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"CTUSBDU

*O UIJT UIFTJT
 XF DPOTJEFS UIF DPOTUSVDUJPO PG UIF $BOUPS TFU XJUI JUT VOJRVFNBUIFNBUJDBM
QSPQFSUJFT
 UPHFUIFS XJUI EJ੖FSFOU FRVJWBMFOU SFQSFTFOUBUJPOT PG UIF TFU JO CPUI NFUSJD
TQBDFT BOE HFOFSBM UPQPMPHJDBM TQBDFT� -BTU
 XF EF੗OF UIF HFOFSBM XBZ XF NBZ DPOTUSVDU
BVUPNPSQIJTNT PO UIF $BOUPS TFU VTJOH UIF OPUJPO PG #SB॒FMJF EJBHSBNT�



&WFO B TJNQMF SVMF DBO HFOFSBUF DPNQMFYJUZ





*OUSPEVDUJPO
य़FNBJO PCKFDU PG TUVEZ JO UIJT UIFTJT JT B XFMM UIF $BOUPS TFU
 OBNFE BॏFS UIF (FSNBO NBUIFNBUJ�
DJBO (FPSHF $BOUPS� *O ���� IF HBWF B HFOFSBM EF੗OJUJPO GPS UIF TFU
 BT BO FYBNQMF PG B TVCTFU PG
UIF SFBM MJOF
 XJUI XIBU NBZ TFFN MJLF DPVOUFSJOUVJUJWF QSPQFSUJFT� *U JT UIFTF QSPQFSUJFT UIBU XJMM
CF PG TUVEZ
 BOE BT XF۝MM TFF
 BDUVBMMZ DIBSBDUFSJ[F UIF TFU JUTFMG� 8F XJMM MPPL BU EJ੖FSFOU
 BMUIPVHI
FRVJWBMFOU
 SFQSFTFOUBUJPOT PG UIF $BOUPS TFU
 XJUI UIF QSJNBSZ HPBM PG DPOTUSVDUJOH BVUPNPQITJNT
PO UIF $BOUPS TFU� *O UIF BCTUSBDU UIFPSZ PG BOBMZTJT JU JT PॏFO VTFE BT BO FYBNQMF UP JMMVTUSBUF
UIF WBSJPVT NBUIFNBUJDBM EF੗OJUJPOT
 UIBU JODMVEFT POF PG UIF NBJO TPVSDFT GPS UIJT UIFTJT
 "CCP॒
	����
�

*O BEEJUJPO UP CFJOH B XFMM�TUVEJFE PCKFDU JO UIF BGPSFNFOUJPOFE ੗FME
 UIF $BOUPS TFU ੗OET JUT XBZ
JOUP NBOZ PUIFS ੗FMET BT XFMM� *O UIF TUVEZ PG EZOBNJDBM TZTUFNT
 POF DBO ੗OE UIBU UIF GSBDUBM HF�
PNFUSZ
 UIF TFMG�TJNJMBSJUZ PS QB॒FSO
 BT XF NBZ BMM DBMM JU
 BDUVBMMZ DBO EFTDSJCF DIBPUJD TZTUFNT PG
UIF SFBM XPSME� #Z EFTDSJCF
 XF NFBO UIBU UIFZ ۡDPOWFSHFۡ UP UIF HFPNFUSZ EFTDSJCFE CZ B GSBDUBM�
*O UIF DBTF UIF $BOUPS TFU
 PS JO NPTU DBTFT
 JUT HSBQIJDBM SFQSFTFOUBUJPO OBNFE UIF %FWJMڣT TUBJS�
DBTF
 XIJDI IBT CFFO TIPXO UP EFTDSJCF B XJEF SBOHF PG QIFOPNFOB� &WFSZUIJOH GSPN FBSUIRVBLFT
	$IFO FU BM�
 ����
 UP UIF EJTUSJCVUJPO PG UIF HBMBYJFT JO UIF VOJWFSTF 	$IPVEIVSZ FU BM�
 ����
� *O
TPNF TFOTF
 UIFSF JT USVUI UP UIF TUBUFNFOU UIBU UIF $BOUPS TFU DBO CF SFDLPOFE BT UIF EJTDSFUJ[BUJPO
PG UIF WFSZ TQBDF XF PDDVQZ� *U JT UIF ۡEJTUSJCVUJPOۡ PG UIF TUBSEVTU PG UIF VOJWFSTF� य़FO
 BT UIF
FWPMVUJPO PG UIF TQBDF JO UJNF DBO CF SF੘FDUFE CZ UIF BVUPNPSQIJTN EF੗OFE PO UIF $BOUPS TFU
 POF
DBO
 JO UIFPSZ
 EFTDSJCF BMM JOTUBODFT PG B EZOBNJDBM TZTUFN� 8IJDI JT UP TBZ
 XF DBO QSFEJDU UP B
DFSUBJO EFHSFF PG BDDVSBDZ UIF GVUVSF PG UIF TZTUFN�

'VSUIFSNPSF
 UIF $BOUPS TFU JT POF PG UIF NBOZ XBZT POF DBO EJTDSFUJ[F UIF SFBM MJOF� य़JT JT JNQPS�
UBOU
 BT XF XJMM MBUFS PCTFSWF UIBU CJOBSZ TFRVFODFT DBO SFQSFTFOU UIF FMFNFOUT PG UIF TFU� य़PVHI
UIFZ BSF PG JO੗OJUF MFOHUI
 UIJT JT BO PCWJPVT DPOOFDUJPO UP UIF XBZ DPNQVUFST XPSL� )PXFWFS

UIFZ EP OPU XPSL JO UIF DPOUJOVVN
 BT FWFSZUIJOH BCPVU B DPNQVUFS IBT UP CF ੗OJUF PS EJTDSFUJ[FE

BOE TPNFIPX UIF $BOUPS TFU JT UIF CFTU XBZ UP EP UIJT� य़F NBUIFNBUJDT VOEFSMZJOH IPX POF DBO
BQQSPYJNBUF FMFNFOUT PG UIF $BOUPS TFU XJUI ੗OJUF TFRVFODFT PG 0۝T BOE 1۝T
 JT UIF TBNF VOEFSMZJOH
IPX UIF DPNQVUFS EFBMT XJUI UIF JO੗OJUF OVNCFST PG UIF SFBM MJOF� 5BLF UIF OVNCFS c = 3.14 . . . �
*U JT OPU DPOWFOJFOU OPS Fਖ਼DJFOU UP TUPSF BMM UIF EJHJUT PG c PO UIF DPNQVUFS� *OTUFBE
 UIF OVNCFS
DBO CF SFQSFTFOUFE BT B DPOWFSHFOU HFPNFUSJD TFSJFT
 UIF TBNF GPS XIJDI XF XJMM VTF UP EFTDSJCF
FMFNFOUT PG UIF $BOUPS TFU�

/PX CFGPSF XF CFHJO
 B TQFDJBM NFOUJPO JT UP CF NBEF PG B GFMMPX BMHFCSP JO UIF IPVTF PG UXP SPPNT

+¸SO 0MBW +FOTFO GPS HSFBU MBVHIT
 WBMVBCMF GFFECBDL
 BOE DMFBSJOH VQ B GFX UIJOHT JO UIF UIFTJT

BOE UPQPMPHZ JO HFOFSBM�

�



$POUFOUT
� $BOUPS TQBDFT ⇥ �

��� य़F $BOUPS TFU C � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
����� &MFNFOUT PG UIF $BOUPS 4FU � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
����� -FOHUI PG UIF $BOUPS 4FU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� $PVOUJOH UIF &MFNFOUT PG UIF $BOUPS 4FU � � � � � � � � � � � � � � � � � � � � ��
����� 4FMG�4JNJMBSJUZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� "MUFSOBUF 3FQSFTFOUBUJPOT � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� य़F $BOUPS .FUSJD 4QBDFT C � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� .FUSJD 4QBDFT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 0QFO BOE $MPTFE 4FUT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� य़F $BOUPS .FUSJD 4QBDF � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 1SPQFSUJFT PG UIF $BOUPS .FUSJD 4QBDF � � � � � � � � � � � � � � � � � � � � � ��
����� .FUSJD 4QBDFT BT 5PQPMPHJDBM 4QBDFT � � � � � � � � � � � � � � � � � � � � � � ��

��� य़F $BOUPS 4QBDFT ⇥ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� %JTDSFUF 5PQPMPHZ PO *O੗OJUF 4FUT � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 1SPEVDU 5PQPMPHZ PO *O੗OJUF 4FUT � � � � � � � � � � � � � � � � � � � � � � � � ��
����� य़F %JTDSFUF ��1PJOU 4QBDF {0, 1}N � � � � � � � � � � � � � � � � � � � � � � � ��

� "VUPNPSQIJTNT PO UIF $BOUPS 4QBDF ��
��� 5PQPMPHJDBM (SPVQT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� य़F (FOFSBMJ[FE 0EPNFUFS i � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� य़F "EEJOH .BDIJOF � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� $BOUPS NJOJNBM TZTUFNT (⇥,) ) ��
��� .JOJNBMJUZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� #SB॒FMJۗ7FSTIJL EJBHSBN (+ ,⇢) � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

#JCMJPHSBQIZ ��

�





� $BOUPS TQBDFT ⇥

��� 5IF $BOUPS TFU C
8F CFHJO XJUI B GBTDJOBUJOH NBUIFNBUJDBM DPOTUSVDUJPO PO UIF SFBM OVNCFS MJOF R� य़JT VOJRVF TFU
PG OVNCFST
 GPSNFE BT B TVCTFU PG UIF SFBM MJOF
 JT B IFMQGVM UPPM GPS FYUFOEJOH UIF JOUVJUJPO BOE
VOEFSTUBOEJOH PG NBUIFNBUJDBM QSPQFSUJFT BOE EF੗OJUJPOT PG CPUI UIF SFBM MJOF BOE JUT TVCTFUT�

0OF DBUFHPSZ PG FYBNQMFT PG UIF $BOUPS TFU C
 JT BOZ DMPTFE TVCTFU PG B DMPTFE JOUFSWBM
 GPSNFE
CZ SFNPWJOH PQFO JOUFSWBMT JO B TQFDJ੗D NBOOFS� 8IJMF UIFSF BSF NBOZ XBZT UP DPOTUSVDU B DBOUPS
TFU UIJT XBZ
 UIF NPTU VTFE NPEFSO DPOTUSVDUJPO JT DBMMFE UIF $BOUPS UFSOBSZ TFU
 BOE JU JT EF੗OFE
PO UIF DMPTFE JOUFSWBM CFUXFFO � BOE � PG UIF SFBM OVNCFST
 SFGFSSFE UP BT UIF VOJU JOUFSWBM� "T
UIF OBNF TVHHFTUT
 UIJT TFU JT DPOTUSVDUFE WJB JUFSBUJWFMZ EFMFUJOH UIF PQFO NJEEMF UIJSE PG UIF MJOF
TFHNFOU BE JOटOJUVN� *U JT UIF DMPTFE TVCTFUT PO UIF JOUFSWBM UIBU BSF OPU SFNPWFE UIBU GPSN UIF
$BOUPS UFSOBSZ TFU C�
3FNBSL ���� 5BLF OPUF PG UIF DPOTUSVDUJPO PG UIF UFSOBSZ TFU� 8IJMF JU JT UIF NPTU VTFE FYBNQMF

POF JT OPU MJNJUFE UP SFNPWJOH NJEEMF UIJSET� *O GBDU
 SFNPWJOH BOZ ੗YFE RVBOUJUZ GSPN UIF PSJHJOBM
MJOF TFHNFOU XJMM ZJFME B $BOUPS TFU�

'JHVSF ���� " HSBQIJDBM JMMVTUSBUJPO PG GJSTU TJY JUFSBUJPOT PG UIF $BOUPS UFSOBSZ TFU� 5IF CMBDL ُCBSTُ SFQSFTFOUT
UIF TFHNFOUT UIBU FWFOUVBMMZ GPSN UIF DBOUPS UFSOBSZ TFU�

%F॑OJUJPO ���� (JWFO UIF DMPTFE JOUFSWBM [0, 1] ⇢ R� 8F DPOTUSVDU UIF $BOUPS UFSOBSZ TFU C
CZ SFNPWJOH UIF PQFO NJEEMF UIJSE JOUFSWBM BE JOटOJUVN� *O PUIFS XPSET
 UISPVHI JUFSBUJPO GSPN
⇠0 = [0, 1] POF DBO SFDVSTJWFMZ DPOTUSVDU FBDI TVCTFRVFOU DMPTFE TFU ⇠= ⇢ C GPS B OBUVSBM OVNCFS
= � 1�

⇠0 = [0, 1], 	���


⇠1 = ⇠0\
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� $BOUPS TQBDFT ⇥

'SPN UIJT
 XF IBWF UIBU UIF JOUFSTFDUJPO PG UIF JOUFSWBMT UIBU BSF OPU SFNPWFE JT XIBU SFTVMUT JO UIF
$BOUPS UFSOBSZ TFU�

C =
1Ÿ
==1

⇠=.

0CTFSWF UIBU FBDI⇠= ZJFME 2= DMPTFE JOUFSWBMT
 BMM XJUI MFOHUI 	-FCFTHVF NFBTVSF
 1/3= � 'JHVSF ���
JMMVTUSBUFT UIF ੗STU � JUFSBUJPOT�

����� &MFNFOUT PG UIF $BOUPS 4FU
4JODF UIF JOUFSWBM SFNPWFE JT BMXBZT JOUFSOBM UP UIF DVSSFOU JOUFSWBM
 UIF FOEQPJOUT PG UIF DVSSFOU
JOUFSWBM BSF OFWFS SFNPWFE JO BOZ PG UIF DPOTFDVUJWF FMJNJOBUJPOT� 5BLF UIF FOEQPJOUT 0, 1 2 C
BT BO FYBNQMF� 0CTFSWF UIBU UIFZ BSF OFWFS SFNPWFE JO BOZ PG UIF DPOTFDVUJWF FMJNJOBUJPOT PG UIF
NJEEMF UIJSE JOUFSWBM BOE BSF UIFSFGPSF BO FMFNFOU PG C� य़JT JT BMTP USVF GPS UIF OFYU TFU PG FOEQPJOUT
1
3 ,

2
3 2 C� य़F FOEQPJOUT BSF FTTFOUJBM UP IJHIMJHIU
 BT XF DBO WJB B TVN PG UIF FOEQPJOUT SVOOJOH

GSPN MFॏ UP SJHIU
 BQQSPYJNBUF FWFSZ FMFNFOU JO C
 XIJDI NPUJWBUFT UIF GPMMPXJOH EF੗OJUJPO BOE
MFNNB�

%F॑OJUJPO ���� "O BSCJUSBSZ ੗OJUF TFRVFODF PG OVNCFST (00 . . . 0=) PG MFOHUI = 2 N
 UIBU GPS TJN�
QMJDJUZ JT OPUFE BT (0=) JT B CJOBSZ TFRVFODF JG FBDI FMFNFOU 0= DBO UBLF POMZ PO UXP EJTUJODU WBMVFT

FJUIFS 0 PS 1� " ੗OJUF CJOBSZ TFRVFODF (0=) PG MFOHUI = JT OPUFE BT UIF GPMMPXJOH FMFNFOU GSPN UIF
TFU PG BMM ੗OJUF CJOBSZ TFRVFODFT PG MFOHUI = CZ 0= 2 {0, 1}= � "O JO੗OJUF CJOBSZ TFRVFODF (0=) JT
OPUFE BT UIF GPMMPXJOH FMFNFOU GSPN UIF TFU PG BMM JO੗OJUF CJOBSZ TFRVFODFT CZ (0=) 2 {0, 1}N�

3FNBSL ���� &BDI SFNPWBM MFBWFT CFIJOE UXP TFQBSBUFE JOUFSWBMT� #Z MBCFMMJOH UIF JOUFSWBM UP UIF MFॏ
0 BOE UIF JOUFSWBM UP UIF SJHIU 1 XF DBO VTF UIJT UP PVS BEWBOUBHF XIFO GPSNVMBUJOH UIF GPMMPXJOH
MFNNB�

#FGPSF XF EP UIBU IPXFWFS
 XF NVTU CSJOH UP NJOE B GFX DSJUJDBM SFTVMUT GSPN DBMDVMVT PO UIF
UPQJD PG HFPNFUSJD TFSJFT
 JO PSEFS UP QSPWF UIF MFNNB� *G |A | < 1 GPS BO JO੗OJUF HFPNFUSJD TFSJFT

UIFO UIF TFSJFT DPOWFSHFT UP UIF GPMMPXJOH

1’
:=0

0A: =
0

1 � A . 	���


*G A < 1 GPS B ੗OJUF HFPNFUSJD TFSJFT
 UIFO UIF TFSJFT DPOWFSHFT UP UIF GPMMPXJOH
=’
:=0

0A: = 0
✓
1 � A=+1
1 � A

◆
. 	���


-FNNB ���� &WFSZ FMFNFOU G 2 C DBO CF XSJࡇFO BT B HFPNFUSJD TFSJFT PG UIF GPSN

1’
==1

20=
3=

GPS 0= 2 {0, 1} .

1SPPG� -FU< 2 N
< � 1
 BOE ⇠< CF UIF<�UI TFU BॏFS B टOJUF OVNCFS PG JUFSBUJPOT<� *G XF TVN
GSPN UIF MFॏ
 BOE BMXBZT TVN UXP UJNFT UIF GSBDUJPO XF SFNPWFE
 UIFO UIF HFPNFUSJD TFSJFT XJMM

�



� $BOUPS TQBDFT ⇥

BMXBZT DPOWFSHF PO UIF MFॏ FOEQPJOU PG BOZ JOUFSWBM JO ⇠< 	3FDBMM UIBU ⇠< JT B VOJPO PG JOUFSWBMT
�
*O PUIFS XPSET JU XJMM CF B ੗OJUF HFPNFUSJD TFSJFT VQ UP JOEFY <� )PXFWFS
 UP BQQSPYJNBUF BOZ
FMFNFOU G 2 C XF OFFE UIF TVN PG BMM UIF TVCTFRVFOU JOUFSWBMT BE JOटOJUVN� *O PUIFS XPSET UIJT
XJMM CF BO JO੗OJUF HFPNFUSJD TFSJFT� 8F EVC UIF ੗OJUF HFPNFUSJD TFSJFT BT UIF IFBE
 BOE UIF JO੗OJUF
HFPNFUSJD TFSJFT BT UIF UBJM�

<’
==1

20=
3=|  {z  }

�403

+
1’

==<+1

20=
3=|     {z     }

)08;

GPS 0= 2 {0, 1} . 	���


*U DBO FBTJMZ CF WFSJ੗FE UIBU UIF IFBE DPOWFSHFT UP MFॏ FOEQPJOU PG BOZ JOUFSWBM� य़F JOUFSFTUJOH
TFSJFT JT UIF UBJM� *G XF DBO BQQSPYJNBUF UIF SJHIU JOUFSWBM FOEQPJOU
 UIFO XF LOPX XF DBO BQQSPYJ�
NBUF BOZ FMFNFOU PO UIJT JOUFSWBM CZ DIBOHJOH UIF WBMVFT GPS 0= � 'PS UIF TFSJFT UP BQQSPYJNBUF UIF
SJHIU FMFNFOU
 UIFO 0= = 1 GPS BMM =� #Z VTJOH CPUI FRVBUJPO 	���
 BOE FRVBUJPO 	���
 XF DBO TIPX
UIBU JU DPOWFSHFT UP UIF GPMMPXJOH FMFNFOU�

1’
==<+1

20=
3=

 2

 1’
==<+1

1

3=

!
= 2

 1’
==0

1

3=
�

<’
==0

1

3=
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 2
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1 � 1
3

�
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� 1
3

�<+1

1 � 1
3

!
= 2

 
1 + (�1) +

� 1
3

�<+1

2
3

!
,

 3

✓
1

3

◆<+1
=

1

3<
.

8IJDI JT FYBDUMZ UIF MFOHUI 	-FCFTHVF NFBTVSF
 PG FBDI JOUFSWBM JO ⇠<� 4JODF XF DBO BQQSPYJNBUF
G XJUI UIF CPUI IFBE BOE UIF UBJM XF NVTU DPODMVEF UIBU G 2 ⇠< GPS BMM<
 BOE UIVT BMTP CFMPOH JO
C =

—1
<=1⇠< � #Z DPNCJOJOH UIF IFBE BOE UIF UBJM XF HFU UIF GPMMPXJOH

1’
==1

20=
3=

GPS 0= 2 {0, 1} .

