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Chapter 1

Introduction

1.1 Fractional Mean Field Games

All of the papers in this thesis are connected to the fractional Mean Field Games (MFG)

system,

—uy — Lu+ H(z, Du) = F(z,m(t)),
(IMFG) my — L*m — div(mD,H (x, Du)) = 0,
m(0,x) = mp(z), u(T,z)=G(x,m(T)),

posed on Q7 := (0,T) x RY, with

(L) Lo(x)= [ ¢(x+2)—d(x) — Do(x) - 21} 1<1dp(2),

Rd
where y is a non-negative Radon measure satisfying the Lévy condition [5, 1A |z[?du(z) <

+00. The adjoint £* is defined similarly, but with measure p*(A) := pu(—A) for all Borel
sets A C R?, and it is the L2-adjoint of L.

The equation (fMFG) consists of a Hamilton-Jacobi-Bellman (HJB) equation solved back-
wards in time, and a Fokker-Planck (FP) equation solved forwards in time. The operators
L and L£* are non-local diffusion operators, H is the so-called Hamiltonian, m — F'(z,m),
m +— G(xz,m) are functions over the space of probability measures, and represents running-
cost and terminal cost, respectively. Finally, mq is an initial condition.

In this thesis we study well-posedness and numerical discretizations of (fMFG). We do
so under very general assumptions on the non-local operators £ and L£*.

The original purpose of MFG is to model N-player differential games, where the number

of players N — oo [29]. Each player is small and has a negligible influence on the system

3



4 Chapter 1. Introduction

as a whole. She only cares about the probability distribution of the other players, in or-
der to determine her response. More specifically, each generic player controls a stochastic

differential equation (SDE) driven by a Levy process L; [4]
(SDE) dXt = atdt + st,
and wants to minimize the functional
T
J(z,a) = E[/ [L(X,, o) + F(Xs,m(s))|ds + G(Xr,m(T))].
0
Here L(z,q) is the Fenchel conjugate of H,

L(z,q) := sup{p-q— H(z,p)},

pERL

and describes the cost of performing the control ¢ = ay(7), at the position z € R In the
case that L is convex in ¢, the players pay more for big controls |g|. The function F' is the
so-called running cost, and is a function of the position X, of the player, and the distribution
m(s) of the other players at time s. Finally, G describes the terminal cost at time T, and my
the initial distribution of players. Note that the cost each player pays then depend on her
position X, her choice of control ay, and the probability distribution of the other players
m(s).

A formal computation shows that the optimal control is given by o} (z) = —D,H (z, Du).
If every player reasons in the same way, we end up with the system (fMFG), with two
equations that is to be solved simultaneously. Here wu(t, z) represents the optimal cost at
(t,x), and m(t) is the distribution of the optimally controlled process X}, and is an evolution

of probability measures, describing the positions of all the players at time ¢ € [0, T7.

1.2 Non-local diffusion operators

An example of a local second order diffusion operator is the Laplace operator,
d
32
Au = —u,
; Ox?

where u € C%(R?). To compute Au at the point x € R%, we only need information on u on
a arbitrarily small neighbourhood of z, B(z,¢€), where we can send ¢ — 0. In contrast, to
compute Lu(z) defined in (L), we need to take into consideration all of the information on

u on R?, which then makes the operator non-local.
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Coming back to (SDE), and without being too precise, the operator £ in (L) is generated
from the term

dL; ::/ zN(dz, dt) +/ zN(dz,dt),
|z|<1

|z[=1

where N is a Poisson random measure with intensity p(dz)dt, and N = N(dz, dt) — p(dz)dt
is the compensated Poisson measure. Loosely speaking, L; is a pure jump process, with
infinitely many ”small” jumps, and finitely many big jumps. That is, a realization of the
process L;(w) can appear continuous on some time interval, for example hoovering around
L;(w) =~ 5, and then suddenly at time ¢ = ¢, it jumps to a value L; (w) = 20. This kind of
behaviour is often observed in the stock market, where sudden crashes and surges happens
quite regularly. The jumps of the process L; leads to the non-local nature of the operator L.
In contrast, the Brownian motion process By, which is almost surely everywhere continuous
(no jumps), is associated to the Laplace operator A, which is a local diffusion operator.

In view of this discussion, we find it quite natural to study MFG with non-local diffusion
operators. As an example, we mention the one-dimensional CGMY process from Finance

[21], where du(z) in (L) is given by

C

d#(z) = | |1+Y€—G2+—1\r1z’dz’
z

where C,G, M >0 and Y € (0,2).

1.3 Background

MFG was first introduced around 2006 by Lasry and Lions in a series of papers [32, 33, 36, 34],
and independently, at the same time, by Huang, Caines and Malhamé [29, 30, 31]. Since then
the field have seen an exponential growth its literature, with a wide and thorough analysis,
and a large number of applications and use cases. A quick search for published papers with
"Mean Field Games” in the title, gives us over 400 results, and it is far out of this thesis’
scope to mention something about all of them.

MFG have numerous applications in finance, biology, crowd control, and network engi-
neering. We mention an economic analysis of electric vehicles, where each vehicle can buy
and sell electricity on the smart grid energy market, and wants to optimize its costs [22]. It

is also used to analyse cryptocurrency mining [35, 6], where so called 'miners’ are competing

to solve a hash-based puzzle, in order to earn cryptocurrencies. It has also been used to
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model the competition between oil producers [28]. We refer to [26, 15, 7, 25] for further
MFG models and applications.

By now, the analysis of MFG is thorough. For MFG with local or no diffusion, we refer
again to the articles [32, 33, 36, 34], where they give existence and uniqueness of classical
solutions under quite general conditions on the data H, F', G, and my.

For numerical analysis, we mention the finite difference methods by Achdou et al. [2, 1],
where they discretize MFG equations with local, uniformly elliptic diffusion (e.g. vA, where
v > 0). Closer to our setting is the semi-Lagrangian schemes by Carlini and Silva [13, 14],
developed for MFG equations with local/no diffusion. A survey on the present numerical
methods in MFG is given in [3].

Finally, some words about fractional MFG. Well-posedness of MFG with a fractional
Laplace operator £ = —(—A)?/2, where ¢ € (0,2), has been studied in [16, 19]. One
paper is in the parabolic setting, and the other in the ergodic stationary setting. In the
parabolic setting, thanks to convexity and coercivity assumptions, they get uniform in time
semiconcavity and Lipschitz bounds on u, the solution of the HJB equation, which gives
them results for the case ¢ € (0,1). In [27] they study nonlocal Bertrand and Cournot
MFGs in one dimension, which have a more complicated structure of the MFG system than
what we deal with. Here, the regularity comes from a local second order diffusion term, while
the non-local diffusion terms are of lower order. Finally, in [38, 8] they study well-posedness

of time-fractional MFG, that is, MFG systems with fractional time derivatives.

1.4 Owur main contributions

For the well-posedness of fractional MFG, we extend the current literature, by allowing for
very general Lévy processes, which include a-stable processes, tempered a-stable processes,
and the CGMY process often used in Finance [21, 4]. We deal with uniformly elliptic
operators £, L* of order o € (1,2) (we will soon come back to what this means). We allow
for general assumptions on H,F', G, where for example H can be noncoercive and nonconvex,
and F' and G are local or non-local couplings. Our analysis is performed on the whole space
R?, which gives compactness issues which are not present in analysis on the torus T¢.

For numerics, as in in [13, 14], we use a Semi-Lagrangian approach to discretize a MFG
system. However, we do it for the system (fMFGQG), with non-local diffusion operators. Our

work is an extension of the methods developed for fractional HIB equations in [9]. A chal-
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lenging aspect of non-local operators is the singular parts of the operators, which we truncate
and approximate by a local diffusion. The scheme we develop is valid for MFGs with very
general non-local operators, now including the case o € (0,2). In addition to solving for
general operators £ and L£*, we also provide a clear derivation of the dual scheme for the FP
equation. We prove convergence of subsequences in dimension d = 1 in the case of degener-
ate operators £, £*, and in R? for non-degenerate operators £, £*, in both cases towards a
viscosity-very weak solution of the MFG system. If the MFG system has a pair of unique
classical solutions, we get full convergence.

For a more in-depth discussion of both literature and our contributions, we refer to the

introductions of Paper I and Paper II.

1.5 Framework

We describe the common framework in the papers here, as they share some similarities. We
let P(R?) denote the space of Borel probability measures on R?, which is equipped with the

metric

dolp,v) = sup / Bl ),

¢€Lip; 1 (R?)

where Lip, ; := {f : f Lipschitz with || f||cc, [[Df]lcc < 1}. This is known as the Kantorovich-
Rubinstein distance, and convergence in d; is equivalent to weak convergence in measures.
We mostly work with nonlocal operators £, £* that are uniformly elliptic. A typical
ellipticity condition is to assume that the measure du is bounded from above and below by
a fractional Laplacian on the unit ball. We say that the operator £ is uniformly elliptic with

order o € (0,2), if there are constants Cy, Cy > 0, such that
Chlz|™47dz < du(z) < Colz| ™4 7dx for |2| < 1.

However, there are more general conditions than this, for example a condition directly on
the corresponding heat kernel of the operator £ and the integrability of u (see condition
(L2) in Paper I). Namely, £ is uniformly elliptic with order o € (0,2), if there is a constant
¢ > 0 independent of r, such that

2
z|<1 r

2
r”/ 12 Aldu(z) <c forre(0,1),
\
and the heat kernel K corresponding to £ satisfies

IDYK(t, Mzr@ey < Kt_%(lﬁlﬂl_%)d) for t € (0,7),
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and any p € [1,00) and multi-index 3 € N&, where K > 0 is a constant independent of 3
and t.
The similarities of the different conditions is that the operator £ has smoothing proper-

ties. For a more general introduction to non-local operators, we refer to [24, 4].

It is time to talk about the single equations appearing in (fMFG). Given a drift b :
[0,T] x RY — R?, the fractional Fokker-Planck equation is given by

my — L*m — div(mb) = 0,
(FP)

m(0,z) = mo(x),

and multiplying with a smooth test function and integrating, we get
(w-FP) mao(z, t)dx = / mo(z, s)dx
R4 R4

+/St/Rdm(¢t+L¢_b'D‘b)(%?”)dl‘dr,

A very weak solution of (FP) is then a function m € L*(0, T; P(R%)), such that (w-FP) holds
for any ¢ € C°(Qr). This, with a couple of variations, is how we define weak solutions of
the FP equation in all of our papers. The conditions that we put on b varies, so we do not
specify them on this point. Often we assume that b is continuous and bounded.

Three crucial estimates we get from the weak formulation of FP, are preservation of
mass and positivity, tightness and equicontinuity. To be more precise, we say that a subset
C C C([0,T]; P(RY)) is tight, if there exists a monotone radial function ¥ : [0, 00) — [0, ),

with lim, . ¥(r) = 400, such that for all m € C and all ¢t € [0, T7,

/ U(x)dm(t,z) < C,

where C' > 0 is a constant independent of m and ¢. Tightness of C implies compactness
of {m(s) : m € C} C P(R?) by the Prokhorov theorem. The set C C C([0,T]; P(R?) is

equicontinuous, if for all m € C,
do(m(s), m(t)) < w(|t — ),

where w : [0,00) — [0,00) is a modulus of continuity independent of m. The combination of
tightness and equicontinuity is sufficient to have compactness of C in C([0, T], P(R%)), using

the Prokhorov and Arzela-Ascoli theorems.
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We follow up with the fractional HJB equation,

(HIB) u, — Lu+ H(xz, Du) = f(t,z),

w(0,z) = uo(x),
where the solution concept is given through the notion of viscosity solutions, originally
introduced by Crandall and Lions [23] for first-order Hamilton-Jacobi equations. For the

non-local case, denoting
L = - — Dé(x) - z1,<1d
oo =( [ -/ |>r)¢(”” +2) = 6(2) — D(z) - 211 crdp(2)
= L.(z,¢, D) + L (x, 9, Do), for all r > 0,

a function u € USC(R?) (upper-semicontious function on R?) is a viscosity subsolution (cf.

[5]) if for every ¢ € C2((0,T) x R?) such that u — ¢ has a maximum point in (¢, zo), then
at¢(t07 .Z'()) - £r(x> ¢7 D(b) - ‘C’T(xv u, D¢) + H(:C7 D¢) S f(ta 37)

Viscosity supersolutions v € LSC(R?) (lower-semicontinuous functions on R?) are defined
analogously. A function v € C(Qr) is a viscosity solution if it is both a subsolution and a
supersolution.

The notion of viscosity solutions provides us with strong uniqueness properties, stability,
and existence results for the HJB equation. More precisely, we have the comparison principle,
which states that if u is a viscosity subsolution, v is a viscosity supersolution, and uy < vy,

then
u<v in  Qp,

which implies uniqueness of viscosity solutions. Existence of solutions is through Perron’s
method, where we only need to find a subsolution w and a supersolution v of the HJB
equation, with initial data wy < ug < vy.

Finally, for both the FP and HJB equation, we use a concept that we call classical
solutions. For HJB, a function u is a classical solution, if d,u, Du, Lu € C((0,T) x R?), and
(HJB) holds pointwise. Similarily, m is a classical solution of the FP equation if 9;m, Dm,

L*m € C((0,T) x R?), and (FP) holds pointwise.

