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INTRODUCTION

This thesis is made up of four papers on dispersive equations. Such
equations are typically used to model the behaviour of water waves, and
in this context, dispersion refers to the physical phenomenon that waves
of different wavelengths travel at different speeds. One may wonder where
the interest in water wave models comes from when the governing equa-
tions for fluid dynamics, the Euler equations [26], have been known for
two centuries. The short answer is that the Euler equations are compli-
cated and not well suited for providing explanations to seemingly simple
observations. For an analogy, suppose one was interested in understand-
ing why planetary orbits are elliptical. As Newton demonstrated at the
end of the 17th century, this was a direct corollary of his law of gravity.
And while this law has since been superseded by Einstein’s far more com-
plicated theory of general relativity, Earth’s orbit remains ellipse shaped,
for Newton’s equation is still an excellent model for how gravity behaves
in this particular regime. Similarly for water waves, one may replace the
intricate Euler equations with simpler models depending on the regime
of interest. For example, in the shallow water regime, the water surface
can be modelled by the Whitham equation [24,37] which features several
qualitative properties of shallow water waves including periodic travel-
ling waves [20], solitary waves [17], wave breaking [33] and Stokes waves
of maximal amplitude [22].

The Whitham equation is in many ways simpler than the Euler equa-
tions. The former features only one spacial dimension (the horizontal)
and one unknown (the wave height) while the latter includes the water
depth and the unknown velocity field of the water. But one arising dif-
ficulty, not present in the Euler equations, is that of nonlocality: The
dispersive term of the Whitham equation cannot be calculated locally
without knowing the global surface profile. A nonlocal dispersive term is
common for water wave models, and can be thought of as a price to pay
for dropping a spacial dimension and one unknown. Contrariwise, any
equation featuring a fractional Laplacian-type nonlocality can be trans-
formed into a pair of local equations at the cost of introducing one more
space variable and one more unknown [9].

The theory on water wave models, both local and nonlocal, covers a
broad specter of mathematical tools and techniques; each question asked
requires its own meticulous analysis further depending on the equation in
focus. This intriguing complexity is partially why water wave problems
have gained much attention among mathematicians, especially in recent
years.
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The thesis will cover various topics and equations, but most of the
water wave models considered are included in the general form

ut + (n(u) + Lu), = 0. (1)
Here, the wave height w is a real valued function in the two variables time
and space, the nonlinearity n is a real valued function in one variable and
the — typically nonlocal — operator L is a symmetric Fourier multiplier in
space. Often L is characterized on the Fourier side by its corresponding
real valued and symmetric symbol { — m(&). That is, L and m are re-
lated through the equation L\f (&) = m(&) f(€) for any Schwartz function
f and where the hat-notation denotes the Fourier transform. The sym-
bol m is also referred to as the dispersion relation; in the linear setting
n = 0, a planar wave of wavelength ¢ will travel at the velocity m(§). In
the nonlinear setting, this is still approximately true for small amplitude
waves, but in general, the velocity of travelling wave solutions might not
even coincide with any value of m(&). This last point is discussed more
in the introduction to Paper 2.
Multiple one dimensional water wave models are of the form (1), and
in the case of a quadratic nonlinearity n(u) = u?, the following equations
(here specified by their symbol m) are included:

TABLE 1. Equations of the form (1) with n(u) = u?.

m(§) Equation
£2 Korteweg-De Vries
€] Benjamin-Ono
w Capillary Whitham
tangﬁ Whitham
&t Burgers—Hilbert
£? Ostrovsky—Hunter
(14 &%)~ Burgers—Poisson

where T' > 0 denotes the surface tension parameter for the capillary
Whitham equation. These equations are listed in decreasing order with
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respect to the ‘strength’ of the featured dispersion, referring here to the
order of growth of m(§) as |{| — oco. In particular, the top three feature
positive order dispersion as lim¢|_,o, m(§) = oo while the remaining four
feature negative order dispersion as limj¢|_,oo m(§) = 0.

As three of the papers in the thesis examine travelling wave solu-
tions, we give the corresponding definition. Such solutions take the form
(t,z) — u(z—ct) for some velocity ¢ € R and a function v in one variable
satisfying the stationary equation

(—cu+n(u) + Lu) =0, (2)

that is, the bracket in (2) is a constant. What follows is a short in-
troduction to each paper, where the relevant results and concepts are
introduced.

Paper 1: On the bifurcation diagram of the capillary—gravity
Whitham equation.

With: Mats Ehrnstrém, Mathew A. Johnson and Filippo Remonato .
Published in Water Waves [19]

Paper 1 concerns periodic travelling wave solutions of the capillary-
gravity Whitham equation, or just capillary Whitham for short, which
models shallow water waves when surface tension is included [15,39]. This
equation takes the form (1) with a quadratic nonlinearity n(u) = u? and

the symbol
mr(€) = \/ (1+ Tg? tanh ()

for a positive surface tension parameter T° > 0. In the original Whitham
equation capillary effects are ignored and so the surface tension is set to

zero. For any T > 0 the symbol mp grows like |€ |% at infinity and so
the corresponding Fourier multiplier L = M7y is a positive order operator
(of order %), this is in stark contrast to the original Whitham equation
in which L = M) is a smoothing operator (of order f%) An available
trick that removes the cumbersome positive order operator, is to apply
its inverse M ! to this instance of (2), so to obtain

Myt —cu+u*] +u=0, (3)

where we integrated once and set the integrating constant to zero (result-
ing here in no loss of generality due to a Galilean invariance principle).
As MT_1 admits the symbol 1/my it is a smoothing operator and can be
realized as a convolution operator K7 for an even kernel K7 € L'(R).
Paper 1 starts off by demonstrating various properties of both M, L and
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K7 including characterizing for which surface tensions K7 is monotone
on (0,00). These properties are then used to carry out bifurcation anal-
ysis on periodic solutions of (3), here mimicking the approach in for
example [16,21].

Bifurcation analysis in this context relates to the fact that travelling
wave solutions of water wave models, such as those provided in Table 1,
tend to form connected manifolds in appropriate solutions spaces. Thus,
by tracing these manifolds using implicit function theorems one may dis-
cover nontrivial solutions bifurcating from some trivial starting point. In
the quintessential scenario the manifolds are curves, then called bifurca-
tion branches, whose global behaviour can be characterized through the
theory developed by Dancer [14] and further improved by Buffoni and
Toland [8]. For example, [11] deploys these tools for the Euler equations
to conclude that the bifurcation branches of even periodic solutions con-
necting to trivial constant ones never ‘loop’. But there are limitations
to analytic techniques, and so numerical results serve as an integral part
of bifurcation analysis. By numerical methods, [29] finds isolated bifur-
cation branches of non-symmetric periodic solutions for the Euler equa-
tions; these branches are not connected to any trivial solution and do
form loops.

Paper 1 provides a local description of even periodic solutions, bi-
furcating from zero, of the stationary capillary Whitham equation (3).
These solutions differ in two qualitative ways from those found for the
original Whitham equation in [20,21]. First, any periodic and bounded
solution of (3) is necessarily smooth, while the bifurcation branches for
the Whitham equation approach non-smooth solutions of maximal am-
plitude as shown in [22] (the introduction to Paper 4 gives a description
of such highest waves). Second, the bifurcation kernel can here be two-
dimensional giving rise to bifurcation sheets, a novelty not featured in
the Whitham case. When this happens, the (small) solutions found are
roughly the sum of two weighted cosines of different wave length. And if
one of the wavelengths divide the other, a resonance phenomenon occurs,
resulting in ‘slit’ sheets. The paper also provides some global bifurca-
tion results, both numerical and analytic, using the previously mentioned
theory of Dancer, Buffoni and Toland.

Paper 2: Solitary waves for weakly dispersive equations with
inhomogeneous nonlinearities.

Published in Discrete and Continuous Dynamical Systems [43]

Paper 2 proves the existence of solitary wave solutions for a sub-family of
(1). Solitary waves are travelling wave solutions that vanish at infinity.
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As a physical phenomenon, such waves can be observed in shallow water
canals. The first research on these waves was conducted by the Scottish
engineer John Scott Russel [47] in 1834. At the time, water wave models
would not allow for such solutions, leaving the scientific community skep-
tical of Russel’s observations [12,45]. However, in 1871 and 1872 Joseph
Boussinesq derived, in a series of papers [5-7], the first model featuring
solitary waves, and today such models are abundant; the key being an
intricate balance of nonlinearity and dispersion.

Numerous techniques have been developed to prove the existence of
solitary waves for dispersive equations. In [50] bifurcation analysis is used
to find solitary waves for the Whitham equation that reach maximal am-
plitude; again, such highest waves is the topic of Paper 4. Another tech-
nique is Lions’ very successful concentration-compactness method [41] of
which an appropriate variation is applied in Paper 2. Curiously, the ques-
tion of uniqueness of solitary waves is typically far more difficult, and no
general method, like that of Lions’ for existence, have been discovered.
Still, some instances of (1) are well understood. For the Korteweg—De
Vries equation, classical ODE-techniques show that the solitary waves
are uniquely characterized, up to translation, by their amplitude. This
uniqueness result is extended in [28] to a homogeneous sub-family of (1)
for corresponding ground states (positive and symmetric solitary waves)
by exploiting the previously mentioned fact that (1) can be rephrased as
a local problem when L is a fractional Laplacian.

In Paper 2, small amplitude solitary waves of (1) are proved to exist
under mild assumptions on the positive order symbol m and nonlinearity
n, where the novelty is in allowing for a nonhomogeneous n. The case of
positive order dispersion and a homogeneous nonlinearity has been dealt
with by numerous authors, for example [2,4, 51, 54] which all deploy
Lions’ concentration-compactness method. While this method does not
go through for a badly behaving n (such as one with exponential growth),
we overcome this difficulty by first truncating the nonlinearity at a fixed
height, and then demonstrate the existence of solitary waves of arbitrarily
small amplitude for the truncated equation. Any such sufficiently small
solitary wave then necessarily solves the original equation as well.

This work compliments [17] where a similar result is proved, also for a
nonhomogeneous n, but for negative order dispersion. Interestingly, the
solitary waves found in Paper 2 are subcritical, meaning their velocities
are less than m(0) (which in our case is the minimum of m), while those
from [17] are supercritical, meaning their velocities exceed m(0) (which in
their case is the maximum of m). That is, these waves move at velocities
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outside of those provided by the dispersion relation. In [35], general-
ized solitary waves are constructed for the capillary Whitham equation,
and the velocities of these waves are indeed of the form v = m(§p) for
some frequency &y. But the waves do not vanish at infinity, and instead
approach a periodic solution of wavelength &.

Paper 3: One sided Ho6lder regularity of global weak solutions
of negative order dispersive equations.

With: Jun Xue.
Submitted for publication.

Paper 3 examines global weak solutions of negative order dispersive equa-
tions taking the form (1) with a quadratic nonlinearity and with L = G,
where G can be any function admitting a weak integrable derivative.

As convolution operators are smoothing (making L negative order),
one should expect the dispersive effects in these equations to be generally
small compared to those of the nonlinearity. A phenomenon then arising
is wave breaking; this is when a solution attains infinite slope in finite
time, while its height remains bounded. In fact, wave breaking occurs
in all four of the negative order dispersive equations from Table 1 [30,
33,42,53]. As a consequence, neither of these equations are (classically)
globally well-posed, although they are locally well-posed [23,27,31,32].

In contrast, the strongly dispersive Korteweg—-de Vries equation and
Benjamin-Ono equation are both globally well-posed [34, 36] in appro-
priate Sobolev spaces. While positive order dispersion seems to hinder
wave breaking (at least for instances of (1)) it is not sufficient to guar-
antee global well-posedness. In [44] the authors show that the modified
Benjamin-Ono equation — which takes the form (1) with n(u) = u3
and m(§) = [¢| — is ill-posed by constructing a solution behaving like
an accelerating and growing solitary wave reaching infinite velocity and
amplitude in finite time. It is believed [38,40] that a similar phenome-
non occurs for a homogeneous analogue of the capillary Whitham equa-
tion; in particular, no global well-posedness result exists for the capillary
Whitham equation.

Turning back to the case of negative order dispersive equations, one
remedy for dealing with the absence of global classical solutions is to
instead consider weak solutions. A powerful approach originally from
the theory of hyperbolic conservation laws is then to reformulate (1) in a
weaker sense as a family of entropy conditions. Remarkably, this concept
of entropy solutions gives rise to a global well-posedness theory for the
Ostrovsky-Hunter equation [10] and the Burgers—Poisson equation [30].
This latter equation is in fact included in the family we study, but [30]
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considers this equation in a ‘pure’ L!(R) setting, while we have chosen
to work in a slightly more natural L?(R) setting, allowing for different
results.

The first half of Paper 3 establishes the uniqueness, existence, and
L?-stability of entropy solutions for the considered family of equations.
This analysis, consisting mostly of classical conservation law techniques,
is first carried out for L? N L*(R) initial data, and is by a continuity
argument further extended to pure L?(R) data. In the second half of the
paper, an operator splitting argument is used to demonstrate that the
acquired weak solutions satisfy explicit one sided Holder conditions with
time decreasing coefficients. This result can be viewed as a generalization
of the classical Oleinik estimate [13] for Burgers’ equation, which states
that entropy solutions satisfy the inequality
T -y

t b
whenever x > y. But contrary to the Oleinik estimate, the one sided
Hoélder conditions we find do not vanish as ¢ — oo; such a result is
generally unattainable, as the family of equations we consider features
solitary waves [17].

The inferred one sided Holder regularity of the attained weak solutions
results in two interesting consequences. First, the solutions satisfy ex-
plicit and time decreasing height bounds. And second, the lifespan of a
classical solution can be bounded, provided its initial data is sufficiently
steep. While it is tempting to think (and very possible) that the finite
lifespan of a classical solution is due to wave breaking, this is not proved.

u(t,x) —u(t,y) <

Paper 4: On the precise behaviour of extreme solutions to a
family of nonlocal dispersive equations.

With: Mats Ehrnstrom and Kristoffer Varholm.

In preparation.

Paper 4 establishes previously conjectured limits at the crests of the
highest waves of the Whitham equation and the bidirectional Whitham
equation. This latter water wave model, formally derived in [1,46] from
the Euler equations, is a system of two equations that allow for both left-
and rightward wave propagation. In contrast, (small) periodic waves of
the original Whitham equation necessarily propagate to the right [20] by
the positivity of the dispersion relation.

In 1880, Sir George Stokes conjectured [48] that the Euler equations
featured periodic waves reaching a maximal height (relative to the wave-
length) and whose crests formed 120° degree interior angles. Just short
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of a decade later, John F. Toland proved the existence of such highest
waves [49] in 1978, and together with Amick and Fraenkel, they verified
Stokes’ conjecture on the interior angles [3] in 1982.

Similarly, Gerald B. Whitham conjectured [52] that his proposed water
wave model, the Whitham equation, featured analogous highest waves,
but whose crests formed cusps like that of square roots. And indeed,
through bifurcation analysis such periodic waves were found in [22]. More
recently, it was proved that the Whitham equation also features highest
solitary waves [50]. But in both of these works, the crests of the corre-
sponding highest waves were only shown to behave like square roots in
‘=’ sense; more precisely, denoting such a wave with ¢, whose crest we
assume is at zero, the following bounds were demonstrated

0< liminfM limSUpM < 00.

z—0 ’g;’? xz—0 |gc‘§
This left open the question of whether a full limit exists. Not long ago,
such a limit was established in [25] for a 27-periodic highest wave of the
Whitham equation constructed through a computer assisted fixed point
argument. For this wave, the authors proved the even stronger result of
a convex profile in between the crests.

Paper 4 determines the precise cusp shape (i.e. the full limits) at the
crests of the highest waves found in [22,50]. The paper includes the
corresponding limits for the analogous highest waves of the bidirectional
Whitham equation; these were found in [18] and conjectured to admit
crests forming logarithmic cusps, that is, cusps like that of x — |z|log |z|
at zero.

Curiously, the phenomenon of cusp-shaped surface profiles is not only
reserved for the highest waves. Numerical evidence [38] suggests that
the solutions of the Whitham equation that undergoes wave breaking,
do so by forming cusps in finite time. In fact, it is conjectured in [38]
for the Whitham equation that large positive initial data results in the
formation of square root cusps, while large negative initial data results in
the formation of cube root cusps. Related is the work [53] which proves
the existence of a family of solutions for the Burgers-Hilbert equation
undergoing wave breaking by forming cube root cusps in finite time.
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ON THE BIFURCATION DIAGRAM OF THE
CAPILLARY-GRAVITY WHITHAM EQUATION

Published in Water Waves [17]

MATS EHRNSTROM, MATHEW A. JOHNSON, OLA I.H. MEHLEN,
AND FILIPPO REMONATO

ABSTRACT. We study the bifurcation of periodic travelling waves
of the capillary-gravity Whitham equation. This is a nonlinear
pseudo-differential equation that combines the canonical shallow
water nonlinearity with the exact (unidirectional) dispersion for
finite-depth capillary-gravity waves. Starting from the line of zero
solutions, we give a complete description of all small periodic solu-
tions, unimodal as well bimodal, using simple and double bifurcation
via Lyapunov—Schmidt reductions. Included in this study is the reso-
nant case when one wavenumber divides another. Some bifurcation
formulas are studied, enabling us, in almost all cases, to continue the
unimodal bifurcation curves into global curves. By characterizing
the range of the surface tension parameter for which the integral
kernel corresponding to the linear dispersion operator is completely
monotone (and therefore positive and convex; the threshold value
for this to happen turns out to be T' = 7:%, not the critical Bond
number %), we are able to say something about the nodal properties
of solutions, even in the presence of surface tension. Finally, we
present a few general results for the equation and discuss, in detail,
the complete bifurcation diagram as far as it is known from ana-
lytical and numerical evidence. Interestingly, we find, analytically,
secondary bifurcation curves connecting different branches of solu-
tions; and, numerically, that all supercritical waves preserve their
basic nodal structure, converging asymptotically in L?(S) (but not
in L*°) towards one of the two constant solution curves.

1. INTRODUCTION

We consider periodic travelling wave solutions of the capillary-gravity
Whitham equation

ug + Mrpug + 2uu, =0 (1.1)

where My is a Fourier multiplier operator defined via its symbol mr as

(14 T€2) tanh(¢)\? =~
JEE R

M F(€) = ma(©) () = (
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and the coefficient T' > 0 denotes the strength of the surface tension. The
symbol m7p arises as the linear dispersion relation for capillary-gravity
water waves over a finite depth described by the Euler equations [30]. In
the purely gravitational case, that is, when T = 0, the use of this symbol
was proposed by Whitham as a way to generalise the KdV equation and
remedy its strong dispersion [42]. Bifurcation in the gravitational setting
has been investigated in [18,19,21]. We are here interested in completely
characterising the local theory for travelling wave solutions of (1.1), and
understanding their global extensions.

The overarching technique follows an approach similar to that used
for the gravity Whitham equation in [19] and the Euler equations in [14],
where a Lyapunov—Schmidt reduction is used to prove the existence of
wave solutions through the application of the implicit function theorem.
Here, however, the symbol of the linear dispersion has a different large-
frequency behaviour: whereas it is ~ |£|71/2 in the gravity case, it changes
to ~ |€]'/2 in the presence of surface tension. Inspired by recent work on
large waves for very weakly dispersive equations, we tackle the equation
by inverting the linear operator, see (2.3), presenting us with a smoothing
operator with good properties but that now acts nonlocally on a nonlinear
term. Apart from the results presented in this paper, we see this as a first
step toward handling large-amplitude theory for equations with mixed
nonlocal and nonlinear terms. A study in that direction, but with a
different order and global structure of the solutions, has been carried out
in [6].

The organisation of the paper correspond to the development of our
theory:

We start, in Section 2, with a study of the inverse of the Fourier
multiplier operator M in (1.2). This is a smoothing operator of order
—% on any Fourier-based scale of functions spaces (such as the Sobolev
and Zygmund spaces), that is realised as a convolution operator with
a surface tension-dependent integral kernel Kp. We characterise the
kernel K7 in Theorem 2.3, expressing it as a sum of three terms that are,
optimally, in the regularity classes Cfé, C> and C"Y, respectively, where
C? is the scale of Zygmund spaces, and C¥ is the class of real-analytic
functions. This is different from the regular Whitham symbol which,
although of the same order, has only two terms when decomposed in
the same manner [21]. Additionally, we estimate the decay rate of Kp
and its compactness properties (in suitable spaces) which will play an
important role in the global bifurcation analysis in Section 3. Finally, as
in [21] we apply complex analysis techniques and the theory of Stieltjes
functions to determine further properties of the convolution kernel, in
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particular the signs of its derivatives to infinite order. When the surface
tension is big enough, T > %, we are able in Theorem 2.8 to show that
the kernel is completely monotone, a delicate structural property shared
by the kernel for the linear dispersion in the pure gravity case (not its
inverse). Moreover, we can show that neither complete monotonicity nor
monotonicity on a half-line is preserved if 0 < T < %, showing in effect
that the critical Bond number % separating weak from strong surface
tension is not the break-off value for the positivity of the kernel (or its
stronger properties). How this affects solutions, is further discussed and
studied in Section 5.

In Section 3 we perform the one-dimensional bifurcation of periodic
waves from simple eigenvalues along the line of zero solutions. After
an initial discussion of the eigenvalues of the linearised operator, and a
scaling to reduce the problem to a fixed period, we use Lyapunov—-Schmidt
reduction to prove the existence of small-amplitude solutions in a vicinity
of the simple eigenvalues (expressed using the wavespeed) in Theorem 3.1.
The constructed waves are all unimodal and bell-shaped in a minimal
period. They arise for both strong and weak surface tension; for strong
surface tension they are the only type of waves in a C*(S)-vicinity of
the line of zero solutions, s > 0. Although one could have carried out
the simple bifurcation using the Crandall-Rabinwitz theorem [27], we
choose to prove Theorem 3.1 using a Lyapunov—Schmidt reduction as a
preparation for the two-dimensional case (which would otherwise be harder
to understand). Under a simple condition that relates the wavenumber
to the surface tension and period, we prove the continuation of the local
solution curves to global ones in Theorem 3.6. This condition may be
related to sub- and supercritical bifurcation, and we see in Remark 3.7
that both cases can appear. The modulational stability of these waves in
the small-amplitude case has been studied in [24]

A challenge and interesting feature of the capillary-gravity case is
that weak surface tension allows for a non-monotone dispersion relation
(see Figure 1) and double eigenvalues of the corresponding linearised
operator (in spaces of even functions). We handle this case in Section 4.
To analytically capture the larger dimension of the space of solutions
nearby the trivial ones, one requires an additional free parameter in
addition to the wavespeed, used in the one-dimensional bifurcation. In
line with [20] we choose to use the period as this extra parameter, while
holding the surface tension fixed. The result, presented in Theorem 4.1,
depends on the resonances between the two frequencies appearing in
the nullspace: if one of the wavenumbers is a multiple of the other,
one obtains a slit disk of solutions, excluding bifurcation straight in the
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direction of the higher wavenumber; if not, one obtains a full open disk
of solutions, see Figure 2. These results are in line with similar ones
in [14,34,38], and include — when projecting the full disk onto a fixed
period — a curve of bimodal rippled waves connecting waves of different
wavenumbers (secondary bifurcation). This technique has later been used
also in [2]. The existence of these interconnecting branches of waves
have been corroborated numerically, showing persistence with respect to
perturbations in the surface tension parameter [35]. The nonexistence of
the pure higher mode in the resonant case of Theorem 4.1 (ii) has also
been confirmed numerically in the same paper. More generally, Wilton
ripples, as these kinds of waves are sometimes called, have earlier been
found to exist for the Euler equations with surface tension [34,38], and
their spectral stability has been numerically investigated in [39]. They
also exist in the presence of vorticity [31], even without capillarity [14,20].
In that case, one may even construct arbitrary large kernels [1,15], and
corresponding multi-dimensional solution sets [29].

Our motivation for this investigation has arisen from two different
directions: one is the study of the (very) weakly dispersive equations with
nonlocal nonlinearities, and especially their large-amplitude theories; the
other is the mathematically qualitative analogues between the full water-
wave problem and the family of fully dispersive Whitham-type equations.
While numerical bifurcation of steady water waves with surface tension
have been earlier carried out [8], and display striking resemblances to
our case, it is not known how to control the waves along the bifurcation
curves when surface tension is present, and our results show that, at
least for weak surface tension, the looping alternative in Theorem 3.6 is
possible*. Our initial hope was that, using methods as in [16,21], one
would be able to reach a conclusion for larger waves. In Section 5 we turn
to this question, as well as discussing the general picture of bifurcation
in the capillary-gravity Whitham equation. While we are indeed able
to reach a partial result, preserving the nodal properties to O(1)-height
of the solutions in Proposition 5.4, the final evolution of solution curves
is very challenging to handle analytically. While both our preliminary
calculations and numerical simulations for this paper indicate that one
can follow curves of supercritical bell-shaped solutions all the way to
¢ — oo, and that they converge, asymptotically in L?(S), towards the
curve of constant solutions u = ¢—1, they do not converge in L, and the
analysis is complicated by that the equation lies exactly at the Sobolev-
critical balance s = %, p =2 and n = 1. We discuss both our findings

*See also the discussion in Section 5 concerning related results for the Euler equations.
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and conjectures in detail in Section 5. For a quick overview, we refer to
Figures 3 and 4.
Finally, we give in Appendix A some bifurcation formulas.

2. PROPERTIES OF THE CONVOLUTION KERNEL Krp

Traveling-wave solutions of the form w(xz — ct) satisfy the (profile)
equation
— cu+ Mru+u® =0, (2.1)

where we have integrated once and used Galilean invariance to set the
constant of integration to zero. Since myp is strictly positive on R, the
operator My is invertible (for example in any Fourier-based space) with
inverse Lt defined via

Lrf(€) =lr()f(€), (&) = (mr(&) ™. (2:2)

In particular, the capillary-gravity Whitham equation (2.1) can be rewrit-
ten in the “smoothing” form

u — cLy(u) + Ly(u?) =0, (2.3)

where Lt = Kpx and K7 is the convolution kernel corresponding to
the symbol I7. Note that the form (2.3) is resemblant of the Whitham
equation itself, but with a nonlocal nonlinearity. By a solution of (2.1)
(respectively (2.3)), we shall mean a real-valued, continuous and bounded
function w that satisfies (2.1) (respectively (2.3)) everywhere.

In the rest of this work we shall make heavy use of the properties of the
convolution kernel Kp and its symbol. Our choice of Fourier transform is

fie) = [ s a
R
To start, note that K7 = F~ !l is smooth away from the origin with

/ Kp(z)dz =limip(§) =1 (2.4)
R £—0
and

lim Kr(z) = 217r/RlT(§) d§ = +o0.

z—0
Moreover, since lp is analytic, K7 has rapid decay at +oo, whence
K7 € L'(R) provided that the blow-up at x = 0 is not too fast. Later
in this section, we will show that the singularity at the origin is of order
|.’L’|7%, with a second-leading term of somewhat smoother order, and that
the convolution kernel is completely monotone for strong enough surface
tension.
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2.1. Analyticity of the symbol. We start by studying the analytic
extension of 7 to the complex plane; the results to come will be important
to establish both the decay and the complete monotonicity of Kr. Define
the meromorphic function

¢
(1+ T¢2) tanh(C)’

or(¢) = (2.5)

with ¢ a complex number. We want to understand the complex extension
Jor of Iy, where /- denotes the principal branch of the square root.
Thus we determine the pre-image 07 ((—o0, 0]) and the set of singularities
of or. As it turns out, the union of these (problematic) sets lie solely on
the imaginary axis. To show this, we introduce the sets

Z.={m(k—3): kel},
Zy={rk: ke Z\ {0}},

o0~ {3n.)

that is, the zeros of cos((), Sm(o , and 1 —T¢C?, respectively. Finally, recall
that the symmetric dzﬁerence between two sets A and B is the set AA B
of elements either in A and not B, or contrariwise!

Lemma 2.1. Let ( =& +in. Then op(() takes a zero or infinite value
exactly if E =0 and n € ZsU(Z. A Zr). Further, or(C) is negative exactly
when the following three conditions hold: € =0, n ¢ ZsU(Z. A Zr), and
the intersection (0, |n]) N ((Z.U Zs) A Zr) contains an odd number of
elements.

Proof. By the infinite product formulas for sinh ¢ and cosh ¢ we obtain

o 14
1 H (n—f)2
1+T¢2 oot

2

or(¢) = (2.6)

The first part of the lemma now follows immediately, where the symmetric
difference accounts for removable singularities should the term (1 4 7'¢?)

coincide with a term of the form 1 + For the second part we

( 72 (n—3)"
start by showing that or is never negative away from the imaginary axis.
As or is symmetric about zero, we restrict our attention to £ > 0. We

fThat is, (A A B) = (AN B) U (BN A°).
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have
Re[cosh(()m} = %sinh(%) > 0,
Re|¢(T+TC%)| = € +€T(E2 + %) >0,
and consequently \arg(ﬁﬂ, | arg(m)] < 5. This in turn implies

that |arg(er(¢))| < m, and so pr(¢) cannot be negative. Restricting
our attention to the imaginary axis (¢ = in) and away from zeroes and
singularities, it is clear from (2.6) that op(in) is real valued and satisfies

2 2

sgn(or(in)) = sgn(l — Tn?) ﬁ sgn(l - 7r2(nn_1)2>sgn(1 - #)
n=1 2

As op(in) is positive for n = 0, it is negative exactly when an odd number
of factors in the expression above has swapped sign. This is equivalent to
the last part of the lemma. O

In Section 2.2 we will use Paley—Wiener theory to establish the decay
rate of Kp; we will need to know the maximal vertical analytic extension
of I7 into the complex plane. This is immediate from the previous result,
and so we record the following corollary.

Corollary 2.2. The symbol lT extends analytically onto the strip R x
i(—0%,0%), where

5 — min{ﬁ,g}, T # 4/72,
77 T =4/r%

We shall also use decay of symbols on horizontal lines in R x i(—d*, §%).
While 7 decays too slow (~ |§|7%) to be in L?(R), its derivatives decay
sufficiently fast (at least as |€ ]7%) In particular, there is an increasing

function 7: [0,6*) — RT such that [I-(¢)] < 7(|n])(1 + ]5\)_%, which is
readily seen by differentiating and exploiting that coth’ decays exponen-
tially along fixed horizontal lines in the complex plane.

2.2. Regularity properties and decay. In this subsection we split K
into three canonical parts, and determine the precise regularity of these.
We also record the rapid decay and smoothing properties of Kp. Write

lp=1_1+4+1s+1,,
2 2

withl_3 (6) = b=, 13(6) = \/ gz — A= and Lu(€) = Ir(€)—y/ 1y

The subscripts represent the regularity of each corresponding term of K,
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as will be seen. The decay of [_1(&) = |£|_% for |£| > 1 is clear, and for
2
any fixed T > 0, it is readily seen that

I5(6) = —l¢l 2,

and

lu(§) = 3 (coth(\f])—l):\g\—%e—Qlﬁ\’

1+ T¢2

both for [£| > 1.
To establish the regularity of the corresponding parts of K we shall use
Zygmund spaces. Let {%2 }520 be a partition of unity with ¢ (£) supported

in [¢] < 1, ¥1(€) supported in 5 < [€] < 2, and ¢;(§) = ¢1(2'77¢) for
J = 2. Then the support of each ; is concentrated around { =~ 27,
With D = —id,, the Fourier multiplier operators ¢;(D): f — F~1(1; f)
characterises the Zygmund spaces: we say u € C*(R) if
[ulles(r) = sup 27° (|45 (D)u| oo (2.7)
j

is finite. For non-integer values of s > 0 the Zygmund spaces coincide
with the standard (inhomogeneous) Hélder spaces?,

C(R)=C*(R),  seRy\No,

and one furthermore has the embedding C*¥(R) < C¥(R) for integer
values of k. We refer the reader to [37, Section 13.8] and [22, Section 1.4]
for further details.

