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ABSTRACT

Monitoring the shear modulus of formations around bore-
holes is of interest for various applications, ranging from
near-surface investigation to reservoir monitoring. Downhole
logging tools and borehole seismic are common techniques ap-
plied to measure and characterize formation properties. These
methods rely on transmitted and reflected waves to retrieve
the rock properties. Wave modes traveling along the interface
between the well and the formation, such as tube waves, are
often considered as noise. However, tube waves are less attenu-
ated than body waves and contain information about the shear
modulus of the formation surrounding the well. Hence, a poten-
tial use of this interface wave is of interest. Because tube-wave
properties depend on several parameters, e.g., well geometry,

highly accurate measurements should be performed for use in
inferring rock properties. We have studied the feasibility of
tube-wave measurements as a monitoring method. Different ex-
periments are conducted using a hydrophone array in two bore-
holes, with depths of 30 and 95 m. The experiments are used to
investigate how accurately the tube-wave velocity can be mea-
sured and which parameters have the most impact on the mea-
surements. Our results suggest that it is hard to estimate the
absolute shear modulus of the geologic formation using tube-
wave velocities only. However, it seems feasible to use them
to monitor changes in the shear modulus, depending on the
borehole setup and the geologic formation. Tube-wave monitor-
ing can be used as a first step to determine the depth along the
well where changes occur before more accurate measurements
are performed in a second step.

INTRODUCTION

Estimating and monitoring the soil and rock formation properties
around boreholes plays an important role in engineering and explo-
ration activities. In near-surface applications, subsurface monitoring
is relevant for foundations at large construction sites, as well as for
observing environmental changes. Deeper objectives for monitoring
are subsurface energy storage sites for compressed air or gas, used
to fill gaps of energy supply from renewable sources. Another ac-
tivity in which subsurface monitoring is required is carbon capture
and storage, widely regarded as being crucial to achieve the CO2

emission goals — especially from CO2-intensive industrial enter-
prises such as cement and fertilizer factories or recycling plants
(Ringrose, 2017). Because storage facilities must prevent any leak-

ages from deep sites into shallower geologic layers, accurate knowl-
edge of the geology and formation changes is desired. In general, an
optimal monitoring technique should be robust, accurate, and eco-
nomically feasible, and it should record data within a reasonable
time and spatial samplings.
Borehole geophysical measurements are often used to image the

subsurface and detect potential changes. Seismic methods are one
of the most commonly applied techniques. Most seismic monitoring
techniques make use of reflected or transmitted body waves, for
instance, vertical seismic profiling (VSP). When acquiring seismic
data in boreholes, interface waves between the well and the geologic
formations are also recorded. These interface waves are often re-
ferred to as tube waves (Galperin, 1985), and they are mostly con-
sidered as noise in VSP measurements. For acoustic well logging,
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there are patents on systems and methods to extract information
from tube waves (Overton, 1957; Ferre, 1960; Stevens and Day,
1986). In addition, there are studies showing how the tube wave
might be used to retrieve information about permeability when
the borehole fluid is coupled to porous and permeable rock forma-
tions (White, 1965; Chang et al., 1988; Winkler et al., 1989).
In general, the propagation velocity of the tube wave is linked to

the shear modulus of the surrounding rocks (White, 1965; Carcione
and Poletto, 2008). Therefore, shear modulus variations might be es-
timated by measuring the tube-wave velocity. If such information can
be extracted from the tube wave, this technique would have some
advantages over conventional VSP measurements. It would be sen-
sitive only to the shear modulus of the formation surrounding the
borehole, whereas traveltimes and amplitudes of P- and S-waves also
depend on other parameters, for instance, density. Furthermore, tube-
wave monitoring only requires a hydrophone array or fiber-optic ca-
ble within the well and one stationary source. Potentially, passive re-
cordings might be sufficient to detect changes. The receivers could
then be deployed as a cheap, permanent surveillance system at spe-
cific monitoring sites.
For near-surface applications, shear modulus changes can occur

due to several mechanisms, such as variations in the stress environ-
ment, aging effects in the soil (Troncoso and Garcés, 2000), or load
at solid waste disposal sites (Dixon et al., 2005). Henriet et al.
(1983) show how tube waves could be used for near-surface inves-
tigations for a dam site. For offshore operations such as the con-
struction of wind turbine foundations or overburden monitoring
at reservoirs sites, the S-wave velocity is often retrieved from
Scholte surface waves by active (Kugler et al., 2005, 2007) or pas-
sive (Bussat and Kugler, 2011; De Ridder and Biondi, 2015) mea-
surements. Mordret et al. (2014) present a field example for
monitoring the reservoir overburden using noise recordings. The
tube wave could then be used as a complementary tool to these mea-

surements, when wells are available in the area. The well measure-
ments could improve the depth information of the estimated S-wave
velocities from surface measurements.
We investigate the potential use of tube waves as a monitoring

tool that detects variations of the shear modulus in the geologic for-
mation surrounding wells. Because the tube-wave velocity depends
on several parameters other than the formation shear modulus, the
main question is: how precisely can rock properties be estimated
from tube-wave measurements? To examine that, we conduct ex-
periments within a 30 and 95 m deep borehole to check how accu-
rately the tube-wave velocity can be measured. Experiments with
an active source and with noise recordings are performed, and
we discuss the various factors that impact our measurements, as
well as the sensitivity of the results to these factors. Different
numerical approaches to compute the tube-wave velocity are com-
pared. The experimental results should indicate whether tube-wave
measurements can be used as a monitoring method and which bore-
hole and geologic settings are beneficial.

THEORY

Two important points are described within this section. First, the
relation between the tube-wave velocity and the shear modulus of
the formation surrounding the borehole is explained. Second, the
methods used to estimate the tube-wave velocity from seismic mea-
surements are described.

Relation between the tube wave and the shear
modulus

A wave that propagates on the interface between two media is
referred to as an interface or surface wave. Surface waves are la-
beled according to the interface along which they propagate, as well
as the propagation mode, e.g., Rayleigh waves in solid-vacuum in-
terfaces (Rayleigh, 1885), Scholte waves in solid-fluid interfaces
(Scholte, 1942, 1947), and Stoneley waves in a solid-solid interface
(Stoneley, 1924). In the specific case of boreholes, Stoneley waves
appear at the interface between the casing and the cement layer, as
well as between the cement and the formation. These interface
waves are often referred to as tube waves (Galperin, 1985). Tube
waves are usually generated at the wellhead, at shear zones, or
at fractures close to the well, by a squeeze effect of incident P-,
S-, and Rayleigh waves (Hardage, 1981; Peng et al., 1996). In this
work, we focus on tube waves as first derived by Biot (1952) that
are a low-frequency approximation of the exact dispersion relation,
also presented by Norris (1987) as a particular case of Biot’s slow
wave for a cylindrical-shaped pore.
The relation between the tube wave and the shear modulus within

the formation depends on several parameters of the well materials
and geometry. To illustrate the important parameters, a sketch of a
borehole is shown in Figure 1. The cylindrical tool inside the well
could be a measuring tool or an injection pipe.
A detailed explanation of the relation between tube-wave velocity

and formation shear modulus can be found in Schoenberg et al.
(1981) and Marzetta and Schoenberg (1985). For the tube-wave
velocity within an open borehole (no casing), including a tool,
the relation is

vt1 ¼
�
ρf

�
1

Kf
þ 1

1 − η

�
1

μS
þ η

μt

���
−1∕2

; (1)

Figure 1. Borehole setup and the important parameters for the re-
lation between the tube wave and shear modulus μS within the geo-
logic formation. The terms Kf and ρf are the bulk modulus and
density of the borehole fluid, respectively, μt is the shear modulus
of the tool, and μc and νc are the shear modulus and Poisson’s ratio
of the casing, respectively.

