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ABSTRACT

An improved bridge buffeting theory is established with an emphasis on skew wind directions, for both turbu-
lence- and motion-dependent forces. It provides simplifications and generalizations of previously established
methods. The formulation starts with a preferred 3D approach, which is suitable when aerodynamic coefficients
for different yaw and inclination angles are readily available. The 3D approach includes a new convenient choice
of coordinate systems and an intuitive derivation of transformation matrices, supporting clear and compact wind
load expressions as well as a more accurate formulation of the quasi-steady motion-dependent forces. When the
aerodynamic coefficients have only been obtained for wind normal to the bridge girder, an alternative 2D
approach is provided. The 2D approach, where only the normal projection of the wind is considered, is further
expanded to include mean wind directions that are both yawed and inclined, axial forces in the longitudinal
direction (1D) in an optional 2D + 1D format, and forces due to all in-plane and out-of-plane motions. All ex-
pressions are first presented in a compact non-linear format and then linearized through numerous multivariate
Taylor series approximations. A general, more straightforward and more accurate framework is thus established

for both time- and frequency-domain analyses of the buffeting response.

1. Introduction

Advances in economy and technology lead to increasingly innovative
structures. In the field of bridge engineering, the planned bridge for
Bjgrnafjorden, in Norway, illustrated in Fig. 1a, is a notable example of a
long, flexible and complex wind-exposed floating structure which drives
the need for more accurate wind and aerodynamic prediction models.

Classical buffeting analyses of straight bridges, first introduced by
(Davenport, 1961), deal with wind normal (perpendicular) to the bridge
girder, which is often assumed to be the governing load case. Relevant
aerodynamic parameters (e.g. aerodynamic coefficients and flutter de-
rivatives) are usually obtained experimentally, in wind tunnel facilities,
on a section of the bridge girder positioned perpendicularly to the mean
wind direction.

When skew winds are considered, i.e. winds whose mean direction is
not normal to the bridge longitudinal axis, the analyses are typically
simplified to different extent. One common simplification is to

decompose the wind into its normal and longitudinal components, dis-
carding the latter one and proceeding with a 2D interaction problem in
the normal plane. This is also referred to as the cosine rule, cosine law or
decomposition method, which follow the so-called independence principle
or cross flow principle.

This principle was first observed in circular wires under a subcritical
flow regime (see e.g. (Jones, 1947) illustrating the original experimental
results from (Relf and Powell, 1917)). Approximate laminar boundary
layer equations for yawed infinite cylinders (Sears, 1948) and yawed
swept back wings (Wild, 1949) further supported this principle. On the
other hand, worse agreements were found for yawed cylinders near and
above critical flow regimes (Bursnall and Loftin Jr, 1951), at high yaw
angles ((Sumer, 2006) and (Ersdal and Faltinsen, 2006)), with respect to
vortex induced vibrations (Van Atta, 1968), using CFD simulations to
look at the flow structure (Wang et al., 2019), and in the recommended
practice by (Veritas, 2010) which only supports this principle for yaw
angles up to 45°.

The same principle was then also applied to bridges, with inconsis-
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Table of notations

Variables

B Local mean yaw angle

B Local instantaneous yaw angle (turbulence dependent)

B Local instantaneous relative yaw angle (turbulence and
motion dependent)

Pe Global mean yaw angle

y A generic angle

A,A,A  Vectors of displacements, velocities, accelerations (for
each element)

AG,AG,AG Global vectors of displacements, velocities, accelerations
(for all nodes)

ZB, A? Change in $ due to: turbulence (AAB), turbulence and
structural motions (45)

A6, A0 Change in 6 due to: turbulence (46), turbulence and
structural motions (46)

Z@W, Z@: Change in 6); due to: turbulence (feﬂ), turbulence and

¥z
structural motions (A6~ )
¥z

0 Local mean inclination angle

0 Local instantaneous inclination angle (turbulence
dependent)

9 Local instantaneous relative inclination angle (turbulence

and motion dependent)

0z, ’éyz, Eyz yz-plane projection counterparts of 6, 5, 0

Global mean inclination angle
Air density
Global vector of standard deviations of A (for all nodes)
Matrix of mode shapes
Cross-sectional admittance function, associated with C;
and turbulence component j
Angular frequency (radians per second)
q; is the wind turbulence component in the i-axis (e.g. ay).
a; is the wind turbulence vector in the i-system (e.g. ag, =
[, v, w]")

Counterparts of ﬁ, 5, W in the Lnw-system
Buffeting (turbulence dependent) force coefficient matrix
Quasi-static flutter derivatives for self-excited moment (i =
1,2...6)
Motion-dependent force coefficient matrix of structural
displacements
Motion-dependent force coefficient matrix of structural
velocities
Separate axial force contribution to 4;, fori = A, Ab
Alternative formulation of A,, using Scanlan’s flutter
derivatives
Alternative formulation of A, using Scanlan’s flutter
derivatives
Cross-section width
Diagonal matrix: diag(B, B, B, B2, B>B?)
Diagonal matrix: diag(H, 0, B,0,B?,0) (where the drag is
normalized by H)
Aerodynamic coefficient C. Vector of aerodynamic
coefficients C. C; is in the i-axis (e.g. Cx,). C; is in the

i-system (e.g. Cgy,). C and C depend on e.g. (5,6). E and E‘

depend on e.g. (4,0)
Derivative of C or C with respect to 6,

Fu
T
Io
s
f i.axial

fmean

F ad
Fy

H
i

a>§f*m>

Sa

Sana

Partial derivative of C or C with respect to

Partial derivative of C or C with respect to

Modal damping matrix

Global damping matrix (for all nodes)

Aerodynamic damping matrix (for each element)

Global aerodynamic damping matrix (for all nodes)
Global structural damping matrix (for all nodes)
Aerodynamic forces per unit length (due to f,,,, and f;)

Aerodynamic forces per unit length (due to f,,.4n andfb)
Buffeting forces per unit length (due to turbulence)

Buffeting forces per unit length (due to turbulence and
structural motions)

Separate axial force contribution to f;, for i = ad,b,mean
Mean wind forces per unit length

Aerodynamic forces (Foq = Lf ;)

Global buffeting force vector (for all nodes)
Cross-section height

Quasi-static flutter derivatives for self-excited lift (i =1,
2...6)

Modal frequency response function matrix

Reduced frequency (k = Bw /U)

Global stiffness matrix (for all nodes)

Modal stiffness matrix

Aerodynamic stiffness matrix (for each element)

Global aerodynamic stiffness matrix (for all nodes)
Global structural stiffness matrix (for all nodes)
Element length

Global mass matrix (for all nodes)

Modal mass matrix

Number of modes

Number of nodes

Coefficient matrix of buffeting forces (for each element)
Global coefficient matrix of buffeting forces (for all nodes)

Complex conjugate of P¢

Quasi-static flutter derivatives for self-excited drag (i = 1,
2...6)

Rotation matrix around a generic i-axis, by a generic angle
14

Sign functions: sgn(cos f), sgn(cosf), sgn(cosp)

Auto spectral density matrix of the nodal displacement
response

Cross spectral density matrix of the nodal displacement
response

Cross spectral density matrix of the modal displacement
response

Cross spectral density matrix of the fluctuating wind
components

Cross spectral density matrix of the modal buffeting loads
Time (position in time)

Transformation matrix from the coordinate system i to the
coordinate system j

Turbulence component along the mean wind

Relative velocity between u and the moving bridge

; Mean wind speed U; mean wind projection in the i-axis or

i-plane U;; mean wind vector in the i-system U;

U; Local instantaneous wind speed U (turbulence dependent);

local instantaneous wind projection in the i-axis or i-plane
U;, or vector in the i-system U;

; Local instantaneous relative wind speed U (turbulence and
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motion dependent); local instantaneous relative wind

projection in the i-axis or i-plane Uj, or vector in the

i-system U;
v Horizontal turbulence component across the mean wind
v Relative velocity between v and the moving bridge
Vi A generic vector in the coordinate system i
w Upward turbulence component, perpendicular to u and v
w Relative velocity between w and the moving bridge

