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Abstract

We study traveling wave solutions of the nonlinear variational wave equation. In particular,
we show how to obtain global, bounded, weak traveling wave solutions from local, classical
ones. The resulting waves consist of monotone and constant segments, glued together at
points where at least one one-sided derivative is unbounded. Applying the method of proof
to the Camassa—Holm equation, we recover some well-known results on its traveling wave
solutions.
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1 Introduction

We consider the nonlinear variational wave (NVW) equation
uy — c)(c(wuy)y =0, (1.D
with initial data
uli=0 =uo and us|;=0 = uj. (1.2)

Here, u = u(t, x) wheret > 0 and x € R.
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The NVW equation was introduced by Saxton in [17], where it is derived by applying the
variational principle to the functional

/ / W? — A(uyu?) dx dt.
0 —00

The equation appears in the study of liquid crystals, where it describes the director field of a
nematic liquid crystal, and where the function c is given by

c(u) = A sin®(u) + Az cos® (), (1.3)

where 1| and A, are positive physical constants. We refer to [14,17] for information about
liquid crystals, and the derivation of the equation.

It is well known that derivatives of solutions of the NVW equation can develop singu-
larities in finite time even for smooth initial data, see [8]. A singularity means that either
uy or u; becomes unbounded pointwise while # remains continuous. The continuation past
singularities is highly nontrivial, and allows for various distinct solutions. The most common
way of continuing the solution is to require that the energy is non-increasing, which naturally
leads to the following two notions of solutions: Dissipative solutions for which the energy is
decreasing in time, see [1,18-20], and conservative solutions for which the energy is constant
in time. In the latter case a semigroup of solutions has been constructed in [2,12].

We are interested in traveling wave solutions of (1.1) with wave speed s € R, i.e., solutions
of the form u (¢, x) = w(x — st) for some bounded and continuous function w.

A bounded traveling wave was constructed in [8], corresponding to the function ¢ given in
(1.3). The constructed wave is a weak solution, which is continuous and piecewise smooth.
In particular, the smooth parts are monotone and at their endpoints cusp singularities might
turn up. By the latter we mean points where the derivative is unbounded while the solution
itself is bounded and continuous.

In this paper we consider local, classical traveling wave solutions of (1.1), i.e., solutions
of the form u(t, x) = w(x — st), where w € C2(I) for some interval I and solves (2.3),
and study whether these can be glued together to produce globally bounded traveling waves.
The approach we use is similar to the derivation of the Rankine—Hugoniot condition for
hyperbolic conservation laws, see e.g. [13] and hence requires a minimal positive distance
between any two gluing points.

We assume that the function ¢ belongs to C?%(R) and that there exists 0 < o < B < 00,
such that

o =minc(#) and B = maxc(u). (1.4)
ueR ueR

Moreover, we assume that

max [¢'(u)] < K; and max|c”(u)| < K> (1.5)
uelR uelR

for positive constants K and K».
The following theorem is our main result, and will be proved in the next section.

Theorem 1.1 Let ¢ € C2(R) such that o and f defined in (1.4) satisfy 0 < o < B < oo.
Consider the continuous function w : R +— R composed of local, classical traveling wave
solutions of (1.1) with wave speed s € R. If w is a global traveling wave to (1.1), then the
following holds:
If |s| ¢ [, B], then w is a monotone, classical solution, which is globally unbounded.
If Is| € (a, B), two local, classical traveling wave solutions can only be glued together
at points & such that |s| = c(w(&)) and we have the following three possibilities:
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Fig.1 A traveling wave solution
w(&) consisting of two constant w
values joined together by a
strictly decreasing part

1. If for some &, |s| # c(w(&)) and c has a local maximum or minimum at w(§), then the
wave w is a monotone, classical solution near &, which has an inflection point at &.

2. Ifforsomeé&, |s| = c(w(&)) and ' (w(§)) # 0, then the wave w is either constant or has
a singularity at &, meaning that the derivative is unbounded at & while w is continuous.
Near the singularity, the wave is a monotone, classical solution on both sides of &. The
following scenarios are possible:

(1) The derivative has the same sign (nonzero) on both sides of &, and the wave has an
inflection point at .
(i1) The derivative has opposite sign (nonzero) on each side of &. Then, the wave is either
convex or concave on both sides, and the singularity is a cusp.
(iii) The wave can be constant on one side of the singularity and strictly monotone on the
other side.

3. If for some &, |s| = c(w(&)) and ' (w(§)) = 0, then the wave w is constant.

For |s| € [a, B], a weak bounded traveling wave solution of (1.1) can be constructed.

We observe that case 2 of Theorem 1.1 allows for globally bounded waves w. Excluding
the trivial case of w constant on the whole real line, we then see that the wave consists of
increasing, constant, and decreasing parts, and that it has at least two singularities. The sim-
plest nontrivial traveling wave consists of two constant values joined together by a monotone
segment, which has two singularities, see Fig. 1. This requires that c(u) satisfies c?(u) = s>
for at least two values of u and is illustrated in the following example.

Let s € R such that s> > 1. Consider the periodic function

c(u) = +/sin(u) + 52, (1.6)
which belongs to C2(R) and satisfies
O0<vs?—1<c) <+vs?2+1 forallu e R.

According to Theorem 1.1, possible gluing points can be identified by finding all points such
that ¢2(u) = s2, which holds if and only if u = nm (n € Z). Direct calculations yield that

1
_ b0 forallu=nr (e

)= = I
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Thus Theorem 1.1, case 2 states that it is possible to construct a global traveling wave solution
u(t,x) = w(x — st) of the form

7, £ < —E,
wE) = JwE), —&<&<E, (1.7)
0, &<&,

if there exists a local, classical traveling wave solution w connecting 0 and 7. That such a
function w exists will be shown next. Let k € R\{0} and assume that w(0) = 7, then, cf.
(2.3), w must be a local solution to

VE___ VR
Vs =2 ())] Vsin(w(§))

Furthermore, the differential equation implies that wg(§) = wg(—§) for all £ and hence
w(&) has an inflection point at & = 0. This is as expected by Theorem 1.1, case 1, since c(u)
attains a local maximum at u = 5 = w(0). Moreover, one has

w(é) —w(0) = —(w(=§) —w(0)). (1.9)

Instead of computing the exact solution to (1.8), we show that there exists & > 0 dependent
on |k| such that

wg (§) = — (1.8)

W(—&)=n and W(E)=0.