1.6 Outline of thesis

This thesis consist of two papers. We give a short summary.
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Paper 1

We show well-posedness for the fractional MFG system (fMFG), where we consider a large
class of non-degenerate Lévy operators L, L* of order ¢ € (1,2), and nonlocal and local
couplings F and G. A large part of the paper is devoted to regularity results for the HJB
and FP equation. Using results on the fractional heat kernel, defined as the fundamental

solution of
Pt — EP =0,

we prove existence of classical solutions of the HJB and FP equation, by a Duhamel for-
mula and a fixed point argument. Furthermore, for the FP equation we prove L!'-, L°-,
equicontinuity-, and tightness results, based purely on pde methods.

Finally, through Schauder fixed point theorem [35], we get existence of classical solutions
of the fractional MFG system (fMFG), in the case of non-local coupling F' and G. We also
provide existence for a MFG system with local coupling, through an approximation of MFG
systems with non-local coupling. Uniqueness of solutions are also proved in both cases, using

monotonicity assumptions on F and G.

Paper 11

In the second paper, we construct a numerical scheme for fractional MFG. The schemes are
based on a semi-Lagrangian approximations of the underlying control problem, corresponding
to the HJB equation, along with a dual approximation for the FP equation.

In both approximations, we follow [9], and truncate the singularities of the non-local op-
erators, replacing them with (vanishing) Laplace operators. We discretize the corresponding
SDE, which consists of a drift part, a Brownian motion part, and a part consisting of long
jumps. Based on this discretization, we are able to develop the schemes for both the HJB
and the FP equation.

The methods are monotone, stable, and consistent, and we prove convergence along
subsequences for (i) degenerate equations in one space dimension and (ii) nondegenerate
equations in arbitrary dimensions. Note that degenerate equations means that the Lévy
operator has no smoothing effect. We also give results on full convergence and convergence
to classical solutions. Numerical tests are implemented for a wide range of different nonlocal

diffusions.
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1.7 Concluding remarks and further work

The previous pages and the introductions of Paper I and Paper II have showed what our
contributions to the theory of MFG are. One of the main contributions is to allow for the
SDEs to be driven by quite general Lévy processes. However, there are still open questions.
In Paper I we consider uniformly elliptic operators of order o € (1,2), but a natural question
is what would happen for the case o € [0, 1), where you do not get smoothness from L. As
in [19], one probably needs to look for a pair (u,m) of viscosity solution v of HJB and weak
solution m of FP. However, much the framework and assumptions are left to decide. For
Paper II about numerics, the next natural step would be to consider fractional MFG with
local coupling f(x, m(t,x)). Also it would be interesting to use a finite difference approach as
in [2] with entailing convergence analysis. At last, we mention that convergence of numerical
approximation of MFG in dimension d for degenerate diffusion would be interesting to prove.

Further, looking at the underlying SDE
dXt = atdt + st,

it is clear that the term dL; can be changed to something else. One extension is to allow for
different processes, for example Lévy flights and subdiffusions. We could also, like in [18],
put the control oy inside the diffusion process. In this case the player controls the diffusion,
and this creates a different kind of MFG model. To summarize, there are many further
questions left to explore.

I would also like to mention, that in the last period of this thesis, I have worked on a
project with Alessio Porretta and my supervisor Espen R. Jakobsen. However, in the end
there were not enough time to complete it, so this will have to be a future work. The project
is about the long-time behaviour/turnpike property of MFG [11, 10, 12, 20, 37]. In the
literature, most results assumes a local uniformly elliptic diffusion operator and the domain
T := R?\ Z¢. We study it for the case of fractional diffusion operators and posed in the
whole space R?, which are two novelties.

To be more precise, we study the long time behaviour of a fractional MFG system posed

on Qr := (0,T) x R4,
—uy — Lu+b(x) - Du+ H(xz, Du) = F(xz,m(t)),
(CMFG) my — L*m — div(m(b(x) + D,H(x, Du))) = 0,

m(0,x) = mo(x), u(T,z) = G(x,m(T)),
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where b : R? — R? is a so-called Ornstein-Uhlenbeck drift, satisfying

(b(z) = b(y),z —y) > alz —y|?,

where a > 0 is a constant. The drift b has confining properties, leading to uniform in time
bound on || Dul|s, following a similar argument as in [17]. It also confines the underlying

stochastic process
dX; = —b(z)dt — D,H(x, Du)dt + dL;.

For these types of equations, we will show that when 7" > 0 is big solution of the parabolic

problem (CMFGQG) stabilizes around the solution of the ergodic MFG system

A — Li+ +b(x) - Du+ H(x, Du) = F(x,m(t)),
—L*m — div(m(b(z) + D, H(z, Da))) = 0,
Jpam =1, u(0) = 0,

where A € R is the ergodic constant. We show this in the form of an exponential estimate,

[[m(t) — ml| + || Du(t) — Dal|

< Ce T 0(|lmg — ml| + || DG(w, m(T)) — Dal)),

where || - || are appropriate norms. This work is far from completed, so we did not include
it in this thesis. We still struggle with well-posedness of (CMFG) and for the corresponding
ergodic stationary system, but we have partial results. On of the challenges is that b(x) is
unbounded in x, which is a generality not covered in the first paper. There we assume that
|H(z,p)| is uniformly bounded in z, which clearly does not hold for H(x,p) := b(z) - p +
H(z,p), since b(z) is unbounded.

This is one of the next extensions of fractional Mean Field Games.
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1. INTRODUCTION

We study parabolic Mean Field Games (MFGs) driven by a large class of nonlocal, frac-

tional and anomalous diffusions in the whole space:
—0wu — Lu+ H (z,u,Du) = F (z,m(t))  in (0,7) x R%,
(1) Om — L*m — div (mD,H (z,u, Du)) =0 in (0,7) x RY,
m(0,z) =mo(x),  u(z,T)=G(x,m(T))),

where H is a (nonlinear) Hamiltonian, F' and G are source term and terminal condition, and
mg an initial condition. Furthermore, £ and its adjoint £*, are non-degenerate fractional

diffusion operators of order o € (1,2) of the form

(2) Lu(x) = /Rd w(@ 4 2z) —u(x) — Du(x) - 21«1 dp(z),

where /1 is a nonnegative Radon measure satisfying the Lévy-condition [, 1 A |z[* du(z) <
00, see (L1) and (L2) below for precise assumptions. When o € (1,2), the operator £
has smoothing properties in our setting (this assumption is used e.g. in Proposition 5.8).
The system is uniformly parabolic and consists of a backward in time fractional Hamilton-
Jacobi-Bellman (HJB) equation coupled with a forward in time fractional Fokker-Planck

(FP) equation.

Background. MFGs is an emerging field of mathematics with a wide and increasing range
of applications in e.g. economy, network engineering, biology, crowd and swarm control, and
statistical learning [26, 22|. It was introduced more or less at the same time by Lasry and
Lions [31, 32] and Caines, Huang and Malhamé [27]. Today there is a large and rapidly
expanding literature addressing a range of mathematical questions concerning MFGs. We
refer to the books and lecture notes [1, 12, 10, 23, 7] and references therein for an overview
of the theory and the current state of the art. Heuristically a large number of identical
players want to minimize some cost depending on their own state and the distribution of
the states of the other players, and the mean field game system arise as a characterisation
of Nash equilibria when the number of players tends to infinity under certain symmetry
assumptions. The optimal MFG feedback control is almost optimal also for finite player
games with moderate to large numbers of players, and often provides the only practical way

of solving also such games.
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In this paper the generic player controls a stochastic differential equation (SDE) driven

by a pure jump Lévy process L, with characteristic triplet (0,0, u) [3],
(3) dXt = O dt + st7
with the aim of minimizing the cost functional
T
E U [L(Xs,as) + F(X,,m(s))]ds + G (Xp,m (T))
0

with respect to the control a;. Here L is the Legendre transform of H with respect to the
second variable, F' and G are running and terminal costs, and m the distribution of the
states of the other players. If u is the value function of the generic player, then formally
the optimal feedback control is af = —DyH (z, Du) and u satisfies the HIJB equation in (1).
The probability distribution of the optimally controlled process X; then satisfies the FP
equation in (1). Since the players are identical, the distribution m of all players will satisfy
the same FP equation, now starting from the initial distribution of players my. This is a
heuristic explanation for (1).

What differs from the standard MFG formulation is the type of noise used in the model.
In many real world applications, jump processes or anomalous diffusions will better model
the observed noise than Gaussian processes [34, 18, 38, 3]. One example is symmetric o-
stable noise which correspond to fractional Laplacian operators £ = (—A)2 for ¢ € (0,2).
In Finance the observed jump processes are not symmetric and o-stable but rather non-
symmetric and tempered. An example is the one-dimensional CGMY process [18] where
%(2) = W%e’Gﬁ’Mf for C,;G,M > 0 and Y € (0,2). Our assumptions cover a large
class of uniformly elliptic operators (they satisfy (L2)) £ that includes fractional Laplacians,
generators of processes used in Finance, anisotropic operators with different orders ¢ in differ-
ent directions, Riesz-Feller operators, and operators with Lévy measures that non-absolutely
continuous, spectrally one-sided, have no fractional moments, and a general behaviour at in-
finity. We refer to Section 4 for a discussion, results, and examples. We also analyse the

system in the whole space, while many other papers focus on the compact torus. For control

problems and games, the whole space case is usually more natural, but also more technical.

Main results. Under structure and regularity assumptions on £, H, F, G, mg, we show:

(i) Ezistence of bounded smooth solutions of (1) with nonlocal and local coupling, see

Theorems 3.4 and 3.7.
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(ii) Uniqueness of bounded smooth solutions of (1) with nonlocal and local coupling,

see Theorems 3.5 and 3.8.

Our assumptions on H, F, G are fairly standard [33, 9, 1] (except maybe that the problem
is posed on the whole space). For the existence results, we note that the Hamiltonian
H (assumptions (A3)-(A5)) can be both nonconvex and noncoercive. Since we consider
nondegenerate parabolic problems, the order of the equations have to be greater than one
and we do not need or impose semiconcavity assumptions. The proofs of the main results
follow from an adaptation of the PDE-approach of Lions [33, 9, 1], and existence is much
more involved than uniqueness. Existence for MFGs with nonlocal coupling is proved using
a Schauder fixed point argument and well-posedness, regularity, stability and compactness

results for individual fractional HJB and fractional FP equations of the form:
O — Lu+ H (x,u, Du) = f(t,x),
oym — Lm + div (b(t, z)m) = 0.

Existence for MFGs with local coupling follows from an approximation argument, the results
for nonlocal coupling, and regularity and compactness results, in this case directly for the
coupled MFG system.

Secondary results:

(ili) Fractional heat kernel estimates, see Theorem 4.3 and Proposition 4.9.

(iv) Fractional HJB equations: Regularity, existence, and space-time compactness of

derivatives of classical solutions in Theorem 5.5 and Theorem 5.6.

(v) Fractional FP equations: Well-posedness, space-time compactness of derivatives,
C(0,T; P(RY)) compactness, and global L> bounds of smooth solutions in Theorem
6.8 (a), Theorem 6.8 (b) and (c), Proposition 6.6, and Lemma 6.7.

For both equations we show new high order regularity results of independent interest.
These results are obtained from a Banach fixed point argument using semigroup/Duhamel
representation of the solutions and bootstrapping in the spirit of [19, 20, 28]. Key ingredients
are very general fractional heat kernel estimates and global in time Lipschitz bounds for u
and L*° bounds for m. The heat kernel estimates are based on [25], and we give some
extensions, e.g. to operators with general Lévy measures at infinity and sums of subelliptic
operators. To show space-time compactness of derivatives, we prove that they are space-

time equi-continuous, combining uniform Hoélder estimates in space with new time and mixed
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regularity estimates for the Duhamel representations of the solutions (see Section 5). In the
local coupling case, the HJIB and FP equations have less regular data, and regularity can no
longer be obtained through separate treatment of the equations. Instead we need to work
directly on the coupled MFG system and apply a more refined bootstrapping argument based
on fractional derivatives. These estimates also require better global in time Lipschitz and
L estimates the HJB and FP equations respectively. Here we use a variant of the Lipschitz
bound of [5] and provide a new L*-estimate for the FP equation.

For the Schauder fixed point argument to work and give existence for the MFG system,
compactness in measure is needed for a family of solutions of the FP-equation. We prove
such compactness essentially through an analysis of very weak solutions of this equation: We
prove preservation of positivity, mass, and L'-norms, equicontinuity in time, and tightness.
Our proof of equicontinuity is simple and direct, without probabilistic SDE-arguements as
in eg. [9, 1]. The tightness estimates are new in the fractional MFG setting and more
challenging than in the local case.

This paper is the first to consider fractional MFGs in the whole space. To have compact-
ness in measure on non-compact domains, a new ingredient is needed: tightness. Typically
tightness is obtained through some moment condition on the family of measures. Such mo-
ment bounds depend both on the initial distribution and the generator of the process. In
the local case when L, in (3) is a Brownian motion, then the process X; and FP solution m
have moments of any order, only limited by the number of moments of X, and mg. In the
nonlocal /fractional case, X; and m may have only limited (as for o-stable processes) or even
no fractional power moments at all, even when X, and mg have moments of all orders. We
refer to Section 2.3 for more examples, details, and discussion. Nonetheless it turns out that
some generalized moment exists, and tightness and compactness can then be obtained. This
relies on Proposition 6.5 (taken from [15]), which gives the existence of a nice “Lyapunov”
function that can be integrated against mg and plj;>1.

In this paper we prove tightness and compactness without any explicit moment conditions
on the underlying processes X; or solutions of the F'P equations m. This seems to be new for
MFGs even in the classical local case. Furthermore, m is typically set in the Wasserstein-1
space W, of measures with first moments, and compactness then requires more than one
moment to be uniformly bounded. Since our Lévy processes and FP solutions may not
have first moments, we can not work in this setting. Rather we work in a weaker setting

using a weaker Rubinstein-Kantorovich metric dy (defined below) which is equivalent to weak
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convergence in measure (without moments). This is reflected both in the compactness and

stability arguments we use as well as our assumptions on the nonlocal couplings.

