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Introduction

Let V be a vector space and V; C V be a subspace Vi € {1,...,n} for some
n € N. Then the system (V; V4, ..., V) is said to be decomposable <> there
exist non-trivial vector spaces W’ and W” such that

L. V=WaoWw”
2. Vi=(VinW) e (V,nW")Vie{1,..,n}.

Summary

The 4 subspace problem is the issue of finding all indecomposable systems
consisting of a vector space with four subspaces. This paper translates the
notion of systems into subspace representations of star quivers and finds
a sequence with indecomposable representations as its elements, as well as
a few representations which are not in the sequence, but are related to it
nonetheless.

1 Representations and decomposability

As a first step on our journey towards the desired sequence we described
in the summary, we substitute the somewhat ambiguous ”systems” with
something called ”representations of quivers”. To explain what that means,
we first define what a quiver is.

Definition 1.1. A quiver I' = (I'p,I'1) is a directed graph where
1. Ty = {vertices}

2. Ty = {arrows}.



A

Remark 1.1. It is common to represent the vertices of a quiver by natural
numbers, so that I'g = {1,...,n}, where n is the number of vertices of the
quiver. Let a € I'y such that a : i« — j for some i,5 € I'g. We denote
a = oj;, and we use this as the standard notation for arrows. A

Example 1.1. These are some examples of how quivers can be illustrated.

1. I'= ({1,2},{a21}) can be illustrated as 1 BN

2. I' = ({1}, {a1,1}) can be illustrated as 1 @

3. I'=({1,2,3,4,5},{as,1, 5 2, 53, 5.4 }) can be illustrated as

2

lasg
as,1

A

Remark 1.2. The quiver ({1,2,3,4,5},{as1, 52, a53,a54}) in Example
1.1.3 is going to be used several times on our path. We therefore give it
the name Q = (Qq, Q1). Every mention of Q, Qg or Qp from now on will
implicitly refer to this remark. A

Q is a certain kind of quiver that is important to us, which we give a
unique name and describe in the following definition.

Definition 1.2. A star quiver I'* = (I'§, I'}) is a quiver with n € N vertices
and n — 1 arrows such that Jlay, ; € T'] for each i € T\ {n}. A

We now define the concept that will replace systems, namely represen-
tations of quivers.



Definition 1.3. A representation (V) f) of a quiver I' = (I'g,T';) over a
field k is a collection V' = {V (4)}!"_; of vector spaces over k and a collection
f of k-linear maps such that for every arrow a;; € I'1 there exists a unique
map fo,, € f where fo,, : V(i) = V(j). AN

Example 1.2. Let (V, f) be a representation of Q over some field & where
V(i) € V(5) and fa,,, which corresponds to as; € Qi, is the inclusion
map fas, : V(i) = V(5) such that v — v Vv € V (i), ¥i € {1,2,3,4}. We
illustrate this representation as

A

Remark 1.3. The representation in the example above is a special case of
what we call subspace representation. We explain what that is next. A

Definition 1.4. A subspace representation is a representation (V, f) of
a quiver I' = (I'g,T'1) over a field k where V(i) C V(j) and f, is injective
VO&j,i el A

Remark 1.4. If the k-linear maps of a subspace representation are inclu-
sions, it is sufficient to give the collection of vector spaces to define a subspace
representation of a quiver. We can then denote f by <. JAN

Now that know what representations of quivers are, we can use them
instead of systems. Still, if we want to arrive at the sequence we desire, we
will need to translate the concept of decomposability into the language of
representations. This we do by defining the direct sum of representations,
followed by the definition of decomposability.

Definition 1.5. Let {(V;, f,;)}._; be a collection of representations of a

¢
quiver I' = (g, T'1) over a field k for some ¢ € N. The direct sum @ (V;, f,)

r=1
of these representations is a representation (V, f) of I' over k where V(i) =



¢
P V(i) Vi € I'yg and
1

r=

t

foyo = P (Fr)ay, - V(i) = V(j) Yoy, € Ty

r=1
A

Remark 1.5. We say that a representation (V, f) over a field k is finite-
dimensional over k < each vector space in V is finite-dimensional over

k. Then, if a collection {(V;, f;)}._; of representations over k is finite-
¢
dimensional over k and n € N, their direct sum (V,f) = @ (V,, fr) is

r=
finite-dimensional over k because each element in V' is a finite direct sum of
finite-dimensional vector spaces. In this case,

(fag; 0O -0
0 (faay, =+ O
faj,i = . . ’ . . VO&j’Z’ S Fl.
0 0 (ft)aj,i

Even if (V] f) is infinite-dimensional, it is still possible to use matrix notation
for the k-linear maps, though the notation would only be symbolic in that
case. A

Example 1.3. Let (W', f') and (W”, f”) be two representations of Q that
are finite-dimensional over some field k. Then (W', f") @ (W”, f”) can be
illustrated as

W (2) W"(2)

’ 7
J/f&5’2 lf‘lsg
/ 7

I i

W/(1) =5 W'(5) «;— W'(3) & W"(1) — W"(5) <, — W"(3)
a5 3

5]

W'(4) w”(4)



W'(2) & W (2)

fos, 0
!
(f%’l 0 ) 0 fas,
14 ~
as1

0
= WhHew'1) ——=W'B) e W'5) +—— W/ (3)e W' (3) -
fos.s 0
f&5,4 0 ( 0 f&/5y3>
0 fis,

Wi(4) o W”(4)

A

Definition 1.6. A representation (V, f) of a quiver I' over a field k is de-
composable < there exist non-trivial representations (W', f/) and (W”, ")
of T over k such that (V, f) = (W', ') & (W", f"). A

Remark 1.6. The trivial representation (V, f) of a quiver I' = (I'y,I'1) is
the representation where V(i) = 0 Vi € I'g and f,;, = 0 Va;; € I'1. Note
that V(i) = 0 Vi € T'g necessarily implies fa;, =0 Vay; € I'1. A

Theorem 1.1. Let (V,f) be a subspace representation of a star quiver
I'* = (I'G, I'}) with n vertices. Then

(V, f) is decomposable < the system (V(n); V(1),...,V(n—1)) is decompos-
able.

Proof. Before we prove the implications, we should verify that V(i) C V(n)
Vi € T'§, so that it is actually possible for (V(n); V(1),...,V(n — 1)) to be
decomposable.

First of all, I'* is a star quiver, so Ja,; € I'] Vi € I'j. Then, because (V, f)
is a subspace representation, V(i) C V(n) Vi € I'{.

(=) (V,f) is decomposable = there exist non-trivial representations
(W', 1) and (W”, ") such that (V, f) = (W', f') @ (W", f"). Let us
investigate if (W', f’) and (W”, f") are subspace representations.

Let ay,; € I'1. Then

V(i) =W (@) eW"i) C W (n)e W' (n) =V(n),

and fo;, = f,,, ® f5,, where fo,, « W'(i) — W(n) and f§  :
W"(i) — W"(n). fa,, is injective, so f;  and fy  are also injec-
tive.

Thus, since W/(i) C W'(n) @ W”(n) and W (i) C W'(n) & W"(n),



W'(i) C W'(n) and W”(i) C W"(n) Vi € T'§;, and all the k-linear maps
in f" and f” are inclusions, so (W', f’) and (W”, f”) are subspace rep-
resentations. Having shown this, we can show that

V(i) =[VE)NnW'(n)] @ [V(i)nW"(n)] Vi € T},
We have that
V(i) nW'(n) = [W'(@) @ W"(i)] nW'(n)
= [W(@EHNW ()] & W@ NW (n)] = [W(ENW () &0
= W'(i) " W'(n) = W' (i)

and dually
W"(@) = V(i) nW"(n)

since W'(i) € W'(n), W"(i) C W"(n), V(i) = W'(i) ® W"(i) when
t € I'§. Thus

V(i)=W'(@) @ W"@) = [V(E) N W (n)] & [V(i) nW"(n)] Vi € T§.
This coupled with the fact that V(n) = W/(n) @ W”(n) implies that
the system (V(n); V(1),...,V(n —1)) is decomposable.

Suppose the system (V(n); V(1),...,V(n —1)) is decomposable. Then
there exist non-trivial vector spaces W’ and W” such that
Vin)=W aow”"
and
V()= [V@E)nW'T e [V(E)NnW"] VieTy.

Thus we can construct representations (U’, f') and (U”, f”) of T'* over
k where

U= WUV (@) n W,
U= P UV W,
P (1) = fan () W € U'(0),

i () = () V" € U (),
(n

where ay,; € I'f. To clarify, we let U'(n) = W’ and U"(n) = W”, and
U'(i) =V (@) NnW and U"(i) = V(i) N W when i € I'§. Hence f" and



1" are collections of injective maps. W/ & W” = V(n) and
V(@) nW'] & [V(E)nW"] = V(i) Vi € I imply

Wew T u{[VE)nw]e [VE) nw"} o = {VE)e, =V.

