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1. Introduction

Let #? be the Hilbert space of Dirichlet series f(s) = > o, b,n~* with square-
summable coefficients. For real numbers 6, set Cy = {s € C : Res > 6}, and let
¢: Cyj9 — Cy 3 be an analytic function. Gordon and Hedenmalm [10] established that
the composition operator 6,,f = f o ¢ defines a bounded composition operator on .2
if and only if ¢ belongs to the Gordon—Hedenmalm class ¢.

Definition. The Gordon-Hedenmalm class & consists of the analytic functions ¢: C; /5 —
Cy /7 of the form

(o)
o(s) = cos + Z enn” % = cos + o(s),
n=1

where ¢g is a non-negative integer and the Dirichlet series ¢y converges uniformly in C.
for every € > 0 and satisfies the following mapping properties:

(a) If Co = 0, then (po((Co) - (Cl/g.
(b) If ¢g > 1, then either po(Cp) C Cq or g = it for some 7 € R.

We will use the notation %, and %1, respectively, for the subclasses (a) and (b).

Let T be a bounded operator on a Hilbert space. The nth approximation number
an,(7T) is the distance in the operator norm from 7' to the operators of rank < n. Studying
the decay of approximation numbers is relevant for compact operators 7. Indeed, T is
compact if and only if a,(T) — 0 as n — oo.

Previously, precise results for the approximation numbers of composition operators
on 2 have primarily been available for symbols ¢ € %, see [4,5,15]. For case (b) of
the Gordon—Hedenmalm class, the following theorem, extracted from the proofs of [5,
Thm. 1.2] and [5, Thm. 8.1], gives the best known estimates for general ¢ € %>. Here,
and throughout the paper, we define

¥ = inf Regp(s) (1.1)
seCyp

for symbols p € 4.
Theorem 1.1 (Bayart—Queffélec—Seip [5]). Suppose that ¢ € 4>1. Then
P < an (%) <n”? (1.2)

where p,, denotes the nth prime number.



O.F. Brevig, K.-M. Perfekt / Journal of Functional Analysis 282 (2022) 109353 3

Since the proof of Theorem 1.1 is fairly short, we will present it in our preliminary
section. Note that the asymptotic estimate p,, ~ nlogn as n — oo is a direct corollary
of the prime number theorem.

To give an example, suppose that ¢(s) = cgs + ¢ for some c¢o > 1 and ¢; € Cy. Then
Y = Reecy, and if e, (s) = n~° for n = 1,2,3,... denotes the standard basis of /2, then

Cpen =1 lepeo.

Hence a,(%,) = n~ R = n=Y in this case, coinciding with the upper bound of (1.2).
Note that for all other symbols, where @g(s) # ¢1, the maximum principle implies that
¥ < Reey.

One of the main goals of the present paper is to improve on the estimates (1.2)
for certain symbols . Specifically, we shall place restrictions on the prime numbers
appearing in the Dirichlet series ¢g. Let P denote a set of prime numbers and set .# (P) =
{n €N : pln = p € P}. We say that a Dirichlet series f is supported on P if

f(s) = Z bpn”°.

ne.# (P)

A set of prime numbers P is called sparse if ZpelP’ p~! < co. Our first main result is the
following improvement of the lower bound in Theorem 1.1.

Theorem 1.2. Suppose that ¢ € ¥>1. If o is supported on a sparse set of prime numbers,
then for every € > 0 there is a positive constant C = C(pg,¢€) such that

an(€,) > Cn="7¢.

Our proof of Theorem 1.2 relies on an orthogonal decomposition of ¢, that is made
available by the assumptions that cp > 1 and that ¢q is supported on P, see Lemma 3.1.
Let P denote the set of prime numbers not in IP. To apply the orthogonal decomposition
effectively, we require that P is sparse, so that the set .# (P+) has positive density in N.

We also have a more refined result. We say that a set of prime numbers P is v-sparse
for some 0 < v < 1 if ZpE]P’ p~ ¥ < oo. In particular, a set of prime numbers is 1-sparse
if and only if it is sparse.

Theorem 1.3. Consider a symbol ¢ € 9>, and suppose that @q is supported on P.
(a) If P is sparse, then there is a constant C1 = C1(po) such that
an(cgap) > 01”%@6””%2.

(b) If P is v-sparse for some 0 < v < 1 and 29 > v/(1 — v), then there is a constant
Cy = Cy(po, V) such that
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an(%p) < Co||Cpen 2.

To exemplify the type of estimates which can be obtained from Theorem 1.3, let P
be a set of prime numbers and consider the affine symbol

o(s) =cos+c1 + Z cpp”°. (1.3)
peP

The approximation numbers of composition operators generated by affine symbols ¢ € ¥
have been investigated by Queffélec and Seip [15, Thm. 1.3] and by Muthukumar, Pon-
nusamy, and Queffélec [13, Thm. 4.1]. Using Theorem 1.3, we shall obtain the following
estimate for the approximation numbers of composition operators generated by affine
symbols ¢ € ¥>1.

Corollary 1.4. Suppose that ¢ is an affine symbol (1.3) with co > 1, |P|=d < o0, ¢, #0
and 9 > 0. Then ¢ € 4 and for n > 2,

an(€,) < n""(log n)_% .

Note that the case ¥ = 0 is omitted from Corollary 1.4. In this case the estimate
from Theorem 1.3 (a) fails to be sharp, since it follows from [4, Thm. 1] that %, is not
compact, and thus that a,,(€,) =< 1 for n > 1. In Theorem 4.2 we shall also consider some
examples of affine symbols supported on infinite but very sparse sets of prime numbers.

In the second part of the paper, we will investigate when the composition operator
%, is compact on 2. Suppose that ¢ € %1, and consider the Nevanlinna counting
function

Ny(w)= Y Res, (1.4)

sep~t({w})

defined for every w € Cy. Bayart [3, Prop. 3] employed the classical Littlewood inequality
for the Nevanlinna counting function in the unit disc to establish the Littlewood—type
estimate

Rew

Ny(w) < . (1.5)
co

On account of J. Shapiro’s characterization of the compact composition operators on
the Hardy space of the unit disc [17], and the Littlewood—type estimate (1.5), it seems
plausible that the compactness of ¢, on 2 is related to the requirement that

N¢(w)
=0. 1.6
Rcfﬁ(ﬁ Rew (1.6)
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Bayart [3, Thm. 2] proved that if Im ¢ is bounded and (1.6) holds, then %, is compact

on 2. Conversely, Bailleul [I, Thm. 6] established that if ¢ is supported on a finite

set of prime numbers, ¢ is finitely valent, and %, is compact on 2, then (1.6) holds.
We give a complete description in the case that g is supported on a single prime.

Theorem 1.5. Suppose that ¢ € 9> and that o is supported on P = {p}. Then €, is
compact on 2 if and only if

N,
1im 7 (w)
Rew—0+ Rew

To prove this theorem, we will exploit the fact that such functions ¢ are periodic
(with period 27i/logp), in addition to the orthogonal decomposition discussed earlier.
Accordingly, we will decompose the Nevanlinna counting function (1.4) into an infinite
number of restricted counting functions. To handle these restricted counting functions we
will rely on some ideas and techniques from our recent paper [7], where the compactness
of ¢, was characterized in the case that ¢ € 4. Each restricted counting function comes
with a change of variable formula, also known as a Stanton formula, that allows us to
express |6, f||se2 for Dirichlet series f of a certain form, see Lemma 6.2.

