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Abstract.  Inspired by the classical Olson and Cohen model for martensitic phase transformations, a simple 

phenomenological model of the deformation twinning kinetics is proposed with account for twin-twin 

interactions. The model was validated for different materials using experimental data abundantly available 

in the literature for the evolution of the twin volume fraction with strain. 
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1. Introduction and Motivation 

With the advent of new structural materials whose microstructural evolution under load is mediated by 

mechanical twinning, understanding of the kinetics of this process becomes crucial [1, 2]. The role of 

twinning is central in the mechanical response of many contemporary materials such as low stacking-fault 

energy face-centred cubic (fcc) metals and alloys including copper-based alloys [3-5], high manganese 

Hadfield steels [6-9] and austenitic steels with the TWIP (TWinning Induced Plasticity) effect [10-13], 

hexagonal close-packed (HCP) titanium and its alloys [14], magnesium and its alloys [15], as well as modern 

high entropy alloys [16] and many nanostructured materials where the dislocation activity is inhibited by grain 

boundaries [17-19]. Plenty of investigations have been conducted on Mg and its alloys, which exhibit the strain 

hardening behaviour with remarkable features including a concave shape of the stress-strain curve and a 

pronounced asymmetry of the yield strength with respect to tension/compression caused by profuse 
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twinning [20-24]. While the dislocation slip-controlled plasticity is understood in minute details, the role of 

twinning and its strain/stress dependent kinetics in the strain hardening process has been rationalised to a 

much lesser extent. Since nearly all aspects of the stress-strain response of materials, which are prone to 

twinning, depend on the twin density, the constitutive description of the twin accumulation process is pivotal 

in virtually all models of the strain hardening behaviour of materials of this kind. For example, the twin 

volume fraction F  evolving with strain is considered to limit the mean free path of dislocations, thus giving 

rise to the so-called dynamic Hall-Petch effect [11, 25]. 

For the variation of the twin volume fraction F with the total strain ε in high manganese TWIP steels, 

Bouaziz and Guelton [26] (see also [27-29]) suggested that the volume fraction of twins inside the grains 

which undergo deformation twinning can be derived using the first-order kinetics assumption similar to that 

made by Olson and Cohen [30] for the martensitic phase transformation. In that approach, F as a function 

of strain ε  is governed by the following kinetic equation  

 ( ) (1 )dF F mdε ε= −        (1) 

where F  is the volume fraction of twins and ( )1 F− , therefore, refers to the fraction of the untwinned 

material where twins may form at a rate determined by the microstructurally sensitive factor m that depends 

on the stacking fault energy. After elementary integration (with the initial condition ( )0 0F = ) the twin 

volume fraction is expressed as  

 ( ) ( )1 expF mε ε= − −   (2) 

A non-zero initial twin volume fraction can be, of course, assumed as well [31].  Although this simple equation 

does reflect the trend of ( )F ε to saturation with growing strain, Fig.2a in a general manner, it does not 

capture the S-shaped twin accumulation behaviour reported frequently for different materials, cf. Fig.1. 

Besides, it contradicts the vast majority of acoustic emission (AE) observations carried out on materials with 

twinning-mediated plasticity [32-40]. Indeed, while the first strain derivative 

 ( )' exp( )F m mε ε= −  (3) 
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predicts twinning activity with a highest magnitude at 0ε = , rapidly dropping off with strain, the twinning-

induced AE often exhibits a pronounced bell-shaped peak at non-zero plastic strains as will be further 

discussed in what follows. (In Eq. (3) and below a prime refers to a derivative with respect to strain.) 

In a more general, though heuristic, formulation used by Barnett et al. [41], the strain-dependent kinetics of 

the evolution of the twin volume fraction is represented by a characteristic S-shape dependence on the 

imposed strain as  

 ( ) ( )( )1 exp 4 / n
S eF Fε ε ε = − −    (4) 

Here eε  is the macroscopic strain at which the twinning reaction is 98% complete; the saturation twin 

volume fraction SF  is introduced in the last expression. A somewhat different form of the ( )F ε  function 

was proposed by Bouaziz et al. [26, 28] (see also [11, 42]): 

