 Fundamental cocycles

Let E be a rationally even spectrum, i.e., a spectrum such that F, ®; Q is
concentrated in even degrees. As in [30, §4.1], let .: E— E' A HC be a map of
spectra® which induces for every n the map

Esy — Eo, @ C

defined by multiplication by (274)™. For given integer p, we consider the map

g™ g A HC.

Let EANHC — H(E, ® C) be a map of spectra which induces the canonical
isomorphism 7o, (E A HC) 2 Fs, ® C where H(E2. ® C) denotes the Eilenberg—
MacLane spectrum corresponding to Fo, ® C. Let gbf be the composition of the
above maps

¢y E— EANHC — H(E, ®C). (2.25)

We will often write ¢ for qbf .

2.15 A lemma on invertible power series

Given a ring R we let R[[z1,...,x,]] denote the formal power series in the
variables x1, ..., x, with coefficients in R. We have a canonical isomorphism
Rlx1,...,xp]] ~ R[[z1, ..., p-1]][[zn]]-

Lemma 2.57. Let R be a commutative ring. A formal power series
f € R[[x1,...,2,]]
1s invertible if and only if the constant term is invertible.

Proof. The case n = 0 is trivial. We proceed by induction. For the induction
step, we consider

f(wn) = fo+ fi-zn+- € R[[x1,..., 20 1]][[zn]]-

The constant term of f is the constant term of fy, which is therefore invertible
by the induction hypothesis. We now solve the equation

f(xn)'(90+91'$n+gz'l‘i+...):1

4We omit to choose a model for the category of spectra. If in doubt one could choose
symmetric spectra in order to make it possible to construct mutliplicative structures.
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by inductively defining suitable g; by comparing coefficients. We put go = (fo)~!.
Then the equation gg - f1 + g1 - fo = 0 force g1 = —go - f1 - go. More generally,
having defined g; we define g; 1 from the requirement

i+1

ij < gi—j = 0;
=0

this gives
i
gir-fo==Y_fi 9
j=0
which has a unique solution for g;11, since fy is invertible. |
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Chapter 3

Hodge filtered cohomology
theories

We establish an axiomatic framework for Hodge filtered cohomology theories,
similar to that used for differential cohomology in [8]. The hope is that these
axioms will characterize Hodge filtered cohomology theories uniquely up to
isomorphism, as in differential cohomology in [9]. We have not succeeded in
proving this. Thus we must work to establish isomorphisms between cycle models
of Hodge filtered cohomology groups, and the abstractly defined groups of [30]
in each case separately.

We first give our axiomatic definition of Hodge filtered cohomology theories.
Then we show that Deligne cohomology is a Hodge filtered cohomology theory.
We then generalize to see that the Hodge filtered cohomology theories of [30]
also are Hodge filtered cohomology theories in our sense of the words. Then we
show that there is a natural way to associate a Hodge filtered cohomology theory
with a differential cohomology theory. This construction goes some way towards
giving a general recipe for translating constructions for differential cohomology
theories into constructions in Hodge filtered cohomology theories.

3.1 Axioms for Hodge filtered cohomology theories

Let Vi be an evenly graded complex vector space, let h* be a rationally even
cohomology theory,! in the sense that h*(pt) ® Q is an evenly graded vector
space, and let for p € Z

c(p): h* = H* (= V)

be a map of cohomology theories. Here H*(X;V,) is computed using the grading-
convention of (2.8). Then a Hodge filtered cohomology theory over (h*, c(p)) is
a functor hj,(p): Manc — Ab% together with natural transformations

v o B (XA (0) - () (X)
o I:hy(p)(X) = h"(X)

o R:h}H(p)(X) — H™(X; FPA*(V,))

Tt might be interesting to weaken this assumption. Concretely, it would be interesting to
allow the sub“functor” of MU™(X), defined on complex manifolds X, consisting of cobordism
classes which are representable by holomorphic maps. We use quotation marks since this may
not be a functor, as the failure of a general transversality theorem for holomorphic maps make
it difficult to construct pullbacks. For projective manifolds, the image of algebraic cobordism
lives over this sub“functor”.
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such that:
e The following diagram commutes:

1 (p) (X) ——— h™(X)

g |

H"(X; FPAY (V) = H" (X5 V.)
Here inc, is the map induced by the map of complexes of sheaves
FPA*(V,) 2% A% (V).
e Roa=d, where d is explained by Proposition (2.19).
e The sequence

_ ) L x a
e Y X) e B (X (00)) — e W () (X) — -

B(X) ———= " (X5 (V) ——— -

is exact, where ¢(p) is the composition

c(p)
_—

W (X) <o HY(XV,) — H? (X A FP(V,)) .

We note that exactness of the above sequence is equivalent to exactness of

n— c(p) n— * a
B (X) e (X A (0))

h (p)(X) ——— FPA"(X) —— 0

where we write
FPR™(X) 1= c(p) 1 (FPH"(X; V,)).
Equivalently, FPh*(X) is the pullback

FPR*(X) — = h*(X)

| |

FPH*(X;V,) — H*(X; V).

So far the theories h},(p) for different values of p have not interacted with
each other. Suppose now that V, is a graded algebra, that h* is a multiplicative
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cohomology theory, and that ¢(p) is a map of multiplicative cohomology theories.
We say that h},(x) is a multiplicative Hodge filtered cohomology theory if it
comes with an exterior product map

ps Wi (p)(X) @ hip () (XT) = ™ (p+ p) (X x X7,

satisfying the following conditions. Denote by - the product on
hip (+)(X) = D hip (n)(X)
n,p

induced by

B (1) (X) @ B2 (p2) (X) —2sm hatna (py + o) (X)

for A: X — X x X the diagonal map A(z) = (x,x). We require that the structure
maps R and I are multiplicative, and that a satisfies for each z € h*(x)(X) and

we HF (X~ A (V))

a(w) -z =a(w A R(x)).

3.2 Deligne cohomology is Hodge filtered

The Deligne complex is defined as

ZD(]?)I:<Z(27Ti) Qb4 A op1 0>.

The Deligne cohomology groups are the (hyper-)cohomology groups of this
complex,
Hp (X3 Z(p)) == H"(X; Zp(p))-

Let R be the following map of complexes of sheaves:

(2mi)P

O T 0
|
0 Qr d QpHL)....

Let I: Zp(p) — Z be (—1)P times the natural projection. We consider the
following diagram, where both rows are short exact sequences of complexes of
sheaves:

Z 0 (3.1)
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Here a and inc denote the natural inclusions, and the [1] indicates shifting the
complex 1 to the right. L.e. for a complex C, we put (C[1])" = C"~!. The
triangle in diagram (3.1) is easily seen to be commutative, and we will now show
that the square is homotopy commutative. Let o be the operator Q* — Q*
defined on €/ as multiplication with (—1)?=771. We define a chain homotopy

H:Zp(p) — Q°
for the square by
(ZM)” d Qr-2_ 4 op-1 0
/ /
Then
doH+ Hod=1incoR— (2mi)P o I. (3.2)

Diagram (3.1) establishes Deligne cohomology as a Hodge filtered cohomology
theory over (H*(—;Z), (2mi)P). Indeed a, I and R induce the structure maps,
which we denote by the same label:

I: Hp(X;Z(p)) — H"(X;Z)

_ A* n
a: H" ! (X; FP.A*> — HR(X;Z(p))
R: Hp(X;Z(p)) — H"(X; FPAY)

For the latter two, we are using Theorem 2.20. The top short exact sequence of
complexes of sheaves in (3.1) induces the following long exact sequence:

(2mi)” _ I
H (X3 5 ) —"— H(X:Z(p) ——

hn=1(X) e

H™(X:Z) —> H" (X; ﬁ) -

Furthermore we have R oa = d, and from (3.2) it follows that the following
square commutes:

Hp (X Z(p)) —— H"(X; Z)

Rl \L(Zm)p

H"(X;FPA*) — H"(X;C)
We conclude:

Theorem 3.1. Deligne cohomology is a Hodge filtered cohomology theory.
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3.3 Hopkins—Quick theories are Hodge filtered

Let E be a rationally even spectrum. We will now show that the theories Ep
defined in [30, Definition 4.2] are Hodge filtered theories in the above sense. We
briefly recall their construction.

Let V. denote the evenly graded C-algebra V, = F, ® C. Let gbf: EF— HV,
be a fundamental cocycle as in (2.25), where HV, is the Eilenberg—MacLane
spectrum of V,. Considering V, as a constant presheaf, there is a map of
presheaves V, — A°(V.) obtained as the inclusion of the constant functions.
Applying H, we view ¢ as a map E — H(A*(V.)). Then Ep(p) is defined as
the homotopy pullback

Ep E

| i

H(FPA*(V,)) — H(A*(V))

in the category of spectra of simplicial presheaves on Mangc, which we denote
Sp(sPre). The groups E}(p)(X) are defined by

Ep(p)(X) = Hompesp(spre) (X, X" Ep(p))-

The map of spectra (bf induces a map of cohomology theories
c(p) = (¢5)*: E*(X)— H*(X;V.).

We claim that Ep is a Hodge filtered cohomology theory over (h,c(p)) = (E, ¢).
We first provide the requisite data: The natural transformations

I: EA(p)(X) — E™(X) and R: ER(p)(X)— H™(X; FPA*(V.))

are induced by the canonical maps FEp(p) — E and Ep(p) — H(FPA*(V.))
respectively. It is clear that inc, o R = ¢¥(p). o I.

To define
. A*

o H (x, pr) - B (p)(X)

we consider the following pushout diagram of complexes of presheaves

FPA* (V) —= A" (Vi)

|

0——=242(V)

where the 0 in the bottom left hand corner denotes the 0-complex. Since the
Filenberg-MacLane functor functor H is a Quillen equivalence between stable
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model categories by [49], it preserves homotopy pushout diagrams. Hence in the
following diagram in the category of presheaves of spectra

Ep(p) E (3.3)

| |

H(FPA* (Vi) ——= H(A" (VL))

l |

the bottom square is a pushout square where the bottom left hand corner denotes
the zero object in the category of spectra. Since the category of presheaves of
spectra is stable, this implies that the outer square is homotopy cartesian as well.
Taking the homotopy cofiber of the right hand vertical map, we can extend the
outer square in diagram (3.3) to the following homotopy-commutative diagram:

Ep(p) E 0

.

00— H (#0.)) —= SEn(p)
We then let a be the map induced by H (ﬁ—;(]}*)) — Y Ep(p). Equivalently a is
the connecting homomorphism in the long exact sequence

A*

n—1 n—1
o= EVH(X)—> H (X’FP

(V*)> — ER(p)(X) = E™(X) — - -

It remains to show that Roa = d. This follows from the diagram (3.3) as follows.
We can view Diagram (3.3) as a map of homotopy-cartesian squares from the
outer to the lower square. This induces a map of the corresponding long exact
sequences, and so R oa = d. Concretely, we form the cofiber of the bottom
right hand vertical map and get a map H (%(1&)) — X H (FPA*(V.)), which
induces the connecting homomorphism

A*

. n—1 M
d: H (X, =

(Vh*)> — H"(X; FPA*(V,)).
Since the composition £ — H (%(V*)) — XH (FPA*(V.)) is nullhomotopic,

we get an induced map X Ep(p) — S H(FPA*(V,)); this map is well known to
be ¥ (Ep(p) — H(FPA*(V.))). Hence Roa = d, as required.
We summarize this discussion in the following theorem.

Theorem 3.2. Let E be a rationally even spectrum E and ¢F be a fundamental
cocycle as in (2.25). Then Ep is a Hodge filtered cohomology theory over

(E*, ¢F).
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3.4 From differential to Hodge filtered cohomology

We will here associate a Hodge filtered cohomology theory to a differential
cohomology theory, in the sense of Bunke-Schick. First we recall their axioms
from [9]:

Let h be a cohomology theory, let N be a Z-graded real vector space, and
let ¢: h*(X) — H*(X; N) be a natural transformation. The data of a smooth
extension of the pair (h, ¢) is a functor X ~— A*(X), from the category of smooth
manifolds to Z-graded groups together with natural transformations

o R:h*(X) = AL(X,N)y

o I:0h*(X) = h*(X)

o a: A Y(XN)/Tm (d) — h*(X).
We require the following axioms to hold:

e The following diagram commutes:

(X)) —L = h(X)

| |
Ag(X; N)o 7% H*(X; N)
where Rham denotes taking de Rham cohomology, followed by the de
Rham isomorphism.
e Roa=d.
e The sequence

B LX) —> ATH(X; N)/Im (d) —2> h*(X) ——> h*(X) —=0

is exact.

To prepare for our main construction, we complexify the differential
cohomology theory h*(X). Let Ng := N ®g C, and let

cc: h"(X) — H"(X; Ng)
denote ¢ composed with the inclusion-map of coefficients. Let 718 (X) be the

group

hE(X) := h™(X) & A" (X Ne),
An—1(X;N)/Im (d)

i.e., we represent a class #c € h(X) as a pair (Z,¢) with # € A*(X) and
¢ € A" 1(X; N¢), and the pairs (¥ + a(w), ¢) and (¥, ¢ + w) represent the same
class in h¢(X) for each

we A H(X;N) c A" HX; Ne).

The complexified structure-maps are defined in the obvious way:
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3. Hodge filtered cohomology theories

o Re: hi(X) — A*(X,Ne)a Re(E,¢) = R(Z) + do

o I hi(X) = h*(X) Ic(Z,¢) = 1(2)

o ac: A*7Y(X; Ne)/Im (d) — hi(X) ac(w) = (0,w)
These maps satisfy the following properties:

o The diagram

Y Ic

C h™(X)

A™(X; N¢) — H"(X; Nc)

commutes.
o R(c ocac = d.
e The sequence

R =1(X) —S o A*1(X; Ne) /Tm (d) —25= ha(X) —= h*(X) —>0

is exact.

All of these properties are easy to check. We call a quadruple (h¢, Re, ac, Ic)
satisfying the above properties a complex differential cohomology theory, or a
complex differential extension of (h,c).

Remark 3.3. The proof of the uniqueness result of [9] applies without change to
complex differential cohomology theories.

Suppose now that X is a complex manifold, and let (ﬁ*, R,a,T) be a complex
differential cohomology theory, over (h,c), and suppose the graded complex
vector space N is evenly graded. By composing with the forgetful functor
Manc — Man, we can consider h*(X). We define

FPRh*(X) = R™Y(FPA*(X;N)) C h*(X)

to be the group of classes with curvature in FP A*(X; N). We now define

v

M (p)(X) = FPR™(X) /a(FPA™ (X5 N)).

Since Toa =0, I: h*(X) — h*(X) induces a map h"(p)(X) — h"(X) which
we still denote by I. Using Proposition 2.18, we get a map

o 1 (X () ) S )0
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defined as the cokernel morphism in the following commutative diagram with
short exact rows

» FPA*

| | |

a (ﬁmn—l(x; N)) PP ™ (p)(X)

FP A1 (X N) ——= d ™ (FPAM (X N)" ™ —— (X 25 (V)

where all vertical arrows are induced by a.
Since Roa = d, the map R: h"(X) — A"(X; N),; induces

' FPAY(X;N)y
R:h (p)(X) - deAn—l(X;N)

~ H"(X; FPA*(N)),

where the isomorphism comes from Proposition 2.18.

Theorem 3.4. Let (ﬁ*,R,a,I) be a complex differential extension of (h,c).
Then, with the structure maps defined above, (h™(p), R,a,I) is a Hodge filtered
cohomology theory over (h,c).

Proof. Having defined all the data, it remains to check that they satisfy the
required properties. The equality R oa = d is clear. It is also clear that the
diagram

I

I (p)(X) h(X)
g |
H™(X; FPA*(N)) — H™(X; N)

commutes, since the corresponding diagram for A"(X) commutes. It remains to
show exactness of the sequence

c(p)

gt (X' A*(N))—a>lvz”(p)(X) Lo (X))

y Fp

H™ (X:45(V)).
We start with exactness at 2™ (p)(X). I oa =0 is clear. Suppose I([#]) = 0 for
i € FPh"(X). Then # = a(w) for some w € A"~}(X; N). Since Roa = d, and
R(%) € FPA"(X;N), we have w € d~1(FPA"(X; N)). Letting [w] denote the

class represented by w in H"~! (X; A (N)), we have a([w]) = [#] € h™(p)(X),

proving exactness at 72" (p)(X). Next we show exactness at h™(X). To see that
¢(p) o I = 0, note that co I(¢) = [R(Z)] € H"(X;N). This class vanishes in

H" (X; %:(N)), since R(z) € H"(X; F? A*(N)) and the sequence

H™(X; FPA*(N)) — H"(X;N) — H" <X; ﬁ(N))
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3. Hodge filtered cohomology theories

is exact. Now we suppose that ¢(p)(z) = 0. Then ¢(z) is in the image of
H™(X;FPA*(N)) — H"(X;N).

Hence we can find a form w € FPA"(X; N) representing c(x). We can find
it € h"(X) with R(#) = w and I(£#) = x. Then & € FPh™(X) represents a
class in h"(p)(X) such that I([Z]) = z. Finally we need to show exactness at

H" (X ; ?; (N )) This follows easily from exactness of the sequence

AN (X)) — APHXN) /Im (d) — h™(X). |

Remark 3.5. Note that if we have a geometric description of fVL”(X), the
construction of h™(p)(X) can be done geometrically, in the following sense:

« Consider only the geometric h*(X) cycles with curvature in F? A*(X; N).

+ In addition to the equivalence relation you were going to impose in order
to create h*(X), also impose the relation a(FPA*(X; N)) ~ 0.

In retrospect, the construction of MU™(p)(X) in Section 4 follows this recipe.
The present section came about as a meditation on the adaptation of smooth
cobordism [9] to a Hodge filtered cohomology theory, in Section 4.

3.5 Thoughts on uniqueness

We have attempted to prove that the axioms of Section 3.1 are strong enough to
characterize a unique Hodge filtered cohomology theory. Our most serious
attempt was inspired by the successful proof in [9] of the corresponding
theorem for differential cohomology theories. We give a brief summary of
their construction: Let E be an Q-spectrum, so that the nth space E,, represent
E™ in the sense that E"(X) = [X, E,] for any CW-complex X. Then we can
approximate F, by a sequence of manifolds, F,;, by letting F,,; be a manifold
with the homotopy type of the ith skeleton of F,,. Next, if X is a manifold, then
up to homotopy, any map f: X — F, factor through some finite skeleton. Since
smooth maps are dense in continuous maps, we can assume f to be a smooth
map f: X — E,; for ¢ large enough. The proof of the uniqueness theorem of
[9] proceeds by constructing compatible universal classes x,; € En (Eni), where
E™ is a differential extension. Then it is shown that any class Z € E"(X) can
be written in the form f*2,; + a(w). If E7 is a second differential extension,
we use the same manifolds FE,;, and construct compatible universal classes
&, € Ey(E,;). In order construct a map E™ — EJ it suffices to put Z,; — &/,
Then naturality and compatability with the structure maps uniquely extends
this to a map of differential cohomology theories. Under mild assumptions, this
is shown to be an isomorphism.

In the Hodge filtered setting, it is not true that any homotopy class
of maps between complex manifolds can be represented by a holomorphic
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map. The exception is that if S is Stein, and X is Oka, then the inclusion
0S8, X) — C(S, X) is a weak homotopy equivalence, see for example [36] or
[17]. Indeed already in [24, 0.7.B.], Gromov suggests using Oka manifolds to
encode topological information in holomorphic terms. So let E™(p) and ET(p)
be two Hodge filtered extensions of (E,¢(p)). Suppose we can approximate F,,
using Oka manifolds E,;, and find compatible classes &,; € E"(p)(Fn;) and
2. € E7(p)(Epi). Then it is true that the assignment Z,, — ], defines a
unique map E™(p) — E}(p), but only after we restrict to the Stein site. It
turns out to be an unsolved problem in complex analysis, weather any finite
CW-complex has the homotopy type of an Oka manifold. This was first asked
in [24, 0.7.B”. Problem|. No negative results are known. Furthermore, for the
construction of compatible classes &,,; € E™(p)(E,;), we assumed that F,; was
Stein in addition to being Oka. It is not known weather any Oka manifold is
weakly equivalent, in the sense of [37], to a manifold which is both Oka and
Stein. It might be possible to eliminate the assumption that F,; is Stein.

The only example of a cohomology theory we could find which is representable
by Oka-Stein manifolds is K-theory. Hence we are able to prove that the axioms
of Section 3.1 suffice to characterize Hodge filtered extensions of K-theory on the
Stein site. If it turns out that the homotopy types of the Oka-Stein manifolds
are exactly the homotopy types of smooth manifolds, the corresponding result
holds for Hodge filtered extensions of any rationally even cohomology theory.

We made no progress on the problem of globalizing from Stein manifolds to
arbitrary complex manifolds.

Let us add one final rather vague remark. It seems likely that the
Hopkins—Quick theories in some sense are the maximally complicated Hodge
filtered extensions, while the Hodge filtered extensions associated to differential
cohomology theories are minimally complicated. If we accept this heuristic, it
is interesting to note that in retrospect, our geometric Hodge filtered complex
cobordism MU"™(p) of Section 4 is the Hodge filtered cohomology theory
associated to differential bordism, as defined in [8]. We prove in Theorem
6.33 that MU"(p) is also isomorphic to Hopkins—Quick Hodge-filtered complex
bordism. Maybe this is some heuristic evidence that our axioms suffice to
characterize Hodge filtered extensions.
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Chapter 4

Geometric Hodge filtered
cobordism

The purpose of this chapter is to give a geometric description of Hodge filtered
complex cobordism as a Hodge filtered extension of complex cobordism for
complex manifolds. Most of the chapter could have been written in the style
of [34, §5], with F? being a (more or less) arbitrary filtration of the de Rham
complex A*. We will focus, however, on FP being the Hodge filtration.

The chapter is organised as follows. We will first recall the cycle description
of MU*(X), for X a manifold. We then discuss complex genera, their extensions
to maps of cohomology theories and Chern—Weil theory. Then we are ready
to define geometric Hodge filtered cobordism, and show some basic properties.
We end the chapter by constructing a “currential” geometric Hodge filtered
cobordism group. This currential group is convenient for the construction of the
pushforward in Chapter 7.

4.1 Cycle description of complex cobordism

Let X be a smooth manifold. We give a geometric description of MU™(X),
similar to that in [9]. This sort of description of MU™(X) was first given in [47]

4.1.1 Complex cobordism cycles

We denote by R% (Ck) the trivial real (complex) vector bundle of rank & (1) on
X. In the case k =1 and | = 1, we just write Ry and Cyx. When the base-space
is clear, or irrelevant, we omit the subscript. When no confusion can arise, we
identify Kk a5t Ql with KIHQ[ using the isomorphism Ek+2l — Rk e Ql given by

(@1, wpg2r) = (1,0 k), (Tegr +iThra, 5 Thyar—1 +1T421))

where i denotes the imaginary unit. Let f: Z — X be a smooth map. A complex
orientation of f is represented by a pair (N, ®) where N — Z is a complex vector
bundle, and ® is a short exact sequence of real vector bundles

q>:<o 77 LI prx oRE 22 LN 0).

Another representative, denoted by primes, (N’, ®’), is isomorphic to (N', ®’) if
©1 = ¢}, and there is an isomorphism ©: N — N’ such that ¢}, = v o ¢y. For
homotopies of bundle maps ¢} and k, such that

D,t t
cpt:<o 77 2 prx aRE %2 LN 0).
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4. Geometric Hodge filtered cobordism

is short exact for each t, we say that (®;, N) and (®g, N) are homotopic.
Furthermore we say that (N @ C%, ®(1)) defined by

Df, 901) k 1 W@ldrl

NaC,—=0

is stably equivalent with (N,®). A complex orientation of f is then an
equivalence class of pairs (N, @), defined modulo isomorphism, homotopy and
stable equivalence. We will ease notation and refer to f as a complex oriented
map. If we need a representative (N, ®) of the complex orientation of f, we
will write Ny := N and ®; := ®. An isomorphism of complex oriented maps
fi: Z1 — X, fo: Zy — X, is a diffeomorphism : Z; — Z5 such that fooy) = f;
and (¢*Ny,,¢*(®y,)) represent the same complex orientation of fi as (Ny,, @y, ).

Definition 4.1. A complex cobordism cycle, or cycle for short, of degree n on X
is an isomorphism class of proper complex oriented maps

f+Z—-X

of codimension codim f = dim X —dimZ = —n. We let ZMU"(X) be the
monoid of cycles over X of degree n. The monoid structure is induced by disjoint
union, with the empty cycle as identity. We will denote the cobordism cycle
represented by f also by f.

