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Abstract

Due to the improvements made in the prediction and prevention of surface-
initiated gear failure modes like pitting, tooth root breakage, scuffing and mi-
cropitting, a transition from surface to subsurface-initiated failures is occurring
on spiral bevel gears. The herein presented work continues the efforts of the
Improved reliability of thrusters joint industry project - a cooperation between
thruster suppliers, gear manufacturers, steel suppliers, forging companies and
the maritime classification society - and aims at the prediction and prevention
of subsurface initiated fatigue or tooth flank fracture in large maritime spiral
bevel gears.

In this thesis, the three relevant building blocks for a successful tooth flank
fracture prediction, namely a material model for case hardened CrNiMo steel,
a numerical stress prediction in the gear tooth’s mean cross-section and a, for
rolling contact fatigue applicable, multiaxial fatigue criterion are proposed and
verified. Tooth flank fracture is not a new failure mode but has been increasing
in severity since the beginning of the 21st century. This thesis represents thereby
a continuation of the works done by the FZG and Forschungsvereinigung An-
triebstechnik (FVA), the International Organization for Standardization (ISO),
Det Norske Veritas (DNV) and researchers like MackAldener and Weber, to
name a few. It focuses on large maritime bevel gears and extends its applicabil-
ity to other gear sizes through the derived size and lifetime factors. Numerous
uniaxial and shear fatigue tests under alternating and oscillating stresses in the
high cycle and very high cycle fatigue regime along with load-controlled bevel
gear tests were carried out to derive a material model for case hardened CrN-
iMo steel and to verify the proposed multiaxial fatigue criterion, the predicted
material utilisation and failure origins (i.e. the initiation depths in the studied
gear teeth).

While the gear failure mode tooth flank fracture was the focus of this aca-
demic work, qualitative evidence is presented for the applicability of the devel-
oped methodology to other gear failure modes, namely pitting and tooth root
breakage.

Keywords: Tooth flank fracture, multiaxial fatigue, rolling contact fatigue,
case hardened steel
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Chapter 1

Introduction

This thesis is closely linked to the maritime industry, azimuthing thrusters,
spiral bevel gears and the application-specific dominant failure mode tooth flank
fracture (TFF). An introduction to TFF, a failure mode characterisation and a
brief historical exposition are given in addition to a summary of all published
articles. In this preface, the ISO6336-4 technical report [1] is quoted for its TFF
definition.

”Tooth flank fracture is characterised by a primary fatigue crack in the re-
gion of the active contact area, initiated below the surface due to shear stresses
caused by the flank contact. Tooth flank fracture is most often observed on case
carburised gears but failures are also known for nitrided and induction hardened
gears.”

1.1 Motivations and goals

Typical applications for bevel gears are automotive differentials, main and tail
rotors in helicopters and bow or azimuthing thrusters in the maritime industry.
Azimuthing thrusters are the preferred propulsion method for platform sup-
ply vessels, anchor handlers, ferries, cruise ships and tugboats as they improve
manoeuvrability, course stability and dynamic positioning capabilities.

Conventional azimuthing thrusters feature one or two spiral bevel gears be-
tween an either vertically or horizontally mounted drive motor and the propeller.
Especially the gear set in proximity to the propeller suffers from gear failures,
despite a stringent design process that relies on classification standards for ma-
rine propulsor like the Det Norske Veritas (DNV) gear rating standard DNVGL-
CG-0036 [2]. Figure 1.1a shows the cross-section of an azimuthing thruster with
two bevel gear sets mounted between the horizontal input and propeller shafts.
The standard material choice is case hardened 18CrNiMo7-6 steel and typical
sizes range from 500 to 1500 mm (outer gear wheel diameter de2), transmitting
between 1 to 5 MW of power. In Figure 1.1b, a wheel-initiated TFF after ap-

1
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proximately three years of operation or 3 � 108 load cycles is shown. Figure 1.1c
plots a sectioned bevel gear tooth, visualising the typical TFF crack path from
the loaded drive flank to the tooth root of the unloaded coast flank.

(a) Azimuthing thruster

(b) TFF on maritime gear wheel

(c) Sectioned TFF gear tooth [3]

Figure 1.1: TFF in maritime bevel gears

Pitting, tooth root breakage, scuffing, micropitting and wear are established
and well-defined gear failure modes. They are related to the surface of the
loaded tooth flank or the gear’s tooth root. As a result of the optimisation
of the gear’s macro- and microgeometry through advanced simulation tools and
5-axis machining, improvements in regards to the gear’s material, the heat treat-
ment process, utilised lubricants and post-processing steps like shot-peening or
isotropic superfinishing, a transition from surface to subsurface-initiated failures
are occurring on large bevel gears.

While the above-listed failure modes can successfully be avoided through
established gear standards [2, 4, 5] and the research and publications by the FZG
and FVA [6–9], TFF is becoming increasingly prevalent, ultimately terminating
a maritime gear’s functionality well before its intended service lifetime of 20
years or more. According to the classification society DNV, approximately 3/4
of all premature gear failures on azimuthing thrusters are caused by TFF. The
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unscheduled dry docking of an offshore vessel causes, besides the considerable
replacement costs of the broken gear set, a prolonged downtime, leading to
additional costs, in the form of off-hire losses. With lead times for large bevel
gears being six months or longer, the criticality of TFF is further exacerbated.

1.1.1 Research objectives

Unforeseen TFFs on azimuthing thrusters are a concern to the operation of off-
shore vessels and among the highest research priorities for the maritime supply
industry. This academic work aims at expending the existing knowledge and
understanding of the gear failure mode with an explicit focus on large, case
hardened, bevel gears. Most gear standards have been developed for relatively
small, typically automotive gears and derived from similarly sized test gears
(de2 ≈ 170 mm and mean normal module mmnof2 to 5 mm). The applicability
of said standards to spiral bevel gears with wheel diameters > 1 m needs to be
questioned, especially when the crack initiation occurs not on the surface but
in the case/core interface. One known issue on large gears is the prevalent ma-
terial anisotropy expressed through the coarse dendritic solidification structure
that is only insufficiently broken up during hot forging. With resulting hardness
differences in the alloy-rich but carbon-poor and alloy-poor but carbon-rich mi-
crostructures over 150 HV, their criticality for the gear’s local fatigue behaviour
cannot be ignored [10, 11].

Azimuthing thrusters can be subjected to highly dynamic loads during ex-
treme weather conditions, impact events or due to unfavourable inflow condi-
tions to the propeller. The prediction of these conditions and the thruster’s
response to them have been studied and published for example by the Depart-
ment of Marine Technology at the Norwegian University of Science and Tech-
nology (NTNU). This thesis does not quantify these loads but focuses instead
on the development of a methodology that enables the consideration of these
conditions.

Material model

Multiaxial fatigue under rolling contact fatigue (RCF) is at the core of the
herein studied TFF failure mode. In contrast to through-hardened applications
like small and medium-sized bearings, spiral bevel gears are case hardened, re-
sulting in varying material properties throughout the hardened layer. Recent
additions to the family of stress-based multiaxial fatigue criteria are the shear
stress intensity or integral methods (for example, the shear stress intensity cri-
terion by Liu & Zenner [12]). In the case of the Liu & Zenner criterion, the
spatial average of the damage parameter overall material planes is calculated.
It considers the shear mean and amplitude stresses (τm and τa) and the normal
mean and amplitude stresses (σn,m and σn,a) as functions of the Euler angles
φ and θ. To weigh these stresses and to calculate the spatial average, four
model parameters are required. These model parameters rely in turn on four
material constants for their prediction - typically the uniaxial fatigue strength
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under alternating load f−1, the uniaxial fatigue strength under oscillating load
f0, the shear fatigue strength under alternating load t−1 and the shear fatigue
strength under oscillating load t0. Figure 1.2 visualises the cyclic loading con-
ditions when testing for f−1 and f0 and depicts the effect of compressive and
tensile mean stresses on the fatigue strength in the form of a Haigh diagram for
400 HV hard, mild steel according to the FKM guideline [13].
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Figure 1.2: Uniaxial material constants

A material model for case hardened CrNiMo steel needs to be developed that
defines these four material constants to enable an accurate fatigue assessment
in the TFF critical material depth. Figure 1.3 depicts the case hardened layer
of a maritime bevel gear in the vicinity of a TFF-crack, highlighting the hard-
ness profile and changing microstructure. The material properties and residual
stresses are a result of the different local material phase compositions, transfor-
mation histories and volume expansions. Apparent is also the channelling of
the carbon in Figure 1.3a in the case/core interface (i.e. 2 to 3 mm), creating
parallel fingers or areas of high carbon concentration and high hardness and
areas of low carbon, but high alloying concentration and low hardness.
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case core

fracture surface

(a) Hardness profile and macrostructure

50 m

case

core

transition

(b) Case, transition and core microstructures

Figure 1.3: Material structure in large, case hardened gears

Stress model

Load-induced and manufacturing-related stresses are superpositioned and lo-
cally elevated by inclusions or asperities in the contact during the meshing of
pinion and wheel teeth. Existing gear, subsurface stress models [1, 6, 14, 15]
are analytical in nature and consider the dynamic Hertzian stresses, the static
residual stresses and in some cases, Bernoulli bending and Timoshenko shear
stresses, ignoring the effect of the bending moment on the shear stress distribu-
tion and the transverse normal stresses in the point of load introduction [16, 17].
A numerical or refined analytical calculation method needs to be developed to
improve upon the subsurface stress prediction in gear teeth. Here, a numerical,
2D plane strain, purely elastic model for the stress prediction in the mean cross-
section of gear tooth was favoured over 3D contact analysis due to its accuracy
and simplicity, enabling in turn higher mesh, load and angular resolutions. A
general model definition is visualised in Figure 1.4, depicting the analysed mean-
cross section and the definitions of the radius of curvature of pinion and wheel
ρ1,2, the equivalent radius of curvature ρeq and the Hertzian surface pressure
pH between the meshing gear teeth for an instantaneous contact position. The
predictions of pH and ρeq for all contact positions rely on a loaded tooth contact
analysis (LTCA) with the FVA software Becal [18]. They can also be derived
through analytical equations as outlined in the works by Hombauer and Klein
on micropitting and scuffing [7, 8]. LTCA-derived distributions of pH and ρeq
for the mean cross-section of a pinion tooth are shown in Figure 1.5c. Figure
1.5a demonstrates the stress concentration in the middle or mean cross-section
of the studied pinion tooth. The changing equivalent radius of curvature in
tooth profile and lengthwise directions is visualised in Figure 1.5b.
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(a) Gear set G1 (b) Mean normal cross-section

Figure 1.4: 2D model definition

(a) LCTA pressure distribution pH

(b) LCTA radius of curvature ρeq
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Figure 1.5: Stress model for a G1 pinion tooth and its mean cross-section (ge-
ometry and load according to Papers I and III [10, 19]

Multiaxial fatigue model

The majority of the herein studied stress-based multiaxial fatigue criteria have
not been developed for RCF. The Hertzian contact between the meshing gear
teeth results in equally large compressive mean normal stresses and normal stress
amplitudes in surface near or shallow material layers. These stresses lead to an
overestimation of the local fatigue risk underneath the loaded gear flank for most
multiaxial criteria. Contrary, the Liu & Zenner shear stress intensity criterion
[12] significantly underestimates the local fatigue risk in the same material layer.

A multiaxial fatigue criterion needs to be identified or developed that enables
a fatigue prediction under RCF. The criterion’s accuracy needs to be verified
through benchmarking against other stress-based criteria under conventional
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multiaxial fatigue conditions and gear testing of medium-sized spiral bevel gears
(i.e. de2 = 450 mm). Figure 1.6 displays the predicted material utilisation or
material exhaustion D according to Papuga’s PIN criterion [20] and the Liu
& Zenner shear stress intensity criterion [12] for the mean cross-section of a
pinion bevel gear tooth, exemplifying the issue with non-RCF fatigue criteria.
The material utilisation is defined as the inverse of the local safety factor or
the ratio between the local equivalent stress or spatial average and the material
strength.
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Figure 1.6: Material utilisation in G1 pinion tooth

Standardised approach

TFF needs to be characterised as a highly complex gear failure mode as it
requires numerical calculations, the prediction of local mean and amplitude
stresses on multiple material planes, the definition of local constitutive param-
eters and the application of a, for RCF-suitable, stress-based fatigue criterion.
Based on the developed understanding of the failure mode and its governing
stresses, a comprehensible or standardisable approach needs to be developed
that enables the rudimentary assessment of subsurface fatigue in case hardened
gears. The herein developed method follows in the footsteps of the ISO10300
standard [21] and ISO6336-4 technical report [1] and relies entirely on their geo-
metrical definitions and their stress approximations. It is fundamentally aimed
at supporting the design phase of a gear, where not all input parameters are
defined but rather iterated upon to yield a sufficiently optimised gear design
against all failure modes. It foregoes all complex stress calculation in favour of
a comprehensible, linear and intuitive subsurface fatigue assessment.

1.2 TFF characterisation

Whereas well-established gear failure modes like pitting, micropitting or scuff-
ing initiate on the load-carrying flank, TFF occurs in a specific material depth,
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(a) Terminal TFF with fatigue fracture features (i.e. nucleation spot, beach
and ratchet marks)

(b) Early, surface-parallel TFF in 2.6 mm depth and 0.5 mm size

Figure 1.7: TFF crack propagation from initially surface-parallel cracks through
the entire gear tooth

typically 1 to 2 times the case hardening depth CHD. The failure mode is
prevalent in industrial applications that rely on case hardened gears like wind
turbines, truck and train transmissions and azimuthing thrusters. Unique to
TFF is an initially invisible crack initiation and propagation that leads to a
sudden and often catastrophic gear failure. Large metal particles that are re-
leased during the tooth fracture will impact other driveline components like
bearings and seals. Alternative means than visual inspection are necessary to
detect progressing TFFs and prevent tooth fractures.

To avoid catastrophic gear failures, the maritime industry has adopted ul-
trasonic scanning to identify early-stage TFFs during overhauls and service
intervals. Phased array ultrasonic scanning (PAUT) has proven highly accu-
rate in detecting ≤ 0.5 mm cracks several millimetres below the load-carrying
flank on large maritime bevel gears. Whereas gearwheel teeth can be scanned
efficiently with phased array probes due to the relatively low curvature of the
teeth, pinion teeth require non-phased array or monolithic probes. Regardless
of which type of probe is employed, accurate crack detection is achieved when
scanning the gear’s loaded drive flank and not the tooth tip as early-stage TFF
cracks are orientated parallel to the flank. Figure 1.7 shows a terminal-stage and
an early-stage TFF damage with a 454 μm large, surface parallel, subsurface
crack.
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Figure 1.8: Rudimentary TFF model, comparing the local shear strength with
the geometry and load-dependent shear stress amplitude [15]

1.2.1 Damage mechanism

With TFF initiating under shear, rudimentary TFF models compare a hardness-
derived shear fatigue strength and a geometry and load-derived shear stress
amplitude. The shape of the shear stress amplitude is a result of the dynamic
Hertzian contact pressure between the meshing gear teeth pH and the flank’s
local curvature, expressed in the equivalent radius of curvature ρeq. Whereas pH
dictates the magnitude of the shear stress profile, the depth of its maximum is
a function of ρeq. As indicated in Figure 1.5, the equivalent radius of curvature
ρeq changes on spiral bevel gears in tooth profile direction and to a lesser degree
in tooth lengthwise direction. Assuming equal Hertzian contact stresses, three
different shear stress profiles are plotted and compared to an idealised shear
strength in Figure 1.8.

As shown for the largest equivalent radius of curvature ρeq,3, crack initiation
in the transition zone from hard case to soft core is likely to occur as the local
stress exceeds the local fatigue strength. Bevel and hypoid gears - more so than
similarly sized cylindrical gears - feature larger curvatures on the tooth flank,
requiring deeper case hardening depths to prevent TFFs [22]. Crack initiation
and early propagation are parallel to the load-carrying flank in mode II in-plane
shear or sliding and transition into mode I tension or opening under the act-
ing bending stresses when propagating through the gear tooth. Characteristic
TFF features are the formation of primary, secondary and tertiary cracks. The
primary crack front will initially grow parallel to the loaded flank and subse-
quently into the gear tooth in an approximately 45◦ angle before propagating
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to the loaded tooth flank. Once the loaded flank has sufficiently been weakened,
secondary and tertiary cracks will form from the primary crack front (see Fig-
ure 1.1c). Via PAUT, elliptically shaped 10 mm wide and 0.5 mm high, nearly
surface parallel cracks have been documented [11]. They suggest an initial crack
growth that is significantly faster in tooth lengthwise than tooth profile direc-
tion.

Whereas three shear stress profiles are compared with the local material
strength in Figure 1.8, the actual stress state in a bevel gear tooth is significantly
more complex. As outlined in the multiaxial fatigue approach by Hertter [6],
the stress state in gears is defined through the superposition of the Hertzian
contact stresses, frictional shear, localised thermal, bending, transverse shear
and the static residual stresses.

1.2.2 Fracture surface

The fracture surface of a TFF damage features clear signs of subsurface initi-
ated fatigue, starting in often a single but occasionally also multiple nucleation
spots with or without the presence of an inclusion. Other fatigue features are
beach marks in the tooth interior and ratchet marks in the instantaneous frac-
ture area. As shown in Figure 1.7a, the gear tooth is substantially weakened
prior to the instantaneous fracture. Typical for TFF is also the formation of a
Fisheye of considerable size around the crack initiation region. It is the result of
micromovements between the fracture surfaces and the smoothening of surface
roughnesses. The formation of the Fisheye will lead to the removal of the pre-
viously mentioned macroscopic fatigue features. Topographic images of a TFF
crack origin are provided in Paper I [10]. They reveal two ridges to either side
of the identified initiation region, an almost plane crack propagation into the
tooth interior and multiple level changes towards the loaded flank.

1.3 Historical context

This section provides a brief historical exposition of the previously published
works on TFF, tooth interior fatigue fracture (TIFF), Flankenbruch or sub-
surface fatigue. Most of the herein listed references are included with their
proposed calculation methods in Appendix B.

MackAldener - TIFF

MackAldener published his findings on subsurface fatigue in case hardened idler
gears and the optimisation of a gear design regarding noise, quality and costs [23]
in 2001. He coined the observed subsurface failures TIFF. The term was later
not adopted by the FZG and the ISO as the crack path on MackAldener’s idler
gears formed a plateau in the middle of the tooth rather than a wedge, typical
for single flank loaded cylindrical, bevel or hypoid gears (compare Figures 1.9a
and 1.1c).
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10 mm

(a) Typical TIFF on truck idler gear
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(b) Crack initiation risk factor
(CIRF) or material utilisation

Figure 1.9: Visualisation of subsurface fatigue failure and prediction model by
MackAldener [23]

MackAldener relied on the Findley criterion [24] to predict a local material
utilisation or crack initiation risk factor (CIRF) as the ratio between the Find-
ley criterion’s equivalent stress and the fatigue strength in the studied gears.
He conducted uniaxial and shear fatigue tests under alternating load of two
gear steels prior and post case hardening to estimate the gear’s local material
properties as a function of the hardness profile. In addition, x-ray and neutron
diffraction residual stress measurements were performed to document and con-
sider the compressive residual stresses in the case and tensile residual stresses in
the core. For the herein outlined research, a number of the concepts proposed
by MackAldener were adapted and expanded upon. Those are the use of con-
ventional fatigue testing to determine the multiaxial fatigue criterion’s model
parameters and residual stress measurements by means of neutron diffraction.
The herein presented results suggest that the implemented Findley criterion is
not among the most accurate stress-based criteria and that the by MackAldener
utilised calculation of the shear stress amplitude according to Equation 1.1 is
not applicable to the non-proportional loading found in gears.

τa =
τmax − τmin

2
(1.1)

Due to misalignment issues during the uniaxial fatigue testing of the case
hardened fatigue specimens, MackAldener approximated a fatigue ratio κ (i.e.
the ratio between the uniaxial and shear fatigue strength under alternating
loading) of 1 for the hard case. The herein performed literature study and
fatigue tests suggest values closer to 1.4 for the hard case.

DNV - Subsurface fatigue

The DNV gear rating standard for maritime cylindrical and bevel gears DNVGL-
CG-0036 [2] contains one of the few formalised TFF or subsurface fatigue calcu-



12 CHAPTER 1. INTRODUCTION

lation methods. It compares the surface-parallel, orthogonal shear stress ampli-
tude below the gear’s pitch point to a hardness derived shear fatigue strength.
The numerical studies performed in this academic work support the proposed
analytical stress amplitude as it accurately captures the critical subsurface stress
state. It was therefore adopted for the herein proposed TFF standardised ap-
proach (see Chapter 4). The parameters needed for the prediction of the shear
stress amplitude τxy,a are x, pH and bH , the depth underneath the pitch point,
the Hertzian contact stress and the half Hertzian contact width.

τxy,a(x) = 0.25pH cos

⎛⎜⎜⎝
x

bH
− 0.5

x

bH
+ 0.5

π

2

⎞⎟⎟⎠ (1.2)

Rather than approximating a hardness profile from case to core, the standard
calls for the calculation of the subsurface fatigue safety factor in the depth of
the peaking shear stress amplitude (i.e. 0.5 bH), the CHD (550 HV hardness
depth) and the 400 HV hardness depth. Figure 1.10a shows the minimum
specified hardness parameters against a minimum required hardness profile as
a result of the in Equation 1.2 outlined shear stress profile.

Without the consideration of the compressive residual stress as a result of
the case hardening process, the DNV criterion tends to overestimate surface
rather than subsurface failures, calling in some cases for an increase in surface
hardness HVS rather than CHD to prevent TFF (see Figure 1.10a). Missing
from the gear rating standard is also a size factor and a lifetime factor that
reduces the fatigue strength beyond 3 106 load cycles. For hard steels, fatigue
strength reductions must be expected in the very high cycle fatigue (VHCF)
regime.
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Annast/FZG - Flankenbruch

Annast’s research and thesis from 2002 constitute the first TFF or Flankenbruch
specific academic work by the FZG in Munich [14]. His thesis includes a detailed
damage characterisation of the failure mode on single flank loaded bevel gears,
the definition of the TFF-critical heat treatment parameters based on back-to-
back gear testing, an application of the shear stress intensity criterion by Oster
[25] and the definition of a simplified Flankenbruch or TFF criterion that relies
on the main principle shear stress τH12. The same parameters are used for the
prediction of τH12 as for the orthogonal shear stress amplitude τxy,a.

τH12(x) = pH

⎛⎜⎜⎝ x

bH
−

(
x
bH

)2

√
1 +

(
x
bH

)2

⎞⎟⎟⎠ (1.3)

According to Annast, the principal shear stress τH12 and the material hard-
ness HV (x) need to be compared in the transition zone from hard case to soft
core. In the specified depth, the residual stresses change from compression to
tension and can be ignored for a simplified TFF study. For a subsurface mate-
rial depth 1.2 ≤ x/bH < 4.5, Annast observed a nearly constant ratio between
Oster’s spatial average of the maximum shear stress τeff,L and the analytically
calculated main principle shear stress τH12 of τeff,L/τH12 = 0.75. As Figure
1.10b shows, 0.75 τH12 is a nearly identical the orthogonal shear stress amplitude
τxy,a in the by Annast specified material depth.

The DNV and Annast criteria are very comparable in their stress predictions.
Differences arise from the different shear strength to hardness ratios (Annast
0.55, DNV 0.625) and the consideration of the safety factor or material utilisa-
tion in the half Hertzian contact width of the DNV criterion, yielding a deeper
shear stress profile than for the Annast criterion.

Witzig/FZG - TFF

The academic work and thesis by Witzig on TFF [15] from 2012 are at the core of
the FVA research project FVA556. The FVA556-I focused on cylindrical gears,
expanded upon the shear stress intensity criterion by Oster [25] and proposed
an analytical model for the prediction of TFF that was verified through gear
testing. The ISO later adopted Witzig’s model in the form of the ISO6336-4
technical report [1]. The works by Wickborn and Boiadjiev in the FVA follow-up
projects FVA556-II and FVA556-III [26, 27] apply the developed methodology
to larger cylindrical gears and bevel or hypoid gears.

Based on extensive gear testing, Witzig was able to quantify the critical load
and gear design parameters. Those are the gear loading or surface stress pH ,
the gear’s curvature ρeq, the CHD, the residual stresses σres and the general
shape of the hardness profile when transitioning from case to core. As such, the
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bending and transverse shear stresses were not considered in the proposed ana-
lytical model. The herein presented results suggest an increase of the calculated
material utilisation of 11 % when considering the bending stresses.

To predict the material utilisation DISO below the studied design point, a
spatial average of the maximum shear stress τeff,L as a result of the surface
stress pH is calculated. To τeff,L, a quasi-mean shear stress Δτeff,L,RS is
added and a residual stress equivalent shear stress subtracted τeff,RS . The
calculated equivalent stress is subsequently compared with a shear strength τzul.
As such, the Witzig criterion (see Equation 1.4) does not resemble established
stress-based multiaxial fatigue criteria and fails to weigh the individual stress
components through model parameters or material constants. Quantification
of the model’s accuracy through conventional multiaxial fatigue tests is not
possible as the criterion does not rely on conventional multiaxial fatigue stresses
(see Appendix B).

DISO(x) =
τeff,L(x) + Δτeff,L,RS(x)− τeff,RS(x)

τzul(x)
+ c (1.4)

A comparison between the predicted subsurface material utilisations accord-
ing to the Witzig or ISO criterion and the herein proposed multiaxial fatigue
criteria are included in Appendix B and Chapter 4. The documented close
match between these criteria in the TFF-critical material depth verifies the
herein developed advanced and simplified subsurface fatigue criteria. Especially
in the hard case, the Witzig criterion seems to underestimate the local material
utilisation. Critically, Witzig implements Lang’s hardness model [28], which is
not applicable for large maritime gears as it underestimates the hardness gra-
dient from case to core. Also, the correctness of the adjustment factor K2 are
discussed in this thesis.

Weber

Weber did not propose a new fatigue criterion in his 2015 research on TFF
in case hardened, cylindrical gears [29]. Instead, he developed an improved
analytical stress model by interpreting a gear tooth as a wedge-shaped beam.
The apparent transverse normal stress profile under a Hertzian line contact was
estimated through numerical beam calculations and interpolated for the studied
gear teeth.

To document and model the compressive and tensile residual stresses, We-
ber employed the contour method by Prime [30] and adapted the residual stress
model by Lang [28] to his findings. The principle of the contour method is
visualised in Figure 1.11a. It requires the sectioning of a gear tooth with wire
electrical discharge machining (EDM), the measurement of the contour of the
relaxed tooth section and the numerical calculation of the necessary stresses to
move the deformed section into its pre-relaxed plane state. Weber was thereby
able to obtain a residual stress map for an entire gear tooth compared to only
point measurements by means of hole drilling, neutron diffraction or x-ray (see
Figure 1.11b). Whereas the contour method yields reliable results for tensile
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stresses in the tooth interior, Weber relied on conventional measurement tech-
niques for the hard case and the compressive residual stresses. The herein
proposed residual stress model is comparable to Weber’s measurements and
model suggestions but improves upon the transition from compressive to tensile
residual stresses and the symmetric constraint in the gear tooth’s neutral axis.

Original stress 
state

Sectioned piece,
stress relaxation

Deformation of 
the surface back 
to initial position

(a) Contour method principle

res [MPa]

260
201
142
82
23
36
95
154
213
273
332
391
450

(b) Residual stress map

Figure 1.11: Residual stress map as a result of contour method measurements
[29]

Beyond the analytical stress model and residual stress predictions, Weber
carried out VHCF testing at R = 0.05 up to 1 � 1010 load cycles for 18CrNiMo7-
6 steel at various carbon saturations (0.18, 0.35, 0.55 and 0.64 wt. %). His
results show only a minimal strength increase between the 0.35 and 0.64 wt.%
steel variants, which he attributes to the increasing mean stress sensitivity. Also,
the spread and Basquin parameters for the 0.35, 0.55 and 0.64 steels were very
comparable.

In his studies, Weber reports a crack initiation during VHCF testing from
predominantly aluminium oxides. For the development of a material model as
a function of the steel’s hardness and inclusions size, Weber implemented Mu-
rakami’s

√
area model [31]. He proved the general applicability of the

√
area

model in capturing the documented fatigue properties but modifies Murakami’s
mean stress sensitivity by implementing the equations suggested by the Forsch-
ungskuratoriumMaschinenbau (FKM) [13]. According to his measurements, the
mean stress sensitivity presented by Murakami fails to comply with the docu-
mented results. Equation 1.5 outlines Weber’s material model. The uniaxial
fatigue strength under alternating and oscillating load f−1 and f0 are derived
from the Vicker’s hardness HV , the square root of the projected area of an
inclusion

√
area, the stress ratio R, Murakami’s mean stress sensitivity factor

αm, the FKM’s mean stress sensitivity M and the ultimate tensile strength Rm.
The indices MU and WE refer to Murakami and the modification by Weber
through the implementation of the FKM guideline.
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f−1,MU = 1.56
HV + 120
√
area

1/6

f0,MU = f−1,MU

(
1−R

2

)αm

with αm = 0.226 +HV � 10−4

f0,WE =
2f−1,MU

1 +M
with M = 3.5 � 10−4Rm − 0.1

and Rm = 3.3HV

(1.5)

While the combination of Murakami and FKM notably improved the corre-
lation between tested and modelled fatigue strength, f−1,MU significantly un-
derestimates the fatigue strength of the 390 HV soft 18CrNiMo7-6 steel (0.18
wt.% carbon). The fatigue test results in Paper II [32] agree with Weber’s ob-
servation and suggest therefore a transition from Murakami’s upper to lower
fatigue limit in the range of 300 to 550 HV or 0.18 to 0.35 wt.% carbon.

1.4 Thesis outline

As highlighted in Chapter 1.1, an accurate multiaxial fatigue assessment of case
hardened bevel gears requires three elements:

� A material model that covers up to four material constants as a function
of the local hardness

� A numerical stress model that considers all relevant subsurface stresses
and calculates the normal and shear stress components on each material
plane

� A multiaxial fatigue criterion that enables the prediction of the subsurface
and ideally surface fatigue under RCF

The term material utilisation refers to the ratio between the criterion-specific
equivalent stress and a material constant, typically the uniaxial fatigue strength
under alternating loading f−1.
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Figure 1.12: Gear fatigue - model definition

The layout of this academic work follows the same logic, whereby after a gen-
eral introduction to TFF in Chapter 1, a material model for carburised CrNiMo
steel is presented in Chapter 2 and the numerical stress model and the multiax-
ial fatigue criterion are outlined in Chapter 3. The presented TFF methodology
is paired in Chapter 4 with a standardised TFF approach, foregoing the need
for complex numerical calculations. Appendices A, B and C contain all pub-
lished articles, a list of the studied stress-based multiaxial fatigue criteria and
their application to the mean cross-section of a gear tooth under RCF and the
derivation of the size factor proposed in this thesis. The following table gives a
summary of each chapter’s content.

Chapter 1 Outlines the context of the academic work and the generated
scientific publications. A brief historical overview of TFF-
related research is given, along with an industrial context of
TFF for the maritime industry.

Chapter 2 Presents the material model for carburised CrNiMo steel.
Special attention is given to the fatigue ratio κ and the
mean stress sensitivity M .

Chapter 3 Outlines the numerical calculation model. In the later part
of the chapter, the material and stress model are combined
with the developed integral multiaxial fatigue criteria for
the prediction of fatigue in case hardened gears.

Chapter 4 Presents and verifies a simplified TFF criterion intended for
the analytical assessment of subsurface fatigue in gears.

Chapter 5 Summarises the findings of this academic work and presents
the concluding remarks.

Appendix A Contains the scientific articles published in the context of
this Ph.D. project.
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Appendix B Lists and compares several stress-based multiaxial fatigue
criteria and gear-specific fatigue criteria to the herein pro-
posed and outlined BO and Hs criteria.

Appendix C Outlines the calculation model used to predict the size factor
according to the weakest link theory.

1.5 List of contributions

Several scientific papers have been published related to subsurface fatigue in
gears that encompass a general damage characterisation, a material model for
carburised CrNiMo steel, a numerical model for the stress prediction in the
mean cross-section of a bevel gear tooth, an advanced, integral multiaxial fatigue
criterion alongside a rationalised TFF criterion and the findings from bevel gear
back-to-back testing. They are included in Appendix A and summarised here.

1.5.1 Paper I

The first publication was written in cooperation with the Institute of Advanced
Technologies of the Togliatti State University in Russia and supported by DNV’s
metallurgical laboratory in Høvik, Oslo [10]. The authors are Stephan André
Böhme and Alexei Vinogradov of the NTNU and Professor Dmitry Merson of
the Togliatti State University.

Three marine bevel gear failures of the same design but distinctly different
case hardening layer thicknesses were analysed and classified as TFF or sub-
surface fatigue failures. The case hardening layer thicknesses were measured to
3.0, 2.5 and 2.1 mm with TFFs initiating in 5.5, 4 and 2.5 to 3.8 mm on the
respective gear sets. A strong correlation between the produced case hardening
depth and the TFF initiation depth is suggested. Based on the metallographic
analysis and hardness measurements, the inhomogeneous microstructure with
its microsegregations in longitudinal and transverse tooth direction were docu-
mented and quantified.

On one of the studied gear sets, a multitude of early-stage TFF cracks were
detected through ultrasonic scanning. After sectioning the affected gear teeth
and polishing the transverse cross-sections, 0.5 mm large, surface-parallel cracks
were identified. Derived from the Dang Van multiaxial fatigue criterion, a TFF
model is presented that utilises the surface-parallel orthogonal shear stresses
amplitude as defined in DNVGL-CG-0036 [2] in combination with the residual
stress profile according to Lang [28]. The proposed model is compared with
the DNV subsurface fatigue criterion and shown to improve upon the predicted
TFF crack initiation depth.

On subsurface initiated failures in marine bevel gears

Böhme, S. A. and Merson, D. and Vinogradov, A.

Engineering Failure Analysis, Volume 110, 2020, 104415

https://doi.org/10.1016/j.engfailanal.2020.104415



1.5. LIST OF CONTRIBUTIONS 19

1.5.2 Paper II

Marine bevel gears are typically case hardened to increase their load-carrying
capacity. As a result, the carbon content and material properties vary through-
out the case hardened layer, requiring a material model as a function of the local
material hardness. Paper II outlines a material model for carburised CrNiMo
steel based on the extensive high cycle and very high cycle fatigue testing of
hourglass-shaped fatigue specimen [32]. The paper was written in cooperation
with the Institute of Materials Engineering at the TU Bergakademie in Freiberg,
Germany and supported by Sonats, Europe Technologies in France and PWT -
Prüf- und Werkstofftechnik in Germany. Its authors are Stephan André Böhme
and Alexei Vinogradov from the NTNU and Horst Biermann, Anja Weidner,
Alexander Schmiedel and Sebastian Henkel from the TU Freiberg.

Stress-based, multiaxial fatigue criteria require up to four material constants
(typically the uniaxial fatigue strength under alternating and oscillating load
f−1, f0 and the shear fatigue strength under alternating and oscillating load
t−1, t0) for the calibration of their model parameters and the correct weighing of
the different stress components (i.e. the shear mean and shear amplitude stress
τm(θ, φ), τa(θ, φ) and normal mean and normal amplitude stress σn,m(θ, φ),
σn,a(θ, φ)). Whereas t0 was estimated according to Equation 1.6 (Liu & Zenner
in [12]), the steels 18CrNiMo7-6, 34CrNiMo6 and 18NiCrMo14-6 were tested
for their f−1, f0 and t−1 fatigue properties.

t0 =
4t−1

2f−1

f0
+ 1

(1.6)

The derived results were paired against literature findings to derive a mate-
rial model for carburised CrNiMo steel with the following characteristics.

� A transition in uniaxial fatigue strength f−1 from Murakami’s upper to
lower limit in the range from 300 to 550 HV [31]

� A fatigue ratio κ (ratio between f−1 and t−1) as a linear function of the
local hardness

� A mean stress sensitivity based on the FKM guideline [13] and the ra-
tio between the theoretical upper fatigue limit and the obtained uniaxial
fatigue strength under alternating loading f−1

When modelling the uniaxial fatigue strength according to Murakami’s lower
limit, the square root of the projected area of an inclusion

√
area needs to be

quantified. Its average value for all tested steels was estimated to be 80 μm
and based on extensive fractographic studies of the VHCF specimen, revealing
either crack initiation from MgO-Al2O3 spinels or large austenite grains.

Especially the mean stress sensitivity is deemed critical for a correct fatigue
prediction under RCF. The herein proposed correlation follows the FKM’s lin-
ear trend for mild and soft steels but deviates significantly for hard steels. The
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mean stress sensitivity model is inspired by Bell & Benham [33], who propose
a reduced mean stress sensitivity for notched compared to an unnotched spec-
imen of the same material. All steels tested in Paper II [32] featured compa-
rable inclusion size distributions but inferior fatigue properties and lower mean
stress sensitivity for the 500 HV hard 34CrNiMo6 steel. As the uniaxial fatigue
strength f−1 is affected by the presence of inclusions in hard steels, so is the
mean stress sensitivity.

Fatigue of carburised CrNiMo steel: Testing and

modelling concept

Böhme, S. A. and Vinogradov, A. and Biermann, H. and

Weidner, A. and Schmiedel, A. and Henkel, S.

Fatigue & Fracture of Engineering Materials & Structures,

Volume 44, Pages 788-804, 2020

https://doi.org/10.1111/ffe.13394

1.5.3 Paper III

A 2D plane strain numerical model for the stress prediction in case hardened
spiral bevel gears is presented along with a novel, stress-based, integral mul-
tiaxial fatigue criterion, developed explicitly for the fatigue prediction under
RCF [19]. The publication was supported by the Czech Technical University in
Prague and authored by Stephan André Böhme, Alexei Vinogradov and Filippo
Berto from the NTNU and Jan Papuga from the Czech Technical University.

The proposed BO criterion is shown to be capable of predicting subsurface
fatigue in large marine bevel gears and pitting and tooth root breakage in small
spiral bevel, test gears [9]. Its accuracy is further verified through a statistical
comparison based on conventional multiaxial fatigue test results under com-
pressive or tensile, static, normal stresses and alternating shear stresses [34–37].
Compared to other stress-based multiaxial fatigue criteria, the documented ac-
curacy is on par with highly accurate Liu & Zenner [12], Crossland [38] and PIN
[20] criteria, outperforming the Dang Van [39], Sines [40] and Hertter criteria
[6]. A common weakness for stress-based multiaxial fatigue criteria is the under-
or overestimation of the material utilisation in the outer material layer under
Hertzian stresses. The BO criterion overcomes that weakness and enables the
prediction of surface and subsurface fatigue in gears.

An improved version of the Hertter criterion and an alternate version of the
BO criterion were furthermore presented. Both BO criteria differ in their con-
sideration of the mean shear stress τm(θ, φ), which alters the predicted material
utilisation in the surface-near material layer. Depending on which mean stress
sensitivity model is chosen, either version can yield correct results.
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A novel predictive model for multiaxial fatigue in

carburised bevel gears

Böhme, S. A. and Vinogradov, A. and Papuga, J. and Berto,

F.

Fatigue & Fracture of Engineering Materials & Structures,

Volume 44, Pages 2033-2053, 2021

https://doi.org/10.1111/ffe.13475

1.5.4 Paper IV

This publication pairs the previously published material, stress and fatigue mod-
els with the results from load-controlled bevel gear testing [41]. It was written
in cooperation with ATA Gears Oy, Kongsberg Maritime Finland Oy and sup-
ported by the Tampere University in Finland. Its authors are Stephan André
Böhme and Alexei Vinogradov of the NTNU, Gabor Szanti and Tami Komssi
of ATA Gears, Joni Keski-Rahkonen of Kongsberg Maritime and José Garcia
Santaella of the Tampere University.

Ten spiral bevel gear sets were tested in a back-to-back test rig under spe-
cific loads and hardening layer thicknesses, yielding an improved lifetime fac-
tor derived according to the Maximum Likelihood Method (MLM) [42]. Six
TFFs occurred on the test gears, of which five initiated on wheel teeth and one
on a pinion tooth. In addition, a single pinion-initiated pitting damage was
documented. Through the study and implementation of the hardening layer
differences between the tested pinions and wheels and the consideration of the
geometrical differences between all gears, accurate stress and failure prediction
were possible that correctly predict the majority of wheel-initiated TFF failures
and the single pinion-initiated pitting failure.

Using scanning electron microscopy, fractographic analyses were carried out
on the single pinion-initiated TFF failure and two wheel-initiated TFFs. Whereas
the wheel teeth featured Fisheyes of considerable size and a by and large
smoothened fracture surface, a 1.4 mm long MgO-Al2O3 spinel was found in
the crack initiation site on the pinion tooth.

Tooth flank fracture - An applied fatigue study of

case hardened bevel gears

Böhme, S. A. and Gabor, S. and Keski-Rahkonen, J. and

Komssi, T. and Santaella, J. G. and Vinogradov, A.

Engineering Failure Analysis, Volume 132, 2022, 105911

https://doi.org/10.1016/j.engfailanal.2021.105911
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Chapter 2

Material model

The material macro- and microstructure in maritime bevel gears are inherently
inhomogeneous. The steels anisotropy stems from:

The carbon profile introduced during the case hardening process

The segregation structure created during the solidification of the steel melt

Figure 2.1 plots a typical heat treatment cycle for gear steels post hot forging
and during the gas carburising cycle. All steels tested in the context of this
project were heat treated to the same specification and extracted from 430 x
430 x 900 mm3 forged blanks, resulting in a large gear equivalent macro- and
microstructure.
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Figure 2.1: Heat treatment cycle for large maritime bevel gears

2.1 Case hardening

Case hardening is applied to gears to increase the surface hardness and thereby
wear resistance and load-carrying capacity. During carburising and quench-

23
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ing of the commonly used 18CrNiMo7-6 steel, compressive residual stresses are
introduced in the carburised layer, further adding to the gear’s load-carrying ca-
pacity. Unique to large gears is a gas carburising at multiple carbon potentials
(boost phase at 0.9 to 1.3 % and secondary phase at 0.6 to 0.8 %) to econom-
ically achieve the intended CHD and to ensure the targeted surface hardness
HVs. Inadvertently, this leads to a steeper hardness gradient from case to core
and a reduced load-carrying capacity in the case/core interface [19, 41]. Due to
the gear’s size and targeted CHD, long diffusion times can lead to grain growth
if not compensated through microalloying additions (Nb, Ti, Al and N). Car-
burising is followed up by quenching and tempering to achieve a hard, primarily
martensitic microstructure that retains a level of ductility. Besides tempered
martensite, retained austenite and carbides are present in the case and bainite
and potentially ferrite in the core. For maritime gears made of 18CrNiMo7-6
steel and a core hardness HVc requirement of ≥ 350 HV, rapid cooling rates are
necessary to achieve a primarily martensitic microstructure.