Due to (1.9) it suffices to show that there exists & > 0 such that @ (£) = 0. From (1.8), we
get

3 G
—/2 Jsin(x)dx =/ Vsin(@ () we (Ddl = —/|k[E < 0. (1.10)
0 0

Since sin(x) is positive on [0, 7], one has

sin(x) < +4/sin(x) <1 forallx € [0, 7],

which implies

—z:—/idxf—/ y/sin(x) dx<—/ sin(x)dx = —1. (1.11)
0

Combining (1.10) and (1.11), one ends up with
<k
«/ 2«/ k]’

which proves the existence of a local, classical traveling wave w connection 0 and 7.
In Sect. 3, we consider the Camassa—Holm (CH) equation

U — Uprx + 3ully — 2UxUyy — Ullyyx = 0, (1.12)

which was introduced in [5]. The CH equation has been studied intensively within the last
three decades. There are too many interesting results to mention here, and we refer to [3-7,9—
11] and the citations therein for more information. We point out that the peakon solution,
which was already observed in [5], is a weak traveling wave solution of (1.12). This is
in contrast to the NVW equation, where there are no known non-constant explicit weak
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solutions. Moreover, like the NVW equation, singularity formation in the derivatives of
solutions to (1.12) may occur, see [7].

In [15], Lenells derives criteria for gluing together local, classical traveling wave solutions
of (1.12) to obtain global, bounded traveling waves, see also [16]. By doing so, all weak,
bounded traveling wave solutions of the CH equation are classified. Some of these traveling
waves have discontinuous derivatives, such as peakons, cuspons, stumpons, and composite
waves. These waves have, except for the peakons, singularities in their derivatives.

We apply the aforementioned method to the CH equation and reproduce the criteria derived
by Lenells.

2 Proof of Theorem 1.1

Let £ = x — st and denote the derivative of w with respect to & by wg. Assume for the
moment that w € C2(R). Inserting the derivatives of w into (1.1) yields

[s* — 2 w)|wee — c(w)c’(w)wg = 0. @.1)

Observe that (2.1) is satisfied at all points & such that |s| = c(w(§)), at which either wg (§) =
0, leading to constant solutions, or ¢/(w(§)) = 0. We multiply (2.1) by 2w and get

d
£( g[sz — cz(w)]) =0.
Integration leads to
wi[s? — Fw)] =k 2.2)

for some integration constant k. Observe that we derived (2.2) assuming that w € C 2(R),
but for (2.2) to make sense it suffices that w is in C! (R).

We say that u is a local, classical traveling wave solution of (1.1) if u(z, x) = w(x — st),
for some w in C2(I), where I denotes some interval, and satisfies (2.1).

If |s| ¢ [«, B], then |s| # c(w(§)) for all £ and we have

Nl

=t 2.3
we ) 7 — 2w @) @)

The right-hand side of (2.3) is Lipschitz continuous with respect to w and there exists a unique
local solution w which is continuously differentiable and monotone. For these solutions we
see from (2.3) that the derivatives are bounded. In particular, the solutions are bounded locally,
but not globally.

In the case |s| € [«, B], Lipschitz continuity fails, and the standard existence and unique-
ness result for ordinary differential equations does not apply. In this case we show, under some
specific conditions, that if there is a local solution, it is Holder continuous. Let w be a bounded
and strictly monotone solution of (2.3) on an interval [, £&1] such that c(w(&)) # Is|,
c(w(&1)) # Is|, and |s| = c(w(n)) for some n € (£, &1). Then, by assumption, the deriva-
tive we is bounded at &y and &;. We claim that the solution is Holder continuous on [&o, &1]
if ¢’(w(n)) # 0. From (2.3) and a change of variables we get

& w(ér) 1
/E wgws:m\/ |, (24)

0 &) VIs? —c2(2)]
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and c(w(n)) = |s| yields

&1 w(&1) 1
/ wg(sms:m‘f

dz
£ &) VI (wmn) — c2(2)]

The integrand is finite everywhere except at z = w(n). For z near w(n) we replace c(z) by
its Taylor approximation and get

I2(w(n) — @) = le(w®m)) + @) - le(w®)) — c(2)]

1
> 2ale(w(m) —c(@)|=2a|c' (wm) (z—w )+ 56”(1?7)(Z—w(77))2 |

for some p between z and w(n). The expression

D=

| _
)z = wmn) + 7¢"(p)z = w(n)?

is integrable if ¢’(w(n)) # 0 and not integrable if ¢’(w(n)) = 0. Therefore, the integral

fg)‘ wg(“;‘) d§ is finite if for all & € (&p, &1) such that |s| = c(w(§)), we have ¢’ (w(§)) # 0.
In particular, by the Cauchy—Schwarz inequality we have

w(E) — wEo)| < lwell2qs,.6p 11 — ol

and w is Holder continuous with exponent % This continuity will be important later in the
text when we discuss which traveling waves can be glued together.
We illustrate the above result with an example.

Example 2.1 Let A = ﬁn;“ and B = o + B, where 0 < a < B < oo. Consider the function

c(u) = Aarctan(u) + g, 2.5

which is strictly increasing and satisfies lim c¢(#) = o and lim c¢(u) = B. Con-
u— —00 u——+00

sider the wave speed s = g, where we have ¢ < s < B. Let f(u) = s2 — ).

We have f(u) = —Aarctan(u)(A arctan(u) + B). We compute the derivative and get

) = A (2A arctan(u) + B), and since 2A arctan(u) + B > 2a > 0 for all u

T 14u?
we have f’(u) < 0. The only point satisfying f(«) = 0 is u = 0. In other words, s = ¢(0).