Accents/superscripts/styles

- Time-varying quantity due to turbulence

Time-varying quantity due to turbulence (if applicable)
and structural motions

First time derivative

Second time derivative

Modal quantity

Global quantity, relative to all nodes/elements and DOF
(omitted when there is no ambiguity between nodal/
elemental and global quantities (e.g. Saa))

boldface Variables in bold represent vectors and matrices
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Acronyms

1D, 2D or 3D 1-, 2-, or 3-dimensional (in space)
CFD Computational fluid dynamics

DOF Degrees-of-freedom

FEM Finite element method

Coordinate systems and respective axes
Gs (X,Y,Z) Global structural (X,Y,Z,rX,rY,rZ)
Ls (x,y,z) Local (static) structural (x,y,z,rx,ry,rz)

Ls (¥,5,Z) Local dynamic structural (¥,,Z,7%,7y,72)

Gw (X,,Y,,Z,) Global mean wind (X,,Y,,Z,,rX,,rY,,rZ,)

fﬁ/(X~, Y~,Z~) Local instantaneous wind (X~,Y~,Z~ rX~,rY~,rZ~)
vivtu vt e e

Lw (X~,Y~,Z~) Local instantaneous relative wind(X~, Y~,Z~,rX~,
v U v v U U U
rY:,rZ:)
v v
Lnw (D,A,L) Local mean normal wind (D,A,L,rD,M,rL)

)

Fig. 1a. A planned floating bridge solution for Bjgrnafjorden, Norway.

tent outcomes. A simplified buffeting theory for turbulence using the
cosine rule is proposed in (Xie et al., 1991) with reasonable agreement
with experimental results. In (Tanaka and Davenport, 1982), the cosine
rule underestimated the response of taut strip models in boundary layer
turbulence, under highly turbulent wind. In (Zhu, 2002), Tsing Ma
suspension bridge experiences its maximum lateral buffeting response
when the mean wind has a yaw angle g of +-5° and an inclination angle
6 = — 2.5°. This response is practically constant within a  range of +
15°, which diverges from the cosine rule estimation. The maximum
vertical response was observed at # = +12° and § = 4°. In (Wang et al.,
2011), a numerical cosine rule analysis, when compared with the
measured response of the Runyang suspension bridge, showed some-
what underestimated torsional and vertical responses, but several other
uncertainty sources were also present. In (Huang et al., 2012), sectional
model tests were compared with numerical analyses of two girders with
rectangular cross-sections with B/H (width to height) ratios of 5 and 10.
Significant underestimations of the response when using the cosine rule
were observed, especially for the B/H = 10 case, where, also, the min-
imum flutter speed was observed for # = 20°. For bridges under con-
struction, where the girder has one or both ends free and exposed to the
wind, additional flow asymmetries are to be expected. For such cases,
significant differences were observed by (Kimura and Tanaka, 1992),
even when complementing the cosine rule with a sine rule, (Li et al.,
2016) saw larger wind loads for  between 10° and 30°, (Jian et al.,

2020) for B between 0° and 30°, whereas (Scanlan, 1993) reported a
reasonable match between calculated and measured responses when
carefully assessing several aerodynamic and structural parameters.

It can be concluded that previous literature, despite some in-
consistencies, has shown that the maximum wind response can occur
under skew winds and that a simplified cosine rule analysis can under-
estimate the response. These findings, which only concern straight
bridges, raise further questions for a curved line-like structure such as
the planned bridge for Bjgrnafjorden in Fig. 1a, where its curved design
creates a natural variation of the mean yaw angle f along the bridge, as
exemplified in Fig. 1b. Additionally, its grade (slope) adds a variation of
the mean inclination angle 6, for any given global mean wind direction.

Complex bridge geometries, such as the one illustrated, also draw the
need to reformulate previous buffeting theories, which have been
mainly developed for straight bridges. A careful and comprehensive use
of coordinate systems, consistent for all mean wind directions when
possible, can lead to simpler and clearer expressions. An intuitive and
systematic use of transformation matrices ensures that all DOF (degrees-
of-freedom) and motion-dependencies are handled correctly.

The present skew wind buffeting theory consists of a partial revision
and a complement to the pioneering doctoral thesis by Prof. Le-Dong
Zhu (2002) where the present work was based. The theory by Zhu is
also summarized in (Xu and Zhu, 2005; Zhu and Xu, 2005) and in (Xu,
2013). The main changes introduced in this revised version are

Fig. 1b. Plan view sketch. Example of $ variation for one mean wind direction.
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summarized in the Appendix.

The present theory addresses the 3D load effects of the wind turbu-
lence as well as the motion-dependent forces that arise from the inter-
action between the turbulent wind and the moving structure, for an
arbitrary mean wind direction. A quasi-steady (frequency independent)
motion-dependent force formulation, considering all six DOF, is pre-
sented first. This formulation should only be used whenever the
preferred unsteady (frequency dependent) estimates are not available
for the different skew angles. An alternative quasi-steady formulation
using only the three typical DOF in Scanlan’s flutter derivatives (Scanlan
and Tomo, 1971) is also provided, which can then be readily adapted to
an unsteady format.

Despite the criticism, there are no general and well-established al-
ternatives to the cosine rule whenever the yaw-dependency of the aero-
dynamic coefficients is unknown. To facilitate simplified preliminary
studies, as well as for comparison purposes, the present theory also in-
cludes a 2D approach as a more rigorous generalization of the cosine rule.
Whereas the cosine rule assumes the bridge and the wind to be both
horizontal and ignores motions outside the normal plane, the 2D
approach presented allows for any mean yaw angle and mean inclina-
tion angle, for both buffeting and motion-dependent forces, including
motions in all degrees-of-freedom.

Linearized forms of the relevant forces and variables for both 3D and
2D approaches are achieved through numerous multivariate Taylor se-
ries approximations and extensive mathematical simplifications. The
non-linear and linearized forms are presented separately to facilitate
typical time-domain and frequency-domain analyses of the bridge buf-
feting response. Wind loads are presented as functions of the turbulence
in global wind coordinates (i.e. as a function of u, v and w) to also
facilitate wind field simulations in the time-domain and allow the use of
available spectral and three-dimensional coherence models of the wind
turbulence.

The computer algebra systems SymPy (v1.6.2) (a Python library for
symbolic mathematics) and Wolfram Mathematica (v12.1) were both
used to help deduce, linearize, simplify and verify the present theory.

2. Background concepts, conventions and terms

To represent a general case of arbitrary wind and bridge orientations
it is convenient to establish a set of right-handed Cartesian coordinate
systems which can be chosen freely by the user, as well as the associated
transformation matrices.

First, a global wind (X,,Y,,Z,) coordinate system is introduced in
Fig. 2a and Fig. 2b, hereby denoted Gw. The axis X, describes the di-
rection of the mean wind, with a mean velocity U, and the along-wind
turbulence, with velocity u. Y, describes the direction of the across-
wind horizontal turbulence v and Z,, describes the direction of the tur-
bulence component w, such that Z, = X, x Y, (cross-product). The
global structural Gs (X,Y,Z) coordinate system adopted is also illus-
trated in Fig. 2a.

The local structural Ls (x,y,z) coordinate system adopted (for each
element) is illustrated in Fig. 2b, along with the main angles in the
context of skew winds, # and 6, hereby defined as follows:
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e f—the yaw angle, is defined as the angle between the local y-axis and
the mean wind vector X,, projection onto the xy-plane, in the half-
open interval | — 180°, 180°], with a positive sign if the projection
of X,, on the x-axis has opposite direction to x.

0 — the inclination angle, is defined as the angle between the bridge
local xy-plane and the X,, in the open interval | — 90°, 90°|, with a
positive sign if the projection of X, on the z-axis has the same di-
rection as z.

The same angles, when measured with respect to the global Gs co-
ordinate system, are called f; and 6, and can be directly related to the
wind cardinal directions.

Analogous to Earth’s longitude and latitude, respectively, # and 6
describe all possible wind directions, provided that the two singularities
at § = £90° can be ignored. The aerodynamic coefficients, C(j, 6),
necessary to estimate the wind loads, can then be described at each
bridge element as functions of both these angles. In the Gw system for
instance, when all 6 DOF are considered, Cgy(f, 6) =
[Cx,.Cy,,Cz,.Crx, Cry, Gz, ]

Any coordinate system can now be conveniently expressed through
transformations or rotations of the previously defined systems. A
transformation matrix is the transpose, and also the inverse, of a rotation
matrix, as both are orthogonal.

