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Abstract 

Rectangular cylinders have been identified as ideal bluff bodies for galloping-based energy harvesting, while 

a systematic study of the effects of the side ratio (i.e., the ratio between the cylinder width and the cylinder 

height) remains unavailable. This study investigates the influences of the side ratio on the piezoelectric energy 

harvesting from the transverse galloping of a rectangular cylinder based on a representative electro-aero-

mechanical model, in which the aerodynamic force is calculated by the quasi-steady theory. The existing 

experimental aerodynamic coefficients for rectangular cylinders with side ratios of 0.62 ~ 3.0 are utilized as 

inputs of the quasi-steady aerodynamic force model. The influences of the side ratio and load resistance on the 

onset velocity, displacement, and power output of the galloping-based energy harvester are investigated. The 

results show that the onset velocity of galloping is dependent on the load resistance while this dependency 

becomes less significant with increasing the natural frequency. The onset galloping velocity of the energy 

harvester decreases with increasing the side ratio, and the lowest onset velocity is achieved by a rectangular 

cylinder with a side ratio of around 2.50. The largest vibration amplitude is achieved by the cylinder with a 

side ratio of 1.62 or 2.0 at low flow velocities, while the largest vibration amplitude is always achieved by the 

square cylinder at high flow velocities. Therefore, the side ratio of a galloping-based energy harvester should 

be designed according to its working environment: the optimal side ratio is around 1.0 if the harvester is 

expected to work at relatively high reduced flow velocities, while the optimal side ratio is around 1.62 ~ 2.0 if 

the harvester is expected to be effective at relatively low reduced flow velocities. These conclusions can 

provide references for designing galloping-based energy harvesters with rectangular cylinders as bluff bodies. 
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1. Introduction 

Slender flexible structures immersed in wind or water flows may be susceptible to various types of flow-

induced vibrations including vortex-induced vibration, galloping, and flutter (in torsional or vertical-torsional 

coupled degrees of freedom). These dynamical instabilities have been observed in a great variety of 

engineering structures, e.g., long-span bridges [1, 2], cantilevered traffic sign supports [3], bridge cables [4], 

tall buildings and towers [5, 6], power transmission lines [7], and heat exchanger tube arrays [8], etc. Flow-

induced vibrations are often undesirable in many structures since they may seriously impact the structural 

fatigue life and/or safety [2, 9]. On the other hand, energy harvesting from flow-induced vibrations has 

attracted increasing attention as a clean and sustainable energy source [10]. 

The mechanism for converting mechanical vibrations into electric power can be piezoelectric [11], 

electromagnetic [12], electrostatic [13], triboelectric [14], and their combinations [15]. Based on these 

converting mechanisms, energy harvesting can be achieved through vortex-induced vibrations (VIVs) [16, 17], 

galloping [18, 19], flutter [20], and their combinations [21-23]. Energy harvesting from the transverse 

galloping of a rectangular cylinder has been largely investigated due to the high performance related to the 

large vibration amplitude after an onset flow velocity for galloping instability. The investigation of transverse 

galloping was pioneered by Den Hartog [24], who proposed a criterion to determine the onset flow velocity 

based on the steady-state aerodynamic coefficients. Parkinson and co-authors [25-27] described the nonlinear 

galloping force with the quasi-steady theory and proposed to predict the vibration amplitude of transverse 

galloping based on the quasi-steady theory. They [27] further demonstrated that theory fails if galloping occurs 

at low reduced flow velocities and interferes with vortex-induced vibration. Hence, the applicability of the 

quasi-steady theory should be limited to structures with relatively large mass ratios (between structure and 

displaced fluid) and damping ratios. Following these pioneering studies, the transverse galloping of various 

structures has been extensively studied with special efforts paid to optimize the aerodynamic configurations 

and/or mitigate the undesired vibrations [28, 29]. 

The possibility of harvesting energy from transverse galloping was firstly proposed by Barrero-Gil et al. 

