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The free energy density of A/ = 4 supersymmetric Yang-Mills theory in four space-time dimensions is
derived through second order in the ’t Hooft coupling A at finite temperature using effective-field theory
methods. The contributions to the free energy density at this order come from the hard scale T and the soft

scale V/AT. The effects of the scale T are encoded in the coefficients of an effective three-dimensional field

theory that is obtained by dimensional reduction at finite temperature. The effects of the electric scale v/AT
are taken into account by perturbative calculations in the effective theory.

DOI: 10.1103/PhysRevD.105.015006

I. INTRODUCTION

The thermodynamics of N =4 supersymmetric Yang-
Mills theory in four dimensions (SYM, 4) is of great interest
since, at finite-temperature, the weak-coupling limit of this
theory has many similarities with quantum chromodynamics
(QCD). Unlike QCD, however, in SYMy 4 it is possible to
make use of the AdS/CFT correspondence [1] between
gravity in anti-de Sitter space and the large-N,. limit of
conformal field theories on the boundary of anti—de Sitter
space to obtain results for SYM, 4, thermodynamics in the
strong coupling limit. In the large-N,. limit one has [2]
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where 1 = N, g” is the ‘t Hooft coupling, S is the entropy
density, and S,y = 2d4n*T?/3 is the corresponding
noninteracting entropy density (Stefan-Boltzmann limit)
with d4, = N2 —1 being the dimension of the adjoint
representation.

In the opposite limit of weak-coupling, this ratio has
recently been computed through O(4%) [3]. In Ref. [3] the
authors used the Arnold and Zhai method [4,5] to perform
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the soft resummations necessary, finding a finite result
which possessed nonanalytic terms proportional to 43/? and
2?log A. In this paper we revisit this calculation making use
of effective field theory (EFT) techniques to perform the
soft resummations. Like Ref. [3] we will compute the
SYM, 4 thermodynamic functions to O(4?). This will serve
as a check on the calculation performed in Ref. [3].

An added benefit of using EFT methods is that one can
more easily extend the calculations of the thermodynamic
functions to higher order in the ‘t Hooft coupling. EFT
methods have been applied to the computation of the
resummed perturbative thermodynamics of a variety of
theories, including QCD through O(4%/?) [6] and SYM,4
through O(4%?) in [7]. Here we extend the SYM,, EFT
calculation to O(4?) and present a systematic framework for
computing the hard and soft contributions to the thermo-
dynamic functions in supersymmetric Yang-Mills (SUSY).
Our final results agree with the results obtained in Ref. [3] up
to a small correction to one term contributing at O(4?). The
difference is due to an incorrect assignment of the dimension
(4 — 2e versus 4) in one of the soft contributions included in
Ref. [3]. We find that, taking into account this correction,
both results agree exactly and that the corrected result is
numerically very close to the result reported originally
in Ref. [3]."

'An erratum to [3] has been submitted to account for this
correction.
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To perform the calculation we make use of two types of
dimensional reduction: (1) the equivalence between ten-
dimensional SYM, ;¢ and four-dimensional SYM, 4 upon
dimensional reduction, and (2) the additional dimensional
reduction of SYMy 4 to three dimensions that occurs at high
temperatures. We will refer to the first type of dimensional
reduction as SUSY dimensional reduction and the second
as high-temperature dimensional reduction. In the case of
the high-temperature dimensional reduction, one obtains a
three-dimensional EFT that can be written in terms of
dimensionally reduced fields. The construction of this high-
temperature EFT preserves supersymmetry [8]. However, it
is important to note that in supersymmetric theories, one
must take some care with the dimensionality of the vector
and spinor spaces describing the fields to ensure that
supersymmetry is preserved by the regularization scheme
used to evaluate Feynman diagrams. For this purpose, we
make use of the regularization by dimensional reduction
(RDR) scheme [9—14]. In this scheme, calculations proceed
as in canonical dimensional regularization, except that the
size of the representations of the bosonic and fermionic
degrees of freedom are constrained to be integer valued.

Our paper is organized as follows. In Sec. II we introduce
SUSY and dimensional reduction of SYM, ;o to SYM, 4. In
Sec. III, we briefly discuss high-temperature dimensional
reduction and the effective field theory approach to finite-
temperature field theory at weak coupling. In Sec. IV, the
parameters of the effective three-dimensional theory are
determined and in Sec. V, the calculation of the soft part of
free energy density is calculated using the effective theory.
In Sec. VI we summarize. The relevant sum-integrals in
four dimensions and integrals in three dimensions are listed
in Appendix A and B for completeness. The generalized
Padé approximant which interpolates between the known
weak- and strong-coupling limits for large N, is listed in
Appendix C.

