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have revealed comprehensive ASR, and several cracks have been observed in both beams and columns.  

ASR is a chemical reaction in concrete occurring when alkali-reactive aggregates react with alkaline pore water. The 

reaction product, a swelling gel, causes a volumetric expansion of the concrete. Elgeseter Bridge is estimated to have 

elongated 180 mm since it was built in 1951. Local variations in the aggregate and different access to humidity have 

caused a varying degree of ASR within the structure. Both the global elongation and the varying expansion between 

components introduce additional forces in the bridge.  

In this study, dimensioning forces are obtained by a linear elastic finite element analysis (FEA) in Abaqus. Elgeseter 

Bridge is modelled with shell elements to describe the effects of simultaneously acting forces. The utilization of critical 

shell sections is assessed in the ultimate limit state through a capacity control using the Iteration Method.  

According to the capacity control, the most critical sections are located in the column axes in the middle of the plate 

between the inner and outer beams. If yielding in the reinforcement is considered as a failure criterion, the utilization 

ratio is 5.26 in a typical column axis and 6.25 in the northernmost column axis. The reinforcement is, in general, highly 

utilized in sections along column axes because of significant tensile forces.  

Yielding in the reinforcement is detected in 17 of the 32 controlled sections. Among these, 14 sections exceed their 

capacities if a failure strain of 10‰ in the reinforcement is used as the failure criterion. The capacity control reveals that 

9 sections reach failure in the concrete just before failure strain is obtained in the reinforcement. 
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Abstract

This master’s thesis is a condition assessment of the plates in Elgeseter Bridge,
focusing on the effects of alkali-silica reactions (ASR). Elgeseter Bridge is a 200
m long bridge with 9 spans and non-tensioned reinforcement. Core samples have
revealed comprehensive ASR, and several cracks have been observed in both
beams and columns.

ASR is a chemical reaction in concrete occurring when alkali-reactive aggregates
react with alkaline pore water. The reaction product, a swelling gel, causes a volu-
metric expansion of the concrete. Elgeseter Bridge is estimated to have elongated
180 mm since it was built in 1951. Local variations in the aggregate and different
access to humidity have caused a varying degree of ASR within the structure. Both
the global elongation and the varying expansion between components introduce
additional forces in the bridge.

In this study, dimensioning forces are obtained by a linear elastic finite element
analysis (FEA) in Abaqus. Elgeseter Bridge is modelled with shell elements to de-
scribe the effects of simultaneously acting forces. The utilization of critical shell
sections is assessed in the ultimate limit state through a capacity control using
the Iteration Method.

According to the capacity control, the most critical sections are located in the
column axes in the middle of the plate between the inner and outer beams. If
yielding in the reinforcement is considered as a failure criterion, the utilization
ratio is 5.26 in a typical column axis and 6.25 in the northernmost column axis.
The reinforcement is, in general, highly utilized in sections along column axes
because of significant tensile forces.

Yielding in the reinforcement is detected in 17 of the 32 controlled sections.
Among these, 14 sections exceed their capacities if a failure strain of 10h in the
reinforcement is used as the failure criterion. The capacity control reveals that 9
sections reach failure in the concrete before failure strain is obtained in the rein-
forcement.
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Sammendrag

Det er i denne oppgaven utført en tilstandsvurdering av bruplaten i Elgeseter bru
med fokus på lastvirkningene fra alkalireaksjoner. Elgeseter bru er en slakkarmert
betongbru på 200 m som består av 9 spenn. Kjerneprøver av betongen har vist at
brua er utsatt for omfattende ASR. Flere store sprekker er observert både i bjelker
og søyler.

ASR er en kjemisk reaksjon i betongen som oppstår når alkali-reaktivt tilslag
reagerer med alkalisk porevann. Reaksjonsproduktet er en alkaligel som sveller
under vannabsorpsjon og fører til en ekspansjon i betongen. Det er estimert at
Elgeseter bru har forlenget seg med 180 mm siden den ble bygget i 1951. Lokale
variasjoner i tilslaget i betongen og ulik tilgang på fuktighet har ført til variende
grad av ASR i konstruksjonen. Både den globale forlengelsen og ulik ekspansjon
mellom konstruksjonsdeler fører til tilleggskrefter i brua.

Det er utført en lineær-elastisk elementanalyse i Abaqus for å bestemme de di-
mensjonerende lastvirkningene. Elgeseter bru er modellert med skall-elementer
for å ivareta lastvirkningen i flere retninger samtidig. Utnyttelsesgrader for krit-
iske snitt er beregnet i bruddgrensetilstand ved bruk av Iterasjonsmetoden.

De mest kritiske snittene er å finne i midtplata mellom ytter- og innerbjelker i
søyleaksene, ifølge kapasitetsprogrammet. Ved bruk av flytning i armeringen som
bruddkriterie er utnyttelsesgradene 5.26 i en typisk søyleakse og 6.25 i den nord-
ligste søyleaksen. Lengdearmeringen er generelt høyt utnyttet langs søyleaksene
som følge av store strekkrefter.

Det oppstår flytning i armeringen for 17 av de 32 kontrollerte snittene. Ved å
betrakte en bruddtøyning på 10h i armeringen som bruddkriterie, vil 14 av disse
snittene få overskridelse i kapasitet. Kapasitetskontrollen viser at 9 snitt får brudd
i betongen før bruddtøyning i armeringen er oppnådd.
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Chapter 1

Introduction

1.1 Background and Motivation

Concrete is one of the most popular building materials, and it is used in many
Norwegian bridges. Its structural properties regarding compressive strength,
formability and durability combined with the low price and high availability
make concrete an attractive material. Combining concrete and reinforcement
results in a ductile construction material well suited for advanced structures as
long-span bridges. [1]

Concrete has for a long time been considered to be a material with minimal need
for rehabilitation and inspection. However, many old concrete structures have
shown signs of degradation during the last years. Limited knowledge regarding
degradation mechanisms led to minimal attention to durability and maintenance
in earlier standards and rule sets. The consequences become apparent today as
many structures constructed in accordance with the old standards are starting to
age.

This thesis focuses on the structural impact of deterioration due to alkali-silica re-
actions (ASR) in concrete. ASR is a chemical reaction occurring as alkali-reactive
aggregates react with alkaline pore water. The reaction product, a characteristic
swelling gel, causes a volumetric expansion of the concrete. An increase in volume
can create cracks making both the concrete and the reinforcement more vulner-
able to other degradation mechanisms and intrusions from different damaging
chemicals. Expansion caused by ASR can further generate significant restraint
forces in statically indeterminate systems. [2]

Elgeseter Bridge is a structure prone to expansions due to ASR and has since
1990 been continuously monitored by The Norwegian Public Roads Administra-
tion. Several inspections, calculation reports, and master’s theses have addressed
the structural influence of ASR in the bridge. Large cracks have been observed,
and different repairs have been conducted to limit the damage and maintain the

1



2 Chapter 1: Introduction

capacity of the bridge. However, great uncertainties are still related to the damage
and the capacity of the structure.

1.2 Scope and Limitations

The main focus in previous work regarding Elgeseter Bridge has been related to
the damage and the capacity of the columns and the beams. To bring the assess-
ment of the bridge forward, the scope of this thesis is to evaluate the capacity of
the bridge plate and to enlighten critical load cases and sections.

Elgeseter Bridge is primarily designed to resist vertical loads, such as self-weight
and traffic loads, temperature loads, and loads due to minor deformations from
creep and shrinkage. However, the expansions from ASR have created a com-
pletely different load situation in the bridge. The current load situation includes
forces of magnitudes and directions that were not taken into account when Elge-
seter Bridge was designed in 1951. Even though ASR expansions in some sections
have beneficial contributions, it is decided to mainly focus on load combinations
where ASR has unfavourable contributions.

Dimensioning forces are found by modelling the whole bridge in the finite ele-
ment analysis (FEA) software Abaqus. An essential choice of this task is to perform
the FEA using shell elements. Application of shell elements is desired to perceive
the effects of all the simultaneously acting forces. After determination of the
most decisive load combinations in the critical sections, the degree of utilization
is obtained by the Iteration Method [1] through a program developed by M.
Hailemicael [3]. The capacity control in this thesis is limited to only consider
forces included in the Iteration Method. Out-of-plane shear forces are therefore
not part of the capacity control.

Theory regarding ASR, Elgeseter Bridge, the basis of dimensioning, and differ-
ent loads are reviewed in Chapters 2-6. Chapter 7 displays the establishment of
the shell model, while Chapter 8 interprets the responses obtained from the FEA.
Chapter 9 presents the resulting load combinations further used in the capacity
control conducted in Chapter 10. General aspects regarding the thesis and the con-
dition of the plates in Elgeseter Bridge are discussed in Chapter 11, and summed
up in a conclusion in Chapter 12.