Literature. In the case of Gaussian noise and local MGF systems, this type of MFG prob-
lems with nonlocal or local coupling have been studied from the start [31, 32, 33, 9] and
today there is an extensive literature summarized e.g. in [1, 23, 7] and references therein.
For local MFGs with local couplings, there are also results on weak solutions [32, 35, 11, 1],
a topic we do not consider in this paper. Duhamel formulas have been used e.g. to prove
short-time existence and uniqueness in [17].

In the case of non-Gaussian noise and nonlocal MFGs or MFGs with fractional diffusions,
there is already some work. In [13] the authors analyze a stationary MFG system on the torus
with fractional Laplace diffusions and both non-local and local couplings. Well-posedness
of time-fractional MFG systems, i.e. systems with fractional time-derivatives, are studied
in [8]. Fractional parabolic Bertrand and Carnout MFGs are studied in the recent paper
[24]. These problems are posed in one space dimension, they have a different and more
complicated structure than ours, and the principal terms are the (local) second derivative
terms. The nonlocal terms act as lower order perturbations. Moreover, during the rather
long preparation of this paper we learned that M. Cirant and A. Goffi were working on
somewhat similar problems. Their results have now been published in [16]. They consider
time-depending MFG systems on the torus with fractional Laplace diffusions and nonlocal
couplings. Since they assume additional convexity and coercivity assumptions to ensure
global in time semiconcavity and Lipcshitz bounds on solutions, they consider also fractional
Laplacians of the full range of orders o € (0,2). Regularity results are given in terms of
Bessel potential and Holder spaces, weak energy solutions are employed when o € (0, 1], and
existence is obtained from the vanishing viscosity method. Our setup is different in many
ways, and more general in some (a large class of diffusion operators, less smoothness on the
data, problems posed in the whole space, no moment conditions, fixed point arguments),
and most of our proofs and arguments are quite different from those in [16]. We also give

results for local couplings, which in view of the discussion above is a non-trivial extension.

Outline of paper. This paper is organized as follows: In section 2 we introduce notation,
spaces, and give some preliminary assumptions and results for the nonlocal operators. We
state assumptions and give existence and uniqueness results for MFG systems with nonlocal
and local coupling in Section 3. To prove these results, we first establish fractional heat
kernel estimates in Section 4. Using these estimates and Duhamel representation formulas,

we prove regularity results for fractional Hamilton-Jacobi equations in Section 5. In Section
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6 we establish results for fractional Fokker-Planck equations, both regularity of classical
solutions and C([0, 7], P(R?)) compactness. In Sections 7 and 8 we prove the existence
result for nonlocal and local couplings respectively, while uniqueness for nonlocal couplings is
proved in Appendix A. Finally we prove a technical space-time regularity lemma in Appendix

B.

2. PRELIMINARIES

2.1. Notation and spaces. By C, K we mean various constants which may change from
line to line. The Euclidean norm on any Retype space is denoted by | - |. For any subset
Q C RY and for any bounded, possibly vector valued, function on @, we define the L™
norms by [lwl|pe(q) := ess sup,cqlw(y)]. Whenever @ = R? or Q@ = [0,7] x R%, we denote
|- lz<(@) := || |loo- Similarly, the norm in L space is denoted by ||- || »(¢) or simply |[|-[|,. We
use Cy(Q) and UC(Q) to denote the spaces of bounded continuous and uniformly continuous
real valued functions on @, often we denote the norm || - ||, simply by | - ||c. Furthermore,
CF(R?) or C™((0,T) x R?) are subspaces of C, with & bounded derivatives or m bounded
space and [ bounded time derivatives.

By P(R?) we denote the set of Borel probability measure on R? The Kantorovich-
Rubinstein distance do(p1, pi2) on the space P(RY) is defined as
(4) dolpr )= swp L[ f@)d(n - ) (@)},

f€Lipy 1 (RY)  JRd

where Lip, ;(R?) = {f : fis Lipschitz continuous and || f||cc, [| D f]lee < 1}. Convergence in
dy is equivalent to weak convergence of measures (convergence in (C)*), and hence tight
subsets of (P, dy) are precompact by Prokhorov’s theorem. We let the space C([0, T; P(R?))
be the set of P(R%)-valued functions on [0, 7]. It is a metric space with the metric
SUPsefo.r) do(1(t), v(t)), and tight equicontinuous subsets are precompact by the Arzela-Ascoli

and Prokhov theorems.

2.2. Nonlocal operators. Under the Lévy condition
(L1): 1 > 0 is a Radon measure satisfying [, 1 A [z]*dp (z) < oo,
the operators £ defined in (2) are in one to one correspondence with the generators of pure

jump Lévy processes [3]. One example is the symmetric o-stable processes and the fractional

Laplacians,

Caodz

~=M)Fota) = [ [0l +2) = 0f) = 2 Do)l BEEL 7€ 0.2)
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They are well-defined pointwise e.g. on functions in C, N C? by Taylor’s theorem and Fubini:

1
1£60)| < 31D loten [

|z]<1

2Pt + 200l [ dule) for e R

|z[>1
Let o € [1,2). With more precise upper bounds on the integrals of u near the origin:

ki

(5) There is ¢ > 0 such that r"/ —5 Aldu(z) <c forr e (0,1),

lz|<1 T

or equivalently, r=**7 [ |z[dpu(z) + =7 [ [2ldu(z) + 77 [ oy dp(z) < cforr €

(0,1), we can have interpolation estimates for the operators £ in L?.

Lemma 2.1. (LP-bounds). Assume (L1), (5) with o € [1,2), and uw € C?. Then for all
p € [1,00], and r € (0,1],

(©) |Culley < C(IDullior® + | DullsoT (o) + o B7))
where

[Inr|, oc=1,

rl=e —1, 1<o<2.

Proof. For p € [1,00) we split Lu into three parts, L1 = fBr w(z+2) —u(z) — Du(z) -z du(z),
Ly, = fBl\BT w(x + 2) — u(x) — Du(z) - 2du(z), and Lz = fRd\Bl w(xr + 2) — u(z) dp(z). Using

Taylor expansions, Minkowski’s integral inequality, and (5),

1/p
1l gy < </d IDQU(I)IPdr> / |2 dpu(z) < C||D?ul| poguayr® ",
R B,
1/p
| Ll o (ray < 2(/ | Du(z) P dl’) / |z| dp(2) < C|Dul|ppeayl (o, 7),
R Bi\Br

1/p
||L3||Lp(Rd)§2( / W)pdx) ( / )sz)§2||u||Lp(Rd>u<Bf>.
RY R\ B;

Summing these estimates we obtain (2.1). The case p = oo is similar, so we omit it. O

Similar estimates are given e.g. in Section 2.5 in [21]. Note that assumption (5) holds for

—(=A)?2 for any B € (0,0] \ {1} and is related to the order of L.
Remark 2.2. (a) When pu is symmetric, fBl\BT Du(z) - zdpu(z) =0,

[Lalzr < 2IIUIIP/ dp(z) < Cllullpr=7,

r<|z|<1
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and || Lul| Loy < C(||D?ul| o7 + [lu| Lor=). Minimizing w.r.t. 7 then yields
ILullze < CID?ull7|full,™2.

This results holds for the fractional Laplacian £ = (—A)?/2 when o € (1,2).

(b) When o € (0,1), a similar argument shows that
||£U||Lp S C'(||.D1,L||L;7"A17(7 + H’LL||L177“7U)7

and we find that [|(—=A)72ul| pgay < C||Dul|g||ul[}~ for o € (0,1).
We define the adjoint of £ in the usual way.

Definition 2.3. (Adjoint). The adjoint of L is the operator £* such that

(Lf, g>L2(]Rd) =(f, £*9>L2(Rd) for all I, 9€ Cf(Rd)~
The L£* operator has the same form as £, with the “antipodal” Lévy measure p*:

Lemma 2.4. Assume (L1) holds. The adjoint operator L* is given by
Lrfu(x) = / u(z + 2) —u(x) — Du(z) - 215« dp’(2),
Rd

where p*(B) = u(—B) for all Borel sets B C RY.

This result is classical (see e.g. Section 2.4 in [21]). Hence all assumptions and results in

this paper for 1 and L automatically also holds for p* and L* (and vice versa).

2.3. Moments of Lévy-measures, processes and FP equations. Consider the solution
X; of the SDE (3) (e.g. with Xy = 2z € R?) and the corresponding FP equation for its
probability distribution m, m; + div(am) — L*m = 0. If o € L™ and (L1) holds, then it
follows that X; (and m) has s > 0 moments if and only if y1|.;~; has s moments [3]:
E|X:]° = / |z]*m(dz,t) < oo <= |z)°du(z) < oo.
R4 |z|>1

The symmetric o-stable processes have finite s-moments for any s € (0,0). It is well-known
that smoothing properties of £ only depend on the (moment) properties of yi1.<1, and hence
is completely independent of the number of moments of p1).51, X; and m(t). This fact is
reflected in the elliticity assumption (L2’) in the next section, and follows e.g. from simple

heat kernel considerations in section 4, see Remark 4.8.

In this paper we will be as general as possible and assume no explicit moment assumptions

on pilzs1, Xy, and m(t). The only condition we impose on pilj. sy is (L1).
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Note however, that we will still always have some sort of generalized moments, but maybe
not of power type, and these “moments” will be important for tightness and compactness for

the FP equations. We refer to section 6 and Proposition 6.5 for more details.

3. EXISTENCE AND UNIQUENESS FOR FRACTIONAL MFG SYSTEMS

Here we state our assumptions and the existence and uniqueness results for classical solu-

tions of the system (1) both with nonlocal and local couplings.

3.1. Assumptions on the fractional operator £ in (2). We assume (L1) and

(L2): (Uniform ellipticity) There are constants o € (1,2) and C' > 0 such that

1 1 d,u<0

- < f <1
Clzl¢te = dz — or |2l =

|Z|d+0

These assumptions are satisfied by generators £ of pure jump processes whose infinite
activity part is close to a-stable. But scale invariance is not required nor any restrictions
on the tail of p except for (L1). Some examples are a-stable processes, tempered a-stable
processes, and the nonsymmertic CGMY process in Finance [18, 3]. Note that the upper

bound on ‘;—‘Z‘ implies that (5) holds. A much more general condition than (L2’) is:

(L2): There is 0 € (1,2), such that

(i) p satisfies the upper bound (5).

(ii) There is K > 0 such that the heat kernels K, and K* of £ and £* satisfy for
K=K, K};: K>0,|K(t-)|, @ =1, and

17K (o) < K=+ P00 for ¢ ¢ (0,7

and any p € [1,00) and multi-index 3 € N¢ where D is the gradient in R%.

The heat kernel is a transition probability /fundamental solution. Under (L2) Lévy measures
. p 0‘1/2 04/2

need not be absolutely continuous, e.g. £ = — (— 6‘9—;%) ————— (— %) for oq,...,04 €

(1,2) satisfies (L2) with o = min, o; and du(z) = 3¢, ‘Zi‘ﬁ%qﬂj#%(dzj). See Section 4 for

precise definitions, a proof that (L2’) implies (L2), more examples and extensions.

In the local coupling case, we need in addtion to (L2) also the following assumption:

(L3): Let the cone C,,(a) := {z € B, : (1 —n)|zlla] < |{a,z)|}. Thereis g € (0,2)

such that for every a € R? there exist 0 < n < 1 and C, > 0, and for all r > 0,

/ |z*v(dz) > C’l,n%r%ﬁ.
Cn,r(a)
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This assumption is introduced in [5] to prove Lipschitz bounds for fractional HIB equations.
It holds e.g. for fractional Laplacians [5, Example 1] and then also if the inqualities of (1.2")
holds for all z € R?. Since the assumption is in integral form, it also holds for non-absolutely

continuous Lévy measures, spectrally one-sided processes, sums of operators etc.

3.2. Fractional MFGs with nonlocal coupling. We consider the MFG system

-0 — Lu+ H (x,u, Du) = F (z,m (1)) in (0,7) x RY,
(7) Om — L*m — div (mDyH (z,u, Du)) =0 in (0,7) x RY,
m(e,0) = mo(x),  u(@T)=G(em(T) n R

where the functions F,G : R? x P (Rd) — R are non-local coupling functions, and H :
R? x R x R* = R is the Hamiltonian. We impose fairly standard assumptions on the data

and nonlinearities [33, 9, 1] (but note we use the metric dy and not Wasserstein-1):
(A1): There exists a Cy > 0 such that for all (z1,m1), (z2,m2) € R x P (R?):
|[F(21,m1) = F(22,m2)| + |G(21,m1) — G(x2,m2)| < Co(|1 — 2| + do(ma, m2)).
(A2): There exist constants Cp, Cq > 0, such that

swp |F () gy < Cr and — sup |G () yyae ) < Co
mGP(Rd) mGP(Rd)

(A3): H € C? and for every R > 0 there is Cg > 0 such that for z € R4 u €
[-R,R],p€ Bgr,a e N ! |a| <3,

|D*H (x,u,p)| < Cg.
(A4): For every R > 0 there is Cg > 0 such that for z,y € R4, u € [-R, R],p € R%:
|H (z,u,p) = H (y,u,p) | < Cr(|p| + 1) [z —yl.
(A5): There exists v € R such that for all x € R u,v € R,u < v,p € RY,
H (z,v,p) — H (z,u,p) >~v(v—u).

