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Abstract

This bachelor’s thesis is an exposition of the articles Facets of Descent I and III by G. Janelidze
and W. Tholen on descent theory. We start by studying the preliminary theory of monads and the
Barr—Beck theorem. Then, we develop the monadic approach to descent theory and the approach via
Grothendieck fibrations. Finally, we give an elementary approach to the classical descent problem
for modules and algebras.
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1 INTRODUCTION

In the abstract context of fibered categories, Grothendieck [Gro59], [Gro70] developed descent the-
ory. (An exposition on Grothendieck’s work in English is [Vis07].) The general problem of descent is
base change and how to compensate for the loss of information by determining the (effective) descent
morphisms. For commutative rings, the classical question is as follows:

Question 1.1. Let p: R — S be a homomorphism of commutative rings. Given a S-module N, what
data on N determines an R-module M, together with an isomorphism of S-modules M @ S = N?

Reformulated in the language of monads, Grothendieck [Gro59] answered Question 1.1 with the following
theorem:

Theorem (Theorem 4.1). For a homomorphism p: R — S of commutative rings, the extension-of-
scalars functor S®g (—): pMod — ¢Mod is comonadic whenever p makes S a faithfully flat R-module.

Janelidze and Tholen [JT04] gave a stronger answer than Grothendieck to Question 1.1 via a significant
contribution of Mesablishvili [Mes00]:

Theorem (Theorem 4.15). A homomorphism p: R — S of commutative rings is an effective descent
morphism if and only if it is a pure morphism of R-modules.

The authors of [JT04] note the obvious monadic connection between Grothendieck’s theorem by applying
the Barr—Beck theorem. However, monads were not “popular” at the time. Although Bénabou and
Roubaud [BR70] explicitly described the monadic approach, neither Grothendieck nor anyone else at
his school used the approach.

A monad is by itself a natural construction that has had many names throughout history. After
their period as a “standard construction,” they were named a triple which is not very explicit but
allowed them to be studied. Specifically, Huber [Hub61] first discovered that every adjoint pair gives
rise to a monad (proved here as Theorem 2.3). Then, both Kleisli [Kle65] and Eilenberg—Moore [EM65]
proved the converse independently (proved here as Theorem 2.7). Sometime after, the breakthrough
for monads was the Barr-Beck theorem [Bec67]. In particular, the Barr-Beck theorem was very useful
because it was “easy” to give variations of the theorem. A graduate student W. Butler (unpublished)
established 64 theorems on adjoint pairs and monads. Later, J. Power [Pow72] published these results
in his doctoral thesis.

As alluded to, the Barr—Beck theorem gave access to a stronger result than Grothendieck’s Theorem
4.1. Indeed, the theory developed by Janelidze and Tholen [JT94] bases itself on the sheaf theoretic
connection of Grothendieck’s descent and monadic descent. Moreover, applying the Barr-Beck theorem
to the adjoint situation between base-extension and base-restriction of topological bundles inspired the
generalization of determining descent morphisms of arbitrary categories with pullbacks and coequalizers.
There is a complete characterization of topological descent by one of the authors in [RT94].

The surprising discovery in [JT94] is that all the definitions of the categorical approach of monads
survived the abstraction to (bi)fibered categories. In other words, the Barr-Beck theorem remained im-
portant for characterizing descent morphisms. Specifically, the definitions of monadic descent survived
within a bifibered category over a category with pullbacks that satisfied the Beck—Chevalley condition.
This discovery within (bi)fibered categories gave rise to the stronger Theorem 4.15.

Descent theory has become very useful in the modern era, in particular, within homotopy theory and
algebraic geometry. For example, Lurie [Lurll] has given many “higher” categorical descent results,
and he recently gave an extension of the Barr—Beck theorem to stable co-categories [Lurl7, Theorem
4.7.3.5].

1.1 CONTENTS

In the context of this thesis, we will develop descent theory following the works of [JT94] and [JT04];
that is, monadic descent, descent theory with respect to fibrations and descent for rings and algebras
as a special case. We will not follow the works of Grothendieck.

The first section follows [BW85] with a couple of detours within [JT04]. We first define and fix
some notation before we study the properties of a monad. The constructions of Eilenberg—Moore is
of particular importance because it introduces the canonical comparison functor to the category of
Eilenberg-Moore algebras. We dedicate an entire “bonus” subsection to emphasize monads as general-
ized rings based on the example of a monad on the category of Abelian groups. Next, we recall a few
results of coequalizers and develop the necessary tools to prove the Barr—Beck theorem. Finally, we give



the Barr-Beck theorem, which states criteria for whenever a functor is monadic, or rather, whenever
the comparison functor is an equivalence of categories. Then, we give a few variations of the theorem
that will be useful for our final section on descent for modules and algebras.

The second section introduces monadic descent theory and descent theory with respect to fibrations
directly following [JT94]. We start in the subsection of monadic descent theory, where we state the
question of descent in terms of a slice category and attempt to gain intuition from topological descent as
we move forward. We define the category of descent data and deduce that the pullback functor can be
lifted to a comparison functor (in the sense of Eilenberg-Moore) to the descent category. In particular,
we characterize when this comparison functor is an equivalence of categories. We conclude monadic
descent theory by a methodology on how to approach “difficult” categories and an interesting corollary
to our work on torsion-free abelian groups. In the subsection on descent theory with respect to fibrations,
we start by carefully developing the notions of a (Grothendieck) fibration. Then, we define the category
of descent data with respect to a fibration. In a similar manner to monadic descent, we determine
a comparison functor to the new descent category. Finally, we observe a bijective correspondence
between the descent data for monadic descent and descent with respect to a (bi)fibration. Specifically,
the category of descent data with respect to a (bi)fibration is isomorphic to the category of Eilenberg—
Moore algebras if the (bi)fibration satisfies the Beck—Chevalley condition. Therefore, the effective
descent morphisms with respect to a (bi)fibration are precisely those of monadic descent.

The third section considers a special case of descent theory: descent for rings and algebras, fol-
lowing [JT04]. First, we define the extension-of-scalars functor and the restriction-of-scalars functor.
Then, we determine that the extension-of-scalars functor is comonadic whenever the underlying ring
homomorphism is a pure morphism of both bimodules and modules by applying the Barr—-Beck theorem
and using some “homological algebra methods.” Afterward, for a ring homomorphism of commutative
rings, we find that the extension-of-scalars functor for modules is comonadic if and only if the induced
extension-of-scalars functor for algebras is comonadic. In other words, the results can be further gener-
alized to various types of algebras. Finally, by observing that a bifibration of the category of all modules
of commutative rings over the category of commutative rings satisfies the Beck—Chevalley condition, we
conclude with Theorem 4.14 that characterizes descent for the various types of algebras where Theorem
4.15 is a special case.

In the appendix, there is a recollection of the categories considered in this thesis.

1.2 PREREQUISITES

The thesis assumes the reader is well-acquainted with category theory; functors, natural transforma-
tions, equivalences of categories. Furthermore, the reader should be familiar with basic homological
algebra, such as the Hom-tensor adjunction and exact sequences.

1.3 CONVENTIONS

e For any pair of categories C and D, denote by CP the functor category whose objects are functors
D — C, and whose morphisms are natural transformations.

e The category Cat is the (2)-category of locally small categories.

o A projection map is a map denoted pr;: [[, Xx — X;. The index i denotes which “component” (of
the object [ [, X&) the map is projecting. In case where there are two indices i and j, the projection
map is projecting the product of those objects with indices i and j; that is, pr; ;: I Xe —
Xi x Xj. In particular, pr; ; # pr;; where the latter is a map pr ;: I X = X; x X,.

e A ring is always unital unless we specify it without a unit.

e A module will always mean a left module unless we specify it as a right module.

e For a ring R, the category of left R-modules is denoted by pMod, and the category of right
R-modules is denoted by Modg.
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2 MONADICITY

A monad is an abstraction of algebraic structures that occur very naturally in algebraic contexts. In
light of this, the first subsection will define and explore why they appear so naturally. Moreover, it will
attempt to shed light on why they are of interest in algebraic contexts.

2.1 MONADS

Definition 2.1. A monad on a category C consists of

e an endofunctor T: C — C;

e a unit natural transformation n: ide — T

e a multiplication natural transformation p: T2 — T;
so that the diagrams

T3 Tp T2

ﬂl J,L and ! < £u7 g

T° —— T,
commute in C¢. Denote by T = (T, 7, 1) the monad on C.

This definition is similar to that of monoids, unital rings, and k-algebras. Indeed, they are all examples
of monoids in a monoidal category. Although, this observation is far more abstract than what is needed
to appreciate monads.

Example 2.2. 1. Let M be a monoid and define T': Set — Setby X — M xX. Let nx: X - MxX
take x — (idps,z) and px: M x M x X — M x X take (m,n,z) — (mn,x). Then T = (T, n, u)
defines a monad on Set.

2. In a similar manner, let R be a commutative ring and A an associative unitary R-algebra. Then
there is a monad on the category Modg of R-modules taking M — A ® M.

These examples of monads share some similarities to an adjunction. Specifically, the unit and multipli-
cation map of the monad is similar to the unit and counit of an adjunction. This observation led Huber
to suspect and prove:

Theorem 2.3. [BWS85, Chapter 3.1, Theorem 1] Let U: B — C have a left adjoint F': C — B with
adjunction unit 7: ide — UF and counit e: FU — idp. Then T = (UF,n,UeF) is a monad on C.

Proof. By the triangle identities of the adjunction, the unit evidently remains the unit of the monad.
To check that UeF satisfies the multiplication map, first note that € is natural. Then, the diagram

FUX =X, X

il s

FUY ——Y

commutes. Choose X = FUY and f = ey, and apply U to the diagram, then UeF satisfies the
multiplication map. O

This theorem gives us access to a large family of monads by considering the family of “free” and
“forgetful” adjunctions (see [Riel6, Example 5.1.4 and 5.1.5] for more details).

Example 2.4. 1. The free-forgetful adjunction between Set and pMod induces the free R-module

monad R[—]: Set — Set given by the set R[A] of finite formal R-linear combinations of elements
of A. Two special cases of this monad are the free abelian group monad and the free vector space
monad.