Chapter 2

Alkali-Silica Reactions

Alkali-silica reaction (ASR) is the chemical reaction between alkalis and silica
from the reactive aggregates. The reaction product is an alkali-silica gel that
swells by water absorption. As a result, pressure develops in the gel and causes
tensile stresses in the surrounding material. The tensile stresses cause cracking in
the concrete and can also lead to further damage in the concrete combined with
other degradation mechanisms such as carbonation and chloride penetration [4].

Tree conditions must be fulfilled to develop ASR:

• Reactive aggregates (SiO2)

• Sufficient availability of alkalis in the cement (Na+, K+) and hydroxide ions
(OH−)

• Moist content with relative humidity (RH) of at least 80-90%

The reaction will not occur if one of these conditions are absent. A higher temper-
ature will increase the rate of the ASR-process [2]. The three necessary conditions
are illustrated in Figure 2.1.

Figure 2.1: Illustration of the three necessary conditions for the ASR-process

3



4 Chapter 2: Alkali-Silica Reactions

(a) Typical map cracking (b) Cracks parallel to the load direction

Figure 2.2: The different types of crack patterns related to ASR [2]

As a result of the relative humidity criteria, outdoor concrete structures such as
bridges and dams are more exposed to ASR. Local variations in relative humidity
and aggregates in the concrete result in expansion differences in the structure. The
expansion may vary within one element or between different structural elements.
Furthermore, the expansion may also vary over the cross-section and therefore,
the measured ASR expansion on the surface of the concrete is just an expression
for the average [5]. The outer layer of the exposed concrete will alternately dry
out and moisten, typically the outer 5-10 cm of the concrete. Every time the con-
crete dries out, water will carry some alkali ions out to the surface. Hence, the
alkali content near the surface will be lower, leading to better conditions for the
ASR to develop a few centimetres within the concrete. Therefore, the combination
of larger expansion within the concrete, leaking of alkali ions on the surface, and
some shrinkage in the concrete can cause cracking on the surface. Cracks occur
when the tensile strength of concrete is exceeded. Furthermore, the cracks can
be filled with water when exposed to rain, leading to favourable conditions for
further ASR expansion.

When the alkali-silica gel absorbs water and swell, the volume of the concrete
will increase and cause a characteristic network of fine cracks joined up in poly-
gonal shapes named "map cracking". This can be seen on the concrete surface,
where the concrete is free to expand. These cracks usually do not get more pro-
found than 25-50 mm of the exposed surface and seldom go beyond 100 mm
in massive structures [6]. The cracking pattern will often reflect the underlying
reinforcement in the concrete. In structural elements where there are longitudinal
compressive stresses in the member, cracks will tend to be parallel to the load
direction [6]. The different types of cracks are illustrated in Figure 2.2.



2.1: Mechanical Properties 5

Portland cement is a commonly used cement in Norway. Cement is an essential
source of acid-soluble contents in concrete. To determine the alkali content in the
concrete, it has become a standard practice to express alkali content in terms of
mass percentage "sodium equivalent", which can be expressed by Equation (2.1).
The constant 0.658 considers that K2O has a more significant molecular weight
than Na2O. In order to minimize deterioration of concrete, the limit regarding
the alkali content in Portland cement has been set to 0.6% Na2Oeq. When the
alkali content is lower than this limit, the concrete is accepted as secure against
deleterious alkali-silica reactions. However, many concrete structures diagnosed
with ASR deterioration were constructed using cement with alkali content up to
1.4% Na2Oeq [7].

%Na2Oequivalent =%Na2O+ 0.658%K2O (2.1)

The Norwegian alkali-reactive aggregates are so-called slowly reactive. Because
of the relatively cold climate in Norway, it usually takes at least 10-15 years
before the cracks due to ASR will develop on the concrete surface. Therefore, a
somewhat usual assumption was that ASR would not be a significant problem in
Norway. The problem was regarded as non-consisting until 1990. However, many
structures have now exceeded fifty years in service life. Because of that, ASR has
become a serious issue and is one of the most severe degradation mechanism for
concrete structures. For structures built today in an environment with high relat-
ive humidity, the problem related to ASR is solved using nonreactive aggregates
or low alkali cement [5].

Other conditions like high curing temperatures, shrinkage, and freeze-thaw cycles,
may give similar cracks as the characteristic ASR map cracking. Therefore, it is im-
portant to identify the cause of the deterioration of the concrete structure with a
site inspection and tests in the laboratory of drilled cored samples. It is essential to
control critical areas such as important locations for structural stability and safety
or areas subjected to unusually severe exposure [6]. Figure 2.3 illustrates differ-
ent types of ASR gel. The presence of a white gel on the surface of the concrete
indicates the presence of ASR. Such deposits on the surface can also be caused by
other degradation mechanisms such as frost action.

2.1 Mechanical Properties

Most of the research related to ASR has been focused on the chemical aspect,
but it has been an increasing focus on the structural consequences regarding ASR
in recent years. Alkali-silica reaction in concrete is a complex phenomenon, and
not many models have been developed describing the structural effects of the
reaction. However, some models to calculate the effect of shrinkage in concrete
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(a) ASR from a laboratory cast concrete
sample

(b) Normal occurrence of ASR gel on struc-
tures

Figure 2.3: Alkali-silica gel in the form of "ASR worms" from a laboratory concrete
sample (a) and "traditional ASR gel" (b) from a drilled concrete core [2]

can also be used to describe the effect of ASR. Nevertheless, the expansion from
ASR is more significant than the volume reduction from shrinkage. ASR also affect
the mechanical properties of concrete. The most important properties affected by
ASR are the tensile strength, compressive strength, and Young’s modulus [5].

The material properties in terms of strength and stiffness depend on the de-
gree and orientation of the micro-cracks in the material and if macro-cracks are
present. The expansion is smaller in the compressive stress direction, resulting
in an anisotropic material behaviour [4]. Several studies have been done on the
mechanical properties affected by ASR in recent years. Barbosa el al. [8] stud-
ied how the degree and orientation of both micro and macro-cracks due to ASR
influenced the compressive strength and modulus of elasticity in drilled cores
from ASR-damaged slab bridges. They found that the compressive strength and
the stiffness were lower in the direction perpendicular to the cracks than in the
direction parallel to the cracks. Giaccio et al. [9] came to the same conclusion
by studying laboratory cast cylinders exposed to accelerated ASR and uniaxial
loading, which means that the compressive strength and stiffness are higher in
the directions where the cracks are oriented in the loading direction. Gautam et
al. [10] confirmed the result that the expansion, cracking, and change in stiffness
were dependent on the stress state by studying cores that were drilled from cubes
exposed to different stress states under accelerated ASR conditions.

It has been shown that the damage due to ASR is hard to evaluate based on
the physical measurements on the surface of the concrete. This is due to the
anisotropic behaviour of ASR. Therefore, mechanical testing and petrographic
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examination on drilled cores from the structure are the most efficient methods
to examine the current state of the structure. One of these tests is the stiffness
damage test (SDT). Sanches et al. [11] used this method by carrying out five
load cycles in compression on cylinders and cores, which consisted of various
compressive strength and different reactive aggregates. Based on the recorded
stresses and strains, the damage parameters could be calculated. Furthermore,
they found that a stress level of 40% of the 28 days compressive strength was
sufficient to determine the damage as a function of the expansion level. As a result
of the test, several parameters such as the modulus of elasticity, stiffness damage
index, plastic damage index and non-linearity index were shown to be a function
of the expansion level [4].

It is well known that concrete has low tensile capacity. According to The Nor-
wegian Public Road Administration (NPRA), the tensile capacity can in some
directions be approximately zero if the expansion exceeds 1 h [5]. When design-
ing structures in ULS it is common practice to insert reinforcement to take all
the tensile forces. However, the shear- and bond strength capacity formulas still
rely on the tensile capacity of the concrete. This is especially the case for the
bond strength in the anchorage areas. It can be quite challenging to get sufficient
capacity in these areas if the concrete does not have any tensile capacity. There-
fore, ASR and expansion in these areas can have significant consequences for the
bearing capacity.

The expansion due to ASR is expected to be largest for unrestrained structures.
For partly or fully restrained structures, the expansion may stop in the current
direction if the compressive stress in the same direction is sufficient high [4].
However, there are disagreements among researchers regarding the necessary
compressive stress to stop the expansion. The modulus of elasticity is dependent
on the direction of expansion relative to the load direction. For the unrestrained
direction, the modulus of elasticity will be quite low until the expansion or the
gel in the pores is compressed. For the restrained direction, on the other hand,
the modulus of elasticity will have a small reduction in the load direction if the
compressive stress is sufficiently large [4].

