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ABSTRACT Prediction on the crack propagation process of brittle rock under Thermo-Hydro-Mechanical
(THM) loading conditions is very important for crack-arrest design and disaster prevention in deep rock
engineering. Although currently existing fracture criteria can successfully predict crack initiation under
arbitrary loading conditions, very few quantitative methods are available for predicting the crack propagation
process of brittle rock under single loading condition, let alone THM loading conditions. In this paper, a new
THM coupling fracture theory is established to predict the crack propagation process (including the crack
initiation, stable and unstable propagation of Mode I or Mode II fracture), where the calculation formulae of
Mode I and Mode II wing-tip stress intensity factors are deduced by a new superposition method with higher
accuracy than the conventional superposition method and simpler form than the complex function method.
Uniaxial compression tests and self-designed THM coupling tests of pre-cracked specimens are conducted
to measure stress-strain curves and fracture trajectories under different loading conditions. Research results
show that mechanism of crack initiation is the same as that of unstable propagation in both uniaxial
compression and THM coupling tests. As the temperature and hydraulic pressure are increased and the
confining pressure is decreased, the mechanisms of crack initiation and unstable propagation are changed
from Mode II to Mode I. Mode I fracture has smaller loads of crack initiation load and unstable propagation
and larger length of crack stable propagation than Mode II fracture. Test results agree very well with
prediction ones, which proves the validity of the new THM coupling fracture theory. This fracture theory
can be further extended to predict the multi-crack propagation process under THM loading conditions.

INDEX TERMS Crack propagation process, THM coupling fracture theory, wing-tip stress intensity factors,
THM cupling test, brittle rock.

NOMENCLATURE
a, c, ϕ, E crack half-length, cohesion,

internal friction angle and
Young’s modulus

K ini,T
IC , K ini,T

IIC initial cracking toughness of
Mode I and Mode II related to
temperature

K un,T
IC , K un,T

IIC unstable fracture toughness of
Mode I and Mode II related to
temperature
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KHM
I (θ ), KHM

II (θ ) Mode I and Mode II stress
intensity factors on the original
crack plane

KHM
I (i), KHM

II (i) i = α, β; Mode I and Mode II
stress intensity factors at an
arbitrary angle of i

KHM
I (i)max, KHM

II (i)max i = α, β; maximum Mode I and
Mode II stress intensity factors
at an arbitrary angle of i

K 2a,HM
I (α), K 2a,HM

II (α) additional Mode I and Mode II
stress intensity factor

K l,HM
I (α), K l,HM

II (α) Mode I and Mode II stress
intensity factor of the isolated
wing crack plane
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Kw,HM
I (α), Mode I and Mode II stress intensity

Kw,HM
II (α) factors on the wing crack plane

L, lC wing crack length, subcritical extension
length

leq half length of the equivalent crack
lIC , lIIC subcritical extension length of Mode I

and Mode II
P, PiniC , PunC axial pressure, crack initiation load and

unstable propagation load
PiniIC , P

un
IIC crack initiation load of Mode I and Mode

II under THM loading conditions
PunIC , P

un
IIC unstable propagation load of Mode I and

Mode II under THM loads
PiniLIC , P

un
LIIC initial cracking load of Mode I and

Mode II in three-point bending and
shear-box tests

PunLIC , P
un
LIIC unstable fracture load of Mode I and

Mode II in three-point bending and
shear-box tests

Px,Qx symmetrical concentrated normal and
shear force on the crack plane

r1, α and r2, β two conventional polar coordinate
T , PH , PM temperature, hydraulic pressure and

confining pressure
αC , βC crack initiation angle, unstable initiation

angle
αIC , αIIC crack initiation angle of Mode I and

Mode II
βIC , βIIC unstable initiation angle of Mode I and

Mode II
θ , µ inclination of the original crack, friction

coefficient
σc, σt uniaxial compressive strength, tensile

strength
τeff effective shear stress on the original

crack plane
σeq, τeq equivalent normal and shear stress on

the equivalent crack plane
σn, τn normal and shear stress on the original

crack plane
σα , τrα stress components at the original

crack tip

I. INTRODUCTION
In deep rock engineering, such as oil and natural gas exploita-
tion, geothermal development, underground energy storage,
rock mass is usually subjected to thermo-hydro-mechanical
(THM) coupled loading conditions [1]–[4]. Pre-existing geo-
logical discontinuities or joints in the rock mass may be
extended or new fractures are initiated under such coupled
loading conditions. How to predict the crack propagation
process (including crack initiation, stable and unstable prop-
agation) of brittle rock becomes a hot issue since it is very
important for safety assessment, crack-arrest design and dis-
aster prevention in rock engineering [5]–[7].