Now, the symbols [_ 1 l 3 and [, all have well-defined Fourier transforms,

and we let
K_i(x)=F" Y1 /T (=
Ks(x) = F~ 1(lg)( z),
Ky(z) = F (L) (x),
so that

() = F~ ' ir) (@) = K_1 (2) + K3 (2) + Ku(2).

From Fourier analysis we know that F~1(1/+/]:])(z) = 1//27|z| and,
additionally, that the exponential decay of [, (§) for |£| > 1 implies that
K, is real-analytic by Paley—Wiener’s first theorem [33]. The optimal
regularity of K 3 follows from the following theorem about the integral

kernel K.

#Throughout, we use the notation that No := N U {0}.
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Theorem 2.3. The integral kernel KT may be written as

1
Kr(z) = ———= + Kz (z) + Ky (),
10) = o Ky (0 4 Kule)
where the second term belongs to the optimal Hélder class C3 and the
third is real-analytic. The singularity of Kt thus has the characterization

. 1
lim /|| Kr(z) = JorT

Moreover,
[Kr(@)| S e for|a] > 1,
with § < 6* as given in Corollary 2.2. As a consequence, Kr € L*(R).

Proof. Most of the first claim was established in the preceding discussion,
and only the regularity of K3 remains. Notice that [3 is always of negative
2 2

sign, and thus so is the product 1[132 (&)1 3 (&). This means

13 (D) K s || oo = 1|95 &)1zl
2

Further, we exploit the decay of I3 and the compact support of 9%, to
2

] b
obtain
2j+1

[0l = [ e Eagm2h,

Combining these two equations, we conclude in view of (2.7) and the
equivalence between Holder and Zygmund norms for non-integer indices

that K lies in the optimal Hélder class C2 (R). As for the decay rate

of K, 2We instead prove this estimate for the more regular expression
x — xKp(xz), which again proves it for Kp. The exponential decay of
x +— xKr(x) is a direct consequence of Corollary 2.2 and the discussion
thereafter combined with Paley—Wiener theory (see, for example, [33,
Theorem IV]). One can obtain further asymptotic estimates as in [21, Prop.
2.1 and Cor. 2.26]. O

We conclude this subsection by recording some mapping properties
of the convolution operator Ly = Kpx that will be vital to the global
bifurcation analysis in Section 3 and additionally employed in the analysis
in Section 5. Let S be the one-dimensional unit sphere of circumference
27, and note that the Holder and Zygmund spaces are straightforward to
define on the compact manifold S (these are the 27-periodic functions in
the larger spaces C*(R) and C*(R)).

Lemma 2.4. For each T > 0 and each s > 0, Lt is a continuous linear
mapping C*(R) — C*T1/2(R) and is hence compact on C5(S).
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Proof. Consider T' > 0 fixed. We want to show that the inequality

192 (D) Lyul| e S 272 (43 (D)ul| o, (2.8)
is valid for all 7 € Ny. We prove this estimate for j > 1; the case
7 = 0 must be done separately, but the calculation is similar to what
follows and so we exclude it. Pick a smooth function ¢ supported in
% < €] < 3 satisfying ¢(€) = 1 whenever 5 < |¢] < 2. For j > 1, we
define ¢;(£) = ¢(2177¢), and observe that gojw? = %2'- Exploiting this
relationship, we deduce

[43(D) Lrul| e = | F (43 (€)lra) ||
= | F (973 ()lrit) || o
= | Fires) * (03 (D)) Lo
< IIJ:(ZT%')IILlII¢?(D)UHLw,
where we have used Young’s inequality for convolution. The proof will

be complete if we can establish || F(lrg;)|r < 277; we do this by
splitting the integral, || - [[z1 = || - [|z1(zj<2-5) + | - ll£1(j2|>2-4), and
then prove the bound for each part separately. From the general fact

1
| fllze < |supp(f)| 7] f||ze, we deduce two important inequalities for the
calculations to come:

i »
lizeslln S22, (re;)lle S 277

These follows from the bounds [I7(€)] < ]5]_%, (8] < ]§|—% and
() = 277(¢");, and the observation that the support of ¢; (and @) is

of size 27 and located about |¢| = 2/. We now conclude the proof with
the two calculations promised above; the first is straight forward

IFUre)ll o aj<a—sy S 27 IF Aol <277 |lirgslln S 272

For the second, we use basic Fourier analysis, the Cauchy—Schwarz in-
equality, and the Plancherel theorem:

IF (e o)l pr(jaj>2-iy = 12 F (Urei) ) p1(jej>2-9)
< I3 ez (ap>2-i) 1 F (o)) 22 e >2-)
< 28 [(rey) 2
S278,
and so we have established (2.8). It is immediate that Ly maps C*(R) to

cots (R) continuously, and combining this with the compact embedding
CS“%(S) — C*(S) we get the full result. O
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2.3. Montonicity and complete monotonicity. We conclude this sec-
tion by showing that Ky is completely monotone for sufficiently large
T. This result will be employed in our analysis in Section 5. A func-
tion g : (0,00) — [0,00) is called completely monotone if g is infinitely
differentiable with
(—1)"g"™(\) =0
forn=20,1,2,... and all A > 0. If it can furthermore be written in the
form
() = “+b+/ L o)
g A (0,00) A+t
for some constants a,b > 0, with ¢ a Borel measure on (0,00) such
that f(o,oo) %_Hda(t) < o0, then it is called Stieltjes. Our interest in
such functions is motivated by the following two results, taken from [21]
and [36].

Lemma 2.5. [21] Let f: R — R and g : (0,00) — R be two functions
satisfying f(€) = g(€2) for € # 0. Then f is the Fourier transform of
an even, integrable, and completely monotone function if and only if g is
Stieltjes with limy\ o g(A) < oo and limy_,o g(A) = 0.

Lemma 2.6. [36] Let g be a positive function on (0,00). Then g is Stielt-
jes if and only if limy\ o g(\) ezists in [0,00] and g extends analytically
to C\ (—00,0] such that Im(z) - Im(g(2)) < 0.

With f(§) = Ip(€) and g(&) = Ip(v/€) we want to employ the two
above results to conclude that K7 = F~1(Ip(€)) is completely monotone
for T sufficiently large. Since 7 has a unit limit at the origin and a
vanshing limit at infinity, it only remains to prove that Ip(y/*) is Stieltjes.
In light of Lemma 2.6 it is useful to note that I7(y/-) indeed extends
analytically to C\ (—o0,0]. Its extension is ¢ — /or(v/(), where or is
as in (2.5) and /- is the principal branch of the square root. To see that
this extension is well defined, note that /- maps C \ (—o0, 0] into the
right half-plane C¢~(, while Lemma 2.1 guarantees that or maps C¢xq
into C\ (—o00,0]. Consequently, o7(1/C\ (—00,0]) € C\ (—o0,0], and
so it has principal branch square root. We are ready to prove Theorem
2.8, where we determine a critical value T, = % of the surface tension T,
for which K7p is completely monotone whenever T' > T,. Note that T
does not correspond to the, likewise critical, Bond number T = % that
separates strong from weak surface tension; in fact, T, > % Further, this
result is sharp since K7 is not monotone for 7" € (0,7}). As we shall see,
the image of K in this regime contains negative values which rules out
monotonicity as Theorem 2.3 guarantees that K is positive near zero
and decays to zero at infinity.
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In the calculations to come, we will make use of the class of so-called
positive definite functions. A function f: R — C is said to be posz’tive
definite if for every n € N and £ € R” the n x n matrix [f(§ — &;)]7 et
is positive semi-definite. We point out the following standard results [9].

Lemma 2.7. The following statements are true.

(i) [Bochner’s Theorem] Any positive definite function is the Fourier
transform of a non-negative, finite Borel measure.

(ii) [Schur’s Theorem] A countable product of positive definite func-
tions is positive definite.

(iii) If f: R — C is positive definite, then the global maximum of f
occurs at x = 0.

(iv) The function f(z) = ﬁ‘gf}fi is positive definite if and only if
b>a>0.

With the above preliminaries, we now state the main result for this
section.

Theorem 2.8. For T > %, the kernel K1 is completely monotone on
(0,00). Further, for 0 < T < %, the image of K includes negative
values. Consequently, Kt is not monotone on (0,00).

Proof. We first prove that Kp is completely monotone for T' > %. By
Lemma 2.5 and Lemma 2.6 and the discussion thereafter, we conclude
that K7 is completely monotone exactly if Im(¢) - Im+v/ o7 (+/¢) < 0 for
¢ € C\ (—o0,0]. This property is satisfied for y/or(y/) if and only if it
is satisfied for or(y/*), as the latter function maps C\ (—o0, 0] to itself
(Lemma 2.1). Moving the first factor of cosh ¢ out of the infinite product
n (2.6), we obtain

62
L+ 56 Hm

2.9
1—|—T§2 oot 1+ ( )

or(§) =

ﬂ2n2
Substituting £ — +/C in (2.9), and taking the complex argument of both
sides, we obtain

arg(gT(\/C)) [arg( ) arg 1+T§)}
+Z[afg( ) e (1 )]

(2.10)

This equation is valid whenever the right hand side takes values in (—m, 7),
which in turn is always true when ¢ € C\ (—o0, 0] as the RHS is continuous
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in ¢, zero for ¢ > 0 and prevented from taking the values +7 as o7 (1/C)
is non-negative (Lemma 2.1). Moreover, when Im({) > 0, it is easily seen
that t — arg(1 + t() is strictly increasing in t € R, and so each square
bracket in (2.10) is negative (the first non-positive), further implying
Im(¢) - Imy/or(v/¢) < 0. After a similar argument for Im(¢) < 0, we
obtain the desired conclusion.

For the second part of the theorem, we observe that by Bochner’s
Theorem in Lemma 2.7(i), K is non-negative if and only if its Fourier
transform [ is a positive definite function; we now prove that the latter
statement is false when 0 < T < %. Note first that for 0 < T < %, this
follows immediately from Lemma 2.7(iii) as 7 does not have a global
maximum at £ = 0 (see Figure 1). Suppose instead that % <T < %. If
I7 is positive definite, then Lemma 2.7(ii) implies the same would be true
for its square & — or(§). To this end, we write (2.9) as
R

or(§) = Trrer ©(&),

which, after introducing the positive constants a = 4/(Tw?) and 8 = a—1,
can be further rewritten as

er() = (= 175 ) (€) = () - B,

By Lemma 2.7, both ¢ and 9 are positive definite as they are (countable)

products of positive definite functions, and thus ¢, 12) > 0 by Bochner’s

Theorem. Note that ¢ has a complex analytic extension to the strip

R x ¢(—m, ), while ¢ can not be extended to a larger strip than R x
1

2(\7—%, %) Since i < V3 < 7, we can pick some v € (%,77) and use

Paley—Wiener theory [33] and Cauchy—Schwarz to conclude that

0< / P(x)e’®l dz < 0 and /Q,Z(:L')e'yxl dx = +o0,
R R

which further implies

/ or(z)e’?l dz = —oc.
R

By Bochner’s Theorem, £ — o7 (&) is not positive definite, and so neither
is {7, which concludes the proof. (Il

Before we end this section, we note that there is a range of values of
strong surface tension T' € (%, %) where the kernel K7 is not monotone.
As we will see, this has implications when trying to establish monotonicity
of solutions along the supercritical global solution branches described in
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Section 3.3 below; see Proposition 5.4 and the discussion in Section 5 in
general.

3. ONE-DIMENSIONAL BIFURCATION

Since K € L'(R), it may be periodised to an arbitrary period. In
particular, given a 2m-periodic f € L*°(R) we can define the action of
L1 = Krx on f through a convolution of f with a 27-periodic kernel K,
over a single period:

Lrf(@) = [ Krta=u)f)dy = [ ' (ZKT@c—ymm)) F(y) dy
T \kezZ

= [ Kz —y)f(y)dy.
—Tr
Clearly K, is even, strictly positive on R and satisfies || Kp|[z1(—x ) = 1.
Further, by Theorem 2.3 we know that K, is smooth on R\ 27Z, and
that for T' > 7% it follows by Theorem 2.8 and [21, Proposition 3.2] that
K, is completely monotone function on the half period (0, 7). To find
nontrivial solutions of the equation (2.1), or, equivalently, of (2.3), we fix

s> 1/2 and define a map F': C5,,(S) x R — C5,cn(S) via
F(u,c) = u — cLy(u) + Ly(u?), (3.1)
where CZ,.,(S) is the subspace of even functions in C*(S). Note this map

is well-defined since C$ ., (S) is a Banach algebra for any s > 0. Then the

even
roots of F' correspond to the even and 2m-periodic solutions of (2.1) with

wavespeed c. The choice s > % is by convenience, as functions of that
regularity have absolutely convergent Fourier series [26].

A
1

Lr(§)

0<T<1/3 T>1/3

0 ¢ 0 ¢
(a) (b)

Figure 1. Schematic drawings of the behavior of the symbol I7(§) for
(a) weak surface tension 0 < T' < 1/3 and for (b) strong surface tension
T > 1/3. In both cases, the symbol is strictly positive and decays as
|]71/2 as |¢] — oo.
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Now, we begin with the observation that F'(0,c) = 0 for all ¢ € R and
that the linearised operator

DyF|0,¢] =1d — cLy

has a nontrivial kernel in CJ,(S) if and only if clr(k) = 1 for some
k € Ny (we intentionally include the case k = 0 as it will play a role in
the two-dimensional bifurcation to come). Consequently, for a fixed ¢ € R
we have

ker D, F'[0, c] = span {cos(kz): k € Ny such that clp(k) =1}, (3.2)

and hence the multiplicity of the kernel depends sensitively on the graph
of the function I7(£). In particular, if 7' > 1/3 then I7(&) is monotone
decreasing on R and hence the above kernel is simple: see Figure 1. If
0 < T < 1/3, however, the function 7 has exactly one local extremum (a
maximum) in the interior of R, whence opening the possibility of two
different positive integers for which Ip(m) = lp(k): again, see Figure 1.
A simple calculation shows that for a fixed k € Ny, the kernel will be
simple if and only if T ¢ {T.(n; k)}nen,, where®

. ntanh(k) — ktanh(n)
Tns k) = e tanh(n) — F tanh(k))’

while it will have multiplicity exactly two when T' = T, (n; k) for some
n € Ny.

Note that for each fixed k, the function T (-; k) tends to zero as n — oo,
as does T,(0; k) when k — oo. It is also not hard to see that 7% (0;k)
is a strictly decreasing function of k. Numerical plots indicates that
also the function T(+; k) is strictly decreasing, but we will not use this
monotonicity property in our proofs.

Throughout the remainder of this section, we turn our attention to
the branches of solutions {(u, c¢)} bifurcating from the trivial line u =0
at some wavespeed c, for a fixed value of the surface tension T' > 0
and where the kernel of D, F[0, ¢,] is one-dimensional; two-dimensional
bifurcation in the case 0 < T' < % is dealt with in Section 4. Note that
while one-dimensional kernels appear both for sub- and supercritical wave
speeds, separated by ¢ = 1, two-dimensional kernels only appear for
c € (0,1]: see Section 4 below.

3.1. The parameters. To investigate the bifurcations we will make use
in the following sections of three positive quantities — the wavespeed c,
the surface tension T', and a scaling in the period of the waves, k. While

$Note that the function T.(-;-) can be extended to the cases n = 0 and k = 0
through continuity.
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the first two appear directly in the steady problem (2.1), the scaling
& — K€ is realised by introducing the corresponding dependence in the
convolution operator L, so that

Lor(€) = Lom(€) = Ip (k). (3.3)

This operator agrees with the original one for x = 1. In particular, finding
2m-periodic solutions of (2.1) with symbol L, 1 is equivalent to finding
27 /k-periodic solutions of (2.1) with symbol Ly = L. This allows
us to treat different wavelengths in the same equation by moving the
wavelength parameter to L, 7. Of course, the family of operators L, 7 all
enjoy the embedding properties of Lemma 2.4, as the proof is identical
for an arbitrary, fixed, x > 0. In what follows, we will thus modify (3.1)
and seek non-trivial solutions of the map

Fi(u,c) =u—cLyr(u)+ Le T (u2) (3.4)
in C

Sen(S) x R for a fixed k > 0.

Since surface tension is a property of the medium, while the speed
and wavenumber are properties of particular waves, it is physically more
relevant to use the two latter as bifurcation parameters, while holding
the surface tension fixed. This is what we will do in the following.

3.2. Local bifurcation via Lyapunov—Schmidt. The following theo-
rem establishes, for fixed wavelength and surface tension, the local bifur-
cation of small amplitude steady solutions the capillary-gravity Whitham
equation (1.1). Although this is by now a standard Crandall-Rabinowitz
type result [27], we prove the result using a direct Lyapunov—Schmidt
reduction as to prepare for the two-dimensional bifurcation in Section 4.
This is similar to the strategy in [14]. As x and T" will be fixed — assum-
ing that we already have a one-dimensional kernel as described in the
beginning of this section — we shall here suppress the dependence upon
these parameters.

Theorem 3.1. Let k € N and set co = L, r(k)~t. For any T,r > 0 such
that dimker D, Fy,(0,co) = 1 there exists a smooth curve
{(u(t), c(t)) : 0 < Jt| < 1}

of small-amplitude, 2m-periodic even solutions of the steady capillary-
gravity Whitham equation (2.1) with symbol given by (3.3). These solu-
tions satisfy

u(t) =t cos(kz) + O(t?)
c(t) = co+ O(t).
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in Clyen(S) X R, and constitute all nontrivial solutions in a neighbourhood

of (0,¢o) in that space.

Remark 3.2. There is an additional but qualitatively different bifurcation
taking place at ¢ = 1, where the straight curve of constant solutions
(u,c) = (¢ —1,¢) crosses the trivial solution curve (0,c). These solutions
must be taken into consideration when constructing non-constant waves
at ¢ = 1 when the kernel is two-dimensional, see Theorem 4.1.

Remark 3.3. By considering the role of k in the proof of Theorem 3.1
one can see that by varying k one obtains a one-dimensional family of
solution curves, the starting points of which depend smoothly on . This
may be seen also by applying the implicit function theorem directly to 3.1.
For each k € N we thus obtain a two-dimensional sheet of solutions,

={(u(t,r),c(t,k),r): 0 < |t| < 1,|k — Ko| < 1} (3.5)
parameterised by (t, k) in a neighbourhood of a bifurcation point (0, ko).

Proof. As stated above, we suppress the dependence on the fixed pa-
rameters T and k throughout. According to the assumptions and the
discussion after (3.2), on CZ,.,,(S) we have

even
ker D, F'(0, ¢o) = ker(Id — ¢oL) = span{cos(k-)}.
We first write
u(t) = tcos(kz) + v(t),
c(t) = co + (1),

with v(t) € Cgen(S) such that [" cos(kz)vdz = 0 and r(t) € R, and
proceed to show the existence of v and r such that for |t| < 1 we have

F(tcos(kx) 4+ v(t),co+r(t)) =0. (3.6)
As a subspace of L2(S), we equip C5,,(S) with the L? inner product
(f,9) =L [T fg dz and let IT: CS,(S) — ker D, (0, co) be the orthog-

onal prOJectlon onto span{cos(k-)}. Since D,F'(0,cp) is a symmetric
Fredholm operator with index 0 by Corollary 3.5 below, it follows that
Csoon(S) may be decomposed as a direct sum between its kernel and range.
In particular, (3.6) is equivalent to the system of equations

IIF (tcos(kx) +v,co + 1) =0,

(I — ) F(tcos(kx) 4+ v,co+r) =0, (3.7)
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where we have suppressed the t-dependence in v and r. Noting that
F(tcos(kz) 4+ v,co+ 1)
= tcos(kx) + v — (co + 7)L(t cos(kx) + v) + L(t cos(kx) + v)?
= Dy F(0, co)(v+ tcos(kx))
— rL(t cos(kz) + v) + L(t cos(kz) + v)?,

and that cos(k-) is in the kernel of D, F'(0, ¢p), the equation (3.6) may be
rewritten as

Dy F(0,co)v = rL(tcos(kz) + v) — L(t cos(kz) 4+ v)? =: g(t,r,v) (3.8)

and hence, recalling that v € (1 — II)C5,.,(S), (3.7) is equivalent to the
System

0 =1Ig(t,r,v)
(3.9)
D, F(0,co)v = (Id — I)g(t,r,v).
Finally, observe that since D, F'(0, ¢g) is invertible on (I —II)CS ., (S), the

second equation in (3.9) can be rewritten as
v = [DUF(Oa CO)]_I(Id - H)g(tv r, ’U).

Concerning this latter equation, note that at (¢,7) = (0,0) we have both
that v = 0 is a solution and that the Fréchet derivative with respect to v is
invertible on (Id — II) C5,c, (S) (because D, F'(0,c) is). Therefore, by the
implicit function theorem on Banach spaces, the second line of (3.9) has
a unique solution v(t,7) € (Id —II) C5,.,, (S) defined in a neighbourhood of
(t,r) = (0,0), and depending analytically on its arguments. By uniqueness,
v(0,7) =0 for all |r| < 1. Moreover, differentiation with respect to ¢ at
(t,7) = (0,0) in (3.8) shows that %U(O,T) = 0, which implies that v has
no constant or linear terms in ¢. As it is smooth in ¢, it may be expanded
in an (at least) quadratic series around t = 0.

We now need to solve the equation
Hg(t7 T, U(ta 7’)) = Q(T, t) COS(k.CC) =0
for r, with
Q(t’ T) = <g(t’ T, U(t7 T))’ COS(k")>.
Notice that that Q(0,7) = 0 since v(0,r) = 0 for all r, which together
with the symmetry of L implies that we can write
Q(t,r) =t[ri(k) + R(t,r)],

where R is analytic with R(0,0) = 0,R(0,0) = 0, again due to the
properties of v (here, I = lp,). An application of the implicit function
theorem to the equation r[(k)m + R(t,r) =0 at (¢,7) = (0,0) then yields
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the existence of a locally unique smooth function r: ¢ — r(t) with r(0) = 0
such that

Q(t,r(8))) = t(r(t) L(k) + R(t,r(t)) =0
for all |t| < 1. This concludes the proof. O

3.3. Global bifurcation (analytic). We now extend the local bifur-
cation curves from Section 3.2 to global ones by the means of the an-
alytic bifurcation theory pioneered by Dancer [12,13] and then devel-
oped further by Buffoni and Toland [10]. For fixed s > 1/2, we define

N:C5(S) x R — CEY/2(S) by
N(u,¢) = L(cu — u?).

Fixed points of IV are solutions of the steady capillary-gravity Whitham
equation (2.1), and conversely. Let

S ={(u,c) € C3,en(S) x R: F(u,c) =0}

be the set of solutions (fixed points of N). Note that Lemma 2.4 implies
that S C C, X R, so that all solutions are smooth: for details, see
Proposition 5.1 below. By combining this with a diagonal argument one

obtains the following compactness result.

Lemma 3.4. Bounded and closed sets in S are compact in C3,,(S) x R.

Proof. Let K C S C CZ,.,(S) x R be closed and bounded, and pick a
sequence (uj, ¢j); C K. Since {c¢ € R: (u,c) € K} is a closed and bounded
subset of R, it is compact. This means that (c¢;); has a convergent

subsequence, name it (cg)r. As the map

Cooon(S) X R 3 (u,¢) = cu — u? € C50y(S)

even

is continuous for s > 1/2, and since the map L is compact on Cg ., (S)

thanks to Lemma 2.4, it follows that after passing to a further subsequence
(ur,¢1); C K that (N(ug,¢)); converges in C5 ., (S) to some function w.
Since u; = N (uy, ¢;) by definition, passing to limits implies the sequence
(ug, ¢); converges in C5 ., (S) x R with limit (u,c) € S. As K is closed it

follows that (u,c) € K, establishing that K is compact. O

Corollary 3.5. The Fréchet derivative D, F'(u,c) is a Fredholm operator
of index 0 at any point (u,c) € Cson(S) x R.

Proof. This follows immediately from Lemma 3.4 as then
D, F(u,c) =1d — L(c — 2u)

is a compact perturbation of the identity. ]
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Before embarking on to the next theorem, we recall the shorthand I(-)
for L7 (-) = lr(k-).
Theorem 3.6. Whenever
_ 3col(2k) — 1(2k) — 2
~ (co — 1)(col(2k) — 1)
is finite and non-vanishing the local bifurcation curve t — (u(t),c(t)),

|t| < 1, from Theorem 3.1 extends to a continuous and locally analytically
parametrizable curve in CS .. (S) x R defined for all t € [0,00). One of

even
the following alternatives holds:

(3.10)

(1) I(u(t), c()llessyxr — 00 as t — oo.
(ii) t — (u(t),c(t)) is P-periodic for some finite P, so that the curve
forms a loop.

Remark 3.7. We note that

10
E(0; k) = BT =D TOW for k<1

— (V2 -1)(Tkk)"Y?+ 0 (k71 for k> 1.

For T > 1/3 it follows that (0,co) undergoes a supercritical pitchform
bifurcation for small k, and a subcritical pitchfork bifurcation for large k.
Note numerically, we observe there exists a unique ks = k«(T) > 0 such
that ¢(0) > 0 for 0 < k < k« and é(0) <0 for k > k.. For0 <T < 1/3,
both the numerator and denomenator of (3.10) change signs. Note that
one may be able to do global bifurcation when ¢(0) = 0 but inspecting
9 (0): see, for example, [21, Theorem 6.1]. We do not pursue this here.

Proof. This theorem is a version of the global analytic bifurcation theorem
in [10], and — apart from the bifurcation formulas — the proof goes as in
the purely gravitation case in [19,21]. The assumptions are fulfilled from
Lemma 3.4 and Corollary 3.5 if one can just show that some derivative
¢¥)(0) is non-vanishing. We give the calculations for ¢(0) and ¢(0) in the
Appendix; the first is 0, and the second is given by (3.10). Note that a
third alternative in the theorem in [10] does not happen here, as the set
Csren(S) x R lacks a boundary. O

even

There are a few more things one can say about the global bifurcation
curves, both numerically and analytically, and we discuss the global
bifurcation diagram in detail in Section 5. In particular, the cases of
strong and weak surface tension are summarised in Figures 3 and 4,
respectively.
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4. TWO-DIMENSIONAL LOCAL BIFURCATION

We now focus our attention on the case of a two-dimensional bifurcation
kernel in C5.,(S). To enable the necessary two degrees of freedom we
shall make use of the wavelength x in addition to the wavespeed ¢, while
the surface tension 7T is assumed to be fixed. We shall therefore study for

k > 0 the operator
F(u,¢) = u+ Ly (u? — cu)
on CSen(S) x R, along with its linearisation
L =D,Fy,(0,co) =1d — coLy,,
assuming that 7', kg, cg > 0 are constants such that
ker(L) = span{cos(k;-), cos(ka-)}, (4.1)
which happens when kg, co > 0 and ki, ks € Ny, k1 # ko, are such that
€0 = Lo (k1) ™1 = by (k2) 7,

as described at the start of Section 3 (we suppress the dependence on T,
as it will not be used apart from in this assumption). A two-dimensional
kernel can arise only for ¢y € (0,1]. Let now 1 < ky < kg. With S* being
the sheet of 27 /k-periodic solutions defined in (3.5) we shall show that
in addition to the solutions in S* and S*2, we may obtain solutions in
a set called S™*¢ consisting of perturbations of functions in the span
of cos(ki-) and cos(ky-). Assuming that k; < ko, the resonant case when
ko is an integer multiple of k; (sometimes referred to as Wilton ripples)
is more difficult than the generic case, but we follow here the procedure
in [14,20] to construct a slit disk of solutions also in that case. Numerical
calculations indicate that this set is optimal [35].

When one of the wavenumbers is zero (meaning ¢y = 1), we instead call
that one ko, and we will automatically have the resonant case, as then
k1 | k2. That case is included in the below theorem. Hence, at ¢ = 1 there
is a nontrivial bifurcation, but the arising waves always have a non-zero
component in the constant direction.

Theorem 4.1. Let T' > 0 be fized and assume that (4.1) holds for some
distinct ki, ko € Ny.

(i) When k1 does not divide ko there is a full, smooth, sheet

Smixed — {(U(tl,tQ),C(tlth))K/(tl)tQ)) 0 < |(t1;t2)’ < ]-}
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of solutions in C,,(S) x R x Ry of the form
u(ty, ta) = t1 cos(kyz) + to cos(kax) + O(|(t1, t2)|?),
c(ty,t2) = co+ O((t1,t2)),
K(t1,t2) = ko + O((t1,1t2)),

to the steady capillary-gravity Whitham equation (2.1). The set

Skt u Sk2 y SMired contains all nontrivial solutions in C2,,(S) x

R x Ry of this equation in a neighbourhood of (0, co, ko).

(ii) When ky divides ko there exists for any 6 > 0 a small but positive
g5 and a slit, smooth, sheet

Syred = {(ulo,9), ¢(0,9),5(0,9)) : 0 < 0 < &5, 8 < [9] <7 — 6}
of solutions in C3,.,(S) x R x Ry of the form
u(0,9) = ocos() cos(k1x) + osin(v) cos(kax) + O(0%),
C(Q? 7*9) =co + O(Q)7
r(0,9) = ko + O(0).
to the steady capillary-gravity Whitham equation (2.1). In a
neighbourhood of (0, co, ko), the set S = SF2 U S(’S"i“d contains
all nontrivial solutions in C5.,(S) x R x Ry of (2.1) such that
d< |9 <m—0.
Remark 4.2. The order of vanishing of the functions ¢ — ¢y and kK — Ko

in Theorem 4.1 is analyzed in Section A.2 of Appendix A.

Remark 4.3. The bifurcation theorem Theorem 4.1 shows that near a
two-dimensional bifurcation point in the case where ko/k1 ¢ Ny there
exists a full disk of solutions (for fixed k), while if ko/k1 € Ny the disk is
slit with one azis removed. This situation is summarised in Figure 2. In
particular this means that it is possible to find curves connecting solutions
with different wavenumbers, consistent with the recent numerical findings

in [35].

Proof. We start by writing
u(t1,ta) = t1 cos(kix) + to cos(kax) + v,
c(t1,t2) = co + 1,
K(t1,t2) = Ko + p,

where, generically, we want to find v, r and p parameterised by (¢1,t2)
such that

Froo1p(t1 cos(kiz) + to cos(kaz) +v,¢0 + 1) = 0, (4.2)
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kz/k1¢No k2/k§1€N0

Sk

Smimed

sk

Figure 2. The local solution disks for the steady capillary-gravity
Whitham equation (2.1) around a point where the bifurcation kernel is
two-dimensional. The left-hand drawing depicts the situation in Theo-
rem 4.1 (i), whereas the right-hand drawing refers to case (ii) of the same
theorem. The blue and red colours represent the proximity of the solutions
to the pure k1- and ka-modes, respectively. In particular, when ki divides
k2 we have not found any waves bifurcating in the direction of cos(k1-).

for sufficiently small values of (¢1,2). As in the proof of Theorem 3.1, we
let IT: Cfen (S) — ker(Dy,Fj,(0,co)) be the orthogonal projection onto
ker(D, Fy, (0, co)) parallel to ran(D,Fj, (0, cp)), where we have equipped
C3en(S) with the L? inner product (f,g) = 2 ["_fg dz. According to

B

Corollary 3.5 equation (4.2) is then equivalent to

{HFn(tl,tz) (u(tr, t2), c(tr, t2)) = 0 (4.3)

(Id - H)Fn(thtz) (u(t17 t2)7 C(tla t2)) =0.
Note that under the above ansatz, where it is assumed that IIv = 0,

F, (u,c) =ty cos(k1z) + ta cos(kaz) + v
+ Lygtp [(t1 cos(k1z) + to cos(kow) + v)?
—(co + 1) (t1 cos(kix) + ta cos(kax) + v)]
= (v — coLug4pv) + t1 (cos(k1z) — coLiug4p cos(ki1x))
+ to (cos(kax) — coLyy+p cos(kax))
— 7Ly 4p (t1 cos(k1z) + to cos(kaz) + v)
+ Lot p (t1 cos(kyz) + tg cos(kaz) + v)?
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and writing Ly4+p = Lig + (Ligt+p — Lr,) We have
Fi (u,c) = DyFyy(0,c0)v — co(Ligrp — L)V
— t1co(Lrg4p — Liy) cos(kirx) — taco(Lug4p — L,y ) cos(kax)
— rLyy4p (t1 cos(kiz) + ta cos(kaz) + v)
+ Lygtp (t1 cos(kyz) + to cos(kgx) + v)?
=: Dy F.,(0,co)v — g(t1, ta, 7, p,v).
Therefore (4.2) is equivalent to
D, Fy,(0,c0)v = g(t1,ta, 7, p,v), (4.4)

and we can rewrite (4.3) as

{0 = Hg(t17t27’rup7v)

4.5
DuFlio(Och)v = (Id—H)g(tl,tQ,r,p,v). ( )

Note that since v is orthogonal to ker(D,Fj,(0,cp)) the second equation
in (4.5) reads v = Dy Fy,(0,c0) "1 (Id — M)g(t1, ta, 7, p,v). It is clear that

Dano(Oa CO)U - (Id - H)g(tl,tg,’f’,p,v) =0

has the solution (¢1,ta,7,p,v) = (0,0,0,0,0) and at that point the
Fréchet derivative respect to v is D, Fj,(0,cp), which is invertible on
(Id — II)C%,en (S). The implicit function theorem then ensures the exis-
tence of a solution v = v(t1,t2,7,p) € (Id — II)CZ,, (S). By uniqueness
we have that v(0,0,7,p) = 0 for all small enough values of r and p.
Moreover, note that %’U(0,0,0,0) = 0 and %0(0,0,0,0) = 0. This
follows by differentiating (4.4) respect to t; or to, and evaluating at
(t1,t2,7,p) = (0,0,0,0) recalling that D, Fj,(0,co) is invertible on its
range. As a consequence, v depends at least quadratically on t; and to.