The compressive strength is less sensitive to the expansion than the tensile ca-
pacity and Young’s modulus. It is suggested that the compressive strength is re-
duced when the expansion exceeds approximately 2-3 h, or if delamination oc-
curs. Therefore the modulus of elasticity and the tensile capacity are considered
to be the most critical parameters due to the effects of ASR [5].





Chapter 3

Elgeseter Bridge

In 1949 the city council of Trondheim decided to build a new bridge crossing
Nidelva as a part of the European route E6 highway. Two years later, in 1951, the
new concrete bridge named Elgeseter Bridge was opened. The bridge connects
Elgeseter street in the south and the city centre of Trondheim in the north [12].
Figure 3.1 shows a picture of the bridge.

Figure 3.1: Elgeseter Bridge seen from the east [12]

The passage from Elgeseter to the city centre has a long history, and several
bridges have stood at the same location as today’s bridge. The first documented
bridge crossing the river at this location is found in 1178, and since then, this has
been one of the main entryways into the city of Trondheim. Different versions
and renewals of the bridge were the only way to get into the city until the great
city fire in 1681. During the reconstruction of the city after the fire, a new bridge
was built further down the river at Bakklandet. The new bridge, named Old Town
Bridge, became the new main entrance to the city, and the bridge at Elgeseter

9



10 Chapter 3: Elgeseter Bridge

then rapidly decayed. It took almost 200 years before a new bridge was built at
Elgeseter. This new wooden bridge, named Kongsgaards bridge, was opened in
1863 as a part of the railway Stoerenbanen. [13]

In 1945, after the war, a great architect competition was held during the planning
of a new bridge at Elgeseter. Among the twenty-seven contesters, the winners
were Aas-Jakobsen and the architects Gundolf Blakstad and Herman Munthe-
Kaas. It was built by engineer F. Selmer AS [14]. Together they made Elgeseter
Bridge as we know it today.

In 2004 Elgeseter Bridge received the award "Betongtavlen" from the Norwegian
Concrete Association. In the jury’s justification, the bridge was described as an
outstanding, future-oriented and beautiful construction. It was also mentioned
that its good technical condition illustrates the properties of concrete as a durable
material. In 2008 the bridge was declared protected by the Norwegian Directorate
for Cultural Heritage. Its design with the slender columns is mentioned to have a
high architectural value [15].

3.1 Geometry and Static System

Elgeseter Bridge is a 200 meters long concrete bridge consisting of 9 spans. The
length of the end-spans is 21.25 m, while the rest of the spans have lengths of 22.5
m. The bridge is 23.4 meters wide and holds four traffic lanes for cars and two
walkways, one on each side. Both walkways have separated lanes for pedestrians
and bikers. Over the two spans at the south end, the pedestrian narrows in favour
of a fifth traffic lane [16].

For simplicity, the bridge is divided into an axis system used throughout the re-
port. The spans and the column rows are independently counted from south to
north, as illustrated in Figure 3.2. Blue numbers count supports and columns,
while numbers in red count spans. In addition, the terms west side and east side
are used to describe the bridge in the transverse direction.

Figure 3.2: Static system

The cross-section of the bridge consists of four equal concrete beams with di-
mensions 800x1430 mm and a centre distance of 5.5 meters. The beams have
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non-tensioned reinforcement and are continuous. The beams and the plates are
monolithically cast as one. The plates have a thickness varying between 150-380
mm. The four beams and the bridge deck make the load-carrying girder of the
bridge. [16]

The girder is supported by 8 column rows. Monolithic connections between the
beams and the columns in axis 2-8 can transfer bending moments between the
two components. Columns in axis 9, on the other hand, have a pinned connec-
tion to the beams, meaning that no moments are transferred. All columns have a
circular cross-section with a diameter of 800 mm. Columns in axis 2 and 9 have a
length of 10 m, while columns in axis 3-8 are 15 m. All columns are fixed in the
bottom by concrete foundations and piles. The piles supporting the columns are
made of timber, while piles at the end supports are made of concrete. [16]

The abutment in axis 1, closest to Elgeseter street in the south, is constructed to
be fixed. This end is therefore considered stiff and can move neither vertically nor
horizontally. Beams are also constrained from rotating about their axis. In axis 10,
on the other hand, the abutment is constructed as a roller with an expansion joint.
It can therefore move horizontally in the longitudinal direction of the bridge. [16]

3.2 Alkali-Silica Reactions in Elgeseter Bridge

Elgeseter Bridge has shown signs of expansion in both the columns, the beams
and the bridge deck. In 1985, an inspection revealed that the bridge had experi-
enced an elongation of approximately 10 cm and that the expansion joint in axis
10 consequently was about to close [16]. Due to these observations, both the
expansion joint and the abutment was renewed the same year. In 1990 three core
samples of the concrete showed that harmful alkali-silica reactions had occurred
in the bridge. One year later, in 1991, vertical cracks in some of the columns were
discovered during an inspection. ASR was assumed to be the cause, and new core
samples revealed signs of the damaging reaction in all parts of the bridge, except
the inner beams [16].

In 1995, the expansion joint needed to be renewed for the second time due to
large expansions. From this time, more frequent inspections were performed to
monitor the expansions of the bridge closely. During an inspection in 2000, it was
measured that the bridge had expanded by 20 mm during the eight last years.
In 2004 the expansion joint and the end support needed to be renewed again,
for the third time. An inspection in 2013 showed an elongation of 10 mm since
the mounting in 2004 [16]. However, the different elongations measured since
1951 have several uncertainties. Uncertainties are, e.g. the temperature during
inspections and possible movements in the abutment.
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In 2013 Aas-Jakobsen made a report after a special inspection of Elgeseter Bridge
[16], written on behalf of The Norwegian Public Roads Administration. Data from
earlier inspections were put together and summarized in charts. Figure 3.3a shows
how the elongation has developed from 1951 to 2001. Points 1-4 are located along
the end of the bridge in the expansion joint. The blue line represents the estim-
ated elongation. From this chart, the bridge has extended by 140-180 mm during
50 years. This is equivalent to an average of 3.2 mm per year. The chart in Fig-
ure 3.3b shows the horizontal displacements of the column tops relative to their
foundations, measured in 1991. Dark blue dots indicate measured values, while
the other lines show linear estimates. It is seen that the displacement propagates
through the bridge from the fixed end in axis 1 to the free end in axis 10. This
chart gives an average elongation of 2.5 mm per year.

(a)

Elongation of the bridge measured in
the expansion joint in axis 10

(b)

Displacements in column axes
measured in 1991

Figure 3.3: Expansion charts from Aas-Jakobsen’s report in 2013 [16]

Elongation based on the measured displacements of the column tops may be
the most accurate of the two. Measurements conducted in the end support in
axis 10 depend on possible movements in the abutment, which can be a source
of error. Temperature expansion is accounted for in both charts by knowing the
temperature during the measurements. However, some uncertainties regarding
temperature expansion are present.

In 2020 Aas-Jakobsen made another report regarding ASR in Elgeseter Bridge
[17]. This report refers to a chart made by Trondheim county council, reproduced
in Figure 3.4. The chart summarizes the longitudinal expansion based on meas-
urements from all previous inspections and expected further development. The
expansion seems to decrease as time goes on, flattening out to a total expansion
of 200 mm. An expansion of 200 mm in the 200 m long bridge is equivalent to a
strain of 1‰.
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Figure 3.4: Chart illustrating measured and predicted longitudinal elongation,
made by Trondheim county council [17]

Upper parts of the bridge are assumed to expand more than lower parts because
of higher access to humidity. The picture in Figure 3.5, taken by Aas-Jakobsen in
2012, also shows clear signs of higher humidity in the outer parts of the bridge
compared to the inner [16]. The pattern continued along the whole length of the
bridge and was equal on both sides. The membrane, which was supposed to pro-
tect the concrete from water, was probably damaged in 1985 when the pavements
on both sides of the bridge were extended. Due to the damaged membrane, water
penetrated the concrete in the outer parts and consequently increased the ASR.
The membrane was repaired in 2014 [18]. NPRA has assumed the varying expan-
sions of the bridge, based on results from core samples, measured elongations and
other observations regarding Elgeseter Bridge [19]. The resulting strain distribu-
tion represents a case where upper and outer parts expand the most. This will be
further discussed in Section 6.4.2.