[30]. The authors [31, 32] also presented several theoretical investigations to optimize and enhance the 

performances of the galloping-based energy harvester based on a numerical system with the quasi-steady 

aerodynamic force model. Abdelkefi and co-authors [11, 33-35] attempted to study the performances of 

galloping-based energy harvesters through a series of theoretical and experimental investigations. They 

highlighted the roles of the bluff body configuration, the Reynolds number, the aerodynamic force 

representation, and the inclined angle on the performances of galloping-based energy harvesters. Yang et al. 
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[36] compared the performances of several galloping-based energy harvesters with different cross-sections 

through a series of wind tunnel experiments. Their results showed that the energy harvester with a square 

cylinder as the bluff body exhibits the best performance. Hémon et al. [37] and Andrianne et al. [38] studied 

the energy harvesting from flow-induced vibrations of rectangular cylinders based on the electromagnetic 

mechanism through wind tunnel experiments. He et al. [39] showed that a square cylinder performs interacted 

VIV and galloping, which is beneficial for the enhancement of wind energy harvesting. Zhang et al. [40] 

investigated the influences of the damping ratio and the mass ratio on the energy harnessing from flow-induced 

vibration of a square cylinder based on numerical simulations. Wang et al. [41] investigated the performance 

of an energy harvester with a hybrid bluff body composed of circular and square cross-sections through wind 

tunnel experiments and numerical simulations. Their results showed that the hybrid bluff body can couple the 

vibration characteristics of VIV and galloping, and hence remarkably reduce the onset flow velocity and 

increase the output voltage. Some aerodynamic modifications have also been introduced to enhance the energy 

harvesting from the flow-induced vibrations of rectangular cylinders [41, 42].  

Although the performances of galloping-based energy harvesters with rectangular cylinders as bluff bodies 

have been investigated by several authors, the effects of the side ratio (i.e., the ratio between the cylinder width 

b and the cylinder height d) have rarely been studied. It is well-known that the flow regime around a rectangular 

cylinder and hence its galloping response is highly dependent on the side ratio b/d. Norberg [43] experimentally 

measured the steady-state aerodynamic coefficients of rectangular cylinders with various side ratios at a 

Reynolds number Re = Ud/v = 13,000, where U is the oncoming flow velocity and v is the kinematic viscosity. 

Their measurements suggest that the onset galloping velocity decreases with increasing the side ratio for 0.62 

< b/d < 2.50; however, a cylinder with b/d = 3 is always stable from galloping. Feero et al. [44] showed that 

the effect of side ratio on galloping instability is dependent on the Reynolds number. In the high Reynolds 

number range (Re > 5000), the observations of Norberg [43] were confirmed; however, in the low Reynolds 

number range (Re < 2500), rectangular cylinders with b/d = 1, 2, and 3 are all unstable from galloping and the 

onset velocity decreases with increasing the b/d. Zhang et al. [45] presented a numerical investigation on the 

effect of the side ratio (b/d = 1/6 ~ 1.5) on the energy harnessing from flow-induced vibration of rectangular 

cylinders. They analyzed an energy harvester with a low mass ratio 𝑚∗ =  1.725, which exhibits interfered 

vortex-induced vibration and galloping [46]. They showed that the maximum power is achieved by a 

rectangular cylinder with b/d = 1/6. For an energy harvester with a large mass ratio (which exhibits typical 

galloping without interference between VIV), however, the effects of side ratio on the performance remain 

unknown. 
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This paper presents a numerical investigation to study the influences of the side ratio on the piezoelectric 

energy harvesting from the transverse galloping of a rectangular cylinder. A lumped-parameter model is 

employed to describe the coupled aero-electro-mechanical system of the galloping-based energy harvester, in 

which the quasi-steady theory is utilized to simulate the aerodynamic force. The experimental aerodynamic 

coefficients from Norberg [43] and Feero [44] are utilized as inputs of the quasi-steady aerodynamic force 

model. The performance of the galloping-based piezoelectric energy harvester is then evaluated for various 

side ratios. It is proved that the optimal side ratio for energy harvesting is around 1.0 if the harvester is expected 

to work at relatively high reduced flow velocities, while the optimal side ratio is around 1.62 ~ 2.0 if the 

harvester is expected to be effective at relatively low reduced flow velocities. The results of this paper should 

be limited to energy harvesters with relatively large mass ratios and high onset reduced velocities due to the 

limitation of the quasi-steady theory. 

The subsequent parts of this paper are organized as follows. The lumped-parameter model for a galloping-

based piezoelectric energy harvester is deduced and verified in Section 2. A linear analysis is presented in 

Section 3 to study the effects of the side ratio and the electrical load resistance on the onset galloping velocity 

of the coupled system. A nonlinear analysis of the coupled system is performed in Section 4 to investigate the 

effect of the side ratio on the displacement and power output of the galloping-based harvester. The main 

conclusions are summarized in Section 5. 