B194 Wehner et al.

D
ow

nl
oa

de
d 

01
/0

6/
22

 to
 9

2.
22

0.
16

9.
13

4.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

S
E

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/p

ag
e/

po
lic

ie
s/

te
rm

s
D

O
I:1

0.
11

90
/g

eo
20

20
-0

29
4.

1



where ρf and Kf are the density and bulk modulus of the borehole
fluid, respectively, μt is the shear modulus of the tool, μS is the shear
modulus of the geologic formation, and η ¼ r2min∕r2max is a geomet-
ric factor depending on the different radii (Figure 1). If the borehole
is cased and no tool is deployed inside it, the tube-wave velocity is
(Norris, 1990)

vt2 ¼
�
ρf

�
1

Kf
þ 1

N

��
−1∕2

; (2)

where

N ¼ 2ð1 − νcÞμS þ ðμc − μSÞð1 − a2Þð1 − βν2cÞ
2ð1 − νcÞ − ð1 − μS∕μcÞð1 − 2νc þ βν2cÞð1 − a2Þ ;

(3)

and νc and μc are the Poisson’s ratio and shear modulus of the cas-
ing, respectively, and a ¼ ðrmax − dcÞ∕rmax is another geometric
factor, also depending on the casing thickness dc. The parameter
β defines the coupling between the casing and the formation where
β ¼ 1 allows for movement of the casing in the axial direction rel-
ative to the formation, whereas β ¼ 0 restricts this movement. Fi-
nally, for a cased borehole with a tool inside, the tube-wave velocity
is (Norris, 1990)

vt3 ¼
�
ρf

�
1

Kf
þ η

ð1 − ηÞμt
þ 1

ð1 − ηÞN
��

−1∕2
: (4)

It is interesting to note that the tube-wave velocity is a function of
the shear modulus μS of the formation, and not of its density. There-
fore, density changes within the formation caused by fluid substi-
tutions or other mechanisms are not expected to cause changes in
the tube-wave velocity. Although shear strength commonly corre-
lates with density, that correlation is usually linked to different min-
eralogy, diagenesis, and pore structure: once the rock frame is fixed,
most common poroelastic models (Biot, 1941) predict no change in
shear modulus under different pore fluid contents, even if the den-
sity changes. For example, under Gassmann’s equations (Gassmann,
1951), a fluid substitution that does not change the rock frame
would change the formation’s S-wave velocity, but not the tube-
wave velocity measured in the well. This would be valid if assump-
tions such as linear elasticity and pore pressure equalization hold,
which might not always be the case.
The dependence of the tube wave on the shear modulus and

the S-wave velocity of the formation is illustrated in Figure 2;
the relation for open and cased boreholes is also illustrated by
Carcione and Poletto (2008). For this example, parameters similar
to that of our experimental setup are chosen: ρf ¼ 1000 kg∕m3,
Kf ¼ 2.15 GPa, νc ¼ 0.25, μc ¼ 78 GPa, μt ¼ 1 GPa,
rmin ¼ 0.02 m, rmax ¼ 0.15 m, and dc ¼ 0.005 m. To estimate
the S-wave velocity, we assume a density of ρs ¼ 2000 kg∕m3

for the formation. For this example, the movement of the casing
is allowed (β ¼ 1). Because the goal is to use the tube-wave velocity
as a monitoring method, a steeper curve for vtðμSÞ is desirable be-
cause small changes in the shear modulus would lead to significant
variations in the tube-wave velocity.

Tube-wave velocity estimation

Equations 1, 2 and 4 are low-frequency approximations of the
dispersion relation for wave modes propagating at the interface be-
tween the well and the formation, presented by Marzetta and
Schoenberg (1985). The modeled dispersion relations for parame-
ters similar to the ones in our experimental setup indicate that, for
the frequency range examined in the experiments (<500 Hz), the
events are virtually nondispersive. This is valid for an open and
cased borehole. The relative difference between the low-frequency
approximation and the exact dispersion relation is less than
0.0025%. If there is little or negligible dispersion, the expected
behavior of the event in the f-k domain is a straight line. The group
velocity of an event can be calculated as df∕dk, where f is the fre-
quency and k is the wavenumber. Therefore, this group velocity can
be estimated as the angular coefficient of a line in the f-k Fourier
plot. Here, we propose two methods for obtaining the angular co-
efficient of this line.

Least-squares line fit

The first method used to estimate the velocity is a least-squares
line fit through the maxima in the f-k domain. Then, the tube-wave
velocity vt is estimated as

vt ¼ argmin
X
i

jfi − αkmax
i j2; (5)

where α is an angular coefficient. The core idea of the method is
that, for every frequency fi in a 2D Fourier plot, the wavenumber
kmax
i of the maximum amplitude is picked. After that, the line going

Figure 2. Relation between the tube-wave velocity vt and (a) S-
wave velocity VS and (b) shear modulus μS within the formation
surrounding the well, for different settings.
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through the origin that has the smallest least-squares differences to
those points is selected as the best fit. The angular coefficient α of
the best-fit line is a good approximation for df∕dk, and it can be
interpreted as the velocity vt of the nondispersive event.
Figure 3 shows a simple sketch of a linear event observed in the

f-k domain where the dark colors represent stronger amplitudes.
The blue dots illustrate the maximum amplitudes that are picked,
and the red y axis represents the best least-squares fit to all points
that go through the origin. The tube-wave velocity is represented
with the angular coefficient α ¼ tan θ.