4.1.2 Exterior product

Let f;: Z; — X; be proper, complex oriented maps for ¢ = 1,2. Then the
product-map f1 X fo: Zy X Zy — X1 x X3 is proper and has a natural complex
orientation, which we now describe. Let 7;: Z1 X Z5 — Z; denote the projection
for i = 1,2. We have canonical isomorphisms

T(Zl X Z2) ~ ﬂfTZl @W;TZQ

and
(f1 X fg)*T(Xl X XQ) >~ WTffTXl ©® W;fZ*TXQ

Hence we can define the product complex orientation by (®, x ., N¢, x . ), where
Ny g, =7 Ny ©@7m5Ny,, and @y, is the term-wise direct sum

(I)f1><f2 = WT‘I)fl @W;¢f2-

The exterior product is associative on cycles, because there is an obvious
isomorphism of complex oriented maps

J1 x (fa x f3) = (f1 X f2) x fs.
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Cycle description of complex cobordism

4.1.3 Pullback of cycles

Let f: Z — X beacycle and let g: Y — X be transverse to f. Then proposition
(2.2) allows us to form the following pullback diagram, where f’ is proper
whenever f is, and satisfies codim f' = codim f.

A4 (4.1)

f’l lf
y 2o x

We now define the induced complex orientation on f’. Represent the complex
orientation of f by

) — (o 17 P | prxgRE— L N, 0 )

Consider the following commutative diagram of vector bundles on Z’. To ease
notation, we omit writing all the pullbacks; in our opinion Df: TZ — TX is
clearer than ¢™(Df): ¢*TZ — ¢ f*TX.

Dy’ TZ
T7' TZ 5ot (4.2)
(Df 1) (Df,e1) l
Dg@ide
k B k TX
TY o R TX o R —— e T
@5 ®2
N, id N,

Here ¢} = ¢1 0 Dg’, and ¢}, = pg 0 (Dg & idR;%). The middle column and the
first two rows are short exact sequences of vector bundles. The map
gI*TZ . gl* f*TX
Dg(TZ") — f*Dg(TY)

induced by the differential D f is onto since g M f; then it is an isomorphism since
the two bundles have the same dimension. It follows from the snake lemma that
@4 is onto. Since (f',¢'): Z' — Y x Z is an embedding, it follows that (D f’, Dg")
is injective. Then (Df’, (D f,¢1) o Dg’) is injective. Since Df o Dg’ = Dgo Df,
we conclude that (D f’, }) is injective. Finally it is clear that ¢4 o (Df’,¢)) = 0.
Put N := ¢"*Ny. For dimensional reasons we can conclude that the sequence

o — (0 Tz LI gy g RE, o) .

is short exact. We give f’ the complex orientation represented by (N', ®’). Tt is
clear that the stable normal complex structure represented by (N/, ®') depends
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4. Geometric Hodge filtered cobordism

only on the stable normal complex structure represented by (N, ®). Hence we
have defined a pullback map

g ZMU;‘(X) — ZMU™(Y)
where
ZMU;(X) ={feZMU™(X) : g f}.
for g1: X7 — X5 and ¢go: X9 — X3, we put
ZMU"” (Xg) = {f € ZMU”(Xg) T g2 M f and g2 © g1 M f}

9192
= ZMU}, (X3) N ZMU}, ., (X3).

Then g5 restricts to a map

g5: ZMU, . (X3) = ZMU (X2),

gi192

and we have
giogs=1(g2091)": ZMU;ng(Xg) — ZMU"™(X3).

This observation essentially follows from the following cartesian diagram:

ZIIHZ/HZ

N

Xi——Xo — X3
g1 g2

We note that since transversality is a generic property, ZMUg (X3) is “almost

all” of ZMU™(X3). For maps g1: Y7 — X and go: Yo — X, we also write
ZMUT. (X) = ZMUT (X) N ZMU (X). (4.3)

4.1.4 Composition of complex oriented maps

Let g;: X; — X;4+1 be a complex oriented map for ¢+ = 1,2. We now describe the
composed complex orientation on gz 0 g1. We put Ng,oq, = Ny, ® g7 Ng,. Choose
a splitting s: g5T X35 & Ké?z — T'X5. We then get the following commutative
diagram, where the first row is ®,,, and the second row is obtained from gj®,,
by adding idgr, to the first map.

TX, —————— g TXs R —— > N

l \ T(gIS)@idkkl

GTXy R —— g1 s TX3s R @ R —— g,

We claim that the induced sequence

Dyoog, == ( 0 —TX, — 979517 X5 @Rk2 @Bkl L Ny @ giNo —=0 )
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is short exact. Injectivity and surjectivity is clear. It also clear that the
composition is 0. Then exactness follows for dimensional reasons. Any two
choices for the splitting, s, s’ yield homotopic short exact sequences. Indeed
t-s+ (1 —t)-s is a homotopy between splittings s and s’, which induces the
required homotopies.

4.1.5 Basic examples of cycles and pullback

Consider idy: X — X. It has a natural complex orientation represented by
0=+TX -TX —-0—0.

We denote idx with this complex orientation by 1x € ZMU™(X). For

m: X — pt, we have 1x = 7*(1p). There is another natural complex orientation
of idx represented by

o o
0 Tx Y rxer: O ¢ 0

where we use matrix notation and view elements of direct sums as column-
vectors, i.e., (0,—1,i)(vy,a1,a2)" = —aj; + i -az. We denote idx with this
complex orientation by —1x € ZMU™(X). We have the following equalities in
ZMU°(X)
_1X = W*(—lpt) = (_]—pt) X 1)(.
We note that —1, x —1,, = 1,. This follows from the fact that two
automorphisms of R™ are homotopic if and only if their determinants have
the same sign. This also distinguish —1,; from 1,, as cycles.
Next, let
a:R—R (4.4)

be the map a(t) = > —t. With respect to the canonical coordinates, the matrix of
Dyia is 2t — 1. Viewing TR as a trivial bundle, we give a the complex orientation
represented by

0 TR (2t—1,1,0)* a*TR@R2 (1,1—2t,i) C 0.

Since 0 is a regular value of a, a is transverse to the map ¢: pt — R where
pt = {x} is the one-point manifold, and ¢(*) = 0. Let us examine o’ = t*a. As a
map, it is of course the inclusion {0,1} < R. The complex orientation is given
by

Da’ o))t / 1—2t,i
(Da’,¢?) a*T{O}EBKQ ( i) C 0

0——1740,1}

which amounts to the isomorphism R? — C given by (r1,22) — (x1 + iz2) over
0, and the isomorphism (z1,x2) — (—z1,22) over 1. Hence we have

a =1y + (=1y) € ZMU(pt).

This justifies the notation —1; as we can see, 1, + (—1p¢) is a boundary in a
sense we now make precise.
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4. Geometric Hodge filtered cobordism

4.1.6 Bordism data

Definition 4.2. Let i;: X — R x X be the map it(x) = (t,x). A bordism datum
over X is a cycle
be ZMU", (R x X),

10,%1
as defined in (4.3). More concretely, a bordism datum over X is a proper complex
oriented map b = (ap, fp): W — R x X such that 0 and 1 are regular values for
a. We then define the boundary cycle

Ob = i3 (b) + (~Lpe) x i3(b)
where iy (b) is considered with the induced complex orientation. We define
BMU™(X) C ZMU™(X)

as the submonoid generated by the elements Ob as b range over bordism data over
X.

Remark 4.3. Given a bordism datum over X, b = (ap, fp), we can consider
b = (a X idx) o (ap, f), where a is the map (4.4). Then ¥ is also a bordism
datum over X. We have i;b' = 0, and

igh" = (—1pt) x i1 (b) +ig(b) = (—1p) x Ob

It follows that BMU™(X) also can be described as the submonoid generated by
igb for b = (ap, fp) a bordism datum with a;, bounded.

Remark 4.4. Let us say a word about why we reverse the orientation in
Ob = itb + (—1,) x ish. We compare the example a: R — R, a(t) = 2 — ¢
in (4.4) to the example 1g € ZMUJ, ; (R). We have iflg = ijlg = 1, for
example because 1gr = 7*(1p¢) and 7o ig = 7 0 i1, where 7: R — pt is the only
map. We should view a and 1y as essentially the same bordism datum over pt;
it is just that a is bent and turned. So we should describe the induced complex
orientation on i;b in a way that is invariant under “bending” or “turning around”.
The correct concept is the induced orientation: If W is an oriented manifold with
boundary, let w € A*(W) be an orientation form. Then we orient W by the
form o_w, for o an outward-pointing vector field o € TW gy . Write W, = a;l(t),
and let NW, denote the normal bundle of W; in W. In the definition of ¢}, we
use the isomorphism NW; ~ a; (N{t}) ~ R where the first isomorphism induced
by the differential Da;, and the second by the coordinate vector-field on R. For
the purposes of getting the correct complex orientation of the boundary, we
should instead use the isomorphism of an outward pointing vector field. On
1 € [0, 1], the coordinate vector-field of R is outward pointing, while on 0 it is
not.

4.1.7 Complex cobordism groups of X

By taking disjoint unions of bordism data over X, the relation x ~ y for
xz,y € ZMU"(X) such that x + (—1,;) x y € BMU"™(X) is a congruence, in the
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sense that if x1 ~ y; and zo ~ yo, then x1 + x5 ~ y1 + y2. Hence the following
definition is valid:

Definition 4.5. The geometric n-th cobordism group of X is defined by

_ ZMU™(X)

MU™(X) = BHT(X)"

Proposition 4.6. For cach (f: Z — X) € ZMU™(X), we have
[+ (=1pe x f) € BMU"(X).
In particular, MU™(X) is a group, with inverses given by —[f] = [(—1p¢) X f].

Proof. Let mx: R x X — X be the projection, and let b the the bordism datum
b = n% f. The underlying map of b is

b=idx f:RxZ—>RxX.
Then 0b = f + (=1, x f). |
From now on we write —f := —1,, X f, even though f — f #0 € ZMU"(X).
Let us show that the cobordism relation is stronger than the homotopy relation:

Proposition 4.7. Let fo: Z — X be a proper, complex oriented map, and let fi

be a proper map which is homotopic to fo. Then there is a complex orientation
of f1 such that fy — f1 € BMU™(X).

We first prove a lemma:
Lemma 4.8. In the context of Proposition (4.7), there exist a smooth map
HRxZ—-X
such that H oi; = f; for iyz: Z — R x Z given by i;(z) = (t,2), t = 0, 1.
Furthermore, we can make H such that there is € > 0 so that for t < e we have

H(t,z) =H(0,2) and H(1 —t,z) = H(1, 2).

Proof. Let H': I x X — Y be a homotopy between fy and fi. Define
H":RxX =Y by

H'(0, ) t<:
H'(t,x) =< H'(3,2) L<t<?
) 2 3 ~ ~ 3
H((lz) t>3

Then H” is continuous everywhere and smooth outside of [1/3,2/3]. We get H
as in the statement of the lemma by an application of [26, Theorem 2.5, p.48].
The point is that we need not perturb H” on (—o0, 1/4] U [3/4, 00) since H” is
already smooth on a neighborhood of that set. |
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Proof of Proposition 4.7. There is a smooth homotopy H: R x Z — X between
fo and fi; by Lemma 4.8. We can choose a connection for H*T'X. Then parallel
transport along the curves t — (¢, z) gives an isomorphism between fj7TX and
fiTX. This allows us to use the complex orientation of fy to define one for f;.
The space of connections is connected, as we will show in Proposition 4.15, and
a path of connections induces a homotopy of isomorphisms between fj7°X and
fiTX. Therefore the obtained complex orientation of f; is independent of the
choice of connection. To obtain the requisite bordism datum, we play this game
with the map

b:RxZ —-RxX
b(t, z) = (t, H(t, 2)).

We observe that b is homotopic to the map idr x fy, which is complex oriented
using the orientation of idr representing 1g. For a concrete homotopy, take
s+ ((t,z) = (t,H(st,2)). Then the complex orientation of idg x fy endows
b with a complex orientation. Then b is a bordism datum, and we have
b= f1 — fo. n

We now establish that M U™ is a contravariant functor. Let g: ¥ — X be a
smooth map. We define the pullback by

g*: MU™X) — MU™(Y) (4.5)
g [f1=1g"1l
where g* f is defined in (4.1) when g M f.

Lemma 4.9. The pullback (4.5) is well defined and makes MU™ a contravariant
functor.

Proof. First we note that by Proposition 4.7 and Thom’s transversality theorem,
here recalled in Theorem 2.4, we can represent [f] by a cycle with underlying
map f such that f M g. We must show that (4.5) is independent of the choice of
such a cycle f. Let b = (ap, fp): W — R x X be a bordism datum over X. We
can assume that f; is transverse to g by Thom’s transversality theorem. Indeed,
on a neighborhood of ab_l({O, 1}), g is transverse to fp, so we need only perturb
f» away from a=1({0,1}), so that (ap, f5) remains a cobordism between f, and
f1 through the perturbation. We still have a complex orientation, also after the
perturbation, by the technique in the proof of Proposition 4.7. Then we form
the following pullback square

el gy

l lid[@xg
(av,fv)

W ——Rx X
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and give V' = (aj, f;) the induced complex orientation. For ¢ = 0,1 we now
consider the following diagram where all squares are pullbacks:

Wi

NG

tx X

R

t><Y Rx X

(ab’fb)
idp X g

RxY

This diagram proves g*0b = J(idgr X g)*b, so (4.5) is well defined. |

4.1.8 Ring structure

We now make MU*(X) =, MU™(X) into a graded ring. We first note that
the exterior product of cycles induces a map

x: MU™(X) x MU™(Y) — MU ™ (X x Y).

Indeed, if we have a bordism datum b = (ap, fp): W — R x X, and a cycle
f:Z =Y, thenbx f: W xZ —Rx X xY is a bordism datum, and clearly
A(bx f)=(0b) x f.

Let A: X — X x X be the diagonal, A(z) = (z,z). We define the product

X) =P MUn(x

by
[f1] - [f2] = A ([f1] x [f2]).

We note that any map g: X — Y makes MU*(X) into a MU*(Y) module. In
particular, for each manifold X, we see that MU*(X) is a MU* := MU*(pt)-
module. We define the graded ring MU, to have the same underlying ring
structure as M U™, but with the grading MU, = MU™".

4.2 Genera

In this section, we recall some material from [27]. We recommend also [43, §19].
Recall that a (complex) genus is a homomorphism of rings ¢: MU, — R. If R
is an integral domain over Q, there is a nice classification of genera MU, — R,
which we now discuss. Let F — X be a complex vector bundle. We will use the
well known splitting principle. For a proof we refer to [27, Section 4.4].
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4. Geometric Hodge filtered cobordism

Theorem 4.10. There exist a map 7 : Y — X such that
7 H(X;Z) — H(Y;7Z)
is a monomorphism, and
TE~I1®---®L,
for line bundles L; onY .

Using the splitting principle we can often pretend that the total Chern class
of F factorize as

¢(E):=14c1(E)+caE)+ - +cn(E) = 1+z1(E))(14+22(E)) - - (1+z,(E)).

Namely, we can compute with 7*(c¢(F)) = ¢(7*E), which does factorize as above
in H(Y;7), with z;(E) = ¢;(L). Since 7* is a monomorphism, most true
statements about ¢(m* E) are also true about ¢(F). Note that ¢;(7*E) = n*¢;(E)
are symmetric polynomials in the classes x;(E).

Let Q € R[z] be a power series starting with 1. We can define characteristic
classes of F in H*(X; R) by

K9E) = QL+ 1) QL + ).
To make sense of this, we note that K?(7*E) belong to the image of 7* since
it is symmetric in the x;. Hence there really is a class K9(E) € H*(X; R) so
that ™ K9(F) = Q(1+x1)---Q(1 +,) € H*(Y; R), and this is what is meant.
Let K ,? denote the homogeneous part of K of degree k. Then K ,?(E) is a
polynomial of homogeneous degree k in the Chern classes ¢;(E). As such KkQ

depends only on ¢;(E) for 2i < k. The sequence K& (c1), K2(c1,¢a), - is called
a multiplicative sequence, because the map

=0 n=0

is an endomorphism of the multiplicative monoid (R[z1, s, - --][[2]])°, where we
give x; degree 7 and z degree —1. That is, for powerseries a and b of total degree
0, we have K(ab) = K(a)K(b). Using multiplicative sequences, Hirzebruch
constructed complex genera as follows. Let Z — pt be a complex oriented map of
codimension n, so that Z defines a class in MU,,. The stable complex structure
on NZ gives us a total Chern class which we factorize as above

¢(NZ)=(1+z1) (14 z).

Now we define

¢%(2) == K*(NZ)[2] = K2(NZ2)|Z]
where [Z] is the fundamental class of Z. Tt follows from Theorem 4.12 below
that ¢@ in fact is a genus, at least when R is a C-algebra. To complete the
picture, we draw the following conclusion from [27, Section 1.8]:

Theorem 4.11. If R is an integral domain over Q, then for any genus ¢: MU, —
R, there is a power series Q € R|[[z]] such that ¢ = ¢9. [ |
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Extension of genera to maps MU — HR.

4.3 Extension of genera to maps MU — HR.

‘We use the notation of Section 4.2.

Theorem 4.12. Let R be a R algebra and let ¢: MU, — R be a genus. There is
an extension of ¢ to a map of multiplicative cohomology theories

¢: MU*(X) - H*(X; R),

defined by,
o([f]) = f P (Ny)
where Q is the power-series of Theorem 4.11 giving ¢ = ¢%.

Remark 4.13. The assumption that R is a R-algebra is unnecessarily strong. We
make it only to simplify the discussion, as we have defined the pushforward along
proper, oriented maps in terms of currents. Note also that we strictly speaking
only have defined f, in the case that X and Z are oriented manifolds, since we
soon will assume that X is a complex manifold. The below proof is however
valid for arbitrary X and arbitrary Q-algebras R.

Proof. To show that ¢: MU"(X) — H*(X; R) is well defined, consider a bordism
datum b = (ap, fp): W — R x X over X. We write Wiy 1) = ab_l([O, 1]), and
allow ourselves to write f; also for the restriction fb|W[0,1]. Consider then for
t = 0,1 the following commutative diagram, where the square is cartesian:

9
Zy ———= Wy

ffl (llznfb)l

{t}XX?[O,l]XX fo

idx \L

X
We must show that
(f1)K?(Ng,) = (f0)«K°(Ny,) =0 € H*(X; R). (4.6)

Let w € A*(W;V,) be a closed form representing K% (N;). Then g/*w is a closed
form representing K © (Ny,). Since w is closed, we get by Proposition 2.13

d(fb)*(w> - (fb)*(éw[o,u A w)
= (fo)« ((91)+97"w — (90)+90"w)
= (fl)*gll*w - (fO)*gE)*w

which proves (4.6).
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4. Geometric Hodge filtered cobordism

To show naturality, let g: Y — X be transverse to the cycle f: Z — X. We
recall that ¢*(f, Ny) is defined as (f’, Ny/) as in the following diagram with both
squares pullback.

Nf/ e Nf

|,

7 4 oz

Aol

Then K?(Ny) = (¢')*K9(Ny) by naturality of characteristic classes. It then
follows from Theorem 2.31 that

FIK9(Np) = g" L K9(Ny),

which means that ¢ is a natural transformation. It remains to see that ¢ is
multiplicative. Let f;: Z; — X; € ZMU™ (X;) for i = 0,1. We have

Nf1><f2 = ﬂ-}lel @TFEQNJL‘Q’

where 7z, is the projection Z; x Zy — Z;, for i = 1,2. Sine K% is multiplicative,
we get the following equalities

KO9(Ny, v p,) =y K9(Ny,) Ay, K9(Ny,)
K9(Ny,) ® K9(Ny,)

in H%(Z1; R) ® H°(Zy; R). Recall the which by the Kiinneth theorem is
isomorphic to H°(Z; x Zy; R). Under this isomorphism and the corresponding
isomorphism for X; x Xa, the map (f; X f2). corresponds to (f1)« ® (f2)«. This
implies

(f1 % f2)e K9 (Npyx ) = (1)K (Np,) @ (f2) K9 (Np,)

which establishes multiplicativity and so finishes the proof. |

4.4 Chern-Weil theory

Chern—Weil theory provides the means to express characteristic classes in
geometric terms. We will define the relevant notions, and give a brief overview
of the theory. For a better written account of Chern—Weil theory, we refer the
reader to the appendix of [43].

Let 7: E — X be a smooth complex vector bundle over a manifold X. Let
AY(X; E) denote the space of E valued i-forms on X. It can be constructed by
first defining A°(X; F) to be the space of smooth sections of 7, and then define

AN(X;E) = AYX) ®@ g0(x) A2(X; E).
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Chern—Weil theory

We say that a linear map
V: AX;E) —» AYX; E)
is a connection if it satisfies the Leibniz rule
Vif@s)=df @ s+ f - Vs. (4.7)

Note that the data of a connection equivalently can be encoded by a map of
sheaves on X, A°(E) — AY(E), where A*(E) is the sheaf U — A*(U, E|y). If
E is trivial and S = (s1,- -+, $,) is a frame of E, then V is determined by the
matrix of 1-forms 0 defined by

V(si) = Z 0ij55-

We say that @ is the connection matrix of V with respect to the frame S. There
are no restrictions on the forms 6;;, so we see that the trivial bundle admits
plenty of connections.

Proposition 4.14. All vector bundles E — X admits connections.

Proof. Take a locally finite cover of X, {U;}, such that for each i, F|y, is trivial.
Let {\;} be a partition of unity subordinate to {U;}. Pick a connection V; for
each F|y,. Then it is easily verified that

> AV

is a connection on E. |

In the above proof, we take affine combinations of connections. Here is an
explanation of why that is possible:

Proposition 4.15. The space of connections on E is affine over A*(X; End(FE)).

Proof. Let V and V' be two connections on E, and let a € A°(X;EndE). The
action of A%(X;EndFE) on the space of connections is by:

(V+a)(s) =V(s) + a(s).
This is easily seen to define a faithful action. We have:

(V=V')fs) =V(fs) = V'(fs)
=df @ s+ fV(s) —df ® s — fV's

=f-(V=V)(s)
This shows that V — V"’ is A%(X) linear, and so defines a section of A°(X; EndE).
This proves that the action is also transitive. |

Remark 4.16. Proposition 4.15 says that not only can we always find a connection;
the space of connections is contractible.
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4. Geometric Hodge filtered cobordism

Proposition 4.17. Let S1 & Sy ~ E — X be a vector bundle with connection V.
There is a natural induced connection V; on S;.

Proof. The induced connection is the composition

Vlao(x;s)

AY(X;S) AVXE) P2 AN (X 8)

where P2 is induced by the projection E — S; along Sy. Concretely, let
S1, -+, 8k be a local frame for Sy, and let siy1,---,s; be a local frame for Ss.
Then we can write

l
V(S@) = Z eiij
j=1

for a matrix of 1-forms 6§ = (6;;). We define V; by

k
Vilsi) =Y 0is;,
j=1
the only difference being that we sum only to k, and that V;(s;) only is defined
for i < k. That V; is a connection is clear. [ |
Proposition 4.18. A connection V on E — X extends uniquely to a linear map
V:AY(X;E) —» ATHX; E),

which we still denote ¥V, satisfying the Leibniz rule

Vw®s)=dw® s+ (—1)"w A V(s) (4.8)
for w e A¥(X) and s € A°(X; E).

Proof. Any element of A*(X; E) is a sum of elements of the form w ® s. Hence
requiring linearity, (4.8) defines the extensions of V. [ |

For f € A°(X) and s a local section of E, we have

V3(fs)=V(df @ s+ f-V(s))
=d’f@s—df @V(s)+df -V(s)+ f-V3(s)
= f-V3(s),

SO V2|A0(X;E) is A°(X)-linear. Hence we may define the curvature, KV, to be
the unique element in A%(X;End(FE)) such that for each s € A°(X; E) we have

V2(s) =KV -s.
Here - denotes multiplication by the form, and application of the endomorphism.
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Chern—Weil theory

Let M,,(C) be the algebra of nxn-matrices over C. By an invariant polynomial
we mean a polynomial mapping

P:M,(C)—=C
such that for each @ € GI(C™) we have
P(A) = P(QAQ™").

If P is an invariant polynomial, then the expression P(KY) can be defined as
follows: Pick a frame S = (s;) of E over an open set U C X. We can write

KV'SiIZQij®Sj,
J

where Q;; € A?(X) are 2-forms on X. Since A?*(X) is a commutative algebra
over C, it makes sense to define:

P(KY)|u = P(Q).

If we change the frame to (s%), then  gets changed to Q' = QQQ~!. Since P is
an invariant polynomial, the local forms P(KV)|y glue to a well defined form
on X, independent of the chosen local frames of F.

Letting I* denote the ring of invariant polynomials, the assignment P
P(KYV) defines a homomorphism of graded rings

I — A*(X)

depending on the connection V. This is the Chern—Weil homomorphism. We
will write
P(V):= P(KV).

