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1 Introduction

Many problems in mathematics boil down to finding fixed points of certain
maps. Therefore we are always interested in tools for finding, or just guarantee-
ing the existence of such points. To this end we have many important results
like Banach’s, and Brouwer’s fixed point theorems. In the case of differential
topology, the most standard tool to study fixed points is the Lefschetz fixed
point theorem. It states that if f : M → M is a smooth map of the smooth
manifold M ,

Λf =
∑

x∈Fix(f)

i(x, f) (1.1)

where i(x, f) is the index of the fixed point, and Λf is the Lefschetz number of
f . The Lefschetz number can be computed as the alternating sum of traces of
the matrix representations of f∗ on the rational homology spaces. In particular,
if f is homotopic to the identity, the formula above becomes

Λf = Λid = χ(M) =

n∑
k=0

(−1)kbk (1.2)

where bk are the Betti numbers of M , and dimM = n. This is very useful, but
if all we care about is the number of fixed points, the best we can do is give the
lower bound

Λf 6= 0 =⇒ # Fix(f) ≥ 1. (1.3)

Under what circumstances can we do better? One important special case of
smooth maps of manifolds are symplectomorphisms. This special class of dif-
feomorphisms arise naturally as the time evolutions and symmetries of Hamilto-
nian systems in physics, and are at the core of the field of symplectic topology.
So what can we say about the number of fixed points of symplectomorphisms?
Quite a lot actually, especially under some mild extra conditions. Our hopes
are summarized in the following conjecture by Vladimir Arnold.

Conjecture 1.1 (Arnold). If ψ : M →M is a Hamiltonian symplectomorphism
of a symplectic manifold (M,ω), then ψ must have at least as many fixed points
as a function on M must have critical points. If all the fixed points of ψ are
nondegenerate, ψ must have at least as many fixed points as a Morse function
on M must have critical points.

To see the power of this conjecture, remember that Morse theory estimates
that the number of critical points of a Morse function is at least the sum of the
Betti numbers of M . So in the nondegenerate case, Arnold’s conjecture implies
that

# Fix(ψ) ≥
m∑
k=1

bk. (1.4)

Comparing this to (1.2) and (1.3), we can see that this really is a powerful
estimate. This large estimate hints at the fact that the structure of symplectic
geometry is in fact quite rigid.
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Unfortunately, the Arnold conjecture does not hold in full generality, but
many slightly weaker results have been proven. The major breakthrough came
with the development of Floer homology. Building on Floer’s work, symplectic
geometers were able to prove that in the nondegenerate case on a closed mani-
fold, the sum of the Betti numbers give a lower bound for the number of fixed
points. Further references and details can be found in [Sal99]. In this thesis we
introduce the theory of symplectic geometry, and highlight some of its important
features. We then go on to prove two special cases of the Arnold conjecture, the
case where M = T2n and the case where ψ is sufficiently close to the identity
map in a particular C1 topology on the space of symplectomorphisms.

This thesis is mainly based on [MS98], both when it comes to structure of the
chapters, and statement of theorems and definitions. In particular, we include
the relevant material from chapters 1,2,3,9 and 11. Wherever a different source
has been used, we will provide a reference.
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2 Classical mechanics

The field of symplectic geometry arises as a generalization of concepts from
classical mechanics. In this section we show how the Hamiltonian equations on
R2n arise from a variational principle, and how this is related to the modern
theory of symplectic geometry. This will provide important motivation for the
variational techniques employed later.

2.1 The Legendre transform

In Lagrangian mechanics, we think of R2n as the tangent-bundle of Rn – that is,
we use coordinates (x1, .., xn, v1, ..., vn), where the x’s describe position, and the
v’s velocity. A Lagrangian system is specified by a twice differentiable function

L = L(t, x, v) : R2n+1 → R.

The system evolves from the state (x0, t0) to the state (x1, t1) along a path
x ∈ C1([t0, t1],R2n) minimizing the action integral

I(x) =

∫ t1

t0

L(t, x(t), ẋ(t))dt (2.1)

with respect to variations fixing the endpoints. Using simple variational tech-
niques, we show that the problem of minimizing this integral is related to solving
the Euler–Lagrange equation:

d

dt

∂L

∂v
(t, x, ẋ) =

∂L

∂x
(t, x, ẋ) (2.2)

where

∂L

∂x
= (

∂L

∂x1
, ...,

∂L

∂xn
),

∂L

∂v
= (

∂L

∂v1
, ...,

∂L

∂vn
).

A path x ∈ C1([t0, t1],R2n) satisfying the boundary conditions

x(t0) = x0, x(t1) = x1 (2.3)

is called minimal with respect to variations fixing the endpoints if

I(x) ≤ I(x+ ξ) (2.4)

for all differentiable paths ξ ∈ C1([t0, t1],R2n) such that ξ(t0) = ξ(t1) = 0.

Lemma 2.1. If a path x ∈ C1([t0, t1],R2n) satisfying (2.3) is minimal with
respect to variations fixing the endpoints, it is a solution to the Euler–Lagrange
equation (2.2).
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Proof. If x minimizes I, all the directional derivatives of I vanish at x, so we
have

0 =
d

ds

∣∣∣∣
s=0

I(x+ sξ)

=
d

ds

∣∣∣∣
s=0

∫ t1

t0

L(t, x(t) + sξ(t), ẋ(t) + sξ̇(t))dt

=

∫ t1

t0

〈∂L
∂x

, ξ〉+ 〈∂L
∂v

, ξ̇〉dt

=

∫ t1

t0

(
〈∂L
∂x

, ξ〉 − 〈 d

dt

∂L

∂v
, ξ〉
)

dt+ 〈∂L
∂v

, ξ(t0)〉 − 〈∂L
∂v

, ξ(t1)〉

=

∫ t1

t0

〈∂L
∂x
− d

dt

∂L

∂v
, ξ〉dt.

Note that all the partial derivatives are evaluated at (t, x(t), ẋ(t)). The third
equality holds if we assume we can interchange differentiation and integration,
the fourth via integration by parts, and the last because of the boundary condi-
tions. Since this holds for all ξ, the fundamental lemma of calculus of variations
implies that x solves the Euler–Lagrange equation.

Remark 2.2. It should be noted that the converse of this lemma does not hold
in general. A solution to the Euler–Lagrange equation is a critical point of I(x),
but not necessarily a global minimum. Sometimes a global minimum may not
even exist. We will leave these problems to the physicists for now, and focus on
solutions to the Euler–Lagrange equations.

The Euler Lagrange equations determine a set of second order differential
equations in the n variables (x1, ..., xn). If the Legendre condition

det

(
∂2L

∂vj∂vk

)
6= 0 (2.5)

is satisfied, we can introduce a new set of variables to create a set of first order
differential equations in 2n variables. Let

yk =
∂L

∂vk
(x, v). (2.6)

The Legendre condition implies that the mapping (x, v) 7→ (x, y) has an inverse,
so we can think of x and y as independent variables. In other words, we can
think of v as a function v = G(t, x, y). Whenever x solves (2.2), we have

ẏ =
d

dt

∂L

∂v
=
∂L

∂x
.

We now define a new function H : R2n+1 → R by

H(t, x, v) = 〈y, v〉 − L(t, x, v).

6



This is the corresponding Hamiltonian function of the system. Using G as a
Green’s function, we can consider H as a function of t, x and y. The partial
derivatives are

∂H

∂x
(t, x, y) = −∂L

∂x
(t, x,G(t, x, y)),

∂H

∂y
(t, x, y) = G(t, x, y).

It now follows that whenever the Euler–Lagrange equations (2.2) are satisfied,
we have

ẋ =
∂H

∂y
, ẏ = −∂H

∂x
. (2.7)

This pair of equations is known as the Hamiltonian differential equations, and
will be crucial to our further study. The process we just described is known as
the Legendre transform. We have changed coordinates from tangent vectors, v,
to linear functions of tangent vectors, ∂L

∂v . In a sense, we are now thinking of
R2n as the cotangent-bundle, T ∗Rn. Note that given any Hamiltonian function
H ∈ C2(R2n+1,R) satisfying a nondegeneracy condition

det

(
∂2H

∂yj∂yk

)
6= 0, (2.8)

an inverse Legendre transform can be performed, retrieving a corresponding
Lagrangian function L and the variables (x, v).

2.2 Symplectic action

We have seen that for a system satisfying a nondegeneracy condition (2.5), the
Hamiltonian differential equations (2.7) can be expressed in terms of a varia-
tional principle. The Legendre condition (2.5) can be quite restrictive, so we
wish to avoid it. This turns out to be possible if we formulate a different varia-
tional principle: Given a curve z = (x, y) ∈ C2([t0, t1],R2n) and a Hamiltonian
function H(t, x, y), define the symplectic action integral as

ΦH(z) =

∫ t1

t0

〈y, ẋ〉 −H(t, x, y)dt. (2.9)

It is not hard to check that whenever H arose from L via a Legendre-transform,
the integral (2.9) agrees with I(x) in (2.1). The upshot is that the action integral
ΦH is defined for any curve in C2([t0, t1],R2n), and any Hamiltonian function.
The next lemma shows that the Hamiltonian differential equations (2.7) can be
formulated as a variational principle in terms of ΦH .

Lemma 2.3. A curve z ∈ C2([t0, t1],R2n) is a critical point for ΦH with respect
to variations with fixed endpoints if and only if z = (x, y) is a solution to the
Hamiltonian differential equations (2.7).
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Proof. Let zs = (xs, ys) be a smooth one-parameter family of curves with z0 = z.
We denote the directional derivatives at zero by

ξ =
∂

∂s
xs

∣∣∣∣
s=0

, η =
∂

∂s
ys

∣∣∣∣
s=0

, Φ̂H =
∂

∂s
ΦH(zs)

∣∣∣∣
s=0

.

Then, by differentiating under the integration sign we get

Φ̂H =

∫ t1

t0

d

ds
(〈ys, ẋs〉 −H(t, xs, ys)) dt

∣∣∣∣
s=0

=

∫ t1

t0

〈 d

ds
ys, ẋs〉+ 〈ys,

d

ds
ẋs〉 − 〈

∂H

∂x
,

d

ds
xs〉 − 〈

∂H

∂y
,

d

ds
ys〉dt

∣∣∣∣
s=0

=

∫ t1

t0

〈η, ẋ〉+ 〈y, ξ̇〉 − 〈∂H
∂x

, ξ〉 − 〈∂H
∂y

, η〉dt

=

∫ t1

t0

〈η, ẋ− ∂H

∂y
〉dt+

∫ t1

t0

〈ξ,−ẏ − ∂H

∂x
〉dt+ 〈y(t1), ξ(t1)〉 − 〈y(t0), ξ(t0)〉.

(2.10)

Where we have used integration by parts. Due to our boundary conditions
ξ(t1) = ξ(t0) = 0, the last two terms vanish. Again using the fundamental
lemma of calculus of variations, we get our equivalence.

2.3 Hamiltonian flows and symplectomorphisms

From now on, our standard coordinates on R2n will be

z = (x1, x2, ..., xn, y1, ..., yn).

In these coordinates the Hamiltonian equations can be reformulated as

J0ż = OHt(z), (2.11)

where OHt(z) denotes the gradient of Ht at z, and J0 is the standard complex-
structure on R2n:

J0 =

(
0 −In
In 0

)
(2.12)

Note that J2
0 = −I2n, and that if we associate R2n with Cn by letting zj =

xj + iyj , multiplication by J0 corresponds to multiplication by i. The vector
field

XHt = −J0OHt : R2n → R2n (2.13)

is called the Hamiltonian vector field generated by Ht. This vector field deter-
mines a flow: For suitable t0, t ∈ R let φt,t0H : R2n → R2n be the solutions to the
first order differential equation

d

dt
φt,t0H = XHt ◦ φ

t,t0
H , φt0,t0H = id. (2.14)

8



The family of diffeomorphisms φt,t0H is called the Hamiltonian flow generated by
Ht, and it satisfies

φt2,t1H ◦ φt1,t0H = φt2,t0H , φt,tH = id.

These diffeomorphisms are prototypical examples of symplectomorphisms:

Definition 2.4. A symplectomorphism ψ : R2n → R2n is a diffeomorphism
such that

dψTJ0 dψ = J0. (2.15)

In the modern theory, symplectomorphisms will be exactly the maps preserv-
ing ”symplectic structure.” We are yet to define a notion of symplectic structure,
but we do have Hamiltonian flows. We start by checking that Hamiltonian flows
actually are symplectomorphisms.

Lemma 2.5. The Hamiltonian flow φt,t0H is a symplectomorphism wherever
defined.

Proof. Let z0 ∈ R2n and define

z(t) = φt,t0H (z0), Φ(t) = dφt,t0H (z0).

Our goal is to show that Φ(t) satisfies the symplectomorphism condition

Φ(t)TJ0Φ(t) = J0

for all t. This is clearly satisfied for Φ(t0) = id, so if we could show that the time
derivative of the left hand side is zero, we would be finished. For every ζ0 in
R2n, the function ζ(t) = Φ(t)ζ0 satisfies the linearized Hamiltonian equations:

ζ̇ = dXH(z) ◦ Φ.

Multiplying both sides with J0 and using the fact that J0XH = OH, we get

J0Φ̇(t) = S(t)φ(t),

where S(t) is the Hessian of H at z(t). Using the product rule, the time deriva-
tive is

d

dt

(
Φ(t)TJ0Φ(t)

)
= Φ̇(t)TJ0Φ(t) + Φ(t)TJ0Φ̇(t)

= Φ(t)TS(t)Φ(t)− Φ(t)TS(t)TΦ(t)

= Φ(t)T
(
S(t)− S(t)T

)
Φ(t),

which is zero since the Hessian is symmetric for all t.

Hamiltonian flows are not the only examples of symplectomorphisms. In
general they represent the symmetries of the Hamiltonian system. This notion
of symmetry is captured by the following lemma.

9



Lemma 2.6. If ψ : R2n → R2n is a symplectomorphism, and ζ ∈ C1([t0, t1],R2n)
is a solution of the Hamiltonian differential equation

ζ̇ = XH◦ψ(ζ),

then z = ψ ◦ ζ is a solution to the standard Hamiltonian differential equation.
In other words,

ψ∗XH = XH◦ψ.

Proof. Using the relationship between OHt and dHt, and the chain rule, we
obtain

O(H ◦ ψ)(p) = dψT (p)OH(ψ(p)).

Using our hypothesis, and the chain rule ż = dψ(ζ)ζ̇, we get

dψT (ζ)OH(ψ(ζ)) = O(H ◦ ψ)(ζ)

= J0ζ̇

= dψ(ζ)TJ0 dψ(ζ)ζ̇

= dψ(ζ)TJ0ż.

Since dψ is non-singular, this implies that J0ż = OH(z) as required.

This is all good for dynamics on R2n, but we want to generalize the theory
to suitable manifolds. The way to do this is to rephrase our conditions in the
language of differential forms. The standard symplectic form on R2n is the
two-form

ω0 =

n∑
j=1

dxj ∧ dyj . (2.16)

A quick calculation shows that for any vectors z, z′ ∈ R2n,

ω0(z, z′) =

n∑
j=1

xjy
′
j − x′jyj = −zTJ0z. (2.17)

In this language, the condition for being a symplectomorphism (2.15) is equiv-
alent to

ψ∗ω0 = ω0, (2.18)

and the equation for the Hamiltonian vector field can be rewritten as

ιXt(ω0) = dHt. (2.19)

The symplectic action integral can also be reformulated in this language as

ΦH(z) =

∫
γ

λ+Htdt, (2.20)

where γ is the curve z([0, 1]), and λ =
∑
yjdxj . This gives a quick glimpse into

the language of the modern theory which we will devote the rest of this thesis
to.

10



3 Linear Symplectic Geometry

In this section we study the linear theory, which will be the model for the smooth
theory we develop later.

3.1 Symplectic vector spaces

The prototypical example of a symplectic vector space is R2n with the standard
form ω0 from (2.16). This form has two important properties that we wish to
keep.

Definition 3.1. A bilinear form β : V ⊗ V → R is called

1. alternating if for all v, w ∈ V, β(v, w) = −β(w, v).

2. nondegenerate if for all 0 6= v ∈ V,∃w ∈ V such that β(v, w) 6= 0.

We quickly check that ω0 actually has these properties. The alternating
property follows from the definition of the wedge product. To check for nonde-
generacy, take any z ∈ R2n. It follows from (2.17) that

ω0(z, J0z) = −zTJ2
0 z = 〈z, z〉 = ||z||2,

which is positive if z 6= 0. This shows that ω0 is both alternating and nondegen-
erate. We now use these properties to define the general notion of a symplectic
vector space.