Radon transform

Given the linear nature of the events that are measured, another
method of particular interest is the linear Radon transform (Radon,
1986), also known as the τ-p transform (Claerbout, 1985). The Ra-
don transform Rðx 0;ψÞ of a 2D function Fðx; yÞ ¼ FðrÞ is the line
integral of F on the lines L and can be written as

Rðx 0;ψÞ ¼
Z
L
FðrÞjdrj or

¼
Z

∞

−∞
Fðx 0 cos ψ − y 0 sin ψ ; x 0 sin ψ þ y 0 cos ψÞdy 0;

(6)

where x 0 and y 0 are the rotated axes of the coordinate system and ψ
is the rotation angle with respect to the f-k domain (Figure 3).
As discussed previously, the tube wave measured in our experi-

ment is expected to be mapped as a linear event in the frequency-
wavenumber domain. By calculating the line integral for several
angles ψ in the 2D Fourier plot, the resulting transform would have
its maximum when the line integral is performed along a path that
has the same inclination as the tube-wave event. The geometry of
Figure 3 shows that the focusing of the Radon integral occurs at an
angle θ ¼ ψ þ 90°. As the event goes through (0m−1, 0 Hz), the
maximum for the example in Figure 3 appears at a displacement

x 0 ¼ 0 (the Radon transform is calculated assuming the f-k trans-
form as an image; hence, x 0 is dimensionless, being measured in
pixels). We note that the Radon transform and the line-fit method
should theoretically lead to the same result for vt.

EXPERIMENTS

The experiments are conducted within two boreholes located in-
side a work hall. The setup is shown in Figure 4. The wells were
drilled to different depths and have different diameters. We call the
shallow borehole (depth of 30 m) well 1 and the deep borehole
(depth of 95 m) well 2. Both wells are lined with a steel casing made
of steel type S355J2H, commonly used in pipe constructions. The
casing of well 2 is thicker than the one used in well 1. No cementing
has been used between the casing and the formation. The param-
eters are summarized in Table 1. Both wells are filled with water,
and the water table is shown as the dashed line in Figure 4.

Figure 3. Simple sketch of a linear symmetric event in the f-k do-
main indicated by the dark ellipses. The blue dots denote the maxi-
mum amplitudes picked for the line fit, and θ is the angle between
the fitted line and the k axis. The red coordinate system represents
the Radon transform rotated by an angle ψ . The dashed red lines
illustrate the series of line integrals performed parallel to the axis y 0.
The values of these integrals represent Rðx 0;ψÞ. Note that the angle
θ is positive, whereas ψ is negative as indicated by the black arrow.

Figure 4. Experimental setup inside the work hall. Wells 1 (30 m
deep) and 2 (95 m deep) are shown in top view and cross section.
The stars indicate the positions of the hammer source. The shallow-
est hydrophone is indicated by H-24, with a regular spacing of 1 m
to the next receivers. The drill string and inner casing (light gray) are
only temporarily installed for one set of experiments, the semipas-
sive experiment.
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The deep well is filled with tap water because it is plugged with
cement at the bottom of the well. In contrast, the shallow well is
open at the bottom, and its filling fluid contains more minerals dis-
solved from the formation water. The water temperature in the deep
well varies between Tw ¼ 10°C at the top to Tw ¼ 7°C at the bot-
tom. In the shallow well, the temperature ranges from Tw ¼ 13°C at
the top to Tw ¼ 8°C at the bottom. For the model, we assume a
mean temperature difference of 3°C between the borehole fluids.
The density ρf and bulk modulus Kf of the filling fluid are esti-
mated using the empirical relations from Batzle and Wang
(1992). The results for ρf and Kf are given in Table 1. The esti-
mated density values ρf fit with the pycnometer measurements con-
ducted with samples from both wells.
For all recordings, the same 24-channel hydrophone array is

used. The array consists of SQ54 hydrophones (Geotomographie
GmbH) separated by 1 m, with a flat frequency response between
1 and 10 kHz, and it can be operated down to a depth of 500 m. The
array contains a Kevlar tension string, and the cable is jacketed with
a PVC coating. The shear modulus of the hydrophone array is set to
the value for the PVC coating, and the radius rmin (Table 1) is esti-
mated from the mean thickness of the individual hydrophones and
the cable. It should be noted that precise knowledge of the array
parameters is not relevant when monitoring applications are consid-
ered because the parameters of the tool are not expected to change
during the measurements. The depths where the hydrophones are
located are illustrated in Figure 4, with channel 24 being the shal-
lowest receiver. The geology around the boreholes is expected to
consist mostly of marine homogeneous clay sediments as seen from
the X-ray diffraction analysis of the drilling material and the well
logging that was done before the casing installation. The geology
seems to be similar to the Eberg site (Long and Donohue, 2007),
which is close to our experimental site.
Three different types of experiments are conducted: (1) active

measurements with a hammer source, (2) a semipassive experiment
in which a drill string in well 2 acts as a strong noise source, and
(3) a passive experiment in which noise is recorded over a longer time
period. These experiments are described in more detail as follows:

1) Active experiments: One experiment is conducted in well 2 in
October 2017, and four experiments are conducted in well 1 in
September 2017 (test 1), October 2017 (test 2), March 2018
(test 3), and May 2018 (test 4). In total, 80 hammer shots
are performed for each test at the respective source location
(S1 for well 1, S2 for well 2; see Figure 4). Noise recordings
of 10 s are performed before and after each test (except for test
1). The total recording time for each record is tmax ¼ 1 s, and
the sampling is dt ¼ 0.25 ms. There are two main reasons for
this experimental configuration. First, the tube-wave velocity
can be investigated for two different borehole geometries, at al-
most the same geologic location. Second, the repeated tests can
demonstrate the accuracy of the measurements because no
changes in the formation surrounding the well are expected.

2) Semipassive experiment: The experiment is conducted in May
2018. The drill string in well 2 is active for approximately 76 s,
whereas the hydrophone array in well 1 measures the signal in
short time periods. The drill string is installed inside a second
inner casing of well 2. During the operation, it is expected that
the drill string hits the casing at different depth locations.
The total recording time for each record is tmax ¼ 4 s, and the
sampling is dt ¼ 0.25 ms. More details about the experiment

with the drill string are given by Wehner et al. (2018). The mea-
surements are compared with the active experiments, and we
investigate if a strong background source can replace the active
source for measuring the tube wave with a high accuracy.

3) Passive experiments: The experiments are conducted in October
2017. The hydrophone array is first installed in well 1 and after-
ward in well 2. The background noise is continuously recorded
for tmax ¼ 11 h. The sample rate for the measurements is
dt ¼ 1 ms. We investigate the accuracy of the measured
tube-wave velocity from passive measurements and if long re-
cording times lead to results that are comparable with the active
measurements.

The comparison of all experiments should help us identify which
acquisition methods might be useful for field applications.

RESULTS

We start this section by presenting the recorded seismic data from
the experiments in both wells and proceed to estimate the tube-wave
velocity for our experiments. Then, we estimate the shear modulus
in the formation from the measured tube-wave velocity. Finally, we
model the sensitivity of each single parameter that has an impact on
the tube-wave velocity.

