






(a) Alignment of the head frame.

(b) Alignment of frame i ∈ {0, . . . , N}.

Fig. 3. The strategy for aligning the VSR along the shape curve. (a) The
VSR is aligned from the head link and backwards. The location sh of the
head tip and the roll angle φh of the VSR about the shape curve are inputs
to the algorithm. (b) The link from frame i � 1 to frame i is ’aimed’ towards
a reference point on the shape curve denoted by sref.

attached to the head tip, frame i ∈ {0, . . . , N − 1} attached
to each of the N joints, and finally the N frame attached
to the tail tip. The output from the alignment algorithm
is the origin and orientation of each of these frames. This
output includes the angle qi of each joint i ∈ {1, . . . , N} of
the VSR, which the motion planning framework outputs as
reference angles for the physical robot.

3) The Placement of the Head Frame: The algorithm
starts by defining the origin of the head frame as Oh =
S(sh). Furthermore, the xh axis is defined as illustrated in
Fig. 3(a), i.e. as the unit vector from O0 to Oh, where O0

is the origin of the frame of joint 1. The calculation of O0

is described below, so for now we assume that O0 has been
defined. The xh axis is therefore given as

xh =
Oh −O0

‖Oh −O0‖
(5)

where we divide by the norm of the vector to make xh a
unit vector. As shown in Fig. 3(a), the yh and zh axes are
determined by the roll angle φh of the VSR about the shape
curve, which is an input to the algorithm. To this end, we
first calculate a temporary axis denoted by y

0

h, which we
define to be horizontal through the cross product

y
0

h =
zg × xh
‖zg × xh‖

(6)

where zg is the global z axis. A temporary zh axis, denoted
by z

0

h, is then calculated as

z
0

h = xh × y
0

h (7)

The temporary head frame, which is defined by the axes
xh, y

0

h and z
0

h as shown in Fig. 3(a), is now rotated by
the specified angle φh about the xh axis, thereby achieving
the specified roll angle of the VSR about the shape curve.
The orientation of the head frame with respect to the global
frame is thus calculated as

Rg
h =

[
xh yh zh

]
=
[
xh y

0

h z
0

h

]
Rx(φh) (8)

where Rx is the rotation matrix for an elementary rotation
about the x axis [3], which is defined as

Rx =

1 0 0
0 cosφh − sinφh
0 sinφh cosφh

 (9)

4) The Placement of the Joint Frames: The origin and
orientation of the remaining N + 1 coordinate frames are
calculated in consecutive order by following the steps below
for each frame. The origin of frame i ∈ {0, . . . , N} is
denoted by Oi and its coordinate axes are denoted by xi,
yi and zi, respectively. The algorithm makes use of a
reference point sref, which is initialized as sref = sh and
then traced backwards along the shape curve to define the
desired placement of each frame.

To calculate Oi, sref is moved backwards along the shape
curve to the point whose linear distance to the previously
aligned frame (i.e. Oi−1) equals lLAD ∈ R. The design
parameter lLAD is referred to as the look-ahead distance and
defines how far backwards along the shape curve to ’aim’ the
next link to be aligned. As shown in Fig. 3(b), the location
of sref with respect to frame i− 1 is defined as

rref = S(sref)−Oi−1 (10)

where ‖rref‖ = lLAD. The algorithm attempts to place Oi

such that the link between Oi−1 and Oi (i.e. between joint
i and joint i+ 1) is aligned with rref. This link is, however,
constrained to move in the plane normal to the rotation axis
of joint i (i.e. zi−1), which means that a perfect alignment
between the link and rref will generally not be possible.
The algorithm therefore aligns the link such that the closest
possible match with rref is achieved. As illustrated in Fig.
3(b), the closest match is found by first finding a vector r⊥
which is normal to the plane spanned by zi−1 and rref, i.e.

r⊥ = zi−1 × rref (11)

Subsequently, we find the closest match with rref by defining
the link between Oi−1 and Oi to be normal to the plane
spanned by r⊥ and zi−1. As seen from Fig. 3(b), this is
equivalent to defining the xi axis as

xi = r⊥ × zi−1 (12)

We are now ready to calculate the angle qi of joint i, which
is the angle between the xi−1 and xi axis (see Section II).
We first express the xi axis with respect to frame i−1. This
vector is denoted by xi−1i and is found as

xi−1i =
(
Rg
i−1
)T

xi (13)

where Rg
i−1 is the rotation matrix describing the global

frame orientation of frame i − 1, which was determined in
the previous step of the algorithm. By denoting the x and



y component of this vector by xi−1i,x and xi−1i,y , respectively,
the joint angle is found as

qi = atan2
(
xi−1i,y ,x

i−1
i,x

)
(14)

where atan2(·) is the four quadrant inverse tangent. Note that
xi−1i,z is always zero since the xi axis by design is normal
to the zi−1 axis.

