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Abstract—This paper investigates the effective rate when
the instantaneous received signal-to-noise ratio (SNR) could be
modeled as the mixture Gamma (MG), mixture of Gaussian
(MoG), and Fox’s H-function distributed random variable (RV),
respectively. Three closed-form expressions are correspondingly
derived in terms of the Fox’s H-function. The obtained analytical
results are further examined by the Monte-Carlo simulation. One
can observe that (i) the analytical solutions provide an excellent
match with the Monte-Carlo simulation results; (ii) the MG and
MoG approaches provide highly approximated solutions, and
the MG is better due to a simpler form; and (iii) the Fox’s
H-function solution is exact and offers a unified, general and
flexible framework for the effective rate analysis.

Index Terms—Effective Rate, quality-of-service (QoS), mixture
gamma (MG) distribution, mixture of Gaussian (MoG) distribu-
tion, Fox’s H-function distribution.

I. INTRODUCTION

Future generation of communication systems are bound
to change the landscape of industry thanks to the Industrial
Internet of Things (IIoT) enabled by extreme low latency
and massive number of connections. Due to the highly time-
varying characteristics of the wireless channel, deterministic
delay constraints are normally difficult to meet. Instead, the
statistical quality-of-service (QoS) provisioning turns out to
be a useful instrument to evaluate the delay bound QoS
guarantees for realistic wireless real-time traffic.

In this context, the effective rate serves a statistical QoS
metric defined as the maximum constant arrival rate that
a time-varying service process can support with statistical
latency guarantees [1]. It acts as a joint mathematical frame-
work, connecting physical layer and link layer, and is used to
explore the performance of various wireless networks under
certain delay constraint [2]. The concept of effective rate has
been widely applied over the last few years to investigate
the trade-off among latency, reliability, energy efficiency, and
security. Examples can be found in [2], especially in some
traditional and future promising applications, including Cellu-
lar communication, device-to-device (D2D) communications,
peer-to-peer video streaming, visible light communication,
full-duplex communications, and ultra-reliable low latency
communications (URLLC). The effective rate investigation of
these applications are conducted under different fading channel
models. In the comprehensive survey paper [2], the authors

have summarized that the existing works have investigated the
effective rate over Rayleigh [3], Nakagami-m [4], Rician [5],
Weibull [6], Gamma [7], α − µ (equivalently, generalized
gamma or Stacy) [8], κ − µ [9], shadowed κ − µ [10], etc.,
fading channels. More recently, some efforts are devoted to
study the effective rate performance over the newly proposed
fading channels to cater for different wireless communication
scenarios, e.g., [11], Fisher-Snedecor F for device-to-device
communications [12], α− η−µ/gamma fading channels [13],
two-wave with diffuse-power (TWDP) [14], double shadowed
Rician [15], α− η − κ− µ fading channels [16].

In [17], [18], a statistical model, namely the mixture
gamma (MG) distribution was primarily proposed to provide
a more accurate model for the composite shadowing/fading
channels compared with the generalized-K (KG), the G, and
the gamma distributions, besides, it also offers a solution for
the closed-form performance metrics for the fading models,
where special functions are contained. In [19], the mixture of
Gaussian (MoG) distribution was proposed to approximate any
arbitrarily shaped non-Gaussian density, e.g., Rayleigh/Log-
Normal (RL), Nakagami/Log-Normal (NL), κ−µ, η−µ, and
shadowed κ − µ wireless channels. Both the MG and MoG
distributions are possible solutions to accurately approximate
the exact distributions. In addition to this, the Fox’s H-
function distribution is another unified and general approach,
which can be used to largely elaborate various fading models,
e.g., α−µ, Fisher-Snedecor F , KG, and extended generalized-
K (EGK) [20], [21].

In order to provide a generic framework for the effective rate
analysis over various fading channels, it is a high necessity to
explore the feasibility of either applying the highly accurate
MG and MoG approaches or the exact powerful Fox’s H-
function approach on the effective rate analysis. For instance,
the MG method was used in [22] to model the received instan-
taneous signal-to-noise ratio (SNR), facilitating the analysis of
secrecy metrics. Besides, the authors in [13] used the MG and
MoG distributions to assist the effective rate analysis over the
composite α− η− µ/gamma fading channels. To the authors’
best knowledge, no work has so far investigated the effects
of using the MG, MoG, and Fox’s H-function over various
fading channel models on the investigation of effective rate
analysis.