During gas carburising, the gears are exposed to temperatures between 920
to 950 ◦C to ensure a fast carbon diffusion into the face centred cubic austenite.
In the subsequent quenching stage, a diffusionless transformation from austen-
ite to the metastable, body centred tetragonal martensite takes place, trapping
the diffused carbon as interstitial impurities. Depending on the alloying com-
position of the material, the severity of the quenching media (water > oil > air
> furnace) and the size and shape of the workpiece (surface to volume ratio)
carbides, martensite, bainite, pearlite and ferrite form. For the surface of case
hardened gears, a carbon content of 0.7 wt.% is typical, featuring between 5 to
25 % retained austenite due to the relatively low martensitic start and sub-zero
finish temperatures (cryotreatment to achieve lower austenite concentration).
Quenching is followed up by a tempering stage at temperatures from 150 to 200
◦C to improve the steel’s ductility and toughness whilst maintaining most of
the steel’s hardness and strength. During tempering, carbon segregation takes
place in the martensite, forming very fine particles of transition carbide.

To model the hardness profile across varying gear sizes, the hardness model
by Thomas is recommended [43]. It describes the hardness profile as two-second
order polynomials up to and beyond the case hardening depth CHD and is
uniquely suited to consider case hardening at single or multiple carbon potentials
and the auto-tempering response of large gears through its parameter xHV,max

[19, 41]. Rather than describing the depth of the hardness peak, xHV,max is
redefined to capture the hardness gradient in the transition point (i.e. CHD).
Equation 2.1 outlines the hardness model by Thomas and adds a hardness limit
of HVs to avoid excessively large hardness peaks for large xHV,max values. The
model requires the definition of the surface hardness HVs, the core hardness
HVc and the CHD.
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HV (HV > HVs) = HVs hardness limit
HV (x > xc) = HVc core hardness

HV (x ≤ CHD) = aax
2 + bax+ ca

HV (xc ≥ x > CHD) = abx
2 + bbx+ cb

aa =
550−HVs

CHD2 − 2xHV,maxCHD
ab =

HVdC

2 (CHD − xc)
ba = −2 aaxHV,max bb = −2 abxc

ca = HVs cb = 550− abCHD2 − bbCHD

HV ′
CHD = 2 aaCHD + bb

a1 = −HV ′
CHD

b1 = 2CHDHV ′
CHD + 2 (HVc − 550)

c1 = −CHD2 HV ′
CHD − 2CHD (HVc − 550)

xc =
− b1 + (b21 − 4a1c1)

0.5

2a1
(2.1)

The measured hardness curves of the test gear B3-2 are plotted in Figure
2.2 [41]. For the two blue, half-tooth height curves, the parameter xHV,max was
set to -0.8 on the pinion and 0.48 mm on the wheel to capture the measured
differences adequately. With the modelled residual stresses being a function
of the measured hardness, the differences in subsurface load-carrying capacity
between B3-2 pinion and wheel teeth are further amplified.

Pinion B3-2

(a) B3-2 pinion tooth

Wheel B3-2

(b) B3-2 wheel tooth

Figure 2.2: HV10 hardness measurements in tooth profile direction

Austenite

Retained austenite in the hard case increases the ductility and reduces the local
hardness. A low concentration of austenite is desirable as it helps to arrest
cracks and transforms under load to untempered martensite, further increasing
local compressive residual stresses. The fractographic analyses performed on
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uniaxial fatigue specimens tested in the context of this project suggest that
large austenite grains could potentially have a detrimental effect on subsurface
initiated fatigue [32]. The second most prevalent failure mode on the tested
34CrNiMo6 steel was failures not from non-metallic inclusions but the steel’s
matrix. Electron backscatter diffraction (EBSD) identified islands of austenite
in the otherwise martensitic microstructure (see Figure 2.3 and Paper II [32]).
The matrix failures potentially initiated either from large, soft austenite grains
or the low solute regions of the banded microstructure. Through microhardness
measurements, hardness differences of 175 HV0.1 are documented in the banded
microsegregation structure of the tested 34CrNiMo6 specimens compared to 50
HV0.1 on the 18CrNiMo7-6 specimens that were free of matrix failures.

1.0 mm

100 m

(a) Matrix failure

100 m

(b) EBSD microstructure with mostly alpha
and islands of gamma iron

Figure 2.3: VHCF failure from austenite islands in 34CrNiMo6 steel [32]

Residual stresses

An attribute of the martensitic transformation are the residual stresses. The
martensitic start temperature is a function of the steel’s carbon content and is
highest in the core and lowest in the carbon-rich case. The onset of the marten-
sitic transformation will therefore occur in the case/core interface and continue
into the tooth before transforming the case. Due to the volume expansion dur-
ing the diffusionless transformation, compressive residual stresses are generated
in the case and tensile residual stresses in the core. Conventional residual stress
measurement techniques like the hole drilling method can adequately be used to
document the surface near compressive stresses, but not the tensile stresses in
the core. X-ray and neutron diffraction methods have successfully been applied
to measure compressive and tensile residual stresses up to an 8 mm depth [44,
45]. Another promising technique to quantify the tensile residual stresses is the
contour method through the sectioning of gear teeth and the study of the local
deformation as a result of the stress relaxation [29, 30].

Based on the contour method and neutron diffraction measurements [29, 44,
45], an iteration of the residual stress model by Lang [28] was developed and
implemented in Paper III [19]. It models the residual stresses as a function of
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the local hardness HV (x), the core hardness HVc, the case hardening depth
CHD and the perpendicular tooth width underneath the studied contact point
snα. All parameters above are local parameters and change in tooth profile and
lengthwise direction. The perpendicular tooth width snα is calculated based on
the local chordal tooth thickness sn and the local pressure angle α. Up to the
CHD, the modelled compressive stresses are identical to Lang’s prediction [28].
The conversion from compression to tension beyond the CHD is modelled as
a fourth-order polynomial with constraints as outlined in Equation 2.2. The
polynomial’s coefficients a, c and e are determined based on the continuous and
tangential constraints in the CHD and the stress equilibrium condition along
the path snα.

σres(x) = −5/4 (HV (x)−HVc) for HV (x)−HVc ≤ 300

σres(x) = 2/7 (HV (x)−HVc)− 460 for HV (x)−HVc > 300

σres(x) = a(x− snα)
4 + c(x− snα)

2 + e for x ≥ CHD

with snα =
sn

2 cos(α)
and

∫ snα

0

σres(x)dx = 0

(2.2)
Whereas the polynomial’s coefficients a and b can be calculated according to

Equation 2.3, c needs to be set iteratively until the stress equilibrium along snα
is reached. The parameters σres,CHD and σ′

res,CHD refer to the residual stress
and the gradient of the residual stress in the CHD. They can either be derived
directly from Lang’s residual stress model or from its derivative.

a =
−σres,CHD +

σ′
res,CHD

2 (CHD − snα) + c

(CHD − snα)4

b =
σ′
res,CHD − 4a(xc − snα)

3

2(CHD − snα)

(2.3)

Figure 2.4 plots neutron diffraction measurements obtained on the convex
flank of multiple gearwheel teeth 15 mm off the tooth tip and in a centred length-
wise position. The modelled transverse residual stresses according to Equation
2.2 are plotted for the same tooth position in Figure 2.4a and for the entire tooth
cross-section in Figure 2.4b highlighting the location of the neutron diffraction
measurements. Following the contour method measurements by Weber [29], the
proposed fourth-order polynomial predicts a transition of the tensile residual
stress peak from the case/core interface to the middle of the tooth in the tooth
tip.
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Figure 2.4: Residual stress measurements and modelling for maritime bevel gear
[19, 44, 45]

Compressive residual stresses in gear teeth can further be promoted by shot
peening, essentially increasing the gear’s load-carrying capacity further. Shot
peening of maritime gears is not common practice and has historically only been
applied to the gear’s tooth root, where its positive effect on the acting tensile
bending stresses is well understood and documented. Led by research conducted
by NASA in the 1980s and 1990s [46, 47], shot peening has successfully been
applied to the gear’s load-carrying flank, increasing the time to failure or pitting
safety significantly. Similar to the research conducted in this academic work,
compressive residual stresses are proven to be beneficial not just for dynamic
tensile stresses in the gear’s tooth root but also dynamic shear stresses under-
neath the gear flank. As shown in the latter part of this chapter, a hardness
increase does not necessarily imply a significant material strength increase as
the material becomes increasingly sensitive to crack-initiating heterogeneities.
The larger positive effect on the gear’s load-carrying capacity stems from the via
case hardening and/or shot peening introduced compressive residual stresses.

2.2 Segregation structure

The second source of anisotropy in case hardened gears has its origin in the
casting and forging process and is especially prevalent in large maritime bevel
gears. During the solidification of the steel melt, a segregation structure forms
due to a permanent, non-uniform distribution of minority atoms in the solid
phase. The concentration differences and local supercooling lead to the forma-
tion and growth of dendrites. Substitutional atoms like manganese, chromium
and molybdenum have a far lower diffusivity than carbon (diffusivity ratio
C/Cr = 10000), resulting in high and low solute regions, which in turn at-
tract and bind carbon. For the core of the gear tooth, the hardenability of
high solute regions leads to the formation of martensite, whereas the low solute
regions form bainite. In the case/core interface, the hardness trend is reversed.
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The high solute regions will hinder the diffusion of carbon during the gas car-
burising phase, leading to lower local hardnesses than in the low solute regions.
If the orientation of the banded microstructure is perpendicular to the gear
flank, channelling can occur, leading to large local hardness differences. In the
hard case, the carbon saturation is very high and uniform, leading to an even
hardness distribution. The term banded microstructure describes the formation
of parallel stringers in the flow direction during hot forging. Especially on large
gears, polished and etched cross-sections sometimes show casted or dendritic mi-
crostructure without adequate through-working of the steel. Figure 2.5a plots
a gear tooth with an as cast or dendritic microstructure in Figure 2.5b and an
early-stage TFF crack in a high solute, low-carbon area in the case/core inter-
face. The local hardness varied from 635 to 444 HV1 in the carbon-rich and
poor regions. The identified subsurface cracks were seemingly contained within
a single stringer.

Dendritic 
microstructure

10 mm

(a) Dendritic microstructure pinion

Bright carbon 
rich area

Dark alloy rich 
area

Subsurface 
crack 0.45 mm

635 HV

444 HV

0.5 mm

(b) Hardness around subsurface crack [11]

Figure 2.5: Segregation structure in large marine bevel gears

How to adequately deal with the steel’s anisotropy due to its segregation
structure requires further research. The orientation of the banded microstruc-
ture seems far more critical than the degree of through working (i.e. the forging
ratio) as the Joint Industry Project (JIP) - phase 2 results show for the 2D vs
3D forged 18CrNiMo7-6 steel variants [32, 48]. 2D and 3D forging refer to a
single stretching or a multitude of stretching and upsetting cycles during the
hot forging process. None of the subsequent heat treatment steps shown in
Figure 2.1 are able to redistribute the substitutional alloying elements, leading
to microsegregations with higher chromium and carbon concentrations. This
could potentially be another advantage to electro-slag-remelted (ESR) steels,
as they form a 45◦ orientated solidification structure to the casting or melting
direction, featuring identical fatigue properties in transverse and longitudinal
direction [48].

Especially on long pinion shafts, where a majority of the hot forging will be
done to reduce the cross-section of the casting down to the approximate outer
pinion diameter, an anisotropy is created through the elongation of non-metallic
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inclusions. Whereas the yield and tensile strength will not be significantly af-
fected, the elongation, fracture toughness and fatigue properties longitudinal
and transverse to the stretching direction will vary significantly [49].

To capture the lower end of fatigue properties in the steels tested in the
context of this research, all specimens were extracted in transverse direction
after forging the initial casting from 770 x 770 mm2 to 430 x 430 mm2 cross-
sections.

2.3 Fatigue testing

The steels 18CrNiMo7-6, 18NiCrMo14-6 and 34CrNiMo6 were tested regard-
ing their static strength, impact work, microhardness, grain size and fatigue
properties in the high cycle fatigue (HCF) and very high cycle fatigue (VHCF)
regimes. Testing was carried out under uniaxial loading at stress ratios R = −1
and R = 0 (also R = −7 for 34CrNiMo6) and under torsion at R = −1. For the
18CrNiMo7-6 steel, 2D and 3D forged variants with forging reduction ratios of
3.2 and 12.8 were studied. The 18NiCrMo14-6 steel was 3D forged at a reduc-
tion ratio of 7.1 and the 34CrNiMo6 steel 2D forged at 3.2, achieved through
either a single stretching process or a combination of stretching and upsetting
operations. The specimens were machined out of 25 x 25 x 280 mm3 steel bars,
extracted in a depth of 50 mm from 430 x 430 x 900 mm3 large forgings. To
accurately simulate the material structure and fatigue properties found in the
core and the case of large maritime bevel gears, all steels underwent gear-typical
forging and the same heat treatment protocols (see Figure 2.1). The static and
dynamic properties of these three steels or four steel variants are listed in Paper
II [32]. Paper II also specifies the specimen dimensions, testing machines and
conditions used during the material investigation.

The HCF and VHCF specimens were ultrasonic shot-peened to promote
subsurface failures and to avoid initiation from the surface due to roughness
effects, slip localisation or non-metallic inclusions on or in the vicinity of the
surface [31]. To evaluate the fatigue test results under torsion, the Liu & Zenner
multiaxial fatigue criterion was applied to consider the introduced compressive
residual stresses in the derivation of the shear fatigue strength under alternat-
ing loading t−1 [12]. Ultrasonic shot peening was favoured over conventional
shot peening, nitriding or carburising. It achieves a very uniform residual stress
profile, a smooth surface finish and does not alter the introduced microstruc-
ture. Figure 2.6 shows the designed treatment chamber and fixture that rotates
the VHCF specimens alongside a dimensional sketch for the tested VHCF spec-
imens. The cross-section and thereby the highly loaded volume between the
HCF and VHCF were kept constant. As per the results in Paper II [32], the
shot peening treatment can be deemed a success as all failures during VHCF
testing were initiated from the bulk of the material and only minor degradation
of the residual stress was observed during testing.
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20 mm

(a) Ultrasonic shot peening treatment cham-
ber

(b) Dimensional sketch of VHCF specimen

Figure 2.6: VHCF specimen preparation and dimensions

The fatigue test results were analysed with the pearl string method to de-
termine the Basquin parameters in the HCF and VHCF regime, the staircase
method to derive the fatigue strength at 2 � 106 load cycles (5 � 106 for t−1) and
the maximum likelihood method to combine all test results for a specific steel
and stress ratio to a single continuous curve [42, 50]. All VHCF fracture sur-
faces were investigated through scanning electron microscopy to determine the
size and type of potential non-metallic inclusions.

Beyond the steels included in Paper II [32], an ESR variant of the 18CrNiMo7-
6 standard gear steel was tested under alternating uniaxial load in the VHCF
regime. The steel’s static and dynamic results are listed here and compared
to the 2D forged variant of the 18CrNiMo7-6 steel included in Paper II [32].
The ESR process cleans the steel of large non-metallic inclusions through ei-
ther a chemical reaction with the slag or physical removal when floating to the
top of the molten pool. Any remaining inclusions are very small and evenly
distributed. The in JIP - phase 2 [48] documented fatigue properties and solidi-
fication structure were equal for specimens, extracted transverse or longitudinal
to the forging direction. They showed a banded microstructure in a 45 ◦ angle
to the casting direction. All other tested steels in [48] showed 15 to 20 % higher
fatigue strength in longitudinal than transverse direction.

The VHCF specimens were machined out of remaining HCF specimens of
the Improved reliability of thrusters joint industry project to the dimensions
specified in Figure 2.6b and ultrasonic shot-peened according to the same recipe
as the 18CrNiMo7-6 2D specimens [32]. The 18CrNiMo7-6 ESR steel was 3D
forged to a reduction ratio of 7.8 from an initially 750 mm round bar. Its
chemical composition is compared to the 18CrNiMo7-6 2D steel in Table 2.1.



32 CHAPTER 2. MATERIAL MODEL

Table 2.1: Chemical composition 18CrNiMo7-6 2D [32] and 18CrNiMo7-6 ESR
3D [48]

Composition. (wt.%)
Materials C Mn P S Si Ni Cr Mo Cu V Al N
2D 0.17 0.63 0.008 0.006 0.29 1.52 1.65 0.31 0.16 0.006 0.024 0.011
ESR 3D 0.19 0.66 0.005 0.001 0.27 1.55 1.65 0.32 0.12 0.016 0.026 0.012

The ESR steel shows lower concentrations of phosphor and sulphur, ensur-
ing a high ductility. The elevated concentration of vanadium should improve
hardenability. Tables 2.2 and 2.3 list the steels’ obtained static and dynamic
properties and compare it with the 2D forged reference. All properties were
derived from specimens extracted transverse to the forging direction. VHCF
testing was carried out on an ultrasonic BOKU fatigue testing machine, oper-
ating at 19.5 kHz with 109 load cycles defined as the run-out limit and 25 MPa
as the step size.

Table 2.2: Static strength, impact work and microhardness 18CrNiMo7-6 2D
[32] and 18CrNiMo7-6 ESR 3D [48]

Tensile tests ISO6892-1 Impact work Hardness
Rp02 Rm A Z ISO148-1

Materials (MPa) (MPa) % % (J) (HV0.1)
2D 773 1115 19.5 58.6 56 ± 8.9 341 ± 14
ESR 3D 749 1071 18.1 57.7 69 ± 12.6 366 ± 5.5

The static properties of both steels are very comparable, with the ESR vari-
ant showing a slightly better impact work and a higher and more uniform hard-
ness distribution. Figure 2.7 plots the VHCF results under alternating uniaxial
load and combines the results to a fatigue curve according to the maximum
likelihood method (MLM) outlined in Equation 2.4 [42]. The parameters μlog,
slog and γ describe the mean log cycles to failure, the standard deviation of the
log cycles to failure and the material’s fatigue limit. The model parameters β0μ,
β1μ, β0s, β1s along with γ are iterated to maximise the sample likelihood pa-
rameter. The stress amplitude for each fatigue specimen is considered through
σa. The fatigue strength (here uniaxial under alternating load f−1) is expressed
as a function of the number of load cycles Nf .

μlog(σa) = β0μ + β1μ lnσa − γ for σa > γ

slog(σa) = exp(β0s + β1s lnσa) for σa > γ

f−1(Nf ) = exp(
lnNf − β0μ

β1μ
) + γ

(2.4)
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Table 2.3: Uniaxial VHCF, maximum likelihood method results at R = −1 for
18CrNiMo7-6 2D [32] and 18CrNiMo7-6 ESR 3D [48]

Maximum likelihood method
Materials β0μ β1μ β0s β1s γ (MPa)
2D 40.5 -5.6 40.1 -6.4 422
ESR 3D 35.0 -4.3 38 -6.1 453
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Figure 2.7: SN curves for 18CrNiMo7-6 2D and 18CrNiMo7-6 ESR 3D under
alternating uniaxial loading

Across the range from 1 106 to 1 109 load cycles, the ESR variant shows
a between 12 to 6 % higher uniaxial fatigue strength. For large gears suffering
from subsurface initiated fatigue, the ESR process could significantly improve
reliability due to its small and evenly distributed inclusions and its unique seg-
regation structure.

2.4 Model development

Based on the fatigue measurements reported in Paper II [32] and the docu-
mented results by other researchers on soft, mild and hard steels, a material
model for case hardened CrNiMo steels was developed. It is briefly summarised
here. To allow an accurate multiaxial fatigue assessment of a case hardened
gear tooth, four material constants need to be defined:

The uniaxial fatigue strength under alternating load f−1

The uniaxial fatigue strength under oscillating load f0

The shear fatigue strength under alternating load t−1

The shear fatigue strength under oscillating load t0
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The shear fatigue strength under oscillating load t0 is approximated through
the correlation proposed by Liu & Zenner [12] and repeated in Equation 2.5.

4t−1

t0
− 2f−1

f0
= 1 (2.5)

2.4.1 Uniaxial, alternating load

The material model for case hardened CrNiMo steel relies for the prediction of
the uniaxial fatigue strength under alternating load f−1 on Murakami’s

√
area

model. It proposes a transition from Murakami’s upper to lower fatigue limit
within the range of 300 to 550 HV [31].

The fractographic analysis of the VHCF fracture surfaces yielded almost
identical distributions of mostly MgO-Al2O3 spinels across all tested steels.
The average obtained inclusion size or

√
area parameter was 80 μm [32]. The

derived stress amplitude vs the number of cycles (SN) curves show inferior fa-
tigue strength for the 498 HV hard 34CrNiMo6 steel beyond 1 � 105 load cycles
compared to the softer 18CrNiMo7-6 2D, 18CrNiMo7-6 3D and 18NiCrMo14-6
steels. Defining f−1 as the fatigue strength at 2 � 106 load cycles, Equation 2.6
outlines the first parameter of the proposed material model. The cyclic be-
haviour of f−1 is covered through a lifetime factor KNT , originally based on the
HCF and VHCF uniaxial test results in Paper II [32] and finally on the obtained
TFFs during gear testing in Paper IV [41].

f−1(HV ) = 1.6HV for HV < 300

f−1(HV ) =
1.56(HV + 120)

(
√
area)

1/6
for HV > 550

f−1(HV ) ≈ 505MPa else

(2.6)

The reported results and the proposed model are in accordance with the
findings by Garwood and Nishijima [51, 52], whereby for soft and mild steels,
an approximately linear correlation between the hardness and fatigue strength
exists. Hard steels defy that trend and are much more susceptible to internal
defects. Other microstructural heterogeneities that were especially prevalent
on the hard 34CrNiMo6 steel were the banded microstructure, the large local
hardness differences and the austenite islands documented through EBSD.

Figure 2.8 plots the uniaxial fatigue strength under alternating load at 2 � 106

load cycles for the tested 18CrNiMo7-6 2D, 18CrNiMo7-6 3D, 18NiCrMo14-6
3D, 34CrNiMo6 2D and 18CrNiMo7-6 ESR 3D steels. The fatigue strength for
the 18CrNiMo7-6 ESR 3D steel was not estimated based on staircase testing but
according to Equation 2.4 and the constants listed in Table 2.3. Also plotted are
the upper and lower fatigue limits suggested by Murakami [31] and the Velten
and Winderlich [53, 54]. Velten and Winderlich are included in this comparison
as they studied the fatigue strength of hardened surface layers.
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Figure 2.8: Reported uniaxial fatigue strength under alternating load compared
to Murakami, Velten and Winderlich models [31, 53, 54]

All reported fatigue limits fall between the upper and lower limit set by
Murakami. Here, the lower limit does not rely on the maximum but average
inclusions size as not the lowest, but average fatigue results are considered (stair-
case testing). The 498 HV hard steel deviates significantly from the other tested
steels and an increase in hardness did not yield an increase in fatigue strength.
Whereas the mild steels are close to Murakami’s upper limit and in good accor-
dance with the models by Velten and Winderlich, the 34CrNiMo6 steel achieves
the lowest recorded fatigue strength at 2 106 load cycles. Based on the plotted
results, a transition in fatigue strength between Murakami’s upper and lower
limit occurs between 300 to 550 HV. The results for the 34CrNiMo6 steel illus-
trate the issue that arises in the case/core interface of large gears, where the
steel’s local anisotropy lowers the local load-carrying capacity.

Other observable trends based on the presented fatigue results are:

3D in comparison to 2D forging did not increase the fatigue strength

The ESR treatment increased the fatigue strength by approximately 16%
compared to the equally hard and similarly forged 18CrNiMo7-6 3D vari-
ant

In the HCF regime, the higher nickel concentration in the 18NiCrMo14-6
steel resulted in a higher hardness and elevated fatigue properties

2.4.2 Uniaxial, oscillating load

The second model parameter is the uniaxial fatigue strength under oscillating
load f0. Its prediction relies on an iteration of the FKM guideline [13] and
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considers the achieved fatigue strength under alternating load f−1 to alter the
FKM’s mean stress sensitivity M . Established definitions of M like the FKM
guideline or Murakami’s

√
areamodel agree rather well for soft steels but deviate

significantly for mild and hard steels [13, 31].

Figure 2.9 shows the profound effect of M on the allowable stress amplitude
in a Haigh diagram under constant mean stresses and a dynamic stress ampli-
tude. The shape of the plotted curves relies on the BO2 criterion (see Chapter
3 or Paper III [19]) and the material model outlined in Paper II [32]. Only
the mean stress sensitivity M was varied according to the FKM guideline and
Murakami’s

√
area model. Plotted are two diagrams, one for a 200 HV soft

steel and one for a 600 HV hard steel. The y and x-axes show the relative stress
amplitude (σa/f−1) and the relative mean stress (σm/σf ) with σf expressing
the true fracture strength. Even though the gear tooth critical shear stress am-
plitude is not considered in this comparison, the profound effect of the mean
stress sensitivity on the allowable stress amplitude and the uncertainty related
to its definition for hard steels are adequately visualised.
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Figure 2.9: Effect of mean stress sensitivity on allowable stress amplitude, Haigh
diagram according BO2 criterion, FKM, Murakami [13, 19, 31]

A detailed discussion of the correlation between the FKM guideline, Mu-
rakami’s

√
area model, the obtained fatigue test results and additional litera-

ture sources is included in Paper II [32]. In summary, the FKM model ade-
quately predicts M for soft and mild steels but deviates significantly from the
analysed literature sources and herein acquired results for steels beyond 400
HV. Murakami appropriately predicts the obtained results for the 498 HV hard
34CrNiMo6 steel but underestimates the mean stress sensitivity of the three
tested mild steels. By testing a 105 HV soft S10C steel and a 740 HV hard
maraging steel, Murakami observed a weak correlation between the mean stress
sensitivity and the steel’s hardness. By not testing mild or medium strength
steels, Murakami did not observe the in Paper II documented correlation.

The herein proposed mean stress sensitivity model attempts to bridge the
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gap between the FKM guideline and Murakami’s
√
area model by considering

the achieved uniaxial fatigue strength under alternating load f−1 in the predic-
tion of the mean stress sensitivity M . It is based on the observations by Bell &
Benham regarding the mean stress sensitivity of notched specimen [33] and the
analogy regarding the observable effect of non-metallic inclusions on the fatigue
strength of hard steels. A notch factor ασ as the ratio between Murakami’s
upper fatigue limit and the achieved uniaxial fatigue strength under alternat-
ing loading f−1 is defined to reduce the FKM’s mean stress sensitivity M once
the two deviate from one another. As shown in the previous chapter, soft and
mild steels show an almost linear trend between the steel’s hardness or ultimate
tensile strength Rm and the uniaxial fatigue strength under alternating load
f−1. The notch factor ασ will be close to 1 for those steels, leaving the FKM’s
prediction of M unchanged. Hard steels that are affected in their fatigue prop-
erties by large non-metallic inclusions will have a significantly lower mean stress
sensitivity and larger uniaxial fatigue strength under oscillating loading f0.

Equation 2.7 lists the mean stress sensitivities for the FKM [13], Murakami
[31], Goodman [55], Morrow [56] and Böhme [32] and compares them with the
obtained fatigue results in Table 2.4 and Figure 2.10.

f0 =
2f−1

1 +M

FKM : M = 3.5 � 10−4Rm − 0.1 with Rm = 3.18HV +
HV 2

5000

Murakami : M = 2αm − 1 with αm = 0.226 +HV � 10−4

Goodman : M =
f−1

Rm

Morrow : M =
f−1

σf
with σf = Rm + 345MPa

Böhme : M =
MFKM

ασ
with ασ =

f−1,up

f−1
and f−1,up ≈ 0.5Rm

(2.7)

Another way to present the proposed mean stress sensitivity model is the
definition of the FKM guideline based on the uniaxial fatigue strength f−1 rather
than the ultimate tensile strength Rm.

Böhme : M ≈ 7.0 � 10−4f−1 − 0.1 (2.8)

Table 2.4: Mean stress sensitivities according to fatigue data, FKM guideline,
Murakami, Goodman, Morrow and Böhme [13, 31, 32, 55, 56]

Materials Tests FKM Mura Good Morr BO
18CrNiMo7-6 2D 0.37 0.29 0.20 0.47 0.36 0.28
18CrNiMo7-6 3D 0.30 0.31 0.20 0.42 0.32 0.29
18NiCrMo14-6 3D 0.34 0.33 0.20 0.44 0.34 0.29
34CrNiMo6 2D 0.12 0.48 0.21 0.28 0.23 0.23
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Figure 2.10: Mean stress sensitivity comparison between fatigue data, FKM
guideline, Murakami, Goodman, Morrow and Böhme based on f−1 as defined
in Paper II [32]

As highlighted in Table 2.4 and Figure 2.10, the Goodman model shows
a reduction in mean stress sensitivity when transitioning from mild to hard
steels for the in Chapter 2.4.1 outlined definition of f−1. Whereas Rm increases
nearly linearly with the local hardness, f−1 shifts from Murakami’s upper to
lower limit in the range from 300 to 550 HV, resulting in the noticeable drop in
mean stress sensitivity according to Goodman [55]. The predicted values for M
below 400 HV do not reflect the mostly ductile behaviour of soft steels and are
deemed inappropriate. Improving upon Goodman’s model is the modification by
Morrow [56], which relies on the ratio between f−1 and the steel’s true fracture
strength σf . Here, σf is predicted according to Dowling [57]. For soft steels, the
relative difference between Rm and σf is large, resulting in lower values for M .
For hard steels, said difference diminishes, resulting in nearly equal predictions
for both models. The projected negative trend for M for hard steels, according
to Goodman and Morrow, is in contrast to all other analysed models.

Up to a hardness of 500 HV, the mean stress sensitivity predicted by Morrow
seems to describe the behaviour of CrNiMo steels adequately. Beyond 500 HV,
it wrongly predicts a negative gradient for M . Up to 500 HV, the consideration
of f−1 in the prediction of M significantly improves the model accuracy as it
considers the effect of internal defects on the fatigue strength and mean stress
sensitivity. The suggested modification of the FKM model through f−1 in the
form of a notch factor ασ reduces M for hard steels that are severely affected
by impurities. It achieves a suitable accuracy for the herein analysed steels and
the materials studied in the cited literature sources in Paper II [32].
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2.4.3 Shear, alternating load

The third model parameter is the shear fatigue strength under alternating load
t−1. Other than f−1, only HCF tests were carried under torsion, with the fa-
tigue limit being determined by staircase testing up to 5 � 106 rather than 2 � 106

load cycles. Identical hourglass-shaped, ultrasonic-treated HCF specimens were
tested under shear, resulting in a complex multiaxial stress state in the outer
shot-peened layer. The Liu & Zenner shear stress intensity criterion [12] was
used to combine the alternating shear stresses with the static, compressive, nor-
mal stresses to predict t−1. During testing, failures and run-outs occurred at
375 MPa (alternating shear stress). Due to the up to 700 MPa large compres-
sive stresses in longitudinal and transverse directions, the true fatigue strength
according to the Liu & Zenner criterion was closer to 345 MPa. When consider-
ing the specimens’ geometrical notch factor ασ, the stress redistribution factor
n, surface roughness factor KFτ (according to FKM guideline [13]) and a size
factor KX based on the weakest link theory [58], the true shear fatigue strength
for the tested 18CrNiMo7-6 3D and 34CrNiMo6 steels was calculated to 319
and 329 MPa respectively. Owning to the stress gradient in the HCF specimens
during shear testing, a significantly smaller volume than during uniaxial testing
was subjected to large, cyclic stresses. For example, for the 18CrNiMo7-6 3D
forged HCF specimens, a 13 times smaller volume was highly loaded during
shear than uniaxial testing.

The fatigue ratios κ as the ratio between f−1 and t−1 for the two tested
steels were measured to 1.55 and 1.41. Based on the obtained results and the
literature findings [35, 59–79], a fatigue ratio as a function of the steel’s hardness
is suggested for case hardened CrNiMo steels (see Equation 2.9).

κ(HV ) = −5 � 10−4HV +
√
3 with t−1 =

f−1

κ
(2.9)

Figure 2.11 plots the obtained fatigue ratios against literature findings on
various steels [35, 59–79] and visualises the linear approximation of κ.
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Figure 2.11: Fatigue ratio κ for carburised CrNiMo steels [32]

2.4.4 Gear testing

A set of 10 medium-sized spiral bevel gears was tested on a back-to-back en-
durance test rig, resulting in six TFF damages, of which five occurred on the
tested gear wheels and one on a pinion tooth (see Paper IV [41] for the gear ge-
ometry and tested CHDs and loads). The combination of the outlined material
model, stress model and the multiaxial fatigue criterion described in Chapter 3
was used to analyse the predicted subsurface material utilisations in pinion and
wheel teeth to derive a TFF-specific lifetime factor.

As three different hardening layer thicknesses were tested (batches B1, B2
and B3), a surface or shear stress-based lifetime factor was not appropriate, also
when considering the test gear’s gear ratio of 9/33 and the larger number of load
cycles but fewer TFFs on the tested pinions. Relying instead on the predicted
material utilisations and the documented hardening layer differences between
pinion and wheel teeth, a lifetime factor KNT was proposed in magnitude and
shape comparable to the established tooth root and pitting lifetime factors of
the ISO10300 [21, 80].

Similar to the presented uniaxial fatigue curves, KNT relies for its predic-
tion on the MLM [42], resulting in a continuous rather than a multi-staged SN
curve. Considering failures and run-outs of the tested pinion and wheel teeth,
an appropriate sample size was available even though only ten gear sets were
tested. The derived TFF-specific lifetime factor is given in Equation 2.10. It is
compared to the predicted material utilisations in Figure 2.12a and the tooth
root and pitting lifetime factors YNT and ZNT in Figure 2.12b. KNT changes
as a function of the number of load cycles Nf and is conservatively capped at
1.6.
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KNT (Nf ) = exp
lnNf − 10.42

−2.73
+ 0.89 with KNT ≤ 1.6 (2.10)
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Figure 2.12: Gear test results and ISO comparison [21, 41, 80]

Another factor that needs to be considered to predict the local fatigue
strength is the size factor KX . The same weakest link theory that was ap-
plied to the prediction of t−1 was used to predict KX through the comparison
of the highly stressed volumes in the studied HCF specimens and several mar-
itime and test gears [58]. The detailed steps for the calculation of the size factor
are listed in Appendix C. Here, only the simplified version that relies on the
mean normal module mmn is repeated in Equation 2.11.

KX(mmn) = 1.05− 0.01mmn with 0.87 ≤ KX ≤ 1 (2.11)

As is typical for gear standards [2, 4], not the mean but 1 % fatigue strength
is utilised for the safety factor calculation. Based on the analysis of the VHCF
uniaxial fatigue results of the 34CrNiMo6 steel through the pearl string method
[50], a relative standard deviation of 4 % is estimated. Said standard deviation
leads to a conversion factor fxK of 0.91. When designing a new gear, fxK should
be considered to yield ISO-comparable failure probabilities, but not during a
failure investigation or a gear test programme.

Multiaxial fatigue criteria, like the Liu & Zenner shear stress intensity cri-
terion, compare an equivalent stress amplitude σeq,LZ to the uniaxial fatigue
strength under alternating load f−1 when calculating the material utilisation
DLZ . To consider the above outlined lifetime, size and conversion factors, they
are multiplied with f−1 as per Equation 2.12.

DLZ =
σeq,LZ

f−1,K

f−1,K = f−1 fxKKXKNT

(2.12)
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Chapter 3

Numerical stress prediction

This chapter recaptures the numerical stress model and multiaxial fatigue cri-
teria introduced in Paper III [19] and verified through gear testing in Paper IV
[41]. Focus is given to the validation of the developed 2D plane strain numerical
stress model. It is initially compared to established analytical models that rely
on the Euler-Bernoulli and Timoshenko beam theory and subsequently more
advanced analytical models that consider the tooth shape in the prediction of
the transverse shear stress and the transverse normal stress in the point of load
introduction. Two contracted gear tooth studies are cited to substantiate the
chosen 2D approach over complex 3D tooth and stress models. They are used
to highlight the complexity of 3D tooth contact analysis and compare the 2D vs
3D subsurface stress state for a static and a dynamic gear tooth engagement.

The impact of the mean normal stress σn,m on local material utilisation
throughout a gear tooth is outlined in the latter part of the chapter. The com-
parison between different multiaxial fatigue criteria and their implementation
of σn,m is used to describe the development process of the BO criteria. The
uncertainty in estimating the mean stress sensitivity M is used to demonstrate
the validity of the BO1 and BO2 criteria.

In a study of the shear and normal stresses as a function of the Euler angles
φ and θ, the Dang Van, Liu & Zenner and BO1 criteria are compared in regards
to their fatigue damage parameters and the material planes in which crack
initiation is likely to occur. For a more detailed outline of the developed 2D
plane strain numerical approach, the reader is referred to Paper III [19].

3.1 Rolling Contact Fatigue

The stress state, load history and failure mechanism that define RCF in bearings
or rail-wheel contacts and subsurface fatigue or TFF in gears are comparable.
Similarities and differences are highlighted in this chapter to give a general
introduction to subsurface fatigue in gears and the governing stresses.

43
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It is common to differentiate between two types of RCF damages in bear-
ings, gears or rail-wheel contacts. For applications with smooth surfaces, good
lubrication and low surface friction, RCF will occur in the form of subsurface-
initiated spallings in the maximum shear stress depth (see Figure 3.1 for gear
and bearing examples). In the case of rough surfaces or oil contamination, a
surface-initiated crack will form on stress raisers due to localised plastic defor-
mation. After a short surface-parallel crack propagation, the crack branches or
turns towards the surface, creating a small pit [81]. Also, coalescing or large
pits are referred to as spalling.

50 mm

(a) Maritime pinion gear

10 m

(b) SEM image spalling ground

10 mm

(c) Roller bearing

100 m

(d) SEM image spalling edge

Figure 3.1: RCF or spalling on maritime gear and large roller bearing, SEM
images with fatigue striations in the spalling ground and intergranular brittle
fracture from prior austenite grain boundaries close to the gear’s surface [82]

Recent gear improvements regarding the optimisation of the gear’s macro-
and microgeometry (i.e. the stress distribution in the contact), material and
lubricant improvements and gear post-processing steps like shot-peening or
isotropic superfinishing have led to a transition from surface-initiated failures
like pitting or scuffing to subsurface failures like TFF. Especially large maritime
bevel gears that suffer from subsurface material inhomogeneities are critically
affected by subsurface fatigue (see Chapter 2).
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The stress state in RCF and TFF is governed by Hertzian contact theory
and is complex, multiaxial and non-proportional. Whereas the maximum shear
stress depth is critical in smooth, well-lubricated and through-hardened bear-
ings, a failure initiation is likely to occur in the transition zone between the hard
case and the soft core of case hardened gears. For roller bearings and conven-
tional cylindrical gears, a Hertzian line contact adequately captures the surface
stress distribution (see Figure 3.2b for the equivalent cylinder/plane or line con-
tact model). The governing parameters are the half Hertzian contact width bH
and maximum Hertzian pressure pH . Spiral bevel gears are more complex in
their stress distribution, leading to changing Hertzian parameters along an in-
stantaneous contact line and the path of contact (i.e. the motion of the contact
line along the tooth surface during meshing). Figure 3.2a shows a how single
contact line is defined as a multitude of cylinder/plane models as a result of the
changing curvature along the tooth flank. 3D, numerical contact simulations or
an LTCA with the FVA program Becal can be performed to capture the stress
distribution between meshing pinion and wheel teeth. The LTCA relies on the
lengthwise and heightwise discretisation of gear tooth in line contact segments
[18].

(a) LTCA, tooth segmentation (b) Line contact model

Figure 3.2: Spiral bevel gear tooth load discretisation

The subsurface stresses in case hardened gears of this position- or time-
dependent stress field are comprised of Hertzian, transverse shear, out-of-phase
bending, frictional shear and static, compressive and tensile residual stresses.
For pitting or RCF, the modification of the Hertzian contact stress distribution
through elastohydrodynamic and surface roughness effects needs to be consid-
ered. They critically affect the shallow, surface-near stress field but can be
neglected for the study of TFF.

3.2 Stress model

The 2D plane strain approach utilised for the subsurface stress prediction in the
mean cross-section of either pinion or wheel, spiral bevel gear tooth is presented
in detail in Paper III [19]. Here, further context is given to established analytical



46 CHAPTER 3. NUMERICAL STRESS PREDICTION

models, advanced analytical calculations, the chosen 2D numerical approach and
full 3D contact analysis.

3.2.1 Analytical and numerical comparison

Established analytical, subsurface stress predictions in cylindrical gears rely on
the 2D plane strain assumption, the Hertzian stress prediction based on the
cylinder/plane model, a constant friction coefficient in the contact, the Euler-
Bernoulli beam theory for the prediction of a linear bending stress distribu-
tion and the Timoshenko beam theory for the prediction of transverse shear
stress [1, 6, 15]. The static residual stresses as a result of the case hardening
process are modelled as a function of the hardness profile [28] and added to
the dynamic stresses of either analytical or numerical calculations. They are
outlined in Chapter 2 and Equation 2.1 and therefore excluded from this com-
parison. Equations 3.1, 3.2 and 3.3 detail the analytical prediction of Hertzian
and frictional stresses for a cylinder/plane line contact and the 2D plane strain
assumption. The coordinate system is situated in the middle of the Hertzian
stress distribution. The x-axis is orientated perpendicular to the surface and
the y-axis tangential to the point of contact. A constant friction coefficient μ
across the Hertzian contact width bH is implemented.

σx,H(x, y) =
−2

π

∫ bH

−bH

pH

√
1−

(
t

bH

)2
x3

(x2 + (y − t)2)
2 dt

σy,H(x, y) =
−2

π

∫ bH

−bH

pH

√
1−

(
t

bH

)2
x(y − t)2

(x2
l + (y − t)2)

2 dt

τxy,H(x, y) =
−2

π

∫ bH

−bH

pH

√
1−

(
t

bH

)2
x2(y − t)

(x2 + (y − t)2)
2 dt

(3.1)

σx,μ(x, y) =
−2

π

∫ bH

−bH

pH

√
1−

(
t

bH

)2

μ
x2(y − t)

(x2 + (y − t)2)
2 dt

σy,μ(x, y) =
−2

π

∫ bH

−bH

pH

√
1−

(
t

bH

)2

μ
(y − t)3

(x2 + (y − t)2)
2 dt

τxy,μ(x, y) =
−2

π

∫ bH

−bH

pH

√
1−

(
t

bH

)2

μ
x(y − t)2

(x2 + (y − t)2)
2 dt

(3.2)

σz(x, y) = ν (σx(x, y) + σy(x, y)) (3.3)

The simplification of the gear tooth as a cantilever beam for the analytical
stress prediction is common practice (reference ISO10300-3 tooth root breakage
[80]). For TFF, the Euler-Bernoulli bending and Timoshenko shear stresses are
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added to the Hertzian contact stresses. The parameters in Equation 3.4 denote
a shear force Ft, a radial force Fr, the moment of inertia of a rectangular cross-
section I, the cross-sectional area A, the height of the beam h and its width b.
If a gear tooth is modelled, b needs to be replaced with the height-dependent
tooth width sn(y). Whereas the coordinate system for the calculation of the
Hertzian stress distribution was placed in the middle of the line contact (i.e.
representing a local coordinate system), the coordinate system in Equation 3.4
is situated in the root of the beam and its neutral axis (i.e. representing the
global coordinate system). Here, x refers to the perpendicular distance to the
neutral axis and y to the distance to the point of load introduction. Shear and
radial forces are predicted according to the gear flank’s local pressure angle α.