We are now left with solving the finite-dimensional problem given by
the first equation in (4.5). To this end, we decompose the projection IT
as IT = II; + Iy, where II; is the projection onto cos(ki-), and Iy is the
projection onto cos(ks-). Then

Ilg = I g + a9 = Q1 cos(k1z) + Q2 cos(kax),

with @Q; = (g, cos(k;-)), and the first line of (4.5) is equivalent to showing
that
Q1 =0Q2=0. (4.6)

To solve (4.6) we consider two cases.

The non-resonant case. Assume that ko/k1 ¢ No. Using the properties of
v and Iy, a direct calculation shows that
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Q1 =t1 [co(I((ko + p)k1) — U(kok1)) + (Ko + p)k1)]

— (o +p)kr) (cos(kr-), (t1 cos(kr-) + ta cos(kz) + vty t2,7.p)) ) -

(4.7)

As v(0,ta,r,p) is 27 /ke-periodic and ks # k1, the above inner term
product vanishes for t; = 0. Therefore we may write

Q1(t1,t2,7,p) = t1 ¥y (t1,t2,7,p) (4.8)
with )
0
Uy (t1, b, 7, p) :/ %(ztl,tg,r,p) dz, (4.9)
0o Ol

and note (4.7) implies
LIjl(o’ 07 Tvp) =Co [l(("i() +p)k1) - Z(K'Okll)] +r l((KO + p)kl)' (410)

Similarly, we have

Q2 = ta [co(I((Ko + p)k2) — U(rokz2)) + (K0 + p)k2)]
— (ko + p)k2) <COS(7€2')7 (t1 cos(ky-) + tacos(ka-) + v(t1, t2,m, p))2>

(4.11)
with the inner product term vanishing at to = 0 since we assumed
ka/k1 ¢ No. We can thus write

Qa(t1,t2,7,p) = t2 Wa(t1, t2, 7, p) (4.12)
with )
0
Wt tarip) = [ G2 (0 atarp) 4z (413)
g Ota
so that

W5(0,0,7,p) = co [[((ko + p)k2) — l(Kkok2)] + 7 1((Ko + p)k2).  (4.14)

Hence, condition (4.6) is equivalent solving the system

t1 V1 (t1,t2,7,p) =0
toWo(t1,ta,7,p) =0

for p and r in a neighborhood of (t1,t2,7,p) = (0,0,0,0). There are
clearly four cases: t; = to = 0 represents the trivial solutions. When
¥; =0 and t3 = 0 we can apply Theorem 3.1 concerning one-dimensional
bifurcations along with the remark following it to obtain the solutions
in S¥1. Similarly, when t; = 0 and ¥y = 0 we instead retrieve the
solutions in S*2. To obtain the mixed-period solutions we apply the
implicit function theorem to solve ¥ = Wy = 0 near the origin. Indeed,
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note that ¥;(0,0,0,0) = ¥5(0,0,0,0) = 0 and that the Jacobian of the
map

(T’, p) = (\111(07 07 T7p)7 \112(07 07 Tap))
at (r,p) = (0,0) is given by

DT‘\Ill(O707T7p) qull(o 0 7p):|
\J

det sl
DT\IJQ(O)Ovrvp) Dp 2(0707T)p)

(rp)=(0.0)
= 0 Lo (k1) [IL, (ko) ko — Uy (K1) B (4.15)

which is always different from 0 since I has only one positive stationary
point, (k1) # 0, and that the terms I} (k1) and [ (k2) necessarily
have opposite signs. Applying the Implicit Function Theorem gives
the solutions in "% Note in each of the above four cases, we find
r = r(t1,t2) and p = p(t1,t2) with p and r both vanishing to at least
second order at (t1,t2) = (0,0), as claimed.

The resonant case. Assume now that ks/k; € Ny. In this case, we are
not guaranteed that Q2(t1,0,7,p) = 0 for all [t1] < 1 due to a possible
resonance in the inner product term in (4.11). Nevertheless, we do know
that @Q2(0,0,r,p) = 0. Using polar coordinates to introduce the function

Q2(0,9,7,p) = Q2(0cos(¥), osin(?), 7, p),
defined for 0 < p < 1 and |(¢, 7, p)| < 1, we find from (4.11) that

Q2(0,9,7,p) = esin(d)co(I((ko + p)k2) — 1(k0kz)) (4.16)
+ osin(d)r (ko + p)ka2)
1 ™
— (ko —I—p)kg); / cos(kax) |:Q cos(¥) cos(k1z)

+ osin(9) cos(kax) + v(p cos(¥), psin(¥), r, p)} ’ dz.

Since @2(0, Y, r,p) = 0, we may as before write
@2(@,19,7“,])) = Q\,I;Q(Qvﬂarup) (417)
with
~ 1 2)
\IJQ(Qaﬁvrvp) = / @(2’9779,7"717) dz (418)
o Oo
so that

Uy (0,9, 7,p) = sin(¥) o (ko + p)k2) — U(koks)]

. (4.19)
+ rsin(9) I((ko + p)k2)-
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For @y, instead, all the previous calculations remain true and hence,
similarly defining the function
@1(@,’(9,7’,]7) = \PI(QCOS(ﬁ),QSiH(ﬁ)), (420)

it follows in this resonant case that (4.6) is equivalent to solving the
system

Q\iQ(Q? 197 Tap) =0.
for r and p in a neighborhood of (g, 9,7, p) = (0,0,0,0). The case p =0

{9008(19)‘51(9,19,7“,29) =0

clearly corresponds to trivial solutions, while the case cos(¥) = 0, ¥y =0
corresponds to solutions in S¥2 via the application of Theorem 3.1. For
the case that U1 = 0, Uy =0 we again apply the implicit function theorem
near the origin. Indeed, note that both \Tfl and Cf’g both vanish at the
origin and that the Jacobian of the map

(T, p) = ({171(07 07 T7p)a @2(07 07 Tvp))
at (r,p) = (0,0) is given by

det DT§1(07ﬁ>T7p) Dp?l(ov/l%r?p)]
DT\IlQ(Oa 197 T,p) Dp\I’Q(Ou 19) T)p) (T,p):(0,0)
= Sin(ﬁ) Co Z(Kokl) [l/(ﬁgkz) ]{2 — l/(lﬁokl) k‘l] s (421)

which, by the same considerations we applied to (4.15), is non-zero so long
as sin(¥) # 0 Therefore, for any fixed § > 0, restricting to § < [J| < 7 —¢

gives the solutions in Sg’”“d, as desired ]

5. GLOBAL BIFURCATION DIAGRAM

In this section we give some additional properties of solutions of (2.1),
that is, of continuous and finitely periodic solutions. Our goal is to com-
municate the global bifurcation picture, as gathered from both analytic
and numerical evidence, as well as to relate this to some comparable
studies. We first present and prove the additional analytic results, after
which we discuss the bifurcation diagram of the periodic capillary-gravity
Whitham with the help of Figures 3 and 4.

Proposition 5.1. Any L*(R)-solution of the steady capillary-gravity
Whitham equation (2.1) is smooth.

Proof. This is immediate from writing the equation in the form (2.3). For
any T > 0, the operator L is a smoothing Fourier multiplier operator
of order —%. This applies in particular to the scale of Zygmund spaces

C*(R), s > 0, see Lemma 2.4. As L*°(R) is an algebra embedded in
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C°(R) [37, Section 13.8], and the spaces C*(R) are Banach algebras for
s > 0, the result follows by bootstrapping. O

Proposition 5.2.
(i) There are no periodic solutions of (2.1) in the region
maxu < min{0,c — 1}.

(ii) Except for the bifurcation points when ¢ = ﬁ > 0 there are
no small periodic solutions in a vicinity of any point along the
curve of trivial solutions (u,c) = (0,c), ¢ € R. Similarly, there are
no periodic solutions that are small perturbations of the constant
solutions (u,c) = (c—1,¢), ¢ € R, except for the bifurcation points
that appear along this line for ¢ < 2.

(iii) The solution u = 0 is the only periodic solution for ¢ = 1.

(iv) ForT > %, all periodic solutions satisfy

2

maxu < g,

with equality if and only if u is a constant solution and either
c=0orc=2.

Remark 5.3. The qualifier ’periodic’ is here used only to guarantee that
solutions, which we have defined to be continuous, are integrable over
their period.

Proof. As all steady solutions are smooth, and the symbol of Ly satisfies
I7(0) = 1, one may as in [21] integrate over any finite period to obtain

(cl)/:rudm:/:;qu:z. (5.1)

(The same argument works for other periods as well.) This is an immediate
contradiction for v < min{0,c — 1}.

For the second statement, consider first ¢ < 1. As the symbol I7 is
positive, and the operator Ly is a linear isomorphism C*(S) — cots (S)
unless clr(k) =1 (cf. (3.2)), the implicit function theorem implies that
there are no small solutions in a vicinity except for the bifurcation points
found in Theorems 3.1 and 4.1 when ¢ < 1. In particular, there are no
such solutions for ¢ < 1 in the case of strong surface tension 7" > %, and
none for ¢ < 0 in the case of weak surface tension 0 < T < % By Galilean
invariance, the corresponding result applies to the line u = c—1 for ¢ > 1.

The proposition (iii) is immediate from (5.1).
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For (iv), note that
2 2 2
c c c
u(z) (cu — u®) 1 5 U T
when T > %, as the integral kernel of L is then everywhere positive.
This proves that maxu < %, with equality if and only if (u,c) = (1,2)
or (u,c) = (0,0), as these are the only constant solutions along the line

maxuz%. O

Proposition 5.4. If the surface tension satisfies T > %, then the bi-
furcation curve found in Theorem 8.6 for k =1 can be constructed such
that it contains a subsequence of solutions that are all single-crested (bell-
shaped) in each minimal period and that either:

(i) is bounded in wavespeed but with minu unbounded; or

(ii) eventually leaves every set {maxu < Ac} for A < 3.

Proof. For even and periodic solutions u one may as in [16,21] use (2.1)
to write

W) =2 [ (Kylo =) = Kylo+) (5 - ut)) ). (52

When K, is completely monotone, and u is decreasing on (0, 7) with
u < 5, this implies that u is strictly decreasing on the same interval
(unless u is a constant), and a standard argument [16, Lemma 5.5] yields
that looping as in alternative (ii) is ruled out.

Let us therefore, for a contradiction, assume that the bifurcation
curve remains within the set {maxu < §}. Recalling that Theorem 2.8
and [21, Proposition 3.2] together imply that K, is completely monotone
on (0,7) when T' > 7%, it follows that alternative (i) in Theorem 3.6
has to hold. As solutions are smooth, this is equivalent to a sequence of
solutions (uy, ¢n) = (u(ty), c(ty)) satisfying |up|oo + |cn| = 00 as n — oo.

Assume first that {c,}, is bounded. Then {u,}, is unbounded in
L>*(R), and therefore min u,, — —o0 as n — oo is the only possibility, by
Proposition 5.2 (iv).

If, on the other hand, {c, }, is unbounded, pick a subsequence such that
lim,, o || = 0. Note that ¢, cannot pass ¢ = 1, as Proposition 5.2 (iii)
shows that it would have to pass via (u,c) = (0,1), but near that point
there are only small constant solutions (see Remark 3.2 and Theorem 4.1).
Hence, the solution curve would first have to connect to either the curve
u=c—1or u=0. But, as described in Proposition 5.2 (ii), the first of
these has no bifurcation points for strong surface tension and ¢ > 1, and
connection back to the bifurcation points of the second is excluded by the
argument used in [16, Lemma 5.5] (no looping). Hence, lim,,_,o ¢, = 00.
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We now show that this is impossible when maxu, < Ac,, A < %
Recall that we are following a branch of the curve for which u is even, and
strictly increasing on the half-period (—,0), in view of the positivity of
the integrand in (5.2). According to our assumptions, there exists 6 > 0
such that %” — max u, > dc¢,, pick x, € (0,7) such that

! _ . o )
U () i 5}( U (y))

i) =2 [ Byl = 9) = Koylaw +) (G = ualo) (— )y
T—4§
> 2%, [ (Kalon ~ ) = Kyl + ) (-1 (0)) dy
1)

T—4
> —20cul, (xy) /5 (Kp(zn —y) — Kp(zn +y)) dy.

On the interval of consideration, Ky(z, —y) — Kp(z, + y) is bounded
from below by a positive constant (it is zero only for y = k7, k € Z).
Although it has a singularity at x,, = y, it tends to oo there, so we may
estimate it from below, uniformly in x,, by

min {(Kp(zn — y) — Kp(@n +y)) : (z,y) € [6,7— 0] x [0,7 — 6]} 2 1.
Consequently,
_u;z(xn) 2 —cnu%(xn),
which is not possible, as ¢, — oo and —u/ (x,,) > 0 for all n. O

5.1. Discussion and summary of results. Analytically, we have de-
termined almost completely¥ the solution set near the lines of constant
solutions © = 0 and v = ¢ — 1. The result depends crucially on the
strength of surface tension 7', and, apart from the easily seen change
in the dispersion relation at T = %, we have seen in Section 2 that
there is a more subtle change at T' = 7%, at which the integral kernel
of the dispersive operator L loses its positivity and monotonicity; that
has made it possible to prove some additional, but not complete, results
for the case of (very) strong surface tension 7' > %. To complete the
picture where our analytical methods have so far proved insufficient, we
have additionally run a spectral bifurcation code similar to the one used
in [35]: a Fourier-collocation scheme is employed to discretise and solve
the equation, while a pseudo-arclength strategy allows us to follow the
branch of solutions in the presence of turning points and other complex
behaviours. In these computations the wavelength 27 has been used, that

TWe lack a proof of non-existence of the ki-modal waves in the resonant case of
Theorem 4.1, but these waves do not seem to exist numerically.
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is, k = 1. We will present the main result of these calculations as well,
but only in overview form.

maxu

o

u

N

Figure 3. A schematic drawing of the global bifurcation diagram in the
case of strong surface tension 7' > % (partly T = %) The diagram is
discussed in detail in Section 5.2.

|1

To start our discussion, focus first on one of the Figures 3 or 4. Just as
the regular Whitham equation, the capillary-gravity Whitham equation
(2.1) admits two lines of constant solutions, namely v = 0 and u =
¢ — 1. These cross at ¢ = 1, the point of a transcritical bifurcation (see
Remark 3.2), and also a bifurcation point for solitary [7] and generalised
solitary [25] waves ; additionally, ¢ = 1 is the symmetry line for the
Galilean invariance

c—2—c¢, ur—u+1—c,

that leaves (2.1) invariant, and is shared by the regular Whitham equation
[21]. The two constants 0 and ¢ — 1 correspond to the two natural
depths that appear for steady flows in the water wave problem, see for
example [28]. In addition to these two lines, there is a third, mathematical,
constant arising from the structure of (2.1) when completing the square,
namely §. While this constant is of physical and absolute importance
in the regular Whitham equation — being the height above surface of a
highest wave — and while it appears as a technical difficulty when trying
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to expand the result of Proposition 5.4, numerical evidence indicate that
this construct is probably only artificial in the presence of capillarity.
Still, we have indicated it in Figure 3 using the line maxu = § (but not
in Figure 4, as it did not prove any help in communicating our results).
Additionally, in both Figures 3 and 4 the greyed-out area illustrates
Proposition 5.2, that there are no solutions in the region where

maxu < min{0,c — 1}.

A final common feature of the strong and weak surface tension case is
that solutions cannot pass ¢ = 1, except via the transcritical bifurcation
point (u,c) = (0, 1), where, locally, the only solutions are given by the
constant functions u = 0 and v = ¢ — 1. This fact may be induced from
Proposition 5.2 (iii) and Remark 3.2, and is indicated in the figures with
a solid red line (no solutions pass). Note that both figures are for a fixed
and finite period.

5.2. The case of strong surface tension. Now, let us focus on the
strong surface tension case and especially the case T' > %, which is
depicted in Figure 3. As described in Theorem 3.1, we have small waves
of the approximate linear form cos(k-) bifurcating at
1

T L)
The bifurcation curves of these waves are indicated by solid blue lines,
with a zoom-in on a small wave along the main bifurcation branch k = 1.
The red line {u = 0,1 < ¢ # ¢} shows the result of Proposition 5.2 (ii),
that there are no other supercritical solutions in a C®-vicinity of the line
of vanishing solutions. By Galilean invariance, each of these curves (and
non-existence results) has an exact counterpart for ¢ < 1 along the line
u = ¢ — 1, and we do not comment more on that in the case of strong
surface tension.

The initial direction of the curves is calculated in Remark 3.7: analyti-
cally, sub-critical bifurcation is established for small enough values of k,
and super-critical bifurcation as k — oo; numerically, this shift happens
at exactly one value, and we have illustrated this with the last visible
(third) curve bending leftwards from the bifurcation point, while the two
first bend right-wards (the direction after the Galilean shift is opposite).

The result of the global bifurcation theory as carried out in Theorem 3.6
is that each curve, when considered in a space of 27 /k-periodic functions,
is either unbounded in C* x R, or returns (loops) back to (u,c) = (0, cx)
in a finite period of the bifurcation parameter. The standard tool for
ruling out looping is by preserving the unimodal nodal pattern along the
main bifurcation branch, an argument for which one relies on maximum

> 1.
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principles/positivity of the underlying operators. As we prove in Theo-
rem 2.8 that this property is present when the surface tension coefficient
satisfies T > % (and only then)”, the complete monotonicity of the kernel
K established in Theorem 2.8 for that case provides hope for stronger
results. Note that, regardless of the exact value of T" > 0, it follows from
Lemma 2.4 that all solutions of (2.1) are smooth, so that alternative (i)
in Theorem 3.6 is equivalent, by bootstrapping in (2.3), to a sequence of
solutions satisying |u|. + |¢| — oo along the bifurcation curve.

While we cannot rule out alternative (ii) in Theorem 3.1 completely, see
Proposition 5.4, we can at least show that looping would require leaving
every set of the form maxu < Ac for A < % (that is the consequence of
Proposition 5.4, as an unbounded continuous bifurcation curve cannot
be finitely periodic). Although alternative (i) in Proposition 5.4 is very
unlikely, and never appears in our numerical calculations, we have been
unable to rule it out (the reason for this might be that the balance between
Mu and u? is exactly at the critical threshold for GagliardoNirenberg,
so that control of a higher Sobolev norm of « in terms of a lower seems to
require using precise properties of the integral kernel.) We have illustrated
this with long-dashed lines in Figure 3, showing the curves (probably)
leaving the cone maxu < %

After that point, our calculations are purely numerical, showing the
solution curves asymptotically approaching the second curve of constant
solutions u = ¢ — 1. Indeed, if the quotient

u
c—1

should converge to any constant along the bifurcation curve, it is immedi-
ate from (5.1) that the limit is either 0 or 1. The numerics indicate that
the quotient mc%(l“) increases along the bifurcation curve to cover all of
the interval (0, 1), with wave profiles that are monotone on a minimal
half-period even though, by far, we have passed u = §. Such a result, we
believe, would be new in the setting of capillary-gravity water waves, but
it is so far out of reach for us when u crosses 5. Interestingly enough, the
same pattern seems to persist even when the kernel is not everywhere
positive and monotone, that is, for T' < f—g.

As a comparison, for the Euler equations — in the presence of interfacial
waves or waves with surface tension — analytically all alternatives along
a global bifurcation curve are open: waves could be steepening, looping,
speeding, lengthening or develop surface or vorticity singularities [4]; for
interfacial waves without surface tension, unboundedness in speed, slope

ITt is possible that the periodised kernel is positive even when the original kernel is
not, depending on the period, but we have not investigated that here.
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or in the form of a surge is necessary [5]. There is an indirect proof,
however, of connection between the trivial state and waves with infinite
slopes/overhanging profiles [3] and even self-touching surface (so-called
splash singularities) [11], in that the former are perturbations of Crapper
waves, the Crapper family being a continuum from undisturbed water [32].
Numerical investigation have further shown that waves with infinite slopes
can re-appear higher up along bifurcation branches [40]. As the model
we are dealing with cannot capture multi-valued profiles, the increased
steepening visible in the numerical calculations is probably the closest
one can come. Interestingly, in [4], an alternative is that two different flat
states connect in a way very much resemblant to our curves approaching
the line u = ¢ — 1.

Finally, for surface tension T > %, Proposition 5.2 shows that no
solutions pass the line ¢ = 0 with maxwu > 0, indicated by red in Figure 3.

5.3. The case of weak surface tension. When the surface tension
is weak, T' < %, several things are very different. First of all, the first
single bifurcation points ¢ might, depending on the period, appear in the
interval 0 < ¢ < 1, although for large enough values of the wavenumber
k the waves will all be supercritical. Just as as in the case of strong
surface tension, Proposition 5.2 guarantees that solutions do not cross
the lines marked with red in Figure 4 (although these now do not include
the positive vertical axis maxu > 0), and there are no solutions in the
grey area. Similarly, there are no small, non-constant, solutions in a
neighbourhood of any point along the constant solution axes u = 0 and
u = ¢ — 1, except at the countable bifurcation points.

A peculiarity in the case of weak surface tension is the appearance of
multimodal waves connecting different curves of k-modal waves. Ana-
lytically, we find a full disk of solutions by two-dimensional bifurcation
in Theorem 4.1 (i), by varying the wavelength. Fixing the fundamental
period, however, this yields a one-dimensional subset of this disk, where
we continuously transform via only a curve between two main modes of
waves. Numerically, this effect persists even for values slightly off the
exact points of two-dimensional bifurcation: as the numerical investiga-
tion [35] shows, the looping alternative (i) in the global one-dimensional
Theorem 3.6 happens in the form of one bifurcation curve of k-modal
waves transforming into one of n-modal waves and thereby connecting
back to the line of zero states. The same kind of connections have been
found for the Euler equations, analytically for small waves [38], and
numerically for small and large waves [8, Figures 4 and 5] (see also [23,41]
for perturbation theory and numerical calculations showing the rippling
and non-uniqueness of small waves). These branch-to-branch connections
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are illustrated in Figure 4 by a curve of small bimodal waves connecting
two curves of unimodal waves bifurcating off the 0-axis for ¢ € (0,1). (In
numerical calculations for this manuscript, there have even been instances
of curves of waves bridging, consecutively, three different unimodal bi-
furcation curves, that is, a nontrivial path that connects three separate
bifurcation points, but that is not indicated in the graphics.)

The curves of subcritical waves can be followed, again numerically, past
zero wave speed, going left-ward without any indication to stop. In L%(S),
they seem to flatten out to 0, but not in L*°. This feature reappears
again and again in both numerics and our calculations: while L*°-bounds
easily yield bounds on higher norms, and one has control of solutions in
L? with respect to the wave speed, it is extremely difficult to relate the
L>®-norm of solutions to their L?(S)-norm, even when the wave speed
is bounded. Generally, all curves of solutions appear to asymptotically
approach one of the curve of constant solutions (v = 0 or u = ¢ — 1)
in L?(S), while an actual connection in a space of higher regularity is
impossible for almost all wavespeeds because of the invertibility of the
linear operator D, F' (note that it is not obvious how to make sense of
the nonlinear mapping F' in L?(S)).

Finally, in the case of supercritical bifurcation, we find only single-
crested (bell-shaped) waves even though the surface tension is weak.
When these waves are small it is a result of Theorem 3.1. These curves
may be continued globally (Theorem 3.6), but the information about them
is purely numerical. Just as in the case of strong surface tension, these
supercritical waves show no ripples, and they asymptotically approach
u = c¢— 1 in L%(S), but not in L>. Any proof of preservation of the
nodal properties in the case of supercritical bifurcation when the surface
tension is weak is for the moment entirely out of our reach, even though
it would be very interesting to obtain.

APPENDIX A. BIFURCATION FORMULAS

This appendix contains higher order expansions of the quantities in
Theroem 3.1 and Theorem 4.1. We start with the first and second
order terms in the expansion for the speed ¢(¢) in the one-dimensional
bifurcation case, which is required by the proof of the global extension
in Theorem 3.10. We then proceed to study the first order terms for the
expansions of the functions r and p in the two-dimensional bifurcation
case.

A.1. One-dimensional bifurcation case. We begin by determining
the derivatives ¢(0) and ¢(0) associated to the bifurcation curve con-
structed in Theorem 3.1. This can be done either directly using the
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maxu 9%
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Figure 4. A schematic drawing of the global bifurcation diagram in the
case of weak surface tension T < % The diagram is discussed in detail in
Section 5.3.

Lyapunov—Schmidt reduction carried out in the proof of Theorem 3.1
or by the means of bifurcation formulas given for example in [27]. The
latter requires an identification between the bifurcation function ¢(u,c) =
IIF (u+(u,c),c) used in [27] and the functions v and r used in the proof
of Theorem 3.1. This relation is given by v(t) = ¢ (t cos(kz), c(t)).

Here, start from the Lyapunov—Schmidt representation

0 = F(tcos(kz)+v(t),co+ r(t))
= tcos(kx) + v(t) (A.1)
+ L [(tcos(kx) + v(t)* — (co + r(t))(t cos(kx) + v(t))] ,

where here it is understood that for each ¢ small the function v(t) is a
27 /k-periodic function of z. Differentiating (A.1) once with respect to
t, evaluating at ¢ = 0 and using that v(0) = 0(0) = r(0) = 0 yields the
equation

(1 —coL)cos(kx) =0,
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which holds by our choice of ¢y. Similarly, differentiating (A.1) twice with
respect to t and evaluating at t = 0 yields
(1 — ¢oL)5(0) = 27(0) L cos(kz) — 2L cos? (kx)

. (A.2)
= 27(0)I(k) cos(kx) — (1 4 1(2k) cos(2kx)) .

Since [7_wv(t)cos(kxz)dx = 0 for all [t| < 1, the above implies that
7(0) = 0. Returning to (A.2), it now follows that
1 [(2k) cos(2kx)

W0 =23 col(2k) — 1

(A.3)
Continuing, we observe that taking the third derivative of (A.1) with
respect to t and evaluating at t = 0 yields
(1 —coL) v (0) = 3#(0) L cos(kx) — 6L (9(0) cos(kx)) .
Using (A.3), we compute that

. (k) cos(kx)  1(2k) (I(k) cos(kx) + I(3k) cos(3kx))
L (4(0) cos(kx)) = p— + 3(col2k) = 1) .

Using again that ["_wv(t) cos(kx) da = 0 for all [t| < 1, it follows that

3 1(2k)  3col(2k) — 1(2k) — 2

MO =51 col(2k) — 1 (o — 1)(col(2k) — 1)

which is the expression (3.10) for ¢(0) given in Theorem 3.6. Note that
the above procedure could be continued to obtain asymptotic expansions
of r(t) and v(t) to arbitrarily high order in ¢t. We also note that the above
result is consistent with the asymptotic formulas in [24].

A.2. Two-dimensional bifurcation case. We now consider the case
of a two-dimensional bifurcation as considered in Section 4 above. Recall
that the solutions constructed in Theorem 4.1 can be written as

u(ty, t2) = t1 cos(kix) + to cos(kax) + v(t1, t2),
c(ty,te) = co + r(ty, ta),
K(t1,t2) = ko + p(t1, t2),

with v of order O(|(t1,t2)|?) and 7, p of order O(|(t1,%2)|). We now
characterize the order of vanishing of the functions r and p at the origin.

Proposition A.1. Let the functions r and p be as in Theorem 4.1. If
kQ/kl ¢ No, then

vr(0,0)=0,  Vp(0,0)=0
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so that, in particular, r and p are of order O(|(t1,t2)|?) near the origin.
If instead ko/k1 € Ny, then for any 6 > 0 small we have that, in polar
coordinates,

T, (0,9) =0, Po (0,9) =0
if and only if either ko ¢ {0,2k1} or (ko, ) = (2k1, g)

Proof. We begin the non-resonant case, ka/k1 ¢ No. From the proof of
Theorem 4.1, we know for all 0 < |(t1,t2)] < 1 the functions r and p
satisfy

U,(t1,ta, r(t1,t2), p(t1,t2)) =0 fori=1,2,

where the ¥; are defined in (4.9) and (4.13). Fixing j € {1,2} we
find that differentiating the above with respect to ¢; and evaluating at
(t1,t2) = (0,0) gives the system of equations

\Illﬂ"(o) \IILP(O) Tty (0, 0) _ \I’l,tj (0) (A 4)

Vs,(0) W2,(0) p;(0,0) Ua4,(0) )7 '
where here 0 denotes the origin in R*. Since the above system matrix
is invertible by (4.15), it remains to determine the values of ;. (0) for

i = 1,2. This can be accomplished by recalling (4.9) and (4.13) and
noting that (4.7) implies that

9*Q; 2 & 3
at? (0) = —Wl(/‘fokz)/7T cos”(k;x) dz

and

2 T .
g 2 s
Ot10ty ——I(kok1) 0052(745233) cos(kiz) dw, =2
™

—T

Consequently, since ka/k1 ¢ Np it follows that W; (6) =0fori=1,2
and hence (A.4) implies that r¢,(0,0) = p;(0,0) = 0 as claimed. Since
j € {1,2} was arbitrary, this proves the proposition in the non-resonant
case.