Recently, there are mainly two types of methods for study-
ing fracture trajectory: experimental method and theoreti-
cal method. Extensive experimental studies were performed
on crack initiation and propagation in pre-cracked speci-
mens of brittle materials (including molded gypsum [8], [9],
glass [10], rock [11]–[15] and concrete [16]–[18]) under
un-axial and bi-axial compressions, and multi-field load-
ing conditions. In general, when specimen with a single
crack is subjected to uniaxial compression, the original crack
is initiated and propagated from its two crack-tips along
the direction of axial stress, with Mode I (tensile) fail-
ure [8]–[11], [14], [15], [18]. Under biaxial or conventional
triaxial compression loads with a high confining pressure, the
specimens usually produce mode II (shear) failure [16]. How-
ever, it is very difficult to exactly determine the stress state
within specimen and predict crack propagation path under
different loading conditions. Therefore, theoretical method
draws more and more attention of many researchers. Frac-
ture criterion is the key to predicting the crack initiation
and current fracture criteria can be divided into three cate-
gories: 1) stress-based fracture criterion, such as maximum
tensile stress criteria (σθ -criterion) [19], maximum tangential
principle stress criterion (σ1θ -criterion) [20] and twin shear
stress criterion [21], 2) strain-based fracture criteria, such as
maximum tangential strain criterion (εθ -criterion) [22], and
3) energy-based fracture criteria, such as minimum strain
energy density criterion (S-criterion) [23], maximum energy
release rate criterion (G-criterion) [24], [25], maximum volu-
metric strain energy density criterion (T-criterion) [26]–[28],
and maximum distortional strain energy release rate crite-
rion (Y-criterion) [29]. These criteria can successfully pre-
dict crack initiation of most materials (e.g., metal and glass)
under pure tensile [20]–[32] and shear [33]–[36], and mixed
loading conditions [37]–[43]. For brittle rock, pure shear
loading applied on a pre-existing crack is not certain to
lead to Mode II fracture, and Mode I fracture is easy to
occur before Mode II fracture is initiated under pure shear
loading condition [44], [45], since the tensile strength of
rock is substantially smaller than its shear strength. Com-
pressive load has to be applied onto the original crack plane
(i.e., under compression-shear loading) in order to restrain
the tensile stress at crack tip for facilitating occurrence of
Mode II fracture. Thus, a new mixed mode fracture criterion
was proposed based on ratio of the maximum tensile and
shear stress intensity factors [44]. It can successfully predict
Mode I or Mode II crack initiation under mixed mode loading
conditions [44]–[47] as well as THM loading fields [48].
It could be used to predict the crack propagation process by
considering the wing-tip stress intensity factor after crack
initiation. On the other hand, although some fracture criteria
were extended to study effect of temperature and hydraulic
pressure on crack initiation [49]–[54], very few literature is
related to establish a systematical quantitative method for
predicting the crack propagation process (including the crack
initiation, stable and unstable propagation) of rock under
THM loading conditions.
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FIGURE 1. Calculation model of a pre-cracked rock specimen under THM
loading conditions.

In the paper, a new THM coupling fracture theory
is established to predict the crack propagation process
(including the crack initiation, stable and unstable prop-
agation) of brittle rock under THM loading conditions.
The calculation formula for Mode I and Mode II wing-tip
stress intensity factor are deduced through a new super-
position method. Uniaxial compression and self-designed
THM coupling tests are conducted on pre-cracked speci-
mens under different loading conditions to obtain stress-
strain curves and fracture trajectories and to verify the
validity of the new established THM coupling fracture
theory.

II. THM COUPLING FRACTURE THEORY
A. CALCULATION MODEL
Fig.1 depicts a cylindrical rock specimen (850mm ×
100mm) of an oriented penetrating crack (2a = 30mm and
θ = 45◦) under THM loading conditions (i.e., tempera-
ture T , hydraulic pressure PH , confining pressure PM and
axial pressure P, where tensile stress is defined as positive).
A global rectangular coordinate system (xoy) is set at the
center of the crack surface (o), and two polar coordinate
systems (o1r1 and o2r2) are set at the crack tip (o1) and
the wing crack tip (o2), respectively. As the axial load is
increased, the crack would initiate at an angle of α (crack
initiation angle), and then extend for a length of lC (sta-
ble propagation length, approximately in straight line) and
finally unstably propagate at an angle of β (unstable ini-
tiation angle), where counter-clockwise angle is defined as
positive.

Table 1 lists different THM loading conditions for the
pre-cracked rock specimens. Considering the actual temper-
ature in deep rock engineering (usually at least 1000m in
depth) is about 50◦C in most region (temperature gradient
of 0.016◦C/m∼0.027◦C/m) [55], the testing temperatures
are selected to be 25◦C, 50◦C, 70◦C, 90◦C (smaller than
100◦C for preventing water from evaporation). Although
the actual confining pressures in deep rock engineering
is about 18MPa∼38MPa, the testing confining pressures
are selected to be 2.5MPa, 3MPa, 4MPa, 4.5MPa. That is

TABLE 1. Pre-cracked rock specimens under different THM loading
conditions.

FIGURE 2. Load-displacement curve of the rock specimen in three-point
bending test (T = 25◦C).

because when PM > 6MPa, the isolation films wrapped
on the pre-cracked specimen would be penetrated and
the confining pressure fails to be applied. PH must be
smaller than PM for avoiding the mixture of water (apply-
ing hydraulic pressure) and oil (applying confining pres-
sure), and PH are selected to be 0.5MPa, 1.5MPa, 2MPa,
3.5MPa.