Euler : σy(x, y) =
Fr

A(y)
+

Mb(y)x

I(y)
with Mb(y) = Ft � y

Timoshenko : τxy,T (x, y) =
Ft

2I(y)

(
b(y)2

4
− x2

)
with I(y) =

hb(y)3

12

(3.4)

Figure 3.3 plots the calculated numerical and analytical von Mises equiva-
lent stress σvM for a cantilever beam loaded at 2000 MPa at a half Hertzian
contact width of 2 mm, assuming linear elastic material behaviour and the 2D
plane strain stress state. Even though the Hertzian stress dominates the plot-
ted von Mises equivalent stress, a superposition of bending and shear stresses
is apparent. The analytical stresses were modelled according to Equations 3.1,
3.3 and 3.4.
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Figure 3.3: Cantilever beam under Hertzian stress - Model comparison

While the plotted beam is an oversimplification of the involute mean cross-
section of a gear tooth, the stress difference between both models is evident.
Significant differences are found in the root of the beam and underneath the
Hertzian contact. To better visualise the model deviations, Figure 3.4a plots
the bending stress difference between the numerical and analytical model Δσy =
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σy,num − σy,ana. In the literature, the missing stress in the outlined analytical
model is referred to as the transverse normal stress σy,n and occurs in the
point of load introduction and the constrained or fixed face of the beam. The
transverse normal stress is a result of the prevented arcing of the beam’s cross-
section. Figure 3.4b plots the stress profile underneath the Hertzian contact
(Plane 2) and the beam’s root (Plane 1) for the numerical model and compares
them to the analytical transverse normal stress according to Hofmann [17].
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Figure 3.4: Cantilever beam under Hertzian stress - Visualisation of the trans-
verse normal stress

Hofmann’s transverse normal stress matches the observed general trend in
Planes 1 and 2 but deviates significantly from the numerical results, especially
in the vicinity to the Hertzian line contact. A difference that can readily be
attributed to the assumed symmetric arcing of the beam’s cross-section due to
an assumed load introduction in the beam’s neutral axis in Hofmann’s model.
Due to the distance between Planes 1 and 2, an almost symmetric transverse
stress profile is apparent in Plane 1. Böhme in [16] proposes a more accurate
transverse normal stress profile underneath a Hertzian stress distribution in
a beam or gear tooth as a function of the applied tangential force and beam’s
height or tooth’s width (see Equation 3.5). The appreciation and depreciation of
the proposed transverse normal stress should be modelled according to Hofmann
[17].

σy,n(x) =
6

5

Ft

bh

(
4
(x
b

)3

− 5
(x
b

)2

+ 1

)
(3.5)

So far, only the numerical and analytical stress differences for a straight
cantilever beam under Hertzian line contact have been discussed. The inac-
curacies of the analytical model are amplified when studying a gear tooth or
non-prismatic beam. Balduzzi et al. and Beltempo et al. show in [83, 84]
that Timoshenko’s shear stress model no longer applies to non-prismatic beams,
where the shear stress distribution depends not only on the vertical or shear
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force but also on the horizontal or radial force and the bending moment. For
symmetric gear teeth, an adapted version of Balduzzi’s shear stress distribution
is given in Equation 3.6. The terms σy0, σy1 and τy0 are referred to as the mean
value of the radial stress within the cross-section, the maximum radial stress in-
duced by the bending moment within a cross-section and the mean shear stress.
The distribution of the stresses in the cross-section is described through the
linear function b̃(x, y). Relevant is also the change in the tooth width s′n in
the tooth profile direction, which can be adequately modelled through the local
pressure angle α(y). Similarly, improvements for the shear stress distribution
in gear teeth are suggested by Weber, who relies on the approximation of the
gear tooth as a wedge [29].

Balduzzi : τxy,B = −s′n(y)
2

(
σy0(y)̃b(x, y) + σy1(y)

(
−1

2
+

3

2
b̃(x, y)2

))
+

3

2
τ0(y)(1− b̃(x, y)2)

σy1(y) =
6yFt

bsn(y)2
σy0(y) =

Fr

A(y)
τy0(y) =

Ft

A(y)

b̃(x, y) = − x

sn(y)
with |̃b(x, y)| ≤ 1

(3.6)

Figure 3.5 plots the numerical shear stress τxy for the mean pinion cross-
section of the studied G1 gear set (see Papers I & III [10, 19]) and compares
the shear stress distributions along three planes in 6, 12.5 and 19 mm distance
to the origo to Timoshenko’s and Balduzzi’s shear stress models.
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(c) Plane 2 (12.5 mm)
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(d) Plane 3 (19 mm)

Figure 3.5: Shear stress distribution for mean pinion cross-section of G1 gear
set according to numerical, Timoshenko and Balduzzi models [83]

For the studied material planes, the shear stress model by Balduzzi guar-
antees a superior analytical stress prediction compared to the parabolic dis-
tribution predicted by Timoshenko. The herein plotted shear stresses were not
derived from the suggested local pressure angle α(y) but a constant pressure an-
gle across the entire tooth height. The modelled shear stress profile is thereby
more akin to that of a trapezoid or wedge than an involute gear tooth.

Several equations have been presented to improve the analytical stress pre-
diction in a beam and subsequently involute gear tooth under Hertzian stresses.
The inaccuracies of the Euler and Timoshenko stress predictions are partially
overcome with the models by Hofmann and Balduzzi [17, 83]. As shown by
Weber in [85], even a highly complex, analytical wedge model deviates between
5 to 20 % from a numerical stress prediction. Weber calculates a relative stress
difference between the analytically and numerically predicted maximum von
Mises equivalent stress during the meshing of pinion and wheel teeth. Regard-
ing the computational complexity of the presented analytical model, there is no
perceivable advantage to the, in the context of this academic work developed,
numerical MATLAB code. Especially the integrals listed in Equations 3.1 and
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3.2 are computationally expensive.
Due to the computational complexity, inaccuracy and missing consideration

of the geometrical notch in the tooth root of the analytical model, a numerical
stress prediction was favoured.

3.2.2 3D and 2D numerical comparison

This chapter relies on the results of two contracted gear tooth studies [86, 87]
to discuss the differences between 3D and 2D numerical models. Two numer-
ical approaches are commonly discussed and compared in the literature when
assessing the surface and subsurface stresses in a spiral bevel gear tooth:

� A full 3D contact analysis of typically three pinion and wheel teeth over
several contact positions, simulating the complete over-rolling of a single
gear tooth

� A 2D analysis of the gear’s mean cross-section under the plane strain
assumption with surface loads based on an LTCA or analytical equations
[7, 8]

While a 2D analysis can be performed without an LTCA (for conventional
microgeometries, the simplification of the octoid tooth shape as an involute and
a load prediction based on analytical equations [7, 8]), the 3D approach requires
an LTCA, even if the contact stresses are calculated by numerical means. The
modelling of a spiral bevel gear tooth with its specific macro- and microgeometry
is no trivial task and relies typically on the machining simulation of pinion
and wheel. With the tool parameters specified, the FVA program Becal [18]
(here referred to as LTCA) models the gear geometry based on a machining
simulation, segments each gear tooth, runs a load-free simulation to assess the
distances between the meshing pinion and wheel surface nodes and predicts the
contact and tooth root stresses in a loaded tooth contact analysis in a fraction of
the time a full 3D FEM simulation would require. The tooth segments are joined
through an iterated stiffness matrix that ensures the correct load distribution
between all segments. For a 3D gear study, point clouds are exported from
Becal to model the gear teeth as a set of splines and surfaces. In the contracted
gear study by DNV [86], a large maritime bevel gear was analysed with various
3D models and the 2D plane strain approach. The mesh layout of the full 3D
and 2D analyses are plotted in Figure 3.6.
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(a) 3D FE model

1

X
Y
Z

Ramform 11_47, Plane strain model                                               

(b) 2D FE model

Figure 3.6: 3D and 2D model comparison in DNV study [86]]

Due to the gear’s overlap ratio, three tooth pairs need to be modelled for
the 3D contact analysis. The DNV study relied on Becal or the LTCA to pre-
dict the gear’s geometry through the machining simulation. The different mesh
resolutions visualised in Figures 3.6a and 3.6b are a result of the computational
complexity of the 3D contact analysis. Compared to the 2D plane strain model,
which requires mere seconds, the referenced 3D contact analysis took 60 hours
for the visualised coarse 1 mm mesh resolution and a limited ten contact posi-
tions. Any advantages that the full contact analysis might yield due to a more
accurate stress distribution and load representation are diluted by the occurring
inaccuracy due to the coarse mesh resolution and the limited number of load
steps. Average values for the half Hertzian contact width bH for the analysed
gear and loading condition were 1.5 to 2 mm. Given the contact width and mesh
resolution, the parabolic Hertzian stress distribution was introduced over 2 to
4 end nodes in the tooth profile direction. In a study performed by Böhme in
2012 [16], a minimum number of 8 end nodes is suggested to yield an accurate
subsurface stress profile.

Other effects considered in an LTCA-derived stress distribution and the
herein implemented 2D plane strain analysis are the displacement of the gear’s
contact pattern and changes in the stress distribution due to the load-induced
elastic deformation of the driveline and gear environment. A 3D contact anal-
ysis would require the modelling of additional parts of the gear’s environment
to capture those effects, further adding to the computational complexity. Due
to the coarse element size, inaccurate subsurface stress prediction and extreme
computational complexity, the validity of the 2D plane strain approach was not
tested against the full 3D contact analysis in the DNV study [86], but a 3D
half-tooth model with and without an inclined contact line (see Figure 3.7).
The inclined model resembles the orientation of an actual contact line, whereas
the straight model resembles the 2D plane strain approach.
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(b) Straight line contact

Figure 3.7: Half tooth model under line load with pH = 1350 MPa and bH = 2
mm [86]

Figure 3.8 plots the subsurface stress profiles σx, σy and σz tangential, per-
pendicular and longitudinal to the tooth surface (see Figure 3.6b for the orienta-
tion of the specific coordinate system) for the 3D contact model, the half-tooth
straight and inclined models and the 2D plane strain stress approach. The
coarse mesh resolution of the 3D contact analysis is visualised in Figure 3.8
through the element nodes in 1 mm spacings and their stresses.
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Figure 3.8: Subsurface stress σx, σy and σz for full 3D, half tooth inclined and
straight and 2D plane strain model [86]

All solutions converge below a 5 mm depth, indicating that the simple 2D
plane strain model is sufficient in capturing the complex subsurface stress state
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in the TFF-relevant material depth. Whereas the two half-tooth models and
the 2D plane strain model agree very well, the 3D solution diverges significantly
in the shallow material depth due to the coarse mesh resolution and load intro-
duction over a limited number of nodes. All models predict tensile σx stresses
below a 3 mm depth, representative of the aforementioned transverse normal
stresses (see Equation 3.5). In order to assess the applicability of the plane
strain stress assumption in the 2D model, a plane strain condition or stress
dS = σz − ν(σx + σy) was defined and studied [86]. Figure 3.9a plots dS for
all four models and compares furthermore the maximum shear stress in Figure
3.9b.
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Figure 3.9: Stress model comparison [86]

While there is a noticeable difference between the 2D plane strain assump-
tion and the other stress models, it is overall small compared to the other acting
stresses. The maximum shear stress plot indicates that the plane strain assump-
tion leads to higher shear stresses than the half-tooth models in the TFF critical
material depth of 3 to 7 mm. Between those three models, the stress differences
are minor. The 3D contact model fails to capture the maximum shear stress
peak underneath the surface but predicts elevated stress levels 4 mm below
the loaded surface. The stress difference between the full 3D and 2D models
are attributed to mesh and load inconsistencies and not inaccuracies in the 2D
approach.

The second contracted stress study [87] similarly compared the subsurface
stresses in a 3D gear tooth model and a 2D plane strain model. A single pinion
tooth was studied and loaded according to the LTCA’s predicted stress distri-
bution across 25 sequential contact lines to avoid a numerical contact analysis.
This approach ensured that the same surface stresses were present in the 3D
and 2D models. As a result, not just the stress differences for a single contact
position were studied, but the stress history for subsurface nodes in 2, 4, 6
and 8 mm depths along a surface perpendicular path. Figure 3.10a visualised
the application of the LTCA’s contact lines and stress distributions to the 3D
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tooth model. Figure 3.10b plots the shear stress history τxy,a for the 25 contact
positions in 2, 4, 6 and 8 mm depths along a surface perpendicular path.
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Figure 3.10: 3D and 2D stress comparison focusing on shear stress τxy [87]

The shear stress comparison demonstrates the accuracy of the 2D plane
strain assumption for the subsurface stress prediction in large bevel gears. The
only appreciable difference occurred in the surface vicinity, where the short dis-
tance between the loaded surface nodes and analysed subsurface nodes resulted
in numerical inaccuracies. In the presented study, the same stresses and ge-
ometries were analysed in the 3D and 2D models. Both models relied on the
LTCA for the surface stress distribution and the geometry of the analysed gear
tooth or cross-section. The 2D cross-section was extracted from the 3D tooth
geometry and not simulated as an involute tooth.

Sufficient evidence for the accuracy of a 2D plane strain, numerical stress
analysis to capture the subsurface stresses for meshing spiral bevel gears has
been presented in this chapter. The quoted studies suggest that the 2D analy-
sis can be regarded as conservative as higher stress amplitudes were predicted
[86, 87]. As highlighted in Paper III [19], the lengthwise crowning applied to
bevel gear teeth ensures a stress concentration in the middle of the gear tooth.
Evidence of the stress concentration in the centre of the tooth for gear set G1
is provided in Figure 1.5 in Chapter 1.

3.3 Multiaxial fatigue

With the stress history in the mean cross-section of a spiral bevel gear tooth
defined, the local material utilisation D can be predicted based on the material
model outlined in Chapter 2. The motion of the Hertzian contact along the
tooth flank yields a non-proportional stress field with changing principal stress
directions and ratios. For gears, bearings, shafts or other mechanical compo-
nents with failures in the high to very high cycle fatigue regime, stress-based
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multiaxial fatigue criteria suitably predict the risk for material fatigue. Rather
than relying on the components of the stress tensor S, the mean and amplitude,
normal and shear stresses on each material plane need to be predicted.

3.3.1 Normal and shear stresses

The calculation of σn,m, σn,a, τm and τa are outlined in Paper III [19] and briefly
repeated here. The traction vector t describes the stress on a given material
plane Δ. The plane itself is perpendicular to the unit vector nx′ , which is defined
through the spherical angles θ and φ. Through the use of nx′ , ny′ and nz′ , t
can be decomposed into the time-dependent shear stresses τx′y′ and τx′z′ and
the normal stress σn (see Equations 3.7, 3.8 and 3.9).

nx′ =

⎛⎝sinφ cos θ
sinφ sin θ
cosφ

⎞⎠ ny′ =

⎛⎝− sin θ
cos θ
0

⎞⎠ nz′ =

⎛⎝− cosφ cos θ
− cosφ sin θ

sinφ

⎞⎠ (3.7)

t = S �nx′ with S =

⎡⎣σxx τxy 0
τxy σyy 0
0 0 σzz

⎤⎦ (3.8)

t = τ + σn �nx′ = τx′y′ �ny′ + τx′z′ �nz′ + σn �nx′

τx′y′ = t �ny′ and τx′z′ = t �nz′ and σn = t �nx′
(3.9)

The prediction of the mean and amplitude of the normal stress σn is possible
by conventional means. Paper III [19] references the minimum circumscribing
circle (MCC) [39, 88] and maximum rectangular hull (MRH) [89] methods as
two candidates to derive the mean and amplitude of the shear stress τm and τa
from the shear stress path Ψ. Equations 3.10 and 3.11 define both methods,
which are illustrated in Figure 3.11. Whereas the MCC tries to minimise the
size of the circumscribing circle around all incidences of Ψ, capturing the τm
in its centre and τa in its radius, the MRH tries to find the largest rectangle
through its rotation over the angle α. For the MRH, τa appears as half of the
length of the square’s diagonal with τm in its centre. The MRH was developed
to improve the prediction of the shear stress amplitude for non-proportional
loading. The variables in Equation 3.11 a1,2, α and τ1,2 refer to the width and
length of the rectangle, its rotational angle and the shear stress instances.

τm,MCC = min
τ∗

(
max

t
|τ(t)− τ ∗ |

)
τa,MCC = max

t
|τ(t)− τm,MCC |

(3.10)

ak=1,2 =
1

2

(
max

t

(
τk(α, t)−min

t
(τk(α, t))

))
τa,MRH = max

α

√
a21(α) + a22(α)

(3.11)
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(a) Material plane, traction vector and its
components
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Figure 3.11: MCC and MRH comparison for subsurface node 2.6 mm below the
loaded surface of G1 pinion tooth [19]

As highlighted by Papuga et al. [90], critical plane criteria benefit from the
prediction of the shear stress amplitude via the MRH, whereas integral or shear
stress intensity criteria yield better results when using the MCC. When coding
both models in MATLAB, the MRH allows for a higher degree of vectorisation,
ensuring a far quicker computation and higher material plane resolution. This
and the fact that critical plane and integral criteria were compared in this aca-
demic study meant that the MRH was favoured for the shear stress estimation.

3.3.2 Fatigue criteria

A number of stress-based, critical plane and integral multiaxial fatigue crite-
ria and gear specific fatigue criteria were applied to the calculated subsurface
stresses and the developed material model. The studied criteria were the Sines
[40], Crossland [38], Dang Van [39], Findley [24], McDiarmid [91], Matake [92],
Robert [93], Fogue [93], Liu & Zenner [12], Papuga PCR [94], PCRN [95, 96],
PIN [20], Annast [14], DNV [2], Hertter [6], Hertter modified [19], Oster [25]
and ISO6336-4 or FVA556 I,III [1, 15, 27]. Their respective model definitions,
model parameters and predicted material utilisations for a G1 pinion tooth are
listed the Appendix B. The definition of the in Paper III [19] proposed BO1 and
BO2 criteria are discussed in reference to the Fogue and Liu & Zenner criteria
here. They are outlined in Equations 3.12 and 3.13.
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DFO =

√
1
4π

∫ 2π

0

∫ π

0
(aFOτa + bFOσn,a + dFOσn,m)

2
sin(φ) dφdθ

f−1

bFO = f−1

√
15− 3

√
25− 8(κ2 − 3)2

2

aFO = f−1

√
12κ2 − 21 + b2FO

2

dFO = f−1

−(3bFO + 2aFO) +

√
(3bFO + 2aFO)2 + 45

(
4
(

f−1

f0

)2

− 1

)
3

(3.12)

DLZ =

√
15
8π

∫ 2π

0

∫ π

0

(
aLZτ2a (1 + cLZτ2m) + bLZσ2

n,a (1 + dLZσn,m)
)
sin(φ) dφdθ

f−1

aLZ =
1

5

(
3κ2 − 4

)
bLZ =

1

5

(
6− 2κ2

)
cLZ =

28

3aLZt20

((
f−1

t0

)2

− κ2

4

)

dLZ =
28

15bLZf3
0

((
2f−1

f0

)2

− aLZcLZf
2
0

21
− 1

)
(3.13)

The performance of both criteria is plotted in Figure 3.12 for the G1 maritime
gear set studied in Papers I and III [10, 19] and the test gear B1-2 from Paper
IV [41]. Both gears failed from TFF. The maximum predicted contact stresses
were 1359 MPa for the maritime gear and 1934 MPa for the test gear.



3.3. MULTIAXIAL FATIGUE 59

-20 -10 0 10 20
Tooth width [mm]

-5

0

5

10

15

20

25

30

35

T
oo

th
 h

ei
gh

t [
m

m
]

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

M
at

er
ia

l u
til

is
at

io
n,

 D
F

O
 [-

]

(a) G1 Fogue
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(b) B1-2 Fogue
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(c) G1 Liu & Zenner
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(d) B1-2 Liu & Zenner

50 mm

(e) G1 with TFF (f) B1-2 with TFF

Figure 3.12: Material utilisation and failure pictures for gears G1 and B1-2
according to the Fogue and Liu & Zenner criteria [12, 93]

The Liu & Zenner criterion fails to predict a material utilisation for the
outer material layer of gear sets G1 and B1-2 due to the consideration of the
mean normal stress σn,m in the form of σ2

n,a (1 + σn,m). The width of the
layer is influenced by the magnitude of the contact stress and the implemented
mean stress sensitivity M . The larger pH or M , the wider the fatigue-free layer
becomes. The Fogue criterion predicts an adequate material utilisation for G1
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but estimates a surface rather than subsurface failure for B1-2. Critically, a
material utilisation is predicted throughout the studied gear teeth, even for
extreme contact stresses. This behaviour can be attributed to the squaring of
the material plane stresses in the form of (aFOτa + bFOσn,a + dFOσn,m)

2
. Even

for large, compressive mean normal stresses, the Fogue criterion will not result
in negative expressions under the square root of Equation 3.12.

A majority of the stress-based multiaxial fatigue criteria studied in the con-
text of this academic work overestimate surface failures for the gears tested in
Paper IV [41]. The Liu & Zenner criterion is the only criterion that consistently
underestimates surface failures due to the overestimation of σn,m on the local
material utilisation. To predict adequate surface utilisation levels even under
extreme surface pressures, a modification to the Liu & Zenner’s mean normal
stress expression that relies on the stress’ quadrature in the form of (1 + σn,m)

2

is suggested. Equation 3.14 outlines the prediction of the BO criterion’s equiv-
alent stress σeq,BO without the mean shear stress τm. Two different versions
of the BO criterion are outlined in Paper III [19], which differ only in their
consideration of τm.

σeq,BO =

√
15

8π

∫ 2π

0

∫ π

0

((
aBOτ2a + bBOσ2

n,a

)
(1 + cBOσn,m)

2
)
sin(φ) dφdθ

(3.14)
Whereas the BO1 criterion uses the expression τaτm, the BO2 criterion relies

on τ2m for the consideration of the mean shear stress. Equations 3.15 and 3.16
outline both versions of the BO integral criterion along with the definition of
their model parameters from the material constants f−1, f0, t−1 and t0 or σf .
The true fracture strength σf is estimated according to Dowling [57]. The model
parameters aBO and bBO are identical to those of the Liu & Zenner shear stress
intensity criterion. The BO1, BO2 and Liu & Zenner criteria predict the same
material utilisation for mean stress-free stress states.

DBO1 =

√
15
8π

∫ 2π

0

∫ π

0

((
aBOτ2a + bBOσ2

n,a

)
(1 + cBO1σn,m)

2
+ dBO1τaτm

)
sin(φ) dφdθ

f−1

aBO =
1

5

(
3κ2 − 4

)
bBO =

1

5

(
6− 2κ2

)
cBO1 = −3f0(11− 2κ2)

70C
+

√√√√(
3f0(11− 2κ2)

70C

)2

+
1

C

((
2f−1

f0

)2

− 1− κ2

3

((
2t−1

t0

)2

− 1

))

dBO1 =
κ2

3

((
2t−1

t0

)2

− 1− c2BO1t
2
0

35κ2
(8− κ2)

)
with C =

f2
0

84
(17− 4κ2)− t20

105
(8− κ2)

(3.15)
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DBO2 =

√
15
8π

∫ 2π

0

∫ π

0

((
aBOτ2a + bBOσ2

n,a

)
(1 + cBO2σn,m)

2
+ dBO2τ2m

)
sin(φ) dφdθ

f−1

cBO2 = − 18

5f0

(
11− 2κ2

17− 4κ2

)
+

√√√√(
18

5f0

(
11− 2κ2

17− 4κ2

))2

+
84

f2
0 (17− 4κ2)

((
2f−1

f0

)2

− dBO2 − 1

)

dBO2 =

(
f−1

σf

)2

with σf = Rm + 345MPa

(3.16)
A benchmarking test between the Dang Van [39], Sines [40], Crossland [38],

Liu & Zenner [12], Papuga PIN [20], Hertter [6] and the proposed BO criteria
was performed in Paper III [19]. The comparison focused on soft and mild steels
under conventional multiaxial fatigue loading. Tested were the aforementioned
criteria under static, compressive or tensile normal stresses and alternating shear
stresses. The studied stress state is thereby similar to the gear stresses found
in the TFF-critical material depth. Both versions of the BO criterion were on
par with the highly accurate Papuga PIN [20] and Liu & Zenner [12] criteria.
The BO2 criterion achieved an appreciable lower standard deviation than the
BO1 criterion. The performance of both criteria is plotted in Figures 3.13 and
3.14 for the G1 and B1-2 gear sets at two different definitions of the mean stress
sensitivity M . The figures on the left rely on the herein outlined moderate
mean stress sensitivity M = 7.0 � 10−4f−1 − 0.1 and the figures on the right
on an assumed lower mean stress sensitivity M = 5.0 � 10−4f−1 − 0.1 akin to
Murakami’s mean stress effect [31].
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(a) BO1(M = 7.0 � 10−4f−1 − 0.1)
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(b) BO1(M = 5.0 � 10−4f−1 − 0.1)
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(c) BO2(M = 7.0 � 10−4f−1 − 0.1)
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(d) BO2(M = 5.0 � 10−4f−1 − 0.1)

Figure 3.13: Material utilisations in G1 pinion tooth according to BO1 and BO2
criteria for moderate and low mean stress sensitivity
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(a) BO1(M = 7.0 � 10−4f−1 − 0.1)
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(b) BO1(M = 5.0 � 10−4f−1 − 0.1)
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(c) BO2(M = 7.0 � 10−4f−1 − 0.1)
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Figure 3.14: Material utilisations in B1-2 wheel tooth according to BO1 and
BO2 criteria for moderate and low mean stress sensitivity

Figures 3.13 and 3.14 demonstrate the profound impact of the mean stress
sensitivity on the predicted material utilisation under moderate surface stresses
and elevated or test rig loading conditions. Chapter 2 outlines the variation ofM
for hard steels with established material models like Goodman, FKM Guideline,
Murakami and Morrow [13, 31, 55, 56]. The two analysed cases in Figures 3.13
and 3.14 represent a medium and medium to low mean stress sensitivity and
fall between the mentioned models. Which of the two criteria should ultimately
be used for TFF or RCF strongly depends on the approximated mean stress
sensitivity M . For the herein implemented moderate mean stress sensitivity,
the BO1 criterion proved superior.

3.3.3 Uniaxial loading

To give further context to the developed multiaxial fatigue criteria, their be-
haviour under pure uniaxial loading at various mean stresses σm is demonstrated
here. Both criteria can be simplified to yield exact expressions for the allowable
uniaxial stress amplitude σa under constant mean stresses σm without the need
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for a stress integration.

C1,2 = 1 +
6(11− 2κ2)

35
cBO1,2σm +

17− 4κ2

21
(cBO1,2σm)2

σa,BO1(σm) = −dBO1σm

2C1
+

√(
dBO1σm

2C1

)2

+
f2
−1

C1

σa,BO2(σm) =

√
f2
−1 − dBO2σ2

m

C2

(3.17)

The model parameters cBO and dBO used in Equation 3.17 are determined
according to the obtained fatigue constants f−1, f0 and t−1, the true fracture
strength σf and the approximated shear fatigue strength under oscillating load
t0 for the 34CrNiMo6 steel tested in Paper II [32]. The strength parameters are
listed in Tables 3.1. The resulting Haigh diagrams are plotted for the uniaxial
versions of the BO1 and BO2 criteria in Figure 3.15.

Table 3.1: Fatigue constants and static strength for 34CrNiMo6 2D [32]

f−1 f0 t−1 t0 f−7 Rm σf

Material (MPa) (MPa) (MPa) (MPa) (MPa) (MPa) (MPa)
34CrNiMo6 465±2 830±6 329 621 554±6 1646±18 2006
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Figure 3.15: Comparison between the predicted Haigh diagrams according to
BO1 and BO2 criteria and the obtained fatigue results (Paper II [32])

Whereas the BO1 criterion predicts an asymptotic trend akin to the mean
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stress effect proposed by Murakami [31], the allowable stress amplitude esti-
mated by the BO2 criterion appears like an idealised Haigh diagram. Intu-
itively, a reduction in σa should occur for very large, compressive or tensile
mean stresses. Compared to the reported results for the 34CrNiMo6 steel at
R = −7,−1 and 0, the BO1 criterion achieves a closer match. Additional fatigue
testing at large, compressive or tensile mean stresses is necessary to validate ei-
ther criterion.

The performed fatigue tests in Paper II [32] did not include testing of the
shear fatigue strength under oscillating load t0. The material constant was
instead approximated through the equation proposed by Liu & Zenner [12].

4t−1

t0
− 2f−1

f0
= 1 (3.18)

Similar to Equation 3.17, both criteria can be modified to yield the allowable
shear stress amplitude τa for a constant shear mean stress τm under pure shear.
The correlation for the BO2 criterion is given in Equation 3.19.

τa(τm) =

√
f2
1 − 3dBO2τ2m

κ2 + 4
35c

2
BO2τ

2
m(8− κ2)

(3.19)

An expression for t0 can readily be derived from Equation 3.19 for τa =
τm = t0/2, yielding a shear fatigue strength of 631.5 MPa compared to 621
MPa according Equation 3.18. Further studies are necessary to compare the
respective accuracies of Equations 3.18 and 3.19 in predicting t0.

3.3.4 Critical plane study

This section compares the fatigue damage parameters f(φ, θ) of the Dang Van
[39], Liu & Zenner [12] and BO1 multiaxial fatigue criteria. Studied are two
nodes 0.48 and 2.87 mm below the loaded flank of the aforementioned G1 pinion
tooth. The comparison is intended to yield a clear understanding of the criteria-
specific, critical material planes in which crack initiation is likely to occur.

To clarify the analysed load distribution, geometry and nodal positions for
this study, Figure 3.16 plots the Hertzian stress pH and equivalent radius of
curvature ρeq in the gear’s mean cross-section and the resulting maximum von
Mises equivalent stress over all contact positions. Node 1’s position in the pinion
dedendum and a shallow depth of 0.48 mm places it in the pitting-prone part of
the gear tooth, whereas node 2’s position further up the tooth and in a depth
of 2.87 mm represents the TFF-prone material layer of the gear tooth.
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Figure 3.16: Specification of load, geometry and nodal positions for critical
plane study on G1 pinion tooth

Figures 3.17 and 3.18 plot the normal and shear stress amplitudes and mean
stresses for nodes 1 and 2 as functions of φ and θ. Highlighted are their respective
maxima and the material planes or normal vectors nx′ in which they occur. For
example the maximum normal stress amplitude σn,a for node 1 of 570.3 MPa
occurs for nx′(φ = 90◦, θ = 146◦).
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Figure 3.17: Node 1: Stress components for all material planes
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Figure 3.18: Node 2: Stress components for all material planes

The symmetry of the stress fields is immediately apparent. For the studied
2D plane strain state, essentially, only a quarter of the range of possible ma-
terial planes need to be analysed. Considering the computationally expensive
prediction of τa, this simplifies the stress analysis dramatically. In the developed
MATLAB code, the flip array function was subsequently utilised to populate
the not assessed material planes.

For nodes 1 and 2, the pressure angles α of the nearest surface nodes are 13.5
and 21.5◦ respectively. The surface-perpendicular normal vectors are thereby
n′
x1(90

◦, 166.5◦) and n′
x2(90

◦, 158.5◦). Focusing on node 2, the maximum shear
stress amplitude τa of 230.1 MPa is predicted for n′

x(72
◦, 168◦) in an almost sur-

face parallel material plane (Δφ = 18◦ and Δθ = 9.5◦). A TFF crack initiation
underneath the loaded flank in approximately surface parallel material planes
as been discussed throughout this academic work. Observations of the orienta-
tion of early-stage TFF failures are given in Chapters 1 and 4 and Figures 1.7b
and 4.1. The shear stress difference between τa(90

◦, 158.5◦) and τa(72
◦, 168◦)

in node 2 is less than 2 %.

For critical plane criteria like the Dang Van criterion [39], the fatigue damage
parameter is maximised and compared against the fatigue strength. The angles
in which f(φ, θ) reaches its maximum define the material plane in which crack
initiation is likely to occur. Equation 3.20 defines the fatigue damage parameter
fDV (φ, θ).

fDV (φ, θ) = aDV τa(φ, θ) + bDV σhyd,max

aDV =
f−1

t−1
bDV = 3− 3/2

f−1

t−1

(3.20)

The Liu & Zenner and BO1 shear stress intensity or integral criteria do
not calculate a plane specific damage parameter. Therefore, the integration
over all material planes is replaced with the summation of all plane instances,
with each instance defining a local fatigue damage parameter f(φi, θj). The
Liu & Zenner fatigue damage parameter is outlined in Equation 3.21 and the
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BO1 parameter in Equation 3.22. The unit and magnitude of these damage
parameters is different to that of the Dang Van criterion.

σeq,LZ =

√√√√ 15

8π

m∑
i=1

n∑
j=1

ΔφΔθ fLZ(φi, θj) sin(φi)

fLZ(φi, θj) = aLZτ
2
a (1 + cLZτm)

2
+ bLZσ

2
n,a (1 + dLZσn,m)

(3.21)

σeq,BO1 =

√√√√ 15

8π

m∑
i=1

n∑
j=1

ΔφΔθ fBO1(φi, θj) sin(φi)

fBO1(φi, θj) =
(
aBOτ

2
a + bBOσ

2
n,a

)
(1 + cBO1σn,m)

2
+ dBO1τaτm

(3.22)

As the maximum hydrostatic stress σhyd,max is independent of the Euler
angles φ and θ, the orientation of fDV,max depends solely on τa. Crack initiation
is thereby predicted for n′

x1(68
◦, 166◦) and n′

x2(72
◦, 168◦) according to the Dang

Van criterion. Figures 3.19 and 3.20 plot the fatigue damage parameters for the
Dang Van, Liu & Zenner and BO1 criteria for nodes 1 and 2.
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Figure 3.19: Node 1: Fatigue damage parameters
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Figure 3.20: Node 2: Fatigue damage parameters

Whereas the Dang Van and BO1 criteria predict similar plane orientations
to be critical for both nodes, the Liu & Zenner criterion predicts a normal
vector perpendicular to that of the BO1 criterion. For both nodes, the Liu
& Zenner criterion fails to predict meaningful damage parameters for planes
with large normal stress amplitudes σn,a in the presence of large compressive
mean stresses σn,m. The fatigue damage parameter fLZ effectively visualises
the shortcomings of the Liu & Zenner criterion under RCF or Hertzian stresses.
For node 1, negative values for fLZ are predicted in the presence of large σn,a

and σn,m stresses.
Comparing the Dang Van and BO1 criteria, similar values for θ are calculated

for both nodes and both criteria. The consideration of σn,a and σn,m in the
BO1 criterion move the predicted maximum fatigue damage parameter into the
φ = 90◦ plane. Relying on the results published in Paper III [19], the BO1
criterion and its predicted material plane orientations are favoured for three
reasons.

� Maritime bevel gears on azimuthing thrusters are only loaded at moderate
loads for most of their service life. In a measurement campaign spanning
eight vessels over a 2 to 5-year interval, gear loads equivalent to 60 to
80 % of the nominal design load were measured (based on the ISO6336-
5 standard’s equivalent load [97]). According to the study of gear set
G1 in Paper III, the Dang Van criterion predicts a 34% lower material
utilisation than the BO1 criterion, making a crack initiation under the
measured, modest loads unlikely.

� The performed benchmarking tests in Paper III of both criteria under
alternating shear stresses and static normal stresses underline the accuracy
of the BO1 criterion, yielding a lower standard deviation and an average
failure index closer to 0 than the Dang Van criterion.
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� A large number of crack-like indications have been identified and docu-
mented through PAUT during service intervals on G1 and G2 gears. The
depth of the BO1’s maximum material utilisation aligns well with the
measured depth of these indications. Paper III plots the Weibull distribu-
tions of the documented crack-like indications and compares them to the
BO1’s material utilisation in a surface-perpendicular path that intersects
the maximum utilisation.

Due to its comprehensibility and widespread use for RCF, the Dang Van cri-
terion is investigated further in Chapter 4 for its applicability to a standardised
TFF approach.



Chapter 4

Standardised approach

This section revisits the in Paper I [10] presented simplified subsurface fatigue
criterion and implements an improved stress model alongside the findings from
Papers II, III and IV [19, 32, 41]. The abbreviation Hs is chosen for the criterion
in reference to the ISO10300’s pitting safety factor [21] as the same contact point
is studied and due to the subsurface nature of the failure mode. Targeted is an
analytical and standardisable assessment of the gear failure mode tooth flank
fracture for a given gear design and loading condition. All numerical calculations
and the computationally expensive prediction of the shear stress amplitude are
foregone in favour of a purely analytical prediction.

This section presents and compares the predicted stresses, strengths and
material utilisation of the Hs criterion to the BO1 criterion’s numerical results
for the mean cross-section of gear set G1 studied in Papers I and III [10, 19].
The fatigue analyses of gear sets G0, G2 and B2-1 are included in Chapter 4.4.1.
The Hs criterion can similarly be applied to all contact points between meshing
pinion and wheel teeth but requires ideally a numerical calculation of the local
maximum hydrostatic stress σhyd,max. The Hs criterion is an interpretation
of the Dang Van, critical plane, multiaxial fatigue criterion and simplifies the
calculation of the equivalent stress (the numerator in Equation 4.1).

DDV =

max
θ,φ

(aDV (τa(θ, φ)) + bDV σhyd,max)

f−1

aDV =
f−1

t−1
bDV = 3− 3/2

f−1

t−1

(4.1)

The Dang Van criterion [39] is a favoured multiaxial fatigue criterion for the
study and fatigue analysis of RCF or Hertzian contacts [98–100]. It assumes
local plasticity in the mesoscale, even if the material is only loaded elastically
in the macroscale. The version of the Dang Van criterion studied in this aca-
demic work relies on the MRH derived shear stress amplitude and maximum
hydrostatic stress per load cycle. As shown by Papuga [96], this interpretation

71
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of the Dang Van criterion yields a superior result accuracy when studying non-
proportional loading like the Hertzian contact in gears.
The Dang Van criterion calculates an equivalent stress from the maximum of
the shear stress amplitude over all material planes (Euler angles θ and φ) and
the maximum of the hydrostatic stress and compares said stress to the uniaxial
fatigue strength under alternating load f−1. Its model parameters aDV and
bDV are derived from material constants, typically f−1 and t−1, the uniaxial
and shear fatigue strength under alternating load.

4.1 Maximum shear stress amplitude

During 5-year service intervals, marine bevel gears are inspected by means of
PAUT. If subsurface cracks are detected, the gears are scrapped. Failure in-
vestigations of these gears suggest that early-stage TFF cracks are orientated
parallel to the load-carrying flank in a depth of 1 to 2 times the case hardening
depth CHD [10, 11]. Figure 4.1 exemplifies two early-stage, surface-parallel
TFF cracks (9◦ and 14◦ to the flank) in a depth of 2.6 and 3.3 mm, respectively
0.45 and 0.65 mm in size. Both images belong to the same G1 gear wheel that
featured subsurface crack-like indications on 25 wheel teeth [11]. Visible are
furthermore the indentations from the HV1 and HV10 hardness measurements.

1 mm

(a) TFF 2.6 mm deep and 0.45 mm large

1 mm

64
6 

m

(b) TFF 3.3 mm deep and 0.65 mm large
(SEM image)

Figure 4.1: Early-stage TFF cracks on G1 wheel teeth [11]

This finding advocates that the iteration over all material planes to identify
the maximum shear stress amplitude could be forgone, favouring the exclusive
study of surface parallel material planes. The hypothesis is supported by the
comparison of the maximum of the MRH derived shear stress amplitude over all
material planes with the orthogonal shear stress amplitude for surface parallel
planes. For the in Papers I and III [10, 19] studied gear set G1, the relative
difference between both shear stress amplitudes is less than 3% in the relevant
material depth of 2 to 7 mm. More significant differences occur towards the load-
carrying flank, where the orthogonal shear stress amplitude fails to capture the
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frictional stresses between the meshing gear teeth.
The in Paper I [10] adopted equation for the calculation of the orthogonal

shear stress amplitude τxy,a remains unchanged (see Equation 4.2 according to
[2]). It relies on the ISO10300-2’s [21] Hertzian contact pressure σHB1 and the
half Hertzian contact width bH for its calculation. The parameter x describes
the depth underneath the tooth flank perpendicular to the studied contact point
MB, ρeq the radius of relative curvature vertical to the contact line of the virtual
cylindrical gear, ν the Poisson ratio and E the Young’s modulus. The ISO’s
mid-zone factor ZMB and bevel gear factor ZK [4, 21] need to be considered to
adapt the contact pressure from the pitch point P to the design point MB and
to study the true Hertzian contact stress in the engagement.

τxy,a(x) = 0.25
σHB1

ZK
cos

⎛⎜⎜⎝
x

bH
− 0.5

x

bH
+ 0.5

π

2

⎞⎟⎟⎠
bH = 4

σHB1 ρeq
ZK Z2

MB

1− ν2

E

(4.2)

Figure 4.2a plots the MRH-derived maximum shear stress amplitude for the
mean cross-section of a G1 pinion tooth and compares it in Figure 4.2b along
path P1 to the orthogonal shear stress amplitude according to Equation 4.2.
P1 defines a surface perpendicular path starting in MB. The observable match
between the computational expensive MRH-derived shear stress amplitude and
the simple orthogonal shear stress amplitude forms the foundation for the Hs
criterion. For the calculation of τxy,a, the ISO’s mounting factor KHβ−be and
thereby the face load factor for contact stress KHβ were adjusted to yield the
same surface stresses in MB between both approaches.
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The observable surface-near stress differences occur due to the omission of
the frictional surface stresses in the analytical approach. For a subsurface fatigue
study and gear typical friction coefficients, frictional stresses can be omitted.

4.2 Maximum hydrostatic stress

The second stress component needed for the calculation of the Dang Van equiv-
alent stress is the maximum hydrostatic stress σhyd,max. Subsurface stresses
in gears are dictated by the Hertzian contact between the meshing gear teeth.
Assuming a 2D plane strain stress state and a line contact between the contact-
ing teeth, the resulting compressive subsurface stresses can readily be approxi-
mated from Hertzian theory (see Equation 3.1 in Chapter 3). These compressive
Hertzian stresses are inconsequential to the maximum hydrostatic stress. Crit-
ical are instead the static residual stress and the out-of-phase bending stress.

