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Self‑consistent solution 
for the magnetic exchange 
interaction mediated 
by a superconductor
Atousa Ghanbari, Vetle K. Risinggård & Jacob Linder*

We theoretically determine the magnetic exchange interaction between two ferromagnets coupled by 
a superconductor using a tight-binding lattice model. The main purpose of this study is to determine 
how the self-consistently determined superconducting state influences the exchange interaction 
and the preferred ground-state of the system, including the role of impurity scattering. We find that 
the superconducting state eliminates RKKY-like oscillations for a sufficiently large superconducting 
gap, making the anti-parallel orientation the ground state of the system. Interestingly, the 
superconducting gap is larger in the parallel configuration than in the anti-parallel configuration, 
giving a larger superconducting condensation energy, even when the preferred ground state is 
anti-parallel. We also show that increasing the impurity concentration in the superconductor causes 
the exchange interaction to decrease, likely due to an increasing localization of the mediating 
quasiparticles in the superconductor.

The Ruderman−Kittel−Kasuya−Yosida (RKKY) is an indirect exchange interaction between localized spins 
mediated by itinerant electrons in metals1. This interaction played an important role in the discovery of giant 
magnetoresistance (GMR)2,3 and has been studied in numerous materials4–9.

The combination of magnetic and superconducting materials has been widely studied due to interesting 
features which cannot be observed in separate materials10–19. Recently, the influence of superconductivity on 
the magnetic state was experimentally studied in a superconducting spin valve (SSV), GdN-Nb-GdN20. On the 
basis of the de Gennes model21, it was shown that the superconductor promoted an anti-parallel configura-
tion as the ground-state configuration. In the de Gennes model, a superconductor in an anti-parallel SSV has 
a higher critical temperature Tc than in the parallel orientation, leading to a larger superconducting gap in the 
anti-parallel configuration.

The interaction between localized magnetic moments through dirty s-wave superconductors22–24 has previ-
ously been found to contain two contributions. One contribution is from the usual RKKY interaction and a 
second contribution from a longer ranged interaction, decaying exponentially over the superconducting coher-
ence length ξ and with a weaker power-law suppression, which favors an antiferromagnetic alignment. Later, 
the interaction through a d-wave superconductor with an anisotropic order parameter was studied25. It was 
shown on the basis of analytical approximations that this interaction, similarly to the s-wave case, contains one 
oscillatory term and one term favoring an anti-parallel configuration. The oscillations occur when the length of 
the superconductor ( LS ) is smaller than the coherence length ( ξ ) while the term favoring an anti−ferromagnetic 
configuration of the system occurs when LS > ξ . The latter term was found to be proportional to the supercon-
ducting gap. Very recently, it was experimentally shown that in a d-wave SSV, the anti-parallel ground-state was 
favored for some specific lengths of the superconducting system and that nodal quasiparticles likely played a 
central role in mediating the magnetic coupling26.

In this work, we address numerically and, importantly, self-consistently the effect of conventional s-wave 
singlet superconductors on the indirect exchange coupling (J) between two ferromagnetic contacts in a F–S–F 
structure. The free energy of the system, which is the main quantity of interest in this work, is manifested in a 
clear experimental observable: namely, the ground-state magnetic configuration of the system. Previous works 
considering superconducting spin-valves have also considered the superconducting transition temperature as 
a quantity of interest with respect to possible cryogenic applications. However, a shift in the preferred magnetic 
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orientation (parallell (P : θ = 0◦ ) or antiparallell (AP : θ = 180◦ )) of the spin-valve will also be a relevant quantity 
in this regard. Therefore, determining how the interaction between the ferromagnets depends on the supercon-
ducting layer is a task which is both of fundamental and possible practical interest. In contrast to Refs.22–25, we 
compute the order parameter self-consistently and account for both the superconducting proximity effect in 
the ferromagnets and the magnetic proximity effect in the superconducting region. The self-consistent com-
putation of the superconducting order parameter includes not only the effect of the magnetic configuration on 
the local spin density of the quasiparticles mediating the RKKY interaction, but also the effect of the magnetic 
configuration on the magnitude of the superconducting gap. This is an important result because as we show in 
the results section, the difference in gap-magnitude between the parallel and anti-parallel configuration does 
affect the RKKY-coupling between the ferromagnets. Due to the proximity effect between the superconductors 
and the ferromagnet, the superconducting gap can be strongly affected by the magnetic configuration, and thus 
requires a self-consistent calculation, unlike Refs.22–24 that considered isolated magnetic impurities. In a singlet 
superconductor, electrons with zero total spin and opposite momentum constitute the Cooper pairs: (k ↑,−k ↓) . 
These Cooper pairs can penetrate into a weak ferromagnet (FM) which has been brought in contact with the 
superconductor27 in an oscillatory fashion. Bringing another ferromagnetic layer in contact with this bilayer 
makes the SSV.