(A6): my € W™ (R?) N P(RY).
Note that convexity or coercivity of H is not assumed at this point and that we identify
probability measures and their density functions (see (A6)).

'We define Ng := NU {0}
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Ezample 3.1. Given h(x) € C3(R?Y) and L(p) € C3*(R%) N Lip(R?), then
H(x,p) = h(x) + L(p),  H(z,p) =h(x)L(p),  H(x,u,p) = h(x)u+ L(p),

satisfy the assumptions (A3)—(Ab).

Example 3.2. We want to point out that the Hamiltonians H(z,p) = z+ %\p|2 and H(z,p) =

x - p are not covered by our assumptions, since these functions are unbounded in x.

Definition 3.3. (Classical solution) A classical solution of (7) is a pair (u,m) such that
(i) u,m € C(R? x [0,7)), (ii) m € C([0,T); P(RY)), (iii) Du, D*u, Lu,us, Dm, L*m,m; €
C(R? x (0,7T)), and (iv) (u,m) solves (7) at every point.

Theorem 3.4. (Ezistence of classical solutions) Assume (L1),(L2), (A1)-(A6). Then there
exists a classical solution (u,m) of (7) such that u € Cy*((0,T) x R?) and m € C*((0,T) x
RY) N C([0, TT]; P(RY)).

The proof will given in Section 7. It is an adaptation of the fixed point argument of P.-L.
Lions [33, 9, 1] and requires a series of a priori, regularity, and compactness estimates for
fractional HJB and fractional FP equations given in Sections 5 and 6.

For uniqueness, we add the following assumptions:

(A7): F and G satisfy monotonicity conditions:

/]Rd (F (z,my) — F (z,m2))d (my —my) (x) >0  Vmq,my € P(RY),

/ (G (x,m1) — G (,m3))d (my —my) (x) >0  Ymy,my € P(R?).
Rd
(A8): The Hamiltonian H = H (x,p) and is uniformly convex with respect to p:
1 2
C > 0, 5[,1 < DppH (.’I},p) < ClI,.

Theorem 3.5. Assume (L1), (A1)-(A8). Then there is at most one classical solution of the
MFG system (7).

Since £ and L£* are ajoint operators, the proof of uniqueness is essentially the same as the
proof in the College de France lectures of P.-L. Lions [33, 9, 1]. For the readers convenience

we give the proof in Appendix A.
Ezample 3.6. (a) F(x,m) = (p*xm)(x) satisfies (A1) and (A2) if p € CZ(R?).
(b) F(x,m) = [oa ®(z, (p*m)(z))p(x — z)dz satisfies (A1) and (A2) if p € C} and @ € C.

(c) Both functions satisfy (A7) if p > 0 and ® is nondecreasing in its second argument.
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3.3. Fractional MFG with Local Coupling. We consider the MFG system

—Ow — Lu+ H (z,Du) = f (x,m(t,x)) in (0,T) x R?
(8) oym — L*m — div (mD,H (x,Du)) =0 in (0,7) x R?
m(O) = m07u($7T) :g(%‘)’

where the coupling term f are local and only depend on the value of m at (x,t). Again we

impose fairly standard assumptions on f, g and H [33, 9):

(A2%): (Regularity) f € C*(R?x [0, +00)) with || f(, k)|cz < Cj for any k € (0, +00),
and g € C3(RY).

(A2”): (Uniform bound f) | fll¢, < K[ for Ky > 0.

(A3’): (Lipschitz bound H) ||DpH || < Ly for Ly > 0.

Theorem 3.7. Assume (L1)-(L3), (A3)-(A6), (A2’), and either (A2”) or (A3’). Then
there exists a classical solution (u,m) of (8) such that u € C}*((0,T) x RY) and m €
G *((0,T) x R) N C([0,T]; P(RY)).

The proof of this result is given in Section 8. The idea is to approximate by a MFG system
with nonlocal coupling and use the compactness and stability results to pass to the limit.
These results rely on new regularity results. As opposed to the case of nonlocal coupling,
it not enough to consider the HJB and FP equations separately, in this local coupling case,
regularity has to be obtained directly for the coupled system. This requires the use of
fractional regularity and bootstrap arguments.

For uniqueness we follow [33, 9] and look at the more general MFG system

—Owu — Lu+ H (x, Du,m) =0 in RY x (0,7)
9) om — L*m — div (mD,H (x, Du (t,z),m)) =0 in R?x (0,7)
m(0) =mo, u(z,T) =G (x),

where H = H (z,p,m) is convex in p and

mD?2 H smD2 H

A10):
(A10) Im(D2,H)"  —Dn,H

>0 forall (x,p,m) with m > 0.

This allows for analyzing uniqueness for MFG systems with i.e. H(x,p,m) = %Lﬁ—l: for

a € (0,2) (cf. [9]). These types of Hamiltonians are not included by the assumptions in

Theorem 3.7. Note that when H (z,p,m) = H (z,p) — f (x,m), then (A10) is equivalent to
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assuming (A8) and D,,f(xz,m) > 0, where D,, f(x,m) > 0 implies assumption (A7) for the

function f.

Theorem 3.8. Assume (L1), (A10), and H = H (x,p,m) € C?. Then (8) has at most one

classical solution.

We skip the proof which in view of adjointness of £ and L£* is the same as in [33, 9]. The
minor adaptations needed can be extracted from the uniqueness proof for nonlocal couplings

given in Appendix A.

4. FRACTIONAL HEAT KERNEL ESTIMATES

Here we introduce fractional heat kernels and prove L'-estimates of their spatial deriva-
tives. These estimates are used for the regularity results of Sections 5, 6, and 8. The heat
kernel of an elliptic operator A is the fundamental solution of d;u—.Au = 0, or u = f‘l(et“‘i),
where A is the Fourier multiplier defined by F (Au) = At Taking the Fourier transform of

(2), a direct calculation (see [3]) shows that

F(Lu) = L©)u(€),
where
(10) L) = /}R i ) daCe),

We can split L into a singular and a non-singular part,

aw s ([ T /| . ) (€€ = 1 ) dule) = £.09) + L6

Note that since > 0, Re £ = J (cos(z-&) —1)du<0.
We will need the heat kernels K, and K, of £ and L,:

(12) K, (t,z)=F! (eti(')) and Ky(t,x) = F! (et[:‘g(')).

By the Lévy-Kinchine theorem (Theorem 1.2.14 in [3]), K, and K, are probability measures

for t > 0:

Ky Ky >0 and Ky(z,t)de =1= | K,(x,t)dz.

Rd R4
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When (L2’) holds, Re £ and Re £, < —¢[¢|° for [¢| > 1, and K, and K, are absolutely

tL(-

continuous since |¢*“()| decays exponentially at infinity. An immediate consequence of as-

sumption (L2) is existence for the corresponding fractional heat equation.

Proposition 4.1. Assume (L1), (L2), ug € L®¥(RY), and let u(t,x) = K, (t,-) * ug ().
Then uw € C*((0,T) x RY) and u is a classical solution of

ou—Lu=0 in R*x(0,T), w(0,2) =ug (v) in R

We first show that sums of operators £; satisfying (L1) and (L2) also satisfy (L1) and
(L2). Let

(13) L=Ly+ -+ Ly where Lju(zr)= / u(z + z) —u(r) — Du(x) - 21«1 dpi(2),
Z;
Z; is a d;-dimensional subspace, ®Y , Z; = RY, and £; satisfy (L1) and (L2) in Z;:
(L1”): (i) Z; ~ R% is a subspace for i = 1,..., N, and ®M,Z; = R? for M < N.

(ii) s > 0 is a Radon measure on Z; satisfying [, 1A [2[* dpi(2) < co.

(L2”): (1) p; satisfy the upper bound (5) with ¢ = min; o;.

(i) There are o; € (1,2) and ¢; > 0 such that the heat kernels K; and K of
L; and L} satisfy for p € [1,00), f € Ngi, i=1,...,M,and t € (0,7),

IDS Ki(t, ) |wz) + 1 D5 K ()| e(z,) < Cit_o%(WH(l—%)d)'

First observe that here yn =, p1;0y 71 Where d, 1 is the delta-measure in Z+ centered at

0. Tt immediately follows that (L1”) and (L2”) imply (L1) and (L2) (i).

Theorem 4.2. Assume (L17), (L27) (i), and L is defined in (13). Then the heat kernel K
and K* of L and L* belongs to C* and satisfy (L2) (i) with o = min; o, i.e.

IDZK (M + IDEK (6 Mlswieny < st 5 D) for ve 0,7), pens
Proof. First note that in this case K(t) = F~1(e"1 .- e!£n) = Ky(t) % - - - % K (t) where
Kilt) = Fl (¢5) = Ki(t)do 2 Kilt) = F1 ().

For t € (0,7), (L2") (ii) implies that

||D§i;ci(t)\|Lp(Rd) — ||D§Ki(t, ez < Ci{%(\mm—%)d) < CTt—%(mH(l—%)d) (0 <oy
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for some constant ¢r > 0. Since K; is a probability measure by the Lévy-Kinchine theorem
[3, Thm 1.2.14], [|IC;(#)|| 1 ey = 15(t)||L1(z;) = 1. By properties of mollifiers and Young’s

inequality for convolutions it then follows that
IDSK (o = WK s+ DEK; %+ Kigllo < 1+ D8 Killiozy < gt (940-94).

Since i = 1,..., M was arbitrary and @M, Z; = R? the proof for K is complete. The proof
for K* is similar. 0
It is easy to check that (L2’) implies (L2)(i). We then check that (L2’) implies (L2)(ii).

Theorem 4.3. Assume (L1), (L2’), and L is defined in (2). Then the heat kernels K and
K* of L and L* belong to C*° and satisfies (L2)(ii): For p € [1,00), B € N,

IDEK(t, )| Lomay + (| DEK*(t, ) || oo may < cﬂ,Tf%(WH(l*%)d) for t€(0,7).
Ezample 4.4. In view of Theorems 4.2 and 4.3, assumption (L2) is satisfied by e.g.

L1 =—(—Dgra)""? — (= Aga)™/?,

82 o1/2 82 /2
ﬁz:‘(‘a?g) —"'—(‘573) :
. CfeszJrsz*
Lyu(x) = /u(:z: +z)—u(z)—u (x)ledW,
R

where C,G,M > 0,Y € (0,2), [CGMY model in Finance]
L4=L+ L where £ satisfy (L2) and L is any other Lévy operator.

We can even take L to be any local Lévy operator (e.g. A) if we relax the definition of £;

to Liu(x) = trla;D*u] + b - Du+ [, u(z + 2) — u(x) — Du(x) - 21,11 dui(s) for a; > 0.

Remark 4.5. (a) (L2) holds also for very non-symmetric operators where u has support in a

cone in R?. Examples are Riesz-Feller operators like

d
Lzu(z) = / u(r + 2) —u(x) — u'(‘r)zlzdﬁ, a € (0,2).
2>0

We refer to [2] for results and discussion, see e.g. Lemma 2.1 (G7) and Proposition 2.3.

(b) More general conditions implying (L2) can be derived from the very general results on
derivatives of heat semigroups in [36] and heat kernels in [25]. Such conditions could include

more non absolutely continuous and non-symmetric Lévy measures.

We will now prove Theorem 4.3 and start by proving the result for K, the kernel of L.
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Lemma 4.6. Assume (L1) and (L2’). Then K, € C*, and for all € N¢ and p € [1,00),

there is ¢ > 0 such that

||D5[(a('7t)HLP(]Rd) < Ct_%(lﬁlﬂl_%)d) for all t>0.

Remark 4.7. (a) When p = 1, the bound simplifies to |\kag(~7t)||L1(Rd> < a2

b) When |3| = 1, the bound is locally integrable in t when 1 < p < py := —%—. Note that
T+d

—c

po > 1.

Proof. We verify the conditions of Theorem 5.6 of [25]. By (L2’), assumption (5.5) in [25]
holds with

lz‘%, |fL" < 1,

vo(|e]) =
0, |z| > 0.
Then we compute the integral hyg,
cils=+1)ro -9 r<l
‘ZE 2 d\2=5 o g’ ’
ho(r) == / LA —w(|z|) de =
Rd T 1 9
Cas—5" " r=1

where ¢, is the area of the unit sphere. Note that hg is positive, strictly decreasing, and that
ho(r) < A%hg(Ar) for 0 < A < 1 and every r > 0. Hence the scaling condition (5.6) in [25]

holds with C}, =1 for any 6, > 0. The inverse is given by

1
2
2— .
(( C;’”’) , p< L,

ho (p) = _1 1
1 7 o(2—0) 7 :
() (2) " o

In both cases t < (2—0)/cq and t > (2 — o) /cq, we then find that hy'(1/t) < (&), where

¢ only depends on ¢ and d.

At this point we can use Theorem 5.6 in [25] to get the following heat kernel bound:

18]

|8§p(t, T+ tb[hgl(m)])‘ < Ct][hal(l/t)]i‘my;(x) = Coot v Yi(),

for any ¢ > 0, where b, does not depend on z,

tKo(|z])

W) = [ (/0] A

)
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and
r 7, r<l
Ko(r) = 7‘_2/ 2|20 (|2|)dr = G, < @
x| <r 2—0 7”,27 TZl 2—0
An integration in x then yields for p € [1, 00),
~p,— PIBL
(14) 102000, ey < Bt [ Yida
R

We compute ||| rsray. Since hg'(1/t) < ét'/7 and Ko(r) < 5%-r~7, we can compute the

minimum to find a constant c,4 > 0 such that

(ct)y=¥7,  for |z] < coqt'/”
0 <Yi(z) <
5L mﬁ , otherwise.