Recorded waves in boreholes

The first 50 ms of stacked recordings in one active experiment for
wells 1 and 2 is shown in Figure 5. The hammer shots are not
synchronized with the beginning of the recording; therefore, time
zero does not correspond to the time when the hammer hits the floor.
The recordings for both wells are aligned according to the first
arrival. Three different coherent signals are highlighted by arrows
in Figure 5. The arrivals indicated by the black arrows have a veloc-
ity of 5800 m/s, which matches the P-wave velocity of the steel

Table 1. Important parameters of the shallow well 1 and the
deep well 2.

Borehole Well 1 Well 2

Borehole parameters

Radius (rmax) (m) 0.075 0.15

Depth (zw) (m) 30 95

Casing parameters

Thickness (dc) (m) 0.004 0.005

Poisson’s ratio (νc) 0.26 0.26

Shear modulus (μc) (GPa) 78 78

Fluid parameters

Density (ρf) (kg/m
3) 998.8 999.2

Bulk modulus (Kf) (GPa) 2.10 2.07

Temperature (Tw) (°C) 11 8

Hydrophone array parameters

Radius (rmin) (m) 0.013 0.013

Shear modulus (μt) (GPa) 1.0 1.0
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casing. The arrivals marked by the blue arrows have a velocity of
1650 m/s and are assumed to be the direct P-wave that travels from
the source to the receivers. The velocities of the casing wave and the
P-wave are estimated by picking the amplitude peaks. The tube
waves (the red arrows) arrive later because they are expected to have
a velocity slower than 1500 m/s, which is the P-wave velocity of the
borehole fluid.

A ringing effect is recognized after the tube-wave arrival, being
particularly strong at the shallowest receivers (20–24) of well 1
(Figure 5a). This ringing could be due to several tube waves, gen-
erated by P-, S-, and Rayleigh waves hitting the wellhead and well
bottom, traveling simultaneously along the well. These reverbera-
tions happen in a short time period because the source is quite close
to the well (Figure 4). Also due to the short distance between the
well and the source, reflected waves from the wellhead arrive
shortly after the first tube wave.
Figure 6 shows the frequency spectra for the active source and

noise recordings. The spectra for the noise and the active source are
nearly the same for frequencies below 40 Hz, where the amplitudes
are stronger for all recordings. In well 1, the spectra for all tests are
very similar for most frequency ranges, although the peak at ap-
proximately 30 Hz for the first two tests has slightly shifted to a
lower frequency for the later tests 3 and 4. The frequency spectra
of the deep well experiment have a slightly higher amplitude con-
tent for most frequencies compared to those of the shallow well,
except for the peaks at approximately 10, 30, and 350 Hz in the
shallow one. The deep well spectra reveal periodic peaks at different
frequencies, which are also identified in the frequency spectra from
passive recordings (Figure 7).
The passive measurements are recorded in single files with length

of 16 s. For the shallow well, the periodic frequency peaks are ap-
proximately at 10, 30, 50, 70 Hz, etc. (Figure 7, the black line). For
the deep well, peaks are approximately 3, 9, 15, 21, 27 Hz, etc.
(Figure 7, the red line). These peaks can be interpreted as harmonics
in the wells and hence depend on the depth of the borehole. The
ratio zw1∕zw2 of the depths zw1 ¼ 30 m and zw2 ¼ 95 m for the
shallow and deep wells, respectively, is 0.316, which is the same
for the ratio of the frequency intervals (20 and 6 Hz) between
the peaks in Figure 7.
It can be noted that, between October 2017 and March 2018, the

general noise level in the shallow well varies for frequencies greater
than 20 Hz and the periodic peaks are not as clear as previously.
Other peaks, e.g., approximately 23 and 27 Hz, are present in all
recordings and could be caused by the running engines of the ven-
tilation and heating system in the work hall. This is reinforced by
geophone noise recordings inside and outside the work hall, which
confirm that these noise peaks are significantly reduced outside of the
building. That could explain the shift appearing at approximately
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Figure 6. The solid lines are the smoothed, mean frequency spectra
for a time window of 1 s of all shots of the active experiments in
(a) well 1 and (b) well 2. The dotted lines illustrate the correspond-
ing noise spectra before and after the experiment. The amplitudes
are normalized to the maximum value of all recordings.

Figure 5. Stacked traces for an active experiment in (a) the shallow
well 1 and (b) the deep well 2. An automatic gain control is applied
to enhance the signal of the direct P-wave. The shallowest hydro-
phone (24) starts at approximately 3 m depth (Figure 4).
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30 Hz between tests 1 and 2 and tests 3 and 4 of the shallow well
(Figure 6a) because the noise level in the work hall could have been
different on the days of the data acquisition.
The data for both wells are filtered within different frequency

bands, and the normalized stacked seismograms are shown in Fig-
ure 8. The cutoff frequencies of the band-pass filter in Figure 8a and
8c are chosen to remove the part where the noise and the active
hammer shots have the same energy content (Figure 6). The
frequencies greater than 450 Hz are removed to compare the plots
to the analysis in the f-k domain that is performed later for the
velocity estimation. As can be seen, most of the energy within this
frequency range is related to the tube wave,
which becomes clearer for frequencies below
150 Hz (Figure 8b and 8d). For well 1, the first
downgoing and bottom-reflected tube wave can
be recognized in Figure 8b, whereas the ampli-
tudes of later reflected tube waves are more dif-
ficult to identify. In well 2, the first bottom-
reflected tube wave can be identified starting
at 0.16 s at receiver 1, accounting for the greater
depth of this borehole (Figure 8d). The second
downgoing tube wave is also visible, starting
at 0.19 s at receiver 24.
Two main differences can be recognized be-

tween both wells. First, the fast casing wave at
the beginning of the record is much stronger
in the deep well (Figure 8c), which could be re-
lated to a better coupling between the formation
and the casing in the deep well. This would ex-
plain the clear bottom reflection in the deep well
because the intensity of the tube wave depends
on this coupling (Galperin, 1985). Second, be-
tween the first downgoing and bottom-reflected
tube wave in the deep well, several other up- and
downgoing events can be recognized (Figure 8d).
Because the casing has the same diameter all the
way down to the bottom, these reflections could
in principle be related to geologic interfaces
within the formation. However, borehole logging
during the well drilling did not indicate any strong interfaces. An-
other explanation could be a reflection from the end of the tool in-
side the borehole, which would fit to the timing of those reflections.
In addition, the shallow well is very close (4.3 m apart, Figure 4),
and the depth of that well has almost the same length as the hydro-
phone array. Therefore, the tube wave that travels along the shallow
well might be measured in the deep well. This option is, however,
less likely because the amplitude of this wave should be weaker
when compared to that of the tube wave that travels along the deep
well. Although the nature of these additional reflections is not fully
explained, it is an advantage to have several tube waves traveling in
the medium because this improves the results of our proposed
velocity estimation method.