Denote by w the strictly increasing solution to (2.3) and (2.5). We assume that w(&y) <
0 < w(é1), so that c(w(&p)) # s and c(w(&1)) # s, which implies that the derivative we is
bounded at &y and &;. From (2.4) we get

&1
/ w}(€)dé = /Ik|

dz
£ w(&) v/ —Aarctan(z) (A arctan(z) + B)

w(€r) 1
+ 1kl / Z. (2.6)
0

d
/A arctan(z) (A arctan(z) + B)

0 1

By a change of variables we have

w(E) 1 w(é) 1
| e[,
0 /A arctan(z) (A arctan(z) + B) 0 AB arctan(z)

w(§r) 1 1 1
2 _ 2
= (4w (51))/0 B arcan ) 1422 dz=2(1+w (Sl))m\/arctan(w(él))
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and since w(&) is finite, the integral converges. Note that this only holds locally. The first
integral in (2.6) can be treated in the same way, showing that we € Lz([éo, £1]) and we
conclude that w is Holder continuous on [&p, &;].

Let us focus on weak traveling wave solutions. To derive the weak form of (1.1) we first
assume that we have a bounded solution u € C2((0, co) x R). We multiply (1.1) by a smooth
test function ¢ € C2°((0, oo) x R) and integrate by parts, which yields

/OO /oo [ — wigy + cu)c' Wue + 2 (wurgy ] dx dt = 0. (2.7)
0 —00

We say that a function u satisfying u(z,-) € L®(R) and u, (¢, -), u (¢, ) € L2(R) for all
t > 0 1is a weak solution of (1.1) if (2.7) holds for all test functions ¢ in C°((0, 0o) x R).
We observe that if there exists a piecewise smooth traveling wave solution satisfying these
conditions, it is Holder continuous with exponent %

In the case of a traveling wave u (¢, x) = w(x — st), (2.7) reads

/‘00 /00 [swgd)t + c(w)c’(w)wgqﬁ + cz(w)wg¢x] dxdt = 0.
0 —00

Now we want to glue together two local, classical solutions to produce a weak traveling
wave solution. At the points where we glue them together the derivatives may not exist.
Thus, we consider the following situation: assume that u; and u, have discontinuities that
move along a smooth curve I' : x = y(¢), where we assume that y is a smooth and strictly
increasing function. Moreover, we assume that there exists a sufficiently small neighborhood
of y (t) such that u is a classical solution of (1.1) on each side of y (¢).

Lemma 2.2 Givena curve ' : x = y(t) = st + yo, where yy is a constant, denote by D a
neighborhood of (t, y (t)) € T'. Furthermore, let D = Dy UT|p U D,, where Dy and D; are
the parts of D to the left and to the right of T', respectively, see Fig. 2. Consider two local,
classical traveling wave solutions uy and up of (1.1) in Dy and D3, respectively. Assume that
we glue these waves at T to obtain a continuous traveling wave u(t, x) = w(x — st) in D,
which satisfies

f/ [swggb, + c(w)c/(w)w§¢ + c2(w)wg¢x]dx dt =0 forany ¢ € C°(D).
D

If Is] ¢ la, B, then
we (Yo—) = we (Yo+)- (2.8a)

If|s| € (o, B)and ' (w(&)) # Oforallé = x—st, suchthat (t,x) € Dand|s| = c(w(§)),
then

[ VKl sign(((€ (o) = sHwe () - )

— Vikal sign((( (o) = sDwe ) +) | le2@o) =21 =0, 2:8b)

where k1 and ko denote the constants in (2.2) corresponding to the local, classical traveling
wave solutions uy and uy in D1 and Dj, respectively.

Proof Let

I ={tel0,00)]|(t,y()) € D}.
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Fig.2 Some strictly increasing t
curve I' : x = y(¢) and the
neighborhoods D and Dy

For any ¢ > 0 consider
D? ={(t,x) € D; | dist((¢,x), ) > ¢}
fori =1, 2. We have

J] [= e+ crcwnie + Ewuso axar
D

2
= lim (Z // [ — widr + c)c’ Wuld + A Wuygy ] dx dt) . (2.9)
im17YDf

e—0

Since u is a classical solution in Df , we have
J[ 1=+ coocanis + Camaavd = [[ (@, - woy]axa.
Dy Dy

By Green’s theorem we get

/ fD [ urd)y — )] dxdr
1

= [ur¢p dx + P (u)urg dt] :/ [ti¢ dx + c*(w)urg dt],
aDg r{
where the last equality follows since ¢ is zero everywhere on 8 D} except on I'{, where I'{
is the part of 9 D] which does not coincide with the boundary of D. We can parametrize the

curve by I'{ : x = y/(¢) fort € I{, where y{ is a smooth and strictly increasing function
and I} is an interval. Now we have

// [—uds + cu)e Wug + cz(u)uxqu] dx dt
Dy

= / [@e) (@, yf O ) (1) + (P Wurd) (@, yf ()] dr. (2.10)

If

By assumption u(t, x) = w(x — st) is a classical traveling wave solution in D7. It follows

that y{ (1) = y (1) — ev/s? + 1,
118 ={r € [0,00) | (¢, )/ls(t)) € D1}, and T{ ={(t, yf(t)) |t e If}
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From (2.10) we get
f/ps [swg@ + c(w)c’(w)w§¢ + cz(w)wgd)x] dx dt
1

= /19 [cz(w(yf () — st)) — sz]wg (yi (1) —sn)p(t, yi (1)) dt. (2.11)
1
By similar computations, as above, for D5 we get
//DE [ — wigy + c)c Wure + Wy | dx dt = /rs [0 dx + Ewyurg di],
2 2
where I} is the part of d D5 which does not coincide with the boundary 8 D. We parametrize

the curve by I' : x = y; (¢) fort € I5, where y; is a smooth and strictly increasing function
and 5 is an interval. We obtain

/ / [ = wids + c)c' @uie + ¢ Wurgy] dx di
D}

= —/ (@) (@, y5 D) (15) (1) + (P Wurd) @, v5 (1))] di (2.12)

3

where the negative sign comes from the fact that we are integrating counterclockwise around
the boundary in Green’s theorem. Inserting u(¢, x) = w(x — st) yields