We first briefly reproduce the well-known RKKY-like oscillations of an F–N–F system to contrast these results 
with what happens in the superconducting state. We consider a finite size system in two dimensions, meaning 
that we do not assume periodic boundary conditions in any direction. Then, by substituting the central part with 
a singlet superconductor which leads to a F–S–F structure (Fig. 1), we demonstrate that two types of behaviour 
take place. For thin superconductors, J oscillates around zero whereas for thick ones the coupling takes values 
J > 0 , favoring the AP configuration (θ = 180◦) , and reduces monotonically as the length is further increased. 
When the central part is a superconductor with small gap connected to two weakly polarized ferromagnets, we 
only find RKKY-like oscillations mediated by quasiparticles in the superconductor. In contrast, when the super-
conducting gap is large or if the exchange field in the ferromagnet is strong, J > 0 and the interaction displays 
either a pure monotonic decay or with superimposed oscillations.

Afterwards, we consider the effect of impurities on J in the F–S–F spin valve. When considering the impurity 
average 〈J〉imp for a large number of realizations with random impurity configurations, we find that increasing 
the impurity concentration in the superconductor causes the exchange interaction to decrease. This is likely due 
to an increasing localization of the mediating quasiparticles in the superconductor28,29.

Theory
The indirect exchange interaction between the ferromagnets in F–N–F or F–S–F structures is defined by 
J = F↑↑ − F↑↓ . Here, F↑↑ is the free energy when the ferromagnetic contacts have a parallel (P) orientation 
( θ = 0◦ ) and F↑↓ is the free energy when they have an anti-parallel (AP) orientation ( θ = 180◦ ). In this work, 
we only consider P and AP configurations as the possible ground states. This assumption is possible as we will 
consider strong anisotropy easy-axis, macrospin ferromagnets where the exchange stiffness is large enough to 
preclude any inhomogeneous textures, such as domain walls or spin spirals. Moreover, we do not consider the 
Dzyaloshinskii–Moryia-type30 interactions at the interfaces, which may lead to noncollinear magnetization 
configurations. Therefore, the free energy of such a system is defined by

Here, β = 1
kBT

 and kB is the Boltzmann constant and T is the temperature. H0 is a constant term to be specified 
later, which consists of a superconducting constant term ( HS

0 ) and chemical potential constant term ( Hµ
0  ). HS

0 
arises as a result of performing a mean-field approximation while Hµ

0  is due to a symmetrization of the Ham-
iltonian. Moreover, En is the nth eigenvalue and will be calculated by means of diagonalizing a tight-binding 
Hamiltonian for the structure of interest. The Hamiltonian is as follows,

(1)F = H0 −
1

β

∑

n

ln(1+ e−βEn/2).

Figure 1.   Schematic illustration of a superconducting spin valve (SSV) with magnetic moment of the two 
ferromagnets aligned at relative angle θ . Two cases will be consider here, one with θ = 0◦ which is called P 
orientation and the other one is AP orientation with θ = 180◦.
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Here, c†iα ( ciα ) creates (annihilates) an electron with spin α at site i = (ix , iy) with ix = 1, · · ·Nx and iy = 1, · · ·Ny . 
Also, tij is the hopping integral between nearest-neighbor sites and we assume that it has a constant value t. µi 
is the chemical potential at site i while niα = c†iαciα is the number operator. The fourth term in the Hamiltonian 
represents the local exchange interaction with hδi  being the strength of this field in the left ( δ = L ) or right 
( δ = R ) ferromagnets. Also, hLi = hi(0, 1, 0) , hRi = hi(sin(θ), cos(θ), 0) and σ = (σx , σy , σz) the Pauli matrices. 
Although considering h as a fixed input parameter is a standard approach in much of the literature, we have also 
checked if our results hold when the magnetization is solved self-consistently as well. A brief study of J with self-
consistent magnetization is included in the Supplementary information. We find that solving the magnetization 
self-consistently has very little effect on the results for the case when we have open boundary conditions along 
the y-direction. It does not change the physics for the 2D system compared to using a fixed input-value for h. 
We consider a singlet superconductor for the central part, modelling the interaction as an on-site attractive U 
as the third term of Hamiltonian. Ui = U > 0 is the local attractive interaction which creates Cooper pairs in 
the superconductor while it is zero elsewhere. We treat the interaction term by a mean-field approximation to 
simplify the problem,