The approximation of the maximum hydrostatic stress profile as a result of
the static residual stresses is outlined in Paper I [10]. It relies on the residual
stress model by Lang [28] and the hardness approximation by Thomas [43].
Contrary to the advanced subsurface fatigue calculation in Paper III [19], only
the compressive residual stresses are considered in the Hs criterion. The iterative
estimation of the tensile residual stresses in the tooth core is foregone. With
TFF damages typically initiating in the case or case/core interface, neglecting
the tensile residual stresses in the core is deemed appropriate for a standardised
approach. For gears with core hardnesses over 400 HV, Lang’s residual stress
model yields diminishing compressive residual stresses in the carburised case,
leading to an overestimation of surface- rather than subsurface-initiated fatigue
for high surface stresses. In those cases, the hardness and residual stress profiles
should be modelled with an assumed 400 HV core hardness. The maximum
hydrostatic stress as a result of the static residual stresses along path P1 or any
surface perpendicular path can readily be approximated to 2/3 σres. Tangential
and longitudinal residual stresses in a case hardened gear tooth are assumed to
be equal and normal residual stresses to be zero. The parameters HV (x) and
HVc in Equation 4.3 specify the local hardness along path P1 and the tooth’s
core hardness.

σres(x) = −5/4 (HV (x)−HVc) for HV (x)−HVc ≤ 300

σres(x) = 2/7 (HV (x)−HVc)− 460 else

max
t

(σhyd(x, t)) = tr

⎛⎝0 0 0
0 σres(x) 0
0 0 σres(x)

⎞⎠ = 2/3σres(x)

(4.3)

Figure 4.3a plots the stress difference between the maximum hydrostatic
stress Δσhyd,max for gear set G1 considering (i) the superposition of all static
and dynamic stress components based on an accurate numerical simulation and
(ii) the maximum hydrostatic stress as a function of the residual stress as per
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Equation 4.3. Tensile residual stresses are disregarded in both cases. The stress
difference along path P1 is plotted in Figure 4.3b.
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Figure 4.3: Hydrostatic stress difference between numerical and analytical cal-
culation

A nearly linear stress difference along path P1 is observable, indicative of the
missing bending stress component in Equation 4.3. For the path P1, only the
last contact position in tooth profile direction is responsible for the plotted stress
difference, allowing for the simplified hydrostatic and bending stress calculation
according to the ISO10300-3 [80]. The ISO’s tooth root breakage model relies on
the beam theory for short, elastically deformed beams and simplifies the acting
bending, normal and shear stresses to a study of the bending stress as a result
of the tangential force and resulting bending moment. Even though Figure 4.3a
demonstrates the influence of the compressive normal stress on the bending
stress distribution (i.e. the bending or hydrostatic stress does not transition
in the neutral axis from tension to compression), the ISO’s simplified bending
stress model is adapted. A numerical calculation of the maximum hydrostatic
stress is recommended if the Hs criterion is applied to the TFF study of an
entire gear tooth. Equation 4.4 outlines the simplified bending stress model to
calculate the maximum hydrostatic stress below the design point MB. Negative
bending stresses are ignored as the maximum hydrostatic stress for the tooth
interior shall be ≥ 0 MPa. The stress in tooth-lengthwise direction σz relies on
the plane strain assumption.

max
t

(σhyd(x, t)) = 2/3 σres(x) + tr

⎛⎝0 0 0
0 σb(x) 0
0 0 νσb(x)

⎞⎠
= 2/3 σres(x) +

1 + ν

3
σb(x) with σb(x) ≥ 0

(4.4)

To allow for a simplified calculation of the bending stress distribution, not
the bending stress along the surface-perpendicular path P1 but a horizontal path
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is proposed. This allows for the calculation of the bending stress from a constant
rather than height-dependent tooth width. The rotation of the stress matrix
from the global to the local, contact-specific coordinate system does not affect
the hydrostatic stress as it remains constant under coordinate transformation.
For the simplified model, the local pressure angle in the design point αMB and
its effect on the depth of the acting bending stresses is similarly disregarded.

The first step in the calculation of the bending stress σb is the prediction
of the position of MB along the line of action in the transverse tooth section.
Keeping with the definition of the ISO’s mid-zone factor ZMB [21], the diameter
of the design point dvMB is defined in reference to the base diameter of the
virtual cylindrical gear dvb, the tip diameter of the virtual cylindrical gear dva
and the number of teeth of the virtual cylindrical gear zv. Equation 4.5 and the
following expressions are defined for the pinion but apply equally to the wheel
by replacing the index 1 with 2. The variable F1 is defined according to the
ISO10300-2 and moves the design point along the line of action. Similarly, all
herein utilised gear geometries, angles and factors that are not outlined in the
following equations, rely on the ISO10300 for their prediction.

dvMB1 =

√√√√√
⎛⎝√(

dva1
dvba1

)2

− 1− F1
π

zv1

⎞⎠2

+ 1 dvb1 (4.5)

For the calculation of tooth width in the design point snMB , the transverse
diameter dvMB needs to be translated into its normal cross-section equivalent
dvMBn. For that purpose, the ISO’s root diameter of the virtual gear dvf [4],
the mean dedendum hfm and the reference diameter of the virtual cylindrical
gear in the normal cross-section dvn are used.

hMB1 = 0.5 (dvMB1 − dvf1)

dvMBn1 = dvn1 + 2 (hMB1 − hfm1)
(4.6)

With dvMBn established, the local pressure angle αMB , its involute inv(αMB)
and subsequently the local tooth width sMBn can be approximated from the as-
sumed involute tooth profile. The parameter αn specifies the generated pressure
angle and smn the tooth width in the pitch point P.

αMB1 = arccos

(
dvbn1

dvMBn1

)
inv(αMB1) = tan(αMB1)− αMB1

sMBn1 = dvMBn1

(
smn1

dvn1
+ inv(αn)− inv(αMB1)

) (4.7)

The bending moment arm hMBa utilises the intersection between the surface-
perpendicular force vector in the tooth tip and the gear tooth’s neutral axis in
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the diameter dFan. The diameter prediction relies on the auxiliary angle for
the tooth form and tooth correction factor γa, the load application angle at the
tooth tip of the virtual cylindrical gear αFan and the tip diameter of the virtual
cylindrical gear in the normal section dvan.

dFan1 = dvan1 (cos(γa1)− sin(γa1) tan(αFan1))

hMBa1 = 0.5 (dFan1 − dvMBn1)
(4.8)

Following the ISO10300-3 [80], the tooth form factor in the design point
YMB can be calculated along with the maximum bending stress σMB,B1. The
required tooth geometries and load factors are the mean module mmn, the load
application angle at the tooth tip of the virtual cylindrical gear αFan, the gen-
erated pressure angle αn, the nominal tangential force of the virtual cylindrical
gear Fvmt, the face width of the virtual cylindrical gear bv, the contact ratio
factor for bending Yε, the bevel spiral angle factor YBS , the load sharing factor
YLS , the application factor KA, the dynamic factor Kv, the face load factor
for bending stress KFβ and the transverse load factor for bending stress KFα

(consult ISO10300 for their calculation).

YMB1 =
6
hMBa1

mmn
cos(αFan1)(

sMBn1

mmn

)2

cos(αn)

σMB0,B1 =
Fvmt

bvmmn
YMB1YεYBSYLS

σMB,B1 = σMB0,B1 KAKvKFβKFα

(4.9)

To calculate the bending stress distribution along the studied path P1, the
following correlation is applied.

σb(x) = σMB,B1

(
1− 2x

sMBn1

)
(4.10)

With both the residual and bending stresses defined, the maximum hydro-
static stress along path P1 can suitably be approximated. Figure 4.4a plots the
numerically calculated maximum hydrostatic stresses for the mean cross-section
of G1 and compares it in Figure 4.4b to the analytically calculated maximum
hydrostatic stress along with P1.
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Figure 4.4: Maximum hydrostatic stress according to numerical and analytical
model

The analytical maximum hydrostatic stress along P1 matches the numerical
prediction accurately. For most of the carburised case, the analytical model
slightly underestimates the bending stresses, resulting in lower maximum hy-
drostatic stresses than for the numerical model. As highlighted previously, the
face load factor KHβ was adjusted to yield the same contact stress in MB be-
tween the numerical and analytical model and thereby the same subsurface shear
stress profile. The resulting bending stress prediction in MB and the tooth root
according to the ISO10300-3 is significantly lower than predicted according to
the LTCA [18]. The LTCA predicts a maximum tooth root stress of 452 MPa
compared to the ISO’s 340 MPa. This 30 % difference is similarly observable
in the hydrostatic stress plot in Figure 4.4b. This suggests that the predicted
hydrostatic stress differences are not due to the inaccuracy of the proposed an-
alytical model but due to the magnitude of the predicted normal force in the
tooth tip between the LTCA and ISO10300-3.

The presented consideration of the bending stress in the gear tooth fatigue
analysis might also give insight into the failure mode pitting and its predomi-
nantly occurrence in the pinion dedendum. As per the ISO10300 and FVA411
[9, 21], the negative sliding between meshing gear teeth (ISO10300 Annex A,
slip factor ZS) is stated as the reason for the higher pitting likelihood below the
pinion’s pitch line. Alternatively, the presence of the progressively increasing
bending stress towards the pinion’s tooth root can be seen as an explanation.
The equivalent radius of curvature increases from the pinion’s tooth root to
the tooth tip, resulting in elevated contact stresses in the pinion’s dedendum.
(see FVA516 [7] load factor ZAE). The higher contact stress equates to a higher
shear stress amplitude in combination with a larger maximum hydrostatic stress
due to the bending stresses. In the matching wheel addendum, the lack of bend-
ing results in a lower material utilisation, despite the same acting shear stress
amplitude in the same shallow material depth.
Chapter 4.5 details the resulting material utilisations for pinion and wheel teeth
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of gear sets G1 and G0 according to the Hs criterion based on a numerically
derived maximum hydrostatic stress in the gears’ mean cross-section. The pre-
dicted pitting failure locations and probabilities align accurately with reported
failures [9, 101].

4.3 Material model

The material model for the Hs criterion relies on the performed fatigue tests
and derived material constants in Paper II [32], the developed influence fac-
tors in Papers III and IV [19, 41] and the alignment of the predicted material
utilisations between the BO1 and Hs criteria.

4.3.1 Hardness and residual stress

To predict the local material properties, a hardness profile as a result of the case
hardening process needs to be defined. The input parameters surface hardness
HVs, core hardness HVc and case hardening depth CHD need to be specified.
As shown in Papers I, III and IV [10, 19, 41], especially the hardness gradient in
the transition zone from case to core is critical for an accurate subsurface fatigue
prediction. Uniquely suited to capture the differences between small and large
gears is the hardness model by Thomas [43]. It describes the hardness profile
as two-second order polynomials connected in the case hardening depth CHD
(i.e. the depth in which the hardness reaches 550 HV). The parameter xHV,max

that describes the depth of the hardness peak in Thomas’s model is redefined
to capture the gradient in the transition point between both polynomials. The
larger xHV,max, the steeper the transition from case to core and the faster the
hardness and compressive residual stresses depreciate.

Equation 2.1 in Chapter 2.1 defines the hardness model by Thomas [43] and
Equation 4.3 the residual stress model by Lang [28]. The Hs criterion aligns itself
with the ISO6336-4 technical report for the TFF prediction in cylindrical gears
[1] by relying on the same residual stress and hardness model. The ISO6336-4
lists also Lang’s hardness model, which is not favoured for the Hs criterion as it
fails to intersect the specified CHD and features a low hardness gradient only
applicable to small gears.

4.3.2 Local fatigue strength

Equation 4.11 outlines the translation of the predicted hardness profile into the
local fatigue constants. Whereas four material parameters are outlined and
defined in Paper II [32], only the uniaxial and shear fatigue strength under
alternating load (f−1 and t−1) need to be specified for Hs criterion. The model
parameters aHs and bHs are identical to those of the Dang Van criterion. The
performed benchmarking test in Paper III [19] compared two definitions of the
Dang Van model parameters, yielding the highest result accuracy when relying
on f−1 and t−1.
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While the definition of the fatigue ratio κ (κ = f−1/t−1) is implemented as
outlined in Paper II [32], the definition of f−1 is altered. A constant ratio of
0.8 between the local hardness HV and f−1 is chosen to align the predicted
material utilisations of the BO1 and Hs criteria. Equation 4.11 defines the local
fatigue constants and the size and lifetime factors KX and KNT according to
Papers III and IV [19, 41].

f−1(x) = 0.8HV (x)

t−1(x) =
f−1(x)

κ(x)
with κ(x) = −5 � 10−4HV (x) +

√
3

f−1,K(x) = f−1(x)KXKNT fxK

KX = 1.05− 0.01mmn with 0.87 ≤ KX ≤ 1

KNT = exp
ln(Nf )− 10.42

−2.73
+ 0.89 with KNT ≤ 1.6

(4.11)

The size factor KX is based on the comparison of the highly stressed volume
in the tested uniaxial fatigue specimen and various gear sizes (sized mmn 2 to 25
mm) and the obtained standard deviation of 4 % during uniaxial fatigue testing.
By converting KX to rely on the mean normal module mmn, the effect of the
applied load and the number of teeth is disregarded. The suggested correlation
achieves a very close match for the studied gears, is simple in its application
and identical to the size factor used in the ISO10300-3 for the prediction of the
tooth root strength [80]. The derivation of KX according to the weakest link
theory is outlined in Appendix C.

The lifetime factor KNT is based on the gear test results outlined in Paper
IV [41] and relies on the number of load cycles on either pinion or wheel Nf

for its prediction. KNT lies between the ISO’s pitting and tooth root breakage
lifetime factors and outlines a continuous degradation of the material strength
in the very high cycle fatigue regime (i.e. Nf ≥ 107 load cycles). Depending
on what failure probability is studied, a conversion factor fxK based on the
obtained standard deviation of 4 % can be defined. For a 1 % fatigue strength,
fxK can be set to 0.91. Unless specifically stated, all calculations in this section
omit the conversion factor and utilise thereby the average fatigue strength.

As shown in Paper II [32], a constant fatigue ratio of κ =
√
3 as assumed

in the FKM guideline [13] and the von Mises criterion. It is only applicable for
highly ductile steels and decreases considerably as a function of the steel’s hard-
ness. The fatigue ratio κ(HV ) thereby captures the transition from a ductile
material behaviour in the soft core of the gear tooth to a more brittle behaviour
in the hard case. For the Dang Van and Hs criteria, this translates to a large,
positive effect of the compressive residual stresses in the case and a diminished,
negative effect of potential tensile residual stresses in the core (model parameter
bHs). Similarly, the ductile core is more susceptible to the acting shear stress
amplitude than the case (model parameter aHs). Both model parameters for
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the Hs criterion are given in Equations 4.1 and 4.12 and illustrated in Figure
4.5b along path P1.

Figure 4.5a plots local fatigue strength f−1,K,BO as defined in Paper III [19]
for the mean pinion cross-section of G1 and compares it in Figure 4.5b with
the local fatigue strength f−1,K,Hs according to Equation 4.11 along path P1.
Especially for the core, the implemented material model underestimates the
local fatigue strength when compared with the measurement results in Paper
II [32]. In order to achieve the same subsurface utilisation levels with the BO1
and Hs criteria, f−1,K,Hs had to be adapted.
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Figure 4.5: Local fatigue strength f−1,K according to BO1 and Hs criteria in
addition to model parameters aHs and bHs

4.4 Material utilisation

For the specific purpose of assessing the risk of TFF in spiral bevel gears along
a surface perpendicular path P1 below the gear’s design point MB, the Dang
Van criterion can be rationalised to yield the following expression defining the
Hs criterion.

DHs(x) =
aHs(x)τxy,a(x) + bHs

(
2
3σres(x) +

1+ν
3 σb(x)

)
f−1,K(x)

with σb(x) ≥ 0

aHs(x) = κ(x) bHs(x) = 3− 3/2κ(x)

(4.12)

To assess the accuracy of the proposed stress, material and fatigue mod-
els, the Hs criterion’s material utilisation is compared with the BO1 [19], the
Dang Van [39, 96], the Hertter [6] and the ISO6336-4 [1] or FVA556 I&III [15,
27] criteria. Whereas the Hs criterion follows the material model outlined in
Equation 4.11, the BO1 and Dang Van material constants are set according to
Papers II, III and IV [19, 32, 41], the Hertter’s parameters are set according
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to his material model [6] and the ISO’s or FVA’s according to their respective
sources [1, 15, 27]. Figure 4.6a plots the BO1’s material utilisations for the
mean cross-section of a G1 pinion tooth and compares the predicted utilisations
in Figure 4.6b along path P1 according to the BO, Dang Van and Hs criteria.
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Figure 4.6: Material utilisation according to BO1, Dang Van and Hs criteria

The BO1 criterion is chosen as a reference for the other criteria as it has
been calibrated against the back-to-back bevel gear test results in Paper IV [41].
The predicted utilisation peak of 1.03 in a depth of 3.0 mm aligns well with
the documented failure frequency on G1 and the detected crack depth (Weibull
distribution from PAUT reports [19]). Since the material utilisation is calculated
against the average fatigue strength (fxK = 1), it suggests a considerable failure
probability even at moderate loads.

As outlined in Paper III [19], the Dang Van criterion predicts a significantly
lower, maximum material utilisation of 0.76 in a depth of 3.6 mm. The Hs
criterion relies on the same stresses and model parameters when predicting the
local material utilisation. To lift the predicted utilisation of the Hs criterion to
the level of the BO1 criterion, the utilised uniaxial fatigue strength f−1 had to
be lowered. Essentially, for the Hs criterion, Murakami’s lower fatigue limit was
assumed across the entire hardness range, rather than considering the transition
from Murakami’s upper to lower fatigue limit in the range of 350 to 550 HV
[31, 32]. Whilst the modification ensures equal utilisations for the BO1 and Hs
criteria (1.03 for both cases), the depth of the utilisation peak is moved towards
greater depths (from 3.0 to 4.3 mm). The displacement of the utilisation peak is
partly due to the altered material model and the Dang Van criterion’s considered
stresses. When studying TFF with the Hs criterion, crack initiation should be
expected in a shallower than predicted material depth.

4.4.1 Case study

The Hs criterion’s accuracy is quantified by studying the subsurface material
utilisation in the maritime bevel gears G1 and G2, the FZG’s test gear G0
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and the tested bevel gear B2-1. Their respective geometries, hardening layer
thicknesses and applied loads are specified in Papers III and IV [19, 41]. The
material utilisation is studied along path P1 for the Hs, Hertter and ISO6336-
4 criteria and the gear’s mean cross-section according to the Hertter and ISO
criteria. For each gear set, pictures of the dominant gear failure mode are shown.

The criteria specific material utilisations for gear set G1 are given in Figure
4.7, for G2 in 4.8, for G0 in 4.9 and for B2-1 in 4.10. For all gears, the surface
stresses in MB according to the ISO10300 standard [4] were adjusted through
the face load factor KHβ to match the LTCA’a surface stress in the same point.
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Figure 4.7: Material utilisation comparison, G1 pinion
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Figure 4.8: Material utilisation comparison, G2 wheel

For the two maritime gear sets G1 and G2, comparable utilisation levels
are predicted according to the Hs and ISO criteria in the TFF-critical material
depths and the Hs and Hertter criterion in the pitting-critical outer material
layer. While the ISO criterion focuses on TFF or subsurface initiated fatigue,
Hertter studied the gear failure modes pitting and tooth root breakage. The
results of this qualitative comparison suggest that the Hs criterion is potentially
able to differentiate between and predict surface and subsurface fatigue in bevel
and potentially cylindrical gears. Figures 4.7b and 4.8b show that the maximum
subsurface material utilisation does not occur along path P1 but a different tooth
height. For gears with a conventional microgeometry, the error is less than 3 %
and can therefore be accepted. The calculated maximum subsurface material
utilisations of 1.03 and 0.92 accurately reflect differences in failure occurrences
on gear sets G1 and G2.
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Figure 4.9: Material utilisation comparison, G0 pinion (FZG-G0 gear set [9]

Elevated surface material utilisations are predicted for the FZG pitting test
gear G0 for all three criteria. The Hs criterion predicts the highest material
utilisation in a shallow 0.2 mm material depth of the three studied criteria. The
elevated material utilisation in comparison to the ISO6336-4 is attributed to the
considered bending stress in the prediction of the maximum hydrostatic stress
σhyd,max. Only moderate subsurface utilisation levels are predicted for gear set
G0, expressing an overall low TFF likelihood.
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Figure 4.10: Material utilisation comparison, B2-1 wheel [41]

The highest subsurface material utilisation along path P1 for test gear B2-1
is predicted according to the Hs criterion, aligning itself well with the observed
wheel-initiated TFF after 2.62 106 load cycles. The Hertter and ISO criteria
clearly show that the stresses below MB and thereby along the surface per-
pendicular path P1 do not yield the highest subsurface material utilisation. A
considerable error is made when relying on the study of the material utilisation
along path P1 alone. For test gears under high loads and gears with strongly
modified microgeometries, focusing on Path P1 might lead to erroneous results.

All four gear sets suggest that an analysis of a surface perpendicular path
starting in the half tooth height might be a better choice than the design point
MB. More gear sets need to be studied to verify this observation.

The predicted material utilisation according to the ISO6336-4 is plotted in
Figure 4.10b. A utilisation peak is predicted in the centre of the tooth tip. Since
no tensile residual stresses are considered in the ISO, another explanation for
the observed maximum utilisation must exist. The ISO calculates an equivalent
shear stress τeff through the consideration of the dynamic or load related,
effective shear stress τeff,L, the quasi mean shear stress Δτeff,L,RS and the
residual stress equivalent shear stress τeff,RS as per Equation 4.13.
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τeff (x) = τeff,L(x)−Δτeff,L,RS(x)− τeff,RS(x) (4.13)

In the 5 mm material depth in the tooth tip, the hardness profile has tran-
sitioned from the case to the core and the residual stresses from compression to
zero (see Lang [28] or Equation 4.3 for reference). The residual stress equivalent
shear stress τeff,RS has therefore no influence on the predicted material utilisa-
tion. The surface stress and equivalent radius of curvature in the closest surface
node are pH = 1680 MPa and ρeq = 10.44 mm. The resulting load-related shear
stress τeff,L peaks in a depth of 0.18 mm and has dropped to 37.1 MPa in the
studied 5 mm material depth. Compared to the local hardness of 414 HV and
the shear fatigue strength τzul, the applied load is small compared to the local
fatigue strength. The local utilisation peak in the B2-1 tooth tip can be traced
back to the quasi mean stress Δτeff,L,RS . Equation 4.14 outlines the calculation
of Δτeff,L,RS and the adjustment factor K2. The parameters in the equation
are the influence factor K1, the residual stress σRS , the material depth x, the
local radius of curvature ρeq, the case hardening depth CHD, the maximum
residual stress σRS,max (maximum of the absolute of the residual stress) and
the local surface pressure pdyn.

Δτeff,L,RS(x) = K1(x)
|σRS(x)|

100
32 tanh

(
9x1.1

)−K2(x)

K2(x) = (− tanh (0.1 (ρeq − 10)) + 1) �(
CHD2

16
x

(
σRS,max

10
tanh

(
−2

(pdyn

100 − 200
)

100

)
+

σRS,max

10

))
(4.14)

For all studied gear sets in the context of this academic research K2 is very
small, typically below 10 MPa. For gear set B2-1, the material depth and
contact position, K2 has grown to 139.8 MPa. Figure 4.11a plots the expression
f(ρeq) = − tanh (0.1 (ρeq − 10)) + 1 and the ISO’s material utilisation for the
meshing pinion tooth.
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Figure 4.11: Detailed study of adjustment factor K2 [1]

The term f(ρeq) increases for radii ≤ 20 mm and reaches for the studied
equivalent radius of curvature of 10.44 mm a value close to 1. No explanation
to the observable trend of K2 as a function of the equivalent radius of curvature
is provided in the ISO6336-4 or the FVA556-I upon which the ISO is based [1,
15]. Since K2 usually assumes small values, its omission from the local material
utilisation is suggested at least if utilisation levels are calculated for ρeq ≤ 20
mm.

4.5 Discussion

The predictions made by the proposed Hs criterion are in line with the accurate
BO1 criterion and the ISO6336-4 technical report [1]. Both Hs and ISO deviate
in the predicted depth of the maximum utilisation from the BO1 criterion and
the performed PAUT scans [19]. This is attributed to the stress and material
model differences. To allow for an analytical TFF prediction, the offset in the
predicted initiation depth is deemed acceptable.

The Hs criterion improves upon the ISO6336-4 by relying on the well-
established Dang Van multiaxial fatigue criterion and a comprehensible pre-
diction of the relevant stress components. Also, the weighting of the different
stress components as a function of the material ductility or Dang Van’s model
parameters is demonstrated. These stresses are the surface-parallel orthogonal
shear stress amplitude according to the DNV’s gear rating standard [2, 10], the
static residual stress in accordance to Lang [28] and a modified ISO10300-3 [80]
bending stress modelled. An 11 % higher material utilisation is predicted along
a surface-perpendicular path P1 below MB when considering the out-of-phase
bending stresses. The consideration of the bending stress in the prediction of
the surface fatigue failure mode pitting can be regarded as an alternative expla-
nation to the ISO10300’s slip factor ZS [21].

The proposed material model considers, like the ISO6336-4, a size factor that
depends on the mean normal module mmn rather than the local tooth width
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stB−D and, unlike the ISO, a lifetime factor that implies a material degradation
also in the VHCF regime. By including a conversion factor, specific failure prob-
abilities can be calculated to suit either a TFF failure analysis or a gear design
process. Critical for TFF is furthermore the accurate representation of the gear
size-specific hardness profile. The hardness peak depth factor xHVmax in the
Thomas hardness model [43] was redefined to capture the hardness transition
from case to core as a function of the gear’s size.

The Hs criterion can readily be adapted if a TFF prediction for a gear’s
mean cross-section or entire tooth flank is targeted. Suggested is the numerical
calculation of the maximum hydrostatic stress and the analytical calculation of
the orthogonal shear stress amplitude according to Equation 4.2. By foregoing
the shear stress amplitude calculation through the MCC or MRH method, an
accurate TFF prediction is possible for an entire gear tooth in a fraction of
the time that the BO or Dang Van criteria would require. Figure 4.12 plots
the material utilisations according to the Hs criterion for the mean pinion and
wheel cross-sections of gear set G1.
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Figure 4.12: Material utilisation according to modified Hs criterion

Comparable subsurface but different surface material utilisation are pre-
dicted for pinion and wheel. The combination of large, surface-near shear and
considerable bending stresses in the pinion dedendum increase the local pitting
risk over the wheel’s addendum. On pinion and wheel, the maximum surface
utilisations are 0.72 and 0.61 in a depth of 0.6 and 0.8 mm and a tooth height of
15.1 and 19.2 mm, respectively. Whereas the pinion’s dedendum is identified as
the pitting prone area, pitting would occur first in the wheel’s half tooth height.
The simulations align themselves with in-service observations on the gear set
G1 and the reported results in the FVA project FVA749-I [101], whereby a sin-
gle wheel survived testing against multiple pinion sets with the eventual pitting
failure initiating in the wheel’s half tooth height, not the wheel dedendum as
anticipated by the slip factor ZS .

Further evidence of the Hs criterion’s capability to predict surface fatigue
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is given in Figure 4.13 for the pitting-specific gear set FZG-G0 [9]. Figure
4.13a and 4.13b plot material utilisation for G0 with the geometry, loads and
hardnesses specified in [9, 19] according to the BO and Hs criteria.
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Figure 4.13: BO1 and Hs criteria for mean cross-section of FZG-G0 pinion tooth

Both criteria predict a pitting probability in pinion dedendum. The herein
presented results give merit to the consideration of the bending stress in both
the study of the gear failure modes subsurface fatigue or TFF and pitting.

4.6 Gear geometry

Using the Hs criterion, the impact of varying gear macrogeometries on TFF
can be studied. The geometry on the maritime gear set G1 is alternated to
study the relative changes in Hertzian contact pressure σHB1, equivalent radius
of curvature ρeq and subsurface material utilisation DHs. The heat treatment
parameters CHD, HVs, HVc and xHV,max are kept constant. Table 4.1 lists
the original macrogeometry of gear set G1 and its load and heat treatment
parameters. The input parameters to the calculation of DHs are derived from
the ISO10300 standard [4, 21, 80].
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Table 4.1: Macrogeometry, load and heat treatment parameters for gear set G1

Description Unit Pinion Wheel
Pressure angle, α ◦ 20
Number of teeth, z - 14 37
Outer pitch diameter, de mm 348.1 920.1
Tooth width, b mm 170
Mean spiral angle, βm

◦ 35
Profile shift, xhm - 0.33 -0.33
Addendum/Dedendum factor, khap/khfp - 1/1.25
Case hardening depth, CHD mm 2.6
Surface/core hardness, HVs/HVc HV 697/393
Hardness peak, xHV,max mm 0.0 0.4
Power, P kW 2200
RPM, n 1/min 556 210.4
Cycles to failure, Nf - 3 � 108 1.14 � 108

The parameters de and b are also kept constant in order to ensure that the
iterated gear design fits in the same design envelope (i.e. the gear housing).
In general, de and b should be maximised to reduce the risk for TFF on a
given gear design. Studied are instead the parameters βm, xhm, z1 and the
addendum factors khap. Each parameter is varied individually, keeping all other
design parameters constant. For z1, the initial gear ratio u = 37/14 is fixed,
resulting in an uneven number of wheel teeth z2 when changing z1. This is done
to isolate the effect of z1 on DHs and to avoid changes in u affected DHs. For
khap, the dedendum factor khfp is modified alongside and calculated according
to khfp = 1.25 khap.

In reference to Equation 4.2, the positive effect of a reduction in σHB1 and
ρeq on DHs is apparent. A quadratic correlation between σHB1 and DHs can
be found, as σHB1 appears in the expression for the orthogonal shear stress
amplitude τxy,a and the half Hertzian contact width bH . As ρeq only appears
in bH , a linear correlation exist between ρeq and DHs. How DHs response to
changes in σHB1 and ρeq is relevant as increases in βm and xhm reduce σHB1

but increase ρeq. Optimising a gear design to avoid TFF compared to pitting is
thereby more difficult as σHB1 and ρeq need to be considered in tandem.

Figure 4.14 visualises the effect of changes in βm, xhm, z1 and khap on
σHB1, ρeq,MB and DHs. Here, ρeq,MB refers to the radius of curvature in the
ISO10300’s design point MB and is calculated through ρeq,MB = ρeq/Z

2
MB .

Figure 4.14 also highlights on the described quadratic and linear correlations
between σHB1, ρeq,MB and DHs.
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Figure 4.14: Macrogeometry study according to Hs criterion

This iteration suggests that a reduction in TFF on the studied spiral bevel
gear can be achieved for a modest spiral angle βm = 31◦, a reduction in profile
shift xhm, 11 rather than 14 teeth on the pinion and an increase in addendum
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factor to khap = 1.1. The combination of βm and z1 shows that the lowest
material utilisation (DHs = 0.74) is achieved for larger number of teeth z1 = 17
and a low spiral angle βm = 29◦. For the above proposed z1 = 11, the ideal
spiral angle is βm = 35◦, resulting in DHs = 0.85. Both variants considered
khap = 1.1. Table 4.2 lists the final TFF-optimised gear design.

Table 4.2: Optimised macrogeometry, load and heat treatment parameters for
gear set G1

Description Unit Pinion Wheel
Pressure angle, α ◦ 20
Number of teeth, z - 17 45
Outer pitch diameter, de mm 347.59 920.1
Tooth width, b mm 170
Mean spiral angle, βm

◦ 29
Profile shift, xhm - 0.32 -0.32
Addendum/Dedendum factor, khap/khfp - 1.1/1.375
Case hardening depth, CHD mm 2.6
Surface/core hardness, HVs/HVc HV 697/393
Hardness peak, xHV,max mm 0.0 0.4
Power, P kW 2200
RPM, n 1/min 556 210
Cycles to failure, Nf - 3 108 1.13 108

Figure 4.15 depicts the predicted subsurface material utilisation for a surface-
perpendicular path underneath the design point MB. Visualised are the material
utilisations of pinion and wheel for the original and optimised gear designs.
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Figure 4.15: Original and TFF-optimised G1 gear set

In order to verify the predictions made by the Hs criterion and the ISO10300,
the study is repeated with LTCA and Becal [18] derived stresses. The calculated
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material utilisations in the gear’s mean cross-sections are plotted according to
the BO and Hs criteria in Figure 4.16. As outlined previously, the Hs criterion
relies here on the numerical calculation of the hydrostatic stress σhyd.
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Figure 4.16: TFF-optimised G1 gear set

The comparison between the original material utilisations (see Figures 4.6
and 4.12) and the optimised geometry demonstrates the profound impact of the
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macrogeometry on TFF. In summary, an increase in number of teeth, a reduction
in spiral bevel angle and an increase in addendum factor seem to reduce the
Hertzian pressure between the meshing gear teeth and the equivalent radius of
curvature, resulting in a TFF-optimised and more balanced gear design.
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Chapter 5

Conclusion

Critical for the safe and failure-free operation of azimuthing thrusters on plat-
form supply vessels, anchor handlers, ferries, cruise ships and tugboats is the
prediction and prevention of all gear failure modes on the employed spiral bevel
gears. Whereas surface-initiated failures are well understood and mostly avoided
by considering gear standards or classification guidelines, subsurface-initiated
fatigue constitutes the dominant failure mode on large, maritime bevel gears
on azimuthing thrusters. The gear failure mode has been coined tooth flank
fracture and subsurface fatigue. Quantitative and qualitative research into the
material properties of carburised CrNiMo steel, the subsurface stresses in spiral
bevel gears and their combination in the form of novel multiaxial fatigue crite-
ria have been conducted to improve the prediction and enable the prevention of
tooth flank fracture.

5.1 Material model

Spiral bevel gears are typically hot forged and case hardened to increase their
load-carrying capacity. In the context of TFF on large gears, this process re-
sults in anisotropic material properties due to the introduced carbon profile
during gas carburising and the persistent segregation structure created during
the solidification of the steel melt. While the carbon-rich gear flank achieves a
homogeneous hardness and material properties, the gear tooth’s core and even
more so the interface between the hard case and soft core are dominated by gear-
size-dependent microstructural heterogeneities. Documented heterogeneities are
the dendritic or banded microstructure and its effect on the carbon penetration
during carburising (i.e. channelling), the size and orientation of non-metallic in-
clusions and retained soft austenite grains. Localised hardness differences of 200
HV were documented with nested TFF cracks in the alloy-rich but carbon-poor
parts of the banded microstructure.

Extensive fatigue tests of four gear steels and one high-carbon CrNiMo steel
were carried out under uniaxial loading and shear with alternating and oscil-

97
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lating stresses in the high cycle and very high cycle fatigue regime to develop a
fatigue model for carburised CrNiMo steel. The multiaxial and non-proportional
stress history in gear teeth requires the consideration of as many as four material
constants for an accurate fatigue assessment.

Material constants

The four studied material constants were the uniaxial fatigue strength under
alternating load f−1, the uniaxial fatigue strength under oscillating load f0, the
shear fatigue strength under alternating load t−1 and the shear fatigue strength
under oscillating load t0. Specimens were extracted from large forgings that
underwent gear-like production processes (i.e. hot forging, austentisation and
gas carburising whilst being protected against carbon penetration) to simulate
the macro- and microstructure found in the soft core and hard case of large,
case hardened, spiral bevel gears. All specimens were ultrasonic shot-peened,
applying compressive residual stresses in a 0.15 mm wide outer material layer
to specifically study the bulk material properties.

The results obtained for f−1 underline the detrimental effect of non-metallic
inclusion on the fatigue strength and load-carrying capacity of large gears. The
electro-slag refined variant of the 18CrNiMo7-6 base steel showed superior fa-
tigue properties throughout the high and very high cycle fatigue regime. Of the
tested steels, especially the 498 HV hard 34CrNiMo6 steel was severely affected
by the documented MgO-Al2O3 inclusions. The obtained fatigue properties
beyond 1 � 105 load cycles were inferior to the 150 HV softer gear steels. The
results suggest a transition in f−1 between 350 and 500 HV from an upper fa-
tigue limit that is nearly independent of the documented non-metallic inclusions
to a lower fatigue limit that is dominated by the presence of these inclusions.
Comparable inclusion distributions were established for all steels, leading to an
average

√
area parameter of 80 μm and the definition of the lower fatigue limit

through Murakami’s
√
area model. The also studied effect of a higher forging

ratio on f−1 did not show the expected improvement.

Existing models for the prediction of the mean stress sensitivity M diverge
significantly for large hardnesses. Two prominent examples are the FKM guide-
line and Murakami’s

√
area model. Neither capture the documented f0 results

adequately. The FKM guideline significantly overestimated M for the tested
hard steel but accurately predicted the results for the tested gear steels. Con-
trarily, Murakami’s model matches the hard steel’s results but underestimated
M and overestimated f0 for the other steels. As Hertzian contact between
meshing gear teeth is defined by large, compressive, mean normal stresses and
large normal and shear stress amplitudes, the correct definition of the mean
stress sensitivity is paramount for an accurate fatigue prediction under rolling
contact fatigue. A mean stress sensitivity model is proposed that bridges the
gap between Murakami and the FKM by considering the effect of non-metallic
inclusions on M . According to herein obtained results and related research by
Bell & Benham, notches or non-metallic inclusions decrease f−1 and M for hard
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steels, resulting in larger values for f0 than otherwise predicted. The proposed
correlation is repeated here and compared to the FKM guideline.

FKM : M = 3.5 � 10−4Rm − 0.1

Böhme : M ≈ 7.0 � 10−4f−1 − 0.1
(5.1)

The comparison between the reported fatigue test results and the mean stress
sensitivity models by Morrow and Goodman suggests that the consideration of
f−1 in the prediction of M is better suited to approximate f0 for hard steels
than correlations that rely solely on the hardness or ultimate tensile strength.

The mild 18CrNiMo6 steel and the hard 34CrNiMo6 were tested under alter-
nating shear and showed comparable values for t−1 at 5 � 106 load cycles despite
the previously described differences in f−1. Based on the obtained results and
supporting literature findings, a linear function for κ = f−1/t−1 was proposed
that captures the transition from a more ductile material behaviour in the soft
tooth core to a more brittle material behaviour in the hard case. The fourth ma-
terial constant t0 was not tested for but predicted according to Liu & Zenner’s
correlation.

Influence factors

Large maritime bevel gears in azimuthing thrusters accumulate over 3 � 108 load
cycles within the first five years of service. The degradation of the fatigue
strength of hard steels in the very high cycle regime is discussed in the literature
and captured through multistage fatigue life diagrams. Based on the performed
gear endurance test, a TFF-specific, lifetime factor KNT was derived from the
maximum likelihood method. KNT is positioned between the ISO’s pitting and
tooth root breakage lifetime factors and portrays a continuous strength decrease
in the high and very high cycle regime. The obtained standard deviation was
used to propose a conversion factor to express specific material strengths and
failure probabilities.

A statistical size factor KX was proposed based on the weakest link theory
and the study of the highly stressed volumes in bevel gears of various sizes. Due
to the computational complexity of a volume-based size factor, a rationalised,
mean normal module dependent version was proposed. Its trend and magnitude
are comparable to the ISO10300-2 tooth root breakage size factor. Whilst KX

adequately captures the statistical size effect, it does not cover the technologi-
cal size effect. This thesis promotes the implementation of Thomas’s hardness
model to predict the hardness profile in gear teeth. Conversely, the parameter
xHVmax is not used to capture the depth of the maximum hardness peak but
to describe the hardness gradient in the case hardening depth (i.e. the depth
in which the local hardness reaches 550 HV). Large gears and especially wheels
suffer from a steep hardness gradient in the case/core interface, weakening the,
for TFF critical, material depth. Contributing factors are the auto-tempering
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response during quenching, prolonged cooling times, the gas carburising in mul-
tiple stages and the dendritic or banded microstructure. Based on extensive
hardness measurements on failed maritime gear sets and supporting measure-
ments from the gear supplier industry, the following ratio is suggested between
400 HV and 550 HV depths.

T400

T550
= 1.9− mmn − 5
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with

T400

T550
≤ 1.9 (5.2)

With an increase in gear size or mean normal module mmn, the acceler-
ated transition from the hard case to the soft core weakens the TFF critical,
subsurface material layers. To avoid TFF on large gears, a larger relative case
hardening depth is required to cover the increasing equivalent radius of curva-
ture and the statistical and technological size effects.

5.2 Stress and fatigue prediction

The subsurface stresses in spiral bevel gears are a superposition of Hertzian
stresses, transverse shear and transverse normal stresses, out-of-phase bending
stresses, frictional shear stresses, and static, residual stresses. This highly com-
plex, multiaxial and non-proportional stress state lends itself to a numerical
rather than analytical stress study. With surface stresses between meshing gear
teeth readily available from the FVA program Becal, a 2D plane strain analysis
of the mean cross-section of a gear tooth was favoured to ensure a fine mesh
and material plane resolution during the multiaxial fatigue analysis.

2D plane strain

A MATLAB script was developed that imports the Becal stress profile, models
the mean cross-section of the studied gear tooth as an involute profile with a
trochoidal tooth root shape, meshes it according to the chosen element type, size
and resolution, runs a finite element subsurface stress prediction under the 2D
plane strain assumption, calculates the shear and normal stresses in each node
and material plane for the chosen nodal and angular resolution and combines
the predicted material constants according to the modelled hardness profile with
the estimated stresses in the form of stress-based, multiaxial fatigue criteria.
Despite the very fine element resolution, load increments and angular resolution,
computational times of 350 sec were achieved, allowing for the efficient and
iterative study of material or heat treatment parameters and multiaxial fatigue
criteria.

Multiaxial fatigue criteria

A selection of stress-based critical plane, integral and second stress invariant
derived multiaxial fatigue criteria were studied under the proposed material
model and predicted subsurface stress state. Their results were compared to
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TFF-specific calculation models. A significant scatter is observed for the stud-
ied multiaxial criteria, especially in the surface near material layer. Two novel,
rolling contact fatigue specific, integral, multiaxial fatigue criteria were devel-
oped. The BO1 and BO2 criteria performed well in the conducted benchmark-
ing test and were on par with the highly accurate Liu & Zenner and Papuga
PIN criteria. Contrary to these two criteria, they enable a fatigue prediction
throughout the gear’s entire cross-section. The tests conducted in this thesis
support the applicability of the BO1 criterion to the study of TFF, pitting and
tooth root breakage.