Now let ap; € T and v € V(i). Then, since V(i) = [V(i) N W] &
[V (i) N W"], there are elements w’ € V(i) N W’ and w” € V; N W”
such that v = w’ 4+ w”. Hence

(fons @ fan )W) = (fa, ® fo, YW +w") = fi, (W) + f5, (")

= fan,i (wl) + fan,i (w”) = fOén,i (w/ + w”) = fan,i(v)’

50 fa’ﬂxi = f(/)énz EB C,V/ni'
Thus (U, f") @ (U", ") = (V, f), so (V, f) is decomposable.

Hence (V, f) is decomposable < (V (n); V(1),...,V(n—1)) is decomposable,
which proves the theorem. O

Now we have the equivalence we wanted between certain representations
and systems. Thus we can restate the 4 subspace problem into the problem
of finding all indecomposable subspace representations of the star quiver Q.
Our next step towards the sequence of indecomposables is to find an equiv-
alent way to define decomposability of representations using endomorphism
rings. To do this, we first define homomorphisms of representations, which
endomorphisms are a special case of.

Definition 1.7. Let (V, f) and (V’, f') be representations of a quiver I' =
(T'o,T'1) with n € N vertices over a field k. A homomorphism of repre-
sentations between (V| f) and (V’, f’) is a collection h of n k-linear maps
h(i) : V(i) — V'(i) such that the following diagram commutes Ve;; € I';.

|mo [0
fa,
V(i) 2% V()
That is, (f4,, 0 (i) (v) = (h(j) © fa,,) () Yoi € V(). A

Definition 1.8. Let (V, f) and (V’, f') be representations of a quiver I' =
(Tp,T'1) with n € N vertices over a field k. (V, f) is a subrepresentation
of (V/, f/) ~ V(Z) - VI(Z) Vi € I'g and fa]-,i = f&“‘v(z) Vaj,,; ely. A

7



Remark 1.7. If (V, f) is a subrepresentation of (V', f’), then there exists
a collection of maps h : (V, f) — (V/, f') such that [h(i)](v) = v Vv € V(i)
Vi € Iy.

Let j; € T'y and v € V(7). Then

(a0 @] @) = S, ([D] @) = fia,, (v)
- ‘;j,i’V(i)(v) = fa;:(v) = [h(J)] [faj,i(v)] = [h(j) ° faj,i] (v),

so h is a homomorphism.
h is called an inclusion homomorphism. A

Definition 1.9. An endomorphism on a representation is a homomor-
phism of representations between a representation (V, f) and itself. A

Theorem 1.2. Let (V, f) be a representation of a quiver I' = (I'g,T'1) with
n vertices over a field k. Then the set of endomorphisms on (V, f), denoted
by End(V, f), form a ring under homomorphism addition and composition.

Proof. Addition of homomorphisms is defined such that the sum hy + ho
of two homomorphisms h; and hy between two representations (V’, f') and
(V") ") of the same quiver satisfies

[(h1 + 12)(D)] (@) = [ha(D)] (@) + [na(@)] () Var € V'(i) Vi € T,

Homomorphism composition is defined such that the composition hq o kg of
two homomorphisms hg : (V" f") — (V" f"") and hy : (V', f') — (V, f),
where (V' '), (V" f") and (V| f""") are three representations of the same
quiver, satisfies

[(h 0 ho) (1)) () = ([hl(i)] o [hQ(i)])(:E) Vz € V'(i) Vi € T.
To prove that End(V, f) is a ring, we prove that
1. End(V, f) is closed under addition and composition

2. End(V, f) is an abelian group under addition

3. End(V, f) is a monoid, i.e. composition is associative and there is an
identity under composition in End(V, f) and

4. composition is distributive.

Let’s get to it.



1. Let hy, ho € End(V, f)

Then the following diagrams commute Vo ; € I'1.

fﬁt' fa
V(i) —= V(j) V(i) —= V(j)
ha () lhlm ha(i) ha(i)
o, ¥ fo
V(i) —= V(j) V(i) —= V(j)

We show that these diagrams commute as well.

fo Jo .
V(i) —= V(j) V(i) —= V(j)
l(h1+h2)(i) l(hlJrhz)(J') j(hlohzxn l(hlozw)(j)
LY . LYY .
V(i) —= V(j) V(i) —= V(j)
Let x € V(1).

1.1. We show that the diagram to the left commutes.

([Uer + B2 ()] © fay. ) (@) = [(1 + h2)(5)] [ (@)]

Thus the diagram

V(i) 2 ()

l(mhz)(i) l(hﬁha)(j)
N ey .
V(i) —= V(j)

commutes, so End(V, f) is closed under addition.

9



1.2. We show that the diagram to the right commutes.

([(hs 0 )] © fo, ) @) = | (I © (1)) o foy 0

= [ o ({120 o o) | @) = | ()] (o0 [1200]) | @)
- [([hl(j)] ° f%) o [hg(i)]] (x) = [(faj,i 0 [hl(i)]) ° [hz(i)]] ()

= | (0] [1200]) | 2) = (.0 [t o)) 0.

Thus the diagram

commutes, so End(V, f) is closed under composition.
Hence End(V, f) is closed under addition and composition.

. To get that End(V, f) is an abelian group under addition, we need to
show that addition is associative, End(V, f) has an additive identity,
every element in End(V, f) has an additive inverse and addition is
commutative.

2.1. Let hy,ho,hs € End(V, f), i € Ty and x € V (7).
(101 + ) + Ba] (@)} @) = [(h1 + h2) (D] @) + [Ba(D)] )

= (@] @) + ()] (@) + [hs(i)] ()
= [m(@)](@) + ([h2()] @) + [ha()] @)
= [ ()] @) + [(h2 + ha)(D)] @) = ([b1 + (he + ha)] (1)) (@),

which is possible since addition is associative in vector spaces.
Thus (h1 + h2) + hs = h1 + (he + h3), so addition is associative.

10



2.2.

2.3.

2.4.

Let h € End(V, f).
Consider the collection Oy, of k-linear maps such that

[Ohom (4)] (x) = 0 V& € V(i) Vi € T.

Ohom € End(V, f) since every vector space has an additive iden-
tity. Then

[(h+ Onom) ()] (2) = [1(0)] (%) + [Onom ()] (z) = [A(9)] (z) + 0
= [h(i)] (z)
= 0+ [A(D)] (2) = [Onom(D)] () + [A(D)] () = [(Onom + 1) ()] ().

Thus h + Oppm = b = Opom + h, S0 Opom is an additive identity in
End(V, ).

Let h € End(V, f).
Consider the collection —h of k-linear maps such that

[(=h)(D)] () = —[h(5)] () Yz € V(i) Vi € T

—h € End(V, f) since every vector space has an additive inverse
for each element in it. Then

([ + (=)@ @) = [A6)] () + [(~h)(0)] ()

= —[n(®)] (=) + [h(5)] ()
= [(=m®)] @) + [p@D)] (@) = [(=h+ h)(H)] ().

Thus h + (=h) = —h + h, so —h is an additive inverse of h in
End(V, f).

Let hi,he € End(V, f) and € V(i) for some ¢ € I'y. Then
[(h1 + h2) ()] (2) = [P ()] (2) + [ha(D)] (2)

= [h2(®)] (@) + [M1(9)](z) = [(h2 + h1)(i)] (z),

since [h1 ()] (), [h2(i)](x) € V(i) and vector spaces are abelian
groups under addition.
Thus hy + hy = hy + hy addition is commutative in End(V, f).

11



Hence End(V f) is an abelian group under addition.
3. Now we show that End(V, f) is a monoid under composition.

3.1. We first show that composition is associative.
Let hy, he, hs € End(V, f) and « € V(i) for some i € I'g. Then

(11 0 h2) 0 3] (3)) (@) = [(ha 0 2)(3) © () (0)] (=)
= ([m@) 0 hali)] 0 h3()) (@) = (@) © [ha(i) o ha(i)] ) (x)
= [m(i) o (h2 0 3)(0)] (2) = ([ © (h2 0 )] () (@),

which is possible since composition of linear transformations is
associative.

Thus, (h1 o hg) o hs = hy o (hg o h3), so composition of endomor-
phisms is associative.

3.2. Now we show that there is a compositional identity in End(V, f).
Let h € End(V, f).
Consider the collection idy of fixed maps such that

lidy ()] (z) = « Vo € V(i) Vi € Ty.

idy € End(V;, f), since every vector space has a fixed linear trans-
formation for each element in the vector space. Then

[(h o idy) (D) (2)
= [a(i) o idv ()] () = [1)] ([idv ()] (@)
= [h()] (x)
= [idv )] ([p(9)] (2)) = [idv (3) 0 h(0)] (2)
= [(idy o h)(4)](z).

Thus hoidy = idy oh, so End(V, f) has a compositional identity.
Note that this point can be omitted if we use the definition of a
ring that does not require a multiplicative identity.

Hence End(V, f) is a monoid under composition.

12



4. Now we show that composition is distributive by proving that both of
the distribute laws hold.
Let hi,ho, hs € End(V, f) and x € V(i) for some i € T.