Table 2 lists the initial cracking toughness and unstable
fracture toughness of rock specimens under different THM
loading conditions. Since the rock fracture toughness is a
material parameter related to temperature, three-point bend-
ing tests and shear-box tests of the rock specimens at dif-
ferent temperatures (T = 25◦C, 50◦C, 70◦C, 90◦C) were
performed to determine the initial cracking load of Mode
I and Mode II (PiniLIC and PiniLIIC , at the distinguished point
of straight and curved lines) and unstable fracture load of
Mode I and Mode II (PunLIC and PunLIIC , at the peak point)
by its load-displacement curves (e.g., Fig. 2), respectively.
The initial cracking toughness of Mode I and Mode II (K ini

IC
and K ini

IIC ), and unstable fracture toughness of Mode I and
Mode II (K un

IC and K un
IIC ) can be calculated, as tabulated

in Table 2.
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TABLE 2. Initial cracking toughness and unstable fracture toughness of
rock specimens under different temperatures (MPa ·m0.5).

B. FRACTURE CRITERION
1) CRACK INITIATION CRITERION
Under THM loading conditions, the normal stress (σn) and
shear stress (τn) on the original crack plane can be express as

σn =
(P+ PM )

2
+

(P− PM )
2

cos 2θ + PH

τn =
(P− PM )

2
sin 2θ (1)

Considering the effect of σn on τn, the effective shear stress
τeff is can be given by

τeff = τn + µ |σn| (2)

where µ is the Coulomb friction coefficient. When µ = 0,
the original crack is open after the crack initiation.

Thus, Mode I and Mode II stress intensity factors on the
original crack plane can be expressed as

KHM
I (θ ) = σn

√
πa

= [
(P+ PM )

2
+

(P− PM )
2

cos 2θ + PH ]
√
πa

KHM
II (θ ) = τeff

√
πa =

(P− PM )
2

sin 2θ
√
πa

+µ
√
πa

∣∣∣∣ (P+ PM )
2

+
(P− PM )

2
cos 2θ + PH

∣∣∣∣
(3)

When the original crack is initiated at an arbitrary angle of
α (α > 0 or α < 0, Fig. 3), stress components at the crack tip
become

σα =
KHM
I (θ )
√
2πr

cos3
α

2
−

3KHM
II (θ )
√
2πr

sin
α

2
cos2

α

2

τrα =
KHM
I (θ )
√
2πr

sin
α

2
cos2

α

2
+
KHM
II (θ )
√
2πr

cos
α

2
(1−3 sin2

α

2
)

(4)

Substituting Eq. (4) into the definition of the Mode I and
Mode II stress intensity factors at an arbitrary angle of α :

KHM
I (α) = lim

r→0
(σα
√
2πr)

KHM
II (α) = lim

r→0
(τrα
√
2πr) (5)

results in:

KHM
I (α) = KHM

I (θ ) cos3
α

2
− 3KHM

II (θ ) sin
α

2
cos2

α

2

FIGURE 3. Crack initiation under THM loading conditions.

KHM
II (α) = KHM

I (θ ) sin
α

2
cos2

α

2
+KHM

II (θ ) cos
α

2
(1− 3 sin2

α

2
) (6)

From the viewpoints of common fracture criteria, the frac-
ture mode (Mode I or Mode II fracture) is consistent with the
loading mode (tensile or shear), which is suitable for most
metallic materials. However, for brittle rock and rock-like
materials, their tensile strength is much smaller than shear
strength, and pure shear loading usually results in tensile
(Mode I) fracture rather than shear (Mode II) fracture. The
fracturemode depends on themaximum stress intensity factor
ratio of the crack tip, i.e. the stress field rather than the
loading mode. And thus, a new criterion of maximum tensile
and shear stress intensity factor ratio was established in our
previous work [44]. Based on the new fracture criterion, crack
initiation criterion can be obtained as follows:

KHM
II (α)max

KHM
I (α)max

<
K ini,T
IIC

K ini,T
IC

KHM
I (α)max = K ini,T

IC

Crack initiation in Mode I

or
KHM
II (α)max

KHM
I (α)max

>
K ini,T
IIC

K ini,T
IC

KHM
II (α)max = K ini,T

IIC

Crack initiation in Mode II (7)

Accordingly, the crack initiation angle (αIC and αIIC ) and
load (PiniIC and PiniIIC ) in Mode I and Mode II can be calculated:

∂KHM
I (α)
∂α

= 0,
∂2KHM

I (α)
∂α2

< 0

KI (α)max = K ini,T
IC

⇒

{
αIC Crack initiation
PiniIC in Mode I

or
∂KHM

II (α)
∂α

= 0,
∂2KHM

II (α)
∂α2

< 0

KHM
II (α)max = K ini,T

IIC
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⇒

{
αIIC Crack initiation
PiniIIC in Mode II

(8)

Whether the crack initiates in Mode I at αIC or in Mode II
at αIIC depends on whether the crack initiation load PiniIC or
PiniIIC is smaller, i.e.,

PiniIC < PiniIIC ⇒

{
PC = PiniIC
αC = αIC

Crack initiation in Mode I

or

PiniIC > PiniIIC ⇒

{
PC = PiniIIC
αC = αIIC

Crack initiation in Mode II

(9)

2) CRACK STABLE AND UNSTABLE PROPAGATION
CRITERION
As shown in Fig.1, when the crack initiation criterion (Eq. 7)
is satisfied, the original crack is initiated at an angle of αIC
(in Mode I) or αIIC (in Mode II), then extended for a length
of lI c or lII c (stable propagation length, approximately in
straight line) and finally unstably propagated at an angle of
βIC (inMode I) or βIIC (inMode II) whenMode I stress inten-
sity factor on the wing crack plane α (Kw,HM

I (α)) reaches
K ini,T
IC or Mode II stress intensity factor on the wing crack

plane α (Kw,HM
II (α)) reaches K ini,T

IIC . A new crack unstable
propagation criterion can be established based on criterion
of maximum tensile and shear stress intensity factor ratio as
follows.