5.3 Standardised approach

Targeting a rationalised or standardisable TFF approach akin to the ISO6336-4
technical report, an iteration of the Dang Van criterion is presented that limits
itself to the study of the subsurface stresses and material strength underneath
the ISO’s design point for pitting damages. The index or alphabetical letter
assigned to pitting in the ISO standards is H. As the same design point was
studied in the proposed approach, the criterion is adequately coined Hs. The s
expresses the subsurface nature of the studied failure mode. Through ultrasonic
scanning of in-service, maritime gear sets, sectioning of damaged gear teeth and
the microscopic study of early-stage TFFs, crack initiation in nearly surface-
parallel material layers was proven. For stress-based, critical plane, multiaxial
fatigue criteria, this observation removes the iterative identification of the crit-
ical plane. The comparison between the DNV-based orthogonal shear stress
amplitude (i.e. orthogonal to the gear tooth’s surface) and the maximum rect-
angular hull derived shear stress amplitude show an exceptional correlation,
further adding to the rationalisation of the Dang Van criterion. A set of an-
alytical equations is presented for the prediction of the maximum hydrostatic
stress along the surface-perpendicular path. It relies on the estimation of the
compressive residual and maximum bending stresses. For the bending stress
prediction, dimensions and definitions are taken from the ISO10300-3 standard
for tooth root breakage. By using the same influence factors and an adjusted
material model, a close correlation between the advanced BO1 criterion and ra-
tionalised Dang Van or Hs criterion was achieved without the need for complex
numerical computation. The Hs criterion agrees very well with the TFF model
outlined in the ISO6336-4 technical report but introduces a lifetime factor and
proposes a well-founded and understandable multiaxial fatigue approach based
on damage observations and rationalised stress analysis.

5.4 Concluding remarks

TFF is a highly complex gear failure mode as the material properties change in
the relevant tooth depth and due to the multiaxial and non-proportional stress
state. Based on quantitative and qualitative research into the material proper-
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ties of carburised CrNiMo steel, the subsurface stresses in spiral bevel gears and
their combination in the form of novel multiaxial fatigue criteria, a methodology
is presented that achieves the outlined objective. The evidence provided in this
thesis suggests furthermore that other gear fatigue failure modes like pitting and
tooth root breakage could also be studied with the same methodology, opening
up new possibilities for the optimisation of gear designs and heat treatment
parameters in one rather than multiple, individual calculations. The utilised
2D plane strain approach and the assumptions made in this thesis promote the
application of the developed methodology to cylindrical gears.
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[10] S. A. Böhme, D. Merson, and A. Vinogradov. “On subsurface initiated
failures in marine bevel gears”. In: Engineering Failure Analysis 110
(2020), p. 104415. issn: 13506307. doi: 10 . 1016 / j . engfailanal . 2020 .
104415.

[11] M. Søfferud. 2021-3014: Examination and testing of gearwheel. Report.
Det Norske Veritas, 2021.

[12] H. Zenner, A. Simbürger, and J. Liu. “On the fatigue limit of ductile
metals under complex multiaxial loading”. In: Int. J. Fatigue 22 (2000),
pp. 137–145.

103



104 BIBLIOGRAPHY

[13] FKM (Forschungskuratorium Maschinenbau). Analytical Strength As-
sessment of Components. Vol. 6th Edition. Frankfurt: VDMA, 2012.

[14] R. Annast. Flankentragfähigkeit und Laufverhalten von hart-feinbearbeiteten
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Auswertung von zyklischen Versuchen mit konstanter Lastamplitude für
metallische Werkstoffproben und Bauteile. Berlin: Deutsches Institut für
Normung e.V., 2016.

[51] M. F. Garwood, H. H. Zurburg, and M. A. Erickson. “Correlation of
laboratory tests and service performance, interpretation of tests and cor-
relation with service”. In: ASM (1951), pp. 1–77.

[52] S. Nishijima. “Statistical Analysis of Fatigue Test Data”. In: J. Soc.
Mater. Sci. Japan 29 (1980), pp. 24–29.



BIBLIOGRAPHY 107

[53] E. Velten. “Entwicklung eines Schwingfestigkeitskonzeptes zur Berech-
nung der Dauerfestigkeit thermochemisch randschichtverfestigter bauteil-
ahnlicher Proben”. Thesis. 1984.

[54] B. Winderlich. “Das Konzept der lokalen Dauerfestigkeit und seine An-
wendung auf martensitische Randschichten, insbesondere Läserhärtungss-
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Appendix A

Publications

A.1 Paper I

Abstract In this study, the microstructure of three large bevel gears with
evident tooth flank fractures is investigated to define the effect of
material inhomogeneities on the probability of subsurface initiated
fatigue in case hardened structural steels. The observed micro-
segregation structure in the core and case/core interface of the
gear teeth features a bainitic and martensitic matrix with large
variations in the local hardness. Applying an orthogonal shear
stress based subsurface fatigue model, alongside a hardness map
obtained through multiple hardness profile measurements, an im-
proved method to predict tooth flank fracture is proposed.
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A B S T R A C T

In this study, the microstructure of three large bevel gears with evident tooth flank fractures is investigated to define the effect of material

inhomogeneities on the probability of subsurface initiated fatigue in case hardened structural steels. The observed micro-segregation structure in the

core and case/core interface of the gear teeth features a bainitic and martensitic matrix with large variations in the local hardness. Applying an

orthogonal shear stress based subsurface fatigue model, alongside a hardness map obtained through multiple hardness profile measurements, an

improved method to predict tooth flank fracture is proposed.

1. Introduction and motivation

Subsurface fatigue in cylindrical and bevel gears is a fatigue phenomenon, where cracks initiate in the transition zone between the

hardened case and soft core [1–5]. For bevel gears, the failure mode is commonly referred to as subsurface fatigue [6], flank breakage [2] or

tooth flank fracture (TFF) [1,7] and remains the most dominant failure mode for large bevel gears used in marine applications such as

azimuthing thrusters, despite existing standards [6], technical reports [7] and ongoing research [1–3,5]. Typically, a TFF damage initiates

and propagates parallel to the surface of the tooth under the acting shear stresses in mode II and alters its trajectory after a critical crack size

has been reached, propagating in mode I under the acting bending stresses, resulting in large sections of the tooth breaking off.

To increase the load carrying capacity, marine bevel gears are case-carburized to an optimal case hardening depth (CHD), bal-

ancing the tooth flank’s and root’s safety factors [6]. TFF damages commonly initiate in a depth of 1 to 2 times the CHD. Whereas

fine-grained martensite dominates the hard case of the gear, a coarser-grained martensitic and bainitic matrix represents the tran-

sition zone from case to core, and the positive surface near-compressive residual stresses are diminished or replaced by tensile

residual stresses. Especially for large bevel gears, the microstructure, which has evolved in the course of the casting, forging and heat

treatment process, becomes increasingly important as micro-segregations and elongated inclusions significantly influence the fatigue

behaviour of the steel [8,9].

Aiming at developing potential mitigating solutions for subsurface failures, three failed marine bevel gear sets, used in the same

thruster type but different installations, are studied to characterise the critical material microstructure in large bevel gears.

Subsurface fatigue calculations according to a modified version of the classification rules set forth by DNV GL [6] are carried out for

the gear’s cross-section and compared to the measured hardness profiles, to investigate their applicability in capturing the docu-

mented damages. Whereas the stress state inside gear teeth is multiaxial and non-proportional, the studied criteria rely solemnly on a

comparison between acting orthogonal shear stress, static residual stress and the local hardness or strength.

2. Background

Azimuthing thrusters are the preferred propulsion method for ships such as platform supply vessels, ferries, anchor handlers,
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cruise, tug, drill and supply ships as they increase manoeuvrability, course stability and dynamic positioning capabilities. To transfer

torque from an either horizontally or vertically mounted inboard motor one or two bevel gear stages are utilized. In the case of the

studied gear sets, the engines were mounted horizontally, requiring two bevel gear stages with the failures occurring exclusively on

the underwater gear set, closest to the propeller.

All gear sets are of the same design and 18CrNiMo7-6 high grade or ME quality steel [10,11], a common steel for highly strained

carburized machine parts, such as gears and shafts. A typical azimuthing thruster, alongside gear failures one and three (G1, G3) are

shown in Fig. 1. The subsurface failures on G3 were detected prior to their propagation to the surface of the gear teeth by means of

ultrasonic scanning using a portable phased array detector. 9 of the 14 teeth on G3 showed crack-like indications, with some teeth

revealing multiple defects along the tooth width. Whereas all defects were scanned to be approximately 5 mm in length, their length-

and heightwise positions as much as initiation depth varied across the tooth flank and are illustrated in Figs. 6 and 7. The depicted

crack extends 0.5 mm in heightwise direction and was found 3.1 mm below the load carrying flank.

Gear sets main geometry and load parameters are listed in Table 1. The subsurface stress state inside a bevel gear tooth resembles

a rolling contact fatigue (RCF) situation found in bearings or railways, where cyclic loading causes microcracks to develop at material

inhomogeneities. Whereas the stress state in bearings and railways is to a large extent governed by the Hertzian contact theory, out of

phase bending, shear and residual stresses further complicate the loading of gears. By nature, the stress state is complex and mul-

tiaxial, with changing principal stress directions during a loading cycle [1,3,12,13]. Similar to RCF found in bearings, the orthogonal

shear stresses as a result of the Hertzian contact play a critical role and depend on the contact stress σH and equivalent radius of

curvature ρeq. Both parameters are a result of the gear’s macro- and microgeometry, the applied load, as much as the gear’s de-

flections.

3. Experimental procedure

The macro- and microscopic analysis of the fracture surfaces and sectioned gear teeth were carried out to study the crack in-

itiation and propagation through the gear teeth and to quantify the failure mode, subsurface material properties and potential

inhomogeneities as documented in [8,9]. After the initial macroscopic study of the fracture surfaces G1 and G2, both teeth were cut

5 mm to either side of the crack initiation, and longitudinal and transverse cross-sections were prepared. Out of the remaining

centrepieces of G1 and G2, plane specimen were created, enabling a scanning electron microscopy (SEM) study of the early stages of

the subsurface crack evolution. The subsurface defects in G3 were detected through ultrasonic scanning during a service procedure

followed by sectioning and grinding the gear teeth in the transverse direction.

To identify the crack origin location and to determine the failure mode and crack propagation mechanism, the fracture surfaces of

failures G1 and G2 were analysed using a Hirox RH-2000 digital microscope prior to sectioning the teeth. A secondary, more detailed

analysis of the crack origin location was conducted, using a FEI Helios scanning electron microscope and a Hitachi SU6600 FESEM

microscope. Both SEMs were equipped with an energy-dispersive X-ray scanner (EDS) to investigate the chemical composition of

relevant material depth. In order to classify the gear damages, the fracture path and location on all gear teeth were compared to

defining characteristics of TFF damages as outlined in [1,5,13]. Due to the small size of the subsurface defect detected on G3, normal

Fig. 1. Azimuthing thruster (a) inboard and underwater unit, (b) G1 gear failure and no load contact pattern, (c) G3 gear failure after cutting and

polishing.

Table 1

Gear and load parameters.

Description Unit Pinion Wheel

Pressure angle, α deg 20

Number of teeth, z 14 37

Outer pitch diameter, de mm 348.1 920.1

Tooth width mm 170

Mean spiral angle, βm deg 35

Case hardening depth, CHD mm 2.6

Power kW 2500

RPM 1/min 660 249.7

S.A. Böhme, et al.



sections through teeth 6 and 9 were prepared to enable a study of cross-sections of the defects using optical microscopy, SEM and

EDS.

The analysis of the microstructure of the specimen was carried by means of laser microscopy (Olympus LEXT OLS4000 laser

microscope) at magnifications 50, 100, 250, 650 and 1300 times. In order to describe the transition from the carburized layer to the

interior of the tooth, images were taken on the surface, in a 5 mm depth and in the core. The macroscopic images of longitudinal and

transverse cross-sections shown in Fig. 3 were taken with a Zeiss Stemi-2000C stereoscopic microscope after mechanically polishing

the specimen to a mirror-like finish on a Struers polishing machine and etching in a 4% alcoholic solution of HNO3. To quantify the

observed microstructural differences and produced contra the specified CHD, Vickers hardness measurements were performed in

accordance to the ISO6507 standard [14] on a hardness tester with loads of 1 and 10 kgf. In order to document the variation of the

hardness profile from root to tip, HV10 hardness measurement were carried out on G1 and G2 near the crack and towards the tip of

the transverse cross-section and on G3 close to the tooth root, the approximate pitch height and the tip of the tooth (see Fig. 4a and

Table 2 for exact locations). Additional HV10 core hardness measurements were taken on all teeth. 20 low-force Vickers hardness

measurements in the approximate CHD region and core of gear teeth 6 and 9 of G3 were carried out to quantify the effect of an

increasingly bainitic microstructure on the hardness distribution.

Evaluation of non-metallic inclusions was carried out on an Axiovert 40MAT inverted microscope, equipped with image re-

cognition metallographic software Thixomet ProTM. The size and number of inclusions were characterized according to the ASTM E45

standard [15], method A for inclusion type D (globular type), differentiating between thick and fine series. Analysed were the

transverse and longitudinal cross-sections of G1 and G2 and the transverse cross-section of G3. It was the intention to quantify the

effect of hot forging on the shape, size and orientation of the inclusions and thereby describe the anisotropy of the mechanical and

fatigue properties of the steel [8,9]. Additionally, the prior austenite grain size was evaluated through optical microscopy in ac-

cordance to the ISO643 standard [16] on the Nital-etched G3 surfaces.

4. Subsurface fatigue

Assuming purely elastic material behaviour, the subsurface stresses in gears present themselves as a superposition of load induced

and manufacturing related stresses, which are locally elevated by inclusions or asperities in the contact. Similarly to bearings, a

rolling contact evolves between the teeth of pinion and wheel, where surface stresses are suitably described through the Hertzian

contact model and frictional shear stresses. As the evolving contact line moves across the tooth flank, the orientation of the subsurface

principle stress tensor changes, resulting in a rotating multiaxial stress state.

Despite 20 years of research [1–3,5] and emerging standards [6,7], subsurface fatigue remains the most critical failure mode for

marine bevel gears, with significant financial implications in case of vessel downtime due to unforeseen failures. To tackle this

industry-wide problem, a cooperation between thruster suppliers, gear, steel and forging companies alongside the classification

society DNV GL was initiated in 2012. In the first phase of the joint industry project (JIP), an anonymous database of gear failures was

provided by and shared between all partners, revealing that of the 86 studied gear failures, 51 were classified as or likely subsurface

fatigue failures. Hardening layer measurements, carried out for 70 gear sets show that 61% of all cases had a thinner than specified

CHD, as a result of either excessive material removal during hard machining or faulty heat treatment.

Historically, the specification of the CHD for bevel gears is based on suggestions for cylindrical gears and given as a ratio to the

normal module mnm, usually 0.1 to 0.4 depending on if the root of flank is optimized [11]. Later publications on the mater [17] show

that the equivalent radius of curvature in the midpoint is a superior measure when designing the flank’s CHD for bevel gears.

Applying [17] to the JIP database, only 22% of all specified hardening layer thicknesses are deemed appropriate. Clearly, the large

discrepancy between specified and measured CHD and possibly a non-conservative specification to begin with, can be seen as a

partial explanation to the high number of subsurface fatigue failures in the industry, alongside the micro-segregation structure, found

in large bevel gears (see chapter 5.2).

A gear standard for subsurface fatigue should be conservative and account for manufacturing and load uncertainties, yielding

acceptably low failure probabilities. Torque measurements on failure prone platform supply vessels prove that gears are commonly

loaded below the design limits used in the classification process for the gears with the occasional high loads in extreme weather

conditions. High subsurface fatigue failure frequencies, alongside mostly moderate loads during operation prove that the current

version of the DNV GL [6] standard is non-conservative. Simply requiring a higher safety factor is not feasible, as the standard

commonly leads to an increased surface hardness, rather than deeper CHD, as the criterion predicts failures in the depth of the largest

shear stresses rather than the transition between case and core (see Table 5 in Section 5.5). Keeping the applicability of the calcu-

lation model high, modifications to the existing standard are proposed, improving the correlation between acting and modelled

stresses and expected material strength, whilst keeping with the linear, standard-like calculation approach.

The DNV GL method [6] for subsurface fatigue, similarly to Lundberg and Palmgren’s model for bearings [18], is based on a

comparison of the local orthogonal shear stress amplitude and shear strength. Compared are the local orthogonal shear stress as a

function of the rolling contact between pinion and wheel, assuming a homogenous and isotropic material, linear elastic material

behaviour, and an otherwise stress-free material. Early stage subsurface fatigue failures show that cracks initiate parallel to the

surface (see Fig. 1c), limiting the analysis of the load induced stresses in the DNV GL method to a set of surface parallel planes. The

methods disregards the transverse shear, friction and bending stresses and solemnly considering the subsurface stresses as a result of

the Hertzian contact.

For a plane parallel to the surface the DNV GL and Findley criterion [3] are essentially identical as the Findley criterion’s

maximum normal stresses on the critical plane are assumed to be zero. During a tooth engagement, the maximum normal stress on a
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plane parallel to the surface equals the normal residual stress, which is commonly assumed to be zero for carburized parts [3,19].

Without the effect of compressive residual stresses in the hard case of a gear tooth, the DNV GL method predicts a crack initiation in

the depth of the maximum orthogonal shear stress, rather than the transition between hard case and soft core. For bevel gears, this

leads to increasing surface hardness requirements rather than increasing CHD to avoid subsurface fatigue failures. In an attempt to

correctly predict the fatigue initiation depth and improve the design process for marine bevel gears an alternative method, based on

the Dang Van multiaxial fatigue criterion is proposed.

Adhering to the above stated assumptions, that only planes parallel to the surface are considered, the orthogonal shear stress

amplitude τa,DNV is adopted from the original DNV GL method. The formulation makes use of the correlation between maximum

Hertzian σHR and maximum orthogonal shear stress amplitude of 0.25 and the maximum depth of the shear stress in 0.5 times the half

Hertzian contact width bH. In alignment with the DNV GL method [6], a safety factor SHss is introduced to the stress and half Hertzian

contact width.

=

+

°S

x
b
x
b

(x) 0.25 cos
0.5

0.5
·90a DNV Hss HR

H

H

,

(1)

Neutron diffraction [3,20,21], X-ray diffraction and contour method [5] residual stress measurements on gears prove the ef-

fectiveness of the carburizing and quenching cycle in introducing compressive residual stresses in the hard case. Fulfilling the

equilibrium condition, tensile residual stresses are present in the interior of the tooth and increase towards the narrower tooth tip

[5,13,20,21]. For the surface and hard case of the tooth, the model by Lang [19] is often times applied, whereas a 3rd order

polynomial seems best suited to describe the transition from case to core and the level of tensile residual stresses [5]. The con-

sideration of tensile residual stresses for subsurface fatigue calculations is critical, but requires iterative calculations to achieve

equilibrium conditions for each subsurface element and cross section. In order to ensure a linear, standard-like calculation of the

modified DNV GL method, tensile residual stresses are disregarded from the subsurface stress calculation, but partially considered

through an elevated half Hertzian contact width (factor 1.1 in Eq.(2)). The model aligns itself thereby with the FVA and ISO [1,7]. To

ensure comparability between gear rating calculations and more accurate local methods such as Becal, the mid-zone factor ZMB is

introduced to the gear rating calculation. It increases the equivalent radius of curvature ρeq by shifting the studied contact from the

pitch to the midpoint of the contact line. The half Hertzian contact width bH is calculated as:

=b S
Z E

1.1 4 · (1 )
H Hss HR

eq

MB
2

2
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where ν is the Poisson ration and E is the Young’s modulus of the material. The mid-zone factor ZMB according to ISO10300 [22] can
be simplified to always predict the midpoint rather than single point of contact [17] using the transverse pressure angle αet, virtual

base diameter dvb, tip diameter dva, number of teeth zv and transverse contact ratio εvα:
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Besides the orthogonal shear stresses, the compressive residual stresses σres in the hard case need to be estimated [12,19] as

=x HV x HV for HV x HV( ) 1.25 ( ( ) ), ( ) 300res c c (4)

=x HV x HV else( ) 0.2857 ( ( ) ) 460,res c

where HVc represents the core and HV(x) the local hardness of the gear tooth. The linear correlation between the material hardness

HV and the shear fatigue strength t-1 of 0.625 for the original DNV GL model is modified to 0.571 or 4/7 to account for the high

failure probability using the current design approach and to take the documented macro- and micro-hardness differences in large

bevel gears into account (see Sections 5.2 and 5.3):

=t x HV x( ) 0.571 ( )1 (5)

Ideally, the influencing factors accounting for the very high cycle fatigue behaviour of the material and a size factor, considering

the hardenability of large gears and any statistical size effects should be applied here. They are part of ongoing investigations and will

be covered in later publications. Also material strength effects, related to the production or refinement of the steel should be con-

sidered here, for example electro-slag remelting.

The variant of the Dang Van criterion found in [23] considers the shear stress amplitude on every material plane alongside the

maximum hydrostatic stress max(σHyd(x,t)) per volume element during a load cycle or tooth engagement. Since the Hertzian stresses

are compressive and large in comparison to the static residual stresses, the maximum hydrostatic stress can be simplified to the trace

of the residual stress matrix or 2/3 of the tangential or radial residual stress σres(x), as they are measured to be approximately equal.

Assuming that all subsurface fatigue failures initiate parallel to the surface, the above-proposed approach to predict the local or-

thogonal shear stress amplitude τa,DNV(x) is applicable. When deriving the local material utilization D(x), two model constants α and
β(x) define the influence of the maximum hydrostatic stress on the equivalent stress f(x) and the material strength that the stress is

compared to. Assuming ductile material behaviour, represented through a fatigue ratio κ of 30.5 between the alternating uniaxial and
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shear fatigue strength, along with a model set-up comparing the equivalent stress to the local shear fatigue strength t-1(x), the Dang

Van criterion calculates the following:

= =3/ 3/2 3 3/2

=x t x( ) ( )1

= + = + +f x x x t x x x x( ) ( ) max ( ( , )) ( ) 2/3 ( ) ( ) 0.155 ( )a DNV Hyd a DNV res a DNV res, , , (6)

= =D x f x x f x t x( ) ( )/ ( ) ( )/ ( )1

5. Results & discussion

Based on the product documentation and material certificates, all gear sets fulfil the requirements set forth by [10,11] for ME or high-

grade quality gear steel and specific drawing requirements in regards to the chemical composition, forging reduction ratios, material

cleanliness, achieved surface hardness and CHD on the material coupons. Whereas G1 and G2 showed failures on individual wheel teeth,

the subsurface cracks on G3 initiated on 9 out of 14 pinion teeth. The location of the failures of G1 and G2 coincides with the highly

stressed section of the tooth, both in the heightwise and lengthwise directions, but is abnormally position towards the toe on G3.

5.1. Fracture surface

The G1 fracture surface given in Fig. 2a shows clear signs of subsurface initiated failure from a single nucleation spot, alongside

signs of a fatigue crack propagation into the interior of the tooth and towards the tooth root of the opposite flank, forming an

approximately 50° angle to the load-carrying convex tooth flank. Macroscopic fatigue features such as beach marks are clearly visible

in the interior of the tooth, indicating the progression of the crack caused by load changes during operation. Ratchet marks towards

the extreme ends of the crack surface in the toe and heel region combined with a small instantaneous fracture area; underline the high

ductility of the material.

The topographic image of the initiation site (Fig. 2b) features two ridges, meeting in the approximate location where the crack

initiated. Whereas the fracture surface shows an even crack propagation into the core of the tooth, level changes are visible towards

the surface of the tooth. The SEM analysis of the crack initiation side did not reveal fatigue striations or an inclusion, but rather a

large degree of plastic deformation caused by the relative motion between the two crack surfaces. The same is true for fracture surface

on G2, where an even larger degree of plastic deformation removed also macroscopic fracture features.

5.2. Microstructure

Low magnification images of the polished and etched transverse and longitudinal cross-sections of G1 and G2 show a coarse and

inhomogeneous, dendritic microstructure throughout both cross-sections, but no apparent directionality (see Fig. 3). Segregations

appear as a result of the solidification process of the steel after casting, where regions that convert to the solid-state first, have

different chemical compositions than the material nucleating at later stages. The subsequent carburization and quenching stages lead

to different cooling responses from the austenitizing temperature, resulting in a higher carbon concentration in the alloy-rich areas

with corresponding hardness differences. As per the material certificates of the gear sets, both wheels were ring-forged to a reduction

ratio greater than four. The polished and Nital-etched transverse cross-section of G3 features a favourable segregation structure as the

dendrites appear to be broken up. The forging process for the pinion gear was stretching-upsetting-stretching with a similarly large

reduction ratio as for the wheels.

Throughout all gear sets, the fine martensitic microstructure with a fraction of retained austenite was observed in the carbon-rich

surface layer, coupled with the coarse tempered martensitic structure combined with bainite in the core. The study of the micro-

structure surrounding the subsurface crack of G3 after etching the cross-section with the Nital solution, revealed a white etching area

(WEA) indicating alterations in the microstructure from local plastic deformation. The branching, occurring towards the end of the

crack (Fig. 5b), is indicative of the transition from the stage B to C for RCF subsurface damages progression, where alternating tensile-

compressive stresses and not shear stresses are driving the crack propagation.

Fig. 2. Fractured tooth and failure initiation site of G1 with (a) macroscopic (b) microscopic features.
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5.3. Hardness

Three hardness profiles in tooth height direction were obtained for teeth 6 and 9 of G3 and two profiles on G1 and G2 (see

Table 2). The hardness requirements are a minimal CHD of 2.6 mm, a surface hardness of 690 HV and a core hardness of 350 HV.

Rather than featuring similar hardnesses across the three gear sets, a large process variation is apparent for the case-carburizing

process, where especially the CHD varies significantly. The results furthermore underline the findings of Tobie [24] that for large

gears, the difference in CHD from the tooth tip to the tooth root has to be expected. Tobie documents the 10–15% reduction in CHD

from flank to root for cylindrical gears, whereas the trend for bevel gears seems to be even larger and is in the order of 20% for the

studied gears. Towards the often unmachined tip, an in average 16% higher CHD than in the middle of the tooth was found.

Four low-force Vickers hardness measurements were carried out on tooth 6 and 9 in the martensitic case and martensitic and

bainitic core of G3 (see Table 3). Despite the lack of a coarse dendritic microstructure, significant low-force hardness differences

remain in G3 with an increasing trend towards the core. Assuming that subsurface fatigue failures can also initiate from large bainite

grains, micro- rather than macro-hardnesses should be used for a subsurface fatigue estimation.

For the discretization of the hardness measurements, the model by Thomas [25] was used and is visualized for the three measured

hardness profiles on the tooth 9 of G3 in Fig. 4a. Other commonly used hardness models [3,19] were also tested, but are not

recommended for large bevel gears as both methods fail to predict hardness profiles crossing the specified CHD, and, in the case of

[19], overestimates the hardness in the transition zone from hard case to soft core.

Even though for the production of large bevel gears 18CrNiMo7-6 steel variants are purposefully chosen with favourable alloying

compositions to ensure exceptional hardenability, the microstructure in the core and case/core interface presents itself as a com-

bination of bainite and martensite. The resulting low force and macro hardness differences will contribute to a weakening of the

subsurface layers and thereby an increased risk for TFF. For the presented subsurface fatigue model, those differences should be

considered through a size factor and not as a modified fatigue strength. More HV1 hardness measurements on differently sized gear

sets are necessary to derive such a size factor quantitatively. Continuing with the discretized HV10 profiles, a hardness map for a G3

pinion cross section is visualised in Fig. 4.

The shown hardness map for G3 displays the described hardness change across the tooth height with a significantly thinner case

depth in the root contra the midpoint and tip of the flank. As a result of faster quenching times towards to the tooth tip, also the core

hardness increases.

5.4. Inclusions and grain size

The dominant inclusion type was identified as the manganese sulphide (MnS) alongside traces of the aluminium oxide (Al2O3).

Volume fraction measurements show an exponential distribution towards smaller inclusion sizes with approximately 60% of all

inclusions being smaller than 2.7 μm. In the longitudinal cross-sections of G1 and G2, no elongated inclusions were detected. Listed

Fig. 3. Cross sections etched with Nital of G1 (a) longitudinal, (b) transverse and (c) G3 transverse.

Table 2

Hardness measurements in varying positions.

ISO6507 – HV10 Unit G1 G2 G3 – Tooth 6

Crack Tip Crack Tip Root Pitch Tip

Tip distance mm 10 4 15 6 30 22.5 6

CHD mm 3 3.7 2.5 2.6 1.5 2.1 2.4

HVS HV10 430 640 690 705 697 700 705

HVC HV10 388 390 380 368 329 352 367
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inclusion distributions shown in Table 4 are within the requirements for MQ quality gear steels outlined in ISO6336-5 but outside of

the ME requirement for the fine series [11].

Additional EDS mapping of the subsurface crack on G3 did not reveal an inclusion along the crack path (see Fig. 5).

As described above, the plane specimens were produced of the initiation regions of G1 and G2 and studied under a Hirox RH-2000

optical microscope and FEI Helios NanoLab SEM microscope. The SE microscope was equipped with an EDS scanner to study the

chemical composition in relevant region. No inclusions or traces of inclusions were found on in the initiation site on either G1 and G2,

possibly due to excessive plastic deformation of the crack surfaces during the crack propagation or because the crack initiated in the

matrix from a large bainite grain or from a void. Typical globular MnS inclusions were identified along the crack front on G1.

Prior austenite grain size was evaluated through optical microscopy in accordance to the ISO643 standard [16] on the Nital

etched surfaces of G3. Grain size index on G3, tooth 6 and 9 was measured to G = 8–8.5 with an average prior austenite grain size of

12–22 μm.

5.5. Model results

The in Section 4 outlined subsurface fatigue model can be applied to gear rating standards such as the ISO10300 [22] or DNV GL-

CG-0036 [6] and more accurate local calculation methods such as Becal. Table 5 lists the relevant parameters for a DNV GL-CG-0036

based calculation of the three studied gear sets. Since all gears have the same geometry and rating, the load parameters are com-

parable and only the strength of the material, defined through the measured hardness profiles varies. Shown are also the results for

the conventional DNV GL subsurface fatigue standard, underlining the motivation for the proposed changes, as for G1 and G2, the

crack initiation is predicted near the maximum orthogonal shear stresses rather the transition from case to core.

The table also lists the depth of the ultrasonic measured crack indications for G3 and initiation depth on the fracture surfaces of

G1 and G2, proving a good correlation between the measurements and predictions of the revised model. Fig. 6 documents the

material utilization for a G3 pinion cross-section based on the local calculation approach and measured hardness map, its maximum

of 1.02 in 3.8 mm, along with the position and depth of all measured indications. The lengthwise position of the analysed cross-

section and subsurface indications is given in Fig. 7.

Table 3

Low force hardness measurement on tooth 6 and 9 of G3.

ISO6507 – HV1 Unit Tooth 6 Tooth 9

CHD Core CHD Core

Mean HV 538 340 571 328

Standard deviation HV 21 33 19 27

Fig. 4. G3 HV10 hardness as (a) measurement path and (b) local hardness map.

Table 4

Inclusion classification in transverse and longitudinal direction.

ASTM E45 - A G1 G2 G3

Inclusion type D (globular) Trans. Long. Trans. Long. Trans.

Fine 1.5 1.5 1.5 1.5 2.0

Thick 0.5 0.5 0.5 0.5
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As most G3 indications were found in a toe-orientated position, the contact pattern as a product of all relevant deflections under

load was offset using a 0.6 mm axial pinion displacement. The resulting contact pattern and stress distribution correspond well with

the position of the observed subsurface indications. As the pattern shifts towards the toe, the heightwise stress profile as shown in

Fig. 6 shifts towards the root of the flank. Regardless, not the pitch point but midpoint is critical for the predicted subsurface material

utilization, proving the applicability of the mid-zone factor ZM for gear rating standards such as DNV GL-CG-0036 [6].

For G1 and G2, the maximum material utilizations are 0.84 and 0.90 for the gear rating standard and 0.85 and 0.93 for the local

calculation method and visualized for the mean wheel cross section in Fig. 8. Also shown are the measured crack initiation points,

maximum predicted utilizations and crack path for both gears sets.

A good correlation between the model and failure locations is proven for all three studied failures. Keeping with the safety factor

requirement outlined in DNV GL-CG-0036 [6], a maximum material utilization of 0.833 or minimum safety factor SHss of 1.2 is

required, deeming all three gear sets as critical in regards to subsurface fatigue. The extremely large material utilization of 1.02 on G1

corresponds well with the number of reported subsurface indications. As failures tend to initialize half way up the tooth, moderate

tensile residual stresses can be expected in the critical subsurface material layers, which are adequately represented by the elevated

Fig. 5. Optical microscopy of crack on G3 after etching with Nital (a) and (b) the SEM EDS map corresponding to the fragment of the crack shown by

a dashed rectangle in (a).

Table 5

Material utilizations for G1, G2 and G3 according to DNV GL and revised model.

G1 G2 G3

Equivalent radius of curvature, ρeq mm 64.9

Surface pressure, σHR MPa 1443

Case hardening depth, CHD mm 3.0 2.5 2.1

Surface hardness, HVS HV (6 9 0) 690 700

Core hardness, HVc HV 388 380 352

Maximum DNV GL utilization and depth, DDNV –/mm 0.87/1.3 0.88/1.4 0.95/3.5

Maximum utilization an depth, D –/mm 0.84/4.8 0.90/4.2 0.99/3.9

Measured failure depth mm 5.5 4 2.5–3.8

Fig. 6. Loading and material utilization as (a) Becal contact stress and equivalent radius of curvature, (b) DNV material utilization map (crosses for

position and depth of UT indications) and (c) path through maximum.
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half Hertzian contact width bH (see equation (2)) and thereby the depth of the acting shear stresses.

A comparison between the necessary CHD based on the outlined method in [17] and the presented subsurface fatigue model,

aligns well, as both suggest a CHD of 3.1 mm to avoid subsurface fatigue on the studied gear design. A linear correlation between

hardness and shear strength is at best applicable for hardness values below 400 HV [26] and a fatigue ratio κ of 30.5 only valid for
highly ductile materials and not the hard case of the gear tooth. Extensive fatigue testing to derive the very high cycle fatigue

behaviour, strength and hardness correlation and fatigue ratio, alongside a comparison to more advanced multiaxial fatigue models,

considering all stress components is intended for later publications.

6. Conclusion

The presented gear damages can all be classified as tooth flank fractures with apparent crack initiations in the transition zone

from hard case to soft core and subsequent crack growth towards the root of the unloaded flank, breaking off large sections of the gear

tooth. A strong correlation was found between the depth of the cracks and the manufactured case hardening depth, which varied

significantly from gear set to gear set and along the tooth profile. In case of the studied pinion, a shallow hardening layer of 2.1 mm

resulted in multiple failures approximate 3 mm below the surface, whereas the studied wheels had a 2.5 to 3 mm case depth and

failures in 4 to 5.5 mm. Typically, the failures initiate in a half tooth height, heel orientated position, where the combination of high

loads and large curvatures results in particularly deep subsurface stresses. Only the pinion showed an abnormally toe orientated

fracture, possibly indicative of excessive material removal during the final machining in this area or a misplaced contact pattern

during operation. The early stage tooth flank fracture on the pinion teeth showed a crack initiation and early propagation parallel to

the gear flank, indicating a mode II and shear stress initiated failure. The orientation and the shape of the fracture surfaces of the two

terminal stage wheel failures support a transition from mode II to I under acting bending stresses.

Besides the apparent effect of the hardening layer thickness on subsurface fatigue, the variation of the hardness at a given depth

was proven to be critical. On large gears, an inhomogeneous material microstructure with clear micro-segregations in longitudinal

and transverse direction has to be expected with consequences on the micro-hardness of the material and thereby the likelihood of

subsurface initiated fatigue cracks. As none of the studied gear sets shows a crack initiation from inclusions, an initiation from large,

softer bainite grains seems plausible. Low-force hardness measurements prove suitable to describe these local differences of an

increasingly bainitic matrix from case to core.

While surely not the only definition of the Dang Van fatigue criterion, the proposed method enables a simple consideration of the

compressive residual stresses in the case, achieving a significantly better correlation between predicted and observed initiation depth

of subsurface failures.
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Fig. 7. G3 material utilization for pinion flank (crosses for position of the UT indications; dotted line representing the analysed cross section in

Fig. 6).

Fig. 8. Material utilization, fracture path and fracture point for (a) mean gearwheel cross section of G1 and (b) mean gearwheel cross section of G2.
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A.2 Paper II

Abstract In this study, a testing and modelling concept is presented, aimed at
estimating the local fatigue properties of carburised CrNiMo steel,
covering the fatigue limit under axial and torsional loading at vari-
ous mean stresses. Aimed at predicting the bulk material properties,
all specimens were ultrasonic shotpeened prior to testing. Fracto-
graphic analyses were conducted on all specimens using scanning
electron microscopy to define the type, size and chemical composi-
tion of crack initiation-related discontinuities. An iteration of the
FKM guideline is presented, relying on the external notch concept
to explain the effect of large internal notches on the mean stress
sensitivity.
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Abstract

In this study, a testing and modelling concept is presented, aimed at estimating

the local fatigue properties of carburised CrNiMo steel, covering the fatigue

limit under axial and torsional loading at various mean stresses. Aimed at

predicting the bulk material properties, all specimens were ultrasonic shot-

peened prior to testing. Fractographic analyses were conducted on all speci-

mens using scanning electron microscopy to define the type, size and chemical

composition of crack initiation-related discontinuities. An iteration of the

FKM guideline is presented, relying on the external notch concept to explain

the effect of large internal notches on the mean stress sensitivity.

KEYWORD S

case hardening, materials testing, multiaxial fatigue, subsurface crack initiation, very high-cycle

fatigue

1 | INTRODUCTION

This work is part of a wider research project, aimed at
predicting and preventing subsurface initiated fatigue
failures on large marine bevel gears and continues the
efforts of the ‘Improved reliability of thrusters’ joint
industry project—a cooperation between thruster sup-
pliers, gear manufacturers, steel suppliers, forging com-
panies and the classification society. The characteristics
of subsurface fatigue, flank breakage (FB),1 tooth flank
fracture (TFF)2,3 or tooth interior fatigue fracture (TIFF)4

are a crack initiation in the transition zone between the
hardened case and the soft core and a subsequent frac-
ture of the entire gear tooth. Whereas cracks start under
acting shear stress in mode II, oftentimes parallel to the
load-carrying flank,5 the acting bending stresses drive the
crack in mode I through the tooth, resulting in large

sections breaking off. Although the failure mechanisms
are comparable, the differently shaped fracture surfaces
as a result of the load trajectory warrant the differentia-
tion into plateau shaped TIFF damages on idler gears
and wedge shaped TFF or FB damages on single flank
loaded cylindrical or bevel gears. Even though this work
focuses on carburised bevel gears, the derived material
model and testing approach should be applicable to other
materials and applications.

Typical main propulsion equipment on ferries,
anchor handlers, platform supply and drill ships are
azimuthing thruster, featuring either one or two bevel
gear stages, connecting an electric motor with a 360�

steerable propeller. Whereas other gear damages like
scuffing, pitting or micropitting are occasionally
observed, subsurface fatigue presents the most critical
failure mode in regards to its failure frequency and the
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implications for the vessel. Continued operation of the
propulsion equipment is oftentimes not possible, requir-
ing immediate dry-docking and thruster service to
prevent failures of other driveline components. Thus,
avoiding subsurface fatigue failures on case carburised
bevel gears is an important topic and the focus of ongoing
research.

Aimed at improving the reliability of marine propul-
sion equipment, extensive material tests of the commonly
used steel 18CrNiMo7-6, 34CrNiMo6—a steel featuring a
comparable alloying composition and a higher carbon
content and steel 18NiCrMo14-6—a bearing steel with an
increased Nickel content and thereby toughness were
conducted. Assessing the effect of different forging
reduction ratios on the cyclic behaviour of the base steel,
2D (stretching) and 3D (stretching-upsetting-stretching)
forged variants were studied. All specimens were
extracted from 430 × 430 × 900 mm3 castings that under-
went gear-like production cycles composed of forging,
quenching, annealing, carburising and tempering to
ensure the applicability of the obtained fatigue results
to large bevel gears. Under push–pull fatigue testing,
failures tend to initiate from the surface (i.e., at surface
roughness, slip localisation or nonmetallic inclusions on
or in the vicinity to the surface), especially in the high
cycle and less so in the very high cycle regime (Nf > 107).
As the study focuses on subsurface fatigue and the
derivation of the governing material parameters for
subsequent multiaxial fatigue calculations, an ultrasonic
shot-peening process was applied to all specimens,
decreasing the likelihood of surface effects dictating the
cyclic behaviour of the tested materials. Ultrasonic shot
peening was favoured over conventional shot-peening,
nitriding or carburising to achieve a uniform residual
stress profile, relatively smooth surface finish and to
preserve the designed microstructure.

Historically, assessing the risk of crack initiation in
the subsurface layer of gears is done with stress-based
critical plane or integral multiaxial fatigue models such
as Findley,6 Dang Van,7 Oster,8 Hertter9 and Liu and
Zenner.10 Testing of small gear sets (Ø < 200 mm) and a
material model derived from engineering best practices
are commonly applied to verify the model predictions.
Comparing Murakami's √area model11,12 and the FKM
guideline13 in regards to the estimated uniaxial fatigue
strength and mean stress sensitivity for hard steels
reveals a significant uncertainty when predicting the
local, cyclic behaviour of case hardened steel. Therefore,
in order to accurately determine the change in cyclic
behaviour of the base steel with an increasing carbon
content throughout the hardened layer, the paper focuses
on high cycle fatigue (HCF) and very high cycle fatigue
(VHCF) testing of steels 18CrNiMo7-6 and 34CrNiMo6

under uniaxial push–pull loading at different mean
stresses or stress ratios (R) and torsional loading. Other
researchers14,15 have verified an increase in toughness,
core hardness and overall load carrying capacity for gears
made from alloys with an increased Nickel content, war-
ranting the inclusion of steel 18NiCrMo14-6 in this study.
As an inhomogeneous or dendritic microstructure has to
be expected for large bevel gears, the fatigue properties of
steel 18CrNiMo7-6, exposed to a single stage, hot forging
operation (‘stretching’ referred to as 2D forging, from
770 × 770 mm2 to 430 × 430 mm2 cross-section) and a
three stage process (‘stretching-upsetting-stretching’
referred to as 3D forging, from 770 × 770 mm2 to
430 × 430 mm2 to 610 × 610 mm2 to 430 × 430 mm2)
were analysed. The mechanical properties and fatigue
behaviour were determined by means of tensile and
impact testing, microhardness measurements, optical and
electron backscatter diffraction (EBSD) grain size mea-
surements and HCF and VHCF testing. The HCF testing
was equally done at R = −1, R = 0.05 and R = −7 (only
on 34CrNiMo6). Approximating the change in the fatigue
ratio κ = f−1/t−1 throughout the hardened layer was made
possible through torsion tests. All VHCF fracture surfaces
were investigated by means of scanning electron micros-
copy (SEM) alongside energy dispersive X-ray analysis
(EDS), revealing the size, location, type and chemical
composition of the crack initiation point. The fatigue
properties were evaluated according to DIN50100,16 the
maximum likelihood method (MLM)17 and Murakami's
‘√area’ model.11,12

2 | MATERIAL AND
EXPERIMENTAL SETUP

Recreating the material properties found in large bevel
gears transmitting up to 3.5 MW or 60 kN m, specimens
were cut from 430 × 430 × 900 mm3 forgings
(cross-section prior to forging 770 × 770 mm2) after
austenitisation (880�C for 8 h), quenching in polymer,
tempering (620�C for 14 h followed by air cooling), gas
carburising (950�C for 80 h), soaking (840�C for 6 h),
quenching in oil and tempering (170�C for 12 h). To
avoid carbon penetration during the carburising cycle, a
protective coating (Conduron G55HK) was applied to the
surface of the forgings, using the inherent carbon content
of the steels to determine the mechanical and cyclic
properties, whilst subjecting the material to a similar
grain growth found in gears with a case hardening depth
of 4 mm. The size of the forgings was chosen to
reproduce a—for large gears typical—coarse dendritic
microstructure and martensitic/bainitic matrix due to
microsegregations,5 insufficient through-section working
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during forging and prolonged cooling times during
quenching. As all specimens were extracted in the trans-
verse direction, the effect of elongated inclusions on the
cyclic behaviour was equally modelled.18 Table 1 lists the
chemical compositions of the tested steels taken from the
production documents, alongside the applied forging
reduction ratios. As per ISO 6336-5,19 a minimum hot
working area reduction ratio of 3:1 is required for ingot
cast, case hardened, wrought gear steels. As shown in,5,20

a coarse dendritic microstructure can usually not be
avoided for large gears, warranting the consideration of
the 3D forged variant of steel 18CrNiMo7-6. The
18CrNiMo7-6 2D and 3D forgings were produced from
the same melt.