Using (2), we can now calculate the origin and orientation
of frame i with respect to the global frame as

T g
i =

[
xi yi zi Oi

0 0 0 1

]
= T g

i−1T
i−1
i (qi) (15)

where T g
i−1 was determined in the previous step of the

algorithm and T i−1
i (qi) is defined in (4).

Remark 3: The choice of look-ahead distance lLAD is
important. If we assume that all links of the robot have equal
length, i.e. ai = a for i ∈ {0, . . . , N}, then lLAD should be
chosen such that lLAD ≥ a. If lLAD < a, then the alignment
will cause each link to ’overshoot’ its reference point on the
shape curve. From the authors’ experience, the algorithm will
generally perform well if lLAD ∈ [a, 2a].

Example 4: Fig. 4(b) shows the alignment of a VSR with
N = 6 joints along the shape curve plotted in Fig. 4(a). The
link lengths were ai = 0.1 m, where i ∈ {0, . . . , 6}, and the
look-ahead distance was lLAD = 2a0.

E. Generating Motion Patterns
1) General Approach: The presentation so far provides a

framework for generating joint reference angles correspond-
ing to body shapes defined by SCP coordinates. We can
use this framework to generate dynamic motion patterns for
a snake robot by varying the SCP coordinates and/or the
location of the VSR along the shape curve with time. In
particular, motion patterns can be generated in three ways:

1) Progressing the VSR forward along the shape curve
while continuously retrieving its joint angles. The re-
trieved angles will vary as the VSR is progressed along
the curve, thereby generating dynamic joint reference
angles for the physical robot in accordance with the
motion pattern drawn out by the shape curve.

2) Fixing the VSR on the shape curve while varying the
SCP coordinates with time. Although the location of
the VSR is fixed on the shape curve, its joint angles
will vary as the SCP coordinates are changed.

3) A combination of approaches 1 and 2.
With approach 1, the VSR will at some point reach the

last SCP of the shape curve. When this happens, we can
maintain the motion by extending the curve with new SCPs
according to the desired motion pattern. To this end, we
introduce two important instruments. The first instrument is
the shape frame, which defines the direction in which the
shape curve is extended when new SCPs are added. The
second instrument is the gait segment, which defines the
shape curve over a single cycle of a motion pattern, thereby
acting as the ’building block’ of the shape curve. Section IV
presents simulation results which illustrate these approaches.

2) The Shape Frame: When new SCPs are added in order
to extend the shape curve, the direction in which the curve is
extended will affect the direction in which the snake robot is
propelled. We can utilize this property to steer the direction

of the robot’s motion by introducing a coordinate frame
whose orientation is defined by a heading controller, and
which is used as the reference frame when new SCPs are
added to the shape curve. The frame is denoted as the shape
frame and, as illustrated in Fig. 5, its axes are denoted by
xs, ys and zs, respectively. Moreover, its origin coincides
with the last SCP of the shape curve, whose coordinates are
P n−1 = S(n− 1). The orientation of the shape frame with
respect to the global frame is expressed by the rotation matrix

Rg
s =

[
xs ys zs

]
∈ R3×3 (16)

and can be regarded as a directional control input for the
robot.

3) The Gait Segment: Snake robots are usually controlled
according to predefined gait patterns, which are carried out
in combination with feedback control laws that e.g. steer
the heading and/or adapt the motion to the environment. To
facilitate predefined gait patterns within the motion planning
framework, we introduce a gait segment, which describes the
shape curve over one cycle of a particular motion pattern.
The gait segment is the ’building block’ of the shape curve
and is defined as a collection of k SCPs denoted by{

P GS
0 ,P GS

1 , . . . ,P GS
k−1

}
(17)

where P GS
i ∈ R3 and superscript ’GS’ is short for gait

segment. Sustained motion according to the gait segment is
achieved by repeatedly concatenating the shape curve with
the gait segment coordinates while the VSR is progressed
forward along the curve. The gait segment coordinates are
expressed with respect to the shape frame. As illustrated in
Fig. 5, an SCP from the gait segment is added to the shape
curve by calculating its global frame coordinates P new as

P new = P n−1 +Rg
s

(
P GS
j − P GS

j−1

)
(18)

where P n−1 is the location of the last SCP of the shape
curve, Rg

s is the rotation matrix that describes the orientation
of the shape frame, and where j ∈ {1, . . . , k − 1}. Note that
the gait segment is concatenated with the shape curve one
SCP at a time since this allows us to steer the direction of
the motion by adjusting Rg

s each time a new SCP is added.
After all k SCPs from the gait segment have been added to
the shape curve, the process starts over from the first SCP.