3FNBSL ���� *G XF MFU 0= = 0 GPS FWFSZ =
 UIFO UIF HFPNFUSJD TFSJFT TVN UP �
 BOE JG XF MFU 0= = 1
GPS FWFSZ =
 UIFO UIF HFPNFUSJD TFSJFT DPOWFSHFT UP �� य़VT BOZ TVN DPSSFTQPOEJOH UP BO FMFNFOU
PG UIF $BOUPS TQBDF JT CPVOEFE CZ UIFTF WBMVFT
 BT XFMM BT EFNPOTUSBUJOH UIBU CPUI 0, 1 2 C BT
FYQFDUFE� "EEJUJPOBMMZ
 JU GPMMPXT UIBU UIF $BOUPS TQBDF JT OPO�FNQUZ
 BT CZ JUT WFSZ DPOTUSVDUJPO
NVTU BU MFBTU JODMVEF UIF FOEQPJOUT PO UIF JOUFSWBM PO XIJDI JU JT DPOTUSVDUFE�

1’
==1

2 · 0
3=

= 0,
1’
==1

2 · 1
3=

= 2 ·
1
3

1 � 1
3

= 1.

3FNBSL ���� 0CTFSWF GSPN UIF QSPPG UIBU JG HJWFO G 2 C
 JU XJMM IBWF B VOJRVF CJOBSZ TFRVFODF UIBU
DBO CF WJFXFE BT B ۡTFU PG EJSFDUJPOTۡ PO IPX UP ੗OE G XJUIJO C� य़F TVN PG UIF FOEQPJOUT CZ
MFNNB ��� XJMM DPOWFSHF UP G JG POF GPMMPXT JUT VOJRVF CJOBSZ TFRVFODF� /PUF UIBU UXP FMFNFOUT PG
UIF $BOUPS TQBDF DBOOPU IBWF UIF TBNF CJOBSZ TFRVFODF VOMFTT UIFZ BSF FRVBM�

��
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&YBNQMF ���� -FU VT EP BO FYBNQMF PO UIF JOUFSWBM IJHIMJHIUFE JO ੗HVSF ���� 8F VTF UIF HFPNFUSJD
TFSJFT MFNNB ���
 BOE TQMJU JU TP UIBU UIF ੗STU TVN BQQSPYJNBUFT UIF FOEQPJOU PO UIF MFॏ PG UIJT
JOUFSWBM� 5P SFBDI UIJT JOUFSWBM XF OFFE UP MFU = = 4
 BOE XF XBOU UIF DPOUSJCVUJPO GSPN UIF ੗STU
���
 BOE UIF MB॒FS ��� BT NBSLFE XJUI HSFFO BOE ZFMMPX BSSPXT� *O PUIFS XPSET XF XBOU 01 = 1

02 = 0
 03 = 1 BOE 04 = 0 JO PVS HFPNFUSJD TFSJFT�

4’
==1

20=
3=

=
2 · 1
31

+ 2 · 0
32

+ 2 · 1
33

+ 2 · 0
34

=
20

27
.

/PX GPS UIF TVN UP BDUVBMMZ BQQSPYJNBUF BO FMFNFOU PG UIF $BOUPS TFU
 JU NVTU SVO UP JO੗OJUZ� *O
PUIFS XPSET
 UIF UBJM PG MFNNB ��� BॏFS UIF TQMJU JT XIBU NVTU DPOWFSHF UP BMM FMFNFOUT PG UIF $BOUPS
TFU XJUIJO UIJT JOUFSWBM� *G UIF TFSJFT JT TUJMM UP DPOWFSHF PO UIF FOEQPJOU PO UIF MFॏ TJEF XF DBMDVMBUFE
BCPWF
 XF NVTU IBWF UIBU FWFSZ 0= BॏFS = = 4 JT FRVBM UP [FSP
 BT UP HFU OP DPOUSJCVUJPOT GSPN UIF
MBUFS GSBDUJPOT� *G XF XBOU UIF TVN UP DPOWFSHF PO UIF FOEQPJOU PO UIF SJHIU TJEF PO UIJT JOUFSWBM

UIFO XF OFFE UIF DPOUSJCVUJPO GSPN FWFSZ GSBDUJPO BॏFS = = 4
 BOE UIVT FWFSZ 0= BॏFS = = 4 NVTU
FRVBM UP POF� "T XF TIPXFE JO UIF QSPPG PG MFNNB ���
 XF LOPX UIBU UIF UBJM XJMM DPOWFSHF UP UIF
MFOHUI PG UIJT JOUFSWBM
 XIJDI JT 1/34�

'JHVSF ���� *MMVTUSBUJPO PG UIF IFBE JO FYBNQMF ����

����� -FOHUI PG UIF $BOUPS 4FU
"T C ✓ [0, 1] ✓ R JU JT -FCFTHVF�NFBTVSBCMF� य़BU JT UP TBZ
 XF IBWF POF XBZ PG NFBTVSJOH MFOHUIT
PO TVCTFUT PG R�

%F॑OJUJPO ���� 'PS B TVCTFU ( ✓ R
 UIF -FCFTHVF NFBTVSF ✓ PG UIF JOUFSWBM � = [0,1] 	PS � = (0,1)

HJWFT UIF MFOHUI PG � BT

✓ (� ) = 1 � 0.

*U TPVOET SFBTPOBCMF UIBU JG XF TVN UIF -FCFTHVFNFBTVSF PG BMM UIF PQFO JOUFSWBMT UIBU BSF SFNPWFE

XF DBO ੗OE UIF -FCFTHVF NFBTVSF PG UIF DMPTFE JOUFSWBMT UIBU BSF MFॏ� *O PUIFS XPSET
 XF DBO
NFBTVSF UIF MFOHUI PG C� 3FDBMM UIBU FBDI JUFSBUJPO JO FRVBUJPO 	���
 ZJFMET 2= DMPTFE JOUFSWBMT
PG -FCFTHVF NFBTVSF 1/3= � य़F TBNF IPMET USVF GPS UIF JOUFSWBMT XF SFNPWF
 BOE XF IBWF UIF

��
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GPMMPXJOH HFPNFUSJD TFSJFT

1

3
+ 2 · 1

9
+ 4 · 1

27
+ 8 · 1

81
+ · · · =

1’
==1

2=�1

3=
.

'SPN FRVBUJPO 	���
 XF LOPX UIBU UIF HFPNFUSJD TFSJFT DPOWFSHFT UP UIF GPMMPXJOH

1’
==1

2=�1

3=
=

1’
==1

2=�1 · 3�= = 1

3

 
1

1 � 2
3

!
= 1.

*O PUIFS XPSET
 UIF -FCFTHVF NFBTVSF PG UIF JOUFSWBMT SFNPWFE JT 1� 3FDBMM UIBU C JT EF੗OFE PO
UIF DMPTFE VOJU JOUFSWBM
 XIJDI IBT -FCFTHVF NFBTVSF 1� /PX
 TVCUSBDUJOH UIF -FCFTHVF NFBTVSF
PG UIF JOUFSWBMT SFNPWFE ZJFMET UIF -FCFTHVF NFBTVSF PG C� )FODFGPSUI
 UIF $BOUPS TFU JT PG [FSP
MFOHUI� " TUSBOHF SFTVMU
 GPS XIJDI UIF QSFDFEJOH BSHVNFOUT JT B QSPPG GPS UIF GPMMPXJOH MFNNB�

-FNNB ����� Fࡋ $BOUPS TFU IBT -FCFTHVF NFBTVSF [FSP�

����� $PVOUJOH UIF &MFNFOUT PG UIF $BOUPS 4FU
#Z SFNPWJOH JOUFSWBMT OPU DPOUBJOJOH UIFJS FOEQPJOUT 	PQFO JOUFSWBMT

 POF DPVME DPNF UP UIF NJT�
MFBEJOH DPODMVTJPO UIBU UIF POMZ FMFNFOUT PG UIF $BOUPS TFU BSF UIF FOEQPJOUT UIFNTFMWFT
 BT UIF
SFNPWBM JT TPMFMZ IBQQFOJOH UP UIF JOUFSOBM PG BO JOUFSWBM� )PXFWFS
 XIJMF JU JT USVF UIBU UIF $BOUPS
TFU DPOUBJOT OP JOUFSWBMT PG BOZ LJOE
 JU DBO CF IFMQGVM UP UIJOL PG XIBU JT MFॏ BT BSCJUSBSJMZ TNBMM
TJ[FE JOUFSWBMT� 8IBU XF BSF TVHHFTUJOH IFSF JT UIBU C NVTU DPOUBJO FMFNFOUT UIBU BSF OPU FOE�
QPJOUT� 5P DMBSJGZ UIJT
 OPUJDF UIBU BMM PG UIF JOUFSWBM FOEQPJOUT BSF SBUJPOBM OVNCFST� *G UIF $BOUPS
TFU POMZ DPOUBJOFE UIF JOUFSWBM FOEQPJOUT
 UIFO UIF TFU XPVME CF DPVOUBCMF BT UIF SBUJPOBM OVNCFST
BSF DPVOUBCMF� य़VT
 JG UIF $BOUPS TFU DPOUBJOT FMFNFOUT UIBU BSF OPU FOEQPJOUT
 JT JU TUJMM DPVOUBCMF 

-FNNB ����� Fࡋ $BOUPS TFU JT VODPVOUBCMF�

1SPPG� 3FDBMM UIBU BOZ FMFNFOU PG C IBT B DPSSFTQPOEJOH 	JO੗OJUF
 CJOBSZ TFRVFODF (0=) 2 {0, 1}N�
4VQQPTF UIBU XF IBWF B OVNCFSFE MJTU ! XJUI BMM QPTTJCMF CJOBSZ TFRVFODFT JO C� *O PUIFS XPSET

MFU ! = C
 BOE BTTVNF UIBU ! JT DPVOUBCMF�

� (0=)

� (1=)
...

N (G=)

$BO XF GPSN B OFX CJOBSZ TFRVFODF UIBU JT OPU MJTUFE JO ! *G USVF
 UIFO XF IBWF B DPOUSBEJDUJPO
PO UIF BTTVNQUJPO UIBU XF IBE FWFSZ FMFNFOU MJTUFE JO ! UP CFHJO XJUI� -FU (U=) CF B OFX CJOBSZ
TFRVFODF OPU BMSFBEZ MJTUFE JO !� 'VSUIFSNPSF
 MFU UIF CJOBSZ TFRVFODF CF DPOTUSVDUFE JO UIF GPMMPX�
JOH TQFDJ੗D XBZ� 5BLF UIF टSTU CJOBSZ TFRVFODF (0=) 2 !� य़F WBMVF PG UIF टSTU QPTJUJPO U0 2 (U=)
JT EFUFSNJOFE CZ UIF WBMVF PG UIF टSTU QPTJUJPO 00 2 (0=)�

U0 =

(
1 JG 00 = 0,

0 JG 00 = 1.

��
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य़JT JOTVSFT UIBU U0 < 00
 BOE UIVT (U=) < (0=)� /PX
 UBLF UIF TFDPOE CJOBSZ TFRVFODF (1=) 2 !
 BOE
EFUFSNJOF UIF WBMVF PG UIF TFDPOE QPTJUJPO U1 2 (U=) CZ UIF WBMVF PG UIF TFDPOE QPTJUJPO 10 2 (1=)�

U1 =

(
1 JG 11 = 0,

0 JG 11 = 1.

य़JT JOTVSFT VT UIBU U1 < 11 BOE UIVT (U=) < (1=)� %P UIJT GPS FWFSZ CJOBSZ TFRVFODF (G=) 2 !� य़F
SFTVMUJOH CJOBSZ TFRVFODF (U=) XJMM GPS BMM (G=) 2 ! OFWFS CF MJTUFE JO !� #Z UIF TQFDJ੗D NBOOFS PG
DPOTUSVDUJOH (U=) XF IBWF JOTVSFE UIBU JU XJMM BMXBZT CF EJ੖FSFOU UP FWFSZ CJOBSZ TFRVFODF BMSFBEZ
MJTUFE JO !
 OP NB॒FS IPX MPOH PS ۡEFUBJMFEۡ ! JT� य़BU JT UP TBZ
 JG XF BEEFE (U=) UP !
 UIFO XF
DPVME DPOTUSVDU BOPUIFS TFRVFODF (V=) 8 ! JO UIF TBNF XBZ� "T XF BMXBZT DBO DPOUJOVF EPJOH
UIJT
 PVS MJTU PG CJOBSZ TFRVFODFT XJMM OFWFS CF DPNQMFUF� य़VT XF NVTU DPODMVEF UIBU FWFSZ CJOBSZ
TFRVFODF DBOOPU CF MJTUFE JO B OVNFSBUFE MJTU
 XIJDI JT UP TBZ UIBU UIFZ BSF VODPVOUBCMF� "T FWFSZ
FMFNFOU JO C IBT B DPSSFTQPOEJOH CJOBSZ TFRVFODF
 C NVTU CF VODPVOUBCMF�

य़F JNQMJDBUJPOT PG MFNNB ���� BSF JNQPSUBOU� "T NFOUJPOFE
 JG C POMZ DPOUBJOFE UIF JOUFSWBM
FOEQPJOUT
 UIFO PVS TFU XPVME CF DPVOUBCMF� य़JT SFTVMU IPXFWFS
 TVHHFTUT UIBU UIF $BOUPS TFU
DPOUBJOT PUIFS QPJOUT
 BOE UIBU UIFSF BSF VODPVOUBCMF NBOZ PG UIFTF	�
� 5P DPODMVEF
 GSPN UIF
QPJOU PG NFBTVSJOH UIF MFOHUI PG UIF $BOUPS TFU
 JU IBT UIF TBNF -FCFTHVF NFBTVSF BT B TJOHMF
QPJOU� *O UFSNT PG DBSEJOBMJUZ
 JU JT VODPVOUBCMF�

����� 4FMG�4JNJMBSJUZ

%JNFOTJPO 4DBMJOH ⇥3 # OFX DPQJFT .BHOJ੗DBUJPO GBDUPS
1PJOU 0 ! 1 30

-JOF 1 ! 3 31

4RVBSF 2 ! 9 32

$VCF 3 ! 27 33

C G ! 2 3G

5BCMF ���� %FNPOTUSBUFE JO UIF UBCMF JT POF XBZ XF DBO GJOE UIF EJNFOTJPO PG C

5BLF B HPPE MPPL BU UIF QB॒FSO JO ੗HVSF ���� /PUJDF XF IBWF PNJ॒FE BOZ MBCFM PG 0 BOE 1
 XIJDI
BSF UIF NPTU BQQBSFOU FMFNFOUT PG C ⇢ [0, 1]� "DUVBMMZ
 XF DPVME IBWF GPSNFE UIF $BOUPS UFSOBSZ
TFU PO UIF DMPTFE JOUFSWBM [0, 3]
 XIFSF UIF POMZ DIBOHF XPVME CF B TDBMJOH PG BMM FMFNFOUT PG C CZ
B GBDUPS PG UISFF� 'VSUIFSNPSF
 PCTFSWF JO UIJT DBTF UIBU UIF ۡPSJHJOBMۡ $BOUPS UFSOBSZ TFU JT UIF MFॏ
JOUFSWBM BॏFS UIF ੗STU SFNPWBM� *O PUIFS XPSET
 UIF $BOUPS UFSOBSZ TFU JT BMXBZT FRVBM UP UXP DPQJFT
PG UIF PSJHJOBM TFU JG UIFTF UXP DPQJFT BSF TISVOL CZ B GBDUPS PG UISFF BOE USBOTMBUFE� य़F TUSVDUVSF
PG UIF $BOUPS TFU VOEFS NBHOJ੗DBUJPO JT JOEJTUJOHVJTIBCMF GSPN UIF TUSVDUVSF PG UIF XIPMF� य़JT
TFMG�TJNJMBS QSPQFSUZ NFBOT UIBU JU JT FRVBMMZ WBMJE UP UIJOL PG C BT B GSBDUBM� " GSBDUBM OFFE OPU
CF JOUSJDBUF GPS JU UP CF DPNQMFY� य़F TJNQMF SVMF JO XIJDI XF GPSN UIF $BOUPS TFU DBO
 GSPN POF
WJFXQPJOU
 CF UIF QVSFTU PS QSPUPUZQF PG BMM GSBDUBMT BT POF TJOHMF ۘ TJNQMF ۘ MJOF ۘ DBO CFDPNF
JOOVNFSBCMF NBOZ ۘ TFMG�TJNJMBS MJOFT�

5P NBLF UIF MJOL XJUI GSBDUBMT NPSF FWJEFOU
 XF XJMM OFFE B OPUJPO PG EJNFOTJPO� 8JUIPVU HJWJOH
BOZ GPSNBM EF੗OJUJPO PG EJNFOTJPO 	PG XIJDI UIFSF BSF TFWFSBM

 UIFSF JT B TPMJE BSHVNFOU JO UIF
GPMMPXJOH� " QPJOU IBT EJNFOTJPO [FSP
 B MJOF TFHNFOU IBT EJNFOTJPO POF
 B TRVBSF IBT EJNFOTJPO

��
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UXP
 BOE B DVCF IBT EJNFOTJPO UISFF� 3FDBMM UIBU UIF $BOUPS TFU
 XIFO TDBMFE CZ B GBDUPS PG UISFF

SFTVMUFE JO UXP ۡOFXۡ DPQJFT PG UIF PSJHJOBM TFU� 0CTFSWF JO UIF GPMMPXJOH UBCMF ��� XIBU IBQQFOT
XIFO BMM PG UIF BGPSFNFOUJPOFE ۡTFUTۡ BSF TDBMFE CZ UIF TBNF GBDUPS�

/PUF UIBU UIF EJNFOTJPO PG UIF ੗HVSF JT BMXBZT QSFTFOU JO UIF FYQPOFOU PG UIF NBHOJ੗DBUJPO
GBDUPS� *O PUIFS XPSET
 UIF EJNFOTJPO PG UIF $BOUPS TFU TIPVME TBUJTGZ 2 = 3G 
 XIJDI XJUI B TJNQMF
MPHBSJUIN ZJFMET G = log 2

log 3 ' 0.631� य़F BTTPDJBUJPO CFIJOE UIF NBUIFNBUJDBM DPODFQU PG GSBDUBM
BOE UIF SFTVMUJOH GSBDUJPOBM EJNFOTJPO BCPWF POMZ GVSUIFS VOEFSMJOFT UIJT BTQFDU PG UIF $BOUPS TFU�
)PXFWFS
 JU JT XPSUI NFOUJPOJOH UIBU ۡGSBDUBMۡ XBT ੗STU VTFE CZ #FOPJU .BOEFMCSPU JO ����
 XIJMF
$BOUPS۝T PSJHJOBM DPOTUSVDUJPO JT
 BT NFOUJPOFE JO UIF JOUSPEVDUJPO
 BMNPTU ��� ZFBST PME� )PXFWFS

UIF EF੗OJUJPO $BOUPS IJNTFMG HBWF GPS C XBT BCTUSBDU BOE HFOFSBM
 XIFSF UIF DPOTUSVDUJPO PG UIF
UFSOBSZ TFU XF IBWF TUVEJFE IFSF
 XBT POMZ NFOUJPOFE JO QBTTJOH BT B TIPSU FYBNQMF 	&EHBS
 ����
�

'JHVSF ���� " JMMVTUSBUJPO PG UIF UXP EJNFOTJPOBM $BOUPS TFU�

����� "MUFSOBUF 3FQSFTFOUBUJPOT
"OPUIFS FRVBMMZ WBMJE SFQSFTFOUBUJPO PG UIF $BOUPS TFU CVJMET EJSFDUMZ PO UIF OPUJPO PG JO੗OJUF
CJOBSZ TFRVFODFT BT EJSFDUJPOT UP FMFNFOUT PG UIF DBOUPS TFU� *O B CJOBSZ TFRVFODF XF IBWF UP
QPTTJCJMJUJFT GPS FBDI QPTJUJPO
 CZ GPSNJOH B NBQ PG UIF QPTTJCJMJUJFT BU FBDI QPTJUJPO XF DBO DPO�
TUSVDU UIF GPMMPXJOH JO੗OJUF DPNQMFUF CJOBSZ USFF TIPXO JO ੗HVSF ���� *O PUIFS XPSET
 UIF JO੗OJUF
DPNQMFUF CJOBSZ USFF JT ۡB NBQۡ PG BMM QPTTJCMF CJOBSZ TFRVFODFT PG C� 'VSUIFSNPSF
 PCTFSWF UIF
GPMMPXJOH HFPNFUSJD TFSJFT GPS BMM UIF SJHIUNPTU SFE OPEFT PO UIF $BOUPS TFU JO ੗HVSF ����

1

2
+ 1

6
+ 1

18
+ · · · = 1

2
+

1’
==1

2

2 ⇤ 3= =
1

2
+

1’
==1

1

3=
.