2. Modeling of galloping-based piezoelectric energy harvester 

The considered galloping-based piezoelectric energy harvester is schematically presented in figure 1. The 

energy harvester consists of a rectangular cylinder, a cantilever beam, and a piezoelectric transducer bonded 

at the root of the beam. The vibration of the beam can be excited by the aerodynamic force acting on the 

rectangular cylinder, which leads to power generation by the piezoelectric transducer. The lumped-parameter 

model for the aero-electro-mechanical system can be expressed as [11, 35]: 

𝑚[�̈�(𝑡) + 2𝜔0𝜉0�̇�(𝑡) + 𝜔0
2𝑦(𝑡)] + 𝜃𝑉(𝑡) = 𝐹𝑦(𝑡) (1a) 

𝑉(𝑡)

𝑅
+ 𝐶𝑝�̇�(𝑡) − 𝜃�̇�(𝑡) = 0 (1b) 

where m represents the equivalent mass of the galloping-based piezoelectric energy harvester per unit length; 

y, �̇� , and �̈�  denotes the transverse displacement, velocity, and acceleration of the rectangular cylinder, 

respectively; the overdot represents the derivative with respect to time t; ω0 denotes the natural frequency in 

rad/s; ξ0 is the mechanical damping ratio; Fy represents the aerodynamic force acting on the rectangular 

cylinder per unit length; V represents the generated voltage; Cp represents the capacitance of the piezoelectric 
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layer; R represents the electrical load resistance; θ is the electromechanical coupling coefficient. 

 

Figure 1. Schematic of a galloping-based energy harvester. 

According to the quasi-steady theory, the aerodynamic force can be approximated as: 

𝐹𝑦 = 0.5𝜌𝑈2𝑑𝐶𝐹𝑦 = 0.5𝜌𝑈2𝑑 ∑𝐴𝑖 (
�̇�

𝑈
)
𝑖𝑁

𝑖=1

 (2) 

where ρ is the fluid density; U is the oncoming flow velocity; d is the height of the cylinder; CFy represents the 

aerodynamic lift force coefficient; Ai (i = 1 ~ N) are aerodynamic damping coefficients obtained through the 

polynomial fitting based on the experimental CFy(α) curve; α is the angle of attack, i.e., the angle between the 

oncoming flow direction and the chord line of the rectangular cylinder. For a rectangular cylinder symmetric 

about the chord line, only odd-order terms are necessary for the polynomial expansion since even-order terms 

contribute insignificantly to the overall dynamics [2, 47]. 

It is worth noting that the applicability of the quasi-steady theory should be limited to cases at relatively 

high reduced flow velocities Ur = U/ω0d, where the time scale for the incident flow to pass through the cylinder 

and arrive sufficiently far downstream is considerably lower than that of the cylinder vibration [2]. The 

experiments of Washizu et al. [48] and Ma et al. [49] showed that the quasi-steady theory can simulate the 

aerodynamic forces on a vibrating square cylinder very well for 2πUr > 10. As a result, the quasi-steady theory 

is capable of accurately simulating the galloping of a cylinder with relatively large mass-damping parameters 

(i.e., Scruton number, Sc = 4πmξ0/ρd2), while its accuracy decreases with decreasing the Scruton number. 

By substituting equation (2) into equation (1) and introducing the dimensionless variables τ = ω0t, Y = y/d, 

and 𝐼 = 𝜃𝑉 𝑚𝜔0
2𝑑⁄ , equation (1) can be expressed in the dimensionless form as: 

𝑌′′ + 2𝜉0𝑌′ + 𝑌 + 𝐼 =
𝑈𝑟

2

2𝑚∗
∑𝐴𝑖 (

𝑌′

𝑈𝑟
)

𝑖𝑁

𝑖=1

 (3a) 

𝐼 + 𝐶𝑝𝑅𝜔0𝐼′ = 2𝜉𝐸𝑌′ (3b) 

where the prime represents the derivative with respect to the dimensionless time τ; 𝑚∗ = 𝑚/𝜌𝑑2 is the mass 

ratio between the harvester and the displaced fluid; 𝜉𝐸 = 𝜃2𝑅 2𝑚𝜔0⁄  is a dimensionless damping coefficient 

due to the coupling of the dynamics of the rectangular cylinder and the piezoelectric generator. 