The static strength and impact work of all materials
were obtained from four specimens, in 0, 3, 6 and
9 o'clock positions in each forging. The acquired mean
values and standard deviations, alongside the micro-
hardness measurements (HV0.1) obtained from 10 indents
on fractured VHCF specimens and grain size measure-
ments based on EBSD and optical line-intercept measure-
ments, are listed in Table 2. Apparent are the differences
in grain size for both methods due to the identification of
twin boundaries and low-angle grain boundaries in the
EBSD method.

Because subsurface fatigue failures on marine bevel
gears are typically reported after 3–5 years of service,
equivalent to 0.5 to 1�108 load cycles, the steels cyclic
behaviour in the HCF and VHCF regime need to be
investigated. Uniaxial push–pull fatigue testing was
performed on (i) a MTS Model 809 axial/torsion servo-
hydraulic testing machine, (ii) a servo-hydraulic Schenk
Hydropuls PSA 100 and (iii) two ultrasonic BOKU
fatigue testing machines. Torsional fatigue testing was
carried out on a 600 N m MTS hydraulic torsion
machine. A total of 135 HCF and 68 VHCF specimens
were tested to failure. The test frequencies, run-out
limits and step size were for (i) the HCF uniaxial and
torsional tests 10 and 4 Hz using the pearl string
method to determine the Basquin parameters, (ii) the
long life fatigue (LLF) uniaxial and torsion tests, 30 Hz

up to 2�106 cycles at 10 MPa and 4 Hz up 5�106 cycles
at 20 MPa using the staircase method to evaluate the
mean fatigue limit and standard deviation and (iii) the
VHCF uniaxial ultrasonic tests 19.5 kHz up to 109 cycles
at 25 MPa, determining a second set of Basquin param-
eters. Estimating the mean stress sensitivity was done
for the HCF and LLF regime under axial loading at
stress ratios R = 0.05 (all materials) and R = −7 (only
34CrNiMo6 2D). Converting the fatigue results for the
three distinct parts of the stress amplitude versus num-
ber of cycles to failure (SN) diagram into a single curve
was done with the maximum likelihood method (MLM)
considering run-outs, a nonconstant standard deviation
and a fatigue limit parameter.17

All tests were carried out at ambient, laboratory con-
ditions with additional air-spot cooling and an infrared
thermo-camera (VarioCAM HR Head 780) installed for
the ultrasonic testing. Avoiding excessive heat develop-
ment during testing (ΔT < 10 K) due to intrinsic material
damping, a pulse/pause ratio of 500/1000 ms was set
for all ultrasonic tests, resulting in an effective testing
frequency of 6.5 kHz.

3 | SURFACE INTEGRITY OF THE
FATIGUE SPECIMEN

Two prominent models, when estimating the fatigue
properties of a given steel as a function of its hardness
HV or ultimate tensile strength Rm, are the FKM guide-
line13 and √area model by Murakami.12 A combination of
both approaches forms the basis for the herein proposed
material model for carburised CrNiMo steel. The FKM
guideline13 relies in its prediction of the fatigue strength
for steels under alternating axial and shear stresses, on
the following linear relations, where Rm expresses the
ultimate tensile strength and κ the fatigue ratio.

f −1 = 0:45Rm and t−1 =
f −1

κ
with κ=

1
0:577

≈
ffiffiffi
3

p
: ð1Þ

TABLE 1 Chemical composition of all tested steels and forging reduction ratio

Materials
Forging
reduction

Composition (wt.%)

C Mn P S Si Ni Cr Mo Cu V Al O

18CrNiMo7-6 2D 3.2 0.17 0.63 0.008 0.006 0.29 1.52 1.65 0.31 0.16 0.006 0.024 0.0007

18CrNiMo7-6 3D 12.8 0.17 0.63 0.008 0.006 0.29 1.52 1.65 0.31 0.16 0.006 0.024 0.0007

18NiCrMo14-6 3D 7.1 0.17 0.48 0.006 0.004 0.29 3.35 1.42 0.19 0.14 0.013 0.023 0.0009

34CrNiMo6 2D 3.2 0.35 0.6 0.005 0.006 0.22 1.5 1.6 0.26 0.07 0.01 0.028 0.0006
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It utilizes a mean stress sensitivity M as a linear func-
tion of Rm, when estimating the fatigue strength under
oscillating axial load (R = 0).

f 0 =
2 � f −1

1+M
with M=3:5 �10−4 Rm−0:1: ð2Þ

According to Murakami,12 a differentiation into three
distinct defect locations is necessary, that is, (i) surface
defects, (ii) defects in contact with the surface and
(iii) internal defects. The defect location, covered by the
parameter C1 in Equation 3, alongside the √area parame-
ter in μm, describing the square root of the projected area
of an inclusion, perpendicular to the maximum principal
stress and the hardness of the material HV in kgf/mm2

are critical in predicting the fatigue limit under
alternating load f−1 in MPa. Considering the effect of
mean stresses via the stress ratio R on the materials
fatigue limit, Murakami12 suggests an exponential corre-
lation as per Equation 3, with the exponent α showing a
weak dependency on the materials hardness.

f =
C1 � HV +120ð Þffiffiffiffiffiffiffiffiffi

area
pð Þ1=6

� 1−R
2

� �α

withα=0:226+HV �10−4:

ð3Þ

Murakami12 observed an 8% or 10% lower fatigue
limit for specimens, where fatigue failure initiated from

inclusions directly at the surface or in touch with the
surface, compared with those, where failure had occurred
from internal defects. Reflecting these results, the C1

parameter varies from 1.43, 1.41 and 1.56 for the
described cases.11,12

As the present study focuses on subsurface fatigue
and the bulk material properties, surface effects as those
described by Murakami and those related to the surface
roughness, slip localisation and geometrical notches need
to be avoided to correctly predict the true material
properties of case and core in carburised parts. Hence,
the surface integrity as a result of the ultrasonic shot-
peening process is addressed in this section.

3.1 | Specimen dimension and treatment
parameters

The geometry of the HCF specimens was chosen to
match the highly stressed area of the VHCF specimens,
keeping the size effect constant for both test conditions.
The general dimensions of the specimens are given in
Figure 1. Without prior knowledge of the cyclic
behaviour of the steels or the maximum inclusions size,
Murakami's √area model11,12 as per Equation 3 was used
to determine the shot-peening parameters, assuming
inclusions of up to 100 μm in diameter at or in touch
with the surface, targeting 400 MPa of compressive
residual stress for the first 100 μm of material. In order to

TABLE 2 Average static strength, impact work, microhardness and grain size of all tested steels

Materials

Tensile tests (ISO 6892-1)
Impact work
(ISO 148-1) Hardness Grain size

Rp02

(MPa)
Rm

(MPa) A (%) Z (%) (J) (HV0.1)
EBSD
(μm)

ISO 50601
(μm)

18CrNiMo7-6 2D 773 ± 3 1115 ± 7 19.5 ± 0.9 58.6 ± 2.0 56.0 ± 8.9 341 ± 14 11.4 ± 7.1

18CrNiMo7-6 3D 866 ± 9 1183 ± 13 16.5 ± 1.3 56 ± 3.1 57.7 ± 9.5 366 ± 7 19.0 ± 2.7

18NiCrMo14-6 3D 875 ± 5 1230 ± 2 14.5 ± 0.6 61 ± 1.9 107.7 ± 6.8 379 ± 22 5.1 ± 3.0 17.6 ± 2.6

34CrNiMo6 2D 1099 ± 4 1646 ± 18 6.8 ± 0.5 28.6 ± 0.9 19.7 ± 1.9 498 ± 57 5.3 ± 3.3

FIGURE 1 Fatigue

specimen dimensions for

(A) high cycle fatigue and

(B) very high cycle fatigue
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avoid excessive tensile stresses in the fatigue specimens,
the treated layer was designed to be as thin as possible
intending the material beyond 150 μm being essentially
untreated. As materials of different hardness and differ-
ently shaped specimens were tested, the treatment
parameters had to be varied (see Table 3). The principle
of ultrasonic shot-peening is an electrical–mechanical
conversion of a 20-kHz sine wave at a piezo-electrical
emitter that randomly excites the shot-peening media
inside a hermetic treatment chamber, ensuring uniform
treatment of the rotating part. As high-quality media is
used (balls from ball bearings), a superior surface finish
is usually achieved. Large media mass proved ideal in
producing relatively shallow residual stresses, requiring
low media velocities to limit the magnitude of the intro-
duced stresses on the surface.

3.2 | Hardness and surface roughness

The microhardness measurements (see Figure 2A) were
carried out in accordance to ISO6507-121 in (i) 0.3 mm
steps across the cross-section of the specimens starting at
0.1 mm (LECO M-400-G3 hardness tester) and
(ii) 0.05 mm steps across the treated outer layer. No
increase in hardness was detected as a result of the shot-
peening treatment, possibly owning to the high disloca-
tion density from the quenching and low-temperature
tempering at 170�C. Cecchin et al.22 reported that for
highly annealed or unquenched materials, shot-peening

resulted in a dislocation pile-up and subsequent hardness
increase towards the surface, whereas materials tempered
at 150�C or 300�C featured a decrease in dislocation
density and reduction in hardness as a result of the
rebounding of the elastically deformed core and a second-
ary yielding of the surface layer. Measurement of the full
width at half maximum diffraction peaks (FWHM),
performed alongside the residual stress measurements,
support this interpretation as the obtained FWHM mea-
surements at the surface were generally lower than those
beyond 50 μm, indicating either a grain coarsening or dis-
location annihilation.

Owning to the martensitic/bainitic microstructure
with partially deformed dendrites as shown in Figure 2B,
large variations in the local microhardness were docu-
mented throughout the fatigue specimens, especially for
the harder steel 34CrNiMo6 2D (cf. Table 2). Also, the
forging direction, transverse to the orientation of the
specimen is apparent. Similarly, large hardness variations
are typically found in marine bevel gears in the transition
zone between the hard case and soft core.

Surface roughness measurements were carried out on
a MAHR Perthometer M2 prior and post shot-peening in
accordance to the ISO 4288/ASME B46.123 over 5.6 mm
in longitudinal direction. Whereas the machined speci-
mens retained surface marks left by the tool, the yielding
caused by the shot-peening medium left randomly dis-
tributed peaks and valleys. Owning to the low quantity
and high quality of the media (ball bearings with high
sphericity and low surface roughness) used during

TABLE 3 Ultrasonic shot-peening process parameters for all steel variants and specimen types

Material Specimen
Amplitude
(μm p/p)

Media
Ø (mm)

Material
media

Media
mass (g)

Rotation
(1/min)

Coverage
(%)

18CrNiMo7-6 2D, 3D and
18NiCrNiMo14-6 3D

HCF 20 1.5 mm 100Cr6 4.8 5 125

VHCF 20 1.5 mm 100Cr6 4.2 5 125

34CrNiMo6 2D HCF 20 2 mm 304L 3.3 5 125

VHCF 20 2 mm 304L 2.8 5 125

(A) (B)

FIGURE 2 (A) Microhardness

measurements on steels 18CrNiMo7-6 2D,

18NiCrMo14-6 3D, 34CrNiMo6 2D and

(B) directional microsegregation structure

on 34CrNiMo6 2D VHCF specimen

(etched cross-section)
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ultrasonic shot-peening, only an incremental increase in
surface roughness was detected (see Table 4 for averaged
Ra and Rz results).

4 | RESULTS

The following section covers the evolution of the residual
stresses, the uniaxial fatigue results for all materials and
test conditions, the derived SN curves according to DIN
5010016 and MLM,17 the fractrographic analysis of all
VHCF specimens and the iteration of the shear fatigue
strength. It forms the basis for the subsequent model
derivation and fatigue prediction across the entirety of
the treated layer.

4.1 | Evolution of residual stresses

The residual stresses were measured on all materials
during the shot-peening recipe formulation and on three
34CrNiMo6 2D VHCF specimens after 8.0�106, 3.3�107
and 1.2�108 cycles at stress amplitudes 400, 375 and
350 MPa in order to assess the dislocation annihilation
and degradation of the residual stresses. All measure-
ments were done on a Stresstech X3000 stress analyser
using the X-ray diffraction (XRD) method in tangential
and longitudinal direction in 30-μm steps. The results of
the treated but untested 18CrNiMo7-6 2D, 34CrNiMo6
2D and the tested 34CrNiMo6 2D are illustrated with
error bars in Figure 3. As for the untested materials, the
intended 400 MPa of compressive stresses for the first
100 μm of the material, alongside a sharp decrease of the
compressive stresses towards 150 μm were uniformly
achieved.

The initial and final, tangential and longitudinal
residual stresses were found to be very comparable across
all materials. For those subjected to low stress amplitudes
for extended time periods, a reduction in compressive
residual stresses was most apparent. The relaxation of the
internal strain can be quantified either through an abso-
lute reduction in the compressive stress of approximately
100 MPa or through a reduction in the affected layer
thickness of approximately 40 μm. In contrast, large
stress amplitudes seemed to mobilise and redistribute

dislocations, such that surface compressive residual
stresses were decreased, but the affected layer thickness
increased. Judging by the moderate reduction in com-
pressive residual stress across the critical surface layer,
the shot-peening treatment was deemed successful.

4.2 | Uniaxial fatigue

As shown by other researchers,24,25 the cyclic behaviour
of high strength steels under cyclic uniaxial loading
can be described in a duplex or multi-stage SN curve.
In this study, both slopes of the SN curve were
defined through two sets of Basquin parameters16 (see
Equation 4), where Nf describes the number of cycles to
failure, C the Basquin constant for σa = 1, k the slope
of the decreasing fatigue strength and σa the load
amplitude during testing.

Nf =C �σ−k
a : ð4Þ

Using the staircase method,16 the fatigue limit in the
long-life regime under fully reversed axial f−1 as well as
repeated axial loading f0 and f−7 (only 34CrNiMo6 2D)
were estimated, considering run-outs alongside failures.
An approximation of a continuous SN curve of the
R = −1 results was achieved with the MLM by Pascual
and Meeker.17 The model parameters (β0μ, β1μ, β0s, β1s)
and the fatigue limit f-1,MLM, that define the mean log
cycles to failure μlog (σa) and the standard deviation of
log cycles to failure slog (σa), are iterated to maximize
the sample likelihood parameter, yielding mean fatigue
strength as a function of time or load cycles (see
Equation 5).

μlog σað Þ= β0μ + β1μ ln σa− f −1,MLM

� �
,σa > f −1,MLM ,

slog σað Þ=exp β0s + β1s ln σað Þ½ �,σa > f −1,MLM ,

f −1 Nf
� �

=exp
ln Nf
� �

−βoμ
β1μ

 !
+ f −1,MLM :

ð5Þ

The R = −1, 0 SN curves, MLM R = −1 curves (for
failure probabilities 5, 50 and 95%) and the staircase
results for R = −7 are given in Figure 4A–D for all tested
steels. The defining model parameters are listed in
Tables 5 and 6. Even though tests were performed at
R = 0.05, Table 6 contains the estimated R = 0 fatigue
parameters, assuming a linear trend between the fatigue
results achieved for R = −1 and R = 0.05.

As two distinct parts of the R = −1 SN curve were
tested at 30 Hz and 19.5 kHz, an evaluation of the
frequency effect on the cyclic behaviour of the steels is

TABLE 4 Longitudinal roughness measurements prior and

after ultrasonic shot-peening

Roughness (ASME B46.1) Ra (μm) Rz (μm)

Machined 0.38 2.05

Ultrasonic shot-peened 0.39 2.08
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(A) (B)

(C) (D)

FIGURE 4 SN curves for uniaxial push–pull conditions under R = −1, R = 0 and R = −7, including MLM SN curves. (A) Steel

18CrNiMo7-6 2D, (B) steel 18CrNiMo7-6 3D, (C) steel 18NiCrMo14-6 3D and (D) steel 34CrNiMo6 2D

(A) (B)

FIGURE 3 Residual stress plots for untested 18CrNiMo7-6 2D, 34CrNiMo6 2D and tested 34CrNiMo6 2D VHCF specimens with

fractures after 8.0�106, 3.3�107 and 1.2�108 cycles and 400, 375 and 350 MPa stress amplitudes in (A) tangential and (B) longitudinal direction

BÖHME ET AL. 7



limited to 2�106 cycles, utilizing the results from the
HCF staircase testing and the VHCF Basquin parame-
ters. The fatigue strengths for both methods are
521/528 MPa for steel 18CrNiMo7-6 2D, 540/529 MPa
for steel 18NiCrMo14-6 3D and 465/506 MPa for steel
34CrNiMo6 2D. They suggest a minor frequency effect
for steels 18CrNiMo7-6 2D and 18NiCrMo14-6 3D and
a balance between the thermic and athermic effects of
the high strain rate on the crack initiating dislocation
motion. Similar to the results by Tsutsumi et al.26 for
low-carbon steels, material 34CrNiMo6 2D exhibits a
higher fatigue strength at ultrasonic test frequencies at
2�106 cycles, suggesting a retardation of the dislocation
motion due to the high strain rate.

4.3 | Fractorgraphic analysis

The fractographic analysis of the HCF specimens was
performed on a digital microscope (Hirox RH-2000),
revealing exclusively surface-initiated failures in the
HCF and a combination of surface and subsurface fail-
ures in the LLF regime. Investigating the VHCF speci-
mens on a field emission scanning electron microscope
(MIRA 3 XMU) equipped with EBSD and EDS detec-
tors (both EDAX/Ametek), only subsurface initiated

failures were observed (see Figure 5) with a majority
of the failures starting from elongated clusters or
agglomerates of MgO-Al2O3 spinel (Figure 5B) even
when testing at stress levels that had exclusively
resulted in surface failures on HCF specimens. The
second internal failure type, detected on three
34CrNiMo6 2D and one 18NiCrMo14-6 3D specimens,
was crack initiation from soft grains in the martens-
itic/bainitic matrix (Figure 5D). Performing EBSD mea-
surements, islands of austenite were identified in the
martensitic microstructure of the carbon-rich steel
34CrNiMo6 (Figure 6A). A carbon content of 0.7 wt.%
is common for the surface of case carburised gear
teeth, featuring between 5% and 25% retained, soft aus-
tenite adding ductility to the 700 HV hard surface
layer. As the austenite is significantly softer than the
surrounding tempered martensite, a crack initiation
from large austenite grains seems plausible, especially
since the measured defect size was up to 150 μm in
diameter or 250 μm according to the Murakami √area
parameter and thereby three times larger than the
average spinel inclusion. Matrix failures were only
observed during VHCF testing at elevated load levels
in excess of the documented fatigue limit in the LLF
regime. The final internal failure type was crack initia-
tion from voids, detected on a single 34CrNiMo6 2D
specimen loaded at 400 MPa and failure after
1.3�108 cycles. Figure 5E combines the SE and EDS
images of the deformed void alongside the detected
MgO-Al2O3 spinel, manganese sulphide MnS and
calcium sulphide CaS inclusions.

Measurements of the MgO-Al2O3 inclusions across all
analysed fracture surfaces revealed an almost identical
distribution for all materials. Disregarding the detected
matrix and void failures, a combined Weibull probability
plot of all materials comparing the failure probability
function to the logarithmic defect size (√area) was
created, revealing the average inclusion size to be 80 μm
and a possible maximum of 108.5 μm for a fictitious test
volume of 100 specimens (Figure 6B).

TABLE 6 Uniaxial fatigue data at R = 0 and R = −7 for HCF

regime and materials 18CrNiMo7-6 2D, 18CrNiMo7-6 3D,

18NiCrMo14-6 3D and 34CrNiMo6 2D

Fatigue properties HCF, R0 HCF, R-7

R0, R-7 logC k f0/2 (MPa) f−7 (MPa)

18CrNiMo7-6 2D 27.5 8.5 380 ± 3

18CrNiMo7-6 3D 26.3 8.1 380 ± 8

18NiCrMo14-6 3D 19.2 5.3 404 ± 9

34CrNiMo6 2D 28.5 8.8 415 ± 3 554 ± 6

TABLE 5 Uniaxial fatigue data at R = −1 for HCF, VHCF regime and MLM for materials 18CrNiMo7-6 2D, 18CrNiMo7-6 3D,

18NiCrMo14-6 3D and 34CrNiMo6 2D

Fatigue properties HCF VHCF MLM

R-1 logC k f−1 (MPa) logC k f−1 (MPa) β0μ β1μ β0s β1s f-1,MLM (MPa)

18CrNiMo7-6 2D 45.6 14.7 521 ± 2 63.6 21.1 462 40.5 −5.6 40.1 −6.4 422

18CrNiMo7-6 3D 44.4 14.2 494 ± 9

18NiCrMo14-6 3D 47.5 15.1 540 ± 4 67.4 22.5 401 64.3 −8.9 24.9 −4.1 282

34CrNiMo6 2D 20.8 5.6 465 ± 2 39.5 12.3 351 31.0 −3.3 19.6 −3.2 325
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(A) (B)

FIGURE 6 (A) Microstructure of steel 34CrNiMo6 2D obtained from EBSD measurements showing the grain size and crystallographic

orientation of the martensite. Color coding accord to the inverse pole figure of the surface normal direction. Encircled area showing

austenitic region (red color) in the martensitic microstructure (green color). (B) Average and maximum inclusions size for all investigated

VHCF fracture surfaces in Weibull probability plot

FIGURE 5 Internal failure types

with initiation from (i) clustered

nonmetallic inclusion type MgO-Al2O3

spinel (34CrNiMo6 2D, Nf = 8�106,
σa = 400 MPa) (a) complete fracture

surface with indicated fisheye

(Dfisheye = 1913 μm), (B) inclusion in

the center of the fisheye

(√area = 76 μm), (ii) matrix failure

(34CrNiMo6 2D, Nf = 2.3�105,
σa = 550 MPa) (C) complete fracture

surface without a clear fisheye,

(D) discontinuity in the center of the

fracture origin, (iii) initiation from a

void (34CrNiMo6 2D, Nf = 1.3�108,
σa = 400 MPa) (E) complete fracture

surface with indicated fisheye

(Dfisheye = 1710 μm) and (F) partially

deformed void and trapped CaS, MnS,

MgO-Al2O3 inclusions in the center of

the fisheye
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4.4 | Shear fatigue

As the same shot-peened HCF specimens of steels
18CrNiMo7-6 3D and 34CrNiMo6 2D were tested under
torsion (dimensions in Figure 1), the stress state in the
surface layer is multiaxial with constant, compressive
stresses and alternating shear stresses. In order to
correctly assess the shear fatigue strength t−1, the Liu and
Zenner (LZ) shear stress intensity, multiaxial fatigue cri-
terion10 was used in an iterative manner. The LZ
criterion was chosen over other integral or critical plane,
multiaxial fatigue criteria due to its model accuracy when
exposed to a large data base, composed of 407 multiaxial
fatigue experiments.27 Varying the alternating torque
(R = −1) by 250 N mm, run-outs and failures were
documented for steel 34CrNiMo6 2D at an amplitude of
4500 N mm. At that load, the oscillating shear stress on
the surface of the hourglass shaped specimens was
approximately 375 MPa, a value significantly higher than
the shear strength of the material due to the introduced
compressive residual stresses.

The LZ criterion integrates the damage parameter
over all planes inside a volume element, defined through
the Euler angles ϕ and ψ. It weights the effect of the
shear mean τsm and shear amplitude stresses τsa, the
normal mean σnm and normal amplitude stresses σna on
each plane through the use of the model parameters a, b,
c and d (Equation 6 and 7). Four fatigue data points,
commonly the fatigue strength for fully reversed axial
loading f−1, for repeated axial loading f0, for fully reversed
torsional loading t−1 and for repeated torsional loading t0
are used when deriving the model parameters. Applying

the presented fatigue results under axial loading for steel
34CrNiMo6 2D at 2�106 cycles and the outlined approxi-
mation for t0 (see Equation 828), the missing fatigue
strength under fully reversed torsion t−1 can be approxi-
mated by solving max (ELZ) = 1 at 4500 N mm for the
first 250 μm of the shot-peened specimen in their smallest
cross-section, assuming constant material properties.

ELZ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15
8π

Ð2π
0

Ðπ
0
aτ2sa 1+ cτ2sm

� �
+ bσ2na 1+ dσnmð Þ� �

sin ψð Þdψdϕ
s

f −1
,

ð6Þ

a=
1
5

3κ2−4
� �

, b=
1
5

6−2κ2
� �

, c=
7

3at20

2f −1

t0

� �2

−κ2
 !

,

d=
28

15bf 0

2f −1

f 0

� �2

−1−
acf 20
21

 !
,

ð7Þ

4t−1

t0
−
2f −1

f 0
= 1: ð8Þ

Figure 7A shows the predicted material utilisation
ELZ for the outer layer of a, after 3.4�106 cycles, fractured
34CrNiMo6 2D specimen loaded at 4500 N mm. The
shear fatigue strength was iterated to 342 MPa. According
to Liu et al.,10 a high failure probability is estimated
for the entire treated layer with two maxima, one on
the surface and one at a depth of 180 μm. Whereas the
shown fracture surface in Figure 7B features a subsurface
crack initiation from a MgO-Al2O3 inclusion at roughly
200 μm, all other failures initiated from the surface.

(A) (B)

FIGURE 7 Shear fatigue testing—(A) subsurface stress state and material utilisation for a 34CrNiMo6 2D HCF specimen under

4500 N mm and (B) fracture surface of the same specimen after 3.4�106 cycles, showing crack initiation from MgO-Al2O3 inclusions in

0.2 mm depth
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Owning to the stress gradient in the HCF specimen, a
significantly smaller volume than during push–pull test-
ing is subjected to large, cyclic stresses and a local stress
redistribution has to be considered. Because most failures
under torsion initiated from the surface, the geometrical
notch factor ατ, the stress redistribution factor n based on
the local stress gradient and the surface roughness factor
KFτ (see Table 4 for Rz of shot-peened specimen) are con-
sidered according to the FKM guideline.13 A statistical
size factor Ksize was derived from the weakest link theory,
comparing the numerically obtained, highly stressed vol-
ume under axial and torsional loading.29 The parameters
λ and s in Equation 9 describe the standardized normal
distribution factor and the standard deviation during
push–pull fatigue testing.

t−1 = t−1,LZ �Kτ with Kτ =
ατ
n

�Ksize +
1

KFτ
−1 andKsize =1+ λ � s

f −1
: ð9Þ

The derived SN curves, accounting for all outlined
influence factors, in combination with the raw test data,
composed of the surface shear stresses and cycles to
failure, are shown in Figure 8. Table 7 lists all influence

factors, the estimated fatigue strength, load and geometry
parameters.

5 | MODEL DERIVATION

As shown in Equation 6 for the Liu and Zenner multi-
axial fatigue, shear stress intensity criterion,10 four model
constants need to be defined, when weighting the influ-
ence of shear and normal stresses on the local material
utilisation, requiring four fatigue data points to predict
the mentioned model constants. Commonly, the fatigue
limit f−1 for fully reversed axial loading, f0 for repeated
axial loading, t−1 for fully reversed torsional loading and
t0 for repeated torsional loading are used, where t0 is
typically approximated using the mean stress sensitivity
M and the fatigue ratio κ or through Equation 8.28 An
estimation of the fatigue parameters for the entire
carburised layer, based on the presented fatigue results
and literature findings, is outlined in this chapter.

The obtained fatigue results (Table 5 HCF strength at
2�106 cycles), alongside the fractographic analysis, suggest
that hard steels are far more susceptible to inclusions of
the same composition, size and orientation than medium

(A) (B)

FIGURE 8 Raw data and SN curves for torsional loading at R = −1 for (A) 18CrNiMo7-6 3D and (B) 34CrNiMo6 2D

TABLE 7 Fatigue strength under fully reversed torsional loading t−1 for 18CrNiMo7-6 3D and 34CrNiMo6 2D HCF specimen

Material

Geometry and load Influence factors HCF, shear R-1

M
(N mm)

Ø
(mm)

τa
(MPa) ατ n KFτ Ksize t−1,LZ (MPa) logC k t−1 (MPa)

18CrNiMo7-6 3D 4750 4.00 378 1.002 1.082 0.974 0.97 345 33.2 11.2 319

34CrNiMo6 2D 4500 3.96 375 1.002 1.055 0.97 0.979 342 20.5 5.7 329
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strength steels. Accounting for the criticality of inclusions
on the fatigue properties of hard steels, an f−1 prediction
as a function of hardness according to the lower limit of
the Murakami √area model beyond 550 HV is proposed,
utilizing the documented average inclusion size of 80 μm.
The behaviour of the fatigue strength as a function of
time is considered through the MLM and outlined at the
end of this chapter. Contrasting the average micro-
hardness for each steel with the obtained fatigue strength
at 2�106 cycles, nearly constant fatigue properties are
reported within the hardness range of 350 to 500 HV.
Also considering the inclusions size in the outlined hard-
ness range, a constant fatigue strength, relying on
Murakami's lower limit at 550 HV is implemented in
Equation 10. As core hardness values below 300 HV are
not to be expected on carburised 18CrNiMo7-6 gears, the
fatigue strength below 300 HV is of lesser importance but
is adequately approximated with Murakami's upper limit.
Figure 9 plots the fatigue strength of the tested steels at
2�106 cycles against the mean microhardness', the predic-
tions by FKM,13 Murakami,12 Velten,30 Winderlich31 and
implements the fatigue model outlined in Equation 10.

f −1 HVð Þ=

f −1,up HVð Þ=1:6HV forHV <300,

f −1,low HVð Þ= 1:56 � HV +120ð Þffiffiffiffiffiffiffiffiffi
area

pð Þ16
forHV >550,

f −1,low 550HVð Þ≈505MPa for 300≤HV ≤ 550:

8>>><
>>>:

ð10Þ
The fatigue model aligns itself thereby with the find-

ings by Garwood and Nishijima,32,33 whereby for soft and
mild steels, an approximately linear trend between
hardness and fatigue limit exists, whereas hard steels are
much more susceptible to internal defects.

In order to predict the fatigue limit under fully
reversed torsion t−1, the steels 18CrNiMo7-6 3D and
34CrNiMo6 2D were tested up the 5�106 cycles and the
results compared with literature findings, comprising test
results on varying steels.34–56 Rather than assuming a
constant ratio between the axial and torsional fully
reversed fatigue strength as for the von Mises criterion or
the FKM guideline, a linear trend is derived that lies
within the range suggested by Suresh.57 Figure 9B plots
the reported and measured fatigue ratios against the
materials' hardness.

A linear regression, equally weighting the literature
findings and own fatigue results, was used to predict the
fatigue ratio κ and thereby the fatigue limit under
reversed torsion t−1 across the entire case hardened layer
(see Equation 11). Considering the stress gradient,
surface roughness and volume effect as outlined in
Section 4.4 guaranteed a close correlation between the
shear fatigue results and proposed linear trend.

κ HVð Þ= −5 �10−4HV +
ffiffiffi
3

p
and t−1 HVð Þ= f −1 HVð Þ

κ HVð Þ :

ð11Þ
Predicting the fatigue limit under repeated axial load-

ing f0 through the mean stress sensitivity M, Murakami's
√area model12 is compared with the FKM guideline,13 the
fatigue results and literature findings. Whereas the FKM
guideline agrees well with M obtained for the medium
strength steels 18CrNiMo7-6 2D, 3D and 18NiCrMo14-6
3D, it overestimates the mean stress sensitivity for the
hard steel 34CrNiMo6 2D significantly. In contrast,
Murakami's suggestions agree far better with the hard
steel 34CrNiMo6 2D but underestimate the mean stress

(A) (B)

FIGURE 9 The material model for carburised parts as a function of hardness for (A) the fatigue limit under fully reversed axial load f−1
at 2�106 cycles and (B) the fatigue ratio κ (□ referring to results for 5�106 cycles)
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sensitivity for the other three tested steels. Seemingly, the
internal notch factor ασ, as the result of the documented
MgO-Al2O3 inclusions, reduces the fatigue limit f−1 and
the mean stress sensitivity M. In order to appropriately
predict M for hard steels, the concept of exterior/macro-
scopic notches is applied to internal notches and the
FKM guideline. According to Bell and Benham,58 the
allowable stress amplitude for a notched specimen for
varying mean stress is determined by a notch factor ασ.
Whereas Bell and Benham58 predict a decreasing notch
factor for increasing mean stresses, a constant notch
factor within the R−1R0 range is assumed here, greatly
simplifying the proposed model. The mean stress sensi-
tivities obtained in this study and the documented results
by other researchers11,37,38,43,44,46–49,54–56,59,60 suggest that
the FKM guideline works well in predicting M for
medium strength and soft steels but overestimates M for
hard steels that are most probably affected by internal
notches. Predicting the notch factor ασ as a function of
the theoretical upper fatigue limit f−1,up and the obtained
fatigue limit f−1, a revised mean stress sensitivity as per
Equation 12 is suggested.

f 0 =
2 � f −1

1+Mk
withMk =

M
ασ

andM =3:5 �10−4 �Rm−0:1:

ð12Þ

As soft and mild steels follow almost a linear trend
for f−1(HV or Rm) independent of internal defects, the
notch factor ασ approximates to unity, leaving the mean
stress sensitivity as predicted by the FKM13 unchanged.
For hard steels, M is reduced by the internal notch factor

ασ, expressed through the ratio between the upper fatigue
limit f−1,up and the true fatigue limit f−1.

ασ =
f −1,up

f −1
: ð13Þ

Plotting the measured mean stress sensitivities from
this study against the material's microhardness in
Figure 10A, literature references,11,37,38,43,44,46–49,54–56,59,60

the model prediction by FKM13 and Murakami12

alongside the herein proposed mean stress concept, the
limitation of the FKM and Murakami model and the
improvement, when predicting the mean stress sensitivity
as a function of the outlined notch factor are made
evident.

In a case study, all three models are compared against
the fatigue results for steel 34CrNiMo6 2D in Figure 10B.
Shown are the FKM guideline13 using M according to
Equation 2, the Murakami model12 as per Equation 3
and (iii) the outlined mean stress model, in Equations 12
and 13.

Table 8 summarizes the data illustrated in Figure 10B
and lists the obtained fatigue properties and mean stress
sensitivities for 34CrNiMo6 2D, comparing the different
fatigue models.

The prediction of the allowable stress amplitude
under tensile and furthermore compressive mean
stresses, critical for fatigue predictions in gears subjected
to Hertzian and residual stresses, is adequately captured
by the outlined notch factor concept. The proposed mate-
rial model covers three and, by extension,28 four fatigue
data points, needed for multiaxial fatigue evaluation of

(A) (B)

FIGURE 10 Mean stress sensitivity (A) as a function of hardness from test results (� referring to results for 2�106 cycles) and literature

findings, comparing the predicted mean stress sensitivity as per FKM, Murakami and Equation 12 and (B) as a Haigh diagram for the tested

steel 34CrNiMo6 2D showing the allowable stress amplitude according to the FKM model, Murakami and proposed mean stress effect
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case carburised gears or otherwise thermochemically
treated steel, focusing on large components as per the
production process of the tested steels. The definition of
all fatigue data points pivots of the fatigue strength under
fully reversed axial loading f−1 as t−1 is defined through
the fatigue ratio κ and f0 through the mean stress sensitiv-
ity M, making an approximation of the cyclic behaviour
of the carburized layer as a function of time possible
through implementation of the uniaxial push–pull fatigue
results for the HCF and VHCF domain. Inspiration for
the proposed life factor KNT is taken from the ISO10300
gear standard,61 defining KNT = 1 for the knee in the
HCF domain. As subsurface fatigue failures on gears tend
to initiate in a range of 400–550 HV, using the MLM
based equation for steel 34CrNiMo6 2D is deemed appro-
priate. The life factor KNT, according to Equation 14

f −1 Nf
� �

= f −1,HCF �KNT with KNT = exp
ln Nf
� �

−β0μ
β1μ

 !
+ f −1,MLM

 !
=f −1,HCF ,

ð14Þ

is proposed using the variables defined in Table 5.

6 | DISCUSSION

The presented fatigue results and modelling concept form
the basis for subsequent multiaxial fatigue calculations of
carburised marine bevel gears, intended for later publica-
tions. A material model is outlined, capturing the change
in cyclic behaviour with increasing carbon content
throughout the case hardened layer and improving the
prediction of the axial and shear fatigue strength and
mean stress sensitivity, whilst introducing an MLM-
derived life factor. The described sample preparation by
means of ultrasonic shot-peening and the analysis of the
shear fatigue results define an approach, applicable to
other materials and scenarios, where bulk material prop-
erties are of interest. Ultimately, the presented equations
enable a simplified prediction of the critical material
parameters for multiaxial fatigue predictions of
carburised or otherwise thermochemically treated steels

and rely solely on a measured hardness profile and the
estimation of the mean inclusions size.

Summarizing the obtained fatigue properties, the har-
der steel 34CrNiMo6 2D showed inferior fatigue proper-
ties compared with the softer steels 18CrNiMo7-6 2D, 3D
and 18NiCrMo14-6 3D when tested under fully reversed
axial loading. Part of the decrease in fatigue properties
can be attributed to the increase in retained austenite
fraction due to an incomplete martensitic transformation
and resulting two-phase microstructure. Matrix or inter-
granular failures from austenite grains were observed on
steel 34CrNiMo6 2D during VHCF testing but not on
steel 18CrNiMo7-6 2D. As most of the failure causing dis-
continuities were nonmetallic inclusions, their contribu-
tion to the fatigue properties outweigh the effect of the
retained austenite. Research into electro-slag-remelted
steels suggests a reduction in the fatigue scatter for high
over commercial purity steels, when applied to rotating
bending tests on carburised specimen.62 The works by
Wyszkowski et al.63 and Spangenberg62 into the positive
effect of nickel alloyed carburised steels suggest an
increase in fatigue strength owning to the higher ductility
of the nickel alloyed martensite (carburised specimen
under rotating bending). For steels with a low carbon
content (18CrNiMo7-6 2D and 18NiCrMo14-6 3D), the
same trend was observable in the HCF but not in the
VHCF regime, where the nickel alloyed 18NiCrMo14-6
3D showed inferior properties; 3D forging featuring a
four times larger forging reduction ratio compared with
the tested 2D variant of the steel 18CrNiMo7-6 did not
yield the expected improvement in fatigue properties.
The average fatigue strength under fully reversed axial
loading was approximately 5% lower and the standard
deviation four times larger, yielding a 10% lower
f−1(P = 10%) fatigue strength. During HCF staircase test-
ing, a majority of the 3D forged specimens failed from
inclusions. A mixture of surface and subsurface failures
were documented for the 2D forged steel, suggesting a
lower purity of the 3D variant, possibly owning to the
positioning of the two forgings in the casting. The HCF
and VHCF tests prove the bimodal nature of fatigue fail-
ures initiating from the surface and subsurface material

TABLE 8 Fatigue strength and

mean stress sensitivity prediction for

34CrNiMo6 2D against obtained

fatigue data

Fatigue model Mean stress sensitivity Fatigue strength

For 34CrNiMo6 2D M (−) R = −1 R = 0 R = −7

498 HV, Rm = 1643 MPa (MPa) (MPa) (MPa)

Fatigue data 0.12 465 415 554

FKM 0.48 465 315 721

Murakami 0.21 465 384 681

Mk (HV, ασ) 0.28 465 364 587
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layers. The application of the MLM to the entirety of the
fatigue results leads to very large standard deviations
in the overlapping area of the SN curve. As a minor
frequency effect was documented for the tested steels, a
prediction of the MLM derived mean fatigue strength as
a function of time seems appropriate.