To conclude the paper we will provide a detailed study of angle maps. For ¢y > 1,
¥ >0and 0 < a < 1, consider the symbol ¢, 5(s) = cos + 9 + Do (p~*°), where

1—p~*° @
%(p_s):(HpS) '

If ¥ > 0, then Theorem 1.3 immediately implies that a, (%, ,

2, see Corollary 8.1. Similarly to the case of affine maps discussed above, Theorem 1.3 (a)

) = n~?(logn) 2= for n >

does not provide the correct lower bound when ¥ = 0. In this case we shall instead
proceed via the change of variable formula of Lemma 6.2 and detailed analysis of the
restricted counting function.

Theorem 1.6. For a positive integer ¢y and a real number 0 < o < 1, let pa(s) =
cos + Do (p~*). Then @, is in 9>1 and

a—1

an(€,,) = (logn) ==
forn > 2.

In the classical setting of H?(DD), detailed studies of the approximation numbers of
composition operators generated by symbols that map into an angle are carried out
in [12] and [16]. Via the transference principle of [15, Sec. 9], these results also yield
estimates for the approximation numbers of composition operators 4, : 2% — #?
generated by angle maps ¢4 (s) =1/2 4 ®4(p~°).
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Organization. In the preliminary Section 2 we give the proof of Theorem 1.1, and discuss
the notion of vertical limit functions. In Section 3 we analyze the orthogonal decomposi-
tion of 4, and prove Theorem 1.2 and Theorem 1.3. In Section 4 we apply Theorem 1.3
to affine symbols, and in Section 5 to membership in the Schatten classes. In Section 6 we
introduce and study restricted counting functions and their associated Stanton formulas.
In Section 7 we provide the proof of Theorem 1.5. In Section 8 we study the example of
angle maps.

Notation. We will sometimes use the notation f(x) < g(x) to indicate that there is a
constant C' such that f(z) < Cg(z) for all relevant z. The notation > indicates the
reverse estimate, and f(z) < g(z) means that f(z) < g(z) and g(z) < f(x).

Acknowledgments. The authors thank the anonymous referee for suggesting an improve-
ment to Theorem 1.3.

2. Preliminaries

We will have use for two additional characterizations of the approximation numbers
of a bounded operator T on a Hilbert space H,

an(T)= sup inf ||Tz|, (2.1)
c rcl
dim(E)=n l=l=1

an(T) = ércl% sup Tz (2.2)

. ~N_, 4 TEE
dlm(E)_n 1HxH:1

See for example [9, Sec. IL1.7]. Recall also that approximation numbers satisfy the ideal
property

an(S1TS2) < [|S1llan(T)||S2|| (2.3)

for bounded operators S1, T, and S on a Hilbert space H.
The following demonstration of Theorem 1.1, adapted from [5], illustrates the use of
(2.1) and (2.3). In the proof, we also make use of the following result from [10, p. 329].

Lemma 2.1. If ¢ € 9>, then ||6,] = 1.
Proof of Theorem 1.1. We begin with the upper bound in (1.2). Set ¢(s) = s+ 9. Note,
by the definition (1.1) of ¥, that ¢ — ¥ is in ¥>. Since €,_yéy, = €, the ideal property
(2.3) with S1 = I, T = %,_yg, and S2 = Gy, therefore yields

an(Cy) < | Gpmsll an(Cy) =n~",

where the final equality follows from Lemma 2.1 and the trivial analysis of %, presented
in the introduction.
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For the lower bound in (1.2), we choose E = span({es,es,...,ep, }) as the n-
dimensional subspace of 2 in (2.1). To estimate the infimum of |4} f||s=, for
f(s) = 2?21 bjp;S of unit norm, we consider the auxiliary subspace

F = span({eaco, €3c0, ..., €0 })

and deduce from the fundamental theorem of arithmetic, orthogonality, and the Cauchy—
Schwarz inequality that

€ fll > sup |<<g¢f,g>w‘:(Dbﬂgpjmeq).

g i—1
lgll sp2=1 J

Taking the infimum on the right-hand side, over all f € E of unit norm, we obtain the
stated lower bound a,(¢,) > p,, ®¢¢1. O

We will now briefly recall a few facts about vertical limit functions and generalized
boundary values. Let T denote the countable infinite Cartesian product of the unit cir-
cle T in the complex plane, endowed with its Haar measure .. Via prime factorization,
we may view any x € T° as a character,

d
X(n) =x3xs2oxgt for n=]]p5"
j=1

For a Dirichlet series f(s) =), - b,n~* and a character x € T, consider the vertical
limit function

Fr(s) = bax(n)n~".
n=1

If f converges uniformly in Cy for some 6 € R, then {f, } eT~ consists precisely of the
functions which can be obtained as uniform limits in Cy of vertical translates f(- 4 i7y),
where (7;)g>1 is a sequence of real numbers. Despite the fact that a function f € 52
need only converge in Cj /5, the Dirichlet series fy actually converges in Cy for almost
every x € T (see e.g. [11, Thm. 4.1]). Moreover, the generalized boundary value

[ () = lim_f, (o)

oc—0t

exists for almost every x € T, and

[ fllez = [1F" | z2(wee)- (2.4)

The following result can be extracted from [6, Sec. 2].
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Lemma 2.2. Suppose that ¢: Co — Cy is a Dirichlet series which converges uniformly in
C. for every e > 0. Then

(1) ©x(Co) = @(Cy) for every x € T, and
(il) ¢*(x) exists for almost every x € T°°.

In particular, we deduce from Lemma 2.2 that if ¢(s) = cos + po(s) is in ¢, then the
expression (1.1) for ¢ has the reformulation

¥ = essinf Re ¢ (x). (2.5)

x€T e

Following [10], we extend the notion of vertical limit functions to symbols ¢ € ¢ by
defining

ox(s) = cos + (00)x(s)-

The interaction between the composition operator €, and vertical limits is given in [10,
Prop. 4.3]:

(Cof)x = Coop fxoos (2.6)

where f € 2, x € T, and x°(n) = x(n)® = x(n®). Combining Lemma 2.2 (ii),
(2.4), and (2.6) yields the following result.

Lemma 2.3. If p € 4 and x € T, then €, and €,, are unitarily equivalent.
3. Orthogonal decomposition and approximation numbers

We now fix a subset P of the full set of prime numbers. For each j € .Z(P1), we let
;7 denote the subspace of > comprised of Dirichlet series of the form e; f, where f
is supported on PP. Since %’f 1 %’ﬁ if j1 # j2, we have the orthogonal decomposition

= P (3.1)
je (PL)

The following simple observation is the starting point of the present paper.

Lemma 3.1. Let ¢ € 9>1 and suppose that pq is supported on P. For every j € M (PL),
let 6, ; denote the operator obtained by restricting €, to jsz. Then

Co= P Cos

jes(P+)



O.F. Brevig, K.-M. Perfekt / Journal of Functional Analysis 282 (2022) 109353 9

Proof. In view of (3.1), it is sufficient to prove that %, maps %”jz to ,%”j%o, since the
map j — j is injective on . (P+). Consider the action of €, on e,, where n = jk for
j€.#(PL)and k € A (P):

Cpen(s) = jTeos g cosp—wols),

We see that € e, € %ﬂj%o, as a consequence of the assumption that ¢q is supported on
P. O

In view of Lemma 3.1 there is for every n > 1 some m > 1 and j € .# (P~) such that
an(€,) = am(€,,;). We first apply this to obtain a lower bound for the approximation
numbers of ¢, which will immediately imply our first main result.