Definition 3.2. A symplectic vector space is a pair (V, ω), where V is a finite
dimensional vector space, and ω : V ⊗ V → R is a nondegenerate alternating
bilinear form on V .

As remarked earlier, (R2n, ω0) is the canonical example of a symplectic vector
space. In fact, the goal of this subsection will be to show that up to isomorphism,
this is the only symplectic vector space. One might wonder why we are not
considering spaces of arbitrary dimension, such as (Rn, ω). The next proposition
excludes this possibility.

Proposition 3.3. If (V, ω) is a symplectic vector space, V is of even dimension.

Proof. Assume dimV = m. Fixing some basis of V, we can write ω as

ω(x, y) = xTAy

for some matrix A ∈ Mm×m(R). The alternating property now gives that for
any x, y ∈ V

xTAy = ω(x, y) = −ω(y, x) = −yTAx = −xTAT y,

which implies that AT = −A. Now

det(A) = det(AT ) = det(−A) = (−1)m det(A).

So if m is odd, A is singular, and ω is degenerate.

11



We are now ready to define the notion of equivalence in linear symplectic
geometry. Notice the similarity to (2.18).

Definition 3.4. A linear symplectomorphism of symplectic vector spaces (V0, ω0), (V1, ω1)
is a vector space isomorphism

Ψ : V0 → V1

that preserves the symplectic structure in the sense that

Ψ∗ω1 = ω0. (3.1)

The (auto)symplectomorphisms of (V, ω) form a group denoted Sp(V, ω), and
we use the shorthand Sp(2n) = Sp(R2n, ω0) for the standard space.

Remark 3.5. Note that this definition is not the one found in [MS98], which
only considers symplectomorphisms in the automorphism sense. Our definition
agrees with the one found in [CdS06]. We have chosen it because it is more
general, and will make certain statements more concise.

We also want to study some special types of subspaces of symplectic vector
spaces. To this extent we define the symplectic complement of a linear subspace.
This is a symplectic analogue of the orthogonal complement.

Definition 3.6. The symplectic complement of a linear subspace W ⊂ V is the
subspace

Wω = {v ∈ V : ω(v, w) = 0 ∀w ∈W}. (3.2)

A subspace W ⊂ V is called:

1. Isotropic if W ⊂Wω.

2. Coisotropic if W ⊃Wω.

3. Symplectic if W ∩Wω = {0}.

4. Lagrangian if W = Wω.

In other words, W is isotropic if and only if ω vanishes on W and W is La-
grangian if and only if it is both isotropic and coisotropic. A subset W is
symplectic if and only if ω

∣∣
W

is nondegenerate, which means that (W,ω
∣∣
W

) is
a symplectic vector space.

The next result highlights the similarity of the symplectic and orthogonal
complements. It uses an important fact we will see many times later, namely
that ω gives rise to an explicit isomorphism of V and V ∗.

Lemma 3.7. For any subspace W ⊂ V

dimW + dimWω = dimV

and
(Wω)ω = W

12



Proof. Define a map
ιω : V → V ∗ : v 7→ ω(v,−), (3.3)

It is not hard to see that the nondegeneracy of ω implies that ιω is an isomor-
phism. We now claim that

ιω(Wω) = W⊥ = {l ∈ V ∗ : l(W ) = 0}.

To see this, note that if v ∈Wω, w ∈W ,

ιω(v)(w) = ω(v, w) = 0

=⇒ ιω(v) ∈W⊥.

If l ∈W⊥, v = ιω
−1(l)

ω(v, w) = ιω(v)(w) = l(w) = 0 ∀w ∈W
=⇒ v ∈Wω.

Thus dimW⊥ = dimWω. A known result of standard linear algebra is that for
finite dimensional vector spaces dimW + dimW⊥ = dimV . This proves the
first part of the lemma. To prove the second part note that clearly W ⊂ (Wω)ω

and since the first part of the lemma gives

dimW = dimV − dimWω = dim(Wω)ω,

we must have W = (Wω)ω.

We are now ready for the main result of this subsection. It is a symplectic
analogue of Gram-Schmidt, and we will see that an immediate consequence is
that all symplectic vector spaces of the same dimension are symplectomorphic
– that is, the only linear symplectic invariant is dimension. This result is highly
instructive since it will also hold locally in the smooth case. The nonexistence
of local invariants is a defining feature of symplectic geometry, and contrasts it
with Riemannian geometry.

Proposition 3.8. Any symplectic vector space has a symplectic basis. More
precisely, let (V, ω) be a symplectic vector space with dim(V ) = 2n. Then there
exists a basis

u1, ..., un, v1, ..., vn

of V , such that for all 1 ≤ j, k ≤ n

ω(uj , uk) = ω(vj , vk) = 0

ω(uj , vk) = δjk,

where δjk denotes the Kronecker delta.

13



Proof. We proceed by induction over n.
Base case, n=1
Taking any u ∈ V , the nondegeneracy of ω guarantees the existence of some
v ∈ V such that ω(u, v) = 1. The alternating property means that u and v must
be linearly independent, so they are a basis.
Induction step
Assume any symplectic vector space of dimension 2n−2 has a symplectic basis.
As in the base case, choose any u1, v1 such that ω(u1, v1) = 1. It is now easy to
see that W = span(u1, v1) is a symplectic subspace. Using the previous lemma,
we have that

W ⊕Wω = V,

thus (Wω, ω
∣∣
Wω ) is a symplectic vector space of dimension 2n − 2. By the

induction hypothesis, there exists a symplectic basis

u2, ..., un, v2, ..., vn

of (Wω, ω
∣∣
Wω ), and since w(v, w) = 0 for all v ∈Wω, w ∈W ,

u1, u2, ..., un, v1, v2, ..., vn

is a symplectic basis of (V, ω).

Corollary 3.9. For any symplectic vector space (V, ω) of dimension 2n, there
exists a linear symplectomorphism of (R2n, ω0) with (V, ω).

Proof. Let {uj , vj}nj=1 be a symplectic basis of (V, ω). Using the standard sym-

plectic coordinates on R2n, let

Ψ(z) =

n∑
j=1

xjuj + yjvj .

A straightforward calculation shows that this is indeed a symplectomorphism.

3.2 The symplectic linear group

We now turn our attention to the group Sp(V, ω). Since we just showed that
any symplectic vector space is symplectomorphic to (R2n, ω0), we just need to
study Sp(2n). Using the standard basis, we can think of an element of Sp(2n)
as a matrix. But what makes a matrix a symplectomorphism? An important
property of ω0 is that its nth exterior power is the volume form on R2n – that
is,

ωn0 =
(∑

dxj ∧ dyj

)n
= n!dx1 ∧ dy1 ∧ ... ∧ dxn ∧ dyn. (3.4)

Let Ψ ∈ Sp(2n).Since pullback distributes over the wedge product we get

Ψ∗ωn0 = (Ψ∗ω0)n = ωn0 .
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So Ψ preserves the volume form on R2n, thus det(Ψ) = 1. This means that
all symplectomorphisms are volume preserving, but the converse does not hold.
Here is a more precise condition:

Lemma 3.10. A matrix Ψ is a symplectomorphism if and only if

ΨTJ0Ψ = J0, (3.5)

where J0 is as in (2.12).

Proof. Using (2.17) we get that for all z, z′ ∈ R2n,

ω0(z, z′) = −zTJ0z

Ψ∗ω0(z, z′) = ω0(Ψz,Ψz′) = −zTΨTJ0Ψz.

Hence ΨTJ0Ψ = J0 if and only if Ψ∗ω0 = ω0.

The above proposition imposes restrictions on the shape of inverses of sym-
plectic matrices. Let

Ψ =

(
A B
C D

)
,

where A,B,C and D are real n × n matrices. Using the proposition and the
fact that J2

0 = −I2n, we get

Ψ−1 =− J0ΨTJ0

=⇒ Ψ−1 =− J0

(
AT CT

BT DT

)
J0

=⇒ Ψ−1 =

(
DT −BT
−CT AT

)
In the case n = 1, this equation implies that any matrix with determinant 1 is
symplectic. I.e. Sp(2) = Sl(2) This hints at the fact that symplectomorphisms
preserve some kind of two-dimensional area, as well as 2n-dimensional volume.

As mentioned in Section 2, J0 is the standard complex structure on R2n,
meaning that if one associates R2n with Cn by letting zj = xj + iyj , J0 cor-
responds to multiplication with i. Under this identification the standard sym-
plectic form looks like

ω0(z, z′) = 〈iz, z〉
Unitary matrices on Cn preserve inner products, so it is clear that under the
above identification, U(n) ⊂ Sp(n). The next lemma makes this relationship
more clear. We will continue to use the same conventions for notation, i.e
U(n) and Gl(n,C) will denote the corresponding subsets of Gl(2n,R) under
the standard identification. Note that a complex n × n matrix C = A + iB
corresponds to the real 2n× 2n matrix

(
A −B
B A

)
.

Lemma 3.11 (Two out of three property).

Sp(2n) ∩O(2n) = Sp(2n) ∩Gl(n,C) = O(2n) ∩Gl(n,C) = U(n)
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Proof. Any real 2n× 2n matrix Ψ satisfies:

1. Ψ ∈ Gl(n,C) ⇐⇒ ΨJ0 = J0Ψ (Ψ is complex linear).

2. Ψ ∈ Sp(2n) ⇐⇒ ΨTJ0Ψ = J0.

3. Ψ ∈ O(2n) ⇐⇒ ΨTΨ = I2n.

Note that any two of the conditions on the right imply the third. This proves
the first part of the lemma. We now show that O(2n)∩Gl(n,C) = U(n). Under
the identification,

U∗ = (A+ iB)∗ = AT − iBT v
(
AT BT

−BT AT

)
=

(
A −B
B A

)T
.

Hence adjoints in Gl(n,C) correspond to transposes in Gl(2n,R). This means
that unitary matrices are orthogonal, and that orthogonal matrices of the form(
A −B
B A

)
are unitary.

We also have some restrictions on the eigenvalues of symplectic matrices.
Note how this also hints at the preservation of area we mentioned earlier.

Lemma 3.12. If λ is an eigenvalue of Ψ ∈ Sp(2n), so is λ−1. Moreover λ and
λ−1 have the same multiplicities. Both 1 and −1 must have even multiplicities.

Proof. From proposition 3.10 we know that ΨT and Ψ−1 are similar, so any
eigenvalue λ must have the same multiplicity in Ψ and Ψ−1. Since the multi-
plicity of λ in Ψ is equal to the multiplicity of λ−1 in Ψ−1 the first part is finished.
Since det(Ψ) = 1, and the determinant is the product of the eigenvalues, −1
must have even multiplicity. Since Ψ has even rank, and we have eliminated an
even number of eigenvalues, 1 must also have even multiplicity.

This can be very restrictive, just remember that for any complex eigenvalue
λ of any linear transformation A, the multiplicities of λ and λ must be equal.
This means that the eigenvalues of linear symplectomorphisms occur either in
pairs λ, 1

λ with λ ∈ R, in pairs λ, λ with |λ| = 1, or in quadruplets λ, λ, λ−1, λ−1.
The fact that λ and λ−1 occurs in pairs can be reformulated informally as

”If you squeeze in some direction, you must stretch in some other direction”
we now show that the choice of direction is in some sense determined by the
symplectic form.

Lemma 3.13. Let Ψ ∈ Sp(2n). If

Ψz = λz,Ψz′ = λ′z′,

then
λλ′ 6= 1 =⇒ ω0(z, z′) = 0.
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Proof. Since Ψ is a symplectomorphism, we have

ω0(z, z′) = Ψ∗ω0(z, z′)

= ω0(λz, λ′z′)

= λλ′ω0(z, z′).

Hence, either (1− λλ′) = 0 or ω0(z, z′) = 0.

We now formulate one last lemma, which we will need to prove the main
result of this subsection.

Lemma 3.14. If P ∈ Sp(2n) is a symmetric, positive definite matrix, then
Pα ∈ Sp(2n) for all α > 0.

Proof. Since P is symmetric and nonsingular, we can decompose R2n as a direct
sum of the eigenspaces of P :

R2n '
⊕

λ∈σ(P )

Vλ.

Each Vλ is also an eigenspace of Pα corresponding to the eigenvalue λα. By the
previous lemma, if λλ′ 6= 1, then Vλ and Vλ′ are ω0 orthogonal. In particular,
since P is positive definite, we have −1 /∈ σ(P ). This means that ω0 vanishes
on each Vλ. Now let z ∈ Vλ, z′ ∈ Vλ′ . Since we must have either ω0(z, z′) = 0
or λλ′ = 1, we get that

ω0(Pαz, Pαz′) = (λλ′)αω0(z, z′) = ω0(z, z′).

We can now pick a basis of eigenvectors, and see that by linearity of ω0, P
α is

a symplectomorphism.

Proposition 3.15. Sp(2n)/U(n) is contractible.

Proof. Any Ψ ∈ Sp(2n) has a polar decomposition, Ψ = PQ where P is sym-
metric, positive definite and Q is orthogonal. In this construction,

P = (ΨΨT )
1
2 , Q = P−1Ψ,

so by previous lemma, both P and Q are symplectic. We now define a map

Sp(2n)× [0, 1]→ Sp(2n)

(Ψ, t) 7→ (ΨΨT )−
t
2 Ψ.

At t = 0 this map is just the identity. At t = 1 it maps any Ψ to Q, the
orthogonal part of its polar decomposition. From lemma 3.11 we know that
Q ∈ U(n). Thus the map gives a deformation retraction of Sp(2n) into U(n).
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3.3 Compatible complex structures

We have seen that the form ω0 on R2n was generated by the matrix J0. This
was very useful, as it allowed us to relate ω to the standard inner product on
R2n. This situation can be generalized.

Definition 3.16. A complex structure on a real, finite dimensional vector space
V is a linear automorphism J : V → V such that

J2 = −idV .

Such a structure allows us to consider V as a complex vector space by letting
J correspond to multiplication by i – that is, we define a scalar multiplication
map

C⊗ V → V

(a+ ib)⊗ v 7→ av + bJv.

As one might expect, we can only find such structures for even dimensional
spaces.

Lemma 3.17. If J is a complex structure on V , dim(V ) = 2n.

Proof. Assume dim(V ) = m. Then,

det(J)2 = det(J2) = det(−idV ) = (−1)m,

Since det(J) ∈ R, we must have m = 2n.

The complex structure J0 on R2n was special in the sense that it was ”com-
patible” with the form ω0. We now generalize this situation.

Definition 3.18. Let (V, ω) be a symplectic vector space. A complex structure
J : V → V is said to be compatible with ω if

J∗ω = ω (3.6)

ω(v, Jv) > 0 ∀v ∈ V : v 6= 0. (3.7)

If these conditions are satisfied, the bilinear form

gJ(v, w) = ω(v, Jw) (3.8)

is a well defined inner product on V since

gJ(v, w) = ω(v, Jw) = ω(−J2v, Jw) = −J∗ω(Jv,w) = ω(w, Jv) = gJ(w, v)

gJ(v, v) = ω(v, Jv) > 0 ∀v ∈ V : v 6= 0.

18



Given a symplectic structure ω, an inner product g and a complex structure
J on a vector space V , we say that (g, ω, J) is a compatible triple if for all
v, w ∈ V ,

g(v, w) = ω(v, Jw)

ω(v, w) = g(Jv,w)

J(v) = ι−1
g ◦ ιω(v).

The maps ιω, ιg : V → V ∗ given by ιω(v)(w) = ω(v, w), ιg(v)(w) = g(v, w) are
isomorphisms due to the nondegeneracy of g and ω. We say that any two such
structures are compatible if we can construct a structure of the third type from
the above equations. I.e, any two compatible structures extends uniquely to a
compatible triple. Note the similarity to the ”two out of three” property of the
unitary group from lemma 3.11. We now show that any symplectic vector space
admits a compatible complex structure.

Proposition 3.19. Every symplectic vector space (V, ω) has a compatible com-
plex structure J .

Proof. We know that any vector space has an inner product, but we are not
guaranteed that it is compatible with ω. The idea will be to fix an inner product
g, and start with the automorphism

A = ι−1
g ◦ ιω.