6TJOH FRVBUJPO 	���
 XF ੗OE UIBU JU DPOWFSHFT UP 1
 XIJDI JT FYBDUMZ UIF SJHIU FOEQPJOU PG UIF ੗STU
JOUFSWBM ⇠0� #Z JOEVDJOH PVS OPUJPO PG TFMFDUJOH XIFUIFS XF DBO HP SJHIU PS MFॏ PO FBDI JOEFY =

��
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XF HFU UIF GPMMPXJOH HFPNFUSJD TFSJFT

1

2
+

1’
==1

0=
3=

GPS 0= 2 {0, 1} .

य़JT HFPNFUSJD TFSJFT DPJODJEFT XJUI MFNNB ���
 JO UIF TFOTF UIBU UIFZ CPUI DPOWFSHF UP UIF TBNF
FMFNFOUT GPS UIF TBNF CJOBSZ TFRVFODFT
 BOE JT UIFSFGPSF BO FRVBMMZ WBMJE SFQSFTFOUBUJPO PG UIF
FMFNFOUT PG C�

g

�

����

�

����

'JHVSF ���� 5IF EFWFMPQNFOU PG UIF JOGJOJUF DPNQMFUF CJOBSZ USFF BTTPDJBUFE XJUI UIF $BOUPS UFSOBSZ TFU�

"TNFOUJPOFE JO SFNBSL ���
 SFNPWJOH BOZ ੗YFE QFSDFOUBHF JO UIF TBNFNBOOFS
 XJMM ZJFME B $BOUPS
TFU� 'JHVSF ��� JMMVTUSBUFT XIBU UIJT TFU MPPLT MJLF
 XJUI JUT BTTPDJBUFE JO੗OJUF DPNQMFUF USFF�

g

�

������

�

������

�

������

'JHVSF ���� 5IF EFWFMPQNFOU PG UIF JOGJOJUF DPNQMFUF USFF BTTPDJBUFE XJUI B EJख़FSFOU DPOTUSVDUJPO PG UIF
$BOUPS TFU�

��
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��� 5IF $BOUPS .FUSJD 4QBDFT C
����� .FUSJD 4QBDFT
"T XF BSF OPX GBNJMJBS XJUI UIF $BOUPS TFU
 XF DBO QSPHSFTT UPXBSET GPSNJOH UIF $BOUPS TQBDF⇥�
य़F $BOUPS TQBDF JT
 BT XF XJMM TFF
 FTTFOUJBMMZ UIF $BOUPS TFU XJUI BEEJUJPOBM TUSVDUVSF BEEFE� य़F
$BOUPS TFU JT
 BT NFOUJPOFE
 B TVCTFU PG UIF SFBM MJOF R� 0O UIF SFBM MJOF XF IBWF B OPUJPO PG MFOHUI

XIJDI HJWFT B MFOHUI NFBTVSF PO UIF $BOUPS TFU BT B TVCTFU PG R� य़F MFOHUI NFBTVSF JT XIBU XF
DBMM B NFUSJD� )PXFWFS
 JG HJWFO B NFUSJD PO B TFU
 UIF NFUSJD NVTU TBUJTGZ B GFX DPOEJUJPOT JG CPUI
UIF NFUSJD BOE UIF TFU BSF UP CF DPOTJEFSFE B NFUSJD TQBDF XIFO WJFXFE UPHFUIFS� 'PS NPSF EFUBJMT
PO UIJT TFDUJPO
 UIF SFBEFS JT SFGFSSFE UP DIBQUFS � PG "CCP॒ 	����
�

%F॑OJUJPO ����� -FU- CF B OPO�FNQUZ TFU
 BOE MFU 3 CF B NBQ 3 : - ⇥- ! R IFSFCZ SFGFSFODFE BT
UIF NFUSJD� " NFUSJD TQBDF " JT UIF TFU - UPHFUIFS XJUI B NFUSJD 3 
 OPUFE (- ,3)
 XIFSF 3 TBUJT੗FT
BMM UIF GPMMPXJOH DPOEJUJPOT

ۦ 3 (G ,~) > 0 XIFSF 3 (G ,~) = 0 JG BOE POMZ JG G = ~


ۦ 3 (G ,~) = 3 (~,G) GPS BMM G ,~ 2 - 


ۦ 3 (G , I) 6 3 (G ,~) + 3 (~, I) GPS BMM G ,~, I 2 - �

&YBNQMF ����� य़F SFBM MJOFR JT BO FYBNQMF PG B NFUSJD TQBDF XJUI UIFNFUSJD HJWFO CZ UIF BCTPMVUF
EJ੖FSFODF 3 (0,1) = |0 � 1 |� *U DBO FBTJMZ CF TFFO UIBU 3 TBUJT੗FT UIF UXP ੗STU DPOEJUJPOT� *G HJWFO
0,1 2 - UIF POMZ DBTF XIFSF 3 (0,1) = 0 JT JG 0 = 1
 PUIFSXJTF 3 (0,1) > 0� 'VSUIFSNPSF
 UIF
EJTUBODF JT TZNNFUSJD GPS BMM 0,1 2 R EVF UP UIF BCTPMVUF WBMVF� य़F USJBOHMF JOFRVBMJUZ BMTP IPMET
BT GPS BMM 0,1, 2 2 R�

#FGPSF XF EF੗OF UIF $BOUPS NFUSJD TQBDF BOE QSPWF TPNF PG JUT EJTUJODUJWF QSPQFSUJFT
 XF OFFE B
CF॒FS VOEFSTUBOEJOH PG CPUI UIF TVCTFUT PG R UIFNTFMWFT BOE UIFJS B॒SJCVUFT� /FWFSUIFMFTT
 XIBU
GPMMPXT JT POF PG UIF NPTU JNQPSUBOU UIFPSFNT PG R HPJOH GPSXBSE�

%F॑OJUJPO ����� (JWFO BNFUSJD B NFUSJD TQBDF (- ,3)
 B TFRVFODF (0:)1:=0 2 - JT B $BVDIZ TFRVFODF
JG UIFSF GPS BOZ SFBM OVNCFS A > 0
 FYJTU # 2 N TVDI UIBU GPS BMM QPTJUJWF JOUFHFST<,= > #

3 (0=,0<) < A .

%F॑OJUJPO ����� (JWFO B NFUSJD TQBDF " = (- ,3)� य़F NFUSJD TQBDF JT DPNQMFUF JG FWFSZ $BVDIZ
TFRVFODF JO - DPOWFSHFT UP BO FMFNFOU JO - �

&YBNQMF ����� " HSFBU FYBNQMF JT UIF XFMM�LOPXO SFTVMU UIBU UIF SFBM MJOF R JT B DPNQMFUF NFUSJD
TQBDF
 BT JU DBO FBTJMZ CF TIPXO UIBU FWFSZ $BVDIZ TFRVFODF PO UIF SFBM MJOF DPOWFSHFT UP BO FMFNFOU
JO R

����� 0QFO BOE $MPTFE 4FUT
-FU VT UBLF B NPNFOU UP EJTDVTT PQFO BOE DMPTFE TFUT
 BT UIFZ BSF GVOEBNFOUBM JO UIF DPOTUSVDUJPO
HPJOH GPSXBSE�

��
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0QFO TFUT

%F॑OJUJPO ����� (JWFO B NFUSJD TQBDF (- ,3)� 'PS B FMFNFOU G 2 - BOE B SFBM OVNCFS n > 0� य़F
PQFO n�CBMM DFOUFSFE BU G XJUI SBEJVT n JT UIF TVCTFU PG -

B(G ; n) = {~ 2 - | 3 (G ,~) < n} . 	���


&YBNQMF ����� (JWFO UIF NFUSJD TQBDF (R,3)
 UIFO UIF PQFO JOUFSWBM (G � n;G + n) JT UIF PQFO CBMM
DFOUFSFE BSPVOE BO FMFNFOU PG UIF TFU G XJUI B SBEJVT PG n �
%F॑OJUJPO ����� (JWFO B NFUSJD TQBDF (- ,3)� " TVCTFU ( ✓ - JT DBMMFE PQFO JG UIFSF GPS BMM FMFNFOUT
G 2 ( FYJTU TVCTFUT PG PQFO n�CBMMT B(G ; n) ✓ ( �
-FNNB ����� *� Fࡋ VOJPO PG BOZ DPMMFDUJPO PG PQFO TFUT JT PQFO�
**� Fࡋ JOUFSTFDUJPO PG B टOJUF DPMMFDUJPO PG PQFO TFUT JT PQFO�

1SPPG� *� "TTVNF UIBU XF IBWF B DPMMFDUJPO PG PQFO TFUT {�U }
 XIFSF U 2 N JT UIF OVNCFS PG TFUT JO
UIF DPMMFDUJPO
 BOE MFU* =

–
U2N�U � (JWFO BO BSCJUSBSZ FMFNFOU 0 2 �U ✓ * 
 UIFO
 TJODF XF GPS BMM

QPJOUT 0 2 * DBO QSPEVDF BO PQFO n�CBMM B ✓ �U ✓ * DFOUFSFE BU 0
 JU DBO CF TFFO UIBU ⌫ ✓ * 
 BOE
UIVT* JT PQFO�

**� "TTVNF UIBU XF IBWF B ੗OJUF DPMMFDUJPO PG PQFO TFUT
�
�0, . . . ,�V

 

 XIFSF V 2 N JT UIF OVNCFS

PG TFUT JO UIF DPMMFDUJPO� -FU + =
—V
:=0�: 
 BOE HJWFO BO BSCJUSBSZ FMFNFOU 0 2 * � 0CTFSWF UIBU 0 JT

B NFNCFS PG BMM UIF PQFO TFUT�: 
 BOE XF DBO UIFO QSPEVDF BO PQFO n�CBMM B ✓ �: GPS BMM 0  :  V �
8F DBO GPSN B TFU XJUI BMM PG UIFTF n�CBMMT
 BOE XF NVTU ੗OE UIF TNBMMFTU CBMM� य़F SFBTPO GPS
DIPPTJOH UIF TNBMMFTU CBMM JT UIBU JU XJMM CF DPOUBJOFE JO BMM PG UIF PUIFS CBMMT PG UIF TFU� *O PUIFS
XPSET
 n = min n0, . . . , nV 
 TVDI UIBU B(0, n) ✓ B(0, n:)� )FODF
 B(0, n) ✓ + BOE + JT PQFO�

$MPTFE TFUT

*U JT FRVBMMZ WBMJE UP EF੗OF DMPTFE TFUT
 CVU ੗STU XF OFFE BO VOEFSTUBOEJOH PG MJNJU QPJOUT BOE
JTPMBUFE QPJOUT�
%F॑OJUJPO ����� (JWFO B NFUSJD TQBDF (- ,3)
 BOE B TVCTFU ( ✓ - � य़FO
 B QPJOU G 2 - JT B MJNJU
QPJOU PG ( JG FWFSZ PQFO CBMM B(G ; n) JOUFSTFDUT ( BU TPNF QPJOU PUIFS UIBO G �
%F॑OJUJPO ����� (JWFO B NFUSJD TQBDF (- ,3)
 BOE B TVCTFU ( ✓ - � य़FO
 B QPJOU G 2 ( JT BO JTPMBUFE
QPJOU PG ( JG JU JT OPU B MJNJU QPJOU PG ( �
3FNBSL ����� "O JTPMBUFE QPJOU JT BMXBZT B NFNCFS PG UIF TFU
 XIJMF UIF TBNF JT OPU USVF GPS MJNJU
QPJOUT�
%F॑OJUJPO ����� (JWFO B NFUSJD TQBDF (- ,3)
 BO BSCJUSBSZ FMFNFOU G 2 - 
 BOE B SFBM OVNCFS n > 0�
य़F DMPTFE n�CBMM DFOUFSFE BU G XJUI SBEJVT n JT UIF TVCTFU PG -

B(G ; n) = {~ 2 R | 3 (G ,~) 6 n} . 	���


-FNNB ����� (JWFO B DPNQMFUF NFUSJD TQBDF (- ,3)� " TVCTFU ( ✓ - JT DMPTFE JG BOE POMZ JG FWFSZ
$BVDIZ TFRVFODF DPOUBJOFE JO ( DPOWFSHFT UP B MJNJU G JO ( � " DMPTFE TVCTFU PG B DPNQMFUF NFUSJD TQBDF
JT B DPNQMFUF TVCTFU�
1SPPG� -FU ( CF B DMPTFE TVCTFU PG B DPNQMFUFNFUSJD TQBDF" = (- ,3)� *G XF IBWF B $BVDIZ TFRVFODF
(0:) JO ( 
 UIFO (0:) JT BMTP B $BVDIZ TFRVFODF JO- TJODF ( ✓ - � "T" JT DPNQMFUF
 UIFO UIF $BVDIZ
TFRVFODF DPOWFSHFT UP B QPJOU G 2 - � *U BMTP GPMMPXT GSPN MFNNB ���� UIBU TJODF ( JT DMPTFE ( = ( 

UIFO G 2 ( � *U GPMMPXT UIFO UIBU ( JT DPNQMFUF�

��



� $BOUPS TQBDFT ⇥

-FNNB ����� *� Fࡋ VOJPO PG B टOJUF DPMMFDUJPO PG DMPTFE TFUT JT DMPTFE�
**� Fࡋ JOUFSTFDUJPO PG BOZ DPMMFDUJPO PG DMPTFE TFUT JT DMPTFE�

1SPPG� य़JT QSPPG VTFT TPNF EF੗OJUJPOT UIBU BSF UP CF EF੗OFE KVTU BॏFS� (JWFO BO JOEFY � PG TPNF
OVNCFS PG TVCTFUT �8 ✓ - 
 UIF HFOFSBMJ[FE WFSTJPOT PG UIF XFMM LOPX %F .PSHBO۝T MBXT BSF UIF
GPMMPXJOH

 Ÿ
82�
�8

! 2
⌘

ÿ
82�

(�8)2 BOE
 ÿ
82�
�8

! 2
⌘

Ÿ
82�

(�8)2 .

0CTFSWF UIBU JG XF VTF MFNNB ����
 UBLF UIF DPNQMFNFOU PG CPUI TUBUFNFOUT
 BOE UIFO VTF %F
.PSHBO۝T MBXT
 XF IBWF QSPWFE MFNNB �����

3FNBSL ����� *U JT CFDBVTF PG UIBU MB॒FS QBSU JO UIF QSPPG
 UIBU UIF OPUJPOT PG ۡ੗OJUFۡ BOE ۡBOZ
DPMMFDUJPOۡ GPS VOJPO BOE JOUFSTFDUJPO JO MFNNB ���� BSF DPOWFSTF PG UIF TUBUFNFOUT JO MFNNB ����
GPS PQFO TFUT�

&YBNQMF ����� य़F $BOUPS TFU C JT DMPTFE TJODF JU JT UIF JOUFSTFDUJPO PG B ੗OJUF VOJPO PG DMPTFE
JOUFSWBMT� 'VSUIFSNPSF
 BT R JT DPNQMFUF
 JU GPMMPXT GSPN MFNNB ���� UIBU UIF DMPTFE TVCTFU C ⇢ R
JT DPNQMFUF BT XFMM�

%F॑OJUJPO ����� (JWFO B DPNQMFUF NFUSJD TQBDF (- ,3)� " TVCTFU ( ✓ - JT DMPQFO JG JU JT DMPTFE BOE
PQFO�

3FNBSL ����� *O TUBOEBSE &OHMJTI
 JU JT JNQPTTJCMF GPS B OPVO UP CF CPUI PQFO BOE DMPTFE TJNVMUB�
OFPVTMZ
 UIFZ BSF BOUPOZNT� य़F NBUIFNBUJDBM WJFX PG PQFO BOE DMPTFE IPXFWFS
 JT UIF PQQPTJUF�
य़F GBDU UIBU B TFU JT PQFO EPFT OPU FYDMVEF UIF GBDU UIBU JU DBO BMTP CF DMPTFE
 BOE WJDB WFSDB� *U DBO
WFSZ XFMM IBQQFO UIBU B TFU JT CPUI PQFO BOE DMPTFE� 'VSUIFSNPSF
 JG B TFU JT OPU PQFO
 UIBU EPFT OPU
JNQMZ UIBU UIF TFU NVTU CF DMPTFE� *U DBO CF OFJUIFS�

%F॑OJUJPO ����� (JWFO B NFUSJD TQBDF (- ,3)
 B TVCTFU ( ✓ - 
 BOE B TFU ! PG BMM UIF MJNJU QPJOUT PG
( � य़F DMPTVSF PG ( 
 OPUFE BT ( JT UIF GPMMPXJOH TVCTFU ( ✓ - �

( = ( [ !.

3FNBSL ����� *G ( JT UIF PQFO JOUFSWBM (0,1)
 UIFO ( = (0,1) [ ! = [0,1]� य़VT GPS B DMPTFE JOUFSWBM

JU JT BMXBZT UIF DBTF UIBU ( = ( 
 BOE UIBU ( JT BMXBZT B DMPTFE TFU�

%F॑OJUJPO ����� (JWFO B DPNQMFUF NFUSJD TQBDF (- ,3)
 BOE B TVCTFU ( ✓ - � य़F DPNQMFNFOU PG ( 

OPUFE BT (2 
 JT UIF GPMMPXJOH TVCTFU (2 ✓ - �

(2 = {0 2 - | 0 8 (} .