 ( )( ) *
( ) 1 exp

mn
S iF Fε β ε ε = − − −    (5) 

where iε is a critical strain for the onset of nucleation of twins. According to the probabilistic model for twin 

nucleation proposed by Beyerlein and Tome [43], the SF  value is controlled by the initial density of grain 

boundary twin sources and, therefore, by the grain size. The parameters n, β, and m* are adjustable 

quantities which need to be determined experimentally. Since it is practically impossible to interpret these 

fitting parameters from any microstructurally informed models, it is highly desirable to develop a facile, yet 

phenomenologically tractable, model capable of describing the main features of twin accumulation during 

plastic deformation. To that end, the time-proven Equation (1) can be modified to allow for a more general 

S-shape kinetics of twin accumulation without sacrificing its phenomenological transparency. We should 

note that this equation, by its nature, does not imply any twin-twin interactions, thus missing their crucial 

significance for the accumulation of deformation twins and for the overall strain hardening behaviour of 

materials whose deformation is governed by mechanical twinning [25, 44-46]. In this context, it is timely to 

recall that the statistical analysis of acoustic emission time series recorded from plastically deforming 

polycrystalline magnesium-based ZK60 alloy and single crystalline pure Mg revealed that mechanical 

twinning belongs to a class of non-Poisson processes with a relatively long memory of the past [47, 48] (the 

same conclusion applies to titanium and TWIP-steels). There is abundant evidence to support this premise. 

Multiple experimental and modelling efforts (e.g. [49-53]) devoted to assess the twin local stresses have 

demonstrated that the nucleation of the twin induces localised long-range stress fields which are much 

greater in magnitude than the average stresses caused by the external loading in the matrix.  The twin 
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nucleated at the grain boundary propagates in the in-twin-plane directions, terminating finally at the 

opposite grain boundaries where the stress fields can be relaxed either by dislocation slip or by a new twin 

that can be nucleated at the twin tip in the same or neighbouring grain. In this “relay-like” behaviour, the 

parent twins follow a Poisson process while the descendants (child twins) are triggered in the close proximity 

to the parent twins giving rise to the observed memory of the past in AE times series [47, 48]. The results of 

direct video observations corroborate the proposed scenario as demonstrated in Fig.3 by a sequence of light 

microscopic images obtained during early stages of tensile straining of the as-cast alloy ZK60  (see [54] for 

experimental details). One can see, for example, that the twin generated in Fig.3b becomes a parent to the 

child twin subsequently generated in Fig.3c. The same can be seen in the pairs of snapshots shown in Fig.3 

d-e, and Fig.3 c-f. These in situ observations are similar in sense to numerous microscopic observations ex 

situ, e.g. [50, 55-57]. The molecular dynamic simulations performed in [58] also validate this scenario on the 

microscale. An important corollary from these observations is that twin-twin interactions affecting the 

kinetics of twin nucleation must be taken into account if a predictive capability is to be attained in modelling 

the mechanical behaviour of materials with twinning-mediated plasticity. 

 

2. Model  

Thus, being inspired by the classical Olson and Cohen model and motivated by the self-evident need for a 

more generally applicable model of twin accumulation, we propose the following phenomenological 

microstructurally-based approach accounting for the probability of twin nucleation in the untwinned volume 

and for the probability of the self-exciting twin nucleation. Starting from the premises stated in the preceding 

section and assuming that the twinning kinetics is nucleation-controlled, rather than growth controlled, the 

self-influencing interaction can be incorporated into the Olson-Cohen kinetic equation through the 

additional term associated with the conditional twin nucleation probability around a parent twin. The 

additional term is proportional to the volume fractions of the twinned and untwinned regions, and, thus, the 

modified kinetic equation can be written as     

 ( ) (1 ) (1 )dF F md F Fldε ε ε= − + −   (6) 

where l is a rate-controlling parameter for twin production due to twin-twin interactions. The general 

solution of this ordinary differential equation satisfying the zero initial condition is 

 ( )
( )( )

( )( )
exp 1

l expS

m m l
F F

m m l

ε
ε

ε

 + − =
+ +

  (7) 

which reduces to the familiar Olson- Cohen form, Eq.(2), at l m  and predicts an S-shaped twinning kinetic 

otherwise, as illustrated schematically in  Fig.2. The saturation twin volume fraction SF  is introduced as a 

factor in the above equation, similarly to that in Eq.(5).   
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The first strain derivative of this function, 'F , reflecting the activity of twin sources is given by 

 ( ) ( ) ( )
( )( )