Figure 3.5: Moist concrete in plate between inner and outer beams [16]
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3.2.1 Status of Columns

Since 1990 the columns of Elgeseter Bridge have shown signs of extensive cracks
due to alkali-silica reactions. The most exposed columns are the ones located in
the middle of the river, and the ones on the western side of the bridge [18]. The
observed differences in the number of cracks are related to the water content at
the surface of the columns. Columns standing in the river and generally on the
western side are more exposed to cracking. This is due to higher exposure to water
from the river, rainwater and sunlight. The importance of water content can also
be seen by comparing the western and eastern side of the columns. Expansions
in columns are quantified by calculating the Surface Crack Index (SCI). SCI is
calculated by Equation (3.1) [18]:

SC I =
Σcw

l
(3.1)

where Σcw [mm] is the sum of the crack widths and l [m] is the length of the
considered measuring line. During an inspection conducted by NPRA in 2014, the
SCI was calculated separately for the western and eastern side of three columns
in axis 4 [18]. The results are illustrated in Figure 3.6, and clearly show that the
western side is more exposed than the eastern side (4A: 5.4 vs. 0.8 ‰, 4B: 2.4
vs. 1.0 ‰, 4D: 2.0 vs. 1.2 ‰). Figure 3.7 shows a 7 mm wide vertical crack in
column 3A (west).

Figure 3.6: SCI compared for west
and east side [18]

Figure 3.7: 7 mm crack width in
column 3A [18]

Since the ASR monitoring started in 1990, several minor and more significant re-
pairs have been made. In 1998 three crack-exposed columns were surface treated.
Measurements 5 years later showed that some of the treated areas had a relative
humidity below the ASR limit of 80%, which is desired [16]. In 2003 it was de-
cided to correct the skew that had occurred in the columns due to the elongation
of the bridge deck. In axis 7 and 8, the columns were corrected by cutting the
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connection to the bridge and re-casting them in a straight position. Columns in
axis 9 were corrected by moving the pinned connections [16]. Figure 3.8 shows a
connection between a column and a beam in axis 9 after the repair. The column
top was moved approximately 150 mm relative to the beam [18].

In 2003 two of the columns were used in an experiment using Carbon Fiber-
Reinforcement (CFRP) to stop the ASR expansion, as shown in Figure 3.9. A report
made in 2015 by NPRA concluded that even though the CFRP had reduced the
crack growth, there was no need for CFRP on the columns [14]. The transverse ex-
pansions of the columns were too low for the CFRP to generate sufficiently large
compressive forces to prevent further ASR expansions. The recommendation in
the report was to keep monitoring the columns and take action if necessary. Ca-
pacity controls of the columns are not included in this task.

Figure 3.8: Column top in axis 9
after correction [18]

Figure 3.9: CFRP on columns A and
B in axis 2 [18]

3.2.2 Status of Bridge Deck

ASR was confirmed in the bridge deck from core samples in 1991 [16]. However,
no typical ASR crack patterns were observed from underneath the bridge. Dur-
ing rehabilitation work of the bridge deck in 2014, clear signs of ASR damages
and delaminations were observed in the concrete under the asphalt layer. Areas
exposed to delamination were chiselled and replaced by new and non-reactive
concrete. The delaminations of the top of the bridge deck were probably caused
by a combination of ASR and frost deterioration, which both have a positive cor-
relation with the content of moisture in the concrete. [18]
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Figure 3.10:
Locations of large vertical cracks in beams illustrated in the static system

3.2.3 Status of Beams

An inspection in 2011 revealed wide cracks in the beams of Elgeseter Bridge [16].
These observations created concerns regarding the capacity of the superstructure
and were the reason for Aas-Jakobsen’s special report in 2013. During a new
inspection, which took place in 2012, vertical cracks up to 6 mm were found in
the inner beams, approximately 4.5 m from the columns several places along the
bridge. The most prominent cracks in the western inner beam were located in
span 3 close to axis 4, and in span 4 close to axis 5. The most significant cracks
in the eastern inner beam were located in span 6 close to axis 7 and in span 8
close to axis 8. Locations of these cracks are illustrated in Figure 3.10. The large
cracks were reported to be located alone and to be continuous through the whole
cross-section of the beams. Two of the cracks are illustrated in Figure 3.11.

The location of the large cracks corresponds to the points of zero bending mo-
ment, approximately 4.5 m from supports. Cross-sections are here designed with
small amounts of reinforcement, as the bending moment due to the self-weight
here is zero. According to Aas-Jakobsen, only 3Ø32 is used as bottom reinforce-
ment in some of these beam sections. For comparison, 20Ø32 are used in the
midspans [16]. Expansions due to ASR moves the point of zero bending moment,
and cross-sections designed with small amounts of reinforcement suddenly exper-
ience a considerable bending moment. The varying degree of ASR has generated
compressive forces in outer beams and tensile forces in inner beams. The combin-
ation of low amount of reinforcement, the change in moment diagram and the
additional tensile forces from ASR, might have caused a significant strain in the
inner beams. The mechanical effects from ASR are explained in Chapter 6.

In 2014 some of the beams were reinforced with CFRP to try and stop the propaga-
tion of cracks. Different types of fibre reinforcement were used to increase both
the bending capacity and the shear capacity. Since the CFRP is dependant on fur-
ther expansion to contribute to the capacity, the effects are considered negligible.
It is assumed that the ASR-expansions since 2014 and the mounted CFRP, not yet
have affected each other. The capacity of beams have been thoroughly evaluated
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Figure 3.11: Cracks in points of zero bending moment [16]

in reports by Aas-Jakobsen [17], and master’s thesis by K. Stemland and K. Nord-
haug [20], and by E. Christensen and S. Sande [21], and are therefore not further
considered in this thesis.

3.2.4 ASR in Elgeseter Bridge in the Future

Elgeseter Bridge was designed to have a service life of 100 years and should
therefore be able to stand for at least 30 more years. In 2019 the total elongation
of Elgeseter Bridge was reported to be 180 mm, according to a report from NPRA
[19]. A further expansion of the bridge can lead to crack growth, which can have
fatal consequences for the capacity of the structure. Larger cracks lead to higher
water intrusion in the concrete, increasing the risk of damage due to frost and
corrosion on the reinforcement.

Researchers have so far not managed to determine whether alkali-silica reactions
decay with time or not. As earlier mentioned, the ASR expansion may stop in re-
strained systems exposed to sufficiently large compressive stresses. Nevertheless,
as long as all three components, silica, alkalis and water, illustrated in the triangle
in Figure 2.1, are present, ASR-expansions must be assumed to continue [19].

However, the measured and predicted elongation of Elgeseter Bridge, illustrated
in Figure 3.4, shows a clear reduction in expansion during the last years. Based on
this chart, Aas-Jakobsen and Trondheim county council agreed that Aas-Jakobsen
could use 200 mm as a total elongation in their calculation report in 2020 [17].
The same total elongation is used in this report.





Chapter 4

Guidelines and Materials

A well-established set of rules is necessary to ensure sufficient security and docu-
mentation in the building industry. In this chapter, the basis for the dimensioning
is introduced. This includes relevant guidelines and material parameters.

4.1 Standards

The Eurocodes obtain a common understanding of security, documentation and
rules regarding the construction of buildings [22]. The Eurocodes are standards
describing structural design rules that are common for all European countries.
Originally, these standards were tools to make it easier to cooperate across na-
tional borders and increase the overall security of buildings. The Eurocodes are
not mandatory in all European countries, but many nations worldwide are using
them. In Norway, the Eurocode has replaced the old National standards. Supple-
mentary to the Eurocodes, each country has National Annexes (NA), which open
for own rules and adjustments to the Eurocodes.

When Elgeseter Bridge was designed and built in 1951, the current guideline for
reinforced concrete was NS 427, published in 1939. In 1973 a new guideline, NS
3473, was published. Through the following years, NS 3473 was updated and
republished several times before it in 2010 was withdrawn and replaced by the
Eurocodes.

When performing a bridge classification, it is common practice to use the version
of NS 3473 used during the bridge design. The classification should therefore be
conducted applying the first edition of NS 3473. Despite this, both Aas-Jakobsen’s
calculation report from 2020 [17] and K. Nordhaug and K. Stemland’s master’s
thesis [20] have used the newest edition from 2003, NS 3473:2003 [23]. There-
fore, in agreement with supervisor T. Kanstad, it is decided to do the same in this
report. In addition, the current Eurocodes will be used as a supplementary.

19
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Standards used in this report:

• NS 3473:2003, Concrete structures - Design and detailing rules [23]
• NS-EN 1991-1-1:2002, Eurocode 1: Actions on structures [24]
• NS-EN 1992-1-1:2004, Eurocode 2: Design of concrete structures [25]
• NS-EN 1995-1-5:2003, Eurocode 1: General actions - Thermal actions [26]

4.2 Handbooks

Handbooks from NPRA are guidelines containing both rules and guidance regard-
ing the design of public roads. Handbook N400: Bruprosjektering covers the design
of bridges and other load-bearing structures in the road network [27]. Handbook
N400 applies to the whole service life of the structure. To assess the capacity of
existing bridges Handbook R412: Bruklassifisering is used [28]. The term ’Bridge
classification’ means determining the maximum traffic load the bridge can resist,
considering its drawings, material properties, earlier calculations and current
condition.