-FNNB ����� *� " TFU ( JT PQFO JG BOE POMZ JG JUT DPNQMFNFOU (2 JT DMPTFE�
**� $POWFSTFMZ
 B TFU ( JT DMPTFE JG BOE POMZ JG JUT DPNQMFNFOU (2 JT PQFO�

1SPPG� *� -FU ( CF BO PQFO TVCTFU ( ✓ - � *G HJWFO B MJNJU QPJOU G 2 (2 
 UIFO FWFSZ PQFO n�CBMM
DFOUFSFE BU G XJMM DPOUBJO QPJOUT PG (2 � *U DBOOPU IBQQFO UIBU G 2 ( BT UIBU XPVME JNQMZ UIFSF FYJTUT
BO n�CBMM B ✓ $ � 'SPN SFNBSL ���� POF DBO UBLF OPUF UIBU B DMPTFE TFU DPOUBJOT JU BMM MJNJUT QPJOUT

BOE UIVT G 2 $2 �

��
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$POWFSTFMZ
 JG MFU & CF B DMPTFE TVCTFU & ✓ - � 4JODF & JT DMPTFE
 XF LOPX UIBU JU DPOUBJOT BMM JUT
MJNJU QPJOUT
 TP JG HJWFO B QPJOU G 2 &2 XF LOPX UIBU G 8 & � 'PS &2 UP CF PQFO XF NVTU IBWF BO
PQFO n�CBMM DFOUFSFE BU G UIBU EPFT OPU JOUFSTFDU & 
 TVDI UIBU B ✓ &2 
 UIVT $2 JT PQFO�

**� (JWFO ' ✓ - 
 PCTFSWF UIBU ('2)2 = '� "QQMZJOH UIF PCTFSWBUJPO UP *
 ZJFMET UIF XBOUFE
SFTVMUT�

FPSFNࢊ ����� (JWFO B NFUSJD TQBDF (- ,3)
 BOE B TVCTFU ( ✓ - � 
FOࡋ ( JT EFOTF JO - JG BOE POMZ JG
( = - �

%F॑OJUJPO ����� (JWFO B NFUSJD TQBDF (- ,3)� य़F DPNQMFUJPO PG (- ,3)
 OPUFE BT (- , 3̄)
 JT B
DPNQMFUF NFUSJD TQBDF UPHFUIFS XJUI B GVODUJPO 5 : - ! - TVDI UIBU 3̄ (5 (G), 5 (~)) = 3 (G ,~) GPS
BMM FMFNFOUT G ,~ 2 - 
 BOE 5 (- ) = { 5 (G) : G 2 - } JT B EFOTF TVCTFU PG - �

����� 5IF $BOUPS .FUSJD 4QBDF
य़FNFUSJD GSPN UIF SFBM MJOF NFUSJD TQBDF R JOEVDFT B NFUSJD PO C UP GPSN UIF $BOUPS NFUSJD TQBDF
(C,3)� 'PMMPXJOH UIBU
 SFDBMM UIBU FWFSZ FMFNFOU G 2 C DBO CF SFQSFTFOUFE CZ UIF HFPNFUSJD TFSJFT
HJWFO JO MFNNB ���
 XIJDI SFTVMUT JO UIF GPMMPXJOH EF੗OJUJPO� य़JT JT UIF CFHJOOJOH PG XIBU XJMM CF
B OFX
 NPSF GPSNBM
 EF੗OJUJPO GPS C�

%F॑OJUJPO ����� य़F JOEVDFE NFUSJD 3 GSPN R GPS UXP FMFNFOUT 0,1 2 C JT UIF NBQ 3 : C⇥C ! R
XIFSF 3 JT UIF GPMMPXJOH

3 (0,1) =3
 1’
==1

20=
3=

,
1’
==1

21=
3=

!
=

1’
==1

2|0= � 1= |
3=

	����


XIFSF 0=,1= 2 {0, 1} . 	����


-FU VT FNQIBTJ[F BO JNQPSUBOU DIBSBDUFSJTUJD PG XIBU UIFNFUSJD3 EFUFSNJOFT� 3FDBMM FRVBUJPO 	���
�
*G HJWFO B QPJOU G 2 C
 XF DBO EFUFSNJOF XJUI UIF PQFO CBMM B(G ; n) XIJDI QPJOUT ~ 2 C UIBU BSF PG
EJTUBODF n PG G � *O PUIFS XPSET
 XF DBO GPSN BO PQFO TFU XJUI BMM UIF QPJOUT ~ UIBU BSF PO UIF TBNF
n�MFOHUI JOUFSWBM BT G � 'VSUIFSNPSF
 SFDBMM MFNNB ��� BOE UIBU UIF UBJM PG UIF HFPNFUSJD TFSJFT XBT
CPVOE CZ UIF WBMVF PG 1/3< XIFSF< 2 N JT UIF JOEFY PG JUFSBUJPO� *U GPMMPXT GSPN UIJT UIBU n NVTU
CF CPVOEFE CZ 1

3=�1
< n  1

3< 
 JG UIF GPMMPXJOH MFNNB JT UP IPME�

-FNNB ����� (JWFO B SFBM OVNCFS n > 0
 = 2 N
 BOE B QPJOU G 2 C� 'PS UIF $BOUPS UFSOBSZ TFU
 UIF
PQFO CBMM DFOUFSFE BU G XJUI SBEJVT n = 1

3= EFUFSNJOFT BMM QPJOUT ~ 2 C PG EJTUBODF 3 (G ,~) < 1
3= PG G 


JG BOE POMZ JG UIF टSTU = DPFडDJFOUT PG G BOE ~ DPJODJEF�

1SPPG� -FU G 2 C
 = 2 N
 n = 1
3= 
 BOE B(G ; 1

3= ) =
�
~ 2 C | 3 (G ,~) < 1

3=
 
� 3FDBMM UIBU G =

Õ1
==0

2G=
3= 


BOE ~ =
Õ1
==0

2~=
3= 
 BOE PCTFSWF UIF GPMMPXJOH�

1’
==1

2|G= � ~= |
3=

=
<’
==1

2|G= � ~= |
3=|           {z           }

�403

+
1’

==<+1

2|G= � ~= |
3=|              {z              }

)08;

.

8F IBWF BMSFBEZ QSPWFO UIBU UIF UBJM DPOWFSHFT UP 1/3< 
 UIF TBNF WBMVF n JT CPVOEFE CZ� 'VSUIFS�
NPSF
 JG UIF IFBE TVN UP [FSP
 UIFO JU EPFT OPU NB॒FS XIBU UIF UBJM DPOWFSHFT UP
 BT UIJT XJMM CF MFTT
UIBO UIF WBMVF XF IBWF DIPTFO GPS n = 1/3< � 0CTFSWF UIBU UIF QPXFS PG< GPS n BMTP EFUFSNJOFT

��
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UIF VQQFS MJNJU PG UIF IFBE� य़JT JT OPU JODJEFOUBM
 BT UIF POMZ DBTF GPS XIJDI UIF TVN PG UIF IFBE JT
FRVBM UP [FSP JT JG UIF CJOBSZ TFRVFODFT DPJODJEF JO UIFTF QPTJUJPOT� *G UIFZ EP OPU
 UIFO UIF EJTUBODF
XJMM CF HSFBUFS UIBO 1/3< 
 BOE UIF QPJOUT BSF OPU FMFNFOUT PG UIF TBNF PQFO CBMM� य़F DPOWFSTF JT
BMTP USVF� *G UIF ੗STU =�DPFਖ਼DJFOUT PG G BOE ~ DPJODJEF
 UIFO UIBU NFBOT UIBU UIF IFBE XJMM TVN UP
[FSP� "T UIF UBJM DPOWFSHFT UP 1/3< 
 UIFO UIBU NFBOT UIBU UIFZ BSF FMFNFOUT PG UIF TBNF PQFO CBMM�
*G UIF IFBE EPFT OPU TVN UP [FSP
 UIFO UIFZ BSF OPU FMFNFOUT PG UIF TBNF PQFO CBMM�

����� 1SPQFSUJFT PG UIF $BOUPS .FUSJD 4QBDF
$PNQBDU

%F॑OJUJPO ����� (JWFO B NFUSJD TQBDF (- ,3)
 BOE B TVCTFU ( ✓ - � *G UIFSF FYJTUT B SFBM OVNCFS
A > 0
 TVDI UIBU 3 (0,1) < A GPS BMM 0,1 2 ( 
 UIFO ( JT CPVOEFE� 'VSUIFSNPSF
 (- ,3) JT B CPVOEFE
NFUSJD TQBDF
 JG JU JT CPVOEFE BT B TVCTFU PG JUTFMG�

%F॑OJUJPO ����� (JWFO B DPNQMFUF NFUSJD TQBDF (- ,3)
 BOE B TVCTFU ( ✓ - � य़FO ( JT DPNQBDU JG
FWFSZ TFRVFODF JO ( IBT B DPOWFSHJOH TVCTFRVFODF JO ( �

3FNBSL ����� 'SPN UIF UIF )FJOFۗ#PSFM UIFPSFN 	"CCP॒
 ����
 JU IBT CFFO TIPXO UIBU EF੗OJ�
UJPO ���� JT FRVJWBMFOU UP UIF EF੗OJUJPO UIBU ( ✓ R JT DPNQBDU JG BOE POMZ JG ( JT DMPTFE BOE CPVOEFE�
	*U GPMMPXT GSPN UIJT UIBU BMM DPNQBDU TVCTFUT PG R BSF DMPTFE BOE CPVOEFE�


-FNNB ����� Fࡋ $BOUPS NFUSJD TQBDF JT DPNQBDU�

1SPPG� 8F TIPXFE JO FYBNQMF ���� IPX C CZ JUT WFSZ DPOTUSVDUJPO JT DMPTFE BOE DPNQMFUF� .PSF�
PWFS
 C JT BMTP CZ JUT WFSZ DPOTUSVDUJPO CPVOEFE� 3FDBMM EF੗OJUJPO ����
 BOE PCTFSWF UIF GPMMPXJOH�
य़F HSFBUFTU EJTUBODF CFUXFFO UXP FMFNFOUT JO C JT FRVBM UP UIF EJTUBODF CFUXFFO UIF FOEQPJOUT
PO UIF DMPTFE JOUFSWBM [0,1] JU JT DPOTUSVDUFE PO� य़JT SFTVMU XJMM BMXBZT CF MFTT UIBO B SFBM OVNCFS
1 < |A |� 'PS UIF $BOUPS UFSOBSZ TFU DPOTUSVDUFE PO UIF VOJU JOUFSWBM [0, 1]
 UIF EJTUBODF CFUXFFO
UXP FMFNFOUT XJMM BMXBZT CF CPVOEFE CZ 3 (0,1) 6 1 < A � "T C JT DMPTFE BOE CPVOEFE
 JU GPMMPXT
GSPN EF੗OJUJPO ���� UIBU JU JT DPNQBDU�

3FNBSL ����� 5FDIOJDBMMZ XF DBO UIVT TBZ UIBU CZ UIF WFSZ DPOTUSVDUJPO PG C ⇢ [0, 1] ⇢ R
 JU JT
CPUI DMPTFE BOE CPVOEFE
 BOE JT UIVT DPNQBDU� ⇤

1FSGFDU

%F॑OJUJPO ����� (JWFO B NFUSJD TQBDF (- ,3)
 BOE B TVCTFU ( ✓ - � य़FO ( JT QFSGFDU JG JU JT DMPTFE
BOE OP QPJOU 0 2 ( JT JTPMBUFE�

3FNBSL ����� $MPTFE JOUFSWBMT [2,3] XJUI 2 < 3 
 BSF UIF NPTU FWJEFOU DMBTTFT PG QFSGFDU TFUT�

-FNNB ����� Fࡋ $BOUPS NFUSJD TQBDF JT QFSGFDU�

1SPPG� -FU G 2 ⇠1
 XIFSF ⇠1 HJWFO CFMPX JT POF TVCTFU PG UIF $BOUPS 5FSOBSZ TFU FRVBUJPO 	���
�

⇠1 =

0,

1

3

�
[


2

3
, 1

�

0CTFSWF UIBU UIFSF FYJTU BO G1 2 C \⇠1 XIFSF G1 < G 
 UIBU TUJMM TBUJT੗FT UP CF XJUIJO UIF CPVOE PG
|G � G1 |  1/31� " MPPL PO ੗HVSF ��� NJHIU GVSUIFS DMBSJGZ UIJT� "T XF JUFSBUF GPS FBDI = 2 N BOE

��
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DBMDVMBUF UIF DPSSFTQPOEJOH ⇠= 
 UIFSF XJMM BMXBZT FYJTU G= 2 C \ ⇠= XIFSF G= < G 
 TUJMM TBUJTGZJOH
UP CF XJUIJO UIF CPVOE PG |G � G= |  1/3= � *O PUIFS XPSET
 C DBOOPU DPOUBJO JTPMBUFE QPJOUT
 BOE JT
UIVT QFSGFDU�

5PUBMMZ %JTDPOOFDUFE

%F॑OJUJPO ����� (JWFO B DPNQMFUF NFUSJD TQBDF (- ,3)
 BOE UXP OPO�FNQUZ TFUT (,& ✓ - � य़FO
(,& BSF TFQBSBUFE JG CPUI ( \& BOE ( \& BSF FNQUZ�

3FNBSL ����� य़F QSPQFSUZ PG TFQBSBUFE TFUT FOTVSFT VT UIBU UIF TFUT BSF OPO�FNQUZ BOE UIBU UIFZ
EP OPU DPOUBJO UIF MJNJU QPJOUT PG FBDI PUIFS 	J�F� EJTKPJOU
�

%F॑OJUJPO ����� (JWFO BNFUSJD TQBDF (- ,3)� य़F TFU' ✓ - JT EJTDPOOFDUFE JG' = ([& 
 XIFSF CPUI
( BOE& BSF CPUI OPO�FNQUZ BOE TFQBSBUFE� *G ' JT OPU EJTDPOOFDUFE
 JU JT DPOOFDUFE� 'VSUIFSNPSF
 '
JT UPUBMMZ EJTDPOOFDUFE JG GPS BOZ UXP EJTUJODU QPJOUT 0,1 2 '
 UIFSF FYJTU TFQBSBUFE TFUT XIFSF 0 2 �
BOE 1 2 ⌫ TVDI UIBU ' = � [ ⌫�

-FNNB ����� Fࡋ $BOUPS NFUSJD TQBDF JT UPUBMMZ EJTDPOOFDUFE�

1SPPG� *O UIF DPOTUSVDUJPO PG C
 UIFSF JT BMXBZT TPNF JOUFSWBM MFॏ BॏFS UIF SFNPWBM BE JOटOJUVN�
)PXFWFS
 UIJT JT POMZ UIF DBTF VOUJM XF IBWF UIF ੗OBM SFTVMUJOH C
 XIJDI IBT OP JOUFSWBMT PG BOZ
LJOE� *O PUIFS XPSET
 JG HJWFO BOZ UXP EJTUJODU QPJOUT :, ; 2 C UIFO UIFSF XJMM BMXBZT FYJTU UXP
TFQBSBUF TFUT XIFSF : 2  BOE ; 2 !
 XIFSF  [ ! ✓ ⇠? 
 XIFSF ⇠? ✓ ⇠= �

3FNBSL ����� 8IBU XF BSF USZJOH UP FNQIBTJ[F IFSF JT UIBU
 JG :, ; BSF OPU JO UIF TBNF JOUFSWBM

UIFO JU DBO FBTJMZ CF TFFO UIBU UIFZ BSF UPUBMMZ EJTDPOOFDUFE BT FBDI ⇠= JT UIF VOJPO PG UXP EJTKPJOU
DMPTFE JOUFSWBMT� 8IBU UIF QSPDFTT PG SFNPWBM BE JOटOJUVN EPFT
 JT UIBU JU JOTVSFT UIBU JG :, ; XFSF JO
UIF TBNF JOUFSWBM JO BO BSCJUSBSZ⇠= 
 UIFO UIFZ XPVME TUJMM CF UPUBMMZ EJTDPOOFDUFE CFDBVTF BU TPNF
QPJOU UIF NJEEMF UIJSE JO CFUXFFO UIFN XJMM CF SFNPWFE�
8IBU JT JOUFSFTUJOH
 JT UIBU UIF QSPWFO QSPQFSUJFT PG UIF $BOUPS NFUSJD TQBDF BDUVBMMZ DIBSBDUFSJ[F
UIF $BOUPS TFU JUTFMG� 8F DPODMVEF UIJT DIBQUFS XJUI XIBU JT UIF NBJO EF੗OJUJPO PG B $BOUPS TFU

BOE UIF EF੗OJUJPO XF XJMM VTF HPJOH GPSXBSET�

%F॑OJUJPO ����� " $BOUPS TFU C JT BOZ OPO�FNQUZ
 DPNQBDU
 QFSGFDU
 UPUBMMZ EJTDPOOFDUFE NFUSJD
TQBDF�

����� .FUSJD 4QBDFT BT 5PQPMPHJDBM 4QBDFT
6OUJM OPX
 XF IBWF XPSLFE XJUI BO BOBMZUJDBM SFQSFTFOUBUJPO PG UIF $BOUPS TFU� 8F BSF OPX HPJOH
UP USBOTGPSN PVS QSPCMFN BT B TVCTQBDF PG R JOUP UIF SFBMN PG UPQPMPHJDBM TQBDFT� "T XJMM CFDPNF
BQQBSFOU
 XF IBWF CFFO XPSLJOH XJUI B UPQPMPHJDBM TQBDF UIF XIPMF UJNF
 BT NFUSJD TQBDFT BSF
FYBNQMFT PG UPQPMPHJDBM TQBDFT� 0O UPQ PG UIBU
 UIF PQFO CBMMT
 XIJDI GPSNFE PQFO TFUT PG UIF
$BOUPS NFUSJD TQBDF
 BSF UIF PQFO TFUT HFOFSBUJOH UIF UPQPMPHZ PO C� य़F SFTVMUJOH UPQPMPHJDBM
TQBDF JT POF SFQSFTFOUBUJPO PG UIF $BOUPS TQBDF ⇥�

%F॑OJUJPO ����� (JWFO B TFU - 
 B UPQPMPHZ T 
 XIFSF T JT B DPMMFDUJPO PG TVCTFUT ( ✓ - UIBU BSF
	CZ UIJT EF੗OJUJPO
 DBMMFE PQFO JO - 
 TBUJTGZJOH UIF UISFF GPMMPXJOH DPOEJUJPOT�

ۦ #PUI - 
 BOE ; NVTU CF JO T �

ۦ 'PS* B TVC�DPMMFDUJPO PG T 
 UIF VOJPO PG BMM FMFNFOUT JO* NVTU CF JO T �

��



� $BOUPS TQBDFT ⇥

ۦ 'PS* B टOJUF TVC�DPMMFDUJPO PG T 
 UIF JOUFSTFDUJPO PG BMM FMFNFOUT JO* NVTU CF JO T �

" TFU XJUI B UPQPMPHZ
 OPUFE BT (- ,T)
 JT DBMMFE B UPQPMPHJDBM TQBDF�

%F॑OJUJPO ����� (JWFO B TFU- � " CBTJT B GPS B UPQPMPHZ T PO- JT UIF DPMMFDUJPO PG TVCTFUT ⌫ ✓ -
TBUJTGZJOH UIF UXP GPMMPXJOH DPOEJUJPOT�

ۦ 'PS FBDI FMFNFOU G 2 - UIFSF JT B ⌫ 2 B XIFSF G 2 ⌫�

ۦ -FU D 2 T � *G G 2 D UIFO UIFSF FYJTUT B ⌫ 2 B XIFSF G 2 ⌫ BOE ⌫ ✓ D�

-FNNB ����� (JWFO B TFU - 
 BOE B CBTJT B GPS UIF UPQPMPHZ T � FOࡋ DPMMFDUJPO PG UIF VOJPO PG BMM
FMFNFOUT ⌫ 2 B JT UIF UPQPMPHZ T PO - �

1SPPG� 0CTFSWF UIBU BOZ FMFNFOU ⌫ 2 B BSF BO FMFNFOU PG UIF UPQPMPHZ T � -FU* CF B TVC DPMMFDUJPO
PG T 
 BOE DIPPTF GPS FBDI FMFNFOU JO G 2 * BO FMFNFOU JO ⌫ 2 B TVDI UIBU G 2 ⌫� /PX* =

–
G2* ⌫


XIJDI JT UIF VOJPO PG FMFNFOUT PG B�

&YBNQMF ����� (JWFO B NFUSJD TQBDF (- ,3)� य़F DPMMFDUJPO PG BMM PQFO n�CBMMT JT B CBTJT GPS UIF
UPQPMPHZ PO C

B = {B(G ; n) | G 2 - , n > 0} .