Kw,HM
I (α)max = K ini,T

IC
∂KHM

I (β)
∂β

= 0,
∂2KHM

I (β)
∂β2

< 0

KHM
I (β)max = K un,T

IC

⇒


lIC
βIC

PunIC

Crack unstable propagation in Mode I

or
Kw,HM
I (α)max = K ini,T

IIC
∂KHM

II (β)
∂β

= 0,
∂2KHM

II (β)
∂β2

< 0

KHM
II (β)max = K un,T

IIC

⇒


lIIC
βIIC

PunIIC

Crack unstable propagation in Mode II (10)

where K un,T
IC and K un,T

IIC are unstable fracture toughness of
Mode I and Mode II related to the temperature (Table 2),
respectively; KHM

I (β) and KHM
II (β) are Mode I and Mode II

stress intensity factor of the wing crack at an arbitrary angle
(β), which can be obtained from the next section.
Similar to Eq. (6), one obtains

KHM
I (β) = Kw,HM

I (α) cos3
β

2
− 3Kw,HM

II (α) sin
β

2
cos2

β

2

KHM
II (β) = Kw,HM

I (α) sin
β

2
cos2

β

2

+Kw,HM
II (α) cos

β

2
(1− 3 sin2

β

2
) (11)

Whether the crack unstable propagation in Mode I at βIC
or in Mode II at βIIC depends on whether the unstable prop-
agation load PunIC or PunIIC is smaller, i.e.,

PunIC < PunIIC⇒

{
PC = PunIC Crack unstable propagation
βC = βIC in Mode I

or

PunIC > PunIIC⇒

{
PC = PunIIC Crack unstable propagation
βC = βIIC in Mode II

(12)

It should be noted here that the effect of temperature is
considered by the fracture toughness at different temperature.
This is because all of rock specimens have the same tempera-
ture in this study and thus no thermal stress affects the normal
and shear stresses directly in the new established theory.

In addition, Some well-known mixed mode fracture mod-
els, such as. ASED, GMTS, GMTSN (EMTSN), TSC,
MTSN, MSED, are usually used to predict the Mode I crack
initiation under arbitrary loading conditions (tension, shear
and tension-shear mixed load) but less to predict both the
Mode II crack initiation and the whole propagation process of
brittle rock. The new fracture theory established based on our
fracture criterion of maximum tensile and shear SIF ratio [43]
can not only predict the crack initiation of both Mode I and
Mode II, but also predict the whole process of crack stable
and unstable propagation for better understanding the fracture
mechanism of brittle rock under thermo-hydro-mechanical
loading conditions. Although only single-crack problem is
considered in the above analysis, the newly established frac-
ture theory can also be extended to studymulti-crack problem
by obtaining the interacting stress intensity factors [56].

C. STRESS INTENSITY FACTOR FORMULA OF WING CRACK
For predicting crack stable propagation under THM loading
conditions, it is necessary to deduce Mode I and Mode II
stress intensity factor formulae of the wing crack initiated by
tension (α > 0) or shear (α < 0) of the original crack as
follows

1) WING CRACK INITIATED BY TENSION (α > 0)
As shown in Fig. 4, Mode I and Mode II stress intensity
factors on the wing crack plane (α) can be obtained by the
superposition method [57]:

Kw,HM
I (α) = K l,HM

I (α)+ K 2a,HM
I (α)

Kw,HM
II (α) = K l,HM

II (α)+ K 2a,HM
II (α) (13)

where K l,HM
I (α) and K l,HM

II (α) are Mode I andMode II stress
intensity factors of the isolated wing crack (l),K 2a,HM

I (α) and
K 2a,HM
II (α) are additional Mode I andMode II stress intensity

82892 VOLUME 9, 2021



W. Yi et al.: New Method for Predicting Crack Propagation Process of Brittle Rock

FIGURE 4. Superposition of Mode I and Mode II stress intensity factors of
the isolated wing crack.

FIGURE 5. Effect of the original crack on the wing crack (α > 0).

factors of the isolated wing crack (l) caused by the original
crack (2a).

According to Eq. (1), there are:

K l,HM
I (α) = σn

√
π l
2

= [
(P+ PM )

2
+
(P−PM )

2
cos 2(θ+α)+PH ]

√
π l
2

K l,HM
II (α) = τn

√
π l
2

= [
(P− PM )

2
sin 2(θ + α)]

√
π l
2

(14)

For calculatingK 2a,HM
I (α) andK 2a,HM

II (α), the effect of the
original crack (length and stress) on the wing crack must be
considered. On the one hand, the original crack needs to be
converted into the equivalent crack length (2leq) in the wing
crack direction. i.e., the wing crack is lengthened (Fig.5):

leq =
a sin θ

sin(θ + α)
(15)

On the other hand, the effective shear stress (τeff ) needs
be adopted and parallel transformed to the equivalent crack
length, since the normal stress (σn) applied on the original
crack plane is compressive under THM loading conditions
and would results in closure of the original crack and friction
force. Thus, the equivalent normal stress σeq and shear stress
τeq on the equivalent crack (2l + 2leq) become:

σeq = −τeff sinα

τeq = τeff cosα (16)

FIGURE 6. A crack under symmetrical concentrated normal and shear
force.

where τeff must be negative (P < PM < 0) for making the
original crack slide [57], which results in tensile stress on the
wing crack plane (σeq > 0). Thus, the negative sign is needed
in Eq. (16).