Handbooks used in this report:

• N400 - Bruprosjektering [27]
• R412 - Bruklassifisering [28]

4.3 Material Properties

4.3.1 Concrete

Table 4.2-2 in Handbook R412 is used to determine the concrete strength in
old bridges, depending on their year of construction [28]. The table relates the
different concrete strengths in standards used through time in bridge design.
According to the table, the concrete in bridges made after 1945 are characterized
as class A in NS427, whereas in NS3473, it is characterized as C25. Handbook
R412 specifies that a higher concrete strength than C25 can only be used if this
is stated in the drawings of the structure. H. Johansen, on behalf of NPRA, has
stated that C25 should be used in bridge classification of Elgeseter Bridge [19].
In NS 3473 [23], C25 means a characteristic cubic strength fck = 25M Pa and a
structural strength fcn = 16.8M Pa of the concrete.

The design compressive strength, fcd , and the design tensile strength, ftd , are
found by Equation (4.1). γc = 1.40 according to table 4 in NS 3473. Several other
properties of the concrete are given in table 5 in NS 3473. Some of these, together
with calculated design values, are summed up in Table 4.1.

fcd/td =
fcn/tn

γc
(4.1)
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In 2014, core samples were drilled out from Elgeseter Bridge and tested in a lab
by SINTEF [29]. 6 samples were tested in a compression testing machine to ex-
amine the compressive strength of the concrete. The results gave a mean value
of 36.8 MPa, with a standard deviation of 9.1 MPa. The characteristic cylindrical
compression strength, fcck j , is calculated to be 21.3 MPa using Equation (4.2),
from section 16.5.1 in NS 3473 [23]:

Rk = Rm −w · s (4.2)

where Rk is the characteristic value of interest, Rm is the mean value, s is the
standard deviation, and w is a constant from table 14 in NS 3473, found to be 1.7.
Further on, section 11.1.2 in NS 3473 describes how to calculate the equivalent
characteristic cylindrical compression strength, fcck, from the above calculated
fcck j . Equation (4.3) result in fcck = 21.6M Pa, which is just above the compressive
strength of the chosen C25 concrete. It is therefore reasonable to use C25 when
considering the tests.

fcck = 1.2 · fcck j − 4M Pa (4.3)

However, it is observed a relatively high standard deviation in the test results.
From the mean value to the characteristic value, the compressive strength is re-
duced by 40% according to Equation (4.2). Therefore, the actual strength can in
some places be as low as 60% of the mean value. This reduction is almost twice
as large as in similar general tests. The variation in compressive strength might
be explained by the ASR effects.

The short term Young’s modulus is given in section 9.3.2 in NS 3473, here repro-
duced by Equation (4.4):

Ec = kE · ( fcc)
0.3 (4.4)

fcc is the cylindrical compression strength and kE = 9500(N/mm2)0.7. The long-
term Young’s modulus is calculated by Equation (4.5):

Ec,long =
Ec,shor t

1+ϕ
(4.5)

where ϕ is the creep number. Due to the uncertainties regarding the determ-
ination of the creep number, it is decided to use a long-term Young’s modulus
Ec,long = 10000M Pa. This value is also chosen by NPRA in their report regarding
the conditions for the classification of Elgeseter Bridge [19]. This is equivalent to
a creep number of ϕ = 1.33. Table 4.1 shows the material parameters for the C25
concrete used in the bridge deck and the beams.
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Table 4.1: Material parameters concrete C25

Property Sign Value
Characteristic compressive cubic strength fck 25 MPa
Characteristic compressive cylinder strength fcck 20 MPa
Characteristic structural compressive strength fcn 16.8 MPa
Characteristic tensile strength ftk 2.35 MPa
Characteristic structural tensile strength ftn 1.40 MPa
Yield strain εco 2‰
Ultimate strain εcu 3.5‰
Material factor γc 1.4
Design compressive strength fcd 12 MPa
Design tensile strength ftd 1 MPa
Young’s modulus short-time Ec 23300 MPa
Young’s modulus long-time Ec,long 10000 MPa
Poisson’s ratio υ 0.2
Thermal expansion coefficient α 10−5 C−1

4.3.2 Reinforcement

Elgeseter Bridge was designed using smooth steel bars with steel strengths St.
52 and St. 37. Lyse and Wiig illustrate work diagrams for the two steel types in
their book "Betong - uarmert og armert" from 1957 [30], here shown as Figure
4.1. According to the diagram, the yield stresses for St. 37 and St. 52 are set to
230 MPa and 340 MPa, respectively. The yield stress for St. 37 is verified by table
4.2-3 in R412 [28]. Design values for the yield stresses are calculated as shown
in Equation (4.6). The material factor γs is found in table 4.2-1 in R412, and set
to be 1.25 in ULS.

fsd =
fsk

γs
(4.6)

Worth noticing is also the failure strain of the materials, εsu. According to the
diagram, St. 37 have a failure strain of 13‰ while St. 52 has a failure strain
of 10‰. The Young’s modulus in the steel is set to Es = 200000 MPa. Equation
(4.7) gives an yield strain, εs y , of 1.15h for St. 37 and 1.7‰ for St. 52. Table
4.2 summaries the material properties for the reinforcement. Because the main
longitudinal reinforcement and the transverse reinforcement are made of St. 52,
this quality is used for all the reinforcement.

εs y =
fsd

Esd
(4.7)
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Figure 4.1: Work diagram for steel strengths [30]

Table 4.2: Material parameters St. 37 and St. 52

Property Sign St. 37 St. 52
Yield stress fsk 230 MPa 340 MPa
Material factor γs 1.25 1.25
Design yield stress fsd 184 MPa 272 MPa
Young’s modulus Es 200000 MPa 200000 MPa
Design Young’s modulus Esd 160000 MPa 160000 MPa
Failure strain εsu ∼10‰ ∼10‰
Yield strain εs y 1.15‰ 1.7‰

4.4 Cover

Different exposure classes are treated in section 15.2 in NS 3473 [23]. Since Elge-
seter Bridge is exposed to splashes from the road containing chlorides, exposure
class XD3 is chosen.

According to section 17.1.8 in NS 3473, the minimum cover needed for exposure
class XD3 is 50 mm. It is here taken into account that Elgeseter Bridge has a
service life of 100 years. Furthermore, the reinforcement is assumed not to be
particularly sensitive to corrosion. A cover of 50 mm is chosen for the reinforce-
ment in the beams.

The drawings of Elgeseter Bridge do not include any information regarding the
cover in the plates, and consequently some uncertainties are related to this dis-
tance. Aas-Jakobsen has set the cover to 15 mm for the transverse reinforcement
in their report from 2020 [17]. However, pictures of core samples from the bridge
deck, presented by co-supervisor K. Stemland, indicate that the cover is at least
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30 mm [31]. A cover equal to 33 mm was chosen in K. Stemland and K. Nord-
haug’s master’s thesis, after scaling and measuring the drawings in Autocad [20].
After consultation with supervisors T. Kanstad and K. Stemland, it is decided to
proceed with a cover of 33 mm for the transverse reinforcement in the plate.
This corresponds to a cover of 49 mm for the longitudinal reinforcement, as the
diameter of the transverse rebars is 16 mm. Choosing a cover of 33 mm instead
of 15 mm is considered a conservative assumption because it reduces the height
of the effective cross-section.



Chapter 5

Loads and Load Combinations

According to Handbook N400 [27], loads are categorized based on their duration
in time. The four main categories are permanent loads, variable loads, deforma-
tion loads and accidental loads. This chapter explains how the different loads are
included in the dimensioning of the bridge and how they are combined to determ-
ine the critical load cases. The resulting forces from the different loads in critical
sections are presented in Chapter 9.

5.1 Permanent Loads

Permanent loads include the self-weight of the structure and permanent equip-
ment, water pressure and soil pressure [27]. Only the permanent loads due to
self-weight and super-self-weight are included in this thesis.

5.1.1 Self-weight

The self-weight of Elgeseter Bridge includes the bridge deck, the beams and the
edge beams. The density of normal-reinforced concrete is 25 kN/m3 [28]. Table
5.1 shows the pressure loads for elements in Figure 5.1. Loads are found by mul-
tiplying the thickness of the concrete layer with the density of concrete.