Tube-wave velocity estimation

The tube-wave velocity is computed in the f-k domain, repre-
senting an average velocity in the range of the receiver array. This
proves to be a reliable technique for this purpose because the tube
wave carries a lot of energy and it can travel the well up and down
several times. The f-k panels of a single shot in wells 1 and 2 are

shown in Figure 9. We notice a strong event, for the positive and
negative wavenumbers, corresponding to the down- and upgoing
tube wave, respectively. The higher energy content in the deep well
is clearly visible in these plots. The stronger casing wave in the deep
well can be identified as a steeper event (Figure 9b).
As previously mentioned, the velocity of the tube wave is esti-

mated by two methods. The first one is the least-squares line fit
through the maximum amplitudes at each frequency (Figure 9,
black line). The purple-colored line indicates the picked peak am-
plitudes at each frequency within the range of 50–450 Hz, which is
the same frequency range as in Figure 8. Amplitudes of less than

Figure 9. Normalized f-k spectrum of a single shot conducted in
(a) the shallow well 1 and (b) the deep well 2. The black line in-
dicates the fitted line for the velocity estimation, and the purple line
is the picked maximum amplitude at each frequency.

Figure 8. Stacked traces for an active experiment in the shallow well 1, filtered within
frequency bands of (a) 50–450 Hz and (b) 0–150 Hz. Stacked traces for an active experi-
ment in the deep well 2, filtered within frequency bands of (c) 50–450 Hz and (d) 0–
150 Hz.
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50 Hz are difficult to pick due to the noise. The frequencies greater
than 450 Hz are removed to avoid aliasing because we are limited to
wavenumbers smaller than 0.5m−1 due to the hydrophone spacing
of 1 m. The second method used to estimate the velocity is the Ra-
don transform. To have the same basis for comparing the results, we
band-pass filter the data (50–450 Hz) prior to calculating the Radon
transform of the f-k plot. Figure 10 shows the Radon transforms of
the events in Figure 9. The tube-wave velocity is estimated from the
values of ψ and x 0 at the bright spot. These maxima in x 0 ¼ 0 and
ψ ≈ −3° and ψ ≈ 3° are the two linear events as sketched in Fig-
ure 3. Notice that the Radon transform for the experiment in the
deep well shows a second weaker bright spot slightly below
ψ ¼ 0°, which is interpreted as being the P-wave in the casing
(the steeper event in Figure 9b).

The estimated tube-wave velocities for the shallow and deep well
are given in Table 2. Figure 11 illustrates the results in well 1. We
notice that all results for the active experiments have a very small
standard deviation, the largest being �1.7 m∕s for the first test in
the shallow well. Approximately 5% of the shots are removed as
outliers prior to velocity estimation. The outliers might be caused
by inaccuracies in the manually driven hammer source. The veloc-
ities computed from the line-fit method for tests 2–4 in the shallow
well during October 2017, March 2018, and May 2018 reveal the
same velocity, whereas the first experiment (September/17) indi-
cates a velocity that is approximately 7 m/s lower, when the error
is taken into account (Figure 11). The experiment in March is re-
peated three times within 13 days (Table 2: March/18 b, c, d), with
nearly the same results for all tests. This demonstrates the repeat-
ability of the method because no changes in the shear modulus
within this time period are expected. The velocities computed from
the Radon transform are in general lower than those from the line-fit
method (Figure 11). In addition, there are more deviations between
the results from the Radon transform compared to the line-fit
method. We elaborate more on the deviations of both methods in
the “Discussion” section. The velocity estimated for the active ex-
periment in the deep well has the highest accuracy, and it is slower
than in the shallow well, due to the different borehole geometry. It
should be noted that the accuracy is successively lower from the
active to the semipassive and passive experiments (Table 2). We
also note that the results from the semipassive experiments are com-
parable with those from the active tests, whereas for the passive
measurements the velocities deviate more from the active tests.
Besides the two methods described, traveltime picking of first

break and windowed crosscorrelation of events were also tested
to estimate the tube-wave velocity, but those methods lead to results
with large variations. By using crosscorrelation, the calculated
velocities have a standard deviation of approximately 25–40 m/s
in the experiments in the shallow well — an order of magnitude
worse than the values obtained with the Radon and line-fit methods.
We believe that the the reasons for that are twofold. The first reason
is the strong “ringing” close to the top of the well, which deterio-
rates the tube-wave signal in the shallow receivers due to the gen-
eration of high-amplitude noise and different wave modes; the

2017-07 2017-10 2018-01 2018-04 2018-07
Date
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)
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Radon

Figure 11. Results of the active and semipassive experiments in
well 1 with the standard deviation indicated by the error bars ac-
cording to Table 2. The standard deviation is calculated from the
individual shot, not from stacked data.

Table 2. Results of the tube-wave velocity estimation for
different experiments.

Well Line fit Radon

Active (September/17) 1 1208.4� 1.7 1198.0� 1.4

Active (October/17) 1 1217.6� 1.6 1189.0� 0.1

Active (March/18) a 1 1217.3� 0.6 1217.0� 0.1

Active (March/18) b 1 1217.1� 1.1 1212.0� 0.1

Active (March/18) c 1 1219.0� 0.9 1212.0� 0.1

Active (March/18) d 1 1220.0� 1.6 1215.0� 0.1

Active (May/18) 1 1218.0� 1.0 1200.0� 1.4

Active (October/17) 2 1145.7� 0.6 1137.2� 1.1

Semipassive (May/18) 1 1216.0� 3.8 1213.3� 1.2

Passive (October/17) 1 1242.0� 11.1 1186.4� 1.6

Passive (October/17) 2 1172.0� 11.7 1160.0� 3.3

Values are in m/s. Well 1 is the shallow borehole, and well 2 is the deep borehole.

Figure 10. Normalized Radon transform of a single shot conducted
in (a) the shallow well 1 and (b) the deep well 2. The maximum
amplitude at x 0 ¼ 0 indicates the tube-wave velocity.
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second reason is the reflection at the bottom of the well, which in-
terferes with the data in the deep receivers for the shallow well. This
interpretation is reinforced by the fact that interferometry worked
better for the bottom half receivers of well 2 (accuracy of approx-
imately 9 m/s), where the bottom well reflections take a longer time
to reach the hydrophones.
The line fit in the f-k domain has some drawbacks because am-

plitudes from other strong events might be picked (Figure 9, the
purple line). In our case, this effect is enhanced by the short distance
between the first receivers and the source, which causes other wave
types to still be strong compared with the tube wave. In general,
the f-k domain computations yield the most robust and accurate
results when compared with the other methods. Estimations of
the tube-wave velocity from passive recordings using slightly
different methods are discussed by Borges et al. (2018) and Wehner
et al. (2018). We elaborate further on the deviation between the re-
sults from the line fit and Radon transform in the “Discussion”
section.

