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Abstract 

This study investigates the effects of the Reynolds number on the piezoelectric energy harvesting from vortex-

induced vibrations (VIV) of a circular cylinder. The VIV-based piezoelectric energy harvester is simulated by 

a representative electro-aero-mechanical model, in which the aerodynamic force is represented by a model 

with amplitude-dependent aerodynamic parameters and an aerodynamic damping envelope model. The 

amplitude-dependent aerodynamic parameters at two typical Reynolds numbers are identified based on free 

vibration experiments and forced vibration numerical simulations, respectively. The aerodynamic damping 

envelope over a Reynolds number range of 500 ~ 33000 are identified based on the Reynolds number-

dependent Griffin plot. Wind tunnel experiments are carried out to verify the accuracy of the electro-aero-

mechanical model for the VIV-based piezoelectric energy harvester. A parametric study is then performed to 

investigate the Reynolds number effects on the bifurcation diagrams and maximum power output of a VIV-

based piezoelectric energy harvester. It is demonstrated that the Reynolds number affects not only the levels 

of the harvested power, but also the global branches of the bifurcation diagram. The results also show that the 

performance of a VIV-based piezoelectric energy harvester is more sensitive to the Reynolds number for a case 

with low mechanical damping ratio. 
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Nomenclature  

A Vibration amplitude 

Amax Peak amplitude in the lock-in range 

𝐶𝐿
′  Fluctuating lift coefficient 

Cp Capacitance 

D Cylinder diameter 

Fy Aerodynamic force in cross-flow direction 

𝐻1
∗ Aerodynamic damping parameter 

𝐻4
∗ Aerodynamic stiffness parameter 

𝐻1,𝑚𝑎𝑥
∗  Aerodynamic damping envelope 

I Current 

m Mass per unit length (including structural mass and fluid added mass) 

ma = πρD2/4 Potential fluid added mass 

R Electrical load resistance 

Re = ρUD/μ Reynolds number 

St Strouhal number 

U Wind speed 

Ur = 2πU/ω0D Reduced wind speed 

V Voltage 

y Vertical displacement 

ρ Fluid mass density 

ω0 Natural frequency in rad/s 

ξ0 Mechanical damping ratio 

α = mξ0/ma Mass-damping parameter 

μ Viscosity 

θ Electromechanical coupling coefficient 
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1. Introduction 

Energy harvesting technology has been recognized as a promising energy supplement to power 

low-energy consumption devices, e.g. wireless sensor networks, micro-electromechanical systems, 

and sensors on unmanned aerial vehicles, etc. [1-3]. Towards energy harvesting from ambient 

vibrations, various efforts have been paid to broaden the effective bandwidth of vibration energy 

harvesting, such as the using of multi-degree-of-freedom structures, employing mechanical 

nonlinearities, or combining some different energy harvesting principles including piezoelectric [4-

6], electromagnetic [7], electrostatic [8, 9], triboelectric [10], and their combinations [11, 12].  

Wind and water flow are ubiquitous sources in nature that have already been recognized as 

important renewable energy resources [13-15]. Traditional methods using windmill-like turbo-

machineries or water turbines to collect energy from wind or water have proved that it is reasonable 

to scavenge high-speed flow energy [16, 17]. In addition, flow-induced vibrations (FIVs) are quite 

good ways to convert flow energy, particularly low-speed flow energy into mechanical vibratory 

energy which can be well employed during the design of energy harvesters [18-21]. 

Energy harvesting from FIVs is realized mainly based on three common aerodynamic 

phenomena, i.e., vortex-induced vibrations, galloping, and flutter [22-27]. For galloping and flutter, 

it is beneficial to obtain considerable energy due to the self-excited vibration characteristics that 

can cause a quite high amplitude, that is, after a threshold value of flow velocity, the energy 

harvester can vibrate dramatically and produce a considerable amount of energy [28-31]. 

Unfortunately, one must consider the issue that it is quite difficult to avoid a galloping or flutter-

based energy harvester being damaged due to too large vibratory amplitude if the flow speed cannot 

be well controlled in a specific region. Fortunately, VIV-based energy harvesting can exactly 

overcome the aforementioned issue because of the existence of the “lock-in” or “synchronization” 

phenomenon, that is, when the flow-speed reaches a threshold value, the vortex-induced vibration 

enters into a resonance-liked stage where the shedding frequency is locked with the natural 

frequency of the system. Besides, when the flow speed increases beyond the lock-in range, the 

vibration suppresses immediately. In other words, a VIV-based energy harvester can exactly work 

as a self-protection system that can adapt the severe weather conditions [32]. 

Despite large progress on VIV-based energy harvesting, the effect of Reynolds number (Re = 

ρUD/μ, ρ is the fluid density, U is the flow velocity, D is the cylinder diameter, μ is the viscosity) on 
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the performance of a VIV-based energy harvester has seldom been evaluated. It is well-known that 

the flow regime around a circular cylinder is highly dependent on the Reynolds number. Achenbach 

and Heinecke [33] identified the laminar, subcritical, and critical flow regimes based on visual 

observation and changes in Strouhal number (St). A more detailed classification of the flow regime 

around a circular cylinder versus Reynolds number was later proposed by Zdravkovich [34]. 