2. The free-forgetful adjunction between Set and Grp induces the free group monad that sends a set
A to the set F'(A) of finite words in the letters a € A together with formal inverses a 1.
3. The Giry monad on the category Meas of measurable spaces sends a measurable space A to the

probability measures on A.
There is also the dual of the monad.

Definition 2.5. A comonad on a category B is a monad on B°P. Explicitly, a comonad on a category
B consists of



e an endofunctor G: B — B;

e a counit natural transformation e: G — idg;

e a comultiplication natural transformation §: G — G?;
so that the diagrams

G3 G§ G2 a Ge a2 eG G
5GT T(; and \ T(;/
G? A G, G

commute in B5. Denote by G = (G, ¢,d) the comonad on B.
Explicitly, the dual statement of Huber is also true.

Proposition 2.6. [BW85, Chapter 3.1, Proposition 2] Let U: B — C have a left adjoint F: C — B
with adjunction unit 7: ide — UF and counit e: FU — idg. Then G = (FU, e, FnU) defines a comonad
on C.

The converse statements are true too.

Theorem 2.7. [BW85, Chapter 3.2, Theorem 1] Let T = (7', 1, 1) be a monad on C. Then there is a
category B and an adjoint pair F': C — B, U: B — C where F is left adjoint to U such that T = UF,
n:id¢ — UF =T is the unit and multiplication y = UeF where ¢ is the counit of the adjunction.

Dually, let G = (G,¢,6) be a comonad on B. Then there is a category C and an adjoint pair
F:C— B,U: B— C where F is left adjoint to U such that G = FU, ¢: G = FU — id¢ is the counit
and comultiplication § = FnU where 7 is the unit of the adjunction.

Remark 2.8. We give a proof of Theorem 2.7 later by using the Eilenberg—Moore constructions, but
we prefer to introduce the construction separately first. There is an alternative proof by Kleisli [Kle65],
or, as further reading in [BW85, Chapter 3.2, Theorem 1].

The following are the constructions by Eilenberg—Moore [EMG65].

Definition 2.9. Consider a monad T = (T,n,u) on C. A T-algebra is a pair (A4, «) where A is an
object of C and av: TA — A is a morphism of C such that the following diagrams

T2A -Toy T4 A TA
1A a and \ o
b !

commute. The morphism « is called the structure map of the algebra. Often the category CT is referred
to as the category of Eilenberg—Moore algebras.

Definition 2.10. Consider a monad T = (7,7, ) on C. The category of T-algebras is denoted by CT,
and consists of
(i) objects that are T-algebras;
(ii) morphisms f: (A,a) — (B,f) is a morphism f: A — B in C that are T-linear; that is, the
following diagram

TA ", 1B

LD
Af’ B

commutes.

Definition 2.11. Consider a monad T = (T, 7, 1) on C. The free-algebra functor FT: C — CT is given
by
FTA:=(TA, ), F*(f: A— B):=(Tf:TA—TB)

for an object A € C and a morphism f: A — B in C. It is left adjoint to the forgetful functor
UT: CT — C, which forgets the structure map. This adjunction is often referred to as the Eilenberg—
Moore adjunction. The unit of the adjunction is n: ide — UTFT = T is the unit of the monad T,
whereas the counit e*: FTUT — ider is given for every T-algebra (4, a) by €, ,) = a.



The dual of this construction is as follows.

Definition 2.12. Consider a comonad G = (G,¢,4) on C. A G-coalgebra is a pair (A4, ) where A is
an object of C and a: A — G'A is a morphism of C such that the following diagrams

T2A <92 T4 A A TA

54 Ta and \ Ila

TA +—— A,
commute. The arrow « is called the (co)structure map of the coalgebra.

Definition 2.13. Consider a comonad G = (G, ¢,d) on C. The category of G-coalgebras is denoted by
C®. It consists of
(i) objects that are G-algebras;
(ii) morphisms f: (A,a) — (B,f) is a morphism f: A — B in C that are G-linear; that is the
following diagram

aA L,

GB
|1
A — B

commutes.

Definition 2.14. Consider a comonad G = (G, ¢,8) on C. The free-coalgebra functor F€: C — C® is
given by

F®A:=(GA,6,), FO®(f: A— B):=(Gf: GA— GB)
for an object A € C and a morphisms f: A — B in C. It is left adjoint to the forgetful functor
U®:C% — C, which forgets the (co)structure map. This adjunction is often referred to as the co-
Eilenberg-Moore adjunction. The counit of the adjunction e: U®F® — ide is the counit of G, whereas
the unit n®: idee — FCU® is given for every G-coalgebra (A, «) by nf’Am = a.

Proof of Theorem 2.7. 1t is sufficient to prove the Eilenberg—Moore adjunction by considering the map

¢: Homer (UFC, pc), (C',+')) = Home (C, C")

of Hom-sets. Clearly ¢ maps a morphism h: UFC — C' of algebras to h o ¢, and the inverse ¢!
maps a morphism g: C — C to v o UFg. Therefore ¢ is necessarily an isomorphism. It remains to
check that the unit and counit form the monad, however by construction, this follows from Theorem
2.3. O

To summarize, there is an adjunction if and only if there is a (co)monad. This result is much more
important than what it appears to be. When studying the relationship between two categories, a first
step could be to check if there is an adjunction. Thus, in such cases, the monad appears quite naturally.
In other words, if there is an adjunction, or a monad, the next question to consider is:

Question 2.15. How can a monad characterize the relationship between two categories?

The construction of the category Eilenberg—Moore algebras gives an answer to Question 2.15 by the
following definition.

Definition 2.16. Consider the adjunction F': C — B, U: B — C where F is left adjoint to U. The
FEilenberg-Moore comparison functor is the functor ®: B — CT given by

®"(B) := (UB,Uep), ®(f: A— B):=(Uf:UA—= UB).
Dually, there is a similar co-comparison functor,
®¢(B) := (FB, Fnp), ®°(f: A— B):=(Ff: FA— FB).

Diagrammatically,



C

Perhaps surprisingly, the pursuit of this thesis is to determine when this comparison functor is
full and faithful or an equivalence (or even an isomorphism) by only studying the adjunction. The
usefulness is if, for example, the comparison functor an isomorphism of categories, then the category of
the domain in the right adjoint has an algebra structure as described above, and many results can be
derived thereof.

2.2 MONADS AS GENERALIZED RINGS

The following subsection aims to generalize the observations of Example 2.19. In a similar manner to
[JT04], the reader who is not familiar with monoidal categories can safely skip forward to Example 2.19.
Alternatively, see [Sch03, Sections 2.1 and 2.2] for a thorough introduction to what they call (associative)
bifunctors or functors of C-categories, and what we will call laz actions to keep the notation consistent
with [JT04].

Definition 2.17. Let C be a monoidal category, and let X be any category be equipped with a lax
action. A lazx action is a functor
:CxX > X

satisfying the usual action axioms up to specified natural morphisms v: Ae (Be X) - (A® B) e X
and 6: X — 1 e X (where 1 is the identity object for the tensor product ® in C) satisfying suitable
coherence conditions. The lax action is called (strict) strong if v and 0 are (isomorphisms) identity
morphisms.

Definition 2.18. Given a lax action e: C x X — X of a category X acting on a monoidal category C,
and a monoid R = (R,e,m) in C, denote by X' the category of R-actions in X whose objects (X, h)
are pairs where X is an object in X and h: R e X — X is a morphism making the diagram

Re(ReX) —'— (RoR)e X "0 ReX {220 x.

- L (1

Re X X

commute in X.

The idea is to generalize the monoid actions of a monoidal category; then, it will follow that rings and
modules could be considered a special case of monads and algebras.
Table 1 is a collection of standard examples of this process, and the table originates from [BJK05,
Examples 2.2].
The examples of Table 1 show that algebras over monads are monoid actions. However, the converse
is also true:
(i) a lax action C x X — X of a monoidal category C can be presented as a monoidal functor
C — End(X);
(ii) a monoid R in C can be presented as a monoidal functor 1 — C;
(iii) the composite 1 — C — End(X) determines a monoid in End(X’), and hence a monad on X by
row (f);
(iv) the algebras over that monad are the same R-actions in X" with respect to the lax action Cx X — X.
This “logical equivalence” between monoids in monoidal categories and monads makes it possible to
present descent theory for modules in Section 4 in either the language, “monoidal” or “monadic.” To
no surprise, we opted for the latter.

Example 2.19. Every ring R determines a monad on the category Ab of abelian groups, whose algebras
are R-modules. This observation can be deduced from the Table 1, or directly: An algebra is an abelian
group A equipped with a homomorphism -: R ®7 A — A satisfying a pair of axioms. By the universal
property of the tensor product, this homomorphism encodes a Z-bilinear map (r,a) — r-a: Rx A — A
which defines “scalar multiplication.” The commutative diagram



Table 1: Standard examples of monoid actions and their algebra structure.

C=(,®) X AeX monoids in C R-actions in X
(a) (Sets, x) X=cC Ax X ordinary monoids R-sets
(b) (Topological spaces, X) xX=C Ax X topological monoids  topological
spaces

equipped with
a continuous

R-action
(c) (Abelian groups, ®) xX=¢C A X rings R-modules
(d)  (K-modules, ®), xX=C A®kg X  (associative) R-modules
where K is a K-algebras
commutative ring
(e) (Abelian monoids, ®) X=C A X semi-rings R-semimodules
() (End(X), o), the category X =X  A(X) monads on X R-algebras
of endofunctors of an
arbitrary category X';
o is the composition
of endofunctors
(g) (C, +), where C is an xX=C A+ X every object in C pairs (X, h)
arbitrary category with has a unique where
finite coproducts monoid structure h: R— X is
a morphism
inC

R®z (RozA) —2 5 Rz A+ — A

R . .
®ZJ J ida

R®zA ——— A

ensures that 1-a = a and - (r - a) = (r') - a (associative and unital). Therefore, the algebra for the
monad R ®z — on Ab is precisely an R-module.
2.3 MONADICITY

Definition 2.20. A functor U: B — C with left adjoint is (premonadic) monadic if the Eilenberg—
Moore comparison functor is (fully faithful) an equivalence of categories.

This definition is precisely what monadic descent theory characterizes. Therefore, some authors
might say U is of descent type if U is premonadic, and of effective descent type if U is monadic. First,
note the simple result from its definition.