To this end, the core of interest in this paper is to showcase
the effective rate analysis over wireless channels with the as-
sistance of the MG, MoG, and Fox’s H-function distributions.
The contributions and insights of this paper are
√

Three closed-form effective rate expressions are cor-
respondingly derived with the aid of the MG, MoG,
and Fox’s H-function distributions, they are given in
terms of the Fox’s H-function. Besides, a highly accurate
approximated MoG-based effective rate expression is
also presented. The accuracy of all analytical results are
examined via the Monte-Carlo simulations.√
The insights obtained herein are three-fold

– The effective rate representations with the MG and
MoG distributions are given in terms of univariate
Merjer’s G-function and bivariate Fox’s H-function,
respectively. From the numerical evaluation perspec-
tive, the MG approach is more accessible and out-
performs the MoG approach.

– The MoG solution illustrates its advantage when the
PDF of wireless channels are not exactly known.
Though seemingly having a complex effective rate
expression, the approximated effective rate represen-
tation address this concern, and offers a simple but
highly accurate approximation to the MoG solution.

– If the received SNR could be re-expressed in terms
of the Fox’s H-function distribution, then the Fox’s
H-function based approach enjoys highly preference
compared to MG and MoG methods due to its
exact representation. Nevertheless, the MG and MoG
approach are relatively beneficial.

Mathematical Functions and Notations: j ,
√
−1, Γ(.)

is the complete Gamma function, Hm,n
p,q [·] is the univariate

Fox’s H-function [23, Eq. (1.2)], Hm,n;m1,n1;m2,n2
p,q;p1,q1;p2,q2 [·] is the

extended generalized bivariate Fox’s H-function [23, Eq.
(2.56)]. 1F1(a; b;x) is the Confluent hypergeometric function
[24, Eq. (9.210)]. M[f(x), s] =

∫∞
0
f(x)xs−1dx denotes the

Mellin transform of f(x) [23, Eq. (2.1)].

II. PROBLEM FORMULATION AND PRELIMINARY

A. problem formulation

The normalized effective rate over the instantaneous re-
ceived SNR γ, γ ≥ 0 with the average SNR γ̄ is defined as
[25]

R = − 1

A
log2

E ((1 + γ)−A
)︸ ︷︷ ︸

U

 bits/s/Hz, (1)

where A = θTB
ln 2 . θ is the delay quality of service (QoS)

exponent, T is the block-length, and B denotes the bandwidth
of the system. E denotes the expectation operator.

As stated in the Introduction, the MG, MoG, and Fox’s
H-function distributions are general tools to model the in-
stantaneous received SNR γ. The former two distributions are
highly approximated solutions, while the latter one is an exact
representation.

B. Preliminary

1) MG distribution: According to [17], for the known
fading channel characteristics, the instantaneous received SNR
can be rewritten as follows with the assistance of MG distri-
bution

f(γ) =

L∑
l=1

αlγ
βl−1 exp(−ζlγ), (2)

where L is the number of terms, and αl, βl, ζl are the param-
eters of the lth gamma component.

2) MoG distribution: On the basis of the unsupervised EM
learning algorithm, the MoG distribution is essentially benefi-
cial when the characteristics of fading channels is unavailable.
γ can be modeled as [19]:

f(γ) =

C∑
l=1

wl√
8πγ̄ηl

√
γ

exp

(
−

(
√
γ/γ̄ − µl)2

2η2
l

)
, (3)

where C represents the number of Gaussian components. wl >
0, µl, and ηl are the lth weight, mean, and variance with the
constraint of

∑C
l wl = 1.

3) Fox’s H-function distribution: For the known fading
characteristics, the Fox’s H-function distribution is another
general and flexible tool to model the received SNR [21].

f(γ) = κHm,n
p,q

[
λγ

∣∣∣∣ (ai, Ai)i=1:p

(bl, Bl)l=1:q

]

(a)
=

κ

2πj

∫
L

m∏
l=1

Γ(bl +Bls)
n∏
i=1

Γ(1− ai −Ais)(λγ)−s

q∏
l=m+1

Γ(1− bl −Bls)
p∏

i=n+1

Γ(ai +Ais)

ds,

(4)

where λ > 0 and κ are constants such that
∫∞

0
fk(γk)dγk = 1.

Ai > 0 for all i = 1, · · · , p, and Bl > 0 for all l = 1, · · · , q.
0 ≤ m ≤ q, 0 ≤ n ≤ p, L is a suitable contour separating the
poles of the gamma functions Γ(bl + Bls) from the poles of
the gamma functions Γ(1− ai −Ais). Step (a) is developed
by expressing the Fox’s H-function in terms of its definition.

III. EFFECTIVE RATE CHARACTERISTICS

Theorem 1. Using the MG, MoG, and Fox’s H-function
distributions, the effective rate over wireless channels are
respectively given by (5) in terms of Meijer’s G-function1, (6)
in terms of bivariate Fox’s H-function2, and (7) in terms of
univariate Fox’s H-function3, which are shown at the top of
next page,

RMG = − 1

A
log2

[
L∑
l=1

αl

ζβll Γ(A)
G1,2

2,1

[
1

ζl

∣∣∣∣1− βl, 1−A0

]]
,

(5)

1It is noted that the implementation of the Meijer G-function is already
available at MATHEMATICA, MATLAB, and MAPLE.