It is easily verified that
P(f*V) = f*P(V).
Lemma 4.19. For each invariant polynomial P, P(V) € A*(X) is a closed form.

Proof. We refer to [43, Fundamental Lemma, Appendix CJ. |

Let Vo and V4 be two connections on the vector bundle £ — X. Let P be
an invariant polynomial and let v be a piece-wise smooth path from Vg to V;
in the space of connections on . Then we can view vy as a connection, V. on
the vector bundle 7*F for w: I x X — X the projection. We consider the form

Plg =m.P(V,) € A HX).
Lemma 4.20. The form Pl.4 satisfies the equation
P(Vy) =P(Vy) + dPgS.
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4. Geometric Hodge filtered cobordism

Proof. Let iy : X — I x X be defined by i;(z) = (t,z). Then V, is a connection
on 7*E such that ¢} (V) = V; for t =0, 1. It follows that i; P(V,) = P(V,) for
t =0, 1. By Proposition 2.13, using d(rx x) = (i1)«1 — (i0)«1, we have

dm. P(Vy) = i1P(Vy) = igP(V,),
which proves the lemma. |

We will make use the form PJ.¢(Vo, V1) later on. For now, it serves to prove:

Theorem 4.21. Let P be a homogeneous invariant polynomial, of degree k, and
let E — X be a complex vector bundle. Then there is a well defined cohomology
class [P(V)] € H**(X;C) depending only on the vector bundle E.

Proof. Given a connection V, Lemma 4.19 shows that P(V) defines a cohomology
class. Since we can always find a path between two connections, it follows from
Lemma 4.20 that the cohomology class of P(V) is independent of the choice of
connection V. |

Proposition 4.22. The class
Pos(Vo, Vi) i= [Plg] € A1 (X)/Tm (d)
1s independent of the choice of path ~y.

Proof. We follow the proof of [48, Proposition 1.6] to prove that Pes (V, V') is
well defined. It suffices to show that PJ.g is exact whenever + is a closed path of
connections. It is clear that Pl is closed in this case. It is enough to show that
the integral of P/, over any closed smooth integral homology cycle is 0. So let
Z be such a cycle. We have

Rs(z)= [ P(7)
= P(m*E)(Z x S")
=n*P(E)(Z x S")
= P(E)(1.(Z x S*)) = 0.

The last equality is using the observation that m,(Z x S') is a boundary, namely
OIL.(Z x D?), where II is the projection IT: X x D? — X. |

Definition 4.23. We will call the form
Pes(Vo, Vi) = [Plg] = m [P(V,)] € A1 (X)/Imd
the Chern-Simons transgression form.
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Geometric Hodge filtered cobordism cycles

Thus by means of the theory of connections we are able to define characteristic
classes of complex vector bundles. For example, the Chern character of E arise
in this way by the formula

KV

ch(V) = tr exp <Z27T> ,

and the total Chern class by the formula

¢(V) = det <“§ i 1> . (4.9)

™

Taking homogeneous parts, we get forms representing the Chern classes. One can
also first extract the concrete invariant polynomial for ¢; thus: For 0 < k < n,
let ¢ be polynomial mappings on M, (C) defined by

det (Z;lrt + I> = ch(A)tk; (4.10)

k

then ¢ (V) represents the k-th Chern class of V. Any characteristic class
¥ e H*(BU(n); C)

is a polynomial of the Chern classes, ¥ = p(c1,- - ,¢p), by [43, Theorem 14.5].
We define

¢(V) = p(cl(v)v T 7Cn(v))'
We summarize:

Theorem 4.24. Let V be a connection on the complex vector bundle E — X,
and let Y(F) € H*(BU;C) be a characteristic class. Then ¥(E) has a canonical
representative Chern—Weil form (V).

Remark 4.25. We have only obtained a preferred Chern—Weil form for each
characteristic class. We remark that it is a classical theorem that the Chern—
Weil homomorphism I'* — A*(X) is injective, so the preferred representative
Chern—Weil form is the unique Chern—Weil form representing that class.

We remark furthermore that the Chern—Weil forms are unique in the following
strong sense: If (V) € A*(X) is a natural assignment of forms to connections,
then there exist an invariant polynomial P such that ¢(V) = P(V). This is
among the main theorems of [18].

4.5 Geometric Hodge filtered cobordism cycles

We let ¢: MU, — V, = MU, ® C be the genus which in degree k multiplies by
(27mi)*. Let
K =1+ Ko(z1) + K4(21,22) + -+~
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4. Geometric Hodge filtered cobordism

be the multiplicative sequence corresponding to ¢ by Theorem 4.11. By Theorem
4.12, we extend ¢ to a map of multiplicative cohomology theories by sending the
class of a cycle (f: Z — X) € ZMU"™(X) to

o([f]) = oK (Ny) . (4.11)
We consider for p € Z a twist of the multiplicative sequence K
K? = (2mi)P - K.

Let V be a connection on Ny. Then by Theorem 4.24, there is a well defined
form

KP(V) =1+ K8 (ci1(V) + K?(c1(V), c2(V)),--- € A%Z; V)

representing K”(Ny). We view Z with the orientation induced from the sequence
®s; TZ is the only bundle in that sequence without a canonical orientation.
Then the current f, KP(Vy) is well defined, and it represents the class f, KP(Ny).

Definition 4.26. A geometric cycle over X is a quadruple f = (f,®,N,V) where
(N, ®) is a complex orientation of f: Z — X and V a connection on N. We

will omit ® from the notation, and refer to it by @y if we need it. We say that f
and f' are isomorphic if there is a commutative diagram

z— 2 7

N

where g is a diffeomorphism such that g*(Ny, V) ~ (Nf,Vy), in the sense
that g*(® 4, Ny:) represent the same complex orientation as (®¢, Ny), and under
the induced isomorphism W: g* Ny @ lel — Ny @ ng the connection ¥*V; is
gauge equivalent to V. Let

ZMU (X)
be the abelian group generated by isomorphism classes of geometric cycles over
X of codimension n with the relations f1 + fo = fi U fo.
For a geometric cycle f € ZMU n(X ) we define
¢ (f) = FK(V4) € D"(X; Vo).

By deRhams theorem, recalled as part of Theorem 2.16, we can find a current
h € D" 1(X;V.) such that

P (f) +dh = f.KP(V )+ dh is a form.

74



Hodge filtered cobordism relation

Definition 4.27. Let X be a complex manifold. We define the group of Hodge
filtered cycles of degree (n,p) as the subgroup

ZMU™(p)(X) € ZMU (X) x D"~ 1(X; V)
consisting of pairs v = (fv, h) satisfying

&P () + dh € FPA™(X; V).

Remark 4.28. To ease notation, we will often write ¢ instead of ¢P.

We now define the structure maps on the level of cycles:

R: ZMU™(p)(X) — FPAM(X;V.)u, R(f, h,w) = ¢P(f) + dh
a:d N (FPAM(X;0))" = ZMU™(p)(X),  a(h) = (0,h,dh)  (4.12)
[: ZMU"(p)(X) — ZMU™(X), I(f,hyw) = f

Remark 4.29. We may sometimes write a Hodge filtered cobordism cycle as
~v = (f,w, h), meaning that (f,h) € ZMU™(p)(X), and R(f,h) = w.

4.6 Hodge filtered cobordism relation

We will now introduce the cobordism relation. Let g: ¥ — X be a smooth
map, and let ZMU  (X) C ZMU(X) denote the set of geometric cycles f with
gh f. For f = (f,N;,Vy) € ZMU, (X), recall that the pullback cobordism
cycle g*(f, Ny) is defined by ¢*(f, Ny) = (f’,¢'*N) in the notation of diagram

(4.1), see there for the definition of the short exact sequence ®;. We define the
pullback of geometric cycles by

' ZMU,(X) — ZMU (V) (4.13)
g f = (f',g"Nys,g*Vy) € ZMU.
Given smooth maps g;: Y; — X for ¢ = 0,1, we furthermore define

ZMU,, ., (X)=ZMU, (X)NZMU , (X).

Definition 4.30. Let fort = 0,1 the map i;: X — Rx X be given by i:(z) = (t,x).
The group of geometric bordism data over X is the group
ZMU, . (R x X).

10,91

That is, 0 and 1 are reqular values of a,. Then Wy = ab_l(t) s a closed manifold
fort =0,1. We define

9= itb—it(b) € ZMU (X)
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4. Geometric Hodge filtered cobordism

and letting Wio 1) = a, '([0,1]), we define:

,(/]p(g) =W (fb|VV[o,1])>,< (Kp(vb))

where w is the operator of (2.4), acting on D*(X) by (—1)*.
Remark 4.31. We will often write ¢ instead of P to ease the notation.

Proposition 4.32. Forb a geometric bordism datum over X, we have

¢P(0b) + dyp"(b) = 0

Proof. Let o € A%(X;V.). Recall the boundary operator on currents, bT'(c) =
T(do), from Section 2.3.2. We use the notation of the following pullback square,
where we view j; with the pullback orientation.

{t}xX?RxX o

Ny

X

Since KP(V}) is closed, and of even degree, we have d(K?(Vy)Ao) = K(Vy) Ado,
and so by Stokes theorem, bKP?(Vy) = Jaw A KP(Vy). We observe that
dowie, = (J1)«1 — (Jo)«1, since the pullback orientation coincides with the
boundary orientation at 1, but not at 0. See Remark 4.4. Using Lemma 2.12
and Proposition 2.11 we have

b(foli0,1)+KP (V) = (fol0,1))+bEP(Vs)

= (folwip. )= (dawiy ;A KP (Vi)

= (folwio 1))+ ((G1) <1 K (V) = (Jo)Jo K* (Vi)
= (f1)«K"(V ) = (fo) KP(Vy,)

= ¢ (f1) — ¢"(Jo).

Since dw = —wd = —b, this finishes the proof. [ ]
4.7 Definition of geometric Hodge filtered cobordism groups
Leaning on Proposition 4.32, we consider (85, PP (5)) as a Hodge filtered cycle of

degree (codim b, p). We call such cycles nullbordant. We recall from (2.12), the
definition:

FPAY(X:V,) = FPA" (X V,) + dA"2(X; V)
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Let BMU!. (X) C ZMU™(p)(X) denote the subgroup of nullbordant cycles.

geo

Then we define the group of Hodge filtered cobordism relations by

geo

BMU™(p)(X) = BMU™. (X )+a(ﬁun—1(x;v*)). (4.14)

Definition 4.33. The geometric Hodge filtered cobordism groups of X are defined
as the quotient
ZMU™(p)(X)

MU™(p)(X) = W

We denote the Hodge filtered cobordism class of v = (f, h) € ZMU™(p)(X) by
[v] = [, Al

Lemma 4.34. Let fo = (f,N, Vo), and fi = (f,N,V1) € ZMU (X) be two
geometric cycles over X, with the same underlying complex oriented map. There
is a geometric bordism b with 9b = f1 fo and

b(b) = wf.Kes(Vo, Vi).

Proof. Let b=1g x f: Rx Z - R x X, and let 7z: R x Z — Z denote the
projection. With the product complex orientation, using N, = 0, we have
Ny = Niyxs =m5Ns. On 75Ny we consider the connection

Vo=t -my,Vo+(1—1t) 715V,

where ¢ is the R coordinate. With this connection, we promote b to a geometric
bordism b = (b, Ny, Vp). Then b = fi — fo. Using Definition 4.23 and
fomz =mx ob, the lemma follows from

feKcs(Vo, Vi) = f.o ( (K (V}))
= ((mx o b)|j0,1)x2), K(V5) [}

Remark 4.35. In the notation of Lemma 4.34, if KCS(VO, V1) = 0 we see that
for (f,h) € ZMU™(p)(X) we have (f1,h) — (fo,h) € BMU™(p)(X). Therefore
the Hodge filtered cobordism class of (]7, h) depends only on V; modulo the
equivalence relation that V ~ V/ whenever Kcg (V,V') = 0. This equivalence
relation makes for a sort of differential K-theory group in the style of [48], with
K: K°%X)— H°(X; MU, ® C) replacing ch: K°(X) — H°(X; K, ® C). Since
K is not additive, this “differential” K-theory group does not satisfy the axioms
of differential cohomology. A similar group features in [8] as the group of smooth
MU-orientations of a map. It would be interesting to understand the relationship
between these groups and differential K-theory. We have not investigated this.

We will show that Hodge filtered cobordism is a Hodge filtered cohomology
theory over (MU*,¢P), in the sense of Section 3.1. The structure maps are
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4. Geometric Hodge filtered cobordism

induced by the maps (4.12), i.e.,

R: MU"(p)(X) — H"(X; FPA™(V.)), R[f,w,h] =[] (4.15)
o Hm! <X; F;(V*)) L MUP()(X), (k) = [0, dh, B
I ZMU"(p)(X) — MU™ (X)), I1f,h,w] = [f]
We are here using the descriptions of the occurring sheaf cohomology groups
from Proposition 2.18.

Proposition 4.36. The structure maps (4.15) are well defined.

Proof. We first show that I and R vanish on BMU"(p)(X), as defined in (4.14):
For v = (0b,4(b)) € BMU!. (X), we have

geo
I(y) =0be BMU™(X), and R(y)=0,

where the second equality is Lemma 4.32, and b is the bordism datum underlying
b. We have [ oa = 0, so in particular

I(a(h)) =0, heFPA"Y(X;V,),
which finishes the proof that I is well defined. We have
Roa (FrA™=(X;V.)) = d (FPA™™H(X;0.))

which is the group of relations for H"(X; FP.A*(V,)), so R to is well defined.
That a is well defined is clear from Proposition 2.18 and the definition of
BMU™(p)(X). [ |

It is clear that R o a = d, and by construction we have

[R(y)] = ¢P(I(7)) in H"(X;V.),

so the diagram

MU™(p)(X) —1—= MU™(X)

Ri J/¢p
H™"(X; FPA*(V,)) —— H"(X;Vy)
commutes. It remains to establish contravariant functoriality and the long exact
sequence, and we will have proved:

Theorem 4.37. Geometric Hodge filtered complex cobordism MU™(p)(X) with
the structure maps R, I and a from (4.15) form a Hodge filtered refinement of
(MU™, ¢%).
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4.8 A fundamental long exact sequence

Let ¢ denote the composition of ¢ with the reduction modulo FP map:
s n ¢ n n A*
o= |MU"(X) = H"(X;V.,) > H X;ﬁ(V*) .

Theorem 4.38. There is a long exact sequence:

H' (X 45 (0)) — MU () (X) ——

MUMX) — Hr (X' Ai(v*)) 0 MU (p)(X) — -

s Fp

Proof. We start with exactness at MU"(p)(X). First observe
I(a([A) = 1[0, dh, ] = 0.

The converse requires more work. We work at the cycle level, so let v =
(fyh,w) € ZMU™(p)(X) and suppose I(y) = 0. That means f = 9b for some
bordism datum b. We may extend the geometric structure of fover b and obtain
a geometric bordism datum b such that 9b = f. We have

(f,w, h) — (9b,0,9(b)) = (0,w, h') = a(h).

The last equality follows from the observation that since (0,w, h') € ZMU™(p)(X)
is a Hodge filtered cycle, we must have

dh = w € FPA"(X;V,).

Hence v € BMU"™(p)(X). Next we show exactness at MU™(X). That ¢oI =0
follows from the following commutative diagram, where the row is the obvious
exact sequence:

MU™(p)(X) ——= MU™(X)

| | T

H(X; FPA*(V,) —< H(X;V.) —= H™ (X; 4 (V)

Conversely, suppose ¢([f]) = 0. That means we can find w € FPA"(X;V) such
that

o([f]) = inc.([w]).
Let V; be a connection on Ny, so that we get a geometric cycle f~with I(f) = f.

Then ¢(f) is a current representing ¢([f]); hence ¢(f) and w are cohomologous.
That is to say, there is a current h € D"~1(X;V,) such that ¢(f) + dh = w.

Then v := (f,w, h) is a Hodge filtered cycle with I(v) = f.
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4. Geometric Hodge filtered cobordism

Now we show exactness at H™ (X; %(V*)) Let f: Z — X be a bordism
cycle on X. We will show a(¢([f])) =0 € MU (p)(X). Lift f to a geometric

cycle f € ZMU (X); then we can write

a(¢([f]) = 10,0, 6(f)].
We may build from f a geometric bordism datum b with underlying map

1
ZL’“ Rx X

where % is the constant map at % Clearly b = 0. More interesting is the

observation that 1 (b) = we(f). Hence

(¢(00),0,%(b)) = (0,0,we(f)) € BMUg,,(X)

and we conclude that a(¢([f])) = 0.
Conversely, suppose that h € (d"1FPA"(X;V,))" ! is such that a(h) =
(0,dh, h) represent 0. Then we must have

[dh] = R(a([R])) = R(0) = 0 € H"(X; FPA*(V)),

so dh = dh’ for some h' € FPA"1(X;V). For such K/, [0,dh’,h'] = 0, so
[a(h)] = [0,0,h — h'] = 0. Hence there must be a geometric bordism datum b
with underlying map (ap, fp): W — R x X such that

(07 Oa h — hl) = (62;3 Oa 1/’(5))
Since 9b = 0, we have that

f= fb|%_l([071]) € ZMU™(X)

is a bordism cycle. By definition of 1, we have 1/}(5) = :tqﬁ(f) where f is the
obvious geometric cycle over f. We have shown

1] = = 1] = 0] = £3(1) € 1 (X 750

which finishes the proof. |

This proves the first part of Theorem 1.1 in the introduction.

4.9 Pullback in geometric Hodge filtered cobordism

We now establish the contravariant functoriality of MU"™(p)(X). Let g: Y — X
be a holomorphic map. We define ZM U (p)(X) to be the subset of ZM U™ (p)(X)

consisting of such v = (f, h) that
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Pullback in geometric Hodge filtered cobordism

« WF(h)NN(g) =0, and

o g f.
For v € ZMU (p)(X), we can define g*y € ZMU"(p)(Y) by

g =(g"f.g"h). (4.16)
This use Theorem 2.23, and Proposition 2.2. Here g*fis defined in (4.13). The

aim of this section is to show:
Theorem 4.39. The above pullback construction induces a map
9" MU (p)(X) — MU"(p)(Y)
for any holomorphic map g :Y — X, making MU™(p) a contravariant functor
of complex manifolds.
The proof proceeds in three steps:

Proposition 4.40. Given a holomorphic map g: Y — X, and a Hodge filtered
cycle vy € ZMU"™(p)(X), there exist b € BMU™(p)(X) such that

Yy+be ZMU"(p)(X),.
Proposition 4.41. If
v € ZMU; (p)(X) N BMU"(p)(X),

then g*~y € BMU™(p)(Y).
For holomorphic maps g1: X1 — X5 and go: Xo — X3, define

ZMUg,,,(p)(X3) = ZMUg, (p)(X3) N ZMUyg, 4, (p)(X3).

9192

Proposition 4.42. We have g5 (ZMU}' . (p)(X3)) C ZMU} (p)(X2), and

9192

giogs=(g920q1)": ZMUZ . (p)(X3) = ZMU" (p)(X1).

9192

It is clear that these three propositions together prove Theorem 4.39.

Proof of Proposition 4.42. Let v = (f, h) € ZMU}. . (p)(X). The equality is
evident gigsh = (g1 © g2)*h. See the discussion of naturality of pullback of
cycles in Section 4.1.3. We need only add that pullback of connections also is

natural. m

Proof of 4.40. By Thom’s transversality theorem (2.4) we may choose f;
homotopic to f so that f; M g. Recall from (4.7) that there is a complex
orientation of f; and a cobordism between f; and f of the form b =RxZ — Rx X
with b(t, z) = (¢, H(t, z)) where H is a homotopy between f; and f, in the sense
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4. Geometric Hodge filtered cobordism

that H(1,z) = f1(2) and H(0,z) = f(z). To give b a geometric structure, let
first V be any connection on N,. We can assume the homotopy H is constant
over [0, ¢]. Then we can identify 77 N¢|j0,e)xz With Np|jo,e)xz. Let {A1, A2} be a
partition of unity subordinate to {[0,€), (¢/2,1]}. Then Vj, := A - 75V + A2V
is a connection on N; which restricts to Vy on {0} x Z, and (b, Ny, Vy) is
a geometric bordism datum. We give f; the geometric structure z’{(g), for
i1: X — R x X the inclusion i;(z) = (1,z). By design we have db = f1 — f.
Hence

(Fr.0,h+ (b)) = (f.w,h) € BMU,,,(X),
and g*fl is well defined. We turn to g*h, which is well defined if
WFE(h)NN(g) =0,

as discussed at Theorem 2.23. From Theorem 2.30 we have that qﬁ(fl) =
(f1)«K(Vy,) has wavefront set contained in N(f). Since g h fi, we get
WFEF(¢(f1)) N N(g) = 0 so that g*¢(f1) is well defined. Furthermore, applying
Theorem 2.31, we have

g 6(f1) = 9" (f1)K(Vy,) = fLg"K(Vy,) = LK (V) = ¢(g" fr),

with the notation of (4.1). Since ¢(f) + dh is smooth, we must have
WF(¢(f)) = WF(dh). Since d is a differential operator we have the containment
WF(dh) ¢ WF(h), [28, 8.1.11], but equality need not hold. That is, h may
have additional singularities which disappear when we apply d, but d cannot
create new singularities. We are done once we have shown that upon replacing
h with a cohomologous current if necessary, we can assume WF(h) = WF(dh),
since a(df) € BMU™(p)(X) by definition. Thus we have reduced to proving the

following lemma. [ ]

Lemma 4.43. Let a € D"(X;V,). There exist a current 3 € D"~ X;V,) so
that WF(da) = WF(a + dp).

Proof. This is [8, Lemma 4.11]. For the readers convenience, we recount their
proof. Choose a Riemannian metric on X. Let d* be formally adjoint to d.
Then we consider the Laplacian A = d*d + dd*, which is an elliptic differential
operator

A: D*(X) — D*(X).

Using [29, Theorem 18.1.24] we can find a parametrix &2: D*(X) — D*(X),
properly supported in the sense that both projections from the support of the
Schwartz kernel of &7, which we denote P, D*(X x X) D supp P — X are proper
maps, such that both A o %2 —id and & o A — id are smoothing operators. We
put G = d*&?. This pseudo-differential operator satisfies

dG+Gd=1+S
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Pullback in geometric Hodge filtered cobordism

for a smoothing operator S. Let 8 = Ga. Then we get

a—df =a—dGa
=a—(1-Gd+S)a
= —Gda + Sa.

Since G is a pseudo-differential operator we have W F(Gda) C WF(da). This
can for example be seen by taking I' = T X\0 in [29, Proposition 18.1.26.]. This
finishes the proof. |

Proof of Proposition 4.41. Let v = (ﬁ h) € ZMU"(p)(X)y " BMU"(p)(X).
We can then write v = (b, ¢(b)) + a(w) where b is a geometric cobordism with
underlying map b: W — R x X and w € ﬁpA”’l(X; V.). We must show that
g*y € BMU™(p)(Y). We start by noting

a(g*w) = g*a(w)

g'we FPAL(Y V)

which implies
g9*(a(w)) € BMU"(p)(Y).

Now we turn to the cobordism relation. As in establishing the pullback for M U™
at 4.5, we can perturb f; slightly so as to ensure f, M g. As in the proof of
Proposition 4.40, we can extend the geometric structure over the perturbing
homotopy and restrict to the other end, so that we still have a geometric bordism
datum b with 9b = f As in establishing 4.5, we consider the pullback geometric
bordism datum ¢*b, which is formally deﬁned as the geometric cycle (idg x ¢)*b.
It has underlying map (ay, f;): W' — Y, fitting into the following diagram where
all squares are pullback squares of manifolds for ¢ € {0,1}.

Wi

AN

tx X

R

t><Y Rx X

(ab’fb)
idRXg

RxY
It is then clear that 89*3 = g*@g. We get from Theorem 2.31 that:
g Y (0) = wg" (folor 1 (10,11)) K (Vo) = w (fl;la;:l([o,l])>* G"K (V) =1(g"b)
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4. Geometric Hodge filtered cobordism

Hence we have
9"(9b,4(b)) = (99°b,4(g°b)) € BMU"(p)(Y).
This finishes the proof. |
This finishes the proof of Theorem 4.37.

4.10 Exterior products

We will now define exterior products:
x: MU™ (pl)(Xl) x MU™ (pQ)(XQ) — MUn1+n2 (p1 +p2)(X1 X XQ) (417)

Let for 1 =1,2 B
vi = (f,hi) € ZMU™ (p;)(X:)

be Hodge filtered cycles, and let 7; be the projection Z; x Zy — Z;. We define
the exterior product of geometric cycles by

J?lezz(flem N1 x N3, Vi x V3),

where we abbreviate Ny, by Ny, and so on. Here N; X No = 77 Ny @ w5 N, and
Vi x Vo = V1 @ 73V, and the short exact sequence ®y, ., is defined in
Section 4.1.2, and as usual suppressed from the notation. Recall from (2.13) the
tensor product

®: D™ <X1) x D"? (Xg) — Dn1+n2(X1 X Xz),
satisfying 11 ® Ty = 77Ty A w315, Since K is multiplicative, we have
Kp1+p2 (Vl X Vg) = K" (Vl) ® KpZ(VQ).