Proposition 2.21. [BWS85, Chapter 3.3, Proposition 1] Any monadic functor reflects isomorphisms.

Proof. Since equivalences of categories reflect isomorphisms, it is sufficient to show that for any monad T
on a category C, the underlying functor UT: CT — C reflects isomorphisms. Suppose f: (4, a) — (B, 3)
is such that f: A — B is an isomorphism in C. Let g = f~!, then we must show that the diagram

TB -9, TA

oL L

B—— A
commutes. A diagram chase gives:

aoTg=gofoaoTg=gofoTfoTg=goBoT(idp)=gop. O



To state the Barr—Beck theorem and its variations, we must recall some background information.

Definition 2.22. A parallel pair f,g: A = B in a category, is a pair of morphisms that share the same
domain and codomain. The parallel pair (f, g) is said to be contractible or split if there is a morphism
t: B— Asuch that fot=idg, and goto f=gotog.

Definition 2.23. A coequalizer is contractible if it consists of morphisms and objects as in the diagram

f h
A——B——C
f\%/ \5/

for which

(i) fot=1idp,

(ii) got=soh,

(ili) hos=idc, and

(iv) hof=hog.

Eventually, we can state that any Eilenberg—Moore algebra is a coequalizer of a parallel pair which
becomes contractible upon applying U™.

Proposition 2.24. [BW85, Chapter 3.3, Proposition 2]
(i) Any contractible coequalizer is a coequalizer.
(ii) A contractible coequalizer is an absolute colimit; that is, it is preserved by every functor.
(iii) If there is a coequalizer of a contractible parallel pair, then it is necessarily a contractible coequal-
izer.

Proof. (i) The induced map of the universal property is constructed by composing with the contrac-
tion, and its uniqueness follows since the coequalizer map is a split epimorphism.
(ii) Since a functor preserves composition and identities, and a coequalizer remains a coequalizer
under the image of any functor, the statement follows.
(iii) By using the contractibility of the parallel pair and that the coequalizer map is an epimorphism,
the claim follows immediately. O

In addition to being an absolute colimit, by a simple observation of retracts of contractible pairs,
note the following corollary.

Corollary 2.25. [JT04, Corollary 1.3] Let B and C be any category, 7: ¢ — ¥ a split epimorphism
of functors ¢, ¥: B — C, and (f,g) a pair of parallel morphisms in B. Then if (pf, pg) is contractible,
then (¥ f,Wg) is contractible too.

Proof. Follows by using the commutative diagram
of
pA — = ¢B

ren |
vf

VA —= ¥B.

Vg
in C. O

Definition 2.26. Consider a functor U: B — C. A U-contractible coequalizer pair is a pair of morphisms
f,9: A= B in B for which there exists a contractible coequalizer

Uf n
UA—UB———— C
\\U_g/ f\/
t S
in C.
Proposition 2.27. [BW85, Chapter 3.3, Proposition 3] Let U: B — C be monadic, and f,g: A = B
be a U-contractible coequalizer pair. Then the pair (f, g) has a coequalizer h: B — C in B, and

UAU:f; uvB Y uc
Ug



is a coequalizer in C.

Proof. Let B = CT for the induced T = (T, 7, 1), then consider a U"-contractible pair

f
(A0) == (B.6)
in CT with contractible coequalizer
A——B ———C
ﬁ\\\‘%’///' K\\\f;’///

in C. Also, consider the diagram

T2A :; 2 — ", 720

Ty | |Ha!

Q
—
o
N

TA:;TB—»T
A B

in C. By Proposition 2.24(ii) all the rows of (2) are contractible coequalizers. The algebra structure
maps « and 3 define the morphism +; note that h o 8 coequalizes the pair (T f,Tg), thus, the universal
property of coequalizers defines the map v. The obvious commutative diagrams imply that (C,~) is
a T-algebra by canceling the epimorphisms of the coequalizer maps. It follows by a similar argument
that h: (B, ) — (C,7) is a coequalizer of the pair f,g: (4,a) = (B,3) in CT. O

L
2

— C

:;

Remark 2.28. This proof has actually showed that any Eilenberg—Moore algebra is a coequalizer of a
parallel pair which becomes contractible upon applying UT

Corollary 2.29. [BWS85, Chapter 3.3, Proposition 4] Let T be a monad on a C. Then for any (A, a)
in CT,
HA
(T2A7 .UJTA) %; (TAv :U'A) (3)
is a U-contractible pair whose coequalizer in CT is (4, ).

Corollary 2.30. [BWS85, Chapter 3.3, Corollary 5] Consider the adjunction

B#C

where F is left adjoint to U, then for any object B in B,
EFUB,
FUFUB ——= FUB (4)
FU&B

is a U-contractible coequalizer pair.

These results have essentially brought about a connection between coequalizers, monadicity, and
adjunctions. It not trivial that a functor preserves any coequalizer, although any functor preserves a
contractible coequalizer. Yet, if the functor U: B — C is monadic, or even if there is an adjunction with
left adjoint F', simply the existence of a U-contractible coequalizer pair implies there is a coequalizer
in B (not necessarily contractible). In other words, there is a type of “lift” of coequalizers through U.
Studying these lifts with the Eilenberg—Moore category and monadic functors will ultimately lead us
to the Barr—Beck theorem.

The following definitions and lemmas precede the Barr—Beck theorem.

Definition 2.31. Let f: A — B be a morphism in a category.
(i) f is a regular monomorphism if it is the equalizer of some parallel pair of morphisms B = C;



A-Lsp=—cC
(ii) f is a regular epimorphism if it is the coequalizer of some parallel pair of morphisms X = A;
x— A1 B
Lemma 2.32. [BWS&5, Chapter 3.3, Lemma 6 and Corollary 7] Consider the adjunction
B

where F' is left adjoint to U, and it induces a monad T on C.
(i) The unit ne is a regular monomorphism for all objects C' of C if and only if the diagram

c - TC % 20 (5)

is an equalizer for every object C' of C.
(ii) Dually, the counit 5 is a regular epimorphism for every object B of B if and only if the diagram

B Tii; TB "4 B (6)

is a coequalizer for every object B of B.
Proof. We will prove (i). If (5) is an equalizer, then 7¢ is a regular monomorphism. Suppose that ne
is a regular monomorphism, then there is some equalizer

CLTC:Z;Y

in C. It is sufficient to check, by the universal property of an equalizer, that some morphism w: X — TC
equalizes the pair (f, g) if and only if it equalizes the pair (nrc, Tne). The “if” direction follows again
by the universal property of the equalizer. In the “only if” direction, first note that the contractibility
of the pair (T'nrc, T?nc) implies Tw: TX — TC equalizes (T'nrc, T?nc). Then by the naturality of 7,
the following diagram

f
X —“>TC—=Y

W e

TX —— T2C z:z; TY
commutes in C. In particular, f o w = g o w because 7y is a (regular) monomorphism. O
Lemma 2.33. [BW85, Chapter 3.3, Lemma 8] For all objects B and B’ of B, there is an isomorphism
Homg(FUB, B') = Home: (PFUB, ®B')
of Hom-sets, where ®: B — CT is the comparison functor.
Proof. The statement follows the chain of isomorphisms:
Homp(FUB, B') = Hom¢(UB,UB')

=~ Home(UB,UN(UB',Uep))

=~ Homer (FT(UB), (UB',Ue )

= Homer ((TU B, pus), (UB ,Uep))

~ Homer ((PFUB, ®B') O

In other words, this lemma says that the comparison functor ® is full and faithful on morphisms
from free objects. The next result by Beck follows this observation.

Theorem 2.34. [BW85, Chapter 3.3, Theorem 9] The comparison functor ®: B — CT is full and
faithful if and only if g is a regular epimorphism for all objects B of B.

Equivalently, the right adjoint U: B — C is premonadic if and only if the counit € of the adjunction
is a regular epimorphism for all objects B in B.
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Proof. Since Uep is a structure map of the algebra (UB,Ueg) in CT. Further, by Corollary 2.29, Uep
is the coequalizer of parallel pair with domain in the image of FT, hence, in the image of ®. Since
O(ep) = Uep, if ® is full and faithful, then €5 is a regular epimorphism (or rather the coequalizer of
the underlying parallel pair).

Conversely, suppose ep is a regular epimorphism. If f,g: B = B is a parallel pair in B, and
Uf=Ug, then FUf = FUg and the diagram

FUf ,
FUB —= FUB

FU
6BJ/ g lEB/
f /
B ? B

commutes in B. Since €p is an epimorphism, then f = g, and, hence, ® is faithful. Moreover, by
Corollary 2.30 and Lemma 2.32, (6) is a U-contractible coequalizer diagram. Since UT o ® = U, the
image of (6) under ® is a UT-contractible coequalizer diagram. Therefore, the following diagram

Homp(B, B') ————— Homp(FUB, B') ————= Hompz(FUFUB, B')

! | |

Homer (B, ®B’) —— Homer (PFUB,®B') —= Home:(PFUFUB,®B')

commutes (in Set). The rows are equalizers of Hom-sets that are computed in their denoted categories,
and the vertical morphisms are those induced by the functor ®. In particular, by Lemma 2.33, the
middle and the right vertical morphisms are isomorphisms. Thus, the left vertical morphism is an
isomorphism too. Hence, ® is faithful. U

2.4 THE BARR—BECK THEOREM AND VARIATIONS

The Barr—Beck theorem is a powerful tool and it gives a precise criterion for monadicity. It applies
naturally to contexts of monoidal categories acting on another category, but as will be shown in the
next section, it is widely applicable in the cases of adjunctions.

Theorem 2.35. [BW85, Chapter 3.3, Theorem 10] The functor U: B — C is monadic if and only if
(i) U has a left adjoint F;
(ii) U reflects isomorphisms;
(iii) B has all coequalizers of U-contractible coequalizer pairs and U preserves them.

Proof. By Proposition 2.21 and Proposition 2.27 the “if” direction follows directly.

In the “only if” direction, we know that (4) is a U-contractible pair. Then by (iii) it has a coequalizer
B Moreover, since ¢ is a natural transformation, ep coequalizes (4). Therefore there is a morphism
f: B - B making the diagram

FUFUB —2% FUB —— B’
FUep

R lf

B

commute in B. Since Uep is a coequalizer of the image of (4) under U, U f is an isomorphism. Thus,
f is an isomorphism, and €p is a regular epimorphism such that ® is premonadic by Theorem 2.34.