Norberg [35] collected experimental measurements of Strouhal number and fluctuating lift 

coefficient (𝐶𝐿

′
) in a wide range of Reynolds number, and further proposed empirical formulas to 

describe the dependence of St and 𝐶𝐿

′
 on Re, as presented in Fig. 1. 
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Fig. 1. Strouhal number St and fluctuating lift coefficient 𝐶𝐿
′

 in laminar, subcritical, and critical 

regimes (from Norberg [35]). 

Due to the Reynolds number effect on the fluid-elastic effect (e.g., St, 𝐶𝐿

′
, and fluid-elastic 

force), the VIV response of a circular cylinder is also largely affected by the Reynolds number [36-

38]. Typical VIV responses of lightly damped circular cylinders in the laminar and subcritical 

regimes are presented in Fig. 2. The results for Re = 4000 originated from the experiments of 

Govardhan and Williamson [36], while those for Re = 90 ~ 150 were obtained from the experiments 

of Anagnostopoulos and Bearman [39]. It is demonstrated that the Reynolds number affects not 

only the vibration amplitudes but also the global response behavior. In the subcritical regime, the 

response consists of three branches, i.e., the initial, upper, and lower branches; however, in the 

laminar regime, the response only consists of the initial and lower branches. The smaller lock-in 

range for Re = 90 ~ 150 is due to the higher mass-damping parameter and lower Reynolds number. 

The upper branch in the subcritical regime diminishes with increasing the mass-damping parameter 
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of the circular cylinder. 
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Fig. 2. Dimensionless VIV amplitudes in laminar regime (Re = 90 ~ 150 [39]) and subcritical regime 

(Re = 4000 [36]); open markers: initial branch; half-open markers: upper branch; solid markers: lower 

branch. 

This paper presents a numerical investigation to study the influence of the Reynolds number on 

the piezoelectric energy harvesting from vortex-induced vibrations of circular cylinders. A recently-

developed aerodynamic damping envelope model [40, 41] is used to simulate the vortex-induced 

force. The aerodynamic damping envelope model is then implemented into a lumped-parameter 

model describing the coupled aero-electro-mechanical system of the VIV-based energy harvester. 

Wind tunnel experiments are conducted to validate the accuracy of the lumped-parameter model 

and to estimate the power output of the energy harvester. Aerodynamic parameters of the 

aerodynamic damping envelope model over a Reynolds number range of 500 ~ 33000 are identified 

based on the modified Griffin plot proposed in [38]. The performance of a VIV-based piezoelectric 

energy harvester is then evaluated in this Reynolds number range based on the simulated aero-

electro-mechanical system. 

The subsequent parts of this work are organised as follows. The aerodynamic damping envelope 

model for VIV and the lumped-parameter model for a VIV-based piezoelectric energy harvester are 

described in Section 2. The accuracy of the electro-aero-mechanical model is verified by wind 

tunnel experiments in Section 3. The effect of Reynolds number on the performance of a VIV-based 

piezoelectric energy harvester is examined in Section 4. The main conclusions are summarized in 

Section 5. 
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2. Mathematical modeling of a VIV-based piezoelectric energy harvester 

2.1. Aerodynamic damping model for VIV 

An elastically-mounted circular cylinder immersed in two-dimensional flow is schematically 

shown in Fig. 3, in which m denotes the mass per unit span length (including the structural mass 

and potential fluid added mass), k represents the spring stiffness constant, c is the mechanical 

damping coefficient, U is the mean wind speed, D is the diameter of the cylinder, Fx and Fy denote 

the aerodynamic forces in the streamwise and cross-flow directions, respectively. The VIV of a 

circular cylinder with a relatively large mass ratio (between cylinder and displaced fluid) is often 

dominated by the vertical (i.e., cross-flow) vibration. The governing equation for the vertical VIV 

of the circular cylinder can be expressed as [32, 42]: 

𝑚(�̈� + 2𝜉0𝜔0�̇� + 𝜔0
2𝑦) = 𝐹𝑎𝑖𝑟(𝑈𝑟, �̇�, 𝑦, 𝑅𝑒) (1) 

where y represents the vertical displacement; the overdot represents the derivative with respect to 

time t; ω0 = (k/m)0.5 is the natural frequency of the cylindrical structure; ξ0 = c/(2mω0) denotes the 

mechanical damping ratio; Ur = 2πU/ω0D is the reduced wind speed; Fair = Fy is the aerodynamic 

force in the cross-flow direction, which is a function of Ur, y, �̇� and Re. 

 

Fig. 3. Schematic diagram of a circular cylinder in two-dimensional flow. 