To transform any column vector vyyz, represented in a coordinate
system (X,Y,Z), into the same vector v,,,, represented in another coor-
dinate system (x,y,z) with the same origin, egs. (1)-(3) can be used.
Tyy.xyz is a generic transformation matrix. y; is the angle between two
vectors i and j.

Vayz = L xyzxyz Vxvz (1)
cos(ryy)  c0oS(rey)  COS(Yyz)

Toexvz = | 05(ryx)  cos(y,y) cos(yy) | = T)T(},nyZ 2)
cos(r,y) cos(ry) cos(ry)

i
<o (1) =T @

In the 6 DOF format mentioned henceforth, e.g. (x,y,z, rx, ry, rz),
each of the three additional r-axes represents a rotation around the axis
that its second letter refers to. To expand to this format, the vectors in eq.
(1) can be replaced by their 6 DOF counterparts, such that the 6 x 6
transformation matrix follows eq. (4). All 6 DOF can then be included,
even though only the first 3 are usually mentioned, for the sake of
simplicity.

(3x3)
TxszYZ 0

T(6x6)
3x3
0 T.\(ry;X })’Z

0 0 0
eX¥Z = ,with 0= |0 0 0 4)
0 0 0
Transformation matrices also have the properties presented in egs.
(5) and (6), where the subscripts s, s2 and g3 are used to denote three
different coordinate systems and where for instance Ts35; denotes a
transformation from g to gs.

X

Fig. 2. a) Global wind - Gw - (X,,Y,,Z,) and global structural — Gs - (X, Y, Z) coordinate systems; global mean yaw angle f3; and global mean inclination angle 6.
b) Global wind - Gw - (X,,Y,,Z,) and local structural — Ls — (x,y,z) coordinate systems; local mean yaw angle § and local mean inclination angle 6.
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Tso51 = T§1152 = TsT‘lsz %)

Ts351 = Ts3s2 Tsosi (6)

A transformation matrix can be also obtained through meaningful
rotations from a known system to another. Three elemental rotation
matrices are presented in egs. (7)-(9). Each one represents a rotation
around an axis, by a generic angle y, following the right-hand rule.

1 0 0

Rx(y)=|0 cos(y) —sin(y) | =Tx(y)" )
|0 sin(y) cos(y) |
[cos(y) 0 sin(y) ]

Ry(y)= 10 10 =Ty(y)" ®

| —sin(y) 0 cos(y) |

[cos(y) —sin(y) O]
Ry(y)=|sin(y) cos(y) 0| =Tz(n)" ©
00 1]

Chained rotations are then composed of two or more of these
elemental rotations. They can be extrinsic (rotations around the original
coordinate system axes, which remain fixed during all rotations, when
each rotation matrix is pre-multiplied by the next rotation matrix), or
intrinsic (rotations around the axes that are solidary to the rotating
object, which change for each rotation, when each rotation matrix is
post-multiplied by the next rotation matrix). To conveniently obtain the
necessary transformation matrices, intrinsic chained rotations are
adopted.

Based on Fig. 2a, the fixed Gw system can be obtained from given
values of f; and g, by first rotating the Gs system around the Z-axis by
the angle 7/2 + f;, and then around the newly obtained axis Y, by the
negative angle g, as shown in eq. (10).

, —cos(0g)sin(f;)  cos(0g)cos(fg)
TGues = (Rz(m/2 + )Ry (= 65) )" = | —cos(fig) —sin(fg)
sin(6g)sin(f) —sin(fg)cos(f;)

To obtain the transformation matrices T, between the global
structural and the local structural coordinate systems (one Ty, for each
finite element), the generic egs. (2) and (3) can be used, after defining all
local x, y and z axes. When a static analysis precedes the buffeting
analysis, the axes of the Ls systems and relevant transformation matrices
should be updated accordingly. It should be noted that the deck rotation
due to the static wind may play an important role.

The “for each element” and “for each node” representations used
throughout the text are not strict. They are often interchangeable, pro-
vided that the principles of finite element modelling are followed (see e.
g. (Bathe, 2006; Hutton, 2004)).

The mean wind speed U, mean yaw angle # and mean inclination
angle ¢ have their time-varying counterparts U, # and  which consider
the instantaneous wind turbulence components u, v and w at each time
instant. The turbulence-dependent quantities are denoted “instanta-
neous” and represented by one tilde accent. Subscripts are used to
indicate the coordinate systems (e.g. Ls, Gw) in which these quantities
are represented as vectors, or the axes (e.g. x, y, z) or plane (e.g. xy) they
are projected onto. These quantities can be obtained through eqgs. (11)—
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(20), for each element.

Mean quantities: Instantaneous quantities:

Ugy = [U, 0, 0] D gy =[U+u, v, w" 12

U = [Uy, Uy, U]" = a3) Uy =[U, Uy, U] = a4
Trsow Uow T Usw

N 05 g, a0

p = —arccos(Uy [Ug) sgn(Us) (A7) F = — arccos(Ty /Uy )sgn(Ty) (18

0 = arcsin(U, /U) 19 o= arcsin(ffz /f]) (20)

Where TGy = Trs6sTsew = Tisgs T(T;wa and sgn is the sign function.
Alternatively, = atan2( —Uy, Uy) and f = atan2( —Uy, ffy) can be used,
where atan?2 is the “2-argument arctangent” function. The instantaneous
wind speed U is obtained by eq. (21).

7=ou] -|

Ugw| = \/(U+u)l + v2 + w? [©3))

Next, motion-dependent (or simply “relative”) variables are intro-
duced which, in addition to the effects of turbulence (when applicable),
also consider the effects of the structure in motion and are represented
by a double tilde accent. The turbulence components u, v and w, when
accounting for the relative velocity between the wind and the moving
structure are denoted ﬁ, 5 and V:l} and are defined in eqgs. (22)-(24). A is
the structural displacement vector (e.g. at the centre of a given element)
and its time-derivative A is the vector of structural velocities. They can
be conveniently represented at the axes X,,, Y, and Z,, of the Gw system
and simply obtained by Agy = TguisArs, ie., in a 3 DOF format,
[Ax.,4v,,42,]" = TeuslAr, Ay, 4,]". The instantaneous relative wind
speed is given by eq. (25), whereas its vector representations in the Gw

system and in the local dynamic structural Ls system (solidary with the

sin(0g)

cos(6¢)

(10)
rotating body) are given in eqgs. (26) and (27).

Motion-dependent quantities:

U=u- Ay, (22)
V=v— Ay, (23)
W=w— A4z, 24)
T=JU+a?+75 +w @5
Vg = U+, 5, " (26)
U~ = U U, (:E]T =T~ TrewUsw @n

Ls x Y z LsLs

To obtain the transformation from the static structure to the dynamic
(rotating) structure T~ at each time step, three chained rotations can
LsLs
be performed if the rotations are assumed small, as in eq. (28). More-
over, when T~ is linearized with respect to 4y, 4,y and A, these three
LsLs

elemental rotations become commutative and 7~
LsLs

gets further simpli-
fied into eq. (29).

T= % (Re@0R (8,)Rr(4))] (28)
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- 74"}'
R,(4.) ~ | -4, 1 A 29)
Ay, A, 1

Given that U~ = A /U2 + U=2, the instantaneous motion-dependent
Xy x y

counterparts of # and 6 can be obtained from egs. (30) and (31).

(Rx(4,)Ry(4,,)

E: - arccos(é:/ l:]:)sgn(l:J:) 30)

Xy

0= arcsin(ﬁ:/ 5) (€20)]

Two additional right-handed orthogonal coordinate systems are
adopted, namely the local instantaneous wind I:ﬁl(X;, YE’ZE) and the

local relative instantaneous wind I]/(X:7 Y~,Z~), described by the con-
U U U

ditions in egs. (32) and (33). U and U are represented in XZ and X~
U
respectively.