Lemma 3.2. Let ¢ € %> and suppose that @g is supported on a sparse set of prime
numbers P. There is then a positive integer m = m(P) such that

an(%cp) > ||(€<,a€mn||%2-

Proof. By definition, any f; € :%’f can be written f; = e; f for a function f supported
on P, and || fj|lse2 = || fl| 2. By Lemma 2.2 (ii) and the composition rule (2.6), we have
that

(G )" () = X ()70 freo (05(x))

for almost every xy € T°°. This formula is at first valid for polynomials f, but by a density
argument it continues to hold for general f supported on PP, if we interpret fy<o (¢§(x))
as a generalized boundary value when needed. By (2.4) we therefore have that

1€ 5115 = /jfme“"’;(” | Freen (25 G dptoo (x)-
T oo

In particular, j — ||%, ;|| = a1(%, ;) is decreasing for j € .#(P+). Letting (jn)n>1
denote the increasing sequence of integers in . (P1), we conclude that

an(e) 2 a1(Cp,5.) = €50 || 2 €05, || 2

since e;, € %”Ji and ||ej, ||s#2 = 1. The hypothesis that P is sparse means that

lim %card{je/fl(PJ‘) tj<N}= H (1—1) =C(P) #0,

N—o0
peP p

and thus that there is a positive integer m such that j, < mn for every n > 1. Therefore
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(e = [ () 2R () = [ Gl
T oo

Proof of Theorem 1.2. Since ¢g is supported on a sparse set of prime numbers,
Lemma 3.2 yields that

an(%p) = |Cpemnl 2

for some positive integer m. Set X, = {x €T>® : J <Repi(x) <Y¥+e}. Then
Hoo(Xe) > 0, referring to (2.5), and accordingly

1% pemnlles = / (mn) 2R P800 djise (x) > e (Xe) () =204,
']I‘OC

This gives the stated estimate with C' = /o (Xe)m =075, O
We now turn toward proving Theorem 1.3 (a).

Lemma 3.3. Suppose that ¢ € ¥>1 and let m be a positive integer. There is a constant
C = C(po,m) > 0 such that

[Ceenllrz < CllEoemnllse
for every integer n > 1.

Proof. As before, we compute the norms on T, so that
(ol = [ 2T du ()
’]roo

For any € > 0, consider the set X, = {x € T> : ¥ < Reg}(x) < 9+ ¢}. As in the proof
of Theorem 1.2, we know that p(X:) > 0. Since  — n~% is non-increasing for = > 0,
it follows, by interpreting each side of the inequality as an average, that

1 "
[GaenlBen < s [ 0720 dpc (),
0o (X
Hhoo E)Xs
By the definition of X, we find that

/n—z Re ¢ (x) dpio (x) < m2@+e) /(mn)—mcsoé(x) dptoo (X)-
X Xe

Extending the final integral from X, to T>°, we conclude that



O.F. Brevig, K.-M. Perfekt / Journal of Functional Analysis 282 (2022) 109353 11

2(9+¢)
m
[Gpenlee <

G emmlpe. O
MOO(XE) ¢ 7

Proof of Theorem 1.3 (a). Combining Lemma 3.2 and Lemma 3.3 yields that
an () 2 [|€pemnllrs = CT | €0en] |2,
where m is as in Lemma 3.2 and C' is from Lemma 3.3. O

The remainder of this section is devoted to the proof of Theorem 1.3 (b). For notational
reasons, we introduce the partial zeta function

pelP

It is clear that if P is v-sparse for some 0 < v < 1, then (p(v) < 0.

Lemma 3.4. Suppose that P is a set of v-sparse prime numbers for some 0 < v < 1.
Then

Z k—20 < CIP(V)KV—2U

ke (P)
k>K

for every K € 4 (P) and every 20 > v.

Proof. We estimate

Z k—2o’ < KV~ 20 Z EV < KV~ 20 Z kv KU_QUC]P(V)' 0
ke.# (P) ke.# (P) ke (P)
k>K k:>K

Lemma 3.5. Fiz ¢ € 9>1 and suppose that @o is supported on a v-sparse set of prime
numbers P for some 0 < v < 1. If 29 > v, then

am(Cpj) < VCp(v )kv/QH% €ikm

where (ky,)m>1 are the integers of # (P) in increasing order and j € M (P+).

2

Proof. We apply the min-max principle (2.2), choosing E C %’}2 as

E = span ({ejkl,ejk2, . ,ejkm_l}) .
This gives us that

am(%w,j)g sup ||ngf||<#2'
feE*
11l o2 =1
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Accordingly, suppose that f € E+ with ||f||#> = 1. If Res > ¥, the Cauchy-Schwarz
inequality and Lemma 3.4 imply that f(s) converges absolutely, and that

FP < Y (k) 2Res = j72Res N k2RO < Gp(v)kl, (k) 2R

ke (P) ke (P)
k>km k>km

Of course the same estimate also holds if f is replaced by fye for any x € T°°. Since
s = Rei(x) > ¥ for almost every x, we may therefore apply this estimate in conjunction
with Lemma 2.2 (ii), (2.4) and (2.6) to see that

1605130 = [ e (0300 i)
T oo
< [ GO hm) 0 dpoc () = Go ()1 [
T oo

Together with the min-max principle, this gives the claimed estimate. O

Proof of Theorem 1.3 (b). The function ®: [1,00) — (0, 1] defined by

is strictly decreasing, onto (by the assumption ¢ > 0), continuous and enjoys the estimate
®(zy) < y~U®(z) for every x,y > 1. Hence ® has an inverse function ®~': (0,1] —
[1,00) satisfying the same properties and enjoying the estimate

o Hay) <y V07 (2) (3.2)

for every 0 < z,y < 1. Fix some 0 < x < 1. The orthogonal decomposition of Lemma 3.1
allows us to rewrite

{neN :ay(%,) > VW) z}| = {0, m) € M (P+) x N : am(€,p,;) > /Cp(v)a}].

We now apply Lemma 3.5 to bound the right-hand side from above. Note that the
hypotheses of Lemma 3.5 certainly hold, since we are working under the stronger as-
sumptions that 0 < v < 1 and 29 > v/(1 — v). We obtain that

HnEN D an(6,) >/ Cp(v x}‘
<@, m) € #(P*+) x N : ki/*®(jky,) > z}|
= {(j,m) € #(P+) x N : j <& Hak,"/?)/km}|-
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Counting for each m the number of positive integers j (not only those in .# (P+)) which
satisfy the inequality j < <I>’1(xk;f/ 2) /km, we therefore have the upper bound

(g ;111/2
‘{n eN : an(6,) > V(v x}’ Z # < O (z)¢p(1 — v/(20)),

m=1

—v/2

where the second inequality comes from (3.2) applied with y = kp, /* < 1. Since 29 >

v/(1 —v), we conclude that the estimate

{neN : an(%,) > VepW)a}| < p(v) @ ' (2) (3.3)

holds for every 0 < x < 1.

Since ¥ > 0, there is a smallest positive integer N such that N2? > (p(v). By the
upper bound in Theorem 1.1 it follows that a,(%,) < /(p(v) for every n > N. Applying
(3.3) with = a,(6,)//Cp(v) < 1 immediately gives us that

on(,) < VEwe () (3.0

G (v)
for every n > N. Following the proof of Lemma 3.3 verbatim with € = ¢ yields that
20
o () < @0) 4 (35)
Cp (V> Hoo (X)

where the set X = {x € T® : 9 < Reypj(x) < 209} satisfies poo(X) > 0. Combining
(3.4) and (3.5), we conclude that

(CP(V))1/2+219

an(%,) <
(@) < =

[Genl ez

for every n > N, which completes the proof. O
4. Composition operators generated by affine symbols

To exemplify Theorem 1.3 we consider affine symbols, which we recall from (1.3) to
have the form

o(s) =cos+ e+ Z cpp”°.
peP

At first, we assume that ¢ is supported by a set of |P| = d < oo prime numbers. In
particular, ¢, # 0 for every p € P. Note from (2.5) that
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¥ =Rec; — Z lepl.

peP

Before proving Corollary 1.4, let us quickly recall the known results about a,(%,) in
this setting. We begin with the case ¢ = 0, in which case we must require that ¢ > 1/2
in order for €, to be bounded. Queffélec and Seip [15, Thm. 1.3] have established that
if 9 = 1/2, then

(d—1)/2 (d—1)/2

1 1

() << an(Cng) << < Ogn) '
n n

If ¥ > 1/2, then by [13, Thm. 4.1] we have that

Re Cc1 — v "
an(%y) < (Req — 1/2) ’
where the implied constant depends on Recy and ¢ > 1/2, but not on d. Actually, the
estimate is stated and proved only for d = 1 in [13]. However, it can be extended to
general d > 1 by applying the max-min principle (2.1) and the subordination principle
for affine symbols from [6, Thm. 5].