Next, for any algebra (C,v) in CT, we must find an object B in B such that ®(B) = (C,v). Note
that the image of the diagram

F
FUFC —= FC
EFC

under ® is (3); that is, it is a U-contractible coequalizer. Therefore, by assumption, there is a coequalizer
B of the pair (Fv,epc) such that the diagram

UF
UFUFC —= UFC — UB

Uerc

is a coequalizer. By Corollary 2.29, this last diagram is the image under U of a coequalizer diagram
in CT with coequalizer (C,7). Since UT reflects coequalizers, and UT o ® = U, we conclude that
®(B) = (C,7). O
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There is an important version of the Barr-Beck theorem: the split monadicity theorem. We will
generalize it for our purposes in the section on descent for rings and algebras.

Theorem 2.36. [JT04, Theorem 2.2] The functor U: B — C is monadic if and only if
(i) U has a left adjoint F
(ii) the counit of the adjunction FU — idy4 is a split epimorphism.

Proof. If the counit £: FU — id4 is a split epimorphism, then condition Theorem 2.35(iii) is trivial.
Suppose the pair (U f,Ug) is contractible, then so is (FU f, FUg), and then by Corollary 2.25 applied
to €, (f,g) is contractible too. Therefore, every functor preserves the coequalizer of the pair (f, g).
Additionally, Theorem 2.35(ii) becomes trivial because having (: idsa — FU with e = id4 gives
that if U(f: A — B) is invertible, then f is invertible with f~1 = e F(U f)~ (5. O

Remark 2.37. The split monadicity theorem is actually derived from a more general theorem by Paré.
However, we require a different type of generalization; suppose there is an additional functor H such
that He: HFU — H is a split epimorphism. Then, we only require (H f, Hg) to be contractible, and
to conclude that U preserves the coequalizer of (f, g), there must be a “connection” between H and U.
The following theorem formalizes this connection.

Theorem 2.38. [JT04, Theorem 2.3] A functor U: B — C is monadic if and only if
(i) U has a left adjoint F;
(ii) U reflects isomorphisms;
(iii) there exists a commutative diagram

of functors such that;
(a) He: HFU — H is a split epimorphism;
(b) B has all coequalizers of U-contractible coequalizer pairs and H preserves them;
(¢c) H' reflects isomorphisms.

Proof. By Theorem 2.35 it suffices to check condition Theorem 2.35(iii) on U. Let
f
A= B SNy (8)

be the coequalizer diagram of (f, g), and assume (U f, Ug) is contractible. By (a) the image of (8) under
H is a coequalizer diagram. Moreover, by Corollary 2.25 applied to He with (H f, Hg) as a retract
of (HFUf,HFUg), (Hf,Hg) is contractible and therefore a contractible coequalizer diagram. Since
contractible coequalizer diagrams are absolute colimits, it must be that the image of (8) under UH
is a coequalizer diagram. Additionally, since UH=HU , the same is true for the image under H 'U.
Next, consider the coequalizer diagram

uf
UA ?gg UB 2= 7z (9)

of (Uf,Ug). Since (Uf,Ug) is contractible, the image of (9) under H' is a coequalizer diagram.
Moreover, since the image of (8) under H U is a coequalizer diagram, the image of the universal
canonical morphism H §: Z — UC making the diagram

’ H/Uf ’ H/p ’
HUA—HUB—— HZ
H'Ug l P
Hh .-~ ,
K H§
HUC
commute is an isomorphism. Then since H reflects isomorphisms, the image of (8) under U is a

coequalizer diagram, as desired.
In the other direction, choose H = U and H = U = id¢ and apply Theorem 2.35. O
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Remark 2.39. From the “only if” direction of the proof, Theorem 2.38 contains Theorem 2.35. Ad-
ditionally, it contains Theorem 2.36 by using H = idg, H = ide and U = U. Finally, Theorem 2.38
could equivalently be considered as a corollary since conditions Theorem 2.38(i) and (iii) imply the
condition Theorem 2.35(iii).

There is also a similar lemma to that of Theorem 2.38.

Lemma 2.40. [JT04, Lemma 2.5] A functor U: B — C is monadic if and only if
(i) U has a left adjoint F;
(i) there exists a commutative diagram

B>
a L
X — Y
U
of functors such that;
(a) U is monadic;
(b) H preserves all coequalizers;
(¢) H reflects isomorphisms.
Proof. The proof is similar to Theorem 2.38. O

3 DESCENT THEORY

These subsections will follow G. Janelidze and W. Tholen [JT94]. The first section considers the general
question of descent in any category C and simultaneously treats the case of topological descent theory via
Grothendieck’s idea of descent. In fact, the story is better with topological intuition as its framework.
The second subsection concerns itself with (Grothendieck) fibrations and how monadic descent theory
survives the abstraction to bifibered categories. Indeed, the authors of [JT94] write that it is surprising
that all the definitions survive the abstraction.

3.1 MONADIC DESCENT THEORY

Assume for the remainder of this section that the conditions of the following construction are true.
Let C be a category with pullbacks, and let E be a class of morphisms in C closed under composition
with isomorphisms. For an object B in C, consider the full subcategory E(B) of the slice category C/B
with objects in E. The general aim of descent theory is to study the objects and morphisms of the
category E(B) in terms of objects in the category E(E) which comes equipped with additional algebraic
structure, so-called, descent data.

Example 3.1. If C = Top, then the fixed topological space B is the “base” space, and E is a class of
continuous functions that are closed under composition with homeomorphisms. The full subcategory
E(B) of Top/B is the category of E-bundles over B. Moreover, E is the “extension” space of B. In
other words, topological descent theory poses the following question:

Question 3.2. How and when can the E-bundles over B be described by the E-bundles over E?

Assume for the remainder of this section that E is stable under pullback along p: E — B (see
Remark 3.9), and for any object (C,~v) in E(E) let

EXBC&C

pr1l \LPO'Y (10)

E——>—B

be the pullback in C of p o« along p. (Stability means precisely that if p o is in E, then pr; is in E
t00.)

Example 3.3. If C = Top, let p: E — B be a continuous map, and let (C,v) be an E-bundle over E,
then the fiber product is analogous to the pullback (10). Explicitly, the fiber product is given by

ExpC={(z,c): p(x) =pory(c)},
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and it is considered a subspace of the topological product E x C. Furthermore, there is additional
structure related to the fiber product: for all points x,y € E with p(z) = p(y) there is a canonical
embedding

oy v P ExpC, cw (z,c),

where E x g C is considered the join of the fibers 7'y or rather the union of the subspaces i, (7~ 'y).
Definition 3.4. The category
Desg(p)

of descent data (relative to a morphism p: E — B) consists of:
(i) objects that are triples (C,~,§), where (C,7) is an object in E(E) and £: E xp C — Cis a
morphism in C such that the diagrams

C —— Exg(C

(1)
| / |

E
idgx B¢
Exp(ExgC) —=ExpC
idEXBprQl lﬁ (12)

commute;
(ii) morphisms h: (C,~,€) = (C',~,€) are morphisms h: (C,7) — (C',~") in E(E) that are com-
patible with the descent data; that is, such that the diagram

idgxBh 4
EXBCMEXBC

si l&’ (13)

Cﬁd

comimutes.

Example 3.5. If C = Top, then the descent data for an E-bundle (C,~) over E (relative to the
continuous map p: E — B) is given by a family of continuous maps

I A

for points z,y € FE with p(z) = p(y) such that the following conditions hold:
(i) xiye =idy-1, for each x € E,
(ll) gr,z = gy,z o gm,y fOI‘ each T,Y,% € E with p(l‘) = p(y) = p(Z)
iii) the unique map £: E xg C — E x g C, which makes all diagrams
(iii) q p¢ : g

ylp S,y

iy‘ml liaw/

ExBC?ExBC

commute, is continuous. Explicitly,

g(y7 C) = ('ra gm,y(c))

with = y(¢).
Conditions (i) and (ii) represent functoriality and (iii) represent gluing. Note that &, , 0 &, = idy-1,,

thus, &z 4 is a homeomorphism. Thus, 571 = ¢ and € is a homeomorphism too. Usually,
g: FE XB C—F XB C

is referred to as descent data for a space (C,~) over E.

14



Remark 3.6. There is nothing pathological when discussing ¢ as the descent data, although it is
defined as an algebra structure £: E X5 C — C in the general sense of the category Desg(p) of descent
data. As in [JT94], it is possible to explicitly define a bijective correspondence (£ «+ £) between descent
data ¢ (as given an algebra structure) and the descent data & (as above).

If we are given descent data £: E xg C — E xp C, define

Ei=pryol: ExgC —C

to obtain descent data in terms of algebra structure. In the other direction, if there is descent data
£ E xpC — C, define 3
E:=(yopry,&): ExpC — ExpC,

as the morphism induced by the pair (y o pry, £) in the pullback diagram

Ay

EXBC

yopry prll poy
E T)' B.

In particular, observe that prj o o & = pry, and with (12), pryo£ o0& = pry. Thus, {o& = idpx ¢, and
£ is an involution.

Example 3.7. Let (U;);cr be an open cover of a base space B. Consider the induced map p: E — B of
the topological sum E = [, ; U; that is the identity map on each summand so that E' = {(b,): b € U;}
with p(b,7) = b. Then, descent data for a space (C,7) over E is given by maps

iy, by v (b 8) = (b, )
for b € U; N U;. Gluing & along b give maps,
g H(UiNU;) = 7 LU N Ty)
for i,5 € I, and v;: v~ 1(U;) — U, is the restriction of v with U; considered a subspace of E.

Example 3.8. If C = Top, then E-bundles over E are equipped with descent data for the objects

(C,~,€) of the category Desg(p). A morphism h: (C,v,€) — (C',7,€) in Desg(p) is a morphism
h: (C,v) — (C,~ ) of E-bundles over E such that it is compatible with descent data:

h(&ey(€) = &,y (B()) (14)
for each z,y € E with p(z) = p(y) and ¢ € y~'z. Condition (14) is equivalent to
(ldE XB h) OE:EO (ldE XB h)

Remark 3.9. The central construction within these examples and definitions is the pullback. Indeed,
note that the pullback of any object (4, ) in E(B)

ExgA-2254

o | l“ (15)

E—>— B

induces the object (Ex g A, pry) in E(E) precisely if E is stable under pullback along p. Indeed assuming
that E is stable under pullback will generalize this operation.