If we define superconducting gap as �i = −Ui�ci↓ci↑� , then

where we have defined

The Hamiltonian does not contain any constant mean-field term containing the magnetic order parameter since 
we do not solve for the magnetization self-consistently.

We proceed to explain how the eigenvalues En are obtained. Our Hamiltonian Eq. (2) is bilinear in the fermion 
operators and can be diagonalized. Choosing the following basis,

where we have defined

with iy = 1, · · ·Ny and

the Hamiltonian may now be written as

Here, H0 is the constant term that we discussed previously, and

with

Finally, the 4× 4 matrix for interaction between sites i and j is

(2)H = −
∑

�i,j�,α

tijc
†
iαcjα −

∑

i,α

µiniα −
∑

i

Uini↑ni↓ −
∑

iαβ

(hδi · σ )αβc
†
iαciβ .

(3)−
∑

i

Uini↑ni↓ = −
∑

i

Ui

(

c†i↑c
†
i↓�ci↓ci↑� + ci↓ci↑�c

†
i↑c

†
i↓� − �ci↓ci↑��c

†
i↑c

†
i↓�

)

.

(4)−
∑

i

Uini↑ni↓ =
∑

i

(c†i↑c
†
i↓�i + ci↓ci↑�

∗
i )+HS

0 ,

(5)HS
0 =

∑

i

|�i|
2

Ui
.

(6)W† =
[

D†
1 D†

2 D†
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]

,

(7)D†
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[
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2
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1
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ij
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Here, τmσl = τm ⊗ σl and τ± = 1
2 (τ1 ± iτ2) . S is Hermitian and can be diagonalized numerically. Note that we 

are considering a finite size 2D system without any periodic boundary conditions. The 2D model is an approxi-
mation that is necessary because doing the calculations in 3D becomes numerically too demanding in terms 
of computational time. Although it could be interesting to consider how a 3D computation alters the result, we 
do not expect any qualitatively new effects. Diagonalizing the Hamiltonian by introducing a new basis gives

The eigenfunctions for S are

where we have defined

The original creation and annihilation operators {c†, c} now can be expressed with new quasiparticle operators,

Using these, we obtain a self-consistency equation for �i,

The local density of states (LDOS) is the density of states at one site and in our model it can be calculated for 
T = 0 . The number of charges at site i is given by

At an arbitrary temperature, the number of charges at site i is

Here, Ni(E) is the local density of states at site i and f(E) is the Fermi-Dirac distribution with energy E meas-
ured relative the chemical potential. When T = 0 , we know that f (E) = 1 for E < 0 and f (E) = 0 when E > 0 . 
Therefore, the LDOS takes the form:

In our model, the proximity effect of the superconductor into the ferromagnets (induced Cooper pair correla-
tions) is quantified by the anomalous Green function Fi = −�ci↓ci↑� . Also, the inverse proximity effect causing an 
induction of magnetic polarization in the superconductor is accounted for by My

i = �S
y
i � where the 〈. . .〉 notation 

denotes expectation value. The spin operator is Syi =
∑

αβ c
†
iα(σαβ)yciβ . Therefore, the magnetization along the 

y-direction in the system is given by

Equation (17) is solved self-consistently. By considering an initial value for the gap, we diagonalize the Hamil-
tonian to obtain the eigenvalues ( En ), and eigenfunctions [Eq. (14)] to compute νi,n and ωi,n . By means of Eq. 
(17), we can then compute a new value for the gap and once again diagonalize the Hamiltonian with the new 
value for the gap. This process is repeated until the relative change in the gap value between iterations is smaller 
than the convergence criterion. The criterion for numerical convergence of the superconducting gap is set to be 
a relative change of 5× 10−4 . To ensure that the self-consistent solution converges to the ground-state, we have 
checked several possible initial values for the superconducting order parameter.