According to the stress intensity factor formulae of a crack
under symmetrical concentrated normal (Px) and shear (Qx)
force [59] (Fig. 6,)

KI =
2P
√
π

√
a

√
a2 − b2

KII =
2Q
√
π

√
a

√
a2 − b2

(17)

K 2a,HM
I (α) and K 2a,HM

II (α) can be obtained by integrating Px
and Py in the range of leq.

K 2a,HM
I (α) = 2σeq

√
l + leq
π

sin−1(
leq

l + leq
)

K 2a,HM
II (α) = 2τeq

√
l + leq
π

sin−1(
leq

l + leq
) (18)

Substituting Eqs. (15) and (16) into Eq. (18) yields

K 2a,HM
I (α) = −2τeff sinα

√
l + a sin θ

/
sin(θ + α)

π

× sin−1
a sin θ

/
sin(θ + α)

l + a sin θ
/
sin(θ + α)

K 2a,HM
II (α) = 2τeff cosα

√
l + a sin θ

/
sin(θ + α)

π

× sin−1
a sin θ

/
sin(θ + α)

l + a sin θ
/
sin(θ + α)

(19)

Therefore, the calculation formulae of the Mode I
and Mode II stress intensity factors of the wing crack
(α > 0) can be obtained by substituting Eqs. (14) and (19)
into Eq. (13).

Kw,HM
I (α) = [

(P+PM )
2
+
(P−PM )

2
cos 2(θ+α)+PH ]

√
π l
2

− 2τeff sinα

√
l + a sin θ/sin(θ + α)

π

× sin−1
a sin θ/sin(θ + α)

l + a sin θ/sin(θ + α)

Kw,HM
II (α) = [

(P− PM )
2

sin 2(θ + α)]

√
π l
2
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FIGURE 7. Effect of the original crack on the wing crack (α < 0).

+ 2τeff cosα

√
l + a sin θ/sin(θ + α)

π

× sin−1
a sin θ/sin(θ + α)

l + a sin θ/sin(θ + α)
(20)

2) WING CRACK INITIATED BY SHEAR (α < 0)
Sincemost of pre-cracked rock specimens fail inMode I (α >
0), there is very few literature concerned with the case of the
wing crack at α < 0. Similar to the wing crack at α > 0
above,Mode I and II stress intensity factor of wing crack (α <
0) can be also obtained by the superstition method, as shown
in Fig.7, i.e.,

leq =
a cos θ

cos(θ + α)
(21)

σeq = −τeff sinα

τeq = τeff cosα (22)

Kw,HM
I (α) = [

(P+PM )
2
+
(P−PM )

2
cos 2(θ+α)+PH ]

√
π l
2

− 2τeff sinα

√
l + a cos θ/cos(θ + α)

π

× sin−1
a cosθ/cos(θ + α)

l + a cosθ/cos(θ + α)

Kw,HM
II (α) = [

(P− PM )
2

sin 2(θ + α)

+µ

∣∣∣∣ (P+PM )
2
+
(P− PM )

2
cos 2(θ+α)+PH

∣∣∣∣]
×

√
π l
2
+2τeff cosα

√
l + a cos θ/cos(θ + α)

π

× sin−1
a cos θ/cos(θ + α)

l + a cos θ/cos(θ + α)
(23)

It is noted that since the isolated wing crack is closed
for Mode II fracture, the friction and surface contact are
considered in the Eq. (20).

At present, there are two methods to calculate the wing-
tip stress intensity factor: superposition method and com-
plex function method. For example, Steif [57], Chen [58]
and Baud et al. [60] adopted the superposition method to
deduce the wing-tip stress intensity factor formula for the
crack initiation of Mode I; Nemat-Nasser and Horri [61] used
the complex function method to derive a singular integral
equation of the wing-tip stress intensity factor in term of
dislocation density. For verifying the wing-tip crack stress

FIGURE 8. Comparison of normalized stress intensity factors of wing
crack among our results, Steif’s results, and Nemat-Nasser and Horri’s
results.
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FIGURE 8. (Continued.) Comparison of normalized stress intensity factors
of wing crack among our results, Steif’s results, and Nemat-Nasser and
Horri’s results.

intensity factor formula of the wing crack, our calculation
results of normalized stress intensity factors at wing-tips
(KW

I = KW
I (α)/P(πa)0.5, KW

II = KW
II (α)/P(πa)

0.5) are com-
pared with those of Steif and Nemat-Nasser and Horri for
pre-cracked specimens of same crack parameters (θ = 54◦,
µ = 0.3 and l/a = 0.1, 0.5, 1) under uniaxial compression
(PH = 0 and PM = 0).
Fig. 8 shows the normalized stress intensity factors of wing

crack varying with α for various crack lengths (l/a = 0.1,
0.5, 1). It is found that Steif’s results (by the superposi-
tion method) are larger than our results and Nemat-Nasser
and Horri’s results (by the complex function method).
Furthermore, our results are closer to Nemat-Nasser and
Horri’s results (exact solution) than to Steif’s results, espe-
cially when l/a increases. That is because in our results,
the equivalent crack length (2leq) is considered to calcu-
late K 2a