Definition 3.10. The functor
p :E(B) = E(FE), (A,a)— (ExgA,pry)

(with respect to a morphism p: E — B) is called the pullback functor. Moreover, it sends a morphism
ftoidg xp f.

15



Note 3.11. The object p*(A, &) comes equipped with canonical descent data:
idg xppry: Exp (ExpA) — E xp A.
Thus, we can lift the pullback functor as follows.
Definition 3.12. The functor
®P: E(B) — Desg(p), (A,a)~ (E xp A,pry,idg X pry) (16)

such that the diagram

HP

Desg(p)

E(B) :
E(E)

commutes, where U? is the obvious forgetful functor. The functor ®% is called the comparison functor.

Example 3.13. If C = Top, then the E-bundle p*(A, «) (over E) comes equipped with canonical descent
data:
Payy: prflx — prfly
for x,y € E. Thus, $: E xp (E xp A) = E xp (E xp A) is the involution (y, (x,a)) — (z, (y,a)).
Hence, the comparison functor
L : E(B) — Desg(p)

is given by (A, ) — (E xg A,pry,9).
The comparison functor allows us to characterize the descent question as follows.

Definition 3.14. Let C be a category with pullback and let p: ' — B be a morphism in C. Let E be a
class of morphisms in C closed under composition with isomorphisms and stable under pullback along
p. The morphism p is said to be E-descent if ®% is full and faithful, and it is an effective E-descent
morphism if ® is an equivalence of categories.

This definition says that a morphism p: E — B is E-descent if any morphism f: (4,a) — (4, a’)
is completely described by morphisms

h: (E xp A,pry,idg xpgpry) = (E Xp A,,pr/l,idE XB pr;)

such that h = idg xp f (compatible with descent data). A morphism p: E — B is effective E-descent
if, in addition, up to isomorphism, objects (C,~, &) in Desg(p) are of the form (E x g A, pry,idg X g pry).

However, there is a caveat to this definition. The fundamental application of monads is only available
if there exists a left adjoint to p*. It follows that the adjunction induces a monad on the category E(E),
and the Barr—Beck theorem will be applicable. The following condition will ensure the existence of such
a left adjoint.

Lemma 3.15. If the class E is stable under composition with p from the left; that is, if v € E, then
poy € E. Then the functor p*: E(B) — E(F) has a left adjoint

p: E(E) = E(B), (C,7) = (C,pony).

Therefore, assume that the class E is stable under composition with p from the left. It follows that
the pair of adjoint functors p; - p* induces a monad TP on E(FE), and the Eilenberg—-Moore category
E(E)™ is exactly by construction the category Desg(p) of descent data. Hence, if the reader did not
already guess it, the following proposition follows under this assumption.

Proposition 3.16. If E is closed under composition with p from the left, then Desg(p) is exactly the
Eilenberg-Moore category of the monad induced by the adjunction pi - p*, and p is an (effective)
E-descent morphism if and only if p* is premonadic (monadic).
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Remark 3.17. If the assumption that E is closed under composition with p from the left is removed,
Proposition 3.16 might fail. That is, there are classes E of morphisms in C such that p is not effective
for E-descent, although the functor p* is monadic. Note the following example.

If C = Top, consider the class E. of closed-subspace embeddings in Top. Let X be a set with two
points, let E be the space with the discrete topology on X, let B be the space with the indiscrete
topology, and let p: E — B be the identity map. Note that up to categorial equivalence, E.(F) is the
partially ordered powerset of X, and E.(B) is the 2-element chain. By inspection, the category Desg(p)
is equivalent to E.(E), and hence, not equivalent to E.(B), despite p* being monadic.

This proposition gives many opportunities to exploit the various variations of the Barr—Beck theorem.
The first step is to determine which coequalizers must exist in the category C as this is an often
overlooked assumption of the Barr—Beck theorem. Thus, we give the following definition:

Definition 3.18. Denote by E*(p) the class of all morphisms which are pullbacks of p along a morphism
in E; that is all morphism pr, of every pullback diagram (15) with a € E, and the composites with iso-
morphisms. The morphism p is an E-universal regular epimorphism if the class of regular epimorphisms
contains E*(p).

Therefore, assume, in addition, that C has coequalizers of parallel pairs of morphisms in E*(p).

Proposition 3.19. The morphism p is an E-descent morphism of C if and only if p is an E-universal
regular epimorphism of C. The E-descent morphism p is effective, if E is right cancellable with respect
to those regular epimorphisms of C which are coequalizers of the morphisms in E*(p) over B, and if
these coequalizers are stable under pullback along p.

Proof. By Theorem 2.34, the the functor ®? is full and faithful if and only if the counits of the adjunction
pr - p* are regular epimorphisms in E(B). Yet, the counits are given by the projections pr, in a pullback
diagram (15) with « € E. This proves the first assertion (with Remark 3.20 in mind).

For the second assertion, for every (C,~, &) in Desg(p) construct the coequalizer

Ech%chg. (17)

Also note that both pr, and ¢ = pr, o & belong to E*(p). By the universal property of the coequalizer,
there exists a unique morphism §: Q — B

ExBC’%C%Q

poy /;

)’e

B
such that 6 o ¢ = p o. Thus, by the right cancellability of E, ¢ lives in E(B). Therefore, define

U2 Desg(p) = E(B), (C,7,€) ~ (Q,9)

as the left adjoint to ®F. Finally, by the Barr—Beck theorem, the unit of the adjunction U% - ®F is an
isomorphism if and only if p* preserves the coequalizer (17). O

Remark 3.20. There is a nontrivial technical detail omitted in this proof. Specifically, we have not
shown that the treatment of the regular epimorphisms in E(B) are the same as those in C. This
statement follows [JT94, Theorem 3.6], but we will not investigate descent theory with respect to
fibrations in such detail.

Note 3.21. Further characterizations could be made for C = Top. By constructing a left adjoint
similarly to the proof of Proposition 3.19, it is possible to show that the class of regular epimorphisms
coincides with the class of quotient maps [JT94, Corollary 1.8]. However, characterizing topological
descent maps has served its purpose. Yet, the key theorems of descent theory of topological spaces
are [JT94, Proposition 1.6, and Theorem 1.10]. Moreover, for those interested, W. Tholen with J.
Reiterman [RT94] wrote up a complete characterization of effective descent of topological spaces.

In the literature, if E is the class of all morphisms in C, then one speaks of (effective) global-descent.
Indeed, in this case, it is trivial that the class closed under composition with p from the left. Therefore,
Proposition 3.19 has the following corollary:
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Corollary 3.22. A morphism p is a global-descent morphism if and only if p is a universal regular
epimorphism. A global-descent morphism p: F — B is an effective global-descent morphism if the
coequalizer of every parallel pair of universal regular epimorphisms over B exists and is stable under
pullback along p.

Remark 3.23. The preservation of coequalizers is guaranteed if p* has a right adjoint.

This corollary says that if our category with pullbacks and coequalizers is locally cartesian closed,
then the effective descent morphisms are exactly the (necessarily universal) regular epimorphisms. In
particular, it allows us to develop a workaround to study (effective) descent morphisms in an arbitrary
category (that may not satisfy all the stated conditions).

Consider two classes Ey and E; of morphisms in a category with pullbacks, both stable under
pullback along p: E — B and under composition with isomorphism. Assume that Fy C E.

Proposition 3.24. E;-descent for p implies Eg-descent for p. The effective E;-descent morphism p
is an effective Ey-descent morphism if and only if the following conditions hold: for every pullback
diagram

EXBA&}A

r | Ja

E—7 B,
pr; € Ep and a € E; implies o € Ey.

Proof. The first assertion follows that ®f : Eo(B) — Desg, (p) is just the restriction of @ .

For the other assertion, let p be an effective [E1-descent morphism, then it suffices to show that @ﬁo is
an equivalence of categories. By the first assertion, the functor @%0 is full and faithful. Since p is effective,
for every object (C,,§) in Desg, (p), there is an object (A, @) in By (B) such that & (A4, a) = (C,,§).
Hence, p*(A, o) = (C,7) in Eg(E) implies (A4, a) in Eo(B), and @ (A, o) = (C,7,§).

In the other direction, @io must be an equivalence of categories. If from in the pullback diagram,
pry € Eg with (A, ) € E1(B), then &5 (A, ) is in Desg, (p). Hence, there is an object (A", o) in Eo(B)
such that o .

Of (A, o) = Op (A, ) =P (A, a),

and it follows (A4,a) 2 (A", ') in Eo(B). O
This proposition gives us direct access for the next two cases:

Corollary 3.25. (i) For a C with pullbacks and E stable under pullback along the effective global-
descent morphism p of C, p is an effective E-descent morphism if and only if in every pullback
square

EXBA&}A

| Ja

E ——— B,

pr; € E implies o € E.

(ii) For D with pullbacks and C a full subcategory closed under pullbacks in D, a morphism p of C
which is an effective global-descent morphism in D is also an effective global-descent morphism in
C if and only if in every pullback square

ExgA -2, 4

]
E — B,

of D, E xg A in C implies A in C.

The first part Corollary 3.25(i) is useful when the effective global-descent morphism in a category
C is known, and the effective descent morphism with respect to some subclass E of morphisms is of
interest.



The second part Corollary 3.25(ii) is useful when our category C is embedded in a larger category D
where effective descent morphisms are easily characterized. Specifically, if D is locally cartesian closed
or exact, see for example [JT94, Theorem 2.5] and [JT94, Corollary 2.5]. In other words, descent theory
is easier in these types of categories, and the workaround is to fully embed the “difficult” category into
these “nice” categories, and interpret the results thereof. Applications of these procedures are in the
following examples.

Example 3.26. The following are examples of regular categories in which regular epimorphisms may
fail to be effective for descent.