This can be modified this to get a compatible complex structure. A satisfies the
following equation by definiton;

g(Av,w) = ω(v, w)

Thus the alternating property of ω implies that A∗ = −A, where A∗ denotes the
g-adjoint of A. As in the proof of proposition 3.15, take J to be the g-orthogonal
part of the polar decomposition of A – that is, J = A(A∗A)−

1
2 . This must also

satisfy J∗ = −J , so now
J2 = −JJ∗ = −idV

– that is, J is a complex structure on V . We now check if it is ω compatible.
From elementary linear algebra we know that since J is defined in terms of
powers and inverses of A∗A, we have JA = AJ . Combining this with the
orthogonality of J we get that

ω(Jv, Jw) = g(AJv, Jw) = g(JAv, Jw) = g(Av,w) = J(v, w).

From the definition of J , we compute that for all nonzero v ∈ V

ω(v, Jv) = g(Av,A(A∗A)−
1
2 v) = g(v, (A∗A)(A∗A)−

1
2 v = g(v, (A∗A)

1
2 v)

which is positive since A∗A is positive definite. Hence J is a compatible complex
structure.
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Remark 3.20. Note that most of the theory from this chapter can immediately
be generalized to vector bundles π : E → B. In this setting a symplectic struc-
ture is defined as a smooth section ω of the tensor bundle T 2

0E such that each
fiber (π−1(q), ωq) is a symplectic vector space. Importantly, proposition 3.19
generalizes to say that any symplectic vector bundle admits a smooth section J
of the tensor bundle T 1

1E such that Jq is a compatible complex structure on each
(π−1(q), ωq). In the language of structure groups, we can see that proposition
3.19 really is just a corollary to proposition 3.15. This result reduces the struc-
ture group Sp(2n) of a symplectic bundle to the unitary group U(n), meaning
that all symplectic bundles can be represented as complex bundles.
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4 Symplectic manifolds

We now move on to the smooth theory. This section will be concerned with the
first consequences of symplectic structure, generalizing Hamiltonian flows, and
showing that the local structure is in fact trivial.

4.1 Basic concepts

Definition 4.1. A symplectic structure on a smooth manifold M is a nonde-
generate, closed two-form ω ∈ Ω2(M) – that is, each tangent space (TpM,ωp)
is a symplectic vector space, and dω = 0.

Remark 4.2. Note that ω is a symplectic structure on the vector bundle TM .

The form ω must satisfy two conditions. Non-degeneracy is an algebraic
condition, and is local in nature. Closedness on the other hand, is a geometric
condition that is global in nature. Many of the algebraic properties implied by
non-degeneracy carry over from the linear case to the smooth case:

Proposition 4.3. If (M,ω) is a symplectic manifold the following hold:

1. dim(M) = 2n.

2. M is orientable.

3. ιω : TM → T ∗M : (p, v) 7→ (p, ιωp(x)) = (p, ωp(x,−)) is an isomorphism
of vector bundles.

Proof. By proposition 3.3, we must have dim(TpM) = 2n. It follows that
dim(M) = 2n. From equation (3.4), we know that ωn is a volume form on
M , so M must be orientable. The map ιω is just the identity on the base-space,
and as remarked before, the nondegeneracy clearly implies that each ιωp is an
isomorphism.

This shows that the class of manifolds that admit a symplectic structure is
quite restricted. Closedness imposes some further restrictions.

Proposition 4.4. Let (M,ω) be a symplectic manifold. If M is a closed man-
ifold (A manifold M is closed if it is compact and ∂M = ∅), then

H2(M,R) 6= 0.

Proof. Since ω is closed, it represents some cohomology class

a = [ω] ∈ H2(M ;R).

Now an is represented by ωn, and since wn is a volume form,∫
M

ωn 6= 0.

This implies that ωn is not exact, which implies that ω is not exact. Hence
0 6= a ∈ H2(M ;R)
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Proposition 4.4 eliminates the possibility of having a symplectic structure
for many closed even-dimensional manifolds, for instance S2 is the only sphere
that admits a symplectic structure.

Example 4.5. The 2n-torus T2n has a natural symplectic structure induced
by the universal cover q : R2n → R2nZ2n ' T2n. Since the standard form ω0 on
R2n is invariant under translations, we can use the local inverses of q to define a
two-form ω on T2n such that q∗ω = ω0. Using the coordinates θj , ϕj : T2n → S1,
we may express ω as

ω =

n∑
j=0

dθj ∧ dϕj .

Note the similarity to the standard form ω0.

4.2 Symplectomorphisms

As in the linear theory, we define symplectomorphisms as isomorphisms that
preserve the symplectic structure. As in the linear case, our definition agrees
with [CdS06] rather than [MS98].

Definition 4.6. A symplectomorphism of symplectic manifolds (M0, ω0) and
(M1, ω1) is a diffeomorphism

ψ : M0 →M1,

such that the symplectic structure is preserved – that is,

ψ∗ω1 = ω0. (4.1)

Note that this is equivalent to requiring that ψ is a diffeomorphism such that

dψ : Tp(M0)→ Tψ(p)(M1) (4.2)

is a linear symplectomorphism for each p ∈ M0. We denote the group of sym-
plectomorphisms of (M,ω) with itself by Symp(M,ω).

How can we construct such symplectomorphisms? One approach is to recall
the Hamiltonian flows of section 2. The key there was to construct a certain
vector field and solve the first order differential equation associated to this field.
Note that the map ιω from proposition 4.3 can be thought of as an isomorphism
of the vector spaces of vector fields and one-forms on M – that is,

ιω : χ(M)→ Ω1(M)

X 7→ ιX(ω) = ω(X,−),

where ιX denotes the interior product with X.

Definition 4.7. A vector field X ∈ χ(M) is called symplectic if ιX(ω) is closed.
We denote the space of symplectic vector fields by χ(M,ω) ⊂ χ(M).
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The next proposition combines the closedness and non-degeneracy condi-
tions to show that when M is closed, χ(M,ω) is exactly the Lie-algebra of
Symp(M,ω).

Proposition 4.8. Let (M,ω) be a closed, symplectic manifold. If ψt ∈ Diff(M)
is a smooth 1-parameter family of diffeomorphisms generated by the smooth
family of vector fields Xt ∈ χ(M) via

d

dt
ψt = Xt ◦ ψt, ψ0 = idM , (4.3)

then
ψt ∈ Symp(M,ω) ∀t ⇐⇒ Xt ∈ χ(M,ω) ∀t.

In other words, symplectic isotopies are precisely the flows of symplectic vector
fields.

Proof. The Cartan formula for the Lie-derivative of a differential form is

LX(ω) = ιX(dω) + dιX(ω). (4.4)

This can be generalized to time dependent families of vector fields via the iden-
tity

d

dt
ψ∗t ω = ψ∗t LXt(ω), (4.5)

which holds whenever Xt and ψt satisfy (4.3). Outlines for proofs of both these
identities can be found in [CdS06]. In short, the proof boils down to showing
both sides are derivations of the algebra (Ω•(M),∧), which both commute with
d, and agree on 0-forms. Combining them, and using the fact that ω is closed,
we get that

d

dt
ψ∗t ω = ψ∗t dιXt(ω).

Now, note that ψt is a symplectomorphism for all t if and only if the left hand
side is zero. And that ιXt(ω) is closed for all t if and only if the right hand side
is zero. One can also use these identities to show that χ(M,ω) is closed under
the Lie-bracket, but this will not be particularly relevant to us, so we omit the
proof.

For any symplectic vector field Xt, the form ιXt(ω) is closed for all t. If this
form is also exact for all t – that is, there exists some Ht ∈ C∞(M,R) such that

ιXt(ω) = dHt, (4.6)

we call Xt = XHt the Hamiltonian vector field generated by Ht. Comparing
this to (2.19) we see that this is a direct generalization of the classical case.

Definition 4.9. The one parameter family of diffeomorphisms ψt is called a
Hamiltonian isotopy if it is generated by the Hamiltonian vector fields XHt via
(4.3). A symplectomorphism ψ : M → M is called a Hamiltonian symplecto-
morphism if there exist a Hamiltonian isotopy ψt such that ψ0 = idM , ψ1 = ψ.
We denote by Ham(M,ω) the subgroup of Hamiltonian symplectomorphisms.
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It is by definition that the subspace of Hamiltonian vector fields is the Lie-
algebra of Ham(M,ω). It can be shown that the Lie bracket on this algebra is
given by the Poisson bracket of the generating Hamiltonian functions.

4.3 Cotangent bundles

One natural generalization of the R2n case is to cotangent bundles T ∗L of
smooth manifolds L. In physics one would interpret this as L describing the
”position” of a system, while the cotangent vector describes momentum. This
interpretation has a natural formulation in symplectic geometry through the
canonical one-form λcan. At any point (x, σ) ∈ T ∗L, define

λcan(x,σ) = π∗σ, (4.7)

where π : T ∗L→ L is the projection. In other terms, if

(v, τ) ∈ T(x,σ)T
∗L ' TxL⊕ T ∗xL,

then
λcan(x,σ)(v, τ) = σ(v).

This canonical one-form is useful as it gives rise to a canonical closed two-form
ωcan = −dλcan. If we can show that this form is nondegenerate, we would have
a canonical symplectic structure on the cotangent bundle. To this extent it is
useful to describe λcan in terms of local coordinates. If x : U → L is a chart
on the open set U ⊂ L, any σ ∈ T ∗q L can be described uniquely in terms of the
basis vectors dxj as

σ =

n∑
j=1

yjdxj .

The yj ’s are uniquely determined by, and smoothly dependent on σ. This gives
rise to a new coordinate function (x, y) : T ∗U → R2n. In these coordinates, it
is not hard to see that the canonical one-form is

λcan =

n∑
j=1

yjdxj . (4.8)

A quick computation now shows that on T ∗U ,

ωcan = −dλcan =

n∑
j=1

dxj ∧ dyj (4.9)

Note that this is analogous to the definition of ω0 on R2n given in (2.16). In
fact, ω0 is exactly the canonical two-form on T ∗Rn. Non-degeneracy is a local
matter, so the argument for nondegeneracy of w0 found in section 2 goes through
for ωcan as well. Note the striking similarity of the expressions for σ and λcan.
This similarity can be formalized as follows.
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Proposition 4.10. The one-form λcan ∈ Ω1(T ∗L) is characterized by

σ∗λcan = σ (4.10)

for every one-form σ. Note that on the right we consider σ as a form, while on
the left we think of it as a map σ : L→ T ∗L.

Proof. On some coordinate patch x : U → Rn, U ⊂ L, any one-form σ is given
uniquely by

σ =

n∑
j=1

aj(x)dxj

Where aj are smooth functions on U . In these coordinates the map σ : L→ T ∗L
is given by

x = (x1, .., xn) 7→ (x1, .., xn, a1(x), .., an(x)) = (x, a(x)),

and its derivative is

dσ =

(
In
da

)
.

We now evaluate at the basis vector ∂
∂xj
∈ TxL to get

(σ∗λcan)x(
∂

∂xj
) = λcan,σ(x)(dσx(

∂

∂xj
))

=

n∑
k=1

ak(x)dxk(dσx(
∂

∂xj
))

= aj(x) = σ(
∂

∂xj
).

The forms (σ∗λcan)x and σx agree on a basis, so by linearity they are equal.

It would be useful to have a more compact representation of ωcan. The
following lemma gives us just that.

Lemma 4.11. Let v = (v0, v
∗
1), w = (w0, w

∗
1) ∈ T(q,τ)T

∗L ' TqL⊕ T ∗q L. Then

ωcan(v, w) = w∗1(v0)− v∗1(w0). (4.11)

Proof. In terms of the local coordinates x, y : T ∗U → R2n, the linear combina-
tions

v =

n∑
j=1

aj
∂

∂xj
+ a∗jdxj , w =

n∑
j=1

bj
∂

∂xj
+ b∗jdxj

are represented by the coordinate vectors

v = (a1, .., an, a
∗
1, ..., a

∗
n), w = (b1, .., bn, b

∗
1, ..., b

∗
n).
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So

(ωcan)q(v, w) = vTJ0w

=

n∑
j=1

ajb
∗
j − a∗j bj

=

n∑
j=1

b∗jdxj

(
n∑
k=1

ak
∂

∂xk

)
−

n∑
j=1

a∗jdxj

(
n∑
k=1

bk
∂

∂xk

)
= w∗1(v0)− v∗1(w0).

We have seen that cotangent bundles have a natural symplectic structure.
We will exploit this structure later, but first we need to relate it to arbitrary
symplectic manifolds. One of the nice features is that cotangent bundles have a
clear difference between position and momentum; position is the base space, and
momentum the fibers. This may not be well defined on an arbitrary manifold,
but we will show in the next section that compact Lagrangian submanifolds
give a local notion of position. Another nice feature of cotangent bundles is the
relationship −dλcan = ωcan. This allows one to define an analogue of the action
integral (2.20), which means that we can employ variational techniques similar
to those in section 2.

4.4 Local theory

The goal of this subsection is to classify the local structure of symplectic man-
ifolds. The motivation will be Darboux’s theorem stating that all symplectic
manifolds of the same dimension are locally symplectomorphic. To this end
we will develop the Moser argument of homotopies of forms. This method will
turn out to be very useful, as it will also allow us to classify the structure of
neighbourhoods of certain submanifolds.

Lemma 4.12 (Moser argument). Let M be a smooth manifold. If ωt is some
time dependent family of forms satisfying

d

dt
ωt = dσt (4.12)

for some family of forms σt ∈ Ω1(M), there exists a family of symplectomor-
phisms ψt of (M,ωt) with (M,ω0) – that is, a family of diffeomorphisms such
that

ψ∗t ωt = ω0.

Proof. For this proof we will use the following formula for the Lie derivative of
a time dependent family of forms along a time dependent family of vector fields.
See proposition 6.4 in [CdS06]. If Xt and ψt satisfy the first order differential
equation (4.3), we have

d

dt
ψ∗t ωt = ψ∗t (LXt(ωt) +

d

dt
ωt). (4.13)
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We will construct a vector field Xt such that the flow ψt generated by Xt satisfies

0 =
d

dt
ψ∗t ωt

= ψ∗t (LXt(ωt) +
d

dt
ωt)

= ψ∗t (dιXt(ωt) + dσt)

= dψ∗t (ιXt(ωt) + σt).

Taking Xt = ι−1
ωt (−σt), the above equation holds. So ψ∗t ωt is constant, and at

t = 0 it is ψ∗0ω0 = id∗ω0 = ω0

We are interested in a special case of this. The goal is to find a symplectic
isotopy fixing some compact submanifold, but making two forms agree on a
neighbourhood of the submanifold.

Proposition 4.13 (Relative Moser argument). Let M be a smooth manifold
with dim(M) = 2n,Q ⊂ M a compact submanifold. Suppose ω0, ω1 ∈ Ω2(M)
are nondegenerate and equal on TqM whenever q ∈ Q. Then there exist open
neighbourhoods N0, N1 of Q, and a diffeomorphism ψ : N0 → N1 such that

ψ
∣∣
Q

= id, ψ∗(ω1

∣∣
N1

) = ω0

∣∣
N0
.

Proof. If we can find a one-form σ ∈ Ω1(N0), where N0 is some open neigh-
bourhood of Q, such that

∀q ∈ Q : σ
∣∣
TqM

= 0, dσ = ω1 − ω0, (4.14)

we can apply the Moser argument to the family

ωt = ω0 + t(ω1 − ω0) = ω0 + tdσ.

If necessary, shrink N0 so that ωt is nondegenerate on N0, and so that the
resulting family of diffeomorphisms ψt is defined on N0 for all t ∈ [0, 1]. Looking
at the construction in the Moser argument, it is clear that the time derivative
of ψt will be zero on Q since our σ is zero on Q. Since ψ0 = id, we must have
ψt
∣∣
Q

= id, and our result would follow.

To find a form σ satisfying the above conditions, consider the exponential
map from the normal bundle of Q,

exp : NQ→M.

Consider an ε neighbourhood of the zero section in NQ,

Uε = {(q, v) ∈ NQ : |v| < ε}.

By the tubular neighbourhood theorem and compactness, there exist an ε > 0
such that exp

∣∣
Uε

is a diffeomorphism to its image, which we define to be N0 =
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exp(Uε). For t ∈ [0, 1], define φt : N0 → N0 by the following diagram

Uε Uε

N0 N0

t

exp exp

φt

,

where t represents multiplication by t in each fiber. Then φt is a diffeomorphism
for t > 0, and

φ0(N0) ⊂ Q, φ1 = idN0
, φt

∣∣
Q

= idQ.

The form ω1 − ω0 is closed, and

φ∗0(ω1 − ω0) = 0, φ∗1(ω1 − ω0) = ω1 − ω0.