S-wave velocity/shear modulus estimation

The promising results for the tube-wave velocity estimation sug-
gest that the formation shear modulus and S-wave velocity could be
measured within a reasonable range. Hence, the detection of
changes in the shear modulus in the formation might be feasible
by measuring the tube-wave velocity.
Although the absolute characterization of the shear modulus in

the formation from the measured tube wave is hardly possible, we
can check whether consistent results can be achieved from the mea-
surements in both wells. The relation given in equation 4 is used to
estimate the shear modulus and S-wave velocity within the forma-
tion, using measurements from the active experiments in both wells.
For this purpose, we use the results from the line-fit method (see
Figure 12). Because the coupling parameter is difficult to measure,
we assume β ¼ 0.5, in between a perfectly coupled and an un-
coupled well from the formation. For the velocity estimation, we
assume a density value of ρs ¼ 2000 kg∕m3.
We note that the range of the estimated shear modulus μS and S-

wave velocity VS from both wells overlap, which is a good sign
because the wells are close to each other. The range of the computed
VS in the deep well is smaller due to the lower standard deviation of
the measured tube-wave velocity and differing well geometry. From
those results, we could estimate a shear modulus of approximately
0.29 GPa and an S-wave velocity of approximately 379 m/s for the
formation between 3 and 26 m depth, where the hydrophone array is
deployed. We do not have additional measurements of the S-wave
velocity at the location of the wells, but several measurements have
been conducted in the area around our location (Long and Donohue,
2007; L’Heureux et al., 2013; L’Heureux and Long, 2016). In par-
ticular, the Eberg test site (Long and Donohue, 2007), located
within a distance of 500–1000 m to the location of the wells,
has an estimated S-wave velocity between 120 and 300 m/s for
depths to 12 m. This might indicate that our results are in a reason-
able range because we are in a similar geologic setting. If the move-
ment of the casing is restricted (β ¼ 0), the estimated S-wave
velocity for our experiments is approximately 280 m/s. We empha-
size that the absolute estimation of the formation shear modulus
from the measured tube-wave velocity is very difficult to achieve
and these results mainly prove the consistency between both wells.

Sensitivity analysis of borehole parameters

To investigate the impact of different borehole geometries and
properties, single parameters are varied in the model and compared
with the experimental setup in the shallow well (Figure 13).
The diameter of the borehole db (Figure 13a) has a relatively

significant effect compared to the other parameters. The larger
the borehole diameter is, the better the tube-wave monitoring.
Exploration and production typical casing diameters of 0.47 m
(18 5/8 inch) and 0.34 m (13 3/8 inch) could be used down to depths
of 900 and 1700 m, respectively, as shown by Aadnøy (2010).
These are larger than the casing diameters in our experimental setup
and would be beneficial for the tube-wave velocity estimation.
Another important parameter is the casing thickness dc (Figure 13b).
A thinner casing is beneficial for estimating the formation shear
modulus because the casing masks the relation between the tube
wave and the formation shear modulus (Marzetta and Schoenberg,
1985).
Assuming that the installed tools can be approximated as a cyl-

inder, we calculate the influence of different tool thicknesses rmin

(Figure 13c). These might also account for injection pipes or other
tools installed in the well. The change in rmin basically leads to a
shift of the relation between the tube-wave velocity and the shear
modulus, and it has a small effect on the slope compared with the
parameters mentioned previously. Installing different tools inside
the well would also change the shear modulus μt of the tool (Fig-
ure 13d). The modeled values cover a wide range of tool materials,
but the variation of this parameter also leads only to a shift of
the curve.

Figure 12. Relation between the tube wave vt and (a) S-wave veloc-
ity VS and (b) shear modulus μS for well 1 (black) and well 2 (red).
The horizontal dotted lines indicate the range of the measured tube
wave accounting for the measured precision. The vertical dotted
lines are the resultant VS and μS range.
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We also investigate the effects of the fluid properties. Higher
water salinities and fluid pressures can change the bulk modulus
Kf (Figure 13e). For temperatures between 2°C and 20°C, the bulk
modulus would be within the range from 2.00 to 2.20 GPa. Using
the empirical relation from Batzle andWang (1992), the effect of the
fluid temperature is separately plotted in Figure 13f. For our exper-
imental setup in the well, the tube-wave velocity could change ap-
proximately 2 m/s for a temperature variation of �1°C within the
fluid. As in the tool radius and shear modulus, we note a shift of the
curve due to a different bulk modulus or temperature of the bore-
hole fluid.
The next parameter investigated is the shear modulus of the cas-

ing μc (Figure 13g), with values above 70 GPa accounting for differ-
ent steel types. A smaller casing shear modulus facilitates the
method, as the slope of the curve becomes steeper for formation
shear moduli below 5 GPa. The use of casings made of fiberglass
or glass reinforced polyester could decrease the casing shear modu-
lus below 60 GPa (Rafiee, 2013). However, these casings would be
limited to a maximum depth of 2000 m and might need a larger
casing thickness than conventional steel casings.

The final parameter to be analyzed is β (equation 4), which de-
scribes the coupling between the casing and the surrounding forma-
tion (Figure 13h). A value of β ¼ 0 indicates a tight coupling,
whereas β ¼ 1 allows for movement of the casing in the axial
direction relative to the formation. The relation between the tube-
wave velocity and shear modulus is only influenced for formations
in which the shear modulus is low. Although the variations are small,
it is important to include it in our analysis. For instance, injected CO2

close to the well could potentially change the coupling. This would
increase the changes in the tube-wave velocity, compared to only ac-
counting for variations of the formation shear modulus.
An important point that needs to be mentioned is that the sensi-

tivity of the tube-wave velocity on the shear modulus is always
greater for formations with small initial shear moduli (particularly
below 5 GPa), which makes the method most applicable for shallow
formations. Therefore, an optimal use of the tube-wave monitoring
method might be restricted to specific setups and areas. In addition,
the absolute estimation of the shear modulus is a demanding task
due to the dependence of the tube wave on several parameters.
Hence, the initially estimated shear modulus needs to be verified
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Figure 13. Sensitivity study of the relation between the tube-wave velocity and shear modulus for different parameters. The dotted line in-
dicates the relation for the experimental setup of well 1, the same as in Figure 12 (the black solid line). Each plot illustrates the variation of one
parameter with (a) borehole diameter db, (b) casing thickness dc, (c) tool thickness rmin, (d) shear modulus of tool μt, (e) bulk modulus of
borehole fluid Kf , (f) temperature of borehole fluid T, (g) shear modulus of casing μc, and (h) coupling between casing and formation β.
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by additional measurements. Monitoring changes within the forma-
tion when the baseline status is known, however, could be feasible,
assuming that the casing and tool do not change.