X-=Uqu / IUcwll; Y |l xy-plane Asgn(Z>-z) >0; Zz=Xz x Y- (32)

X==Uq, / IUv|l; Y~ | xy-plane Asgn(Z~-2)>0; Z~=X~x Y~ (33)
U U U

U U U

These two systems help represent the aerodynamic forces f i and
aa.Lw

f ~ and the respective coefficients Z’L~w ($,0) and C~ (B, 0) at each time
ad Lw Lw
instant, as shown in section 3.
A schematic comparison between the key mean, instantaneous and
motion-dependent variables is illustrated in Fig. 3.

3. A 3D buffeting approach for skew winds

A 3D skew wind buffeting analysis requires information on aero-
dynamic coefficients C($,0) that depend on both $ and 6. These can be
obtained through wind tunnel tests at different yaw angles or through
three-dimensional CFD analyses.

3.1. Fluctuating wind forces due to turbulence

3.1.1. Non-linear forces

The vector of the six aerodynamic forces in the Gs system, for each
element and at each time instant, can be simply expressed through eq.
(34), using consistent (i.e. represented in a time-invariant system)

aerodynamic coefficients Cys(8, 0) = [Cy, E’y, Cy, Cr, E‘ry, Cy|", which
depend on the instantaneous £ and 0.

- ~ ~ o~

Fad‘Gs = Lfad‘Gs =L TGSL&fad_Ls =L TGxL\'l/Z /)U BCLS (34)

L is the element length. Uppercase F denotes forces and lowercase f

Fig. 3. Representation of global (mean) wind Gw (X,,Y,,Z,), local (static) structural Ls (x,y,z) and local dynamic structural Ls

3
instantaneous wind speed U (in the Xz—axis), local instantaneous relative wind speed U (in the X~-axis), and the pairs of angles (f,6),
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denotes forces per unit length. p is the air density. B = diag(B, B, B, B,
B?,B?) is a diagonal matrix where B is the real cross-section width.
It is however more common to express f,; as a function of aero-
dynamic coefficients C~ (5,5) = [Ex~, E‘y~, E‘z,v, Erx~, E‘,y~, E‘,Z,V]T that are
Lw U U U U U 1%
solidary with the instantaneous wind direction U. These forces must

therefore be transformed, at each time step, from Lw to a consistent

coordinate system, such as Gw (solidary with U), through TGwl:v’ as

expressed in egs. (35)-(37).

FadGs—L TGswaade—LTGsGw l/sz BC~ (35)
oo = Taws T, (36)
TLS{WZ(RY((;) Ry(—p—n/2))" 37)

Note that all coefficients are normalized by B or B2, for simplicity.
The relation between both aerodynamic coefficient representations is
expressed in eq. (38), and either or both can be used, as preferred.
C,,=T ~C~ (38)

LsLw Lw

The aerodynamic forces, first obtained for each finite beam element,
can be converted into forces at both local nodes of each element and
then converted into global nodal forces, following standard FEM trans-
formation techniques.

Aerodynamic forcesfad are here defined as the sum of the mean wind

forces f .., and the time-varying buffeting forces f,,, so the buffeting
part can be retrieved from eq. (39) and linearized when convenient.
=fuagw — 1/2 pU*BCq, (39)

Svow=Ffaacw —f mean,Gw

Where Cg, (f,0) depends on the mean f and 6.

3.1.2. Linearizations

Presuming that the time-varying velocities u, v and w are small
compared to U, then the local instantaneous yaw angle 4, defined in eq.
(18), can be represented as a function of U, u, v, w,  and 6. By per-
forming a first order Taylor expansion with respect to u, v and w, as in
eq. (40), by conveniently separating the two cases of § € |-180°,0°] and
p €[0°,180°], and by considering that 6 € | — 90°, 90°|, numerous sim-
plifications can be made.

AU, u, v, w, B,6)

Then, equally for both cases of the p-interval, the linear approxi-

2 Bruyi—0 T Buvavmott + PrymoV + Buy oW (40)

mation in eq. (41) is obtained. A similar process can be done for 5, TG o

and f]z, leading to eqs. (42)-(44).

B=p+Ap~p+ (41)

v
U cos 0

X

;“N’) coordinate systems local
(3.0) and (5.0).

U
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0=0+40~0+ (42)
1 —v/U —-w/U 1 7ﬁjﬂcos9 7@
TGW[w% v/U 1 —vtan(8)/U | = Apcos6 1 —Apsing
w/Uvtan(0)/U 1 AQ Apsing 1
(43)
U’ ~ U2 +2Uu (44)

The instantaneous aerodynamic coefficients can be also linearized
with respect to the small angle variations Ag and A9, as in eq. (45).

C~ ~Cgy +CG,Ap + C;,A0 (45)

Where, for simplicity, C = C(,6), C = C(8,6), C*
9C(p.0)
00 -

__9C(p.9) 0 _
=5 and C? =

When the aerodynamic coefficients C are known for one system, e.g.
Gw, they can be converted to another, e.g. Ls, through eq. (46). By

partially differentiating both sides of eq. (46), C* and C can be ob-
tained as in egs. (47) and (48).

Crs =Tr6vCow (46)

/) aT:wCyw aTv;w
TisanCon) _ s Cow + Trsow

s _ ‘B
CLv - aﬂ aﬂ CGW (47)

/ d(TLSGWCGW) aTL.va /
CLG; = 90 = 20 CGw + TLsGngw (48)

Finally, by linearizing the vector of the six buffeting forces per unit
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wind speed U, and the instantaneous motion-dependent yaw and incli-
nation angles § and 9. When the wind moves a bridge element, its dis-

placed local axes compose the Ls system, as illustrated in Fig. 3. These
motion-dependent variables help define the instantaneous vector of
motion-dependent aerodynamic forces in egs. (52)-(54).

~2

faae=T =1/2pU BC= (52)
GwLw Lw
T ~=TeusT =Tz= (53)
GwLw LsLs  LsLw
T~~=Ry(OR,(—p—1/2))" (54

LsLw

it] is defined in eq. (25), T ~ can be obtained through eq. (2) or
LsLs
approximated by eq. (28) or by eq. (29), and C ~ (8,9) is a function of the

Lw

angles z and ;5, both defined in egs. (30) and (31).

3.2.2. Linearizations

The linearization process described in section 3.1.2, with respect to
u, v and w, can be expanded to include linearizations of the structural
angular displacements and the structural translation velocities. The
structural angular displacements are included in A and can be assumed
to follow the small angle approximation, whereas the structural trans-
lational velocities are included in A and can be assumed small, relatively
to the mean wind speed U. These assumptions allow egs. (30) and (31) to
be linearized into egs. (55) and (56). These expressions are most
compact when the structural motions, Ag, and Agy, are represented in

7 . . e - ~2
length £, ., des?rlbed in egs. (39) and (35.)’ and by combining egs. (41) the Gw system. Similarly, T ~ and U are linearized into egs. (57) and
(45), the buffeting forces can be approximated by egs. (49)-(51), as a GwLw
linear function of the turbulence components vector ag,,. (58).
fb 6w ~ AbGw AGw (49) = = v Az,
.Gw i f=p+Af[ -
p=p+4a/ /+Uc059 cos 0 (55)
agy = [u,v,w]" (50) -
5:9+E9%0+%+A,-y\, (56)
[ 2B, B(CL feos0 — Cv, )iy, B(CY ~ Co ) |
2BCyxy B(Cy, + Cry/i/cosﬂ — Cz,tanf)y, , BCYxy..,
1 2BCz, 27 . B(Cy,tan0 + CZ /cosO)xz B (C Y, + Cz ) Yo
As o Ll B 2 (P 2( 0 (51)
2B°Cox, X x B (C»‘Xl, / cost — Cyy, ))( Xuv B (CrXu —Cyz, ))( X
2B°Cov iy B (Cix, + Cly [c0s0 — Crz tand)z,, BCY Ay,
2BCtgn B (Conand+Ch feosd)ry, B (Cox +CY g

Where the function y;;, the so-called cross-sectional admittance func-
tion, associated with the aerodynamic coefficient C; and the turbulence
component j, is introduced to reflect the sensitivity of the cross-section
to different frequency components.