2

2

exp
'

l exp
S

m m l m l
F F

m m l

ε
ε

ε

+ +  =
+ +  

  (8) 

It behaves either as is expected from the Olson-Cohen equation (as shown by a dashed line in Fig.2d) at 

l m , or exhibits a pronounced skewed peak at a strain pε  satisfying the maximum condition ( )'' 0pF ε =  

at 

 ( )ln /
p

l m
m l

ε =
+

  (9) 

The maximum value of the twin accumulation rate, ( )' pF ε , is determined by a combination of two 

parameters entering the model as 

 ( ) ( )2

'
4p

l m
F

l
ε

+
=   (10) 

The model predicts plausibly that the twin accumulation rate tends to zero as deformation proceeds and the 

twin volume fraction saturates. The intercept of the 'F  curve with the strain axis at zero strain (or, more 

precisely, at a small strain corresponding to the onset of twinning) equals m.  

 

3. Model Validation and Discussion 

A common way of validating any phenomenological model is to compare its predictions with experimental 

data. The present model was verified in two independent ways: by fitting Eq.(7) to the available experimental 

data for the twin volume fraction measured as a function of plastic strain in different materials, and by 

comparing the twinning accumulation and the respective rate with the AE results. 

 

The experimental data presented in Fig.1 reported for different materials for high manganese austenitic 

TWIP steels ([59, 60]  (a), Titanium [61] and Zirconium [62] (b), Mg and its alloys [63-66] (c), and a low stacking 

fault Cu-33Ni alloy [67] and high entropy CoCrFeMnNi alloy [68, 69] (d) – see the cited papers for 

experimental details) are matched by the proposed model, Eq.(7), very well. This is shown by the red lines in 

Fig.1 obtained using nonlinear regression by the Levenberg-Marquardt algorithm. Many other data for 

similar materials, e.g. [70-77], which are not shown here, have also been tested against the proposed model. 

Without fail, the model demonstrates excellent agreement with the experimental results for a wide range of 

structural materials experiencing profuse twinning under load.  

 

Since the model represents the twin nucleation process, it can be further verified by means of the acoustic 

emission technique, which is known to be particularly sensitive to twin nucleation events [65, 78, 79], and 
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which is frequently used to assess the accumulation of mechanically induced twins or martensite lamella, cf. 

[37]. The experimental AE data, which have been previously reported for the same group of materials 

deforming in tension with the considerable contribution from the twinning mechanism are rearranged and 

plotted in Fig.4 to allow for the comparison of the AE behaviour with the model predictions. The 

experimental details and the features of the microstructure evolution of the materials studied can be found 

in the original publications: [37] for the high-alloyed Fe-16Cr-6Mn-9Ni (in wt.%) cast austenitic stainless steel, 

[65] for the as-cast pure Mg polycrystal, [36] for the Mg-Zn-Zr alloy ZK60, and [5] for the low stacking fault 

Cu-9Ge (in at.%) alloy. It is essential to notice, that in all works cited, the broadband AE measurements were 

followed by the signal classification procedure capable of distinguishing signals associated with twinning 

events from the overall AE flow influenced by dislocation slip, (cf. also [80] for the clustering methods used). 

Thus, the results shown in Fig.4 refer to the AE due to contribution from twinning only and can be used for 

the comparison with the model. The model predicts a skewed bell-shaped curve for the rate of the twinning 

accumulation, Fig.2d. The position and the height of the peak depend on the m and l values, which are 

material specific.  The average AE power PAE reflecting the rate of twin accumulation does exhibit the 

anticipated response in congruence with Eq.(8), Fig.4. It is worth noting that the model also predicts the non-

zero offset of the twin accumulation rate curve as deformation twinning sets in, which is determined solely 

by the m-value of the Olson-Cohen model, Eq.(2), Fig.2b. This is a plausible result since the twin-twin 

interactions are deemed negligible at the small strains.  The offset is clearly discernible in the experimental 

data as shown by horizontal dashed lines intersecting the PAE axis in Fig.4a, b. The Cu-9Ge alloy exhibits a 

very sharp twinning-related AE peak at the onset of loading where the stress-strain curve exhibits the 

characteristic plateau-like feature.  The evolution of twins in this material is nicely captured by the single-

variable Olson-Cohen model, since l identified through fitting the model to experimental data turns out to 

be much smaller than m, suggesting that mutual twinning interactions are negligible in this material. 