)PNFPNPSQIJTNT

*O PSEFS UP DPNQBSF EJ੖FSFOU UPQPMPHJDBM TQBDFT
 XF OFFE B OPUJPO PG LOPXJOH XIFUIFS XF DBO
GPSN B TUSVDUVSF QSFTFSWJOH NBQ CFUXFFO EJ੖FSFOU UPQPMPHJDBM TQBDFT
 BOE B OPUJPO PG LOPXJOH
XIFUIFS UPQPMPHJDBM TQBDFT BSF UIF TBNF
 UIBU JT
 IBWJOH UIF TBNF UPQPMPHJDBM QSPQFSUJFT�

%F॑OJUJPO ����� (JWFO UXP UPQPMPHJDBM TQBDFT - BOE . � " GVODUJPO 5 : - ! . JT DPOUJOVPVT JG GPS
FWFSZ PQFO TFU* ⇢ . UIF QSFJNBHF 5 �1(* ) JT BO PQFO TFU JO - �

%F॑OJUJPO ����� (JWFO UXP UPQPMPHJDBM TQBDFT - BOE . � " NBQ 5 : - ! . JT B IPNPFNPSQIJTN JG
5 JT CJKFDUJWF
 DPOUJOVPVT
 BOE XJUI B DPOUJOVPVT JOWFSTF� *G UIFSF FYJTUT B IPNFPNPSQIJTN 5 
 XF
TBZ UIBU - BOE . BSF IPNFPNPSQIJD
 XSJ॒FO BT - � . �

%F॑OJUJPO ����� " NBQ 5 JT BO BVUPNPSQIJTN JG 5 JT B IPNFPNPSQIJTN PG UIF TQBDF UP JUTFMG�

*U JT JNQPSUBOU UP FNQIBTJ[F IFSF UIBU JG UIFSF FYJTUT B IPNFPNPSQIJTN CFUXFFO UXP UPQPMPHJDBM
TQBDFT
 UIFO UIFZ BMTP ۡTIBSFۡ UPQPMPHJDBM QSPQFSUJFT
 JO UIF TFOTF UIBU UIFZ BSF UIF TBNF JO CPUI
TQBDFT� 3FDBMM UIF QSPQFSUJFT XF QSPWFE GPS UIF $BOUPS NFUSJD TQBDF� "T B NFUSJD TQBDF JT B UPQP�
MPHJDBM TQBDF
 BOZ PUIFS UPQPMPHJDBM TQBDF UIBU JT IPNFPNPSQIJD UP UIF $BOUPS TFU
 NVTU BMTP IBWF
UIF TBNF QSPQFSUJFT� "T TVDI
 BOZ UPQPMPHJDBM TQBDF UIBU JT IPNFPNPSQIJD UP UIF $BOUPS TFU JT JO
GBDU XIBU XF XJMM DBMM B $BOUPS TQBDF ⇥�

��



� $BOUPS TQBDFT ⇥

��� 5IF $BOUPS 4QBDFT ⇥
0VS EFTDSJQUJPO PG UIF $BOUPS TQBDF JT OPU FTQFDJBMMZ FMFHBOU� &WFO UIPVHI XF IBWF GPSNFE B UPQP�
MPHJDBM TQBDF
 UIF TQBDF IBT B BOBMZUJD GFFM UP JU
 BT FWFSZ FMFNFOU JO UIF $BOUPS TFU JT SFQSFTFOUFE
CZ UIF JO੗OJUF HFPNFUSJD TFSJFT� 8IBU JT FMFHBOU BCPVU UIF $BOUPS TFU
 JT UIBU JU IBT B WFSZ DPNCJOJ�
UPSJBM GFFM UP JU
 BOE XF DBO GPSN B TQBDF UIBU JT TJNQMFS BOE NPSF DPOWFOJFOU GPS VT HPJOH GPSXBSE�
3FDBMM UIF JO੗OJUF TFRVFODFT PG 0۝T BOE 1۝T� य़FZ XFSF FTTFOUJBM JO PSEFS UP HVJEF VT UP BO FMFNFOU
PG C� #Z DPOTJEFSJOH UIF TFU - = {0, 1}N PG BMM JO੗OJUF TFRVFODFT PG 0 BOE 1
 XF XJMM TIPX UIBU UIF
UPQPMPHZ BSJTJOH GSPN UIF NFUSJD UPQPMPHZ DPJODJEFT XJUI UIF QSPEVDU UPQPMPHZ PO - XIFSF {0, 1}
JT DPOTJEFSFE BT B EJTDSFUF TQBDF� य़JT JT UIF NPTU PCWJPVT FYQMJDJU FYBNQMF PG UIF HFOFSBM DBTF JO
XIJDI XF DPOTJEFS UIF QSPEVDU UPQPMPHZ PO UIF TFU - = {0, . . . , ? � 1}N XIFSF ? � 2 B OBUVSBM
OVNCFS� 8F XJMM OPX HP PO UP FTUBCMJTI UIJT BT PVS OFX SFQSFTFOUBUJPO PG UIF $BOUPS TQBDF ⇥�

����� %JTDSFUF 5PQPMPHZ PO *OGJOJUF 4FUT
%F॑OJUJPO ����� (JWFO B TFU - 
 BOE UIF DPMMFDUJPO T PG TVCTFUT PG - � *G T DPOUBJOT BMM TVCTFUT PG
- 
 UIFO T JT UIF MBSHFTU UPQPMPHZ PO - BOE JT SFGFSSFE UP BT UIF EJTDSFUF UPQPMPHZ� "OZ TFU FRVJQQFE
XJUI B EJTDSFUF UPQPMPHZ JT B EJTDSFUF UPQPMPHJDBM TQBDF� *G T POMZ DPOUBJOT UIF TVCTFUT ;,- ✓ - 

UIFO T JT UIF TNBMMFTU UPQPMPHZ PO- BOE JT SFGFSSFE UP BT UIF JOEJTDSFUF UPQPMPHZ� "OZ TFU FRVJQQFE
XJUI B JOEJTDSFUF UPQPMPHZ JT B JOEJTDSFUF UPQPMPHJDBM TQBDF�

3FNBSL ����� &WFSZ QPJOU G 2 - JT BO PQFO TFU JO UIF EJTDSFUF UPQPMPHZ� य़VT B EJTDSFUF UPQPMPHJDBM
TQBDF JT B TQBDF PG TFQBSBUFE JTPMBUFE QPJOUT�
3FNBSL ����� *G - JT B TQBDF XJUI UIF EJTDSFUF UPQPMPHZ
 UIFO FWFSZ NBQ GSPN - UP BOZ PUIFS UPQP�
MPHJDBM TQBDF JT DPOUJOVPVT�
य़F EJTDSFUF UPQPMPHJDBM TQBDFXF BSF HPJOH EP EF੗OF JT XIBUXFXJMM DBMM BO BMQIBCFU HPJOH GPSXBSE�
"EEJUJPOBMMZ
 B TFRVFODF JO UIF BMQIBCFU XJMM CF SFGFSSFE UP BT B XPSE�

%F॑OJUJPO ����� (JWFO ? 2 N
 MFU UIF TFU � = {0, 1, 2, . . . , ? � 1} CF BO BMQIBCFU XJUI =�MF॒FST�
-FU UIF TFU �N = {"MM UIF XPSET PG JO੗OJUF MFOHUI PG UIF BMQIBCFU �}�
(JWFO< 2 N
 MFU UIF TFU �< = {"MM UIF XPSET PG ੗OJUF MFOHUI< 2 N PG UIF BMQIBCFU �}�
-FU UIF TFU �⇤ =

–1
<=1�

< = {य़F VOJPO PG BMM ੗OJUF XPSET PG MFOHUI< 2 N PG UIF BMQIBCFU �} .

'VSUIFSNPSF
 XF EF੗OF DPODBUFOBUJPO PG UXP BMQIBCFUT JO UIF GPMMPXJOH XBZ�

%F॑OJUJPO ����� -FU G 2 �= BOE~ 2 �< CF UXP ੗OJUF XPSET PG MFOHUI =,< 2 N� य़F DPODBUFOBUJPO
PG G BOE ~
 EFOPUFE G � ~ PS GPS CSFWJUZ BT G~
 JT B XPSE PG MFOHUI = +<�

G~ = G � ~ 2 �=+<.

3FNBSL ����� *U JT JNQPSUBOU UP FNQIBTJ[F UIBU JO HFOFSBM G~ < ~G � य़F PSEFSJOH JT JNQFSBUJWF�

&YBNQMF ����� (JWFO UXP ੗OJUF XPSET G 2 �= BOE ~ 2 �= TVDI UIBU G = G0G1G2 . . . G= BOE
~ = ~0~1~2 . . .~< � य़F DPODBUFOBUJPO PG G ,~ JT JO UIJT DBTF JT FJUIFS

G~ = G0 . . . G=~0 . . .~<,
~G = ~0 . . .~=G0 . . . G<.

��
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*G HJWFO BO JO੗OJUF XPSE I 2 �N TVDI UIBU I = I0I1 . . . I8 . . . 
 UIFO UIF DPODBUFOBUJPO PG G , I JT FJUIFS

GI = G0 . . . G=I0 . . . I8 . . . ,
IG = I0 . . . I8 . . . . . . BU UIF ۡFOEۡ PG BO JO੗OJUF MPOH XPSE . . . G0 . . . G=.

%F॑OJUJPO ����� *G G 2 �= BOE ~ 2 �< BSF UXP ੗OJUF XPSET PG MFOHUI =,< 2 N BOE< > =
 XF TBZ
UIBU G JT B QSFटY PG ~
 JG UIFSF FYJTUT I 2 �<�= TVDI UIBU ~ = GI�

3FNBSL ����� *G G 2 �= B ੗OJUF XPSE PG MFOHUI =
 BOE ~ 2 �N JT BO JO੗OJUF XPSE
 UIFO UIF DPODBUF�
OBUJPO JT BO JO੗OJUF XPSE G � ~ 2 �N�

����� 1SPEVDU 5PQPMPHZ PO *OGJOJUF 4FUT
%F॑OJUJPO ����� (JWFO UIF GPMMPXJOH $BSUFTJBO QSPEVDU PG UPQPMPHJDBM TQBDFT

- =
÷

-8 .

य़F QSPEVDU UPQPMPHZ PO UIF TQBDF - JT HFOFSBUFE CZ UIF GPMMPXJOH CBTJT

B =
n÷

*8 | *8 ✓ -8 JT PQFO
 BOE*8 = -8 GPS B ੗OJUF OVNCFS PG JOEJDFT 8
o
.

3FNBSL ����� य़F MB॒FS SFRVJSFNFOU PO *8 = -8 GPS B ੗OJUF OVNCFS PG JOEJDFT JT DSJUJDBM XIFO
XPSLJOH XJUI JO੗OJUF $BSUFTJBO QSPEVDUT� *O TVDI B DBTF
 JU JT OPU USVF UIBU PQFO TFUT BSF VOJPOT PG
PQFO TFUT� 8F UIFSFGPSF MFU B ੗OJUF OVNCFS PG TFUT CF PQFO
 BOE MFU UIF SFTU CF UIF XIPMF TQBDF�
-FU � = {0, . . . , ? � 1} CF B UPQPMPHJDBM TQBDF XJUI UIF EJTDSFUF UPQPMPHZ
 TP FWFSZ G 2 � JT BO PQFO
TVCTFU� य़FO JO �N
 UIF CBTJT PQFOT BSF XIBU XF XJMM EF੗OF BT UIF DZMJOEFS TFUT� *G HJWFO B ੗OJUF
XPSE l 
 XIFSF l 2 �⇤ XF EF੗OF UIF DZMJOEFS TFU /ۗ (l) BT UIF GPMMPXJOH TVCTFU PG �N�

/ۗ (l) =
�
l 2 �⇤,G 2 �N | lG 2 �N

 
, 	����


= {BMM JO੗OJUF XPSET XJUI QSF੗Y l} .

0CTFSWF UIBU GPS /ۗ (l) XF MFU B ੗OJUF OVNCFS PG MF॒FST CF PQFO
 BOE MFU UIF SFTU CF UIF XIPMF
BMQIBCFU
 BOE UIBU UIJT DPJODJEFT XJUI UIF EF੗OJUJPO PG UIF CBTJT GPS UIF QSPEVDU UPQPMPHZ� य़F
QSPEVDU UPQPMPHZ HFOFSBUFE CZ UIF DZMJOEFS TFUT JT UIF GPMMPXJOH

N÷
{0, . . . , ? � 1} = �N = {0, . . . , ? � 1}N XIFSF ? � 2.

3FNBSL ����� य़F SFBTPO ? � 2 B OBUVSBM OVNCFS
 JT UP BWPJE UIF VOJOUFSFTUJOH DBTF PG XPSET XJUI
XJUI POMZ ۡ0ۡ۝T�

6OJPO BOE *OUFSTFDUJPO PG $ZMJOEFS 4FUT

-FNNB ����� (JWFO UXP EJTUJODU DZMJOEFS TFUT /ڝ (l) BOE /ڝ ([)
 XJUIl BOE [ CFJOH UXP BSCJUSBSZ टOJUF
XPSET OPU OFDFTTBSJMZ PG UIF TBNF MFOHUI =
 BOE XIFSF ~ UIF MFࡄPWFS CJOBSZ TFRVFODF JG POF XPSE JT

��
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DPOUBJOFE JO UIF PUIFS� Fࡋ VOJPO PG /ڝ (l) BOE /ڝ ([) JT POF PG UIF GPMMPXJOH GPVS QPTTJCJMJUJFT�

/ڝ (l) [ /ڝ ([) =

8>>>>>><
>>>>>>:

/ڝ (l) JG [ = l~,
/ڝ ([) JG l = [~,
/ڝ (l0 . . .l=�1) Jञ [= < l= XIFSF CPUI BSF PG TBNF MFOHUI =,
/ڝ (l) [ /ڝ ([) PUIFSXJTF�

1SPPG� *� -FU l = l0 . . .l= BOE [ = [0 . . .[< CF UXP ੗OJUF XPSET PG MFOHUI = BOE<
 BOE MFU = <<� *G
l8 < [8 GPS BMM JOEJDFT 0  8  min {=,<}
 UIFO UIF DZMJOEFS TFUT IBWF OP DPJODJEJOH XPSET
 XIJDI
JT UP TBZ UIBU FJUIFS PG UIF DZMJOEFS TFUT BSF DPOUBJOFE JO UIF PUIFS
 BOE UIVT UIF VOJPO DBOOPU CF
TIPSUFOFE�

**� *G UIJT JT OPU UIF DBTF PCTFSWF UIF GPMMPXJOH� *G l JT B QSF੗Y GPS [
 UIFO XF IBWF UIBU [ = l~

XIFSF ~ JT UIF MFॏPWFS TFRVFODF� /PX /ۗ ([) ✓ /ۗ (l)
 BOE BT TVDI /ۗ (l) = /ۗ (l) [ /ۗ ([)� य़F
DPOWFSTF
 JG [ JT B QSF੗Y PG l ZJFMET UIF TBNF SFTVMU�

***� य़F MBTU DBTF XF OFFE UP DIFDL JT JG = = <
 BOE XIFSF UIF ੗STU = � 1 QPTJUJPOT DPJODJEF
 BOE
UIFO BU = JT EJ੖FSFOU� य़FO XF IBWF UIF DBTF UIBU l = [0 . . .[= � 1l= BOE UIBU [ = l0 . . .l= � 1[= �
य़FO UIF VOJPO XJMM CF UIF GPMMPXJOH DZMJOEFS TFU /ۗ ([0 . . .[= � 1)�
-FNNB ����� (JWFO UXP BSCJUSBSZ DZMJOEFS TFUT /ڝ (l) BOE /ڝ ([)
 XJUI l BOE [ CFJOH UXP टOJUF XPSET
OPU OFDFTTBSJMZ PG UIF TBNF MFOHUI =
 BOE XIFSF ~ UIF MFࡄPWFS CJOBSZ TFRVFODF JG POF XPSE JT DPOUBJOFE
JO UIF PUIFS� Fࡋ JOUFSTFDUJPO 8 PG /ڝ (l) BOE /ڝ ([) JT POF PG UIF GPMMPXJOH UISFF QPTTJCJMJUJFT�

8 = /ڝ (l) \ /ڝ ([) =
8>>><
>>>:

/ڝ ([) JG l ✓ [ J�F Jञ [ = l~,
/ڝ (l) JG [ ✓ l J�F Jञ l = [~,

;.

1SPPG� *� -FU l = l0 . . .l= BOE [ = [0 . . .[< CF UXP ੗OJUF XPSET PG MFOHUI = BOE<
 BOE MFU = <<� *G
l8 < [8 GPS BMM JOEJDFT 0  8  min {=,<}
 UIFO UIF DZMJOEFS TFUT IBWF OP DPJODJEJOH XPSET XIJDI JT
UP TBZ UIBU FJUIFS PG UIF DZMJOEFS TFUT JT DPOUBJOFE JO UIF PUIFS
 TP UIF JOUFSTFDUJPO NVTU CF FNQUZ�

**� य़F JOUFSTFDUJPO JT OPU FNQUZ POMZ JG FJUIFS l JT B QSF੗Y GPS [ TVDI UIBU [ = l~
 PS [ JT B
QSF੗Y GPS l TVDI UIBU l = [~
 XIFSF ~ JT UIF MFॏPWFS CJOBSZ TFRVFODF� य़JT JT FRVJWBMFOU UP UIF
DZMJOEFS TFU /ۗ ([) ✓ /ۗ (l) PS /ۗ (l) ✓ /ۗ ([)
 SFTQFDUJWFMZ� "T TVDI /ۗ (l) \ /ۗ ([) JT FJUIFS /ۗ (l) PS
/ۗ ([)
 SFTQFDUJWFMZ�
-FNNB ����� $ZMJOEFS TFUT BSF DMPQFO�
1SPPG� 3FDBMM UIBU UIF DPNQMFNFOU PG BO PQFO TFU JT B DMPTFE TFU 	MFNNB ����
� 0CTFSWF UIBU JG B
੗OJUF XPSE l 2 {0, . . . , ? � 1}N
 UIFO UIF DPNQMFNFOU JT B VOJPO PG DZMJOEFS TFUT� "T TVDI UIF
DZMJOEFS TFUT NVTU BMTP CF DMPTFE�

)PNFPNPSQIJD TQBDFT

8IJMF OPU FOUJSFMZ PCWJPVT
 PVS TQBDF {0, . . . , ? � 1}N JT JO GBDU BO FRVBMMZ WBMJE SFQSFTFOUBUJPO PG
B $BOUPS TQBDF ⇥
 BT C XJUI UIF UPQPMPHZ HFOFSBUFE CZ UIF PQFO n�CBMMT
 J�F� {0, . . . , ? � 1}N � ⇥�
-FNNB ����� Fࡋ NBQ 9 : {0, . . . , ? � 1}N ! ⇥ JT BO IPNFPNPSQIJTN PG UPQPMPHJDBM TQBDFT
 XIFSF
9 NBQT B DZMJOEFS TFU UP JUT FRVJWBMFOU n�CBMM�

8IJMF XF XJMM OPU QSPWF UIBU 9 JT B IPNFPNPSQIJTN JO UIF HFOFSBM DBTF
 XF XJMM JOTUFBE UBLF PO B
TQFDJ੗D DBTF UP FYQMJDJUMZ GPSNVMBUF JU JO UIF OFYU TFDUJPO�

��
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����� 5IF %JTDSFUF ��1PJOU 4QBDF {0, 1}N

-FU VT TUVEZ UIF QBSUJDVMBS DBTF PG ? = 2
 UIBU JT BO BMQIBCFU � POMZ DPOTJTUJOH PG UXP MF॒FST
 BOE
FYQMJDJUMZ DPOTUSVDU UIF IPNFPNPSQIJTN 9 CFUXFFO UIF UXP SFQSFTFOUBUJPOT PG UIF $BOUPS TQBDF�

N÷
{0, 1} = {0, 1}N .

य़JT JT UIF NPTU JOUFSFTUJOH DIBSBDUFSJ[BUJPO GPS VT
 BT UIF IPNFPNPSQIJTN DPNFT BMNPTU OBUVSBMMZ
XIFO DPOTJEFSJOH EJTDSFUF TQBDFT PG � QPJOUT BOE UIF $BOUPS UFSOBSZ TFU� य़JT GSPN UIF GBDU UIBU
XF IBWF BMSFBEZ TIPXO UIBU FBDI FMFNFOU JO UIF $BOUPS TFU IBT B VOJRVF JO੗OJUF CJOBSZ TFRVFODFT
UP SFQSFTFOU JU� 0S SBUIFS
 UIF HFPNFUSJD TVN PO UIF JO੗OJUF CJOBSZ TFRVFODF UP SFQSFTFOU JU� -FU VT
੗STU EP TPNF DBMDVMBUJWF FYBNQMFT PG CPUI UIF VOJPO BOE JOUFSTFDUJPO PG DZMJOEFS TFUT JO UIF EJTDSFUF
��QPJOU TQBDF�

&YBNQMF ����� " TFMFDUJPO PG DBMDVMBUJWF FYBNQMFT PG ੗OEJOH UIF VOJPO JO B TQFDJBM DBTF GPS = = 2
PG UIF BMQIBCFU �� (JWFO UXP DZMJOEFS TFUT /ۗ (l) BOE /ۗ ([) UIF GPMMPXJOH FYBNQMFT PG VOJPOT IPME�
" MPPL PO ੗HVSF ��� NJHIU IFMQ UIF SFBEFS UP WFSJGZ UIF FYBNQMFT CFMPX�

/ۗ (00) [ /ۗ (01) = /ۗ (0),
/ۗ (00) [ /ۗ (0010) = /ۗ (00),
/ۗ (10) [ /ۗ (110) = /ۗ (10) [ /ۗ (110),
/ۗ (01) [ /ۗ (10) = /ۗ (01) [ /ۗ (10).