3.2. Fluctuating wind forces due to turbulence and structural motions

3.2.1. Non-linear forces
The wind action is represented, at each time instant, by a relative

1 —S/U —w/U
T ~=~|3/U 1 —Ay, + (Az, —/U)tan(0)
Gbe | HJ/U Ay, + (/U — Az )tan(6) 1
(57)
=2 ~
U ~U*+2Uu (58)

Where [ArX,nArY.MArZW}T = TGst [Arx;Ary»Arz}T-

Again, by linearizing C~ ~ Cg, + le;'wANﬁ + €8 A0, combining egs.
Lw
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(55)-(58) and linearizing the vector of the six buffeting forces per unit

length fb,cw :fud_(;w — Fmeangw (s€€ eqgs. (52) and (39)), f,,_(;w can be
approximated by egs. (59)-(64), as a linear function of the turbulence
components, the structural displacements and the structural velocities.

fb.Gw zFfvb.(;w +Aacw Aow +Aicw Agw 59
Agy = [Ax,,Ay,,42,,Ax,, Ay, , Az, ]T (60)
AGw = [A.X,”A.YHA.ZH 7A.rXL,7A.rY‘7A.rZH]T (61)

Asew=[00 0 Ay, An, As, ]

0000 BCY  —BCY{ Jcosd

000 —BC, BC! —B(C{—Cysind)/cosd

1 |oo0Be,  BEL —B(CL+Cysing) fcoso
ks 0000 BCY —BCk, [cos6

000 —BCy, BCY —B(Ch —Cpg, sind)/cosd

000 BCy, BCY —B(Cl +Cpy,sind)/cosd

(62)
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00 0 0 00
0 P, P, BP, 0O
Asamimsis =5pU% || Zj‘g :;; gf;: - ©8)
00 0 0 00
00 0 0 00
00 0 0 00
0 BP, BP; BP, 0 0
A ;pUk 0 BH, BH, Bzf{; 0 0 69
R ) 0 B*A; B*A, BA, 0 0
00 0 0 00
00 0 0 0 0

Here k = Bw/U is the reduced frequency. In the absence of such exper-
imental results it is possible to compare Scanlan’s expressions with the
previously derived expressions for Ay and A, in the same coordinate
system (e.g. through Ascantana s = TrsowAnowTewrs and Agy i, ips =
T1s6wA 4 Gy TowLs), Tendering the quasi-static flutter derivatives in egs.
(70)-(78).

P, = l/k(CX"(7coszﬂcosz971)+Cy“(20052Hfl)sin/}cos/}/cos 9+CZW(17sin2600s2ﬂ)tan0+CZ sinﬂcosﬂfC’y/isinzﬁ/cosﬂ

- C;[i sin ff cos ff tan 6 + Céfn sin 0 cos 2 f cos O — C;ff sin f# sin @ cos f — CJZBH sin % 6 cos 2 ﬁ) (70)
A Gw = [AAXM AAVV AAzw 00 0} (63)
P.=1 /k2 (Cy‘, sin f cos B tan 6 — Cy, sin ? ﬂ/cos 60— C? sin Bsin @ cos p
(A, Ad, A, = —Asen(r;=1) (64) :

Where f, g, is described and linearized in section 3.1, 0=
[0,0,0,0,0,0]" and where ApGw(rij= 1) is found in eq. (51), for all
Aij = 1.

Another common alternative is to formulate the motion-dependent
forces using Scanlan’s flutter derivatives (Scanlan and Tomo, 1971),
as shown in egs. (65)-(69), in the Ls system. These frequency-dependent

flutter derivatives can be obtained experimentally, as done in e.g. (Zhu
et al., 2002a).

Fons = Fors +Anss Brs+Ag, Ar (65)
ALs = [A.HA}WszArvaryyArz}T (66)
ALs = [A.K¢A}"7szArvar}~7Arz}T (67)

+C;fisin 2 Btan O+ C,Zﬂ sin f# sin @ cos f tan 6 — C;fucos 2 Bcos @

+ C/;' sin f# cos B+ C;" sin 6 cos 2 /i) 71)

Pi=1 /k( — Cy, sin @ cos f cos 0+ 2Cy, sin fsin 0 + Cy, (sin 20+ l)cosﬁ
- C;gl cos fcos O+ CJYf sin f cos 0+ CJZGW sin @ cos f cos 0) (72)
Hr: l/k(CX“ (cos20—2) —Cg, sin QCOSG—CJ;‘I sin@cosH—CZ c0s2€)
(73)
H,= 1/k2(— Cy, sinﬂ—C;f}“ sinﬁsin&tan@—CZ‘ sin S sin

— C;? sin 6 cos f — Cg) cos f cos 0) 74)



B.M. da Costa et al.

A,L) and I?nv;v (B,E,f).

Hy = 1/k< — Cy, sin 0 cos f cos 6+ Cy, (sin > 9—2)cosﬂ+C;€, sin 3 tan 6

+C,Z/i sin/iJrCJ)fusin2 9005/%+CJZ sin @ cos f cos 6> (75)

A] =1 /k(C,‘X” sin f# sin @ cos @+ 2C,y, sin @ cos f+ C,z, (cos 20— 2) sin

+ C’g(” sin f3 cos > 6+ Cﬁg cos ffcos 6 — C’% sin f sin @ cos 9) (76)

¥

A= 1 /k2< — C,y,sin? ftan § — C,z, sin cosﬁ/cos 6+ C:f(”sin 2 Bsin @
+ C:/; sin f cos ftan 6 — C,,/é sin? B sin 0 tan 0 + C;‘)’( sin f# cos ff cos 0

+C cos? f— Y sin fisin 0 cos ﬁ) 77)

Ay=1 /k(C,XU sin f cos B cos > 0+ Cy, (sin > B / cos 0+ 2cos > § cos 0)
+C,z, sin fsin? @ cos ftan 6 — C/,f(”sin 2p— C;/;, sin f cos 8 / cos 0
+ CZ sin? ftan 6 — C;f( sin f# sin 0 cos ff cos 6 — C’r‘;, sin @ cos ?

+ C:;W sin A sin ? @ cos /i) (78)

The reduced frequency k cancels out when substituting these quasi-
static flutter derivatives in Scanlan’s expressions. The remaining
flutter derivatives P;, H; and A;, for i = 2, 4, 6, are equal to zero.

It should be noted that Scanlan’s flutter derivatives were developed
for mean winds normal to the bridge girder. These typically consider
only 3 DOF, namely Ay,AZ and A, and could thus be incomplete for
skew wind analyses.

4. A 2D (+41D) buffeting approach for skew winds

A 3D buffeting approach (section 3) should be preferred when
possible. It has been observed that buffeting responses vary with g and 6
in a way that resembles the same variation of the corresponding aero-
dynamic coefficients C(8,6) with g and 6 (Zhu, 2002). However, this
information is not always available and wind tunnel tests and CFD an-
alyses are commonly only performed for wind normal to the bridge
girder, limiting the available information to C($ = 0,6). For preliminary
assessments and comparison purposes, a novel generalization of the 2D
normal projection concept is presented, for any g and 6. The (4+1D)
signature alludes to the option of including the contribution from the
axial loads in the longitudinal dimension when an axial force coefficient
is available.

The approach presented in this section assumes the validity of
decomposing the three-dimensional wind-structure interaction into two
independent problems:

1. A two-dimensional wind-structure interaction in the normal plane,
where the relevant wind components are those projected onto either

the static yz-plane or the moving fz-plane. The aerodynamic co-
efficients (drag, lift and moment) are only dependent on the normal
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projections of the inclination angles 6y, 5),2 and 5:, also called an-
¥z

gles-of-attack.
2. A one-dimensional wind-structure interaction in the longitudinal

static x- or dynamic x-axis to account for the axial forces (due to e. g.
drag forces on railings, bridge equipment, vehicles, other transversal
elements, as well as viscous forces along all exposed surfaces).

The present approach is a generalization of the so-called cosine rule
and sine rule, from the domain in which they were derived (for ¢ = 0), to
the more general case of arbitrary values of # and 6. It also expands the
motion-dependencies from 3 DOF (y, z and rx), to all 6 DOF (e.g. for § =
45°, a small positive A, will make the bridge more normal to the wind,
increasing the normal wind speed and associated forces).