Now, consider the resonant case when kg /k1 € Ny and fix 6 > 0 small.
In this case, for each 0 < [¥] <7 — 0 and 0 < p < 1 the functions (g, V)
and p(p, ) satisfy the system

\Tli (0,9,7(0,9),p(0,9)) =0 fori=1,2,
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where here the W; are as in (4.20) and (4.18). Differentiating this system
with respect to g at ¢ = 0 gives the system of equations

( U1,:(0,9,0,0) ¥y,(0,9,0,0) ) ( 75(0,9) )
@2,7’ (07 197 07 0) \IJQ,P(()? 197 07 0) pQ(()? 19)

- ( Uy ,(0,9,0,0) )
N Wy ,(0,9,0,0) )

As in the non-resonant case, the above system matrix is invertible, this
time thanks to (4.21), and hence it remains to determine the values of
\T/iyg((], 9,0,0) for i = 1,2. Let us begin by determining the value in the
case i = 1. From (4.20) and the preceding discussion, we know we can
write

(A.5)

1(0,9,0,0) = / (zg,ﬁOO)d
where, using (4.7), we have explicitly

@1(@7 197 07 0) = Ql(QCOS(’ﬂ), QSin(’ﬂ)a 0) 0)
20%1(kok1) cos(¥9) sin(¥9)

=— cos?(kyz) cos(kpz) de.
T

—T

Clearly then, @2,99(0, 9,0,0) is equal to zero if and only if either ¥ = §
or ko ¢ {0,2k1}. Since

18°Qy

U, ,(0,9,0,0) = 5 507

(0,9,0,0)

by above, we have shown that ¥y 0(0,9,0,0) = 0 if and only if either of
the conditions ¥ = 5 or ko ¢ {0,2k;} hold.
Similarly, we have

132@2
2 002

Uy,(0,9,0,0) = (0,9,0,0)

where, using (4.16), we have

2
0°l(koks) "

™

/7r cos(ka2) [cos? () cos® (kyz) + sin®(9) cos® (koz)] dz

—Tr

@2(@719707 0) = -

Clearly, @2799(0,19, 0,0) vanishes whenever ko ¢ {0,2k1}. When ko = 0,
(2,00(0,7,0,0) does not vanish for any ¢, and when ko = 2k; it only
vanishes when ¥ = 7. Consequently, ¥ ,(0,%,0,0) vanishes only when
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either ky ¢ {0,2k1} or (k2,9) = (2k1,%). Together with the results
concerning W1 ,, this completes the proof. O

Remark A.2. The special case ko = 2k1 has been found also in the Fuler
equations (with gravity and vorticity) by the authors of [1]. The special
case ko = 0 is instead due to the transcritical double bifurcation allowed
by the capillary-gravity Whitham equation.

Remark A.3. An explicit example where r,(0,9) # 0 can be seen in [35,
Figure 6], where the branch of nontrivial solutions has a non-vertical
tangent at the bifurcation point in the speed-height plane.
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SOLITARY WAVES FOR WEAKLY DISPERSIVE
EQUATIONS WITH INHOMOGENEOUS
NONLINEARITIES

Published in Discrete and Continuous Dynamical Systems [16]

OLA I.H. MEHLEN

ABSTRACT. We show existence of solitary-wave solutions to the
equation
us + (Lu —n(u))s =0,

for weak assumptions on the dispersion L and the nonlinearity n.
The symbol m of the Fourier multiplier L is allowed to be of low
positive order (s > 0), while n need only be locally Lipschitz and
asymptotically homogeneous at zero. We shall discover such solutions
in Sobolev spaces contained in H**.

1. INTRODUCTION

A great deal of model equations for the evolution of water waves in
one spacial dimension can be compactly written as

ug + (Lu —n(u)), =0, (1.1)

where the dispersion L is a Fourier multiplier in space with real-valued
symmetric symbol m, that is,

Lu(§) = m(§)a(8),
and n is a local nonlinear term. Solutions of (1.1) tend to enjoy a variety
of qualitative properties of water, see [12], but our focus will be on
the existence of solitary waves. Traveling at constant velocity v, these
solutions take the form (z,t) — u(x — vt), where u(y) — 0 as |y|— oc.
For such solutions (1.1) means

—vu+ Lu—n(u) =0, (1.2)

in light of the assumption that u vanish at infinity.

A common approach to prove solitary waves in equations of the form
(1.2) is Lion’s concentration-compactness method introduced in [15]. We-
instein used this in 1987 to prove existence and orbital stability in the
case of a monomial nonlinearity and a symbol of order s > 1 [19]. The
limit s = 1 is not only superficial: In [2] the authors study an equation
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corresponding to s = 1, and that method was later put in a more gen-
eral framework in [1], again for s > 1. Zeng [20] later used a different
energy functional (and different conserved quantity) to relax some of the
conditions, but still for s > 1.

These works led a number of different authors to consider the case
when s < 1: in [14] and [3] the authors treat equations with positive-order
Fourier operators (s > 0) — the case of homogeneous and inhomo-
geneous symbols respectively — and in both cases with homogeneous
nonlinearities; whereas in [7] smoothing operators (s < 0) with mildly
inhomogeneous nonlinearities are allowed. The method for positive-order
operator is indeed based upon Weinstein’s paper [19], whereas the method
for negative-order operators is different, and more closely related to works
on the Euler equations and other systems with dispersion of very weak
type [10]. A main difference between the works [3,14] and [7] is the
requirement that the waves in the latter should be small. This is related
to scalings/homogeneity of the nonlinearity, and an essential part of the
method of proof in [7]. A later work, related to the investigations for
positive s, is [6], in which the authors look at (1.1) when the nonlinearity

is polynomial, cubic or higher, and the symbol m grows at least as |£ ]% at
infinity. This growth may be slightly lowered: in the case of a quadratic
pure-power nonlinearity and a homogeneous symbol m (the fractional
KdV equation), the optimal assumption in terms of growth is m(&) = [¢|°,
s > 1 [9]; below this value one does not have solitary waves for the
(homogeneous) fKdV equation [13]. This coincides with our assumption
on s below; for the assumption on s’, see our remarks in Section 1.3.2.

Our goal has been twofold. First, to combine ideas from [3] and [7] to
allow for more inhomogeneous nonlinearities in the theory for lower-order
(s > 0) symbols; and, second, to improve upon the required assumptions
on both the linear and nonlinear terms by a slightly different method
of proof. The last point is made visible mostly in that the theory for
low-order s is carried out in corresponding low-order Sobolev spaces
(below the L> embedding), for which we use a cut-off of the nonlinearity
n which is different from the ‘small ball’ used in [7]. (Our solutions will
eventually be somewhat more regular, but the near-minimizers we work
with might not exhibit the same regularity). In effect, we are able to
reduce the assumptions on (1.2) to the following.

1.1. The assumptions and the main theorem. Throughout the pa-
per, we will assume the following:

(A) The nonlinearity n: R — R is locally Lipschitz, and decomposes
into n = ny,+n,., where n, is homogeneous of one of the two forms:
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(A1)  — c|z|'™ and ¢ # 0,
(A2) x> cz|z|P and ¢ > 0,

for a real number p > 0, while the remainder term satisfies
ne(x) = O(Jz|**7), as x — 0, for some r > p.

(B) The symbol m:R — R is even and satisfies the growth bounds

m(€) —m(0) ~ [¢]*, for ¢]< 1,

m(f) - m(O) = ‘5’37 for |£|> 17
with s > p/2 and s > p/(2 + p). We also require & — m(&)/(£)®
to be uniformly continuous on R.

We will discuss these assumptions in detail below. Given them, we will
prove the following existence result.

Theorem 1.1. There exists p. > 0 so that for every p € (0, ), there is
a solution u € H'"® of (1.2), with wave speed v € R, satisfying

(i) llullFes S llull3= 20,

(i) m(0) — v ~ P, with B = 552,
where the implicit constants in (i) and (i1) are independent of p € (0, fus).

An interesting special case of Theorem 1.1 is the case of the capillary-
gravity Whitham equation with strong surface tension, for which p =1
and the symbol is

1
m(€) = ((1 + T§2)tan§1(§)) 2 ’ T>

)

Lol

which corresponds to s = % and s’ = 2. Modelled on the water wave
problem with surface tension, the capillary-gravity Whitham equation is
known to admit generalized solitary waves in the case T < % (weak surface
tension) [11], and decaying solitary waves for 7' > 0 (both weak and strong
surface tension) [3], as well as periodic steady waves, including rippled
solutions in the case of weak surface tension [8]. In the case T' < % the
solitary waves have wave speeds v smaller than m(0) (called subcritical),
whereas the generalized waves exhibit supercritical wave speeds v > m(0);
for strong surface tension we are only aware of sub-critical solutions. As
we also prove the existence of sub-critical solutions, in the case of strong
surface tension T > %, there currently seems to lack super-critical truly
solitary waves in the capillary-gravity Whitham equation. The same
waves have also not been found for the capillary-gravity Euler equations
(although we have not found a source actually stating this), but a proof of
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general non-existence is lacking. What has been shown is that there are no
small-amplitude, exponentially decaying, even, supercritical solitary-wave
solutions of the Euler equations in the slightly weak case when T is close
to, but less than, % [18].

On a related note, it might be worth noticing that Theorem 1.1 is also
an existence result for solitary waves tending to a general value ¢, not
necessarily zero, at infinity. For if n(x) = n(c+z) —n/(c)z — n(c) satisfies
the assumptions, then there is a solitary-wave solution u, with velocity v,
of the equation u; 4+ (Lu — n(u)), = 0, and thus, u + ¢ is a traveling wave
solution of (1.2) with velocity v — n/(c).

1.2. The method. In this subsection, the framework used to prove
Theorem 1.1 will be introduced. In particular, we develop a constrained
minimization problem whose solutions satisfy (1.2), and in fact, it is
exactly solutions of this minimization problem that we shall prove the
existence of. For this purpose, we will be working with two ‘extra’
assumptions on (1.2), namely

(C1) n is globally Lipschitz continuous,

(C2) m(0) =0.
While these auxiliary assumptions (especially the first) excludes many
instances of (1.1) where we would like to prove the existence of solitary
wave solutions, it turns out that proving our main theorem for this
smaller class implies the result in the more general setting, as we now
demonstrate.

Lemma 1.2. If Theorem 1.1 holds true under the assumptions (A), (B),
(C1) and (Cs), then it also holds true when only (A) and (B) are satisfied.

Proof. Assume n and m satisfy (A) and (B). Define
oy ynle), xS, e B
() = {nm)? ElL = m@ - mo)

and notice that 7 and 7 satisfy (A), (B), (C1) and (Cz). By assumption,
Theorem 1.1 now holds for the modified equation

—pu+ Lu — a(u) =0,
where L is the Fourier multiplier whose symbol is m. Thus there is a

fix > 0 so that for each p € (0, fi«) we have a solution u with velocity ©
satisfying

lullFs < a,

—0~ P,
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where we omitted m(0) = 0 from the second expression. As H! S — [,
we can pick ps € (0, fix) so that ||[u|lcc< 1 for all p € (0, px). For such
solutions u, we have n(u) = n(u), and setting v = 7 — m(0) we see that

0= —iu+ Lu — i(u),
= —vu+ (L4 m(0))u — n(u),
= —vu+ Lu — n(u).
Thus, for i < ps the solutions provided by Theorem 1.1 for the modified
equation are solutions of the original equation, but with a shifted velocity
v satisfying
m(0) — v~ uP.
d

We now construct the minimization problem mentioned above, whose
well-posedness is assured when the assumption (C;) is added to (A)

and (B). We will work in the Sobolev space H2 of measurable functions
f:R — R with finite Sobolev norm

115 = 11€)2 Fll2,

where we use the Japanese bracket (£) = (1 + 52)
shall be the functionals Q, £, N: Hz — R, defined by

Q(u)—l/u dx,

=5 [ m©la ds.
N@:Mw+Mw:/M@m+/M@M

where Ny (z) = [ npdt, and Ny(x) = [ n, dt. We will prove the above
functlonals to be Fréchet dlfferentlable with H 2-derivatives

Q' (u) = u, L'(u) = Lu, and  N(u) = n(u).
Consider now the constraint minimization problem

I, = ulenlig( u), (1.3)

1/2. Our main tools

where £ = £ — N and

Uy = {u€ HE: Q(u) = i}, (1.4)
and where we restrict pu € (0, ), for some fixed upper bound ., that
we shall require to be sufficiently small. Our strategy shall be to find
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minimizers of (1.3); a minimizer u must for some Lagrange multiplier
v € R satisfy

0=—vQ (u)+&(u) = —vu+ Lu — n(u),

thus solving (1.2). Note that, although our solutions are ‘discovered’ in
H3, we additionally prove they lie in the more regular space H'** (or,
in an even more regular space, see Prop. 8.2). Had we been working on a
compact domain, then any “uniformly regular” minimizing sequence of
(1.3), would admit a converging subsequence, implying the existence of
a minimizer. As R is not compact, we instead use Lion’s concentration—
compactness theorem (see Section 2). Informally, any bounded sequence
(pr) C L' admits a subsequence (again indexed with k) that will, as
k — 00, either

— wanish (the mass spreads out),
— dichotomize (the mass splits in two parts that separate), or

— concentrate (the mass remains uniformly concentrated in space).

We will show that for a ‘concentrated’ minimizing sequence, we can pick
a converging subsequence. Thus, the existence of a minimizer of (1.3)
follows if we can for minimizing sequences rule out the possibility of
vanishing and dichotomy. To achieve this, we use a “long-wave ansatz”
to find a low enough upper bound for I, that will allows us to compare
the size of u, £ and N on ‘near minimizers’. This size comparison will
directly exclude vanishing and also imply that p — I, is subadditive for
small g > 0, which excludes dichotomy. The paper concludes with some
regularity estimates for our solutions (see Prop. 8.2).

We end this section with some discussion regarding the main assump-
tions (A) and (B).

1.3. A technical look at the assumptions (A) and (B). In this
subsection, we discuss our main assumptions on the the pair n and m;
we mention what role the different parts play and whether some could be
weakened. This discussion is easier to follow after a read through.

1.3.1. The nonlinearity n. The continuity of n is needed for N to be
Fréchet differentiable. The stronger local Lipschitz continuity is used to
obtain the estimate ||u/|%,,., < p for our solutions in Prop. 8.1; this impor-
tant estimate gives us Lemma 1.2 which is what we use to guarantee the
well-posedness of (1.3) in the case s < 1. Still, there are two alternative
ways of proving solitary waves when we assume n to be merely continuous:

(i) If s > 1, we have Hz < BC, and so one could use Prop. 4.1
(specifically equation (4.3)) in place of Prop. 8.1 to attain Lemma
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1.2.

(i) Alternatively, if |n,(z)|< |2|**P for |z|> 1, all steps in this pa-
per (apart from Prop. 8.1) go through, granted we include the
restriction ||ul| .5 < R to our minimization problem for some arbi-
trary constant R > 0, which only plays a role in proving Prop. 4.1.

We choose to assume local Lipschitz continuity of n to avoid these other
conditions, and to provide a somewhat different technique in comparison
to earlier proofs.

Finally, the reason for excluding the case n,(x) = cz|z|’, ¢ < 0, is
the same as in [3] and [7]. Our method breaks down at the first step in
that regime, as we cannot hope to obtain the low upper bound for I, in
Prop. 3, because —N,,(u) > 0 for all u # 0.

1.3.2. The symbol m. The upper bound of the growth at zero and the
corresponding inequality s’ > p/2 are needed to find a satisfactorily low
upper bound for I, by a long-wave ansatz (see Prop. 3), while the lower
bound is necessary for Prop. 4.1, which is crucial for the remainder term
n, to be negligible for sufficiently small u.

As for the growth bounds when [£|> 1, the lower bound is chosen to
control the H2-norm by Q and £, which together with s > p/(2 + p)
gives control of the L?*P-norm by Sobolev embedding. This is used in
the proof of Prop. 4.1 and in (5.4) to exclude vanishing.

The upper growth bound is instead needed when excluding dichotomy:
Indeed, if m(-) —m(0) was bounded by (-)%, 5 > s, we would need to work
in H%? (for £(u) to be well defined). Then equation (4.3), which bounds
the H 2z-norm, would still be the best regularity estimate on a minimizing
sequence, but Lemma 6.2 (now, for operators B,: H 5/2 5 g5/ 2), would
require a bound on the stronger H*/2-norm to be of any use when proving
Prop. 6.3.

Finally, the uniform continuity of & — m(§)/(£)® is necessary for
excluding dichotomy. It assures that L is not ‘too’ non-local, as described
in Lemma 6.2. Note that a sufficient estimate for our regularity constraint
is |m/(£)|< (€)°, as it implies that & — m(&)/(£)® is globally Lipschitz.

2. PRELIMINARIES

In this section, we presents bounds and regularity estimates for the
functionals Q, £, N, £ introduced in subsection 1.2. Throughout section
2-7, we assume (only) that n and m satisfies the assumptions (A), (B),
(C1) and (Csz), introduced in subsection 1.1 and 1.2. In light of Lemma
1.2, proving Theorem 1.1 in this case, implies the validity of the theorem
when either (Cp) or (Cs) fails.
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Proposition 2.1. For u # 0, we have

(0 < L) S Nl (i) N (]S ul2,

(i) IN (w)|S Q(w), (i) ; (u + ) S [l 53+ oll555.

Proof. Combining the growth bounds on m from (B) with (Cs), we see
that 0 < m(§) < (£)* for £ # 0, and so bound (7) follows. By (A) and

(C1), we have |n(z)|< |z], and so we obtain (ii). From |n,(x)|< |o|TP
we immediately get (i7i). For (iv), we note that

INe(2)|S |27, J2]< 1, and Np(2)|S [P, fa]> 1,
where the the first bound follows from n,.(x) = O(]z|'*"), while the latter
follows from |n,(z)|= |n(z) — ny(x)|< |z|+|z| TP, With this, and the fact
that r > p, we obtain

| Ny ()| min{|z[**7, 2|7},

or equivalently

INe(z+y)l o ] ey ety
|$|2+T+’y’2+p ~ ‘x‘2+7”_|_|y|2+p’ |$‘2+T+|y|2+p

=: min {a(w,y),b(%y)}

Note that a(x,y) and b(z,y) are bounded for |y|< 1 and |y|> 1 respec-
tively, and so |N,.(z + y)|< 227 +|y|>TP. O

From here on, we will refrain from explicitly referring to the assumptions
as done in the previous proof, so to attain a more straight forward
presentation.

Proposition 2.2. The Fréchet derivative of Q,L,N and £ at u € H3
are the elements in the (dual) space H= given by
(i) Q(u) =u,

(it) L'(u) = Lu,

(iii) N"(u) = n(u),

(i) & (u) = Lu — n(u).
Proof. The Fréchet derivative of Q and & follows from an elementary
calculation and linearity of the Fréchet derivative respectively. Turning to

L, we note that L is self-adjoint, (Lu,v) = (u, Lv), due to the symmetry
of m. Consequently L(u +v) = L(u) + (Lu,v) + L(v). We then obtain
~ L(u) — (L
£0t) — L)~ (] _ L0
1ol 75 ol s
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as v — 0, in H2, where we used (¢) from Prop. 2.1. For N/, we exploit
the global Lipschitz-continuity of n and calculate

N (u+v) = N(u) — (n(u), v)] 1 ' —n(u T
< /Rm/o In(u + tv) — n(u)|dtd

ol s
2
<ol

ol s

asv—0,in H2. O

One important implication of the previous proposition is the following
description of the continuity of £ on Hz2, that we shall utilize when
excluding dichotomy.

Corollary 2.3. Foru,v € H2z we have

€(u) = E@)IS (ull s +Hlvll gs)llu = vl 5 -
Proof. Using |n(u)|< |u| and m(€) < (€)*, we have for arbitrary u,v € H?2

(€' (u), v)| < [(Lu, v)|[+|(n(u), v)|
S lll s 1ol s +llullzllvlleS Null g ol s -
We then conclude
_ < / _ _
£(u) ~ E(0)] < g |(E'(0 + (= )~ )
S (Jull s +Hloll g)lle = ol s

g

The uniform continuity of & — m(£)/(£)® is a simple assumption to
state, but not directly convenient to work with. Instead we shall use an
implied regularity constraint on m, described by the next lemma.

Lemma 2.4. There is a function w:R — [0,00), bounded above by a
polynomial, with lim;_,ow(t) = 0, such that

[m(€) — m(n)|< w(€ —n)(€)2 (n)?. (2.1)

Proof. Firstly, the bound [(€)* — (n)*[< ((§)° + ()*)[§ — nl, is easily
obtained by the mean value theorem together with crude upper bounds.
By assumption, there is a modulus of continuity @ so that

m(§) _ m(n)

<£>s <7]>s < @(5—77)7 (22)
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and limy_o@(A) = 0. As m(-)/(-)® is a bounded function, we can assume
w to also be bounded. We arrive at

. m(€)  m) |, s, M) 0 s
[m(§) —m(n)| < GORCE (&) + e (€)= (m°
S (€ =n){€)° + 1€ = nl((&)* + (m)°)
S @E—m +1E—n(E—1)2(&)2 ()3,
w(€ =€) (m)3,
where we used the estimate (z) < (x — y)(y), when going from second to
third line. O

By a more careful argument, it is possible to show that the two
regularity constraints (2.1) and (2.2) are equivalent without any a priori
knowledge of m, although we shall not prove this.

We conclude this section with the concentration-compactness theorem;
the foundation of our proof of Theorem 1.1.

Theorem 2.5 ( Lions [15], concentration-compactness). Any sequence
(pr) C L' of non-negative functions with the property

/Pkd$=u>0,
R

admits a subsequence, denoted again by (py), for which one of the following
phenomena occurs.
Vanishing: For each r > 0, k — oo implies that

,
sup / pr(z — z)dz — 0.
zo€ER J —r

Dichotomy: There exist a real number X € (0,u) and three sequences
(zx) C R and (ry), (7x) C RT, so that when k — oo

T
/ pr(x — xp)de — A, T — 00,

—T

Tk
/ pr(r — xp)dr — A, T/ — 00,
_fk

Concentration: There is a sequence (x) C R, so that for each € > 0 there
ezists v < oo satisfying for all k € N

/ pr(r —xp)de > p—e.

'
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3. UPPER AND LOWER BOUNDS FOR I,

In this section, we prove that the infimum I, of the minimization
problem (1.3) satisfies —oco < I, < —kul*P, for two positive constants
k and 8. The upper bound will give us Prop. 4.1, which declares some
fruitful bounds on near minimizers. The importance of also having a
lower bound is the trivial consequence I,, # —oo, allowing Prop. 6.1 to
be meaningful. For clarity, we note that p., as of now, is an arbitrary
fixed positive upper bound for pu. The proof of the following proposition
is inspired by [7].

Proposition 3.1. There exists k > 0, so that for p € (0, u.), we have
—o00 < I, < —kp*B | where the exponent 3 = s'p/(2s' — p).

Proof. Note that (i) and (i7) in Prop. 2.1, immediately gives us that
I, > —Cy for some C' < oo. For the upper bound, we pick a function ¢,
satisfying supp(¢) C (—1,1), Q(¢) =1 and cp(z) > 0. This last inequal-
ity implies that N,(p) = %Hg@”%iﬁ An example of such a function
would be an appropriately scaled version of = — sinc(aj)Q. We define

the ansatz function ¢, () = \/ggo(x/t), for t > 1. By a substitution of
variables we obtain

k| B

k= n [ t}

When k = 2, we get Q(¢,,) = i, and moreover

IMES

1
lellx - (3.1)

H‘Pu,t

SIS}

<] 2+ H
Np(pp) = m“@u,tuﬂg = Cip Tl

2= 05|

Exploiting the local growth of m, a simple computation gives the inequality
L(p1) < Cap/t™, for some Cy < co. We evaluate the ansatz to obtain

Nr(‘Pu,t) N H‘Pu,t’

P

o) -
t ts

u+0(u)[u]g-

I, < 5(%&) < - :

We set t=* = Bu® with 8 = s'p/(2s' — p), where B > 0 is small enough
to guarantee t > 1 for u € (0, px). The inequality above becomes

I, < — [Clez' - 023} ptte 4 B«fsfo<u1+5+rz") .

2K
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Without loss of generality, we can choose B small enough so that x > 0
and kp!'tP is greater than the O-term for all values of y € (0, . ); this
is possible as p < min{2s’,r} and p, < co is fixed. We get the desired
result:

I, < —wp'tP. (3.2)
g

Remark 3.2. From here on, we assume to have picked a constant x > 0
as described in the last proposition. It is important to note that if we
replace p. by a lower upper bound p, < pu, then (3.2) would still hold
for the same x, as (0, ) C (0, ). This allows us to later assume .
to be ‘sufficiently’ small, without having to worry about the effect on «.
Similarly, the implicit constants in Prop. 4.1 will also remain fixed when
lowering fi,.

4. NEAR MINIMIZERS

A consequence of the preceding proposition is that the feasible region
U, = {u € H? : Q(u) = p} of the the minimization problem (1.3)
contains elements u satisfying

/
E(u) < —rp'th, with g = —2
28’ —p
where £ is some fixed positive constant independent of p € (0, px). We
will refer such functions as near minimizers. Only these functions are of
interest to us; any minimizing sequence (ux) C U, must consist solely of
near minimizers, except for a finite number of exceptions. Proposition
4.1 will give important bounds of such functions, that will serve as the
main building blocks for excluding vanishing and dichotomy. We stress
that throughout this paper, the implicit constants associated with our
usage of <, 2> and ~ are independent of u € (0, ).

~) o~

Proposition 4.1. A near minimizer u € U, satisfies

Llu) = N () = [u 27 = !+, (4.1)
N () = o), (4.2)
lull? 5 = o (4.3)

Proof. Obtaining the bounds (4.1). As £ > 0, we immediately get from
the definition of a near minimizer that

max{L(u), p' 7} SN(u) S [lull3}p, (4.4)
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where the last inequality follows from Prop. 2.1. It remains to show
Huﬂgizg min{L(u), p'*#}. Let the indicator function on [~1,1] be de-
noted x and partition u = uy + ug with w3 = x4 and ug = (1 — x)d. By
the Gagliardo—Nirenberg interpolation inequality,

P 24-p— L P p_p
lea 3555 a7 lfeally™ S L)z pt 572 (45)
2
For us, we use Sobolev embedding to obtain
2+ 2+ 4
a5 S lluallES L)' 2. (4.6)

As L(u) S N(u), and N(u) < p by (ii) in Prop. 2.1, the expression (4.6)
can be reduced further to

lusll5 7S £(u)2e ut*

24pro BECE (47)

Exploiting the connection 1 + £ — & = (1 — 5&%)(1 + ), we combine

inequality (4.5) and (4.7) to obtain
2 2 2 P 1-35
Jl32S o3+l 530S L2 [0 (4s)

Combining (4.4) with (4.8), we conclude that Hu”%iﬁﬁ min{L(u), p*+7}.

Obtaining the bound (4.2). Now that (4.1) is established, we get

lur [ 5525 11+ by (4.5). Moreover, Jus |2, < [[@]|3< 4p, and so

2+ r— r—
557 < Nl o pllun |57 S o2,
Looking back at (4.6), we also obtain Huzﬂgizg p1+2)046)  Finally, by
(tv) in Prop. 2.1,

2+
N ()| S 357+ lualla = o).

Obtaining the bound (4.3). This is also a consequence of (4.1) together
with ||||§{%2 (-)+L(-) and the fact that the upper bound g, is fixed. O

5. A CONGESTION RESULT FOR NEAR MINIMIZERS

In this section, we show that a minimizing sequence (uy) of (1.3) will
never vanish in accordance with the Concentration-Compactness Theorem
2.5. We start by demonstrating some ‘uniform’ congestion of mass in L>*P-
norm of each element in (uy). To formalize, we pick a smooth function
¢, satisfying supp(y) C [-1,1] and > ;.5 ¢(z —j) = 1. An example
would be the convolution of the characteristic function on [—1, 1] with a
mollifier supported in [—1, ]. For brevity, we set ¢;(z) = ¢(z — j).
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Proposition 5.1. For any near minimizer u € U, we have
> B
x| ojullzp 2 17
JEL

Proof. Consider the operator T: f — (¢;f);, mapping functions to se-
quences of functions. It is a fact that ||| ga_¢2(fey< oo for all a > 0;
this is a trivial calculation when a € Ny if one replaces |||« with the
equivalent norm f — || f|la+ £(*)||2. For non-integer values of a > 0, the
result follows immediately from the (so called) ‘complex interpolation
method’; in particular, the two results [4, Theorem 5.1.2. on p. 107]
and [4, Theorem 6.4.5.(7) on p. 152] combined with the boundness of T’
for a € Ny, implies the general bound. Setting o = s/2, we conclude

Y lejull? s < lull? s (5.1)
JEZL
By (4.3) and (4.1) we also obtain
2 2+ 2+
Pl s = lulla iy~ Y lejullath, (5.2)
JEZL

where the last equivalence uses ) jeZ\cpj(a:)|2+p: 1. Combining (5.1) and

(5.2), we get
2+
ﬁZII%UHQ 5O lgjullzih,
JEL JEZL

for some C < oo independent of our choice of near minimizer u. At least
one jo € Z must then satisfy

24
W llmull? s < Cllesul3iE. (5.3)

Combining (5.3) with the Sobolev embedding, [|¢joull3,,S ngjouﬂz%, we
are done. g

To exclude vanishing we would need congestion of mass in L?-norm; this
is achievable from the previous result through the Gagliardo—Nirenberg
inequality inequality. Indeed, setting jo = arg maxjez||g0ju||2+p we obtain

o 2+p—
lejoulla1pS II%OUII slejoully ™ = (5-4)

By the boundness of T' in the previous proof, and (4.3), we have the
estimate HcpjouH < w; together with the previous proposition, equation

(5.4) now 1mphes

B 2+ P 2+p
e ) < 3 ||joull
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As 24+ p—p/s > 0, we conclude that u® < [|¢j,u||2, for some appropriate
exponent § > 0, and so we get the following corollary.

Corollary 5.2. No minimizing sequence of (1.3) has a subsequence for
which vanishing occurs in accordance with Theorem 2.5.

6. STRICT SUBADDITIVITY OF THE MAPPING p — I,

Excluding dichotomy from a minimizing sequence is a more difficult
task than that of vanishing, reflected by the laborious calculations in this
subsection. The main idea however, is a simple one: Suppose dichotomy
(as described in Theorem 2.5) occurs on a minimizing sequence (uy) C U,
of (1.3), then we shall see it can be ‘split’ in two (uj) C Uy, (u}) C U,—x
so that limg_o0 £(uj,) +&(ui) = I,. This will contradict that the mapping
p I, is strictly subadditive for small y, a fact we now prove.

Proposition 6.1. For p, > 0 sufficiently small, the mapping pn — 1, is
strictly subadditive on (0, p), that is,

IﬂH—uz < Im + quv

for py, po > 0 satisfying p1 + po < fhs.

Proof. We begin by finding a p« > 0 so that u +— I, is strictly subho-
mogenous on (0, ). Pick a near minimizer v € U, and t € [1,2]. Notice

that £(vtu) = tL(u) and N,(Viu) = t7T2EN, (u). As Q(Viu) = tp, we

calculate
Iy, < L(Vtu) = N'(Vitu)
= tL(u) — "IN (u) + ' FEN (u) — N (Viw)
= t&(u) — [17F — (N (w) + 1IN (1) — N (Vi)
o(t, u) o(t,u)

By (4.1) we get o(t,u) > (t — 1)u!+?, where we exploited that ¢'T% — ¢ >

t —1, when t € [1,2]. As for ¢, we see that ¢(1,u) = 0 and so we use the

mean value theorem for some t, € [1,¢] (and Leibniz integral rule) to get
do

o(t,u) = (t — 1)E(t*,u)

B u
=(t-1 / 14+ 22N, (u) — —=n,(Vtu) dx.
It should be clear that u — [ un,.(vtu) dz also satisfies an inequality of
the form (iv) in Prop. 2.1, uniformly in ¢ € [1,2]. This in turn means
it satisfies an inequality of the form (4.2) uniformly in ¢ € [1,2]. Thus

(6.1)
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the above calculation implies that |¢(t,u)|= (t — 1)o(u'*?). These two
bounds on ¢ and ¢ implies we can pick u, > 0 small enough so that

—@(t, u) + ¢(t7 u) < _6<t - 1)M1+57

is satisfied for some ¢ > 0, all ¢ € [1,2] and all near minimizers u € U,
with p € (0, 1+). Assuming we have chosen such a u, > 0, then (6.1)
becomes

Iy < tE(u) — 8(t — 1)p o,

Picking a minimizing sequence (u) C U, and assuming 1 <t < 2, this
last inequality implies

Ty < tly, (6.2)

on (0, px). Finally, for a general ¢ > 1 and p satisfying tu € (0, py), we
can pick an integer k > 0, so that V/¢ < 2, which combined with (6.2)
implies

<<t

1 2
I, < tk[tl ’lw < tkltl,

2
kup
that is, p — 1, is strictly subhomogenous on (0, s). To show that strict
subhomogeneity implies strict subadditivity, we assume without loss of
generality that 0 < pu; < po and p; + po < ps, and calculate

H1 H1
Ty s < (5 + 1)Iu2 = glﬁ%m Ly < Ly + Ly -

g

Now that strict subadditivity of u + I,, has been established, we shall
create the contradiction as described at the beginning of this section. It
will be essential that the non-local component of £, namely £, behaves
almost like a local operator on sums of functions whose mass is ‘sufficiently’
separated. It is exactly the regularity of m that allows £ to enjoy such a
property. This result is encapsulated in the next lemma, which roughly
states that the commutator operator [L, ¢(-/r)] tends to zero as r — oo,
for any Schwartz function . Here, the multiplication operator f — ¢ f
is defined for any distribution f in the canonical sense.