/ۗ (l)

�

��

���

��������

���

��������

��

���

��������

���

��������

�

��

���

���������

���

��������

��

���

��������

���

��������

'JHVSF ���� " CJOBSZ USFF PG BMM DZMJOEFS TFUT PG XPSET ! VQ UP MFOHUI 4�

&YBNQMF ����� " TFMFDUJPO PG DBMDVMBUJWF FYBNQMFT PG ੗OEJOH UIF JOUFSTFDUJPO JO B TQFDJBM DBTF
GPS ? = 2 PG UIF BMQIBCFU �� (JWFO UXP DZMJOEFS TFUT /ۗ (l) BOE /ۗ ([) UIF GPMMPXJOH FYBNQMFT PG
JOUFSTFDUJPO IPME� " MPPL PO ੗HVSF ��� NJHIU IFMQ UIF SFBEFS UP WFSJGZ UIF FYBNQMFT CFMPX�

/ۗ (00) \ /ۗ (01) = ;,
/ۗ (00) \ /ۗ (0010) = /ۗ (0010),
/ۗ (10) \ /ۗ (110) = ;,
/ۗ (01) \ /ۗ (10) = ;.

��
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&YBNQMF ����� (JWFO B ੗OJUF XPSEl = 01
 UIFO UIF DPNQMFNFOU JT UIF GPMMPXJOH VOJPO PG DZMJOEFS
TFUT

/ۗ (01) = /ۗ (00) [ /ۗ (1).

" MPPL PO ੗HVSF ��� NJHIU GVSUIFS WFSJGZ UIJT�

)PNFPNPSQIJD TQBDFT

-FNNB ����� (JWFO UIF GPMMPXJOH NBQ 9 : {0, 1}N ! ⇥� FOࡋ 9 JT BO IPNFPNPSQIJTN PG UPQPMPHJDBM
TQBDFT� 'VSUIFSNPSF
 9 ([) : /ڝ ([0 . . .[<) ! B(Õ1

8=0
2[8
38 , 1/3<)�

1SPPG� य़F NBQ 9 JT DMFBSMZ CJKFDUJWF� "EEJUJPOBMMZ
 JG HJWFO B DZMJOEFS TFU /ۗ (l) ✓ {0, 1}N PG BO
JO੗OJUF XPSE XJUI UIF ੗OJUF QSF੗Y PG MFOHUI< 2 N
 OPUFE l = l0 . . .l< 
 PCTFSWF UIF GPMMPXJOH

9 (/ۗ (l)) =
( 1’
==0

2G=
3=

: G8 = l8 , 8 0  8  <
)
= B

 1’
8=0

2l8
38

;
1

3<

!
.

/PX
 HJWFO BO FMFNFOU G 2 bZ? BOE< > 0
 XF IBWF UIBU

9�1
 
B

 1’
8=0

2G8
38

;
1

3<

! !
= /ۗ (l0 . . .l<) .

य़FO UIF QSFJNBHF 9�1 PG BOZ PQFO CBMM B ✓ bZ? JT B DMPQFO DZMJOEFS TFU /ۗ (G) ✓ {0, 1}N
 UIVT ⌘ JT
DPOUJOVPVT� य़F DPOWFSTF
 UIF QSFJNBHF PG UIF JOWFSTF

�
9�1

� �1 = 9 PG BOZ DZMJOEFS TFU /ۗ (G) JT BO
PQFO CBMM B
 UIVT 9�1 JT DPOUJOVPVT� "T 9 JT CJKFDUJWF
 DPOUJOVPVT
 BOE 9�1 JT DPOUJOVPVT
 JU GPMMPXT
UIFO GSPN EF੗OJUJPO ���� UIBU 9 JT B IPNFPNPSQIJTN
 BOE UIBU {0, 1}N � ⇥�

-FU VT FOE UIJT DIBQUFS XJUI UIF GPMMPXJOH FYBNQMF PO UIF TJNJMBSJUJFT CFUXFFO UIF PQFO TFUT PG UIF
$BOUPS NFUSJD TQBDF BOE PQFO TFUT PG UIF EJTDSFUF QSPEVDU UPQPMPHZ�

&YBNQMF ����� (JWFO B CJOBSZ TFRVFODF G 2 {0, 1}N
 BOE UIF GPMMPXJOH DZMJOEFS TFU BOE PQFO CBMMT
EF੗OFE BSPVOE UIF FMFNFOU�

B ( 9 (G); 1/3=) � /ۗ (G),
{~ 2 C | 3 (G ,~) < 1/3=} �

�
G 2 �⇤,~ 2 �N | G~ 2 �N

 
.

-FU UIF QSF੗Y CF HJWFO BT G = 01110� य़F GPMMPXJOH FYBNQMF JMMVTUSBUFT UIF DPSSFTQPOEFODF CFUXFFO
PQFO CBMMT BOE DZMJOEFS TFUT�

B( 9 (G); 1/33) � /ۗ (011),
B( 9 (G); 1/35) � /ۗ (01110).

BOE BMTP UIBU

B( 9 (G); 1/35) ✓ B( 9 (G); 1/33),
/ۗ (01110) ✓ /ۗ (011).

��



� "VUPNPSQIJTNT PO UIF $BOUPS 4QBDF
8FXBOU UP DPOTUSVDU TUSVDUVSF QSFTFSWJOH NBQT PO UIF $BOUPS TQBDF� .PSF TQFDJ੗DBMMZ
 XF XBOU UP
DPOTUSVDU B TFU PG BVUPNPSQIJTNT UIBU XF OBNF ۡPEPNFUFSTۡ PS ۡBEEJOH NBDIJOFT �ۡ य़F SFBTPO GPS
UIF OBNJOH XJMM CFDPNF BQQBSFOU MBUFS PO
 BOE XF GPDVT ੗STU PO UIF GPMMPXJOH� य़F OBNF ۡBEEJOH
NBDIJOF 
ۡ FNQIBTJ[FT B QSPCMFN BQQBSFOU XJUI UIF $BOUPS TQBDF {0, . . . , ? � 1}N GPS ? � 2 XF BSF
XPSLJOH JO� "T UIF OBNF PCWJPVTMZ TVHHFTUT
 UIF PEPNFUFS QFSGPSNT UIF CJOBSZ PQFSBUJPO PG BEEJ�
UJPO PG UXP FMFNFOUT� )PXFWFS
 XF IBWF UIF JODPOWFOJFODF PG IBWJOH OP OPUJPO PG BEEJUJPO JO PVS
DVSSFOU UPQPMPHJDBM TQBDF� य़FSFGPSF
 XF NVTU DSFBUF B IPNFPNPSQIJTN PWFS UP B NPSF DPOWFOJFOU
UPQPMPHJDBM TQBDF XIFSF UIF CJOBSZ PQFSBUJPO PG BEEJUJPO JT EF੗OFE
 UIBU JT
 UIF UPQPMPHJDBM TQBDF
PG ?�BEJD JOUFHFST bZ? �

��� 5PQPMPHJDBM (SPVQT
%F॑OJUJPO ���� (JWFO B TFU⌧ � *G⌧ JT DMPTFE VOEFS B CJOBSZ PQFSBUJPO ⇤ BOE TBUJT੗FT UIF GPMMPXJOH
DPOEJUJPOT
 UIFO ⌧ GPSNT B HSPVQ UIBU XF OPUF h⌧ , ⇤i�

ۦ "TTPDJBUJWJUZ� (0 ⇤ 1) ⇤ 2 = 0 ⇤ (1 ⇤ 2) GPS BMM 0,1, 2 2 ⌧ �

ۦ *EFOUJUZ FMFNFOU� य़FSF JT BO FMFNFOU 4 2 ⌧ TVDI UIBU 4 ⇤ G = G ⇤ 4 GPS BMM G 2 ⌧ �

ۦ *OWFSTF� य़FSF JT GPS FBDI G 2 ⌧ BO JOWFSTF 00 2 ⌧ TVDI UIBU 0 ⇤ 00 = 00 ⇤ 0 = 4 �

%F॑OJUJPO ���� -FU ⌧ CF B TFU PO XIJDI B HSPVQ TUSVDUVSF BOE B UPQPMPHZ BSF HJWFO TVDI UIBU UIF
HSPVQ PQFSBUJPOT PG QSPEVDU BOE JOWFSTFT BSF DPOUJOVPVT GVODUJPOT� *G TP
 ⌧ JT DBMMFE B UPQPMPHJDBM
HSPVQ�

%F॑OJUJPO ���� -FU ? 2 N CF B QSJNF OVNCFS� 8F EF੗OF

N[?] =
�
G0?

0 · · · + G8?8 | 8 2 N BOE G8 2 {0, . . . , ? � 1}
 
,

=

(
<’
8=0

G8%
8 | G8 2 {0, . . . , ? � 1}

)
.

(PJOH GPSXBSET
 XF EF੗OF B NFUSJD 3? PO N[?] TVDI UIBU

3? (G ,~) = 3? (00 + · · · + 0=?=,10 + · · · + 1<?<) =
|0: � 1: |
?:

,

XIFSF : JT UIF NJOJNBM OVNCFS TVDI UIBU 0: < 1: � य़F DPNQMFUJPO PG N[?] XJUI UIF NFUSJD 3? JT
UIF UPQPMPHJDBM HSPVQ PG ?�BEJD JOUFHFST OPUFE BT

bZ? =
( 1’
8=0

G8%
8 | G8 2 {0, . . . , ? � 1}

)
.

��



� "VUPNPSQIJTNT PO UIF $BOUPS 4QBDF

-FNNB ���� (JWFO UIF GPMMPXJOH NBQ ⌘ : {0, . . . , ? � 1}N ! bZ? � FOࡋ ⌘ JT BO IPNFPNPSQIJTN PG
UPQPMPHJDBM TQBDFT� 'VSUIFSNPSF
 B QSFटY 0 = 00 . . . 0< PG UIF TQBDF {0, . . . , ? � 1}N XJUI MFOHUI <

UIFO ⌘(0) = Õ1

8=0 08?
8 �

1SPPG� य़FNBQ⌘ JT DMFBSMZ CJKFDUJWF� "EEJUJPOBMMZ
 JG HJWFO B DZMJOEFS TFU /ۗ (l) ✓ {0, . . . , ? � 1}N PG
BO JO੗OJUF XPSE XJUI UIF ੗OJUF QSF੗Y PG MFOHUI< 2 N
 OPUFE l = l0 . . .l< 
 PCTFSWF UIF GPMMPXJOH

⌘ (/ۗ (l)) =
( 1’
==0

G=%
= : G8 = l8 , 8 0  8  <

)
= B

 1’
8=0

l8?
8 ;

1

?<

!
.

/PX
 HJWFO BO FMFNFOU G 2 bZ? BOE< > 0
 XF IBWF UIBU

⌘�1
 
B

 1’
8=0

G8%
8 ;

1

?<

! !
= /ۗ (l0 . . .l<) .

य़FO UIF QSFJNBHF ⌘�1 PG BOZ PQFO CBMM B ✓ bZ? JT B DMPQFO DZMJOEFS TFU /ۗ (G) ✓ {0, . . . , ? � 1}N

UIVT ⌘ JT DPOUJOVPVT� य़F DPOWFSTF
 UIF QSFJNBHF PG UIF JOWFSTF

�
⌘�1

� �1 PG BOZ DZMJOEFS TFU /ۗ (G)
JT BO PQFO CBMM B
 UIVT ⌘�1 JT DPOUJOVPVT� "T ⌘ JT CJKFDUJWF
 DPOUJOVPVT
 BOE ⌘�1 JT DPOUJOVPVT
 JU
GPMMPXT UIFO GSPN EF੗OJUJPO ���� UIBU ⌘ JT B IPNFPNPSQIJTN
 BOE UIBU {0, . . . , ? � 1}N � bZ? �

��� 5IF (FOFSBMJ[FE 0EPNFUFS i
(JWFO ? 2 N B QSJNF BOE @ 2 N
 XF XBOU UP EF੗OF B NBQ i@ : {0, . . . , ? � 1}N ! {0, . . . , ? � 1}N

BOE TIPX UIBU JU JT BO BVUPNPSQIJTN�

%F॑OJUJPO ���� -FU ۡ�ۡ CF UIF TZNCPM UIBU SFQSFTFOUT UIF JEFOUJUZ FMFNFOU 4 2 bZ? VOEFS UIF CJOBSZ
PQFSBUJPO PG BEEJUJPO�

%F॑OJUJPO ���� (JWFO 0,1, 0, 1 2 bZ? 
 UIF CJOBSZ PQFSBUJPO PG BEEJUJPO PG 0 +1 = 2 JT EF੗OFE JO UIF
GPMMPXJOH SFDVSTJWF XBZ GPS FBDI QPTJUJPO = 2 N PG 0 BOE 1�

20 = (G + ~)0 = G0 + ~0 + Y0 mod ? XIFSF Y0 = 0,
...

2= = (G + ~)= = G= + ~= + Y= mod ? XIFSF Y= =
(

0 JG G=�1 + ~=�1 + Y=�1 < ?,

1 JG G=�1 + ~=�1 + Y=�1 = ?.

%F॑OJUJPO ���� (JWFO BO FMFNFOU G 2 bZ? 
 UIF JOWFSTF PG G JT UIF FMFNFOU �G 
 XIFSF �G 2 bZ? TVDI
UIBU

G + (�G) = 0.

%F॑OJUJPO ���� (JWFO @ 2 N BOE B QSJNF ? 2 N
 XF EF੗OF UIF CJOBSZ PQFSBUJPO PG BEEJUJPO UP
CF UIF GPMMPXJOH NBQ q@ : bZ? ! bZ? TVDI UIBU q@ (G) = G + @
 BOE q�1

@ (G) = G � @
 GPS BMM FMFNFOUT
G 2 bZ? �

��



� "VUPNPSQIJTNT PO UIF $BOUPS 4QBDF

3FNBSL ���� 5P OPUF TFWFSBM DPOTFDVUJWF BEEJUJPOT PG q 
 XF MFU = 2 N SFQSFTFOU UIF OVNCFS PG UJNFT
q JT DPNQPTFE XJUI JUTFMG
 BOE OPUF UIJT BT

q=@ = q@ � . . . � q@|        {z        }
=�UJNFT

= q=? XIFSF =? = ? + · · · + ?|      {z      }
=�UJNFT

.

-FNNB ����� Fࡋ CJOBSZ PQFSBUJPO PG BEEJUJPO q JT BO BVUPNPSQIJTN PG bZ? �
1SPPG� *U DBO DMFBSMZ CF TFFO UIBU q JT CJKFDUJWF� 3FDBMM GSPN EF੗OJUJPO ��� PG B UPQPMPHJDBM HSPVQ

UIBU UIF CJOBSZ PQFSBUJPO BOE UIF GVODUJPO NBQQJOH JOWFSTFT BSF DPOUJOVPVT GVODUJPOT� "T TVDI
 q
JT BO BVUPNPSQIJTN PG bZ? �
%F॑OJUJPO ����� (JWFO@ 2 N BOE B QSJNF ? 2 N� 8F EF੗OF UIF PEPNFUFS BT UIFNBQi@ : {0, . . . , ? � 1}N !
{0, . . . , ? � 1}N
 XIFSF
 GPS BMM FMFNFOUT G 2 {0, . . . , ? � 1}N
 i JT UIF GPMMPXJOH DPNQPTJUJPO


i@ (G) = ⌘�1(q@ (⌘(G))).

)FSF ⌘ : {0, . . . , ? � 1}N ! bZ? 
 BOE q@ : bZ? ! bZ? JT UIF @�BEEJUJPO
 CPUI EF੗OFE CFGPSF�

-FNNB ����� (JWFO UISFF UPQPMPHJDBM TQBDFT - ,. ,/ BOE UXP GVODUJPOT 5 : - ! . BOE 6 : . ! / � *G
CPUI 5 BOE 6 BSF DPOUJOVPVT NBQT
 UIFO UIF DPNQPTJUJPO 6 � 5 : - ! / JT DPOUJOVPVT�

1SPPG� -FU UIF TVCTFU * ✓ / CF PQFO JO / � /PX (6 � 5 )�1(* ) = {8G 2 - | 6(5 (G)) 2 * } =�
8G 2 - | G 2 5 �1(6�1(* ))

 
= 5 �1(6�1(* ))� 8F LOPX GSPN DPOUJOVJUZ PG 6 BOE 5 UIBU 6�1(* )

JT PQFO JO . 
 BOE 5 �1(6�1(* )) JT PQFO JO - 
 BOE UIVT (6 � 5 ) JT DPOUJOVPVT�

3FNBSL ����� य़F JNQMJDBUJPO PG UIF QSPPG JT TJHOJ੗DBOU� *G CPUI 5 BOE 6 XFSF UP CF IPNFPNPS�
QIJTNT
 UIFO UIF DPNQPTJUJPO (6 � 5 ) JT BMTP B IPNFPNPSQIJTN� य़JT GPMMPXT GSPN UIF QSPPG UIBU
(6� 5 ) JT DPOUJOVPVT
 UIBU UIF DPNQPTJUJPO PG UXP CJKFDUJPOT JT BMTP B CJKFDUJPO
 BOE UIBU JU DBO FBTJMZ
CF QSPWFO UIBU (6 � 5 )�1 JT B DPNQPTJUJPO PG DPOUJOVPVT NBQT
 BOE JT UIVT DPOUJOVPVT�

-FNNB ����� Fࡋ PEPNFUFS i@ JT BO BVUPNPSQIJTN PG {0, . . . , ? � 1}N�

⇥ � {0, . . . , ? � 1}N {0, . . . , ? � 1}N

bZ? bZ?

i@

PEPNFUFS

⌘ ⌘�1

q@

'JHVSF ���� BMU �� " EJBHSBN PG UIF HFOFSBMJ[FE PEPNFUFS '� BMU�� " EJBHSBN PG UIF PEPNFUFS '

1SPPG� (JWFO UIF PEPNFUFS i = ⌘�1q⌘� 8F IBWF BMSFBEZ QSPWFO UIBU ⌘ JT B IPNFPNPSQIJTN JO
MFNNB ���
 BOE XF LOPX UIBU UIF CJOBSZ PQFSBUJPO JT BO BVUPNPSQIJTN GSPN EF੗OJUJPO ���� "T
i JT B DPNQPTJUJPO PG IPNFPNPSQIJTNT
 JU NVTU BMTP CF B IPNFPNPSQIJTN BT BMSFBEZ QSPWFO JO
MFNNB �����

��



� "VUPNPSQIJTNT PO UIF $BOUPS 4QBDF

��� 5IF "EEJOH .BDIJOF
8F BSF OPX UP EFNPOTUSBUF UIF TQFDJ੗D DBTF GPS ? = 2 BOE @ = 1
 GPS XIJDI XF XJMM TIPX UIF
FMFHBOU GPSN UIF PEPNFUFS UBLFT PO
 BOE HJWF B GFX DBMDVMBUJWF FYBNQMFT�

%F॑OJUJPO ����� (JWFO@ = 1
 BOE ? = 2� /PX
 UIF UIF CJOBSZ PQFSBUJPO PG BEEJUJPO JT UIF GPMMPXJOH
NBQ q1 : bZ2 ! bZ2 TVDI UIBU q1(G) = G + 1 BOE q�1

1 (G) = G � 1 GPS BMM FMFNFOUT G 2 bZ2�
3FNBSL ����� य़F FMFNFOUT 1,�1 2 bZ2 BSF GPS : 2 N UIF GPMMPXJOH

1 = 1 + 0 · 21 + 0 · 22 + · · · = 1 +
1’
==1

0 · ?= BOE � 1 = 1 + 1 · 21 + 1 · 22 + · · · =
1’
==0

1 · ?=.

3FNBSL ����� 4JODF XF BSF BEEJOH BOE TVCUSBDUJOH POF
 XF DBO CZ DPNQPTJUJPO PG q= (G) BEE BOZ
OVNCFS XF XBOU� य़F TBNF JT OPU OPU OFDFTTBSZ USVF JG @ < 1�

&YBNQMF ����� -FU VT EP BO FYBNQMF PG BEEJUJPO JO UIF ��BEJD OVNCFST
 IFSF TIPXJOH UIBU �G JT
JO GBDU UIF JOWFSTF PG BO BSCJUSBSZ FMFNFOU G 2 bZ2� 'PS FBTF PG VOEFSTUBOEJOH
 UIF DPSSFTQPOEJOH
TFRVFODF JO {0, 1}N XJMM CF XSJ॒FO PO UIF SJHIU TJEF PG UIF FRVBMJUZ TJHO�

G = 1 + 21 + 22 + 23 + · · · = (111111111111 . . . ),
�G = 1 + 0 + 0 + 0 + 0 + · · · = (100000000000 . . . ),

G + (�G) = 0 + 0 + 0 + 0 + 0 + · · · = (000000000000 . . . ).