The aerodynamic coefficient CFy for a square cylinder (i.e., a rectangular cylinder with b/d = 1) is presented 
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in figure 2 as a function of the angle of attack α. The results of Smith [50], Norberg [43], and Feero et al. [44] 

were measured in smooth flows at Re = 22,300, 13,000, and 10,000, respectively. It is noted that the 

aerodynamic coefficients measured by different authors agree very well, indicating that the CFy is almost 

independent of Re in the considered Re range. However, it should be clarified that CFy may be remarkably 

affected by the oncoming flow intensity and other experimental conditions (e.g., the blocking ratio and end 

conditions). 
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Figure 2. Experimental aerodynamic coefficients of a square cylinder versus angle of attack (Case 1 from 

[50], Re = 22,300; Case 2 from [43], Re = 13,000; Case 3 from [44], Re = 10,000). 

To demonstrate the predictive capability of the quasi-steady theory, the galloping responses of a square 

cylinder are predicted at several mass-damping conditions using the aerodynamic coefficients of Smith [50] 

and Norberg [43], respectively. The coefficients of Smith [50] are fitted as a 9th-order polynomial following 

[26], i.e., A1 = 2.69, A3 = −168, A3 = 6,270, A3 = −59,900. The coefficients of Norberg [43] are fitted as a 17th-

order polynomial with Ai listed in table 1. The fitted aerodynamic coefficients versus angle of attack will be 

presented later. In the following analysis, Ai listed in table 1 will be utilized to calculate the aerodynamic forces 

acting on the rectangular cylinder of the energy harvester as shown in figure 1. The predictions are compared 

with available experimental measurements [26, 51] in figure 3, in which the reduced flow velocity Ur and the 

dimensionless amplitude AY are multiplied by πA1/Sc. The theoretical predictions at various mass-damping 

conditions collapse to a single curve in this manner [52]. It is noted that there is a hysteresis phenomenon in 

the variation of the vibration amplitude versus the flow velocity, which has been analyzed in detail by several 

authors [47, 53]. The theoretical predictions by two groups of aerodynamic coefficients agree very well with 

discrepancies noticeable only at low reduced flow velocities. The results for Sc = 15.6 ~ 53.2 agree well with 

the theoretical predictions, while the accuracy of the predictions decreases for Sc = 9.6 and 12.1. For Sc = 3.7, 

the theoretical predictions deviate significantly from the experimental measurements. Accordingly, the quasi-
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steady theory is capable of accurately simulating the galloping of a square cylinder with Sc > 10. 

Table 1. Polynomial representations of the aerodynamics coefficients 

Cylinder A1 A3 A5 A7 A9 A11 A13 A15 A17 

b/d = 1.0 [43] 4.68 −3.99e2 1.19e4 3.85e5 −2.61e7 5.34e8 −5.28e9 2.58e10 −5.00e10 

b/d = 1.62 [43] 4.82 −2.81e2 3.71e4 −2.40e6 7.21e7 −1.17e9 1.06e10 −5.05e10 9.90e10 

b/d = 2.50 [43] 13.0 −2.56e3 2.09e5 −9.50e6 2.51e8 −3.94e9 3.63e10 −1.81e11 3.76e11 

b/d = 1.0 [44] 5.60 −1.00e3 1.21e5 −8.03e6 2.96e8 −5.80e9 5.33e10 −1.27e11 −6.41e11 

b/d = 2.0 [44] 8.46 3.50e2 1.66e5 −3.26e7 2.09e9 −6.66e10 1.15e12 −1.03e13 3.74e13 
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Figure 3. Comparison of experimental vibration amplitudes and predicted results by quasi-steady theory. 

Data of Sc = 53.2, 28.6, 15.6 originate from [26] and data of Sc = 12.1, 9.6, 3.7 originate from [51]. 

To validate the numerical model for the galloping-based piezoelectric energy harvester given in equation 

(1), the voltage outputs are calculated for the case tested by Yang et al. [54]. Figure 4 compares the 

experimentally obtained and numerically simulated voltage outputs. The aerodynamic coefficients utilize the 

values of Laneville [55] (measured in a turbulent flow with intensity around 6.7% and Re = 33,000) because 

the experiment of Yang et al. [54] is conducted in a turbulent flow. It can be seen that the numerical simulations 

agree satisfactorily with the experimental results. The deviations can be ascribed to the errors of the 

piezoelectric modeling, the errors of the aerodynamic coefficients, the impact of the aerodynamic force 

representation, and the different flow conditions of the experiments of Laneville [55] and Yang et al. [54], etc. 