Lemma 6.2. For a Schwartz function ¢, let B,:H3 — H= be the
commutator of the operators L and f v+ @(-/r)f. Then

| Brllop— 0, 7 — o0.
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Proof. Set o, = @(-/r). Using the bound (2.1), we have for any u,v € H2,
(opdull = | [ [ @@t - i) - m(e - 0)dra
5/R|9/0?(t)|w(t)/R<§>§|®(f)| —1)7]a(€ — t)|dgdt
5/R|95(t)|w(t/7’)dt|u||H§||U|H§-

2 [1Brllop

As w is bounded above by a polynomial and lim;_,o w(t) = 0, the statement
of the lemma follows. g

We are now ready to prove that a dichotomized minimizing sequence
can be ‘split’ in two as described at the beginning of the section.

Proposition 6.3. Suppose a minimizing sequence (uy) C U, undergoes
dichotomy, then there exist a real number 0 < X\ < p and two sequences
(u}.) C Uy and (u}) C U,—», so that

E(up) +Eui) = I, k — oo

Proof. By the Concentration-Compactness principle, we can pick (rg) C
R* with 7 — oo, and (z) C R so that
A, X ={z:|z|< rg},
/ lug(z — x1)|?dz — {0, X ={z:rp <|z|< 2r;}, (6.3)
X pw—2A X ={x:2r; <|x|},
as k — oo; without loss of generality, we assume x; = 0 for all k. Next,
we pick two smooth symmetrical functions ¢,¢:R — [0, 1], satisfying
¢(r) = 1 when |7|< 1, ¢ = 0 when |z|> 2 and ¢? + 92 = 1. We denote
o and Yy, for o(-/rg) and ¥ (-/ry), and set v,i = @ug and v,% = Yruyg.
By (6.3), these function automatically satisfies
Qi) = A\, QR — p— A\, k — oo.
It is easily verified that if ¢ is Schwartz and symmetric, then (v, pu) =
(pv,u) for any v € H= and u € H2, and so we may write

L(v},) — (Lug, piur) = ([L, oxlur, rur),
L(vp) = (Lug, Yur) = ([L, (1 — Pr))ug, (1 — op)ug).
By Lemma 6.2, the RHS of these equations tend to zero, provided we

can uniformly bound the H2-norm of wy, ¢xuy and (1 —Yp)uy in k. By
(4.3), this again is guaranteed if multiplication by ¢ and (1 — ¢i) are
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uniformly bounded (in k) as operators on H 2. This is indeed true and
follows by similar reasoning as in the proof of Prop. 5.1; it is trivially
proven when s/2 € Ny, and the result for general s > 0 follows from
interpolation. Thus £(vi) + L(v3) — L(ux) — 0, as k — co. Turning to
N, we have

N(ob) + N (@) — N (u) = / N(o}) + N(u2) — N(ug)da.
re<|z|<2rg
By Prop. 2.1, we have |N(z)|< 22, and so (6.3) guarantees the RHS of
this equation to tend to zero as k — co. As (uy) is a minimizing sequence,
we conclude that

E(vg) + E(vR) = Iy,

for k — co. By the same reasoning as before, the H2-norm of vi and v} is
uniformly bounded in k&, and so by Corollary 2.3 the proposition is proved

for the two sequences uj, = v} /A/Q(v}) and ui = vi,/(pn— A)/Q(vd).
]

With these two results at hand, we can exclude dichotomy; picking
fi > 0 so that g +— I, is strictly subadditive and assuming (uy), (uz) and
(u%) to be as in the previous proposition, we arrive at the contradiction

I, = lim E(up) + E(uz) > liminf E(up,) + iminf €(ui) > Iy + I,
—00 k—o00 k—o0

Corollary 6.4. Provided p,. > 0 is sufficiently small, no minimizing
sequence of (1.3) has a subsequence for which dichotomy occurs in accor-
dance with Theorem 2.5.

7. SOLUTIONS FROM CONCENTRATED MINIMIZING SEQUENCES

Theorem 2.5 provided us with the three possible phenomena that
could occur for a minimizing sequence of (1.3); the previous two sections
excluded vanishing and dichotomy, and so it remains to see that we can
construct a minimizer from a concentrating minimizing sequence. This is
straight forward:

Proposition 7.1. Provided p,. > 0 is sufficiently small, any minimizing
sequence (uy) C Uy of (1.3) admits a subsequence converging in L?-norm
to a minimizer u € Uy,.

Proof. For pu, sufficiently small, the two preceding sections guarantees
that (ug) admits a subsequence, again denoted (uy), that concentrates
in accordance with Theorem 2.5. Without loss of generality, we assume
(ug) to consist solely of near minimizers and shifted appropriately to
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concentrate about zero (z; = 0 for all k). By the Kolmogorov-Riesz-
Fréchet compactness theorem, (uy) is relatively compact in L2, as it is
bounded, concentrated about zero and uniformly continuous with respect
to translation:

uk(- +y) — un()ll2 = |(e7 O — D)ag |2
< (€™ 0Y = 1) ()2 ool 5
— 0,

uniformly in k£ as y — 0, as guaranteed by (4.3). We conclude that (ug)
admits a subsequence, yet again denoted (uy), so that uy — u, for some
u € L? with Q(u) = u. We now demonstrate that u is a minimizer of
(1.3). As the positive functions m(-)|dz|? converges locally in measure to
m(-)|a|?, Fatou’s lemma implies

L(u) < liminf L(ug).
k—ro0

Using the Fréchet derivative (Prop. 2.2) of N, and that |n(z)|< |z|, we
also obtain

1
A () — N ()| = | /0 /R n(tu + (1 — t)ug)(u — uy)dadt

1
S [+ (1= ol = e
0
— 0,
as k — oo. We now have I, < £(u) < liminfy_o0 E(ug) = 1,,. O

Not only is a minimizer of (1.3) a solutions of (1.2), we are also provided
some additional control over the respective velocity v, as described in the
next proposition.

Proposition 7.2. Any minimizer u € U, of the minimization problem
(1.3), solves (1.2) in distribution sense, with velocity v = (E'(u),u)/2u.
Provided p, > 0 is small enough, we additionally have —v ~ pP.

Proof. As the feasible set U, is a Hilbert submanifold of H 3, it follows
that there must be a Lagrange multiplier v € R (depending on the
minimizer u), so that

E'(u) —vQ'(u) =0, (7.1)
in H~2. In particular, if we pair (7.1) with « and insert for Q' we obtain
(€' (u), u)

2p

)
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and so we attain the first part of the proposition. For the latter, note
that
n(u)u = (24 p)N(u) + np(uw)u — (2 + p)Np(u),
and as argued in the proof of Prop. 6.1, we have
/ np(u)u — (24 p) Ny (u)dz = o(u'*7).
R
Then
(€' (u), u) = (Lu,u) — (n(u), u)

= 2L(u) — (24 p)N () + o(u'*7)

= 2L, — pN(u) + o(u'*7)

< _Cul-i-ﬂ + O(M1+ﬁ)7

for some fixed C' > 0, by Prop. 3 and (4.1). Thus, for a sufficiently small
s > 0 we obtain —v > p® when p € (0, uy). The upper bound on —v
follows trivially from

1 2
v (L) + ) <

where we used |n(z)z|< |z|?TP and (4.1). O

8. REGULARITY OF SOLUTIONS

Before moving on, we summarize what has been proved so far. For
the class of equations (1.2) that satisfies the assumptions (A) and (B)
(see subsection 1.1) and the ‘auxiliary’ assumptions (C;) and (Cs) (see
subsection 1.2), we have proved all parts of Theorem 1.1, except the
estimate [lul|%+.< p. By Lemma 1.2, when this estimate is proven,
the theorem automatically holds in the case when only (A) and (B) are
satisfied. Hence, we now introduce the final piece, concluding the proof
of Theorem 1.1.

Proposition 8.1. Provided p. > 0 is sufficiently small, minimizers
u e Uy, of (1.3) satisfies

lullFpaes S e

Proof. By Prop. 7.2, minimizers are solutions of (1.2), and so by a little
rewriting, we have

(L=v+1Du=n(u)+u. (8.1)
—_—
Avu n(u)
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Proposition 7.2 also guarantees that —v + 1 > § for a positive constant ¢
independent of i € (0, uy), provided g, > 0 is small enough. The inverse
of A, then defines a bounded linear Fourier multiplier, A, ': H® — Ho*s
for any a € R, whose norm has the upper bound
S 6)8
AL fas gats= sup L < sup <7 =
W st = S — o1 = 2R i) 0

Clearly C is independent of p € (0, ju4). We also note that T;): u — n(u),
is a bounded operator on H®, whenever 0 < o < 1, as 7 is globally
Lipschitz continuous with 1(0) = 0. Looking back at (8.1), a minimizer
u € U, satisfies

lull gavts = 15" © Ty (w) | praes S Il e, (8.2)

whenever 0 < a <1 (where the implicit constant in (8.2) can depend on
«). We now obtain the desired conclusion by the following ‘bootstrap’
argument. Pick k € Nand 0 <r < s so that 1 + s = ks + r. By a (finite)
repeated use of (8.2), we obtain

[l s = Null grsee S lull go-vesr S -+ S ullr < Jlulls S Jlull g2,

and so we are done. O

8.1. Further regularity. We conclude this paper with a regularity result
on the solutions we have constructed. Clearly, if equation (8.2) was
satisfied for large «, we could (as done in the previous proof) bootstrap
to corresponding regularity. It is ultimately the regularity of n that
determines how large « can be in (8.2). In [5], the authors prove that
for any v > 3/2, the composition operator Ty : u — f(u) maps H” to
itself if, and only if, f(0) = 0 and f € H] _; in particular, if we restrict
|lulco< R < 00, then we have

1f (W)l o< Cllul| e, (8.3)

for some constant C' depending only on f, R and o € (%, ~]. Moreover,
using the result of [17], we can extend the inequality (8.3) to the case
a € [1,4] (still with v > 3/2). It is now an easy task to improve the
regularity of our solutions when n € H;'* for some o, > 3/2; note that
functions in these spaces are necessarily locally Lipschitz continuous. We
present the final proposition of this paper.

Proposition 8.2. If n € H* with o, > 3/2, then the solutions u of

loc

(1.2) provided by Theorem 1.1, satisfies

[[ull ot S flull2-
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Proof. Looking back at (8.2), this equation is now valid for 0 < a < a.
This follows from the previous discussion as: 1) n € H** with n(0) = 0,

loc
and 2) by Theorem 1.1 we have a uniform upper bound on the L®-norm

of our solutions u (. is fixed). The result is then attained by a similar
bootstrap argument as the one used in the proof of Prop. 8.1. ]
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DISPERSIVE EQUATIONS
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OLA I.LH. MEHLEN AND JUN XUE

ABSTRACT. We prove global existence, uniqueness and stability of
entropy solutions with L? N L initial data for a general family of
negative order dispersive equations. It is further demonstrated that
this solution concept extends in a unique continuous manner to all
L? initial data. These weak solutions are found to satisfy one sided
Holder conditions whose coefficients decay in time. The latter result
controls the height of solutions and further provides a way to bound
the maximal lifespan of classical solutions from their initial data.

1. INTRODUCTION

We consider the initial value problem

u+ 3wy = (Gru)e,  (t,@) €ERY xR, (L.1)
u(0, ) = up(w), zER, |

for initial data ug € L?(R) and an even convolution kernel G € L!(R)
admitting an integrable weak derivative G’ = K € L!'(R). A classical
family of examples for (1.1) is attained when we for G or —G insert a
Bessel kernel G, with a > 1, as defined by its Fourier transform

1
(1+4n2¢2)2”

using the normalization F(f) = f(&) = Jg f(z)e 2™ *dz. In particular,
setting G = —G3 yields the Burgers—Poisson equation, which in [24] is
derived as a model for shallow water waves. Central questions in the
study of water wave model equations include well-posedness, persistence
and non-persistence of solutions, the latter two in particular exemplified
by solitary and breaking waves. The answers depend intricately on the
type of nonlinearity and dispersive term featured in the equation.

Gal6) = (1.2)
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In the case of a quadratic nonlinearity, the fractional Korteweg—de
Vries equation (fKdV)

u + 3 (u?)y = (IDPu), (1.3)

where F(|D|%u) = |£|°4 and B € R, has been suggested [19] as a scale
for studying how the strength of the dispersion affects the questions of
well-posedness and water-wave features. To connect (1.1) to the fKdV
setting, observe that our assumption on G implies that G(¢) = o(J¢]71)
as || — oo and so in this sense one may place (1.1) in the region § < —1
for fKdV. However, G will in our case be bounded, while [¢|® — oo as
¢ — 0 for 8 < 0, and thus (1.1) can not match the low-frequency effect
of negative order fKdV which assigns (very) high velocities to (very) low
frequencies. This qualitative difference disappears in a periodic setting;
the dispersion of fKdV on the torus is for 8 < —1 precisely of the form
assumed in (1.1). It should be noted that the methods in this paper
can, after a few modifications, be carried out on the torus, and thus our
results can be extended to periodic solutions of fKdV for g < —1. With
the relation between (1.1) and (1.3) accounted for, we now summarize a
few results for the latter to sketch what one may expect of well-posedness
and water-wave features in our case.

The fractional KdV equation of order g € (g, 2] is globally well-posed
in appropriate function spaces; the regions 8 € (g, 1) and B € (1,2)
are treated in [23] and [12] respectively, and there are numerous works
on the well posedness for 5 = 1 (Benjamin—Ono equation) and § = 2
(KdV equation), see for example [15] and [16] and the references therein.
For values f < g only local well-posedness results have been estab-
lished [10,23]. Still, numerical investigation [17] suggests that fKdV
is globally well-posed for dispersion as weak as 8 > %, but not for 5 < %;
this is also conjectured in [19]. One might expect the culprit of this
loss of global well-posedness for weak dispersion, to be the appearance
of breaking waves (shock formation), i.e. bounded solutions that de-
velop infinite slope in finite time. In the negative order regime g < 0
this might be true: the occurrence of breaking waves have been proved
for the case f = —2 (Ostrovsky—Hunter equation) by [20], for the case
B = —1 (Burgers-Hilbert) by [25] and for the region 3 € (—1, —3) by [14].
However, no such results exists in the positive order regime g > 0, and
it is believed that instead other blowup phenomena occur in the range
B € (0, %} inhibiting global well-posedness; see the discussion in [17,19]
or [22] where an example of L*° blowup in finite time is constructed
for the modified Benjamin—-Ono equation. In the absence of classical
global solutions, several authors have for the § < 0 regime turned to the
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concept of entropy solutions. Adapted from the study of hyperbolic con-
servation laws, entropy solutions are weak solutions that satisfy extra
conditions — the entropy inequalities — automatically satisfied by clas-
sical solutions when the latter exist. This solution concept allows for
continuation past wave breaking and so global well-posedness may again
be achieved. In [6] existence and uniqueness of global entropy solutions
for the Ostrovsky—Hunter equation (f = —2) is established for appro-
priate initial data. Similarly, [4] provides global entropy solutions for
the Burgers—Hilbert equation (f = —1) and a partial uniqueness result.
Finally, the Burgers—Poisson equation mentioned above is in [11] shown
to admit unique global entropy solutions for integrable initial data. The
authors also provide sufficient conditions on the initial data leading to
wave breaking. This equation is not an isolated instance of (1.1) fea-
turing wave breaking; [7] shows that the phenomena is present whenever
G € CNL'(R) is symmetric and monotone on R*. More generally Corol-
lary 2.7, which provides maximal lifespans for classical solutions, hints
that every instance of (1.1) features wave breaking as is explained in
more detail below.

We now give a brief discussion of our results presented in Section 2.
Theorem 2.1 provides existence, uniqueness and L? stability of entropy
solutions of (1.1) — as defined by Def. 1.1 — for initial data in L? N
L>°(R). The result is proved in Section 3. Here, existence follows from an
operator splitting argument as done in [11], while uniqueness follows from
a variation of the Kruzkov’s doubling of variables device [18] yielding a
weighted L'-contraction. The L? stability follows from a variation of the
L'-contraction combined with an L? tightness estimate of these solutions.
The stability result is strong enough to allow the solution concept to be
extended — in a unique continuous manner — to all L? initial data; this
is Corollary 2.2.

Theorem 2.3 infers one sided Hélder regularity for weak solutions of
(1.1) with L? initial data, and it is a generalization of the Oleinik estimate
(4.1) for Burgers’ equation. The result is proved in Section 4. Here, the
idea is to introduce for a solution u an object w(t, h) > sup,[u(t,z+h)—
u(t, x)] bounding the one sided growth rate of u, and through an operator
splitting argument the evolution of w can be controlled. As Lemma 4.3
shows, the nonlinearity has a smoothing effect on w. The dispersion on
the other hand, is treated as perturbative source term (Lemma 4.4) that
we are able to limit — and this is the key — through Lemma 4.2 using
w itself and the non-increasing L? norm of u. Letting then the iterative
steps of the operator splitting go to zero, one attains an autonomous
equation (4.14) for w, which can be replaced by a coarser but simpler
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equation (4.16) resulting in Theorem 2.3. This result has two interesting
consequences. Corollary 2.6 bounds the height of the entropy solutions
by an expression dependent only on K = G’, the L? norm of the initial
data and the time ¢. Said expression is decreasing in ¢, but does not
tend to zero; this would generally be impossible due to the existence of
solitary waves [9] for several instances of (1.1). Corollary 2.7 bounds the
lifespan of classical solutions of (1.1) provided the initial data satisfies
a skewness condition (2.8). The idea is to exploit the time-reversibility
for classical solutions of (1.1): as Theorem 2.3 is valid also for reversed
solutions this poses one sided Hélder conditions on the original solution’s
initial data. The implication is that a classical solution will break down
before any contradiction is reached. One may ask ‘how’ these classical
solutions break down, and wave breaking rise as the natural candidate,
but proving this rigorously is beyond the scope of this paper. That said,
one can expect a classical solution of (1.1) to break down at ¢ = T only
if inf, u(t,z) — —oo as t T, which is the case for Burgers’ equation
with a C! source. We also point out that our skewness condition (2.8)
differ from that of both [11] and [7]; neither imply the other.

1.1. The entropy formulation. We shall restrict the concept of en-
tropy solutions to the function class ;¥ ([0, 00), L>°(R)), which we here
define as the subspace of L2 ([0,00) x R) of functions u = u(t,x) that
are essentially bounded on [0,7] x R for each T' > 0. Necessary is the
notion of an entropy pair (7, ¢q) of (1.1), which is to say that

n: R — R is smooth and convex, while ¢'(u) = n'(u)u.

Definition 1.1. For bounded initial data uy € L (R), we say that a
function u € LY ([0, 00), L>°(R)) is an entropy solution of (1.1) if:

(1) it satlsﬁes for all non-negative ¢ € C>°(R™ x R) and all entropy
pairs (1, q) of (1.1) the entropy 1nequahty

/ / w)er + q(u)pr + 1’ (u) (K * u)pdzdt > 0, (1.4)

(2) it assumes the initial data in Li . sense, that is
T
ess lim u(t,z) —uo(z)|de =0
stim [ Jult.2) — wo(@)lde =0,

for all » > 0.

The concept of entropy solutions lies between that of strong and weak
solutions. If u € L2 ([0, 00), L=(R)) N CH(RT x R) is a classical solution
of (1.1) then it is necessarily an entropy solution as multiplying (1.1)
with 7'(u)p and integrating by parts yields (1.4) as an equality. And if
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u is an entropy solution of (1.1) then it is necessarily a weak solution
as follows from considering the two entropy pairs (n(u), q(u)) = (u, su?)

)
and (n(u), q(u)) = (—u, —%uQ) respectively.

1.2. A fractional variation. The exponents of the one sided Holder
conditions provided by Theorem 2.3 depend on the regularity of K = G’;
the smoother K is, the higher the exponent. More precisely, we attain
the Holder exponent % if | K|pys < oo where the latter seminorm is for
s € [0, 1] defined by

|K|pys = sup I+ h)hs KHLI(R).
h>0

When s = 1 this seminorm coincides with the classical total variation
of K, while s = 0 gives twice the L' norm of K, and thus we neces-
sarily have |K|pyo < oo as we assume K € LY(R). For s € (0,1) the
seminorm is a measure of intermediate regularity between L'(R) and
BV (R); in particular Lemma A.3 bounds this seminorm by the one as-
sociated with W*!(R). The seminorm also satisfies the scaling property
|K(A)|7vs = |A* 7! K|rys and so does not coincide with the scaling
invariant fractional variation from [21] used in [3] to attain maximal
smoothing effects for one-dimensional scalar conservation laws.

(1.5)

2. MAIN RESULTS

We here present the two main results, Theorem 2.1 and Theorem 2.3
and corresponding corollaries. For a general discussion of the content
given here, see the end of the above introduction. We start with Theorem
2.1, which provides a global well-posedness theory for entropy solutions
of (1.1) with initial data in L? N L>(R). The theorem is established in
Section 3.

Theorem 2.1. For every initial data ug € L?> N L®(R) there exists a
unique entropy solution u of (1.1). The mapping t — u(t) is continuous
from [0,00) to L*(R) and u(t) satisfies for all t > 0 the bounds
lu@) 2wy <lluollz2(r)s [w(t) ]| oo (r) <€ [luol| poe (v (2.1)

where k = ||K||1(r). Moreover, we have the following stability result: if
two sequences (t)ken C [0,00) and (ugx)ken C L? N L¥(R) admit the
limits

lim ¢, =t, and lim uyp =uo in L*(R),

k—o0 k—o0

where ug € L?> N L>®(R), then the corresponding entropy solutions satisfy
lim uy(ty) = u(t) in L*(R).
k—o0
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It is worth mentioning that this theorem is also valid on a time-
bounded domain (0,7") x R; see the discussion following the proof of
Proposition 3.1. The tools used to prove the stability result of the the-
orem do not depend on the height of the initial data, thus allowing for
the following corollary which is proved at the end of Subsection 3.3.

Corollary 2.2 (Global L? well-posedness). Equation (1.1) is globally
well-posed for L*(R) initial data in the following sense: The solution map
S: (t,ug) — u(t) mapping L? N L=(R) initial data to the corresponding
entropy solution at time t > 0, extends uniquely to a jointly continuous
mapping S: [0,00) x L}(R) — L*(R). In particular, the L?*-bound, -
continuity and -stability of Theorem 2.1 carries over to all weak solutions
provided by S. Moreover, for any ug € L*(R), the corresponding weak
solution u(t, x) = S(t,up)(x) is locally bounded in (0,00) xR and satisfies
the entropy inequalities (1.4).

The second theorem infers one sided Holder regularity for the weak
solutions provided by Corollary 2.2. The result depends on the regular-
ity of K = G’ which is measured using the fractional variation |K|rys
defined in (1.5). The theorem is proved in Section 4.

Theorem 2.3. For initial data ug € L*(R), let u be the corresponding
weak solution of (1.1) provided by Corollary 2.2, and let s € [0,1] be such
that |K|rvs < oo. Then for allt > 0, x — u(t,z) coincides a.e. with
a left-continuous function satisfying for all x > y the one sided Hélder
condition

1+s

ult,x) — u(ty) < alt)(z — )+, (2.2)

for a Hélder coefficient a(t) decreasing in t.

As we assume K € L'(R), the case s = 0 of Theorem 2.3 is valid for
all instances of (1.1). Also, when either G or —G coincides with a Bessel
kernel G, as introduced in (1.2), and o € (1,2] the induced one sided
Holder regularity from Theorem 2.3 takes the form

u(t,2) —u(t,y) <a(t)(z —y)*2, x>y,

as follows from Lemma A.4 when setting s = a — 1. In particular,
for the Burgers—Poisson equation (where G = —Gq) L? data results in
weak solutions that are one sided Lipschitz continuous with a Lipschitz
constant that can be read off from the second part of Corollary 2.5 when
using |(G2)'|7y = 2. We conclude this section with a few corollaries of
Theorem 2.3 including a decaying height bound for weak solutions of
(1.1) and a maximal lifespan estimate for classical solutions.
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Remark 2.4. As Corollary 4.10 states, the Holder coefficient in (2.2)
can be set to
1—s
24s 14s ”UO HLS

S S R
a(t) = C1(s)| K| lluoll f3g) + Cz(s)tT()7 (2.3)

where the two coefficients C1(s) and C(s) are given by

5

25715 (2 + )(3 4 5)]50ir 2575 (2 + 5) 5 (3 + 5) 5
= ) 2(3 = 1—s 2+ :

Ci(s —
1(s) 1+s 275 375 (1+45)

(2.4)

Alternatively, one may use the sharper expression for a(t) provided by
Lemma 4.9 where the shorthand notation y = |uol| 22wy and ks = |K|7ys
is used.

For clarity, we now use the explicit expressions from this remark to
write out the content of Theorem 2.3 for the special case s = 0 where we
may use the identity |K|pyo = 2| K| 11(r), and the case s = 1 where we
may use | K| = |K|py.

Corollary 2.5 (Explicit regularity when s =0 and s = 1).

e The s = 0 case: For initial data ug € L*(R), let u be the corre-
sponding weak solution of (1.1) provided by Corollary 2.2. Then
for allt > 0, x — u(t,x) coincides a.e. with a left-continuous
function satisfying for all x > y the one sided Holder condition

1

u(t, z) — u(t,y) 1 2 1 4HU0”Z2(R)

T eopt el ¥

e The s =1 case: If |K|py < oo, then the above u further satisfies
for allt > 0 and x > y the one sided Lipschitz condition

u(t, z) —u(t, y)

r—y
Note that the second part of the corollary generalizes the classical
Oleinik estimate u(t,z) — u(t,y) < ¥ for Burgers’ equation (where
K =0). Next, we introduce an L* bound for the weak solutions provided

by Corollary 2.2 which, in contrast to the one from (2.1), is decreasing
in time.

4
3

<2

<3k gt ]
—27%| ’TVHU’OHL2(R)+¥

Corollary 2.6 (Height bound). For initial data ug € L*(R), let u be the
corresponding weak solution of (1.1) provided by Corollary 2.2. Then for
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all t > 0 we have the height bound
1,1 2
=g < 288K iy + ol 25)

More generally, for any s € [0,1] such that |K|rys < oo, we have for the
above u and all t > 0 the height bound

B 1 2425 HUOHLQ R
@) 1) < Cr(5)IRIFE ol sy + Cals)— = (260

where the coefficients Cy(s) and Cy(s) are expressions similar to Cy(s)
and Ca(s) from Remark 2.4, and they are both written out in (A.2) in
the appendiz.

Proof. See Appendix B.

Observe that together, the two height bounds (2.1) and (2.5) imply
that when ug € L2 N L>°(R) the corresponding weak solution of (1.1) is
globally bounded. The next and final result of this section establishes a
maximal lifespan for classical solutions of (1.1). For brevity we introduce
the following seminorm

—h) —
[ugls = esssﬂglp uo( hl)JrS uo(z) , (2.7)
xT 2
hiU

which is a (left) one sided Hélder seminorm of exponent 2.

Corollary 2.7 (Maximal lifespan). There are universal constants C, ¢ >
0 such that: if initial data ug € L? N L*°(R) satisfies the skewness con-
dition

o]+ > c\K\ﬁs@HUO\|1Lng), (2.8)
for some s € [0,1] such that |K|rys < oo, then the lifespan T of a
classical solution u € L®°NCY((0,T) xR) of (1.1) admitting ugy as initial
data must satisfy

1
ol iz, 15

Proof. See Appendix B.
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3. WELL POSEDNESS OF ENTROPY SOLUTIONS

In this section, we provide for (1.1) a global well-posedness theory of
entropy solutions as defined by Def. 1.1. In particular, the content of
Theorem 2.1 follows from Proposition 3.1, Corollary 3.6 and Proposition
3.9; see the summary at the beginning of Subsection 3.3. Corollary 2.2
is also proved here at the end of Subsection 3.3. For entropy solutions
of (1.1), the proofs of existence and uniqueness is the same for L? N L>
data as for L data; only the L' setting allows for ‘shortcuts’. Thus for
generality, many results in the two coming subsections will be presented
for initial data ug € L*°(R). We also note that in these two subsections
only Lemma 3.3 exploits the dispersive nature of (1.1), that is, that
K = G’ is odd.

3.1. Uniqueness of entropy solutions. It is natural to start with the
proof of uniqueness, as this equips us with a weighted L'-contraction that
can further be used in the existence proof. The involved weight w}, (¢, x)
can be interpreted as a bound on the propagation of information for
solutions of (1.1). Its technical role in the coming proof is to serve as a
subsolution of a dual equation, namely the one obtained from setting the
square bracket in (3.17) to zero. A similar method can be found in [1]
where nonlocal conservation laws are treated. The weight is constructed
as follows. Writing | K| to denote the function z — |K (x)|, we introduce
for a parameter ¢ > 0 the operator e!!/* mapping L? (R) to itself for any
p € [1, o0], defined by

(etIK\*f> () = f(x) + i ((|K]*)”f) (m)%:’ (3.1)
n=1

where (| K|*)™ represents the operation of convolving with | K| repeatedly
n times. Observe that by repeated use of Young’s convolution inequality
we have for any p € [1,00] and f € LP(R)

1 £l oy < €1 fll o) (3.2)

where = || K|| 1 (). For parameters r, M > 0, we further introduce

1, |z| <r+ Mt,

3.3
0, else, (3:3)

Xm(tx) = {
and set

whi(t,2) = (51 (1)) (@) (3.4)
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By (3.2), this weight satisfies for p € [1, 00| the bound

1
[whs (8, )| Lo @) < €™(2r 4+ 2Mt)7, (3.5)

where the case p = oo is evaluated in a limit sense. Thus, w},(t,-) €
L' N L®(R) for all t,r,M > 0. With w, defined, we are ready to
state Proposition 3.1 establishing the uniqueness of entropy solutions. It
should be noted that although the following result is stated to hold for
a.e. t > 0, it can be extended to all ¢ > 0, as we shall later prove that
entropy solutions of (1.1) are continuous when viewed as L. (R)-valued
time-dependent functions.

Proposition 3.1. Let u,v € L{2 (]0,00), L>(R)) be entropy solutions of

loc

(1.1) with ug,vo € L*(R) as initial data. Then, for any r > 0 and a.e.
t > 0 we have the weighted L'-contraction

/_T lu(t, z) —v(t, z)|dx < /_OO luo(x) — vo(z)|why (¢, x)dx, (3.6)

where wh, is given by (3.4), and M is any parameter satisfying

M> [[ull oo ([0, xR) -2F HUHLM([OJ}XM' (3.7)

Thus, there is at most one entropy solution of (1.1) for each ug € L*°(R).

Proof. We begin by reformulating (1.4) in terms of the Kruzkov entropies;
parameterized over k € R, they are given by (ni(u),qr(u)) = (Jlu —
k|, F(u, k)) where

F(u, k) = isgn(u — k)(u* — k?).