I (α) and K 2a
II (α) caused by the original crack (2a),

in which the total crack length is equal to 2leq + 2l
(Fig. 5). While in Steif’s results, the original crack length
(2a) plus the wing crack length (2l) is simply taken to
calculate K 2a

I (α) and K 2a
II (α). Obviously, leq < l and our

results are smaller and closer to Nemat-Nasser and Horri’s
results than Steif’s results. Furthermore, for complex function
method, it is difficult to obtain an explicit expression for
the wing-tip stress intensity factor since the singular inte-
gral equation can only be solved numerically rather than

FIGURE 9. Comparison of normalized stress intensity factors of wing
crack between our results and numerical results.

analytically. Comparatively, our method provides more pre-
cise solution than the formula of Steif and has simpler
algebraic equation than the formula of Nemat-Nasser and
Horri.

For further verifying the validity of the new method under
complex loading conditions, ANSYS finite element method
is used to calculate the stress intensity factor of wing crack,
where P = 1MPa, PH = 0.1 MPa, PM = 0, a = 15mm,
θ = 45◦, α = 54◦, µ = 0.3. For simulating the problem
by ANSYS finite element software, the length and width
of the model are 200mm and 100mm, respectively, and the
element type is PLANE 183. The contact element is adopted
to calculate the sliding between the original crack surfaces.
The stress intensity factor of wing crack can be exacted
by interaction integral method after obtaining the stress and
strain fields. Fig. 9 shows our results of normalized stress
intensity factor at wing-tips, as well as the results of ANSYS
finite element method. It is seen that with the increase of l/a,
KW
I is decreased and then increased gradually, while KW

II is
monotonously increased. It can be also found that in spite
of small errors, our results agree very well with numerical
results.

III. PREDICTION RESULTS
A. UNIAXIAL LOADING CONDITION
For prismatic rock-like material containing a single open
crack (2a = 15.2mm) under uniaxial compression (i.e.,
PH = 0MPa, PM = 0MPa), Tables 3-4 list the predicted
results of the crack initiation and unstable propagation for
different inclination angles θ of the original crack, where the
crack initiation load (PiniC ) and angle (αC ) are calculated by
the stable propagation length (lC ) and unstable propagation
load (PunC ) and angle (βC ) are obtained by Eqs. substituting
fracture toughness (K ini

IC = 0.066, K ini
IIC = 0.152, K un

IC =

0.139 and K un
IIC = 0.247) [62] into Eq. (3) and Eq. (8-9),

and (10-12). It is found that for all of θ , the crack initiation
and unstable propagation have the same mechanism (i.e.,
Mode I fracture), since the crack initiation and the unstable
propagation loads of Mode I are always smaller than those
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TABLE 3. Prediction results of the crack initiation under uniaxial loading condition.

TABLE 4. Prediction results of the crack unstable propagation under uniaxial loading condition.

of Mode II. With the increase of θ , the crack initiation and
unstable propagation angles are decreased while the stable
propagation length becomes larger.

B. THM LOADING CONDITIONS
For the red sandstone specimens under different THM load-
ing conditions (Fig.1), Tables 5-6 list the predicted results
of the crack initiation and unstable propagation for the close
crack, where the crack initiation load (PiniC ) and angle (αC ) are
calculated by substituting THM loading parameters (Table 1)
and material parameters (Table 2) into Eq. (3) and Eq. (8-9),
and the stable propagation length (lC ) and unstable propaga-
tion load (PunC ) and angle (βC ) are obtained by Eqs. (10-12).
It can be seen that the crack initiation and unstable propaga-
tion have the same mechanism under different THM loading
conditions, i.e., when the temperature and hydraulic pressure
are increased, the crack initiation and unstable propagation
are gradually changed from Mode II to Mode I, while the
effect of the confining pressure is opposite. That is because
the high temperature and hydraulic pressure (applied onto the
original crack surface) or the high confining pressure would
promote or restrain the Mode I stress intensity factor. In addi-
tion, when the crack initiation and unstable propagation load
of Mode I (PiniIC , P

un
IC ) are very close to those of Mode II (PiniIIC

and PunIIC ), the crack initiation and unstable propagation occur
in mixed mode (T3, H2, M2). It is also found that PiniIC and
PunIC are smaller than PiniIIC and PunIIC , respectively, while lIC is
larger than lIIC .

IV. TEST VERIFICATION
A. UNIAXIAL LOADING CONDITION
Currently, many available literatures are related to the exper-
imental investigations of the fracture trajectory of brittle
material containing a single open crack. Wong et al. [8]
investigated the crack initiation, propagation and coales-
cence on prismatic specimens (152mm × 76mm × 32mm)
of artificially molded gypsum with an oriented open crack
(2a = 15.2mm) subjected to uniaxial compression.
Fig. 10 demonstrates the fracture trajectory of the pre-cracked

FIGURE 10. Fracture trajectories of pre-cracked gypsum specimens under
uniaxial compression condition.

gypsum specimen for different inclination angles of the orig-
inal crack. For visually comparing the predicted results with
tested results, our predicted results of fracture trajectory are
also depicted in Fig. 10, where the solid and dotted lines
represent the tested and predicted results, respectively.