An appropriate expression for the aerodynamic force Fair is of great significance to accurately 

evaluate the VIV response. Several semi-empirical approaches are available for the prediction of 

VIV, e.g., the two-degree-of-freedom wake oscillator model [43, 44], and the single-degree-of-

freedom model [40, 45] in which the aerodynamic force is decomposed into an aerodynamic 

stiffness component in phase and an aerodynamic damping component in quadrature with the time-

varying displacement. A physical sound single-degree-of-freedom modeling scheme is to simulate 
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the nonlinear aerodynamic force with an amplitude-dependent function of the time-varying 

displacement and velocity of the cylinder (e.g., [45-48]). Recently, Zhang et al. [42] showed that a 

model of this type can satisfactorily predict the VIV amplitudes of a circular cylinder in a wide 

range of mass-damping parameters. Following their model, the aerodynamic force can be expressed 

as: 

𝐹𝑎𝑖𝑟 = 0.5𝜌𝑈2𝐷 [
2𝜋

𝑈𝑟
𝐻1

∗(𝐴, 𝑈𝑟, 𝑅𝑒)
�̇�

𝑈
+

4𝜋

𝑈𝑟
2

2

𝐻4
∗(𝐴, 𝑈𝑟 , 𝑅𝑒) 𝑦 + 𝐶𝐿(𝑈𝑟, 𝑅𝑒) 𝑠𝑖𝑛( 𝜔𝑠𝑡 + 𝜙)] (2) 

where ρ is the air density; A represents the amplitude of the non-dimensional displacement y/D; 

𝐻1
∗ and 𝐻4

∗ are amplitude-dependent aerodynamic damping and stiffness parameters, respectively; 

CL is a parameter to characterize the forcing term in the aerodynamic force; ωs = 2πStU/D and ϕ 

are the shedding frequency and initial phase of the forcing term, respectively.  

For lock-in responses with large-amplitude vibrations, the forcing term in the aerodynamic 

force is negligible [45]. Besides, if the mass ratio between the cylinder and displaced air is large 

(e.g., of order 10 or 100), the effect of the aerodynamic stiffness term on the VIV response becomes 

insignificant. As a result, the forcing term and aerodynamic stiffness term can be removed to 

simplify equation (2): 

𝐹𝑎𝑖𝑟 = 0.5𝜌𝑈2𝐷 [
2𝜋

𝑈𝑟
⋅ 𝐻1

∗(𝐴, 𝑈𝑟 , 𝑅𝑒)
�̇�

𝑈
] (3) 

The governing equation of the elastically-mounted rigid cylinder, i.e., equation (1), is then 

formulated as: 

𝑚(�̈� + 2𝜉0𝜔0�̇� + 𝜔0
2𝑦) = 0.5𝜌𝑈2𝐷 [

2𝜋

𝑈𝑟
⋅ 𝐻1

∗(𝐴, 𝑈𝑟 , 𝑅𝑒)
�̇�

𝑈
] (4) 

By moving the left-hand term of equation (4) to the right-hand side, it becomes: 

�̈� +
2𝑚𝑎𝜔0

𝑚
[𝛼 −

1

𝜋
𝐻1

∗(𝐴, 𝑈𝑟 , 𝑅𝑒)] �̇� + 𝜔0
2𝑦 = 0 (5) 

where α = mξ0/ma is a dimensionless mass-damping parameter defined by [49] and ma = πρD2/4 is 

the potential fluid added mass. 

As noticed from equation (5), two important parameters that dominate the VIV initiation and 

amplitude of a circular cylinder are α and 𝐻1
∗(𝐴, 𝑈𝑟 , 𝑅𝑒). Figure 4(a) schematically presents the 

dimensionless VIV amplitudes for a specific Re at three mass-damping conditions α. The peak VIV 

amplitudes Amax for α = α1, α2, and α3 occur at reduced wind speeds of Ur, 1, Ur, 2, and Ur, 3, 

respectively. The 𝐻1
∗ curves at Ur, 1, Ur, 2, and Ur, 3 are schematically illustrated in Fig. 4(b). 



 

7 

 a = a1

 a = a2

 a = a3

Ur, 3
 

Ur, 2
 

Ur, 1
 

D
im

en
si

o
n
le

ss
 a

m
p
li

tu
d
e

Reduced wind speed 

a1

a2

 Ur, 1  Ur, 2  Ur, 3

H *
1, max

H
 * 1

/p

Dimensionless amplitude

a3

 

                     (a)                                      (b) 

Fig. 4. Schematic diagrams of (a) dimensionless VIV amplitudes at three mass-damping conditions α 

and (b) amplitude-dependent aerodynamic damping parameter 𝐻1
∗(𝐴, 𝑈𝑟) and aerodynamic damping 

envelope 𝐻1,𝑚𝑎𝑥
∗ (𝐴) (blue line) for a specific Re. The peak VIV amplitudes Amax at three α are 

highlighted by solid markers in (a). 

On the other hand, in order to obtain the maximum power output of a VIV-based energy 

harvester in the lock-in range, it is beneficial to have a representative model that can directly 

evaluate the peak VIV amplitude within the lock-in range of a cylinder. For this purpose, the upper 

envelope of 𝐻1
∗(𝐴, 𝑈𝑟) at various reduced flow velocities can be merged into a 𝐻1,𝑚𝑎𝑥

∗ (𝐴) curve, 

as highlighted by a blue line in Fig. 4(b). It should be mentioned that the purpose of Fig. 4(b) is to 

illustrate how to determine 𝐻1,𝑚𝑎𝑥
∗ (𝐴)  based on the 𝐻1

∗(𝐴, 𝑈𝑟)  schematically. Practically, it is 

necessary to have the 𝐻1
∗(𝐴, 𝑈𝑟) at more reduced flow velocities (i.e., densely distributed in the 

lock-in range). As the upper boundary of 𝐻1
∗(𝐴, 𝑈𝑟), 𝐻1,𝑚𝑎𝑥

∗ (𝐴) represents the variation of the 

largest negative aerodynamic damping in the lock-in range versus vibration amplitude. 