(i) Counsider the full subcategory C of semigroups which have at most one idempotent element. It
is closed under products and sub-semigroups. Hence, it is finitely complete and has (regular-
epimorphism, monomorphism)-factorizations, and the regular epimorphisms are, as in the cate-
gory D of all semigroups, stable under pullback. That is, C is a regular category. The regular
epimorphism p: F — 1 where F is a non-empty semigroup without any idempotents is an effective
descent morphism of D, but by Corollary 3.25, not of C.

(ii) Cousider C as the regular-epi-reflective subcategory of the category Ab of abelian groups. Assume
for a fixed natural number n > 2 that the abelian groups satisfy the property

nz =0 = nx =0. (18)

The regular epimorphism p: Z — Z/nZ (in Ab) fails to be effective for descent in C. Namely, let
A=17/n*Z, B=17/nZ and P =7 x g A, then consider the pullback diagram

pr
2 A

|o

p
|
Z —— B.

Then P satisfies (18), but A does not. In fact, for (a,b) € P with n?(a,b) = 0, then a = 0, and
therefore a(b) = p(a) = 0. Hence, b = nk + n?Z with k € Z, and thus, nb = 0 in A.

Now that we have seen a couple of ways the workaround does not work, there are cases where you
receive something useful.

Corollary 3.27. In the category C of torsion-free abelian groups, every surjective homomorphism is
an effective descent morphism.

Proof. Let B, F and E xpg A be torsion free, and consider the pullback diagram

ExgA-22,4

b | Ja

E —7— B.

For any a € A such that na = 0 and n # 0. It follows, na(a) = 0, and since B is torsion-free, a(a) = 0.
Hence, (0,a) € E xpg A, and n(0,a) = 0. Finally, since E x g A is torsion-free, it must be that (0,a) = 0,
and thus a = 0. O

Note 3.28. A step further follows by noting that all these results have exclusively considered the
adjunction
p p*: E(B) = E(E).

However, there are cases where the left adjoint to p* is not given by composition with p from the
left. Indeed, one such workaround is by constructing a factorization system (D,E); that is, every
morphism f factors as aq with ¢ € D and « € E, satisfying certain criteria. Then, the construction of
the left adjoint is completed by factorizing p o 7y, then extending our previous constructions using the
factorization system. Yet, this note ends the journey of monadic descent theory in this thesis.

3.2 DESCENT THEORY WITH RESPECT TO FIBRATIONS

Before we state many definitions, it is worth noting that fibrations are often thought of as “nice”
projections, and an abstraction of the pullback. This intuition is clearer given the examples given after
the definitions.
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Also, have in mind that our goal with this section is to show how the Beck—Chevalley condition
applies in the context of bifibered categories, and not to get stuck in the technicalities that comes with
this abstraction. In particular, this discovery will neatly tie the next section on monadic descent theory
for rings and algebras to the first section on monadic descent theory.

Let P: & — C be an arbitrary functor, and let p: E — B be a morphism in C.

Definition 3.29. The fiber £(B) := P~1(B) of P at B is the (non-full) subcategory of £ whose objects
are in P~!(B) (that is, those objects A in €& with PA = B) and whose morphisms f: A — A satisfy
P(f)=1idp.

Definition 3.30. Let A be an object in £(B), a pair (C,¢) with C € £(F) and ¢: C — A a morphism
in & with Pc = p is called a P-lifting of p at A.

Definition 3.31. A morphism ¢: C' — A in £ is called P-cartesian if it is a terminal P-lifting of Pc at
A; that is for any morphism d: D — A in £, and any ¢: PD — PC with Pcoq = Pd, there is a unique
morphism g: D — C with co g =d and Pg = q,

D - PD — pC

» C
—

p lc m ch

A PA.
Definition 3.32. A functor P: & — C is called a (Grothendieck) fibration if for any morphism p: £ — B
in C and every object £(B) there is a cartesian lifting (p* X, 9,X) over p at X.
Definition 3.33. The inverse-image functor along p
p*: E(B) = E(E)

assigns the cartesian lifting of p at A. Explicitly, for every object A in £(B) there is a cartesian lifting
(p*A,9,A) of p at A

prA ----- y A
|
E—— B

In other words, it assigns the domain of p in the cleavage (above p) whose codomain is A. The cleavage
is the functor
Yp: Jgop® — Jp

where Jg: E(E) — € and Jp: £(B) — &£ are the inclusion functors, with Pv, as the constant natural
transformation (given by P9, = Ap: AE — AB).

Definition 3.34. A functor P: & — C is a (cloven) fibration if every morphism p: E — B admits a
(specified) cartesian lifting at every object A in £(B).

Remark 3.35. The inverse-image functor (—)*: C°P — Cat
B —— &(B)
4 |
E—— &(E)
defines a pseudo-functor since there are uniquely determined natural equivalences
ip:idgpy — (idp)*", and jpq: ¢*p" — (pg)*

such that
'ﬂidB o JBiB = idJB,P(JB OiB) = AidB,
and
ﬁpq o JX ij7q = 19;0 oﬁqp*,PJij’q = AldX

for all p: E— B and ¢q: X — FE in C by the definition of cartesian lifting.
In particular, this observation implies (—)*: C°P — Cat is a C-indexed category. Therefore, one
could equivalently describe the descent problem in C-indexed categories such as in [JT97].
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Remark 3.36. The condition of the fibration being cloven could be thought of as a choice of a single
cartesian lifting determined by the cleavage. Conversely, if one assumes the axiom of choice, then every
fibration is cloven. The following examples illustrate this.

Example 3.37. 1. For every category C, the identity functor id¢ is a fibration.

2. Let C be a category and let E be a class of morphisms in C. The slice category E(C) for C in C
as considered in the very beginning of Section 3 can be interpreted as the fibers of the codomain
functor

P E* > C,

where E? is the category whose objects are all morphisms in E and whose morphisms (pl ,D): a =
a with a ,«a € E are commutative diagrams in C:

If the diagram above is a pullback, then it represents a Pg-cartesian lifting morphism of EZ2.
However, if the class E contains all isomorphisms of C, then every Pg-cartesian lifting morphism
of C is given by a pullback diagram.

Let p: F — B be a morphism in C, and suppose that for every a: A — B in E the pullback

ExgA-22,4

| la

E —7— B.

exists in C. Then, for every (4, a) in E(B)(= E?(B)), a cartesian Pg-lifting of p at (A, a) exists.
Therefore, the inverse-image functor p* and the cleavage 1, are given by the choice of the pullback.
Hence, if C is a category with (chosen) pullbacks, and if E is stable under pullback, then Pg is a
(cloven) fibration.

For simplicity, only the necessary definitions and observations are stated.

Definition 3.38. Let C be a category with pullbacks, p: £ — B a morphism in C and P: £ — C
a fibration. The descent data (C,&) for C in E(E) (relative to p) are given by certain morphisms
&:pt — p5 in E(E xp F) such that the diagrams

3
pC ———— pC

N,

~ (pr)"psC — (pry)"piC )
(py \(przj*&
(pry)*piC (pra)*p3C (20)

(pr)* piC —— (pr)*p3C.
(pr)*€

commute in C. The morphism §;: C' — pjC is the unique morphism induced by the cartesian lifting
(prC,9,,C) with respect to the “diagonal” morphism ¢: E — E xg E for which p; 0§ = py 00 = idg;
that is, d; is the unique morphism such that P(é;) = § and ¥p,C o 6; = id¢. The morphism

pr := (p1pry,p2pry): (EXp E) xgp (Exp E) —» EXxgE

is the morphism induced by the pair (p;pry, p2prs), where pr; and pr, are given by the following pullback
diagram
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(ExpE)xg (ExpE) 225 (ExpE)

| |

(Exp E) ———— E.

The canonical isomorphisms j and j; arise from the identities
P1pry = popr;  and  ppr = pipr;

for i = 1,2 as in Remark 3.35. In particular, ¢ is an isomorphism (see [Pav90, Remark 44]), hence all
morphisms in (20) are isomorphisms.

Definition 3.39. The category Desg(p) of descent data (C, é) relative to p consists of
(i) descent data (C,€&) with C' in £(F) and &: piC — piC in E(F xp E) such that (19) and (20)
commute;

(ii) morphisms h: (C,€) — (C”,€') are morphisms h: C — C' in £(E) such that

*h ’
piC 2 piC

{ l¢ (21)

218 W p3C
commutes.
Note 3.40. For any A € £(B), p* A comes equipped with canonical descent data
¢ = (ppp ) Uip.p A): PIP*A = pip* A,

Hence, p* can be lifted to the comparison functor ®?: £(B) — Desg(p) by A — (p* A, $), which makes
the diagram

&(B) &7 Dese (p)

commute. (The functor UP is the obvious forgetful functor.)
The next definition is in accordance with Grothendieck [Gro59].

Definition 3.41. Let P: £ — C be a fibration with C a category with pullbacks. A morphism p: £ — B
in C is an (effective) E-descent morphism if ®P is full and faithful (an equivalence of categories).

Definition 3.42. A functor P: &€ — C is a (cloven) bifibration is both P and P°P: £°P? — C°P are
(cloven) fibrations.

Dually to the inverse image functor and the cleavage there are the following definitions.

Definition 3.43. The direct image functor along p
pr: E(E) = E(B)

and the co-cleavage
5,,: JE — JBp!

that act as the inverse image functor and cleavage to the fibration P°P.

Example 3.44. The fibration Pg is a bifibration. It is a fibration by Example 3.37 (2), and to see
that it is an opfibration, note that for any p: E — B in C, and any object (C,~) in E(E)(= E*(E)), an
opcartesian lifting over p at x is given by

(idg,p): v = pory

that is,
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Therefore if P: £ — C is a bifibration, it gives rise the adjunction p; + p* as in the diagram

E(B) £ &(E).

Furthermore, the unit and counit of the adjunction are given by the (unique) natural transformations
Np:idgpy = p*p and e, pip* — idg(py,

respectively, with (9,p1)(Jenp) = 0p and (Jpep)(dpp*) = ¥,. Moreover, by considering the kernelpair
(p1,p2) of p, there is the Beck transformation

Bp: (p2)ip] — p*pr with (JEBP)(6P2PT) = (JEnp)ﬂpl-

The bifibration P satisfies the Beck—Chevalley condition for p if 3, is a natural equivalence. Formally,
the Beck—Chevalley condition is defined as:

Definition 3.45. Consider the commutative diagram

™)

N
(22)

—
LS}

o
oy

P
in C, then any bifibration P: & — C has the Beck—Chevalley property if the natural transformation

B: o™ = q'p
is an isomorphism for every pullback square (22) in C.