DISCUSSION

In this section, we discuss a potential cause for the different
results of the active experiments in the shallow well (Table 2).
We then elaborate on the variations between the results achieved
with the line fit and Radon transform. We also discuss general
differences between the active, semipassive, and passive ex-
periments.
For all active measurements in the shallow well, only one signifi-

cant difference for the results from the line-fit method is noted in
the first experiment, with a tube-wave velocity slower by 5–11 m/s
(Table 2). Variations for the well casing and tool parameters are very
unlikely for the experimental setup. It is not known if shear modulus
changes developed within this period, as no other measurements are
available. Accounting only for formation changes to explain the dif-
ference in the tube wave would reveal a change of ΔμS ≈ 0.2 GPa

or ΔVS ≈ 150 m∕s in the formation. Although these large varia-
tions are not likely, shale creep could be an explanation for changes
in the geologic formation. Shale creep occurs when the in situ stress
in the formation leads to movement of the shale around the borehole
(Holt et al., 2020). However, shale creep is demonstrated for con-
solidated shale from reservoir levels and hence might be quite dif-
ferent for an unconsolidated shallow formation. If we still assume a
shale creep effect for low stress levels, the velocity change might be
very small in our shallow experiment (less than 1 m/s). Another
potential cause for the change in the tube-wave velocity can be var-
iations of the borehole fluid properties. Assuming a 3°C temperature
difference in the fluid using the empirical relation of Batzle and
Wang (1992), the modeled tube-wave velocity changes by 7 m/s
(equation 4). The changes caused by annual variations of the
groundwater temperature are expected to be approximately
�2 m∕s (Stene et al., 2008), and the minimum temperatures are
expected in March and April (Stene et al., 2008), which would con-
tradict our observations. However, the water from the shallow well
was pumped out and filled again before the first test due to instal-
lation purposes. Therefore, the initial colder borehole fluid temper-
atures could explain the difference between the experiments.
Although the borehole fluid temperature might be the most likely
cause of the measured difference between the ex-
periment in September 2017 and all of the other
experiments, this cause and the potential shale
creep effect are only two explanations, and fur-
ther investigation of this velocity difference
needs to be done. In general, it is strongly recom-
mended to monitor the temperature of the bore-
hole fluid simultaneously with the tube-wave
recordings to only retrieve the changes in the for-
mation properties.
The estimated tube-wave velocities from the

line-fit and Radon-transform methods both have
a small standard variation (Table 2). However,
both methods lead to different results and the Ra-
don transform is varying more between each ex-
periment. We note that the values obtained from
the Radon transform have almost no deviation
from their mean, whereas the line-fit method

shows some variance. A possible explanation for the lower standard
deviation of Radon velocities is its discrete behavior because a sin-
gle cell with the maximum amplitude must be chosen for the veloc-
ity calculation. Hence, small variations in velocity are not detected,
and there is low variability in the result. In contrast to that, the line
fit in the f-k domain is computed considering hundreds of points,
and small noisy spikes in some specific frequencies create a near-
continuous variation around the average value. This hypothesis is
confirmed by an analysis of the histograms of the velocities ob-
tained from the Radon transform and f-k methods. The Radon
velocities concentrate in about two or three peaks, whereas the line
fit follows a normal distribution. This can be observed in more de-
tail in Appendix A.
The consistently lower values for the Radon transform-generated

velocities (Figure 11) might be explained by the existence of several
different wave modes. Although the event of interest in this work is
the tube wave, it is not the only wave mode recorded in the data;
there is also an upgoing event (the negative wavenumbers in Fig-
ure 9), and a weak downgoing P-wave in the borehole fluid. The
upgoing event is the reflected tube wave from the bottom of the
well, and it acts as a ghost reflection that creates a notch pattern
in the power spectrum (Rosa, 2018). At these notch frequencies,
the power spectrum of the tube wave is very weak and the line-
fit method recognizes the fluid P-wave as the maximum amplitude.
This leads to a bias of the line-fit velocity toward higher values, as
vfluid > vt. To verify this hypothesis, we model two scenarios: one
model has only a downgoing tube wave in the well, and in the sec-
ond model we add a reflected upgoing tube wave and a downgoing
fluid wave. Figure 14 shows the f-k transform for the modeled sce-
narios. We note that the presence of the upgoing wave creates
notches and makes the line fit pick some amplitudes from the fluid
wave, distorting the velocity calculation.
To compare the velocities obtained in the two modeled scenarios,

100 experiments were simulated. To each experiment, white Gaus-
sian noise was added. The noise intensity was adjusted so that the
uncertainty in the line-fit velocity estimation was similar to the val-
ues observed in the experimental data. Figure 15 shows the results
of these simulations. It can be noticed that the presence of the other
wave modes creates a bias on the line-fit velocity toward higher
values. In addition, the Radon velocities have a low variability, only
moving in “jumps” due to the coarse grid in which they are calcu-
lated. We believe that is the explanation on the consistently lower

Figure 14. (a) The 2D Fourier transform of the modeled downgoing tube wave. (b) The
2D Fourier transform of the modeled up- and downgoing tube wave, including a down-
going fluid wave. The black lines are the maxima in the f-k domain, and the white line is
the best fit of the downgoing event. The color scale is normalized.
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Radon velocities displayed in Table 2. We note that, despite being
consistently closer to the “correct” tube-wave velocity, the signifi-
cant variation in Radon velocities might compromise our ability to
use it as a monitoring tool. Hence, the line-fit method appears better
suited to monitor trends in tube-wave velocity variations.
Comparing the results from the active and semipassive experi-

ments (Table 2), we note a higher variance in the estimation of
the tube-wave velocities in the semipassive data. However, the val-
ues obtained for both experiments are within the same range,
reinforcing the idea that the active source and the strong background
noise can be used as tube wave sources. It should be noted that the
main source of energy in the semipassive experiment is further away
and noncoherent compared to the active source. In addition, we only
use 19 measurements (one measurement equals 24 traces of 4 s)
from the semipassive recordings to compute the statistics. Hence,
the higher variability in the result is also caused by fewer samples
being available. Another observation is that the semipassive record-
ings are the only experiments where the strongest tube-wave mode
is the upgoing one. This is due to the fact that the main energy
source in well 2 is located approximately 30 m deeper than the bot-
tom of well 1. As the source is in a different well than the receivers,
the generation of Mach waves could be a further explanation for this
observation (Wehner et al., 2018) and should be exploited more in
future studies. Mach waves are generated from tube waves when the
S-wave velocity in the formation is lower than the tube-wave veloc-
ity (Meredith, 1990; Meredith et al., 1993). Another application for
tube waves and a cross-well setup is reservoir imaging using tube
waves that travel through the reservoir (Korneev et al., 2006; Kor-
neev, 2008). In general, passive recordings of the tube wave might
be used to detect changes around the well in specific scenarios in
which the background noise is strong.
Comparing the active with the full passive experiments, which

only recorded noise, we note a large variation and low accuracy
for the passive recordings. The tube-wave energy in those record-
ings is approximately 100 times smaller than in the experiments
with an active source, and the velocity estimation becomes more
prone to deviations caused by random noise and other wave modes.
Monitoring tube-wave changes with this method would require
longer observations, to capture a possible trend of formation shear
modulus changes. This would imply recording a significant amount
of data. For instance, a well with a 100-sensors array would gen-
erate roughly 1 TB of raw seismic data per month of continuous

monitoring for a 1000 Hz sampling frequency.
However, the methodology presented here can
be easily automated, without the need of large
data storage. Once the data are recorded, filtered,
and transformed to the f-k domain, the velocity
is calculated, and the seismic data are no longer
necessary. A field test of continuous, passive re-
cordings over calendar time, preferably over the
course of a year, could reveal the potential for
tube-wave monitoring purposes.