It is found that there only exists one fracture trajectory,
i.e., the original crack is initiated simultaneously at the two
crack tips in a positive direction (αC > 0), then propagated
for a short length (lC ) and finally unstably propagated in a
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TABLE 5. Prediction results of the crack initiation under different THM loading conditions.

TABLE 6. Prediction results of the crack unstable propagation under different THM loading conditions.

FIGURE 11. Pre-cracked red sandstone specimen.

positive direction (βC > 0), which corresponds to typical
Mode I fracture. It is also found that our results agree well
with the tested results, which prove the validity of the newly
established fracture theory under simple loading condition.

B. THM COUPLED FRACTURE TEST
1) TEST SCHEME
Red sandstone used in this test comes from Hunan province
in China, with a good homogeneity. The main mineral com-
position is as follows: quartz (90.0%), hydromica (4.8%),

plagioclase (2.8%), K-feldspar (1.3%) and kaolinite (1.1%)
and etc. Table 7 lists the main mechanical parameters of
the rock, including the tensile strength, uniaxial compressive
strength, Young’s modulus, friction coefficient, cohesion and
internal friction angle. The cylindrical specimens of850mm
× 100mm are manufactured by a cutting machine with the
secondary grinding by a grindstone machine for improving
the machining precise (verticality and flatness). The center
cracks (30mm in length and 1 mm in width) are prepared by
an ultrathin diamond blade of 0.5mm in thickness. An addi-
tional vertical hole (82mm × 50mm) is drilled from the
bottom center of the specimen to the crack surface in order
to apply the hydraulic pressure (PH ) onto the crack surface
(Fig. 11).

Fig. 12 shows a self-designed THM loading system,
including the tri-axial loading testing machine with a triaxial
chamber, a hydraulic pressure cell (PH by water) and a con-
fining pressure cell (PM by oil). In each coupled fracture test,
the multi-layer polymeric abrasive paper is embedded into
the crack surface for offering friction, and the temperature,
hydraulic and confining pressure are unchanged. Tempera-
ture is well-controlled by heating the specimen, water and
oil into the same specific value. The hydraulic and confin-
ing pressure are well-controlled by hydraulic and confining
loading system, respectively. The THM loading conditions
are the same as those in the above calculationmodel (Table 1),
where T < 100◦C for preventing water from evaporation,
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FIGURE 12. THM loading system.

TABLE 7. Main mechanical parameters of the red sandstone.

and PH < PM for avoiding mixture of water and oil by
wrapping the specimen with a layer of isolation films. Under
the THM loading conditions, the stress-strain curve of the
red sandstone specimen was registered during the test, and
its fracture trajectory was examined after the test.

2) RESULTS AND ANALYSIS
As an example, Fig.13 shows the stress-strain curve of spec-
imen T1 under THM loading conditions. It is divided into
three stages: micro-pore compaction (OA, where the slope
is gradually increased), elastic deformation (AB, where the
slope is approximately constant), and non-elastic deforma-
tion (BC, where the slope is decreased to zero). Obviously,
the crack initiation load PiniC and unstable propagation load
PunC can be determined by distinguished point (B) where the
curve deviates from the straight line and the peak point (C),
respectively.

Fig. 14 shows fracture trajectories of the red sandstone
specimens under different THM loading conditions, where
the solid and dotted lines represent the tested and predicted
results, respectively. The crack initiation load (PiniC ) and

FIGURE 13. Stress-strain curve of specimen T1 under THM loading
conditions.

angle (αC ), stable propagation length (lC ), and unstable prop-
agation load (PunC ) and angle (βC ) can be measured in the
figure (Table 8). It is found that there exist three different
fracture trajectories: (1) the original crack is first initiated
simultaneously at the two tips in a positive direction (αC >

0), then extended for a short length (lC ) and finally unsta-
bly propagated in a positive direction (βC > 0), which
corresponds to typical Mode I fracture (T4, H3, M1); (2)
the original crack is first initiated simultaneously at the two
tips in a negative direction (αC < 0), then extended for a
short length (lC ) and finally unstably propagated in a negative
direction (βC < 0), which corresponds to typical Mode II
fracture (T1, T2, H1, M3); (3) when the original crack is
first initiated at the two tips in two directions (αC > 0
and αC < 0), then extended for two short lengths (lC ) and
finally unstably propagated in two directions (βC > 0 and
βC < 0), which is a typical mixed mode (T3, H2, M2).
Furthermore, when the temperature and hydraulic pressure
are increased, the crack initiation and unstable propagation
are gradually changed from Mode II to Mode I, while effect
of the confining pressure is opposite. In addition, the crack
initiation load (PiniC ) and unstable propagation load (PunC ) of
Mode I are smaller than those of Mode II, while the crack
stable propagation length (lC ) of Mode I is larger than that
of Mode II. That is because for the brittle rock material,
the crack initiation and unstable fracture toughness of Mode I
(K ini,T

IC and K un,T
IC ) are smaller than those of Mode II (K ini,T

IIC
and K un,T

IIC ).
Comparison of Table 8 with Tables 5-6 indicates that the

test results of the crack initiation parameters, stable prop-
agation length and unstable propagation parameters are all
in good agreement with the prediction results, which proves
the validity of the newly established THM coupling fracture
theory.