Considering these possible errors, it is believed that the lumped-parameter model can be used to simulate the 

behavior of the galloping-based piezoelectric energy harvester with reasonable accuracy. Hence, the 

representative electro-aero-mechanical model of equation (1) can be utilized to study the effects of side ratio 

on the performances of galloping-based piezoelectric energy harvesters. 
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Figure 4. Comparison of experimental voltages [54] and predicted results. 

In the following analysis, the mechanical and electrical parameters are m = 0.44 kg/m, ξ0 = 0.13%, d = 

0.015 m, θ = 1.55 mN/V, and Cp = 1.55 mN/V, as considered by Abdelkefi et al. [11]. The effect of the side 

ratio will be investigated for energy harvesters with different electrical load resistances and natural frequencies. 

3. Linear analysis: Effects of side ratio on onset galloping velocity 

The effects of the side ratio and the electrical load resistance on the onset galloping velocity are determined 

from a linear analysis of the coupled aero-electro-mechanical system. It is known that the onset galloping 

velocity is Ur = 4m∗ξ0/A1 for a pure aeroelastic system without the piezoelectric coupling effect [2, 47]. On the 

other hand, the onset galloping velocity for a coupled aero-electro-mechanical system can be determined 

through a complex eigenvalue analysis of the equations of motion. Introducing the following state variables: 

𝐗 = [

𝑋1

𝑋2

𝑋3

] = [
𝑌
𝑌′
𝐼
] (4) 

The dimensionless equations of motion, i.e., equation (3), can be linearized as: 

𝑋1
′ = 𝑋2 (5a) 

𝑋2
′ = −𝑋1 − (2𝜉0 −

𝑈𝑟

2𝑚∗
𝐴1)𝑋2 − 𝑋3 (5b) 

𝑋3
′ =

2𝜉𝐸𝑋2

𝐶𝑝𝑅𝜔0
−

𝑋3

𝐶𝑝𝑅𝜔0
 (5c) 

Equation (5) can be expressed in a matrix form as: 

𝐗′ = 𝐆𝐗 (6a) 

𝐆 =

[
 
 
 
 

0 1 0

−1 −(2𝜉0 −
𝑈𝑟

2𝑚∗
𝐴1) −1

0
2𝜉𝐸

𝐶𝑝𝑅𝜔0
−

1

𝐶𝑝𝑅𝜔0]
 
 
 
 

 (6b) 

The matrix G consists of all parameters that influence the linear stability of the aero-electro-mechanical 
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system. Hence, this matrix can be utilized to study the effects of the side ratio and the electrical load resistance 

on the onset velocity of galloping. 

The three eigenvalues (λj, j = 1 ~ 3) of the aero-electro-mechanical system can be obtained through a 

complex eigenvalue analysis of the matrix G. The first two eigenvalues are similar to those of the traditional 

galloping system without the electromechanical coupling effect. The third eigenvalue, which is always real 

and negative, is due to the electromechanical coupling effect. The first two eigenvalues are a pair of complex 

conjugates, i.e., 𝜆1 = 𝜆2
∗ . The real part of the conjugate pair reflects the damping and the absolute value of 

their imaginary part represents the damped vibration frequency of the coupled system. The stability of the 

linearized system is determined by the real part of the first two eigenvalues: the system is asymptotically stable 

if the real part is negative while it is unstable if the real part is positive. The onset galloping velocity is achieved 

when the real part of the first two eigenvalues becomes zero. 