[/ [sweey + c(w)c’ (w)wig + > (wywe . | dx dt
D3

=" / [ s (1) = s0) = s> Jwe (v5 (1) — sDP(, 5 () dt, (2.13)

12
where y3 (1) = y (1) + ev/s> + 1,
1; ={t € [0,00) | (¢, )/z‘s(t)) € Dy}, and F; = {(z, )/f(t)) |t e 128}

Consider |s| ¢ [a, B]. Then |s| # c(w(&)) for all £, and by (2.2) the derivative wg is
bounded at all points in D. From (2.11) and (2.13) we have

lin}) // [sweepy + c(w)c’(w)wgq’) + cz(w)wg%] dx dt
£— Df

= /1 [*(w(0)) — s*Jwe (=) (1, ¥ (1)) dt

and

e—0

lim // [swgqbt + c(w)c’(w)wgqb + C2(w)w§¢x] dx dt
D3

—_ /1 [ W) — 52]we oDt y (1) dr.

respectively. Here, we (yo—) and wg (yo+) denote the left and right limit of we at yy, respec-
tively. We insert these expressions in (2.9), and get
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// [swees + c(w)c’(w)wgqb + Cz(w)wgqu] dx dt
D

= [2(w () — 5] [we (o—) — we (o+)] /I P,y (1)) dt.

For w to be a weak solution this expression has to be zero for every test function ¢, and we
must have

[*w(0)) = s*[[we (Yo—) — w (ro+)] =0,
which implies we (yo—) = wg (yo+). This proves (2.8a).

Now we consider |s| € [, B]. In this case wg may be unbounded on the curve I, and
we have to eliminate the derivatives from (2.11) and (2.13). Recall that we only consider
continuous waves.

Since w is a classical solution in Ff we get from (2.2),

wi(E)[s* — Fw()] = ki (2.14)

where k; is a constant. Thus, we have

(2(w) — sH)we = sign((c*(w) — sHwg )V |2 (w) — s2|/[k1].

In (2.11) we now get
// [swee: + C(w)c’(w)w§¢ + cz(w)wg¢x] dx dt
Dj

= [ Vki(sien(w) = ) Viedw) = 571) o ) = 500, v @),
1
and we obtain

lim // [swgd)t + C(w)c/(w)w§¢ + cz(w)wg(bx] dx dt
Dy

e—0

= fl VIkiIsign(((c2(w(10) — sHwe (1)) — )/ 12w (o)) — s2[p(t, y (1)) dt. (2.15)

In a similar way, we get by using (2.2) in F;,

e—0

=— /1 Vlka| sign(((*(w(n)) — sHws (1)) + )y/ [2(w(0)) — 2l (t, y (1)) dt,

(2.16)

lim // [swgd), + c(w)c/(w)w§¢> + Cz(w)wgqsx] dx dt
D;

for some constant k>. Combining (2.15) and (2.16) in (2.9), we get
f /D [sweey + c(w)c’ (w)wig + (w)we ¢, | dx dt
= /1 [VikTsign(((c w00 = sHwe (0) )
— Vikalsign(((@@(0) = sDwe () +) [y 12w = 21, y ) dr.

@ Springer



Partial Differential Equations and Applications (2021) 2:61 Page 110f21 61

For w to be a weak solution this expression has to be zero for every test function, and we
must have

[VikiTsign(((2w(0) = sHwe () - )

— Vikal sign(((w(r0) — 2w () +) | le2@o) = 21 = 0.

This concludes the proof of (2.8b). m]

Remark 2.3 Note that (2.10) and (2.12) hold for any solution u# and curve x = y(f) as
described before the lemma, not just for traveling wave solutions, where y (1) = st + yp.

Using Lemma 2.2 we prove Theorem 1.1.

Proof of Theorem 1.1 Consider |s| ¢ [c, B]. From (2.8a), w and its derivative wg are contin-
uous at yp. In particular, w is monotone and coincides with the global solution for (2.3) for
a fixed k. Thus, the resulting wave will be unbounded and hence not a weak solution to the
NVW equation. We will not discuss this case further.

Now consider |s| € [«, B]. First we study the case |s| # c(w(yp)). For (2.8b) to be
satisfied we must have

VIki|sign(we (vo) — ) — Ik sign(we (v0) +) = 0.

If sign(w; (yo0) — ) and sign(wg (y0) + ) have opposite sign we get k; = ko = 0 and w is
constant in D.

If sign(we (v0) — ) and sign(we (o) + ) have the same sign then |ki| = |k2|. Then the
solution w is monotone in D and is given by (2.3), where the constant k is replaced by k.
Since w is a classical solution in D and D;, and |s| # c(w(yp)), we have |s| # c(w(&))
in D. Both w and its derivative wg are continuous at yp. In particular, w is monotone and
coincides with the local solution in D of the above differential equation for a fixed k.

Thus, we showed that gluing solutions at points yy so that c(w(yo)) # |s|, does not
yield a new solution. In particular, one can possibly only glue two solutions with different k
together at a point y to obtain a new solution, if c(w(yp)) = |s|. This means in particular,
for bounded, non-constant waves, that ¢ must have at least one extremal point and hence w
must have at least one inflection point by (2.1).

Next we consider |s| € [«, 8] such that |s| = c(w(y)). As discussed before, at points
& where |s| = c(w(£)) and ¢/(w(§)) = 0, we(§) is unbounded and wg does not belong
to leoc (R). Therefore, by the definition of a weak solution, we cannot use such waves as
building blocks. This immediately excludes the cases |s| = « and |s| = S. Thus, we consider
Is| € (o, B) and assume that all points & such that |s| = c(w(§)) satisfy ¢’ (w(§)) # 0.

The remaining case to be treated is |s| € («, B) such that |s| = c(w(yp)) and ¢/ (w(yp)) #
0. Using the same notation as in the proof of Lemma 2.2, denote by u1 (¢, x) = w;(x —st) and
uy(t, x) = wa(x —st) the classical solutions to (1.1) in Dy and D,, respectively. Then w and
wy are locally Holder continuous. Furthermore, we see from (2.14) and the corresponding
equation for D», that k1 and k» are finite and (2.8b) is satisfied for any values of k; and k5.
In particular, the functions w; and wy satisfy

viki] and woz(€) =+ Vik| 2.17)

VIs? = (w1 (§))] Is2 — ¢ (wa(8))]
in Dy and D;, respectively.