We now go back to supressing the p in K? = (27¢)P - K and ¢P from the notation.
Since (f1 X f2)«(T1 @ To) = (f1)«T1 @ (f2)+T> we get

$(f1 % f2) = $(f1) ® 6(Ja). (4.18)
We want R(y1 X 72) = R(71) ® R(72). We compute:
R(m) ® R(y2) = 6(f1) © 6(f2)

= (¢(f1) + dh1) ® (¢(f2) + dh2) — &(f1) ® ¢(f2)
=dhy ® ¢(f2) + &(f1) ® dhy + dhy @ dhy

= d(h @ 6(f2) + (~1)" (f1) @ ha + hy @ dhs
= d (h ® R(y) + (1) 6(F1) © ho)
Therefore we define the exterior product of Hodge filtered cycles by

nx = (Ffixfoy mORO)+ (D" 6(F)0h).  (419)
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Remark 4.44. In the above computation, we chose hy ® dhs as a form with
exterior derivative dhy ® dhy. Had we chosen instead (—1)"'dhy & ha, we would
have been led to define

1 XY = (fl X f2, h®(f2) + (1) R(m) ® h2) :
When we quotient out a(FPiHP2Am+m2(X, x X,)), this choice becomes
immaterial, since
hi1 ® dhs — (—l)nldhl R ho =d ((—1)n1+1h1 ® hg) .

Proposition 4.45. Let s: X; x Xo — X5 X X be the swap map s(x1,2x) =
(z2,21). The exterior product (4.19) satisfies

(71 +71) X2 =71 X Y2+ 71 X Y2,
Y X2 = (=1)™s" (v2 x 1 +a(d ((-1)" T hy @ hy)))

Proof. The isomorphism of geometric cycles underlying the first equation is
obvious. Then the first equation follows since the expression hy ® ¢(f2) +
(=1)™ R(v1) ® hgy is linear in hy. The second equality follows from Remark
4.44. |

We now show that the cobordism class of v; X 72 depends only on the
cobordism class of ;. Because of the symmetry, it suffices to show that if
represent 0, i.e. 2 € BMU™ (p2)(X2), then

Y1 X Y2 € BMUnl+n2(p1 +p2)(X1 X XQ)

We can write L o

Y2 = (9b,1(b) + h) = (9b, (b)) + a(h)
for b a geometric bordism datum over X5, with underlying map (ap, f3), and
h € Fr2 A (X2;V.). We note first that since f1x0=0 we get

v x a(h) = (0, hy @dh+¢(f1) @ h) (4.20)
=a(R(m)®h+d((-1)""'hy @ h)).
Since

R(y)®@h+d ((—1)"1+1h1 ® h) c fpitpz gnitne (X1 X X2;V,)

we conclude that v, x a(h) represent 0. We now suppose v = (9b,¢(b)). Then
R(7y2) =0, and we get

Y1 X Y2 =71 X (857 ¢(Z))
= (f1 x 9b,(=1)™ ¢(f1) @ (b))
= (0(f1 x b),9(f1 x b))

where we interpret fl x b as a geometric bordism datum on X; x X5, and the
sign is absorbed by the sign operator w in the definition of ). We have now
established the exterior product, (4.17).
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4. Geometric Hodge filtered cobordism

4.11 Ring structure
Using (4.17) we can now turn

MU*(x @ MU (p

into a ring with a product
MU"(p)(X) x MU™(q)(X) = MU™ ™ (p + q)(X) (4.21)

defined by
[71] : [72] = A*([% X 72})

where A: X — X x X is the diagonal. We can now improve Theorem 4.37, and
show:

Theorem 4.46. Geometric Hodge filtered cobordism is a multiplicative Hodge
filtered extension of (MU*,¢P) in the sense of Section 3.1.

Proof. 1t is clear that I is multiplicative from the description of the multiplication
on MU*(X) in Section 4.1.8. That R is multiplicative follows from the
computations prior to (4.19). It remains to establish the equation

a([h]) -y = a([h A R(v)])

for h € H™~! (X; A (v*)) and v € MU"(p,)(X). From (4.19) we get

a([h]) - [f hs] = [0, h A R(/, hs)]

which proves the theorem. |

4.12 Currential Hodge filtered complex cobordism

We now define a currential version of geometric Hodge filtered complex cobordism
MU (p)(X), and establish a canonical isomorphism

MU™(p)(X) — MU (p)(X).

As in [19], the currential theory serves to clarify the pushforward.
We define the group of currential Hodge filtered cycles

ZMU (p)(X)

to be the subgroup of ZMU™(X) x D"~1(X;V,) consisting of pairs (f, h) such
that _
o(f) +dh € FPD"(X; V).

We will also sometimes write a currential Hodge filtered cycle as a triple ( f T,h),
meaning that (f,h) is a Hodge filtered cycle, and T = ¢(f) + dh.
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We define structure maps for ZM U} (p)(X) by essentially the same formulae
as we used for ZMU™(p)(X) in (4.12):

R: ZMU (p)(X) — FPD™(X; V) R(f,T,h) =T
a: d”V(FPD*(X; V)" = ZMUF (p)(X)  a(h) = (0,dh,h)  (4.22)
I: ZMUF (p)(X) = ZMU™(X) I(f,T,h) = f

We have a canonical inclusion ZMU"(p)(X) — ZMU§ (p)(X) given by
(Frw,h) = (F. T h)

where T, is the current associated to w by T, = (0 = x WA 0). This inclusion
is compatible with the structure maps of (4.12) in the sense that

ZMU™(p)(X) —2> FPA™(X;V,)

| |

ZMUF (p)(X) —2> FPD™(X; V),

and the corresponding diagrams for a and I, all commute. We therefore view
ZMU™(p)(X) as a submonoid of ZM U} (p)(X), and say that v € ZMU} (p)(X)
is smooth if it belongs to ZMU™(p)(X).

We define the monoid of currential cobordism relations by

BMU (p)(X) = BMUy.,(X) +a (F'D*(X;V.)) .
Then we define the currential Hodge filtered cobordism groups by
MU; (p)(X) := ZMU; (p)(X)/BMUS' (p)(X).
Comparing BMU"(p)(X) and BMU{ (p)(X), it is clear that the inclusion
ZMU" (p)(X) — ZMU; (p)(X)
induces a map
MU" (p)(X) = MU (p)(X).

It is also clear that the structure maps of (4.22) descend to give structure
maps for MU} (p)(X):

R: MU; (p)(X) — H" (X; FPD*(V,)) [T, h) = [T,
a: H*! (X; ?p(vg) — MU (p)(X) [h] = [0, dh, h]
I: MU (p)(X) = MU™(X) [ 7, T] = [f]

Let ¢ denote the composition of ¢ with the reduction modulo F? map:
MUMX) —2 = HY(X;V,) — > H" (X; %(v*)) .
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Proposition 4.47. Let X be a complex manifold. There is a long exact sequence

R (X; 2 (V*)) L MUP()(X) — L (4.23)

MU™(X) g (X; %’j(v*)) — s MU (p)(X) —— -

Proof. The exactness follows in the same way as for the long exact sequence of
Theorem 4.38. a

Theorem 4.48. The natural map MU™(p)(X) — MU (p)(X) is an isomor-
phism.

Proof. Consider the diagram

e B (X A () e MU () (X) L MU(X) .

| ]

e B (X B () e MU (p)(X) e MU (X)

s FP

where the rows are the long exact sequences of Theorem 4.38 and Proposition
4.47. The left and right vertical arrows are isomorphisms by (2.20). The diagram
commutes since the map MU"(p)(X) — MU (p)(X) is compatible with the
structure maps a and I. The theorem now follows from the five-lemma. |

Remark 4.49. As we discussed in the introduction, this Theorem is an important
difference between Hodge filtered cohomology and differential cohomology.
Differential cohomology is similar to Hodge filtered cohomology, but using the
filtration A=? instead of the Hodge filtration. The groups A™(X; V,) are used in
the axiomatization since H"(X;.A%?(V,) only has interesting cohomology groups
for n = p, when it is AP(X)., and similarly for A™(X;V,)/Im (d). Therefore,
replacing AZ? in the construction of a differential cohomology theory by D=7,
has the effect of replacing AP(X). by DP(X)y. The latter is a strictly larger
group. The pushforward will in general land in the currential group, since the
pushforward of a form in general is a current.

As a concrete example of this phenomenon, we posit the currential differential

K-theory groups [19, 2.28]. The difference of the differential extensions of K-
theory using forms and currents, respectively, becomes apparent in the equations
[19, (2.20)] and [19, (2.29)]. In [19, 4.1] Freed—Lott construct the pushforward
along a proper embedding. It goes from the smooth to the currential theory.
Their pushforward does preserve smoothness along submersions.
Remark 4.50. We remark also that the pushforward of [8] easily could be extended
to a general pushforward for a corresponding currential theory. Theorem 4.48
will allow us to get a pushforward MU"(p)(X) — MU"*?(p + d)(Y) along
every proper holomorphic map X — Y of complex codimension d, even though
on cycles it will be of the form ZMU™(p)(X) — ZMUF ™ (p + d)(Y).

88



Chapter 5
Pontryagin—Thom

In this chapter we discuss the Pontryagin—-Thom construction, as pertaining to
the cohomology theory MU. We give the proof of [47, Proposition 1.2], eluded
to there. That is, we construct an isomorphism between the cycle model for
MU™(X) given in Section 4.1 and the cohomology groups of the spectrum MU.
At the heart of our exposition is the Pontryagin—-Thom construction,

p: Map™(SF X, MU (m, 1)) — ZMU"(X)

where k + n = 2m. The domain of p, to be defined in 5.8, is a certain dense
subset of the mapping space Map(X*X,, MU (m,1)). One reason why we give
the full construction of p, is that there we will discuss a minor modification of it
which we call the geometric Pontryagin—-Thom construction:

po: Map™ (S5 X, MU (m, 1)) — ZMU(X)

This geometric Pontryagin—-Thom construction is the crucial geometric component
in the map we will construct in a chapter6.

5.1 Canonical structures on the tautological bundles

Let Gr,,(C™*!) denote the Grassmannian manifold of m-dimensional vector
subspaces of C™*. Let

Ym,1 = {(v,V) € (GURI Grm((CmH) cveV}

denote the tautological bundle over Grm((CmH). We note that 7,,; in a natural

way is a subbundle of the trivial bundle le::((cm oy We agree to write C™"!

instead of Qg”;”l((cm 1y when no confusion can arise. The bundle C™*! is

Hermitian, with the standard Hermitian inner product of C™*t. Also, C™*!

has a natural connection, namely the exterior derivative d. Thus 7,,; inherits
two important geometric features; a Hermitian metric H,,; and a compatible
connection. Let ’yfm denote the orthogonal complement to 7, ; in cmH,

Definition 5.1. Let V,,; be the connection on v, induced from the trivial
connection d by the direct sum decomposition

m-+l ~ 1
QGI’”L (Cm+l) o ’me @ ’yml
as in Proposition 4.17. Concretely, let s1,- -+ , Smi1 be an orthonormal frame for
C™ ! with S1, - Sm sections of ym.. We can write
m—1

ds; = Z eij X s;
j=1
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5. Pontryagin—Thom

for a Hermitian matriz of 1-forms 0 = (0;5). We define V., by

ml81 Zem ®Sj

Remark 5.2. These connections are the same as those used by Narashimhan
Ramanan in [44]. They are there shown to be universal among unitary
connections, in the sense that if V is a unitary connection on a complex vector
bundle £ of dimension m, then there is a bundle map F': E — v, for [ large
enough, so that V and F*V,, ; are gauge equivalent.

We consider CF as a subspace of C¥*1 by the inclusion
(Ck_>(ck+1> (Zlv"' ,Zk)'_)(zla"'azkvo)'

This consideration induces the right of the following commutative diagrams:

Jm,l Tm,l

CO®Ymi ——— Ym+1, Ym,l — = TIm,l+1 (5.1)
Gry, (C™ ) e Gy (C™HH) Grpy (C™H) — Gy (CTHH)
m,l Tm, 1

For the left diagram, j,; is defined by
(Z, (U, V)) > (U + 2 em4it, VeC. em+l+1)

where z € C, v € V € Gr,, (C™*!) and eny141 = (0,---,0,1) € CHHL We
define j,,; by V=V @& C - €,,441. The diagrams (5.1) are cartesian, and i,
and 7, are bundle maps, i.e. continuous fiberwise linear isomorphisms.

Proposition 5.3. The connections V,,; are compatible in the sense that
im,l*vm,lJrl - v17z,l> and jm,l*vm+1,l =d® v'm,l~

Here d denotes the exterior derivative, thought of as a connection on the trivial
bundle.

Proof. There is a map Gr,,(C™*!) — Gr;(C™*) given by V — V1. We
denote by L the bundle map %L%l — Ym given by (v,V) > (v, V1), This is a
diffeomorphism. The bundle map

m@(L71 ojl,mo(idg@ 1)) ’Ym,lGB(@@%Jr_z,l) — Ym,l+1 @'Y#L,ZJFI = anz:?élm+l+l)
equals the canonical map
Ym, ®C @ ’Ym 1= (Cm+Ha_clm+l Cgbjl?&llmﬂﬂ)

covering 4,,;. This proves both claims: For the first claim, we must observe
that the connection V7 induced on F; from a connection V on E; @ Fs, is also
induced on E; from E; & Es & C with the connection V @& d. For the second
claim, we must observe that V & d induces on E7 & C the connection V; &d. W
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The spectra MU and QMU

Contemplating the above proof, we observe that the metrics too are
compatible. We record this for future reference:

Proposition 5.4. The Hermitian metrics H,,; on vm,; are compatible in the
sense that jm,, and i, are metric preserving bundle maps. Here we consider
C ® v, with the product metric of the standard metric on C, and Hy, ;.

5.2 The spectra MU and QMU

We define
MU (m,1) = Grp, (C™ Yt = Th(y,,1) = Yma U {o0}

as the Thom space of the tautological bundle. See Section (2.7) for our definition
of the Thom space. There are natural maps

qm,i: MU(m,l) = MU(m,l+1) (5.2)

defined using the maps of (5.1) as ¢,,; = Th(4,, ). Taking the colimit over [ we
obtain
MU(m) = collim MU (m,1).

Similarly, using Proposition 2.39 we get maps
Sma: SEAMU(m, 1) — MU (m +1,1) (5.3)
by $m1 = Th(jm,). Taking the colimit over [ we get maps
Sm: SEAMU(m) — MU(m +1) (5.4)

which form the structure maps of the spectrum MU. To make it a sequential
spectrum, let MUs,,, = MU(m) and MUs,,41 = MU (m), and use the structure
maps

SYA MUy, = MU, SYA MUyt = S?* A MUz — MUszpyyo.
Then the homotopy theoretic complex cobordism groups of X are defined by
MUNX) = [2°X,X"MU|

where 3°° X is the suspension spectrum of X, and [—, —] denotes the set of maps
in the stable homotopy category.

We will now give an alternative description of the maps in the stable homotopy
category on the level of spaces for the case that X is a manifold. Let QMU be
the spectrum whose nth space is defined as the colimit

QMU, = colim QF MU, 44,

where QF denotes the kth iterated loop space. The colimit is along the maps

DPP*MUn+ k) — QFT2MU(n + k + 1), f > Sniro (Idg2 A f),
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5. Pontryagin—Thom

and the structure maps of QMU are induced by those of MU. Since QMU is an
)-spectrum, it is a fibrant object in the Bousfield—Friedlander model structure
on sequential spectra. Hence the adjunction between >°° and °° induces a
natural isomorphism

MUMNX) 2 [X,QMU,]

where [—, —] now denotes the set of homotopy classes of maps of spaces.

5.3 The map A.

Maps X — QMU,, may arise in the following manner: Consider a continuous
pointed map g: X*X, — MU(m,[). It induces a map L*X, — MU, ;. by
composing with the canonical map MU (m,l) — MU,y with n + k = 2m.
This map corresponds to a unique pointed map X, — QFMU,  under the
adjunction between ¥* and QF. Composing with the canonical map

QkMUn+k — CO;Em Qk,MUn_,_k, =QMU,

we get a map X, — QMU, corresponding to g. Using that forgetting the
basepoint induces an isomorphism between the set of pointed continuous maps
X+ = QMU, and the set of unpointed continuous maps X — QMU,, we get a
map

A(g): X = QMU,,.

This defines a map
A: Map, (SF Xy, MU(m, 1)) = Map(X,QMU,), g+~ A(g). (5.5
Since X is finite dimensional the Freudenthal suspension theorem [35,
Corollary 3.2.3], implies:

Proposition 5.5. A: Map,(XFX,, MU(m,l)) — Map(X,QMU,) induce a
bijection on connected components for m,l large enough.

Hence for many purposes it will therefore suffice to study the subspace of maps
g € Map(X,QMU,,) such that g = A(g') for some ¢’ € Map, (X*X,, MU (m,1)).
For our later purposes, we need to understand to what extent the choice of such
g’ is unique. We start with the following lemma:

Lemma 5.6. Let
g: ¥F X, — MU(m,1),
g 322X, 5 MU(m+1,1)  and
g2 X, = MU(m,1+1)

be such that
Ag) = A(g) = A(¢"): X — QMU,,.

Then we have: ¢’ = s 0X%g and ¢ = qm 09
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Definition of the Pontryagin—Thom maps

Proof. The map A: Map, (X*X,, MU (m,1)) — Map(X,QMU,) associates to
g the adjoint of g composed with the canonical map

QMU (m,1) - QMU,, = colim OF MU, 410
The colimit is computed along the maps f — ¢, 0 f and f — s, 0 (Idg2 A f).

Both s, and ¢y, are injective. Hence the assumption A(g) = A(¢") = A(g")
implies ¢’ = s, 0 X%2g and ¢" = ¢ 0g. [ |

This implies the following useful result:

Proposition 5.7. Let MapA(X, QMU,) denote the set of maps g: X — QMU,
such that g = A(g') for some g’ € Map(XF X, MU (m,1)), let S be a set, and
let for another set B Fun(B,S) denote the set of functions B — S. Then the
assignments

Fun (MapA(X, QMU,), S) — Fun (Map, (S X ¢, MU (m, 1)), S)
fr= (9 f(A(9)))

defines a bijection between the set of functions MapA(X, QMU,) — S, and
systems of functions

fmi: Map(SF Xy, MU(m, 1)) — S
which are compatible in the sense that

S 1,0(8m1 ©2%9) = fini(9) = fris1(@my © 9)-

5.4 Definition of p and pv

Recall that
YFX, = Th(R%) = R* x X U {oo}

and
MU (m, 1) = Th(Vm,1) = Ym, U {oo}.

are smooth manifolds away from the basepoints, co. Let
bt G (C™TY) = v (5.6)

denote the O-section, whereby we consider Gr,,, (C™*!) as a submanifold of v, ;.

Definition 5.8. We let
Map{ (S* X, MU(m, 1)) C Map, (S¥X 4, MU(m, 1))

denote the space of pointed maps g: ¥ X, — MU (m,1) such that g restricted
to g~ (™) is smooth and transverse to Gr,,(C™!). We also define

Map™ (X, QMU,) = {g : g= A(gn) for some gs € Map] (S* X, MU (m,1))}.
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5. Pontryagin—Thom

Proposition 5.9. For every g € Map(X, QMU,,) there is a map
g € Map™ (X, QMU,,)
such that g is homotopic to gg.
Proof. 1t follows from Thom’s transversality theorem that
Map] (X, MU(m, 1))

is dense in the space of all continuous pointed maps Map, (EkX+, MU (m, l))
In particular these transverse maps are present in every path component, so
for each ¢': S¥ X — MU (m, 1) there is a map g, € Map"" (BFX 4, MU(m,1))
so that ¢’ is homotopic to g4. Now the proposition follows from Proposition
5.5. |

For g € Map{ (S* X, MU (m, 1)) we define
Zy =g (Gr, (€71)).
Since g is pointed we have an inclusion
it Zyg = g (ymy) — R x X,

Let f4: Z4 — X be the map 7 o4, for m the projection Rk x X — X. Note that
the codimension of f; is k —2m = —n. We give f, a complex orientation as
follows: Let

Ny, = (9lz,) Ym.i,

and use Propositions 2.6 and 2.7 to obtain the following short exact sequence

Di

o, = ( 0 TZ, *T(R* x X) Ny, 0 ) :

Identifying i*TR* with Kgg, this gives f, a complex orientation. The Pontryagin—
Thom construction is induced by the following maps:
premi: Map!! (SF X, MU(m, 1)) — ZMU™(X)
pk,m,l(g) = (fg7 Ng)
We also define
Vy=1(9l2,)" Vi,

and
P km,i(9) = (fg, Ng, V).

The maps pv i,m, form the basis for the geometric Pontryagin-Thom construc-
tion. These definitions requires the following verification:

Proposition 5.10. f, as defined above is proper.
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Definition of the Pontryagin—Thom maps

Proof. Let K C X be a compact set. Then f° L(K) fits into the following
cartesian diagram of spaces:

fg 1K) Zg Gryp (C™H)

Ik

ZkK+ —_— EkX+ e .2\41](7’)17 l)

Here 1/, is the composition of ¢y, : Gry, (C™") — ,,; with the canonical
inclusion vy, — Th(’ym,l). Since L’mJ is proper, i is proper. Since EkK+ is
compact, it follows that f~ Y(K) is compact. [ |

Recall from (5.2) and (5.3) the maps
Smi: SEAMU(m,1) — MU(m+1,1) and g : MU(m,l) — MU(m,1+ 1)
Proposition 5.11. Let gy € Map™(SF X, MU (m,1)). Then

Prm 1 (Gth) = Prom,i+1(Gm.1 © )
PV k.m,1(9n) = PV km i+1(Gm.i © g)

Furthermore, we have s, 0 X%gq € Map(SF+2X MU (m + 1,1)), and
Prmi(90) = Prt2m+1,0(Sm.1 © D2gn)
PV e d (G) = PV +2.m41,0(Sm,1 © D).

Proof. We use the maps of (5.1) and (5.6). Set U = g~ (vim,1). The first claim
follows from the following commutative diagram, where all squares are cartesian.

Z

qm,199h

P

Grm (Cm+l+1 )

Z,, U
< 3]
— id \

Gl'm((Cerl) U Ym,l+1

><

Tmi,i bt X

For the second property, we first describe s,, ; 0 %2g4. Recall from Section 2.7
that ¥2¥* X, = Th(Cy ® R%), and S? A MU (m, 1) = Th(C @ yyn,). The map
Sm.1 © X2gq is characterized by

(sm,l © Ezgm) |(C><]R’°><X = jTJ@O (idC X (gmthxX))'
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5. Pontryagin—Thom

It is clear that ide X (gm|rex x) is transverse to {0} x Gr,,(C™*), with inverse
image {0} x Z,,. We consider the following commutative diagram, where all
squares are cartesian squares of manifolds.

Zsm,z022gm
(0} x Z,, Qg (CH1H) CxU
Gr,, (C™H cxu ¢ Ym+1,1
ide X gm /
0Bt 1 /
Q @ Ym,l Ik

It is now clear that the map {0} x Z,, — Z,  ox24, is an isomorphism of
complex oriented maps over X, proving the proposition. [ ]

Based on Propositions 5.11 and 5.7, we can now define the Pontryagin-Thom
map

p: Map™ (X,QMU,) — ZMU"(X) (5.7)
p(9) = pr,m.a(gn)

for any g4 € Map" (E’“XJr7 MU (m,1)) with A(gs) = g. We also get a geometric
version of p:

Definition 5.12. We define the geometric Pontryagin—Thom map
pv: Map™ (X, QMU,) — ZMU (X)
pv(9) = P9 k,m,i(9n)
for any gn € Map? (S* X, MU(m, 1)) with A(gs) = g.