The experimentally obtained A1 values in [43, 44, 46, 51, 56] are shown in figure 5 as a function of side 

ratio b/d. These results were all measured in a Reynolds number range higher than 10,000, in which the flow 

regime and hence the A1 value is expected to be relatively insensitive to the Reynolds number [44]. The results 

of Blevins [56] and Mannini et al. [46] are collected from several previous studies. The data reviewed by 

Mannini et al. [46] are given as short lines since the data are scattered in a considerable range. It is noted that 

the A1 values of various authors are slightly different, which might be a result of the differences between 

various experiments, e.g., the boundary conditions, the blocking ratios, and the surface roughnesses, as well 

as the uncertainty in calculating the derivative from experimental data. Despite the difference between various 

experimental data, their global trends consistently suggest that A1 increases and hence the onset galloping 

velocity decreases with increasing the side ratio for b/d < 2.5. The A1 value exhibits a sharp change and the 

cylinder becomes stable from galloping at a critical side ratio within 2.5 < b/d < 3.0. 
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Figure 5. Variation of galloping criterion A1 versus side ratio b/d. 
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Figure 6. Variation of onset galloping velocity versus electrical load resistance for energy harvester with 

square cylinder 

Figure 6 shows the variation of onset galloping velocity versus electrical load resistance for the energy 

harvester with a square cylinder calculated by the aerodynamic coefficient of Norberg [43]. Four natural 

frequencies are considered, i.e., f0 = ω0/2π = 5, 10, 15, and 20 Hz, respectively. For an aero-electro-mechanical 

system with very low electrical load resistance, the damping introduced by the piezoelectric coupling effect is 

insignificant and hence the onset velocity should be close to that for a pure aeroelastic system. 

It is noticed from figure 6 that, for each natural frequency, the onset galloping velocity varies remarkably 

with the load resistance. In the range of lower load resistances, the variation of onset flow velocity is small. 

The variation rate increases with increasing the load resistance and the onset velocity achieves a peak value 

within R = 5×104 ~ 5×105. The load resistance corresponding to the highest onset velocity is dependent on the 

natural frequency of the energy harvester. For higher load resistances, the onset velocity reduces and finally 

reaches a value close to that for a system with very low resistance. It is interesting to note that the onset velocity 

becomes less sensitive to the load resistance with increasing the natural frequency. This is because the damping 

ratio introduced by the piezoelectric coupling effect (𝜉𝐸 = 𝜃2𝑅 2𝑚𝜔0⁄  in equation (3)) reduces as f0 = ω0/2π 

becomes larger. It is important to note that the damping due to the piezoelectric coupling cannot be fully 

represented by 𝜉𝐸, especially for a case with 𝐶𝑝𝑅𝜔0 close to or larger than one [31]. However, the overall 

damping effect is inversely proportional to f0 = ω0/2π. 

Figure 7 presents the variation of the onset galloping velocity versus the electrical load resistance for energy 

harvesters with rectangular cylinders of b/d = 0.62, 1.0, 1.62, 2.0, and 2.50. The results are calculated based 

on the A1 values of Norberg [43] or Feero et al. [44], as presented in figure 5. The rectangular cylinders of b/d 

= 0.25 and 3.0 are stable from galloping and hence the results are not presented in figure 7. The natural 

frequency is considered as f0 =10 Hz. It is noted that the onset galloping velocity generally decreases with 
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increasing b/d in the considered range of side ratio. The onset galloping velocity for the cylinder of b/d = 0.60 

is much higher than those for other cylinders, and the results at around R = 104 ~ 106 are not included in this 

figure due to the extremely high onset velocities. For the cylinder of b/d = 1.0, two groups of results are 

available, while these two groups are slightly different due to the different A1 values of Norberg [43] or Feero 

et al. [44]. The onset galloping velocity for b/d = 1.62 is very close to that for b/d = 1.0. Due to the experimental 

differences, the onset velocity for b/d = 1.62 (calculated by the A1 value of Norberg [43]) lies between the two 

groups of results for b/d = 1.0 calculated by the A1 values of [43] and [44]. Finally, the onset velocity for the 

cylinder of b/d = 2.50 is considerably lower than those of other cylinders. The linear analysis suggests that the 

onset galloping velocity of the energy harvester can be decreased by increasing the side ratio, and the lowest 

onset velocity is achieved by a rectangular cylinder with a side ratio of around 2.50. 
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Figure 7. Variation of onset galloping velocity versus electrical load resistance for energy harvesters with 

rectangular cylinders of various side ratios 

4. Nonlinear analysis 

A nonlinear analysis of the coupled aero-electro-mechanical system is performed in this section to 

investigate the effect of the side ratio on the displacement and power output of the galloping-based energy 

harvester. The aerodynamic coefficients adopt the experimental results of Norberg [43] or Feero et al. [44], as 

presented in figure 8. The experimental coefficients are fitted as 17th-order polynomials with Ai listed in table 

1. Energy harvesters with rectangular cylinders of b/d = 1.0, 1.62, 2.0, and 2.5 are considered, while the 

cylinder of b/d = 0.62 is not considered because it is ineffective due to the very high onset galloping velocity. 