For t > 0, define Xt ∈ χ(N0) to be the vector field generating the flow φt – that
is,

Xt =

(
d

dt
φt

)
◦ φ−1

t .

Defining σt = φ∗t ιXt(ω1 − ω0) ∈ Ω1(N0), we have σt
∣∣
Q

= 0. Using (4.5), we get

that

d

dt
φ∗t (ω1 − ω0) = φ∗t LXt(ω1 − ω0)

= φ∗t (dιXt(ω1 − ω0))

= dσt.

Note that the form σt is given by

(σt)q(v) = (ω1 − ω0)φt(q)

(
d

dt
φt(q), (dφt)q(v)

)
,

which is smooth and well defined for all t ∈ [0, 1], not just for t > 0 as we
originally had. Assuming exchange of integration and differentiation, we get

ω1 − ω0 = φ∗1(ω1 − ω0)− φ∗0(ω1 − ω0)

=

∫ 1

0

d

dt
φ∗t (ω1 − ω0)dt

=

∫ 1

0

dσtdt = d

∫ 1

0

σtdt.

Taking

σ =

∫ 1

0

σtdt,

we have satified the conditions in (4.14), and the proof is finished.
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After quite a bit of work, we are immediately rewarded with the following
result.

Proposition 4.14 (Darboux’ Theorem). Every symplectic manifold is locally
symplectomorphic to (R2n, ω0).

Proof. Let (M,ω1) be a symplectic manifold with dim(M) = 2n. Any q ∈ M
has an open neighbourhood U with coordinates (x, y) : U → R2n. Composing
with the linear isomorphism from corollary 3.9 if necessary, we may assume that
∂
∂xj

, ∂
∂yj

is a symplectic basis for the symplectic vector space (TqM,ω1). In these

coordinates, we can define ω0 ∈ Ω2(U) by

ω0 =

n∑
j=1

dxj ∧ dyj

Now the coordinate functions give a symplectomorphism of (U, ω0) with (R2n, ω0).
The symplectic forms ω1, ω0 ∈ Ω2(U) agree on the compact submanifold {q} ⊂
U , so by the relative Moser argument, shrinking U if necessary, there exists a
symplectomorphism ψ of (U, ω1) with (U, ω0).

We can already see that the Moser argument is pretty powerful. So far we
have only used it for the simplest compact submanifold, the singelton {q}. We
would like to use it for other compact submanifolds Q. To do this, we need some
extra information about what a neighbourhood of Q looks like. The tubular
neighbourhood theorem relates such neighbourhoods to the normal bundle NQ,
but this bundle does not always have a natural symplectic structure. To impose
some structure on this bundle, we extend definition 3.6 to submanifolds.

Definition 4.15. A submanifold Q of a symplectic manifold (M,ω) is called
symplectic (isotropic, coisotropic, Lagrangian) if at each q ∈ Q, TqQ is a sym-
plectic (isotropic, coisotropic, Lagrangian) subspace of the symplectic vector
space (TqM,ωq).

In our work, the by far most important of these concepts is that of a La-
grangian submanifold. As we shall see later many natural and important ques-
tions turn out to be about the intersection of two Lagrangian submanifolds. As
Alan Weinstein puts it in [Wei81], ”Everything is a Lagrangian submanifold”.
We will give a couple of important examples, but first we formulate an easier
way to test if a submanifold is of a certain type.

Lemma 4.16. Let (M,ω) be a symplectic manifold with dim(M) = 2n, i : Q→
M an embedding.

1. The submanifold i(Q) is isotropic if and only if i∗ω = 0.

2. ... Lagrangian if and only if it is isotropic and dim(Q) = n.

3. ... symplectic if and only if i∗ω is nondegenerate.

29



Proof. The first and third claims follow immediately from the fact that di :
TqQ → Ti(q)M is an isomorphism onto its image, which is Ti(q)i(Q). For 2,
combine 1 with lemma 3.7.

Example 4.17. Let L be a smooth n-dimensional manifold, (T ∗L, λcan) the
canonical symplectic structure on its cotangent bundle. Then the zero section
L0, as well as any fibre π−1(q), is a Lagrangian submanifold since

λcan(0∗, v) = 0∗(v) = 0

λcan(v∗, 0) = v∗(0) = 0.

Here we have again used the splitting TT ∗L ' TL ⊕ T ∗L. In general, for any
submanifold Q ⊂ L, the annihilator

TQ⊥ = {(q, v∗) ∈ T ∗Q : v∗(TqQ) = 0} ⊂ T ∗L

is a Lagrangian submanifold. Our examples above can be reformulated as

L0 = TL⊥, π−1(q) = T{q}⊥.

Example 4.18. Keeping the notation from the previous example, consider a
one-form σ ∈ Ω1(L) as a map σ : L → T ∗L. The graph σ(L) is a Lagrangian
submanifold of T ∗L if and only if σ is closed. To see this, just recall that by
proposition 4.10,

σ∗ωcan = σ∗(−dλcan)

= −dσ∗λcan

= −dσ.

Example 4.19. If (M,ω) is a symplectic manifold, we define a symplectic
structure on the product manifold M ×M by (−ω)×ω := π∗2ω−π∗1ω, where πj
denotes the Cartesian projections. The submanifolds {p}×M and M ×{p} are
symplectic submanifolds of (M×M, (−ω)×ω) To see this, let vp : M →M×M
and hp : M → M ×M denote the vertical and horizontal embeddings of M at
p respectively – that is, vp(M) = {p} ×M,hp(M) = M × {p}. Then a quick
calculation shows that

h∗p ((−ω)× ω) = −ω
v∗p ((−ω)× ω) = ω.

Both of which are nondegenerate, so the submanifolds are symplectic.

Example 4.20. Given any diffeomorphism ψ ∈ Symp(M,ω), we denote its
graph by grψ(M) ⊂ M × M . This is a Lagrangian submanifold of (M ×
M, (−ω) × ω) if and only if ψ is a symplectomorphism. To see this, just note
that

gr∗ψ((−ω)× ω) = gr∗ψ(π∗2ω − π∗1ω)

= ψ∗ω − ω,
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which is zero if and only if ψ is a symplectomorphism. In particular, the diagonal
∆(M) ⊂M ×M is Lagrangian. With this in mind, we can actually restate the
Arnold conjecture in terms of the Lagrangian intersection grψ(M)∩∆(M). This
motivated the generalization of the Arnold conjecture to arbitrary Lagrangian
intersections L0 ∩ L1 where L0 and L0 are related by a Hamiltonian isotopy.

Let us first consider neighbourhoods of symplectic submanifolds. If Q ⊂M
is a symplectic submanifold, each tangent space splits as

TqM ' TqQ⊕ TqQω.

This gives us a natural description of each normal space NqQ as follows,

NqQ = TqM/TqQ =
TqQ⊕ TqQω

TqQ
' TqQω.

The next result uses this isomorphism to show that for compact symplectic
submanifolds Q, the symplectomorphism class of the bundle TQω determines
the symplectomorphism class of any sufficiently small open neighbourhoodN(Q)
of Q.

Proposition 4.21 (Symplectic Neighbourhood Theorem). Let (M0, ω0) and
(M1, ω1) be symplectic manifolds with compact symplectic submanifolds Qj ⊂
Mj , j = 0, 1. Let N(Qj) denote any sufficiently small open neighbourhood of
Qj. If there exists a symplectomorphism of the bundles Φ : TQω0

0 → TQω1
1

covering a symplectomorphism of the base spaces φ : Q0 → Q1, then φ extends
to a symplectomorphism ψ of (N(Q0), ω0) with (N(Q1), ω1).

Proof. We may extend φ to neighbourhoods by taking N(Q0) small enough that
exp−1 is defined, then taking φ′ to be the composition

N(Q0) TQω0
0 TQω1

1 M1
exp−1

φ′

Φ exp
,

and defining N(Q1) = φ′(N(Q0)). Now the two forms ω0, φ
′∗ω1 ∈ Ω2(N(Q0))

are closed, nondegenerate, and agree on the compact submanifold Q0 since
φ′
∣∣
Q0

= φ is a symplectomorphism. Hence, we may apply the relative Moser

argument to get a symplectomorphism ψ′ of (N(Q0), ω0) with (N(Q0), φ′∗ω1)
fixing Q. Taking ψ = φ′ ◦ ψ′ we get the desired symplectomorphism.

We now consider the Lagrangian case, which is in fact even easier; the dif-
feomorphism class of L determines the symplectomorphism class of N(L). This
theorem will be essential in proving the ”C1-close to the identity”-case of the
Arnold conjecture.

Proposition 4.22 (Lagrangian neighbourhood theorem). Let (M,ω) be a sym-
plectic manifold with dim(M) = 2n, L ⊂M a compact Lagrangian submanifold.
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Let L0 denote the zero section in the cotangent bundle T ∗L. Then there exist
open neighbourhoods N(L) ⊂M,N(L0) ⊂ T ∗L, and a symplectomorphism φ of
(N(L0), ωcan) with (N(L), ω).

Proof. By remark 3.20, there exists a compatible complex structure J on TM ,
At each q ∈ L, TqL is a Lagrangian subspace of TqM , so we know that

Jq(TqL) = TqL
⊥ ' NqL,

where TqL
⊥ denotes the orthogonal complement with respect to the inner prod-

uct gJ induced by J . Hence J : TL→ NL is a bundle isomorphism. The inner
product gJ induces an isomorphism Φ : T ∗L→ TL satisfying the equation

(gJ)q (Φq(v
∗), v) = v∗(v), ∀v ∈ TqL, v∗ ∈ T ∗q L.

We define φ to be the following compositon,

T ∗L TL NL MΦ

φ

J exp
.

Restricting to a suitable neighbourhood N(L) where exp is a diffeomorphism
makes φ : N(L0) → N(L) a diffeomorphism. Note that for any v = (v0, v

∗
1) ∈

T(q,0)T
∗L ' TqL⊕ T ∗q L,

(dφ)(q,0)(v0, v
∗
1) = v0 + Jq ◦ Φq(v

∗
1). (4.15)

This holds since J and Φ are linear, and the derivative of exp at the zero section
is the identity. So if v = (v0, v

∗
1), w = (w0, w

∗
1) ∈ T(q,0)T

∗L,

(φ∗ω)(q,0)(v, w) = ωq (v0 + JqΦq(v
∗
1), w0 + JqΦq(w

∗
1))

= ωq (v0, JqΦq(w
∗
1))− ωq (w0, JqΦq(v

∗
1))

= (gJ)q (v0,Φq(w
∗
1))− (gJ)q (w0,Φq(v

∗
1))

= w∗1(v0)− v∗1(w0)

= (ωcan)q(v, w).

Where we have used (4.11). This shows that the symplectic forms φ∗ω and ωcan
agree on the compact submanifold L0. By the relative Moser argument, we can
modify φ to make it a symplectomorphism on sufficiently small neighbourhoods
as desired.

We are now ready to make precise what we mean by C1-close to the identity,
and see why it will be useful in proving the Arnold conjecture. The following
lemma follows from the properties of the Whitney topology for compact mani-
folds. For an introduction to this theory, see appendix A.

Lemma 4.23. Let M be a compact smooth manifold.
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1. Let g : M → T ∗M be an embedding sufficiently C1-close to the embedding
of the zero section M0 : m 7→ (m, 0). Then g(M) = σ(M) for some
one-form σ ∈ Ω1(M).

2. Let g : M →M ×M be an embedding sufficiently C1-close to the diagonal
embedding ∆ : m 7→ (m,m). Then g(M) = grφ(M) for some diffeomor-
phism φ : M →M . As before, grφ : M →M ×M denotes the embedding
of the graph of φ.

Proof. By proposition A.5, the set Diff(M,M) of diffeomorphisms of M is open
in C1(M,M). Let π : T ∗M →M be the bundle projection, and π2 : M ×M →
M projection to the second factor. Then the diagrams

T ∗M

M M

π

M0

g

id

π◦g

M ×M

M M

π2

∆

g

id

π2◦g

commute, and by proposition A.6, the maps

π∗ : Cr(M,T ∗M)→ Cr(M,M),

(π2)∗ : Cr(M,M ×M)→ Cr(M,M)

are continuous. The preimages of Diff(M,M) are thus open neighbourhoods of
0 and ∆ in their respective spaces. If g ∈ π−1

∗ (Diff(M,M)), the map g◦(π◦g)−1

defines a one-form with graph g(M). If g ∈ (π2)−1
∗ (Diff(M,M)), the map π2 ◦ g

is a diffeomorphism with graph g(M).

The following proposition combines this lemma with the Lagrangian neigh-
bourhood theorem and our results about the structure of the cotangent bundle.

Proposition 4.24. Let (M,ω) be a compact symplectic manifold. Then there
exists an open neighbourhood N(idM ) of idM in Symp(M,ω) which can be iden-
tified with an open neighbourhood N(0) of zero in the vector space Z1(M) of
closed one-forms on M .

Proof. We let

M0 : M → T ∗M

∆ : M →M ×M

denote the embeddings of the zero section and diagonal respectively. We showed
in example 4.20 that ∆(M) is a Lagrangian submanifold of (M ×M, (−ω) ×
ω). The diagonal ∆(M) is also compact by assumption, so by the Lagrangian
neighbourhood theorem, there exist neighbourhoods N(∆(M)) and N(M0(M))
of the diagonal and the zero section in M ×M and T ∗M respectively, and a
symplectomorphism

Ψ : N(∆(M))→ N(M0(M)).
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Since M is compact, we can find a C0-neighbourhood N(∆) of the diagonal
embedding in C1(M,M × M) such that every map in N(∆) has its image
contained in N(∆(M)). Since C1(M,M ×M) ' C1(M,M) × C1(M,M) by
proposition A.7, it is easy to see that the graph map

gr− : C1(M,M)→ C1(M,M ×M)

f 7→ (grf : x 7→ (x, f(x))

is continuous. The preimage of N(∆) under this map is a neighbourhood
N(idM ) of the identity in C1(M,M). Shrinking this to the preimage of the
neighbourhoodN(M0) of the zero embedding in C1(M,T ∗M) obtained in lemma
4.23, we get the following diagram of neighbourhoods, continuous maps, and
open inclusions

N(idM ) N(∆) N(M0)

C1(M,M) C1(M,M ×M) C1(M,T ∗M)

gr− Ψ∗

.

Now for any map ψ ∈ N(idM ), there exists a one-form σ : M → T ∗M such
that Ψ ◦ grψ(M) = σ(M). Since grψ(M) is Lagrangian, and Ψ is a symplecto-
morphism, σ(M) must also be Lagranagian. Thus σ is closed by example 4.18.
It is not hard to see that this process can be reversed; just take the neighbour-
hood N(∆) ⊂ C1(M,M×M) obtained in lemma 4.23, and perform appropriate
restrictions to get the diagram

N(M0) N(∆) N(idM )

C1(M,T ∗M) C1(M,M ×M) C1(M,M)

Ψ−1
∗ gr−1

−

.

Again using examples 4.18 and 4.20 we get that a closed one-form is identified
with a symplectomorphism.

As mentioned, we are now close to proving the C1-case of the Arnold con-
jecture. To see why, just note that if a given symplectomorphism ψ ∈ N(idM )
corresponds not only to a closed, but to an exact one-form, we get the following
equation.

Ψ ◦ grψ(M) = dF (M) (4.16)

Now since Ψ ◦∆(M) = M0(M), any critical point of F : M → R corresponds
to an intersection of grψ(M) with ∆(M), which is exactely a fixed point of ψ.
Since Ψ is a diffeomorphism, transversality of the intersection dF (M)∩M0(M)
is equivalent to transversality of the intersection grψ(M) ∩ ∆(M). Therefore,
if ψ has only nondegenerate fixed points, F must be a Morse function. But for
what sort of symplectomorphisms can we expect that the corresponding form is
exact? This will be answered in the next section.
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M

M

0

T ∗M

gr
ψ

∆

Ψ

grσ

Figure 1: Mapping a neighbourhood of the diagonal to a neighbourhood of the
zero section.

5 Generating functions

We have seen that there is a connection between closed forms and symplecto-
morphisms. In this section, we will expand this connection, and examine when
we get exact forms.