"T 0 2 bZ2 JT JO GBDU 0 = 0 + 0 · 21 + 0 · 22 + . . . UIF BEEJUJPO QFSGPSNT BT FYQFDUFE

&YBNQMF ����� *O UIJT FYBNQMF XF XJMM EP BO JMMVTUSBUJWF FYBNQMF PG UIF BEEJOH NBDIJOF XIFO XF
QFSGPSN TFWFSBM DPOTFDVUJWF BEEJUJPOT� *O ੗HVSF ��� UIJT DBO CF TFFO GPS i2 BOE q2@ �

{0, 1}N {0, 1}N {0, 1}N

bZ2 bZ2 bZ2

i

i2

i

⌘

q1

q21

⌘

q1

⌘

'JHVSF ���� " EJBHSBN PG TFWFSBM DPOTFDVUJWF BEEJUJPOT PG ' BOE �

य़JT JT IPXFWFS
 B DVNCFSTPNF XBZ PG BQQMZJOH UIF PEPNFUFS B TJOHMF UJNF� "T XF BSF XPSLJOH
XJUI CJOBSZ TFRVFODFT
 UIFO EPJOH BEEJUJPO TIPVME JT BT FBTZ BT 0+0 = 0
 0+1 = 1
 BOE 1+1 = 0XJUI
B ۡ1ۡ UIBU DBSSZ PWFS UP UIF OFYU BEEJUJPO JO UIF TFRVFODF� 0CTFSWF
 UIBU JG XF XFSF UP ۡDBSSZ PVUۡ UIF
BEEJUJPO GPMMPXJOH UIF BGPSFNFOUJPOFE SVMFT GPS UIF CJOBSZ TFRVFODFT PG G BOE�G JO FYBNQMF ����
 JU

��



� "VUPNPSQIJTNT PO UIF $BOUPS 4QBDF

XPVME SFTVMU JO UIF FYBDU TBNF BOTXFS� 8F DBO XJUI UIJT DMFWFS PCTFSWBUJPO SFEF੗OF PVS PEPNFUFS
UP UIF GPMMPXJOH VODPNQMJDBUFE
 SFDVSTJWF GPSNVMB� $PNQBSFE UP PVS QSFWJPVT EF੗OJUJPO
 UIJT JT
NPSF FMFHBOU
 BT JO BEEJUJPO UP CFJOH NVDI TJNQMFS
 JU DMFBSMZ DPOWFZT UIF OPUJPO PG TFMG SFQMJDBUJPO�
%F॑OJUJPO ����� *G ? = 2 BOE @ = 1
 BOE HJWFO /ۗ (l) ✓ {0, 1}N UIFO XF EF੗OF i JO UIF GPMMPXJOH
SFDVSTJWF XBZ PO UIF QSF੗Yl = l8l0 = l0 . . .l< 
 XIFSFl8 JT BO BSCJUSBSZ FMFNFOU JO UIF TFRVFODF

BOE l0 JT UIF GPMMPXJOH QPTJUJPOT BॏFS l8 �

i (l8l0) =
(

1l0 JG l8�1 = 0,

0i (l0) JG l8�1 = 1 GPS 0  8  =.

-FNNB ����� Fࡋ SFDVSTJWF GPSNVMB JO EFटOJUJPO ���� JT FRVJWBMFOU UP UIF PSJHJOBM EFटOJUJPO ���� GPS
UIF PEPNFUFS i �

1SPPG� -FU ? = 2 BOE @ = 1
 BOE /ۗ (G) ✓ {0, 1}N JT BO BSCJUSBSZ DZMJOEFS TFU XJUI UIF GPMMPXJOH
QSF੗Y PG MFOHUI<

l = l0 . . .l< = l0l1l
0.

-FU VT ੗STU BQQMZ UIF PSJHJOBM EF੗OJUJPO XIJDI XPVME SFTVMU JO UIF GPMMPXJOH BEEJUJPO

l = l0 + l1 · 21 + l2 · 22 + · · · + l< · 2<,
1 = 1 + 0 · 21 + 0 · 22 + · · · + 0 · 2<.

/PX
 GSPN EF੗OJUJPO ���� POF DBO TFF UIBU UIF BEEJUJPO PG l0 + 1 JNQBDUT UIF SFTVMU PG l1 + 0 + n 

GSPN UIF ۡSFDVSTJWF GPSNVMBۡ GPS n GPS FBDI QPTJUJPO� 0CTFSWF *� UIBU JG l0 = 1 UIFO UIF BEEJUJPO
JT FRVBM UP 0 = 2 mod 2
 BOE XF XPVME IBWF B DBSSZ PWFS WBMVF PG 1 = 21 JO UIF OFYU BEEJUJPO PG
l1 + 0 + 21� **� *G UIF BEEJUJPO JT FRVBM UP 1 mod 2 UIFO XF XPVME CF EPOF
 BT 1 2 bZ2 POMZ IBT B
WBMVF PUIFS UIBO 0 	OPU 0 2 bZ2 �
 JO JUT ੗STU QPTJUJPO�

/PX
 MFU VT BQQMZ UIF i JO UIF SFDVSTJWF XBZ� 0CTFSWF UIBU i (l0l1l0) = 0l1l0 JG l0 = 1

BOE UIF SFDVSTJWF GPSNVMB XPVME BQQMZ POF NPSF UJNF SFTVMUJOH JO i (l1l0)� 4JODF BQQMZJOH UIF
PEPNFUFS BHBJO JT UIF TBNF BT BEEJOH 1 = 21 BT XF PCTFSWFE JO * UIFZ NVTU CF FRVJWBMFOU� *G
i (l0l1l0) = 1l1l0
 UIFO l0 = 0
 BOE XF XPVME CF EPOF GPS UIF FYBDU TBNF SFBTPO BT **� *O PUIFS
XPSET
 UIF SFDVSTJWF GPSNVMB JT FRVJWBMFOU UP UIF PSJHJOBM EF੗OJUJPO�
&YBNQMF ����� (JWFO l CF B ੗OJUF XPSE
 BOE UXP JO੗OJUF TFRVFODFT G ,~ 2 {0, 1}N TVDI UIBU
G = G0G0 = G0G1G00 BOE ~ = ~0~0 = ~0G1~00
 XIFSF UIF G0,~0 BOE G00,~00 SFQSFTFOU UIF MFॏPWFS CJOBSZ
TFRVFODF�

8F IBWF UIF GPMMPXJOH HFOFSBM DBTF GPS i�1
 CFGPSF XF MFU l = 01� 3FDBMM UIBU i�1 QFSGPSNT UIF
BEEJUJPO PG �1 2 bZ2 XIJDI DPSSFTQPOET UP UIF TFRVFODF �1 = 1000 . . . JO {0, 1}N�

i�1 (/ۗ (l)) =
�
G 2 {0, 1}N | i (G) = l~

 
.

/PX
 i�1 BQQMJFE UP G = 1G0 ZJFMET i (1G0) = 0i (G0) = 0~0� 'VSUIFSNPSF
 i�1 BQQMJFE UP G = 10G00

ZJFMET i (10G00) = 0i (0G00) = 01i (G00) = 01~00� "OE XF IBWF UIBU

i (/ۗ (01)) =
�
G 2 {0, 1}N | i (G) = 01~

 
,

i (/ۗ (01)) = /ۗ (10).

��





� $BOUPS NJOJNBM TZTUFNT (⇥,) )

��� .JOJNBMJUZ
य़F JOUFSFTUJOH QSPQFSUZ PG UIF 0EPNFUFS i JT UIBU XF DBO JUFSBUF JU GPS BOZ = 2 Z� 0XJOH UP UIF
GBDU UIBU JU JT BO BVUPNPSQIJTN PO ⇥
 UIF JUFSBUJWF QSPQFSUZ DBO CF WJFXFE BT UIF TQBUJBM FWPMVUJPO
PG B QPJOU G 2 ⇥ XIFO XF BQQMZ i � य़F ੗FME PG EZOBNJDBM TZTUFNT JT JO NPTU DBTFT DPODFSOFE XJUI
TVDI TFMG�NBQT PG TQBDFT� य़F TQBDF DBO CF B NPEFM GPS POF DPO੗HVSBUJPO PG UIF TZTUFN PG JOUFSFTU

BOE UIF TFMG�NBQ 	JO PVS DBTF
 BO BVUPNPSQIJTN
 JT UIF FWPMVUJPO PG UIF TZTUFN JO TQBDF PS JO UJNF�
*U JT IFSF
 DPOWFOJFOU UP UIJOL PG UJNF BT B EJTDSFUF UIJOH SBUIFS UIBO B DPOUJOVPVT POF�
3FNBSL ���� *O PVS DBTF XIFSFi JT BO BVUPNPSQIJTN
 XF IBWF B DPOUJOVPVT JOWFSTF� " DPOTFRVFODF
PG UIJT JT UIBU PVS TZTUFN JT SFWFSTJCMF
 XIJDI JT UP TBZ
 XJUIPVU HJWJOH B GPSNBM EF੗OJUJPO
 UIBU XF
DBO USBWFM CBDLXBSET JO ۡUJNF �ۡ
8F XJMM SFTUSJDU PVS B॒FOUJPO UP NJOJNBM TZTUFNT PG UIF $BOUPS TQBDF� य़BU JT UP TBZ
 TZTUFNT PG B
DIBPUJD OBUVSF
 XIFSF UIF BVUPNPSQIJTNT i : ⇥ ! ⇥ BSF NJOJNBM� 8IJMF XF XJMM QSPWJEF B GPSNBM
EF੗OJUJPO MBUFS
 UIF JOUVJUJPO CFIJOE NJOJNBMJUZ JT UIBU JU HVBSBOUFFT UIBU UIF TZTUFN PG JOUFSFTU IBT
B DFSUBJO BNPVOU PG DPNQMFYJUZ� .JOJNBMJUZ JO UIF HFOFSBM TFOTF
 JT B SFTUSJDUJPO PO UIF TFMG�NBQ

TVDI UIBU OP QPJOU G 2 ⇥ JT NBQQFE POUP JUTFMG CZ SFQFBUFE JUFSBUJPOT
 BOE UIBU G DBO CF FWFSZXIFSF
JO UIF TQBDF� )PXFWFS
 BOE UIJT JT PG VUNPTU JNQPSUBODF UP FNQIBTJTF
 UIF JOUVJUJWF EF੗OJUJPO PG
NJOJNBMJUZ JO UIF TFOTF UIBU G DBO CF FWFSZXIFSF
 DBO OFWFS IBQQFO GPS VT� 5BLF OPUF UIBU XF
BSF BQQMZJOH UIF PEPNFUFS i B DPVOUBCMF BNPVOU PG UJNFT
 BT UIF QPXFS JT JOEFYFE CZ = 2 Z� *G JU
XFSF USVF UIBU G DPVME CF FWFSZXIFSF
 UIFO JU XPVME TVHHFTU UIBU ⇥ JT DPVOUBCMF� य़JT DBSEJOBMJUZ
QSPCMFN XF IBWF QSPWFO DBO OFWFS IBQQFO 	MFNNB ����
� *O TQJUF PG UIBU
 XF IBWF EF੗OFE PVS
UPQPMPHJDBM TQBDF JO TVDI B XBZ UIBU JUT OPU OFDFTTBSZ UP CF FWFSZXIFSF� य़JT XBZ PG MPDBMJTJOH UP B
DZMJOEFS XJUI B ੗OJUF MFOHUI QSF੗Y JT UIF OPUJPO UIBU XF BSF HPJOH UP VTF XIFOXF EF੗OFNJOJNBMJUZ
GPS ⇥� 'PS NPSF EFUBJMT PO UIJT TFDUJPO
 UIF SFBEFS JT SFGFSSFE UP 	1VUOBN
 ����
�
3FNBSL ���� *U JT BMTP XPSUI FNQIBTJ[JOH
 BT JU JT BT B DPOTFRVFODF PG UIF JOUVJUJPO PO UIBU B QPJOU
DBO CF FWFSZXIFSF JO UIF TQBDF CZ BQQMZJOH i SFQFBUFEMZ
 UIBU JU JT JNQPTTJCMF UP TUVEZ UIF TZTUFN
CZ EJWJEJOH JU JOUP TNBMMFS QBSUT� *O PVS DBTF
 UIJT XPVME CF UIBU G JT NPWFE BT DMPTF BT XF XBOU UP
FWFSZXIFSF
 BOE UIFSFGPSF
 B NJOJNBM TZTUFN PG UIF $BOUPS TQBDF JT BMTP JSSFEVDJCMF�

%F॑OJUJPO ���� " $BOUPS TZTUFN JT (⇥,) )
 XIFSF ⇥ JT UIF $BOUPS TQBDF
 XJUI BO BVUPNPSQIJTN
) : ⇥ ! ⇥�

%F॑OJUJPO ���� (JWFO B $BOUPS TZTUFN (⇥,) )� य़F PSCJU PG BO FMFNFOU G 2 ⇥ JT UIF GPMMPXJOH
TVCTFU PG ⇥


{)= (G) | = 2 Z}.

3FNBSL ���� 5BLF OPUF PG UIF XPSEJOH� " OJDF BOBMPHZ JT UIBU
 BT) NPWFT UIF QPJOU G BSPVOE JO UIF
TQBDF
 POF DBO WJFX UIF SFTVMUJOH TVCTFU BT UIF ۡ੗OBMۡ PSCJU 	J�F NPWFNFOU
 PG B QMBOFU G JO B TPMBS
TZTUFN�

��



� $BOUPS NJOJNBM TZTUFNT (⇥,) )

%F॑OJUJPO ���� (JWFO B $BOUPS TZTUFN (⇥,) )� " QPJOU G 2 ⇥ JT B DZDMJD QPJOU
 JG UIFSF FYJTU BO
JOUFHFS = < 0 TVDI UIBU )= (G) = G �

%F॑OJUJPO ���� (JWFO B $BOUPS TZTUFN (⇥,) )� य़F PSCJU PG BO FMFNFOU G 2 ⇥ JT EFOTF
 JG UIFSF GPS
BMM ~ 2 ⇥ BOE B SFBM OVNCFS n > 0
 UIFSF FYJTUT = 2 Z TVDI UIBU

3 ()= (G),~) < n.

3FNBSL ���� य़F QSPQFSUZ PG CFJOH EFOTF HVBSBOUFFT ZPV UP CF WFSZ WFSZ DMPTF PS FRVBM BT TFFO JO
੗HVSF ����

G

.

n
)= (G)

'JHVSF ���� "O JMMVTUSBUJPO PG B EFOTF TFMG�NBQ Tnx GSPN EFGJOJUJPO ���

%F॑OJUJPO ���� (JWFO B $BOUPS TZTUFN (⇥,) )� य़F BVUPNPSQIJTN ) JT NJOJNBM JG FWFSZ PSCJU JT
EFOTF�

3FNBSL ����� "T XF BSF OFWFS UP SFBDI BOPUIFS QPJOU JO UIF DBOUPS TQBDF FYBDUMZ
 UIF CFTU XF DBO
EP JT HVBSBOUFF UIBU XF BSF XJUIJO TPNF SBEJVT n PG BOPUIFS FMFNFOU
 XIJDI JT UP TBZ UIBU UIF QSF੗Y
PG G DPJODJEFT XJUI UIF QSF੗Y PG ~ GPS B ੗OJUF OVNCFS PG QPTJUJPOT� 8IBU NJOJNBMJUZ HVBSBOUFFT VT
JT UIBU G DBO CF BT DMPTF BT XF XBOU UP FWFSZ PUIFS QPJOU JO ⇥�

%F॑OJUJPO ����� " $BOUPS NJOJNBM TZTUFN (⇥,) )
 JT B $BOUPS TZTUFN
 XIFSF ) : ⇥ ! ⇥ JT B
NJOJNBM BVUPNPSQIJTN�

/PX
 UIF JOUFSFTUJOH BVUPNPSQIJTNT GPS VT BSF UIF PEPNFUFS UIBU XF EF੗OFE JO UIF MBTU DIBQUFS�
8IBU XF BSF JOUFSFTUFE JO LOPXJOH JT XIFO UIF PEPNFUFST JO HFOFSBM BSF NJOJNBM�

-FNNB ����� Fࡋ HFOFSBMJTFE PEPNFUFS i BT TUBUFE JO EFटOJUJPO ����
 JT NJOJNBM JG BOE POMZ JG ? BOE
@ BSF SFMBUJWFMZ QSJNF�

1SPPG� (JWFO ?,@ 2 N
 UXP QPJOUT G ,~ 2 ⇥
 BOE UIF BVUPNPSQIJTN i : ⇥ ! ⇥� *U JT XFMM LOPXO
GSPN OVNCFS UIFPSZ UIBU JG ? BOE @ BSF UP CF SFMBUJWFMZ QSJNF
 UIFO UIF gcd (?,@) = 1� 'VSUIFSNPSF

BTTVNF i UP CF NJOJNBM� य़BU JT
 HJWFO = 2 N
 XIFO JT 3 (i (G),~) < 1/3= 
 XIJDI XF IBWF TIPXO JT
UIF TBNF BT BTLJOH XIFO UIF ੗STU = QPTJUJPOT PG UIF QSF੗Y PG G BOE ~ DPJODJEF�

5P TIPX UIJT
 XF XJMM EF੗OF UIF NBQ ⇧ : bZ? ! Z/?=Z
 TVDI UIBU Õ1
<=0 0<?

< ! Õ=�1
<=0 0<?

<

mod (2=)
 XIFSF UIF MB॒FS JT UIF B DZDMJD HSPVQ� 0CTFSWF UIBU ⇧ JT B TVSKFDUJWF NBQ
 BT XF BSF
LJMMJOH FWFSZUIJOH HSFBUFS PS FRVBM UP ?= EVF UP UIF NPE SFEVDUJPO JO UIF DZDMJD HSPVQ 	BT TVDI
FMFNFOUT JO bZ? BSF HPJOH UP IBWF UIF TBNF SFTVMU JO Z/?=Z BॏFS UIF SFEVDUJPO
�

0CTFSWF GSPN ੗HVSF ��� UIBU UIF UXP DBTFT GPS BEEJUJPO TIPVME SFTVMU JO UIF TBNF SFTVMU� *O PUIFS
XPSET
 HJWFO G 2 Z? 
 BQQMZ iG = G + @
 UIFO BQQMZ ⇧(G + @)� य़JT SFTVMU TIPVME CF FRVJWBMFOU UP

��



� $BOUPS NJOJNBM TZTUFNT (⇥,) )

G 2 bZ? Z/?=Z

bZ? Z/?=Z

⇧

i i

⇧

'JHVSF ���� " DPNNVUBUJWF EJBHSBN PWFS BEEJUJPO PG UIF PEPNFUFS

BQQMZJOH ⇧(G) ੗STU
 BOE UIFO BQQMZ i (⇧(G)) = ⇧(G) + @� *G i JT UP CF NJOJNBM
 UIFO JU TIPVME CF
BCMF UP HFOFSBUF FWFSZ FMFNFOU JO bZ? � *G JU JT OPU BCMF UP HFOFSBUF FWFSZ FMFNFOU
 UIFO i XJMM OPU
TBUJTGZ EF੗OJUJPO ��� PG CFJOH EFOTF
 BT UIFSF XJMM CF TPNF ۡDPFਖ਼DJFOUTۡ i XJMM OFWFS HFOFSBUF
 J�F
CFJOH DMPTF UP� य़F POMZ DBTF XIFSF i JT BCMF UP HFOFSBUF FWFSZ FMFNFOU JO bZ? 
 JT JG gcd(?,@) = 1�
य़JT JT B XFMM LOPXO GBDU GSPN HSPVQ UIFPSZ
 BOE BT TVDI
 UIBU JT XIZ UIF PEPNFUFS JT POMZ NJOJNBM
XIFO gcd(?,@) = 1 JT TBUJT੗FE�

3FNBSL ����� "T XJMM CF IJHIMJHIUFE JO UIF FYBNQMF
 UIF PEPNFUFS IBT OP DZDMJD QPJOUT
 ZFU JU DBO
TUJMM CF WJFXFE BT BO FYUFOTJPO PG DZDMJDJUZ JO UIF GBDU UIBU UIF QSF੗YFT BSF ۡDZDMJDۡ 	JG WJFXFE BMPOF
�

&YBNQMF ����� 8F EP UIF GPMMPXJOH FYBNQMF GPS ? = 2 BOE@ = 3 UIBU IBWF gcd (?,@) = 1� $POTJEFS
UIF QPJOU G 2 {0, 1}N� 8F MFU G DPOTJTU PG B ੗OJUF QSF੗Y PG MFOHUI< = 3 TVDI UIBU G = 100G0� 'JSTU

XF BSF POMZ JOUFSFTUFE JO XIBU JT IBQQFOJOH UP UIF QSF੗Y PG G � 0CTFSWF UIF GPMMPXJOH GPS UIF
PEPNFUFS i= : {0, 1}N +3��! {0, 1}N
 XIFSF = 2 Z�

� : 100
+3��! 001

+3��! 111
+3��! 010

+3��! 101
+3��! 000

+3��! 110
+3��! 011

+3��! 100.