(12)

hij = −

[

t

2
(δix ,jx−1 + δix ,jx+1)+ µiδix ,jx

]

δiy ,jy τ3σ0 −

[
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Results
F–N–F junction, briefly revisited.  The main purpose of this paper is to investigate the indirect exchange 
coupling between two ferromagnets separated by a superconductor when solving self-consistently for the order 
parameter and taking into account both the proximity effect and the inverse proximity effect. We will consider a 
large range of h-values corresponding to either weakly polarized ferromagnets, such as PdNi, or strongly polar-
ized elemental ferromagnets like Co or Fe. Before considering the superconducting case, it is worth considering 
briefly a three layer F–N–F structure as shown in Fig. 1. We include this treatment so that the reader can more 
easily contrast the normal and superconducting case. We choose a representative set of parameters as Ly = 10 , 
LxF = 2 , µN = 0.8t , µF = 0.9t , and kBT = 0.01t . In our notation, Ly is the number of lattice sites along the 
y-axis and LxF is the number of lattice sites along the x-axis in the ferromagnets. The length of the ferromagnetic 
part has little influence on the final results in the F–N–F case and also does not change the results qualitatively in 
the F–S–F case. Therefore, we have chosen a small value for LxF to reduce the required time of the numerical sim-
ulations. Both ferromagnetic contacts have the same exchange field strength and the magnetization is directed 
along ŷ ( |hLi |=|h

R
i |=hi ). As the length of the normal part increases, the amplitude of the well-known RKKY-like 

oscillations in the F–N–F structure decreases as shown in Fig. 2. These oscillations indicate a switching between 
P and AP configurations as the ground-state of the junction: J > 0 corresponds to an AP configuration, while 
J < 0 corresponds to a P configuration.

Figure 3 shows J as a function of the exchange field strength in the ferromagnets ( hi ) for several different 
normal region lengths. It demonstrates that J not only oscillates as a function of LxN , but also as a function of hi . 
The oscillations stem from the fact that the eigenstates for the quasiparticle excitations in the system interfere 
constructively or destructively at the ferromagnetic contacts, depending on the length LxN and the exchange field 
hi since both these quantities determine the phase-change of an eigenstate as one moves across the normal metal.

Despite the oscillations for small exchange field strengths, J monotonically decreases when hi becomes suf-
ficiently large. This decay is likely related to the depletion in the number of available states around the Fermi 
level in the ferromagnetic part as shown in Fig. 4.

F–S–F junction.  We now turn to the main topic of this manuscript, namely a study of how the exchange 
interaction between two ferromagnets is mediated by an s-wave superconductor. Our results for the RKKY 
interaction in the superconducting state will be relevant for materials which have a (nearly) isotropic supercon-
ducting gap and where the ratio �/µ between the gap � and the Fermi energy µ is relatively large. The reason 
for the latter criterion is that large values of the gap is required in the lattice BdG formalism in order to work 
with systems that have a computationally manageable size. Although our model is simplified and approximative, 
there exists materials which matches the parameter-choice in our manuscript for the energy scales involved. 
One such superconducting material is FeSe31 which is known to have a large ratio �/µ of order ∼ 0.1 , as in our 
parameter choice. The exact crystal structure of FeSe differs from our model and its full tight-binding model is 
more complex than the simple model used in our manuscript, but the projection of the FeSe crystal structure 
onto the plane is in fact a square lattice. Another material with a high ratio �/µ is FeTe0.6Se0.432 which would 
also resemble our parameter-choice in terms of the relative size of the gap and Fermi energy.

In Fig. 5, we plot J against the length of the superconducting region for three different on-site pairing interac-
tions U/t = 1 , U/t = 1.5 and U/t = 2 . The superconducting gap � tends to zero for a short superconductor with 
a weak superconducting interaction U. For the case of U/t = 1 , J is the same as the F–N–F case. This is simply 

Figure 2.   The indirect exchange interaction J between the two ferromagnetic contacts mediated by a normal 
material (F–N–F structure) when Ly = 10, LxF = 2,µN = 0.8t,µF = 0.9t, |hLi | = |hRi | = hi = 1t and 
kBT = 0.01t.
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because � is zero for short superconductors and when LxS has increased sufficiently to render � non-zero, J → 0 
since the distance between the ferromagnets is then too large.