Therefore, a sharp AE peak followed by a rapid decay in PAE is observed in this material at the early loading 

stage. The cumulative AE power ( )AEP εΣ obtained as the integral of ( )AEP ε and normalised to unity for 

convenience, reflects the evolution of the twin density with strain, albeit in relative terms.  The smooth 

integral ( )AEP εΣ curve (shown in green) has the characteristic S-shape, which can be nearly perfectly 

approximated by the model, Eq.(7), as shown by the red lines.  

The present nucleation-based model can be fine-tuned to situations where the twin growth is significant. 

While twin thickening is not an important consideration in many fcc metals and alloys including TWIP steels, 

it can be essential in hcp materials such as magnesium, titanium and their alloys. In the first order 

approximation, the twin growth can be implicitly accounted for, on average, through the scaling factor SF

 Explicit accounting for the twin thickening would require a separate kinetic equation for the twin 
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thickness as a function of strain, strain rate and temperature. Not only the explicit form of such an equation 

is known to date, but this would complicate the analysis substantially with additional phenomenological 

parameters and interactions involved. Again, our point is that a simple transparent model with high 

predictive capacity and few physically motivated variables does have its merits and advantages over more 

sophisticated ones or over purely empiric curve-fitting approaches representing the ( )F ε   behaviour. 

The values of the rate-controlling parameters m and l are microstructure sensitive. They cannot be 

determined within the proposed phenomenological formulation, and their magnitude needs to be calculated 

in terms of microstructure-based models accounting for the specifics of the deformation twinning process in 

different materials. While this is a scope of future work, the numerical values of these parameters can readily 

be determined either from the nonlinear curve fit of the ( )F ε  data, like that shown in Fig.1. The AE data of 

the kind presented in Fig.4 can be used for that purpose too. By using the initial offset of the AE power curve 

and the height and position of the AE peak with respect to strain (Eqs. (9) and (10), respectively), one can 

determine both m and l values. The kinetics of twin accumulation can then be unravelled based on Eq.(7), at 

least semi-quantitatively. To enable a quantitative description of the entire ( )F ε  curve, calibration of the 

AE data is required, which can be done by introducing a scaling factor to Eq.(7). For this calibration, at least 

one datapoint for the twin volume fraction along the strain path needs to be known from independent 

measurements. The proposed model, which has been validated by using data from two independent 

experimental techniques, provides a reliable and practicable platform for such procedures. 

4. Conclusion 

In conclusion, the main thrust of the present work was to propose a general phenomenological model 

explicitly relating the twin volume fraction to plastic strain with account of twin-twin interactions. Based on 

the first-order kinetics approach using only physically motivated variables, the proposed model is capable of 

accurately predicting twin accumulation behaviour in different materials with twinning-mediated plasticity. 

These predictions were verified by two independent types of experiments, which testifies to its credibility. 

The model also provides a general platform for accounting for the commonly observed features of the 

acoustic emission behaviour. Besides, the acoustic emission was shown to be a simple, yet viable, tool to 

retrieve the model parameters.  
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Figures. 

 

 

Figure 1. Experimental data for the twin volume fraction as a function of strain for different groups of 
materials: (a) fcc TWIP steels (b) hcp Zr and Ti (c) hcp Mg and its alloys and (d) low stacking fault fcc Cu-
alloys and high entropy alloys. Model predictions are shown by solid lines. 
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Figure 2.  Schematic illustration showing the behaviour of the twin volume fraction F represented by the 
Olson-Cohen model according to Eq.(1) (a) and the corresponding twin accumulation rate dF/dε (b). The 
behaviour of the same quantities following the proposed model is shown in (c) and (d), respectively, for 
different combinations of entering parameters m and l.  
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Figure 3. A sequence of light microscopic images obtained during early stages of tensile straining of the as-
cast alloy ZK60. Time marks are shown in the upper right corner of each image. Freshly nucleated twins are 
indicated by red arrows; these twins can become parents for next generations of twins emerging in the close 
proximity to parents.   
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Figure 4. Verification of the proposed phenomenological model based on a comparison with the 
experimental acoustic emission data used to assess the evolution of the twin volume fraction in different 
materials. The twinning accumulation is represented by the cumulative AE power ΣPAE, while the rate of 
twinning is supposed to be proportional to the average AE power PAE (referred to 1 Ohm nominal 
impedance). 
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