Two groups of aerodynamic coefficients are available for the cylinder of b/d = 1.0, and hence the results for 

this side ratio are calculated based on each group of aerodynamic coefficients. The mechanical and electrical 

parameters are the same as those utilized in Section 3 and the natural frequency is considered as f0 =10 Hz. 

The coupled equations of motion are solved numerically by using the Newmark-β method. The simulations 
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were performed by increasing the oncoming flow velocity over the range of 0 to 15 m/s with an incremental 

of 0.2 m/s. At the flow velocity of 0 m/s, the initial dimensionless displacement is set as 0.01 and the initial 

dimensionless velocity and voltage are both zero. The initial displacement at any other flow velocity is set 

equal to the stable displacement of the formerly analyzed velocity to simulate the continuously increasing flow 

velocity. The normalized time step of the simulations is Δτ = 1/100, and the simulation for each flow velocity 

is performed sufficiently long to obtain the steady response of the coupled system. 
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Figure 8. Experimental and fitted aerodynamic coefficients of rectangular cylinders of various side ratios 

(Data from [43], Re = 13,000; Data from [44], Re = 10,000). 

The effects of the electrical load resistance on the transverse displacement and the power output of the 

coupled system are firstly investigated. Figures 9(a, c, e) shows the variations of the dimensionless transverse 

displacements versus the load resistance for energy harvesters with rectangular cylinders of various side ratios. 

Three flow velocities are considered, i.e., U = 4, 8, and 14 m/s. It follows from figure 9(a, c, e) that the 

transverse displacements first decrease and then increase with increasing the load resistance for all side ratios. 

The displacements reach the minimum values when the load resistance is around R = 105 Ω. This can be 

explained by the maximum value of the electromechanical damping in this range of electrical load resistances. 

The transverse displacements for some cases in figure 9(a) are zero since the onset galloping velocities of these 

cases are higher than 4 m/s. At U = 4 m/s, the largest vibration amplitude is achieved by the cylinder of b/d = 

1.62 or 2.0. However, at U = 8 m/s, the largest vibration amplitude is achieved by the cylinder of b/d = 1.0, 

1.62, or 2.0 depending on the load resistance. Finally, at U = 8 and 14 m/s, the largest vibration amplitude is 

always achieved by the cylinder with b/d = 1.0. 

Figures 9(b, d, f) shows the variations of the power outputs versus the load resistance for energy harvesters 

with rectangular cylinders of various side ratios. It is noted that the power outputs for b/d = 2.0 and 2.5 first 

increase with increasing the load resistance and reach the maximum values around R = 105 Ω, after which the 
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power outputs start to decrease. The ranges of load resistances over which the harvested power is higher are 

consistent with the ranges of load resistances over which transverse displacement reaches the minimum. For 

b/d = 1.0 and 1.62 at low flow velocities (e.g., U = 4 m/s), there exist two optimal values of the load resistances 

at which the power outputs reach peak values, while the power outputs are very low between the two optimal 

load resistances. This is induced by the sharp jumps of the vibration amplitude, as shown by the red and green 

lines in figure 9(a). The sharp jumps of the vibration amplitude will be explained later. At U = 4 and 8 m/s, the 

largest power output is achieved by the cylinder of b/d = 2.0 around R = 105 Ω. However, at U = 14 m/s, the 

largest power output is achieved by the cylinder of b/d = 1.0 at the same load resistance. 
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Figure 9. Variation of transverse displacement and power output versus electrical load resistance for energy 

harvesters with rectangular cylinders of various side ratios: (a) and (b) U = 4 m/s, (c) and (d) U = 8 m/s, (e) 

and (f) U = 14 m/s. 
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Figure 10. Bifurcation diagrams for transverse displacements of energy harvesters with rectangular cylinders 

of various side ratios: (a) R = 104 Ω, (b) R = 105 Ω, (c) R = 106 Ω, and (d) R = 107 Ω. 