*O UIF QSPDFTT PG BEEJOH 3
 XF BSF ۡWJTJUJOHۡ FWFSZ PUIFS QPTTJCMF DPNCJOBUJPO PG 0 BOE 1 PG UIF
8 JO UPUBM
 VOUJM i8(100) = 100
 XIJDI JT XIBU XF TUBSUFE XJUI� *O PUIFS XPSET
 XIFO XF POMZ
DPOTJEFS UIF QSF੗Y
 XF ੗OE UIBU JU JT B ۡDZDMJD QPJOU �ۡ *G XF DPOTJEFS UIF XIPMF XPSE G 
 XF XPVME
QBTT UISPVHI FWFSZ QPTTJCMF DPNCJOBUJPO PG 0 BOE 1
 BOE IBWF UIBU i= (G) < G GPS BMM = 2 N FYDFQU
= = 0� *O PUIFS XPSET
 G XPVME OFWFS CF B DZDMJD QPJOU� 4JODF XF XPVME QBTT UISPVHI FWFSZ QPTTJCMF
DPNCJOBUJPO PG 0 BOE 1
 XF XPVME BMTP IBWF UIBU i JT EFOTF
 BT XF GPS BOZ SBEJVT n 
 XPVME IBWF UIBU
i= (G) BU TPNF QPJOU XPVME CF ۡDMPTFۡ UP B QPJOU ~ 2 {0, 1}N� य़BU JT UP TBZ
 UIBU UIF ੗STU : QPTJUJPOT
PG CPUI QPJOUT XPVME BU TPNF ۡUJNFۡ =
 DPJODJEF�

/PX
 MFU VT DPOTJEFS UIF TBNF QSF੗Y
 CVU GPS ? = 2 BOE @ = 2 UIBU IBWF gcd (?,@) = 2�

� : 100
+2��! 110

+2��! 101
+2��! 111

+2��! 100,

� � : 010
+2��! 001

+2��! 011
+2��! 000

+2��! 010.

*O UIF QSPDFTT PG BEEJOH 2
 XF DBO OFWFS ۡWJTJUۡ FWFSZ QPTTJCMF DPNCJOBUJPO PG 0 BOE 1� 8F OFFE
UXP EJ੖FSFOU TUBSUJOH QPTJUJPOT JO PSEFS UP EFNPOTUSBUF BMM 8 DPNCJOBUJPOT� य़F TBNF PCTFSWBUJPO
GPS B DZDMJD QPJOU BSF UIF TBNF BT BCPWF� )PXFWFS
 XIFO DPOTJEFSJOH UIF XIPMF XPSE G 
 UIFO UIF
QSPQFSUZ PG B EFOTF BVUPNPSQIJTN JT OPU USVF
 BT XF DPVME ੗OE SBEJVT۝T n UIBU G XPVME OFWFS CF
XJUIJO� य़BU JT UP TBZ
 UIBU UIF ੗STU : QPTJUJPOT PG i= (G) BOE ~
 OFWFS XPVME DPJODJEF GPS BOZ WBMVF
PG =�

3FNBSL ����� 0CTFSWF UIBU JG ⇥,) IBT B DZDMF
 UIFO JU DBOOPU CF NJOJNBM�

��



� $BOUPS NJOJNBM TZTUFNT (⇥,) )

��� #SBࣄFMJ7ڎFSTIJL EJBHSBN (+ ,⇢)
*O UIF MB॒FS DIBQUFS XF IJHIMJHIUFE POF XBZ JO XIJDI XF DBO DPOTUSVDU BVUPNPSQIJTNT PO UIF
$BOUPS TZTUFN (⇠,) )� )PXFWFS
 UIFSF JT BDUVBMMZ BOPUIFS
 NPSF HFOFSBM XBZ
 UP DPOTUSVDU BVUP�
NPSQIJTNT UP UIF DBOUPS TQBDF� य़SPVHIPVU UIJT UIFTJT XF IBWF QBSUMZ FYQMPJUFE UIF DPNCJOBUPSJBM
BTQFDU PG UIF $BOUPS TFU JO UIF OPUJPO UIBU FWFSZ FMFNFOU G 2 C
 DBO CF SFQSFTFOUFE XJUI BO JO੗OJUF
CJOBSZ TFRVFODF� *O PSEFS UP DPOTUSVDU BMM QPTTJCMF BVUPNPSQIJTNT
 XF BSF UP USBOTGFS UIF $BOUPS
EZOBNJDBM TZTUFN JOUP B QVSFMZ DPNCJOBUPSJBM PCKFDU
 BOE SFQSFTFOU JU BT B #SBࡇFMJ EJBHSBN�

+1

+2

+3

+4

⇢1

⇢2

⇢3

'JHVSF ���� " #SBࡻFMJ EJBHSBN

%F॑OJUJPO ����� (JWFO B OBUVSBM OVNCFS = � 1
 B #SBࡇFMJ EJBHSBN (+ ,⇢) JT B EJBHSBN XJUI UIF
GPMMPXJOH UISFF QSPQFSUJFT� 'JSTU
 + JT BO JO੗OJUF TFRVFODF +0 . . .+= . . . PG ੗OJUF
 OPO�FNQUZ
 QBJS�
XJTF EJTKPJOU 	UPUBMMZ EJTDPOOFDUFE۽
 TFUT
 UIBU JT +0 = {E0}
 +1 = {E1, . . . , } FUD
 DBMMFE WFSUJDFT�
4FDPOE
 ⇢ JT BO JO੗OJUF TFRVFODF ⇢0 . . . ⇢= . . . PG ੗OJUF
 OPO�FNQUZ
 QBJSXJTF EJTKPJOU TFUT
 UIBU JT
⇢0 = {40, . . . , }
 ⇢1 = {41, . . . , } FUD
 DBMMFE FEHFT� य़JSEMZ
 JU DPOTJTUT PG UXP NBQT� " TPVSDF NBQ
B : ⇢= ! +=�1
 XIFSF B�1 ({E}) JT OPO�FNQUZ GPS BMM E JO [=�0+= � "OE B SBOHF NBQ A : ⇢= ! += 

XIFSF A�1 ({E}) JT OPO�FNQUZ GPS BMM E JO [=�1+= �

3FNBSL ����� *U DBO IFMQ UP UIJOL PG B #SB॒FMJ EJBHSBN BT B EJSFDUFE HSBQI XJUI OP TJOLT
 BOE OP
TPVSDFT PUIFS UIBO UIF TJOHMF E0� य़BU JT XIBU UIF MB॒FS SFTUSJDUJPOT PO UIF JOWFSTFT PG CPUI UIF
TPVSDF BOE SBOHF NBQT JOTVSFT�

%F॑OJUJPO ����� (JWFO B #SB॒FMJ EJBHSBN (+ ,⇢)
 BOE 0  < < =� य़F TFU PG BMM ੗OJUF QBUIT GSPN
+< UP += 
 EFOPUFE BT %<,= 
 JT UIF GPMMPXJOH

%<,= = {(?<+1, ?<+2, . . . , ?=) | ?8 2 ⇢8 ,< < 8  =, BOE A (?8) = B (?8+1) ,< < 8 < =} .

��



� $BOUPS NJOJNBM TZTUFNT (⇥,) )

य़F TFU PG BMM JO੗OJUF QBUIT CFHJOOJOH BU +0 = {E0}
 EFOPUFE BT ? 
 JT UIF GPMMPXJOH

%⇢ = {(?1, ?2, . . .) | ?: 2 ⇢: , BOE A (?:) = B (?:+1) ,: � 1} .

3FNBSL ����� *U JT XPSUI FNQIBTJ[JOH UIF MB॒FS SFRVJSFNFOU UIBU UIF SBOHF NBQ GPS B QBUI ?: NVTU
FRVBM UIF TPVSDF NBQ PG UIF OFYU QBUI ?:+1� य़BU XBZ UIF QBUI DPOTJTUT PG B TJOHMF FEHF XIFO
USBWFSTJOH GSPN POF WFSUFY UP UIF OFYU
 BOE UIFZ BSF BMM DPOOFDUFE�
)PXFWFS
 OPU FWFSZ #SB॒FMJ EJBHSBN DBO CF VTFE UP ੗OE NJOJNBM TZTUFNT PG UIF $BOUPS TQBDF�
(PJOH GPSXBSE XF BSF HPJOH UP DPOTJEFS B TQFDJBM UZQF PG #SB॒FMJ EJBHSBNT UIBU BSF QSJNJUJWF� "MM
FYBNQMFT BSF JMMVTUSBUFE JO ੗HVSF ����

%F॑OJUJPO ����� (JWFO = 2 N� -FU (⇢,+ ) CF B #SB॒FMJ EJBHSBN
 TVDI UIBU GPS BMM = UIF |E= | = : � 8F
EF੗OF UIF USBOTJUJPO NBUSJY BU UIF =۝UI�MFWFM UP CF UIF GPMMPXJOH"= 2 ":⇥: (N) 
 XIFSF

"= (8, 9) = � BSSPXT JO ⇢= GSPN 8 2 +=�1 UP 9 2 += �

%F॑OJUJPO ����� " #SB॒FMJ EJBHSBN JT TUBUJPOBSZ JG"= = "< GPS BMM =,< 2 N� 'VSUIFSNPSF
 XF MFU
"= = "⇢ �

%F॑OJUJPO ����� (JWFO B USBOTJUJPO NBUSJY "⇢ � य़FO "⇢ JT QSJNJUJWF JG UIFSF FYJTUT = 2 N TVDI
UIBU UIF NBUSJY"=

⇢ = "⇢ · · · · ·"⇢|         {z         }
=�UJNFT

IBT OP [FSP FOUSJFT�

&YBNQMF ����� 8IBU GPMMPXT BSF UISFF FYBNQMFT PG UIF USBOTJUJPO NBUSJY "⇢ 
 XIFSF UIF ੗STU UXP
DPOTJEFSFE QSJNJUJWF
 BOE UIF MB॒FS JT OPU�

"⇢ = (2),|     {z     }
GPS ੗HVSF ���B

"⇢ =

 
1 1

1 1

!
,

|           {z           }
GPS ੗HVSF ���D

"⇢ =

 
1 0

0 1

!
.

|           {z           }
GPS ੗HVSF ���D

0CTFSWF UIBU UIF MB॒FS POF JT BO FYBNQMF PG B CSB॒FMJ EJBHSBN UIBU POMZ DPOTJTUT PG UXP QPJOUT�

%F॑OJUJPO ����� " TUBUJPOBSZ #SB॒FMJ EJBHSBN JT TJNQMF JG"⇢ JT QSJNJUJWF BOE OPU FRVBM UP (1)�

(PJOH GPSXBSET
 XF BSF OPX UP EF੗OF B UPQPMPHZ PO %⇢ PG B TJNQMF #SB॒FMJ EJBHSBN
 TVDI UIBU
JG HJWFO B ੗OJUF QBUI 40 . . . 4= UIBU TUBSU BU E0
 UIFO XF EF੗OF UIF DZMJOEFS TFU TVDI UIBU UIF QSF੗Y
l = 40 . . . 4= BOE UIF DPSSFTQPOEJOH DZMJOEFS TFU JT UIF GPMMPXJOH DMPQFO TFU

/ۗ (l) = {lG 2 %⇢ | l = 40 . . . 4=,G 2 %⇢} ,
= {BMM JO੗OJUF QBUIT XJUI QSF੗Y l} .

य़F UPQPMPHZ PO %⇢ JT UIF POF UIBU JT HFOFSBUFE CZ UIF DZMJOEFS TFUT
 BOE BT TIPXO JO 	1VUOBN
 ����

UIJT UPQPMPHJDBM TQBDF BDUVBMMZ TBUJT੗FT XIBU XF IBE FBSMJFS� *U۝T DPNQBDU
 UPUBMMZ EJTDPOOFDUFE
 BOE
EPFT OPU DPOUBJO BOZ JTPMBUFE QPJOUT� *O PUIFS XPSET
 %⇢ JT B $BOUPS TQBDF�

)PXFWFS UP DPOTUSVDU BMM BO BVUPNPSQIJTN UIBU JT FRVJWBMFOU UP XIBU XF IBE FBSMJFS
 XF NVTU
JOUSPEVDF BO PSEFS UP BMM UIF FEHFT JO UIF #SB॒FMJ EJBHSBN� य़F PSEFSJOH JT JNQPSUBOU BT JU BMMPXT
VT UP DPNQBSF QBUIT PO UIF EJBHSBN�

%F॑OJUJPO ����� "O PSEFSFE #SB॒FMJ EJBHSBN (+ ,⇢, �) JT B #SB॒FMJ EJBHSBN (+ ,⇢) XJUI PSEFS �
PO ⇢ TVDI UIBU UXP FEHFT 4, 40 2 ⇢ BSF DPNQBSBCMF JG BOE POMZ JG A (4) = A (40)� "EEJUJPOBMMZ
 UXP

��



� $BOUPS NJOJNBM TZTUFNT (⇥,) )

੗OJUF QBUIT W = 41 . . . 4= BOE d = 51 . . . 5= BSF DPNQBSBCMF JG A (W) = A (d) VTJOH UIF MFYJDPHSBQIJD
PSEFS�

%F॑OJUJPO ����� *G (+ ,⇢, �) JT B TJNQMF PSEFSFE TUBUJPOBSZ #SB॒FMJ EJBHSBN
 UIFO UIFSF FYJTU B
VOJRVF -<0G = U0U1 . . . XIFSF U 2 ⇢<0G BOE B VOJRVF -<8= = V0V1 . . . XIFSF V 2 ⇢<8= �

%F॑OJUJPO ����� (JWFO B TJNQMF PSEFSFE TUBUJPOBSZ #SB॒FMJ EJBHSBN (+ ,⇢, �) BOE B TFU PG BMM UIF
JO੗OJUF QBUIT %⇢ PG UIF EJBHSBN� 8F EF੗OF UIF NBQ) : %⇢ ! %⇢ 
 OBNFE UIF 7FSTIJL USBOTGPSNBUJPO

UP CF UIF VOJRVFNJOJNBM QBUI TVDI UIBU) (-<0G ) = ) (-<8=) BOE) (G) = ~ (G=+1)G=+1 XIFSF G= 2 ⇢8 

BOE BU MFBTU POF G: 8 ⇢<0G XIFSF : JT UIF TNBMMFTU TVDI JOUFHFS� य़FO ) (G) = (~1~2 . . .~:�1(4: +
1)4:+1 . . . )
 XIFSF 4: + 1 JT UIF TVDDFTTPS PG UIF FEHF JO UIF MFYJDPHSBQIJD PSEFSJOH
 BOE 5 JT UIF
NJOJNBM QBUI UP 4: + 1�

&YBNQMF ����� (JWFO B TFRVFODF G 2 {0, 1}N XIFSF G = 1110011G0 BOE G0 JT UIF MFॏPWFS CJOBSZ
TFRVFODF� /PX XF BQQMZ ) PO G 
 BOE HFU UIF GPMMPXJOH

) (G) = ) (1110011G0) = 000(0 + 1) 011G0 = 0001011G0.

0CTFSWF UIBU : = 4 JT UIF TNBMMFTU JOUFHFS 4: 8 ⇢<0G � /PX
 HJWFO @ = 1 	XF TUJMM IBWF ? = 2 GSPN
{0, 1}N

 BOE MFU UIF PEPNFUFS i1 CF BQQMJFE UP UIF QSF੗Y PG G �

i1(1110011) = 0i1(110011) = 00i1(10011) = · · · = 0001011.

8IJDI JT UIF FYBDU TBNF TFRVFODF�

&YBNQMF ����� 5XP PUIFS 7FSTIJL USBOTGPSNBUJPOT BSF TIPXO JMMVTUSBUJWF GPS ੗HVSF ���
 JO ੗H�
VSF ���� 0CTFSWF UIBU UIF TFDUJPO ��� TIPX UIF NPTU DMFBS FRVJWBMFODF XJUI {0, 1}N�

8F DPODMVEF UIJT UIFTJT XJUI XIBU JT UIF NBJO SFTVMU PG UIJT DIBQUFS� 8F IBWF TFFO UIBU CZ DPO�
TUSVDUJOH FRVJWBMFOU TJNQMF PSEFSFE #SB॒FMJ EJBHSBNT UP UIF EJTDSFUF Q�QPJOU QSPEVDU UPQPMPHZ
 XF
IBWF B NPSF HFOFSBM XBZ UP DPOTUSVDU BMM UIF BVUNPSQIJTNT PG UIF $BOUPS TQBDF� य़JT FRVJWBMFODF
BMTP BMMPXT VT UP BQQMZ SFTVMUT GSPN UIF ੗FME PG #SB॒FMJ EJBHSBNT UP UIF EZOBNJDBM TZTUFN PG TUVEZ

BOE WJDB WFSDB�

��



� $BOUPS NJOJNBM TZTUFNT (⇥,) )

	B
 4UBUJPOBSZ ن 1SJNJUJWF ن 4JNQMF 	C
 4UBUJPOBSZ ن 1SJNJUJWF ن /PU TJNQMF

	D
 4UBUJPOBSZ ن /PU QSJNJUJWF ن /PU TJNQMF 	E
 /PU TUBUJPOBSZ ن /PU QSJNJUJWF ن /PU TJNQMF

	F
 4UBUJPOBSZ ن 1SJNJUJWF ن 4JNQMF 	G
 /PU B #SBࡻFMJ EJBHSBN

'JHVSF ���� *MMVTUSBUFE IFSF BSF � #SBࡻFMJ EJBHSBNT 	B�F

 BOE POF OPO�#SBࡻFMJ EJBHSBN 	JU IBT B TJOL BOE UXP
TPVSDFT
� 0CTFSWF UIBU BMM 4JNQMF #SBࡻFMJ EJBHSBNT� 'VSUIFSNPSF
 B #SBࡻFMJ EJBHSBN TIPVME OPU CF DPOGVTFE
XJUI B USFF GSPN HSBQI UIFPSZ
 BT UIFZ BSF UXP EJTUJODU NBUIFNBUJDBM PCKFDUT� 5IJT JT CFTU FYFNQMJGJFE JO
TVCGJHVSF E
 XIJDI
 BT XF IBWF TFFO
 JT B WBMJE SFQSFTFOUBUJPO PG UIF $BOUPS TQBDF JG UIF JMMVTUSBUJPO XBT PG B
CJOBSZ USFF� "T B #SBࡻFMJ EJBHSBN JU JT OPU B WBMJE ُSFQSFTFOUBUJPOُ JO UIF TBNF TFOTF� *O PVS DBTF
 B #SBࡻFMJ
EJBHSBN JT VTFE UP JMMVTUSBUF QSPQFSUJFT PG $BOUPS NJOJNBM TZTUFNT
 BOE E
 JT OPU B EJBHSBN PG B $BOUPS NJOJNBM
TZTUFN�

��



� $BOUPS NJOJNBM TZTUFNT (⇥,) )

'JHVSF ���� 5IF NBYJNBM FEHFT Emax JO SFE
 BOE UIF NJOJNBM FEHFT Emin JO HSFFO GPS UXP TJNQMF #SBࡻFMJ
EJBHSBNT

'JHVSF ���� 5IF 7FSTIJL USBOTGPSNBUJPO BQQMJFE UP UIF QBUI JO CMVF SFTVMUT JO UIF PSBOHF QBUI� *O UIF FEHFT
XIFSF UIF QBUIT PWFSMBQ
 UIF PSBOHF JT EBTIFE�

��
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