4.1. The local normal wind coordinate systems and associated variables

The mean wind speed projection onto the yz-plane, Uy,, and its mean
angle-of-attack 6),, as well as their instantaneous (turbulence-depen-
dent) and instantaneous relative (turbulence- and motion-dependent)
counterparts are described in egs. (79)-(84).

Normal wind quantities:

U - U§ T (79) 0y, = arcsin(U, /Uy, ) (80)
f]yz = ﬁi + ff: 6D 5)’2 = arcsin(ﬁz /ﬁﬂ> (82)
B s a— (83) = A (84)
= 2 x2 0~ = arcsin(U~ /U~
Uy:z =\ + & = ( ;/ y})

Three additional right-handed orthogonal coordinate systems are
adopted, namely the local (mean) normal wind Lnw (D,A,L) the local

instantaneous normal wind Lnw (D, A, L) and the local relative instan-
taneous normal wind Lnw (D,A,L). The axes D, A and L refer to the drag,
axial and lift directions. D, D and D describe the direction of the pro-

jected wind speeds U, ﬁyz and U-, respectively. In a 6 DOF represen-
yz
tation of the local normal wind coordinate system, Lnw (D,A,L,rD,M,

rL), the axis M represents the moment, as a rotation about the A axis.
These coordinate systems are defined in egs. (85)-(88) and illustrated in
Fig. 4, together with the newly defined variables from egs. (79)-(84).

D=(Uy+Ugz) /Uy A=—x-S; L=D xA (85)

D=(Uy+0z) /Uy A= —x-5 L=DxA (86)

D=(-5+U%) /U~ A= —%-5; L=D xA 87
y z yz

S =sgn(cos f); §:sgn(cosﬁ); E:sgn(cosﬁ) (88)
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The transformation matrices between Lnw, Lfrﬁz, Lnw and the previ-

ously defined Ls and Ls systems can be obtained, for instance, as in egs.
(89)-(9D).

Troim = (Ry (6,0) Ry (—S 7/2))" (89)
T, ~ =(Ry(6,.) Rs(-S 7/2)) ! (90)
T-~ =(Ry(0=) R(~ S 7/2)) 1)

LsLnw e

Finally, it can be convenient to express the turbulence components in
the Lnw system as a function of the original components in the Gw
system (see eq. (92)).

T T T
Ay = [1107 aa, HL] =Truww @w = Tpgpm, Trsow [147 v, W] (92)

4.2. Fluctuating wind forces due to turbulence

4.2.1. Non-linear forces
The vector of six aerodynamic forces f«’,,d_GS in the Gs system, for each
bridge element, can be obtained from egs. (93) and (94).

ﬁad‘Gs =L TGsLs TLsan fad.an (93)

~1

LnwLnw

~ 2 -
Sadinw = / 2p Uy BrwC~ 94)
Where By, = diag(H,0,B,0,B%,0) is a diagonal matrix and H is the

cross-section height as typically used to normalize Cp. Ef (Eyz) =
nw

[E’B, 0, EZ’ 0, E‘;ﬂ O]T is the vector of aerodynamic coefficients in the Lnw

system, for an instantaneous projected angle of attack 5yz. TI ;
LnwLnw

TLnwLs TL o~ is the transformation matrix from Lnw to Lnw.
sLnw
The vector of normal wind buffeting forces per unit length and for
each element, containing the time-varying drag, lift and moment forces,
is given in eq. (95) by simply subtracting the mean normal wind forces
Frean.aw> Where Cruw(8y:) = [Cp,0,C1,0,Car, 0]".

fb‘l‘nw :fad,an 7fmean,an :fad,an - 1/2 P UazBanCan (95)

4.2.2. Linearizations

The vector of buffeting forces f“,,w is a non-linear function of the
turbulence components, either represented as u, v and w, or as ap, a, and
a;. The linearization process conducted in section 3.1.2 can be repeated
here.

Limitation: The linear approximations presented in this section
should not be used whenever ﬁy oscillates between positive and nega-
tive values, i.e. in the vicinity of # ~ +90°. The functions T ~ and 6y,

will have singularities at § = + 90° (Example: when § is close to 90° the
y-projected turbulence can be larger than the y-projected mean wind,

which can abruptly change the instantaneous drag direction D at each

time instant). It is thus assumed that S = S for all time steps.
By conveniently adopting a representation that uses ap, a4 and az,

instead of u, v and w, the linearization of f];, éyz, T —~ (assuming$ =
wLnw

Ln
§) and Z‘L~ follows in egs. (96)-(99).

U~ U2 +2Uap (96)

0,

a,
= 9)'1 +A0_vz ~ Hyz + —

U, 97)

4

10
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~ ~ T 1 0 _Xéyz
T, ~(S=5)=(Ry(0:) Ry(=6x)) = |0_ 1 0 (98)
A6, 0 1
CI:;; ~ Can + Can Ag_vz (99)
Where C,,, = "C’ggyig”) =[Cp,0,C,0,Cy, O}T is the vector of aero-

dynamic coefficient derivatives with respect to the angle-of-attack, at a
mean angle 0,;.

The vector of linearized normal buffeting forces due to the yz-pro-
jected wind, f,, ;,,,, after being linearized with respect to the turbulence
components, can be then separated into a coefficient matrix A; 1,,,, and

the turbulence components vector a,, = [ap, aA,aL}T, as in egs. (100)
and (101).
fb,an ~ Ab‘an ALy (100)
2HCp yp,, O (HC,—BCi)rp,,
0 0 0
1 2B B H
Apww ==pU,. CL X 0 ( CJI + CD)ZL,«:L (101)
2570 0 0
2B’ Cy IMap 0 BZC;W IMay,
0 0 0

Where y;; are the cross-sectional admittance functions associated with
the aerodynamic coefficient C; and the turbulence component j.

Alternative representations of the A, matrix can be easily obtained
by pre- and/or post-multiplication with the right transformation
matrices.

Example 1. To obtain the Ay 1,,G» matrix, which instead is to be post-
multiplied with ag,,, Ap 1w can be simply post-multiplied by T,y (€q-
(102)).

fb‘an mAb.an Ay = Ab.an Trwew Towrnw raw = Ab,anGw agw (102)

Example 2. For the same matrix to return forces in the Ls system, it can
be pre-multiplied by Ty, (eq. (103)).

(103)

fl).LS zAb.LsGw agw = TLanwAb,anGw agGy

4.3. Fluctuating wind forces due to turbulence and structural motions

4.3.1. Non-linear forces

Analogously to section 3.2, and using the variables defined in section
4.1, the turbulence- and motion-dependent vector of aerodynamic
forces, per unit length, at each element and at each time step, repre-
sented in the Lnw system, is described by eqs. (104) and (105).

Farim =T =1/2p U= Brw C~ (104)
' LnwLnw yz Lnw
T = Trwwrs T = T:: (105)
LnwLnw LsLs  LsLnw

Where Z‘:(@:) = [5:,0,6:,0,6‘:,0]T is the vector of aerodynamic
Lnw Y2 D L M

coefficients, represented in the Lnw system and dependent on 6~.
¥z
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4.3.2. Linearizations
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The vector of turbulence- and motion-dependent aerodynamic forces f“_,,w z'fv,,yL,,w +AALw Draw + AR Ly A (113)
Fudine is @ non-linear function of u, v, w, A and A. The linearization A —[00 0 A N As, | 114)
process conducted in section 3.2.2 can then be repeated here. A am B o

Limitation: Analogously to the limitation described for the linear
expressions in section 4.2.2, the linear approximations presented in this

S(BC, — HC,)sin feos 0 U/U,,  HC, 2SHCpsinfcosdU/U,,
—BCy, 0 HCp
1 —S(HCp + BC))sinfcos O U/U,, BC 2SBC; sin fcos O U /Uy,
[AArn AAM AArL } :_pUyz-z ( P L) /} / - L 5 L ﬁ / i (115)
2" %o 0 —B°Cy
—SB2C,, sin  cos U /U, BC,, 2SB*Cy sinficos 9 U/U,,
B*Cy 0 0
section should not be used whenever U~ oscillates between positive and
negative values, i.e. in the vicinity of f ~ +90°, since the functions Aipw=[As, As, Ay 0 0 0] (116)
T — and GJV:Z will have singularities at # = + 90°. It is thus assumed [Ai, Ai, Ai,]=—Apim (Xw_ = 1) a117)

LnwLnw
that S = S = S for all time steps.