Zhang et al. [40, 41] showed that equation (6) can be utilized as a simplified aerodynamic force 

model to conveniently calculate the peak VIV amplitudes Amax of a circular cylinder with different 

mass-damping conditions α: 

𝐹𝑎𝑖𝑟 = 0.5𝜌𝑈2𝐷 [
2𝜋

𝑈𝑟
⋅ 𝐻1,𝑚𝑎𝑥

∗ (𝐴, 𝑅𝑒)
�̇�

𝑈
] (6) 

Equation (6) is referred to as the aerodynamic damping envelope model by Zhang et al. [40], 

and 𝐻1,𝑚𝑎𝑥
∗ (𝐴) is the aerodynamic damping envelope. The following equation can be employed 

to calculate the peak VIV amplitudes in the lock-in range of a circular cylinder at various α and Re. 

𝑚(�̈� + 2𝜉0𝜔0�̇� + 𝜔0
2𝑦) = 0.5𝜌𝑈2𝐷 [

2𝜋

𝑈𝑟
⋅ 𝐻1,𝑚𝑎𝑥

∗ (𝐴, 𝑅𝑒)
�̇�

𝑈
] (7) 

It should be highlighted that the aerodynamic parameter 𝐻1
∗(𝐴, 𝑈𝑟, 𝑅𝑒)  in the model of 
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equation (3) is a function of the reduced flow velocity, and hence the model can be utilized to 

predict the VIV amplitudes at various reduced flow velocities in the entire lock-in range. On the 

other hand, the aerodynamic parameter 𝐻1,𝑚𝑎𝑥
∗ (𝐴, 𝑅𝑒) in the model of equation (6) is independent 

of the reduced flow velocity since the model is developed to conveniently evaluate the peak VIV 

amplitude without calculating the VIV amplitudes in the entire lock-in range. 

As discussed by Zhang et al. [41], 𝐻1
∗(𝐴, 𝑈𝑟) for a specific Re can be extracted according to 

the VIV displacement signals (grow-to-resonance and/or decay-to-resonance) at a single mass-

damping parameter α. For a specific Re, once 𝐻1
∗(𝐴, 𝑈𝑟) are available in the interested ranges of 

A and 𝑈𝑟, 𝐻1,𝑚𝑎𝑥
∗ (𝐴) could be then obtained through the least square fitting based on the upper 

boundary of 𝐻1
∗(𝐴, 𝑈𝑟) , as illustrated in Fig. 4(b). However, to identify the aerodynamic 

parameters at different Re by this method, a huge amount of experimental work is required to obtain 

the experimental VIV signals at various Re. 

A more practical method is to identify 𝐻1,𝑚𝑎𝑥
∗ (𝐴, 𝑅𝑒) based on the Griffin plot (i.e., peak VIV 

amplitude Amax versus mass-damping parameter α) at various Re. At the peak VIV amplitude, the 

energy absorbed from flow is completely dissipated by mechanical damping. Hence, the equivalent 

negative aerodynamic damping ratio is equal to the mechanical damping ratio. Accordingly, for a 

specific α and Re, 𝐻1,𝑚𝑎𝑥
∗  at the peak VIV amplitude can be obtained according to equation (7) as: 

𝐻1,𝑚𝑎𝑥
∗ (𝐴𝑚𝑎𝑥) = 𝜋𝛼 (8) 

Govardhan and Williamson [36] systematically collected the experimental VIV steady-state 

amplitudes reported before 2006. They showed that, over the range of Re = 500 ~ 33000, the peak 

VIV amplitudes Amax can be approximated as: 

𝐴𝑚𝑎𝑥 = (1 − 1.12𝛼 + 0.30𝛼2) 𝑙𝑜𝑔( 0.41 𝑅𝑒0.36)

= (1 − 1.12
𝐻1,𝑚𝑎𝑥

∗

𝜋
+ 0.30

(𝐻1,𝑚𝑎𝑥 
∗ )2

𝜋2
) 𝑙𝑜𝑔( 0.41 𝑅𝑒0.36) = 𝑔(𝐻1,𝑚𝑎𝑥

∗ , 𝑅𝑒) 

(9) 

According to equation (9), 𝐻1,𝑚𝑎𝑥
∗  can be approximated as: 

𝐻1,𝑚𝑎𝑥
∗ = 𝑔−1(𝐴𝑚𝑎𝑥, 𝑅𝑒) (10) 

For each specific Re, an amplitude-dependent 𝐻1,𝑚𝑎𝑥
∗  function can be obtained from equations 

(9) and (10). It should be noted that the applicability of equation (10) should be limited within Re 

= 500 ~ 33000. Fortunately, this covers the interested Re range for a lot of practical VIV-based 
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energy piezoelectric harvesters. The only purpose of introducing equations (8) ~ (10) is to identify 

the 𝐻1,𝑚𝑎𝑥
∗ (𝐴)  curves at various Re. The identified 𝐻1,𝑚𝑎𝑥

∗ (𝐴)  curves can be used as input 

aerodynamic parameters to calculate the displacement responses and output power values of an 

energy harvester at various Re and α. 