4.1. We prove the left distributive law.
(110 (2 + 1)) () (@) = [Pa () 0 (a2 + h3) (D)) ()

= (@] ([(h2 + h3) (D] () = [ ()] ([h2(D)] (@) + [ ()] (=) )
= (@] (@] @) + [ @] ([1s(0)] (=)
= [h1(@) © ha()] (@) + [P () 0 h3 ()] (=)
= [(h1 0 ha) ()] (2) + [(h1 o h3)(i)] (x),

which is possible since composition of linear transformations is
distributive.

Thus hj o (hy+ h3) = hiohg+ hy o hg, so the left distributive law
holds.

4.2 We prove the right distributive law.

([(h2+ha) o 1] (6)) (@) = [(h2 + ha) () © ()] (=)
= [(ha + h3) ()] ([ 1)) (@)

= [ )] ([m(@)] @) + [Ba@)] ([a(0)] (=)
= [ha(i) o My (i )](:n)+ [h3(i) o h ()] (z)
= [(h2 0 h1) ()] (z) + [(h3 0 h1)(9)] ().
Thus (hy + h3) o hy = hy o hy + hg o hq, so the right distributive
law holds.

Hence composition is distributive.

Thus End(V, f) is a ring under homomorphism addition and composition.
O

With this result in our toolbox, we go on to state the next theorem, which
is about a condition that implies indecomposability of representations.

13



Theorem 1.3. Let (V, f) be a representation of a quiver I' = (I'y,T'1) over
a field k. Then
End(V, f) = k = (V, f) is indecomposable.

Proof. We first find a subfield of End(V, f) that is isomorphic to k. This
will aid us in proving the theorem.
Let a € k and define hq : (V, f) — (V, f) such that

[ha(i)] (v) = av Vv € V(i) Vi € Ty.
Every fo;, is k-linear, that is,
Ja;;(AT) = Mo, (x) VA € b,z € V (i), ; € T,
so then

[h‘ll(j) © faj,i] (U) = [ha(j)] [faj,z’ (’U)] = a[faj,i (U)] = faj,i (av)
= fays ([1a(®)] () = [fay © ha(D)] (0),

Thus h, is an endomorphism on (V, f). Now define
k(V, f) = {hq € End(V, f)|[ha(i)](v) = av Vv € V (i),i € Tga € k}.

Hence, there is a natural bijection ® : k(V, f) — k such that h, — a Va € k.
Furthermore, if b € k and v € V (i) for some ¢ € I'g, then

[(ha+h)(@)] (v) = [ha(D)] (v)+ [he(i)] (v) = av+bv = (a+b)v = [hg44(7)] (v)

and

[(ha © B) (D] () = [ha(@) © ho(0)] (v) = [Ra(0)] ([Pol)] () = [a(d)] (b)
ab(i (U)

= a(bv) = (ab)v = [ha(i)]

Thus ®(he + hy) = P(hets) = a+ b= P(hy) + P(hs)

and ®(hg 0 hy) = P(hay) = ab = P(hy)P(hy),

so ® is a ring homomorphism and therefore an isomorphism.

Hence k(V, f) = k.

Having shown this, we are finally ready to prove the statement of the theo-
rem.

Suppose End(V, f) = k. Then End(V, f) = k(V, f) since k(V, f) € End(V, f).
Let aj; € T'1 and suppose there are representations (V’, f’) and (V”, f")

14



(V' f"ye (V" f"). For every v € V(i) there are unique
vectors v' € V'(i) and v” € V'(i) such that v = v 4+ v”. Define a collection
of maps hy+ : (V, f) = (V, f) such that v — h(v') for each v € V(4). It is
clear that [hy(i)] [V (i)] = V(i) and ker[hy(i)] = V" (i) Vi € Ty. We also
have

such that (V, f) =
(

[hvl(i)] [)\(Ul + Ug)] [hvl( )] ()\Ul + )\’UQ)
= (A1 + Ave) = (A1) + (Awva)' = Mof + vy

= Ay (9)] (v1) + A[hy(9)] (v2)
= A([vr ()] (01) + [ ()] (v2) ) Wor, 02 € V(i) A € K,

so hy(i) is k-linear. Then
[ () © fay ] (0) = [ve()] [y )] = [ )] ([ 3, @ 12, ] (0))

= [ ()] [fh,, () @ 2, (0]
= [ ()] [, (0] @ [ (D] [ 12, (0]
= [y ()] [y ()] @ 0 = [ )] [12,, ()] = I, (@)
= 1a (I @] @) = fi,, (T @] 01)) @0
= fo, (@) @) @ 2 (0)
= 1, ([ @] @)) & £ (e ()] (1))
= oy ® 12, ) ([ @] @)) = fa ([ D] @) = [fay 0 b ()] (0),

S0 hy is a homomorphism of representations, and since

[y (i)] : V(i) = V (i), we see that hy- is an endomorphism on (V, f). Then
hy: € End(V, f) = k(V, f), so hy: = h, for some a € k. If a = 0, then
[y (1)] [V (i)] = 0, so V/(i) = 0 and V(i) = V(i) Vi € I'g, which results
in (V/, f’) being the trivial representation. If a # 0, then hy-(4) is injective
since avy = ave = a1 = ag for a € k,a1,a2 € V (i), so ker [hvx (z)] = 0. Then
V(i) =0 and V'(i) = V(i) Vi € Ty, which yields (V”, f”) being the trivial
representation. In either case, (V, f) is indecomposable. O

The result above is what we will use to determine which representations
are indecomposable.

15



Theorem 1.4. Let (V, f) be a finite-dimensional representation of a quiver
' = (Ty,T'1) over a field k. Then (V, f) is isomorphic to a representation
(V', ") of T over k where V! = {k™ };cr, and n; = dimg[V (i)] Vi € Ty.

Proof. Let B = {f1, ..., Bn,} be a basis of V(i). Then an arbitrary element
n;
a € V(i) can be expressed as a = ) amfm. Let a;; € I'1 and and define

m=1

f(;j,i (a17 ag, ..., ani) = (fOéjﬂ- (al)a focj’i (CLZ), ceey faj,i (amin{ni’nj}}7 07 ceey O)),

where the number of zeros after fo, ,(amin{n;n,;}} equals n; —n; if nj > n;
and 0 otherwise.
Then define h : (V, (V', ") such that

f) =
[h(1)](a) = [h(3)] ( Z:: > (a1,a2,...,an,) Vi € I'. Thus

[h(l)] (ﬁm) = (Oa ey 0y 1)7

so h(i) sends B to a basis of k™, hence h(7) is an bijective k-linear map.
Now we show that h is a homomorphism.

(fo o [)]) (Z amﬁm> = /i, ([h@] LZ: am/am] )

= f; (a17a27 a'ﬂi) = (faj,i(a‘l)7 faj,i(a2)7 ey faj,i(amin{ni,nj})a 0, 70)

j 1

min{n;,n;} n;
= [h(])] Z faj,i(am)ﬂm = [h(])] [fotjyi <Z amﬁm)]
m=1 m=1
= ([ fa]Z) (Z amﬁm) .

Thus A is a homomorphism, and since it is bijective, it is also an isomor-
phism.
Hence (V, f)  (V/, /). 0
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Remark 1.8. In the case where (V, f) is a subspace representation we get
that for any «aj; € I'y,

f(;j’i(ala ag, ..., am) = (fajyi(al)a faj,i(a2)7 ceey fajyi (ani)a Oa ceey 0)7

where the number of zeros after a,, is equal to nj—n;, since fq;; is injective.
Then f;, . is injective as well. Thus (V' f) is a subspace representation. A

The theorem above constrains the amount of representations we need to
look at when we want to find indecomposable representations. Now we only
need to look at representations whose vector spaces are powers of k.

We conclude this section with investigating the endomorphism rings of a few
representations. Perhaps some of them are indecomposable?

Example 1.4. We want to find the endomorphism rings of the following
subspace representations of Q over some field k.

Vos = ({0,0,0,0,k}, fos),
V171 - ({k7070)0) k})fl,l )
{Oak70707 k}7f1,2
{0707k707 k}?fl,S
V1,4 = ({anaov kvk}7f1,4 .

We also visualize them, so it is easier to see what we are dealing with.

Vig = ( ;
Viz=(

Y

)
)
)
)

V5= 00— k+— 0

| |

Vil=fp— ke 0127 0 — 3 k0

| |

17



0 0

| |

Vig= 00— ke k V1A= 00— k+— 0

| |

0 k

1. Now we find End(Vy5). Let h € End(Vo5). Then h satisfies [h(5) o
(f0,5)as.:] (W) = [(fo,5)as.: © h(D)](v) Yo € 0,i € {1,2,3,4}, and since
(fo,5)as; are maps whose domain are 0, the equation yields 0 = 0,
which means that these maps do not constrain h. If i € {1,2,3,4},
then [A(i)](v) = 0 v € 0, meaning that this does not constrain h
either. If i =5, then [h(i)](v) = av for some a € k. Thus h = h, for
some a € k. Hence End(Vy5) = k.