Notation: In the full theory, we use lower-case letters for
Minkowski space four-vectors, e.g., p, and upper-case
letters for Euclidean space four-vectors, e.g., P. In the
dimensionally reduced EFT one has py, = P, =0 and p
coincides with |p|. We use the mostly minus convention for
the metric.

II. SUPERSYMMETRIC YANG-MILLS THEORY

We start with the action of N = 1 supersymmetric Yang-
Mills in D dimensions in Minkowski space [9,15]

1
Ssym, , = / dPxTr {—EGWG"”—&—ZM/F”DW/ )

where p,v =0,...,D— 1, and the field strength tensor is
G, =0,A, —0,A,—iglA,,A], and D, =0, —ig[A,."]
is the covariant derivative in the adjoint representation of
SU(N,). One can obtain supersymmetric field theories

with different number of supercharges, ngc, by taking
values of D for which the number of supercharges is
maximal, resulting in

ngc = 16 - Dmax = 10,
nsc =8 = Dy = 6,
Ngc = 4 > Dmax =4, (3)

To preserve supersymmetry, the number of bosonic and
fermionic degrees of freedom must be equal. One, there-
fore, needs to impose certain conditions on the fermions.
Thus, for D,,,« = 10 fermions are Majorana-Weyl type,
while for D,, =6 and D,, =4 they satisfy Weyl
conditions. These constraints ensure that the number of
bosonic and fermionic degrees of freedom are equal to
Dmax — 2. We are in general interested in supersymmetric
field theories with ngc supercharges in dimensions
D <D,.., with D being an integer. The evaluation of
Feynman diagrams for theories that are obtained by SUSY
dimensional reduction can be carried out in a simple way, in
which we take all fields in Eq. (2) to be D-dimensional
tensors or spinors and all momentum to be d = D —2¢
vectors [15].

The SYM,, theory can be obtained by dimensional
reduction of SYM;p in D = D,,,, = 10 with all fields
being in the adjoint representation of SU(N.). The
Minkowski space Lagrangian for SYM, 4 can be expressed
as [16,17]

1
‘CSYM4.4 =Tr _iGﬂVGIw + (Dﬂq)A)(Dﬂq)A)

. |
+ iy Py — 592(1[@A7 Dp))?

—igy;al Xy + iffysYq. vl
+ Lof + Loy + ALgym, ,» (4)

where y; represents four Majorana spinors, Gy, = 9,A; —
0,A% + gf ¢ AL A¢ is the nonAbelian field strength with
gauge coupling g, and u, v = 0, 1, 2, 3. There are six scalar
fields with ®, = (X, Y|, X», Y5, X3, Y3), where Xpand Y
are Hermitian matrices, with p,q=1,2,3. X, and Y,
represent scalar and pseudoscalar fields, respectively. The
4 x 4 matrices o and 9 satisfy

[aP.a) = —20%%, {057} = 2%, [, p] =0 (5)

An explicit representation of these matrices can be found in
Sec. 3 of Ref. [3].

The ghost term Ly, depends on the choice of the gauge-
fixing term L. Here we work in general covariant gauge,
giving
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4.4 1
Lo = —ETr[(aﬂAﬂ)z], (6)
Loy = =2Te[70" D1, (7)

with £ being the gauge parameter. Finally, the last term in
Eq. (4), ALgyw, ., Tepresents any counterterms necessary to

renormalize the theory.

III. DIMENSIONAL REDUCTION AT FINITE
TEMPERATURE

Dimensional reduction and the effective-field theory
approach to field theory at high temperature is now well
established [6,18-25]. The idea is as follows. In the
imaginary-time formalism, loop diagrams involve summa-
tions of Matsubara frequencies and integrals over three-
momenta. These frequencies are 2nzT for bosons and
(2n + 1)zT for fermions, where n is an integer. These
frequencies act as masses in the propagators and thermal
field theory in equilibrium can be considered a Euclidean
three-dimensional field theory with an infinite tower of
massive modes, except the zeroth (n = 0) bosonic mode,
which is massless.

Screening effects in the medium generate a thermal mass
(static electric screening) of the order ¢g7', where ¢ is a
generic coupling. At weak coupling, the momentum scales
T and gT are well separated and one expects the nonzero
Matsubara modes to decouple at high temperature.2 The
static correlators of the full theory can be reproduced to any
desired accuracy at length scales R > 1/T by matching an
effective three-dimensional theory for the zero modes to the
full theory by fixing the parameters in the EFT to be
functions of the temperature and the parameters of the full
theory. The couplings encode the physics on the scale 7,
while contributions to physical quantities on the scale gT
are taken care of by calculations in the low-energy effective
theory. In non-Abelian gauge theories, there is a third,
supersoft scale on the order of ¢°T associated with screen-
ing of static (chromo)magnetic fields. It may therefore
prove useful to integrate out the masses of order g7 to
construct a second effective field theory valid on the
momentum scale ¢?7. However, perturbation theory is
plagued with infrared divergences since static magnetic
fields are not screened and nonperturbative methods such
as lattice simulations must be used [26,27]. In the present
case, as in QCD [6], this construction is only necessary if
one is interested in the free energy density at order 1°.