For the case of U/t = 1.5 , there are two mechanisms competing against each other. One is the conventional 
RKKY-like oscillations mediated by quasiparticles. The other mechanism is the blocking of states that can medi-
ate the interaction due to the superconducting gap. This can be seen from blue curve of Fig. 5. For short super-
conductors, the RKKY-like oscillations are approximately the same as in the F–N–F case because the gap is too 
small to block any significant fraction of the quasiparticles. For longer superconductors the gap increases and 
dominates the indirect exchange interaction J.

Figure 6a,b show that for LxS = 4 and LxS = 5 , the gap is finite in both the P and AP configuration, but still 
RKKY-like oscillations dominate as seen in Fig. 5 for U/t = 1.5 . However, as LxS increases in Fig. 6c,d, � becomes 
sufficiently large to block the oscillations caused by quasiparticles. Now, we see that �P > �AP which leads to 
J > 0 , favoring an AP magnetic configuration as the ground state. At first glance, this might seem strange since 
a larger � in the P configuration should give a larger superconducting condensation energy gain compared 
to the AP configuration. However, the configuration with the largest gap will also block the largest amount 
of quasiparticles that can mediate the interaction between the ferromagnets and lower the free energy. In our 
numerical simulations, we find that when the gap is large enough in magnitude, it is the latter blocking effect 
that determines the ground-state of the system. Hence, �P > �AP causes J > 0.

Figure 3.   Indirect exchange interaction as a function of the exchange field strength of the ferromagnets for the 
F–N–F structure). Here, Ly = 10, LxF = 2,µN = 0.8t,µF = 0.9t and kBT = 0.01t.

Figure 4.   Local density of states (LDOS) for the (2,2) site inside the left ferromagnet as a function of energy for 
4 different hi . Here, Ly = 10, LxF = 2, LxS = 8,µN = 0.8t,µF = 0.9t, kBT = 0.01t . The dashed box indicates an 
area around the Fermi energy.
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Figure 5.   J vs the length of superconducting part ( LxS ) for the F–S–F structure. When Ly = 10 , LxF = 2 , 
µS = 0.8t , µF = 0.9t , kBT = 0.01t , |hLy | = |hRy | = hi = 1t.

Figure 6.   AP and P superconducting gaps ( �AP and �P ) when U/t = 1.5 , hi = 1t , kBT = 0.01t , µS = 0.8t 
and µF = 0.9t (a) LxS = 4 (b) LxS = 5 (c) LxS = 6 (d) LxS = 7 . (e) Superconducting proximity effect inside 
the ferromagnets when U/t = 1.5 , hi = 0.5t , kBT = 0.01t , µS = 0.8t , µF = 0.9t , LxS = 7 and LxF = 10 . (f) 
Layer-dependent magnetization for P and AP when U/t = 1.5 , hi = 1t , kBT = 0.01t , µS = 0.8t , µF = 0.9t , 
LxS = 7 and LxF = 2 . The 〈. . .〉y notation denotes averaging over the y-direction and i is a lattice site along the 
x-direction.
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In Fig. 6, we demonstrate the presence of a superconducting proximity effect inside the ferromagnets. Whereas 
the gap �i vanishes inside the ferromagnets due to the absence of an attractive interaction Ui in those regions in 
our model, the anomalous Green function �−ci↓ci↑� is finite in the ferromagnets, as shown in Fig.  6e. In that plot, 
we have considered larger ferromagnets ( LxF = 10 ) so that the oscillatory nature of the Cooper pairs penetrat-
ing inside the ferromagnets is better shown. On the other hand,an inverse proximity effect is also present: the 
induction of a magnetization induced inside the superconductor due to the exchange field of the ferromagnets. 
The layer-dependent magnetization is shown in Fig. 6 (f).