Suppose instead that ¢y > 1. If ¥ > 0, then the best previously known estimates were
from Theorem 1.1. As mentioned in the introduction, if ©¥ = 0 for an affine symbol ¢,
then a,(¢,) < 1 for n > 1, and so this case is not of interest.

To prove Corollary 1.4, we require the following version of Hankel’s asymptotic esti-
mate for the modified Bessel function of the second kind with parameter 0. It will be
convenient for us to have explicit constants; we have made no attempt to optimize these.

Lemma 4.1. If x > %, then

74msm (6/2) d_ < \/__
W\/_\/_ 2r T 4 Vo

Proof. For the upper bound, we use that |sin(0/2)| > |6/7| for —m < 8 < 7 to conclude
that

K

/e—4wsin2(9/2) d_9 < /6_% 02 do £

2 o 4
—T — 00

5=

For the lower bound, we suppose that 0 < ¢ < 24/z. Then

T _e?
/e—4wsin2(9/2) Z_e > 62 ‘{_7{ < 9 <7T: \51n(9/2)|
Yis ™
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where we used that |sin(0/2)| < |6/2| for the final inequality. The stated lower bound is
obtained by choosing & = 1/1/2, which is permissible by the assumption that x > 1/8. O

Proof of Corollary 1.4. In view of Lemma 2.3 we may without loss of generality replace
© by ¢, for any x € T This allows us to assume that ¢q is of the form

pol(s) =0 +ir+ > (1 —p),
peP

where 7 € R and 7, > 0 for p € P. By Theorem 1.3 (a) and (b), we need to estimate

—2Re g - / — —cos do
[Faenlen = [ 0728500 dpoc () = 020 [T [mwtieost) T
Toe peP

as n — oo. Suppose that n is large enough that ~,logn > % for every p € P. Then, by
applying Lemma 4.1 with x = -y, logn,

K

do R 2 de a
—27p(1—cos 0,) P _ —4vp sin®(0,/2) P -2
|| /n » "o |€P| /n » e (logn)~2. O
pel _n

peP “

We finish this section by discussing a class of affine symbols with |P| = co. For any
affine symbol with absolutely convergent coefficients, the image ¢§(T>°) is an annulus
(see e.g. [19, Sec. XI.5]). Hence ¢ (T ) touches the line Rew = 1 tangentially. However,
the examples of this section show that the interaction between different prime numbers
is essential in determining the behavior of the approximation numbers a,(%,). When
¢p = 0, symbols with |P| = oo have previously been considered in [15, Thm. 1.3].

Theorem 4.2. Let P = (p;);>1 be a set of prime numbers which is v-sparse for every
v > 0. For fived co > 1,9 >0, and 8 > 1, define

ap(s):cos—i—ﬁ—i—z R
j=1

Then there are positive constants C1 = C1(B) and Cy = Ca(B) such that
n—ﬂe—cl(logn)l/ﬁ < an(g@) < n—'&e—CQ(lOgn)l/ﬁ
forn > 2.

Proof. Since P is v-sparse for every v > 0 and since ¥ > 0, we can use both parts of
Theorem 1.3 to conclude that
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) T f — 2 (1—cost,) db;
(@0(65))* = 6yl =n 2 ] [0 4

. 2
J=1";

We need to estimate the integrals

— = (1l—cos @, d9
Ijﬁ(n):/’ﬂ jZB(l 9J)2_7:

—T

for n > 2. Let J = [(logn)'/?|. When j > J we estimate roughly to obtain that
n=41" < I; 3(n) < 1. Hence

exp (ﬂ f 1(1ogn)1/5> <[] Lisn) <1 (4.1)

i>J

Next we turn to 1 < j < J, applying Lemma 4.1 with 2 = (logn)/j” to see that

(m;_) H lo;gn g (?)JH\/@ (4.2)

From Stirling’s formula we find that

H logn (g <<J+ 1) log(J) — J) — gIOglogn> .

That is, since J = [ (logn)/?],

J 8 B loglogn
11/ = exp (~Z0gmy/ 4 2818 .
=1 logn P ( 2 (log )™ + 4 ) (43)

Combining (4.1), (4.2), and (4.3), noting that — L < @ < 1, yields the desired esti-
mates. O

¥

5. Schatten classes

For 1 < g < o0, a linear operator T' on a Hilbert space H belongs to the Schatten
class Sg if (an(T))n>1 € 9, in which case its Schatten norm is given by

o0

1705, = D lan(T)I-

n=1

Let (z5,)n>1 be an orthonormal basis of H. If T' € S, then



O.F. Brevig, K.-M. Perfekt / Journal of Functional Analysis 282 (2022) 109353 17
)
q
§ : (Tan,2)* < |IT), (5.1)

On the other hand, if 1 < ¢ <2and ), -, [[T%,]|? < 0o, then T' € Sy, and

ITE, <Y lITwnll. (5.2)
n=1

The necessary and sufficient conditions (5.1) and (5.2) for Schatten membership can be
found for example in [9, pp. 94-95].

Let us now return to composition operators %, with symbols ¢ € %>;. Note from
Theorem 1.1 that if ¥ > 1/¢ for some 1 < ¢ < oo, then €, € S;. We can use (5.1) to
obtain the following converse.

Theorem 5.1. Let ¢ € 9>1. If €, € Sy for some 1 < g < o0, then ¥ > 1/q.

Proof. As in the proof of Theorem 1.1, we exploit that ¢ — ¥ also belongs to %~;; by
Lemma 2.1 we have that [|47_|| = [|€,—s[| = 1. Hence the ideal property (2.3) implies
that [|€7_y%,lls, < [|€,ls,.- We then apply (5.1) with T'= €7_;%, and z,, = e, as the
standard basis of 72 to conclude that

o0
Z ’<<g<;—19<€g06n7 en>%2 ‘q < o0.

n=1

Observing that

(Co9Cpen, en) w2 = (Cpen, Coven) 2 = /nﬂ_ZRe%(X) dpioo (X),
’]I‘oc

a measure-theoretic argument then shows that 2Ref(x) > ¢ 4+ 1/¢ for almost every
X € T°. Since essinf,cr~ Repj(x) =¥ by (2.5), we conclude that ¥ > 1/¢q. O

Therefore only the case ¥ = 1/q is of further interest. In this setting, we have the
following corollary of Theorem 1.3.

Corollary 5.2. Let 1 < g < oo. Suppose that ¢ € ¥>1 with ¥ = 1/q and that ¢y is
supported on a sparse set of prime numbers P.