5.1 Generating functions of type S

Cotangent bundles have the nice property that we can easily construct a La-
grangian submanifold by picking a closed one-form on the base space. For a
general symplectic manifold M , the issue is that we only have the structure of
a cotangent bundle locally around the diagonal ∆(M) ⊂M ×M . If we restrict
ourselves to a cotangent bundle T ∗L, we can easily get a Lagrangian subman-
ifold of the symplectic manifold (T ∗L × T ∗L, ω × ω). Letting π : T ∗L → L
denote the bundle projection, the map

T ∗L× T ∗L→ T ∗(L× L)

((x0, y0), (x1, y1)) 7→ (x0, x1, π
∗
0y0 + π∗1y1)

is a diffeomorphism, and when we consider both bundles with their symplectic
structure,1 it is also a symplectomorphism. Hence we can get a Lagrangian
submanifold of the product by choosing a closed one-form σ ∈ H1(L × L). In
particular we can choose any smooth function S : L × L → R and look at
the graph of dS. The problem is that the graph of a symplectomorphism is
only Lagrangian when we consider the twisted symplectic structure (−ω) × ω.
Therefore, we define a twist on the first factor by the map

τ = −1× id : T ∗L× T ∗L→ T ∗L× T ∗L
(x0, y0, x1, y1) 7→ (x0,−y0, x1, y1),

1a quick computation shows that the canonical one-form on T ∗(L× L) is in fact λ× λ :=
π∗
0λ+ π∗

1λ when λ is the canonical one-form on T ∗L.
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where yj ∈ T ∗xjL. A quick computation shows that

τ∗((−ω)× ω) = ω × ω.

Hence for any Lagrangian submanifold Y of (T ∗L × T ∗L, ω × ω), we get a
Lagrangian submanifold Y τ := τ(Y ) of (T ∗L × T ∗L,−(ω) × ω). If Y τ is the
graph of a diffeomorphism ψ, we know by example 4.20 that ψ must also be a
symplectomorphism. Looking at the case where YS = dS(L × L) is the graph
of the one-form dS, we can see that ψ must satisfy

Y τS = {(x0,−dS0(x0, x1), x1,dS1(x0, x1))} = {x0, y0, u(x0, y0), v(x0, y0)}

where we use the notation ψ(x0, y0) = (u(x0, y0), v(x0, y0)), and dfj = π∗jdf .
This is equivalent to the generalized discrete Euler–Lagrange equations

y0 = − ∂S

∂x0
(x0, x1), y1 =

∂S

∂x1
(x0, x1) ⇐⇒ ψ(x0, y0) = (x1, y1). (5.1)

Given a function S, we can solve the above equations if the map

GS(x0, x1) =

(
x0,

∂S

∂x0
(x0, x1)

)
(5.2)

is a diffeomorphism. By the implicit function theorem, we can solve this locally
at x0, x1 if S satisfies the Legendre-condition

det

(
∂2S

∂x1∂x1

)
6= 0. (5.3)

Conversely, given a symplectomorphism ψ : T ∗L → T ∗L, we know that if the
graph of ψ is the graph of a one-form σ, this one-form must also be closed. This
happens exactly when the map

Gu(x0, y0) = (x0, u(x0, y0)) (5.4)

is a diffeomorphism. Intuitively, we can understand this condition by a physical
analogy. If ψ = φ1,0

H is the time-one map of a Hamiltonian flow, we might ask
the question: Given any two locations x0, x1 ∈ L, is it possible to travel from x0

to x1 in one unit of time? If so, what are the possible starting momenta? We
approach this question by considering all possible initial momenta, y0 ∈ T ∗x0

L,
and all possible terminal momenta, y1 ∈ T ∗x1

L. We are then interested in the
intersection ψ(T ∗x0

L)∩T ∗x1
L. (See figure 2.) This intersection is transverse (and

the equation is locally solvable by the implicit function theorem) if ψ satisfies
the inverse-Legendre condition

det

(
∂u

∂y0
(x0, y0)

)
6= 0.

If L is simply connected, we know that the form σ is not just closed, but exact.
Hence we have proved the following lemma.
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T ∗L

x0

T ∗x0
L

T ∗L

x1

T ∗x1
L

ψ(T ∗x0
L)

ψy0

y1

Figure 2: A question of intersection between two Lagrangian submanifolds.

Lemma 5.1 (S-Lemma). Equip all cotangent-bundles with the canoncial sym-
plectic structure.

1. Let L be a simply connected manifold. Given any symplectomorphism ψ =
(u, v) : T ∗L→ T ∗L such that the map Gu from (5.4) is a diffeomorphism,
there exists a function S : L× L→ R such that ψ and S satisfy (5.1).

2. Let L be a manifold, S : L× L→ R a smooth function such that the map
GS from (5.2) is a diffeomorphism. Then there exists a symplectomor-
phism ψ : T ∗L→ T ∗L such that ψ and S satisfy (5.1).

Any function S with these properties is called a generating function of type S
for ψ.

One interesting special case of this is T ∗Rn ' R2n. In particular, we know
that Rn is simply connected, so we expect all symplectomorphisms satisfying the
non-degeneracy condition to have a type S generating function. For Hamiltonian
symplectomorphisms, we can find an explicit form of this function via the action
integral

ΦH(z) =

∫ t1

t0

〈ẋ, y〉 −Ht(z)dt.

For suitable points (x0, x1), we define (x, y) = z : [t0, t1] → R2n to be the
unique curve solving the Hamiltonian equations (2.7) with boundary conditions
x(tj) = xj . Equivalently, if φt1,t0H satisfies the non-degeneracy condition, we

may take z(t) = φt,t0H (G−1
u (x0, x1)). We then define SH as the composition

SH(x0, x1) = ΦH(z). (5.5)

Lemma 5.2. With the above definitions, SH is a generating function of type S
for the symplectomorphism ψ = φt0,t1H .
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Proof. Choose (x0, x1) ∈ U , and a perturbation (ξ0, ξ1). Then for sufficiently
small s > 0, let zs : [t0, t1] → R2n be the unique path solving (2.7) with
boundary conditions

xs(t0) = x0 + sξ0, xs(t1) = x1 + sξ1. (5.6)

Now by definition, Φ(zs) = SH(x0 + sξ0, x1 + sξ1). Differentiating both sides
with respect to s, and using the calculation in (2.10), we get that

〈y1, ξ1〉 − 〈y0, ξ0〉 =
∂SH
∂x0

· ξ0 +
∂SH
∂x1

· ξ1.

Since this holds for all (ξ0, ξ1) ∈ R2n, the result follows.

Example 5.3. To get a feel for what these equations look like, we consider the
example of S : Rn × Rn → R given by

S(x0, x1) =
||x1 − x0||2

2
.

The solution to (5.1) is clearly

y0 = y1 = x1 − x0.

Hence the corresponding symplectomorphism must be

ψ(x, y) = (x+ y, y),

which is precisely free translational motion in Rn. In fact this system is gener-

ated by the Hamiltonian H(x, y, t) = ||y||2
2 on the time-interval [0, 1], which can

be interpreted as a system with no potential energy. This can be generalized
to cotangent bundles of geodesically convex Riemannian manifolds by replacing
the euclidean norm with the induced metric. The generated symplectomorphism
then corresponds to geodesic flow. See [CdS06].

The Euler–Lagrange equations (2.2) arose from a variational principle on the
space of paths. Since equations (5.1) are a discrete version of these equations,
we expect there to be a discrete variational principle generating the latter as
well. Let ψ : R2n → R2n be a symplectomorphism with generating function S.
We denote an orbit of length l of (x0, y0) by

(xj , yj) = ψj(x0, y0), 0 ≤ j ≤ l.

From the S-lemma 5.1, we know that the orbit is uniquely determined by the
sequence

X = (x0, x1, ..., xl),

since the yj ’s can be recovered as

yj = ∂2(xj−1, xj) = −∂1(xj , xj+1),
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where ∂1 and ∂2 denote the derivatives of S with respect to the first and second
variable respectively. The two expressions on the right agree for all 0 < j < l by
lemma 5.1, so yj is well defined. For j = 0 and j = l, only one of the expressions
is well defined, so we set yj equal to that one. It is not hard to see that if X
satisfies the discrete Euler Lagrange equation

∂2(xj−1, xj) + ∂1(xj , xj+1) = 0

then, X is also a critical point of the discrete action functional

I(X) =

l−1∑
j=0

S(xj , xj + 1).

Unfortunately this approach is not as fruitful as we hoped. First of all we can
only expect generating functions for simply-connected base spaces. Second, we
don’t have a general way to avoid the non-degeneracy condition of lemma 5.1.
This prompts us to modify our assumptions, and try a new approach.

5.2 Hamiltonian symplectomorphisms of exact manifolds

Cotangent bundles have a very specific symplectic structure. In particular, they
have a canonical one-form λ with the two properties

σ∗λ = σ, ω = −dλ.

In this subsection, we get rid of the first of these, and show that if we add the
assumption that our symplectomorphism is Hamiltonian, we still get generating
functions.

Definition 5.4. A symplectic manifold (M,ω) is called exact if the closed two-
form ω is exact – that is, if there exist some one-form λ with ω = −dλ. The
form λ is called an action form of (M,ω).

We now show that on an exact symplectic manifold, Hamiltonian and sym-
plectic isotopies are characterized by how they act on an action form λ. Recall
from section 4.2 that an isotopy φt ∈ Diff(M) generated by a vector field Xt

via (4.3) is called symplectic if the form ιω(Xt) is closed, and Hamiltonian if it
is exact.

Proposition 5.5. Let φt be an isotopy of an exact symplectic manifold (M,−dλ)
generated by the vector field Xt. Then φt is a symplectic isotopy if and only if
the form

φ∗tλ− λ (5.7)

is closed for all t. Moreover, φt is a Hamiltonian isotopy if and only if the form
is also exact for all t – that is, if there exist some smooth one parameter family
of functions Ft : M → R such that

φ∗tλ− λ = dFt. (5.8)
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One choice of Ft is

Ft =

∫ t

0

(ιXs(λ)−Hs) ◦ φs ds, (5.9)

where Ht is the Hamiltonian function generating φt. This is unique up to adding
a constant.

Proof. For the first part, just note that

0 = d(φ∗tλ− λ) = ω − φ∗tω ⇐⇒ φ∗tω = ω.

Which is equivalent to φt being a symplectomorphism for all t. If equation (5.8)
holds, let

Ht = ιXt(λ)−
(

d

dt
Ft

)
◦ φ−1

t .

Then the integral in equation (5.9) becomes∫ s

0

(
ιXs(λ)− ιXs(λ) +

(
d

dt
Fs

)
◦ φ−1

s

)
◦ φs ds =

∫ t

0

d

dt
Fs ds = Ft − F0.

Since dF0 = id∗λ− λ = 0, F0 must be constant, so our claim holds. To see that
Ht generates φt, we combine equations (4.4) and (4.5), to get that for all t,

d

dt
φ∗tλ = φ∗t (ιXt(dλ) + dιXt(λ))

= φ∗t

(
ιXt(dλ) + d

(
Ht +

(
d

dt
Ft

)
◦ φ−1

t

))
= −φ∗t ιXt(ω) + φ∗tdHt +

d

dt
dFt

= −φ∗t ιω(Xt) + φ∗tdHt +
d

dt
(φ∗tλ− λ)

= −φ∗t ιω(Xt) + φ∗tdHt +
d

dt
φ∗tλ.

This implies that ιω(Xt) = dHt, which means that Ht generates φt. Conversely,
if ιω(Xt) = dHt, we define Ft by equation (5.9). The above calculation becomes

d

dt
φ∗tλ = φ∗(dιXt(λ)− dHt)

= d ((ιXt(λ)−Ht) ◦ φt) .

Integrating this on both sides, we use the fundamental lemma of calculus on
the left, and again assume interchange of differentiation and integration on the
right. This gives

φ∗tλ− λ = d

∫ t

0

((ιXs(λ)−Hs) ◦ φs) ds = dFt.
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Remark 5.6. For x ∈ M,Ft(x) is the integral of the action form λ − Hsds
along the curve

[0, t]→M

s 7→ φs(x).

Notice the similarity to the generating function SH .

We say that any symplectomorphism φ is exact with respect to λ if it satisfies
the analogue of (5.8),

φ∗λ− λ = dF. (5.10)

One issue now is that there might be several choices of one-form λ satisfying
−dλ = ω, and that the definition of exact depends on this choice unless φ∗ :
H1(M ;R) → H1(M ;R) is the identity. One way to deal with this to consider
two different one-forms; one on the source an one on the target. We then
consider the equation

φ∗λ1 − λ0 = dF.

Even more generally, we might consider one-forms α on the product manifold
such that −dα = (−ω) × ω. The notion of exactness in this setting is that of
an exact Lagrangian embedding.

Definition 5.7. Let (M,−dλ) be an exact symplectic manifold. A Lagrangian
embedding ι : L → M is called exact with respect to λ if the one-form ι∗λ
is exact. (The form ι∗λ will always be closed since the condition for being a
Lagrangian embedding is ι∗ω = 0.)

This definition might also be dependant on choice of λ, unless ι∗ : H1(M ;R)→
H1(L;R) is the zero morphism. We can immediately see that the notion of ex-
act Lagrangian embeddings generalizes equations (5.10) and (5.2), since they
are equivalent to saying that grφ : M → M ×M is an exact Lagrangian em-
bedding with respect to the forms (−λ) × λ and (−λ1) × λ0 respectively. We
now use the fact that Hamiltonian symplectomorphisms are exact with respect
to any form to prove existence of a new kind of generating function.

Proposition 5.8. For a symplectic manifold (M,ω), let α ∈ Ω1(M ×M) be
any one-form such that

−dα = (−ω)× ω, α
∣∣
∆(M)

= 0,

where ∆ : M →M ×M denotes the diagonal embedding. Then for any Hamil-
tonian Symplectomorphism φ, the embedding of the graph, grφ : M →M×M is
an exact Lagrangian embedding with respect to α. Any function Sα,φ : M → R
satisfying

dSα,φ = gr∗φα

is called an α-generating function for φ.
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Proof. We can express grφ as the composition

grφ = (idM × φ) ◦∆.

Clearly, φ × id is a Hamiltonian symplectomorphism since φ is one. Hence, by
proposition 5.5, there exists a function F : M ×M → R such that

(id× φ)∗α− α = dF.

Since ∆∗α = 0 by assumption, we get that

d(F ◦∆) = ∆∗dF = ∆∗(idM × φ)∗α−∆∗α = gr∗φα.

Hence F ◦∆ : M → R is an α-generating function for φ.

5.3 Proof of the C1-close to the identity case

Now for general symplectic manifolds, there might not exist any global choice
of α. In particular, any closed symplectic manifold cannot be exact by propo-
sition 4.4. However, the last calculation of the previous section offers another
approach; we can use the symplectomorphism Ψ : N(∆(M)) → N(M0(M))
from the Lagrangian neighbourhood theorem 4.22 to define a local action form
α = Ψ∗λcan. While this form does not technically satisfy all the conditions of
proposition 5.8, it is not hard to see how the proof can be adapted so that this
form admits an α generating function Sα,φ on N(∆(M)). Combining this with
the calculations of proposition 4.24, we are in a position where we can easily
prove a special case of the Arnold conjecture. First we remind ourselves of the
definitions of nondegeneracy.

Definition 5.9. Let X be a manifold. A fixed point x of some C1-map f :
X → X is called nondegenerate if ||df −I|| is nonsingular, or equivalently if the
intersection of the graph grf (X) with the diagonal ∆(X) is transverse at (x, x)
in X ×X.

Definition 5.10. Let X be a manifold. A critical point x of a C1-function
F : X → R is called nondegenerate if the Hessian HF (x) is nonsingular. Equiv-
alently if the intersection of the graph dF (X) with the graph of the zero-section
X0(X) is transverse at (x, 0) in T ∗X. A function with only nondegenerate
critical points is called a Morse function.

Proposition 5.11. For any compact symplectic manifold (M,ω), there exists
a C1-neighbourhood N(idM ) of the identity such that if φt is a Hamiltonian
isotopy with φt ∈ N(idM ) for 0 ≤ t ≤ 1, then φ1 has at least as many fixed
points as a function on M has critical points. If all the critical points are
nondegenerate, there are at least as many as a Morse function on M has critical
points.

Proof. By proposition 4.24, there exists a C1–neighbourhood N(idM ) of the
identity such that if φt ∈ N(idM ), the image grφt is contained in the domain
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of Ψ : N(∆(M)) → N(M0(M)), and the image of Ψ ◦ grφt is the image of a
one-form σt. Hence there exists a diffeomorphism ft : M →M such that

T ∗M

M M

Ψ◦grφt

ft

σt

commutes. We also know that the form α = Ψ∗λcan admits an α-generating
function Ft satisfying

gr∗φtΨ
∗λcan = dFt.