It needs to be noted that the cylindrical samples were
adopted in this test for easily applying the higher hydraulic
pressure onto the original crack surface. Currently, theoretical
expression of crack-tip stresses under THM loading con-
ditions is not available for pre-cracked cylindrical sample
and thus it is very difficult to deduce a calculation for-
mula of the 3D stress intensity factor [59]. 2D theoretical
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FIGURE 14. Fracture trajectories of the pre-cracked red sandstone
specimens under different THM loading conditions.

FIGURE 15. Pre-cracked cylinder model and pre-cracked plate model
under uni-axial compression.

FIGURE 16. Ratio between the 3D and the 2D stress intensity
factors.

model under THM loading conditions was established in this
study and verified by 3D laboratory tests. Whether there is
disagreement between them or not should be discussed by
comparing the stress intensity factors in pre-cracked cylinder
with that in pre-cracked plate.

Fig. 15 illustrates a cylinder (850mm × 100mm) with a
center penetrated crack (length 30mm) (Fig.15a) and a rect-
angular plate (50mm × 100mm) with a center crack (length
30mm) under uniaxial compression P (Fig.15b). Set a spatial
coordinate system oxyz at the cylinder center o. Finite element
software ANSYS was used to calculate the SIFs of crack
tip or front of the two models. PLANE186 (total element
number is 22190) and PLANE183 (total element number is
21373) were selected in the cylinder model and in the plate
mode, respectively. Elastic constitutive mode of material was
applied, where E and v. The unit uniform compressive stress
is applied to the specimen and the interaction integral method
is adopted to determine SIFs based on the calculated the
stresses and strains around the crack tip. Fig. 16 shows the
ratio (KIy/KI and KIIy/KII) between the 3D and the 2D stress
intensity factors, where KIy and KIIy are Mode I and Mode II
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TABLE 8. Test results of the crack initiation, stable propagation and unstable propagation under different THM loading conditions.

FIGURE 17. Fracture surface of pre-cracked red sandstone
specimen T1.

stress intensity factors along the crack front in y direction of
cylindermodel, andKI andKII areMode I andMode II SIFs at
crack tips in the plate model. It can be seen that from Fig. 16,
both Mode I and Mode II SIFs have the maximum values
at the mid-point (i.e., y = 0) of crack front similarly to the
previous study [63-65]. This manifests that the real critical
location of crack initiation failure is its mid-point of crack
front. However, in our prediction results, the SIFs at crack
front of cylindrical sample is regarded to be equal to those at
crack tip of plate, i.e., KIy/KI = KIIy/KII = 1. In other words,
the predicted critical location of crack initiation failure is at
the point y = 0.85a of crack front. Fig. 17 shows the fracture
surface of the pre-cracked red sandstone specimen T1. It is
observed that the fracture surface near crack front is almost
flat, which suggests that crack initiation direction is the same
for the entire crack front. It can be also observed that the
curves of KIy/KI-y/a and KIIy/KII-y/a are almost overlapped.
Although KIy/KI and KIIy/KII are decreased gradually as y/a
is changed, KIy/KI and KIIy/KII are approximately equal to 1.
It indicates that KIy and KIIy along crack front in 3D cylinder
model are close to those in 2D plate model, respectively.
Therefore, it should be concluded that 2D theoretical model
can be applied to study 3D pre-cracked cylinder problem.
In addition,

In addition, comparison of uniaxial compression tests
between the pre-cracked cubic specimen [66] and the
pre-cracked cylindrical specimen [67] shows that their crack
propagation trajectories are almost the same, also indicating
that the crack propagation pattern is little influenced by the
specimen shape.

V. CONCLUSION
(1) A new THM coupling fracture theory for brittle rock is
established based on a new fracture criterion of maximum
tensile and shear stress intensity factor ratio. It can predict not
only the crack initiation load and angle of Mode I (tension)
or Mode II (shear) fracture, but also the stable propagation
length and the unstable propagation load and angle of Mode
I or Mode II fracture. It can be also extended to predict
the crack propagation process of multi-crack problem under
THM loading conditions.

(2) A new superposition method is presented to obtain
Mode I and Mode II wing-tip stress intensity factors. The
effectiveness of the method is verified by the conventional
superposition method and the complex function method.
It has not only higher accuracy than the conventional super-
position method (regardless of crack effective length), but
also a simpler formulation than the complex function method
(singular integral equation).

(3) The crack initiation has the same mechanism as the
unstable crack propagation under both uniaxial compres-
sion and THM coupling tests. When the temperature and
hydraulic pressure (applied onto the original crack sur-
face) are increased, the mechanisms of crack initiation and
unstable propagation are gradually changed from Mode II
to Mode I, while the effect of the confining pressure is
opposite.

(4) Mode I fracture has smaller loads of crack initiation
load and unstable propagation and larger length of crack
stable propagation than Mode II fracture. Mode I fracture is
easy to occur in brittle rock and can be easily restrained by
increasing the confining pressure or decreasing the tempera-
ture and hydraulic pressure.

(5) Test results of crack initiation parameters, stable prop-
agation length and unstable propagation parameters are all
in good agreement with prediction results, which proves the
validity of the new THM coupling fracture theory for brittle
rock.
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