(a) If1 <q <2, then €, € Sq if and only if (||<5¢6n\|.9f2)n21 € /1,
(b) If2 < g < oo and P is 2/(2 + q)-sparse, then again we have that 6, € Sy if and
only if (||<5<p€n||%’2)n21 € /.
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Proof. If 1 < ¢ < 2, then the statement is a consequence of Theorem 1.3 (a) and the
general sufficient condition (5.2). If 2 < ¢ < oo, then the statement follows directly from
Theorem 1.3. O

When ¢ = 2, Theorem 5.1 has previously been observed by Finet, Queffélec and
Volberg [8, p. 279]. We finish this section by pointing out the following curiosity of the
Hilbert-Schmidt case. If ¢ € >, then

o0 oo
||(g<p||%2 = Z ||<€soen||§f2 = Z ||(5<poen”§f2 = ||<€sao||§2-
n=1 n=1

In other words, €, is Hilbert—Schmidt if and only if €, is Hilbert—Schmidt. Note from
the examples of Section 4 and Section 8 that the approximation numbers of %, tend to
have much more rapid decay than those of €, even when ¥ = 1/2. This is compensated
for by the fact that if ¢g > 1, then a1(%,) = ||€,| = 1, while it always holds that
|€,]| > 1 when ¢y = 0.

6. Restricted counting functions

We shall now begin to work towards Theorem 1.5. For notational simplicity we will
assume that p = 2 throughout. We therefore consider symbols

(s) = cos + pol(s)

where ¢g > 1 and @g(s) = ®(27°) for some analytic function ®: D — Cy. Let O =
M ({2}) denote the set of odd numbers. As in Section 3, 72 orthogonally decomposes
into the subspaces %’32, for j € O. Each subspace %?»2 is comprised of elements f(s) =
j7SF(27°), where F is in the Hardy space H?(D) of the unit disc. Note that %’}2 is
a space of absolutely convergent Dirichlet series in Cg, while the elements of .72 are
generally only convergent in the smaller half-plane C,/,. Moreover, the absolute values
of functions in L%’f are periodic: If s € Cy, then

|f (s + 2mi/log 2)| = [ f(s)]- (6.1)

From (6.1) it is easy to establish the Carlson—type formula

Tox2
log 2
2 . 1; SN2
1910 = tim 22 [ \p(o+it)P (62)
~Tog3

valid for all f € jff and j € O.
From (6.2) and a direct computation we obtain the following Littlewood—Paley for-
mula. The proof is very similar to those of [2, Prop. 2] and [7, Lem. 2.2].
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Lemma 6.1. Suppose that f € ji‘f for some j € Q. Then

T

130 = o0 + 222 [ [ 170 + )P o dod, (63)
0

PR
log 2

Proof. Swap the order of integration in (6.3) and then apply (6.2) for each o > 0. The
proof is finished by using the formula

Np(w) = Z Res. (6.5)
s€p t({w})
—7/log2<Im s<7/log?2
For technical reasons, we have included Ims = —m/log2 in the definition of 4], (see
(6.10) below). This only affects the value of .4, on a set of measure zero. The following
version of the Stanton formula follows immediately from Lemma 6.1 and a change of

variables.

Lemma 6.2. Suppose that ¢ € 9>1 and that g is supported on P = {2}. If f € ﬁsz for
some j € Q, then

(e 1B = L ro0) P+ 2252 1w A ) duo
Co

Proof. We can apply Lemma 6.1, since €, f € ,%”j%o by Lemma 3.1. One obtains the
desired formula by making the non-injective change of variable w = ¢(s) in the usual
manner (see e.g. [18, Sec. 10.3]). Note also that ¢(+00) = +00. O

Our next goal is to obtain a version of the Littlewood—type inequality (1.5) for the
restricted counting function. Our main tool will be the classical Littlewood inequality for
the Hardy space of the unit disc (see e.g. [18, Sec. 10.4]). Recall that if ¢ is an analytic
self-map of the unit disc D, then the Nevanlinna counting function is defined as

NPy = Y g

- 2]
zey=1({n})

for n € D\ {¢(0)}. The Littlewood—type inequality for NJ? takes the form
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(6.6)

2200 < s ||

for n # (0). The proof of the following result is inspired by [7, Lem. 2.4].

Lemma 6.3. Suppose that ¢ € 9>1 and that @o is supported on P = {2}. There is a
constant C = C(p) such that

for 0 < Rew < ¢om/log2.
Proof. Let ©: D — S denote the Riemann map of D onto the half-strip
S={s=0+it:0>0,-1<t<1},

normalized so that ©(0) = 1, ©(0) > 0, and for T > 0, let O = T©. For any w € Cy
and any T > 0, the function

is an analytic map from D to D. Fix a number T" > 2 Rew/cy. Then
Rep(O7(0)) = Rep(T) > 2Rew,

since Re po(s) > 0 for every s € Cy. Hence it is evident that 1(0) # 0. Using (6.6) with
1n =0 we find that

1
Z log||<log|()|.
z€yp~1({0})
Noting that ¢(z) = 0 if and only if ¢(Or(z)) = w, and substituting s = Or(z), we

rewrite this estimate as

(6.7)

Z lo ;<lo
Bleris) = Bl

sep~t({w})

By standard regularity results for conformal maps there is an absolute constant C' > 0
such that

1
< JE—
Res < CTlog \@;1(5)|
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whenever |Ims| < T/2 and 0 < Res < T/2. Since Regq(s) > 0 for every s € Cy,
we of course have that if ¢(s) = w, then Res < Rew/cy. This implies that if T >
2max(Rew/co,7/1og2), then

1
SELp_l({w}) sep—1({w}) | T (S)l
| Im s|<T/2
0<Res<T/2

Noting that both ¢(T") and w are in the half-plane Cy, a basic estimate for the pseudo-
hyperbolic metric (see e.g. [7, Lem. 2.3]) yields that

log (6.9)

o(T) + E’ 2Re¢(T)Rew
P(T) —w| = [o(T) - w]?

Combining (6.7), (6.8), and (6.9), and recalling that Re ¢(T') > 2 Re w, we conclude that

Rep(T)Rew
BEE 4 (Im (T) — Imw)®,

Np(w) < 2CT

as long as T' > 2max(Rew/cy, 7/ log 2). For the purposes of the present lemma, where we
restrict our attention to 0 < Rew < ¢om/ log 2, it is sufficient to choose T'= 27 /log2. O

While Theorem 1.5 is stated in terms of the Nevanlinna counting function N, we shall
prove it via the restricted counting function .4, which is natural in view of Lemma 6.2.
To bridge the gap, the remainder of this section is devoted to the following result.

Theorem 6.4. Suppose that p € 9>, and that @ is supported on P = {2}. Let N, denote
the Nevanlinna counting function (1.4) and A, the restricted counting function (6.5).
Then

LN AGK
Rew—0+ Rew Rew—0+ Rew

Three preliminary results are required for the proof of Theorem 6.4. We first decom-
pose the Nevanlinna counting function as

Ny(w) =Y A n(w), (6.10)

keZ

where A, ;,(w) denotes the restricted counting function

c/‘{p,k(w) = Z Res

s€p~ ! ({w})NSy

corresponding to the half-strip
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2k
Sk{sngzﬂ<Ims T < T }

log2 — B log2 log2
Note in particular that .4, = 4,. We begin our study of .47, ; with the following
Littlewood-type estimate.

Lemma 6.5. Suppose that ¢ € 9>1 and that @o is supported on P = {2}. There is a
constant C = C(p) > 0 such that the estimate

Rew

27k |2
1+ }Imwfcolog2

N k(w) <C

holds uniformly for 0 < Rew < ¢om/log2 and k € Z.

Proof. If p(w) = s for some s € Sy, then the periodicity of ¢ implies that

211 1 . 21 b
s — =w— = w.
v log 2 Olog2

Hence we get from Lemma 6.3 that

~ Rew
= < _
N (W) = Ao (W) < Cl T

For 0 < Rew < ¢ym/log2, we can combine Lemma 6.5 and (6.10) to obtain a less
precise version of Bayart’s estimate (1.5). Specifically,

Rew

Ny (w) = Z Now(w) <C < CReuw.

ok |2
keZ keZl+|Imw_CO

log 2

It is reasonable to expect that the main contribution to N,(w) in the decomposition
(6.10) arises from the k such that w/cy € Sk. This is the main idea in the proof of
Theorem 6.4. Before proceeding, we record the following simple fact.