The starting point is the partition function given as a path
integral in the full theory,

Drre .
High temperature means we can ignore any zero-temperature
masses in the theory.

5
Zoym,, = / DDy Dy DAID e~ Jo 4% S £ ¥
(8)

where 7, n, w;, w;, Aj, and @4 are the fields in the

no

Lagrangian Eqgs. (4)—(7).
The free energy is then given by

1
F = _ﬁ_Vlog ZSYM“’ )

where V is the volume of space. After having integrated out
the nonstatic modes, we can write the partition function as

Z= / DiDyDALDAYDD ¢/ e/ =S Fxsn (1)

where 77, 7, Ag, A¢, and @4 are fields in the effective theory.
Up to normalizations, the fields in the effective theory can
be identified with the fields in the original theory. f is the
coefficient of the unit operator and can be interpreted as the
contribution to the free energy from the hard scale 7.
Lesym 18 given by the most general Lagrangian that can be
constructed from the fields A{, Af, and ®4. We find

1
Lesym = ETT[G%J‘} + Tr[(D;A)(D;Ap)]

+ Tr[(D;®@4)(D;®,)] + m3Tr[A]]
+ m3Tr[®@3] + hpTr[(i[Ag. @4))?]

1 .
+ EggTr[(l[QDA, Dp])%] + Lyt + Loy + 6LEsYM,
(11)

where Ay =1°Af, @, =1"D§, (D;Ap)* = 0,Af+
gef e ALAS, and GY; = 0;AY — DAY + gpf P AVAS is the
nonabelian field strength with gauge coupling g and f%¢
are the structure constants. We work in general covariant
gauge, where the gauge-fixing and ghost terms are given by

Ly = —%Tr[(@iAi)z], (12)

Ly, = =2Tr[70;D;n], (13)

where 7 is the ghost field and £ is the gauge parameter.
Finally, 6 Lggyy represents all higher-order local operators
that can be constructed from A¢, Af, and @4 satisfying the
symmetries, such as gauge invariance and rotational invari-
ance. For example, there will be two quartic self-interaction
terms of Ay, namely (Tr[A3])? and Tr[A}], however, they
first contribute at order A3 to the free energy density. The
Lagrangian (11) is the same as that of Ref. [7], except that
we have explicitly shown the quartic self-coupling of the
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scalar fields ®4 and their couplings to the adjoint field A
because these terms will generate contributions to the free
energy of order A%,

IV. PARAMETERS OF THE EFFECTIVE THEORY

In this section, we determine the parameters of the effective
theory to the order in the coupling ¢ which is needed to
calculate the free energy to order A% In the matching
calculations, we will be using so-called strict perturbation
theory [6,24]. In strict perturbation theory, we also treat the
quadratic mass terms in the effective Lagrangian as a
perturbation. We also do not add and subtract a thermal
mass term in the full theory to screen infrared divergences. In
other words, we are using massless propagators in both the
full and effective theory in the perturbative calculations. Such
calculations are plagued by infrared divergences, but they
appear in the same way on both sides of the matching
equations and hence they cancel. Although this is an incorrect
treatment of the infrared divergences, we can use dimensional
regularization to regulate them in this intermediate step of the
calculations. The point is that the coefficients of the effective
theory encode the physics on the scale 7" and that a correct
treatment of IR divergences is ensured by using massive
propagators when we do perturbative calculations in the
effective theory.

A. Coefficient of the unit operator

Equating Eqgs. (9) and (10), and taking the logarithm, we
obtain
fEV —log Zgsym = —log Zsyyy, , - (14)
The right-hand side of this equation is given in terms of the
vacuum diagrams of the full theory using massless (unre-
summed) propagators. These are listed below through three
loops. The left-hand side is given by the coefficient of the unit
operator and the vacuum diagrams in the effective theory.
Since we are using massless propagators in strict perturbation
theory, there is no scale in the momentum integrals and they
are therefore set to zero in dimensional regularization. This
implies fgV =~ —log Zgyym, Where = is a reminder that the
right-hand side is obtained in strict perturbation theory. We
can therefore interpret 7f; as the unresummed or hard
contribution to the free energy density.

]_-hard ]_-hard

FIG. 1.

]_-hard

The diagrams in the full theory through three loops were
evaluated in Ref. [3]. For the one- and two-loop graphs, the
authors of Ref. [3] calculated directly in SYM, 4 because the
thermal mass contributions had to be computed and it was not
possible to use SUSY dimensional reduction from SYM, j,
for this purpose. In this paper, for the unresummed (hard)
contributions we do not need to consider the thermal masses
of the gluons, fermions, or scalars. As a result, using the EFT
method, we can calculate the hard contributions using SUSY
dimensional reduction from SYM, ;4 to SYM, 4. This allows
us to compute a reduced number of SYM, p diagrams for
general D and d, from which we can obtain the SYM, 4 result
by taking D = 10, D = 4, and the number of momentum-
space dimensions to be d = 4 — 2¢ [15].