Combining these facts with proposition 4.10, we calculate

f∗t σ
∗
t λcan = gr∗φtΨ

∗λcan

f∗t σt = dFt

=⇒ σt(M) = dFt(M)

=⇒ Ψ ◦ grφt(M) = dFt(M) (5.11)

Since Ψ maps the diagonal to the zero-section, we know that a critical point
of F1 corresponds uniquely to a fixed point of φ1. As we have remarked be-
fore, Ψ preserves transversality of intersections, so if all the fixed points are
nondegenerate, all the critical points are also nondegenerate.

We have managed to prove one special case of the Arnold conjecture. This
result however is not too interesting. In a sense, it is a local result, and can be
seen as an consequence of the local theory being trivial. On the other hand, it
will give us a new kind of generating function on R2n, which will be useful in
our further study.

5.4 Generating functions of type V

As we have already seen, α-generating functions give rise to the generating
function SH as the special case α = (−λ) × λ. We can get a different kind
of generating function on R2n by using a one-form α that is not of the form
−λ0 × λ1, namely the form Ψ∗λcan from the proof of proposition 5.11. In
the special case of R2n, we can extend the symplectomorphism Ψ from the
Lagrangian neighbourhood theorem 4.22 to a global symplectomorphism

Ψ : T ∗Rn × T ∗Rn → T ∗R2n

as follows. On T ∗R2n, we use coordinates (q0, q1, p0, p1), where the q’s describe
the base-space, and the p’s describe the fibers. In these coordinates the canonical
symplectic form is

ωcan =

n∑
j=1

dq0j ∧ dp0j + dq1j ∧ p1j = dq0 ∧ dp0 + dq1 ∧ dp1.
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Using the coordinates (x0, y0, x1, y1) on T ∗Rn × T ∗Rn, the twisted standard
form is

(−ω0)× (ω0) = dx1 ∧ dy1 − dx0 ∧ dy0.

If we then define

Ψ(x0, y0, x1, y1) = (x1, y0, y1 − y0, x0 − x1),

It is not hard to check that we get a symplectomorphism, and that the diagonal
is mapped to the zero-section. Thus we define an action form

α = Ψ∗λcan = (y1 − y0)dx0 + (x0 − x1)dy0

on T ∗Rn × T ∗Rn. The graph of any symplectomorphism ψ = (u, v) : T ∗Rn →
T ∗Rn is an exact Lagrangian embedding,2 so there exists an α-generating func-
tion Sα,ψ such that

gr∗ψα = dSα,ψ.

We know from proposition 4.24 that there should be some C1-condition such
that if ψ satisfies this condition, Ψ◦grψ is the graph of a one-form. Specifically,
this condition is that the composition

π ◦Ψ ◦ grψ : M →M

(x0, y0) 7→ (u(x0, y0), y0)

is a diffeomorphism. If it is, let f denote its inverse. This satisfies

f(x1, y0) = (x0, y0) ⇐⇒ u(x0, y0) = x1.

We then define V = f∗Sα,ψ, which has differential

dV = f∗dSα,ψ = f∗gr∗ψα.

Expanding this equation, we get that

y1 − y0 = − ∂V
∂x1

(x1, y0), x1 − x0 =
∂V

∂y0
(x1, y0)

if and only if ψ(x0, y0) = (x1, y1). We call any function satisfying this equation
a generating function of type V for ψ. Just as for generating functions of type
S, there is a corresponding non-degeneracy condition such that any function V
satisfying this condition defines a symplectomorphism via the above equations.
It is not hard to see that the condition is that the map

(x1, y0) 7→ (x1 −
∂V

∂y0
(x1, y0), y0)

should be a diffeomorphism. We have thus proved the following lemma.

2Since the space is simply connected, all Lagrangian embeddings are exact, therefore it is
not necessary to assume ψ is Hamiltonian.
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Lemma 5.12. Any symplectomorphism ψ = (u, v) of R2n such that the map

Gu : R2n → R2n

(x0, y0) 7→ (u(x0, y0), y0)

is a diffeomorphism admits a generating function of type V . Any function V on
R2n such that the map

GV : R2n → R2n

(x1, y0) 7→
(
x1 −

∂V

∂y0
(x1, y0), y0

)
is a diffeomorphism generates a unique symplectomorphism ψ of R2n via (5.4).

We claimed earlier that the diffeomorphism condition onGu is a C1-condition.
Therefore, there should be some way of rephrasing it in terms of conditions on
the first derivative of ψ. This is the idea of the following lemma.

Lemma 5.13. The map Gu defined above is a diffeomorphism if ψ satisfies

||dψ(z)− I2n|| ≤
1

2
∀z ∈ R2n. (5.12)

Proof. The proof has two parts. First we show that if ψ satisfies (5.12), then so
does Gu. Then we show that any map with this property must be a diffeomor-
phism. It follows from the definition of Gu that

dψ =

(
A B
C D

)
=⇒ dGu =

(
A B
0 In

)
.

Now a quick calculation shows that

||(dGu − I2n)(u, v)|| =
∥∥∥∥(A− In B

0 0

)(
u
v

)∥∥∥∥
=

∥∥∥∥((A− In)u+Bv
0

)∥∥∥∥
≤
∥∥∥∥((A− In)u+Bv
Cu+ (D − In)v

)∥∥∥∥
= ||dψ − I2n(u, v)||.

It is clear that dGu is invertible, since if w 6= 0,dGu(w) = 0, we have

||(dG− I2n)(w)|| = ||w|| > 1

2
||w||.

We now use a fixed point argument to show that G is bijective. For any ζ ∈ R2n,
define a map Tζ : R2n → R2n by

Tζ(z) = z + ζ −Gu(z)
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and consider the fixed point problem Tζ(z) = z. We have that

||dTζ || = ||I2n − dG|| ≤ 1

2
,

so by a mean value theorem argument, Tζ is a contraction. Hence, by the
Banach fixed point theorem, there exists a unique fixed point. This is the same
as a unique solution to the equation Gu(z) = ζ.

Symplectomorphisms satisfying this condition will admit generating func-
tions of type V. It might seem like the C1-condition is at least as strict as
the Legendre condition of the S-Lemma, but we have a trick up our sleeve. If
ψ = φt1,t0H is a Hamiltonian Symplectomorphism, we can discretize the flow by
sampling it as follows. For some sufficiently large N , we define

ψj = φ
τj+1,τj
H , τj = t0 +

j

N
(t1 − t0), j = 0, ..N − 1. (5.13)

Then we can retrieve ψ as the composition

ψ = ψN−1 ◦ ... ◦ ψ1 ◦ ψ0.

If the Hamiltonian has bounded first and second order derivatives, that is if

sup
t∈R

sup
z∈R2n

(
||d2Ht(z)||+ ||dHt(z)||

)
= L <∞, (5.14)

we can Taylor expand the map t 7→ φt,sH (z) at t = s and get

||φt,t0H (z)− z|| = ||φt0,t0H (z) + (t− t0)
d

dt
φt0,t0H (z) + o(|t− s|2)− z||

≤ ||(t− s) ·XHt(z) + o(|t− s|2)|| ≤ L(t− s).

Hence, by picking N large enough, each ψj satisfies the C1-condition (5.12), so
there exist functions Vj : R2n → R such that

xj+1 − xj =
∂Vj
∂y

(xj+1, yj), yj+1 − yj = −∂Vj
∂x

(xj+1, yj) (5.15)

if and only if (xj+1, yj+1) = ψj(xj , yj). This is a discrete version of Hamilton’s
equations (2.7). Just as before, we are interested in finding a corresponding
variational principle. Let P ' R2nN+n denote the set of discrete paths z =
(x0, .., xN , y0, ...yN−1) of length N in R2n. (Note that yN is uniquely determined
by the rest of z by (5.15)). We now define a symplectic action functional on
this space by

Φ(z) =

N−1∑
j=0

〈yj , xj+1 − xj〉 − Vj(xj+1, yj). (5.16)

As expected, this is just a discrete analogue of the action integral (2.9). As in
lemma 2.10, we fix the boundary conditions x0 and xN and consider variations
fixing these endpoints.
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Figure 3: The discrete paths z and z′ are critical points of the action functional
approximating the red Hamiltonian flow. Note that ψ(z0) = z0 is a fixed point.

Lemma 5.14. A point z ∈ P is a critical point of Φ with respect to variations
fixing the endpoints if and only if z satisfies (5.15) (the first equation for 0 ≤
j ≤ N − 2, the second for 0 ≤ j ≤ N − 1).

Proof. We just need to calculate that the partial derivatives are

∂Φ

∂xj
= yj−1 − yj −

∂Vj−1

∂x
(xj , yj−1) 1 ≤ j ≤ N − 1

∂Φ

∂yj
= xj+1 − xj −

∂Vj
∂y

(xj+1, yj) 0 ≤ j ≤ N − 1 (5.17)

Setting all of these to zero is equivalent to (5.15).

In light of the Arnold conjecture, we are specifically interested in the special
case of periodic boundary conditions x0 = xN . The space of such paths can be
identified with the space Pper of N -periodic sequences with terms in R2n. For
notational convenience we extend ψj and Vj to all j ∈ Z by

Vj+N = Vj , ψj+N = ψj .

It is not to hard to see that fixed points of ψ correspond to critical points of
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Φ : Pper → R, but if we want to use Morse theory, we need to show that
nondegeneracy carries over as well. This is the essence of the following lemma.

Lemma 5.15. A periodic sequence z is a critical point of Φ if and only if z0 is
a fixed point of ψ. Moreover, z0 is nondegenerate as a fixed point if and only if
z is non degenerate as a critical point.

Proof. The calculations of (5.17) continue to hold for the periodic boundary
conditions, so the first part of the lemma holds. For the second part, we need to
compute the Hessian at a critical point z, which we denote HzΦ. Differentiating
equation (5.17) yields

∂2Φ

∂xk∂xj
= −δjk ·

∂2Vj
∂y2

∂2Φ

∂yk∂yj
= −δjk ·

∂2Vj
∂x2

∂2Φ

∂yj∂xk
= δ(j+1)k

(
1− ∂2Vj

∂y∂x

)
− δjk.

Where δ denotes the Kronecker-delta. We now consider the equation

HzΦ(ξ, η) = 0.

This gives the following recursive relations on ξ and η.

ηj+1 +
∂2Vj
∂2x

ξj+1 =

(
1− ∂2Vj

∂x∂y

)
ηj

ξj +
∂2Vj
∂y2

ηj =

(
1− ∂2Vj

∂x∂y

)
ξj+1. (5.18)

We shall see that this is related to the action of dψ. Since z is a critical point,
it satisfies the equations

uj(xj , yj) = xj +
∂Vj
∂y

(uj(xj , yj), yj)

vj(xj , yj) = yj −
∂Vj
∂x

(uj(xj , yj), yj), (5.19)

where ψj(xj , yj) = (uj(xj , yj), vj(xj , yj). Differentiating these equations, one
can solve for the components of dψj , and find that the recursive relationship
(5.18) is equivalent to

(ξj+1, ηj+1) = dψj(ξj , ηj), 0 ≤ j ≤ N − 1

Using the chain rule to combine all these, and the boundary condition z0 = zN ,
we get

(ξ0, η0) = dψz0(ξ0, η0).

Hence (ξ, η) is in the kernel of HzΦ if and only if (ξ0, η0) is in the kernel of
I−dψz0 . In particular, triviality of one kernel implies trivialtiy of the other.

This is a powerful result about symplectomorphisms of R2n, and it will be
the key to proving the T2n case of the Arnold Conjecture.
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6 The Arnold Conjecture

Our goal is to relate fixed points of a Hamiltonian symplectomorphism to critical
points of some function. In the case where φt,t0H is generated by some time-
independent Hamiltonian Ht = H, the connection is obvious. If however we
have a 1-periodic Hamiltonian, Ht+1 = Ht, the 1-periodic solutions of the flow
φt,t0H will correspond to fixed points of the time-1 map ψ = φ1,0

H . The periodic
orbits will also correspond to critical points of the action integral

ΦH(z) =

∫
S1

z∗λ−
∫ 1

0

H(t, z(t))dt,

where z : S1 → M is some loop in M . This is only well defined for exact
manifolds. For contractible loops in non-exact manifolds, we can generalize by
taking u : B →M to be some extension of z to the closed unit ball, and define

aH(z, u) =

∫
B

u∗ω −
∫ 1

0

H(t, z(t))dt.3

Counting critical points of this functional on an abstract infinite dimensional
space was the motivation for developing Floer theory, which eventually solved
the Arnold conjecture for closed manifolds. The construction of Floer homology,
unfortunately, is too involved for this thesis. Our goal is to replace this infinite
dimensional variational problem with a finite dimensional one. The key to this
reduction is to exploit the linear structure of the universal cover R2n → T2n.
We use this to prove the following special case of the Arnold conjecture known
as the Conley–Zehnder theorem.

Proposition 6.1 (Conley–Zhender). A Hamiltonian symplectomorphism ψ :
T2n → T2n of the 2n-torus with the standard symplectic structure has at least
2n + 1 fixed points. If all the fixed points are nondegenerate, there are at least
22n fixed points.

We will content ourselves with proving the nondegenerate case. The idea
will be to use the discrete action functional Φ defined in (5.16). We know that
q : R2n → R2n/Z2n ' T2n is a universal cover of the torus, so if φ1,0

H : T2n → T2n

is a Hamiltonian symplectomorphism generated by the Hamiltonian isotopy
φt,t0H , we get a lift to a Hamiltonian isotopy ψt,t0 : R2n → R2n such that

ψt,t0(z + a) = ψt,t0(z) + a ∀a ∈ Z2n, z ∈ R2n.

We say that the flow is invariant under the action (a, z) 7→ z+ a of Z2n on R2n.
As in the previous section, we can sample this flow at N points and get

ψ1,0 = ψN − 1 ◦ ... ◦ ψ0

3Even with extra conditions, this map is only independent of choice of extension up to an
integer. See [Sal99]
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Since ψ is invariant under the action of Z2n, the Hamiltonian H ′ generating it
must also be invariant. Since it is also periodic in t, we know that H ′ satisfies
the boundedness condition (5.14). Hence we can find N such that each ψj has
a generating function Vj of type V . Since the flow is invariant under the action
of Z2n, it is easy to see from equation (5.15) that each Vj is also invariant under
this action. We denote the space of periodic sequences z = (x, y) with terms in
R2n satisfying zj = zN+j by X ' R2nN . We can define the discrete symplectic
action

Φ(z) =

N−1∑
j=0

〈yj , xj+1 − xj〉 − Vj(xj+1, yj)

on X. In light of lemma 5.15, we know that a critical point of Φ on the space
of periodic sequences corresponds to a fixed point of ψ1,0

H , and that nondegen-
eracy carries over. We call two such fixed points geometrically distinct if they
correspond to different points on the torus. This can be described in terms of
the action

(a, {zn}n∈N) 7→ {zn + a}n∈N
of Z2n on X; two fixed points are geometrically distinct if and only if they are
not related by this action. A quick calculation shows that Φ is invariant under
the action, and hence descends to a function Φ : X/Z2n → R. Now the critical
points of this function corresponds to geometrically distinct fixed points of φ1,0

H ,
so all that remains to show is that if Φ is a Morse function, it has 22n critical
points on X/Z2n. The standard Morse theory will not be of much use, however,
since this space is not compact. In the next section we develop a localized
version of Morse theory that will fix this issue.

6.1 Morse theory and the Conley index

Assume that φt is a flow on a locally compact metric space M with

φt+s = φt ◦ φs, φ0 = idM .

A subset Λ ⊂M is called invariant if φt(Λ) = Λ for all t. We call a neighbour-
hood N of Λ an isolating neighbourhood if

Λ = I(N) =
⋂
t∈R

φt(N).

In this case we say that Λ is the largest invariant subset in N . Compact invariant
subsets for which there exist isolating neighbourhoods are called isolated. We
want to compute some sort of Morse-index-like invariant for a given isolated
invariant set. The technical tool for this calculation is an index pair. See figure
4 for examples.

Definition 6.2. Let cl and int denote the topological closure and interior of
sets respectively. An index pair for an isolated invariant subset Λ is a pair of
compact subsets L ⊂ N ⊂M such that:
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Figure 4: Three compact invariant sets, of which the two first are isolated, while
the third is not. For the two hyperbolic critical points, N is marked in light
red, and L in red. The circulation is not isolated since any neighbourhood will
contain another circle, which is also an invariant set.

1. cl(N − L) is an isolating neighbourhood for Λ satisfying

Λ = I(cl(N − L)) ⊂ int(N − L).