Lemma 6.6. Suppose that ¢ € ¥>1 and that o is supported on P = {2}. Let j1, j2, k1, ko
be integers satisfying the equation ky — ji1 = ko — jo. For every wy such that wi/co € Sj,,
there is a wy such that wy/cy € Sj,, Rews = Rewy, and

f/VLp,kl (wl) = ‘/‘{07162 (w2)

Proof. Given wy, define

211

wy = w1 + co(J2 —jl)@.

Clearly ws/co € S}, and Rews = Rew;. Consider s; € S, such that ¢(s1) = wy. Define
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2m
log?2’

So =S1+(/€2—k‘1)

If ky — j1 = ko — jo, then ko — k1 = jo — j1, and thus ¢(s2) = we (with the same
multiplicity as ¢(s1) = w1 ), by the periodicity of ¢g. This demonstrates that

‘/V%kl (wl) < JV#PJW (w2)7
but by symmetry we also have the reverse estimate. O

A direct consequence of Lemma 6.6 is that the property A4, 1(w) = o(Rew) does not
depend on k.

Lemma 6.7. Suppose that ¢ € & with co > 1 and that @q is supported on P = {2}. Fix
ke Z. Then

Hor(w) =0 = lim So(w) =0

Rew—0+ Rew Rew—0+ Rew

We now prove the main result of this section.

Proof of Theorem 6.4. The implication = is trivial since A4, (w) < N, (w). For the
converse implication <=, we assume that

for every sequence (w;);>1 in Cq such that Rew; — 0. We may without loss of generality
assume that 0 < Rew; < com/log2, so that Lemma 6.5 applies.
Fix € > 0. We need to prove that there is some J > 0 such that

N¢(wj)

< 11
Rew; ¢ (6.11)

for every j > J. For each j > 1, define k; by the requirement that w;/co € Sk,. By
Lemma 6.5 and the decomposition (6.10) there is some non-negative integer K (which
does not depend on j) such that

N (w;) Nok(w;) | € Nok(W;) | €
R A St/ VA A LA R A LA
Rew; — Z Rew; + 2 Z +

|k—k;|<K
where the points w; arise from Lemma 6.6, whence Rew; = Rew; — 0 as j — oco. We
can now appeal to Lemma 6.7 to choose J so large that

AT
Re@j — 4K + 2

whenever |k| < K and j > J. Hence (6.11) holds for j > J. O
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7. Proof of Theorem 1.5

By Theorem 6.4, it is sufficient to prove that €,: #? — #? is compact if and only
if A,(w) = o(Rew) as Rew — 0. To do so, we will adapt the proof of [7, Thm. 1.4]
to the present case, in an argument that relies on Lemma 6.2 and Lemma 6.3. Several
preliminary results are required; the first two estimates are similar to those of [7, Lem. 7.1]
and [7, Lem. 7.3], respectively.

Lemma 7.1. Fiz j € Q. Suppose that (fi)r>1 is a sequence in ;7 such that || fi | e> <1
for every k > 1 and which converges weakly to 0. For every € > 0 and 6 > 0 there is
some constant K = K(g,0) such that

2log?2
0

Fi(Hoo)? + /‘uumﬁwuwagﬁ (7.1)

Rew>6

whenever k > K.

Proof. We consider first the case j = 1 and write fr(s) = > ;5 bi(k)27%. The assump-
tion that (f)x>1 converges weakly to 0 implies that |b; (k)| — 0 as k — oo, for every fixed
I. Since fj,(4+00) = bo(k), there is some K; such that if & > K; then |fy(400)| < g/V/2.
Next we want to demonstrate that there is a constant Ky = Ks(e, 0, j) such that

"

for Rew > 6 >0 whenever k > K. Here we recall that es(s) = 27°. This would give the
stated claim since then

[fe(w)] < —= |y (w)] (7.2)

2log 2
m

€2 2log 2 £2
i) P ) dwo < 525 /|¢mmmmmg5

Rew>0 Rew>0

whenever k£ > Ko, where we used Lemma 6.2 in the final estimate. To establish the
estimate (7.2), we first choose L = L(6,¢) > 2 so large that

lelRew S € 27Rew
2 5

whenever Rew > 6 > 0. We then choose Ko = K»(L, ) so large that

€ 2

forl=1,...,L —1and k > Kj. Since ||fx|ls#2 < 1, we certainly have |b;(k)| < 1 for
I > L. By the triangle inequality we obtain that
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, e 2 —lRew —lRew _ €
01 2 X 5 gy o2+ Y log 2 < )

whenever k > Ks.

If j > 1, the same proof works with the following modifications. In this case fi(+00) =
0. The sum for f; now starts at [ = 0, but taking this into account the same approach
shows that

[fr(w)] < elej(w)]
for k > K (e,0), yielding (7.1) by Lemma 6.2. O

Lemma 7.2. Fiz § > 0 and suppose that f(s) = >, <, ann™* is in {%‘}2 for some j € Q.
Then there is a constant Cs > 0 such that

d o
/\f (o +it)] ( ATy _CazIanl (logn)?n—2

for every o > 0.

Proof. Since f is in %”]2, we can use the periodicity condition (6.1) and (6.2) to see that

2mi(k+1)

Tog 2
|f'(o 4 it)|* dt = Z|an| (logn)?n=2°

nl

e

27
log

)

for every k € Z and every o > 0. The estimate easily follows. O

We shall also require the following pointwise estimate for the derivative of a function

in ji’f.
Lemma 7.3. Suppose that j € O\ {1}. If f(s) = Zkzo brj %27k is in %’;-2, then

14479

@) < CollfiBea(lo 25", Co= i

for Rew >0 > 0.

Proof. Applying the Cauchy—Schwarz inequality we find that

o0

Lf (w)|* < 1132 Z (log(]2 )) j—2Rew —kRew

k=0
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0 2
o klog2 _
=l S (14 SO e
k=0

< 1 f11%2 (log )% 2R (1 4 k)*4—*
k=0

where we in the final estimate used that j > 3 and Rew > 6. O
Proof of Theorem 1.5: Sufficiency. We assume now that

N,
im p(w)
Rew—0+ Rew

where N, is the Nevanlinna counting function (1.4). By Theorem 6.4 this is actually
equivalent to the weaker assumption that

No(w) _
Rew 0+ Rew =0 (7.3)

where 4, is the restricted counting function (6.5). Our goal is to prove that 4, is
compact on J#?, which by Lemma 3.1 is equivalent to proving that

(i) €,,; is compact for every j € O,
(ii) ||€,,51 = 0 as j — oo.

We begin by establishing an estimate that is of relevance to the proofs of both claims.
Fix 0 < 6 < 1. For every € > 0, there is some 0 < 6§ = 0(¢) < ¢om/log2 such that if
0 < Rew < 60, then

At —a

=7 (14 (Imw)2)(1+9)/2 (7.4)

Suppose for the sake of contradiction that (7.4) does not hold along some sequence
(wi)g>1 in Co with com/log 2 > Rewy, — 0as k — oo. If | Im wy,| is unbounded, we obtain
a contradiction to Lemma 6.3. However, if | Im wy| is bounded we have a contradiction
to (7.3).