These entropy pairs lack the required smoothness, but are still applicable
in (1.4) as they can be smoothly approximated. Indeed, consider for
§ >0 and k € R the entropy pairs 19 (u) = \/(u — k)2 + 62 and ¢} (u) =
N (n) (y)ydy. As we have the pointwise limits

lim nd (u) = |u — k|, lim ¢d(u) = F(u, k), lim(nd) (u) =sgn(u — k),
6—0 d—0 6—0

we can substitute (1,q) — (n?,q}) in (1.4) and let § — 0 to conclude
through dominated convergence that u satisfies

[ee]
0< / / lu — k|pr + F(u, k)ps +sgn(u — k) (K * u)pdedt, (3.8)
0 R

for all K € R and all non-negative ¢ € C°(RT x R). For brevity, we
set U = R* X R for use throughout the proof. Let v € C°(U x U)
be non-negative, and consider u and v as functions in (¢,x) and (s,y)
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respectively. For fixed (s,y) € U, we can in (3.8) insert the test-function
w: (t,z) = (t,x,s,y) and the constant k = v(s,y) so to obtain

0< / lu — v|ty + F(u,v)h, + sgn(u — v)(K *, u)pdadt, (3.9)
U

where we write K *, u to stress that the operator Kx* is applied with
respect to the z-variable. As (3.9) holds for all (s, y) € U we can integrate
(3.9) over (s,y) € U to further attain

0< / / lu — v[thy + F(u, v)thy + sgn(u — v) (K s, u)pdzdtdyds.
o (3.10)

Next, we swap the role of u(t,z) and v(s,y): rewriting (3.8) in terms of
the variables (s, y) and replacing u by v, we can fix (¢,z) € U and insert
the test-function ¢: (s,y) — ¥(t,z, s,y) and the constant k = u(t,z) so
to obtain

0< / / |u — v|hs + F(v,u)hy + sgn(v — u)(K *, v)pdedtdyds,
v (3.11)

where we also integrated over (t,x) € U. As F(u,v) = F(v,u) and
sgn(v—u) = —sgn(u—wv) we can add (3.10) to (3.11) so to further obtain

0< / / lu — 0| (1t + ¥s) + F(u,v)(3hy + by, )dadtdyds
vl (3.12)

+ / / sgn(u — v)(K *z u — Ky v)pdedtdyds.
UJU

Let p € C°(R?) be non-negative and satisfy ol ey = 1, and let p.
denote the expression

1 t—s T—y
pE:pE(t'vay)ZEQP< 9 >7

9 9

for ¢ > 0. For a fixed T' € (0, 00), we further let ¢ denote a non-negative
element of C2°((0,7T") x R) and set

’(/}(t7$7 Say) = QO(t,.’IJ),Oe(t —S5T = y)a

or simply ¢ = @p. for short. Note that, for € > 0 sufficiently small, this ¢
is non-negative, smooth and of compact support in U x U; in particular,
it satisfies the prior assumptions posed on it. From the observation that
(Or + 0s)pe = 0 = (05 + Oy)pe, we conclude that

(wt + 1/)3) = PtPe, <wx + wy) = Pz pPe,
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and so inserting for ¢ in (3.12) we attain

o (3.13)

+ / / sgn(u — v)(K #5 u — K * v)pp.dedtdyds.
UJU

We now wish to ‘go to the diagonal’ by taking limsup,_,, of (3.13);
for simplicity we study each line separately. For the first one we pick
M € (0,00) satisfying the inequality (3.7) with 7" replacing ¢, and use
(u? —v?) = (u+v)(u — v) to calculate

/ / [|u — vl + F(u, v)cpx] pedadtdyds
vJu

< [ [ 1u=elfer+ Mgl pecsiayas
vy (3.14)

< [ tutt.a) = olt.2)| [ + Mol aza

[ 1otta) = oo, [e+ Mgl pdadrdyds,
UJU

where we in the last step added and subtracted v(t,x) followed by the
triangle inequality. As p.(t — s,x — y) is supported in the region |(t —
s,r —y)| < e and satisfies |[pc|[11(r2) = 1, the very last integral in (3.14)
is bounded by

sup / lu(t,z) —v(t + €,z + ) [got + M\(pquxdt —0, =0,
(e0)|<e JU

where the limit holds as translation is a continuous operation on Li..(R)
and ¢ € C°((0,T) x R). Thus we have established

hmsup/ / [|’U,—U|<Pt+F(U,’U)g0m pedadtdyds
e—0 UJU

(3.15)
< [ =l + Ml duat,
U
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where the v on the right-hand side of (3.15) is a function in (¢, z). Turning
our attention to the second line of (3.13), we start by observing

/ / sgn(u — v)(K #5 u — K %, v)ppdzdtdyds
UJU

SZ;LAQKQNMtx—@—v@w—zH

X p(t,x)pe(t — s,z — y)dzdadtdyds

= [ ] [ EGut.2) = ots.0)

X p(t,x + 2)pe(t — s,z — y)dzdzdtdyds

—//]u—v|[K| *g cp}psdxdtdyds,
vJu

where the third line holds by the substitution (x,y) — (z+ 2,y + 2) and
the last by the symmetry of z — |K(z)|. By similar reasoning used to
attain (3.14), we conclude

lim sup/ / sgn(u — v)(K #5 u — K %, v)p-pdadtdyds
e—0 UJU

(3.16)
§/|u—v|(|K|*g0)d:cdt,
U

where the v on the right-hand side of (3.16) is a function in (¢, x). Com-
bining (3.13) with (3.15) and (3.16), yields the inequality

og/ |u—v|[gpt+M|<px\+]K|*go dedt, (3.17)
U

where again, both u and v are now functions in (¢,z). By density, we
may extend (3.17) to hold for all non-negative ¢ € Wy''((0,T) x R).
Thus, we can set ¢(t,z) = 0(t)¢(t,z) for two non-negative functions
0 e Wol’l((O,T)) and ¢ € WH((0,T) x R) where we note that ¢ need
not vanish at ¢ = 0 and ¢ = 7. In doing so, (3.17) yields

og/ |u—v|<9’¢>d:cdt+/ |u—v|¢9{¢t—|—M|¢x|+|K|*¢]d:cdt, (3.18)
U U

To rid ourselves of the second integral, we now construct a particular ¢
such that the square bracket in (3.18) is non-positive in (0,7") x R. Let
f: R — [0,1] be smooth, non-increasing and satisfy f(z) =1 for z <0
and f(x) = 0 for sufficiently large z, and define

g(t,x) = f(lz|+ Mt —-1T)). (3.19)
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By the properties of f, it is readily checked that g € C°([0,7] x R). We
now define the function ¢ to be

olt,x) = (TN (1) ) (), (3.20)

where we used the operator defined in (3.1). Observe that ¢ is non-
negative and smooth on [0,7] x R with integrable derivatives; this last
part follows when using (3.2). That the square bracket in (3.18) is non-
positive, can be seen as follows: note first from (3.19) that

gi(t, x) =M f'(Ja| + M(t = T)),
gu(t, 2) = sgn(a) f' (|| + M(t - T)).
As f' is non-positive, we find g; = —M|g,|. Thus, using (3.20) we calcu-
late for ¢t € (0,7
¢+ |K|x ¢ =T DKg,,
= —M(e(T_t)lKl*]gID,

_ M‘S(T—wm*gx‘
where the last equality holds as differentiation commutes with convolu-
tion. In conclusion, the second integral in (3.18) is non-positive. Next,
for a small parameter € > 0 we set § = 8, where 6, is given by

t/e, t € (0,¢),

O.(t) =<1, te(e,T —e), (3.21)

(T —t))e, te(T—¢T).
Inserting this in (3.18), removing the non-positive integral and letting
€ — 0, we conclude

T
lirg;i(r)lf/T€ </R|u(t,m) —v(t,x)\gb(t,:v)dm)c?
< nr?jélp/; </R]u(t,a:) —v(t,m)|¢(t,$)dx>d€t

where we moved the negative term over to the left-hand side. As u and v
are bounded on (0,7) x R and continuous at ¢ = 0 in L. _ sense, it is easy
to see that |u(t,) —v(t,")|6(t,) — |uo(-) — v0()[¢(0,-) in L(R) when
t — 0 since the same is true for ¢(¢,z) and ¢(0,z). Thus the right-hand
side of (3.22) is given by

lil?jélp /06 (/R lu(t, z) — U(t,x)|¢(t,x)dx>d: = /R |ug — vole(0, x)dx.

IN

(3.22)
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As for the left-hand side, we wish to apply the Lebesgue differentiation
theorem so to get convergence for a.e. T > 0, but this can not be
directly done due to the implicit T-dependence of ¢. Instead, we observe
from (3.19) and (3.20) that ¢(T,x) = ¢g(T,z) = f(|z|) where the latter
function is independent of T. Since ¢(t,-) — f(]-|) in L'(R) as t — T,
the boundness of u and v means that |u(t, ) —v(¢,-)|(e(t,-)—f(|-])) =0
in L'(R) as t — T and so we may estimate

_ T dt
lim sup /TE </RU(t,x) —v(t,96)|<b(t,96)0196>6

—mowp [ ([ jutt) - vtt. 11 oiar )
_ /R|u(T,:E) — (T, )| f(|j2))dz, ae T >0,

where the last equality used the Lebesgue differentiation theorem. Thus
we conclude from (3.22) that we for a.e. T'> 0 have

[ luT.) = o(T.2)| (el)az
< [ Tuole) = vo@| (V51| = MT)) )i,

where we inserted for ¢(0,z) using (3.19) and (3.20). As f was any
smooth, non-negative, non-increasing function satisfying f(z) = 1 for
x < 0 and f(x) = 0 for sufficiently large x, we may in (3.23) set f =
L(_co,) through a standard approximation argument. Doing this, we
observe that f(|z| — MT) = x4,(T,x) where the latter is defined in
(3.3), and so we obtain from (3.23) exactly (3.6), with T" substituting for
t. This concludes the proof. ]

(3.23)

While we in this paper are concerned with global entropy solutions,
one may wish to study entropy solutions on a time-bounded domain
(0,7) x R. Such solutions would be defined as in Def. 1.1, but with
the test-functions in (1.4) restricted to C°((0,7") x R). Still, no new
solutions are attained this way: the uniqueness of entropy solutions on
a time-bounded domain follows from the same argument as above, and
thus an entropy solution on (0,7') x R is the restriction of a global one
which the following section establishes the existence of.

3.2. Existence of entropy solutions. In this subsection, we prove
the existence of an entropy solution of (1.1) for arbitrary initial data
up € L®(R). The strategy goes as follows: we first introduce for a
parameter € > 0 an approximate solution map S;;: L*(R) — L*(R)
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whose key properties are collected in Proposition 3.2. Next, we show
in Lemma 3.4 that when S.; is applied to sufficiently regular initial
data ug, we attain approximate entropy solutions. Further, in Propo-
sition 3.5 we establish the convergence (as ¢ — 0) of these approxima-
tions to an entropy solution, and the result is extended to general L>°
data in Corollary 3.6. Throughout the section, we occasionally refer
to the space C([0,00), LL (R)) of functions u € LL ([0,00) x R) such
that t — u(t,-) is a continuous mapping from [0,00) to Li (R). By an
operator splitting argument, we aim to build entropy solutions of (1.1)
from those of Burgers’ equation, u; + %(uz)x = 0, and the linear convo-
lution equation, uy = K * u. On that note, we introduce two families
of operators (SP);>0 and (Sf)i>0 parameterized over t > 0. The op-
erator SP: L>®(R) — L*™(R) is the solution map for Burgers’ equation

restricted to L°° data at time ¢; that is,
SB: fal(t,), (3.24)

where (t,z) ~— u/(t,z) is the unique bounded entropy solution of the
problem

u + 5w, =0, (t,z) €RT xR,
uw(0,z) = f(z), z€R,
which necessarily lies in C([0, 00), LL .(R)) (see [8]). Note that SP is a

flow map in the sense that Sﬁ o £ = Sf 41, for all 1,25 > 0. The second
map S5 : L®(R) — L®(R) is for ¢ > 0 defined by

SK. fis f+tK x f. (3.25)

The actual solution map for the equation u; = K *u is the operator et*

defined as (3.1) with K replacing | K|; the reason we have instead chosen
SK as (3.25) (which can be seen as a first order approximation of e/%*) is
for our calculations to be slightly tidier. Note however, SX is not a flow
mapping. With these two families of operators, we build a third family
of operators S, ;: for fixed parameters ¢ > 0 and ¢ > 0, pick n € Ny and
s € [0,¢) such that t = s + ne, and define

S..=5B0 [55 o Sf] " (3.26)

where the notation on implies that the square bracket is composed with
itself (n—1) times; if n = 0, then the square bracket should be replaced by
the identity. We shall demonstrate that as € — 0 the map S, ; converges
in an appropriate sense to the solution map for entropy solutions of
(1.1). We begin by collecting a few properties of S.; when applied to
the space BV (R); this subspace of L}(R) is equipped with the norm
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|- llBve = Il [[L1@®) + | - |7V, where the total variation seminorm |- |7y
coincides with |- |71 as defined in (1.5). A short and effective discussion
of BV(R) can be found in either [8] or [13]; we note that functions in
BV (R) have essential right and left limits at each point, and their height
is bounded by their total variation, thus BV (R) — L' N L*°(R).

Proposition 3.2. With S.; as defined in (3.26), we have for all € > 0,
t>t>0, f€ BV(R) and p € [1, ]

1St ()o@ < €Il o), (L? bound),
1S4 (N)llzv < e[| fllzv, (TV bound),
1564 (f) = S.z(F)lLrwy < (t— t+¢e)Cr(t), (Approx. time continuity),

where k= || K| r1(r) and where the factor Cy(t) only depends on f and
t.

Proof. Consider ¢ > 0 fixed. We will be using the following properties of
the mappings SP and SX

1SE ()l e@) <1l o) ISE (O L) < €™ o), (3.27)
ISE(H)lrv <|flrv, ISE(F)lrv <e™|flrv,  (3.28)
ISE() = flliwy <tlflrv, 1S5 = Fllowy <tellflloe), (3:29)

valid for all ¢ > 0, p € [1,00] and f € BV (R). The inequalities involving
SP are well known and can be found for example in [13]. As for the
inequalities involving S/, these estimates follow directly from the def-
inition of S/ (3.25) together with Young’s convolution inequality and
1+ tk < e®. We start by proving the LP and TV bound of the propo-
sition. For this we fix ¢ > 0 and pick n € Ny and s € [0,¢) such that
t = s + ne, and pick an arbitrary f € BV(R). By iteration of the two
inequalities in (3.27) we attain

1Set ()l oy = 157 o [SE 0 SEIM(N)lo@) < €I fllow),  (3-30)

for all p € [1, o0], and by iteration of the inequalities in (3.28) we similarly
get

1Sct(£)lrv = ISP o [SE o SPI™(f)|rv < €| flzv. (3.31)

This gives the first two bounds of the proposition. For the time conti-
nuity, we pick ¢ € [0,¢] and 7 € N and § € [0,¢) such that = 3 + fe.
Suppose first that ¢t — < e, and set f = Se,iic(f). Then either S.;(f) =
SB (f) or Se4(f) = SP o SK 0SB (f) corresponding to the two situa-
tions n = n and n = n + 1; we will only deal with the latter as the other
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case is dealt with similarly. By the triangle inequality we then have
1S24(f) = Se (Nl <11SY 0 SE 0 SZ5(F) = SE o SZ (Nl w)
+ 18K 0 SE (f) - Sffg(f)HLl(R)
+1S2.5(f) - fllrw)-
The three terms on the right-hand side can be directly dealt with using
the two inequalities (3.29) followed by the estimates (3.30) and (3.31).
Doing so in a straight forward manner results in the bound
se?"" | flgy + ere” | fllimy + (6 — 3)e*™| fl7y
<ee®™ (2 fl7v + KllfllLi ).
Thus, setting for example C(t) = e*#(2|f[3, + &l fll1(®)) the time
continuity estimate holds whenever ¢t — f < e. By breaking any large

time step into steps of size no larger than ¢, the general case follows by
the triangle inequality. O

The LP bound provided by the previous proposition was attained by
applying Young’s convolution inequality on the operator Kx; in doing
so, we miss possible cancellations that might take place as K, after all,
is an odd function. While efficient LP bounds might not be feasible for
general p > 1, these cancellations are easily exploited for the L? norm as
seen from the following lemma. This L? control is crucial for the analysis
of Section 4.

Lemma 3.3. With S.; as defined in (3.26), we have for alle > 0,¢t>0
and f € L?> N L=(R)
142
1Set (Nl 2@y < ez || fllz2 ()
where k= || K|| 1 (r)-
Proof. Consider ¢ > 0 and ¢t > 0 fixed. As K is odd, real valued and

in L'(R), it is readily checked that Kx is a skew-symmetric operator on
L3(R), that is

(f; Kxg) = —(Kxf,g),

for all f,g € L?(R), and consequently (f, K  f) = 0 for all f € L*(R).
In particular,

(f+eKxf, f+eKxf)

(f, )+ (K« f, K « )
<1+ )| f11 72wy

ISE (12w
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Combined with 1+e%x% < ¢=%* and the fact that S5 is non-expansive on
L*(R) (left-most inequality in (3.27)), the result follows by iteration. [

When ug € BV (R), we can use S¢; to construct a family of approx-
imate entropy solutions of (1.1) as follows. For an arbitrary, but fixed,
up € BV (R), let the family (u®).>0 C Lg%, ([0,00), L°(R)) be defined by

ua(t) = Se,t(“())a (332)

where u®(t) is compact notation for = — u°(¢,z) and S.; is as defined in
(3.26). Although (u®)s>0 is considered a family in LIOC([O, o0), L>®(R)),
we stress that each member is for all ¢ > 0 well defined in L>*(R). For
small € > 0 these functions are not far off from satisfying the entropy
inequality (1.4), as we now show.

Lemma 3.4. With (u®)c~o as defined in (3.32) for some ug € BV (R), we
have for every entropy pair (1, q) of (1.1) and non-negative p € C°(RT x
R) the approzimate entropy inequality

/0 h /R n(6) et + () pa + 17 () (K % u)pdzdt > O(e).

Proof. Fixing € > 0, we observe from the definition of S¢; (3.26) that u°
is an entropy solution of Burgers’ equation on the open sets (t5,_;,%5) xR
for n € N, where t;, = ne; thus

/ / e+ a(u”)ppdzdt > 0, (3.33)
te

for every non-negative ¢ € C°((t5,_;,t5) x R) and every entropy pair
(n,q) of Burgers’ equation, which coincides with the entropy pairs of
(1.1) as the convection term of the two equations agree. Moreover, by
the time continuity of SP (3.28) and the TV bound from Proposition
3.2, we see that u® € C([t_,,t5), Ll (R)); at t = t5 it is discontinuous
from the left, as the left limit is given by u®(t5,—) = SZ(u(t5_;)), while
we have defined

W) = u (=) + e K # uS(£5,—). (3.34)

The continuity in time allows us, by a similar trick used to attain (3.22),
to extend (3.33) to

24
/ /R n(u e + qu)padadt > /R (e (£—) ) (£5, 2)dz
i

_/Rn( (tn 1))@0@%71,:17)(:1;177
(3.35)
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for all non-negative ¢ € C°(R*T x R). For the remainder of the proof,
consider the entropy pair (1,q) and p € CX(RT x R) fixed. Summing
(3.35) over n € N and using ¢(0,x) = 0, we get

/ 06 o + qu)ppdadt
R+ xR

>3- [ [z - @]t

By Proposition 3.2, the family (uf).>¢ is uniformly bounded on the
support of ¢, and so we can assume without loss of generality that
||, |n"| < Cy for some large Cy. Using the relation (3.34), the square
bracket from (3.36) can thus be estimated

n(u (t-)) = n(u ()
> — e/ (u(t,-)) | K+ it )| -

which, again by the uniform bound of u* on the compact support of ¢,
further implies

[ [ 6 — o 505, 1
> — €/R77'(u€(ti—)) [K % ue(t;_)}p(tmgﬁ)dx _ Ohe?,

(3.36)

018

K = us (8, )%,

(3.37)

for some C2 > 0 independent of n and €. Combining the uniform time
regularity of Proposition 3.2 and the compact support of ¢, we see that
the function

gelt) = [ 0/ () [K (0] o(t. ), (3.38)
satisfies for all t > > 0 an inequality |g-(t) — g-(f)| < C3(t —t + ¢) for

some sufficiently large C3 independent of €. Thus, the integral on the
right-hand side of (3.37) can be bounded from below as such

</ n’(us(ti—))[K*ue(t ) ltn, 2)da
= /ta / K*u (t: )}g@(tn,x)dxdt (3.39)

_ /t / ) [ 1w (0)] ot w)dadt — 2052,

Y
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Picking the smallest N(¢) € N such that suppp N (eN(g),0) x R = 0,
we combine (3.36), (3.37) and (3.39) to deduce

/ 0601+ (6 ) pa + 1 () (K % 0 )pdadt > CN(e)e?,
R+ xR

for some sufficiently large C' > 0. And as N(e)e? ~ e the proof is
complete. O

With the previous result at hand, it is natural to look for a limit
function of (u®).>¢ as € — 0; this would be a suitable candidate for an
entropy solution of (1.1) with initial data ug € BV(R). In the next
proposition, we do exactly this and collect a few properties about the
resulting solution.

Proposition 3.5. For any initial data ug € BV (R), let (uf)e>0 be as
defined in (3.32). Then, for allt >0 the following limit holds in Ll (R)

u®(t) = u(t), e—0, (3.40)

where u is an entropy solution of (1.1) with initial data ug. Moreover, u
is an element of C(]0,00), L1 (R)) N L2([0,00), L(R)) and satisfies for

loc
allt >0
()]l oo ) < €™ [|wol| Lo Ry (3.41)
()| L2y < lluollr2(w), (3.42)

where k = || K||L1(g)-

Proof. We first prove the limit (3.40) for a special subsequence of (u%)z>0
and then generalize afterwards. Fixing ¢ > 0, we see from Proposition
3.2 that the functions (u®(t))e>¢ satisfy for any p € [1, o0]

s (&) o r) < € lluoll Lo(r), (3.43)

and in particular, they are uniformly bounded in L'(R). Moreover, they
are equicontinuous with respect to translation

lus(t, -+ h) = u*(t, )| 1y < hefuolry,

for all h > 0, and so by the Kolmogorov—Riesz compactness Theorem,
any infinite subset of (uf(t)).>0 is relatively compact in Li _(R); as we
have skipped developing a tightness estimate for (u®(t))s>0, we can not
claim the family to be relatively compact in L!(R). The family (u)es0 is
not equicontinuous in time and so we can not directly apply the Arzela-
Ascoli theorem, however, the family is for small ¢ arbitrary close to be
equicontinuous and so the proof of the theorem is still applicable; for
clarity we perform the steps. By a standard diagonalization argument,
we can select a sub-sequence (u%7)jen C (u%)e>0 such that lim; o5 =0
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and u (t) converges in L (R) for every t € E with E being a countable
dense subset of RT. Next, we claim that u% (¢) converges in L{ (R) for
every t > 0. Indeed, fix » > 0 for locality and pick s € F such that
|s — t| < € for some arbitrary € > 0. By the time regularity estimate of
Proposition 3.2, we have

T
lim sup/ |ui(t) — u®i(t)|dx

j,i*)OO —r

< lim sup /T [u (t) — u (s)| + |u(s) — u®(s)| + |u(s) — u®(¢)|dz

j,i—>oo —r
T
< limsup(2e + €5 4 &;)Cy (t + €) + lim sup/ |u¥i(s) — u®i(s)|dx
Ji—00 Ji—oo J—r
=2eCly, (t +¢),

and since r and e were arbitrary, we conclude that u% () converges in
LL (R) to some u(t). Moreover, as u (t) converges locally to u(t), the
bound (3.43) necessarily carries over to u(t), and so in particular

lu@) | Le®) < € luoll o),
and further by Fatou’s lemma we infer for all ¢ > t>0
Ju(t) = u(®)|| 1 r) < hjmggfllu (t) — u (D)l 1wy

< hjrgggf(t — 14 25)Cyy(t) (3.44)
= (t —1)Clyy (1)

Thus u € C([0,00), L'(R)) N L2, ([0, 00), L=(R)). Next, we prove that u
is, in accordance with Def. 1.1, an entropy solution of (1.1) with initial
data ug; the latter part follows from u(0) = ug and (3.44). To see that u
satisfies the entropy inequalities (1.4), we pick an arbitrary entropy pair
(n,q) of (1.1) and a non-negative p € C°(R" x R) and recall Lemma

3.4 to calculate

// ot + q(u)e + ' (u) (K * u)pdrdt

= 1.im/ /n(uaj)% + q(u ), + 1 (W) (K u)pdadt  (3:45)

> 1 i) =
= ]1_1)1[1)0(61) 07

where the second line holds as the integrand converges in L'(R); after
all, (u®);en is uniformly bounded on the compact support of ¢. By
Proposition 3.1 we conclude that u is the unique entropy solution of
(1.1) with ug as initial data. What remains to show, is the general limit
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(3.40) and the L? bound of u (3.42); the latter follow by Lemma 3.3 and

Fatou’s lemma. We prove (3.40) by contradiction; if this limit does not

exist, then there is a subsequence (u®)jen C (u)e>0, a t > 0 and an
r > 0 such that

,

lim inf / lu(t) — u (£)]dz > 0.

Jj—00 _r

But as argued above, the infinite set (u/);cy must be precompact in

L%OC(R) for every t > 0, and thus we can pick a subsequence converging

for every t > 0 in L{. (R) to the unique (Proposition 3.1) entropy solution
u which contradicts the above limit inferior. d

The existence of entropy solutions for general L*>° data now follows
from the previous proposition together with the weighted L'-contraction
provided by Proposition 3.1. It is useful to observe that the weight w},
(3.4) is increasing in t. In particular, with u,v,¢,r and M as in (3.6), we
have the contraction

T
/ lu(t, z) — v(t,z)|dx < / lup(x) — vo(z)|why (T, x)dz, (3.46)
—r R
where T € (0, 00) is any parameter satisfying 7" > ¢t. We note that while
Proposition 3.1 only implies the validity of (3.46) for a.e. t € [0,7],
we will in the following corollary apply it on entropy solutions with BV
data; as the previous proposition guaranteed that these functions are

continuous from [0,00) to Li. (R), the above contraction holds for all
t €1[0,7).

Corollary 3.6. For any initial data ug € L>*(R), there exists a corre-
sponding entropy solution u € C’([O,oo),Llloc(R)) of (1.1) satisfying for
allt >0
()l oo ) < €™ luol oo (r), (3.47)
where k= ||K||1g). If up € L* N L®(R), it also satisfies for allt >0
[u®)l 2wy < lluollL2w)- (3.48)

Proof. For ug € L*(R), let (u/);en be a sequence of entropy solutions
of (1.1) whose corresponding initial data (u})jen C BV(R) satisfies

L (R) as j — oo. For

sup; HU%HLOO(R) < HUOHLOO(R) and Uf) — wup in Ly,

a fixed T > 0, set
M = e""||ug|| = (w),

and observe from (3.41) that sup; [|u (t)|| pecm) < M for all ¢ € [0,T].
In particular, (3.46) is valid for all substitutions (u,v) — (u?,u*) and all
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parameters r > 0, t € [0,7] and x¢ € R. Using this contraction, we may
estimate for any r > 0

,
limsup sup / |u! (t, z) — u'(t, z)|dz
ji—soo 0<t<T J—r

< lim sup/ |uf)(:£) — ué(x)|w}"w(T, x)dz =0,
Jyi—00 JR

where the last limit holds by the dominated convergence theorem. This

shows that (u’);en is Cauchy in the Fréchet space C([0, 00), LL (R)) and

so the sequence converges to some u € C([0,0), Li. .(R)). Moreover,

[w(®) ]| oo (r) < hjrr_1>1>101f ”Uj(t)HLOO(R) < e"l|ug || oo ()

by (3.41), and so u € L{° ([0,00), L>(R)) too. That u takes ug as ini-

loc
tial data in L{ -sense follows from the time-continuity of u and u(0) =

lim; u% = ug where the limit is taken in L}OC(R). Moreover, as each

member (uf);ey satisfies the entropy inequalities (1.4), the same can
be said for u by a similar calculation as (3.45). Thus the corollary is
proved, save for the L? estimate; this is attained through Fatou’s lemma
and (3.42) as we may assume sup; |[up|| 2wy < [[uollL2(w)- O

3.3. L? continuity and stability of entropy solutions. For clarity,
we summarize what of Theorem 2.1 has been proved so far and what
remains to be proved. Combining Proposition 3.1 and Corollary 3.6, we
conclude that there exists a unique entropy solution of (1.1) in accordance
with Def. 1.1 for every initial data ug € L°°(R) and thus also for ug €
L?N L™ (R). Furthermore, Corollary 3.6 guarantees that these solutions
are continuous from [0,00) to L (R) so that the restriction u(t) =
u(t,”) € L} (R) makes sense for all ¢ > 0. The same corollary also
provides the bounds (2.1) of Theorem 2.1. It remains to prove that
entropy solutions with L2 N L data are continuous from [0, 00) to L?(R)
and that they satisfy the stability result of Theorem 2.1. To do so,
we shall exploit the height bound of Corollary 2.6. As explained at
the beginning of Section 4, Corollary 2.6 can be proved for the case
up € L?> N L>(R) independently of this subsection; thus we may here use
the height bound (2.5) for entropy solutions of (1.1) without risking a
circular argument. From here til the end of the section, we take the above
properties of entropy solutions for granted. We begin with a variant of
Proposition 3.1 which makes use of the above discussed height bound.

Lemma 3.7. There is a function ¥: [0,00)% — [0,00), increasing in all
arguments, such that for any pair of entropy solutions u,v of (1.1) with
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respective initial data ug,vo € L? N L>®(R) one has for any t,r > 0 and
N > max{|uol[2(r), [[vollL2ry} the inequality

[u(t) = v@)ll (=) < V@ N, 7)lluo — vollL2w)- (3.49)

Proof. Let u,v,up,vp and N be as described in the lemma. By (2.5) from
Corollary 2.6, and the property of N, we have for all ¢ > 0

[w()l| oo r) + o)l 1o
2

B < cond (1 + %) = m(t), (3.50)

t3

1
where C = max{2%3% HK”EI(R)’ 2%}. With F(u,v) = gsgn(u—v)(u? —
v?), we have for any non-negative p € C°((0,00) x R) the inequality

0< / / lu —v|or + F(u,v)p, + |u— v|(| K| * ¢)dadt. (3.51)
0 R

This is attained by following the first half of the proof of Proposition
3.1 without using the bound |F(u,v)] < M|u — v| as done in the first
inequality of (3.14); one may instead, when ‘going to the diagonal’, sub-
tract F'(u(t,z),v(t,z)) from F(u(t,z),v(s,y)) and use

|F(u(t,x),v(s,y)) - F(U(t,l’),@(l’,y)” 5 |U(37y) - U(t,l’)|,

which follows from local Lipschitz continuity of F' and the fact that u
and v are globally bounded (as pointed out after Corollary 2.6). With
(3.51) established, we may now filter out (u + v)/2 from F' using the
more precise bound (3.50), that is

|F(u(t,z),v(t,z))| < m(t)|u(t,z) —v(t,z)|

Doing so, and additionally setting ¢(t,x) = 6(t)¢(t, ) for two arbitrary
non-negative functions 6 € Cg°((0,7)) and ¢ € C°((0,7) x R), with
T > 0 also arbitrary, we conclude from (3.51) that

T
OS/ /|u—v|0'(bdxdt
0 R

. (3.52)
+/ / lu — v|9[gbt +m(t)|pe| + | K| * ¢|dxdt.
0 R
Observe that (3.52) resembles (3.18); for brevity, we skip minor details
in the following steps due to their similarity of those following (3.18).
Let f: R — [0,1] be a smooth and non-increasing function satisfying
f(x) =1for x <0 and f(x) = 0 for sufficiently large x, and set

g(t, ) = f(lx| + M(t) — M(T)),
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where we have here defined M (t) by
t
M(t) = / m(s)ds = CN3 (t + %ﬁ)’
0

not to be confused with the constant M from the proof of Proposition
3.1. Analogous to (3.20), we then set

olt,x) = (TN (1) ) (), (3.53)

and while this ¢ is not of compact support, both it, and its derivatives,
are integrable on (0,7") x R and so by an approximation argument it can
be used in (3.52) (the compact support of # means the singularity of m(t)
at ¢t = 0 is not seen). By similar arguments as those following (3.20) we
find also here that the second integral in (3.52) is non-positive, and so we
may remove it. Letting then 6 approximate 1 7y in a similar (smooth)
manner as done by the sequence (3.21), we may from (3.52) conclude

/ |u(T, z) — (T, x)|p(T, z)dx < / lug(z) — vo(z)|p(0, z)dx, (3.54)
R R

where we used that ¢ — |u(t,-) —v(t,-)|o(t, ) is continuous from [0, T to
L'(R) which holds as the same is true for t = ¢(¢,-) while v and v are
both globally bounded and continuous from [0, 7] to L] .(R). Note that
¢(0,z) = f(|z|), and so letting f — 1(_o,) in L' sense, the left-hand
side of (3.54) becomes the left-hand side of (3.49). When f — 1(_

we also get from (3.53) that
6(0,2) (7K1 g (|- | = M(T)) ) (a), (3.55)

in L' sense. Denoting the right-hand side of (3.55) also by ¢(0,z), it
follows by Young’s convolution inequality that

NI

16(0, )| 2(r) < 7F[2r + 2M(T)]2 = ™" [27« +2CN3 (T + %Tg)} :
(3.56)

where = ||K||f1(r). Applying then the Cauchy-Schwarz inequality to
the right-hand side of (3.54), and using the above L? bound for ¢(0, ),
we attain (3.49) (with T substituting for t) for U(T', N,r) given by the
right-hand side of (3.56). O

We follow up with a tightness bound for entropy solutions with L?NL>
data.
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Lemma 3.8. There is a function ®: [0,00)? x R — [0,00), increasing in
all arguments, such that if u is an entropy solution of (1.1) with initial
data ug € L> N L>®(R), then for any t,r >0 and N > [uoll 2 (r)

/ u?(t,z)dr < / ud(z)®(t, N, |z| — r)dz. (3.57)
|z|>r R

Moreover,
lim ®(t, N, &) =0, d(t,N, &) =e*r £>0,

£——o0
where k = ||K|[p1ry, and in particular, & — ®(t,M,§) is a bounded
function.