To check the validity of the 𝐻1,𝑚𝑎𝑥
∗  calculated by equation (10), the peak VIV amplitudes of 

an elastically-mounted circular cylinder are predicted by the aerodynamic model at Re = 4000 and 

12000, as presented in Fig. 5 together with available experimental measurements by Govardhan 

and Williamson [36]. It is noted that the predicted peak VIV amplitudes agree very well with the 

experimental measurements, suggesting that the 𝐻1,𝑚𝑎𝑥
∗   can be accurately calculated from 

equation (10). 
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Fig. 5. Verification of 𝐻1,𝑚𝑎𝑥
∗  calculated by equation (10): comparison of experimental [36] and 

predicted peak VIV amplitudes. 

2.2. Estimation of the harvested power  

As shown in Fig. 6, a typical VIV-based piezoelectric energy harvester consists of a circular 

cylinder, a cantilever beam, and a piezoelectric transducer bonded at the root of the beam. Vibration 

of the beam can be excited by the aerodynamic force acting on the circular cylinder, which leads 

to power generation by the piezoelectric transducer. The lumped-parameter model for the aero-

electro-mechanical system can be expressed as [22, 23, 50]: 

𝑚(�̈� + 2𝜉0𝜔0�̇� + 𝜔0
2𝑦) + 𝜃𝑉(𝑡) = 𝐹𝑎𝑖𝑟(𝑡) (11a) 

𝐼(𝑡) + 𝐶𝑝�̇�(𝑡) − 𝜃�̇�(𝑡) = 0 (11b) 

where m is the equivalent mass of the VIV-based piezoelectric energy harvester, y denotes the 

transverse displacement of the circular cylinder, V is the generated voltage, Cp is the capacitance 
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measured experimentally, I = V/R represents the current flowing into the interface circuit, R is the 

electrical load resistance, θ represents the electromechanical coupling coefficient. 

 

Fig. 6. Schematic implementation of a VIV-based piezoelectric energy harvester. 

Substituting equation (3) into equation (11a), the resulting equation (12) can be utilized together 

with equation (11b) to calculate the VIV responses and power outputs in the entire lock-in range: 

𝑚(�̈� + 2𝜉0𝜔0�̇� + 𝜔0
2𝑦) + 𝜃𝑉(𝑡) = 0.5𝜌𝑈2𝐷 [

2𝜋

𝑈𝑟
⋅ 𝐻1

∗(𝐴, 𝑈𝑟 , 𝑅𝑒)
�̇�

𝑈
] (12) 

Substituting equation (6) into equation (11a), the resulting equation (13) can be utilized together 

with equation (11b) to obtain the peak VIV amplitude and peak power output in the lock-in range: 

𝑚(�̈� + 2𝜉0𝜔0�̇� + 𝜔0
2𝑦) + 𝜃𝑉(𝑡) = 0.5𝜌𝑈2𝐷 [

2𝜋

𝑈𝑟
⋅ 𝐻1,𝑚𝑎𝑥

∗ (𝐴, 𝑅𝑒)
�̇�

𝑈
] (13) 

3. Validation of equivalent electro-aero-mechanical model 

3.1. Wind tunnel experiments 

Wind tunnel experiments are carried out to determine the accuracy of the electro-aero-

mechanical model for the VIV-based piezoelectric energy harvester developed in Section 2. A wind 

tunnel with round cross-section (diameter = 0.40 m) is utilized to test the performance of a VIV-

based piezoelectric energy harvester. As presented in Fig. 7(a), the wind tunnel can generate stable 

incoming flow by installing a honeycomb structure inside the settling chamber, as shown in Fig. 

7(c). The wind speed is adjustable in the range of 0 ≤ U ≤ 7 m/s, and the freestream turbulent 

intensity is measured to be lower than 0.5%. A piezoelectric patch (PZT-5, Jiayeshi.co., China) of 

37 × 11 × 0.6 mm3 is bonded on a substrate made of pure aluminium in a dimension of 200 × 25 × 

0.5 mm3 to form the piezoelectric cantilever beam. The capacitance of the piezoelectric transducer 

Cp is 26.0 nF. A circular cylinder is connected at the free end of a piezoelectric cantilever beam, as 

shown in Fig. 7(b). The circular cylinder is a 0.118 m-long hard foam with a diameter of 0.032 m. 
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The mechanical damping ratio ξ0 of the piezoelectric harvester can be calculated according to the 

free vibration decay response in still air using the logarithmic decrement technique. A hot-wire 

anemometer (Model: 405i, Testo Co, USA) is adopted to measure the wind velocity U. The voltage 

output of the harvester is measured by a digital oscilloscope (Model: DS1104S, RIGOL, China). 

Main parameters of the prototype in the present experiments are listed in Table 1. The Reynolds 

number range of the present experiments is Re = 4000 ~ 6000, and the peak VIV amplitude occurs 

at Re ≈ 5000. 

 

Fig. 7. Experiments setup: (a) wind tunnel; (b) VIV-based piezoelectric energy harvester; 

(c) the settling chamber. 