Analogously to the definition of ﬁ, ¥ and \7|~7, when ap, a, and a; ac-
count for the relative velocity between the wind and the structure, they

are denoted ﬁp, ﬁA and EL, as in egs. (106)-(108).

dp=ap — Ay (106)
Ay =ay — A, (107)
G=a, — A, (108)

With the newly defined variables, following the same linearization
principles as in section 3.2.2 and representing the structural motions in
the Lnw system as Ap,, = [AD7AA,AL,A,D7AM,A,L]T = TrwwisArs and

Apwy = [Ap, A4, Ar, Arp, Ay, An]" = TrawisAps, then U~2, 0=, T  ~ and
yz yz LnwLnw
6‘: can be simplified into egs. (109)-(112).
Lnw
~ 2 ~
U= = Uy, (U, +2ap +2SUA,. sin f cos 0) (109)
yz
O~ =0,.+ A0~ =6, + Ay + (@, — SUA,p sin f3 cos 0) / U,. (110)
1 —Ay  —AO~ + Ay
T ~(=8)~ |4, 1 Ay 111
LnwLnw A"é: _ AM A,D 1
C~~Cpp + C,,, A0~ (112)
Lnw ¥z
Note that T~ is independent of Ay since such a bridge rotation
LnwLnw
leaves both the wind projection and the drag, axial and lift directions
unchanged.

Finally, the vector of linearized wind forces due to the normal-

projected wind and the structural motions, ]b‘an =

ad Lnw — fmeaanw’

can be linearized into eqs. (113)-(117).

11

Where fb,an is described and linearized in section 4.2, 0=
[0,0,0,0,0,0]" and Ay (7;; = 1)isfound ineq. (101) withall y;; = 1.
Note that both 4, and 4,;, cause a change in the normal plane, from yz to

fz, which consequently changes the normal projection of the wind.

4.4. Axial force contribution

4.4.1. Non-linear forces
The mean axial force f,,,4, o> the instantaneous axial force f,; i
and the motion-dependent instantaneous axial force f,;,.iu are

described in egs. (118)—(120), for each bridge element, as vectors in the
consistent Ls system.

Fmeanasiars = [1/20U.|UL|BC,,0,0,0,0,0]" (118)

]ad,axial.ls =[1/2pU,|U,|BC,,0.0,0,0,0]" (119)

fadasiars =T =[1/2pU-U~BC,,0,0,0,0,0]" (120)
LsLs X X

In this section, C, = C«(f=—x /2,0 = 0) can be directly obtained for
the case when the wind is parallel to the bridge girder. It is normalized
by B (or alternatively by the perimeter of the cross-section), non-nega-
tive and assumed independent of both $ and 6 (the -dependency of the
force is already considered in U,). This results in maximum axial forces
when the wind is parallel to the longitudinal axis. However, it should be
noted that the maximum axial force may occur for skew angles (see e.g.
(Veritas, 2010) and their reference to (Eames, 1968) with respect to
inclined cylinders). Alternatively, C, can be obtained by curve fitting the
results of different skew wind cases.

Each of the force vectors fmean‘ma,,fad‘ma, and fadmml can be then
added to their (non-axial) counterparts in sections 4.2 and 4.3, within
the same coordinate system.

4.4.2. Linearizations
The linearized axial force contribution is most conveniently

expressed in the Ls system (in the Lnw system, the A and A axes invert in
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the vicinity ofﬁ ~ 490° and 7; ~ £90°).
The vector of turbulence components in the Ls system ay, as well as

the linearized expressions for Uy|Uy| and U~|U~| are introduced in egs.
X X

(121)-(123).

ars = [axv Ay, (1;} = [i]r - U, ay - va 171 - Uz] = TrGw [”7 vy W]T (121)
U,|U| = U]U,| +2|U,|a, (122)
U0 = U,|U,| + 2|U.| ((ax — A,) + U,A,. — UA,) (123)

Then, the linear approximations of fad_amm and fad’ma,_,ds are
expressed in egs. (124)-(130).

f ad axial,Ls ~2J mean axial Ls + Ab.axial.Ls ars (124)
T ad axial Ls Q'Nad,axial,m + Apavial Ls Ars + A A giat Ls Ay (125)
2Cifyo, 0 O
0 00
0 00
Ab,axinl,Lx—l/zpBU(l 0 0 0 (126)
0 00
0 00
Apariaizs =[0 0 0 Ay Ay Aa, ina, 127)
0 _2Uz Cx ZU\ Cx
00 U,C,
0o -UC, 0
[Ase As, Asy ]y =1 / 208U | o 0 (128)
00 0
00 0
AA‘a,rial,Lv = [AAX AA,V AAz 0 0 ]axial (129)
[As, As, As], = —Avariars (o, = 1) (130)

Where 0 = [0,0,0,0,0,0]” and where Xxa, 18 the cross-sectional admit-
tance function associated with the aerodynamic coefficient C, and the
x-projected turbulence a,.

5. Response analysis
5.1. Time domain approach

In the time-domain, the equation of motion for a dynamic structural
system under forced vibration is expressed by eq. (131), with the global
buffeting forces on the right-hand side.

MEAS (1) + COA° (1) + KO A (1) = FO(r) (131)
Here M®, C° and K€ are the global mass, damping and stiffness matrices,
with size [6Ny x 6Ny|, with Ny as the number of structural nodes in a

FEM model, where each node has 6 DOF; A, N and AC are the global
vectors of structural displacements, velocities, and accelerations, with
size [6Ny]; F,? is the global vector of nodal buffeting forces, with size

[6Ny], assembled from all the elemental Fj, = Lf, or F, = L f, vectors.
These global matrices and vectors are assembled following standard
FEM techniques and are represented in a global and consistent coordi-
nate system such as the Gs system.

To numerically simulate the turbulent wind field, the turbulence
simulator TurbSim (Jonkman, 2009) or the freely available MATLAB
code by Etienne Cheynet (2020) can be used.
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To solve the equation of motion, a numerical integration method
such as the Newmark-beta method (Newmark, 1959), can be used.

In a linearized format, the motion-dependent force coefficient
matrices Ay and A ; can be moved to the left-hand side of the equation of
motion, joining the other A and A dependencies, instead of contributing
to the global vector F¢. Thus, they can be converted into the so-called
aerodynamic stiffness K§, and aerodynamic damping CS, global
matrices. K§, and C§, are expressed in the Gs system so that they can be
added to the structural stiffness K$ and structural damping C$ global
matrices, as in egs. (132) and (133).

KG:Kg+K§E as2)
=8+ 5, (133)

They have the size [6Ny x6Ny] and can be assembled from the in-
dividual K, and C4r matrices representative of each element, with size
[6 x 6]. K4 and C4g are obtained through egs. (134) and (135).

Kag = — L Tg6wAncwT s (134)

Cag = — L Tg6wAigwTowes (135)
Kur and C4f can also be estimated in a frequency-dependent format. To
express such frequency-dependent forces in the time domain, as well as
the frequency-dependent cross-sectional admittance functions y;;, one
approach is given in e.g. Chapter 4.7 in (Xu, 2013). In a frequency
domain analysis, K4g and Csf can be transformed to modal coordinates
and added to the modal stiffness and damping matrices, inside the modal
frequency response function.

5.2. Frequency domain approach

The frequency domain approach is a Fourier transform of its time
domain counterpart. In the time domain a displacement vector A is
estimated, whereas in the frequency domain a cross spectral density
matrix of the displacement response Saa () is estimated. From known
modal analyses and buffeting theory solution schemes (see e.g. (Chopra,
1995; Clough and Penzien, 2003; Strgmmen, 2010; Xu, 2013)) it follows
that egs. (136)—(141) can be used to obtain the standard deviation of the
displacement response 6,. The response is here given for the Gs system,
as a function of S,,(w) which is naturally expressed in the Gw system.
Single-sided spectra are used. The superscript ¢ is omitted when there is
no ambiguity.