We study the case wy £(§) — +ooasé — yp— and wrg(§) — Fooasé — y+. It
remains to show which solutions, if any, can be glued together.

wi () ==+
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Fig.3 The points are from left to c(w)
right: wy (§) for & < yp,

w1 (yp) = w2(yo), wa(§) for
70 <§& < Ep, wa(Ey), waéy)
and w(y1)

LA
Vi

Let s > 0. Assume that s = c(w;(yp)) = c(wa2(y)) and ¢’ (w1 (V) = ¢/ (w2(yp)) <
0. Since ¢/, w; and wy are continuous we have ¢/(wi(§)) < 0 for & < yy near yy and
c'(wa(§)) < 0 for & > yp near yy. We have the following four possibilities:

L. Ifwy (&) > Oforé < ypnear yp thenc(w;(§)) > s and from (2.1) we get wy g (§) > 0.
2. Ifwy£(8) < 0for§ < ygnear yg thenc(wi(§)) < s and (2.1) implies that wy g (§) < 0.
3. Ifwy (&) > 0for& > yp near yg then c(wz(§)) < s and by (2.1) we have wp ¢ (§) < 0.
4. Ifwy £(§) < Ofor& > ypnear yg then c(wz(§)) > s and by (2.1) we have wy g (§) > 0.

We have now 4 possibilities for gluing waves at yp: 1. and 4., 1. and 3., 2. and 3., and 2. and
4. In all cases the derivatives are unbounded at the gluing point. For instance, combining 1.
and 4. results in a wave with a cusp at y. Since the constants k; and k> may differ, w; and
wy may have different slope away from yy.

Another possibility, due to (2.1), is that either w; or w» is constant. We can combine
constant solutions with singular waves. For instance, let w1 (§) = w2 (o) for § < yp, and wy
be as in 3.

We can also combine the wave in 1. with the constant solution where w,(§) = w1 (yp) for
£ > yo.

A similar analysis can be done in the case ¢’ (w;(yy)) = ¢’ (w2(yp)) > 0.

Note that the resulting waves may be unbounded. This is for example the case if c (1) = |s|
for exactly one u € R. On the other hand, the resulting waves belong to L?(D) and are locally
Holder continuous.

Finally we study an example to illustrate how we can glue local waves to get a bounded
traveling wave. Let us consider a function c as depicted in Fig. 3 and the wave composed of
1. and 3. For & < yp near yy, it is given by wi (&) which is strictly increasing and convex.
For & > yp near yyp, it is given by w, (§) which is strictly increasing and concave. In this case
we assumed that the function c is strictly decreasing at the point wi(yp) = wa(yp). Now we
assume that ¢ has a local minimum to the right of this point. More precisely, we assume that
there exists E; > yp such that ¢/(wy(E1)) = 0, ¢’ (w2(§)) < Oforall yy < & < Ej, and
(wy(&)) > O0forall E; < & < & for & near Ey, sothat c(wy(§)) < sforall E; < & < &.

The function w;(§) is a strictly increasing classical solution for all yy < & < &. Further-
more, w7 (&) has an inflection point at £ = E and is concave for yp < & < E; and convex
for £y < & < &.

If ¢/ (wp(£)) > O forall & < & < y; where y; satisfies c(w7(y1)) = s, we can continue
the wave after y; either by a singular wave or by setting w equal to w(y;) for y; < &. The
situation is illustrated in Fig. 4.

Depending on the function ¢, we can continue this gluing procedure to produce a wave w
consisting of decreasing, increasing, and constant segments. Note that to get a non-constant
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Fig.4 The points are from left to w
right: § < 0, v0, 0 <§ < E,
E1, & and yp. The blue part to

the right shows one of the three
ways of continuing the wave for

&>y

bounded traveling wave we have to use increasing or decreasing parts. The derivative of the
composite wave belongs to LIZOC(]R). If we € L2(R), then w is not only a global traveling
wave solution, but also a weak solution. O

3 The Camassa-Holm equation

Now we study weak traveling wave solutions of the CH equation (1.12). We insert for a
traveling wave solution u (¢, x) = w(x — st), and get

— Swg + Swege + 3wwg — 2wgwge — wwgge = 0. 3.1

We say that u is a local, classical traveling wave solution of (1.12) if u(z, x) = w(x — st)
for some w in C3(I), where I denotes some interval, and satisfies (3.1).
Integrating (3.1) yields

2

3 1
—sw + swge + Ew — Ew? — wWwgs = a, (3.2)

where a is some integration constant. We multiply with 2wg, integrate once more and get
—sw2+w3+w§(s—w) =2aw + b, 3.3)

where b is some integration constant.

We study if we can glue together local, classical wave solutions like we did in the previous
section for the NVW equation. We are interested in the situation where the composite wave
has a discontinuous derivative at the gluing points.

First we derive a weak form of the CH equation. Assume that we have a bounded solution
u € C3((0,00) x R). We multiply (1.12) by a smooth test function ¢ € CZ°((0, 00) x R)
and integrate by parts. This yields

35 [
Uy — Uy + Eu Gx + Ut Pyy + Euxd’x dxdt =0, (3.4)
0 —00

which serves as a basis for defining weak solutions.

A function u satisfying u(z, ) € L*°(R) N HILC(R) for all + > 0 is said to be a weak
solution of (1.12) if (3.4) holds for all test functions ¢ in C2°((0, 00) x R). In the case of a
traveling wave solution, u(t, x) = w(x — st), (3.4) reads
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w¢l‘ - w¢txx + Ew ¢x + U)U)gqsxx + Ewgqﬁx dxdt.
0 —00

Assume that i, and u, have discontinuities that move along a smooth curve I' : x = y (1),
where y is a strictly increasing function, and that u is a local, classical solution of (1.12) on
each side of y (¢).