A direct computation then shows that

_(p=1)d

/Yt(a:)pdxgcd,o’pt T,
Rd

where ¢q,, > 0 is a constant not depending on ¢. Combining this estimate with (14)

concludes the proof of the Lemma. O

Proof of Theorem 4.3. result for K, follows by Lemma 4.6 and a simple computation:

|DSE, |, = [IDZF (o) |, = | (DEF () « F7 (%),

S ||D5]:71 (et[‘,s)

Im/ Fe) < -t si+a-5a)
RrRd

The last integral is 1 since F~! (etﬁn) is a probability by e.g. Theorem 1.2.14 in [3]. Since
L* is an operator of the same type as £ with a Lévy measure p* also satisfying (L1) and
(L2') (cf. Lemma 2.4), the computations above show that K also satisfy the same bound

as K. O

Remark 4.8. From this proof it follows that the smoothing properties of £ and K, are
independent of En and then also pl;>1.

By interpolation we obtain estimates for fractional derivatives of the heat kernel.

Proposition 4.9. Assume (L1), (L2), t € [0,T], 5,0 € (0,2), and |D|* := (=A)*'?. Then

DI Ko (1) 11 sy < €t
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and if s € (0,1), then

s+1

H|D|SOSCKU (t) HLI(Rd) <ct .

Proof. By Remark 2.2 (a) with p = 1 and (L2), we find that
/||D|SK"(t)| dr < | D* Ko (0)| 3| K722 < (ct2) P12 < s

The proof of the second part follows in a similar way from Remark 2.2 (b). O

5. FRACTIONAL HAMILTON-JACOBI-BELLMAN EQUATIONS

Here we prove regularity and well-posedness for solutions of the fractional Hamilton-Jacobi
equation. In our proof we use heat kernel estimates (Section 4), a Duhamel formula, and a

fixed point argument as in [28, 19]. The fractional Hamilton-Jacobi equation is given by

ou— Lu+ H (z,u,Du) = f(t,z) in (0,T) x R,

(15
) w(0,2) = ug (x) in RY,

where f is the source term and uq initial condition. We assume
(B1): ug € Cy(RY) and f € Cy([0, T] x RY).
(B2): There is an L > 0 such that for all z,y € R? ¢ € [0,T],
[f(t, ) = f{t,y)] + uo(z) —uo(y)| < Lz —yl.

Assumptions (L1), (A3)-(A5), (B1)-(B2) implies that there exists a bounded a-Lipschitz
continuous viscosity solution u of (15) (cf. e.g [29, 30, 6, 28]).

Theorem 5.1 (Comparison principle). Assume (L1), (A3)-(A5), (B1)-(B2) and u,v are
bounded viscosity sub- and supersolutions of (15) with bounded continuous initial data ug,v.

If up <y in R, then u < v in RY x (0,7).

Outline of proof. If u and v are uniformly continuous, then the proof is essentially the same
as the proof of Theorem 2 in [28]. When u and v are not uniformly continuous, the limit

(13) in 28] no longer holds because (in the notation of [28]) @ +# 0. However, this can

. . T—1 2
be fixed under our assumptions, loosely speaking because we can remove all O(%)—terms

before taking limits by modifying the test function. The modification consists in introducing

€

an exponential factor in the quadratic term: %|x — y|? for C large enough. O
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Remark 5.2. We drop a complete proof here for two reasons: (i) it is long and rather standard,
and (ii) we only apply the result in cases where u and v are uniformly continuous and an
argument like in [28] is sufficient.

Theorem 5.3 (Well-posedness). Assume (L1), (A3)-(A5), and (B1)-(B2).

(a) There exists a (unique) bounded continuous viscosity solution u of (15) in (0,T) x R?
such that u (0, z) = ug ().

(b) N|1ulloo < |Jtolloo + CoT where Co := ||H(+,0,0)||o0 + ||flco is finite by (A3) and (B1).

(c) If also ug € Wh> (R?), then

||Du (t,-) ||L<>o(Rd) < Mr,

1/2

where My = *“"T (LCp 4+ T?|| D, f||% + || Duol|%) ", with Cg from (A4) and R = |ju| -

Proof. The proof of (a) is quite standard and almost identical to the proof of Theorem 3 in
[28]. Part (b) follows from comparison, Theorem 5.1, and the proof of part (c) is similar to

the proof of Lemma 2 in [28]. O

Using parabolic regularity (in the form of (L3) [5]) and the method of Ishii-Lions, it is
possible to obtain Lipschitz bounds that only depend on the Cy-norm of f:

Theorem 5.4. Assume (L1), (L3), (A3)-(A5), f € Cy([0,T] x R?) and uy € Wh>(R?).
Then the viscosity solution u of (15) is Lipschitz continuous in x and there is a constant

M > 0 such that for allt € [0,T],
[ Du(t,-) HLoo(]Rd) <M,
where M depends on ||ulloo, ||f|lcos d, and the quantities in (A3)-(A5).

Proof. In the periodic case this result is a direct consequence of Corollary 7 in [5]. The
original proof is for a right-hand side f not depending on ¢. For continuous f = f(z,t), the
proof is exactly the same. The result also holds in the whole space case, and this is explained

in section 5.1 in [5] (see Theorem 6 in section 5.1 in [5] for the stationary case). O

Similar parabolic results for the whole space are also given in [14]. To have classical

solutions we make further regularity assumptions on the data:
(B3): [|f(t,)llczey < C for all ¢ € [0,T].
(B4): ug € CP(RY).



FRACTIONAL MEAN FIELD GAMES 21

Note that f needs less spatial regularity than H in (A3).

Theorem 5.5 (Classical solutions). Assume (L1)-(L2), (A3)-(A5), and (B1)-(B4). Then
(15) has a unique classical solution u (see Definition 3.3) such that Oyu,u, Du, D*u, D3u €
Gy ((0,T) x RY) with

10cull 2o + llull oo + ([ Dull oo + [ D0l + [ D0l < e,

where ¢ is a constant depending only on o, T, d, and quantities from (L1)-(B4).
To have space-time uniform continuity (and compactness) of derivatives, we assume:

(B5): There is a modulus of continuity w; such that for all z,y € R, ¢,s € (0,7,

[f(s,2) = f(ty)] <wp(ls =t + [z —yl).

Theorem 5.6 (Uniform continuity). Assume (L1)-(L2), (A3)-(A5), and (B1)-(B5). Then

the unique classical solution u of (15) also satisfies

Ju(t, x) — u(s, y)| + |Du(t, ) — Du(s, y)| + [D*u(t, ) — D*u(s, y)|

(16) +10wu(t, ©) — Oruls, y)| + [Lult, ©) = Luls, y)| <w(|t = s| + [z =),

where w only depends on o, T, d, and quantities from (L1)-(B5).

Remark 5.7. Tmbert shows in [28] that when £ = —(—=A)?/2, f = 0, and uy € WH*(R?),
there exists a classical solution u such that |jul|¢, + || Dul|c, + ||t/ D?ul|¢, < c. He goes on
to show that when H = H(p) € C*, then v € C*. In this paper we prove results for a
much larger class of equations and nonlocal operators. Our results are also more precise: We
need and prove time-space uniform continuity of all derivatives appearing in the equation,
see Theorem 5.6. To do we need a finer analysis of the regularity in time. A final difference
is that our estimates do not blow up as t — 0T, since uy belongs to C} in our case. Note

that it is easy to adapt our proofs and obtain even higher order regularity, e.g. treat the

case H = H(x,u,p) € C™.

To prove Theorem 5.5 and 5.6, we first restrict ourselves to a short time interval.
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5.1. Short time regularity by a Duhamel formula. Let K be the fractional heat kernel

defined in (12). A solution v of (15) is formally given by the Duhamel formula
v(t, x) = (v) (t, )

(17) ‘

= K(t7 ) * Vo () (I) - /0 K(t -5, ) * (H (Sa HU (Sv ) ;Do (57 )) —f (37 )) (I) ds,

where * is convolution in R?. Note that solutions of this equation are fixed points of 1.

Proposition 5.8 (Spatial regularity). Assume (L1)-(L2), (A3)-(A5), (B1)-(B3), and k €
{2,3}. For Ry >0, let Ry = (1 + K) Ry + 1 with K defined in (L2).

(a) If vo € WHE12(R?) with ||vg||we-1.0 < Ro, then there is Ty € (0,T) such that ¢ in (17)
has a unique fived point v € CF ([0, Ty] x RY) with t/7 D*v € Cy([0, Tp] x R?) and

[ollzee + -+ [|D* ol| e + [/ D ]| L < Ry,

(b) If vo € WE=(RY) with ||vg|yyree < Ro, then there is Ty € (0,T) such that ¢ in (17) has
a unique fized point v € CF([0, Ty] x R?) and

[ollos + - + [0l < Ry

In both cases Ty only depends on o and the quantities in (L1)—(B3).

Proof. (a) We will use the Banach fixed point theorem in the Banach (sub) space
X ={v:v,..., D" v, "7 D" € Cy([0, Ty] x RY) and [|v][, < Ri},

where [[ofll, = [[vlle-1 + X 52 117 DJv]loo and [[vlle = Yoc i< 1D2V]loo-
Letve X. Fori=1,...,dand f € N |B] <k —2,

(18) 920,94 (v) = K (t) * 070, vo(z) — /t O, K (t — s) * af(H(-, v, Dv) — f)(s,a;) ds,
0
while for |8 =k — 1,
(19) tY7080,,4 (v) = 170, K (t) * 9%vq ()
— /e tam,K —s)x0°(H(-,-,v,Dv) — ,x) ds.
t /0 K (t—s) % w(( v, Dv) f)(sa:)s

If w and F are bounded functions, then K (¢,-) * w and fot 0, K (t—s,)x F(s,-)ds are
well-defined, bounded and continuous by (L2) and an argument like in the proof of [19,

Proposition 3.1]. It follows by (A3) and (B3), that the derivatives of ¢ (v) in (18) and (19)
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are well-defined, bounded, and continuous. In particular by (L2), for ¢t € (0,7,
”tl/JaﬂUiK (t) * af”OHCb < IC”anOHCb
Let u,v € X and t € [0, Tp]. By (A3) and (B3) there is a constant Cg, > 0, such that

CR1> 0§|/8|§k_2,

(20) |9J[H (s,2,u(s,x), Du(s,x)) ]| + 05 f(s,2)| <
ORl (1_‘_5_%)’ |/8|:k_17

T

Crllu—vllig+1,  0<8] <k -2,

(21) |02[H (s,2,u, Du)] — 0°[H (s,z,v, Dv)]| <
Cr (1+5 6)‘““ Ol 1Bl =k — 1.

x x

By (L2) [y fou |K (t = 5,2) |deds < To, [ [oa |00 K (t — 5,2) |dzds < k(o) Ty~ /7, and

/ _1/0/ 0, K (t —s,2) | deds <~ (o) Ty~ e

where k (0) = K-%5 and (o) = ICfol (1—7)""777Y2dr. From these considerations and

Young’s inequality for convolutions on (18) and (19), we compute the norm in X,

e ||W+Z(||zw Voot D 10000 @) ke + D 1770000 (0) o)

1<|8|=k—2 |8=k—1
< (1+K) R
d
O (B (F T Y ROTT Y k) Tyt o)n ).
i=1 1<|8|=k—2 |Bl=k—1
=:¢(To)

Taking Tp € (0,T) such that ¢(Tp) < 1/2, ¢ maps X into itself: By the definition of Ry,
1
@)l < 1+ K)Ro + 5 5 < R

It is also a contraction on X. By (21) and |lully < |lulle—1 < [ulll,,

16 (w) = ¥ (@)l
d
SCRl(T0||U*U||1+Z<k( Lol Y k@ T = ol
i=1 1<|8|<k—2
+ Y k@ T+ AT = vl ))
|Bl=k—1

1
< e(To)lllu = vllly = Fllw = vl
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An application of Banach’s fixed point theorem in X now concludes the proof of part (a).

(b) We define the Banach (sub) space
X ={v:v,Dv,...,D*v € Cy((0,Ty) x R?) and [jv|x < R},

where [k = > o< |51<k | D2v]|os. We use (18) with |3| < k — 1, and only the first parts of
(20) and (21). The rest of the proof is then similar to the proof of part (a). O

We proceed to prove time and mixed time-space regularity results. As a consequence, the

solution of (17) is a classical solution of (15).

Proposition 5.9. Assume Ty >0, (L1)-(L2), (A3)-(A5), (B1)-(B3), v satisfies (17), and
v, Dv, D*v € Cy([0, Tp] x RY). Then

(a) O € Cy([0, To] xR?) and ||0,v]|0e < ¢, where ¢ depends only on o, Ty, d, the quantities
in assumptions (L1)-(B3), and ||D*v||s for k=0,1,2.
Assume in addition D*v € Cy([0,Tp] x RY).
(b) v, Dv, Lv, D20 € UC(]0, Ty] x RY) with modulus w(t—s,z—y) = C(|t—s|2 +|z—1y]),
where C' > 0 only depends on o, Ty, d, the quantities in assumptions (L1)-(B3), and
| D*v]| s for k=0,1,2,3.

(¢) If also (B5), then d,v € UC((0,Tp) x RY), where the modulus only depends on Ty,
o, Ty, d, the quantities in assumptions (L1)-(B5), and the moduli of v, Dv, Lv, D*v.

Corollary 5.10. Under the assumptions of Proposition 5.9 (a), v is a classical solution of

(15) on (0,Tp) x RZ.