2. To find the endomorphism rings of V 1, V1 2, V1 3 and Vi 4, we only look
at V1,1, since the others only are "rotations” of V; 1 which will yield the
same endomorphism rings as V1. Let h € End(Vy ;). If i € {2,3,4},
then [A(5) o (f1,1)as,](v) = [(f1,1)as, © h(i)](v) Vv € 0 yields 0 = 0. If
i =1, it yields acv = cbv where (f1,1)as,(v) = cv for some ¢ € k such
that ¢ # 0, [h(1)](v) = av and [h(5)](v) = bv for a,b € k, so av = bv
which gives a = b. Then h = h, for some a € k. Thus End(V; 1) = k
and dually we get End(V2) = End(V; 3) = End(V1 4) = k.

Hence Vo 5, V1,1, V1,2, V1,3 and Vi 4 are all indecomposable. A

Remark 1.9. We continue using the notation Vo5, V1,1, V1,2, V1,3 and Vi 4
for the representations in the example above as we proceed. A

2 Kernels, cokernels and dimension vectors

In this section, we define a few terms and state some facts which will be
helpful when constructing the sequence we are building towards. The central
concepts are kernels, cokernels and dimension vectors of representations.

Definition 2.1. Let h : (V,f) — (V' f) be a homomorphism between
representations of a quiver I' = (I'g,I'1) over a field k. The kernel of h is a
tuple ker(h) = [keron(h), kerpom (k)] where

1. keron(h) = (V”, f") consists of a collection V" of sets V" (i) such that

V" (i) = ker[h(i)] Vi € T'g

18



and a collection f” of maps fC’Y'ji such that
fo, (W) = fa;:(v) Yo € V'(i), a5 € Ty

2. kerpom(h) : keron(h) — (V,

, ) is a collection of maps
[kernom ()] (i) : [(kerop)o(1)

| (i) — V(i) such that

([kerhom(h)] (i)) (v) = vV € [(keron)o(h)] (i), i € To.

A

Remark 2.1. We show that ker,,(h) is a representation over k and kerpom (h)
is a homomorphism between representations.

1. Since V"(i) = ker[h(i)] € V(i) Vi € Ty, V(i) is a vector space over
k. Then V" is a collection of vector spaces over k.
ocjl( ) fa] z( ) Vv e VH( ) va]Z el = aJ, faj,¢|V”(i)7 S0 fgj’i
is k-linear.
We also need to show that f7 =+ V”(i) = V"(j). Let v € V"(i). Then

[h(i)] (v) = 0 and
[h(])] [fgm (U)} = [h(])] [faj,i (U)] = [h(]) © faj,i] (U) = [faj,i © h(Z)] (U)

= Sy ([00)] (0)) = fa, (0) =0

Thus f5 (v) € V"(j), so fg , + V(i) = V"(j).

Hence keryp(h) is a representation over k.

From the arguments above we also obtain that keryy(h) is a subrepre-
sentation of (V f).

2. We see that kerpom(h) is a collection of inclusion maps. It is then a
homomorphism.

A

Remark 2.2. We typically denote kerg,(h) = [(kerob)o(h),(kerob)l(h)]

such that [(keron)o(h)](i) is the vector space corresponding to vertex i

Vi € Ty and [(kerob)l(h)]au is the k-linear map corresponding to arrow
7,7

Qg VOéjﬂ' eIy. A

19



Definition 2.2. Let g be an R-homomorphism between R-modules M and
N where R is a ring.
The cokernel of g is a tuple cok(g) = (cokon (), cOknom(g)) such that

1. cokep(g) is the quotient module N/g(M) over R,

2. coknom(g)) is the R-homomorphism cokpom(g)) : N — N/g(M) such
that cokpom(g)(n) =n+ g(M) Vn € N.

A

This definition is not that interesting to us by itself. We really just need
it in order to define cokernels of homomorphisms of representeations, which
is what we do next.

Definition 2.3. Let h be a homomorphism between two representations
(V, f) and (V', f") of a quiver I' = (T'o,I";) with n vertices over a field k.
The cokernel of h is a tuple cok(h) = (cokop (h), coknom (h)) where

1. cokep(h) = (V' f))/h(V, f) = (V", f") is a collection V" of sets V" (7)
such that
V(i)
COIGG)

and a collection f” of maps fgj . such that

V(i) = Vi e T

7o (o4 OV = f,, ) + RG] V)

Yo' € V/(i),()[j,i el

2. cokpom(h) : (V', f) = (V" ") is a collection of maps
[coknom ()] (i) : V'(i) — V" (i) such that

([coknom (M)] (1)) (v)) = (coknom [B(0)] ) (v') = ' + [(0)] [V ()]
Vo' € V'(i),i € To.

JAN

Remark 2.3. We can show that cokep,(h) is a representation and cokyom (h)
is a homomorphism.
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1. We recognize that V(i) = cokop[h(i)], which by definition is a k-
module, i.e. a vector space over k, since h(i) is k-linear. Thus V" is
a collection of vector spaces over k. Furthermore, if v/ € V’(i), then
v + [h(i)] [V(i)] € V"(i) and for each v” € V”(i) v’ € V'(i) such
that v = v’ + [h(i)] [V (i)] Vi € T'y. Thus the domain of fa,, 8 V(i)
We also have that for any o' € V'(i), f7,, ,(v) € V'(j), so

1o, (v + @V ) = Fa, ) + RO V()] € V' G).

Thus fy .= V"(i) = V"(j). Additionally, since f;, , is k-linear, f7 .
is k-linear as well.
Hence cokep,(h) is a representation of I' over k.

2. We show that f” o cokpom(h) = cokpom(h) o f/. k-linearity follows
from the way addition and scalar multiplication are defined in quotient
modules.

Let aj; € 'y and v/ € V/(i). Then

(2, o [cokuom(m)] (D) () = f2,, [([cokhom(h)] (i) (1/)]

=i (v + @I VE]) = fh, @) + RG] [VG)]
= ([e0knom ()] () [, )] = ([coknom ()] () o 2, ) 0

Thus cokpem (h) is a homomorphism.

A

Remark 2.4. We will usually denote coke,(h) = [(cokob)o(h), (cokob)l(h)]
such that [(cokop)o(h)] (i) is the vector space corresponding to vertex i Vi €
I'y and [(cokob)l(h)]wi is the k-linear map corresponding to arrow o;;
VO&j,i el : A
Theorem 2.1. Let hy : (V, f) — (V. f), ha : W,9) — (W', ¢'), Lo :
(V. f) = (W,g) and Ls : (V', f') = (W', ¢’) be four homomorphisms between
representations of a common quiver I' = (I'g,T'1) over a field k such that that
the diagram

(V, f) = (v, )

ng J/L:a

(W,g) "2 (W, g)
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commutes. Then two homomorphisms
Lq: kerob(hl) — kerob(hg)

and
Ly : cokop(h1) — cokop (h2)

are induced such that the diagram

COkhom (hl

Kergp () —2tom gy oy Py ey cokep (h1)
%Ll Lo Lg §L4
Kergp (ha) —em 02,y gy 2yt gry vem @) op )
commutes.

Proof. We first show the kernel homomorphism and then the cokernel ho-
momorphism.

1. Define L1, a collection of maps such that
[L1(i)] (v) = [L2(3)] (v) Vv € ker [hy(3)], Vi € T.

Since kerpom(h1) and kerpom(h2) are inclusion, the diagram without
cokernels commutes. Is the codomain of L really ker,y,(h2)? Suppose
i € Ty and v € ker[h(i)]. Then

[a(i) o La(0)] (v) = [ha(0)] ([L1 ()] (0)) = [ha(@)] ([L2(0)] (v)

[2(i) © Lo()] (v) = [La(i) b (3)] (v) = [Ls(D)] ([P (3)] (v))
= [Ls(@)] (0) = 0
= [L1(7)] (v) € ker|ha(4)].
Thus L; is well-defined.

Now we show that Lq is a homomorphism.
Let oj; € I'y and v € kerg,(h1). Then

([Oernonm (b)), [L10)]) () = [(kernomn (b)), ([E1(5)]0)
[(kerhm h)]. ([L2 1(©)) = gy ([L20)] ()
= [L20)] [fay ()] = [L2()] ([(Kernom)1 (R2)], (v))

= (L) ([Cernom (h2)] () = (L16) © [(kerpomr (h2)], ) ().

Hence L; is a homomorphism.
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2. Define Ly, a collection of maps such that
[La(@)] (v + [m(@)] [V)])

= [L3(3)] (v) + [Re(d)] [W'(i)] Vv € V(i) Vi € Iy.

We see that the digram above commutes by the definition of Ly4.
Is Ly well-defined? Let i € I'g and v’ € [hy(4)] [V (¢)]. Then Jv € V (3)
such that v = [hi1(i)] (v), so

Ly(v') = [Ls(0)] ([ ()] () = [hs(@)] ([La(0)] ()] € [ai)] [W ).