Lemma3.1 Givena curve I' : x = y(t) = st + yo, where yy is a constant, denote by D a
neighborhood of (t, y (t)) € T'. Furthermore, let D = D UT |p U D;, where Dy and D; are
the parts of D to the left and to the right of I, respectively, see Fig. 2. Consider two local,
classical traveling wave solution uy and uy of (1.12) in Dy and D;, respectively. Assume
that we glue these waves at I to obtain a continuous traveling wave u(t, x) = w(x — st) in
D, which satisfies

// [wcbt — W + %uﬂqu + wwg iy + %wgm} dxdt =0 forany¢ € CX(D).
D
(3.5)

Then we have a; = ap, where ay and ay denote the constants in (3.2) corresponding to
the local, classical solutions u(t,x) = wi(x — st) and uy(t, x) = wy(x — st) in Dy and
D>, respectively.

If we and weg are bounded on the curve x = y (t), then

(w(yo) — $)(wg (Yo—) — wg (yo+)) = 0. (3.6a)

If we and wgg may be unbounded on the curve x = y (t), then

sign(((w() — $Hwe (o)) — )\/(wz()fo)(w(yo) —5) = 2a1w(yo) — b)) (w(y) — 5)

—sign(((w(yo) —s)wg ()/0))+)\/(w2(1/0)(w()/0) —s)—2a1w(yo) —b2)(w(yp) —s) =0,
(3.6b)

where by and by are the constants in (3.3) corresponding to the local, classical solution
ui(t, x) = wi(x —st) and ur(t, x) = wy(x — st) in Dy and Dy, respectively.

Proof We use the same notation as in the proof of Lemma 2.2. Moreover, many of the
calculations are similar to the ones in the previous proof, and we leave out the details. Using
that  is a classical solution in D] and integration by parts, leads to

// <u¢, — UPxx + Euzqﬁx + uu iy + 114)%(1)){) dx dt
: 2 2
35 [
= // (5“ ¢ - Eux¢+uux¢x> (U + o) | dxd
1 X
- /15 (Uttxx P + uyy + uixd) (2, vy (1)) dt. (3.7
1

Now we apply Green’s theorem, and use that the integrand is zero everywhere on 9 D except
on the part corresponding to y; (t). We assume that u(, x) = w(x —st) is a classical traveling
wave solution of (1.12). Then
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3 1
/ f (w¢z = Whrex + Jw Py + Wwehex + 5w§¢x) dx dt
D;

3, 1, ) )
=/F —ws + Sw? = Swf — (= swee [/ () = DB Y (1)
1

+ [(w = 9)we (1) = sD)px (1, y1 (1)) — w(yf (1) — s (1, Vf(t))> dr.  (3.8)

Similarly, we get

3 1
// (w¢t — Whrrx + szd)x + ww%’¢xx + Ewg(px) dxdt
D;

3 2 1 2 e e
:/,g T Twstgw —gwg—(w—S)wgg (ry (1) — st)P(t, v, (1))
2

— [ = 9w ] (1) = s)a (1, ¥5 () + w3 () — sD)pix (1, y§<r>)> dr.  (3.9)

From (3.2) and (3.3) we have

3 2 1 2
—sw—i—swgg—}—iw —Ewé—wwggzai (3.10)

and
2 3 2 _ . .
—sw” 4+ w +w§(s—w)—2a,w+bl (3.11)

in Ff i = 1,2. Assume that wg and wgg are bounded on the curve x = y(r). We insert
(3.10) in (3.8), and get since w, ¢ and the derivatives of ¢ are continuous,

e—0

3 1
lim / / (qu, — Wy + sz‘p" + wwg dry + §w§¢x> dx dt
1,

= /;(al¢>(t, Y () + [(w0) — )we (Vo)1 (1, ¥ (1)) — w0 Prx (1, v (1)) dr.
(3.12)

Combining this with the limit corresponding to (3.9) yields
35 [
WP — Whrix + Ew x + ww§¢xx + Ewg(bx dx dt
D
= /((al —a)@(t, y (@) + (w(yo) — s)(we (o—) — we (Yo+))x (¢, ¥ (2))) di, (3.13)
1
for all ¢ € C°(D). Now we derive conditions that ensure that the integral in (3.13) is equal
to zero for all test functions ¢ € C2°(D). For a positive number d and constants k¥ and

I satisfying k < [, consider the domain l? C D bounded by the lines t = k, t = [ and
x = y(t) £ d. We define the test function ¢ € C2°(D) by

i 1 1
ot x) = exp {_d —@—y?  Ta—k2— -y } ’ G
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which is positive and smooth in D and equals zero on the boundary dD. In particular,
¢y (t, y(t)) =0forall ¢t € [k,![]. From (3.5) and (3.13), we then get

b
f / (wq%—wa”s,xx+§w2q3x+wwgq3xx+%w§q3x) dx dt = / [a1—ax]p(t. y (1)) dt =0,
D a

and since q; is positive in D this implies that a; = a. Furthermore, since (3.13) should be
equal to zero for all test functions ¢, we must have

3 1
// <w¢, — Wy + sz(f)x + wwg(l)xx + 510?(]&) dx dt
D

= fI(W(Vo) — 8)(we (Yo—) — we (Yo+)x (2, y (1)) dt = 0 (3.15)

for all ¢ € C2°(D), which implies (w(yp) — s)(we (Yo—) — we(yo+)) = 0. This proves
(3.62).

Now assume that wg and wgg may be unbounded on the curve x = y (¢). Recall that w is
a classical solution in Df, i=1,2.

Using (3.11) we write

(w—s)wg = sign((w — s)wg)\/(wz(w —5) —2aiw — by)(w — )

in D{, which together with (3.8) and (3.10) yields

: 3 2 1 2

lim wor — Wy + Ew Ox + WWedrx + Ewgfi)x dx dt
D

e—0

= /1 (alqb(t, v (1) — w(yo)drx (1, ¥ (1)) + sign(((w(v0) — $Hwe (1)) —)

x \/(wz()/o)(w(yo) —5) = 2a1w(yo) — b1)(w(yo) — $)¢x (1, J/(t))> dt.