2It is noted that the bivariate Fox’s H-function is computable and pro-
grammable in the open literature [26], [27]

3The numerical evaluation of the univariate Fox’s H-function is based on
the method proposed in [28, Appendix. A].



RMoG = − 1

A
log2

[
C∑
l=1

wlΓ( 1
2 )

√
πΓ(A)

H0,1:0,1:1,1
1,0:2,0:1,1

[
2η2
l

µ2
l

,
1

2γ̄η2
l

∣∣∣∣ (1,−1, 1)
−

∣∣∣∣ (1, 1),
(

1
2 , 1
)

−

∣∣∣∣ ( 3
2 , 1)

(A, 1)

]]
, (6)

RFox = − 1

A
log2

[
κ

Γ(A)
Hm+1,n+1
p+1,q+1

[
λ

∣∣∣∣ (an, An), (0, 1), (an+1, An+1), · · · , (ap, Ap)
(bm, Bm), (A− 1, 1), (bm+1, Bm+1), · · · , (bp, Bq)

]]
. (7)

Proof. Re-expressing (1 + γ)−A in terms of the Meijer’s G-
function [29, Eq.(8.4.2.5)]

(1 + γ)−A =
1

Γ(A)
G1,1

1,1

[
γ

∣∣∣∣ 1−A
0

]
=

1

Γ(A)
H1,1

1,1

[
γ

∣∣∣∣ (1−A, 1)
(0, 1)

]
,

(8)

and then plugging it with (2) into U given in (1), yields

U =
L∑
l=1

αl
Γ(A)

∫ ∞
0

exp(−ζlγ)

γ1−βl
G1,1

1,1

[
γ

∣∣∣∣ 1−A
0

]
dγ

=

L∑
l=1

αl

ζβll Γ(A)
G1,2

2,1

[
1

ζl

∣∣∣∣1− βl, 1−A0

]
,

(9)

then with the help of [29, Eqs.(2.25.2.3) and (8.3.2.21)], the
proof is achieved.

Similarly, the proof for (6) starts with the substitution of (3)
into U ,

U =

C∑
l=1

wl

∫ ∞
0

1

(1 + γ)A

g(γ)︷ ︸︸ ︷
γ−1/2

√
8πγ̄ηl

exp

(
− (γ − γ̄µl)2

2γ̄2η2
l

)
dγ︸ ︷︷ ︸

U1

.

(10)

Next utilizing Parseval’s relation for Mellin transform [30,
Eq. (8.3.23)], U1 could be rewritten as

U1 =
1

2πj

∫
L
M [g(γ), 1− s]M[(1 + γ)−A, s]ds, (11)

applying the results of [19, Eq. (40)] and [29, Eq.(8.4.2.5)] into
(11), M [g(γ), 1− s] and M[(1 + γ)−A, s] are respectively
given by

M [g(γ), 1− s] =
Γ( 1

2 − s)√
π(2γ̄η2

l )s
1F1

[
s,

1

2
,− µ2

l

2η2
l

]
, (12a)

M[(1 + γ)−A, s] =
Γ(s)Γ(A− s)

Γ(A)
. (12b)

Next, substituting (12a) and (12b) into U1, then representing
the Confluent hypergeometric function in terms of Meijer’s
G-function [29, Eq.(8.4.45.1)]

1F1[a; b;−x] =
Γ(b)

Γ(a)
G1,1

1,2

[
x

∣∣∣∣ 1− a
0, 1− b

]
,

and re-expressing the Meijer’s G-function in terms of the
Mellin–Barnes integral, yields

U1 =
−Γ( 1

2 )

4π2
√
πΓ(A)

∫
L

∫
L1

Γ(s− ξ)Γ(ξ)

Γ( 1
2 − ξ)

(
2η2
l

µ2
l

)ξ
× Γ(A− s)Γ (s− 1/2)

(
1

2γ̄η2
l

)s
dsdξ.

(13)

Finally, applying the definition of bivariate Fox’s H-function
[23, Appendix A.1] and making some mathematical manipu-
lations, the proof for (6) is achieved.

Similarly, the proof for (7) is accomplished by using (8) and
the Mellin transform of the product of two Fox’s H-functions
[29, Eq. (25.2.1.1)]. �

Remark 1. Since the instantaneous SNR can be re-expressed
in terms of the sum of C normally distributed random vari-

ables, i.e., γ =
C∑
l=1

γl, and γl ∼ N (µl, ηl), then RMoG can

be approximated as (14), shown at the top of next page.