7 | CONCLUSIONS

Based on fatigue experiments covering a wide range of
loading conditions followed by microstructural and
fracture surface characterisation, we present a material
model that enables the prediction of the four cyclic
material parameters (f−1, t−1, f0 and t0

28) for carburised
steel parts and facilitates the derivation of the governing
model parameters for multiaxial fatigue calculations. Key
findings are as follows:

i. The four tested steels show an almost identical slope
of the SN curves in the HCF and VHCF regime with
either nonexistent or minor plateaus, enabling the
prediction of a continuous fatigue curve with the
maximum likelihood method. The tested hard steel
featured the steepest slope in the VHCF regime,
yielding a fatigue limit under fully reversed axial
loading inferior the milder steels. The documented
behaviour of the hard steel was attributed to the
effect of internal inclusions and modelled through
Murakami's √area model and a novel approach for
the mean stress sensitivity.

ii. The performed 3D over 2D forging yielded no notice-
able improvement in the cyclic behaviour of the steel.
The Ni-alloyed steel 18NiCrMo14-6 3D proved supe-
rior in HCF regime and thereby beneficial for high
impact applications but worse in the VHCF regime.

iii. A set of equations to predict the fatigue limit under
fully reversed axial loading is proposed, relying on
the √area model by Murakami and assuming a
constant fatigue strength between 300 to 550 HV.

iv. Although the hard steel showed poor cyclic proper-
ties under axial loading, the fatigue limit under fully
reversed torsion was on par with the other tested
steel, indicating a reduced sensitivity towards
internal inclusions. The proposed equation for the
fatigue ratio and, thereby, shear strength relies on
the microhardness throughout the carburised layer.

v. The mean stress sensitivity is critical when estimat-
ing the effect of mean compressive stresses on the
allowable stress amplitude in the carburised layer.
Especially for hard steels, a significant discrepancy

was elaborated and overcome by proposing a new
mean stress sensitivity model, depending on the
internal notch factor.
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NOMENCLATURE
√area square root of the projected area of an

inclusion
2D, 3D forging method stretching or stretching-

upsetting-stretching
a, b, c and d model parameters LZ criterion
A total elongation
C, k Basquin constants
ELZ material utilisation LZ criterion
EBSD electron backscatter diffraction
EDS energy dispersive X-ray spectroscopy
f-1,0,-7 axial fatigue strength, R = −1, 0, −7
F cumulative distribution of √areai
FB flank breakage
FWHM full width at half maximum diffraction

peaks
G grain size
HCF high cycle fatigue
HV Vickers hardness
KFτ surface roughness factor
KNT life factor
Ksize statistical size factor
LLF long-life fatigue
LZ Liu and Zenner fatigue criterion
M mean stress sensitivity (FKM)
MLM maximum likelihood method
n stress redistribution factor
Nf number of cycles to failure
R stress ratio
Ra, Rz average, mean roughness
Rm ultimate tensile strength
Rp02 yield strength
s standard deviation
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slog (σa) standard deviation of log cycles to failure
SEM scanning electron microscopy
SN stress amplitude vs. number of cycles
t−1,0 shear fatigue strength, R = −1, 0
TFF tooth flank fracture
TIFF tooth interior fatigue fracture
VHCF very high cycle fatigue
wt.% weight percent
Z reduction of area
α mean stress factor (Murakami)
ασ,τ notch factor axial, shear
β0μ,
β1μ,β0s, β1s

MLM parameters

κ fatigue ratio (f−1/t−1)
λ standardized normal distribution factor
μlog (σa) mean log cycle to failure
σa, τa stress amplitude axial, shear
σnm, σna normal mean and amplitude stress
τsm, τsa, shear mean and amplitude stress
ϕ, ψ Euler angles
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A.3 Paper III

Abstract This publication focuses on the numerical stress prediction in case-
carburized bevel gears and on their fatigue assessment. Four gear
sets are analyzed for the common fatigue failure modes of pitting,
tooth root breakage, and subsurface fatigue. The proposed algo-
rithm, enabling the prediction of the dominant failure type and
region, relies on the previously published material model for car-
burized CrNiMo steels. It utilizes a 2D plane strain simplification
as only the mean cross-section is analyzed and evaluates the shear
mean and amplitude stresses through the maximum rectangular hull
method. A novel multiaxial fatigue criterion is presented and vali-
dated.
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Abstract

This publication focuses on the numerical stress prediction in case-carburized

bevel gears and on their fatigue assessment. Four gear sets are analyzed for the

common fatigue failure modes of pitting, tooth root breakage, and subsurface

fatigue. The proposed algorithm, enabling the prediction of the dominant fail-

ure type and region, relies on the previously published material model for car-

burized CrNiMo steels. It utilizes a 2D plane strain simplification as only the

mean cross-section is analyzed and evaluates the shear mean and amplitude

stresses through the maximum rectangular hull method. A novel multiaxial

fatigue criterion is presented and validated.
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1 | INTRODUCTION

Typical fatigue failure modes of cylindrical and bevel
gears are pitting, tooth root breakage, and subsurface
fatigue, with the latter becoming increasingly prevalent
on highly loaded, carburized gears. Currently, a transi-
tion from surface failure to subsurface initiated fatigue
failure is taking place, as pitting or tooth root breakages
are successfully avoided by means of macrogeometry and
microgeometry optimization, material and lubricant
improvements, and/or by post-processing steps such as
shot peening or superfinishing. Subsurface fatigue,1 flank
breakage (FB),2 tooth interior fatigue fracture (TIFF),3 or
tooth flank fracture (TFF)4 describes a similar subsurface
failure mode initiated by stress shear. Such cases are
documented on truck gearboxes, power plants, wind tur-
bines, and on marine propulsion equipment, where it has

evolved into the most critical failure mode for
azimuthing thrusters. Aimed at predicting and
preventing subsurface initiated failures of large marine
bevel gears, this work continues the efforts of the
“improved reliability of thrusters” joint industry project
and combines the previously published material model
for carburized CrNiMo steel5 with numerical stress and
multiaxial fatigue predictions.

The works by Höhn and Oster,6 Hertter,7 Witzig,8

and Boiadjiev et al.,9 which have led to the proposals of
the ISO/TS 6336-44 and ISO/TS 10300-410on TFF in cylin-
drical and bevel gears, rely on the analytical prediction of
the Bernoulli bending and Timoshenko shear stresses in
a gear tooth, ignoring the effect of the bending moment
on the shear stress distribution11 and the transverse nor-
mal stress in the point of load introduction.12 Balduzzi
et al.11 and Hofmann12 outline analytical methods to
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estimate these stress components in non-prismatic
beams, enabling improved analytical stress prediction in
cylindrical or bevel gear teeth. Similarly, Weber13 pro-
posed an analytical shear and bending stress model rely-
ing on the approximation of the gear tooth as a wedge.
Due to the multitude of overlaying stress components in
a gear tooth and the inherent inaccuracy of any analytical
model, a 2D finite element model (FEM) was pursued in
this study. As such, only the mean cross-section of a pin-
ion or wheel bevel gear tooth is analyzed, relying on the
2D plane strain assumption for the prediction of
the stresses along the tooth flank. The developed FEM
relies on linear elastic material behavior and a load distri-
bution derived from loaded tooth contact analysis
(LTCA)14 or by analytical calculations.15 Focusing on the
mean cross-section is deemed appropriate as bevel gears
are typically manufactured with a heightwise and length-
wise crowning, leading to a stress concentration in the
middle of the tooth. Comparing the subsurface stress
states in cylindrical13 and bevel gears16 as a result of 2D
plane strain and full 3D contact and stress analysis gives
further merit to the above proposed simplifications. If
sufficient distance to the heel or toe of the gear tooth is
kept (>5 mm), the plane strain assumption holds true
and leads to conservative results in the material depth
critical for subsurface fatigue crack initiation. Focusing
on the detrimental orthogonal shear stress amplitude
along a path perpendicular to the loaded contact point,
the difference between the 2D plane strain and 3D stress
state is small (<10%) for all material depths.

Besides the simplified stress prediction, the ISO/TS
6336–44 (i) inaccurately predicts the hardness profile for
large gears, (ii) omits the tensile residual stresses in the
core of the gear tooth, and (iii) does not weight the static
residual stresses through a material-dependent model
parameter. For large gears, the carburizing process is
commonly divided in two stages, a boost phase with a
carbon potential of 0.9% to 1.3% in the furnace to realize
the intended case hardening depth (CHD) economically
and a second phase with a 0.6% to 0.8% carbon potential
to achieve the desired surface carbon content.17 An initial
hardness plateau and a steep transition from the hard
case to the soft core are the results. Whereas the hardness
profile by Lang18 resembles a single-stage carburizing
process, the model by Thomas19 is able to capture both
the single and dual-stage processes through the use of the
maximum hardness depth yHVmax.The proposed ISO
fatigue criterion4,8,9 bears resemblance to the Dang Van
multiaxial fatigue criterion as it predicts a shear stress
amplitude and combines it with the hydrostatic
stress component or, in the case of gears, the residual
stress component. In contrast to the Dang Van criterion,
the static stress component is not weighted through a

material-dependent model parameter (see bDV in
Equation 13) but kept constant across the gear's cross-
section. If the missing tensile residual stresses are added
to the ISO/TS6336-4, the local material utilization,
defined as the reverse of the safety factor, peaks in the
core rather than in the case/core interface.

The aim of this study, alongside the material model
presented in Böhme et al.,5 is to improve upon the above-
listed points and to enable a comprehensive assessment
of all gear typical fatigue failure modes in one calcula-
tion. For an initial assessment, the popular Dang Van
critical plane multiaxial fatigue criterion (DV)20 is stud-
ied. Subsequently, its accuracy is assessed by comparing
it to a fatigue data set, composed of 23 test results under
static, compressive and tensile normal stresses, and oscil-
lating shear stresses.21–24 It is benchmarked against these
multiaxial fatigue criteria: the Sines criterion,25 the
Crossland criterion,26 the Liu and Zenner criterion,27

Papuga's integral criterion,28 and the Hertter criterion.7 A
novel multiaxial fatigue criterion is derived and included
in the comparison and applied to several gear sets that
failed with varying fatigue failure modes.

2 | MATERIAL AND METHODS

The gears listed in Table 1 form the basis for the herein
outlined stress and fatigue models, covering all gear typi-
cal fatigue failure modes. Whereas G1 and G2 are large
marine bevel gears with a history of subsurface fatigue
failures, G0 and F0 are test gears of the FVA411 research
project29 studying pitting failures and tooth root break-
ages, respectively. The large range of studied gear sizes
(170 to 1,120 mm outer pitch diameter de2) and practical
versus test gear loading conditions (1,359 to 1,838 MPa
maximum surface pressure pH) ensure the applicability of
the developed model to a wide range of gears.

Bearings, rails, and gears are subjected to rolling con-
tact fatigue with Hertzian stresses being by in large
responsible for potential component failure. Excluding
dynamic effects or changes to the applied load, the stress
state on the surface of a bearing or rail characterized
through the half-Hertzian contact width bH and the maxi-
mum pressure pH remains constant, whereas both
parameters change during the meshing of the pinion and
wheel, not just along the instantaneous contact line but
also along the contact path. The subsurface state of this
position- and time-dependent stress state presents itself
as a superposition of Hertzian, shear, out-of-phase bend-
ing, and frictional shear stresses. In the case of carburized
gears, static residual stresses, either compressive in the
case or tensile in the core, are imposed on the load-
related stresses. Occasionally considered,7,30 but in this
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study neglected, are thermal, elasto-hydrodynamic, and
roughness effects. The complexity of the stress state, the
gear geometry, and superposition of the individual stress
components lend themselves to a numerical rather than
analytical evaluation of a gear tooth. At the same time,
3D finite element contact simulations are cumbersome,
depending greatly on an accurate geometry representa-
tion, the occurring displacements between the pinion
and wheel, and the chosen mesh-mating conditions.

Combining those considerations with the fact that a
gear tooth is often significantly larger in width (along the
tooth flank) than in thickness or height, and as analytical
or seminumerical solutions of the stress distribution
along the path of contact are readily available,14,15 a sim-
plified numerical 2D plane strain tooth model is pursued
in this study. Keeping the extremely complex nature of
multiaxial fatigue analysis in mind, focusing on the 2D
mean cross-section of either a pinion or wheel tooth
ensures the implementation of a large number of contact
instances, a fine mesh, and spherical angles θ and ϕ to
analyze a multitude of planes in each node. Section 2.1
outlines the meshing of the gear tooth, the load approxi-
mation, the strength, and the residual stress model,
alongside the estimation of the local shear stresses on
each material plane. In the closing part of this section, an
application of the Dang Van critical plane multiaxial
fatigue criterion to the stress state and material model is
presented. Figure 1 outlines the workflow inside the
developed MATLAB based calculation model, and it
depicts the sections covered in this part of the article.

2.1 | Meshing of 2D cross-section

The bevel gear's mean cross-section is derived by model-
ing the virtual cylindrical gear's involute normal cross-
section and meshed by intersecting a set of horizontal
and vertical curves (grid lines) with the profile of the gear
tooth. A corner node is placed on every intersection. The
distance between the parallel grid lines is set by the cho-
sen element size es. Earlier study31 suggests that for a
pure Hertzian contact, a load introduction over at least
eight nodes, is advisable to capture the subsurface
stresses accurately. The contact between two meshing
bevel gear teeth is simplified to the in Figure 2B visual-
ized Hertzian contact model, where each position along
the path of contact is represented as a line contact on a
2D half-plane (cylinder/plane model) and governed by
the maximum contact pressure pH and by the half
Hertzian contact width bH as a result of the external force
F and the equivalent radius of curvature ρeq.

The load instances or contact positions i are defined
for each corner node on the load-carrying flank. The
above-outlined mesh resolution (8�es < 2�bH) results in a
very fine mesh on the surface of the gear tooth and in
a large number of elements and of contact positions.
Avoiding excessively large matrices during the calcula-
tion, every second, fourth, and eight heightwise grid lines
beyond the depth of smn/16, smn/4, and x > 0 (smn, mean
normal circular tooth width) are removed. Subsequently,
a framed Delaunay triangulation is carried out, con-
necting all nodes to triangular elements. By default,

TABLE 1 Studied gears, ranging from marine bevel gears transmitting up to 3.5 MW to small test gears of 170 mm diameter

Description Unit

G1 G2 G0 F0

Pinion Wheel Pinion Wheel Pinion Wheel Pinion Wheel

Failure mode - TFF TFF Pitting Tooth root breakage

Pressure angle, α � 20 20 20 20

Number of teeth, z - 14 37 14 37 9 34 18 57

Outer pitch diameter, de mm 348.1 920.1 423.7 1,120 45.01 170.03 53.69 170.02

Tooth width, b mm 170 200 26 20

Mean spiral angle, βm � 35 35 33 33

Profile shift, xhm1 - 0.33 0.33 0.45 0.45

Tooth thickness factor, xsm1 - 0 0 0.05 0.05

Case hardening depth, CHD mm 2.6 3.5 1 0.9

Surface/core hardness HRC/HV 60/400 60/380 60/450 60/450

Power, P kW 2,500 3,500 94.25 178.86

RPM, n 1/min 660 249.7 531 200.9 4,500 3,454.5 4,880 1,541

Cycles to failure, Nf - 3�108 3�108 7.7�107 7�106

Note: G1 and G2 as examples of gears failing from subsurface fatigue, G0 from pitting, and F0 from tooth root breakage.
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calculations are carried out for “T6” triangular elements,
adding mid-side nodes between the already defined cor-
ner nodes. The mesh is exemplified in Figure 2A for G1
with a 0.5 mm element size to better visualize the frame,
the mesh layout, and the locations of the global and local
coordinate systems that are contact position specific. Sim-
ilarly visualized are the assumptions for each contact
position, whereby the meshing of curved gear teeth is
simplified to a cylinder/plane contact (Figure 2B). The
element sizes used for the calculation of the in Table 1
listed gear sets are 0.2, 0.3, 0.05, and 0.04 mm.

2.2 | Analytical surface model

The first step in calculating the subsurface stresses in an
arbitrary bevel gear tooth is the prediction of the maxi-
mum surface stresses pH,i, the equivalent radius of curva-
ture ρeq,i, and friction coefficient μi for each contact
position i. Considering the transmitted torque, accurate
tooth geometry, and occurring relative deflections
between pinion and wheel, a LTCA using the FVA pro-
gram Becal14 is generally considered the best practice for
spiral bevel and hypoid gears. If the detailed tool and

FIGURE 2 (A) Gear mesh of normal cross-section (visualization for 0.5 mm mesh) and (B) Hertzian contact model for each contact

position and tooth segment [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 1 Outline of the calculation model and iteration loop, optimizing a given gear design against fatigue
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machine data used to simulate the tooth geometry in the
LTCA are not available, a simplified analytical
approach15,32 can be pursued. Developed for the predic-
tion of micropitting damage in the mean cross-section of
bevel gears, the estimated load distribution in the
FVA51615 yields very comparable results to the LTCA for
gears with standard microgeometries and centered con-
tact pattern positions. Figure 3 compares the surface
stresses pH,i, the equivalent radius of curvature ρeq,i, the
local friction coefficient μi, and the half Hertzian contact
width bHi predicted for the mean cross-sections of G1 and
G2 according to Hombauer15 and Baumann et al.14

Clearly visible is an almost linear increase in ρeq,i along
the tooth profile from the pinion root to the tip, a maxi-
mum surface stress pH,i around the pitch point (15.5 mm
for G1 and 19 mm for G2), and a friction coefficient as a
product of the local pressure and sliding velocity.33 The
half-Hertzian contact width bH,i, a product of pH,i and
ρeq,i, governing the depth of the acting stresses inside the
gear tooth, reaches its maximum not around the pitch
point but further towards the tooth tip,34 indicating that
if a singular TFF critical contact position is to be studied,

not the pitch point but half tooth height should be con-
sidered. Based on the conducted evaluation of
Hombauer15 against Baumann et al.,14 a good approxima-
tion of the load distribution is achieved for moderately
loaded large bevel gears. For highly loaded test gears (test
gears G0 and F0), the load increase towards the tip and
root leads to inaccuracies when relying on Hombauer15

for the prediction of the load distribution, requiring the
LTCA for accurate results. Similarly, modified micro-
geometries or large gear displacements need to be consid-
ered through the LTCA.

As pure rolling between pinion and wheel teeth is
only present along the pitch line, the product of the line-
arly increasing sliding velocity and pressure distribution
gives rise to friction in the contact, governed through the
friction coefficient μi as outlined by Hombauer15 and
defined by Klein32 and Wech.33 For the constellation
“pinion pushes wheel,” the friction force is oriented away
from the pitch line on the pinion and towards the pitch
line on the wheel. This change in direction when passing
the pitch line needs to be considered in the numerical
stress calculation.

FIGURE 3 Prediction of load and geometry changes along the tooth profile for (A–C) G1 and (B–D) G2 [Colour figure can be viewed at

wileyonlinelibrary.com]
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2.3 | Hardness and residual stress map

This section describes the process of assigning a hardness
value and residual stress matrix to each node n in the 2D
mesh of the mean cross-section. Based on numerous
hardness measurements on large marine bevel gears,31,35

and results from the JIP partners, comprised among
others of bevel gear suppliers, a better correlation for
large gears is achieved with the Thomas19 than Lang
model18 as the predicted hardness profile intersects the
specified CHD (equivalent to the 550 HV depth) and does
not overestimate the local hardness when transitioning
from the hard case to the soft core.35 The model by
Thomas relies on two second-order polynomials to
describe the hardness profile up to and beyond the CHD,
using a tangential constraint in the intersection. It con-
siders a hardness peak larger than the specified surface
hardness HVs in a specific depth yHVmax. Here, yHVmax is
used not to capture the depth of the hardness peak but
the steep transition from the hard case to the soft core of
large gears as a result of the two-stage carburizing pro-
cess outlined in the introduction. Figure 4A visualizes
four hardness profiles for module 5 and 20 bevel gears
and both models. Whereas Lang predicts two identical
hardness profiles plotted against the normalized depth
y/CHD, Thomas enables the representation of a steeper
case-to-core transition for the large gear. Evident is also
the missing intersection of the Lang model through the
specified CHD but rather 0.94 CHD. For the small and
large gear, yHVmax was set to �0.25 and 0.3 mm, respec-
tively. In the case of large yHVmax, a cap should be applied

to the predicted hardness profile using the specified sur-
face hardness to avoid excessive subsurface hardnesses.

Measuring the hardness profile in the tooth height
direction, the hardness of both surface and core and the
CHD vary as a result of the tooth profile, carbon expo-
sure, and quenching response. Capturing those differ-
ences, the implemented hardness model allows the
specification of three sets of hardness parameters in
the heightwise direction. Microhardness measurements
on large35 and small gears36 describe a 15–20% lower
CHD in the tooth root compared to the pitch or midpoint
and an approximately 15% higher CHD in the tooth tip.35

The surface and core hardnesses follow similar but less
pronounced trends, changing approximately 3% and 15%,
respectively, from the root to the tip. Surface hardness
HVS,i, core hardness HVC,i, and CHDi are assigned to
each surface node by linear interpolation of the three
specified hardness sets and its heightwise position. To
allocate a hardness to each subsurface node, the closest
surface node is identified, and its distance and hardness
parameters (HVS,i, HVC,i, and CHDi) are applied to the
Thomas model. For the subsequent residual stress predic-
tions, the local tooth width sn,i and the pressure angle αi
are similarly assigned to the surface and subsurface
nodes.

Based on neutron diffraction measurements,37 X-ray
and contour method results,13,38 an iteration of the resid-
ual stress model by Lang18 is presented, assuming
unchanged compressive residual stresses up to the speci-
fied CHD and a fourth-order polynomial to capture the
tensile residual stresses in the core. The proposed model

FIGURE 4 Hardness and residual stress prediction (A) visualizing the model differences between Thomas19 and Lang18 in the

prediction of the hardness profile for small and large gears (mmn = 5, 20) and (B) residual stress and hardness prediction for G1 for

interpolated hardness parameters from CHD = [2.1; 2.6; 3.0] mm, HVs = [59; 60; 60.5] HRC, HVc = [346; 393; 409] HV in tooth profile

positions h = [2; 18; 36] mm [Colour figure can be viewed at wileyonlinelibrary.com]
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resembles the equations by Wirth29 and Weber13 and pre-
dicts peaking tensile residual stress either in the case/
core interface or in the core. The constants a, b, and
c must be iterated, based on the continuous and tangen-
tial constraints in the CHD and the stress equilibrium
condition for each path snα,i.

σres,n ylð Þ¼�5=4 HVi ylð Þ�HVC,ið Þ forHVi ylð Þ�HVC,i ≤ 300HV

σres,n ylð Þ¼ 2=7 HVi ylð Þ�HVC,ið Þ�460 forHVi ylð Þ�HVC,i >300HV

σres,n ylð Þ¼ a yl� snα,ið Þ4þb yl� snα,ið Þ2þ c for yl ≥CHDi

with snα,i ¼ sn,i
2 cosαi

and
ðsnα,i
0

σres,n ylð Þdyl ¼ 0

ð1Þ

Not considered is the effect of the concave/convex
transition of the tooth profile from the root to the tip on
the residual stress distribution. Results compiled in the
closing report of the FVA36939 suggest somewhat ele-
vated compressive residual stress levels in the tooth root
of carburized but otherwise untreated gears, but a quanti-
fication remains difficult due to a lack of tooth root mea-
surements. Unconsidered is also the negative effect of an
excessively large CHD (>0.20 mmn) on the tooth root
safety1,34,36 due to a reduction in compressive surface
stress, an increase in surface oxidation and/or grain
coarsening.

The final step in the prediction of the residual stress
map is the conversion of the residual stress in each node
from its local to the global coordinate system, using the
node-specific pressure angle αi. Equation 2 outlines a
residual stress matrix and its transformation, that
assumes zero residual stresses perpendicular to the sur-
face (i.e., σx) and equal tangential and longitudinal
stresses (i.e., σy and σz), following the suggestion by Lang
and Weber.

Sres,n ¼T �
0 0 0

0 σres,n 0

0 0 σres,n

2
64

3
75 �T 0

withT¼
cos αið Þ sin αið Þ 0

�sin αið Þ cos αið Þ 0

0 0 1

2
64

3
75

ð2Þ

Figure 4B plots the hardnesses and residual stresses
for the mean cross-section of a G1 pinion tooth. Clearly
visible are the increasing tensile residual stresses in the
core of the gear tooth as a result of the narrowing tooth
profile and the hardness profile differences from the
tooth root to its tip.

2.4 | Material model

Due to its superior load carrying capacity, marine bevel
gears are commonly made of carburized 18CrNiMo7-6
steel.1,40 Capturing the cyclic behavior of CrNiMo steel as
a function of its hardness, cleanliness, and of the number
of load cycles, the material model outlined in Böhme
et al.5 is implemented. It covers the fatigue limit under
fully reversed and repeated axial loading ( f�1, f0) and tor-
sional fully reversed loading t�1 (repeated torsional load-
ing t0 according to Zenner & Simbürger41) in the high
cycle fatigue (HCF) and very high cycle fatigue (VHCF)
regime. Equation 3 outlines the fatigue model, relying in
part on Murakami's √area model.42 The √area parameter
describes the square root of the projected area of an
inclusion, perpendicular to the maximum principal
stress, κ the fatigue ratio, and Mk mean stress sensitivity,
considering the effect of internal notches on the fatigue
limit under repeated axial loading.

f�1 ¼

1:6HV forHV <300

1:56 � HV þ120ð Þffiffiffiffiffiffiffiffiffi
area

pð Þ16
forHV >550

505MPa else

8>>>><
>>>>:

and f 0 ¼
2 � f�1

1þMk

t�1 ¼ f�1

κ
with κ¼�5 10�4HV þ

ffiffiffi
3

p
and

4t�1

t0
�2f�1

f 0
¼ 1

ð3Þ

Fatigue parameters ( f�1, f0, t�1, t0) are assigned to each
node inside the modeled mean cross-section according to
the local hardness and to the specified mean inclusion
size (default √area = 80 μm5). The size factor5 derived
from the weakest link theory43 accounts for the signifi-
cantly larger highly stressed volume in gear teeth than is
the one in the tested fatigue specimen. The stress ampli-
tude vs. the number of cycles (SN) curves and failure
probabilities documented in Böhme5 rely on the maxi-
mum likelihood method (MLM). Due to the bimodal
nature of fatigue failures from surface defects and from
subsurface inclusions, alongside the frequency effect of
the tested steel 34CrNiMo6, large standard deviations
were estimated. Here, not the MLM but pearl string
method44 derived standard deviation in the VHCF regime
is used in the definition of the size factor. The estimated
relative standard deviation of 4% suggests an effective,
highly stressed volume of 22.26 mm3 in the tested uniax-
ial fatigue specimen (hourglass shape, radius 50 mm, Ø
4 mm). Studying the size factor for gears with a mean
normal module mmn ranging from 2 to 25 mm, a logarith-
mic trend when plotting the size factor against the effec-
tive volume43 is observable. To simplify the calculation,
the definition of the proposed size factor is altered to rely
on the mean normal module rather than on the effective
volume similar to the DIN3991.45
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KX ¼ 1:05�0:01 �mmnwith 0:87≤KX ≤ 1 ð4Þ

While making an approximation of the size factor
extremely easy and capturing the general trend, it inher-
ently favors a larger number of teeth on a given diameter
and a smaller module. The above-mentioned study sug-
gests that the opposite usually holds true, but since the
absolute difference between both predictions is small
(less than 2%), the proposed correlation is deemed
acceptable.

The lifetime factor KNT as outlined in Böhme5

according to the MLM,46 capturing the 50% failure proba-
bility is implemented.

KNT ¼ exp
ln Nf
� ��31:0

�3:3

� �
þ325MPa

� �
=465MPa ð5Þ

In gear standards,1,40,45 the specified fatigue strength
is not stated for a 50 but 1% failure probability. Based on
the outlined relative standard deviation of 4%, a conver-
sion factor is suggested and approximated to fxK = 0.91.
For comparison, Elstorpff47 states the conversion factor
of 0.9 for pitting damage on case-carburized gears.
Figure 5 illustrates the modeled fatigue properties of G1
for KNT and KX = 1 along with the predicted hardness
map, both for the entire cross-section and for a path per-
pendicular to the tooth profile. In contrast to the increase
in hardness from the core to the case, the fatigue proper-
ties remain constant until the CHD of 2.6 mm is reached:
a result of the observed fatigue properties of the tested
34CrNiMo6 and 18CrNiMo7-6 steels.5

2.5 | Numerical subsurface stresses

For the numerical prediction of the subsurface stresses in
an arbitrary bevel gear tooth, the stiffness matrix C,
according to the plane strain and linear elastic condi-
tions, is defined. Depending on the chosen element type
(default T6), the number of nodes per element, the coor-
dinates, and weights of the Gaussian integration points
are set, setting the element stiffness. No significant stress
or processing time differences were found for 3 or 7 inte-
gration points during the Gaussian quadrature algorithm,
resulting in accuracy grade 5 with 7 points being chosen
as the default setting. Whereas fixed constraints are
assigned to all surface nodes in the base of the tooth
model, a surface stress pH,i, a half Hertzian contact width
bH,i, and a friction coefficient μi are assigned to each left
flank, corner node according to their position in the pro-
file direction. Iterating over each contact position, forces
in x and y direction according to the Hertzian stress dis-
tribution and friction coefficient are assigned to all sur-
face nodes within a bH,i radius around the centered
corner node i. Based on the calculated displacements for
each contact position, the strains and stresses of all ele-
ments are calculated, yielding the nodal stresses as a
stress average of its neighboring elements. To quantify
the differences between the programmed numerical
model and a commercial FEM software (Siemens NX9),
the maximum difference of the von Mises equivalent
stress in all nodes and over all contact positions was stud-
ied. Focusing on the capability of the numerical model to
predict accurate subsurface stresses, an exact representa-
tion of the outlined model was recreated in NX9.
Figure 6 visualized the maximum stress differences

FIGURE 5 Exemplified fatigue strength and hardness correlation for G1 (average strength after 2�106 load cycles) for (A) perpendicular

to the tooth flank, starting from the pitch point, and (B) the mean cross-section [Colour figure can be viewed at wileyonlinelibrary.com]
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between both models for (a) the von Mises equivalent
stress for the entire cross-section and (b) individually for
all components of the stress tensor S for node 4772 (node
with maximum material utilization, coordinates [�10.8;
19.8]). Plotted are the stress differences without the resid-
ual stresses and the individual stresses in the global coor-
dinate system.

Except for the pinion dedendum, the predicted stress
levels are close to identical, underlining the accuracy of
the developed numerical model. As Figure 3 visualizes,
the initial contact positions are characterized by low
Hertzian stresses and small equivalent radii, resulting in
short half-Hertzian contact widths and loading of only a
few surface nodes. Considering that subsurface damage
typically occurs half-way up the tooth profile, the observ-
able error is deemed noncritical.

With the quality of the numerical stress model
established, the number of stress cycles within one load
cycle, here defined by a single tooth engagement, needs
to be identified. The typical load cycle for node 4772 can
be found in Figure 7A with its four active stress compo-
nents and the von Mises equivalent stress. The paths of
individual stress components are clearly out of phase,
and a question can be raised, if this load history can be
treated as a single load cycle, or if some significant nested
cycles are occurring. The analysis according to the Wang
and Brown algorithm48 is depicted in Figure 7B. The
method starts with the maximum von Mises stress and
analyzes the stress ranges related to the stress tensor in
that moment in each time instant. Whenever any half-
cycle is interrupted by a trend change (here the point B
in the A–C path), it is taken as a new reference point
from which the equivalent stress range is calculated. The
Wang and Brown algorithm shows that there is one

complete cycle A-C-A, into which a small half-cycle B-D
is nested. The magnitude of the equivalent stress range of
this nested half-cycle is less than one half of the main A-
C-A cycle, and thus, the damage related to it should be
minimal compared to the total damage. Figure 7A reveals
that the stress components in the B-D phase are all out-
side of the regions where they reach their respective max-
imums. Based on this analysis, it is obvious that the
whole load cycle can be treated as one stress cycle with a
negligible impact of such a simplification. Whereas this
simplification holds true for the failure mode subsurface
fatigue, the pitting damage occurring in the pinion
dedendum might have to be treated differently as the
magnitude of the B-D half cycle is increased.

2.6 | Shear stress amplitude

The motion of the Hertzian contact area along the tooth
flank results in a nonproportional stress field as the
principal stress directions and ratios are changing. For
failures in the high to very high cycle fatigue regime,
stress-based critical plane, or integral multiaxial fatigue
criteria are commonly used to assess the local material
utilization. They require the prediction of the mean and
alternating shear (τm and τa) and normal stresses (σnm
and σna) on each node and each material plane. Whereas
the critical plane criteria try to identify the worst possible
combination of stresses and thereby the plane in which
crack initiation is likely to occur, integral methods com-
bine either the stress components or the resulting equiva-
lent stresses on all planes, expressing a total utilization.
The traction vector t describes the stress state on a plane
Δ, perpendicular to the unit vector nx0, defined through

FIGURE 6 Accuracy of the proposed numerical model (A) maximum von Mises equivalent stress difference and (B) all components of

stress tensor S for node 4772 as a function of time or contact position [Colour figure can be viewed at wileyonlinelibrary.com]
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the spherical angles θ and ϕ. Decomposing t, the normal
and shear stresses on Δ can be calculated along the unit
vectors nx0, ny0, nz0 (see Equations 6–8 and 8A).

nx0 ¼
sin φ cosθ

sin φ sinθ

cos φ

0
B@

1
CA;ny0 ¼

�sin θ

cos θ

0

0
B@

1
CA;

nx0 ¼
�cos φ cos θ

�cos φ sin θ

sin φ

0
B@

1
CA,

ð6Þ

t¼ S �nx0 withS¼
σxx τxy 0

τxy σyy 0

0 0 σzz

2
64

3
75, ð7Þ

t¼ τþσn�nx0 ¼ τx0y0 �ny0 þ τx0z0 �nz0 þσn�nx0 ,
τx0y0 ¼ t�ny0 ; τx0z0 ¼ t�nz0 ; σn ¼ t�nx0 ,

ð8Þ

whereas the evaluation of the mean normal stress and of
the normal stress amplitude is straightforward, assessing
the shear mean and amplitude stresses requires sophisti-
cated methods such as the minimum circumscribing cir-
cle (MCC)20,49 or the maximum rectangular hull
(MRH).50 While the MCC method circumscribes the
shear stress path Ψ with the smallest possible circle, cap-
turing the mean shear stress τm in its center and the
amplitude τa in its radius, the MRH method draws a rect-
angle around the stress path and iterates the maximum
stress amplitude in its half diagonal while rotating the
rectangular hull to find the highest value. The mean
shear stress appears in the center of the rectangle. In
Equations 9 and 10, τ* describes an arbitrary starting

position, and a1 and a2 correspond to the half of the edge
length of the through α rotated rectangle.

τm,MCC ¼min
τ�

max
t

τ tð Þ� τ�j j
� �

τa,MCC ¼max
t

τ tð Þ� τm,MCCj j,

ð9Þ

ak¼1,2 ¼ 1
2

max
t

τk α, tð Þð Þ�min
t

τk α, tð Þð Þ
� �

τa,MRH ¼max
α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 αð Þþa22 αð Þ

q
:

ð10Þ

Different opinions regarding the accuracy of the MCC
and MRH methods exist, suggesting that the MRH
method might be beneficial when applied to critical plane
criteria and the MCC method when using integral
methods.51 Here, the MRH method is favored as it allows
for the significantly faster prediction of τm and τa.

52 It can
easily be vectorized in MATLAB, reducing the three
loops over all angles (θ, ϕ) and nodes to a single loop over
all nodes. Figure 8B visualizes the predictions of the
mean and amplitude shear stress according to the MCC
and MRH methods for node 4772. Whereas both methods
predict similar mean shear stresses for the particular
node, stress path Ψ and plane Δ, the high degree of non-
proportionality results in an approximately 15% higher
shear stress amplitude for the MRH method over the
MCC method.

For a path through node 4772 and perpendicular to
the tooth surface, Figure 9 compares the maximum shear
stress amplitude τa,MRH with the maximum octahedral
shear stress amplitude τocta,a, with the effective shear
stress τeff (shear stress intensity criterion24) and with the

FIGURE 7 (A) Stress cycle and (B) load cycles for node 4772 according to Wang and Brown algorithm [Colour figure can be viewed at

wileyonlinelibrary.com]
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analytical prediction of the orthogonal shear stress ampli-
tude τorth,a,H based solely on the subsurface stress as a
result of the Hertzian stress in the identified surface
node. The orthogonal shear stress amplitude is plotted
for planes parallel to the surface as early stage subsurface
fatigue cracks have been found in similar orientations.

Although the simplified prediction of the critical sub-
surface shear stresses is not pursued in this publication, it
is evident that the orthogonal shear stress amplitude
based on the simplified analysis of the Hertzian contact
matches the maximum shear stress amplitude according
to the MRH method very well. Larger deviations occur in
the outer surface layer, where the plane of the maximum
shear stress is no longer parallel to the surface and fric-
tion effects become relevant.

2.7 | Dang Van criterion

The most commonly applied multiaxial fatigue
criterion to components subjected to rolling contact
fatigue is the stress-based critical plane Dang Van crite-
rion. It assumes local plasticity in the mesoscale, even if
the material is only loaded elastically in the macroscale.
Governing the conversion between the meso- and macro-
scale is a time-invariant residual stress according to
Melan's shakedown theorem. Different interpretations of
the Dang Van criterion are presented in the literature,
using (i) the above-outlined prediction of the shear stress
amplitude on a given plane Δ combined with the maxi-
mum hydrostatic stress σH,

53 (ii) a combination of the
instantaneous shear stress amplitude and hydrostatic
stress,20 (iii) the Tresca-like shear stress after identifying
and subtracting the residual stress tensor from the
deviatoric stress tensor,30 or (iv) the modifications pro-
posed by Desimone or Kenmeugne,54,55 limiting the dam-
age locus in the compressive stress regime. Here, the
formulation of the Dang Van criterion, using the MRH
derived shear stress amplitude and maximum hydrostatic
stress, is favored as it predicts better results for non-
proportional loading than the instantaneous, original
formulation.53

aDV � τa θ,φð ÞþbDV �max
t

σH tð Þð Þ≤ f�1 ð11Þ

The model parameters aDV and bDV are derived from
uniaxial and torsional tests ( f�1, t�1). The fatigue
strength f�1 is modified according to the proposed size KX

FIGURE 8 (A) Material plane, traction vector and its components; (B) shear stress path, circumscribing circle, and rectangular hull for

node 4772 and plane [0�; 60�] [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 9 Normalized shear stress amplitudes along a path

perpendicular to the gear flank, intersecting node 4772 [Colour

figure can be viewed at wileyonlinelibrary.com]
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and life factor KNT in the calculation of the material utili-
zation DDV.

aDV ¼ f�1=t�1 ¼ κ

bDV ¼ 3�3=2�κ ð12Þ

The maximum material utilization per node is esti-
mated by maximizing Equation 13 over all planes defined
by the spherical angles θ and ϕ and by maximizing the
hydrostatic stress over all contact positions i or time t.

DDV ¼
max
θ,φ

aDV � τa θ,φð Þð ÞþbDV �max
t

σH tð Þð Þ
f�1,K

with

f�1,K ¼ f�1 �KX �KNT

ð13Þ

Figure 10A visualizes the predicted material utiliza-
tion for the mean cross-section of a G1 pinion tooth and
in Figure 10B for path 1, perpendicular to the tooth sur-
face, determining the maximum utilization at a depth of
3.4 mm and path 2, capturing the maximum utilization
at each depth. Since pitting and subsurface fatigue dam-
ages do not occur on the same tooth height, path
2 enables the overall comparison of the surface and sub-
surface fatigue risk of a given gear and loading regime.

Based on the geometry and loads outlined in Table 1,
the described numerical stress, and the implemented
material model5 (average strength without conversion
factor fxK), a maximum material utilization of 0.88 in the
subsurface fatigue typical depth of 3.4 mm is predicted.
With pitting damage either initiating directly on the sur-
face or in a shallow depth below the surface,7,56 the sec-
ond peak in 0.4 mm depth is treated as a potential
surface fatigue damage. The third peak at approximately

8 mm depth is an artifact of the outlined residual stress
model, whereby large tensile stresses are estimated for
the core of the narrow tooth tip. As a result of the coars-
ening element size, the material utilization jumps along
path 2 around the third peak. Both the low surface and
the significantly larger subsurface fatigue probability,
along with the predicted plateauing utilization, compare
well with service observations on G1. Only a neglectable
number of pitting and a large number of subsurface
fatigue damages are reported, of which the identified ini-
tiation depth varied between 1 and 2 times the CHD and
concentrated around 3.1 mm. While the DV criterion
proves applicable in predicting the fatigue critical areas
of G1, uncertainty remains regarding the predicted mate-
rial utilization levels, as marine gears in the transmission
line of azimuthing thrusters are commonly operating at
moderate loads and only occasionally when the vessel is
in transit, at nominal loads (nominal refers to the design
condition of the gear set as specified in Table 1).

3 | RESULTS AND DISCUSSION

As shown in the previous chapter, the outlined strength
and stress models, alongside the Dang Van multiaxial
fatigue criterion, are capable of predicting surface and
subsurface fatigue failures in bevel gears. Uncertainty
regarding the accuracy of the Dang Van criterion war-
rants the extended multiaxial fatigue analysis presented
herein. The predicted utilizations for the
presented criteria vary significantly as a result of the large
compressive stresses typical for rolling contact fatigue.
Overcoming the presented difficulties is a novel integral
multiaxial fatigue criterion. As the conducted
benchmarking and gear analysis shows, the proposed

FIGURE 10 Material utilization for G1 according to the Dang Van criterion for (A) the mean cross-section and (B) as paths 1 and

2 intersecting maximum utilization max (DDV) = 0.88 in a depth of 3.4 mm [Colour figure can be viewed at wileyonlinelibrary.com]
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criterion is among the best of the available options
regarding its accuracy and capacity to predict and differ-
entiate between pitting, tooth root breakage, and subsur-
face fatigue failures on the studied gear sets.

3.1 | Model development

Two prominent and highly accurate53 integral multiaxial
fatigue criteria are the Liu and Zenner27 (LZ) and
Papuga's integral method (PIN).28 They integrate the
stress parameters obtained on individual evaluated
planes over all possible plane orientations to the equiva-
lent stress and compare it to the uniaxial fatigue strength
f�1.

DLZ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15
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ð2π
0

ðπ
0
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2
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2
na 1þdLZσnmð Þ� �

sin θð Þ dθdφ
s

f�1

aLZ ¼ 1
5

3κ2�4
� �

and bLZ ¼ 1
5

6�2κ2
� �

cLZ ¼ 28
3aLZt20
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 !
and dLZ ¼ 28

15bLZf
3
0

2f�1
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�aLZcLZf
2
0

21
�1

 !

ð14Þ

Both criteria use the mean and alternating shear
stresses (τm and τa) and mean and alternating normal
stresses (σnm and σna) on each material plane. The four
model parameters (a, b, c, and d) are predicted according
to the material constants ( f�1, f0, t�1, t0).

DPIN ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4π

ð2π
0

ðπ
0
aPINτa τaþ cPINτmð ÞþbPIN σnaþdPINσnmð Þð Þsin θð Þ dθdφ

s
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� �
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Figure 11 plots the material utilizations for both
criteria against the load history on G1. In the presence of
large compressive mean normal stresses and large normal
stress amplitudes, the dividend in Equation 14 turns neg-
ative under the square root in the LZ criterion. As a
result, no utilization is predicted up to a material depth
of 4 mm below the loaded gear flank (see Figure 11A).
For the same material layer, excessively large utilizations
are predicted according to the PIN criterion (see
Figure 11B). Given the Hertzian stress state and the out-
lined material model, dPINσnm (see Equation 15) fails to

adequately reduce the normal and shear stress
amplitude.

It is evident that most fatigue criteria were not
developed for rolling contact fatigue, leading to inade-
quate predictions under large compressive mean
stresses and normal stress amplitudes. A novel and
highly accurate integral multiaxial fatigue criterion
(referred to as BO) is proposed to enable a comprehen-
sive fatigue assessment of an arbitrary gear tooth
(i.e., assessing the risk for pitting, tooth root breakage,
and subsurface fatigue or TFF).