2. L is positively invariant in N , that is,

x ∈ L, φ[0,t](x) ⊂ N =⇒ φt(x) ∈ L.

3. Every orbit which leaves N must pass through L, that is,

x ∈ N, φt(x) /∈ N =⇒ ∃t0 ∈ [0, t] : φt0 ∈ L.

A pair such that L is a deformation retract of one of its neighbourhoods in N
is called regular. In this case the reduced homology of the quotient N/L is the
same as the relative homology of the pair (N,L).

In [Con78], Conley proves that any isolated invariant set has a regular in-
dex pair, and that if M is a manifold, the quotient N/L has finite homology.
Moreover, he shows that the homotopy type of the quotient N/L depends only
on the invariant set Λ, not on the choice of index pair. This homotopy type is
the Conley index of the isolated invariant set Λ. If the homology is finite, we
define the index polynomial of Λ to be

pΛ(s) =
∑
k

dim(Hk(N,L))sk.

Note that throughout this thesis, we use homology with rational coefficients, so
the notion of dimension is well defined. The index polynomial is additive in the
sense that if Λ is the disjoint union of Λ1 and Λ2, then

pΛ(s) = pΛ1(s) + pΛ2(s).
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We wish to relate this new index theory to the more familiar Morse index. Let
Φ : M → R be a Morse function on an n-dimensional Riemannian manifold M.
Consider the gradient field given by

v(x) = −OΦ(x).

Assuming that this is complete, we denote it’s flow by φt. Since Φ is Morse, all
the fixed points of the flow are hyperbolic, so the unstable manifold

Wu(x) = {y ∈M | lim
t→−∞

φt(y) = x}

is well defined for any critical point x of Φ. The Morse index of x is defined as

ind(x) := dimWu(x),

which can be computed as the number of eigenvalues with negative real part
of the Hessian HΦ(x). As mentioned before, a hyperbolic fixed point is also
an isolated invariant set, so we can compute its Conley index. Assume 0 is a
hyperbolic fixed point of the flow

ẋ = v(x).4

To find an index pair, consider the linearized system

ξ̇ = dv(x)ξ

on Rn. Denote the stable and unstable eigenspaces of dv by Es and Eu respec-
tively.5 There exist some r > 0 such that the sets

N = {xs + xu : xs ∈ Es, xu ∈ Eu, ||xs||, ||xu|| ≤ r}
L = {xs + xu ∈ N : ||xu|| = r}

form an index pair for {0}. It is not hard to see that N/L is homotopy equiv-
alent to Sk where k = dimEu. In the special case where v(x) = −OΦ(x), the
linearization is given by ξ̇ = −HΦ(0)ξ, so the dimension of the unstable space
is exactly the number of negative eigenvalues of HΦ(0). It follows that

p{0}(s) = sind(0).

This can be generalized to arbitrary points on Riemannian manifolds by using
the exponential map exp : TxM →M to make the approximation

x(t) ∼ exp(ξ(t)).

Where ξ is the solution to the linearized system ξ̇ = dv(x) on TxM .

4This abuse of notation is typical in dynamical systems, and we really mean the flow of
the first order ODE d

dt
φt = v ◦ φt(x).

5The unstable space is spanned by the eigenvectors whose eigenvalue has positive real part,
the stable by the ones with negative real part.
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For a general isolated invariant set Λ of the gradient flow of Φ, we wish to
relate the number of critical points

ck(Λ) = #{x ∈ Λ : dΦ(x) = 0, ind(x) = k}

to the Conley–Betti numbers

bk(Λ) = dimHk(N,L).

This is the essence of the Morse inequalities.

Proposition 6.3 (Morse inequalities). Let Φ be a Morse function on an n-
dimensional Riemannian manifold M such that the gradient field is complete.
If Λ is an isolated invariant set of the gradient flow, the following inequality
holds for all k ≤ n, with equality at k = n

ck(Λ)− ck−1(Λ) + ...± c0(Λ) ≥ bk(Λ)− bk−1(Λ) + ...± b0(Λ).

Proof. We fix a regular index pair (N,L) for Λ. For any regular value a ∈ R of
Φ
∣∣
N

, we define
Na = {x ∈ N : Φ(x) ≤ a} ∪ L

For any critical value c ∈ R, the set

Λc = {x ∈ N : Φ(x) = c,dΦ(x) = 0}

is an isolated invariant set. In particular it is the disjoint union of a finite
number of hyperbolic fixed points. Since critical values have measure zero, we
can choose a < c < b such that c is the only critical value in [a, b]. Then
(N b, Na) is a regular index pair for Λc, and since Λc is the disjoint union of
hyperbolic fixed points, we get

n∑
k=0

Hk(N b, Na)sk =
∑
x∈Λc

sind(x). (6.1)

We introduce the coefficients

bak = bak(Λ) = dimHk(Na, L),

cak = cak(Λ) = #{x ∈ Λ ∩Na : dΦ(x) = 0, ind(x) = k}.

In these terms, equation (6.1) becomes

dimHk(N b, Na) = cbk − cak. (6.2)

It is a standard result of algebraic topology that the inclusion of pairs

(Na, L) (N b, L) (N b, Na)

gives rise to a long exact sequence in relative homology.

· · · Hk+1(N b, Na) Hk(Na, L) Hk(N b, L) Hk(N b, Na) · · ·∂k ∂k−1
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Figure 5: A one-dimensional example. The three critical ponts form an isolated
invariant set which has regular index pair given by N = [l,m], L = {l,m}. It
is not hard to see that the relative homology Hk(N b, Na) is the same as the
reduced homology H̃k(S1).

We denote the rank of the connecting homomorphism ∂k by da,bk . Then com-
bining the exactness of this sequence with (6.2), we get that

da,bk−1 + da,bk = cbk − cak − bbk + bak. (6.3)

We reformulate this by introducing the polynomials

pacrit(s) =
∑
k

caks
k, paΛ(s) =

∑
k

baks
k, qa,b(s) =

∑
k

da,bsk.

Then equation (6.3) is equivalent to

(1 + s)qa,b(s) = pbcrit(s)− pacrit(s)− (pbΛ(s)− paΛ(s))

= P bcrit(s)− pbΛ(s)− (pacrit(s)− paΛ(s)). (6.4)

The coefficients of qa,b are non negative, intuitively, this means that when we
move ”up” from a to b, the number of fixed points increases at least as much
as the Conley–Betti numbers. Since N is compact, and critical values have
measure zero, we can find a finite cover {[aj , aj+1] : j = 0, .., l} of Φ(N) such
that there is exactly one critical value cj in each [aj , aj+1]. We use (6.4) to
combine all of the intervals. Since there are no critical points in Na0 , we have
pa0crit(s) = pa0Λ (s) = 0. Since N = Nal , we have that

palΛ (s) = pΛ(s) =
∑

bks
k, palcrit(s) = pcrit(s) =

∑
cks

k.

It follows by induction on j that

pcrit(s)− pΛ(s) = (1 + s)q(s)
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where q(s) has non negative coefficients. Doing polynomial division, we calculate
that the coefficients dk of q must be

dk =

k∑
i=0

(−1)j(ck−1 − bk−j) ≥ 0

Which is precisely the Morse inequalities. For equality at k = n, note that
exactness of the sequence implies that the alternating sum of dimensions from
0 to n is zero. So with aj as above,

n∑
k=0

(−1)k(ck − bk) =

l∑
j=0

n∑
k=0

(−1)k(c
aj+1

k − cajk − b
aj+1

k + b
aj
k ) = 0.

We immediately get the following corollary.

Corollary 6.4. The number of critical points of Φ in Λ is bounded below by the
sum of the Conley–Betti numbers.

#Crit(Φ
∣∣
Λ

) =

n∑
k=0

ck(Λ) ≥
n∑
k=0

bk(Λ). (6.5)

Proof. The Morse inequality at k = 0 yields the base-case. Inducting over k
using the corresponding Morse inequality at each step gives the result.

We are now ready to apply this theory to our special case.

6.2 Proof of the nondegenerate case

We identify the space of geometrically distinct periodic sequences X/Z2n with
the space T2n×R2n(N−1) by introducing the coordinates (z0, ζ) ∈ T2n×R2n(N−1)

satisfying
ζj = zj − zj−1.

We now claim that in these coordinates, Φ is given as by

Φ(z) = Ψ(z0, ζ) = 〈ζ, Pζ〉+W (z0, ζ) (6.6)

Where P is the 2n(N − 1)× 2n(N − 1) matrix determined by

P = −1

2

(
0 B
BT 0

)
, B =


In · · · · · · In

0
. . .

...
...

. . .
. . .

...
0 · · · 0 In

 ,
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z0 z1

z0 + (0, 2)

1

2

Figure 6: Different paths with same endpoint in R2/Z2. The red path clearly
has higher kinetic energy.

and W descends to a function on T2nN ' R2nN/Z2nN . Too see why this holds,
let ζ =

(
ξ
η

)
, and calculate

〈ζ, Pζ〉 = −1

2

(
ξT ηT

)( 0 B
BT 0

)(
ξ
η

)
= −ξTBη

= −
N−1∑
j=1

〈ξj ,
N−1∑
k=j

ηj〉

= −
N−1∑
j=1

〈xj − xj−1, yN−1 − yj−1〉

=

N−1∑
j=1

〈xj − xj−1, yj−1〉 − 〈 xN−1 − x0, yN−1〉

=

N−1∑
j=0

〈xj+1 − xj , yj〉. (6.7)

We have used the periodic boundary conditions to exchange x0 with xN . Com-
paring this to the expression for Φ(z) found in (5.16), we see that taking

W (z0, ζ) =

N−1∑
j=0

Vj(xj+1, yj),

equation (6.6) is satisfied. Since each Vj is invariant under the action of Z2n, it
is easily seen that W is invariant under the action of Z2nN . Let us now break
down this result intuitively. The components of ζ correspond to the ”velocity”
of the system through phase space. The integral of kinetic energy over a path
is represented by (6.7), which we can see is a quadratic function of this velocity.
This makes sense, since the average velocity of a path on the torus not only
depends on its endpoints, but on how many times the path ”wraps around” the
torus. See figure 6. Therefore we expect that the action grows as this velocity
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grows. The W -term represents potential energy. Since potential energy is only
dependant on position on the torus, it makes sense that it is invariant under
Z2nN . Note that this also means that it is periodic, so that both W and all
its derivatives are bounded. All of this shows that the gradient flow of Ψ is a
compact perturbation of the quadratic flow determined by 〈ζ, Pζ〉, so we expect
their large scale behaviour to agree. The gradient flow6 φ associated to Ψ on
T2n × R2n(N−1) is given by

ż0 = −∂W
∂z0

, ζ̇ = −Pζ − ∂W

∂ζ
, (6.8)

The large scale qualitative behaviour of the system is determined by the eigen-
values and eigenvectors of P . Since P is symmetric, we know that all the
eigenvalues are real. Furthermore, if

P

(
ξ
η

)
=

1

2

(
−Bη
−BT ξ

)
= λ

(
ξ
η

)
for some λ > 0, then

P

(
ξ
−η

)
=

1

2

(
Bη
−BT ξ

)
= λ

(
−ξ
η

)
= −λ

(
ξ
−η

)
.

This shows that (ξ, η) 7→ (ξ,−η) is a linear bijection between the spaces E+

and E− spanned by the stable and unstable eigenvectors respectively. Since P
is nonsingular, we get a splitting

R2n(N−1) = E+ ⊕ E−

where the summands each have dimension n(N − 1). We will now use this
splitting to define an index pair.

Lemma 6.5. There exists some R ∈ R such that the sets

N = {(z0, ζ
− + ζ+) : ζ± ∈ E±, ||ζ±|| ≤ R}

L = {(z0, ζ
− + ζ+) ∈ N : ||ζ−|| = R}

form an index pair for the isolated invariant set

Λ = I(cl(N − L))

and that all the critical points of Ψ are contained in Λ.

Intuitively, this lemma should not be hard to believe; outside some large
compact set, the flow is very close to the linear flow (0,−Pζ), for which (N,L)
is clearly an index pair. In particular, all the critical points of Ψ must be

6Note that we are avoiding questions of completeness and existence here. This is justified,
since the flow exists on any compact set, and we only really need some large compact set to
define our index pair.
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contained within this large compact set. We postpone the full proof of this
lemma to appendix B. All that remains now is to compute the homotopy type
of the quotient N/L. We denote the closed n(N − 1)-disk by Dn(N−1). Note
that we get a homotopy equivalence

N

L
=

T2n ×Dn(N−1) ×Dn(N−1)

T2n ×Dn(N−1) × ∂Dn(N−1)
' T2n ×Dn(N−1)

T2n × ∂Dn(N−1)

by contracting one copy of Dn(N−1). The next lemma shows that this quotient
is actually a suspension.

Lemma 6.6. For any compact manifold X, there exists a homeomorphism

X ×Dn

X × ∂Dn
' ΣnX+,

where X+ = X
∐
{∗} denotes X with a disjoint basepoint, and Σn the n-fold

suspension (see appendix C).

Proof. The following diagram commutes

X ×Dn X+ ×Dn X+ × Dn

∂Dn
X+×(Dn/∂Dn)

(X+×∂Dn)∪({∗}×(Dn/∂Dn))

X×Dn
X×∂Dn

X×(Dn/∂Dn)
X×∂Dn

g

f

.

The map f is clearly a bijection; it just collapses a set that is already collapsed.
Since its domain is compact and its target is a Hausdorff space, it must be a
homeomorphism. The map g is also a homeomorphism since distributing the
product over the disjoint union gives

X+ × (Dn/∂Dn)

(X+ × ∂Dn) ∪ ({∗} ×Dn/∂Dn)
=
X × (Dn/∂Dn)

∐
({∗} × (Dn/∂Dn))

(X × ∂Dn)
∐

({∗} × (Dn/∂Dn))
.

The map g is just forgetting the second summand, which is killed off by the
quotient anyways. The top-right quotient in the diagram is the definition of
Σn(X+) when we associate Sn ' (Dn/∂Dn).

Using this lemma and the suspension isomorphism (C.1), we get isomor-
phisms

Hk+n(N−1)(n,L) ' H̃k+n(N−1)(N/L) ' H̃k(T2n
+ ) ' Hk(T2n).

In particular, the sum of the Conley–Betti numbers of (N,L) are bounded below
by the sum of the Betti numbers of the 2n-torus, which is the sum

2n∑
k=0

dimHk(T2n) =

2n∑
k=0

(
2n

k

)
= 22n.

Combining this with the Morse inequalities, the nondegenerate case of the
Conley–Zhender theorem follows. �
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Appendix

A Mapping spaces

In this section we give a quick introduction to the Whitney topology on the
space Cr(M,N) of r times continuously differentiable maps from M to N . This
approach is due to [Hir76], but one can also use the equivalent approach via
jet-bundles found in for instance [Mat69]. Let φ : U → Rm and ψ : V → Rn be
coordinate functions on the open subsets U ⊂M and V ⊂ N . For any compact
K ⊂ U , any Cr map g such that g(K) ⊂ V and any ε > 0, we define a weak
subbasic neighbourhood

Nr(g;U, V,K, ε)

as the set of all maps f ∈ Cr(M,N) such that f(K) ⊂ V and

||Dk(ψ ◦ g ◦ φ−1)(x)−Dk(ψ ◦ f ◦ φ−1)(x)|| < ε

for all 0 ≤ k ≤ r, x ∈ K. In short, a map f ∈ Nr(g;U, V,K, ε) is subject to both
a compact open condition, as well as r + 1 Ck conditions. The C0-condition
ensures that f(x) is ”close” to g(x) for x ∈ K, the higher order Ck conditions
ensure that the derivatives Dkf and Dkg are ”close” on K. Taking these sets as
a subbasis, we get a well defined topology on Cr(M,N) which we call the weak
topology. We denote the resulting space CrW (M,N). The weak topology has a
lot of nice features, specifically it has a complete metric and a countable base.
The problem is that for non-compact manifolds it does not control behaviour ”at
infinity.” Therefore, if we want global results about non-compact manifolds, we
need a finer topology. Let Φ = {φj : Uj → Rm}j∈N and Ψ = {ψj : Vj → Rn}j∈N
be collections of coordinate functions on M and N respectively such that the
collections {Uj} and {Vj} are locally finite. Let K = {Kj}j∈N be a sequence of
compact sets such that Kj ⊂ Uj . Now for any map g ∈ Cr(M,N) such that
g(Kj) ⊂ Vj for all j, and any positive sequence ε of real numbers, we define the
strong basic neighbourhood

Nr(g; Φ,Ψ,K, ε)

to be the set of maps f ∈ Cr(M,N) such that for all j ∈ N, 0 ≤ k ≤ r, and that
for all x ∈ Kj , we have g(Kj) ⊂ Vj and

||Dk(ψj ◦ g ◦ φ−1
j )(x)−Dk(ψj ◦ f ◦ φ−1

j )(x)|| < εj .