For the bifibration P = Pg, there is a bijective correspondence between the descent data é and the
descent data & given in Definition 3.4 so that Desg2(p) is isomorphic to Desg(p). Moreover, Proposition
3.16 gives criteria for when the category of descent data is the category of Eilenberg—Moore algebras.
Further, if any bifibration P: & — C satisfies the Beck—Chevalley condition for p, then 3, is a natural
equivalence, and therefore there is a bijective correspondence between (é)ﬁ: (p2)ipiC — C and the
algebra structure £: p*pC — C obtained by the monad induced by p; 4 p*:

(p2)ip;C ————— p*pC

m L//’g

C

where (£)f = (smC’)((pg);é). This (essentially) shows the bijective correspondences (€ «» £) for any
bifibration satisfying the Beck—Chevalley condition along p.

Theorem 3.46. [BR70] Let P: £ — C be a bifibration with C a category with pullbacks. For a
morphism p: £ — B in C such that the Beck—Chevalley condition is satisfied for p, the category Desg (p)
of descent data is isomorphic to the category of Eilenberg—Moore algebras of the monad induced by the
adjunction py - p*. Therefore p is an (effective) E-descent morphism if and only if p* is premonadic
(monadic).

There is an explicit proof of the above theorem by J. Bénabou and J. Roubaud [BR70] and Beck (un-
published). The above theorem corresponds to how the monadic characterization of descent translates
to the abstract context of bifibered categories satisfying the Beck—Chevalley condition.
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4 MoNADIC DESCENT THEORY FOR RINGS AND ALGEBRAS

The goal of this section is to follow the development of [JT04] on the classical descent problem for
modules and algebras. In particular, to characterize the analogue of the change-of-base functor for
modules and algebras, the extension-of-scalars functor. Moreover, the descent theory with respect to
fibrations gives rise to a stronger theorem than what could be characterized in a classical sense.

The classical theorem given by Grothendieck in [Gro59] is formulated as follows:

Theorem 4.1. For a homomorphism p: R — S of commutative rings, the extension-of-scalars functor
S®pg (—): gpMod — ¢Mod is comonadic whenever p makes S a faithfully flat R-module.

However, at the time of Grothendieck’s discovery, the obvious monadic connection was not present
(recall that Grothendieck did consider the questions of descent in fibered categories), and in the later
decades it was overlooked much because both the theory of monads and descent were not very “popular”
independently of one another. That being said, by the works [BR70], and in the later decades [JT94],
[JT97] and [JT04], there is a clear approach to the descent questions. In the case for modules and
commutative rings, [JT04] found an even stronger result.

Theorem (Theorem 4.15). For a homomorphism p: R — S of commutative rings, the extension-of-
scalars functor S®pr (—): FMod — ¢Mod is comonadic if and only if p is a pure morphism of R-modules
(see Definition 4.7).

Notably, they derived this result from a more general and stronger result (Theorem 4.14) that applies
to most types of algebras, unital or not, associative or not, commutative or not, Lie, Jordan, differential,
etc. that satisfy a certain property.

Note 4.2. With the observations of Section 2.2 on monads as generalized rings it could be shown that

the induced change-of-base functor for a morphism between monads mimics the situation for a morphism

of rings. This result is found by explicitly stating the adjunction situation between the change-of-base

functor and its left adjoint. Thus, one would attain a result in a monoidal category see [JT04, Theorem

4.1 and Corollary 4.2]. However, for our purposes this is an unnecessary detour of abstraction that can

be skipped. Indeed, we will find a theorem that is not in general valid in an abstract monoidal category.
4.1 COMONADICITY FOR ORDINARY MODULES

Definition 4.3. Let p: R — S be a morphism in the category Rng of rings. Define the functors
Pp
rMod % sMod
by
pp(M)=M and e,(N)=S®grN

for M € gMod and N € pMod. The functor p, is called the restriction-of-scalars functor (by sending
the action -5 to -,) and e, is called the extension-of-scalars functor. These functors define an adjunction
pp 1 e, with unit and counit given by

MN:N—=>S®rN, n—1n
em: SQrM — M, mQ®grs+— ms

for all M € gMod and N € pMod.

Remark 4.4. The adjunction of Definition 4.3 could equivalently be defined for any morphism p: R —
S in any category of algebraic objects.

Recall first that Q/Z is an injective cogenerator in the category Ab of abelian groups (see for example
[KS06, Chapter 5.2]). If M is a left R-module, then it is a bimodule ,Modz. Thus, the right R-module
structure on Homy (M, Q/Z) is given by hr: m — h(rm). Hence, there is a (representable) functor

E: (RMod)°? — Modgr, M +— Homgy(M,Q/Z).
Note the following proposition as a corollary to [Rot09, Lemma 3.53].

Proposition 4.5. The functor E: (FMod)°® — Modpg is exact.
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Proof. Clearly E is an additive functor, then it suffices to show that if the sequence of left R-modules

B

A—=+B—C (23)
is exact if and only if the sequence
LAy ; S NS (24)

is exact, where A* = Homg (A, Q/Z) (similarly for B and C) and Fa = «* (similarly for 3).

In the one direction, if the sequence (23) is exact, then since Q/Z is an injective cogenerator, the
contravariant functor Homy(—, Q/Z) is exact. Therefore, the sequence (24) must be exact.

In the other direction, first let if the sequence (24) is exact, then we must first show that im o C ker 3.
If z € A and ax ¢ ker 8 then since there are no nonzero x that can kill all of Q/Z, there is a map
f: C — Q/Z with fBa(x) # 0. Thus, f € C* and fBa # 0 contradicting the hypothesis that a*5* = 0.

Next, we must show that ker 8 C im a.. Let y € ker 8 with y ¢ im «. Then since y+im « is a nonzero
element, there is a map ¢g: B/im a — Q/Z with g(y +im «) # 0. If v: B — B/im « is the natural
map, define ¢ = gv € B*. Note that ¢’ (y) = gv(y) = g(y +im «) # 0. It follows, gl(im a) = {0} such
that 0 = g/a = a*(g/) and g/ € ker o = im 8*. Thus, g/ = *(h) for some h € C*; that is, g/ = hQ.
Hence, g (y) = hB3(y) which is a contradiction since g’ (y) # 0, while h3(y) = 0, because y € ker 3. [

Lemma 4.6. For a ring homomorphism p: R — S, the extension-of-scalars functor
S®pr (—): gMod — gMod
is comonadic whenever it reflects isomorphisms and the map
Homy(p, Q/Z): Homyz(S,Q/Z) — Homz(R,Q/7Z) (25)
is a split epimorphism of (R, R)-bimodules.

Proof. The idea of the proof is to use Theorem 2.38 as follows:

B = (5Mod)°P, the opposite category of R-modules;

C = (3Mod)°P;

U: B — C the dual of the extension-of-scalars functor S @ (—): zFMod — ¢Mod;

F: C — B is thus the dual of the restriction of scalars functor;

X = Modg, the category of right R-modules;

Y = Ab, the category of abelian groups;

H: B — X defined by H(B) = Homyz(B, Q/Z) with the right R-module structure on

Homy (B, Q/Z) defined by (hr)(b) = h(rb); of course the only reason for using Q/Z here is that it

is an injective cogenerator in Ab;

o U': X — Y defined by U (X) = Homp(S, X) (considering Homg(S, X) just an an abelian group
of course);

o H':C— Y defined by H'(C) = Homz(C,Q/Z).

Then observe:

1. For each R-module B, there are canonical isomorphisms using the Hom and ® adjunction:

Hompg (S, Homz (B, Q/Z)) = Homy(S ®r B,Q/Z) =2 Hompg(B, Homg(S,Q/Z))

where the first Homp is used for the right R-module homomorphisms, while the second is used
for the left ones, assuming that Homy (B, Q/Z) is considered as an R-module via (rh)(s) = h(sr).
In particular, the first isomorphism tells us that in this case diagram (7) commutes (up to an
isomorphism).

2. Since the forgetful functor from the category of modules (over any ring) to Ab is monadic it
reflects isomorphisms by Theorem 2.21. The forgetful functor is also exact!, and by Proposition
4.5, the functors H and H " are exact. Since Q/Z is an injective cogenerator in Ab, H and H '
must necessarily reflect isomorphisms too.

3. If (25) is a split epimorphism of (R, R)-bimodules (= R ® R°P-modules), then each

Homz(ep,Q/Z): Homz(S ®r B,Q/Z) — Homy(B,Q/Z) (26)

It has both a left adjoint and a right adjoint, therefore it is actually “stronger” than exact because it preserves all
limits and colimits.
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is a split epimorphism of right R-modules. Note that (up to natural isomorphism) (26) can be
rewritten as

Homy(p ®r B,Q/Z): Homz(S ®r B,Q/Z) — Homz(R ®g B,Q/Z)
and then as
HOH]R(B,HOHlZ(p, Q/Z)) HOHlR(B, HOI’HZ(S, Q/Z)) — HOHlR(B,HOInz(R, Q/Z))

and therefore the splitting (26) is natural in B.
Thus, whenever S ®g (—) reflects isomorphisms and (25) is a split epimorphism of (R, R)-bimodules,
all assumptions of Theorem 2.38 are satisfied. O

In fact, there is a more precise formulation of the above lemma. First note the next definition.

Definition 4.7. A morphism f: M — M’ in rMod is pure if for any N in Mod,
idy ®r f: N M — N®r M

is a monomorphism.

Then we obtain the (corrected) theorem of Caenepeel [Cae04] that was an adoption of the new
arguments of Mesablishvili in [Mes00].

Theorem 4.8. For a ring homomorphism p: R — S, consider the following conditions:
(i) p a pure morphism of (R, R)-bimodules;
(ii) the extension-of-scalars functor S ®g (—): pMod — gMod is comonadic;
(iii) p is a pure morphism of right R-modules.
Then, (i) = (ii) = (iii).