Combining (7.4) with Lemma 7.2 we find that if f(s) =, -, a,n™° is any function
in ji”jQ with || f]lse2 < 1, then -

- 0
| (w)]? A (w) dw < Cse? Z \an|2(logn)2/n_2aa do < Cse?, (7.5)
0

Re w<#6 n=1

where we made use of the identity (6.4) to assert the final inequality.
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Let us prove the validity of (i). Fix j € O and suppose that (fi)r>1 is a sequence in
%’f which converges weakly to 0 and satisfies || fx|| 22 < 1 for every k. We then choose
6 > 0 such that (7.5) holds for each fi. Next, appealing to Lemma 7.1, we choose K
such that

2log?2
Feltoo)? + =25

| 1P Ao < 2 (7.6)

Rew>60

for k > K. By Lemma 6.2, combining (7.5) and (7.6) yields that
1€ frll 32 < (1+ Co)e?

when k > K. Since ¢ was arbitrary, we conclude that ||, fi| 2 — 0 as k — oo, and
thus that €, ; is compact.

The proof of (ii) is similar. Fix ¢ > 0. Choosing § > 0 so that (7.5) holds, it is by
Lemma 6.2 sufficient to find J > 3 such that

2log 2
0

| (w)]? Ay (w) dw < e (7.7)

Rew>6

whenever f; € jff, | fill#2 =1, and j > J. Using Lemma 7.3 and that j > 3, we have
that

[ if@rswde < [ pw e

Rew>0 Rew>0

e 12 7\ 2
<ol (3) [ ks

Rew>0

The final integral is less than 7/(2log2)||€,ez|/%s2 < 7/(2log2) by Lemma 6.2 and
Lemma 2.1. We thus obtain (7.7) for sufficiently large j. O

For the proof of necessity, we require the following sub-mean value property of the
Nevanlinna counting function for the unit disc. It is convenient to introduce the notation
D(w,r)={(€C : |{ —w| <r}.

Lemma 7.4. Suppose that 1 is an analytic self-map of the unit disc D and let NE’ denote

the Nevanlinna counting function associated with . If g is an analytic map from a
domain Q to D, D(w,r) C Q, and ¥(0) ¢ g(D(w,r)), then

NP < s [ NPl de
D(w,r)
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Proof. For a short proof we refer to [17, Sec. 4.6]. O

Proof of Theorem 1.5: Necessity. We assume now that €, is compact on 2 and seek
to establish that

N,
im (W)
Rew—0+ Rew

where N, is the Nevanlinna counting function (1.4). In view of Theorem 6.4, we may
equivalently establish that

N
m w(w) -0,
Rew—0+ Rew

where .4, is the restricted counting function (6.5).

Since %, is compact on J#?, it is certainly compact on the subspace 2. We shall
make use of a version of Lemma 6.2 adapted to a larger half-strip. If we first write down
the Littlewood—Paley formula (6.3) with respect to the half-strip | Im s| < 27/ log 2, and
then make a change of variables, we obtain the formula

111 = 100 + 252 [ 7/ (w) 2 F(w) o (79)
Co

for every f € 4?. Here the counting function has been restricted to the larger strip, so
that

J; (w) = Z Res.
s€p” ({w})
|Im s|<27m/log 2
At every point in w € Cy, the subspace .5 has a reproducing kernel which is bounded
in Cy. A direct computation shows that the normalized reproducing kernel at w € Cy is
given by

1/1 _ 272Rew

Kw(s) = 1—-92-w-s

(7.9)
If (wg)k>1 is any sequence in Co with Rewy, — 07, then (K, )x>1 converges weakly to
0 in 272, and thus |6, K, | — 0 as k — oo, since 6, is compact. From (7.8) and (7.9)
we therefore conclude that

lim / N (€) dE = 0. (7.10)

k—o0 (Re wk)?’
D(wy,Re wy /2)

Let us for the moment restrict our attention to a single w = wyg, assuming without loss
of generality that 0 < Rew < ¢om/log2. As in the proof of Lemma 6.3, we define
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where we now fix T = 27 /log2. We also let g(§) = (£ — w)/(€ + W), so that g is a
conformal map from Cy to D. Clearly, ¥(z) = g(¢) if and only if ¢(Or(z)) = £. Hence

1 1
NEB)(Q(f)) = Z IOg T Z log Toi N (7.11)
A || - ©7(5)]
z€p~1({9(6)}) s€p 1 ({€})
[Im s|<T

If ¢ € D(w,Rew/2), then
Reé < (3/2) Rew < ¢p(3/4)T.

Since Re pp(s) > 0, we see that if p(s) = &, then certainly Res < (3/4)T. Set St = {s €
Co : |[Ims| < T}. If s € S, then it follows from a Kellogg—Warschawski type theorem
(see e.g. [14, Thm. 3.9]) that

———— = 1107 (s)| < [(01)(s)| dist(s, 0ST) < |s* + T?|Res < Res.

It is of course also possible to establish this estimate by direct computation. Since
Rep(T) > ¢oT > Re& for every £ € D(w,Rew/2), we can use the estimate together
with Lemma 7.4 for Q = C; to conclude that

M) < s [ MOk i [ Ao

D(w,Re w/2) D(w,Rew/2)

Next we recall that g(w) = 0 and return to formula (7.11). If we restrict ourselves to
solutions of ¢(s) = w satisfying |Im s| < 7/log2 = T/2, then (6.8) says that

Np(w) < NJ(0) = N (g(w)).

Applying these two estimates for every w = wy,, we have finally proven that (7.10) implies
the desired conclusion,

im 2o _ o g
k—o0 Rewk

8. Approximation numbers for angle maps

As in Section 6 and Section 7, we will assume without loss of generality that we are
working with the prime number p = 2. Fix a real number 0 < a < 1 and let

v (i53)
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The function ®,, is a univalent map from the unit disc D onto the angle
A, = {s € C : |Ims| < tan (O;—W) Res} .
The following result is an immediate consequence of Theorem 1.3.

Corollary 8.1. Fiz a positive integer ¢y and real numbers 9 > 0 and 0 < a < 1. Let
Ca,0(8) =cos + 0+ Dn(27%). Then w9 is in 9>1 and

@(Gp, o) = 0" (logn) 2=
forn > 2. The implied constants depend on « and U.

Proof. It is evident that ¢, 9 is in ¥>1. Appealing to both parts of Theorem 1.3 and
computing the #?-norm with (2.4), we get for n > 2 that

1
2

oy df
) = |yl =" / nT2Re®ale) 2 )< =P (logn) T,

an (%, o

Pa,v
T

where a straightforward estimate has been carried out in the final step. O

Theorem 1.3 (a) no longer yields the correct behavior of the approximation numbers
in the more intricate case when ¥ = 0. To prove Theorem 1.6, we will instead base our
analysis on the change of variables formula from Lemma 6.2 and on estimates of the
restricted counting function.

We begin our study with a geometric analysis of ¢,. In this section, we mildly modify
our notation by letting S = (0,00) x (—7/log2,7/log?2).

Lemma 8.2. There is 3 = 3(co, ), a < 8 < 1, such that
0ul5) C As.

Proof. In view of the maximum principle, it is sufficient to show that there is § such
that

©a (08 \ {£in/log2}) C Ag. (8.1)

By explicit computation we have that

) am log2 \|*
Re @, (it) = cos (7) tan 5 t) ,

log2 \ |*
Im @, (it) = cot + sign(t) sin (%) ‘tan < O§ t>‘ ,
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Im w

Rew

Fig. 8.1. The corner of the domains A., ¢o(S), and Ag, for ¢ =1, a = % arctan ( ‘/5271), and a numerical

choice of 3.

for [t| < m/log 2. Hence there is B < co such that |Im ¢, (¢)|/Re o (t) < B for all such
t, so that ¢, (i(—7/log 2,7/ log2)) C Ag, for By = 2 arctan(B) < 1. If s = o + i/ log 2
for o > 0, then
va(s) = Legin/log2 + coo + o (—277),
from which it is clear that ¢, (s) F coin/log2 € [K, 00), where
K= ;r;%coo—k d,(—277) > 0.