5.5 Naturality of pv

We will now show that p and py are somewhat natural in X. There is a
minor problem in that for g, € Map! (¥ X, MU(m,1)), and a smooth map
F:Y — X, the cycle F*p(gs) may not be well defined, and the composition
g o ¥ F, may not belong to MapT(EkY;, MU (m,1)). We therefore define the
space

Map!"? (S* X, MU(m, 1)) € Map] (%X, MU(m, 1)) (5.8)

to be the subset of maps g such that g o X¥F, € Map™(S¥Y,, MU (m,1)). The
maps in this space are generic; it follows immediately from Thom’s transversality
theorem that

(SFFL)* (MapT(EkX+,MU(m,l))> (Map (£FY;, MU (m, 1))
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The classical Pontryagin—Thom isomorphism

is a dense subset of (X*F, )*Map, (¢ X, MU (m,1)).
Theorem 5.13. Both p and pv are natural in the following sense: For F': Y — X
a smooth map, and g € Map™’ (F X4, MU(m,1)) we have:
pv(goXFFL) = Frpy(g) € ZMU (Y)
plgoXFFy) = F*p(g) € ZMU™(Y)

Proof. 1t is well known that given smooth maps f1: M; — My and fo: My — M
such that fo h S C Ms, we have f;  (fy 1(S)) if and only if (f20 f1) h S.
From this we see that F* is defined on p(g). Now we consider the commutative
diagram

ZY —_— ZX L‘Z> Grm ((Cm+l)

.

Uy -2 e 2 0t (m, 1)
YL-X

with Zx = Z, = ()"} (Gr,,(C™*)) and Zy = (id x F)"'Zx. We use that F is
transverse to g, and we write:

Ux =9 ' (ymy) CRF x X ¢ ¥ X,
Uy = (id x F)~'(Ux) CR* x Y c *v,

This proves the theorem. |

5.6 The isomorphism MU"(X) ~ MU;(X).

We now prove that p as defined in (5.7) induces a natural isomorphism
MU}(X) — MU"™(X). We continue the convention that n + k = 2m.
Proposition 5.14. The map

p: Map™ (X, QMU,,) — ZMU™(X)

15 surjective.

Remark 5.15. We remark that py is not surjective. The image of py consist
of all geometric cycles (f, Nf, V¢) for which V¢ is unitary, in the sense that
there exist a Hermitian metric on Ny with which V is compatible. That py
only yields unitary connections is clear, since V,,; is unitary with respect to
the canonical Hermitian metric on v,, ;. That we get all geometric cycles with
unitary connection follows from [44], and the proof of Proposition 5.14. If we
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5. Pontryagin—Thom

wanted py to be surjective, we would have to replace v,,; with a bundle carrying
a universal connection. It seems likely that the construction of [45] suffices, but
we have not pursued this.

Proof of 5.14. Let f: Z — X be a proper complex oriented map of codimension
—n. By Whitney’s embedding theorem, we can find a proper embedding Z — RF.
Taking the product with f, we get a proper embedding

i: 7 - RF x X.

We can choose k so that K —n = 2m is even. Then the complex orientation of f
endows the normal bundle Ni with a complex structure. If [ is large enough,
there exist a bundle map &: Ni — v, ;, by the complex analogue of [43, Lemma
5.3].1. By the tubular neighborhood theorem [26, Theorem 5.2] we can extend i
to an open embedding =: Ni — R* x X. Then define gf: ¥ X, — MU (m, 1)
by:
——1
gf(x)z{ o= (z) zelm( ;

o0 x ¢ Im(

(1] [1]

Alternatively, gs is the composition

g7 = Th(&) o col

where col: ¥* X, — Th(Ni) is the Pontryagin-Thom collapse, equaling Z~* on

Im (), and collapsing everything outside of Im (&) to co. Then (fy,, N,,) =
(f, N¢) by construction. -

Proposition 5.16. p induces a map MU}'(X) = [X,QMU,| - MU"™(X).

Proof. We must show that if go, g1 € Maprh (X,QMU,) are homotopic, then
fqo and fg, are cobordant. By Definition 5.8, we can for ¢ = 0,1 find
g ¥k X, — MU(m,I1) such that A(¢g{") = g;. Furthermore, by Lemma 5.5 we
can assume that g and gf" are homotopic as maps ¥*X, — MU (m,l). By
Lemma 4.8 we choose a smooth homotopy

G:RxXFX| — MU(m,1).

Le. fori;: X — R x X the map 4;(z) = (¢,2), we have G oi; = g for t =0, 1.
Then evidently we have

G|{0,l}xEkX+ M Grm(CmH),

and by Thom’s transversality theorem, we can perturb G slightly, so that G
is transverse to Gr,,(C™*!) everywhere. We can do this without changing
Gl{o,13xxk x, S0 that G remains a homotopy between gon, and gin. Now let

(ba, Ny) :=p(G) € ZMU" (R x X).

I The proof of [43, Lemma 5.3] works equally well in the complex case. Annoyingly the
corresponding lemma for complex vector bundles is not stated. Rather they state only the
theorem they need the lemma for proving, [43, Theorem 14.6], stating the proof is the same as
in the real case.
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This is a bordism datum over X, which is equivalent to saying
G € Map™ U (R x SR X, MU (m,1)).

Since p is natural, as we showed in Theorem 5.13, we finish the proof thus: For
t =0,1 we have

i;p(G) = p(Goir) = p(g). u

Recall that the addition in [X¥X,, MU(m,1)] is induced by the binary
operation on Map, (3* X, MU(m,1)) given by

g1 % g2 = (g1 V g2) o pinch
for pinch: EkX+ — EkX+ V EkXJr the pinch map which collapses
RF=1 % {0} x X

onto
0o € ¥FX, =R¥ x X U{o0}.

Here we view the open upper and lower half planes as disjoint copies of R* via

R x (0,00) x X - RF x X
2 -1
(v,t,x) (v, ,:Jc)

t

and similarly for the lower half plane.
Proposition 5.17. The maps
p: Map™(X,QMU,) — ZMU™(X) and
py: Map” (X, QMU,) — ZMU' (X)

are homomorphisms in the sense that for g1, g € Map™(S¥ X, MU (m, 1)) we
have

pv(A((g1V g2) o pinch)) = pv(A(g1)) + pv(A(g2)), and
p(A((g1 V g2) o pinch)) = p(A(g1)) + p(A(g2))-

Proof. We note that there is an evident diffeomorphism

(1% 92) " (Ymat) = g7 (Ymt) U g5 (V)

such that the following diagram commutes:

(g1 % g2) " (1) 91 (Ymt) U g5 (Ymt)

\/

Ymi,l
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The point is that the union is disjoint since g; ' (7v,,.;) are in different half-planes
for t = 0 and ¢ = 1. In particular Z,, and Z,, are disjoint, and the complex
orientations of these versions of f,, and f,, as well as the connections V4, , Vg,
are the same as the original ones. Hence we get

f(gl\/gz)omnch = fg1 + f92' u

Theorem 5.18. The Pontryagin—Thom construction p induces an isomorphism
MUX) = MU™(X).

Proof. We recap our work. There is an induced map by Proposition 5.16. The
induced map is a homomorphism by Proposition 5.17, and it is surjective since
p is surjective by Proposition 5.14. It remains to show injectivity. Let

g € Map™(X,QMU,,).

It suffices to show that if f, represents 0, then g is nullhomotopic. If f, represents
0, we can find a bordism datum over X with underlying map

b= (ab,fb): W—-oRxX
such that 0 and 1 are regular values of a; and
Folazi0) = for a; H(1) = 0. (5.9)

In particular b € ZMU™(R x X). By Proposition 5.14, we can for sufficiently
large k' and I/, and for k' +n = 2m/, find a map

G € Map™ (¥ (R x X), MU (m/, 1))

such that p(G) = b. We view G as a homotopy of pointed maps by
Gt = Glsw (1yx x, - Then by (5.9) we have Go = g. Since a; *(1) = 0, Gy does not
meet, Gr,, (C™+"). The space MU (m/,1")\Gry, (C™ ") is contractible. The
contraction is given by multiplication by 1/¢, where we interpret multiplication
by 1/0 as collapsing everything to the point co. Hence we conclude that g is
nullhomotopic, finishing the proof. |

5.7 Geometric fundamental currents

Given gy € Map™(X,QMU,), we consider the geometric cycle py(gn) €
— "N
ZMU (X). In this Section we describe

d(pv(gn)) = (f: )+ K (V)

in universal terms. We continue letting
lm,i* Grm((CmH) — Ym.l

be the 0O-section, and recall the connections V,, ; from Definition 5.1.
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Definition 5.19. We define the geometric fundamental currents by
OVt = (tm0)« K (Vint) € Do (Y13 Ve)-
Recall from (5.1) the maps

jm,l: Q S?) Ym,1 — Ym+1,1 and im,l: Ym,l — Ym,l+1-

Proposition 5.20. The geometric fundamental currents are compatible in the
sense that the following pullbacks are well defined, and verifies the following
equalities:

m*qsvnl,l«kl = ¢V'm,l

Jm,l ¢Vm+1,l =00 ® ¢Vm,z+1

Here 6y € DY(C) is the Dirac delta at 0, operating by do(fdx A dy) = £(0).

Proof. Consider the following commutative diagrams, obtained by taking the
0O-sections in the diagrams (5.1).

Jm,l T, 1
Grp (C™HY) s Gy g (CHIH) Gr,, (C™H) —25 Gr,, (CHAHL)
0><Lm,zl Lm+1,1 an,ll lhn,l{»l
C D Ym, ————> Tm+1,l Y, ————— VYm,l+1
Jm,l Tm, 1

Note that j,; M tym41,- This is so because j, ; is a fiberwise isomorphism, and
so onto the normal bundle of ¢y,41; where they meet. Similarly 4., ; M ¢y 141-
Using Proposition 5.3, the assertion follows from Theorem 2.31, upon observing

K(d® V) =K(Vu) € A%(Gr, (C™H; v,). [
Recall from Proposition 2.40 that we write
Yk X, = Th(R%) = RF x X U {oco}.

Let g € Map” (X,QMU,), say g = A(gs) for g, € Map[ (SFX ., MU(m,1)).
Let
U= g0 "(Yms1) CRF x X,

Then gq|r is smooth and transverse to Gr,, (C™*!). Using the cartesian square

2 G,y (€ (5.10)

Z
|-
U

> Ym,l
gmlu
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and Theorem 2.31 we get the following equalities in D*(RF x X;V,):

<gm|U)*¢)Vm,z = (gnlv) ()« K (Vin 1)
=i (g l2)" K(Viny)
= i*K(ng)

By Proposition 5.10, fg, = moi is a proper map, where 7: RF x X — X denotes
the projection onto X. Hence we have i, K(V,,) € Di.(R* x X;V.). Applying
the map

T DI (RF x X;V) — D F(X; V)

we obtain the following theorem.

Theorem 5.21. With the above notation, we have

T (9n|0)(99,..) = (fg0)« K (V) € DI(X5V2). B
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Chapter 6

Comparison of Hodge filtered
cobordism theories

In this chapter we construct an isomorphism between the geometric Hodge
filtered cobordism theory of Section 4 and the homotopy-theoretical construction
of Hopkins—Quick. In the definition of Hopkins—Quick Hodge filtered bordism,
recalled below in Section 6.1, there features a choice of a fundamental cocycle,
i.e., a map of simplicial presheaves of spectra MU — HYV, inducing the
natural transformation ¢ of (4.11). Composing with the canonical map
HYV, — H(A*(V.)) we get a fundamental cocycle.

The guiding principle of our construction is that the geometric fundamental
currents ¢v,, ,, being compatible by Proposition 5.20, should combine to form a
map ¢v: MU — H(D*(V,)). Since the map A*(V.) — D*(V.) on each manifold
X is a weak equivalence of complexes of presheaves, we should be allowed to
use H(D*(V,)) in place of H(A*(V.)) in the Hopkins-Quick construction, and
induce a fundamental cocycle from the geometric fundamental currents ¢v

m,l°

There are two problems with a straightforward implementation of this
plan. First, MU is interpreted as the constant presheaf X — MU, so
¢v,., € D*™(MU(m,1);V,) cannot combine to a map MU — D*(V,). To
make our plan work, we must replace MU by a spectrum of simplicial
presheaves X — Map®™ (X x A®,QMU), which exploits the smooth structure
on Y, C MU (m,I).

Secondly, D*(V,) is not a presheaf on Mang, since it does not have pullbacks
along arbitrary holomorphic maps. To get around this obstruction, we define
fundamental forms ¢,,; € A*™(MU(m,1); Vs), and comparison currents
SatiSfying ¢V7n,l + dam,l = ¢m7[-

Using the forms ¢,,;, and the spectra defined in Section 2.13, we give
one more model of Hodge filtered complex cobordism, MUys. We then first
establish that MUys(p) and MUp(p) represent the same object of hoSp(sPre..).
Then we give a concrete description of the groups MU (p)(X), amenable
for application of the Pontryagin-Thom construction. Finally we define
k: MU (p)(X) — MU"™(p)(X) and show that it is an isomorphism.

Remark 6.1. Note that here we consider sequential topological spectra. This has
the consequence that the comparison map x we will construct between the two
Hodge filtered cobordism theories only is a homomorphism of groups. However,
we expect this map to respect the product structures in both theories once the
additional structure is taken care of in the construction.
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6.1 Hodge filtered cobordism of Hopkins—Quick

We briefly recall the construction of Hodge filtered cobordism groups in the
stable homotopy category of presheaves of spectra of [30].

Let Z be a topological space and let sing(Z) denotes its singular simplicial set.
Let sing(MU) denote the spectrum of simplicial sets whose n-th simplicial set is
given by sing(MU,,). We consider sing(MU) as a spectrum of constant presheaves
on Manc. Let H(V,) denote the spectrum of presheaves whose nth simplicial
set is the simplicial Eilenberg-MacLane space K (V.,n). We also consider H (V)
as a spectrum of constant presheaves on Manc. Let sing(MU) — H(V,) be a
map of spectra which induces the genus ¢.: MU, — V., on homotopy groups,
as in Section 2.14. We consider ¢ also as a map of presheaves of spectra on
Mangc. The canonical inclusion map of constant functions into the de Rham
complex V, — A*(X;V,) induces a map of presheaves of Eilenberg-MacLane
spectra H(V,) — H(A(V.)) under the Dold-Kan correspondence. Composition
then yields a map

¢: sing(MU) — H(A*(V.))
which we also denote by ¢. For a given integer p, let ¢, = (27i)P - ¢. Then

MUp(p) is defined to be the homotopy pullback of the diagram of presheaves of
spectra

MUp(p) — sing(MU)

| |-

H(FPA* (V) — H(A*(V,)).

For a complex manifold X, the nth Hodge filtered cobordism group of X is
defined as the group of homotopy classes of maps of presheaves of spectra

MU% (p) (X) = HomhoSp(sPre*) (ZOO(X+)7 YX"MUp (p>)
6.2 Mathai—Quillen Thom forms and the induced
fundamental cocycle

The first step is to replace the abstract map ¢ with a concrete functorial
assignment of forms to maps into MU. Recall from (2.44) the space of forms

A (MU (m, 1); Vi) = ALy (Ym,15 Vi)

We consider +,,; with the canonical Hermitian metric and connection, as
explained in the beginning of Section 5. Let

Ui € A*™(MU(m,1); V)
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Mathai—Quillen Thom forms and the induced fundamental cocycle

denote the Mathai-Quillen Thom forms of Proposition 2.46 on ,,; with respect
to these structures. The bundle maps

Uit Ymd = Ymi+1  and It CD Vg = Vg1

of diagram (5.1) are compatible with both the Hermitian metrics, and the
connections, by Propositions 5.3 and 5.4. Hence the Mathai—Quillen Thom
forms are compatible too. For the statement of the compatibility, let Uc be the
Mathai—Quillen Thom form of th with the standard Hermitian metric, and the
trivial connection d.

Proposition 6.2. With the above notation, we have im,l*Um,l+1 = U, and
- *
Jm,l Um+17l = UC ® Um,l- | |

Now we define forms on MU (m,[) which will induce our fundamental cocycle.
We set

Gt = Unma A7 K (Vi 1) (6.1)
where T, 11 Y1 — Gry, (C™*+) is the projection. Combining Propositions 6.2
and 5.3 we get, using K(d) =1 € A°(X;V.), the following result:
Proposition 6.3. With the above notation, we have m*¢m’l+1 = ¢, and
jm,l*¢m+1,l = U(C & ¢m,l' u

Let MU — QMU again be the fibrant replacement of MU with QMU being
the Q-spectrum with QMU,, = colimy, Q* MU,y .. Let Mapi™(Xk X, MU (m, 1))
denote the space of pointed maps XX, — MU (m,l) which are smooth on the
preimage of 7y, ;.

Definition 6.4. We define Map™ (X, QMU,,) as the set of maps g: X — QMU,,
such that g = A(gsm) for some gsm € Map?™ (¥ X, MU (m,1)).

We define a map ¢™!: Map?™(SF X, MU(m, 1)) — A>™(ZFX 5 V.)a by
Jsm — Gan®Pm.i- For n + k = 2m, integrating over the suspension coordinates
provides a form in A™(X;V,).

Lemma 6.5. We have a well defined map
na Map™ (X, QMU,,) — A" (X;Vi)a,

defined by

g = A(gsm) — g:m¢m,l
SEX, /X

Proof. We will use Proposition 6.3 to show that the conditions of Proposition 5.7
are satisfied, so that ¢ (g) is independent of the choice of gy, with A(gsm) = g.
We first note that since gy, = Th(iy,,), it is immediate from Proposition 6.3

that
/ g:m¢m,l - / (Qm,l o gsm)*¢m,l+1-
SRXL /X SEXL /X
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6. Comparison of Hodge filtered cobordism theories

Next observe that the map s,,; o X2gq, is characterized by restricting to
Jm.1 0 (ide X gem|rrxx) on C x (R¥ x X). Proposition 6.3 implies
((Sm,l © 22gsm) |<C><]R’“><X)* Gmt1,1 = (idC X gsmIRk ><X)* (jm,l*¢m+1,l) (6'2)
- U(C & g:1n¢m,l~

The projection 7g: C & E — FE is a Hermitian vector bundle. There is an
integration along the fiber map

/ F AL (C® B V) — AA(E V).
$2(Th(E)/Th(E)
By Proposition 2.35, we have for any w € A, (E)
/ mpw A Uc = w.
¥2Th(E)/Th(E)

We note that Ug is of even degree, and therefore is in the center of the ring
A*(X) C A*(X;Vy). Now (6.2) implies

/ (Sm,l © 22gsrn)*QSerl,l = 9:m¢m,l in AQm(EkXJr; V*)v
E2(ZFX4)/BRX
and hence
/ (Sm,l © 22gsm)*(ﬁerl,l = / g:m¢m,l in -An(Xv V*). u
Sht2X, /X ShX, /X

Remark 6.6. In light of Lemma 6.1 we may view ¢} as corresponding to an
element of A"(QMU,;V,), as follows. While we have not discussed infinite
dimensional manifolds, it is by the Yoneda lemma reasonable to define A™(F'; V,)
as the space of natural transformations F' — A™(V,) for F' € Pre(Man). This is
for example the approach taken in [18], where in particular the deRham complex
of the classifying stack of smooth vector bundles with connections is computed.
Hence if we identify Q M U,, with the simplicial presheaf X — Map*™ (X, QMU,,),
there is a “form” ¢, € A"(QMU,;V,) corresponding to ¢Z . In any case, the
correct intuition is that the map ¢ is defined by pullback of a form on QMU,,.

Since both the domain and the codomain of the map ¢, are defined for
every finite-dimensional manifold, we can replace X with X x A* for any k.
Moreover, the argument of the proof of Lemma 6.5 applies to X x A* as well.
Hence we draw the following conclusion:

Proposition 6.7. The maps ¢7%! induce maps of simplicial sets

sm

n o Map™(X x A%, QMU,) — A™(X x A%;V,)

sm
which fit into commutative diagrams of the form

Pt

Map?™(B(X x A*) 4, QMUp41) — > A"THE(X x A%) 41 V)a

| |

sm ° ¢:Lm n °
Map* ((X x A )+?QMUH) A ((X X A )+;V*)C1
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Comparison of homotopy models for MU (p)

where the right-hand vertical map is given by integration over the fiber. |

From the first assertion of the proposition, we conclude that we have the
following diagram of simplicial sets

Map*™ (X x A®,QMU,,) (6.3)

FPAYX x A%V, AYX X A%V, .

Definition 6.8. Let X be a complexr manifold and n,p be integers. Let
MUps(p)n(X) be the homotopy pullback of diagram (6.3). We set

MUZL(p)(X) 1= 70 (MUna(p)(X)).
We denote by ¢} the map
i X x A% x Al — X x A x Al
with image X x {t} x Al, and by (2 the map
2 X x AP x A 5 X x AT x Al
with image X x A! x {s}. Since (6.3) is a diagram of Kan complexes, the set

wo(MUys(p)n (X)) has the following concrete description:

Theorem 6.9. Let X be a complex manifold. An element in MU (p)(X) is
represented by a triple

(g,w, h) € Map™ (X, QMU,) x FPA"(X;V.)a x A" (X x AL V,)a,

such that 'ih = @2, (g) and tih = w. Two such triples (go,wo, ho) and (g1, w1, h1)
are homotopic if there is a triple (ge,ws, he) in

Map™ (X x AL, QMU,) x FPAM(X x AL Vi)a x A"(X x Al x AL Vo)a

which satisfies (13)*he = ¢, (ge) and (13)*he = we in A"(X x AY;V,), and
such that 1} (Ge,we, he) = (gi,wi, hi) fori=0,1. The latter means, in particular,
(t3)*he = ho and (13)*he = hy.

6.3 Comparison of homotopy models for MU (p)

Now we show that there is a natural isomorphism MUZ(p)(X) = MU (p)(X).
In fact, we will show that there is a zig-zag of weak equivalence between the
defining homotopy pullbacks.

First we observe that Map®*™ (X x A®, QMU) is a simplicial spectrum with
structure maps defined as follows: Recall that, as described in [31, page 379],
a k-simplex of the simplicial loop space Q5™P A, of a simplicial set A, can be
described as a sequence

ag, ..., ax € Agy1
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6. Comparison of Hodge filtered cobordism theories

satisfying the conditions

8:@1‘ = 6;@1‘_1 (64)

* *
60040 = % = 6k+1ak-

The homeomorphism QMU, =N QQMU, +;1 induces for each n a natural
isomorphism Map®™ (X x A®,QMU,) = Map™ (X x A*,QQMU,1). The
adjunction between the suspension and loop space functors then induces a natural
isomorphism Map®™ (S(X x A®) 4, QMU,41) — Map™ (X x A®,QMU,11). A
pointed map B(X x A®), — QMU,; corresponds to a map X x A® x Al —
QMU,, ;1 which restricts to the constant map on both subspaces X x A® x {0}
and X x A® x {1} with value the canonical basepoint of QMU,,11. The restriction
of any such map to the (k4 1)-simplices in the standard triangulation of AF x A'
leads to a sequence of maps

905+, 9k X x Ak+1 %QMUTH-:[’

i.e., a sequence of (k + 1)-simplices in Map™ (X x A®, QMU, 1) satisfying the
relations corresponding to (6.4). This defines a natural map of simplicial sets

Map™ (X x A®,QMU,) — Q@ ™PMap™ (X x A*,QMU, 1)

which provides the sequence n — Map®™ (X x A®, QMU,) with the structure of
a sequential spectrum of simplicial sets.
Next we show that the maps ¢7 induce a natural map of simplicial spectra

Map™ (X x A®, QMU) 2= AL(X, V,).

Since the maps ¢[, are natural in X x A®, a sequence go,...,gr of (k+ 1)-
simplices in Map™ (X x A®, QMU, ;1) satisfying the relations corresponding
to (6.4) induces a sequence ¢Z%t(go),..., % (gr) of (k + 1)-simplices in
A"TH(X x A®; V), ) satisfying similar relations. Thus ¢7 induces a natural map
on the simplicial loop spaces as well. In fact, we get a commutative diagram of
the form

Map™ (X x A®, QMU,) — 2™~ An(X x A% V,)q

l o

QSimpMapsm(X % A', QMUn—H) _sm QsimpAn-‘rl(X X A'; V*)ch

since both vertical maps arise from the restriction to the standard triangulation
of AF x Al

Now we construct the comparison map. The map MU — QMU induces
a map Sing (MU) — Sing (QMU). We consider the map sing(MU) —

Sing (QMU) given by precomposing with the isomorphism sing(MU) =
Sing (MU)(pt). It follows from [30, Proposition 3.11] that this map induces
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Comparison of homotopy models for MU (p)

an isomorphism on stalks and so is a weak equivalence. Let Map®™(— x
A*, QMU) — Sing (QMU) be the map of presheaves of spectra induced by
forgetting smoothness. This is an objectwise weak equivalence, since every
continuous map is homotopic to a smooth map. We note also that this is a
map between fibrant objects by [30, Lemma 3.12]. Let H(A*(V.)) — A5 (Vy)
be the map of presheaves of spectra which for the nth spaces is given by the
map 7 defined in (2.21). Its homotopy inverse is induced by integrating over
the fiber. Similarly, let H(FPA*(V,)) — FPAL (V) be the map of presheaves
of spectra induced by the restriction of 7. Again, this map has a homotopy
inverse is induced by integrating over the fiber. In total, we have a diagram of
presheaves of spectra on Mang

H(FPA*(V,)) — H(A* (V)

(MU) (6.5)

> | lw
Sing (QMU)
T:
(V)

) <2 Map®™(— x A*,QMU).