Follows by differentiating formula (17). To prove Proposition 5.9 we use the Duhamel

formula

(22) v(t,z) =K (t,-)*v (+) (x) — /tK (t—s,)xg(s,-)(x)ds,
0

corresponding to the equation

(23) Ow (t,x) — Lo (t,z) + g (t,z) = 0.

The following technical lemma is proved in Appendix B.

Lemma 5.11. Assume (L1)-(L2), g,Vg € Cy((0,T) x R?), and let

Bo)(t.) = [ Klt= 5. xgls. ).
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(a) ®(g)(t,z) is C* w.r.t. t € (0,T) and 0,P(g)(t,x) = g(t,z) + L[P(g)](t, x).
(b) If B€ (o0 —1,1) and g € UC((0,T) x RY), then
0:(g)(t, x) — 0 ®(g) (s, y)| + [LD(g)(t, x) — LP(g)(s,y)]

<201+ 9glle, ,cpJo =y

20+ gl wollt — 5D

where ¢ = ﬁT%Kf

\z\<1 |Z‘1+Bdﬂ(2) + 4T f\z\Zl du(2)7

K |2|"Pdu(2)K + 277 / du(z),

o—1 |z|<1 |z]>1

[}

and K = max,e(o7) ‘taa — 5% |/|t — 8%
Note that ¢, ¢, and K are finite. We have the following results for (22) and (23).

Lemma 5.12. Assume (L1)-(L2), v satisfies (22), and v, Vv, D*v,g,Vg € C, ([O., T] x Rd).
(a) O € C, ((0,T) x RY), and v solves equation (23) pointwise.

(b) If in addition g € UC([0,T] x R?), then O;v and Lv are uniformly continuous and for
any v,y € RY t,5s€[0,T], k=0,1,2,

(24) |Ovo(t, ) = By (s,y)| + [Lo(t, x) = Lo(s,y)| < w(ft = s + |2 =),

where w only depends on wg, ||gllss, 9llc,,cz > Dol | D?vo| o, &, T, and p.

Proof. (a) By the assumptions and Proposition 4.1 and Lemma 5.11 (a), we can differentiate

the right hand side of (22). Differentiating and using the two results then leads to
O = 0y (K (t) % vy) /Kt—s x g (s)ds

=L (K (t) *vg) — E/Kt—s xg(s)ds

- ()+£( ) % vg — /Kt—s*g )d)

=—g(t)+ Lo (t).

Thus we end up with (23) and the proof of (a) is complete.

(b) By (22), v is the sum of two convolution integrals. The regularity of the second integral
follows from Lemma 5.11 (b). The regularity of the first integral follows by similar but much
simpler arguments, this time with no derivatives on the kernel K (and hence two derivatives

on vg). We omit the details. O
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Proof of Proposition 5.9. (a) In view of the assumptions, the result follows from Lemma

5.12(a) with g (¢t,z) = H (z,v(t,z), Dv(t,z)) — f(t, ).

(b) By (a) and Corollary 5.10, v solve (15). We show that D?>v € UC([0,T] x R?). Let
w = agﬂ.jv and w® = w * p, for a standard mollifier p.. Convolving (15) with p. and then

differentiating twice (0,,0,;), we find that
Owt — Lw* + a;m (H(t,x,v,Dv) % p.) = Opu, [ * pe-

By Lemma 2.1 ||[Lwf||e < ¢|[w"[|cz, and then by properties of convolutions,

4
I€w oo < €Y I1D*0|oe <

k=2

C E .
1ol | D%lloc + (I D%0lloo + 1D%0]|oc ).

It follows that [Quw| < €+ K, where ¢ = ¢||Dpl|11]|D%]l and K > 0 is a constant
only depending on ||v||so, | DV]|co, | D?V||oo, | D?V]|00, || D f|loe and Cr > 0 from (A3), with
R = max(||v]eo, [[Dv]|oo). We find that

) = ws) e < () = (Bl + 10°(2) = w5 (3)llo + 1%(5) = w0(3)l
< 2Dl - €+ 100 ot = 5] < 2 D%l - €+ (5 + K[t = 5| < Clt = sf + Kt — o,

where we took € = [t — s|2. Since w is bounded, this implies Hélder 1/2 regularity in time.
The spatial continuity follows from |w(t,z) — w(t,y)| < ||D3v]|s|z — y|. In total, we get
(recalling that w = 0,,0,,v),

|D2u(s, ) — D2u(t, y)| < C(|t — 5|7 + |z — y)),

where C' > 0 is only dependent on Ty, o, T', d, the quantities in (L1)—(B3), and ||D*v|| for
k =0,1,2,3. The results for v and Dv follow by simpler similar arguments. Since v, Dv
and D?v are uniformly continuous, by Taylor’s theorem (as in the proof Lemma 2.1) Lo is

uniformly continuous with a modulus only depending on the moduli of v, Dv and D?v.

(c) By (B5) and the results from (b), 9,0 € UC((0,Tp) x R?) by the equation (15). O

Global regularity and proofs of Theorem 5.5 and 5.6. From the local in time es-
timates, we construct a classical solution u of (15) on the whole interval (0,7) x R%. By
Theorem 5.3, there is a unique viscosity solution u of (15) on (0,7). To show that this

solution is smooth, we proceed in steps.
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1) By Proposition 5.8 (b) we find a Ty > 0 and a unique solution v of (17) satisfying
v, Dv, D*v, D®v € Gy([0, Tp] x R) and v(0) = uy,

and by Corollary 5.10, v is a classical solution of (15) on (0,7}). Since classical solutions are

viscosity solutions, v coincides with the unique viscosity solution u on (0, Tp).

2) Fix tp € [0,T) and take the value of the viscosity solution u of (15) as initial condition
for (17) at t = to. Then v(ty,x) = u(to, z) and by Theorem 5.3, we have the uniform in time

in [0, T] Lipschitz estimate for the viscosity solution,

(25) [0 (0, ) e (ma) < Mo

This estimate is crucial for the rest of this step. We apply Proposition 5.8 (a) with k& = 2
(translate time ¢ — ¢ — o, apply the theorem, and translate back) to obtain a T} > 0,

independent of ¢y, such that on
(to,to +T1),
we have a unique solution v of (17) satisfying v, Vo, (t — t9)/ D?>v € C},. Then
v,Vu, D> € Gy ((to + 81,0+ 1) X Rd)

for any 6, € (0,73). Let 6; < ;min(Ty,Ty), and take v (to + 6y, ) as initial condition. By

Proposition 5.8 (a) again we find a Ty > 0 such that on the interval
(to + 01, to + 01 + T3)
there exists a unique solution v of (17) such that for any dy € (0, T3),
v, Vo, D*v,t/° D% € Cyp((to + 01 + da,t0 + 01 + T3)).
We define T := min(7y, 71, Tz), and let do < %T. Defining 6 := §; + 5 < %T, we find that
v, Dv,..., D% € Cy((to + 6,tg + 0 + T) x RY).

By Proposition 5.9, d;v € C, and v is a classical solution of (15) on (¢y+9, to+06+T), therefore
coinciding with u on this time interval. Note that 7' > 0 can be chosen independently of ¢,

by (A3), (B3), (B4), and (25).
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3) We cover all of (0,T) by intervals from step 1) and 2), repeatedly taking tq = 0, %T,
T, %T, cey %T with %T > T. We then find that the viscosity solution u is a classical

solution with bounded derivatives on (0,7") and the proof of Theorem 5.5 is complete.

4) Theorem 5.6 follows from Theorem 5.5 and Proposition 5.9.

6. FRACTIONAL FOKKER-PLANCK EQUATIONS

Here we prove the existence of smooth solutions of the fractional Fokker-Planck equation,
along with Cy, L', tightness, and time equicontinuity in L! a priori estimates. The equation

is given by

om — L*m + div (b(t,z)m) =0 in (0,7) x RY,

26
(26) m (0,z) = mq () in RY,

where b : [0,T] x R — R% and £ (and hence also £*) satisfies (L1),(L2).

We first show preservation of positivity and a first Cy-bound for bounded solutions.

Proposition 6.1. Assume (L1) and b, Db € Cy((0,T) x RY) and m is a bounded classical
solution of (26).

(a) If mg > 0, then m(z,t) > 0 for (x,t) € [0,T] x R
(b) If mg € Co(RY), then ||m(t,-)||oe < el@VOTllot|mg]| .

In fact this result also holds for bounded viscosity solutions, but this is not needed here.

The result is an immediate consequence of the following lemma.

Lemma 6.2. Assume (L1) and b, Db € Cy((0,T) x R?) and m is a bounded classical subso-
lution of (26). Then fort € [0,T],

(27) ) oo < DIt g o

Proof of Proposition 6.1. (a) Apply Lemma 6.2 on —m (which still is a solution) and note
that (—mg)* = 0. (b) Apply Lemma 6.2 on m and —m. O

Proof of Lemma 6.2. In non-divergence form we get (the linear!) inequality

Om — L*m +b- Dm + (divb) m <0,
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with C} coefficients by the assumptions. The proof is then completely standard and we only
sketch the case that divb < 0. Let
a= sup m(z,t)" — [[mg]le,
(z,t)€QT

Xr(z) = x(%) where 0 < y € C? such that x = 1 in By and = 0 in B, and
U(x,t) =m(z,t) = [m" [l — at = [m" [looxr(2)-

We must show that a < 0. Assume by contradiction that a > 0. Then there exists a max

point (Z,t) of ¥ such that ¢ > 0. At this max point m > 0 (since a > 0) and
my >a, Dm=Dyxg, and L'm < L'xpg.
Hence using the subsolution inequality at this point and divb < 0, we find that
a<m < L'm+b-Dm+ (divh)m < ||m+||oo<£*XR +b- DXR)~

An easy computation shows that that all xg-terms converge to zero as R — oo. Hence we

pass to the limit and find that a < 0, a contradiction to @ > 0. The result follows. O

The Fokker-Planck equation (26) is mass and positivity preserving (it preserves probability
density functions) and therefore may preserve the L!'-norm in time. We will now prove a
sequence of a priori estimates for L' solutions of (26), using a “very weak formulation” of

the equation.

Lemma 6.3. Assume (L1), mg € L}, b,Db € Cy, and m is a classical solution of (26)

loc

such that m, Dm, D*m € C,. Then for every ¢ € C*(Qr), 0<s<t<T,
t
(28) me(x,t)de = [ me(z,s)dr + / / m(¢e + Lo —b- Do) (z,r)dx dr.
Rd R4 s JRrd
Proof. Note that Lo € C([0,T]; L}(R?)) by Lemma 2.1 with p = 1. Multiply (26) by ¢,
integrate in time and space, and integrate by parts. The proof is completely standard, after

noting that [ L*m ¢ dz = [ 'm Lo dx in view of the assumptions of the Lemma. O

Remark 6.4. If in addition m € C([0,T]; L'(R?)), then a density argument shows that (28)
holds for any ¢ € C¢°.

Next we prove mass preservation, time-equicontinuity, and tightness for positive solutions

in L!. For tightness we need the following result:
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Proposition 6.5. Assume (L1) and my € P(R?). There exists a function 0 < ¢ € C?(R?)
with || DY ||so, [|D*Y||ee < 00, and | l‘im (x) = o0, such that
T|—0o0

(29) / U(x)mo(de) < oo, U(z) p(de) < oo
R RI\ By

Proof. We let pg = % and IT = {my, 1o} and apply [15, Proposition 3.8]. O
1

Proposition 6.6. Assume (L1), mg € Cy, b,Db € Cy, and m is a classical solution of
(26) such that m, Dm, D*m € C,. We also assume m € C([0,T]; L*(R')), mg > 0, and
Jpamodz = 1.

(a) m >0 and [pum(z,t)de =1 fort e [0,T].

(b) There exists a constant co > 0 such that

do(m(t), m(s)) < co(1+ [|bllsc)|t — 5|7 Vs,t €[0,T].
(¢) For ¢ defined in Proposition 6.5 there is ¢ > 0 such that fort € [0,T],
g0 [ mleulel)de < [ moi(le]) dr

+ 200l + T e (10l + [

|zl

NePdn@) T [ wlla]) du),

|z|>1

Proof. (a) By Proposition 6.1, m > 0. Let R > 1 and xg(z) = x(§) for x € CZ° such that
0<x<land x=1in B; and = 0 in B§. We will apply Lemma 6.3 with ¢ = xr and s =0
and pass to the limit as R — co. To do that, we write £ = £, + L} = f|2|<1 e f|2|>1 R
and note that by Lemma 2.1 with p = co and p(B§) = 0,

. | _ 1 1
[€oxalle, < € it (7 gl D*le, + (= D Dxle,) < Ogglixllez.

and then

1
9oxa + Loxn = b Dxalley < = (Ixllez + Wl 1Dxlle,) = o.
— 00

Also note that [|[L'ég|lc, < 2u(Bf) and L'¢r(z) — 0 for every z € RY. Since m €

C([0,T]; L) by assumption, it follows by the dominated convergence theorem that,
t
/ m LY g drdr — 0.
0 Rd R—o0
Now we apply Lemma 6.3 with ¢ = yr and s = 0 and pass to the limit in (28) as R — oo:

lim m(z,t)xr(x)de = P}im moxr(z)dx + 0.

R—oo R4 —00 R4
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The result now follows from the dominated convergence theorem since yr — 1 pointwise

and [mgydz = 1.

(b) Fix a Lip,; function ¢(z). For € € (0,1), let ¢ € C5° be an approximation (e.g. by

mollification) such that

(31) l6 = &dlle, < el Dglle,  and  [ID"clley, < ec® VI, k= 0.