Proof. Revisiting U in (1), and making change of variables√
γ
γ̄ = y, yields

U =

C∑
l=1

wl

∫ ∞
0

(1 + γ̄y2)−A√
2πηl

exp

(
− (y − µl)2

2η2
l

)
dy, (15)

subsequently applying the result given in [31, Eq. (4)], the
proof is finished. �

IV. NUMERICAL RESULTS

In order to validate the tightness of (5) and (6), and the
accuracy of (7), the Monte-Carlo simulations are thereafter
conducted. The usefulness of the MG approach is examined
by considering the KG distribution. The comparison of the
effective rate between the MG and MoG solutions is performed
over the κ − µ (κ = 3, µ = 1, equivalently, Rician) fading
channel, where the MG-based parameters used to model KG
and κ− µ are shown in Table. I. The MoG-based parameters
to model the κ − µ and η − µ fading channels are from [19,
Tables. IV, VI, and VII].

Fig. 1 plots the RMG against γ̄ for selected values of
m, larger shaping factor m results in higher effective rate
performance. Fig. 2 plots our analytical effective rate ex-
pressions given in (5) and (6) over κ − µ fading channels.
The performance curves for the effective rate metric, based
on the simulated results and the MG and MoG expressions,
demonstrates an excellent match. One can also observe that
the effective rate performance degrades as the increase of A.



RMoG ≈ −
1

A
log2

[
C∑
l=1

wl

(
2

3(1 + γ̄µ2
l )
A

+
1

6(1 + γ̄(µl +
√

3ηl)2)A
+

1

6(1 + γ̄(µl −
√

3ηl)2)A

)]
. (14)

TABLE I: Simulations parameters for the MG distribution

Distribution Parameters, αl = θl∑Li
k=1

θkΓ(βk)ζ
−βk
k

,

γ̄i is the average SNR.

KG [17, Sec. III.B],
m and k are distribu-
tion shaping parame-
ters, L = 5.

βl = m, ζl = λ
tl

, λ = km
γ̄

, θl =

λmwlt
k−m−1
l

Γ(m)Γ(k)
, tl, wl are the abscissas and

weight factors for the Gaussian-Laguerre
integration [32, Table 25.9].

κ−µ(µ = 1) [17, Sec.
III.F], 0 ≤ n < ∞,
L = 20

βl = l, ζl =
(1+κ)
γ̄

, θl =

(1+κ)

exp(κ)[(l−1)!]2γ̄

(
κ(1+κ)
γ̄

)l−1
.
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Fig. 1: RMG versus γ̄ over KG fading channels for selected
values of m when k = 4 and A = 3.

Fig. 3 compares the results given in (6) and (14) over the
η−µ fading channels for two scenarios: Format I (0 < η <∞)
and Format II (−1 < η < 1). One can conclude that (i) the
approximated MoG-based effective rate expression provides
a highly accurate and simple approach to the MoG-based
expression; and (ii) the impact of the increase of A on the
effective rate metric is smaller for the Format I η − µ fading
channels compared to the Format II.

In Fig. 4, the effective rate over α−µ (including Rayleigh,
Nakagami-m, Weibull, etc.) [21, Table. I], Fisher-Snedecor
F , and EGK fading channels are presented. One can observe
that (i) the analytical result given in (7) is in perfect match
with the Monte-Carlo simulation; and (ii) comparing RFox
over Rayleigh (α = 2, µ = 1) fading channel with that over
Nakagami-m (α = 2, µ = m = 4) and Weibull (α = 3, µ = 1)
fading channel, one can conclude that an increase of shaping
parameters α and µ results in the increase of effective rate, in
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6

Fig. 2: Effective rate RMG and RMoG against γ̄ over κ− µ
fading channels when κ = 3 and µ = 1.
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Fig. 3: Effective rate RMoG against γ̄ over η − µ fading
channels.

other words, the channels with smaller shaping parameters α
and µ contribute less to the effective rate.

V. CONCLUSION

This paper first investigated the effective rate performance
of wireless channels, by modeling the received SNRs as the
MG, MoG, and Fox’s H-function distributed RVs. Closed-
form expressions are respectively derived in terms of the Fox’s
H-function. The analytical results were further examined with
the Monte-Carlo simulations. One can conclude that (i) the
MG approach provides the most simplest form; (ii) the Fox’s
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Fig. 4: RFox versus γ̄ over Rayleigh, Nakagami-m, Weibull,
α − µ, Fisher-Snedecor F , and EGK fading channels when
A = 2.

H-function approach provides a unified, exact and general
tool to evaluate the effective rate performance if the received
SNR can be rewritten in the manner of Fox’s H-function
distributed RV; and (iii) the effective rate expressions with
MG and MoG are accurately approximated compared with the
Fox’s H-function solution.
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