Combining this with the limit corresponding to (3.9) yields

3 1
/ /D <w¢>f = W + 5wy + Wi + 5w§¢x) dxdt = /1 ((m —a) (. y (1))

+ (Sign(((w(yo) — 9 we (W) — )\/(wz(yo)(w(yo) —5) = 2a1w(yo) — b1)(w(yo) — )
— sign(((w(y) — H)we (v0)) +)

% @200 W (G0) = 5) = 23w () ~ b)) — ) ), y(z))) dr

forall ¢ € C°(D).

As before, we choose the test function ¢~> € C°(D) given by (3.14) to obtain a; = as.
Thus, the first term in the above integral drops out, and for the remaining integral to be equal
to zero for all test functions, we must have

sign(((w(y0) — )we (1) = )y W20 (W(G) — ) — 2a1w() — b (W) — )

—sign(((w(y0) —)we (v0)) +)\/(w2(yo)(w(yo) —s)—2a1w(yo) —b2) (w(yp) —s) =0.
This concludes the proof of (3.6b). O
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We apply Lemma 3.1 to study which local, classical traveling waves we can glue together.
Bounded derivatives
Case 1. Consider s # w()p). For (3.6a) to be satisfied we must have we (yo—) = we (Yo+),
i.e., the derivative is continuous at yy. From (3.11) we then get that b = b, and w coincides
with the local solution in D of the differential equation (3.11).
Case 2. If s = w(yp), (3.6a) is satisfied. Since u(t, y(t)) = w(y(t) — st) = w(y) we
get u(t,y(t)) = s for all r > 0. We denote the solution in D and D> by w; and w»,
respectively. Then wi(y) = wa(yo) = s. We let & tend to yp in (3.10) and obtain a; =
%w%(yo) — %wis (yo) and ap = %w%(yo) — %w%s (y0). Since a; = ap this implies that
wi (v0) = w3 . (y0)-

If wye(y0) = wog(y0), one has by = by and as in Case 1 w coincides with the local
solution in D of the differential equation (3.11).

If wyg(y0) = —w2.£(y0), we get from (3.11), that 2a;s + by = 0 and 2a;s + by = 0,
which implies b1 = b,. Furthermore, (3.11) takes the form

(w} &) —wiE)+2a1)(s—wi(®)=0 and (w3, (&)—w3E)+2a1)(s—w2(§))=0

in Ff and FE respectively. Assuming that w; and w; are not constant and equal to s near
Y0, we have

wi, —wi+2a; =0 and w3, —wj +2a; = 0. (3.16)

For this to be well-defined we require w% —2a; > 0 and w% — 2a; > 0, and in particular,

wig =+ /w? —2a; and wyg = /w3 — 2a;. (3.17)

Note that wi and w, can only change from increasing to decreasing or the other way round
if w% = 2a;. We differentiate (3.16) and get

wig(wige —wi) =0 and wyg(wrge — wr) =0,
and since the solutions are not constant we have
wies =wy and wr g = wo. (3.18)

Letting & tend to yp in (3.18) yields wy g£(y0) = wi(yo) and wo gg(yo) = w2 (yo), S0
that if s is positive then w; and w, are convex. Since the functions are not constant and
wie(Yo) = —wa2g(y), this implies that wy is increasing and wy is decreasing near yy.
Otherwise the resulting function w would be globally unbounded. Thus, the maximum value
of wy and wy near yy is attained at Yy where w1 (yp) = wa(yp) = 5.

If s is negative, w; and wj are concave, and w; is decreasing and wj is increasing.
Otherwise the resulting function w would be globally unbounded. The minimum value of
w1 and wy near yy is attained at yy where wi(yp) = w2 (yp) = s.

Example 3.2 Let yo = 0. Then

wi(§) = cleé —|—cze_S and wy(§) = cze‘S +cle_$,

where ¢ and ¢, are constants satisfying % > €2, solve the differential equations (3.18) in
[—1, 0] and [0, 1], respectively. Observe that w1 is increasing in [—1, 0], w» is decreasing in

[0, 1], w1(0) = w2(0) and w1 ,£(0) = —w2,£(0).

Remark 3.3 Note that the so-called multipeakon solutions are of the form u(f,x) =
Y pi(t)e ¥4I Thus if one only glues together local, traveling waves, which have
bounded derivatives, one ends up with a multipeakon solution due to (3.18).

@ Springer



61 Page180f21 Partial Differential Equations and Applications (2021) 2:61

Unbounded derivatives

Since we have from (3.11), wg =w - in Ff, it follows that s = w(yp) at the
possible glueing point. Furthermore, due to (3.6b) the constants b1 and b> do not have to be
identical.

Note that (3.6b) implies that it is possible to glue together both constant and non-constant
local, classical solutions as long as s = w()p). This means in particular that one can insert
constant parts by gluing.

In [15], Lenells presents a complete classification of weak, bounded traveling waves for
the CH equation. He shows that there exists a wide range of waves, such as smooth waves,
but also peakons, cuspons, stumpons, and composite waves which might have singularities.

Lenells proves that two traveling waves wj and w, can only be glued together at a point
& if the wave height equals the wave speed, i.e., wi(§) = w>(&) = s, and if the constants «
and ap from (3.11) are equal. We remark that the constants a and ¢ in [15] corresponds to 2a
and s here, respectively, and that we assume k = 0.

Our main objective was to recover these conditions by using the method presented above.
Showing other important features of traveling wave solutions of the CH equation requires
the machinery used by Lenells, which we outline next. For a detailed description we refer
to [15]. A key property is that the maximum value of the wave equals s for s > 0 and the
minimum value equals s for s < 0.

In particular, we highlight the role the constant b; plays in obtaining a bounded wave.
Assume that we are in our usual setting where we have classical solutions wj and w, in D‘f
and D3, respectively. We want to glue these waves together. Thus, we must have wi(yp) =
w2 (yo) = s and a; = ay. Hence, by introducing f(w) = —w3 + sw? 4 2a;w, we can write
(3.11) as

2 2ayw+b;

wi(s —w) = f(w) +b; = gi(w) (3.19)

in Df, i = 1,2. Note that g} (w) = g5 (w) = f'(w) = —3w? + 2sw + 2a;. In what follows
we assume that s > 0.