Proof. Pick arbitrary initial data uy € L? N L*®(R) and let u denote
the corresponding entropy solution of (1.1). Writing out the entropy
inequality (1.4) for u using the entropy pair (n(u),q(u)) = (u?, 2u®) and
a non-negative test function ¢ € C2°((0,7") x R), with T" € (0, 00) fixed,
we get
T
0< / / o + 2udpy 4 2u(K * u)p dadt. (3.58)
o JR

By the height bound (2.5) of Corollary 2.6, we have [[u(t)|| oo ®) < m(t)
where m(t) is as defined in (3.50), and so the second term of the above
integrand satisfies

2P, < [3m(t) el |-

Additionally, the third part of the integrand satisfies

/Qu(K*u)gpda:://2u(t,$)u(t,y)K(m—y)@(t,x)dydx
R R JR
< [ [ [t + e ) 1@ = (e ) dye

:/Ru2[mp+|K*g0}dx-

Inserting these two bounds in (3.58) we get for any non-negative ¢ €

C((0,T) x R)

T
0< / / u? [g@t + Zm(t)|pa| + K * ap] dzdt, (3.59)
o Jr

where we introduced the measure K := kd + |K|, where ¢ is the Dirac
measure. We also here, like the previous proof, proceed in a manner
similar to the second half of the proof of Proposition 3.1, though some
necessary changes are made. We set ¢(t,x) = 0(t)p(x)o(t, z) for three
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smooth non-negative functions on [0, 7] x R with 6 and p having compact
support in (0,7") and R respectively. Additionally, while ¢ need not be
compactly supported, we require ¢ and its derivatives to be bounded.
Inserting this in (3.59) we get

T
2/
0< /0 /Ru 0" popdadt 50
+ /0 /Ruzﬁ[p@ + 2m(t)|(pd)a| + K = (po) | dzdt.

By approximation, (3.60) is still valid for a non-negative 6 € Wol’l(((), T))
and so we may set 6 = 6. where the latter given by (3.21), followed by
letting € — 0 to conclude from (3.60) that

0< /]R [u0($)¢(o,m) —u (T,x)¢(T,x)}p(l")d93 (3.61)

- /Ooo /R u? [pszﬁt + 3m(t)|(pd)a] + K % (mb)} dadt,

where we used that t — u?(t,-)p(-)$(t,-) is continuous in L' sense as
follows from the LllOC continuity and boundness of u, the smoothness of
¢ and the compact support of p. Next, we set p(x) = p(x/N) where
p € CX(R) is non-negative and satisfies p(0) = 1. Letting N — oo,
(3.61) yields through the dominated convergence theorem

/uQ(T,:c)gb(T,:n)dxg /u%(w)qﬁ((),:c)dx
R R

o0
+/ / u? [qﬁt + 2m(t)|¢s| + K * ¢ | dzdt,
o Jr

(3.62)
where the convergence of the integrals follows from the boundness of
¢ (and its derivatives) combined with [[u(t)|r2m) < [uollz2w) for all
t € [0,7]. To rid ourselves of the last integral in (3.62), we perform a
similar trick as done for (3.18) and (3.52), but with a different f; we here
let f: R — [0,1] be a non-decreasing function with bounded derivatives.
Define further g by

g(t, x) = f(|z| + M(T) — M(t)),

where M(t) denotes

M(t) = /Ot 2m(s)ds = CN3 (%t + té), (3.63)
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and analogues to (3.20), we set ¢ to be
olt,x) = (¢Tg(t,) (2).

As t — g(t,z) is still a non-increasing function, we conclude by similar
arguments as those following (3.20) that the square bracket in (3.62)
is non-positive. Thus, removing the non-positive integral in (3.62) we
conclude

[ @ s (eie < [ w1+ D)) @), (3.6
R R

where we used the explicit expressions for ¢(T,z) and ¢(0,x). Letting
[ — 1(o) pointwise a.e. it is clear that the left-hand side of (3.64)

converges to fl u?(T)dz. As for the right-hand side, we get the cum-

bersome term e?**1(, .)(|-|+MT) which we now simplify. Let the Borel
TK*

z|>r

measure vy be defined by the relation vpx = e and observe that we

for x € R have

(VT * Loy (|- |+ M(T))> (z) = /_ . dvr(y)

< / dvr(y).
|| —r+M(T)>~y|

We thus define (T, N, |x| — r) to be the latter expression after substi-
tuting for M(T') using (3.63). Inserting this in (3.64) we get exactly
(3.57) with T substituting for t. The properties of ® stated in the

(3.65)

lemma can be read directly from (3.65) when setting £ = |z| — 7 to-
gether with the fact that T+ vp is increasing (in the canonical sense)
and [p dvr = eTh+1 = 2Tk, d

We may now prove the remaining part of Theorem 2.1.

Proposition 3.9. Let two sequences (ti)ren C [0,00) and (ugk)ren C
L? N L>®(R) admit limits

lim [t} — t| =0, lim [Jugx — uollL2m) = 0,
k—o00 k—o0

with t € [0,00) and ug € L?> N L™(R). Letting (ux)ren and u denote the
entropy solutions of (1.1) corresponding to the initial data (uoj)ken and
ug respectively, we have

khm Huk(tk) — u(t)||L2(R) = 0.
—00

In particular, entropy solutions of (1.1) with L>NL*> data are continuous
from [0,00) to L*(R).
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Proof. Suppose first that ¢ > 0. As tp — t there is a T' € (0,00) such
that (tx)reny C [0,T]. Similarly, there is an N such that N > [[vol|r2(w)
for every vg € {uo,1,u0,2,--.,up}; observe that such an N satisfies N >
|v(t)]| 2 for all ¢t € [0,T] and v ranging over the corresponding entropy
solutions. As the function ® from Lemma 3.8 was increasing in its argu-
ments, we infer for all £ € N and r > 0 that

/ ui(tk,m)dx < / uak(:c)q)(T, N,|z| —r).
lz|>r R

Furthermore, as £ — ®(T, M, ) is bounded while u%}k — ud in LY(R) as
k — oo, it follows that

limsup/ ul (t, x)dr < / ud(x)®(T, M, || — ), (3.66)
lz|>r R

k—o0

for any r > 0. Since u3 is integrable and lime_s oo (T, M, &) = 0, we
may for any ¢ > 0 pick a sufficiently large r > 0 such that the right-hand
side of (3.66) is smaller than 2. For such a couple of constants &,7 > 0
we find

lim sup lug(ty) — ()| L2@) < 26 + limsup [Jug(tr) — u(t)| L2 ((=rm)-
k—oo k—oo
(3.67)

To deal with the rightmost term in (3.67), we yet again let m be the
function defined in (3.50) using the above N. As t > 0, there are only
a finite number of elements in (¢x)ken smaller than ¢/2; without loss of
generality, we shall assume there are none. By the height bound (2.5)
from Corollary 2.6 and m being decreasing in ¢, it then follows that
[Vl oo (r) < m(t/2) for every v € {ui(t1),ua(t2),. .., u(t)}. Thus,

) = w(8) |2y < 2(8/2) () — 00 3 )

and by the triangle inequality, we further have
Nk (k) — w) | o (=r) < luk(te) — vl L (=r)
+ llu(te) — w21 ((=rr))-

As t — u(t) is continuous in Lj  sense, we have |lu(t) —u(t)|| 1 (—rm) —
0 as k — oo, while Lemma 3.7 gives us

k() = w(ti)ll L (—rpp) < YT, N, 7)|luok — vollL2w) — 0,
as k — oo. The last term of (3.67) is thus zero, and as ¢ > 0 was
arbitrary, we conclude limsupy_, . [[ur(tx) — u(t)|[z2@®) = 0. Suppose
next t = 0. We have the two immediate properties

khj;o lluk(te) — uollpr(j—rp) =0, Vr >0,
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timsup [ [fug (80)]| 2y — 1ol 2gey | <0,

k—o00

the first following by the triangle inequality, Lemma 3.7 and the fact that
t — u(t) is continuous in L] _ sense, while the second follows from using

|k (i)l L2@®) < |luokllz2(r)- Moreover, for any w € C2°(R) we have
(up(tr) — uo, uo) = (up(tr) — uo, w) + (ur(tr) — wo,uo — w)
<Iluo — wk (k)| L1 (supp(ew)) W Lo (w)
+ kel 2@y + lluoll L2y | luo — wll 2wy,

and so, together with the above properties, we see from approximating
ug (in L? sense) by elements in C°(R) that
lim <uk(tk) — UQ,UQ> =0.
k—o0
This last limit, and the above limit superior, then give us
: 2
Jim fJug(t) — wollz2 g
= lim (uk(tk),uk(tk)) — <UO,U()> —2 lim <uk(tk) - UO,U()> < 0.
k—o0 k—o0

Thus, the stability result of the proposition has been demonstrated. That
this implies the continuity of ¢ — u(t) in L? sense follows by considering
the sequence of initial data where wug j = ug for all £ € N. O

We end the section by proving Corollary 2.2.

Proof of Corollary 2.2. The solution mapping S is by Proposition 3.9
jointly continuous from [0, 00) x (L? N L®(R))* to L?(R), where (L? N
L>®(R))* denotes the set L? N L>°(R) equipped with its L? subspace-
topology. Seeking to extend S to all of [0,00) x L?(R) in a continuous
manner, we note that we have only one choice: whenever a sequence
(uox)ken € L? N L®(R) converges in L*(R), it follows from Lemma 3.7
that the corresponding entropy solutions (ug)gen form a Cauchy sequence
in the Fréchet space C([0,00), LL (R)), and thus they converge to a
unique element u € C([0,00), L{,.(R)) in the appropriate topology. We
now argue that u inherits all the nice properties of entropy solutions of
(1.1) established so far, apart from being bounded at ¢ = 0. Denoting
up € L?(R) for the L? limit of (ugx)ken, we have by Fatou’s lemma

lu)llr2m) < lim inf k()| 2 m) < likﬂ_lgf||u0,k||L2(R) = |luol| 2(r)-

Moreover, as each wy satisfy the height bound (2.5) this bound also
carries over to u, and thus u is locally bounded in (0, 00) x R. Similarly,
as each wuy satisfy the entropy inequalities (1.4), the same is true for
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u by a limit argument exploiting the uniform bound of (ux)gen on the
support of ¢ and the fact that  and ¢ are smooth; in particular, u is
a weak solution of (1.1). Even Lemma 3.7 and Lemma 3.8 carries over
to u by approximation. In conclusion, v — and all other weak solutions
obtained this way — satisfy every property used for entropy solutions in
the proof of Proposition 3.9, and so the proposition extends to these weak
solutions. Consequently, S is continuous on the larger set [0, 00) x L(R),
and the proof is complete. O

4. ONE SIDED HOLDER REGULARITY FOR ENTROPY SOLUTIONS

In this section we show that entropy solutions of (1.1) with L? N L>
data satisfy one sided Holder conditions with time-decreasing coefficients.
As Subsection 3.3 exploits Corollary 2.6, which is proved using the results
established here, we stress that the coming analysis will only depend on
the results of Subsection 3.1 and 3.2, thus avoiding a circular argument.
In Subsection 4.1 we introduce the necessary building blocks and provide
an informal discussion of the idea behind the analysis of Subsection 4.2
where the Holder conditions are constructed; Theorem 2.3 is proved in
the summary following Corollary 4.8. Central in this section is the fol-
lowing object, which in classical terms can be described as a modulus of
right upper semi-continuity.

Definition 4.1. We say that a smooth and strictly increasing function
w: (0,00) = (0,00) is a modulus of growth for v: R — R if for all h > 0

esssup |v(x + h) — v(z)] < w(h).
r€R
The requirement that w be smooth and strictly increasing is for tech-
nical convenience. Note also that we did not require w(0+4) = 0; this is
to include the expression (4.10) when s = 0.

4.1. Preliminary results. The classical Oleinik estimate [8] for entropy
solutions of Burgers’ equation is for (t,2) € RT x R and h > 0 given by

u(t,z+h) —u(t,z) < % (4.1)
For a fixed t > 0, this one sided Lipschitz condition (or modulus of
growth) restricts how fast x +— wu(t,z) can grow, but not how fast it
can decrease, thus allowing for jump discontinuities (shocks) whose left
limit is above the right. Interestingly, when the initial data of Burg-
ers’ equation satisfies ug € LP(R) for some p € [1,00), one can for the
corresponding entropy solution u use (4.1) to attain

a5 ) < ZE )2y < 2ol (1.2)
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where the rightmost inequality is just the classical LP bound for Burgers’
equation, and thus, the height of u(t) = u(t,-) tends to zero as t — oo.
We omit the proof of (4.2), which is similar to that of the next lemma
where we provide a general method for bounding the height of a function
u € L*(R) admitting a modulus of growth w. Our focus on L?(R) is
because the other LP norms might fail to be non-increasing for entropy
solutions of (1.1); the generalization of (4.1) will (surprisingly) require
a generalization of (4.2), so p = 2 is the natural choice as [[u(t)||z2r) <
|uollp2(r) for entropy solutions of (1.1). In the coming lemma we also
prov1de for later convenience a bound on the following seminorm defined
for v € L*(R) by

[V]oo = esss%p M (4.3)
RIS

As |v]oo < [|v]|foe(r), any bound on [|v||fe(r) obviously carries over to
|v|oo- Note however, that the next lemma bounds |v|s sharper than it
does |[v]|poo(r). Finally, we mention that the extra assumptions posed
on w in the lemma are only for technical simplicity, as the lemma holds
more generally.

Lemma 4.2. Let v € L?(R) admit a modulus of growth w that satisfies
w(04) =0 and w(oco) = co. Then v € L?> N L™®(R) and moreover
lol3ez) = F (Il ), (4.4)

LollZam 2 F(10lo), (4.5)

where F' is the strictly increasing and convex function

Y1
= / / (o) dyadyn. (4.6)

Proof. By Lemma A.l1 from the appendix we may assume v to be left-
continuous, and in particular, well defined at every point. Now, if z € R
is such that v(z) > 0 we have

v(z —h) >v(x) —w(h) >0,
for all h € (0,w™!(v(z))], while if x is such that v(z) < 0 we have
v(x+h) <v(z)+wlh) <0,

for all h € (0,w™(—v(z))]. Squaring each of these inequalities (the
bottom one would flip direction) and integrating over h € (0,w™!(|v(x)|)],
yields in both cases

w™(Jv(z)])
\méwzé (lo(x)] — w(k))?dh, (4.7)
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where the left-hand side has been replaced by the upper bound HvH%Q(R).

Performing the change of variables h = w™!(y) the right-hand side of
(4.7) can further be written

[v(z)] [v(z)]
/‘ <w@n—yVmM4@>=2/ (o(@)] — y)w (y)dy
0 0

(@)l ry
:2/ / w(2)dzdy,
0 0

where we integrated by parts twice. This last expression is exactly
F(Jv(x)]), and so letting this replace the right-hand side of (4.7) followed
by taking the supremum with respect to z € R yields (4.4). For (4.5), we
write vy and v_ for the positive and negative part of v respectively, and
observe2that velL? r; L>*(R) im2plies [vloo = 3 (vt oo r) + =l Lo ()
and ||v||L2(R) = ||v+||L2(R)+||v_||L2(R). Furthermore, as both vy and —v_
admit w as a modulus of growth, we can use (4.4) followed by Jensen’s
inequality to calculate
Sl = 3 [loslZm) + o 1ae)

|
[P (lorimgo) + F(Io-l~m)]

a
a

v

v

%[HU—FHL‘X’(R) + HU_”LOO(R)D

[0]s0)-

The calculations of the next subsection, where Theorem 2.3 is proved,
can be boiled down to the three lemmas of this subsection (Lemma 4.2
being the first). The remaining Lemma 4.3 and Lemma 4.4, induce
a natural evolution of a modulus of growth from the mappings S and
S introduced in (3.24) and (3.25). The relevance of these results should
come as no surprise; the previous section showed that entropy solutions
could be approximated by repeated compositions of said mappings.

g

Lemma 4.3. Suppose v € BV (R) admits a concave modulus of growth
w. Then for any e > 0, the function w = SB(v), admits the modulus of
growth

w(h)
1+4ew'(h)
Proof. As v € BV(R) it admits for each z € R an essential left limit
v(r—) and right limit v(z+), and since SP is non-expansive on BV (R),

h (4.8)
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the same can be said for w. Thus we assume without loss of generality
that v and w are left continuous. For z € R, h > 0 and ¢ € [0,¢], in-
troduce the two (minimal) backward characteristics of SP(v) emanating
from (e,x) and (e, + h) respectively

&(t) =x+ (t —e)w(w),

&(t) =x+h+ (t—e)w(x + h).
As v and w are left continuous, it follows from Theorem 11.1.3. in [8]
that

v(£1(0)) Sw(z), w(z + h) <v(&2(0)+).
Moreover, by the Oleinik estimate of w (4.1), we find
£2(0) = &1(0) =h — e[w(z + h) — w(z)] = 0,
and so exploiting w we can calculate
w(z +h) —w(z) <v(€(0)+) —v(&(0))

< w(h — elw(z + h) - w(z)) (4.9)
< w(h) — e (h)(w(z + h) — w(z)),

where the last inequality holds as w is concave. We conclude that

w(z+h) —w(z) < 1—i—w€(c}:’)(h)’

for all z € R and h > 0. That (4.8) is positive, smooth and strictly
increasing follows from w being positive, smooth, strictly increasing and
concave. ]

We follow immediately with a similar result for the operator S/, which
will depend on the fractional variation | K |pys as defined in (1.5) and the
seminorm | - | defined in (4.3).

Lemma 4.4. Let s € [0,1] and assume |K|rys < o0o. Suppose v €
L*°(R) admits a modulus of growth w. Then for any € > 0, the function
w = SK(v) admits the modulus of growth

h— w(h) 4+ ¢|K|rys|v|ech®. (4.10)
Proof. For simple notation, we introduce the shift operator Ty, : f — f(-+

h). As shifts commute with convolution, and since fR Ty K — Kdzr = 0,
we start by noting that for any k € R

(Th, — D)(K *v) =[(Tp, — 1) K] * (v — k).
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Next, we introduce 7 = esssup, v(x) and v = essinf, v(x), and observe
that

v — k| oo () = max{v — k, k — v},

and so setting k = (v + 1), we get [[v — k| pr) = 5V — v) = [v]so. By
Young’s convolution inequality and the above calculations we infer

[(Th — V(K x0)|[ o) < [|1K(-+h) = K[ 1w llv — K[| oo w)
< |K|rvs|v]ooh®.
Thus, for any h > 0 we have
(Th, — Dw =(Tp, — Dv+e(Tp, — 1)(K xv) <w(h) + e|K|rvs|v]|eh®,
where the last inequality holds pointwise for a.e. x € R. 0

We conclude this subsection with an informal discussion to motivate
the technicalities of Subsection 4.2. For initial data ug € L? N L*®(R) let
u denote the corresponding entropy solution of (1.1). For a fixed ¢ > 0,
suppose the function w: [0,¢] x (0,00) — (0,00) is such that for every
T € [0,t] the function w(7,-) serves as a concave modulus of growth for
u(T) = u(r,-). Seeking to extend the time domain of w, we let At > 0
denote an infinitesimal time step, and write u(t + At) = SK, o S5, (u(t))
which is informally justified by the previous section. Lemma 4.3 and 4.4
now suggests how to extend w to w(t + At, h), and combining the two
lemmas we conclude for some fixed s € [0, 1] that

w(t,h)
1+ Atwy(t, h)
serves as a modulus of growth for u(t + At). Using (4.11) to extend w
has the disadvantage of requiring one to calculate |u(t)|~. To overcome

this difficulty, we replace |u(t)|~c with the upper bound m[w], dependent
only on w(t,-) and [[uol|r2(r), defined by

) ) mw]
L o2 g, / / L(t, 2)dzdy, (4.12)

where w™!(t,-) is the inverse of w(t,-). By (4.5) and lu@)ll2m) <
|uollp2(r) we indeed get |u(t)|c < mlw]. Additionally, by Taylor ex-
pansion we have

Wt + At, h) = ALK pye[u(t) | soh®, (4.11)

Y - 2
[T Ator =w — Atwpw + O((At)?)

o B roran?),
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and so subtracting w(¢,h) on each side of (4.11), dividing by At and
replacing |u(t)|s with m[w], we get

% = —1(W?)p + ksm[w]h® + O(AY), (4.13)
where Aw = w(t + At,h) — w(t,h) and ks = |K|rys. In summary,
equation (4.13) describes for an infinitesimal time step At a sufficiently
large change Aw such that w + Aw serves as a modulus of growth for
u(t + At) whenever the same can be said for w and u(t). As t was
general, one can expect from this discussion that if w satisfies the partial
differential equation

{wt + 3 (w?)p = Kem[w]h?, (4.14)

w(0,h) = wo(h),

where wp is a modulus of growth for ug, then h — w(t, h) serves as a
modulus of growth for u(t) for all t > 0. Unfortunately, working directly
with (4.14) is cumbersome due to the term m|w], which can be viewed as
a nonlinear and nonlocal operator in space applied to w. Nevertheless,
we can make the following observation: assume that a solution w of
(4.14) admits a limit limy_,o w(t, h) = w(h), which in turn yields a limit
mlw] — m[w] = m. Then (4.14) reduces to

2K | 1+s
FE =R, = @) = [T

where we assume @w(0) = 0. If one wanted, this expression for @ could be
used in (4.12) to calculate m, thus also calculating the coefficient of @
explicitly; the resulting expression would coincide with the limit of (2.3).

As the ‘limit modulus of growth’ is of the form h — ah%, one may
1+s

hope that a solution of (4.14) is of the similar form w(¢,h) = a(t)h = .

In Lemma 4.5 we show that m[w] = cpa(t)2+s, for an appropriate ¢o > 0,

whenever w(t,h) = a(t)h%, and so seeking a solution of (4.14) of this
special form, we insert for w and m|w] in (4.14) and get

] 1 1
ah2 + (—;rs)azhs = Kkycoa2ts hP.

1+s

>, we further divide each side by h5" and

Setting ¢1 = kscp and co :=
rearrange to get
1 s5—
a = |cra?s — cya’ hT (4.15)
Apart from the special case s = 1, the h-dependence on the right-hand
side of (4.15) means that the only non-trivial solution a(t) of this form is

the constant one where the square bracket is zero. As we do not wish to
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impose regularity constraints on the initial data, this constant solution
is not of value to us. Instead we make a second observation: for a > 1
the right-hand side of (4.15) is negative and thus increasing in h. This
roughly suggests that if we relax our search to instead find a function
h — a(t)h% serving as a modulus of growth for u(¢) when h < H, for
some finite H, then H can replace h in (4.15) and we can solve thereafter.
Conveniently, Lemma 4.5 demonstrates that there is an H > 0 such that
if h — a(t)h% serves as a modulus of growth for u(t) when h € (0, H)
then the same holds for all » > 0. This H depends on a(t) and is given
by H(a) = c;:,a_?%S for an appropriate ¢z > 0. Replacing h with H(a) in
(4.15) gives

1 =l i-s
a=|c1aT — caa®|cy? ars, (4.16)

which indeed is the equation (4.37) that the Holder coefficients con-
structed in the next subsection solve. In conclusion, this informal ar-

gument suggests that if ug admits the modulus of growth h +— a(O)h%,

then the same can be said for u(t) and h — a(t)h% where a(t) solves
(4.16) for t > 0. We stress that this discussion is only meant to coarsely
summarize the idea behind the steps in the following subsection.

4.2. Deriving a modulus of growth for entropy solutions. In this
subsection we consider s € [0,1] fixed and assume that |K |7y is finite.
Further, we let u, ks € (0,00) denote arbitrary fixed values, though we
impose the requirement kg > |K|rys on the latter. The role of u and ks
will essentially be that of placeholders for the L? norm of the initial data
and of |K|pys respectively, but note that p and ks are strictly positive
(even if the quantities they represent might be zero). This positivity is for
technical convenience as some of the coming expressions would otherwise
need a limit sense interpretation. Motivated by the previous discussion,
we shall for an arbitrary entropy solution u of (1.1) with L2 N L* data,

seek an expression a(t) such that h +— a(t)h% serves as a modulus of
growth (Def. 4.1) for  — u(t,z). We begin with an important result,
which among other things rephrases Lemma 4.2 for the more explicit
case w(h) = ah’". For this purpose, we introduce the constant

1+s
44-2s

2+s)@+s)] 417

2(1 + s)?

Cs =
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and the function

2 2
e, ) T s
H(a)=7( ) S (4.18)
Q2+s
defined for all @ > 0. We recall for the following lemma definition (4.3)
of the seminorm | - |.

Lemma 4.5. With fized a > 0, let w(h) = ah's" forh € (0,00). Suppose
v € L*(R) satisfies ||v]lr2g) < p and admits w as a modulus of growth
for the restricted values h € (0, H(a)). Then v admits w as a modulus of
growth for all h € (0,00) and moreover

[v]| oo (w) < 2T ey T, (4.19)
1+s 1
[V]oo <esp2tsa?+s. (4.20)

Proof. We begin by proving the two inequalities, so let us assume for
now that v admits w as a modulus of growth for all h € (0,00). Since

wl(y) = a_ﬁy%ﬂ the function F' from (4.6) can here be written

44-2s
y41~:285 1 y T+s
2 9 1 )
alts Cs(l 2+s

1 1+s 1 1+s
F (y) f— 24+23 Csa2+sy4+23 .

2(1 + 5)?
(3+5)(4+ 2s)

Fy) =

with inverse

Combined with [|v]| 2@y < p, (4.4) and (4.5) give [[v]|peo@) < F71(p?)
and |v|oe < F~1(3p?), which coincides with (4.19) and (4.20) respec-
tively. Next, assume we only know that v admits w as a modulus of
growth for h € (0, H(a)). The steps in the proof of Lemma 4.2 can still

2 2
be carried out if one lets the role of w=!(y) = a~ Ty T+ be taken by the
truncated version

y — min {a_ﬁyﬁ,H(a)},
to yield the inequalities ||v[| 00 Ry < F=1(u?) and |v]e < F~1(3p?) with

. Yy , 2
Plo) =2 [ [ wmin a5yl H (@ by
0 0

As F is strictly increasing and agrees with F on (0,aH (a)zﬁ), we nec-
essarily have both F~!(u?) = F~(u?) and F~1(3u2) = F~(34?) pro-
vided F~1(p?) < aH(a)%. As F~(p?) is exactly the right-hand side
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of (4.19), we see that the latter inequality holds since

1 2 14s 1+s 1 14s 1 1+s
F~H(p®) = 2525 cgpu2ts a5 < 2cspu2+sa?s = aH(a) 2 .

Thus, the bounds for ||v||fe(®) and |v]e attained now coincides again
with (4.19) and (4.20). It then follows that v admits w as a modulus of
growth for all h € (0,00). Indeed, for any h € [H(a),00) we have the
two trivial inequalities

esssup [v(x 4+ h) —v(x)| <2|v|s0, aH(a) < ahlgs,
zeR
and so we would be done if 2|v|y < aH(a)I;S, which is precisely the
already established inequality (4.20) multiplied by two. O

The most essential part of the previous lemma, is in allowing us to
extend the domain for which a homogeneous modulus of growth is valid.
Its utility will become apparent in the proof of the next proposition which
in short combines Lemma 4.3 and 4.4 to attain a corresponding result
for the operator SZ o SX. While it in Section 3 was natural to work with
iterations of SX o SP. it will here be easier to work with its counterpart
SB o SK. We now introduce the useful limit value a defined by

2+s
2c5kg | 3+25 14
a= 3425, 4.21
a=(3) (4.21)
This quantity will naturally occur in our calculations to come and relate
to the expression a(t) we seek by lim; o a(t) = a. In particular, it
coincides with the first term on the right-hand side of (2.3) from Remark
2.4, though it is here expressed in different notation.