It follows that (8.1) holds if we choose § > By sufficiently large. O

The next lemma is essentially a consequence of the fact that ¢, (.S) looks very similar
to A, locally around w = 0. We refer to Fig. 8.1 for an illustration.

Lemma 8.3. There is a constant ¢ = o(co, ) > 0 such that
Np, (w) = |w|> =" dist (w, Dpa (Co ND,)) (8.3)
for every w € po(CoND,/2), where D, = D(0, p). Moreover,
(i) there is a constant n1 > 0 such that if 0 < 81 < « is fized, then

Ny, (w) > (Rew)=

for every w € Ag, N{0 < Rew < m1}.
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(ii) there are constants 2 > 0 and a < f2 < 1 such that ¢, (S) C Ag, and
Nipo (W) < (Rew) s
for every w € Ag, N {0 < Rew < n2}.

Proof. Clearly, ®,(27°) is locally univalent around s = 0 (with Re s > 0). Since

S

m — =
el Tz

it follows from Rouché’s theorem that there is ¢ > 0 such that ¢, is univalent on CoND3.
Since ¢q(s) = 0 as Cy 3 s — 0, we can also deduce that if ¢ > 0 is sufficiently small,
then for any s € Cy \ Dy,

(CoS + Aa) n (pa(CQ N ]D)(;E) =0.
Letting o = do, we therefore see that there is a uniquely defined inverse

g@;li @Q(CO QDQ) — ConN ]D)Q.

Reparametrizing (8.2) by letting

t = sign(t)

1 [e3
tan (2520))
2

we see that in a small neighborhood of w = 0, dp.(Co N D,) consists of two
ctmin(l/e=11)_gmooth arcs making the angle ar at w = 0. Applying a Kellogg-
Warschawski theorem adapted to corners [14, Thm. 3.9], we thus conclude that

N (w) = Rept (w) < dist(p, (w), CoND,) = |w|§_1 dist (w, Opa(Co ND,))
for every w € o (CoND,2). Note here that we have made the restriction that ¢! (w) €

CoN D,/ in order to ensure the validity of the first equivalence. This establishes (8.3).
We now turn to the proof of (i). From (8.2) we have that

| Im @, (it)| . (cwr) n colt]

— > ta (—Om)
. o — n
Re ¢, (it) 2 cos () ‘tan(logzt) 2

for —w/log2 < t < m/log2. Therefore, for sufficiently small n; > 0, we see by the
maximum principle that

Ay N{0<Rew <m} C pa(CoNDy)
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and that if w € 4, N{0 < Rew < n}, then
dist (w, 0pa(Co ND,)) = dist (w, dpa(Cop)) .
Then, if w € Ag, N{0 < Rew < 1} for some fixed constant 0 < 81 < «, we find that
dist (w, 0pa(Co ND,)) > dist (w, 0A,) < Rew,
where the implied constant depends on (;. Combined with (8.3), we conclude that
N (w) > (Rew) = for we Ag, N{0 < Rew < n1}.

The proof of (ii) is similar. We let & < B2 < 1 be as in Lemma 8.2, so that ¢, (S) C
Ag,. If 5y > 0 is sufficiently small and if w € Ag, N {0 < Rew < 12}, then

Q=

N () < |w|é*1 dist (w, 043,) < (Rew)=. O

Proof of Theorem 1.6: Upper estimate. Let f(s) = > -, b,m™° be any function in
2. Our goal is to establish that

0o me
(. e~ Il < S ¢ b (8.4)
m=2

log m)/e=1"

which will yield the stated upper bound, seeing as
an((ﬁpa) = an(cf;fa%a)-

By Lemma 3.1, it is sufficient to establish (8.4) for f; in L%”jz satisfying f;(400) =0, as
long as we do so uniformly for every j € O.

To estimate [|%,,, f;||%- we use the change of variables formula from Lemma 6.2 and
Lemma 8.3 (ii). Let 75 be as in the latter result and split the integral from Lemma 6.2
at Rew = 72 to obtain

L= / )P, (w)dw  and I = / 1) P, () o,
Rew<nsz n2<Rew

We begin with I;. We appeal to Lemma 8.3 (ii), then extend the integral in o from (0, 72)
to (0,00) to see that

I <« / / fi(o +it)|* dt o/ do (8.5)

0 |t|<otan(B2m/2)

Expanding and using the triangle inequality, we have
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oo o0

[filo +it)2 < YD Ibmllbal(log m)(log n) (mn) =7,

m=2n=2

where of course b,, = 0 unless m is of the form m = j2F. Inserting this into (8.5) and
computing the resulting Gamma-integral yields

[bm||bn| (log m) (log n)
I < Z Z logm+10gn)l/a+2 : (86)

m=2n=2

By the estimate /zy < (x + y) for z,y > 0,

ballbelogm)logm) _ b N 1 .
(logm + logn)t/et2 = (logm)(/a=1/2 (logn)(/e=1)/2 logm + logn’ '
Writing m = j2% > 2 and n = j2! > 2,
1 1 E+1)~! if j =1,
< (k+1) if j (8.8)
logm +logn ~ log2 | (1+k+1)"! ifjc0)\{1}.

Note that if j = 1, we are only summing over k,! > 1, while we need to consider k,I > 0
if j € O\ {1}. In either case, we insert (8.7) and (8.8) into (8.6) and appeal to Hilbert’s
inequality to conclude that

b
L < Z (logm) l/a 1

The integral I is easier to estimate. We can for instance use the coarse upper bound
N (w) < Ny (w) < Rew/co from (1.5) and argue as above to see that
2 tan (B /2) i
tan(pam -0 2
Lh<————= b ||bn| (1 1 T0° do.
s < 22 S S Qo) o) [ nm) 7o

m=2n=2 N2

Thus I, clearly satisfies the same upper bound as I; (up to a constant), since e > 0. O

Proof of Theorem 1.6: Lower estimate. By Lemma 3.1, it is sufficient to establish that
L a=1

[€6a.ill > (logj) == (8.9)

for j € O\ {1}. For such j we define

— - # cok\—s
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a function in % which satisfies that ||f;]|%,. = (logj)~" as j — oco. Let n; be as in

Lemma 8.3 (i) and let 0 < 81 < «a be a fixed constant, to be further specified later. Using
Lemma 6.2 and Lemma 8.3 (i), we find that

||Cg@afj||2,}f2 > / |fJI~(w)|2(Rew)1/°‘ dw.
Apg, N{0<Rew<n1}

Expanding |f}(w)[?, we obtain

1€ fill2e2 > Z Z / / 2~ k=Dt gy (j2okthy=ogl/e 4o, (8.10)

k=01=07p |t|<o tan(Bi1m/2)

With B = tan(f17/2), we have the estimate

(oB(log2)(k — l))Q'

1 —i(k=0)t :
__ _ > _
/ 2 dt = sinc (UB(]Og 2)(k l)) 1

|t|<oB

We insert this estimate into the double integral in (8.10), then use the substitution
o = x/log(j22F ") and that (log?2)(k — 1)/ log(j22F!) < 1 to obtain

n1 log(j22%*H)

2B _ B2
||(‘Oﬂ<pafj||if2 = (log( 22k+l))1/a+2 / et/ (1 - ?xZ) dz.

By choosing 0 < (7 < « sufficiently small, we can make B as small as we wish. In
particular, we can ensure that

11 log 9
e*fcxl/aJrl dr > / —x 1/a+3 d.ﬂ?

giving us that

71/04.

n%m%»ZZ

1/a+2 = (logj)

Hence ||, fil|%2/ 1 l|%= =< (log )=/, completing the proof of (8.9). O
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