Self-weight from the edge beams are applied as line loads at the edge of element
1. The area of one edge beam is estimated to 0.235m2, which gives a load equal
to:

ged ge_beam = 0,235m2 · 25kN/m3 = 5, 86kN/m

25
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Figure 5.1: Cross-section of Elgeseter Bridge [mm]

Table 5.1: Elementwise self-weight

Element number Thickness [mm] Pressure load [kN/m2]
1 158 3.95
2 194 4.85
3 228 5.70
4 1673 41.82
5 254 6.34
6 265 6.61
7 275 6.87
8 282 7.05
9 286 7.16
10 291 7.27
11 1725 43.13
12 369 9.24
13 374 9.34
14 378 9.45

5.1.2 Super-self-weight

The super-self-weight consists of the different layers in the bicycle- and pedes-
trian lanes, the wearing course and the railings. During the evaluation of Elgeseter
Bridge conducted by Aas-Jakobsen in 2012, the wearing course was found to be
almost 35 cm in the middle of the bridge, which results in a large additional load
[16]. Consequently, the wearing course was removed and replaced by a new and
thinner one in 2014. The new wearing course consists of a 12 mm membrane, a
25 mm adherent layer and a 40 mm thick asphalt layer. Original drawings show-
ing the current wearing course are shown in Appendix A.
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Thicknesses of different layers are included in the cross-section illustrated in
Figure 5.1. The pressure loads applied on each element due to the super-self-
weight are calculated by multiplying the densities, given in Table 5.2, with the
height of the corresponding layer. Table 5.3 illustrates the calculated loads for
each element. Handbook N400, section 5.2.2.2, states that bridges with a span
length less than 50 m should be dimensioned with a minimum wearing course
load of 3.5 kN/m2. This requirement is satisfied as the average super-self-weight
is calculated to be larger than 3.5 kN/m2. The loads from the steel railings are
implemented as line loads at the end of element 1, with a magnitude of 0.5 kN/m
[28].

Table 5.2: Densities super-self-weight

Layer Density [kN/m3]
Membrane 25
Adherent layer 25
Asphalt layer 25
Slope material 25
Concrete slab 25
Cast leca 20

Table 5.3: Elementwise super-self-weight

Element number Pressure load [kN/m2]
1 9.53
2 8.93
3 9.90
4 6.43
5 5.83
6 3.35
7 2.13
8 2.37
9 2.63

10 2.89
11 3.15
12 3.41
13 3.68
14 3.93
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5.2 Variable Loads

Variable loads are loads that vary in time and appear in periods. Variable loads in-
clude traffic loads, shock and anchoring loads from ferries, nature loads, and other
short term loads. Other short term loads can e.g. be self-weight from equipment
used during construction of the bridge or from components temporary placed on
the bridge. [27]

Nature loads concern loads that originate from natural conditions like snow, wind
and temperature. According to Handbook N400 [27], the snow load should not be
considered to act simultaneously as the traffic load. It is assumed that a ploughed
and snow-free road is needed for cars to drive on the bridge. Snow loads are
therefore neglected in this thesis.

In agreement with supervisor T. Kanstad, it is decided that only the traffic load
and the temperature load are relevant among the variable loads for this thesis, as
the main focus is to evaluate the capacity of the plate between the beams. Wind
loads and other minor variable loads are assumed to have minimal impact on the
plates and are therefore neglected.

5.2.1 Traffic Load

Handbook R412 [28] defines how traffic load should be applied in existing
bridges. Traffic load is defined as the vertical and horizontal loads from vehicles,
cyclists and pedestrians on driving lanes, hard shoulders, bicycle lanes and side-
walks.

Bridges are assigned a bridge class (Bk), reflecting the traffic load allowed to pass
the bridge without restrictions. The classification should correspond to the highest
bridge class permitted based on the capacity of the weakest element. The capacity
control is conducted using the partial factor method, which implies controlling
that the dimensioning loads do not exceed the resisting capacity. Elgeseter Bridge
is classified as a Bk 10/50 bridge [17].

Vertical loads:
Six load cases are listed to represent the different vehicles on a bridge. Figure
5.2, from Handbook R412 [28], shows the relationship between the load models
and the bridge classes. The load models are applied in order to generate the most
unfavourable load contributions. Handbook R412 gives rules for how the loads
should be applied both in the longitudinal and the transverse direction. All traffic
load cases should be considered separately to obtain the dimensioning load cases
for the considered section. Dynamic effects are included in the load cases.

The magnitude of the loads representing the different vehicles are found in Figure
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5.2, reproduced from R412 [28]. A is the axle load, V is the total weight, p is
the additional lorry load, and H is the wheel load. The figure also depicts rules
regarding how the loads should be applied in the longitudinal direction of the
bridge.

Figure 5.2: Load cases and bridge classes [28]

Figure 5.3, also reproduced from R412 [28], illustrates the widths of the load
fields in the transverse direction. The left-hand figure shows a typical heavy
vehicle axle with a total width of T = 3.0 meters. The right-hand figure shows
the width of an additional evenly distributed load applied in traffic lanes without
heavy traffic. This load has a width of t = 2.0 meters and a magnitude of 6kN/m.
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Traffic loads should be placed unfavourable both in the transverse direction,
within the carriageway, and in the longitudinal direction. The carriageway is the
total width of where vehicles physically are allowed to drive. For Elgeseter Bridge,
this is defined as the distance between the curbs on each side, measured to be 13
m.

Figure 5.3: Width of load fields [28]

According to Handbook R412 [28], the decisive load case for small bridges and
secondary constructions is typically obtained by axle loads, bogie loads or triple
bogies. For the superstructure, often the vehicle or the lorry load is the decisive
situation. The plate between the beams, which is the main focus of this thesis, can
be considered a secondary construction. The bearing of the plate can be compared
to a one-way slab supported by two beams. Simple tests have been performed in
Abaqus, proving that the bogie loads are more unfavourable for the plate than the
vehicle and the lorry load. Therefore, in agreement with supervisors T. Kanstad
and H. Johansen, it is decided only to consider the axle load and the two bogie
loads. Furthermore, it is observed that Aas-Jakobsen, in their report from 2020
[17], found the bogie loads to be critical for the plate during their capacity control
in the transverse direction.

Traffic load can be applied in a maximum of two lanes simultaneously [28]. The
dimensioning traffic load cases are found by testing in Abaqus, using the men-
tioned rules and guidelines. The modelling is discussed in more detail in Section
7.4.2.

How the pedestrian- and bicycle-lane should be loaded depends on how it is
separated from the carriageway, its width and whether or not the traffic lanes are
loaded. Section 3.2.5.2 in R412 [28] specifies the loads to apply when the ped-
estrian lane and the carriageway are separated with curbs, which is the case for
Elgeseter Bridge. An evenly distributed load of 2kN/m2 should be applied on the
pedestrian lane if traffic loads are included. If no traffic load is applied, the evenly
distributed load should be 4kN/m2. It is assumed that the evenly distributed load
has a minimal impact on the inner plates as it acts on both sides of the beams and
the low intensity. The pedestrian load is therefore neglected.
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Horizontal loads:
Horizontal forces occur as vehicles accelerate, both by braking and by increasing
the speed. Handbook R412 [28] separates horizontal loads into braking load,
transverse load and centrifugal load. None of these loads can appear without the
vertical loads.

The braking load originate from the braking of a vehicle and depends on the
length of the bridge. According to R412 [28], a breaking load equal to 300 kN
should be applied, as the bridge length is larger than 40 m. The transverse load
accounts for skew or unsymmetrical braking and has a magnitude of 25% of the
braking load. However, it is decided to neglect both the braking load and the
transverse load. Elgeseter Bridge is located close to the city centre with traffic
lights close to both ends. Vehicles will be forced to drive at a relatively low speed,
which leads to a low braking load. In addition, braking loads will primarily affect
the dimensioning of the columns supporting the bridge in the horizontal direc-
tion. Horizontal forces are assumed to be absorbed by the abutment in the south
end.

The centrifugal load appears in bridges built with a horizontal curvature, as
vehicles need a lateral acceleration to turn. This acceleration of the vehicle is ob-
tained through a centripetal force acting towards the centre of the turning radius.
The counterforce pushes the bridge deck in the opposite direction, generating
a horizontal load in the transverse direction. Handbook R412 [28] states that
the centrifugal force only appears if the turning radius R<1500 meters. Because
Elgeseter Bridge is a straight bridge, which means R ≈ ∞ the centrifugal load
will not be an issue. None of the horizontal traffic loads are therefore included in
this thesis.

5.2.2 Temperature Load

The volume of concrete varies due to different temperatures. An increased tem-
perature leads to expansion of the concrete, while a reduction in temperature
leads to a volume reduction of the concrete. The combination of the change
in volume and a static indeterminate system generates restraining forces in the
structure. Boundary conditions prevent the structure from expanding. Eurocode
1: NS-EN 1991-1-5 [26], hereby referred to as EC1-1-5, states how temperature
changes should be included. The thermal load impact is determined from two
contributions; an evenly distributed temperature field and a vertically varying
temperature.