We list all the three loop results here for completeness. The
one- and two-loop graphs in SYM; p are shown in Fig 1.
Summing the one-loop graphs Fpxd, Fpad and Fhad o,
obtains

2
= —d, =T, (15)

1
Fyt =2 d(D=2)(f) - by) = —da 2

where b, and f7, are defined in Egs. (A5) and (AS8).
Summing the two-loop graphs shown in Fig. 1, one
obtains
jc'hard d /1[ Jf:'hard + J:hard + J':'hard + fjllzrd]’

with the individual contributions being

Fhard D(D4__ ) b3, (16)
Fhad — —%(D —1)83, (17)
Fhad ib%’ (18)
Fhard (D; 2 111 [fT = 2f1b1]. (19)

Above Tr1 is the dimension of the spinors in the maximal
SYM theory which equals TrT = D — 2 for all cases listed
in Eq. (3). The integrals b; and f, are defined in Eqgs. (A6)
and (A9). This yields

]_-hard

One- and two-loop diagrams contributing to the SYM; ;, free energy density. Together with SUSY dimensional reduction

from 10 to 4 dimensions these can be used to compute the one- and two-loop hard contributions in SYM, 4. Spiral lines represent ten-
dimensional gluons, solid lines represent ten-dimensional Majorana-Weyl fermions, and dotted lines represent ten-dimensional ghost

fields.
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7z 29 Fan 7 2j

FIG.2. Three-loop diagrams contributing to the SYM, | free energy. Notation is the same as Fig. 1. A circle with IT in it represents the

one-loop gauge field self-energy in SYM .

C-22,
S - f)

72T\ 3 2
=d.| — 20
A<6)2ﬂ (20)

The three-loop graphs in SYM, p are shown in Fig. 2
with

]:hard d y)

]:'hard d 12 [ ]:'hard f‘hard j:'hard fhard ‘ngrd

]:'hard ]:'hard ]:hard ]:'hard J:'Be;rd] . (2 1 )

The individual contributions were calculated in Ref. [3],

JFhard — [— % + i;] 3fy. (22)
Fhad = 116 i, (23)
Fhad = 31—213311, (24)
JFhard — —%D(D Doy (25)
JFhard — ?z (D-1)IRh,, (26)
P = = B+ B+ i) 7)
= I, 29)
JFhard — DS_ 2 Tr1 Dz_ O Iy + (A=D1 |, (29)
Fod = @Trﬂ [Toan = 2H3 + f2(f1 = 61)]. (30)
Fhard D_zTﬂ]Iggu- (31)

Using the expressions for the sum-integrals listed in
Appendix A, the three-loop hard contribution becomes

N3 9 A
hard:_d z - ~1 _
2 A( 6 >[4 T

+%yE+3g(( 1))+?_1 g2] (%)2 (32)

We note that there is a remaining pole in e proportional to
4. The pole is canceled by the counterterm &fy for the
coefficient of the unit operator f, which can be found by
calculating the ultraviolet divergences in the effective
theory [6]. Using dimensional regularization and minimal
subtraction, the counterterm must be a polynomial in mg,
mg, gg, hg, g3, and the other parameters of the ESYM. The
counterterm that cancels this divergence is

dN,

6fp = =

which is found by a two-loop calculation in the effective
theory (see Sec. V below). Since the mass parameters m% and
m% multiply the pole in €, we must take into account the
order-e contribution, when we express the counterterm in
terms of the parameters A and 7'. Using the expressions for the
mass parameters, Eqs. (44) and (47) below, the result is then

2d,\ 2T
Ofp = m(d‘f"”(bl—fl)
- T3\ [3 3. A 21 3¢(-1)
—“’A(T) [@*51 €1t 16 T 2000
Log2| (A 34
-3 (3) o

The final result for the renormalized unit operator f; is given
by the sum of Egs. (15), (20), (32), and (34)

Fo(A)T = Fhwd | ot | pha _ 75,
2T (32 A 39
S 1-22 4 |3l0g-——
dy ; { 2 2+{3 0g4ﬂT+
30 30(=1) 1 p
b —Zloe2| (£
ety T2\ 2

The coupling 4 does not get renormalized and is therefore
independent of the scale A, which implies that fz(A) is
running. Its running is given by the evolution equation
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d N,
AL pon) = — 4l o
dAfE( ) (47‘7)ng

[m; + 6m], (36)
whose solution is

Fo(8) = Fe(N) = 255 il + G lop 3. (37)

B. Mass parameters

We need the mass parameters squared m% and m% for
the adjoint field Aj and the scalars @ to one-loop order.
Their physical interpretation is that they give the con-
tribution to the static screening masses from the hard scale
T. In non-Abelian gauge theories and beyond leading
order, the electric screening (or Debye) mass m% is
plagued with infrared divergences associated with the
lack of magnetostatic screening. It therefore requires a
nonperturbative definition [28]. However, the hard con-
tribution to the Debye mass can be computed order by
order in strict perturbation theory.