Ifs2+6a1 < 0, then g’1 (w) < —3w?42sw— é = —3(w — %)2, which is strictly negative
provided that w is not identically equal to 5. This means that g (w) is strictly decreasing and
f(w) + by has exactly one zero. Assume that b; is such that f(s) + b1 < 0. By continuity
we have f(w) + b1 < 0 for w near s. Then (3.19) implies that w > s. Since f(w)+b; <0
for all w > s, (3.19) shows that wg # O for all w > s. Thus, w is strictly monotone and
unbounded. Next, let us set by larger so that f(s) + b1 > 0. Then f(w) 4 b; > 0 for w near
s and from (3.19) we get w < 5. We have f(w) 4+ by > 0 for all w < s, so (3.19) implies
that wg # O for all w < 5. Hence, w is strictly monotone and unbounded. The situation
f(s) 4+ by = 0 can be treated similarly, showing that there are no bounded solutions. Thus,
if s2 4 6a; <0, f(w) + by has one zero and there exist no bounded solutions to (3.19).

If s2 +6a; > 0, then g1(w) = f(w)+ by has at least one zero, but the number of zeros is
dependent on the choice of b;. To be more precise the function g{(w) has a local minimum

.v7«/52+6a1 _ s+«/‘v2+6a1
3

and maximum at Wi, = and wmax = —S5——, respectively. It is strictly
decreasing for w < wpin and w > Wpax.

If g1 has only one zero, we can show as before (i.e. in the case s2 + 6a; < 0), that there
only exist unbounded solutions.

Consider the case where g has three zeros. Moreover, we consider s between two of the
zeros of g, since any other case yields unbounded solutions.

First we treat the case where g; has a double zero and a simple zero. The double zero is
either the local minimum or maximum of g;. We only consider the case where the double zero
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Fig.5 Sketch of the function g1

: — w) + b
with a double zero at w = wp;jy fw) + by
and a simple zero at w = 1.
Furthermore, wpjp < s <17
w
Wmin s n

is the local minimum of g, see Fig. 5, since the other one follows the same lines. Denoting
the simple zero by 71, we write

g1(w) = —(w — win)* (w — 7). (3.20)

Expanding this expression and comparing it with g;(w) = f(w) 4+ b; we get the relations
N+ 2Wnin = 5, —20Wmin — wﬁlin = 2ay, and nwﬁlm = b.

By assumption wpyi, < s < 1. Then g1(s) > 0, so that g; (w) > 0 for w near s. By (3.19),
w < 5. Note that wg = 0 for the value w = wy,;,. We have

—w
we = £(W — Winin), / ;’_ - 3.21)

and w exponentially decays to wmin as § — Foo. With the notation above, we see that one
possibility is to choose w; and w; to be solutions to (3.21), which yields the cuspon with
decay. In particular, w; is the strictly increasing part, and w the strictly decreasing part.
Note that the derivatives are unbounded at w; = wy = s.

Let us investigate if we can glue waves w;, i = 1, 2 given by (3.21) to constant solutions.

£2) e are looking for

Consider w; given by (3.21). From (3.19), we have w%)s = 5o,
solutions satisfying wy ¢ = 0. Since at the gluing point we have w; = wy = s, we require
that go(w) = (d — w)(s — w)? for some constant 4. Comparing the coefficients, yields the
relations d = —s, 2a; = s2, and by = —s°. Hence, if s2 = 2a; we can glue w; as given
by (3.21) with the constant solution w;+| = s, which are the building blocks for so-called

stumpons.

Remark 3.4 Note that the condition s = 2a; is related to (3.17), which describes all local,
classical traveling waves that have a bounded derivative at points where w = s. In particular,
(3.17) implies that peakons can only turn up in bounded, composite waves such that s> > 2a;
and the case s> = 2a; corresponds to the constant solution.

Let us turn back to (3.20). If s = n, then
wg = £(W — Win)- (3.22)

In particular, w is monotone and decays to wpin as & — £oo. Choosing w; and w; to be
solutions to (3.22) yields the peakon with decay. In particular, w is the strictly increasing
part and w; the strictly decreasing one.

Let us see if we can glue waves given by (3.22) to constant solutions. Let w; be the
strictly increasing function given by (3.22). The graph of the function g>(w) = f(w) + b
is equal to the one for g up to a vertical shift, i.e., there is a constant « such that g2 (w) =
—(w— wmin)z(w —§) 4+ «. From (3.19), we get w%é = (wy — wmin)2 + Sf‘w. Observe that
the only choice of the constant & which gives a solution with bounded derivative is @ = 0.
Then we get wg’é = (w3 — Wpin)?2, and the only possibility for wa ¢ = 0 is if w2 = Win.
But then w; can not be glued to wq, as wpin 7 5. We conclude that waves given by (3.22)
cannot be glued to constant solutions.
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Fig.6 Sketch of the function g1
with three simple zeros f(w) + by

n1 < 1 < n3. Furthermore,
n<s<n3
. w
771\\—//772 S rN

Next we treat the case where g; has three simple zeros n; < m < 13, i.e., gr(w) =
—(w —n1)(w — n2)(w — n3), see Fig. 6.

Let s be such that n, < s < n3. Then g(s) > 0, so that g;(w) > 0 for w near s. By
(3.19), w < 5. Observe that wg = 0 at w = 1. We have

we = £/w —n2 h(w), (3.23)

where h(w) = ./ —w > 0 forall )» < w < s, so that w attains the value 1,

at some finite point £. Note that the solution to (3.23) is not unique. Thus, w € C! can be
defined in such a way that w attains its minimum at &, is strictly decreasing to the left of
£, and strictly increasing to the right of £. Gluing countably many of these waves together
yields a periodic cuspon.

If s = n3, then

wg = /W — Ni/w — N2, (3.24)

whose solutions, following the same lines as above, serves as building blocks for a periodic
peakon.

In a similar way as above, we can study if the waves given by (3.23) and (3.24) can be
glued to constant solutions. We find that we can only glue waves given by (3.23) to constant
solutions which are equal to s. Then we obtain stumpons, which consist of monotone segments
glued at points where the derivative is unbounded to piecewise constants parts.
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