Thus, since hi, ho, Ly and L3 are well-defined, it follows that L4 is
well-defined.

We prove that L4 is a homomorphism. Let a;; € I'y.

([(cokon)i(h2)],,, o [La(@)] ) (v + [ @] [V @) )

::[(cokob)l(hg)]a%i[{L4(iﬂ (v-+»[h¢(i)][l/(i)]>]
= [(cokan)1 (b)), ([La()] () + [h2(@)] [W(0)])
:%(%mwo (2] [W'(3)]
@% 3(0)] ) (0) + [na(0)] [W'(3)]
o%) + (@) [W()]
—@anhwu][mwﬂwvﬂ
= [La()] (9, (0) + [n2()] [W'()] )

/—\

= [L4(j)] {(COkOb)l(h2)]aj,i (v + [h1(4)] [V(i)])]
:Qhwy«mmmwm%)@+wmﬂW@D

Thus L4 is a homomorphism.
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Theorem 2.2. Let hy : (V,f) — (V', ') and he : (V', f') — (V", ") be
two homomorphisms between three representations of a quiver I' = (I'g,T'y)
over a field k, where hy is injective and ho is surjective. Then

[(V, ), 1] 2 ker(ha) & [(V", ), ha] = cok(hy).

Proof. Suppose [(V, f),h1] = ker(hy) and let i € I'g. Then [hy(¢)] [V (i)] =
V(i) = ker[ha(i)]. Thus, by the fundamental theorem of homomorphisms
and ho being surjective,
V(i
V(i)
Let aj; € 'y and v € V”(i). Then 30’ € V'(4) such that v” = [ho(4)] (V).
Then

7, @ = i (@) @) = (@) [, ()],

3t 4,0

~—

V(i) =

s0 if hg = cokpem(h1), then f” satisfies the property of the collection of maps
in keryp(hz). Let i € Tg and v" € V/(i). Then

V(i)

(2] ) € V(i) = 7

so hs behaves like the cokernel homomorphism of h;.
Now suppose [(V”, f”), ha| = cok(h1) and let i € Ty.

V(i)
[ ()] [V (@)

so V(i) = ker[hs]. Let aj; € I'y and v € V(i). Since hy is injective,
hi(v) =0 < v =0. Then

V(i) =

[h1(7)] [fay,: (v)] = fé‘jv" <[h(z)] (U)>7

and if h; = kerpom (h2), h1 will be an inclusion, which will give us our desired
result.

V(i) = ker[hy], so hy acts like kerhom (h2).

This proves the theorem. O

Sequences like the one in the theorem above are called short exact.

Definition 2.4. Let (V, f) be a finite-dimensional representation of a quiver
I' = (I'p,T'1) with n € N vertices over a field k. The dimension vector of
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(V, f) over k is the n-tuple

d%mk[V(l)]
dimy(V, f) = dlmk[:V@)] ez,
dimg [V (n)]
A

Theorem 2.3. Let h be a homomorphism between finite-dimensional rep-
resentations (V, f) and (V', f') of a quiver T' = (T, T'1) with n € N vertices
over k. Then

1. dimy, [kerop (h)] = dimg(V, f) — dimy [R(V, f)],
2. dimy, [cokop (h)] = dimy(V7, f') — dimg [R(V, f)].
Proof. We first verify that h(V,f) = (h(V),h(f)) is a finite-dimensional

representation over k.
h(V) = {[h()][V(3)] }ZGF is a collection of vector spaces. Let o;; € I'y and

consider the restriction map faj :

fo, dmanvan (@) = fa,, (@) W' € [a@)] [V (i)].

We want this to be a map in h(f) such that h(V, f) can be a representation,
and on the surface it might seem like it automatically is, but we should
reassure ourselves that

o, dmanvay = [R@O] V@] — [R()] V()]

Since h is a homomorphism,

Ty dmovan (PO V@]) = fa, ([BO)[V@)]) = [fa,, o @] [V )]

|[h(i)} \%40) such that

= [33) © o ) [V )] = [R()] (fos V@] ) € RNV (@)

Thus, if fo_ |nagvey € R(f), RV, f) = (R(V),h(f)) is a representation.
Next, [h(i) ][ )] € V(i) implies [h(i)][V(i)] is finite-dimensional since
by assumption V'(i) is ﬁnlte—dimensional Vi € Tg. Thus h(V, f) is finite-
dimensional. Now we go on to prove the theorem.

Let i € Ty.
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1. We first find dimy, [kerob(h)}.
dimy ( [kergp(R)] (i)) = dimy <ker [h(z‘)]>
= dim, [V ()] — dimy, ( [h(i)] [V(i)]) = dimy, [V ()] — dimy, ( [h(V)] (i))
= dimy, [keroy (h)] = dimy(V, f) — dimy [A(V, f)].
2. Now we find dimy, [Cokob(h)].

dimk([(COkob)o(h)] (i)) = dimy, (M%)

= dim, [V ()] — dimy, ( [h(i)] [V(i)]) = dimy. [V'(i)] —dimk([h(V)] (i))
= dimk [COkOb(h)] = dimk(V/, f/) - dimk [h(‘/, f)] .

This concludes the proof. ]

3 A sequence of indecomposable representations

In this section, we define a sequence of representations of Q over some
arbitrary common field k. The sequence is to be derived by means of kernels
and cokernels, and when it is determined, we show that (almost) all elements
of the sequence are indecomposable.

We describe a sequence of representations, which will be derived using
cokernels. We consider Q and the representations Vy 5, V1.1, V1,2, V1,3 and
Vig. Let His : Vis = Vig11 @ Vig12® Vig13 P Vigra and hy ;0 Vi — Vis
be homomorphisms of representations, and define the sequence V such that

Vis = cokop(Hi5)

and
Vij = cokob(hij),j € {1,2,3,4},

are the elements of V Vi € Ny = N U {0}, assuming the inductor maps,
i.e. the maps we induce the sequence from, are injective. Additionally, for
future use we write V;; = [(Vij)o, Vi) Vi € N,j € {1,2,3,4,5}, and also
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Vois = [Vos)o, Vos)1]-

To make things a bit clearer, we visualize the sequence.
Say we want to find out what the representations in this sequence look like.

To do this we use the dimension vectors of the representations. Note that
the maps Hp, 5 and hy,, are injective Vm € N,n € {1,2,3,4}.

0
0
dimy (Vos) = |0]
0
1
- o
0 1
dimg(Vi1) = |0} ,dimp(V12) = |0] ,
0 0
_1_ ._1_
o o
0 0
dimy(V13) = |1 ,dimp(Vi4) = |0
0 1
_1_ _1_

= dimy (V1 5) = dimg @ Vi, | —dimp(Vo5) Z dimg (V1) —dim; (Vo 5)
J=1
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1 0 0 0 0
0 1 0 0 0
= |0+ |0+ |1+ |0l —]|0| =
0 0 0 1 0
1 1 1 1 1
1
1
dimk(VzJ) = dimk(V175) - dimk(VLl) =|1]| —
1
_3_
=R
1
dimy,(Va,2) = dimg (V1 5) — dim(V12) = [1] —
1
_3_
1
1
dimy (Ve,3) = dimg(V1,5) — dimg(V13) = |1] —
1
_3_
1
1
1
3
Continuing the process a few more times, we obtain
2
2
dimp(Vas) = [2],
2
5
2 1
1 2
dimk(V3’1) = |1 ,dimk(Vg,Q) = |1
1 1
3 3
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1
1
dimy(V33) = 2| ,dimg(V34) =
1
3
3
3
dimg(V35) = [3] ,
3
7
-
2
dimg (V1) = [2] ,dimg(Va2) =
2
_4_
o
2
dimg(Vy3) = 1] ,dimg(Vaq) =
2
_4_

Remark 3.1. Notice that

dimy(V1,5) — dimp(Vo5) =

L = =
|
_ o O O O

= dimk(V275) — dimk(vl,S)y

2 1
1 0
dimg(V3,1) — dimp(V11) = |1| — |0
1 0
3 1

W N — R

=N NN =N~ N




N — = = O
I
N = = = =

1

2
dimk(V471) — dimk(VZl) = |2 —

2

4

We should then investigate if

dimk(Viﬁ) — dimk(Vi_1,5) = Vi €N

N = = =

and if

dimk(Vi+2,j) — dimk(Vi’j) = VieN,je{l,2,3,4}.