12
12

FPAL(V,)

We write MUys(p) for the homotopy pullback of the bottom row of (6.5).
Recall that the homotopy pullback of the top row is MUp(p) by definition.

Proposition 6.10. The homotopy pullbacks MUp(p) and MUys(p) are isomor-
phic in the homotopy category hoSp(sPre.) of presheaves of spectra on Manc.

Proof. The assertion is a formal consequence of the observation on homotopy
pullbacks in model categories formulated in the following lemma. |

Lemma 6.11. Let C be a proper simplicial model category. We consider the
diagram

Cl e Bl < A1 (66)

C’QHBQ%AQ

in which all vertical maps are weak equivalences and in which the left-hand squares
commute. We also assume that Ag and Ay are fibrant. Then the homotopy
pullbacks Cy X]Elh Ay and Cs x%z Ay of the top and bottom row, respectively, are
weakly equivalent.
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6. Comparison of Hodge filtered cobordism theories

Proof. First we take the homotopy pullback A4 XZO Ay of the right-hand vertical
maps. The two induced maps A; X}Ao As — Ay and Ay XZO Ay — Ay are weak
equivalences. Hence the induced maps on homotopy pullback

Cl X%l (Al XZO AQ) — 01 X}]Lgl A1 and 02 X%2 (A1 XZO AQ) — 02 X%Q AQ
are weak equivalences. Thus it remains to observe that the homotopy pullbacks

Crxly (A xy As) and Co x (Ay x'y Ay) are weakly equivalent. This follows
from the following diagram

Cl HBl%Al XZO A2

-

CQHB2%A1 Xﬁo A2

in which the right-hand square commutes up to homotopy and the vertical maps
are weak equivalences. |

As a consequence of Proposition 6.10 we get that both homotopy pullbacks
represent isomorphic cohomology groups. This implies the following result:

Theorem 6.12. Let X be a complex manifold and n,p be integers. Then there is
a natural isomorphism

MUp(p)(X) = MUy (p)(X).

Proof. By Proposition 6.10, it remains to relate the groups MU (p)(X) of
Definition 6.8 to MUys(p)-cohomology. Each of the presheaves of spectra in
the bottom row of diagram (6.5) satisfies levelwise hypercover descent and the
structure maps are objectwise weak equivalences. Hence each of the presheaves
of spectra in the bottom row is an Q-spectrum. Hence the nth space MUys(p)n
of MUys(p) represents M Ups(p)-cohomology, i.e., there is a natural isomorphism

HomhoSp(sPre*) (EOO (X+)7 X" MUy (P)) = Hompoespre (X7 MUy (p)n)

Moreover, we can compute the simplicial presheaf MUp(p),, levelwise as the
homotopy pullback of the nth spaces of the presheaves of spectra in the bottom
row of (6.5). By [46, Proposition 2.7], we can compute this homotopy pullback
objectwise in the sense that there is a natural isomorphism

Homypespre (X7 MUy (p)n) = 7o (MUhS (p)n (X))

Since we have MU} (p)(X) = mo(MUns(p)n(X)) by definition, this proves the
assertion of the theorem. |
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6.4 The map « from homotopy to geometry
We are going to define a natural isomorphism of groups
k2 MU (p)(X) = MU" (p)(X)

for every n and p. In order to construct geometric cycles from the data of
classes in MU} (p)(X) we need suitable geometric representatives. Recall from
Definition 5.8 the space Mapm(X, QMU,).

Theorem 6.13. Let X be a complex manifold and n, p be integers. For every
element v € MU (p)(X), there is a representative (g,w,h) as in Theorem 6.9
such that g € Mapm(X, QMU,).

To prove the theorem we are going to use the following construction:

Lemma 6.14. Let go: X x Al — QMU,, be a homotopy between gy = 15ge and
g1 = L ge. Assume we have a triple (go,w, ho) which represents an element in
MU (p)(X). Then there is a form hy € A™(X x AY;V,) such that the triple
(91,w, h1) is homotopic to (go,w, ho).

Proof. The pullback along the projection mx: X x Al — X of ¢y (go) yields
a closed w4 ¢, (g0) € A™(X x Al;V,)q which is constant on Al. We set
h1 = ho + ¢sm(ge) — T Psm(go). The restrictions along ¢;: X x A® — X x Al
yield

tihy = 17ho + 11 Psm(ge) — LTW}(ﬁsm(gO)
= Gam(90) + 0% (91) — Dsm(90)
= (z)sm(gl)

and

toh1 = toho + t5Psm(ge) — LSW;(d)sm(gO)
=w+ Qbsm(go) - ¢sm(90)

= Ww.

Hence the triple (g1, w, h1) represents an element in MU (p)(X).

Now we construct a homotopy between (go,w,ho) and (g1,w,h1). The
homotopies go and we := 7iw satisfy the requirements of Theorem 6.9. It
remains to find a compatible homotopy he. To construct he we consider the map

Ge: X x A x A - QMU,

defined by Gs(z,t) = gs:(z). We think of G as a homotopy between the maps
Go: (z,t) = go(x) and Gy: (x,t) — g:(z). We set

he := T a1 (ho — T bsm(90)) + dsm(Ge) € AM(X x AP x AV V,)q.
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6. Comparison of Hodge filtered cobordism theories

Next we compute the pullbacks along the various inclusions into the copies
of A'. The restriction to 1 on the right most factor in X x Al x Al yields

(1) he = (1) Ty xar (ho = Tx bsm(90)) + (11)" G (G)
= hO - 77;((155111(90) + ¢sm(go)
- hl-

The restriction to 0 yields

(1§)"he = (18)* T x a1 (ho = Tx bsm(90)) + (15)" bsm (Ge)
= ho — Tx ®sm(go) + Psm(go-e)
= ho — Tx Psm(9g0) + Tx Psm(90)
= hyp.

The restriction to 1 on the middle factor in X x A! x Al yields

(1) he = (11) T xar (ho = T Psm(90)) + (11) " Psm (Gl)
= 11 (ho — x sm(90)) + Psm(ge)
= Gsm(90) — Psm(g0) + Psm(ge)
= Psm(ge)-

The restriction to 0 yields

(10)"he = (1) T xar (ho = T Psm(90)) + (15) " Psm (Gl)
= LS(hO - W;(¢sm(90)) + ¢sm(90--)
= W — Psm(90) + Psm(go)
= Ww.

Thus the triple (g, 7% w, he) is a homotopy between (go,w, ho) and (g1, w, h1).
|

Now we can prove Theorem 6.13:

Proof. Let v € MUZ(p)(X) and (g,w, h) be a representative as in Theorem 6.9.
By Proposition 5.9, there is a map g4 € Mapm(X, QMU,,) which is homotopic to
g. By Lemma 6.14, there exists an hy such that (gm,w, h1) represents an element
in MU (p)(X) and a homotopy between (g,w,h) and (gm,w,hi). Hence the
latter too represents the class v in MU (p)(X). |

Definition 6.15. We denote by MUJ.(p),,(X)o the subset of triples (g,w,h) in

MUps(p)n(X)o such that g € Maprh (X, QMU,).

We recall that we write ty,;: Gryy, (C™) — 7,,,; for the O-section, and that

the fundamental currents, ¢v,, , of Definition 5.19, are defined by

9,01 = (tm 1) K (Vi) € D™ (MU (m, 1); Vs).
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Let ], ; be the current of Proposition 2.48 satisfying day, ; = Upi — (tm,1)«1.
We define a1 = o, ) A7 K (Vi ). Then we have

dam,l - ¢m,l - ¢Vm,l .

Remark 6.16. We show in Section 6.7 below that it is possible to circumvent
Proposition 2.48. Essentially, we may simply work with the class modulo Im (d)
of a1, which we show depends only on ¢,,,; and ¢v,, ;.

Let ac be the current on C obtained by applying Proposition 2.48 to C — pt
with the standard metric and connection. As a consequence of the naturality of
the construction of o, by Proposition 2.48, the Propositions 5.3 and 5.4 imply:

Proposition 6.17. The currents oy, are compatible in the sense that, using the
maps of (5.1), we have

0 3k 0 3k
Jmil Cmt1, = ac @ 1, ANd Ty Qup 41 = Qi -

We use this observation to make the following definition:

Definition 6.18. We define

pb®: Map™(X,QMU,) — D"(X;V,)
pb®(g9) = (=1)" (g (qm,1))

where gn: XX, — MU(m,1) is any map satisfying A(gn) = g, and m: RF x
X — X s the projection.

Remark 6.19. By Propositions 6.17 and 5.7, the choice of g4 does not matter.
Hence pb® is a well-defined map.

Remark 6.20. We should say something about the sign in Definition 6.18. One
reason it is here is that it is needed in Lemma 6.24 below, because of the sign
in Proposition 2.13. We can also get at this in a more principled manner: In
defining ¢ in Lemma 6.5, we used integration along the fiber. For pb® we use
pushforward of currents. We need pb® and ¢gy, to be compatible. Therefore we
recall from Definition 2.34 that integration along the fiber and pushforward of
currents are related by

T =w (WEX+> w'T,
fx xRK /X « X * Y
where T, is the current o — fxw A o, and w’ is the sign operator acting

on T € D*(X) by wT = (—1)kFdimX  Hence we must consider the map
w = w'T,,. We observe that w'T,, =: T/, is the current acting by

T (o) = /XJ/\w. (6.7)
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6. Comparison of Hodge filtered cobordism theories

Until this point, we have always treated forms as currents by w — T,,. We
are now forced to consider 7" in dealing with ¢g,,, but also T', in dealing with
geometric Hodge filtered cobordism cycles.

While 7" is natural for pushforwards along proper submersions, T is natural
for pullbacks. That is, for f: Y — X and w € A"(X) we have Ty, = f*T,,.
The map T” on the other hand satisfies

FT, = (=1)""T},, (6.8)
for d = codimf. We make one more observation: We have T, =
(—1)rtndimXp S and T = (—1)r it )-dim Xy - wwhich together with

drl,, = Ty, yields
dTul} _ (7 1) 1+dim XT(;w )

That is, d commutes with 7”7 on odd dimensional manifolds, and anticommutes
with T” on even dimensional manifolds.

We remark furthermore that for ¢, ; € A27 (V.15 Vi) we get Ty, = Td/>m,z'
Hence we have

damvl = T(z)m,l - ¢Vn1,l = T(;)m,,l - ¢vm,l'

However for the map ¢, : Map™ (X,QMU,) — A"(X;V.) of Lemma 6.5 we
get
Tcggm(g) = (=1)"Tp,(9)- u
We now define the comparison map . For the following definition recall the
definition of the group ZMU™(p)(X) of Hodge filtered cobordism cycles from
definition 4.27.

Definition 6.21. We define the map r: MU (p)n(X)o — ZMU™(p)(X) by
(9.0,0) = (pwl9), T, pb(9) + (wX*2") 7).

Remark 6.22. We remark that both py and pb® are defined on Mapm(X, QMU,),
not on MapT(EkXJr, MU (m,1)). In particular, they depend only on g = A(gm),
not gm.

Remark 6.23. Tt is annoying that we are forced to work with a sign here, though
we hide it in 7/, = (—1)™T,,. This is reminiscent of the sign showing up for
Deligne cohomology, in the definition of I in diagram (3.1). We could have put
the sign on p instead, but there seem to be no way to avoid the sign entirely.
We accept our faith and move on.

We now show that s actually takes values in ZMU"(p)(X). For the proof,
we need some context. Let (g,w,h) be a triple in MU (p),(X)o. Recalling
Definition 5.12, we put

fo= (fgaNgavg) = pv(g).
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Let g4 € Map (EkX+, MU (m, l)) be a map with A(gs) = ¢g. Recall from the
discussion leading to Theorem 5.21 that we have the commutative diagram

gz

7z 225 Gr,, (CmH) (6.9)
Lm,l l
i Ym,l

>

Ugm MU(mv l) > QMUQm

T

X

where Z = Z,, = (gn) " (Grp, (C™T), Uy = (90) L (yma) CRP x X € BF X,
and 7 is the restriction to U, of the projection R¥ x X — R*. By definition of
pv, we have f; = moi. With this context, we can prove:

Lemma 6.24. For
(97 W, h) € MUg(p)n(X)Ov

we have k(g,w,h) € ZMU"(p)(X).

Proof. The equation m.gn*¢v,,, = (fg)«K(Vy) of Theorem 5.21, together with
dr, = (—1)°dim77_d from Proposition 2.13 and the equalities codim 7 = k and
k +n = 2m implies

(fg)*K(vg) + d(_l)nﬂ*gr’n*am,l = W*gm*(¢vm,, + dam,l)
= Tr*gm*(T(;wn,l)
/
= Top.(9)-

XxAl

Now we look at the contribution of d <7r X ) h. Since we can assume that the
*

triple (g,w, h) has the form described in Theorem 6.9, we have by Proposition

2.35
a [ n) =G = ) - w.
XxAl/X

Applying 7", and the equalities T, = —dT; and 1" — <ﬂ.§§xA1) ) Ty,
(fXxAl/X h
both of which holds by Remark 6.20, we can now conclude that
(fo)o K (Vg) + d(—1)"ugn” ot +d (ngml) T =T, (6.10)

Since T/, = w'T,, is a smooth current in FPD"(X;V,), this shows that the image
of k is indeed contained in ZMU"(p)(X). |
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We will now show that homotopic triples yield cobordant Hodge filtered
cycles. We continue to work within the context of diagram (6.9).

Lemma 6.25. Let (go,wo, ho) and (gi1,wi, h1) be triples in MU (p)o(X) and
assume there is a homotopy (ge,ws, he) between them. Then

K(g1, w1, h1) — K(go,wo, ho) € BMU™(p)(X)
where BMU™(p)(X) is the group of bordism data defined in (4.14).

Proof. Say go = A(¢?) and g1 = A(g]) with g € Map™(Z*X,, MU (m,1)).
Since there is a homotopy ge between gy and ¢;, there is by Lemma 5.5
also a pointed homotopy ¢ between g{)h and gT, if m and [ are large enough.
Using the technique of Lemma 4.8 we can take g0 to be a pointed homotopy
Yk X, x R — MU (m,l) which is smooth on the preimage of 7, ;, such that for
some € > 0 we have

g, z) = gM(v,z) ift<e, and g¢'(v,z) =gl (v,z)ift>1—e (6.11)

Since ¢ is a pointed homotopy, we can consider it as a map LYFX, — MU(m, ).
By Thom’s transversality theorem, since gS“ and ¢ are transverse to Gr,, (C™*),
we can perturb ¢ slightly to achieve g € Map™(SX* X, MU (m,1)). Put

gu = A(gd) € Map™(R x X,QMU,,).

Then we let B e
b= (b, Ny, Vi) i= pulg,) € ZMU (R x X),

with b = (ap, fp): W — R x X. This is a geometric bordism datum over X. Let
ir: X = R x X be the map i;(z) = (¢,2). Then we have for ¢t = 0,1

ith = pv(ge)

since g, o1y = g4, and py is natural by Theorem 5.13. Recalling the definition of
1 (b) from Definition 4.30, it follows from (6.11) that

(9B, (B)) = (i7b — igh, (~1)**'(fi)-Tr(v))-
We remark that (6.11) also implies
Soxxar A(98) amg = (i1)«(97)* ma = (i0)«(90) m

and in particular that Proposition 2.13 applies to ((gﬂ“)*amyl) Rk s X AL
Appealing once more to Theorem 5.21, and using n+ 1+ k+ 1 = 2m + 2,
we have so far shown:

(pvlg1) = polgo), (~1)" (75XAT) (g)*(v,.,)) € BMU™ (p)(X).
In order to show that

k(g1 w1, h1) — K(go,wo, ho) € BMU" (p)(X)
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The map « from homotopy to geometry

it remains to show that
(—1)"m ((91) @t — (90)" 1)
+ (ma) (T, = Ty + (1) (T4 (90) (69,00
belongs to FPA"1(X;V,), as defined in (2.12) by
FPA™ (X, V,) i= FPAYL(X;V,) + dA" (X V).

From Proposition 2.13 we get that modulo the image of d we have
k 1
(o) ama = () amr = (T2 ol am,

in DR L(RY x X;V,). Applying 7., this implies that in D"~ 1(X;V,)/Imd we
have

7o (90) = (00) s + (75°AT) (FF2AT) (60)* (09.00)
= (R8) (RN (D) (damy + b))
() ()
By Remark 6.20 we have

(”g{}kxﬁwl) (98)" T, = Tyt (gu) i D"THX < AL VL),

Hence we have shown:
1 k 1
T ((97) @ = (90) ) + (75°27) ((7525047) (6)*(6v.00))

X xAl /
= T T 1 .
( X )* Lt (9h)

By Stokes’ theorem, we have

JAURCEY NN N SRS W O
Al x Al Al x Al Alx0 1x Al Alx1 Ox Al

Applying this, or rather its analogue for the currential pushforward following
from Proposition (2.13) to the closed current T}  yields

A (w88 ap == () (T — T+ T~ T3

sm

This finishes the proof, since

(@gml) T, =w'T e FPD"V(X; V)
* xxal/x*

is a smooth current of filtration p. |
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6. Comparison of Hodge filtered cobordism theories

We consider MU (p),,(X)o with the binary operation
(A(g),w,h) + (A(g"),w',h') = (A((g V ¢') o pinch,w + W', h + 1),

for maps g, ¢’ € MapT(EkX+, MU (m,1)). This binary operation induces the
addition on MU (p)"(X). Recall from Proposition 5.17 that

py: Map (X, QMU,) — ZMU' (X)

is a homomorphism, in the sense that for g1, go € Mapf(EkX+, MU (m,l)) we
have

pv(A((g1V g2) o pinch)) = pv(A(g1)) + pv(A(g2))-
We conclude:

Lemma 6.26. The map x: MU (p)n(X)o — ZMU™(p)(X) is a homomorphism
in the sense that if for i = 1,2 we have v; = (A(g"),w;, hi) € MU (p)n(X)o,
then

K(A((gM v gi) o pinch),wy + w2, hy + ha) = K(71) + K(72).

Let v be an arbitrary element in MU/ (p)(X)o. By Theorem 6.13, v
can be represented by a triple (g,w,h) in MU (p),(X)o. If (¢/,w', 1) is
another representative of ~ in M Uﬂ‘s(p)n(X )o, then there is a homotopy
between (g,w,h) and (¢',w’,h'). By Lemma 6.25, the images of (g,w,h) and
(¢ ', h') under k agree in MU™(p)(X). Hence there is an induced map of
sets k: MU (p)(X) — MU™(p)(X), which it follows from Lemma 6.26 is a
homomorphism. Thus we have proven the following key result:

Theorem 6.27. For every complex manifold X and integers n, p, the map k
induces a homomorphism of cohomology groups

w2 MU (p)(X) = MU" (p)(X).

6.5 The map « respects pullbacks

Now we show that x commutes with the pullback along holomorphic maps. Let
F:Y — X be a holomorphic map. Recall from (5.8) that we define

Map"? (SF X, MU(m,1)) € Map] (X, MU(m, 1))

to be the subset of maps g such that g o 2¥F € Map?(SFY,, MU (m, 1)).

Definition 6.28. We denote by MU}TS’F(p)n(X)O the subset of triples (g,w, h) in
MU (p)n(X)o such that g = A(gs) for a map ga in Map™¥ (BFX 4, MU(m,1)).

Then the pullback for MUy is induced by the map

F*: MUY (p)n(X)o — MULL(p)n (Y )o
F*(gvhaw) = (go EkF+,F*h,F*W).
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The map « is an isomorphism

Lemma 6.29. For every element v € MU (p)(X), there is a representative
(g,w,h) in MU}T;’F(p)n(X)O. Furthermore, the following diagram commutes:

MU () (X)o — MU (p)n(Y)o

ZMUE(p)(X) ZMU" (p)(Y).

*

Proof. For the first part, Lemma 6.14 reduce us to showing that the set of maps
Map (2% X, MU (m, 1)) contains maps from every homotopy class of pointed
maps X¥X, — MU (m,1). This follows from the fact that transversality is a
generic property.

For the second part, we use naturality of pullback of currents, together with
Proposition 5.13, which tells us that F'* is defined on the image of the left hand
vertical arrow, and that F*(py(g)) = pv(go X*F,). We note also that since
F has even codimension, we have F*T, = T}. ,, and similarly for h since also
F x Ida: has even co-dimension. The lemma follows. |

Since homotopies of triples are sent to Hodge filtered cobordism relations by
Lemma 6.25 and every element in MU (p)(X) can be represented by a triple in

the subset M U}E’F(p)n(X )o by Lemma 6.29, we have proven the following result:

Theorem 6.30. Let F': Y — X be a holomorphic map and n, p, be integers.
Then we have F* o k = k o F}, where F* denotes the pullback in MU (p)™(—)
and FY, the pullback in MU (p)(—).

6.6 The map « is an isomorphism

We will now show that s respects the structure maps of a Hodge filtered
cohomology theory. The respective long exact sequences of both theories will
then imply that s is an isomorphism.

In Section 3.3 we showed that MUp is a Hodge filtered cohomology
theory. We denote its structure maps with a subscript D. Recall that the
maps Ip and Rp are induced from the canonical maps MUp(p) — MU,
and MUp(p) — H(FPA*(V,)), respectively, and ap is a certain connecting
homomorphism. We similarly define structure maps Ryg, Ins and aps for M Ups(p).
Then the arguments from 3.3 also show that MU, is a Hodge filtered cohomology
theory over ¢: MU*(X) — H*(X;V,). From these descriptions of the structure
maps we deduce:

Proposition 6.31. The isomorphism MU, (p)(X) = MUZ(p)(X) of Theorem
6.12 is an isomorphism of Hodge filtered cohomology theories.

For MUy we can lift the structure maps from the level of maps in the
homotopy category, to the level of 0-simplices of the simplicial mapping space
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6. Comparison of Hodge filtered cobordism theories

using Theorem 6.9. On this level, the structure maps are given by
Ins: MUL(p)(X)o — Map™ (X, QMU,)
(g:w,h) =g
Rys: MU (p)(X)g — FPA™(X;Vy)
(g,w, h) = w,
ans: d~H (FPA" (X3 V)" — MUL(p)(X)o
h— (0,dh, 1oh)
where 79 is the map 79 = d o hg: A" H(X;V,) — A"(X x AL V,) from (2.21).
Note that by (2.20) we have ijTh = 0 and i;7h = dh, so that using Theorem

6.9, ans(h) = (0,dh, Toh) represent a class in MU} (p)(X). Recall from (5.7) the
classical Pontryagin—Thom map

p: Map™ (X, QMU,,) — ZMU"™(X).
We denote also the induced map MU (X) — MU™(X) by p.

Lemma 6.32. The map x: MU}, (p)(X) = MU"(p)(X) respects the structure
maps in the following sense:

Koaps = (—1)" ta,
lTok=poly and
Rok = (_1)nRhs~

Proof. Let [h] € H" ! (X; %(V*)) be a class represented by a an element

h € A"71(X;V,), with dh € FPA"(X;V,). We have (7T§XA1>*TT’O}L =T by
(2.22). Since T}, = (—=1)""1T}, we get by the definition of x, Definition 6.21,
% 0 ans([h]) = a([(=1)"""A)).

Compatibility with I holds on the level of triples (g,w,h) € MU (p)n(X)o,
since the underlying cobordism cycle of py(g) is p(g). Finally, the equality

Rok[(g,w, h)] = [T]]
was verified on the level of forms in the proof of Lemma 6.24. We have
(T2 = (~1)"[T.], 5o that Rok[(g,0, h)] = (—1)" Rys(g,, h). o
Theorem 6.33. The map k: MUyps(p)™(X) — MU"™(p)(X) is an isomorphism.

Proof. It follows from Lemma 6.32 that x fits into a morphism of long exact
sequences:

AT

s HL(XG AL (V) =2 MU (p)(X) —2 MUP(X) — - --

l(l)"‘l-id J/m J{p

o HY (X 5 (V) — = MU (p)(X) ——> MU™(X) ——> -
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Alternative approach to a,

Since the outer vertical maps are isomorphisms for each n and p, the five-lemma
implies that x is an isomorphism. |

Together with Theorem 6.12, this finishes the proof of Theorem 1.1.

6.7 Alternative approach to o, ;

We end this chapter by describing an approach to the comparison currents a;y,
which is less canonical and concrete than that used in the above, but simpler in
the sense that it follows from abstract nonsense.