Applying Lemma 6.3 and Remark 6.4 with ¢ = ¢.(z), then leads to

t
/ (m(z,t) —m(x,s))p(z) dr = / / m(0+ Lo — b+ Do) (z,r) dz dr.
R4 s JRA
By Lemma 2.1 with p = co and (31),
I£6dic, < e inf (s~ 71D%dlc, + 71 Dédle, +l1dclc,)
: 7(7]‘ —o —o
< CTE%E) (r? P 7+ 1)[[9llep < Ce ol

and hence

[ ma.) = mla.s)ode) do < Clt =171+ e ol ey,
Then by adding and subtracting (m(z,t) — m(z, s))¢.(x) terms, we find that
[ mtat) = (e 9)te) do
< [ ma.) = mla.)ole) do -+ 2mllcqranllo = ol
<C(It=sle =+ e+ [ble)lllcylmlcor.

Since [[m[lcor,rry = 1 by part (a), and [[¢oz < 2 for Lip, ;-functions, the result follows

from the definition of the dy distance in (4) after a minimization in e.

(¢) Let ¢¥r(r) = prx (Y AR)(r) for r > 1, where 0 < p; € C°((—1,1)) is symmetric and has
J p1dz =1 (a mollifier). We note that p; x¢ < 1 and that ) A R is nondecreasing, concave,
and 4. Standard arguments then show that ¢r € Cp°([1, 00)),

(32) 0<yr< R 0<Yp<¢, <0, [Wellg, < ol l¥lc,

(33) Yr S pix (S¢Y)  as R —oo.

The convergence as R — oo is pointwise. We apply Lemma 6.3 and remark 6.4 with

¢(z,t) = ¢r(z) == Yr(\/1 +|z[2).
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Let £ = £, + L' as in the proof of part (a), and note that (using also (32) and Lemma 2.1
with r = 1),

1D¢rllc, < cllv'llcy, 1D*¢xlle, < cllpllellvllc,, 1L10r] < CHP&HUIWII@/ |2 dpe.

|z|<1

Next since 15 is nonnegative, nondecreasing, and subadditive?, we observe that

[Yr(r) — Yr(s)| < Yr(r—s) forall rs>0.

Hence we find that

Vr(VI+ o+ 2P) = va(V1+[2?)

< [ wr(z)duz) < /| D)

|z[>1

L on(z)] < / e

|z[>1

From the estimates above we conclude that

Osn -+ Lon—b- Don| < i/l (10l + Ikl |

|2]<

P dp) + [ (=) dp.
1

|z|>1
Inserting this estimate into (28) with ¢ = ¢p, along with m > 0, [m(z,t)dx =1 (by part

(a)), and ¢r(z) < ¥(y/1+ |x|?), we get
m(x,t)pr(x)de < [ mo(x)Y(v/1+ |z]?) dx

R4 R4

+ Tl oy (1Bl + 1oy [

|z|<1

o2 dp) + T / (1)) dp.

|z|>1

By the monotone convergence theorem and (33),

lim m(z,t)pr(z)de = | m(z,t)py x(y/1+ |z|?) d.

R—o0 Re R4

To conclude that (30) holds, we note that p; ¢ > ¢ — ||¢']|¢, and
d(l]) < P(V1+[aP) < () + 1[4 lo,-
The proof of (c¢) is complete. O

Solutions in L' also have a better Cj bound than the one in Proposition 6.1. This bound

is needed in the local coupling case — see Section 8.

Lemma 6.7. Assume (L1), (L2) (ii), b € Cy, 0 < mg € Cp, and 0 < m € Cp(Qr) is a
classical solution of (26). If m € C(0,T; LY(R%)), then there exist a constant C > 0 only

2Nonnegative concave functions h on [0, 00) are subadditive: h(a 4 b) < h(a) + h(b) for a,b > 0.
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dependent on d,q,o0, T, such that for any 1 < p < py := (Hi%a’

d—p(14+d—o)

Imlle, < 1 [Imolle, + CT 5 blle,) ™

Proof. (Inspired by [4, Proposition 2.2]) For any y € RY, let ¢(s,z) = K(t — s,y — z) where
K is the heat kernel of Section 4. Then ¢ > 0 is smooth, fRd ¢(z, s)dr = 1, and ¢ solves the
backward heat equation

—0p—LOp=0, s<t,

¢($,t) = 61/(3:)7

where the d-measure ¢, has support in y. Multiply (26) by ¢, integrate in time and space,

(34)

and integrate by parts to get
¢
/m¢(x, t)dx — /mgzﬁ(ac —y,0)dz = / /m(x, )+ Lp—b-Dpl(x —y,s)dxds
0
or

m(y,t) = m + K(- //bm §) % DK (-t — 8) dz ds.

d—p(1+d)

Then by the heat kernel estimates of (L2) (ii), |DK(s, )|z < Cs  » , the Holder and

Young’s inequalities, the properties of K, and ||m(-,t)||%, < ||m||qczl||m(-,t)||L1 = |Im||& Cb ,

t
Im(y, 1) < lmolle, + ||b||cb/ DK (st = s)l[eollm(: 5)ll Lo dt

d— p(1+d)+p0

1
< [lmollee + Ct 1Bl Imlle,”

for 1 <p< — where % + ;% = 1. Since y is arbitrary, we get after taking the supremum

i
1
and dividing both sides by |lm||¢, that
—p(1 +
Imlle, < 1V [llmolle, + CT "% 1b]c,]”

This concludes the proof. O

Finally, we state the main result of this section, the existence of classical solutions of (26)

that are positive and mass-preserving.

Proposition 6.8. Assume (L1), (L2), b, Db, D*b € C,((0,T) x R%), 0 < my € CZ(RY), and
Jpamoda = 1.
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(a) There exists a unique classical solution m of (26) satisfying m > 0, [p,m(z,t)dr =1

fort e [0,T], and
Imllze + [|Dmllze + [|D*ml|ze + [|0m]|r~ < c,

where c is a constant depending only on o, T, d, and |D*b||« for k =0,1,2.

(b) There exists a modulus @ only depending on || D¥m||«, | D*b]|s for k =0,1,2, and (L1),
such that for s,t € [0,T] and z,y € RY,

m(t,) — m(s,y)| + [Dm(t, x) — Dm(s,y)] < &It — 5| + |z — y]).

(¢) If in addition b, Db € UC((0,T) x R?), then there exists a modulus w only depending on
@, Wy, Wpb, ||Dbllso, mo, T, o, and d, such that for s,t € [0,T] and z,y € R?,

|Lm(x,t) = L'm(s, y)| + |Oym(z,t) — Oym(s, y)| < w(|s — 1] + & —y]).
Proof. (a) The proof uses a Banach fixed point argument based on the Duhamel formula
(35) m(t,x) = (m) (t,7)
d t
= K*(t,)) *mo (+) (z) — Z/ O, K (t — s,-) * (bym) (s,-) ds,
i=1 70

and is similar to the proof of Theorem 5.5. Here K* is the heat kernel of £*. It is essentially a
corollary to Proposition 5.1 in [19] (but in our case the we have more regular initial condition
and hence no blowup of norms when ¢ — 0%).

Similar to the corresponding proof for the HJB equation, we first show short-time C*-
regularity using the Duhamel formula. Let Ry = 1+ ||mgl|oo, B1 = (2 + dK)Rp + 1, and the

Banach (sub) space
(36) X = {m:m,t""Dm € Cy((0,Tp) x RY), m € C([0,T]; L"(R?)), and ||m|| < R},

where [|m|| = |m|loqoryty + Mo + S0, [[tY/78,,m]|oo. Then if k(o) and v(o) are defined
in the proof of Proposition 5.8 (a), we find from (35) that for p € {1, 00},

d t
[&(m) (¢t @)l e < (1K (|21 [lmoll, + Z/O 10, K7 (t = s, ) 1 [ill o I ms) [l ds
i=1

< Ry + dk(o)T, 7 ||b|sc R,
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and
[t1/70, 10 (m) (¢, )|

d t
< Y70, K| 1 [0l 0 + th/ 102, K7 (t = 5, )| L1 [|(mO;b; + bi0ym) || ods
0

i=1
d t
< KR+ 47 / Kt = 5) 7 Imllo|93bill + 577 bill s/ 05m | ds
i=1 0
< KRo + k(@) Toll Dbllos +1(0)T5 " Ib]oc |1,
Computing the full norm, we get

l(m)|

< (24 dK)Ro + {Qdk(a)Tol” 18]l + @ [k(a)ToHDb”oo + ’y(U)Toll/U||b||ooHR1 :

:=c(Tp)

We take Ty > 0 so small that ¢(T}) < 1/2. Then it follows that ¢ maps X into itself by the

definition of R;. It is also a contraction since for mq, ms € X it easily follows that

19(m1) = (ma) || < e(To)|[ma — ml.

An application of Banach’s fixed point theorem in X then concludes the proof. Note that
we only needed mg € C), and b, Db € Cj, to obtain the result.

We can now repeatedly differentiate the Duhamel formula (17) and use similar contraction
arguments to conclude that if b, Db, ..., D¥b € Cy,((0,T) x R?), then there exists a solution
m € X such that

D?m, ..., D*"'m,t= DFm € Cy((0,Ty) x RY) for Ty > 0 sufficiently small.

In a similar way as in Proposition 5.9 (a) and Corollary 5.10 for the HJB-equation, it now
follows that m is a classical solution to (26). By Lemma 6.1 and Lemma 6.6 (a), we then
have global in time bounds m in C, N C([0,7T]; L'). We can therefore extend the local
existence and the derivative estimates to all of [0,7]. The argument is very similar to the
proof in Section 5.9 and we omit it. Finally, by Lemma 6.6 (a) again, we get that m > 0
and [, m(x,t)dx = 1.

(b) Part (b) follows in a similar way as part (b) in Theorem 5.9. We omit the details.
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(c) From part (a), (b), and the assumptions, the function g(¢,z) = div(mb) satisfies g, Vg €
Co((0,T) x R?) and g € UC((0,T) x RY). Lemma 5.11 (b) (with K* instead of K)
then gives that 0,®(g), L*®(g) € UC((0,T) x R?) with modulus w only dependent on
0, T,d,||gllcc, I V9|l and w,y. A similar, but simpler argument shows that 9,K; % mg =

LXK} *mg € UC((0,T) x RY). Since m = K} * mo — ®(g), this concludes the proof. O

7. EXISTENCE FOR MFGS WITH NONLOCAL COUPLING — PROOF OF THEOREM 3.4

We adapt [33, 9, 1] and use the Schauder fixed point theorem. We work in C([0, T], P(R%))
with metric d(u, v) = sup,ejo 7 do(p2(t), v(t)) and the subset
(37)

C:= {,u € C([0,T], P(RY)) : sup Y(|z)) p(dz, t) < C, Supw < Cz} ;

te0,7] Jre st |s—t|s

where 1 is defined in Proposition 6.5 and the constants C;,Cy > 0 are to be determined.

For u € C, define S(u) := m where m is the classical solution of the fractional FPK equation

om — L™m — div (D,,H(:L'7 u, Du)m) =0,
(38)
m(0,-) = mo(-),
and wu is the classical solution of the fractional HJB equation
-0 — Lu+ H(z,u, Du) = F(z, p),
(39)
u(e, T) = Gla, u(T)).

Let U := {u : u solves (39) for p € C} and M := {m : m solves (38) for u € U} .

1. (C convex, closed, compact). The subset C is convex and closed in C([0, 7], P(R?)) by

standard arguments. It is compact by the Prokhorov and Arzéla-Ascoli theorems.

2. (S :C — C is well-defined). By (L1), (L2), (A1)-(A6), Theorem 5.5 and 5.6, there is a

unique solution u of (39) with

(40) ulloe, | Dulloc, -+, [1D%ulloo, |Orullo < UL,

Oy, w, Du, D*>u, Lu  equicontinuous with modulus w,

where U; depends on d, o and the spatial regularity of F', G and H. The modulus w depends
in addition on Cy in (37). By the uniform bound in (A2), U; is independent of p. By
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Proposition 6.8 part (a)—(c), for any u € U there is a unique m solving (38) such that

(41) [mlloc, DM los, [1D*m]|cc, (|G| oc < M,
om, m, Dm, L*m are equicontinuous with modulus @,

where M; depends on U; and the local regularity of H but not on g. The modulus @ depends
in addition on w. By Lemma 6.6 (b)—(c),

do(im(s),m(0) < cof1+ Dy H (- Duc)ls = 11
[ ity ds < [ map(ial da

#200le, + Tl (1D, Dl + |

Pdn()) +T [ (el duto)
|z|<1 |z|>1
By (40) and (A3), |D,H(x, Du)|s < C, where C' is independent of y. Hence, we take

O = Jpamat(lal) o+ 20, + TN e, C + J,y 2Pdp(2)) + T f o, ¥(12l) dp(2), and
Cy = ¢o(1+ C) and get that S maps C into itself.

3. (S is continuous). We use the well-known result:

Lemma 7.1. Let (X,d) a metric space, K CC X a compact subset and (x,) C K a sequence

such that all convergent subsequences have the same limit * € K. Then x, — x*.

Define X, :={f : f,Df, D*f,0,f,Lf € Cp} and Xy := {f : f,Df,0:f,L*f € Cy}, equipped
with the metric of local uniform convergence, taken at all the derivatives. Then X; and X,
are complete metric spaces. By (40), (41), Arzela-Ascoli, and a diagonal (covering) argument
U and M are compact in X; and Xs, respectively.