In the full theory, the (chromo)electric screening mass
m?2 is given by the position of the pole of the propagator for
the timelike component of the gauge field, A§(z,x) at
spacelike momentum P = (0, p), i.e., it is the solution to
the equation

p*+1(p?) =0, p*=-—mg, (38)

where p = [pl, TI(p?) = Tyo(po = 0,p) and TI5 (po, p) =
5Ty (po, p) is the self-energy of the gluon field. In
ESYM, the (chromo)electric screening mass mgl is also
given by the position of the pole of the propagator for the
adjoint field A§(x)

p* +mp +eg(p?) =0, p*=-my,  (39)
where Tl (p?) is the self-energy of the adjoint scalar in
the effective theory. By equating the expressions for the
screening mass obtained by solving Egs. (38) and (39), we
can determine the mass parameter m%. The self-energy
function in the full theory can be expanded in loops and
also in a powers series around p? = 0. To leading order in
the loop expansion, it suffices to evaluate the self-energy
function at p?> = 0. In the full theory, the solution to
Eq. (38) is m% = I1,(0), where I1,(p?) is of nth order in
the loop expansion of T1(p?). In the effective theory, the
self-energy function evaluated at zero external momentum
vanishes in strict perturbation theory and dimensional
regularization since we are using massless propagators
and there is no scale in the loop integrals. These diagrams
are shown in Fig. 3 for completeness.

Equation (39) then leads to m% = m% and therefore the
mass parameter satisfies

A~~~ AN
FIG. 3. One-loop A self-energy graphs in the SYM, 4 dimen-
sionally-reduced EFT. Spiral lines represent three-dimensional
gluons, sinusoidal lines represent the adjoint scalar A, dashed

lines represent scalars, and dotted lines (not appearing in this
particular figure) represent the three-dimensional ghost field.

mg =11, (0). (40)
The SYM, 4 graphs contributing to the one-loop self-

energy of the zeroth component of the gauge field are
shown in Fig. 4. It contains two parts [3]

T3 (P) = Ty (P) + Mg (P), (41)
where

bab(p\ _ 7 sab 2 (200 + Po)z}
gt r) =i [ -G o

P ZIQ Q2<P1+ Q)Z}’ “

2
l—[f,ab _ —4/1(501}){ |:£ _ (2Q0 + PO) :|
00 (P) I{Q} QZ QZ(P + Q)Z

1
—n2 -
P I{Q} (P + Q)Z}' 43)

After integration by parts, this yields
my = T11,(0) = 82(d = 2)(by — f1). (44)

The mass parameter squared m% can be determined along
the same lines. We define X(p?), where the self-energy of
the scalar field is 245 (py = 0,p) = §°6,45Z(p?). To
leading order in the loop expansion, we find

mg = Z,(0), (45)

FIG. 4. One-loop gluon self-energy graphs in the full SYM, 4
theory. Spiral lines represent four-dimensional gluon fields, solid
lines represent four-dimensional Majorana fermions, dashed lines

represent scalars, and dotted lines represent four-dimensional
ghost fields.
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FIG. 5. One-loop scalar self-energy graphs in the full SYM, 4
theory. The notation is the same as in Fig. 4.

where X,(p?) is of nth order in the loop expansion
of X(p?).

The one-loop scalar self-energy graphs in the full theory
are shown in Fig. 5 and their expression is [3]

g (P) = AaabéAB{zi . [é - ﬁig)z]
Loleowad)

For completeness, we also show the corresponding graphs
in the effective theory in Fig. 6, although the diagrams
vanish identically in strict perturbation when evaluated at
zero external momentum. The matching then yields

mg = 8A(by — f1). (47)

The mass parameters my and mg are independent of the
renormalization scale A to this order in strict perturbation
theory.

C. Coupling constants

In order to calculate the free energy through order 12, the
couplings gg, g3, and hp are needed at tree level only.
The matching is fairly straightforward since we can read
off the couplings from the full theory. We simply make
the substitution Ag(x,7) — v/TAg(x) in the full theory and
compare fg dt Lgysy with the effective theory, Lrgyy- Tree-
level matching for the gauge coupling then yields

95 = ¢°T. (48)

FIG. 6. One-loop scalar self-energy graphs in the SYM, 4
dimensionally-reduced EFT. The notation is the same as in Fig. 3.