CONCLUSION

Measurements of the tube wave in wells carry
information of the formation shear modulus and
are independent of the formation density. With a
simple experimental setup, we found that high-

precision measurements of the tube-wave velocity are possible in
the f-k domain. The tube-wave velocity is a nonlinear function
of many different parameters, making the absolute estimation of
the formation properties hardly possible. However, shear modulus
and S-wave velocity changes around the borehole could be detected
from the tube-wave velocity if a high accuracy of this measurement
is achieved. Geologic settings with low initial shear moduli are
more sensitive to monitoring with tube-wave velocities and hence
are potential application sites. We discuss the effects of well geom-
etry for this potential application, highlighting that larger borehole
diameters and thinner casings are beneficial for the method. For
monitoring purposes of the geologic formation, it is very important
to measure the temperature of the borehole fluid and to correct the
estimated formation parameter accordingly. If using an active
source, it is recommended to have it located close to the well, to
create tube waves with high energy. If a strong background noise
source is present at the investigation site, passive recordings could
be sufficient. The general idea is that the tube-wave monitoring
technique could be used as an initial detection method, locating
a depth along the well where changes occur. In a second step, more
accurate measurements, e.g., acoustic well logging, can be per-
formed to investigate the detected variations in detail. This could
avoid repeated VSP measurements that are costly and have a lower
temporal resolution than the tube-wave monitoring. New advances
in the use of optical fiber cables for seismic purposes could improve
the method, allowing for longer array ranges and finer receiver spac-
ing. The applicability of the method strongly depends on the geol-
ogy and borehole setup and needs to be checked for each site.
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Figure 15. Velocity calculation from the line-fit and Radon transform methods for 100
simulations of the (a) first model (Figure 14a) and (b) second model (Figure 14b), re-
spectively. The black dotted line is the modeled velocity (1225 m/s).
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DATA AND MATERIALS AVAILABILITY

Data associated with this research are available and can be ob-
tained by contacting the corresponding author.

APPENDIX A

DISCRETIZATION OF DATA

A few notes on the discretization are discussed that help to under-
stand potential deviations in the velocity estimation. These points
are also of interest for the planning of acquisition setups.

Least-squares line fit

Figure A-1 illustrates the line-fit method in the f-k transform of
one of the experiments. The warmer colors represent stronger am-
plitudes, and no smoothing is applied to the image. The black dots
are four points where the maximum amplitudes are extracted. The
thick white line is the best least-squares fit to all of the points, and
the angular coefficient α ¼ tan θ (equation 5) is the estimation for
the velocity of the tube wave. Because the number of samples in the
frequency domain is significantly larger than in the wavenumber
domain due to the differences in time and spatial sampling, several
frequency values have the same wavenumber as the maximum (Fig-
ure A-1, the magnified box). This is a numerical problem that in-
terferes in the best-fit calculation, and it can be the source of some
deviations between the true tube-wave velocity and the value esti-
mated from the angular coefficient. This issue should be considered
with respect to the acquisition parameters when the method is tested
in field applications.

Radon transform

Figure A-2 shows in more detail the region around the maxima in
Figure 10a (x 0 ¼ 0, ψ ≈ −3°). The angle for the velocity calculation
is picked from the cell with the maximum amplitude in this discrete
grid, and every step in the horizontal axis leads to a difference of
approximately 2.3 m/s in the tube-wave velocity estimation. That is
the reason for the jittery Radon velocities in Figure 15b. This is most
likely also the reason why the velocities estimated from Radon
transform show a smaller deviation when compared with the
line-fit method. The line fit allows for a continu-
ous variation because it is the best fit for hun-
dreds of points, whereas the Radon transform
result is a single discrete value that only moves
in “steps” of 2.3 m/s, which is above the average
deviation from the mean in our experiments. This
effect can be seen in the distribution of estimated
velocities (Figure A-3): the line-fit velocities
show a more continuous, Gaussian-like distribu-
tion, whereas the Radon distribution has two
strong peaks, with no values between them.
The Radon velocity estimations cannot, in

fact, capture small velocity changes, except if
the grid for the Radon transform can be made
very fine, which significantly increases the time
of computation. Still, that alone does not seem to
be enough to reproduce the Gaussian behavior
observed in the line fit: Figure A-4 shows the
mean and standard deviation of one set of experi-

ments (excluding the 5% outliers) as a function of the number of
angle steps used in the computation. The processing time is linear
on the number of angle steps; e.g., calculation with 10,000 steps

Figure A-2. Magnified view of the Radon transform (Figure 10b),
around x 0 ¼ 0, ψ ¼ −3°. Note the discretization of the grid.

Figure A-1. Normalized discrete f-k spectrum of one active experi-
ment. The thick white line of inclination θ is the best-fit line that
goes through (0 m−1, 0 Hz). The magnified box illustrates a mag-
nification on the discrete maximum values.

Figure A-3. Histogram of velocities for the line-fit (gray) and Radon (blue) methods, for
(a) one experiment in the shallow well and (b) one in the deep well. The vertical axis
represents relative frequency of measured tube-wave values. The thick red lines are the
Gaussian distributions that best match the line-fit velocities. The distribution for the
shallow well (a) has a mean value of μS ¼ 1216.9 m∕s and standard deviation of
σS ¼ 1.7 m∕s. For the deep well (b), the values are μD ¼ 1145.4 m∕s and
σD ¼ 0.7 m∕s, respectively.
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takes 5.0 times longer than with 2000, but it yields a similar result,
showing little to no improvement. The green dot represents the val-
ues selected for all of the results in this paper (5000), where 1.0 s of
data recorded at 0.25 ms sampling (24 channels) takes approxi-
mately 30.0 s to process on a conventional desktop computer. Per-
haps some preprocessing/data conditioning would be necessary
prior to the Radon transform, and this is certainly a point of inves-
tigation for our future studies with the method.
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