Proof. First observe that if the homomorphism (25) of Lemma 4.6 is a split epimorphism of (R, R)-
bimodules, then by the Yoneda Lemma, this holds if and only if

Homp(B,Homz(p, Q/Z)): Hompgrer (B, Homz (S, Q/Z)) — Hompg ger (B, Homgz (R, Q/Z))
is surjective for every (R, R)-bimodule B. Next, the canonical isomorphism
Homyz (B @prgrer S, Q/Z) = Hompgger (B, Homz (S, Q/Z))
says that the desired split property holds if and only if
B ®rgrer p: B @Rrgrer R — B @rgrer S

is a monomorphism for every R module B; that is, if and only if p: R — S is a pure morphism of
(R, R)-bimodules.

Recall that a right adjoint functor reflects isomorphisms if and only if all components of the counit
of adjunction are extremal epimorphisms; that is, if the counit € can be factorized as ¢ = mog where m
is a monomorphism, then m is an isomorphism. Note that the extremal epimorphisms in (rMod)°P are
precisely the monomorphism in zMod, and these components can be presented as p ®r B: R@r B —
S ®pr B. It follows, the condition that the extension-of-scalars functor reflects isomorphisms in Lemma
4.6 is equivalent to p begin pure as a right R-module homomorphism implying the comonadicity of
S ®p (—). Finally, comonadicity implies the reflection of isomorphisms. O

This result is more general than [MesO0] that only proved the case for commutative rings. In
particular, we state [Mes00, Proposition 2 and 3] as the following corollary.

Corollary 4.9. For a homomorphism p: R — S of commutative rings, the following conditions are
equivalent:

(i) p is a pure morphism of R-modules;

(ii) the extension-of-scalars functor S ® g (—): FkMod — ¢Mod is comonadic.
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4.2 COMONADICITY FOR ALGEBRAS
Next is an important generalization from Lemma 2.40.

Theorem 4.10. For a homomorphism p: R — S of commutative rings, the extension-of-scalars functor
S®g(—): gMod — ¢Mod
is comonadic if and only if the induced extension-of-scalars functor
S®gr(—): pAlg = SAlg

is comonadic for any of the following kinds of algebras:

(i) arbitrary (not necessarily associative or commutative) algebras, with or without 1;
(ii) associative algebras, with or without 1;
(iii) (associative and) commutative algebras, with or without 1;
(iv) Lie algebras;
(v) Jordan algebras;
(vi) differential algebras.

Proof. In the one direction, for a morphism p: R — S of commutative rings, Lemma 2.40 says that the
comonadicity of the extension-of-scalars functor for modules implies the same property for algebras.
Indeed, consider the diagram

(rAlg)? T (Alg)er

J J

op op
(rMod) (WP(SMOC*)

where the vertical arrows are the (duals of the) forgetful functors from algebras to modules.

For example, a Lie algebra over a commutative ring R is an R-module L together with an R-bilinear
map [, ]: Lx L — L satisfying a pair of axioms. In this case, the forgetful functor forgets the R-bilinear
map. Similarly, for all the other listed algebras.

In the other direction, apply Lemma 2.40 to the diagram

(gMod)oP Z2EEVE( Mog)or

| |

op op
(rAlg) W (sAlg)

where the vertical arrows are the functors carrying modules M to
1. M equipped with the zero multiplication if our algebras are not required to have 1;
2. the semidirect product of M with the ground ring (either R or S).
O

Remark 4.11. Theorem 4.10 could easily be extended from rings to monoids in a monoidal category.
In particular, since commutativity is involved, those monoidal categories should at least be symmetric
(or at least braided). For example, for a commutative ring R, a Lie algebra is an object in a symmetric
monoidal R-linear category (satisfying a pair of axioms).

4.3 COMONADICITY TO (CO)DESCENT

To tie comonadicity and (co)descent together, note the following definition and example.

Definition 4.12. Denote by M the category of all modules with objects as pairs (R, M) where R is a
commutative ring and M is a module in zMod, and morphisms as pairs (f, ¢): (R, M) — (S, N) where
f+ R— S is a morphism in CRng and ¢: M — S ®g N is a morphism in zMod.

Example 4.13. The canonical forgetful functor P: M — CRng given by
(R,M) =R, (f,¢)—f

is defines a bifibration
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(R, M) — % (5, N)
()2
R ——— S =P(R,M).
In fact, the inverse image functor is the pair p* = (p,e,): (R, pMod) — (S, gMod) and direct image

functor is the pair pi = (p°P, pp): (S, gMod) — (R, pMod) where p, - e, is the adjunction between
restriction-of-scalars functor and the extension-of-scalars functor, respectively.

It is clear that the basic (bi)fibration over a category C with pullbacks satisfies the Beck—Chevalley
condition. In other words, for every pullback square

D —-F
L s
F—— B
the canonical morphism between the two composites in the diagram

¢/D —>-C/E

tﬁ Tq*

C/F ——C/B
is an isomorphism. Equivalently, for every pair (C,~) in C/E, there is an isomorphism
(ExpF)xpC=ExpC. (27)
When C is the opposite category CRng®® of commutative rings, then the isomorphism (27) becomes
(E®pF)@rC=E®pC,

which holds for every F-module C, and has nothing to do with any multiplication on C. Hence, the
bifibration
M°P — CRng®?

satisfies the Beck—Chevalley condition. The same holds true for any of the algebras listen in Theorem
4.10. Therefore, Theorem 4.10 becomes:

Theorem 4.14. A homomorphism p: R — S of commutative rings is an effective descent morphism
with respect to any bifibration of modules or algebras from Theorem 4.10 if and only if the extension-
of-scalars functor S ®g (—): FkMod — ¢Mod is comonadic.

Hence, Corollary 4.9 becomes:

Theorem 4.15. A homomorphism p: R — S of commutative rings is an effective descent morphism if
and only if it is a pure morphism of R-modules.

Remark 4.16. The basic fibration for the opposite category of commutative rings is among those that
occur in Theorem 4.14. Therefore, descent theory of modules and commutative rings is a special case
of global-descent theory.

A TYPES OF CATEGORIES

A.1 CoMMA CATEGORIES

Definition A.1. If F: C — £ and G: D — & are functors, the comma category F' | G consists of the
following datum:
e Objects are triples (¢, d,«) where c € C, d € D and «a: f(c¢) — g(d) is a morphism in &,
e Morphisms from (c1,dy, 1) to (ca,ds, o) are pairs (8,7v), where 8: ¢; — ¢co and v: dy — ds are
morphisms in C and D, respectively, such that the diagram

Fler) 22 piey)

all laQ

G(dy) <o G(da)
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commutes.
e Composition of morphisms (5,v) and (8,7 ) is given on components by composition in C and D;
that is, the diagram

F F(g
Fle) 29 pey) 9 piey)

| e s

Gld1) 4y Glde) e G(ds)

commutes.
There is an important special case of a comma category which will be useful for our discussion.

Definition A.2. Let C be a category. The slice category C/x of C over an object « € C consists of the
following datum:

e Objects are pairs (¢,) for an object ¢ € C and morphism v: ¢ — x in C,

e Morphisms f: (¢,y) — (¢, ) in C/x is given by a morphism f: ¢ — ¢ in C such that the diagram

comimutes.

Remark A.3. Explicitly, if F' is the identity functor of C and G is the inclusion of an object x € C,
then F' | G is the slice category C/z.

A.2 MoNOIDAL CATEGORIES

Definition A.4. A monoidal category is a category C consisting of the following datum:
e A functor ®: C x C — C called the tensor product.
e An object 1 € C called the tensor unit.
e A natural isomorphism a: (=) ® (=) ® (=) = (=) ® ((—=) ® (=)) with components of the form
Upy:: (TQY)®2z— 2 ® (y® z) called the associator.
e A natural isomorphism \: (1 ® (—)) = (—) with components of the form \,: 1 ® z — z called
the left unitor.
e A natural isomorphism p: (—=) ® 1 = (—) with components of the form p,: 2z ® 1 — z called the
right unitor.
such that the diagrams commute, for all objects involved:
e The triangle identity (not the triangle identities of an adjunction):

Az,1,y

z1)®y r®(1®y)

Pmm AZ/
TRy

e The pentagon identity:

(wRz)®(y®z)
(vez)RY)®= wR (T (y®2))
a'w,:t.y@idzj/ Tidw(@am,y,z

(we(z@y)® =z w®((z@y)®2)

Aw,zQy,z

Definition A.5. A braided monoidal category is a monoidal category C equipped with a natural iso-
morphism
Boy:z®@y—>yQ®x

called the braiding, such that the diagrams
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T,Y,z Bw,’ z
2Ry @z =25 20 (y®2) =25 (y@2) @
le’y(@idZ lay,z,m

Ay, x,z idy®Bm,z
(yr)0z =S5y (rz) — Yo (20 )

and

-1
Y2,

am, Bm yZ
R (Y®z) =25 QYY) ®z — 2 (xQy)
[ =S
—1

O, 2,y B, - ®idy
t®((z0y) — (z©2)Qy ——'(207)QyY

commute for all objects z,y, z, where az,.: (x®y) ® 2z = 2 ® (y ® z) denotes the components of the
associator of (C,®).

Definition A.6. A symmetric monoidal category is a braided monoidal category for which the braiding
Bey:z®@y—y®x

satisfies the condition
Byz 0 By y = idggy

for all objects x,y.

A.3 REFLECTIVE SUBCATEGORY

Definition A.7. A full subcategory i: C < D is reflective if the inclusion functor ¢ has a left adjoint
T:

(THi):C &= D

The left adjoint T is called the refiector.
Then, we can define categories depending on the units the adjunction:

Definition A.8. Let C be a reflective category of D with

(THi):C &= D

1
If the unit of the reflector is
1. a monomorphism, then C is a mono-reflective category
2. an epimorphism, then C is an epi-reflective category

A.4 REGULAR CATEGORIES

Definition A.9. A category C is regular if
1. it is finitely complete; C admits all finite limits.
2. the kernel pair

dx.d 225 d

SN
d ﬁ c

of any morphism f: d — ¢ admits a coequalizer d X, d = d — coeq(pry, pry)
3. regular epimorphisms are stable under pullback along any morphism.

Equivalently,

Definition A.10. A regular category is a finitely complete category with pullback-stable (regular-
epimorphism, monomorphism)-factorizations; in the sense of the smallest monic through which a mor-
phism factors.

Then, we can construct the following category:

Definition A.11. A regular-epi-reflective category is both regular and epi-reflective.
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