©

os= / Sa(®) do (136)
o

Saa(@) =@ Sa(w) @' as7

Senl@) = H (0) Son(®) H' (o) (138)

()= PY Suu(w) P @ (139)

H(w)=[- oM +ioC + K] (140)

Py =L Apaiiw = L TewwAnan 141)

Here o0, is the standard deviation of the response with size [6Ny], with
Ny as the number of nodes. S, (w) is the auto-spectral density vector of
the nodal displacement response. It can be extracted from the diagonal
elements of Saa(w) and has size [6Ny|. @ is the angular frequency.
Saa(w) is the cross spectral density matrix of the nodal displacement
response, with size [6Ny x 6Ny]. @ is the matrix of mode shapes with
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size [6Ny x Ny, with Ny as the number of modes. S%(a)) is the cross-

spectral density matrix of the modal displacement response with size

[Ny x Ny|. H(w) is the modal frequency response function matrix with
size [Ny x Ny. In the absence of modal-coupling it becomes a diagonal
matrix. S;;(a)) is the cross-spectral density matrix of the modal buf-

feting loads with size [Ny X Nyl. Sq(w) is the cross-spectral density
matrix of the turbulence components u, v and w, with size [3Ny x 3Ny].
One possible formulation of S,,(®) can be found in (Zhu and Xu, 2005).
PS is the global coefficient matrix of buffeting forces assembled from
each elemental Py, and it has size [6Ny x 3Ny]. P, is the coefficient
matrix of buffeting forces, representative of one element, with size [6 x
3]. It can be frequency-dependent when the cross-sectional admittance

functions y;; are included. M is the modal mass matrix. It can be
frequency-dependent, e.g. due to hydrodynamic forces, and it has size

[Ny x Ny]. C and K are the modal damping and modal stiffness
matrices. They can also be frequency-dependent and have size [Ny xNy|
each. *(superscript) represents the complex conjugate. i is the imaginary
unit.

To express the response in the Ls system instead, for each element,
the Saa(w) in eq. (137) can be converted to an elemental format, and
then pre- and post-multiplied by T.gs and T, accordingly.

6. Conclusions

Previous literature, through experimental and field measurements,
has revealed an important impact of skew winds on the response of
bridges. Two theoretical models to estimate the skew wind buffeting
loads, here named 3D and 2D, are found in the literature. The 3D
approach, which requires aerodynamic coefficients that depend on both
yaw and inclination angles, is preferred, but not always feasible. The 2D
approach, where only the normal projection of the wind is considered,
has previously underestimated the buffeting response of straight bridges
to some extent, raising further questions for bridges with more complex
geometries.

A revised version of the bridge buffeting theory for skew winds is
introduced here, for both turbulence- and motion-dependent forces. The
3D approach presented consists of a partial revision and a complement
to the comprehensive and pioneering work by Le-Dong Zhu. Through
the use of convenient coordinate systems, an intuitive and systematic
use of transformation matrices, and with the help of modern mathe-
matical tools, a few key improvements were achieved for the 3D
approach:

1. A simplified and accurate description of the wind velocities, yaw
angles, inclination angles and transformation matrices, as functions
of both the turbulence and the structural motions;

2. A clear and compact representation of the linearized buffeting forces;
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3. A more accurate description of the quasi-static motion-dependent
forces, in both non-linear and linear forms.

Additionally, for the cases where the 3D approach is not feasible and
in order to establish a better framework of comparison, a comprehensive
2D approach is developed:

. The cosine rule is expanded to include wind directions that are both
yawed and inclined;

. An optional axial force contribution, when the axial coefficient has
been estimated, is included, accounting for both turbulence- and
motion-dependent forces;

. The motion-dependencies are expanded, from the typical 3 DOF in
the normal plane to a complete 6 DOF formulation;

. Linearizations of all relevant forces and variables are successfully
achieved and presented in a conveniently compact form.

Further work is necessary to evaluate the impact of skew winds on
bridges with different geometries, to compare the differences between
the two approaches and to evaluate the improvements and generaliza-
tions introduced here. A separate article addressing some of these as-
pects is expected to follow the present work, where the planned bridge
for Bjprnafjorden will be used as a case study.
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Appendix. Key differences between the original and the present theory

Original theory (Zhu, 2002)

The present theory

Local static structural coordinate systems:
Use of both a Ls (x,y,z) and a Lr (q,p, k) system for each element. The direction of the
p-axis is dependent on the mean wind such that # < 90°.

Use of only one Ls (x,y,z) system that is consistent regardless of mean wind direction, i.e.
for €] — 180°,180°]. This consistency leads to simpler expressions.

Mean wind coordinate systems:
Use of both a local Lw (g, p, k) system and a global Gw (X,,, Y,,Z, ) system to represent the
mean wind.

The Lw (¢,p,h) system is discarded (redundant) and only Gw (X,, Y,,Z,) is used for the
mean wind.

Local dynamic structural coordinate systems:
Not included. Element rotations and their effects on motion dependent forces must be
explicitly defined.

Inclusion of a Ls (;,:vtf) system, solidary with the moving element, helping define the
motion dependent loads.
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(continued)
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Original theory (Zhu, 2002)

The present theory

Instantaneous and relative wind coordinate systems:

The p in the Lw (¢, p, k) system follows the instantaneous wind. No system is dedicated to
the instantaneous relative wind (relative to the bridge in motion).

The Xz in the I]/(X;, Y-, Z;) system is aligned with the instantaneous wind (U). The X~

[%

in the f,vvv(X:, Y~,Z~) system is aligned with the relative instantaneous wind (T).
v U U

Transformation matrices:
Transformation matrices are deduced from 9 angles between the axes of both systems,
which must be previously defined.

An intuitive formulation using chained rotations is also included.

Linearization of the aerodynamic loads:
Kb, Ap, A6, T, ~ are formulated as functions of U, v, w, the nine entries t; of the

. . . . —b
transformation matrix T',, and six expressions s; of these. A" “transforms” a =
[u,v,w]" from the Gw system into forces in the Lw system.

Ap, ﬂ},fﬂ, TG L, are clearly formulated as functions of only U, u, v, w, # and 6, in a compact
wLw

form and without loss of generality. A, and @ = [u,v,w]" are both represented in the Gw
system.

Motion-dependent forces:
It is implicitly assumed (see section 5.4.3 in (Zhu, 2002), in particular eq. (5.12b)) that:
= v
prpt Ucosf
= w
O~0+ l_]+ Ay,

Ary

The quasi-static expressions of P;, H, and A; in eq. 5-16 are inaccurate: there is an

A
rng’ for 6 # 0), and a motion

inaccuracy in f§ with respect to the bridge rotation (4, # o

(analogous to T ~) is missing in the second term of the right side of
GwLw

eq. 5-13. Some motion dependencies are thus overlooked. After eq. 5-13, it is

mentioned that A% = A" (rij =1), where the relevant T, ~ effects have been included.

This confines the inaccuracies to the aerodynamic stiffness only, not the aerodynamic

damping. A typo in P; in eq. 5-16: [sin/?'cosﬁ]C’é’a should be corrected to [sinﬁcos@](fga .

T _~

dependent T, ~

A simple non-linear quasi-static description of motion dependent forces is first provided

in eq. (52). Linear approximations of § and 6 are derived and revised to:
V- AYV
Ucos @

w—A
iy

Arz,

~ht cos 6

AT =~ isderived and used, and a linear approximation is also provided. Comprehensive
Gww
formulations of A, and A; are provided. Accurate quasi-static Scanlan’s flutter

derivatives are provided as an alternative.

Alternative approach when the estimation of C(j, ¢) is unfeasible and only C(0,6) are known:

A cosine rule Cr(f,6) = Cy,(0,0)cos 2 f, originally intended for @ = 0, is used to compare
equivalent aerodynamic coefficients for different # (0 to 35°) and 6 (— 10 to 10°) (see
also (Zhu et al., 2002b)). Cp, (= Cy) show moderate deviations. C, (= C;) show erratic
deviations. Cy, (= Crx) show large deviations, especially for § = + 10°.

A novel generalization of the cosine rule approach is introduced, for generic values of
both $ and 6, allowing for contributions from axial forces and motion-dependent forces,
due to in- and out-of-plane motions. All the relevant variables, deductions and
linearizations are presented. This novel approach is still only intended for preliminary
analyses and comparison purposes, as it is presumably inferior to the 3D C(f, 6) approach.
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