 

 

Table 1. Parameters of VIV-based piezoelectric energy harvester. 

Property Value 

Equivalent mass m (g) 3.5  

Mechanical damping ratio ξ0 0.010 

Natural frequency ω0 (rad/s) 55.79  

Capacitance Cp (nF) 26  

Electromechanical coupling coefficient θ (N/V) 6.6e-6 
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To identify the aerodynamic parameters 𝐻1
∗, the VIV grow-to-resonance signals are recorded 

at various wind speeds. Some examples are presented in Fig. 8. For a specific reduced flow velocity 

Ur, the amplitude-dependent damping ratio ξ(A/D) of a grow-to-resonance displacement signal can 

be identified with the algorithm developed by Zhang and Xu [51]. The equivalent aerodynamic 

damping ratio can be expressed as: 

𝜉𝑎𝑒𝑟𝑜(𝐴 𝐷⁄ ) = 𝜉(𝐴 𝐷⁄ ) − 𝜉0 (14) 

𝐻1
∗ at this reduced wind speed is then obtained as: 

𝐻1
∗ =

4𝑚𝜉𝑎𝑒𝑟𝑜(𝐴 𝐷⁄ ) 

𝜌𝐷2
 (15) 
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Fig. 8. VIV responses of a VIV-based piezoelectric energy harvester. black line: experimental 

displacement history; red line: time-varying amplitude of simulated displacement history. 

 

 

𝐻1
∗ for various Ur are identified based on the grow-to-resonance signals, as presented in Fig. 9. 

The identified 𝐻1
∗ can be used as input aerodynamic parameters for equation (12) to calculate the 

displacement responses and output power values of the VIV-based piezoelectric energy harvester 

at various reduced wind speeds. 



 

13 

0.0 0.2 0.4 0.6 0.8
0

1

2

3

4

5

6
 Ur = 1.82  Ur = 1.96

 Ur = 2.10  Ur = 2.24

 Ur = 2.37  Ur = 2.78

 Ur = 2.51  Ur = 2.65

 

 

H
 * 1

Dimensionless amplitude  

Fig. 9. Experimentally identified 𝐻1
∗ of a VIV-based piezoelectric energy harvester. 

3.2. Comparison between experimental and simulated results 

The plotted curves in Fig. 8 compare the experimental and simulated VIV displacement time-

histories to verify the aerodynamic force model described in Section 2.1. Results of three reduced 

wind speeds, i.e., near the onset threshold, in the middle of the lock-in range, and near the end 

threshold, are presented. It is noted that the time-varying amplitudes of simulated displacement 

histories agree very well with the experimental results, for both amplitude-increasing stage and 

steady-state stage.  

To validate the representative model for the aero-electro-mechanical system described in 

Section 2.2, the experimental and simulated VIV amplitudes and power outputs of the piezoelectric 

energy harvester are compared. Figure 10 compares the experimentally measured and simulated 

power outputs versus load resistance at a reduced wind speed of Ur = 5.91. The prediction error is 

smaller than 5% for most load resistances, while the error is higher than 15% for R = 100, 3000 

and 50000 kΩ. This should be mainly due the errors of the identified aerodynamic, mechanical, 

and electrical parameters. Figure 11 compares the experimentally measured and simulated VIV 

amplitudes and power outputs versus the reduced wind speed in the lock-in range. The average 

power is calculated using Joule's law in conjunction with Ohm's law: average power = RMS voltage 

× RMS voltage/load resistance (RMS: root mean square). It is noted that the simulated results agree 

quite well with the experimental measurements. Indeed, both the optimal load resistance and power 

outputs in the lock-in range can be satisfactorily produced by the representative electro-aero-

mechanical model. The comparisons confirm that this model can be utilized to simulate the 

behavior of the VIV-based piezoelectric energy harvester with reasonable accuracy. Hence, the 
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representative electro-aero-mechanical model of equation (12) can be utilized to study the effect of 

Reynolds number on the performance of VIV-based piezoelectric energy harvesters. 
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Fig. 10. Validation of the representative electro-aero-mechanical model: average power versus load 

resistance. 
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Fig. 11. Comparative bifurcation diagrams between experimental measurements and developed 

model: (a) dimensionless VIV amplitude versus reduced wind speed and (b) average power versus 

reduced wind speed. Red line: results simulated by equation (12) with experimentally identified 𝐻1
∗; 

green star: results simulated by equation (13) with 𝐻1,𝑚𝑎𝑥
∗  calculated based on equation (10). 

As stated earlier, the maximum VIV amplitude (and hence the maximum power output) of the 

present experiments occurs at Re ≈ 5000. 𝐻1,𝑚𝑎𝑥
∗  for Re = 5000 is calculated based on equation 

(10) and then substituted into equation (13) to calculate the maximum VIV amplitude and 

maximum power output. As presented in Fig. 11, the resulting maximum dimensionless amplitude 

and maximum power output are 0.66 and 9.99 mW, respectively, which agree well with the 

experimental values (0.69 and 9.51 mW, respectively). The agreements suggest that equation (10) 

can be used to calculate the aerodynamic damping envelope, and hence equation (13) is applicable 

to calculate the maximum VIV amplitude and maximum power output of a VIV-based piezoelectric 
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energy harvester at various Reynolds numbers. 