It is often assumed in the literature that the AP configuration in a superconducting spin valve should give 
the largest superconducting gap. The rationale behind this assumption is that the induced magnetization in the 
superconducting region of the F–S–F structure is weakest in the AP configuration, leading to the the least amount 
of pair-breaking. However, as we will discuss below, this is a simplified picture which neglects a key process in the 
spin valve: crossed Andreev reflection. The effect on � of various pair-breaking processes in equilibrium F–S–F 
structures has been studied previously, but primarily in layers with monoatomic thickness33–38. In Ref.37, it was 
stated that �P < �AP at any temperature for sufficiently large thicknesses. In our work, we instead find that the 
opposite inequality holds for sufficiently large thicknesses of the superconductor.

For U/t = 2 in Fig. 5 one observes a monotonic decrease of J as a function of LxS . This behavior occurs both 
for a strong pairing interaction U or when the exchange field hi is large. We have already explained why it occurs 
for strong U, leading to a large gap. To explain why it occurs for a large exchange field, we consider the behav-
iour of � as a function of exchange field strength: this is shown in Fig. 7a for U/t = 1 and Fig. 7b for U/t = 1.5.

In both cases, for large enough hi , there exists a specific hi value which marks the transition from �P < �AP to 
�P > �AP . The reason for this transition can be explained in terms of a competition between the pair-breaking 
influence of the induced exchange field in the superconductor and inverse crossed Andreev reflection (CAR)39, 
which we proceed to explain.

Figure 7.   Superconducting gap vs hi when LxS = 8 , kBT = 0.01t , µS = 0.8t and µF = 0.9t . (a) U/t = 1 (b) 
U/t = 1.5.
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In a superconducting spin valve, a magnetization is induced inside the superconductor. The correspond-
ing induced exchange field is stronger in the case of P orientation than the AP one. As a result of this induced 
exchange field, the opposite spin electrons in the Cooper pair accumulate different phases in the superconduc-
tor, ultimately leading to a loss of phase coherence and Cooper-pair breaking. As the induced exchange field is 
stronger in the P case, the destructive effect of the ferromagnets is more severe in the P orientation than the AP. If 
this was the only mechanism, the superconducting gap should always be smaller in the P orientation ( �P < �AP).

On the other hand, inverse crossed Andreev reflection is another pair breaking mechanism in competition 
with the pair breaking effect of the induced exchange field. What happens here is that spin up and down electrons 
in a Cooper pair move into separate ferromagnets. This is in contrast to the usual proximity effect mediated by 
local Andreev reflection, where both electrons (and thus the entire pair) leak into a single material. Crossed 
Andreev reflection is thus a non-local process. In the AP orientation, the electrons tunnel into the spin majority 
band of the two ferromagnets while in the P orientation one spin goes to a majority band while the other one 
goes to the minority band of the other ferromagnet.

As the exchange field becomes stronger, CAR becomes less probable to occur in the P configuration since 
the minority band involved in the process gradually vanishes. In the half-metallic limit, there is no longer any 
conducting minority band to enable CAR in the P configuration. Therefore, the destructive effect of CAR is 
stronger in the AP case, thus making the gap smaller ( �AP < �P).

The configuration giving the largest � then depends on which of the two described effects that dominates. 
From Fig. 7, the fact that �P overtakes �AP in magnitude at a critical value for the exchange field hi indicates 
that crossed Andreev reflection dominates in this regime. This reduces the leakage of superconductivity into the 
ferromagnets, and enhances the gap. It can be done by means of rotating the magnetization direction of one of 
the ferromagnets, for example with the help of an external magnetic field .

Figure 7a also demonstrates an example of reentrant superconductivity which can occur in superconduct-
ing spin valves, enabling a switching of superconductivity on and off possible. This is usually done by varying 
thickness of one of the ferromagnets in a superconducting spin valve14,40. The suppression of superconductivity 
by the ferromagnet becomes particularly effective at certain ferromagnet thicknesses LF . At these values of LF , 
the different quasiparticle trajectories inside the ferromagnet interfere in such a manner that they minimizes the 
superconducting condensate wave function at the interface with the superconductor. The interference occurs 
since the quasiparticles amplitudes are quantum mechanically determined from sum over all classical trajec-
tories. Since phases picked up along these trajectories not only depend on the length of the trajectory, but also 
the magnitude of the exchange field, varying h also leads to reentrant behavior of superconductivity in our case.