The forms ¢, of (6.1) and currents ¢v,, , = (tm,1)«K (V) of Definition
5.19 are different objects. However Ty, € D*™(MU(m,1);V.) represent the
same class as ¢y, , in H*™"(MU(m,1);V.). For this, recall that the Thom
isomorphism is induced by integration over the fiber. Thus two currents in
D .(Ym,1; Vi) are cohomologous if and only if their images under the pushforward
along 7, 11 Ymy — Gry, (C™*+!) are cohomologous. We have

/ Ui A K (Vo) = K(Von)
Ym,l /Gr'm ((C'm,,l)

by the projection formula for integration along the fiber, recalled at Proposition
2.35. Similarly, we have

(Tm 1)« (1 K (Vi 1)) = K (Vi 1)

since 7,1 0 by, = idgy,, (cm+1). Since both Gr,, (C™*Y) and 7, are of even real
dimension, we have for each w € A* (MU (m,1);V,) the equality

(Wm,l)*Tw = Tf € D*(Grm(cm—‘rl); Vi)

Ym,1/Grm (cmol)

This establish:
[Ts,.,] = [¢v,.,] € H™ (MU (m,1); V..).

It follows that there are currents
Q.1 € D*™H (MU (m,1); Vs)
such that
dam, + ¢v,,, = bmy in D> (MU(m,1); V,). (6.12)

Since WF (daym, ) = WF(¢v,,,) C N(tm,), we can by Lemma 4.43 furthermore
assume
WF(O() - N(l,mJ).

This is important because then g*,, ; is defined whenever g M ¢,,, ;, by Theorem
2.23. The choice of a;,; is unique up to an exact current, since

H*™=Y (MU (m,1); V) = 0.
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6. Comparison of Hodge filtered cobordism theories

Concretely, this implies that given another current o/ € D*™~ (MU (m,1);V,)
satisfying da’ + ¢v,, , = dm,1, we have

d(am,; —a') =0.

The vanishing of H*™~ (MU (m,1); V.) = 0 means that we can find a current /3
in D*™=2(MU (m,1); V,) such that d = a,,; —a’. We will eventually only care
about o, modulo the image of d, and as such we see that «, ; is well-defined.

From propositions 6.2 and 5.20 it follows that modulo exact currents, we
have

_ * — %
Il Om l+1 = Om,l and '/T*(Jm,l am—&-Ll) = Q-

where m: C® vp,,1 — Ym,1 is the projection. Hence we may by Proposition 5.7
define
pb®: Map™ (X, QMU,) — D*(X; V.)/Im (d)

by pb(g) = Tagan” 1 for any ga € Mapl (S X, MU(m, 1)) with A(gs) = g,
where 7: R*¥ x X — X denotes the projection. Using this definition of pb® in
Definition 6.21, k£ becomes a map

Kt MUB(p)n(X)o — ZMU" (p)(X)/a(Im ().
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Chapter 7

Pushforward for geometric Hodge
filtered cobordism

In [30], Hopkins and Quick show that there are pushforward maps
9.2 MUB(p)(X) = MUB4(p + d)(¥)

for g a projective morphism between smooth projective complex varieties. In
fact, they show that there are pushforward maps for a logarithmically refined
version of MUp for smooth complex varieties. This theory coincides with MUp
for projective smooth complex varieties. In [30, Section 7], the existence of such
pushforwards is a rather formal consequence of the projective bundle formula.

In this chapter, we give a geometric description of a pushforward, inspired
by the pushforward map of [§],

gt MU (p)(X) — MU (p + d)(Y)

for all proper homolorphic maps between complex manifolds, where d isthe
complex codimension of g. Hence our pushforward exists for a significantly larger
class of maps than the one in [30].

This presumable makes the restriction of the theory MU?*(x) to algebraic
manifolds into an oriented Borel-Moore cohomology theory in the sense of [39],
though we do not check all the axioms.

We believe that our geometric pushforward coincides with that of [30] when
both are defined. To prove this one must establish the projective bundle
formula for MU™(p), and show that the isomorphism with MUZ(p) preserves
this structure. We have not checked the details.

The chapter is structured as follows: We define the notion of an MUp-
orientation of a holomorphic map g. We then define a pushforward along
proper and M Up-oriented maps. Next we establish some basic properties of the
pushforward. Finally we use ideas from [34] to show that any holomorphic ¢ has
a canonical M Up-orientation.

7.1 Hodge filtered M U-orientations

We recall from(4.34) that a geometric bordism cycle fcan be thought of as a
proper complex oriented map g: Z — X with alift of Ny from K%(Z) to the group

of pairs (E, V) modulo the relation (E,V) ~ (E, V') whenever Kcg(V, V') = 0,

where Kcg(V, V') is the Chern—Simons transgression form of Proposition 4.22.
When f is holomorphic we can involve the Hodge filtration.
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7. Pushforward for geometric Hodge filtered cobordism

Definition 7.1. Let Z be a complex manifold. We define the set of Hodge
filtered MU-orientatvions, MUp-orientations for short, of filtration p on Z,
which we denote by K°(p)(Z), as follows: An element is represented by a triple

(E,V,0) where E is a complex vector bundle on Z, V is a connection on E and
o€ ANZ;V.) such that

KP(V) +do € FPA(Z;V,).

Then K°(p)(Z) is the set of equivalence classes under the equivalence relation
generated by the following relations:

« (B,V,0)~(E®©CyVado).
o (E,V,0) ~ (E' V' d") if there is an isomorphism f: E — E’ such that

[0’ =0+ Kes(V, [*V') + a for some
a€ FPAYZV,) = FPANZ :V,) + dA2(Z; V).
We will continue to suppress the p from the notation and write K instead of
KP. We define the map K: K°(p)(Z) — H°(Z; FP A*(V,)) by
K[E,V,o] = K(V)+do.
We now define the group of all M Up-orientations on Z by

K%(e)(2) = D E°(n)(2).

Here an element of the sum P, K°(p)(Z) is a sequence of elements [E,, V,,0,] €
K°(p)(Z), so that E, # 0 for only finitely many p. To define the addition on
K°(e)(Z), we first define addition of generators by

+: K°p)(Z2) x K°(p')(Z2) — K°(p+ ) (Z) (7.1)
[E,V,o| +[E' V' d]=[EaE, VoV, c N\K(V')+d ANK[E,V,0]].

This operation is well-defined. We show that the choice of representative for the
first argument is immaterial. The proof for the second variable is similar. For
the first relation, we compute

(E®C,,Vado)+ (E,V, o)

=(EaCa®FE, VaedaV', c NK(V')+0 ANK(E,V,0))

~(E®E, VoV, c NKNV')+0 NK(E,V,0)).
For the second relation we use that for a € FPA~Y(Z;V,), we have

aANK(E' V' ¢') € FP*P A~ Y(Z:V,)
together with the fact that
Kes(Va V. V' & V) = Kos(V, V") AK (V).

It remains to see that K ([E,V, o]+ [E',V',0']) € FPT? A%(Z;V,). This follows

from the following lemma:
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Hodge filtered M U-orientations

Lemma 7.2. K ([E,V, o]+ [F',V',¢']) = K|E,V,0] ANK[E',V', o]
Proof. This is a straight forward computation:

K ([E,V, o]+ [E',V' o))

K(VoV)+doANK(\NV')+d ANK[E,V,0])
K(VYANK(V')+do ANK(V')+do’' NK[E,V,0]
= (K(V) +do) A K(V') + do’ A K[E,V,0]

= K[E,V,0] NK[E', V', 0']. [ |

We also define I: K°(p)(Z) — K°(Z) by I|E,V, 0] = [E].
Proposition 7.3. The addition on RO(O)(Z) is commutative.
Proof. Since ¢’ is of odd degree, we have the equality modulo the image of d
o' Ndo = do’ N o.

Also K(V), K[E,V,0], do and do’ are of even degrees and hence in the center
of the ring A*(X;V,). Hence in A~1(Z;V,)/Im (d) we get the equalities

o ANK(V')+d NK[E,V,0] =0 ANK(V')+ 0" AN(K(V)+do)
=oc ANK(V')+ ' NK(V)+do' Ao)
=(K(V')+do')No+aoANK(V).

This resolves the apparent asymmetry in the definition of 4+. The proposition
follows. |

Proposition 7.4. The set K°(e) together with the above operation is a group.
Proof. The cycle (C,,d,0) represents an additive identity element. We must
show existence of inverses, so let (E,V,o) be a cycle. Then we can find a
complex vector bundle E’ such that E @ E’ ~ C. Give E’ the connection V’
induced from d by the direct sum decomposition £ @ E’ = Qg . We can write

K(V)+do=1+Ky(c1(V)) +doa + Ky(c1(V),c2(V)) +dog +--- € A°(X; V)

with Koi(c1(V), - ,ci(V)) € A¥(Z;Vy;), and 09; € A 71(Z; Va;). Tt follows
from the Milnor-Quillen theorem on MU that there is an isomorphism

Vi C[b27b47 o ]
Hence we can view K (V)+do as a powerseries over the commutative ring A?*(Z)

in the variables bg; for i < dimg Z. Since the constant term is 1, K (V) + do is
invertible by Lemma 2.57. We put

o' = (f{cs(v OV',d) —o A K(v’)) A (K (V) +do) "
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7. Pushforward for geometric Hodge filtered cobordism

We allow ourselves to suppress the isomorphism F @ E' ~ Qg from the notation,
and pretend that d is a connection on @ E’. We get

(E,V,0)+ (E',V',o')=(E®E', VoV’ o AN(K(V)+do)+aoNKV))
—(EaE, VeV, Kes(VaV.,d) —oc AK(V')+0AK(V'))
~(C%, d, 0),
which finishes the proof. |

Definition 7.5. We define an M Up-orientation (of filtration p) of a holomorphic
map g: Z — X to be a class

N, =[Ny, V,, 04 € K°(p)(Z)

and a representative of the canonical complex orientation of g of the form
(Ng, ®4). More precisely, a representative of a MUp-orientation is a tuple

Ng = (Ng7 ®y,Vg,04),

where (Ng, ®4) represents the canonical complex orientation of g, Vg4 is a

connection on Ny, and o, € A=Y (X;V.) is a form such that

K(N,) :=K(V,) +do € FPA"(X;V,).
Given a representative of an MUp-orientation of g, we write § = (g, Ng, Vg, 0),

and g = (9, Ng,Vg4). We also write K(§) = K(N).

7.2 Pushforward along proper maps with Hodge filtered
MU -orientation

Let Ny = (Ny, Vg, 0) represent an M Up-orientation of filtration p of a proper
holomorphic map
g: X =Y

of complex codimension d = dim¢ Y — dim¢ X. We now construct a map
Go: MU (p')(X) — MU™4(p' +p+ d)(Y).

We use the currential description of MU"(p)(X) from Section 4.12. We write

gof=(gof, Ny& f*Ny, Vi & f*V,) for the composed geometric cycle.
Definition 7.6. We define the pushforward on currential cycles thus:

Gt ZMUG (') (X) = ZMUZ*A(p" +p + d)(Y)

G(Fm = (507, 9. [K(V) Ah+onR(Fn)).
Lemma 7.7. We have §.(f,h) € ZMU2(p/ +p+ d)(Y).
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Proof. We must verify that R(g*(f, h)) is in the correct filtration stage:

R(G.(f,h) = gu [ K (V& f*V

g+ @*((VﬁAh+aARGﬁD
= 0. ((F K (V1) AK(9) + g0 (K (V) Adh+do A R(F )
K(

V) +dh) + do A R(7, h))

Since K(j) € FPA(X;V.), R(f,h) € FF'D"(X), and g is holomorphic of
codimension d it follows that

9. [K(No) A R(F,n)| € Proviprsd(y;p,)
as required. |

Theorem 7.8. Let g: X — Y be a proper, holomorphic and MUp-oriented map.
The class ~

[9(f, b)) € MUF™2(p' + p+ d)(Y)
is independent of the representative of the orientation class [N4] € K°(p)(X),

and of the representative (fv, h) € ZMU™(p) of the Hodge filtered cobordism class
[f,h] € MU™(p')(X).

We split the proof into the following two lemmas:

Lemma 7.9. Let g = (g9, Ny, V,0) and §' = (g9, Ny, V', 0’) be two representatives
of the same MUp-orientation of g: X — Y. Then for each v € ZMU (p')(X)
we have

[9:7] = [527]-
Proof. We have from definition (7.1) that
o' =0+ Kes(V', V) +ala)

for some o € FVOA’I(X; V.). The difference between g o fand g o fis that the
connection V; @ f*V is replaced with V; & f*V’'. We have

Kes(Vy® f*V, Vi@ V') = K(Vy) A f*Kos(V, V).
Hence
oA fK(Vp)+ [ Kos(Vi® [V, Vi@ V)

= (0 + Kcs(V, V) A f.E (V)
=o' A f*K(Vf)

Using this, together with
K(V)+do=K(V')+dd,
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7. Pushforward for geometric Hodge filtered cobordism

Proposition 7.3 and Lemma 4.34 we finish the proof with this computation:

Go(Fu) = [Fod. 9. ((K(V)+do) Ah+0 A fK(V)))]

—|Fod, g (K(V) +do) Ah+o A fK(V))

+ foRes (Vi@ V',V & f*V))}

_[7o7. g*(<K<V'>+da’>Ah+o'Af*K<vf>)]

= [g.(F.m]. 0
Lemma 7.10. Given a representative of an MUp-orientation of g, we have
G« (BMUZ(p')(X)) € BMUF ™! (p' + p+ d)(Y).
Proof. First let o € F*' A"~1(X;V,). Then we have
g=(a(@)) = (0, g+ (K (V) + do) A av)).

Clearly g, ((K(V) + do) A ) € FPHP'+dDpnt2d(y: ) ) 50 g,a(c) represents 0 as
it should. It remains to show
J«(BMU. (X)) C BMU}E(Y).

geo geo

This is proven in [8, Lemma 4.35]. We give a proof. Let b € %H(R x X) be a
geometric bordism datum on X, as defined in Definition 4.30. Let ¢ denote the
geometric cycle idg x g: R x X — R x Y with the product geometric structure,
where idg has the geometric structure (idg,Cg,d). Then €0 b is a geometric

bordism datum over Y. We recall that R(@g, w(g)) = 0. Using that g is of even
real codimension we get

¥(€0b) = gu (K (Ng) A(b).
Hence we finishes the proof by:
3.(9, 0 (@) = (0 b, 9. [K(N,) A o))
_ (a(goz), ¢(€o~)) . n

Theorem 7.8 now follows from Lemmas 7.9 and 7.10.

7.3 Properties of the pushforward

Next we establish some properties for the pushforward of Section 7.2.

128



The canonical Hodge filtered M U-orientation of holomorphic maps

Theorem 7.11. Let g: X — Y be a proper holomorphic map of complex
codimension d with MUp-orientation represented by § = (g, Ny, Vg4,04) Then
the following diagrams commute:

H (X B (V.)) —— > MU (p)(X) MU™(X)

g*(K(g)/\_)l lg* lg*

Hr 120y B (V) —e MUP2(p 4 pf 4 d)(V) — MU2(Y)

) Frtp’+d

and

MUF(p)(X) ———" > H™(X; FPD*(X; V)

g*l lg*(K(é)/\)

MUgLJer(p +p +d)(Y) _RrR_ Hn+2d(X;Fp+p/+dD*(Y; Vi))-

Proof. Let [h] € H* 1 (X; ?p (V*)) Then

G+ (a[h]) = G« [0’ h]
=[0,9.K(Ny) A hj
o (g (K(¥,) A1)

which proves that the first square commutes. Next we have
ge o I1f 1) = guf, Nyl = g o £, Ny @ [*Ng) = I(g.(. ).
Finally, we have already seen in the proof of Lemma 7.7 that
R(g.(7)) = g+ (R(y) N K(Ny))

which shows that also the second square commutes. |

7.4 The canonical Hodge filtered M U-orientation of
holomorphic maps

It is convenient to follow Karoubi in working on a larger category than that of
complex manifolds. We extend the Hodge filtration to the de Rham complex of
product manifolds S x X, where S is a real and X a complex manifold, by

FPA*(S x X) = A*(S)RFPA*(X).

Here ® denotes the closure of the algebraic tensor product in the space A* (SxX)
with its usual Fréchet topology. Using this definition of FP, we extend the
definition of K°(0), as defined in Section 7.1 to products S x X as follows.
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7. Pushforward for geometric Hodge filtered cobordism

We define the sheaf Q° by
QS xX)={f: SxX = C:df € F*A'(S x X)}.

When S = pt we recover the definition of Q° as the sheaf of holomorphic
functions. Let m: E — S x X be a complex vector bundle of dimension n
with local trivializations {(U;, p;)}. Define the transition functions g;;: U;; =
U, N Uj — Mn((C) by

pPi © pj_l = (idUij,gij({E))t Ul‘j x C" — U,‘j x C™.

We say that I is partially flat if the trivializations can be chosen so that g;;
belongs to M, (2°(U;;)), where M,, denotes the set of n x n-matrices. This is
equivalent to saying

dgij S FlAl(Uij; Mn((C)> = Mn(FlAl(Ulj))

If S = pt, a partially flat vector bundle over S x X is just a holomorphic
vector bundle over X. Let E and E’ be two partially flat vector bundle over
X of dimensions n and n', respectively, with local trivializations {(U;, p;)} and
{(U;, p})} as above. Then a map o: E — E’ is partially flat if

p; © aopi_l € Myxn(Q°(Us)).

We then define K3.(S x X) as the group generated by partially flat vector
bundles, modulo the relation [Fy] = [E}] + [E3] whenever there is a short exact
sequence of partially flat vector bundles

0— FE, - Ey — E3 — 0.

When S = pt, we have K35(S x X) = K} ,;(X).

Let V be a connection on F. Then with respect to the local coordinates
(Ui, pi), V acts as d + 6%, where 6" = (9§k) is a matrix of 1-forms. Recall that we
have

0" = g5, dgji + g5, 07 gji

and that conversely any such cocycle {6} defines a connection. We say that V
is a Bott-connection if for each i, j, k we have

0, € FTAY(X).
Then the curvature of V, which in local coordinates is represented by the matrix
o' + 6" A 6",

clearly belongs to F'A%(S x X;End(E)). In particular, for any invariant
polynomial of total degree 0 with coefficients in a commutative graded C-algebra

R, we have
P(V) € FPA%(S x X;R).
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Our main examples are
ch(V) € FPA°(S x X; K, ® C)
and
K(V)e F°A°S x X; MU, ® C).

Karoubi shows in [34, Theorem 6.7] that picking a Bott connection D, the
assignment
Ew [E,D,0] € K°(0)(S x X)

defines a map
KRp(S x X) — K°0)(S x X).

That is, the class [E, D,0] € K°0)(S x X) is independent of the choice of
Bott-connection D, and the relations of K35(S x X) also hold in K°(0)(S x X).
We adapt his proof to show:

Proposition 7.12. There is a well defined map
K KPp(S x X) — K°(0)(S x X)
given by
k[E] = [E, D,0],
where D is any Bott connection on E. In particular, k gives a map K}?Ol(X) —
KO(0)(X).

Proof. We first show that there always exists a Bott connection. Let {(U;, p;)}
trivialize E as above, so that the transition functions g;; have dg;; € F'. Let
(X\i) be a partition of unity subordinate to {U;}. Then put

0" = Z Aegri dgi.
%

Clearly 0° € F'. Over U;; we compute, using that since gy; = gx;g;; we have
dgri = dgkj - 9ji + grj - dgji,

0 = Z NkGpi drs
o

= M5 0, (daws - 9ji + gridgsi)
K

=g:' > M (gk_jldgkj + d) 9ji
K
=95, 0" g9ji + g5, dgji

which demonstrates that the 0% are the connection matrices of a Bott connection.
Let D and D’ be two Bott connections on E. Let m: I x S x X — S x X denote
the projection. Then D" =t-7*D + (1 —t) - #* D’ is a Bott-connection on 7*F.
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7. Pushforward for geometric Hodge filtered cobordism

Let i;: S x X — I x S x X be given by it(x) = (t,z). We observe that both ¢}
and 7, are filtration preserving maps. In particular, 7. K (D"”) € FCA~Y(X;V,),
which together with Kcg(D,D’) = m,. K (D") proves that

[E,D,0] = [E,D’,0] € K°(0)(S x X).

Hence ([E]) is well defined; it remains to show that x respects the relations of
K. Let
0—>FE - FEy— E3—0

be a short exact sequence of partially flat vector bundles, and let D; be a
Bott-connection on FE;. Choosing a smooth splitting, we can view D; & D3
as a connection on Fs. Of course the actual connection on Es thus obtained
depends on the splitting. However, the class [Fa, D1 @ D2, 0] is independent of
the splitting by the second relation in Definition 7.1. In general, D1 @& Ds is not
a Bott connection, but it does satisfy

K(D; @ Ds) € FCAY(S x X;V,)

since K is multiplicative. Considering the connection ¢t - Do + (1 —t) - D1 @ D3
on 7" Ey, we again find

Kes(Dy, Dy & Ds) € FOAY(S x X;V,).
This finishes the proof. |

The idea for defining the canonical M Up orientation for a holomorphic map
g: X — Y is to apply this proposition to the virtual holomorphic normal bundle

Ny = [g"TY] = [TX] € Kjjo(X).

We do however need a representative with an explicit complex vector bundle and
a short exact sequence ®, representing the complex orientation. Let ¢: X — Ck
be a smooth, proper embedding. We get a short exact sequence

D(g,i) %« k
E=(0 TX g TY & Cx N(gﬂ-) 0.

Let Dx be a Bott connection for TX, and Dy a Bott connection for ¢*TY . Let
Vg4 be any connection on Ny ;. Then we have

~

K(Ng) = [Ng.i, Vg, Kcs(€)] € K°(0)(X).

This is the canonical MUp orientation of g.

Theorem 7.13. Let g: X — Y be a proper holomorphic map of codimension d.
Then there is a pushforward

gt MU (p)(X) = MU (p + d)(Y).
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The canonical Hodge filtered M U-orientation of holomorphic maps

Proof. This follows from applying Theorem 7.8 with x(N,) € K°(0)(X;V,) as
the lift of [¢*TY] - TX € K°(X). |

Remark 7.14. If the map g is projective, we can use the Euler sequence to get a
holomorphic representative of the stable normal bundle of g. However, as we
have seen, this is not necessary for our theory.

Remark 7.15. Sometimes there can be other ways of getting a lift of the virtual
normal bundle to K°(0)(X). In particular, we have the following construction:
When X and Y are Hermitian manifolds, one can consider the virtual Hermitian
normal bundle N, = [¢*Ty]| — [Tx] € K°(X;V.). Here K°(X;V,) is a group of
virtual Hermitian holomorphic vector bundles, defined similarly to the group
of virtual Hermitian vector bundles of Gillet and Soulé in [20], but with the
multiplicative sequence K replacing the Chern character. That is, the generators
are triples [E, h¥ n] where E is a holomorphic vector bundle with Hermitian
metric h¥, and 7 is a real form in A= 71(X;V,)/(Im (9) + Im (9)). We impose
for each short exact sequence of Hermitian vector bundles

£ = ( 0 B Es Es 0 )
the relations
(E17hE17771) + (E37hE37773) ~ (EQ’ hE27772 + [’%BC(S))

where Kpo(€) € A~171(X;V,)/(Im (8) + Im (8)) is the Bott-Chern double
transgression form. It satisfies

dd°Kpc(E) = K(V1) A K(Vs) — K(V2)

where V; is the Chern connection of (E;, h), and d° = (9 — 9). We consider
the diagram

R'O(X;V*) — K (X5 Vs) (7.2)

which we warn in general does not commute. Here the map d° takes (E,h”,n)
to (E,V},e,dn) for Ve the Chern connection of (E, h%). The map d° is well
defined because

OKpc(€) = Kog(€) € A~N(X;V,)/Im (d)

where we mean the Chern—Simons transgression form with respect to the Chern-
connections. Then N, € K°(X;V,) is a lift of the virtual holomorphic normal
bundle [¢*TY]—[TX] in KD,,(X). Let us analyse the commutativity of (7.2). The
question is whether [F, V,d°y| = [E,V,0]. Le. whether [a(d°n)] = 0. This is the
case if d°n € FOA=1(X;V,). Modulo FOA~1(X;V),), we have d°n = 20n, so we
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7. Pushforward for geometric Hodge filtered cobordism

are left with asking if O is exact. This is the case for manifolds satisfying the 90-
lemma, such as compact Kéhler manifolds, but it is not generally true, essentially
because the Frohlicher spectral sequence can be arbitrarily non-degenerate.

Recall that compact Kédhler manifolds are Hermitian manifolds for which the
Chern connection on the holomorphic tangent bundle agrees with the Levi-Civita
connection of the underlying Riemannian manifold. We think of the difference
of the two lifts of N, from K°(X) to K°(0)(X) as a measure for the failure of
the real geometry of g to coincide with its complex geometry. It is then maybe
not surprising that, in the situation of a map between Hermitian manifolds,
there are two pushforward maps: one induced by the complex geometry of the
holomorphic map, and one induced by the real geometry of the Hermitian normal
bundle, and that the two agree for manifolds satisfying the 99-Lemma such as
for example Kéahler manifolds.