DO = =

These statements together with the fact that we already know what the first
few elements of V are, are equivalent to saying that

Vi e N, (1)

l
l
dimy (Vi 5) = dim(Vo5) + ;
l

DO = =
Il

dimk(V2m+1,1) = dimk(vlvl) +m

N /= = =
Il
—
NS}
SN—
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1
1
dimk(V2m+2,1) = dimk(VgJ) +m |1
1
2

1
1
dimk(VszrLg) = dimk(VLQ) +m |1
1
|2
1
1
dimk(ngJrg,g) = dimk(szg) +m |1
1
|2
1
1
dimk(V2m+173) = dimk(ng) +m |1
1
|2
sh
1
dimk(VQm_i_Q,;J,) = dimk(VZg) +m |1
1
2

dimk(V2m+1,4) = dimk(VlA) +m

dimk(V2m+2,4) = dimk(VgA) +m
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vYm € Ng.
A

Proof. Suppose | = 2m + 1 and that these statements hold for all n € Ny
such that n <. Then

dimy (Vom+2,5)
= dimy [cokob (Vam+1,5 < Vamt2,1 D Vam+2,2 ® Vam+2,3 D Vamta,a) ]
= dimy (Vam+2,1 ® Vomy2,2 ® Vomg2,3 ® Vomoa) — dimgp(Vom41,5)
= dimy(Vam+2,1) + dimg(Vormy2,2) + dimy(Vam2,3) + dimg (Vami2,4)

—dimg(Vam+1,5)

m m+1 m+1 m—+1 2m +1
m—+1 m m—+1 m—+1 2m +1
=|lm+1|4+|m+1]|+ m +|1m+1] —[2m+1
m—+1 m—+1 m—+1 m 2m +1
2m + 2 2m + 2 2m + 2 2m + 2 4dm + 3
2m + 2
2m + 2
= 2m + 2
2m + 2
22m+2)+1

= dimy,(Vam+3,1) = dimy [cokob(Vam+21 <> Vam+2,5)]

= dimy(Vom+2,5) — dimg(Vorm+2,1)

2m + 2 m m+2
2m + 2 m—+1 m+1
= 2m + 2 —|m+1| = m+1 ,
2m + 2 m—+1 m—+1
22m+2)+1 [2m + 2 2m+2+1

and we can in a similar way show that

m+1 m—+ 1
m+ 2 m—+1
dimg(Vom+3,2) = m + 1 ,dimy,(Vom43,3) = m+ 2 ;
m—+1 m—+1
9m +2+1) 2m +2+ 1
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dimg(Vom+3,4) =

This again implies that

m+1
m—+1
m+1
m 4+ 2

2m+2+1

4
dimy(Vom+3,5) = Z dimg (Vam+3,5) — dimp(Vam+2,5)

j=1

m+ 2 m+1
m—+1 m—+ 2

=|lm+1l|+[m+1|+

m—+1 m-+1
2m + 3 2m + 3

2m + 2
2m + 2
—[2m+ 2| =
2m + 2

m+1 m+1
m—+1 m+ 1
m+2| 4+ [ m+1
m—+1 m + 2
2m + 3 2m + 3
2m + 3
2m + 3
2m + 3
2m + 3

dm +5 2(2m+3) +1

= dimy(Vamq4,1) = dimg(Vom43,5) — dimg(Varmys,1)

2m + 3 m—+ 2 m+1
2m +3 m+ 1 m+ 2
= |2m+ 3| — m+1 = m 4+ 2 ,
2m+3 m+1 m+2
dm 47 2m+2+1 2m +2+2
and we can in a similar way show that
m+ 2 m+ 2
m+1 m+ 2
dimg (Vam+42) = m+ 2 ,dimg(Vomya,3) = m+1
m+ 2 m+ 2
2Zm+2+2 2m+ 242
m 4+ 2
m+ 2
dimy (Vam44,4) = m + 2
m+1
2m+2 42

33



Thus the equations (1), ..., (9) we wanted to show, hold by strong induction
on m, since we already have shown all the necessary base cases. O

Hence, we now have an explicit form for all the elements of V.

After some meandering, we will finally show that the elements of V are
indecomposable. But first, some notation. When a map is just multiplica-
tion of some constant scalar a in some field k, we denote the map by a. For
example, we denote inclusions by 1.

Remark 3.2. To show indecomposability, first specify how we construct V
a little more carefully. In particular, we define the injective inductor maps.
We first define the inclusion maps Ho; : Vo5 — Vi; Vj € {1,2,3,4} such
that [HOJ(Z')] (U) =v W € (V()ﬁ)()(i) Vi € Qpy. Consider hy € End(VLj),
J € {1,2,3,4}. We have shown that End(V; ;) = k, so ho = (h2)s, which
is scalar multiplication of with a € k. Since End(Vy5) = k, there is an
endomorphism h; = (h), on Vp 5 that is also scalar multiplication with a.
Then
[ho,j 0 (h1)a] (v) = av = [(h2)a © ho ;] (v).

Now we conjoin the inclusion maps Hy ; from above into Ho5 : Vo5 — V1,1 ®
Vi2®V1,3® V14 such that [H0,5(i)] (v) = (v,v,v,v) Yv € Vo5)0(i) Vi € Qp.
From what we said above this, the endomorphisms on V1 1 ®V1 2@V 3BV 4
are on the form of

a0 0 0
{0 a0 0
=10 0 a o

0 0 0 a

where a1, as,as3,a4 € k. We want a scalar multiplication endomorphism a
on Vy 5) such that a € k.

(ho Hos)(v) = (Hos 0 ha)(v) Yo € (Vos)o(d) Vi € Q.

aiz 0 O O v av
10 ax O O] [v] _ |agv
(hOH0,5)(U)_ 0 0 as 0 v — asv ’

0 0 0 ayq| (v aqv

1 av

1 av

(Hopo0a)(v) = e =14

1 av



We now define the rest of the inductor maps.
Let hm,5 : Vm,l ©® Vm,2 ) Vm73 D Vm74 — Vm75 such that

hm,E) = [hm,l hm,? hm,S hm,4] = COkhom(Hmfl,E)),

hm,n : Vm,n — Vm,S Vn € {L 2, 374}a
where, unless m =1, Hy—15 : Vin—15 = Vin1 @ Vin2 ® Vi 3 © Vin 4 where

Hy11

I | Hm1p2
m71,5 - H

m—1,3

Hpy 14

in which Hy,—1,n : Vin—1,5 — Vin,n is a map satisfying
Hyp—1,m = coknom (Am—1,) ¥ € {1,2,3,4} Vm € N.
We now claim that all representations in V are indecomposable. A

Proof. Let m € N and suppose the endomorphism rings of V,,—15, V.1,
V.2, Vm,3 and Vp, 4 are isomorphic to k. Let h € End(V,,5). Then, since
Vm75) = COkOb(Hm,Lg,), dh, € End(VmJ D Vm,g D Vm,g D Vm’4) such that
Bmsoht =hohys. End(Vii @ Vi ® Vins @ Vina) = k* implies

ap 0 0 O
o a0 0

hi = 0 0 a5 0 ,a1,02,a3,a4 € k.
0 0 0 a4

If m =1, then da € k such that

hy =

O O O Q
o O 2 O
o Q@ O O
QO OO

Then
hmsoht =hpsoaly = ahy,s =hohpys,

so h = a since hy, 5 is a cokernel mapping = End(V,,5) = k.

If m > 2, then V,, , = cokep(hm—1,n) n € {1,2,3,4}. Then for any hy €
End (@izl vm,,L), Ja € End(Vn_15) such that Hyy 1 0a = hy o Hyo1m
= hy =a Vn € {1,2,3,4}. Then h; = aly.
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In either case, h = a, implying that End(V,,5) = k.

Now suppose the endomorphism ring of V,, 5 is isomorphic to k. Let h €
End(Vim+1.0)Vn € {1,2,3,4}. Since V1,0 = cokob (hm ), 3h1 € End(Vinn)
such that Hy,, 0 hy = ho Hy, . End(Vp,5) = k, so hy = a for some a € k.
Then Hy, poa =aH,,, =hoHp,, = h=a.

Thus, by induction, all elements of )V are indecomposable. O

Moving forward, we find a Z-linear map related to V as motivation for
finding more indecomposables.

Remark 3.3. The particular map we want, is L : Z° — Z° such that

0 1 1 0 0 1 0 1 0 1
0 1 0 1 1 0 0 1 0 1
L{o|=|1|,L|0=1|1(,L|0| = |1|,L{[1|={0|,L]|0|=]1
0 1 0 1 0 1 0 1 1 0
1 3 1 2 |1 2 1 2 1 2
Then o o - o o L
1 1 0 0 1 -1
0 0 0 1 1 0
L]0l =L 0]l — |0 =11 — (1| =101,
0 0 0 1 1 0
10] |1 1] 2] |3 ] | —1]
(0] 07 0] 17 (17 07
1 1 0 0 1 -1
L|0| =L 0]l — |0 =1l —-|1| =101,
0 0 0 1 1 0
10] |1 1] 2] | 3] | —1]
[0] 0] [0] [17] (1] [0
0 0 0 1 1 0
L1 =L 1{ — |0 =10 — (1| =|-1],
0 0 0 1 1 0
10| 1] 1] 12 13 | —1]
(0] 07 (0] (17 (1] 07
0 0 0 1 1 0
L]0l =L 0] — |0 =11 -1l =10
1 1 0 0 1 -1
10] |1 1] 2] | 3] | —1]
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Thus

—
— —
i L
— —
_000_
e —
Il
- — — 1
o O OO H
o O o H O
OO —H OO
o —H O O O
— O O O O
e — |
~
Il
~

Remark 3.4. Now notice that

:| ,Vn € N.