Example 5: A gait segment constructed from k = 9 SCPs
is plotted in Fig. 4(c) using the same interpolation as in
Example 1. The figure also shows the shape curve formed by
concatenating the gait segment four times. The shape frame
was initially oriented along the axes of the global frame.
During the last two concatenations, however, the shape frame
was rotated 45◦ about the global z axis by choosing Rg

s =
Rz(45

◦), where Rz describes an elementary rotation about
the z axis. As a result, the progression direction of the shape
curve was changed by 45◦.

IV. APPLICATIONS OF THE MOTION PLANNING
FRAMEWORK

This section presents simulation results which demonstrate
the applicability of the motion planning framework for re-
alizing different types of three-dimensional motion patterns.
The main feature to note from the simulation results is that
at no point during the gait design process did we need to
consider the specific joint angles of the robot.



(a) A shape curve constructed from
n = 4 SCPs.

(b) A VSR with N = 6 joints
aligned using lLAD = 2a0.

(c) A gait segment (top) and the resulting
shape curve (bottom).

Fig. 4. (a) Example of a shape curve constructed from n = 4 SCPs. (b) Alignment of a VSR with N = 6 joints using the look-ahead distance lLAD = 2a0.
The transversal axis at each joint indicates the rotation axis. (c) An example of a gait segment (top) constructed from k = 9 SCPs and the shape curve
(bottom) formed by concatenating the gait segment four times. During the last two concatenations, the shape frame was rotated 45◦ about the z axis.

Fig. 5. New SCPs are added to the shape curve with reference to the shape
frame, whose origin coincides with the last SCP of the curve.

A. Simulation Setup

The simulations were carried out using Open Dynamics
Engine (ODE) [10], which is an open-source software library
for simulating articulated rigid-body dynamics. The software
allows for fast simulations of complex articulated structures
in easily reconfigurable obstacle environments.

The snake robot was implemented in ODE according to
the kinematics in Fig. 1. The number of joints was N = 16
and the distance between the joints was ai = 0.08 m for
i ∈ {0, . . . , N}. The robot moved on a flat surface and had
a quadratic cross-section with height/width equal to 0.07 m.

The motion planning framework was implemented in
Matlab R2011a and the kinematic parameters of the VSR
were equal to those of the robot in ODE. Shape curves were
constructed using the piecewise cubic hermite interpolating
polynomial described in Example 1. Moreover, the alignment
of the VSR to the shape curve was carried out with look-
ahead distance lLAD = 2a0 = 0.16 m. The joint angles of
the VSR were used as joint reference angles for the snake
robot in ODE with an update frequency of 30 Hz.

B. Simulation 1: Sidewinding Motion

During sidewinding motion, a snake moves sideways by
raising its head and throwing it sideways, and then repeating
the same motion with the rest of its body in a cyclic manner

[2]. A snake robot can achieve this motion by moving its
body according to a horizontal wave superimposed by a
vertical wave with a 90◦ phase shift between the two waves.
To this end, we first specified the desired body shape of the
snake robot by defining the parametric curve

B(β) =

Bx(β)By(β)
Bz(β)

 =

 kx
β
2π

ky sin(β)
kz sin(β + π

2 )

 ∈ R3 (19)

where β ∈ [0, 2π], kx ∈ R defines the length of the curve
along the x axis, ky ∈ R defines the amplitude of the
horizontal wave in the x-y plane, and kz ∈ R defines the
amplitude of the vertical wave (phase shifted by 90◦) in the
x-z plane. We then used B(β) to define a gait segment with
k = 9 SCPs according to (17) such that

P GS
i = B( 2π8 i) , i ∈ {0, . . . , 8} (20)

The resulting gait segment and the aligned VSR are plotted
in Fig. 6(a), where we chose kx = 0.7a0(N+1) = 0.952 m,
ky = 3a0 = 0.24 m, and kz = a0/3 = 0.0267 m.

To achieve sidewinding motion, we followed the approach
described in Section III-E.3 and progressed the VSR forward
along the shape curve at a constant speed such that

∣∣∣Ṡ(sh)∣∣∣ =
0.5 m/s and with roll angle φh = 0. Furthermore, to illustrate
how the shape frame described in Section III-E.2 can be
used to influence the direction of the motion, the shape
frame was first oriented along the axes of the global frame
and then rotated at a constant velocity about the global
z axis in order to steer the robot in the counter-clockwise
direction. In particular, the shape frame in (16) was defined
as Rg

s = Rz(ψs), where Rz(ψs) is the rotation matrix
for an elementary rotation about the global z axis by an
angle ψs, which we defined as ψs = 0◦ and ψ̇s = 0◦/s
for t ∈ [0 s, 5 s], ψ̇s = 22.5◦/s for t ∈ [5 s, 10 s], and
ψ̇s = 0◦/s for t ∈ [10 s, 15 s].