4. Effect of Re on performance of a VIV-based piezoelectric energy harvester 

4.1. Effect of Re on power output in the lock-in range 

In order to demonstrate the Reynolds number effect on the levels of the harvested power of a 

VIV-based piezoelectric energy harvester in the lock-in range, the power outputs at three typical 

Reynolds numbers, i.e., Re = 100 in the laminar regime, and Re = 4000 ~ 6000 and Re = 10000 in 

the subcritical regime will be calculated based on the representative electro-aero-mechanical model 

of equation (12). The aerodynamic damping parameters 𝐻1
∗ for Re = 4000 ~ 6000 are identified 

from the experiments in Section 3, as presented in Fig. 9. The 𝐻1
∗ for Re = 10000 are constructed 

from the forced vibration experiments of [52], as shown in Fig. 12(a). 
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                      (a)                                     (b)  

Fig. 12. 𝐻1
∗ of a circular cylinder: (a) Re = 10000 and (b) Re = 100. 

The 𝐻1
∗ for Re = 100 are identified based on the computational simulation procedure developed 

in [47, 48]. Forced vibration numerical simulations (two-dimensional unsteady Reynolds-Averaged 

Navier–Stokes simulations) are conducted based on the commercial program ANSYS FLUENT. 

The computational domain and boundary conditions are schematically shown in Fig. 13(a). The 

computational domain extends upstream and downstream the circular cylinder by 10d. Around the 

circular cylinder, refined quadrilateral cells are generated with an initial thickness of 0.03 mm at 

the tube surface and a growth factor of 1.15 along the radial direction until the 20th layer. 

Unstructured grids are used for the rest of the computational domain. The total grid number is 

45626, which is proved to be enough according to a sensitivity study of mesh dependency. Figure 

13(b) presents a partial view of the mesh around the tube surfaces. The time step length is selected 

according to a sensitivity study, which proves that a time step of 0.005 s is sufficient to ensure the 
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simulation. The simulated 𝐻1
∗ are given in Fig. 12(b). 

 

(a) 

 

(b) 

Fig. 13. Numerical simulation of a circular cylinder: (a) computational domain and boundary 

conditions and (b) mesh details around the circular cylinder. 

The aerodynamic parameters 𝐻1
∗  for Re = 100, Re = 4000 ~ 6000, and Re = 10000 are 

substituted into the representative electro-aero-mechanical model of equation (12) to calculate the 

displacement responses and power outputs of the VIV-based piezoelectric energy harvester in the 

lock-in range. The mass, damping, and electrical parameters for the VIV-based piezoelectric energy 

harvester are the same as those given in Table 1. The performances of the VIV-based piezoelectric 

energy harvester at three different Reynolds numbers are given in Fig. 14. It is noted that the 

Reynolds number affects not only the values, but also the global branches of the power output. The 

maximum power output at Re = 100 is about 6.62 mW, while that at Re = 4000 ~ 6000 and Re = 

12000 are about 9.51 and 14.4 mW, respectively. The effective wind range for power harvesting is 

also affected by the Reynolds number. Similar to the VIV responses for Re = 90 ~ 150 given in Fig. 
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1, the results for Re = 100 in the laminar regime consists of an initial branch and a lower branch. 

The results in the subcritical regime are supposed to include three branches, i.e., the initial, upper, 

and lower branches. The upper branches are not clear for the two cases (Re = 4000 ~ 6000 and Re 

= 10000) due to the limited available reduced wind speeds. However, according to [36], the results 

with dimensionless amplitude higher than 0.6 belong to the upper branch. Therefore, the results for 

Re = 4000 ~ 6000 and Re = 10000 both include three branches. These observations highlight the 

necessity to consider the Reynolds number effect in the design of a VIV-based piezoelectric energy 

harvester. For a specific VIV-based piezoelectric energy harvester, several measures (e.g., 

increasing the surface roughness, the diameter, and the natural frequency) could be adopted to 

increase its working Reynolds number range. 
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Fig. 14. Performances of a VIV-based piezoelectric energy harvester at three different Reynolds 

numbers: (a) dimensionless VIV amplitude versus reduced wind speed and (b) average power versus 

reduced wind speed. 

Figure 15 presents the performances of the VIV-based piezoelectric energy harvester at various 

load resistances R for Re = 4000 ~ 6000 and Re = 10000. The results of the VIV amplitudes are not 

shown since they are only slightly affected by the load resistance. It is noted that the optimal load 

resistance is not affected by the reduced wind speed because it depends on the capacitance and 

natural frequency of the system which are considered constant in this study. The lock-in range is 

insignificantly affected by the load resistance in the considered range, which agrees with the 

observations in Wang et al. [50]. 
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Fig. 15. Performances of a VIV-based piezoelectric energy harvester at various load resistances: (a) Re 

= 4000 ~ 6000 and (b) Re = 10000. 