Figure 10 presents the effects of the side ratio and the load resistance on the transverse displacements of 
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the energy harvesters with rectangular cylinders of various side ratios. The results are given for four load 

resistances, i.e., R = 104, 105, 106, and 107 Ω, respectively. It is noted that both the onset velocity and the slope 

of the bifurcation curve are affected by the side ratio. At low flow velocities, the cylinder of b/d = 1.62 or 2.0 

exhibits the largest transverse displacements. At high flow velocities, the largest transverse displacements are 

always achieved by the cylinder of b/d = 1.0. Although the onset velocities for rectangular cylinders of b/d = 

1.0 and 1.62 are very close, the cylinders exhibit significantly different galloping responses. It is also 

interesting to note that the transverse displacements are lower in the middle range of load resistance values of 

R = 105 Ω, which is consistent with the observations in figure 9(a, c, e). The vibration amplitude for a cylinder 

of b/d = 1.0 or 1.62 exhibits a sharp jump, which occurs due to the hysteresis phenomenon in the variation of 

the vibration amplitude versus the flow velocity. If the simulations were performed by decreasing the oncoming 

flow velocity, the jump of the vibration amplitude would occur at a lower flow velocity. At U = 4 and 8 m/s, 

the vibration belongs to the branches before or after the sharp jump depending on the load resistance. Hence, 

there are sharp jumps in the variation of the vibration amplitude versus the load resistance, as shown in figure 

9(a, c). At U = 14 m/s, the vibrations always belong to the branch after the sharp jump, and hence the vibration 

amplitude varies continuously with the load resistance, as shown in figure 9(e). 

Figures 11 show the variations of power outputs versus flow velocity for the energy harvesters with 

rectangular cylinders of various side ratios. At low flow velocities, the cylinder of b/d = 1.62 or 2.0 exhibits 

the largest transverse displacements. At high flow velocities, the largest transverse displacements are always 

achieved by the cylinder of b/d = 1.0. Therefore, the optimal side ratio of a galloping-based energy harvester 

with a rectangular cylinder is dependent on its working flow velocities. The optimal side ratio is around 1.0 if 

the energy harvester is expected to work at relatively high reduced flow velocities, while the optimal side ratio 

is around 1.62 ~ 2.0 if the energy harvester is expected to start at relatively low reduced flow velocities. 
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Figure 11. Bifurcation diagrams for power outputs of energy harvesters with rectangular cylinders of various 

side ratios: (a) R = 104 Ω, (b) R = 105 Ω, (c) R = 106 Ω, and (d) R = 107 Ω. 

5. Conclusions 

This paper presents a numerical investigation to study the influences of the width-to-height side ratio b/d 

on the piezoelectric energy harvesting from the transverse galloping of a rectangular cylinder. The galloping-

based energy harvester is simulated as a lumped-parameter model, in which the quasi-steady theory is utilized 

to calculate the aerodynamic force. Rectangular cylinders of b/d = 0.62, 1.0, 1.62, 2.0, and 2.50 are considered. 

Rectangular cylinders with side ratios out of the considered range are ineffective since they have very high 

onset galloping velocities or they are stable from galloping. Due to the limitation of the quasi-steady theory, 

the results of this paper should be limited to energy harvesters with relatively large mass ratios (between 

structure and displaced fluid) and high onset reduced velocities. 

A linear analysis is presented to study the effects of the side ratio and the load resistance on the onset 

galloping velocity of the coupled system. The results show that the onset velocity of galloping is dependent on 

the load resistance while the dependency becomes less significant with increasing the natural frequency of the 

energy harvester. The onset galloping velocity of the energy harvester can be decreased by increasing the side 

ratio, and the lowest onset velocity is achieved by a rectangular cylinder with a side ratio of around 2.50. 

A nonlinear analysis of the coupled system is performed to investigate the effect of the side ratio on the 

displacement and power output of the galloping-based energy harvester. At low flow velocities, the largest 

vibration amplitude is achieved by the cylinder of b/d = 1.62 or 2.0, and the optimal side ratio for energy 

harvesting lies within or around this range. However, at higher flow velocities, the largest vibration amplitude 

is always achieved by the cylinder with b/d = 1.0, and the maximum harvested power is achieved by this side 

ratio. In conclusion, the optimal side ratio for energy harvesting is around 1.0 if the harvester is expected to 

work at relatively high reduced flow velocities, while the optimal side ratio is around 1.62 ~ 2.0 if the harvester 
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is expected to be effective at relatively low reduced flow velocities. These conclusions can help in the designing 

of a galloping-based energy harvester with a rectangular cylinder as the bluff body. 
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