The evenly distributed temperature fields originate from the variation in temper-
ature during a year. Temperature differences between summer and winter cause
a uniform and equal volume change through the whole bridge. A uniform shrink-
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age counteracts the elongation from ASR and reduces the bending moments in
the beams. Consequently, it has a beneficial contribution and can therefore be
conservatively neglected. A temperature-caused elongation, on the other hand,
has an unfavourable contribution. The column tops will follow as the super-
structure elongates and transfer bending moments to the beams through their
rigid connections. However, the columns are flexible compared to the greater
and stiffer beams. The transferred bending moments from the columns are there-
fore considered to be marginal, and it seems like a reasonable simplification to
neglect them. Low column stiffness also provides small restraint axial forces in
the superstructure. It is even disputed whether or not it is correct to include the
temperature loads together with ASR. This is further discussed in Chapter 11.
Evenly distributed temperature loads are neglected in this study.

Vertically varying temperature loads include the diurnal variation. Short term
temperature variations between day and night give a linearly, alternatively non-
linearly, varying temperature field through the cross-section. The actual temper-
ature gradients can vary in all directions, giving curvatures and bending moments
in several ways. However, according to EC1-1-5 [26], it is common only to con-
sider a vertical variation. Horizontal variation appears if one side of the bridge is
more prone to e.g. sunlight than the other. The non-linear temperature variation,
which opens for extreme cooling or heating cases, is neglected in this study. This
simplification seems reasonable considering the temperate and stable climate in
Trondheim. Thus, only the linear vertically varying temperature field, described
as Method 1 in EC1-1-5, is considered in this thesis.

Vertically varying temperatures:
Variation of temperature is included through two temperature gradients,∆TM ,heat,0
and ∆TM ,cool,0. The gradients are given in table NA.6.1 in EC1-1-5 [26], and rep-
resent the cases where the upper bridge deck is heated and cooled, respectively.
Elgeseter Bridge is classified as a type 3 bridge because of its composition of
concrete beams. The gradients are then found to be:

∆TM ,heat,0 = 15◦C

∆TM ,cool,0 = 8◦C

These temperature gradients apply for bridges with a 50 mm thick asphalt layer.
From Figure 5.1, the total thickness of the wearing layer in Elgeseter Bridge, in-
cluding the asphalt layer, the adherent layer and the membrane, is set to be 77
mm. A reduction factor ksur , found in table NA.6.2 in EC1-1-5 [26], accounts for
the different asphalt layer thickness. ksur is found by interpolating between val-
ues given for thicknesses of 50 mm and 100 mm, and are found to be 0.838 for
∆TM ,heat,0 and 1.0 for ∆TM ,cool,0. The resulting gradients are calculated to be:

∆TM ,heat = ksur,heat ·∆TM ,heat,0 = 12.6◦C
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∆TM ,cool = ksur,cool ·∆TM ,cool,0 = 8◦C

The uniform and the vertically varying temperature loads are usually combined
through eight equations given in section 6.1.5 in EC1-1-5 [26]. Because the uni-
formly distributed temperature load is neglected, only the two cases where the
bridge deck is either heated or cooled become relevant. The two load factors re-
ducing the temperature loads, ωN and ωM , are not included since only one case
occurs at a time.

5.3 Deformation Loads

According to N400 [27], deformation loads are related to applied deformations
or the structure’s material properties. These loads include prestressing forces,
shrinkage, creep, relaxation, settlements and deformations from loads applied to
the structure. Only creep and shrinkage are relevant in this study since Elgeseter
Bridge is a non-prestressed bridge.

5.3.1 Creep

Concrete exposed to compression over a long period of time will continue to be
compressed beyond the instantaneous contraction occurring when the load is ap-
plied [1]. This phenomenon is called creep. The creep strain is dependent on the
size of the load in addition to the load duration. According to NS3473 [23] section
9.3.2, the creep strain is assumed to be proportional to the concrete stress and can
be expressed by the following equation:

εcc = ϕ · εc = ϕ ·
σc

Eck
(5.1)

where ϕ is the creep number, σc is the stress in the concrete due to long-term
load and Eck is the short-term Young’s modulus.

As mentioned in Section 4.3.1, a long-term Young’s modulus equal to 10000 MPa
is used in this thesis, which corresponds to ϕ = 1.33. The effects of creep are ac-
counted for by using the long-term Young’s modulus for long-term loads consisting
of the self-weight and the ASR load.

5.3.2 Shrinkage

Shrinkage is a result of dehydration of the concrete. In contrast to the creep
strain, the strain due to shrinkage is independent of the magnitude and duration
of the load. The total shrinkage strain consists of two contributions, dehydration
shrinkage and autogenous shrinkage [1].
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The dehydration shrinkage develops slowly and is a function of moisture in the
hardened concrete. In comparison, the autogenous shrinkage is a linear function
of the concrete strength. Consequently, most autogenous shrinkage develops in
an early stage after casting [1].

Elgeseter Bridge is located in a moist environment. Hence, the dehydration shrink-
age is not calculated in this thesis. Furthermore, the strain due to shrinkage will
have the opposite effect as the ASR strains. Because the shrinkage will reduce
the ASR effects, it is considered conservative to not include the shrinkage in the
calculations.

5.4 Accidental Loads

Accidental loads occur due to incorrect operation, accidents, or abnormal events.
The latter includes impact loads from vehicles, ships or rail traffic, loads from
falling objects, fire with the following explosion, explosion with the subsequent
fire, and loads caused by avalanche and flood. [27]

Occurrence and consequences due to accidental loads can be related to a given
risk level. Accidental loads can be excluded from the analysis as long as the prob-
ability of events is below 10−4 each year [27].

5.5 Load Combinations ULS

Load combinations for existing bridges are treated in Handbook R412 [28] ap-
pendix 1, section 3.3. A minimum requirement when performing bridge classific-
ation is a capacity control in the ultimate limit state (ULS). Two different load
combination sets should be controlled with load factors described in Table 5.4.
Dimensioning forces are found for each section in the bridge by combining the
characteristic loads with the current load factors.

Table 5.4: Load factors for ULS according to Handbook R412 [28]

Combination Permanent loads, P Deformation loads, D Variable loads, Q
a 1.15 γd γ1 ·Q1

b 1.0 1.0 γ2 ·Q1 + 0.8 ·
∑

Qn
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where:

γ1 = 1.4 Traffic in one lane
= 1.3 Traffic in two lanes
= 1.0 Temperature load
= 1.6 Other variable loads

γ2 = 1.2 Traffic load
= 0.8 Temperature load
= 1.3 Other variable loads

γd = 1.0

Q1 = Characteristic value for the most unfavorable variable load considered
Qn = Characteristic value for other unfavorable variable loads

Only the ULS will be controlled in this thesis. The ASR load will have a load factor
equal to 1.0 for both load combinations. The load combination factors for ULS are
shown in Table 5.5.

Table 5.5: Load combination factors in ULS

Combination G ASR TR TE
ULSa-TR 1.15 1.0 1.3* 0
ULSa-TE 1.15 1.0 0 1.0
ULSb-TR 1.0 1.0 1.2 0.8
ULSb-TE 1.0 1.0 0.8 0.8

* 1.4 if traffic in only one lane.

where the symbols represent the following:

G Self-weight
ASR ASR load
TR Traffic load
TE Temperature load



Chapter 6

Loads from Alkali-Silica
Reactions

The concrete expansion due to ASR is considered a long-term effect and will lead
to forces in the structure in addition to other forces such as permanent loads,
traffic loads and live loads. The forces caused by ASR can be of significant size,
and it can take many years for the forces to develop. Thus, it is essential to take
these forces into account in the models for capacity calculations.

The loads from ASR are dependent on the expansion and how the expansion is
distributed over the cross-section. Furthermore, the amount and distribution of
reinforcement and the external restraints also affect the loads. Structures that
are not restrained will get an internal load effect due to the expansion caused by
ASR, while structures that are restrained can get external forces and moments.
The different load effects and models to account for the expansion due to ASR
will be further explained in this chapter.

6.1 Internal Load-effects

When a reinforced concrete structure get exposed to ASR, only the concrete will
expand. The bond stresses between the reinforcement and the concrete lead to a
tensile force in the reinforcement, which will try to resist the concrete’s expansion.
Consequently, due to the requirement of equilibrium, this will give a compressive
force in the concrete. Therefore, the expansion will result in an internal force
system that will change the reinforcement- and concrete stresses.