The shape curve developed during 15 seconds of motion is
plotted in Fig. 6(b), while Fig. 6(c) shows the position of the
centre link of the snake robot (link 9) simulated using ODE.



Fig. 7. Screen-shots of sidewinding motion simulated in ODE.

The ODE simulation is also visualized in Fig. 7. The results
show that sidewinding motion was successfully achieved and
that the shape frame rotation successfully steered the robot
in the counter-clockwise direction.

C. Simulation 2: Vertical Wave Motion

The next simulation illustrates how propulsion can be
achieved by vertical body waves. To this end, we followed
the exact same approach as in the previous subsection with
the following differences. The parametric curve in (19) was
redefined to be a purely vertical wave in the x-z plane by
defining Bx(β) = kx

β
2π , By = 0 and Bz(β) = kz sin(β),

where we chose kx = 0.7a0(N + 1) = 0.952 m and
kz = 0.1a0(N +1) = 0.136 m. We also increased the speed
of the VSR along the shape curve such that

∣∣∣Ṡ(sh)∣∣∣ = 2 m/s,
and we defined the shape frame to be aligned with the global
frame (Rg

s = I3×3). The simulation result is shown in Fig.
8, where Fig. 8(a) shows the resulting gait segment and the
aligned VSR, while Fig. 8(b) shows screen-shots from the
ODE simulation which illustrate how the vertical body waves
propelled the robot.

(a) The gait segment.

(b) Screen-shots from ODE.

Fig. 8. Simulation results of vertical wave motion. (a) The gait segment
and the aligned VSR, where the transversal axis at each joint indicates the
rotation axis. (b) Screen-shots of the motion simulated in ODE.

D. Simulation 3: Lateral Rolling Motion

During lateral rolling motion, a snake robot moves side-
ways by curving its body slightly while rolling about its
longitudinal axis. Instead of progressing the VSR forward
along the shape curve by continuously increasing sh, we
can achieve this rolling motion by keeping sh fixed while
continuously increasing the roll angle φh about the curve.
In particular, we defined a constant shape curve consisting

(a) The gait segment. (b) The shape curve. (c) The position of the snake robot.

Fig. 6. Simulation results of sidewinding motion. (a) The gait segment and the aligned VSR, where the transversal axis at each joint indicates the rotation
axis. (b) The shape curve developed during the motion, where the aligned VSR is plotted at t = 5 s, 10 s, and 15 s, respectively. (c) The position of the
centre link (link 9) of the snake robot simulated using ODE.



(a) The shape curve.

(b) Screen-shots from ODE.

Fig. 9. Simulation results of lateral rolling motion. (a) The shape curve
and the aligned VSR, where the transversal axis at each joint indicates the
rotation axis. (b) Screen-shots of the motion simulated in ODE.

of the three SCPs P 0 = (−0.5a0(N + 1), 3a0, 0) =
(−0.68, 0.24, 0), P 1 = (0, 0, 0), P 2 = (0.5a0(N +
1), 3a0, 0) = (0.68, 0.24, 0). Furthermore, we fixed the head
of the VSR at the last SCP by defining sh = 2 and we
continuously rotated the VSR about the shape curve by
defining φ̇h = −360◦/s. The simulation result is shown
in Fig. 9, where Fig. 9(a) shows the shape curve and the
aligned VSR, while Fig. 9(b) shows screen-shots from the
ODE simulation which illustrate the sideways rolling motion.

E. Simulation 4: Descending a Staircase

The last simulation illustrates the explicit nature of the
motion planning framework in terms of defining the body
shape of the snake robot. The goal was to make the snake
robot in ODE crawl down a staircase with steps that were
0.2 m in both depth and height. This was achieved by
defining a gait segment corresponding to a single step of the
staircase as shown in Fig. 10(a). As a result, the progression
of the VSR along the shape curve, which is plotted in
Fig. 10(b) at t = 7.5 s, caused a staircase-like pattern
to be propagated along the body of the simulated robot.
This pattern enabled the robot to climb stepwise down the
staircase as illustrated in Fig. 10(c).

V. CONCLUSIONS

This paper has presented a motion planning framework
for three-dimensional body shape control of snake robots,
where continuous curves defined by shape control points are
mapped to dynamic motion patterns for the snake robot. The
framework allows the motion to be controlled by parameters
which are intuitively mapped to the overall body shape of

(a) The gait segment. (b) The shape curve.

(c) Screen-shots from ODE.

Fig. 10. Simulation results of a snake robot descending a staircase. (a)
The gait segment and a few joints of the aligned VSR, where the transversal
axis at each joint indicates the rotation axis. (b) The shape curve developed
during the motion, where the aligned VSR is plotted at t = 7.5 s. (c)
Screen-shots of the motion simulated in ODE.

the snake robot. The applicability of the framework was
demonstrated by simulation results.
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