Proposition 4.6. For every A € (a,0), there are constants C 4,4 > 0
such that: if v € BV(R) satisfies |[v||r2r) < p and admits the modulus

of growth h ah's" for some a € [a, A], then for every e € (0,e4] the
function w = SB o SK(v) admits the modulus of growth

his (a —ef(a) + sQCA)h%, (4.22)
where f(a) > 0 is given by
2-s
o) = | S o g, (4.23)
2T el Ty 7%s

Proof. For fixed A > a, let v € BV(R) and a € [a, A] be as described
in the lemma. We fix the pair v and a for convenience, but it should
be clear from the proof that the construction of C'4 and €4 do not in
fact depend on said pair. Introduce for € > 0 the auxiliary function
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o = SX(v). Combining Lemma 4.4 and (4.20), ¥ admits the concave
modulus of growth

1+4+s

w(h) =ah 2

1 lds
+ ecsksa2ts p2+s h’,

where | K |pys was replaced by the larger kg introduced at the beginning of
this subsection. And since v € BV (R), as follows from (3.27) and (3.28),
we can further apply Lemma 4.3 to w = SEB (0), which combined with
&' (h) > (%)ah%l, allows us to conclude that w admits the modulus of
growth

1+s 1L s
ah™2 +ecskga?+s u2+sh

1 —l—é(%)ah%l

w(h)

e —e(12)a?h® + €csm3aﬁy$hs
1+e(142)an™s (4.24)

(1+s)a® — QCSKSGQLM;J;;] B

1+s
=ah 2 —¢

)

1—s 2
2h7 2 +e(1+s)a

B(a,he)

where B(a, h,e) denotes the square bracket. With a as given by (4.21),
this square bracket can further be factored

(1+ s)aﬁrs
2’7 + e(1+s)a

B(a,h,e) = [ [asﬁf —a32++2;]. (4.25)

Since a > a it follows that B(a,h,c) is non-negative and thus non-

increasing in h > 0. Consequently, we read from (4.24) the inequality

1+s

w(h) < (a —eB(a, h, 8))h z, 0<h<h. (4.26)

Since (4.26) can be viewed as implying that w admits a homogeneous
modulus of growth on bounded intervals, we would like to make use
of Lemma 4.5; however, we do not necessarily have |lwl| @) < p (as
is assumed by said lemma). We deal with this small inconvenience as
follows: define w by

@ =p ", pi= max {1, ]| pagey }, (4.27)
that is, 1 is the renormalized version of w if the L? norm of w exceeds f.
We proceed by proving the proposition for @ and then extend the result
to w. Observe that w must serve as a modulus of growth also for @ since
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p > 1, and consequently by (4.26), @ further admits for any fixed h > 0

the modulus of growth
1+s

h s (a — eB(a, T, s))hT, (4.28)

for the restricted values h € (0,h). Lemma 4.5 then tells us that @ must
additionally admit (4.28) as a modulus of growth for all A > 0 provided

H(a — ¢B(a, R, 5)) <, (4.29)

where the function H is as defined by (4.18). As H is a decreasing
function while B is non-negative, all i satisfying (4.29) necessarily also
satisfy h > H(a); we now show that we for small € can pick such a h

close to H(a). To do so, we start by introducing the closed set of points
(a, h,e) defined by

SA = [Q’ A} X [H(A),OO) X [0,00),

where we abuse notation slightly by reusing a as a dummy variable for
referring to elements in [a, A] (although the original a € [a, A] is fixed).
From (4.25) we see that both (a, h,e) — B(a, h,¢) and its partial deriva-
tives are bounded on the set S4. We exploit the additional smoothness
of B later; for now we need only || B||p(g,) < o0. Pick €4 > 0 such that

eallBllre(sy) < 38,

and observe that the argument of H in (4.29) must then lie in [$a, A] for

all (a,h,e) € |a, A] x [H(a),00) x [0,e4] C Sa. Moreover, as H is smooth
on [$a, A] we conclude for any such triplet (a, h, ) that

H(a - =B(a,h,2)) < H(@) + £ Bl po g1, | Bll2ov(5.)
= H(a)+¢eD,.
Thus, this calculation guarantees that the choice h = H(a)+eD 4 satisfies

(4.29) for every a € [a, A] and € € (0,e4], and so substituting for A in
(4.28), we conclude that @ admits the modulus of growth

+s

h +— (a—eB(a,H(a)—i—sDA,s))hlz , (4.30)

for all h > 0, provided € € (0,c4] (we already assume a € [a, A]). Recall-
ing that the partial derivatives of B are bounded on S4, we can write

B(a,H(a) +¢eD4,e) > B(a,H(a),0)
(4.31)
- 6[DA| 9B || oo (s, + ||%7§HL°°(SA)}’
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and so letting C'4 denote a constant no smaller than the square bracket
in (4.31), we combine this inequality with (4.30) to further conclude that

h (a —eB(a,H(a),0) + 520A>h%, (4.32)
also serves as a modulus of growth for @, provided ¢ € (0,e4]. Us-
ing the explicit expressions (4.25) and (4.18) one attains the identity
B(a, H(a),0) = f(a), where f is as defined in (4.23), and so the propo-
sition has been proved for the renormalized function @. It remains to
extend the result to w; assume from here on out that ¢ € (0,e4]. Intro-
ducing @ = (a — ef(a) + €2C4) for brevity, it is clear from the relation

w = pw, where p is as defined in (4.27), that w admits h pdh% as
a modulus of growth, as the same can be said for @ and h — ah's".
Moreover, by a similar and coarser calculation as in the proof of Lemma
3.3, we have [|wl| 2®) < (14 €%6?)||ul 2y Where k = || K1), and so

p <1+ ¢e%62%. Thus

pi < (1+e*2)a=a—cf(a) +2[Ca + v%a) < a —ef(a) + e2Chy,

where C'y == [C4 + #%(A + €4Ca)], and so this calculation shows that
the proposition also holds for w after choosing a larger constant C'y. O

Together with a few results from Section 3, the previous proposition
equips us with all we need to construct moduli of growth for entropy solu-
tions of (1.1). Roughly speaking, we can for small £ > 0 iterate Proposi-
tion 4.6 repeatedly to construct a modulus of growth for an approximate
entropy solution (3.32), and further letting € — 0 this construction car-
ries over to the entropy solution itself. To formalize, we shall introduce
some notation and assume from here on that a pair of constants €4, C4,
as described by Proposition 4.6, has been chosen for each A > a. Define
the function

g5(a) = a —ef(a) + €2Cy, (4.33)

which is parameterized over A > g and € € (0,e4] and where

_s : s s 1
f(a) — fya§+s <a32<:2s — Q32JTF2S )7 ¥ = % (434)

QﬁCSH—S [Lﬁ
The function f in (4.34) is indeed the same as in (4.23), and so ¢5(a) is
the new Holder coefficient provided by Proposition 4.6. In the coming
proposition, we carry out the above sketched argument consisting in
part of repeated iterations of Proposition 4.6, and consequently, we will
encounter repeated compositions of g5. We point out two relevant facts
about ¢5. First off, for any A > a and sufficiently small € > 0, the




44 MAHLEN AND XUE

function ¢g5 maps [a, A] to itself. To see this, note from (4.33) that (¢5)’
is strictly positive on [a, A] for small ¢ > 0. Moreover, we have

ga(a) =a, ga(A) = A—cf(A) +2Cha,

and since f(A) > 0, it is clear that € > 0 can be made sufficiently small
such that

a=gala) < gi(a) < ga(4) < A4, (4.35)

for all a € [a, A]. Our second fact, rigorously justified in the coming
proposition, is that repeated compositions of g5 applied to the starting
value a = A will, as ¢ — 0, result in a smooth function a4: [0,00) —

(a, A], implicitly defined by
A
d
t= / = (4.36)
a

A(t) f(a)

That (4.36) yields a unique value aa(t) € (a,A] for each t € [0,00)
follows as the positive integrand has a non-integrable singularity at a =
a. Alternatively, the function a4 can be viewed as the solution of the
differential equation

(4.37)

a'(t) = —f(a(t)), t>0,
a(0) = A,

which coincides with the equation (4.16) from the discussion of the pre-
vious subsection. For the next proposition, we shall exploit the two
constants

Ma= max [f'(@)l,  Ma= max |[f(@)f(a),  (438)
a€la,A] a€la,A]

both well defined as f is smooth on RT. Note that the latter serves as a
bound on (as)” = f(aa)f'(aa), and so by Taylor expansion, we infer

52

laa(t+¢) —aa(t) +ef(aa(t))] S;MA, (4.39)
for allt > 0 and € > 0.
Proposition 4.7. Let u be an entropy solution of (1.1), whose initial

data ug € BV (R) satisfies ||[uol|L2(r) < p and admits a modulus of growth

his AR5 for some A > a. Then for allt > 0, the function x — u(t,x)
admits the modulus of growth
1+s

h— as(t)h 2,
with as given by (4.36).
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Proof. Consider t > 0 fixed, and assume without loss of generality that
|uollL2r) < p; if the proposition holds in this case, it necessarily also
holds in the case |luo|[z2®r) < p as the implicit y-dependence of a(t) is
a continuous one. Pick a large n € N, set ¢ = % and consider the family
of functions u* € BV (R) defined inductively by

As ug admits . — Ah'2" as a modulus of growth, so does u2 by Lemma
4.3. Observe also that each u¥ € BV(R) as follows by induction and
the properties of S” and SX listed at the very beginning in the proof
of Proposition 3.2. Moreover, by similar reasoning as in the proof of
Lemma 3.3, we have

%EZ HZ |

t .2
g |2y < € [uol| L2y < €22 [luollr2wy, k=0,1,...,n,

where xk = [|K||L1(r). Since we have a strict inequality |[luollz2m) < #,
we can assume n large enough such that ||uf || r2r) < p for every k. We
define further the coefficients a¥ inductively by

a
a
t

where g5 is given by (4.33). We assume n large enough such that ¢ =
is both less than £4 > 0 and small enough such that ¢5 maps [a, A]
to itself (see the discussion leading up to (4.35)). In particular, each

:A’
= gj(aﬁfl), k=1,2,...,n,

S>»3O

afL is in [a, A]. We may now apply Proposition 4.6 inductively to each
pair (uf, ak), starting with (u9,al). As u? admits h agh% as a
modulus of growth, Proposition 4.6 infers the same relationship for the
pair (uk, a}@), and by repeating the argument, the same can be said for all
pairs (uf, ak). Most importantly, u? admits h agh% as a modulus of

growth. The proposition will now follow if we can, as n — oo, establish
the limits

a:lb —as (t)a (4.40)
up — u(t), (4.41)

where u(t) = u(t,-) and the latter limit is taken in L} (R). Indeed, in
this scenario we can let ¢ denote any non-negative smooth function of
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compact support that satisfies fR wdx =1 so to calculate for h > 0

esssup |u(t,z + h) — u(t, az)} = sup(u(t, -+ h) —u(t,-),¢)
z€ER @
— sup lim (u(- + h) — )
v . (4.42)
< sup lim aph 2
© n—oo
1ts
2

=ax(t)h

We first prove (4.40). Using the explicit form (4.33) of ¢5 with ¢ =
the constants (4.38) and the inequality (4.39) we can calculate for k >

o= oa(’2)]

ga(ah™) —aa (52 + 1)
ab™ —aa(S2) |+ ()
+(£)? (CA + %MA>

afl_l — CLA((]C%)t)‘ + (%)QDAv

with Dy = Cy4 + %MA. By repeated use of (4.43), and the fact that
a® = a4(0) = A, we conclude

t
n’
L,

< [1+ (5)Ma]

n—1
k
@ = aa(®] < (£2Da D" [T+ (D)Ma| < L |2Daet™s],
k=0

and thus (4.40) is established. To prove (4.41), we recall definition (3.26)
of the approximate solution map S;; and observe the relation

u = S8 o S 4(up) = SP(us(t)), (4.44)

where the definition of u® coincides with (3.32), although we now work
with a particular ug and € = % As Proposition 3.5 ensures that u®(t) —
u(t) in Li (R) as ¢ — 0, the same limit then carries over to u? (as
n — o0) by (4.44) and the time continuity of the map S (3.29) together
with the TV bound of u® provided by Proposition 3.2. With the two
limits (4.40) and (4.41) established, the proof is complete. O

For a fixed ¢t > 0, it is not hard to see from (4.36) that A — ax(t)
is strictly increasing. In particular, each a4(t) is bounded above by the
pointwise limit b(¢) := limg_,o, a4(t). This function b: (0,00) — (a, o0)
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is implicitly given by
1 o0 d
= 3 / 25 3~§2s ) (4'45)
f}/@ﬁ b(t) é‘ﬁ (5 2+s — 1)

a

which can be read from (4.36) by letting A — oo and performing the
change of variables a = a§. That b(t) € (a,00) is well defined for ¢t > 0
follows as the integrand in (4.45) is positive with an integrable tail at
¢ = oo and a non-integrable singularity at & = 1. The utility of b is
that it allows us to generalize the previous proposition to initial data
ug € L? N L*®(R).

Corollary 4.8. Let u be an entropy solution of (1.1), whose initial data
up € L*NL>®(R) satisfies |[uol| 2y < p. Then for allt > 0, the function
x +— u(t,z) admits the modulus of growth

hs b(t)h' 2",
where b(t) is defined by (4.45).

Proof. Consider ¢t > 0 fixed. Let (u™),en be a sequence of entropy solu-
tions of (1.1) whose corresponding initial data (ug)nen C C°(R) satisfies

o |22y < lluollz2(r)s [ug | oo (r) < ol Lo (r)s

1

loc Sense, the limit

and yields, in L
ug — ug, n— 0.

For a fixed n € N, we can apply Proposition 4.7 to conclude for a suffi-
ciently large A > 0 that u"(t) = u™(t,-) admits the modulus of growth

h — a,A(t)h%, which in turn can be replaced by the upper bound

h — b(t)h%. This modulus of growth carries over to u(t) by a cal-
culation similar to (4.42), if we can show that u"(t) — u(t) in L (R).
By the weighted L'-contraction of Proposition 3.1 and the uniform L
bound of (uf})nen, this latter limit follows from the corresponding limit

of the initial data. O
We pause here to note that Theorem 2.3 follows.

Proof of Theorem 2.3. We start by proving the theorem for ug € L? N
L*°(R) in which case the corresponding weak solution u provided by
Corollary 2.2 is the entropy solution provided by Theorem 2.1. For any
two positive constants p1 > [lugl|r2r) and ks > |K|7ys where s is such
that |K|rys < oo, all calculations of this subsection go through. In
particular, Corollary 4.8 then implies for all t > 0 that x — u(t, z) admits

h b(t)h% as a modulus of growth. By Lemma A.1,  — u(t,z) then
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coincides a.e. with both a left-continuous function and a right-continuous
function whenever ¢ > 0; associating u(t,-) with either, the inequality
u(t,z+h) —u(t,x) < b(t)h% holds for all ¢,~ > 0 and = € R. Finally,
the fact that ¢ — b(t) is decreasing can be read directly from (4.45),
and so Theorem 2.3 has been proved for the case ug € L? N L*®(R).
The height bound from Corollary 2.6 may now be proved for entropy
solutions of (1.1) with L? N L* data, and so the calculations of Section
3.3 can be carried out resulting in the jointly continuous solution map
S:[0,00) x L*(R) — L?(R). Exploiting the continuity of S, Theorem 2.3
holds for every ug € L?(R) by a density argument. d

Next, we shall establish the content of Remark 2.4. The implicit de-
scription (4.45) of b(t) makes its dependence on t somewhat convoluted;
whether or not there exists a simple and explicit representation of b(t),
for general s € [0, 1], will not be pursued here. Instead, we provide an
explicit bound b(t) < a(t), which in the case s = 0 turns out to be an
equality. The trick is to exploit the identity

d ca B cregcg€st
K [Cl ox 1+ g% 1>] “E ey MY

and that the right-hand side can approximate the integrand in (4.45)
from above, for the particular choice of parameters
2+ s 3+ 2s 3
= — Cy = ) 3 =57 -
3+ 2s 3 2+s
It is worth mentioning that these parameters are chosen such that (4.46)
preserves the tail and singularity of the integrand in (4.45). This is to
make a(t) and b(t) behave qualitatively the same; see Subsection 4.3 for
a more precise discussion.

(4.47)

C1

Lemma 4.9. We have for all t > 0 the pointwise bound b(t) < a(t),
where b(t) is as in (4.45), while a(t) is the quantity defined by

2+4s
1+25| °
alt) =a|l+ =1 (4.48)
where the limit value a and the exponent T are given by
24s g4 3 4
a =C(s)ks ™ psses, 7 =Co(s)rs ™ s+, (4.49)

and where C1(s) is as it appears in (2.4) while Cy(s) is given by (A.1) in
the appendiz. Moreover, for allt > 0, if s = 0 then the two expressions
coincide b(t) = a(t), while if s € (0,1] we have a strict inequality b(t) <
a(t).



PAPER 3: ENTROPY SOLUTIONS OF DISPERSIVE EQUATIONS 49

Proof. Note first that the above a is the same as the one used through-
out this section; Lemma A.2 shows the equivalence between how it is
originally defined (4.21) and (4.49). Next, the integral in (4.45) can be
bounded by first observing that the integrand satisfies for all £ > 1 the
pointwise inequality

1-s

1 £2+s
2—s 3+2s S 3 2 3 .
o (g e 1) (gm - 1) + (14 29) (52? - 1)
To see this, one can multiply each side of (4.50) with the two denom-

inators followed by some cleaning up to find that (4.50) is for & > 1
equivalent to

(4.50)

§

3—2s 3
EFF <34 (e (451)
3—2s
Setting x = 1, y = 2+, p = % and ¢ = ?)_?’ﬁ, Young’s inequality

xy < %xp + éyq guarantees the validity of (4.51). Moreover, we observe
for all £ > 1 that (4.51) is an equality if s = 0 and a strict inequality
otherwise; this, together with the calculations to come, justifies the last
assertion of the lemma. Combining (4.45) with (4.50) we find

3 & fﬁ
yaztst < ﬁ d¢

()

w (52‘% - 1>2+(1+§8)(£2% - 1)

24 s 1+ 2s
— lo - 37 ’
<3+28> g<l+(b<t>/a>23+s—1>

where the integral was solved by the formula (4.46) with the specific
parameters (4.47). Rearranging this inequality, we get (4.48), but with
34+2s
24+s

T= 7@2%. Lemma A.2 shows that this expression for 7 is equivalent
with (4.49). d

The expression (4.48) is the sharpest explicit Holder coefficient — ap-
propriate for use in Theorem 2.3 — that we give here, and it is a close
approximation of b(t) as pointed out in Subsection 4.3. The much sim-
pler expression (2.3) follows directly from (4.48) if one use the following
inequalities

2+s 2+4s 2+s

Cc1 3 C1\ 3 C2\ 73
)T (DT @Y um

Cc2 C3
valid for all ¢y, ¢y > 0.
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Corollary 4.10. With u and s € [0,1] as in Theorem 2.3, one may set
the Hélder coefficient in (2.2) to

1—s
ol 2w
Col) K ol 525, +C2(S)7tm( ., (4.53)
3

where C1(s) and Ca(s) are as the appear in (2.4).

Proof. As explained in the above given proof of Theorem 2.3, one can
for any two positive constants 1 > ||uol| 2wy and ks > |K|rys use b(t),
defined in (4.45), as a valid Holder coefficient in (2.2). By Lemma 4.9
one may then also use the larger coefficient a(t), here defined by (4.48).
Further exploiting (4.52) we find

24+s 1—s
E 2+s s

1+2 N
a(t) <a+ a<+33> 3 e (S)K3+29M3+25 + 02( ) 255 , (4'54)
t s

Tt

where the first term on the right hand side is the expression for a as given
by (4.49) while the second term follows from the identity (A.5) of Lemma
A.2. In conclusion, the right hand side of (4.54) serves as a valid Holder
coefficient for u in (2.2). That we may generally set y = |luol[z2®) and
ks = |K|rvs, even when either of the two are zero, now follows from a
continuity argument. O

4.3. The error of the approximation. We conclude the section with
a short discussion regarding the approximation a(t) of b(¢) from Lemma
4.9. One can think of a(t) as a delayed version of b(t); defining the delay
e(t) through the relation a(t + €(t)) = b(t) it follows that e(t) satisfies

1 /°° L4 (Bern — g

b ¢ 553 <§32++25 _ 1) (g% _ 1) (g% +2
This identity is attained by subtracting the implicit representation of b(t)
from that of a(t + £(t)), that is, the integrand is exactly the difference

between the right- and left-hand side of (3.37). From (4.55) we observe
that (¢) is strictly increasing and bounded above by

1 [ 2 (32)ern g are
= lim ¢(t) = 3 3 > : de,
t—o0 Qis 1 §+Z %i? 1 5%; 1 Qis 2
va §ars (£t — 1) (&2 —1) (62 + 5

where the integral is finite as the integrand is bounded (the numerator
has a Second order zero at £ = 1) and decays sufficiently fast Moreover

e(t) =

_3
7Q2+S

d¢. (4.55)
)

as b(t) ~t~ =5 for small ¢ while the integrand satisfies ~ £~ %5 for large
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¢, we infer from (4.55) that £(¢) < ¢, and so combining this with the
boundness of £(t) we get

e(t) < min{t?, 1}.

In conclusion a(t) and b(t) behaves very similar for small ¢, and approach
the same limit — at the same exponential rate — as t — oo with b(t) being
at most a time-step € ahead of a(t), that is, b(t) € [a(t + ), a(t)].

APPENDIX A. AUXILIARY RESULTS

In the coming lemma we work with the concept of a modulus of growth
as defined by Def. 4.1.

Lemma A.1. Let f € LIIOC(R) admit a modulus of growth w that satisfies
w(04) = 0. Then f admits essential left and right limits at each point
x € R. In particular, there are functions f~ and fT, respectively left-

and right-continuous, that coincides a.e. with f.

Proof. For any = € R the existence of an essential left limit f(z—) of f
at x, follows from the calculation

esslimsup f(z + y) — essliminf f(z + y)
y<0 y<0
y—0 y—0

=esslimsup |f(x +y1) — f(z + QQ)}
y2<y1<0
y2,y1—0

<limsup w(y: —y2) = 0.

y2<y1<0

y2,y1—0
By the Lebesgue differentiation theorem, the function f~(z) = f(z—)
can only differ from f on a null set, and moreover, must be left continuous
as the above calculation could be repeated for f~ with essential limits
replaced by limits. A similar argument yields the existence of an essential
right limit f(z+) of f at each x € R and further that f*(z) == f(z+) is
a right-continuous function agreeing a.e. with f. O

The next lemma deals with quantities appearing throughout the pa-
per and the relations between them. For convenience, we here list the
definition of each relevant quantity; some of them given for the first time.
The quantities ¢s and v were in (4.17) and (4.34) defined to be

[2+5)3+s)]0  14s
s — 2(1+S)2 9 ’Y— .
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The coefficient Cy(s) from Lemma 4.9 is defined here by

95725 (3 + s5)3+2s 5725 (3 + 23)
21% (2 + 5) 3+25
The two coefficients C(s) and Cs(s) were in Remark (2.4) defined to be

Co(s) = (A1)

26745 [(2 + 5)(3 + 5)]5is 253 (2 4+ 5) ¢ (3 4+ 5) 5
; CQ(S) = 1—s 2+s .
(1+s)

1+s 276373

Finally, the two coefficients C;(s) and Cy(s) from Corollary 2.6 are de-
fined here by

Cl(s) =

(o) o 2T (2 4 )(3 4 )57
Cl(S) = 1+s ;

2545 (24 )3 (3 + 5)3 (42)
CQ(S) = .

1—s 1
21246535 (1 + s)
In the coming lemma, we will also see the quantities ;4 and kg; these are
simply placeholders for the expressions ||ug || z2(r) and | K |7ys respectively
and will not affect the algebra in any non-trivial way.
Lemma A.2. With c,,~,Co(s), Ci(s),Ca(s), Ci(s), Ca(s), . and ks as

they appear above, we have the relations

24+s
2 3+2s E 2ts 145
(ffi) i =ia :cl<s>ns+2wsl+*2s, (A.3)
2
3425\ 5
S 3 1-s

o(52) 7 = culon' (A5)

dts 1 ~

24+2s ¢ (1 (s) 2t = C1(s), (A.6)

23135 ¢, Oy (s) 2% = Chy(s). (A.7)

Proof. We start with (A.3): inserting for ¢, on the left-hand side of (A.3)
we get
2+s

9 Sras W TZS)HBQ;? ,LL?}J:-;S
1+S 2(1+8)
257 [(2 4 5)(3 4 8)] 50 | b
I A (O DGR L) Gl D=
1+s

Ci(s)
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and so (A.3) is established. Next, we prove (A.4): on the left-hand side
of (A.4) we substitute for a the left-hand side of (A.3) and insert for ~

to attain
_3
<3 - 28) ( ! 1—':38 ) (268’%) e M(2+§)+(gi2s)
2t 2ﬁc pre L+s

st
i =55 5(2+3) :
_ 25+ (1 t5)3+25 (3+2s) Cg(lisf% Hﬁu%.
27+ (24 s)
Inserting for cg, this last square bracket can further be written
3 25 E==R
25+2s (1 + §)3+2s (3 + 2s) (24 5)(3+s)
27H3 (2 + 5) 2(1 +5)?
25725 (3 4 5) 52 (3 + 25)
- 2 B4s
21+s (2 + S) 3+2s
Co(s)

and so (A.4) is established. Next, we prove (A.5): if we on the left-hand
side of (A.5) replace 7 with the left-hand side of (A.4) we attain

2+s 24s

2+s ’ _<2+s>3
(3+ 2s)ya? 3
2 245
_ 2T (2 +5)\ 3 c% s
3(1+s)

S I
where the second equality follows from inserting for . Inserting for cs

in this last expression, we get
s 1—s
3 |:(2+8)(3+8):|6 1

(L) Te ey

B [23132(2+s)5€5(3+s)165] L

2+s

(3+2s> 3
a
- 3

24

1—s 24s 3

27633 (1+9)
Ca(s)

)

and so (A.5) is established. Next, we prove (A.6): inserting for ¢; and
C1(s) on the left-hand side of (A.6) we get

1

Ty [t _lis o\ g
et (@59 +9) ) (275 (2 4 5)(3 4 5)) 75
2(1+s)? 1+s
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2RI ((2 + 5)(3 + 5)]35
N 1+s ’

Ci(s)

and so (A.6) is established. Finally, we prove (A.7): inserting for ¢s and
Cs(s) on the left-hand side of (A.7) we get

_Llts
22(12-:2) <(2+S)(3+S)> 2 ( 3+35 ( _|_ )

(3+5)158>2}r3
(1—|—s)

2(1+s)?

)

2 2 1
|23 (24 5)3(3 + )3
21256535 (1 + 5)

Co(s)

demonstrating the last equation (A.7). O

In the next lemma, we show that W#*! regularity is sufficient to bound
the fractional variation (1.5). For this, we recall the Slobodeckij semi-

norm
_ [ ety = f=)
A= | T daay,

associated with W*1(R) for s € (0,1). Note however, the two seminorms
are not equivalent as setting f(x) = |z|*~! with s € (0, 1) yields | f|rys <

00 = [fs1-
Lemma A.3. For f € W*Y(R) with s € [0, 1], we have the relations

|flrvo =2[[fll 1 ®),
|f|TV5 < Cs[f]s,ly ERS (07 1)7
|flrve = flrv ),
where the constant Cs only depends on s € (0,1).
Proof. The cases s = 0 and s = 1 are trivial and so we focus on s € (0, 1).

Set 7(y) = ||f(: +y) — fllz1(r) and observe that 7 is sub-additive by the
triangle inequality. For any h > 0 we find

7(y) /’ﬂh—w
2f]s1 = dy + [ —— 7 ¢
Har = @ e

7(y) +7(h —y)

g max{|y|, |h — y[}1T5

dt

1
T(h / dy
() ), eyl Th = g+
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h 1
_( )/ —dy,
hs  Jg max{|y|, |1 — y|}1Ts

and so taking the supremum over h > 0 gives the result. (]

The Bessel kernels G, € L'(R) are for general o > 0 defined by the
formula (1.2) if one evaluates the integral in a principle value sense. We
list a few properties regarding these kernels that can be found in [2, Chap.
2.4.]; for all «, B > 0 we have the two identities

|GallLi®) =1, Gatp = Ga * G,
and for a > 1, the distributional derivatives K, = (G,)’ satisfy
[ KallL1(r) < o0, | Ka(@)] Sa 2|7

Additionally, G, is symmetric and completely monotone on (0, 00) when
a € (0,2] (see [5]). We use these properties in the coming lemma to
bound the seminorm (1.5) when evaluated on K.

Lemma A.4. For a > 1 and 0 < s < min{a — 1,1} we have
‘Ka|TVS < Q.

Proof. First let a € (1,2). As G, is symmetric and completely monotone
on (0,00), K, is positive on (—o0,0), negative on (0,00) and strictly
increasing on both. Thus we may calculate for h > 0

0
HKD((' + h) - KQHLl(R) = 4/ Koz(x)dx < Caha_ly
—h

for some constant C, < co. For s € [0, « — 1] we then have

[Ka(-+ h) — Kall11(®)
Kq|rve =sup
| a| h>0 h?

1=s
<2 Kall1(m)) =T sup

h>0

HKa( + h) - KaHLl(R) a
ha—1 ’

where the last quantity is bounded by the above calculation. For @ = 2,
we have G, (x) = %e"g”' and thus Ky(z) = —%sgn(a:)e"w|. This gives
| Ka|7v1 = |Ka|ry = 2, which together with a similar interpolation argu-
ment as above implies the lemma for the a = 2 case. Finally, for a > 2
we can use the identity

Ka(' + h) - Ka = Ga72 * (K2( + h) - K2)’

to conclude by Young’s convolution inequality that |K,|rys < |Ka|pys
for all s € [0,1].
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APPENDIX B. PROOF OF COROLLARY 2.6 AND COROLLARY 2.7

We prove Corollary 2.6 which provides a decaying L bound for the
weak solutions of (1.1) provided by Corollary 2.2.

Proof of Corollary 2.6. We prove only (2.6) as (2.5) follows directly from
the former when setting s = 0 and using |K|pryo = 2[|K||p1(r). With
s € [0, 1] such that |K|7rys < oo, we have by Theorem 2.3 that u(t) admits
the modulus of growth (Def. 4.1) h +— a(t)hl#, where we set a(t) to be
the the explicit expression (2.3) provided by Remark 2.4. The parameter
1> 0 from Lemma 4.5 is arbitrary (see the beginning of Subsection 4.2)
and so we may set it to u = [luo||r2r). Using [|u(®)||r2®) < [Juollz2(r),
we infer from said lemma — more specifically (4.19) — that

1+s 1
[[u(®)]| o~ = <22<2+5>05Hu0\|L2 Ry (),

1
for all ¢ > 0. Using the sub-additivity of y — |y|2+s we infer that

1—s
1 a4 lluo | 25+
a(t) 7 < Ca(s) 7 KPR Juoll 2igh ™™ + Cols) 70—
t3
and so inserting this in the above inequality we get
s . 37‘}25 3+25
Ju()llze ey < [227557 €,C1 ()77 | | K ol
.
—+ [22(2+s)c 02(5) 2+si| —_—
t3
for all t > 0. That these square brackets coincide with C1(s) and Cy(s)
is precisely the two identities (A.6) and (A.7) of Lemma A.2. O

Next, we prove Corollary 2.7 which established a maximal lifespan for
classical solutions of (1.1) with L? N L™ data.

Proof of Corollary 2.7. Counsider s € [0,1] fixed for now, and assume
|K|7ys < 0o. As (bounded) classical solutions are entropy solutions, we
may associate u € L N C((0,T) x R) with the global entropy solution
admitting ug as initial data, provided by Theorem 2.1; the discussion
following the proof of Proposition 3.1 justifies this viewpoint. Referring
to this solution also as u, we have by (2.1) that z — (T, z) is a well
defined element of L2NL>(R) approximated in L? sense by u(t) ast ' T.
Setting v(t, x) := u(T —t, —x), we see through pointwise evaluation that
v also is a classical solution of (1.1) (and thus an entropy solution) on
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(0,T) x R with initial data vo(x) := u(T,—z). From (2.1) we then infer
HUOHL?(R) = ||U0||L2(R) since

voll L2y = WD)l z2@®) < llwoll2®) = V(T 2y < llvoll z2w)-

Using the identity uo(z) = v(T, —z) for a.e. = € R and applying Theorem
2.3 to v we further find for all A~ > 0 and a.e. z € R that

1+s

uo(x — h) —up(z) =v(T,—xz+ h) —v(T,—x) < a(T)h 2,

(B.1)

where we for a(T") use the following explicit expression from Remark 2.4

1—s

luoll 3 .
o(T) = C1 ()| KI5 Ju ouzﬁzﬁcz(s)*ﬁf et (B2)
3 3

and where we have substituted [lug||z2(r) for H'UQH r2(r) as the two quan-

tities agree. Dividing each side of (B.1) by h'% and taklng the essential
supremum with respect to z € R we get

—h)—
[ug]s := esssup {uo(m 1)+S uo(:z)] <a+ g+s ; (B.3)
z€R h—=2 T3
h>0
and if [up]s > a then (B.3) can be rewritten as
3 3 1—s l1—s
= 514 2+s 2+s
T< q] " ( Cals) ) luoll 3Gy _ F() ol ZEig,
> _ _ _a_ . uols =
[UO]S a 1 [uo]s [’U,Q]SQ+S ’ [u0}52+s
(B.4)

where the first equality replaced ¢ by its explicit expression as given by
(B.2). We now show that this gives for any p € (0,1) the following
implication

1—s
342s HUOH 2+s

[uo+% > (01(8>) KB ol = T < FP(p)—
p [ug]3™*

(B.5)

Indeed, using the explicit expression (B.2) for a we see that the left-hand
side of (B.5) is equivalent to [ug]s > a/p which, as p € (0,1), implies
that [ug]s > a and so (B.4) holds. By observing that p — F(p) is strictly
increasing on (0,1) and that p > a/[ug]s we see that the right-hand side
of (B.5) then follows from (B.4). With (B.5) established, the corollary

follows: for any p € (0,1) we get such universal constants ¢ and C' by
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setting

3+2s 2+s
c= sup (Cl(s)> , C= sup F(p)= sup Cals) . (B.6)
sef0,1] \ P s€0,1] seo, ) \ 1 —p

The free parameter p allows us to shrink one of the two constants at the
cost of enlarging the other; in particular, c is at its smallest for p — 1
while C' is at its smallest for p — 0. O
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