It is an easy exercise to see that the collection of such sets is closed under
finite intersections. The topology generated by this basis is called the strong,
or Whitney topology on Cr(M,N). We denote the resulting topological space
Crs (M,N). It differs from the weak topology in the fact that we can control
behaviour at an infinite number of compact sets at a time, not just a finite one.
It is not hard to see that when M is compact, the strong and weak topologies
agree. For proof of the following results about the strong topology, we refer to
[Hir76].
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Proposition A.1. The sets Immr(M,N) and Subr(M,N) of r times contin-
uously differentiable immersions and embeddings respectively are both open in
Crs (M,N) for all r ≥ 1.

The proof of this statement boils down to the fact that the subsets of injective
and surjective linear transformations are open in the space L(Rm,Rn) of linear
transformations l : Rm → Rn.

Proposition A.2. The set Embr(M,N) of r times continuously differentiable
embeddings from M into N is open in Crs (M,N) for all r ≥ 1.

The proof uses the C1-condition from the previous theorem to ensure maps
are local embeddings, and a compact-open condition to ensure injectivity.

Proposition A.3. The set Propr(M,N) of r times continuously differentiable
proper maps from M to N is open in Crs (M,N) for all r ≥ 0.

Combining this proposition with the fact that an embedding f : M → N is
proper if and only if f(M) is closed we get the following corollary.

Corollary A.4. The set of closed embeddings is open in Crs (M,N) for all r ≥ 1.

This has an immediate application. Note that for connected manifolds, we
now have that any closed embedding must also be surjective since its image
is both open and closed. Now if M and N are not connected, we can use a
C0-condition to get a correspondence between the connected components of M
and N . Thus we get the following result.

Proposition A.5. The set Diffr(M,N) of r times continuously differentiable
diffeomorphisms of M with N is open in Crs (M,N) for all r ≥ 1.

In our application to symplectomorphisms, we are interested in compact
manifolds. All that remains to prove that in these topologies, pushforwards are
continuous. A proof of the general case can be found in [Mat69]. This proof
uses the equivalent jet bundle formulation of the topology, so for convenience,
we give a proof of the compact case using more elementary techniques.

Proposition A.6. Let X,Y and Z be smooth manifolds where X is compact.
Let r ≥ 0, then given any f ∈ Cr(Y,Z), the pushforward map

f∗ : Crs (X,Y )→ Crs (X,Z)

g 7→ f ◦ g

is continuous.

Proof. Since X is compact, the strong and weak topologies agree. Thus we need
only consider weak subbasic neighbourhoods. Given any such neighbourhood
N = Nr(h;U, V,K, ε) in Cr(X,Z), we must show that if f∗(g) ∈ N , then there
exist some neighbourhood N ′ of g in Cr(X,Y ) such that f∗(N

′) ⊂ N . The set
f−1(V ) is open in Y , but it might not be a coordinate patch. However, for any
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y ∈ f−1(V ), there exists a coordinate patch that is diffeomorphic to an open
ball of radius one – that is, there exist maps

ηy : Wy
∼−−→ B(0; 1) ⊂ Rl

with ηy(y) = 0 and Wj ⊂ f−1(V ). If we take 0 < ry < 1, then B(0; ry) ⊂
B(0; ry) ⊂ B(0; 1). The sets η−1

y (B(0; ry)) cover g(K), and by compactness
there exists a finite subcover

g(K) ⊂
⋃
j

η−1
j (B(0; rj)).

Now the sets
Kj = g−1

(
η−1
j

(
B(0; rj)

)
∩ g(K)

)
are closed subsets of K, hence compact subsets of U with g(Kj) ⊂Wj . For any
ε′ > 0, the set

N ′(ε′) =
⋂
j

N(g;U,Wj ,Kj , ε
′)

is a neighbourhood of g such that all a ∈ N ′(ε′) satisfy the compact-open
condition fa(K) ⊂ V . We now need to make ε′ small enough that the Ck-
conditions are also satisfied. Let φ : U → Rn and ψ : V → Rm be coordinate
functions. We define

d = min
0≤k≤r

(
inf
x∈K

(
ε− ||Dk(ψhφ−1)(x)−Dk(ψfgφ−1)(x)||

))
,

which is positive since K is compact. We let a ∈ N ′(ε′) as before and starting
with the special case k = 0, we calculate that for x ∈ Kj ,

||ψhφ−1(x)− ψfaφ−1(x)||
≤ ||ψhφ−1(x)− ψfgφ−1||+ ||ψfgφ−1(x)− ψfaφ−1(x)||
≤ ε− d+ ||(ψfη−1

j )(ηjgφ
−1)(x)− (ψfη−1

j )(ηjaφ
−1)(x)||.

Since ψfη−1
j is a continuous map between open subset of euclidean space, we

have that given any ε′′ > 0, there exist δ(ε′′, x) > 0 such that

||(ηjgφ−1)(x)− (ηjaφ
−1)(x)|| < δ(ε′′, x)

=⇒ ||(ψfη−1
j )(ηjgφ

−1)(x)− (ψfη−1
j )(ηjaφ

−1(x))|| < ε′′.

If we now take ε′ smaller than

δ = min
x∈K

δ(d, x),

which again is positive by compactness, the C0-condition is satisfied. For 1 ≤
k ≤ r, we let

L = max
1≤k≤r

||Dk(ψfψ−1)||,
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which is finite since the derivatives are bounded linear operators. Then, for any
x ∈ Kj and any 1 ≤ k ≤ r,

||Dk(ψhφ−1)(x)−Dk(ψfaφ−1)(x)||
≤ ||Dk(ψhφ−1)(x)−Dk(ψfgφ−1)(x)||+ ||Dk(ψfgφ−1)(x)−Dk(ψfaφ−1)(x)||
≤ ε− d+ ||Dk(ψfη−1

j ηjgφ
−1)(x)−Dk(ψfη−1

j ηjaφ
−1)(x)||

= ||Dk(ψfη−1
j )(Dk(ηjgφ

−1)(x)−Dk(ηjaφ
−1)(x)||

< ε− d+ L · ε′.

So if we pick ε′ < min( dL , δ), we get f∗(N
′(ε′)) ⊂ N as desired.

The proof of the following theorem can also be found in [Mat69], again using
the jet bundle formulation. As before we prove the compact case.

Proposition A.7. For all manifolds X,Y and Z, and integers r ≤ 0,

Crs (X,Y × Z) ' Crs (X,Y )× Crs (X,Z)

Where both products have the product topology.

Proof. As in the previous proof, it suffices to work with the weak topology since
X is compact. Let π1, π2 : M ×M →M denote the projections to each factor.
Then the bijection

(π1)∗ × (π2)∗ : C1(M,M ×M)→ C1(M,M)× C1(M,M)

is continuous since the factors are continuous by proposition A.6. It remains to
show that the inverse is also continuous. We denote the inverse

µ : C1(M,M)× C1(M,M)→ C1(M,M ×M)

f1 × f2 7→ (f : x 7→ (f1(x), f2(x)).

We show that a subbasis for the weak topology on C1(M,M × M) is given
by neighbourhoods of the form N(f ;U, V1 × V2,K, ε), where V1, V2 both are
coordinate patches of M . Take any

g ∈ N = N(f ;U, V,K, ε) ⊂ C1(M,M ×M).

At x ∈ g(K), we define ψ1 : V x1 → Rn and ψ2 : V x2 → Rn to be coordinate
patches around π1(x) and π2(x) respectively, shrinking if necessary so that V x =
V x1 × V x2 ⊂ V . Since g(K) is compact, there exists a finite subcover g(K) ⊂⋃
j V

xj . Dividing K such that
⋃
j Kj = K and g(Kj) ⊂ V xj , 7 the subset

Ng(εg) =
⋂
j

N(g;U, V xj ,Kj , εg)

7This is possible by the same argument as in the proof of A.6
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is a well defined neighbourhood of g for all εg > 0. Now a simple re-centering
argument show that there exist εg > 0 such that Ng(εg) ⊂ N ; just take

εg < min
0≤k≤r

min
j

inf
x∈Kj

(
ε− ||Dk(ψfφ−1)(x)−Dk(ψgφ−1)(x)||

)
.

Now since
N =

⋃
g∈N

Ng(εg),

it suffices to show openness of the preimage µ−1(M) of any neighbourhood

M = N(f ;U, V1 × V2,K; ε),

where ψj : Vj → Rn, j = 1, 2 are coordinate patches. Let g1 × g2 = µ−1(g), g ∈
M . We construct a neighbourhood M1 × M2 of g1 × g2 as follows; for all
ε1, ε2 > 0, we let

Mj(εj) = N(gj ;U, Vj ,K, εj), j = 1, 2.

Then M1(ε1)×M2(ε2) is a well defined neighbourhood of g1 × g2 since g(K) ⊂
V =⇒ gj(K) ⊂ πj(V ) = Vj . We take

d = min
0≤k≤r

inf
x∈K

(
ε− ||Dk(ψfφ−1)(x)−Dk(ψgφ−1)(x)||

)
which is positive since K is compact. Now, if hj ∈ Mj(εj), h = µ(h1 × h2), we
have that for all x ∈ K, 0 ≤ k ≤ r,

||Dk(ψhφ−1)(x)−Dk(ψfφ−1)(x)||
≤ ε− d+ ||Dk(ψhφ−1)(x)−Dk(ψgφ−1)(x)||

≤ ε− d+

∥∥∥∥(Dk(ψ1hφ
−1)(x)

Dk(ψ2hφ
−1)(x)

)
−
(
Dk(ψ1gφ

−1)(x)
Dk(ψ2gφ

−1)(x)

)∥∥∥∥
≤ ε− d+ ε1 + ε2

So taking εj <
d
2 , we get our result.

B Proof of the index pair lemma

In this appendix we give a proof of lemma 6.5. We must show that there exist
some R > 0 such that the sets

N = {(z0, ζ
− + ζ+) : ζ± ∈ E±, ||ζ±|| ≤ R}

L = {(z0, ζ
− + ζ+) ∈ N : ||ζ−|| = R}

are an index pair for the set Λ = I(cl(N − L)) such that all the critical points
of Ψ are contained in Λ. So we must prove that for sufficiently large R:

1. Λ ⊂ int(N − L).
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2. L is positively invariant in N – that is,

x ∈ L, φ[0,t](x) ⊂ N =⇒ φt(x) ∈ L.

3. Every orbit which leaves N must pass through L – that is,

x ∈ N, φt(x) /∈ N =⇒ ∃t0 ∈ [0, t] : φt0 ∈ L.

4. dΨ(x) = 0 =⇒ x ∈ Λ.

We denote the orthogonal projection to the stable and unstable eigenspaces
of P by π± : Rn(N−1) → E±. Let−λ−min be the negative eigenvalue with smallest
absolute value. Choosing some orthogonal basis for E−, one may easily calculate
that

||π−(ζ − Pζ)||2 = ||ζ−||2 − 2〈ζ−, π−(Pζ)〉+ ||π−(Pζ)||
≥ ||ζ−||2 + 2λ−min||ζ

−||2 + ||λ−minζ||
2

= (||ζ−||+ λ−min||ζ
−||)2.

Since W is a periodic C2 function, its first and second derivatives exist, and are
bounded. Hence there exist K such that

||∂W
∂ζ

(z0, ζ)|| ≤ K, ∀(z0, ζ) ∈ T2n × R2n(N−1),

and we may Taylor expand the curve ζ(t) given by ζ(0) = ζ0 as

ζ(t) = ζ0 − t
(
Pζ +

∂W

∂ζ
(z0, ζ)

)
+ t2e(z0, ζ0)

where ||e(z0, ζ0)|| ≤ E for all (z0, ζ). We then calculate that for t > 0,

||π−(ζ(t))|| = ||π−(ζ0 − t(Pζ0 +
∂W

∂ζ
(z0, ζ0)) + t2e(ζ, z0)||

≥ ||ζ−0 ||+ t(λ−min||ζ
−
0 || −K − tE).

So if we take ||ζ−0 || > R′ = (K + E)/λ−min, the E− component of ζ(t) grows
linearly with t for t ≤ 1. Note that we can perform an analogous argument for
π+(ζ(t)). Hence there exist some R′ such that outside N(R′), the flow increases
||ζ−|| and decreases ||ζ+|| when we move forwards in time, and increases ||ζ+||
when we move backwards in time. Taking R > R′, it is now easy to verify 2.
since any ζ ∈ L has φt(ζ) /∈ N . By the intermediate value theorem, any curve
leaving N must have some point with either ζ+ or ζ− larger than R′. In the
region N(R) − N(R′), the flow strictly decreases ||ζ+||, so the only way for a
curve to exit N(R) is by reaching some ||ζ−|| > R. Using the intermediate value
theorem again, we can see that 3. is satisfied. To see why 1. holds, note that
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Λ ⊂ N(R′), since any point outside N(R′) escapes to infinity either as t → ∞
or t→ −∞. A quick triangle-inequality argument shows that

||OΨ(z0, ζ)|| ≥ ||Pζ +
∂W

∂ζ
(z0, ζ)||

≥ ||Pζ|| −K ≥ ||ζ||
||P−1||

−K.

Thus we can take R such that outside N(R), we have ||ζ|| ≥ K||P−||. Thus all
the critical points of Ψ are contained within N(R). Any critical point in N(R)
must clearly be in Λ, so 4. holds as well. �

C The suspension isomorphism

In this appendix we briefly cover some properties of homology and suspension.
The reference for the material in this section is [May99]. In the category of
pointed spaces, the smash product behaves like a tensor product which makes
it nice for computing homotopy and homology. It is defined as follows.

Definition C.1. Given two pointed spaces X and Y their smash product is
defined as the quotient

X ∧ Y =
X × Y
X ∨ Y

=
X × Y

({x} × Y ) ∪ (X × {y})

Where x and y are the basepoints of X and Y respectively.

If we work with certain ”convenient”, spaces, the smash product is both
symmetric and associative –that is, we have homeomorphisms

X ∧ (Y ∧ Z) ' (X ∧ Y ) ∧ Z, X ∧ Y ' Y ∧X.

In particular, the smash product is associative for all locally compact Hausdorff
spaces, and hence for all manifolds. Furthermore, one can show that similarly
to a tensor product, there exist an isomorphism

F (X ∧ Y,Z) ' F (X,F (Y, Z))

where F (X,Y ) denotes the pointed space of basepoint preserving maps from X
to Y , with the constant map as basepoint. Since we are extra interested in the
space ΩX = F (S1, X), it is natural that we are interested in the suspension
ΣX := X ∧ S1. We define the n-fold suspension by iteration

ΣnX = Σn−1Σ(X).

The reader may verify that S1 ∧ Sn ' Sn+1. Hence, using the associativity, it
is easy to see that an equivalent definition of the n-fold suspension is

ΣnX = X ∧ Sn.

A somewhat related construction is that of a reduced cone on X
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Definition C.2. For a pointed space X, the reduced cone on X is the space
CX defined as

CX = I ∧X =
X × I

(X × {0}) ∪ ({x0} × I)
,

where I = [0, 1] is the unit interval with basepoint 0.

It is not hard to see that the inclusion X ↪→ CX at 1, mapping x to (x, 1)
gives rise to a quotient map CX → CX/X ' ΣX. This map glues together the
endpoints of I, hence creating a based circle. Now the cone of any space is a
contractible space, since we can contract it to the basepoint along I. The long
exact sequence of the triple (x0, X,CX) is

· · · Hk(CX, x0) Hk(CX,X) Hk−1(X,x0) Hk−1(CX, x0) · · ·∂ .

Using that excision gives an isomorphism H∗(CX,X) ' H∗(CX/X, x0), and
denoting the reduced homology by H̃k := Hk(X,x0) where x0 is the basepoint
of X, the above sequence becomes

· · · 0 H̃k(ΣX) H̃k−1(X) 0 · · ·∂ .

This means that the boundary map induces an isomorphism

H̃k(ΣX) ' H̃k−1(X). (C.1)

This isomorphism is known as the suspension isomorphism, and is such a funda-
mental concept that it is included as an axiom in the formulation of generalized
reduced homology theories.
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