7.5 Functoriality

Let g;: X; — Xi41 be a proper holomorphic map of complex codimension d;,
and MUp orientation N,, € K%(p;)(X;) for i = 0,1. We define the composed
MUp orientation of g, o g1 by

N92ogl = Ngl ""_QTN_% € f(o(pl +p2)(X1),

using the addition defined in equation (7.1).

Proposition 7.16. Let g5 o g1 be endowed with the composed MUp-orientation.
Then we have (g2)« o (g1)« = (g2 © g1)« as maps

MU} (p)(X1) = MUFF2IT2E () 4 py 4 py + dy + da2)(X3).

Proof. Represent the M Up-orientations in the form ¢; = (gi, N;, Vi, 04). As
before we let g; denote the underlying geometric cycle obtained by dropping
oi;. Then the data of the composed M Up-orientation is contained in §yo =
(912, N12, V12, 012) defined by

g12 := (92091, N2 @ gi N1, Vo ® g1 Va, g1 K(Ng,) Aoy +gioa A K(Vg,)).

Observe that the underlying geometric cycle of g2, which we denote by g12,
is the composed geometric cycle

g12 =920 41.
Let v = (f, h) € ZMU(p")(X1). Then the underlying geometric cycles of
(G12)«7 = Grz 0 f, hi2)

and N
(92)« 0 (g1)+7 = (G2ogro f, I')
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agree. Hence we must show that o = A/, at least modulo FPD*(Xs;V,). We
use the projection formula (2.11) to compute

W = (92), |[K(Np) A (g1), (K(Np) A+ 01 A £ (V)
+ 02 A (90). £ (K(V5) A K (Vy,)) ]
= (92001). [51 K (Ny) A K(N,) b+ gTK(N,,) Aow A fK (V)
+ 02 AK (V) A FK (V)]

= (92001), [K (Ngsoq,) N+ (91K (Ng,) Aoy + gioa NK (V) A fK(V)]

=(92001), [K (Ngyog,) Nh+ 012 A fu K (V)]
= h1o. |

Since the map K9 ;(X) — K°(0)(X) is a homomorphism, it is clear that the

canonical M Up-orientation of g o g1 is the M Up-orientation composed of the
canonical M Up-orientations of g, and ¢;.
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Chapter 8

An Abel-Jacobi map for algebraic
cobordism

8.1 From algebraic to Hodge filtered cobordism
In this section, we let X denote an algebraic complex manifold. The functor

MU (%)(=): X = D MU (p)(X(C))

P

is an oriented Borel Moore cohomology theory on the category of quasi-projective
smooth complex varieties in the sense of [39]. Here X(C) denotes the space
of complex points of X with the analytic topology. This is complex manifold
and we will from now on just write X instead of X (C). In [39] it is shown that
Q;lg(X ) is the universal oriented Borel Moore cohomology theory. Hence there
is a canonical map 23, (X) — MU?*(¥)(X). We recall how this canonical map
is defined.

Let M*(X) be the free abelian group generated by isomorphism classes of
projective morphisms Z — X graded by codimension. Oriented Borel Moore
cohomology theories have pushforward maps along projective morphisms. In
particular, there is a map M(X) — Q. (X) given by [f: Z — X] — fi[lz].
This is a surjection, with kernel the double point relations of [40]. More
generally, if E* is any oriented Borel Moore cohomology theory, then the
canonical map M*(X) — E*(X) factors through Q7). (X). That is, the map
M*(X) = MU?**(x)(X) given by [f: Z — X]| + f.[1z] factors through a map
7, (X) = MU (3)(X).

This map can be described using our geometric pushforward. For this we
again use the currential geometric Hodge filtered cobordism group M U62p (p)(X).
For an algebraic cycle [f: Z — X], the image in MU(?p(p)(X) is

F1zl = [f. Np, Vg, fuog] = [f, feoy) (8.1)

where [Nf, V¢, 0] = [f*TX,f*Dx,0] — [TZ,Dz,0] in the group of MUp-
orientations K°(0)(Z) for Bott connections Dx and Dz. That is, V is any

connection on Ny, and o5 = Kcg(Vy @ Dz, Dx & d).
We recall the long exact sequence from Theorem 4.38.

e B (X A (0)) — S MU () (X) ——
MUMX) —2 > fr (X;%’;(v*))*)...
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For X compact Kéhler we split of the fundamental short exact sequence. Let
Hdg??,,(X) = I (MU?P(p)(X)). Moreover, we write

. A*
’Fp

TN X)) = P! <X (V*)) Jo (MU?P~1Y

Then we get a short exact sequence
00— Jibo (X)) ——= MU (p)(X) — Hdg?h,(X) —=0.  (8.2)

Hence, if X is a projective algebraic complex manifold, there is an Abel-Jacobi
map, the map induced on the kernel in this commutative diagram:

Ker (x)(X) 05, (X) (8.3)

) |

T (X) ——= MU?(p)(X) — Hdg 7, (X).

We will now give two descriptions of AJ. First, following the proof of
Theorem 4.38. Secondly, we follow Voisin’s account of the classical Abel-Jacobi
map in [51], which can be understood without knowledge of MU?P(p), just like
Griffiths” Abel-Jacobi map predates Deligne cohomology.

8.2 The Abel-Jacobi map - first description

For an algebraic cycle [f: Z — X], recall that its image in MU?P(p)(X) is
described in (8.1). Now suppose x([f]) = 0. Then there is a bordism datum
b: W — R x X such that 9b = f. We can extend the connection V¢ to get a

connection Vj on Ny, and obtain a geometric cobordism datum b. Then

Y- (ag’ w(g)) = (07 f*af - ¢(g))

so that [y] = a[oy — ¥(b)]. The class of f.op — ¥(b) in

D* H>Y(X;V,)
2p—1 . ~ ) T *
" (X’ Fr (V*)> T FPHPL(X;V,)

depends on the choice of b. This ambiguity is explained precisely by (8.2), and
we get a well defined class

H*»1(X;V,)

€ FpHprl(X;V*) +¢(MU2P(X)) = ‘]]2\551()() (84)

AJ(f) = [feor —0(D)]

8.3 The Abel-Jacobi map - second description

Now we give the second description of A.J. This requires setting up Proposition
8.3. Write V. for the C-dual graded algebra with homogeneous components

Vi = (V_;) = Home(V_;,C).
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Then the canonical pairing
ev: V., @V, = C

has degree 0, if C is interpreted as a graded vector space concentrated in degree
0. Let n = dim¢ X. There is a pairing

HY(X;V,) x H"F(X; V) = C (8.5)

(el =eo ([ wna).

where w A 7 is interpreted as a V, ® V.-valued form.

Lemma 8.1. The pairing (8.5) is perfect.

Proof. This is essentially by Poincaré duality. Let us expand that. We note
that H™(X;V,) is a finite dimensional vector-space for each m, since X is finite
dimensional and each V; is finite dimensional. Hence it suffices to show (8.5) to
be non-degenerate. By the symmetry of the situation, it suffices to show that the
restriction of the map H*(X;V,) — (H2* ¥(X;V!))" to each H*2/(X; V) is
injective. Poincaré duality states that the pairing

HY(X;C) @ H" " (X;C) - C

is perfect. Given b; € V;, let 8; € V', be such that §;(b;) # 0. Then the
restriction of (8.5) to H*2(X;C-b;) @ H*"*=2(X;C - ;) is perfect. Hence
(8.5) is perfect. |

So we may identify H?P~(X;V,) with (H*"~2PT1(X; V;))I.

Lemma 8.2. Under this identification,

FPHQZFI(X; V,) = @ FerjHQp*l*Qj(X; V2j)

J

is identified with
(anerlHanQerl(X; Vi))L _

Proof. To see this, note first that the restriction of the pairing to
FPH?P™H(X;V.) @ FroPr H2 =2 (X))

is 0 because, for each j, the component in
H2p71+2j (X, VQJ) ® H2n72p+172j (X, V/_QJ)

lie in the (n + 1)-th filtration stage. The lemma now follows for dimensional
reasons from Hodge symmetry and Serre-duality. [ |

This immediately implies:
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Proposition 8.3. We have isomorphisms

H* 71X V)
FrHZ1(X; V)

~ (anp+1H2n72p+1(X; V!k))l

and .
Fn,—p+1H2n—2p+1 )(’1;:F
p(MU?=1(X))
Here ¢ is the map ¢: MU?*~Y(X) — H*~(X;V,) followed by the
identification following from (8.5). To be explicit,

[f: Z — X] e MU*7H(X)

is mapped to the element ¢(f) in (H?*"~2PT1(X; VL))I defined by

S ([w]) = e ( [ ran K(Nf>) . (5.6)

We note that since Z is closed it is clear from Stokes’ theorem that this pairing
is independent of the choice of representatives of [w] and K (Ny).
Let us now trace the element

AJ(f) = fooy —0(b) € Jfp " (X)
through the isomorphism

2p—1 N (Fn_pHHzn_sz(X;Vi))l
JI\;U (X) — ¢(MU2P—1(X))

We need some notation. Let b = (b, Ny, V) where b = (ay, fo): W — R x X.
Let Wo,1) = a;l([O, 1]), and w = fb|W[0'1]. Since the codimension of f, is odd,

¥(b) = —w. K (V). Now let w be any form in F?~PH1 A2n=2p+1(X; V). We get:
[ s —o@)nw= [ gopno- [ w@n
X X X
:/af/\f*w—l—/ K(Vy) Nw*w
z

Wi
— / (do's + K(Vp)) ANw'w
Wio.y)
where O’} is any extension of oy to W. For example first extend oy to a collar

neighborhood, and then extend to all of Wy 1; using a partition of unity; we are
essentially reproving that A* is a soft sheaf on X. We conclude:

Theorem 8.4. Under the isomorphism of Proposition 8.3, AJ(f) is represented
by the functional

or(w) = ([w] — ev /W K(Ny) /\w) € (Fn_pHHZn_QpH(X;VL))/.
[0,1]
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Remark 8.5. We remark that the formula for ¢z (w) does not define an element
of H?"=2P+1(X;V.). This is because if we tried to make ¢p(w) act on
[w] € H?"=2PT1(X;V!) by the same formula, the result would depend both
on w, and the form chosen to represent N,. As an element of

(anerlHanQp‘i’l ()(7 Vi))/

independence of these choices was clear in our story, since we already knew AJ(f)
to be well defined. It can also be established directly using Stokes’ theorem, that
K(Ny)|z = K(N¢) € H*°(Z;V,), and the fact that

Froptig2n=2r(z7.9 @ V) = 0.
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Chapter 9
Hodge filtered Thom morphism

In this section we analyse the map from Hodge filtered cobordism to Deligne
cohomology which is induced by the Thom morphism MU — HZ. In order
to define a map on the level of cycles we will first construct a cycle model for
Deligne cohomology. Our construction is inspired by that of Gillet—Soulé in [21],
but our construction is more elementary in that it avoids the use of geometric
measure theory. We are also inspired by [25]. We strive to provide complete
proofs. Then we study the induced map on intermediate Jacobians and describe
the kernel on the level of geometric cycles.

9.1 Cycle model for Delighe cohomology

Let 6k denote the presheaf of smooth relative chains
—k . —
U= C"(U) = Ciim x (X, X\U; Z(p))-
We recall that this group is defined as the quotient

| B cdft (X;Z(p))
Ol 06, X\TS249) = g™ £ s
dim X —k ’

The restriction maps of C" are the induced by quotient out the further appropriate
extra chains, i.e., for V' C U, we have the natural map

CH(U) = 3 (X, X\T;Z(p)) — CHE (X, X\V;Z(p) = C" (V).

The presheaf " is very close to being a sheaf; it satisfies the sheaf condition for
coverings of X, but not for general collections of open subsets of X. Let C* be

the sheafification of ék. The sheaf C* is not quite fine, but it is homotopically
fine, meaning that its endomorphism sheaf admits a homotopy partition of
unity. We refer to [6, p. 172], from which we also recall the implication that
H*(H?(C"(U))) = 0 for j > 0. Hence the hypercohomology spectral sequence
degenerates on the Fa-page, past which only the row H°(C*(U)) survives. On

stalks the sheaf C* coincides with the presheaf C". Let U be a small contractible
open subset of X. By excision we have

Hk(é*(U)) - HdiInX—k<RdimX7 RdimX\D; Z(p))’

for D the closed unit disc. Hence we get

weo-{ah 128

This proves the following result:
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9. Hodge filtered Thom morphism

Lemma 9.1. The complex C* is an acyclic resolution of the constant sheaf Z(p),
as sheaves on X. ]

From [6, p. 32] we also have the following key result:

Lemma 9.2. The canonical map C" = C* induces an isomorphism of cohomology
groups on global sections H*(C™ (X)) = H*(C*(X)). |

In other words, the sheaf cohomology H*(X;Z(p)) can be computed as the
cohomology of the complex 5*()( ). Recall the operator w: D* — D* which on
DF acts by (—1)*. Now we consider the map

*

T: T (X) = D*(X)

given by ¢+ w [ . This is a chain map. Indeed by Stokes’ theorem, [, =1b [,
where b is the operator on currents given by bT'(c) = T'(do). Since d = wb by
definition, see (2.6), we have T'(0c) = wbT'(¢) = dT'(c). Let Dj;(X) be the image
of T'in D*(X).

Proposition 9.3. The cochain map T: C" (X) — D;(X) induces an isomorphism
on cohomology.

Proof. By Whitehead’s triangulation theorem, we may pick a smooth triangu-
lation of X, i.e., a set S = {fi: A¥ — X} such that each f; is a continuous
embedding which extend to a smooth mapping of a neighborhood of AF c R¥,
and each x € X is in the interior of a unique cell S; = Im (f;). It is well
known that the inclusion of cellular chains C.(S;Z(p)) — C.(X;Z(p)) is a quasi-
isomorphism. Hence it suffices to show that T restricts to a quasi-isomorphism
on the cellular chains of S. Since each point # € X is contained in the interior of
a unique cell of S, we can show that T is injective on cellular chains as follows.
We can construct for each i a form w; € A (X) such that [, ffw; # 0, and
such that the only k;-cell intersecting the support of w; is S;. Suppose T'(¢) = 0
for ¢ = > a;fi. Then T'(c)(w;) = a;T(f;)(w;) is a nonzero multiple of a;, and we
get a; = 0.

To see that the map induced by T" from cellular homology is injective, we first
note that the inclusion of cellular chains into singular chains is a chain homotopy
equivalence. This is because it is a quasi-isomorphism between complexes of
projective modules. In particular, we may choose a retraction r onto the cellular
chains. Let now ¢ be a cellular cycle with T'(¢) = dT'(«) for « an arbitrary
integral chain aw € C*(X). Then

~
= 3
Gy
Il I
S e
=5
)
T
=3
= Q
S
k)

Hﬂ
=

Q

=

&

and since T is injective on cellular chains, we get ¢ = Or(a). Hence ¢ represents 0
in cellular homology, so the map induced by T on cellular homology is injective.
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It remains to see that T restricted to cellular chains is surjective on
cohomology. So let Y, T(a; - fi) represent a class in H¥(X;Dz). Then

0= dZT(ai fi) = ZT(CLi - 0fi),
i i
and since 7" is injective on cellular chains, we see that ). a;f; is a cellular cycle.
This completes the proof. [ |
We are now ready to give our presentation of Deligne cohomology. Let
ip: FPA* — D"

be the canonical inclusion of sheaves, and i.: D (X) — D*(X) the inclusion. We
will show that the following cochain complex computes the Deligne cohomology
of X:

C(p)(X) = cone ( Di(X) ® FPA*(X) =% D*(X) > .
In degree k we have the group
Cp(p)(X) = DE(X) @ FPAMX) @ D" (X).
The differential is defined by
d(T,w,h) = (dT, dw, i.(T) —dh+ir(w)).

Theorem 9.4. The cochain complex C5(p)(X) computes Deligne cohomology
Hp (X5 Z(p)).

We will use multicomplexes, which are more flexible than bicomplexes. We
recall from [3] that a multicomplex of abelian groups consist of the data of a
bigraded abelian group, E* ¢, and differentials d5!: £t — EsT!="+1 guch that

D AT A F oL DR
iti=k

One can consider multicomplexes of objects in any abelian category. We are
considering here multicomplexes of sheaves.

Proof. We will construct a series of quasi-isomorphisms of complexes of sheaves
Zp(p) ~ CF (p) ~ Tot(M)

and a quasi-isomorphism of complexes of abelian groups Tot(M)(X) — CH(X).
Consider the multicomplex of sheaves on X:

Ct s=10
Mt = ps—Lit 0<s<p
FpAs,t @ Ds—l,t D < :

145



9. Hodge filtered Thom morphism

To define the differentials, let II15*=5: D¥ — Ds*=5 be the projection. For
s > 0, there is only dy and dy. The differentials of M are:

d: C* — O+ s =0
d‘S’t _ _9: Ds—Lt _y ps—Lt+l 0<s<p
(0,ip — 0): FPAS @ D31t — FPAStHH @ De-LtHL 5> p
%t oj,: C* — DO* s=0
di,t _ _H: DSt _y psit 0<s<p

(0,ip — 0): FPASt @ Ds—1t — FPAstLE g DSt s = p.
dg’t _ Hr,t—r o ic: Ct N Dr,t—r.
We can describe the total complex of M as the complex of sheaves

Tot* (M) = cone ( C* @ FPA* £ pr ) :

There is therefore a natural map Tot™ (M (X)) — C5(p)(X) given by
Tot™(M(X)) 3 (¢, w, h) = (aT(c), w, h) € Cp(p)(X)

where we write aT" for the map of the sheafification induced by T'. This map of
complexes induces an isomorphism on cohomology, since each of the maps

id: FPA*(X) — FPA*(X), T:C (X)—Di(X) and id: D*(X) — D*(X)

are quasi-isomorphisms. We define yet another complex of sheaves C7(p) :=
cone(inc — (2mi)P), where inc and (27i)P are the maps of complexes in diagram
(3.1). Concretely we have

(0,d)

Cg(p) = (Z(p) 0O d_ ... _4d Or—2 Or @ Qp-1 i> )

with 6,(w,7) = (dw,w — d7), and 0; defined similarly for ¢ > p. There is a map
[+ Zp(p)(X) = Cp(p)(X) given by

d d d

Z(p) 0o Ot

LT

Z(p) 004t d_ qp—2 ©.d) Qr @ Or-1 4>6”

with a(w) = (dw,w). This is a quasi-isomorphism of complexes of sheaves; this
is clear in degrees < p, and in degrees > p it follows since C75(p) is exact there.
In degree p we must show that f induces an isomorphism on cohomology of
stalks. Let U be a polydisc. Then

_ o)

H%(UaZ(P)) T T Imd
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and
{(w,7) € PU)®QP~HU) : dr = w}
Im (0,d)}

H" (U,C5(p) =

It is clear that the map induced by f, which can be described as [r] — [dT, 7] is
an isomorphism. Hence f is a quasi isomorphism as claimed. Next there is a
natural map C3(p) — M given by

Z(p) 0o o Op—2 orl — o ..
C° DO.0 o pr-20 . Argp Pl o ...

where ¢ is the quasi-isomorphism Z(p) — C*. The column M** is a resolution
of the sheaf C7(p) by Lemma 9.1 and Theorem 2.16. Hence the natural map
C’B‘ (p) — M is a quasi-isomorphism. This concludes the proof. [ |

9.2 The Hodge filtered Thom morphism

Let Py be the map
D*(X;V.) —» D*(X;C)

induced by the map on coefficients V, = MU, ® C — C of the additive formal
group law over C. Concretely, this is the projection onto the degree 0 component
of MU, ® C, which is C - [pt], followed by z - [pt] = z. Then Py is a chain map,
and it preserves the Hodge filtration. Now we are ready to define our Hodge
filtered Thom morphism on the level of cycles:

Tz ZMU" (p)(X) = Cp(p)(X),
v =(f, h) = (f1, Po(R(y)), Po(h)).
Remark 9.5. If we choose a smooth triangulation of Z, then summing up the

top-cells we get a smooth singular cycle ¢z representing the fundamental class
[Z] € Haim z(Z;Z). We have T(cz) =1 € D°(Z), and so

fxl = f*T(CZ) = T(f*CZ) € DE(X)

The advantage of using Dy is that no choice of triangulation is needed in order
to get the current f,1.

Lemma 9.6. We have Py(¢(f)) = f.1.

Proof. We have ¢(f) = f«K(Vy). Here K(Vy) is the Chern-Weil form of V
associated to the multiplicative sequence

K = Ko+ Ka(c1) + Ka(er,00) + -+
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9. Hodge filtered Thom morphism

as discussed in Section 4.2. Hence the assertion follows from Ko = 1. The latter
holds for any multiplicative sequence. Indeed the equation K (ab) = K(a)K (b)
forces it: For each power series a, we have

K(a)=K(a-1) = K(a) - Ky,
which implies Ky = 1. [ ]
Theorem 9.7. 7 induces a map 7z: MU"(p)(X) — HA(X;Z(p)).

Proof. 1t is clear that 74 is a group homomorphism. We must prove that for
v = (f,h) € ZMU" (p)(X),
we have drz(y) = 0, and that
72 (BMU" (p)(X)) € dCp~ ' (p)(X). (9-1)

We start with the former. Since f.1 is a closed current, and R(y) is a closed
form, we get

dr(f,h) = d(f.1, Py(R(%)), Po(h))
= (df.1, Po(dR(%)), Po(dh) + f.1 — Po(R(7)))

Since Py is a homomorphism and R(vy) = f.K (V) +dh, we get drz(y) = 0 from
Lemma 9.6. Recall that BMU"(p)(X) = BMU., + a(FPA*(X;Vy)). Let b be
a geometric bordism datum. Then

72(9b, (b)) = (Pod(9b), 0, Poo(D))
= (Pody(b), 0, Pot(D))
= d(Py¢(b),0,0).

Next let h € FPA"1(X;V,). Then Py(h) € FP A" (X)), so that

(0, Po(h),0) € C5~ " (p)(X).

We have
z(a(h)) = 72(0, h)
= (0, Py(dh), Py(h))
= d(07 PO(h)> 0)
which finishes the proof. |
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We observe that 77 is a map of Hodge filtered cohomology theories. That is,
if we denote the structure maps of Deligne cohomology by ap, Ip and Rp, we
have

apo Py=1gzo0a,
Tol =107y
POOR:RDO%Z

It follows that we get a map of long exact sequences

o (X A (V) = MU (9)(X) ——= MU™(X) —= -

- H (X 45(0)) —— HB(X32(p) —> H(XGZ) —> -+

9.3 Kernel of the Hodge filtered Thom-morphism on
compact Kahler manifolds

We now do a brief investigation of the kernel of 77 when X is compact Kéhler.
We start by chopping of (9.2) into a map of fundamental short exact sequences:

0 — JH(X) —— MU (p)(X) — Hdg?2,(X) — 0
lﬂ'J i;—\z lT
0 — J? LX) —> HZ(X;Z(p)) — Hdg?(X) —0

Since P, is an epimorphism of vector-spaces, the map 7 is surjective. The snake
lemma then implies that we get a short exact sequence

0 — ker7y — ker7z — ker7 — 0.

Hence ker 77 contains information of the failure of the Thom morphism 7 to be
injective on Hodge classes, but also of the failure of 7; to be injective. Let us
now briefly investigate the kernel of 7;. There is a map of short exact sequences

00— MU (X)) — H?~! (X~ A—*(V*)) —— TN X)) —=0.

0 HP " Y(X: L)y — > H2P (X~ A ((C)> = S Y(X) —=0




9. Hodge filtered Thom morphism

where the subscript mt¢ means modulo torsion. Since Py is onto, it easily follows
that 75 is onto. Then the snake lemma places ker 7; in the exact sequence

0 — ker 7 — ker 75 — ker 7; — coker 7 — 0. (9.3)

Here ker Ty is trivial in the sense that

Y A*
ker 75 = @ H2p—1+2i <X; Foii (ng)> .

7>0

The non-trivial content of the exact sequence (9.3) is the following construction:
Let
x € HP X Z)mi\im(7).

Then i(z) = 75(y) for some y. Since y does not come from MU*~!, [y] # 0 in
JIQ\/’;EI(X). Since y — i(x) we observe that [y] € ker7;. Furthermore [y] — [z]
under ker 7; — coker 7, so y does not come from ker 7, i.e., y does not belong
to the trivial kernel.

To conclude, we have seen that ker 7, contains information of the failure of
7 to be injective on Hodge classes, and of the failure of 7 to be surjective on

MU?~1, Being an extension, it may contain more information still.
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