Another interesting aspect of this plot (Fig. 7a) is that superconductivity is eventually enhanced when hi/t 
increases compared to the case hi = 0 without magnetization. In other words, strong magnetization enhances 
superconductivity. The reason for this effect can be understood by considering the mechanisms causing a sup-
pression of superconductivity: local Andreev reflection occurring at a single interface in the system, crossed 
Andreev-reflection (CAR) occurring at both interfaces in the system, and the pair-breaking magnetic moment 
induced in the superconducting region when the exchange-field is finite. In the case of no exchange field ( hi = 0 ), 
the two first mechanisms listed above are then at play and reduce the superconducting gap. When exchange 
field is strong, the gap is seen to be enhanced compared to the hi = 0 case in Fig. 7. Moreover, as seen from 
Fig. 7, the gap becomes almost identical in both the P and AP configuration. This indicates that the reason for 
the enhancement compared to hi = 0 cannot be CAR or the induced magnetic moment (Fig. 8a), because these 
two mechanisms act very differently in the P and AP configuration. Instead, the reason is the first mechanism 
listed above: the behavior of local Andreev reflection. Namely, as the exchange field grows in magnitude, the 
ferromagnets become closer to being half-metallic (only conducting in one spin-band). For a half-metal/super-
conductor interface, there is in fact no proximity effect at all (in Fig.  8b, the proximity effect goes to zero quickly 
in the ferromagnets). As only one spin-type is available in the half-metal, no Andreev reflection can take place 
and the Cooper pairs are confined to the superconductor. Therefore, unlike the case for hi = 0 , there is now no 
leakage of Cooper pairs into the ferromagnetic regions. This results in a stronger superconducting condensate, 
since the leakage of pairs into the magnetic regions is absent.

In Fig. 9, we show how J in a superconducting spin valve behaves with respect to exchange field. The interac-
tion between the ferromagnets weakens the longer the superconductor is. Despite of a small region where the P 
orientation is the ground state, it is clearly seen that AP is mostly the dominating ground state, especially as hi 
becomes large. As we mentioned previously, this is as a result of �P exceeding the magnitude of �AP . Similarly 
to the F–N–F case, for high enough exchange field hi the number of available conduction electron states near 

Figure 8.   (a) Layer-dependent magnetization for P and AP (b) Proximity effect of superconductor inside the 
ferromagnets when U/t = 1 , hi = 2.5t , kBT = 0.01t , µS = 0.8t , µF = 0.9t and LxS = 7.
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the Fermi level that can become spin-polarized and mediate the interaction monotonically decreases, leading to 
a corresponding reduction of the indirect exchange interaction.

In Ref.41, the authors showed that the critical temperature difference �Tc ≡ Tc(P)− Tc(AP) in a supercon-
ducting spin-valve could have both positive and negative sign if the thicknesses of the ferromagnets were unequal. 
The authors considered very thin superconductors LS ≪ ξS . In our manuscript, we do not consider such thin 
superconductors and instead focus on the regime LS > ξS . Moreover, Ref.41 obtained the sign change in �Tc 
when assuming a strong Fermi-vector mismatch between the F and S regions, whereas we do not consider layers 
with a strong Fermi-vector mismatch. In our regime, we do not observe any sign-change in the indirect exchange 
interaction J as we vary the thickness of one of the ferromagnets while keeping the other fixed. This indicates 
that the interference effects causing the sign change in Tc(P)− Tc(AP) in Ref.41 are suppressed for superconduc-
tors larger than the coherence length and when there is no strong Fermi-vector mismatch between the layers.

The relevant length-scales under consideration in our system are the superconducting coherence length 
ξ = �vF/π� , the ferromagnetic coherence length ξF = �vF/πh , and the Fermi wavelength �F = k−1

F  . We have 
considered several different parameter choices for the length of the superconductor and the coherence length (by 
varying U). Therefore, the relative size of these length-scales is not a fixed number in our paper. However, con-
sidering a representative parameter set LS/a = 10,U/t = 1.5, h/t = 1.0 , we find that ξS /�F ≃ 3.5, ξF/�F ≃ 1.2 . 
In this work, we have not considered the possible influence of the electromagnetic proximity effect42,43 on the 
RKKY interaction between the ferromagnets, which could be an interesting extension to consider.