Proceeding in the same way, making the substitution
@4 (x,7) = /T®4(x) and comparing the full and effective
theory, we find

g =gT. (49)
Finally, we obtain

The couplings gg, g3, and hp are all independent of the
renormalization scale A to this order in strict perturbation
theory.

V. CALCULATIONS IN THE EFFECTIVE THEORY

We have now calculated the parameters in the effective
theory to the necessary order to calculate the free energy
density to order A%. The hard part is given above, T fz, while
the soft part is given by a two-loop calculation in the
effective theory. Denoting the contribution from the soft
scale /AT by f), we have fy = _ml‘;z#' We have
explicitly checked that the one- and two-loop contributions
are independent of the parameter ¢ in the class of covariant
gauges.

The one-loop graphs contributing to the free energy are
shown in Fig. 7. Evaluating the diagrams, we obtain

1
fuur = =5 dally(md) + 61

:——ﬂ[m%+6m§], (51)

where the integral [, is defined in Appendix B and the
index after the subscript M indicates the order in the loop
expansion. We note that the ghost and gauge fields
are massless, which leads to a vanishing soft contribution,
1,(0) = 0.

The two-loop graphs contributing to the free energy are
shown in Fig. 8. Evaluating the diagrams and using the
expressions for the integrals in Appendix B, we obtain

soft soft soft soft
Fi Oa F 0b F Oc F 0d

FIG. 7. One-loop soft contributions to the SYM, 4 free energy
density in the dimensionally-reduced EFT. The notation is the
same as in Fig. 3.
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soft soft J—_' soft
soft soft soft

FIG. 8. Two-loop soft contributions to the SYM, 4 free energy
using the dimensionally-reduced EFT. The notation is the same as
in Fig. 3.

1
Sm2= dAg%Nc [—

LR0m8) + )|

1

P(m) + m, <m§>]

15
+ 3dshgN 1y (m3)I (m3) + TdAQ%NcI%(mé)

d,N, [1 A
- 34 dlog—

4(4]_[) |: +35+ Og j|gEmE

3d,N, [1

3441

+ 24n)? [ +3 +4logy ]g%ms

3d,N 15d,N

h — 2 F Z, 52

Note that the setting-sun diagram with two ghost lines and
one gluon line or three gluon lines vanishes in dimensional
regularization since all the propagators are massless (dia-
grams Fo and Fio). The same remark applies to the
double bubble graphs with one or two gluon lines (diagrams
Fr, Fi, and F39Y). The integral J,(m?) is logarithmi-
cally ultraviolet divergent and has a pole in €. The term f; »
therefore requires renormalization, cf. renormalization of f.
The divergence is cancelled by the counterterm

AN,
Wg%[m% + 6m). (53)

Ofp = -
Comparing minimal subtraction in the full theory, Eq. (34),
with minimal subtraction in the effective theory, Eq. (53), we
see that they are not equivalent as the former contains
logarithms of the factorization scale A in addition to the pole

in €. We note in passing that the first term in Eq. (53) is the
same as in QCD [6]. Adding Egs. (52) and (53) yields

Sma2+6fg=

AN, [3 A
c |- 1 2.2
(47)? Lﬁ 8 2mJ JEME

(54)

The final result for the soft part is the sum of Egs. (51) and
(54). Afterusing g2 = ¢*T, hy = ¢°T, 3 = ¢°T, A = ¢*N
m3 = 2AT?, and m3 = AT?, we find

T3 2\2 A

A1 A\?
@)}
We note that the soft part Eq. (55) explicitly depends on the

factorization scale A. Adding Egs. (35) and (55), we obtain
our final result

SV 2 e
16 8 8 2

Forir2 = (e + )T
2T4 %
= —dy,— { +(3+f)< >
21 f 3 3¢(-1)
+P§ 8 27ET e
25 3. A7 (4\?

This is the complete result for the free energy through order
A2 for general N,. It is in agreement with that of Ref. [3],
except for the finite term —2 that appears at O(4%). The
reason for the difference is that one must take d = 4 — 2¢ in
the expression for 6fr in Eq. (34) and not d = 4, which
gives — 16, as obtained in Ref. [3]. The logarithms of the
scale A from the hard part cancel against those coming from
the soft part. The absence of these logarithms in the final
result reflects that no renormalization of the coupling is
needed in SUSY. Note also the presence of the nonanalytic
terms 42 and 42 log A in Eq. (56). These terms correspond to
the resummation of a class of diagrams from all orders of
perturbation theory. The free energy density is given by
Eq. (56). All other thermodynamic quantities can be derived
from the partition function Z. For example, the entropy
density is S = —dF /dT. Since the coupling 1 does not run
due to conformality of SUSY, this implies that the thermo-
dynamic functions are of the same form when normalized to
their Stefan-Boltzmann values, e.g. F/Figea = S/ Sideal-
In Fig. 9, we show the scaled entropy density as a function
of A = ¢>N, for different truncations of the weak-coupling
expansion. The green dotted, brown dashed, and blue long-
dashed curves correspond to expansions through O(2),
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1.00F ! 7