We have that

| ——
— = = —
|
[
- +
— — — — O O O O
e — - 1
+ Il
——————1
_00001_ -~ ~
I _11112_
|
——————1
O O O O -
- —
o O O O H
~ _ - = = 1
(\
Il
—_— ~
— o = = ™ __
e |
1
o O O O H
= - = =
[\l
~
o0
A=
a
<
=

We also have that
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and similarly

in addition to

and




These equations then yield the following equations.

1 1 1
0 0 1
L2m ol =10 +m |1]| = dimk(VQerl,l)a
0 0 1
1 1 2
1 0 1
0 1 1
L2+ ol = (1] +m 1] = dimy (Vom+2.1),
0 1 1
1 2 2
0 0 1
1 1 1
L2m Ol =10l +m|1| = dimk(VQm-i-LQ)v
0 0 1
1 1 2
0 1 1
1 0 1
1,2m+1 ol =11l +m |1]| = dimk(V2m+2,2)7
0 1 1
1 2 2
0 0 1
0 0 1
L2 (1] = 1| +m |1] = dimp(Vame1s),
0 0 1
1 1 2
0 1 1
0 1 1
L2m+1 1l = |0 +m [1] = dlmk (V2m+2,3)7
0 1 1
1 2 2
0 0 1
0 0 1
L2m ol =10 +m |1]| = dimk(V2m+1,4)7
1 1 1
1 1 2
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0 1 1
0 1 1
Lt ol = (1] +m [1]| = dimk(v2m+2,4)7
1 0 1
1 2 2
vm € Np.

Thus we see that there is a strong relationship between L and V as the
dimension vector of every element in V can be determined by applying L to

0

= = O O O

0
0
1| or
0
1

_ o o O

1 0
0 1
0, (0},
0 0
1 1

some number of times. This is one of the reasons why we’re interested in L.

JAN

What we do next, is to gain some motivation for defining a new sequence
of indecomposable representations. This sequence has strong ties to V), as
its elements could almost be obtained if we began with the same representa-
tions as we started with in V and instead took kernels instead of cokernels.
Hopefully all of this will become clearer as we proceed.

Remark 3.5. We consider the matrix

01 11 -1
1 01 1 -1
M=1{11 01 -1
1110 -1
1111 -1
and see that
-1 0 0 o0 101 1 1 -1 10 0 00
o -1 o0 o0 1|1 01 1 -1 01 0 00
LIM=|0 0 -1 0 1|1 1. 01 —-1{=10 01 0 O
O o0 O -1 1|1 11 0 -1 00 010
-1 -1 -1 -1 3|1 11 1 -1 00 0 01
= ML.
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Thus M is the inverse of L. Next we get that

and

_11112__11112__1111
_ _ _
_01001__00101__0001
1 Il Il

I L | 1 T
— o o o — — o
S e O O e T e N N N
L ] L ] L
1 I Il
T 1 T 1 T
— — —
o O 0000_




:| Vn € Ny

_11112_

— = = —

-
-

0
-1
-1
-1
-1

0
-1
-1
-1
-1

M?’L

M2m

M2m+1 l

)

— — — —

0
-1
-1
-1
-1

§

0
-1
-1
-1
-1
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-1 -1 1
0 0 1
MP™ | 1| = |-1| —=m |1},
~1 -1 1
-1 -1 2
~1 ~1 1
0 0 1
MU 1 = | =1 = (m+1) [1],
~1 -1 1
~1 -1 2
-1 -1 1
-1 -1 1
M*™|o|=|0|-m|l],
~1 -1 1
-1 -1 2
~1 -1 1
~1 -1 1
MLl =10 ] —(m+1) (1],
~1 -1 1
~1 -1 2
-1 -1 1
-1 -1 1
M| —1| = |-1| =m |1],
0 0 1
~1 -1 2
~1 -1 1
~1 ~1 1
MPHLL | = | =1 = (m+1) |1],
0 0 1
—1 -1 2
Vm € Np.

A

We will later see that the equations above will be the negative of the
dimension vectors of the elements of a sequence. We will now define that
sequence.
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Let
V_1,5 = ({ku k? k7 kv k}v f—1,5)7

Vi = {0,k k. k Kk}, f-1a
V—LQ = ({k? Oa k7 k7 k}; f—l,
V_173 = ({k7 k? 07 ka k}u f—1,3)

),
2)

i

and
V_174 = ({k7 kv ka 07 k}a f—174)

be subspace representations of Q. Define h_1, : V_1,, — V_15 such that
h_1,, is the inclusion map, i.e. h_1, =1 Vn € {1,2,3,4}.
Let ho15:V_11®V_12®V_13® V_14 — V_1 5 be the map such that

h7175:[h71,1 h_12 h_i3 h71,4]:[1 1 1 1].

Define H,m,5 : V,m,5 — V,m+1,1 D V,m+1,2 D V7m+173 S, V7m+1’4 such that

H—m,5 = = kerhom(h_m+175),

where, unless m =2, h_p15 : Vo111 O Vomi12 @ Vo113 © Vomg14 —
V_m+1,5 is a map such that

hemi1s = [hemi11 hemt12 hemi13 Pomi1a],
in which A_pq1n : Vomtin = V—m+1,5 is a map satisfying
h—mtin = kernom(H_m1n) Vn € {1,2,3,4},
vm e N\ {1}.
For this to make sense, we also define
V_ms = keroph(h—m+1,5)

and
V_mn = keron (Hompn) Vn € {1,2,3,4},

vm e N\ {1}.
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We can visualize the sequence as

V_ 21 V_11

—2,2 —1,2

35 V—2 5 V—1,5
V_ 94 V_14
Remark 3.6. V_,, ,, is indecomposable ¥m € N Vn € {1,2, 3,4, 5}. A

Proof. We prove this by induction on m, and begin with showing that the
endomorphism rings of V_1 1, V_12, V_13, V_14 and V_; 5 are isomorphic
to k.

Let h € End(V-15) such that h = {a1,a2,as3,a4,a5},a1,a2,a3,a4,a5 € k.
Let f_15 = {b1,b2,b3,b4},b1,b2,b3,b4 € k. The assumptions above are
possible since the domain and co-domain of each map is k. Then, since h is
a homomorphism, we obtain

CL5b1 = b1a1 = b1a5 = b1a1 = a5 = ay,

a5b2 = b2a2 = b2a5 = b2a2 = a5 = a9,
a5b3 = b3a3 = bga5 = b3a3 = a5 = as,
a5b4 = b4a4 = b4a5 = b4a4 = a5 = a4,

since k a commutative division ring. Thus h = a5, so End(V_15) = k.

Let h € End(V_1,1) such that h = {0, a2, a3,a4,a5},az,a3,a4,a5 € k. Let
f=11 = {0,b2,b3,b4},b2,b3,b4 € k. The assumptions above are possible
since the domain and co-domain of each map is k. Then, since h is a homo-
morphism, we obtain

as0=0-0=0=0,
a5b2 = bgag = b2a5 = b2a2 = a5 = a9,

a5b3 = b3a3 = b3a5 = b3a3 = a5 = as,
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CL5b4 = byay = b4a5 = byay = as = a4.

Since a5 - 0 = 0, we then obtain that h = as, so End(V_1,) = k.

The proofs for V_; 2, V_; 3 and V_1 4 are similar to that of V_1 1, so we omit
them.

Hence

End(V_12) = End(V_13) = End(V_14) = k.
Now suppose m € N and
End(V_p,1) =2 End(V_p2) = End(V_p,3) = End(V_m4) = V_pn5) = k.

Let h € End(V_;;,—15). Then, since V_,,_1 5 = kerop(h—m.5),
Jh, € End(V,m,l SV_m2® V3@ V,m74) such that
H—m—1,5 o hl =ho H_m_1’5. Since

End(V_m1) = End(V_p2) 2 End(V_p3) = End(V_yn4) 2k,

ap 0 0 O
o a0 0

hi = 0 0 a3 0 ,a1,0a2,a3,a4 € k.
0O 0 0 a4

h—m5 = cOknom (H_m.5), so Ja € End(V_,, 5) such that
hfm,E) ohy=ao hfm,5

= [hemioar h_mgoas h_mzoaz h_myoas| =

[a © hfm,l ao hfm,2 ao hfm,3 ao hfm,4]
=
h—mioar =aoh_p1= a1 =a,
h_mpoas =aoh_p2= az = a,
h-mgsoaz=aoh_n3=a3=a,
homaoas=aoh_p4= as=a,

since h_p, p is a kernel homomorphism, i.e. an inclusion, Vn € {1,2,3,4}.
Thus hy = a, so H_,,_150a = ho H_,,_15, and since H_,, 5 is a kernel
homomorphism, we obtain h = a. Hence End(V_,,—15) = k.