4.2. Effect of Re on maximum power output 

After highlighting the effect of Reynolds number on the performance of a VIV-based 

piezoelectric energy harvester in Section 4.1, the effect of Reynolds number on the maximum 

harvested power output is examined in this section. The representative electro-aero-mechanical 

model of equation (13) can be utilized together with the aerodynamic damping envelope 𝐻1,𝑚𝑎𝑥
∗  

calculated by equation (10) to study the Reynolds number effect on the maximum harvested power 

output for a VIV-based piezoelectric energy harvester. Figure 16 presents the variation of maximum 

power output as a function of the electrical load resistance at various Reynolds numbers. The mass 

and electrical parameters for the VIV-based piezoelectric energy harvester are the same as those 

given in Table 1, while a zero mechanical damping is adopted to obtain the highest VIV amplitudes 

and power outputs at various Re. The maximum power output increases with the load resistance 

until an optimal value, and then decreases. The optimal load resistance is not affected by the 

Reynolds number because it depends on the capacitance and natural frequency of the system which 

are considered constant in this study. The effect of the Reynolds number on the maximum power 

output is also clearly highlighted in Fig. 16. The maximum power output increases with increasing 

the Reynolds number. The value at Re =500 is about 7.9 mW, while that at Re = 30000 is as high 

as 34.5 mW. 
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Fig. 16. Variation of maximum power output versus load resistance at various Reynolds numbers. 

The variation of maximum power output versus Reynolds number is shown in Fig. 17 for 

several mechanical damping levels. It is noted that the maximum power output decreases with 

increasing the mechanical damping ratio ξ0. For Re = 30000, the maximum power output at ξ0 = 

3.0% is 1.7 mW, while that at ξ0 = 0 is as high as 34.5 mW. For lower mechanical damping ratio, 

the maximum power output varies significantly with the Reynolds number. However, the Reynolds 

number effect is significantly reduced by increasing the mechanical damping ratio. For ξ0 = 0, the 

maximum power output increases from 7.9 mW to 35.3 mW as the Reynolds number increase from 

500 to 33000. As a comparison, for ξ0 = 3.0%, the maximum power output increases from 0.39 mW 

to 1.56 mW as the Reynolds number increase from 500 to 33000. The results indicate that the 

performance of a VIV-based piezoelectric energy harvester is more sensitive to the Reynolds 

number for a case with low mechanical damping ratio. 
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Fig. 17. Variation of maximum power output versus Reynolds number at various mechanical damping 

levels. 

The variation of maximum power output versus mechanical damping ratio is shown in Fig. 18 

for several Reynolds numbers. It is noted that the effect of mechanical damping ratio on the 
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maximum power output is more profound for higher Reynold numbers. For Re = 30000, the 

maximum power output decreases from 34.5 mW to 1.7 mW as the mechanical damping ratio 

increases from 0 to 3.0%. For Re = 500, the maximum power output decreases from 3.3 mW to 0.7 

mW as the mechanical damping ratio increases from 0 to 3.0%. The results suggest that the 

performance of a VIV-based piezoelectric energy harvester is more sensitive to the mechanical 

damping at high Reynolds number. 
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Fig. 18. Variation of maximum power output versus mechanical damping ratio at various Reynolds 

numbers. 

5. Conclusions 

This paper presented a numerical investigation to study the effect of Reynolds number on 

piezoelectric energy harvesting from vortex-induced vibration of a circular cylinder. The 

aerodynamic force was simulated by a model with amplitude-dependent aerodynamic parameters 

and an aerodynamic damping envelope model. The amplitude-dependent aerodynamic parameters 

at two typical Reynolds numbers were identified based on free vibration experiments and forced 

vibration numerical simulations, respectively. The aerodynamic damping envelopes over a 

Reynolds number range of 500 ~ 33000 were identified based on the Reynolds number-dependent 

Griffin plot (a plot showing the peak VIV amplitude versus the mass-damping parameter) proposed 

by Govardhan and Williamson [36]. The mechanical parameters and piezoelectric coupling in the 

system were represented by the standard electronic components. The aerodynamic, mechanical, 

and piezoelectric blocks were implemented into a representative electro-aero-mechanical model to 

simulate the aero-electro-mechanical system of the VIV-based piezoelectric energy harvester. Wind 

tunnel experiments were carried out to validate the accuracy of the representative electro-aero-
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mechanical model for the VIV-based piezoelectric energy harvester. A parametric study was then 

presented to study the Reynolds number effect on the bifurcation diagrams and maximum power 

output of a VIV-based piezoelectric energy harvester. Some important conclusions were given as: 

(1) Both the lock-in range and power outputs within lock-in of a VIV-based piezoelectric energy 

harvester increase with increasing the Reynolds number. The Reynolds number also affects the 

global branches of the power output: in the subcritical regime, the power output consists of three 

branches, i.e., initial, upper, and lower branches; however, in the laminar regime, the power output 

only consists of the initial and lower branches. The upper branch in the subcritical regime 

diminished with increasing the mass-damping parameter. 

(2) The optimal load resistance of a VIV-based piezoelectric energy harvester was almost not 

affected by the Reynolds number when the same capacitance and natural frequency are considered. 

The performance of an energy harvester is more sensitive to the Reynolds number for a case with 

a low mechanical damping ratio. On the other hand, the performance of an energy harvester is more 

sensitive to mechanical damping at a high Reynolds number. 
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