To close this section, we investigate the effect of the width of the structure on the indirect interaction between 
the ferromagnets in Fig. 10. Increasing the width of the structure leads to more available states which makes the 

Figure 9.   F–S–F, Ly = 10, LxF = 2,µS = 0.8t,µF = 0.9t, kBT = 0.01t,U = 1.5.
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Figure 10.   F–S–F, LxF = 2,µS = 0.8t,µF = 0.9t, kBT = 0.01t.
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interaction J between the ferromagnets larger. However, it does not change the fact that the system prefers the 
AP oreintation as the ground state for sufficiently strong superconductors.

We finally consider the effect of impurities on J. To this end, we consider randomly located impurities in the 
superconducting part. Impurity atoms are not chosen from edge atoms and atoms at the interfaces with ferro-
magnets. Here, we consider the impurity-averaged exchange interaction J over a large set of different impurity 
configurations. We define Z as the number of impurity configurations that we have averaged over. The Hamil-
tonian of the system including impurity scattering is as follows

Here V imp
i  is the potential describing the impurity strength at site i. In Fig. 11, we consider J as a function of 

the number of impurities in the system for U/t = 1.5 , hi = 1t and V imp
i = 2t , averaging over Z = 2000 con-

figurations. We see that J decays in an oscillatory fashion as the number of impurities randomly placed in the 
superconductor increases.

To understand the behavior of J, we consider both how the magnitude and the LDOS changes for the F–S–F 
structure when comparing the clean case and the case with impurities. Consider first the case with zero impuri-
ties and zero magnetic field, shown in Fig. 12a,b. The LDOS has its minimum value in the middle of structure 
while |�AP | is maximal at the middle of structure, as expected. When adding impurities, in Fig. 12c,d, |�AP | will 
tend to zero around the impurity atoms. Their location is marked with white crosses. Interestingly, the average 
LDOS in the dirty F–S–F case (Fig. 12d) has increased in comparison to the clean F–S–F (Fig. 12b) case. At first 

(22)H = −
∑

�ij�,α

tijc
†
iαcjα +

∑

i,α

(V
imp
i − µi)niα +

∑

iαβ

(hi · σ )αβc
†
iαciβ −

∑

i

Uini↑ni↓ .

Figure 11.   Indirect exchange interaction J between the ferromagnets versus number of 
impurities ( Ni ). We have considered J averaged over 2000 different impurity configurations, using 
Ly = 10, LxF = 2, LxS = 10,µS = 0.8t,µF = 0.9t, kBT = 0.01t,U/t = 1.5 and hi = 1t.
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Figure 12.   Left column: anti-parallel superconducting gap ( |�AP | ). Right column: local density of states 
(LDOS) plots. We have used LxS = 10 , Ly = 10 , LxF = 2 , µS = 0.8t , µF = 0.9t , U/t = 1.5 , hi = 1t and 
� = 0.036 . (a, b) clean F–S–F (Ni = 0) . (c, d) dirty F-S-F with 8% impurity concentration ( Ni = 8).
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glance, this might indicate that more available quasiparticle states are available to mediate the exchange interac-
tion between the ferromagnets. This should lead to an increase in J compared to the clean case Ni = 0 . However, 
Fig. 11 shows the opposite: J is reduced compared to the clean case. We attribute this decrease in J with increasing 
impurity concentration to an increasing localization of quasiparticles28,29. When the localization increases, the 
interaction J should be reduced, as seen in Fig. 11.

Concluding remarks
In conclusion, we have considered the magnetic exchange interaction J and the preferred equilibrium magnetic 
configuration in a 2D superconducting spin valve with an s-wave superconductor, solving self-consistently for 
the superconducting order parameter. We find that the qualitative dependence of J on the separation distance 
between the ferromagnets can behave differently on the basis of the strength of the superconducting gap and 
the strength of the exchange field in the ferromagnets. RKKY-like oscillations are observed when the super-
conducting gap � is small, whereas a monotonic decay is observed when � is larger. In the latter case, the AP 
configuration is always preferred even though the gap is larger in the P configuration. We explain this in terms 
of a competition between a proximity-induced pair-breaking magnetization in the superconductor and crossed 
Andreev reflection. Adding randomly localized impurities to the superconductor led to an oscillatory decrease 
of J with increasing impurity concentration.
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