Now let hy € End(V_,—1,,) for some n € {1,2,3,4}. Then, since h_p,_1, is
a kernel homomorphism, 3a € End(V_,,,—15),a € k such that h_,,_1,0a =
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hy o h_p—1n. We then get a = hg, hence End(V_,,,—1,,) = k.
Thus, by induction,

End(V_y,1) 2 End(V_p2) = End(V_r3) = End(V_im4) =V_ms) =k

Vm € N, hence V_,,1, V_m2, V-m3, V—ma4, V—ms5 are indecomposable
Vm € N. O

Just as we did with the other sequence, we find explicit form of the
dimensions vectors of all the representations.

Remark 3.7. We state some forms we suspect the representations to have.

dimy(V_n-15) = +n ,Vn € Ny,

— o
N = = ==

0 1

1 1
dimg(V_2m-11) = [1| +m [1],

1 1

1 2

2 1

1 1
dimg(V_om—21) = |1| +m |1],

1 1

2 2

1 1

0 1
dimk(V_gm_l,z): 1 +m|1],

1 1

1 2

1 1
2 1
dimg(V_om—22) = [1| +m [1],
1 1
2 2
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1 1

1 1
dimg(V_gm-13) = [0| +m |1,

1 1

1 2

1 1

1 1
dimk(V_gm_Lg): 2 +m 1],

1 1

2 2

1 1

1 1
dimg(V_om-14) = |1| +m |1],

0 1

1 2

1 1

1 1
dimk(v_gm_174): 1 +m|1],

2 1

2 2

Vm € Np.
A

Proof. We prove the assertions by induction on m.

For starters, we calculate enough representations to build a base case. When
calculating, we use the fact that h_,, 5, H_ 1, H_ym2, H_p3 and H_p, 4
are inclusions.

1
dimy (V-2,5) = Z dimy(V-1,;) — dimg(V-15)
i=1

2
2
21 =
2
3

Il

e =)
+

el =
+

— O = =
+

s e e
|

—_ e e e
Il

— s e
+

DO = =

dimg(V_21) = dimy(V_25) — dimg(V_11)
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dimg(V_25) — dimy(V-1,2)

dimy,(V—2,5) — dimy(V-1,3)

dimyg(V_2,5) — dimy(V_1,4)

dimy(V—_22)

dimy(V_23)

dimy(V_2.4)
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dimk(Vfgyl)

dimy(V-33)
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4 2 2 1 1
4 1 3 2 1
dimk(V_472): 41 — 12| = (2| = 1| + |1},
4 2 2 1 1
7] |3] 4] 2] (2]
47 [2] 27 (17 [1]
4 2 2 1 1
dimp(V_43) = |4| — |1| = [3]| = |2| + |1},
4 2 2 1 1
7] |3] 4] 2] 2]
47 [2] 27 (17 [17
4 2 2 1 1
dimg(V_44) = |4]| — 2] = [2| = |1| + |1] .
4 1 3 2 1
7] |3] 4] 2] 2]

Now suppose the suspected forms are true for all natural numbers lesser
than or equal to n = 2m + 1. Then

4
dimg(V_2m—2,5) = Z dimg (V_2m-1,i) — dimg(V-2p-1,5)

i=1

0 1 1] 1 1 1
1 0 1 1 1 1
=(1{+ |1+ |0 + [1| = [1]| +(4m —2m) |1
1 1 1 0 1 1
[ | Y L 2

2 1 1 1

2 1 1 1

— 2| +2m [1] = 1| +@m+1) |1

2 1 1 1

3 2] |1 2

=

dimy(V_2m—21) = dimp(V_2m—2,5) — dimz(V_2m-1,1)

1 1 0 1 1 1
1 1 1 1 0 1
=11l +Cm+1) (1] — 1| —m |1]| = [0] +(2m+1) |1
1 1 1 1 0 1
1 2 1 2 0 2

o1



and we can in a similar way show that dimy(V_2,-22)

—
4?
7
g — o~ =~
Q2
AN _
SN—
 EEE———
mk — o N
| |
or—
< +
el —
= — — N —
< e |
—
== = +
- N -
| I |

implies

dimg(V-2m—35)

— —~ — — N

1
1
1l +(2m+2)
1
1
+(m+2)l

— —~ — —

]-F(Zml){

< < < < D~

)

— — — —

I 1
_01111_
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and we can in a similar way show that

1 1

0 1
dimg(V_2m-32) = [1| +(m+2) [1],

1 1

1 2

1 1

1 1
dimg(V_om-33) = [0 +(m+2) 1],

1 1

1 2

and - -
1 1
1 1
dimk(V_Qm_gA) = |1] + (m + 2) 1
0 1
_1_ _2_
By induction on m, the suspected forms are then true. O

Remark 3.8. Now we can remark a connection between M = L~! and the
dimension vectors of our new sequence. The connection is shown below.

dimg(V_p—1,5) = M"[dimg(V_15)],V € Ny,
dimy,(V_om-1,;) = M*" [dimy(V_1,;)],
dimg(V_2m—2,;) = M [dimk(v—lj)] )
Vj € {1,2,3,4} Vm € Ny.
A

We can now comfortably add the representations of the new sequence
to V. Then the indexing will almost fit perfectly. We are only missing
four representations, namely Vo1, Vo2, Vo3 and Vy4. Earlier on we did
some calculations which could give us an idea of what these representations
should be. We found that

-1 0
-1

M [dimy (V1 1)] = , M [dimy (V1 )] =

i

o O o o

0
0
0
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0 0
0 0
M [dim;(V13)] = |—1|, M [dim(V14)] = | O
0 -1
0 0

Then the missing representations should be
Voa = ({#,0,0,0,0},{0,0,0,0}),
Vo2 = ({0,%,0,0,0},{0,0,0,0}),
Vo3 = ({0,0,%,0,0},{0,0,0,0}),
Vo = ({0,0,0,%,0},{0,0,0,0}).

However, none of these are subspace representations, so they cannot be part
of the solution for the 4 subspace problem.

4 Exceptions

There is a subspace representation with which we have interacted quite a lot
with, but know relatively little about. This representation is the one with
dimension vector

DO = =

We call this representation W = ({k, k, k, k, K%}, fww). Now we look at the
subspace representations

Wy = ({k,k,0,0,k},{a1,a2,0,0}),a1,as € k,
Wy = ({0,0,k,k,k},{0,0,a3,a4}),as,a4 € k,
Ws = ({0, k,k,0,k},{0, as,as,0}),az,a3 € k,
Wy = ({k,0,0,k,k},{a1,0,0,a4}),a1,a4 € k,
Ws = ({k,0,k,0,k},{a1,0,a3,0}),a1,a3 € k,
Wes = ({0,k,0,k,k},{0,a2,0,a4}), az,a4 € k.

We find the endomorphism rings of these.
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. Let h EEnd(Wl). h = {h17h2,0,07h5},h1,h2,h5 € k. Then
h5oa1:aloh1:>h5:h1,
h50a2:a20h2:>h5:h2,

hs500=000=0=0,
h500=000=0=0,

which gives h = hs = End(W;) = k.

. Let h € End(Ws). h ={0,0, hs, hg, hs},hs, ha, hs € k. Then
hs500=000=0=0,
hs00=000=0=0,

h5oa3:a30h3:>h5:h3,
h5oa4:a4oh4:>h5:h4,

which gives h = hs = End(Ws) = k.

. Let h EEnd(Wg). h = {O, h2,h3,0,h5},h2,h3,h5 € k. Then
hs500=000=0=0,

h5oa2:a2oh2:>h5:h2,
h5oa3:a30h3:>h5:h3,
hs500=000=0=0,

which gives h = hs = End(Ws) X k.

. Let h EEnd(W4). h= {hl,0,0, h4,h5},h1,h4,h5 € k. Then

h5oa1:aloh1:>h5:h1,

h500=000=0=0,
hs500=000=0=0,
h5oa4:a4oh4:>h5:h4,

which gives h = hs = End(Wy) = k.
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5. Let h € End(Wg,). h = {h1,07h3,07h5},h1,h3,h5 € k. Then
hsoay =ajoh; = hs = hy,
hs00=000=0=0,
hs o a3 = az o hg = hs = hs,
hs00=000=0=0,
which gives h = hs = End(Ws) = k.
6. Let h € End(Wg). h = {0, h,0, hy, hs},ho, ha, hs € k. Then
h500=000=0=0,
hs o as = az o ho = hs = ha,
h500=000=0=0,
h5oa4:a40h4:>h5:h4,
which gives h = hs = End(Ws) = k.

Thus all the representations above are indecomposable. If we take direct
sums of pairs, we get

Wi ®@Wo =Ws Wy = W5 D We = W.

Thus W can be expressed in several different ways as a direct sum of rep-
resentations that are not in V. These are also the only ones, since all other
valid decompositions consisting of subspace representations would have to
include elements of V.

This concludes our exploration of the 4 subspace problem.
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