0.95-

0.90F

S/Sideal

0.85¢ Generalized Padé

-------- O(A) weak coupling
0.80F —~--- 0(A¥2) weak coupling
——— 0O(A?) weak coupling

..... = O(A~%?2) strong coupling

0.75k
0.001

0.100 1 10 100 1000
A

0.010

FIG. 9. The entropy density S normalized by the Sy, in
SYM, 4 as a function of the "t Hooft coupling 4. The green dotted,
brown dashed, and blue long-dashed curves are the perturbative
result through order A, A2, and A2, respectively. The solid gray line
is the generalized Padé approximant (C1) and the purple dot-
dashed curve is the strong coupling result through order .

O(%), and O(42), respectively. The purple dot-dashed line
corresponds to the large-N,. strong-coupling expansion
through O(A73/?) and the solid grey line corresponds to a
generalized [5,5] Padé approximant which interpolates
between the weak and strong coupling limits. The analytic
expression for this Padé approximant is presented in
Appendix C.

In terms of convergence, our conclusions are similar to
those of Ref. [3], namely that the resummed perturbative
expansion seems to be converging quickly as one adds
additional perturbative orders. One can take the value of the
’t Hooft coupling at which the truncated perturbative
solutions cease to be close to the Padé approximant as
an estimate of the range of validity of each perturbative
truncation. We find that the expansions truncated at O(1),
O(2%?), and O(4?) agree well with the generalized Padé
for 1 < {0.02,0.2,2}, respectively. This suggests that the
resummed perturbative expansion for SYM, 4 thermody-
namics has a finite and perhaps large radius of convergence.

VI. SUMMARY AND OUTLOOK

In conclusion, we have rederived the free energy density
for N =4 supersymmetric Yang-Mills theory through
order A?> using dimensional reduction and effective field
theory, correcting a small mistake in the literature in the
process. The weak-coupling expansion seems to have good
convergence properties.

Dimensional reduction and effective field methods were
used to streamline the calculations by explicitly separating
the scales 7 and v/AT. It also explains the appearance of
logarithms of the coupling 4 in the expression for the free
energy Eq. (56). It is associated with the renormalization of

the parameter f in the effective theory. The solution to the
renormalization group equation for these parameters can
generally be used to sum leading logarithms of the form
g" " log"(g), where g again is a generic coupling [24].
The fact that the solution to the evolution equation for f is
trivial suggests, as in QCD, that there are no higher order
logs of the form A"*! log”" A with n > 1 associated with the
terms A% log 1 [6].

The next term in the weak-coupling expansion will be of
order A2 and is the highest order that we can obtain in purely
perturbative calculations due to the magnetic mass problem
of non-Abelian gauge theories at finite temperature [26,27].
The order-2 contribution to the free energy density is
coming entirely from the soft scale /AT and requires the
evaluation of the three-loop vacuum diagrams in ESYM. It
also requires the determination of the mass parameters
squared m% and m% to two-loop order, in analogy with the
calculations in QCD [6]. This work in is progress [29].
Once this is complete, it would also be interesting to extend
the two-loop hard-thermal-loop perturbation theory calcu-
lation of SYM, 4 thermodynamics [30] to three-loop order.
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APPENDIX A: SUM-INTEGRALS

Loop integrals in the full theory involve sums over
Matsubara frequencies and integrals over spatial momenta.
We use momentum-space dimensional regularization to
regulate both infrared and ultraviolet divergences. The
sum-integrals are defined as

7EA2 €
Y -()rs |
P 4z po=2nxT 7P
e}’EAz €
I — < : > T ) / , (A2)
P} z Po= )T < P

(2n+1

(A1)

where the sum is over Matsubara frequencies, py = 2nzT
for bosons and py = (2n + 1)zT for fermions. The inte-
grals over momenta are denoted by

eyEA2 € dd—l p
[=C) [t
where d =4 — 2¢ and A is an arbitrary momentum scale

that coincides with the renormalization scale in the MS
scheme.

(A3)
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The simple one-loop sum-integrals are of the form

1 1
bn:j_, o I o
pP (P

We specifically need the following one-loop sum-integrals

fn n20. (A4)

H—ZT“[I + O(e)],

A

f2= (43:) <4ﬂT

2e¢ [
> [E+410g2+2y+(9(€), (A10)

where the prime indicates a derivative with respect to the
exponent n in Eq. (A4).