Let pt, — p € C, and let (uy,, my,) be the corresponding solutions of (39) and (38). Take a
convergent subsequence (uy,) D U, — @ € U andlet £ = L1+L = (f‘z‘<1 +f‘z‘21 )(...). By
uniform convergence Lyuy, (t,2) — L£14(t, z), and by dominated convergence L'u,, (t,z) —

Lla(t, z). By (A1), (A3) and for any (¢,2) € (0,T) x R%:
| = d(t, x) — La(t, ) + H(x, Di(t,x)) — F(z, )|
< Oty (t,2) = Oyin(t, )| + |Lun, (t, ) — La(t, z)|
+ ‘H(m7 Du,,) — H(z, D&)| + |F(x, oy, (1)) — F(x,,u(t))‘

— 0,
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and |W(T,z) — G(z, w(T))| < |a(T, z) — un, (T, 2)| + |G(, pin, (T)) — G(z, u(T))| — 0. This
shows that @ solves (39) with p as input. By uniqueness of the HJB equation, compactness
of U in Xy, and Lemma 7.1, we conclude that u, — u in X;.

A similar argument shows that m,, — m € X5. By compactness of C in part 2, uniqueness
of solutions, and Lemma 7.1, we also find that m, — m in C([0,T], P(R?)). The map

S : C — C is therefore continuous.

4. (Fixed point). By Schauder fixed point theorem there then exists a fixed point S(m) = m,
and this fixed point is a classical solution of (7) and the proof of Theorem 3.4 is complete.
8. EXISTENCE FOR MFGS WITH LOCAL COUPLING — PROOF OF THEOREM 3.7

1. (Approximation) We follow Lions [33, 9], approximating by a system with non-local
coupling and passing to the limit. Let € > 0, 0 < ¢ € C° with [, ¢ = 1, ¢ := E%(b(x/e),
and for u € P(RY) let F.(z,u) := f(z,u* ¢.(x)). For each fixed ¢ > 0, F. is a nonlocal
coupling function satisfying (A1)—(A2), since ||[D? (i * ¢¢)|loo < |l1lli]|DPbclloe = [|DPdel|oo-
Assumptions (L1)—(L2), (A1)—(A6) then hold for the approximate system

—Opue — Lu, + H(z, Du,) = F.(z,m.(t)) in (0,T) x RY,
(42) ome — L*m, — div(m.DyH(x, Du.)) =0 in (0,7) x RY,
m(0) =mo,  u(x,T) = g(x),
and by Theorem 3.4 there exist a classical solution (u, m.) of this system.

2. (Uniform bounds) Since either (A3’) or (A2”) holds, F.(z, m.(t)) is uniformly bounded in

e. In the case of (A3’) this follows from Lemma 6.7 and the estimate
d—p(1+d—a) o1

(43) Imele, < 1 [lmolle, +CT* 5 D, (- Dugllo] " < K

for K independent of . By Theorem 5.3 (b) and (A3) we then have

(44) luelloo < llglloo + (T = OUECme(@)lloo + 1H(, 0)l|oc) < K

for K > 0 independent of ¢, and since F, is also continuous, by Theorem 5.4

(45) [Duclloe < C

for C' > 0 independent of € (C depends on F, only through its Cy-norm). Under (A3’) m is
bounded and satisfies (43), and this is still true if (A3’) is replaced by (A2”) in view of the

uniform bound on Du, in (45).
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3. (Improvement of regularity) The Duhamel formulas for m. and Du, are given by
d t

(46) me(t) = K3(t) «mo— / K (t — s) * me[DyH (-, Duc(s)))sds,
i=1 /0

(47) Du,(t) = K,(t) * Dug — /0 D, K,(t —s)* (H(-, Duc(s)) — Fe(-,me(s,-)))ds.

where K,(t) = K,(t,z) and K*(t) = K/(t,r) are the fractional heat kernels in R? corre-
sponding to £ and L*. Fractional differentiations of these will lead to improved regularity.

Assume that for k£ € {0,1,2} and « € [0,1), there is C' > 0 independent of € such that for
all t € [0,T],

(48) [me(®)llcxe @) + [ Duc(t)||cre@e) < C.

We will show that for any ¢ € (0, ) and s € (0,0 — 1) there is C > 0 independent of € and
t such that

(49) ||m€(t)||ck,s+a—6(Rd) + ||Dug(t)||ck,s+a—6(Rd) S é, fOI" S + o — (S S 1,

||m€(t)||Ck+1,s+a—6—1(Rd) + ||Du5(t)||Ck+1,s+a7571(Rd) S é, fOI’ s+oa— (5 > 17
Assume first a € (0,1) and consider the m-estimate. When (48) holds, then
m.D,H(z, Du.) € C**(R?) by the chain rule and (A3), and
|D|*= D¥ (m Dy, H (x, Du,)) € Cy*(R?) for § € (0,a) by [37, Proposition 2.7]. Let
s € (0,0 — 1) and apply |D|*|D|*?D¥ to (46),

|D‘5|D‘a76kaE _ K*(t) * |D‘s+a76ka0

o

)

d t
- Z/ |D*DK(t — s) % |D|*7° D [m.D,H(-, Du,)] ds.
i=1 70

By Young’s inequality and Proposition 4.9 (heat kernel estimates),
1—L1ds

ST+o— STo— T i o—
1D+ D¥melloo < [||D]***° D¥mol|o +er s D] *D¥(mDyH (-, Duc))||oo,

and taking § < a/2, we get uniform in e Holder estimates by [37, Proposition 2.9],

Clsto=20(Rd) for s+ —25 <1,
me(t) €

CFfhsta=20-LRd)  for s+ a — 26 > 1.

The case a = 0 follows in a similar but more direct way differentiating (46) by |D|*D*

instead of |D|*|D|*~°D¥ as above. The estimates on Du, follow similarly.
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4. (Tteration and compactness) Starting from (43), (44), and (A2’) and (A3), we iterate
using (49) to find that
[ue@llcpay + Ime(®)llcz@ey < C

independent of € and ¢ € [0,T]. By Proposition 5.9 and Proposition 6.8, we then find that

l0uclloe <U and  Oyue,uc, Du,, D*u,, Lu. equicontinuous with modulus w,

lOimelloo < M and  9ym,, me, Dme, L m,  equicontinuous with modulus @,

where U, w, M and @ are independent of €. As in the proof of Theorem 3.4, these bounds

imply compactness of (m.,u.) in X; x X5 (see below Lemma 7.1 for the definitions).

5. (Passing to the limit) We extract a convergent subsequence, (ue,,m.,) — (u,m) in
X7 x X5. By a direct calculation the limit (u,m) solves equation (8). This concludes the

proof of Theorem 3.7.

APPENDIX A. UNIQUENESS OF SOLUTIONS OF MFGS — PROOF OF THEOREM 3.5

The proof of uniqueness is essentially the same as the proof in the College de France
lectures of P.-L. Lions [33, 9]. Let (u1,m;) and (u2, my) be two classical solutions, and set

U =u; — up and m = my — ma. By (7) and integration by parts,

o= [ % (i) d = /R (Oi) 7+ 1 (D)
- /Rd [(—ﬁfH—H(m,Dul) — H (2, Duy) — F (,m1) +F(x,m2)>ﬁ1
+ual*m — (Du, miD,H (x, Duy) —maD,H (x, Du2)>] dx.
By the definition of the adjoint, [,, (L£@)m — @ (L*m) dz = 0, and from (A7) we get
[ (CF om) 4 Fema)) dlmy = ma) (1) 20 Vi my € PR,
For the remaining terms on the right hand side, we use a Taylor expansion and (AS),
/]Rd [ my (H (x, Duy) — H (x, Dug) — (D,H (z, Duy) , Dus — Du1>>

—mgy (H (x, Dug) — H (x, Duy) — (D,H (z, Duy) , Duy — DU2>):| dx

mi + Mo 9
< - —————|Dus — Duy|” dx.
- /Rd 20 | 2 1|
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Integrating from 0 to 7', using the fact that m(t =0)=0and 4 (t =T) = G (z,m1 (T)) —
G (z,mq (T)),

/0 %/Rd umdx dt = /Rd (G (z,m1 (1)) = G (z,ma(T))) (my (z,T) —my (x,T)) dz >0,

where we used (A7) again. Combining all the estimates we find that

T
og—/ %CmﬂDulfDuﬂdedt
0 R4

Hence since the integrand is nonnegative it must be zero and Du; = Dus on the set
{my > 0} U {my > 0}. This means that m; and msy solve the same equation (the diver-
gence terms are the same) and hence are equal by uniqueness. Then also u; and uy solve
the same equation and u; = uy by standard uniqueness for nonlocal HJB equations (see e.g.

[29]). The proof is complete.

APPENDIX B. PROOF OF LEMMA 5.11

a) The proof is exactly the same as in [28]. The difference is that f only needs to be C! in

space, since D, K is integrable in t.
b) Part 1: Uniform continuity in x for L&(f) and 0,®(f). By the definition of L,
L)) = [ LR = 5.0 (5.

= /Ot /Rd [ » Kit-s,y+2)—K({t—sy) —V.K({t—s,y)- zl‘z‘<1du(z)]f(s,x —y)dyds

_/Ot/Rd/Zl<l(...)+/01/Rd/2>1<...)_:Il(t,x)+12(t7a:).

After a change of variables and ||K(¢,-)||z: = 1,

t
(o) - Bt < [ [ [ K= sp)[fen -yt - fom )
0 Jiz|>1 JRe
— f(s,22 —y +2) + f(s,22 — y) | dydu(z)ds
<2t fllc,,cp w1 — 22 dp(2)-
' l2]>1
Then since and || L1(¢, )¢, < 2t||f||Cb,th,w f\z\zl du(z),

\Ly(t, 1) — I(t, 22)| < (2| La(t, ) |le,)? [ La(t, 22) — Lo(t, 22)[' P

< ttlflleyicy, [ dn(e)fon - ol

[z|21
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By the fundamental theorem, Fubini, and a change of variables,
]1 (t, .’L‘)

= /Ut/<1 [/Rd /1 V.K({t—sy+o0z)— V. K(t— &y)} < zf(s,x — y)dodydu(z)ds,

/ / / V.K(t—s,y) - [f(s r—y+oz)— f(s,x—y)}d,u(z)dydads.
Re J|z|<1
It follows that
t 1
hta) - hitae) = [ [ Vk@-sa) [ eliem-yro)
o Jo JRrd |z]<1
~ fs.w2 =y +02) = (fls.m = y) = [(s,22 — ) | du(2)dydods.
Since
[ +02) = f(01) = fea+ 02) = F@)]' 7 2SI ey an = 2ol UG, o Lo,
we see by Theorem 4.3 and (L1) that
(1 (t, @1) — L1 (¢, 22)
t
< [ [ 19K = sdus 20715y o=l UG gy, [ )

|z|<1
Lo —
<k T [ PR oy o1 — aal

|z|<1

Combining the above two estimates, we conclude that

L[]t 21) = LIRNI(E, 22)| < ellflle, oep, 21 — 277,

with ¢ = ﬁT%KﬁZ‘<1 |2|* B du(z) +4Tf 51 du(z). By part a), 0,0(f)(t,2) = f(t, ) +
L[P(f)](t, z). Since

[f(t.2) = £t )] < @Iflle) I ) = fEl ™" < 20 flley e, o =9l 7,

we then also get that

10:2[f](2,21) = B RLf](¢, 22)] < 2+ O flley e, Jor — w27
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b) Part 2: Uniform continuity in time. First note that
t s
£Ol)ta) = £0lf)(s.0) = [ LR(r )5 (6 = rddr = [ LK () x fls = mdr
0 0

/EK ft—=m1-)— f(s—T,~))dT+/t£K(T,-)*f(t—T,-)dT.

Now we do as before: Split the z-domain in two parts, use the fundamental theorem and a

change of variables to get
LK(T,-)* (f(t—T J=f(s—m, ))
// V.K(r,x —y)- z[f(t—T,y+az)—f(t—T,y)
R J|z|<1
— f(s=1y+02)+ f(s — 7,y)]|du(z)dydo.
o[ ] Kea -l - =)
R J|z|>1
— fls =7y +2)+ f(s = 7,y)ldu(z)dy.
Then we apply the trick

[ft=my+oz) = flt—7y) = fls =Ty +02) + f(s —79)|

< 207(t = s (1 flley 0p, 127 or dws(t = s PISIIE,,

and find using Theorem 4.3 and (L1) that

/EK ft=m1-)— f(s—ﬂ-))dT‘

e 1+8 4
< [0__18 K [2|"Pdu(z) + S/

|z|<1 2>

()| 1£12, e (=)'
In a similar way we find that

/: LK(7,)* f(t —, ')dT’

< [T -k |z|1+ﬂdu(z)+2(t—s)/

0 - lz]<1 [z]>1

)] 1fle,
<l fllalt — s

Combining all above estimates leads to

Lolf](ta) = L2f)(s,2)] < llfllg, o5 w1t = '™ + Elfllalt = sl
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where c is defined above and in the Lemma and

o—1
—s o

? IC/ |2|"Pdu(z) max ”70,1‘ ZT%/ du(z).
-1 J«a 2|1

o—1

c=2

o s,t€l0,T)  [t—s| o

Note that ¢ is finite. Then since
atq)[f](ta l’) - atq)[f](sa I) = f(t7 I) - f(S,SL’) + [,‘I:‘[f](t,$) - ‘C(I)[f](5>$)a
and |f(t,z) — f(s,2)| < (2||fllc,)Pw; (|t — s])' 7, the continuity estimate for 8,®[f] follows.

¢) The proof follows by writing

t
0,0 (g)(1,) = / 0, K (v, 2)g(t — 7,0 — 2)dzdr,
0

and then directly compute the difference |0, ®(g)(t, ) — 02, P(9)(s, ¥)|-

The proof is complete.
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