DBO ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15
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0
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In contrast to the LZ criterion, the
expression bLZσ2na 1þdLZσnmð Þ is replaced with
aBOτ2aþbBOσ2na
� �

1þ cBOσnmð Þ2, avoiding the LZ criterion's
complex results but achieving a similar trend for tensile
mean normal stresses. The same material utilization is
furthermore predicted for both criteria for mean-stress-
free stress states. The term dBOτaτm was introduced to
consider occurring mean shear stresses and to reduce the
effect of an increasing mean stress sensitivity on
the allowable stress amplitude typical for hard steels.
Other expressions for the mean shear stress were also
iterated with dBOτ2m yielding the highest result accuracy
for the studied fatigue data set (see Table 2). The model
parameter dBO was in this case not derived from the
fatigue strength under fully reversed torsional loading t0,
but rather the ultimate tensile strength or true fracture
strength Rm or σf in accordance to the works by Pallarés-
Santasmartas.57

dBO ¼ f�1

σf

� �2
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cBO ¼� 18
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While this version of the multiaxial fatigue criterion
worked exceptionally well for the comparably soft steels
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included in the experimental data set (see Table 2), it ulti-
mately failed to produce the same good results in the sur-
face layer of the studied gear sets.

3.2 | Benchmarking

The DV,20,53 Sines (SI),25 Crossland (CR),26 LZ,27 PIN,28

Hertter (HE),7 and BO criteria were tested against an
experimental data set, composed of 23 multiaxial fatigue
tests performed on various soft and mild steels.21–24 Of
the results in previous studies,21–24 only those under
compressive or tensile, static, normal stresses, and
alternating shear stresses were analyzed. The studied
loading conditions resemble thereby the stress state in
the material depth critical for subsurface fatigue. While
the other criteria are well established, further context is
given for the Hertter criterion. Hertter developed his
model out of the Liu and Zenner criterion, focusing on
the prediction of pitting and tooth root damages in
gears. His model considers the mean normal stress σnm
on the strength side rather than the stress side through
the mean stress sensitivity M,58 to avoid the highlighted
complex results for the LZ criterion (see Figure 11A).
Equation 18 outlines the criterion. The model constants
are taken directly from the LZ criterion (see
Equation 14).

DHE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15
8π

ð2π
0

ðπ
0

aLZτ2a 1þ cLZτ2m
� �þbLZσ2na

� �
f�1�Mσnmð Þ2 sin θð Þ dθdφ

vuuut
ð18Þ

Extending the model comparison are variants of the
DV criterion where the model parameters are defined

either through ( f�1, t�1) or ( f�1, f0) and both variants of
the BO criterion.

To analyze the accuracy of the individual criteria, the
relative error, referred to as the fatigue error index ΔFI, is
calculated for each model and test case. The criteria's
equivalent stress σeq is used in the prediction of ΔFI.

ΔFI¼ σeq� f�1

f�1
ð19Þ

The closer ΔFI is to 0, the better the experimental
results and fatigue predictions align. Positive
values express a conservative estimation and negative
values a nonconservative prediction. Table 2 lists the
maximum and minimum fatigue error index, its
range, average, and standard deviation obtained
from the 23 experimental data sets. All criteria
were evaluated using the MRH method, but as
the tests were carried out under proportional
loading, the MRH and MCC methods yielded the same
results.

Whereas the DV, SI, and CR criteria rely on two
model parameters, the LZ, PIN, HE, and BO criteria
are integral or shear stress intensity criteria, making
use of four model parameters when assessing the
overall material utilization. The DV criterion, relying
on ( f�1, t�1), yields conservative results (aver. ΔFI 8.5%)
and considerable scatter, expressed in the derived range
(39.5%) and standard deviation (11.4%). Less accuracy is
achieved when relying on ( f�1, f0) for the prediction of
the model parameters. A significantly larger average
fatigue error index is obtained for the SI criterion,
indicating an overly conservative evaluation of the data
set. The CR criterion achieves the highest result
accuracy of the two-parameter criteria, but similar to

FIGURE 11 Material utilization in G1 according to (A) the Liu and Zenner and (B) PIN criteria [Colour figure can be viewed at

wileyonlinelibrary.com]

2046 BÖHME ET AL.



the PIN criterion, it overestimates the material
utilization directly on the surface under large Hertzian
stresses (see Figure 11B).

Studying the listed integral criteria, all but the HE
criterion are on par with the CR criterion. Due to
the consideration of the normal mean stresses σnm
through the mean stress sensitivity M rather than a
fourth fatigue parameter, the criterion fails to comply
with the f0 case, which worsens the model
accuracy (range 44.6% and standard deviation 11.7%).
Achieving the same linear dependency on the mean
normal stress while avoiding the LZ criterion's
complex results is the following modification of the
HE criterion.

DHE,mod ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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When subjected to the same data set, the ΔFI
range and standard deviation drop to 27.3% and to
7.3%, significantly improving predictions of the HE
model.

As reported by other researchers,53 the LZ and PIN
are highly accurate for a wide range of stresses and load-
ing conditions but are ultimately not applicable to gears
and potentially rolling contact fatigue in general. Table 2
proves the accuracy of the BO criteria with the smallest
standard deviation being achieved for the iteration rely-
ing on the true fracture strength σf. This version of the
BO criterion is not pursued further in this publication, as

it led to too low material utilizations in the outer material
layer critical for pitting.

3.3 | Fatigue predictions

The material utilizations for gears G1, G2, G0, and F0
according to BO are plotted in Figure 12 for their mean
cross-sections and in Figure 13 along paths 1 and 2 (solid
black line and dotted black line). The depths of 174 and
32 via ultrasonic scanning detected subsurface crack-like
indications on G1 and G2 teeth are visualized as three-
parameter Weibull distributions in Figure 13A,B (solid
blue line) to assess the accuracy of the proposed fatigue
model in capturing the critical depth in which failures
are likely to initiate. Complementing the model assess-
ment are examples of subsurface fatigue failures in G1
and G2 and pictures taken from the gear testing of G0
and F029 in Figure 14.

In contrast to the material utilization predicted for G1
with the DV criterion, the presented model predicts a
34% higher subsurface material utilization (1.18 com-
pared to 0.88). For a potential subsurface fatigue damage,
the initiation depth from 2 to 5 mm is estimated, aligning
itself well with the reported subsurface crack-like indica-
tions during ultrasonic scanning. The high plotted mate-
rial utilization (average strength, without conversion
factor fxK) is indicative of the substantial risk for subsur-
face fatigue in marine bevel gears even at moderate loads.
The predicted surface and tooth root utilizations on G1
and G2 align well with the service experience on both
gear sets, whereby few pitting and no tooth root break-
ages are reported. As Figure 13A,B indicate, an approxi-
mately 10% higher material utilization is predicted for G1
over G2, which, compared with the number of failures
and crack-like indications detected during ultrasonic
scanning on G1 and G2, further underlines the accuracy
of the model.Regarding the documented failures on test
gears G0 and F0, an accurate prediction of the failure

TABLE 2 Statistical analysis of the fatigue error index for the DV, SI, CR, LZ, PIN, HE, and BO criteria based on the experimental

results21–24

ΔFI
DV
( f�1, t�1)

DV
( f�1, f0)

SI
( f�1, f0)

CR
( f�1, t�1)

LZ
( f�1, f0, t�1, t0)

PIN
( f�1, f0, t�1, t0)

HE
( f�1, M, t�1, t0)

BO
( f�1, f0, t�1, t0)

BO
( f�1, f0, t�1, σf)

Max [%] 20.9 23.7 41.1 19.7 17.9 17.9 22.3 20.8 21.9

Min [%] �18.6 �21.7 0.1 �10.7 �14.7 �1.4 �22.2 �7.1 �3.9

Range [%] 39.5 45.3 41.0 30.4 32.6 19.3 44.6 27.9 25.8

Aver. [%] 8.5 8.7 24.9 3.3 1.2 6.1 �0.8 5.1 5.7

SD. [%] 11.4 12.0 12.0 7.6 9.4 4.3 11.7 7.6 6.1
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type and its location for G0 towards the surface and
across a large portion of the flank and for F0 in the 30�

tangent to the tooth root are similarly made. The utiliza-
tion peak of G0 is predicted near the pitch point, where
failures typically initiate before growing across the loaded
flank.29 As reported by Wirth,29 due to insufficient forg-
ing of the first set of test gears, a number of subsurface
fatigue damages were reported on G0 wheels. Figure 15
plots the material utilization for a G0 wheel tooth under
300 Nm after 1.6�107 load cycles. The observed needle-
like segregation structure, with its orientation nearly par-
allel to the load carrying flank, was simulated through a
steeper hardness gradient from case to core. A peak mate-
rial utilization of 1.01 is predicted at a material depth of
1 mm.

4 | DISCUSSION

An algorithm is presented for the prediction of pitting,
tooth root breakage and subsurface fatigue, FB or TFF
damages for a given bevel gear design and load regime.

The wide range of load conditions and gear sizes covered
in this study underline the applicability of the proposed
material, stress, and fatigue models to a wide range of
gears.

By analyZing the involute tooth profile in the mean
cross-section of either pinion or wheel, the actual tooth
geometry and 3D stress state are rationalized to ensure a
sufficiently fine mesh and material plane resolution.
FEM contact analysis is avoided through the implemen-
tation of LTCA derived surface stresses, considering the
precise gear geometry and load-induced gear displace-
ments. Uncertainty remains regarding the predicted tooth
root stresses, and the likelihood of tooth root breakage,
as the tooth root was modeled as a continuous radius. As
indicated in Figure 13D, a steep stress gradient is present
in the tooth root of F0. To improve the predictions, a
local stress redistribution for example through the equa-
tions by Petersen and Thum,59 Siebel,60 and Neuber61

could be considered.The proposed size factor KX applies
to a well-defined hardness profile and does not cover pro-
cess and material dependent variations. Caused by heat
distortion during carburizing, the material removal on

FIGURE 12 Material utilization for mean cross-section of (A) G1, (B) G2, (C) G0, and (D) F0 [Colour figure can be viewed at

wileyonlinelibrary.com]
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FIGURE 13 Material utilization along paths 1 and 2 for (A) G1 with max (DBO) = 1.18 in 3.0 mm compared to ultrasonic scanning

results of 174 crack-like indications, (B) G2 with max (DBO) = 1.05 in 4.1 mm compared to ultrasonic scanning results of 32 crack like

indications, (C) G0 with max (DBO) = 1.00 in 0.2 mm, and (D) F0 with max (DBO) = 1.13 in the 30� tooth root tangent [Colour figure can be

viewed at wileyonlinelibrary.com]

FIGURE 14 Gear failures due

to subsurface fatigue on (A) G1 after

approximately 3�108 load cycles and

(B) G2 after approximately 3�108 load
cycles, pitting on (C) G0 after 7.7�107
load cycles at 200 Nm and 4,500

RPM and tooth root breakage on

(D) F0 after 7�106 load cycles at

350 Nm at 4880 RPM29 [Colour

figure can be viewed at

wileyonlinelibrary.com]
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large bevel gears (especially wheels) can vary between 0.5
to multiple millimeters, resulting in varying CHD
between the teeth of a single and multiple gear sets. Nor
does it consider varying hardenabilities between material
batches. It is proposed that these variations are dealt with
through adequate safety factor requirements on large
gears. More studies are necessary to quantify if the life-
time factor KNT, representative of the material behavior
for a carburized CrNiMo steel at around 500 HV, is appli-
cable to the entire gear tooth (i.e., pitting, tooth root
breakage, and TFF).As outlined in Section 2.7, the Dang
Van criterion is able to identify the material depth in
bevel gears typical for surface and subsurface fatigue.
Assuming the absence of extreme loads in the service his-
tory of the studied gear sets, it underestimates the likeli-
hood of subsurface fatigue failure for large bevel gears.
Not a part of the manuscript but of the associated
research was the application of the Dang Van criterion to
all gears listed in Table 1 and to additional test gears. It
predicted a too low subsurface failure probability, favor-
ing surface-initiated failures instead. Furthermore, large
failure probabilities were predicted in the core of the gear
tooth, where the tensile residual stresses were the largest
but load-related stresses were minimal. The proposed
multiaxial fatigue criterion improves the prediction of
surface and subsurface fatigue predictions of all studied
gears and overcomes the inaccuracies of the LZ and PIN
criteria. A comparison between bevel gear test results
and the predictions made by the proposed multiaxial
fatigue criterion are intended for later publications.

5 | CONCLUSIONS

Herein presented material, stress and fatigue models are
applicable to a wide range of gear sizes, loading

conditions, and fatigue damage types (i.e., subsurface
fatigue, pitting, and tooth root breakage). Listed below
are the key findings and results of this study.

i. Favoring the Thomas model19 over the commonly
used Lang model18 enables the accurate prediction of
the hardness profile for both large and small gears,
considering the auto-tempering response of large
gears and the carburizing process with two carbon
potentials. By specifying three sets of hardness
parameters in the tooth profile direction, the carbu-
rizing and quenching results for different sections of
the gear tooth are adequately modeled.

ii. Depending on the tooth width in the profile direc-
tion, the maximum of the tensile residual stress tran-
sitions from the case/core interface in the middle of
the gear tooth to the core in its tip. Capturing this
transition is the proposed residual stress model. It
relies on the well-established Lang model18 for the
prediction of the compressive residual stresses up to
the CHD and combines it with a fourth-order
polynomial.

iii. To overcome the uncertainties in the subsurface
stress prediction of current analytical models, a sim-
plified 2D plane strain numerical model was devel-
oped. The contact stresses are predicted either
through a “loaded tooth contact analysis”14 or an
analytical approach,15 avoiding numerical contact
analysis. The stress history in each node is assessed
through the Maximum Rectangular Hull method,
yielding the shear mean and amplitude stress on all
material planes.

iv. A novel and highly accurate multiaxial fatigue shear
stress intensity criterion was developed to enable the
fatigue assessment of an arbitrary gear tooth against

FIGURE 15 (A) Predicted material utilization and (B) gear failures on G0 wheel at 300 Nm and 4,500 RPM after 1.6�107 load cycles

[Colour figure can be viewed at wileyonlinelibrary.com]
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all gear-typical fatigue failure modes (i.e., pitting,
tooth root breakage, and subsurface fatigue). Espe-
cially, the prediction of the material utilization in the
surface near the layer, subjected to large Hertzian
stresses, proved to be difficult with already
established criteria.
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162 APPENDIX A. PUBLICATIONS

A.4 Paper IV

Abstract A material model for carburized CrNiMo steel and an advanced
shear stress intensity, multiaxial fatigue criterion against surface and
subsurface fatigue in bevel gears have been developed and presented
in earlier publications. This study assesses the accuracy of the pro-
posed methodology by comparing it to load-cotrolled bevel gear tests
at varying hardening layer thicknesses. The dominant failure mode
was wheel-initiated tooth flank fracture. Fractographic analysis by
means of scanning electron microscopy revealed a severely elongated
MgO-Al2O3 cluster in the only pinion-initiated tooth flank fracture.
By correlating the calculated material utilizations and the number
of cycles to failure, a reiterated lifetime factor is presented. The
refined methodology is shown to be capable to differentiate between
and accurately predict pitting and subsurface fatigue under well-
defined test conditions.
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Appendix B

Multiaxial fatigue criteria

Several stress-based, multiaxial fatigue criteria have been published since the
1950s. This appendix gives an overview of the most prevalent invariant, critical-
plane, integral and gear-specific fatigue criteria and applies them to the stress
state and strength model defined in this thesis. The criteria’s applicability to
the study of Hertzian contact fatigue in general and TFF or subsurface fatigue
in gears is studied. Based on the herein presented results, none of the studied
criteria should be deemed inapplicable to rolling contact fatigue as the plotted
material utilisations depend greatly on the implemented material model. Es-
pecially the mean stress sensitivity for hard steels is a point of contention that
impacts the predicted results profoundly.

Studied are the Sines [40], Crossland [38], Dang Van [39], Findley [24], McDi-
armid [91], Matake [92], Robert [93], Fogue [93], Liu & Zenner [12], Papuga PCR
[94], PCRN [95, 96] and PIN [20]criteria in addition to the gear-specific Annast
[14], DNV [2], Hertter [6], Hertter modified [19], Oster [25] and ISO6336-4 or
FVA556 I,III [1, 15, 27] criteria. The model definitions, the considered stress
components, and their weighting through the model parameters are depicted
for each criterion. The predicted material utilisation for the mean pinion cross-
section of gear set G1 [10, 19] is plotted and compared with the BO and Hs
criteria in the surface perpendicular path P1 starting in the gear’s design point
MB (see Chapter 4). Variations of the Sines, Crossland and Dang Van criterion
according to Kenmeugne [102] to improve upon the criteria’s prediction capa-
bilities under compressive mean stresses were also tested. Applied to gear set
G1, they did not yield an improvement over their standard definition and were
therefore not included in this comparison.

B.1 Sines criterion

The Sines criterion [40] uses the amplitude of the second invariant of the stress
tensor deviator J2,a and combines it with the mean hydrostatic stress σhyd.√

3J2,a is equivalent to the von Mises stress σvM and σhyd to a third of the
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first invariant of the stress tensor I1. The material parameters used for the
calibration of the model parameters are f−1, t−1 and f0, the fatigue limits
under fully reversed axial loading, fully reversed torsion and oscillated axial
loading.

DSI =
aSI

√
J2,a + bSIσhyd,m

f−1

aSI =
f−1

t−1
= κ bSI = 6

f−1

f0
−

√
3
f−1

t−1

(B.1)

-20 -10 0 10 20
Tooth width [mm]

-5

0

5

10

15

20

25

30

35

T
oo

th
 h

ei
gh

t [
m

m
]

0

0.2

0.4

0.6

0.8

1

 D
S

I [-
]

Path P1
Max. 0.88

SI criterion

0 2 4 6 8 10 12 14
Tooth depth, x [mm]

0

0.2

0.4

0.6

0.8

1
M

at
er

ia
l U

til
is

at
io

n 
[-

]

 DSI

 DBO

 DHs

Sines criterion

Figure B.1: (a) Material utilisation according to the Sines criterion for the mean
pinion cross-section of G1 and (b) compared with the BO and Hs criteria along
path P1

B.2 Crossland criterion

Similar to the Sines criterion, the Crossland criterion [38] utilises the same
amplitude of the second invariant of the stress tensor deviator J2,a but combines
it with the maximum hydrostatic stress σhyd like the Dang Van criterion [39].

DCR =
aCR

√
J2,a + bCRσhyd,max

f−1

aCR =
f−1

t−1
bCR = 3−

√
3
f−1

t−1

(B.2)
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Figure B.2: (a) Material utilisation according to the Crossland criterion for the
mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.3 Dang Van criterion

The Dang Van criterion [39] is referred to as the first mesoscopic criterion that
requires the stress study in the least homogeneous agglomerates of grains, typ-
ically in the meso- rather than macroscale. It is a widely used criterion for the
fatigue analysis of conventional multiaxial fatigue loading and Hertzian contact
fatigue. The herein listed definition of the Dang Van criterion relies not on the
minimum circumscribing hypersphere but the shear stress amplitude on the ex-
amined material plane τa(θ, φ) alongside the maximum hydrostatic stress. For
non-proportional loading, this version has been shown to be more accurate [96].

DDV =

max
θ,φ

(aDV (τa(θ, φ)) + bDV σhyd,max)

f−1

aDV =
f−1

t−1
bDV = 3− 3/2

f−1

t−1

(B.3)
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Figure B.3: (a) Material utilisation according to the Dang Van criterion for the
mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.4 Findley criterion

The Findley criterion [24] replaces the Dang Van’s maximum hydrostatic stress
with the maximum normal stress on the examined material plane σn,max(θ, φ).
The shear stress amplitude τa(θ, φ) and normal stress are weighted through the
model parameters aFI and bFI , which are suitably determined from the fatigue
parameters f−1 and t−1. In the context of subsurface fatigue, the criterion was
used by MackAldener on truck, idler gearboxes [23].

DFI =

max
θ,φ

(aFIτa(θ, φ) + bFIσn,max(θ, φ))

f−1

aFI = 2

√
f−1

t−1
− 1 bFI = 2− f−1

t−1

(B.4)



B.5. MCDIARMID CRITERION 183

-20 -10 0 10 20
Tooth width [mm]

-5

0

5

10

15

20

25

30

35

T
oo

th
 h

ei
gh

t [
m

m
]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 D
F

I [-
]

Path P1
Max. 0.86

FI criterion

0 2 4 6 8 10 12 14
Tooth depth, x [mm]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

M
at

er
ia

l U
til

is
at

io
n 

[-
]

 DFI
 DBO
 DHs

Findley criterion

Figure B.4: (a) Material utilisation according to the Findley criterion for the
mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.5 McDiarmid criterion

The McDiarmid criterion utilises τa(θ, φ) and σn,max(θ, φ) for its equivalent
stress prediction. Here, the version that applies to type A cracks or surface
parallel cracks is implemented (i.e. tAB = t−1) [91]. Other than the Findley
criterion, it features empirically determined model parameters based on a large
fatigue data set. Its parameter bMC makes use of the material’s ultimate tensile
strength Rm.

DMC =

max
θ,φ

(aMCτa(θ, φ) + bMCσn,max(θ, φ))

f−1

aMC =
f−1

tAB
with tAB = t−1 bMC =

f−1

2Rm

(B.5)
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Figure B.5: (a) Material utilisation according to the McDiarmid criterion for
the mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.6 Matake criterion

Another close relative to the Findley criterion is the Matake criterion [92, 103].
It is referred to as a maximum shear stress range criterion. The plane with the
highest shear stress amplitude is chosen to predict the largest equivalent stress
or material utilisation and not the plane with the largest equivalent stress.
The criterion works well for the hard case of the gear tooth that is dominated
by the acting shear stresses. For greater material depth where the effect of
the maximum normal stress dominates the predicted material utilisation, the
resolution with which the Euler angles θ and φ are altered results in a large
scatter in the predicted utilisation. For the plotted material utilisation in Figure
B.6 an element size of 0.2 mm and an angle step size of 5◦ was chosen.

θ0, φ0 = argmax
θ,φ

(τa(θ, φ))

DMA =
aMAτa(θ0, φ0) + bMAσn,max(θ0, φ0)

f−1

aMA =
f−1

t−1
bMA = 2− f−1

t−1

(B.6)
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Figure B.6: (a) Material utilisation according to the Matake criterion for the
mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.7 Robert criterion

Another close relative to the Findley criterion is the Robert criterion [93], util-
ising the shear stress amplitude τa in combination with the same model pa-
rameters a and b. It expands upon the Findley criterion through the division
of the maximum mean normal stress on the examined material plane into the
amplitude and mean normal stress on the examined material plane σn,a and
σn,m.

DRO =

max
θ,φ

(aROτa(θ, φ) + bROσn,a(θ, φ) + dROσn,m(θ, φ))

f−1

aRO = 2

√
f−1

t−1
− 1 bRO = 2− f−1

t−1

dRO =
2f−1

f0
− f0

2

(
1

t−1
− 1

f−1

)
− 2 +

f−1

t−1

(B.7)
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Figure B.7: (a) Material utilisation according to the Robert criterion for the
mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.8 Fogue

The Fogue criterion [93] is the first integral rather than critical plane criterion in
the herein provided comparison. Like the BO criterion, it calculates the spatial
average of the damage parameter of all material planes. The considered stresses
are similar to the Robert criterion, whereas the utilised model parameters differ
significantly.

DFO =

√
1
4π

∫ 2π

0

∫ π

0
(aFOτa + bFOσn,a + dFOσn,m)

2
sin(φ) dφdθ

f−1

bFO =

√
15− 3

√
25− 8(κ2 − 3)2

2

aFO =

√
12κ2 − 21 + b2FO

2

dFO =

−(3bFO + 2aFO) +

√
(3bFO + 2aFO)2 + 45

(
4
(

f−1

f0

)2

− 1

)
3

(B.8)
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Figure B.8: (a) Material utilisation according to the Fogue criterion for the
mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.9 Liu & Zenner

The application of the Liu & Zenner criterion [12] to Hertzian contact fatigue
and fatigue in gears has been discussed in [6, 19]. When studying the allowable
shear stress amplitude under varying static, hydrostatic stresses, the Liu &
Zenner criterion predicts an exponential growth under compressive hydrostatic
stresses. In a gear tooth, rail or bearing, this leads to a negative expression
under the square root in the criterion’s numerator for the outermost material
layer.

DLZ =

√
15
8π

∫ 2π

0

∫ π

0

(
aLZτ2a (1 + cLZτ2m) + bLZσ2

n,a (1 + dLZσn,m)
)
sin(φ) dφdθ

f−1

aLZ =
1

5

(
3κ2 − 4

)
bLZ =

1

5

(
6− 2κ2

)
cLZ =

28

3aLZt20

((
f−1

t0

)2

− κ2

4

)

dLZ =
28

15bLZf0

((
2f−1

f0

)2

− aLZcLZf
2
0

21
− 1

)
(B.9)
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Figure B.9: (a) Material utilisation according to the Liu & Zenner criterion for
the mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.10 Papuga PCR

The PCR criterion, proposed by Papuga in [94], represents his first iteration of
a multiaxial fatigue criterion, applicable to both ductile and brittle materials.
The model parameters are altered depending on the material’s fatigue ratio κ

DPCR =

√
aPCRτ2a + bPCR

(
σn,a +

t−1

f0
σn,m

)
f−1

for κ ≥
√

4

3

aPCR =
4κ2

4 + κ2
bPCR =

8f−1κ
2 (4− κ2)

(4 + κ2)2

for κ <

√
4

3

aPCR =
κ2

2
+

√
κ4 − κ2

2
bPCR = f−1

(B.10)



B.11. PAPUGA PCRN 189

-20 -10 0 10 20
Tooth width [mm]

-5

0

5

10

15

20

25

30

35

T
oo

th
 h

ei
gh

t [
m

m
]

0

0.2

0.4

0.6

0.8

1

1.2

 D
P

C
R

 [-
]

Path P1
Max. 1.23

PCR criterion

0 2 4 6 8 10 12 14
Tooth depth, x [mm]

0

0.2

0.4

0.6

0.8

1

1.2

M
at

er
ia

l U
til

is
at

io
n 

[-
]

 DPCR
 DBO
 DHs

Papuga PCR criterion

Figure B.10: (a) Material utilisation according to the Papuga PCR criterion
for the mean pinion cross-section of G1 and (b) compared to the BO and Hs
criteria along path P1

B.11 Papuga PCRN

Papuga’s PCRN criterion [95, 96] is an iteration of the PCR criterion, sig-
nificantly improving upon its result accuracy. Compared to other stress-based
multiaxial fatigue criteria, it features one of the best prediction accuracies [104].

DPN =

max
θ,φ

√
aPNτa(τa + cPNτm) + bPN

√
σn,a(σn,a + dPNσn,m)

f−1

κ0 =
f0
t0

z =

(
8κ0f−1

t0 (4 + κ2
0)

)2

for κ and κ0 ≥
√

4

3

aPN =

(
4κ2

4 + κ2

)2

bPN =
8f−1κ

2 (4− κ2)

(4 + κ2)2

cPN =
z

aPN
− 1 dPN =

z

b2PN

(
4f2

−1 − z t20
)− 1

for κ and κ0 <

√
4

3

aPN =
κ2

2
+

√
κ4 − κ2

2
bPN = f−1

cPN =
2f2

−1

aPN t20

(
1 +

√
1− 1

κ2
0

)
− 1 dPN =

(
2f2

−1

bPNf0

)2

− 1

(B.11)

For Hertzian contact fatigue, the PCRN, similar to the Liu & Zenner crite-
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rion, produces negative expressions under square root, specifically in the term√
σn,a(σn,a + dPNσn,m). The plotted material utilisation in Figure B.11 was

produced with a modified version of the criterion according to Equation B.12.

DPN =

max
θ,φ

√
aPNτa(τa + cPNτm) + bPN

√
σn,a|σn,a + dPNσn,m|

f−1
(B.12)
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Figure B.11: (a) Material utilisation according to the Papuga PCRN criterion
for the mean pinion cross-section of G1 and (b) compared to the BO and Hs
criteria along path P1

B.12 Papuga PIN

The PIN criterion by Papuga [20] is an integral criterion compared to the critical
plane PCR and PCRN criteria. As documented by other researchers [20, 90],
it features an exceptional result accuracy when predicting failure under conven-
tional, non-Hertzian, multiaxial fatigue loading. As outlined in [19], it predicts
a too high surface utilisation under Hertzian stresses for the herein implemented
material model.

DPI =

√
1
4π

∫ 2π

0

∫ π

0
(aPIτa (τa + cPIτm) + bPI (σn,a + dPIσn,m)) sin(φ) dφdθ

f−1

aPI =
15

2

κ(πκ− 4)

3π − 4κ
bPI = 3f−1

(
1− κ(πκ− 4)

3π − 4κ

)
cPI = 10

f2
−1

aPIt20
− 20bPI

3πaPIt0
− 1

dPI = 6
f2
−1

bPIf0

(
1− f2

0

3t20

)
+

4f0
3πt0

− 1

(B.13)



B.13. ANNAST 191

-20 -10 0 10 20
Tooth width [mm]

-5

0

5

10

15

20

25

30

35

T
oo

th
 h

ei
gh

t [
m

m
]

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

 D
P

I [-
]

Path P1
Max. 1.65

PIN criterion

0 2 4 6 8 10 12 14
Tooth depth, x [mm]

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

M
at

er
ia

l U
til

is
at

io
n 

[-
]

 DPI
 DBO
 DHs

Papuga PIN criterion

Figure B.12: (a) Material utilisation according to the Papuga PIN criterion for
the mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.13 Annast

The Annast criterion [14] relies on the main principle shear stress τH12 for
the prediction of the local material utilisation. From pure Hertzian contact,
the maximum shear stress below the point of load introduction can readily
be calculated based on the Hertzian contact stress pH and the half Hertzian
contact width bH . The shear stress is compared to an assumed shear strength
of 0.55 HV . As the static residual stresses are not considered in the criterion,
Annast suggests applying the criterion to the transition point from case to core,
where residual stresses are assumed to be neglectable. For gear set G1, the
maximum shear stress should be compared to the shear strength in a depth
of approximately 5 mm, where the Annast criterion produces very comparable
results to the Hs criterion.

τH12(x) =
pH

ZK

⎛⎜⎜⎝ x

bH
−

(
x
bH

)2

√
1 +

(
x
bH

)2

⎞⎟⎟⎠
DAN (x) =

τH12(x)

0.55HV (x)

(B.14)
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Figure B.13: (a) Material utilisation according to the Annast criterion for the
mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.14 DNV

For a number of load cycles > 3 106, the DNV subsurface fatigue criterion [2]
assumes a constant shear fatigue strength, equivalent to 0.625 HV . The acting
orthogonal shear stress as a result of the Hertzian contact between the meshing
gear teeth is estimated according to Equation B.15. In contrast to the Annast
criterion, the Hertzian contact width bH is increased with a factor of 1.2 and
the calculated minimum safety factor as the inverse of the maximum material
utilisation DDNV , requiring the iteration of Equation B.15.

τxy,a(x) = 0.25
σH

ZK
SDNV cos

⎛⎜⎜⎝
x

aH
− 0.5

x

aH
+ 0.5

π

2

⎞⎟⎟⎠
DDNV (x) =

τxy,a(x)

0.625HV (x)

aH = 1.2SDNV bH with SDNV =
1

max(DDNV )

(B.15)
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Figure B.14: (a) Material utilisation according to the DNV criterion for the
mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.15 Hertter

Hertter developed his criterion for the prediction of pitting and tooth root break-
age in cylindrical gears [6]. He proposed a modification to the Liu & Zenner
criterion that removes the mean normal stress σn,m from equivalent stress pre-
diction and adds it to the uniaxial fatigue strength f−1 as a product with the
mean stress sensitivity M rather than a 4th model parameter. As such, the
criterion fails to intersect the f0 load case and does not achieve the same result
accuracy as other herein listed multiaxial fatigue criteria. As Hertter only stud-
ied the surface failure modes pitting and tooth root breakage, potential tensile
residual stresses in the core were disregarded.
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Figure B.15: (a) Material utilisation according to the Hertter criterion for the
mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.16 Hertter - Wirth

Wirth modified the Hertter criterion through the consideration of the slip fac-
tor ZS outlined in the ISO10300-2 and the FVA411 project [9, 21] and the
implementation of positive tensile, residual stresses in the core of the gear tooth
[105]. Hertter’s material model and multiaxial fatigue criterion remained un-
changed. Both modifications do not change the subsurface material utilisation
in the mean pinion cross-section of G1 significantly and only demote the risk
for pitting through the use of the slip factor ZS . As shown in chapter 4, when
bending stresses are considered alongside the Hertzian contact stresses, a higher
material utilisation is naturally predicted in the pinion dedendum over the wheel
addendum, essentially describing the same effect as ZS . Wirth’s tensile residual
stress function has the shape σres,ten(x) = a (x− snα)

4 + c. The parameter a is
adjusted to ensure a transition from compressive to tensile residual stresses in
xc, the depth where the hardness profile transitions to the constant core hard-
ness. The parameter c is iterated to ensure stress equilibrium along snα. By
only considering two model constants, a tangential constraint from the compres-
sive to the tensile residual stress curves can not be ensured (see Figure B.17).
Also, by transitioning to the tensile residual stresses in xc, tensile stresses are
first predicted in a large material depth, where they have little effect on the
material utilisation in the TFF-relevant depth. A significantly steeper transi-
tion is achieved if the tangential constraint (between Lang’s original compressive
residual stress curve [28] and a 4th order polynomial to approximate the tensile
residual stress in the core) is placed in the CHD (see Chapter 2). Equation
B.17 outlines the material strength or hardness modification by Wirth through
the use of ZS . Figure B.16 plots the resulting material utilisation for G1 under
the consideration of ZS and the modified residual stress profile.
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HV (x) = HV0(x)ZS for 0 < x < a

HV (x) = HV0(x) for x > b

Linear interpolation of ZS for a ≤ x ≤ b

a/bH = 0.5 and b/bH = 1

(B.17)
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Figure B.16: (a) Material utilisation according to the Hertter-Wirth criterion
for the mean pinion cross-section of G1 and (b) compared to the BO and Hs
criteria along path P1

The maximum material utilisation in a depth of 4.2 mm is the same for
the original Hertter criterion and the Hertter-Wirth criterion. Wirth’s residual
stress model predicts tensile stresses in a greater material depth than the Hertter
criterion predicts the maximum material utilisation (5.1 mm compared to 4.2
mm). The tensile residual stresses have therefore no effect on the maximum
material utilisations. Figure B.17 plots the herein proposed residual stress model
and the Wirth model. The missing tangential constraint between compressive
and tensile residual stress and the later onset of the tensile residual stresses are
visualised along path P1.
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Figure B.17: Residual stresses for the mean pinion cross-section of G1 for (a)
the herein outlined residual stress model, (b) Wirth’s model and along path P1
in (c) comparing both approaches

B.17 Hertter - Böhme

The modified Hertter criterion was presented in Paper III [19] and extracts, like
the original Hertter criterion, the mean normal stress σn,m from Liu & Zenner
criterion. Instead of relying on the mean stress sensitivity M for the weighting
of σn,m, the model parameter dHE,mod is correctly predicted using the uniaxial
fatigue strength under alternating load f0. As a result, the accuracy of the
criterion when exposed to conventional multiaxial fatigue loading is significantly
improved [19].
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DHE,mod =

√
15
8π

∫ 2π

0

∫ π

0

(
aLZτ2a (1 + cLZτ2m) + bLZσ2

n,a

)
sin(φ) dφdθ

+ 1
4π

∫ 2π

0

∫ π

0
(dHE,modσn,m) sin(φ) dφdθ

f−1

aLZ =
1

5

(
3κ2 − 4

)
bLZ =

1

5

(
6− 2κ2

)
cLZ =

28

3aLZt20

((
f−1

t0

)2

− κ2

4

)

dHE,mod = 3

(
2f−1

f0
−

√
1 +

1

21
aLZcLZf2

0

)
(B.18)

-20 -10 0 10 20
Tooth width [mm]

-5

0

5

10

15

20

25

30

35

T
oo

th
 h

ei
gh

t [
m

m
]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 D
H

E
,m

od
 [-

]

Path P1
Max. 0.99

HE,mod criterion

0 2 4 6 8 10 12 14
Tooth depth, x [mm]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

M
at

er
ia

l U
til

is
at

io
n 

[-
]

 DHE,mod
 DBO
 DHs

Modified Hertter criterion

Figure B.18: (a) Material utilisation according to the modified Hertter-Böhme
criterion for the mean pinion cross-section of G1 and (b) compared to the BO
and Hs criteria along path P1

B.18 Oster

Oster [25] developed his criterion for the prediction of the load-carrying capacity
of cylindrical gears under Hertzian and elastohydrodynamic stresses. Based on
the shear stress intensity criterion, he proposed the calculation of the spatial
average of the maximum of the shear stress amplitude over all planes and the
deduction of a similarly calculated, static residual stress. His studies form the
basis for the later works by the FZG in Munich on TFF [14, 15] and the ISO6336-
4 technical report [1]. The considered stress components are atypical compared
to other presented multiaxial fatigue criteria and overestimate the local material
utilisation in the absence of compressive residual stresses (i.e. the tooth interior).
The maximum shear stress rather than shear stress amplitude is compared to
the local fatigue strength.
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DOS(x) =
τeff,max(x)−Δτeff,RS(x)

τzul(x)
(B.19)
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Figure B.19: (a) Material utilisation according to the Oster criterion for the
mean pinion cross-section of G1 and (b) compared to the BO and Hs criteria
along path P1

B.19 ISO6336-4

The ISO6336-4 Technical report [1] is the culmination of the TFF-focused efforts
by the FZG in Munich and the FVA [6, 14, 15, 27]. It is an implementation of the
approach suggested in the FVA project 556 I [15]. The shear stress amplitude is
calculated as the difference between the maximum effective shear stress τeff,L
and the mean effective shear stress Δτeff,L,RS . Relying on the Oster criterion
[25], the effective residual stress is deducted from the shear stress amplitude and
compared to the local shear strength τzul. As Figure B.20 shows, the predicted
material utilisation is very comparable to the Hs criterion. Contrary to the
Hs criterion, the individual stress components are not weighted according to
model parameters and the stress and correction factor definitions are somewhat
ambiguous.

DISO(x) =
τeff,L(x) + Δτeff,L,RS(x)− τeff,RS(x)

τzul(x)
+ c (B.20)
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Figure B.20: (a) Material utilisation according to the ISO6336-4 for the mean
pinion cross-section of G1 and (b) compared to the BO and Hs criteria along
path P1
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Appendix C

Size factor

The size factor proposed in [19] relies on the weakest link theory [58] and the
numerical comparison of the effective volume Veff of the tested 34CrNiMo6
steel during uniaxial fatigue testing in the VHCF regime [32] and 10 bevel gear
sets with a mean normal module range of mmn = 2.22 − 24.71 mm. Based
on the obtained fatigue test results (i.e. the uniaxial fatigue strength under
alternating loading f−1 and the pearl string method derived standard deviation
in the VHCF regime s), a relative standard deviation sr = 4 % was calculated
for the 34CrNiMo6 steel, yielding an effective or reference volume of Veff =
Vref = 22.26 mm3. Equation C.1 illustrates the calculation of Veff through the
reliability Ri and volume Vi of each element i in the FEM calculation of the
hourglass shaped, 34CrNiMo6 specimen. The von Mises equivalent stress σvM

and its maximum over all elements are furthermore required.

λi =
1

sr

⎛⎝ σvM,i

max
i

(σvM,i)
− 1

⎞⎠ with sr =
s

f−1

Ri =

∫ ∞

λi

1√
2π

e−
x2

2 dx

Veff =
n∑

i=1

Vi
logRi

log 0.5

(C.1)

The size factor KX itself is calculated through the ratio between the estab-
lished reference volume Vref and a second effective volume Veff , the reliability
of a single link P and the standardised normal distribution factor λ.
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nA(Veff > Vref ) =
Veff

Vref

nA(Veff ≤ Vref ) =
Vref

Veff

P = 1− 0.5
1

nA∫ λ

−∞

1√
2π

e−
x2

2 dx− P = 0
yields−−−→ λ

KX(Veff > Vref ) = 1 + λsr

KX(Veff ≤ Vref ) =
1

1 + λsr

(C.2)

Table C.1 lists the studied 10 gear sets, their mean normal module mmn

their total volume (teeth only, pinion and wheel) Vtot, effective volume Veff

and size factor according to Equation C.2.

Gears mnm Vtot Veff KX

G7 24.71 3.30 � 107 7830 0.877
G6 17.38 1.75 � 107 5640 0.881
G5 15.88 1.52 � 107 6555 0.887
G4 14.59 1.07 � 107 5215 0.890
G3 13.82 6.35 � 106 852 0.916
G2 20.65 1.84 � 107 2999 0.889
G1 16.85 1.04 � 107 4144 0.893
B3-1 9.55 1.37 � 106 272 0.936
G0 3.57 6.26 � 104 8 1.031
F0 2.22 3.48 � 104 16 1.011

Table C.1: Size factor derivation based on 10 studied gear sets with mmn, Vtot,
Veff and KX

Figure C.1 plots the calculated size factors against the effective volume in
C.1a and against the mean normal module in C.1b.



203

100 101 102 103 104

Effective volume Veff, [mm3]

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1

1.02

1.04

S
iz

e 
fa

ct
or

 K
X
, [

-]

gear data
fitted curve

0 5 10 15 20 25 30
Mean normal module mmn, [mm]

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1

1.02

1.04

S
iz

e 
fa

ct
or

 K
X
, [

-]

gear data
KX(mmn)

Figure C.1: (a) Maximum hydrostatic stress for the mean pinion cross-section
of G1 according to numerical calculation and (b) along path P1 compared with
the analytical model

Based on the observable, linear trend of the size factor as a function of the
mean normal module mmn an approximation of the size factor according to
Equation C.3 is suggested.

KX = 1.05− 0.01mmn with 0.87 ≤ KX ≤ 1 (C.3)

The suggested correlation for the size factor aligns itself with other gear
standards like the DIN3991-2 [5] or ISO10300-3 [80]. Of the studied gear sets,
three were test gears with surface pressures in excess of 1800 MPa (G0, F0 [9]
and B3-1 [41]) and seven were large, industrial bevel gears with surface pressures
below 1400 MPa. As a result, the proposed size factor and module correlation
underestimate the effect of high stresses or load on large gears. In addition, it
favours a larger number of gear teeth and smaller module on a given diameter,
a correlation which did not hold true for the studied gear sets (compare G1 and
G4). The error that is introduced through the simplification is small and can
therefore be ignored. For a more accurate differentiation between pinion and
wheel teeth and the risk for subsurface fatigue, separate size factors should be
calculated.
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