The following two-loop sum-integrals arise in the
simplification of certain three-loop diagrams in the full

by = 45 (AS) theory and vanish [4]
() [ (250 FOFTOR
bi=—(-—22)" |14+ (242 e+0E@)|. (A6 i _0 All
"2 \daT (-1 (€] 48 o PPOXP 07 (A1)
1 A \2¢1
2orpion =% (A12)
(pyo P?O*(P+ Q)
T7?
fiy= =L+ O], (A8) 1
————=0. Al3
T2 A \% ¢(-1) I{PQ}PzQZ(PJrQ)z (A1)
f':_24<47zT> [1+(2—210g2+2§(_])>€+0(€2)],
The three-loop sum-integrals needed are defined in
(A9) Ref. [3] and their expressions are
|
1 /T2\%[6 O(=3)  C(=1) 182
bb __ — L —_—
Lo = 4”)2 (12> [€+3610g4 T 12 7(=3) + 48 = + 5 + O(e )] (A14)
i 1 (T2\2[3 o O(=3) L (=1) 173 63
ff - - = -
Ity = ) (12> [2€—|—9log4ﬂT 3 =) +12 =) AT log2 + O(e )] (A15)
1 1
15211:—6(1 2! 3d)lggu 61{’2"’ (Al6)
1 (TO\[3 9w 30(-3) 3¢(-1) 9 36l
By = ny <E> e 200 T2 53) T2ecn At Tigo Tiole2 T Ok ﬁ (AL7)
1 (T2\2[ 5. ou 10(=3) 7(=1) 23 8
H, = ~) =4 tlog e — - - = —log2 Al
4 (4;:)2(1 > 22e T3 4T 6¢(=3) 64— 1)7L Yet g T 5loe2 Ol )] (A18)
L (TA\?4 o 50(-3) 265’( 1)
Hs = @n)? <1—> _§+8 0g o §§(— 3) =) E—l— +(’)( )] (A19)
1 /T\2[ 17 17, u  SO(=3) 1I(=1) 1 41 11
Hg = ) e = llog b —— — —yp——+—1log?2 A2
¢~ (dn) <1) a8 8 %47 T eo) 6 ecn) 2/F Tag Tglee2 ol )} (A20)
and
B = =T (252 R, +5(0 =205, (23
D-2
o, = Do, 2D, (A21)
with
It = (Tr1)? 11, D -3)Iff A22 7bb 2 bb
SMip = g sy T (D=3l (A22) Y= 4(D—4)byb} + 16H;5 — 1YY, (A24)
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TngMLD =4(D—4)byf? + 16H, — I, (A25)

Iy, = 4(D—4)byb f1 + 16Hg — I, (A26)

The three-loop sum-integrals in Eqgs. (A14)—(A17) were
calculated in Refs. [4,5]. The remaining three-loop sum-
integrals were calculated in Ref. [3].

APPENDIX B: INTEGRALS IN THE EFFECTIVE
THEORY

Loop diagrams in the effective three-dimensional theory
involve integrals over three-momenta. We use dimensional
regularization to regulate both infrared and ultraviolet
divergences. The integrals are denoted by

evE AZ € dd—l p
[-() o
where d = 4 — 2¢ and A is the renormalization scale in the
MS scheme. We define the one-loop integrals

1
W= | gy

The specific one-loop integrals we need are

(B1)

(B2)

I(m?) = T—; <%) “ E + 19—66 + 0(62)] . (B3)
Im?) =1 (%) “L1-2e 4 0(),  (B4)

where the prime again indicates the derivative with respect
to the exponent n in Eq. (B2).

Some of the two-loop diagrams are simple products of
the one-loop integrals defined in Eq. (B2). The two-loop
integrals that are not simple products are of the form [6]

1
1) = [ e

(BS)

Specifically, we need the two-loop diagram

g (am) [zt 0] ®9

Jl(mz) =

APPENDIX C: GENERALIZED PADE

Following Ref. [3] one can construct a generalized Padé
approximant that interpolates between the known weak- and
strong-coupling limits. We find that in the large N .-limit the
following form

S 1+al 24 bA+ e+ di2 + e (C1)
Sidea 1+ ad 2 +bA+32ch? +3d)% +2ep’?
with
4 2
A 2(34+2) ’
135¢(3) 3z
1 A\ 167453 +v2)¢(3) + 73
b="log( %)+ m[45( +\f2)é( ) + 7]
m z 18225£%(3)
3655 + 7] + 69v2 + 59 — 75 log 2
" 3672 ’
. 3
h=ba
+ 7%’
2
S 15¢(3)°
g 1803+ v2)¢(3) +87°
; 20257¢2(3) ’
2b 3
(C2)

“TI3) T 50B)

reproduces Egs. (1) and (56) in the strong- and weak-
coupling limits, respectively, and that all coefficients are
uniquely constrained. For details concerning the method of
construction see Ref. [3]. Note that this is different than the
result originally reported in Ref. [3] in the last term
contributing to the coefficient b. This has been corrected
in an erratum to Ref. [3].
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