Figure 6.1 illustrates the principle of internal restraints in a reinforced concrete
beam. If the beam is without reinforcement, it can expand freely, and there will
not occur any internal stresses in the concrete. Therefore, the tensile stresses in
the concrete due to free expansion is neglected. This is illustrated with the red

37
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dashed lines. To understand the contribution from the reinforcement, the concrete
and the reinforcement can first be treated as independent parts. The next step
is to give the reinforcement the same expansion as the concrete and then attach
them. The tensile force in the reinforcement will then be applied to the concrete
as a compression force, which will reduce the free expansion of the concrete. In
the final strain situation, illustrated with the blue dashed lines, the compression
force in the concrete is the same as the tensile force in the reinforcement.

When the reinforcement is treated in this way, it is possible to understand the
cross-section’s different strain contributions better. The stress contributing strain
in the concrete is the difference between the final strain (blue lines) and the initial
strain caused by the free expansion (red lines). In contrast, the stress contributing
strain in the reinforcement corresponds to the final strain situation (blue lines).

Figure 6.1: Expansion of a beam with reinforcement placed in center of gravity

The stress in the reinforcement increases over an anchorage length, lb, through
bond stresses. This means that the bond between the reinforcement and the con-
crete is not fully achieved in this area, and the reinforcement will therefore slip
a little near the ends of the beam, which is illustrated in Figure 6.1. Over the
length, lc , the bond between the reinforcement and the concrete is fully obtained,
and compatibility between the two components is achieved. The effects in the
anchorage areas will not be included in this report because the error of such a
simplification is assumed to be relatively small in a large structure with a lot of
continuous reinforcement [5].

Internal stresses due to ASR will only occur as long as the material behaviour is
linear elastic. Since the ultimate moment capacity is calculated when the rein-
forcement is yielding, the initial strain due to ASR will have a minor impact on
the capacity. Thus, the stresses from the expansion can be considered as an in-
ternal pre-tension effect. However, the state of the cross-section has a significant
impact on the response due to the expansion. This will vary within the structure
as a result of different external loads and various degree of expansion. Significant
parts of the structure will be in stage II during the expansion due to simultan-
eously acting loads such as dead-load and live loads. Stage II means that the area
of the cross-section has cracked. The concrete’s cracked area has zero tensile ca-
pacity, and the reinforcement takes all the tensile forces. A typical assumption for
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a structure exposed to dead load and different live loads is to assume that the
areas in the mid-spans and over the supports are in stage II, and areas close to the
zero-moments are in stage I. However, this may be a rough assumption because
areas are often somewhere between stage I and stage II [5]. In this thesis, only
the stage I-stiffness will be considered in the analysis of the bridge.

Figure 6.2: Loads from ASR on reinforced concrete

When the reinforcement is eccentrically placed, the reinforcement will give a
moment in addition to the axial force in the cross-section. This is illustrated in
Figure 6.2. Common practice is to relate the force to the centre of gravity, T.P, of
the cross-section in stage I [5]. Reinforced concrete elements often have more
tensile reinforcement than compression reinforcement. For a mid-span section,
this will result in a bending moment in the cross-section due to ASR, illustrated
as MA in Figure 6.2. The rearranging of internal forces will not result in external
load contributions for a static determined structure.

If the bending moment from ASR is larger than the bending moment from the
self-weight, the cross-section tends to curve upwards. In general, the expansion
due to ASR will increase the compressive force in the concrete and increase the
tensile force in the reinforcement. However, the reinforcement in the compression
zone may change to a tensile state if the expansion due to ASR is sufficiently large.
Therefore, it is essential to carefully consider the different strain contributions in
both the tensile- and the compressive reinforcement.

6.2 External Load-effects

When a structure is fixed against rotation or elongation, it will get an external
restraint. If external restraints prevent the expansion due to ASR, additional load
contributions in the structure will occur.

A statically determined beam exposed to a higher expansion in the upper part
will curve upwards, and no external moments will be present in the beam. For a
continuous beam supported by columns, the curvature will be prevented by the
columns resulting in a restraining moment in the beam, as shown in Figure 6.3.
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Figure 6.3: Beam with more expansion in the upper part

Elgeseter Bridge is constructed with a fixed support at the south side and an ex-
pansion joint at the north side, axis 1 and 10, respectively in Figure 3.2. Thus, the
expansion in the bridge will increase towards the city side. Consequently, the dis-
placement in the top of the columns closest to this side can be significantly large.
Furthermore, all the column rows except the row closest to the city (axis 9) are
monolithically connected to the beams. Therefore, the expansion due to ASR in
the bridge will result in moments in the columns, which will distribute linearly in
the beams, as illustrated in Figure 6.4.

Figure 6.4: Structure with columns monolithically connected to expanding beams

A continuous beam/slab-bridge can often expand almost freely in the longitudinal
direction because of the small resistance from the columns, given that one of the
end supports have an expansion joint. This will result in a relatively small axial
force in the beams from the columns, which can often be neglected in this type of
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structures [5]. Typically the expansion joint is only designed for expansion caused
by temperature. If the expansion due to ASR is large enough, the expansion joint
gap may be closed, resulting in compressive forces in adjacent structural members
such as the abutment. The static system can change, and this must be taken into
account in the capacity calculations.

The expansion due to ASR can vary locally in the structure due to different ex-
posure to humidity. This can result in external restraints from adjoining parts. For
example, Figure 6.5 shows two adjoining beams, where beam A is exposed to an
initial strain ε0. If both beams were exposed to the same initial strain, no external
forces would occur. However, the initial strain in beam A will force beam B to
follow due to compatibility criteria between the beams. Thus, beam B will get a
tensile force, NB, from the adjoining beam’s expansion. Moreover, beam B will
resist the expansion, resulting in a compression force NA in beam A.

Figure 6.5: External restraint from adjoining parts

Figure 6.6: Different strain contributions in Beam A and Beam B

An important aspect is the difference between the final strain, ε, and the stress
contributing strain εσ, illustrated in Figure 6.5. The final strain is the structure’s
resulting strain state, whereas the stress contributing strain gives stresses in the
structure. These strains arise because of the restraining forces between the ele-
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ments due to compatibility. The stress contributing strain is an imaginary strain
state, and to be able to get this strain, the initial strain must be subtracted from
the final strain as follow:

εσ = ε − ε0 (6.1)

An external restrained structure exposed to a uniform expansion due to ASR will
get a constant pressure over the height, as shown in Figure 6.7.1, given that the
cross-section is in stage I. On the other hand, for a beam in stage II, most of the
compressive force will be taken through the compression zone over the supports,
as illustrated in Figure 6.7.2. If the expansion is sufficiently large, the compressive
force might start to close the cracks in the lower part, resulting in stress distribu-
tions as shown in Figure 6.7.2 and Figure 6.7.3. Therefore, a section in stage II
may get back to a stage I situation, depending on the load-combination and ex-
pansion degree. This will lead to an increase in axial and bending stiffness.

Figure 6.7: Force distribution for a restrained beam depending on the degree of
cracks and expansion [5]

The expansion due to ASR in a continuous beam will generally increase field mo-
ments and reduce the support moments from the external loads. It will also shift
the areas with zero moments in the structure, as illustrated in Figure 6.8. The
amount of longitudinal reinforcement reflects the size of the moment in a section.
Many existing structures are not designed for additional bending moments due
to ASR, which is also the case for Elgeseter Bridge. Thus, areas designed for zero
bending moment have a small amount of reinforcement, often smaller than the
corresponding minimum reinforcement of today’s structures. Consequently, sig-
nificantly moments can appear in sections that are not designed for such loads.
These sections can become very critical in a structure. The elastic moment capa-
city can be exceeded, resulting in the formation of plastic hinges. This can change
the static system, leading to exceedance of the moment capacity in other sections.
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Figure 6.8: Shift in moment distribution due to ASR

6.3 Calculation Models Accounting for ASR

The expansion due to ASR can vary locally in the cross-section and the longitud-
inal direction of the bridge. The Norwegian Public Road Administration published
in 2016 "Alkali-Silica Reactions - Guidance for structural analysis" [5], which de-
scribes how the expansion due to ASR can be included in the structural analysis.
Three different models were suggested:

• Model 1: Beam or slab with a uniform or linear expansion over the height
of the cross-section

• Model 2: Beam or slab with a higher expansion in one part of the structure
than the other (such as a T-beam with a higher expansion in the flange than
in the web)

• Model 3: Slab or T-beam with different expansion over the width of the
cross-section

When describing the expansion due to ASR, one model can be used, or a com-
bination of several models, if the variation of expansion in the structure is more
complex. Since ASR is a process that extends over a long time period, the long-
term Young’s modulus of concrete needs to be used in the calculations. A common
factor for all the load models is the stage of the concrete. Therefore it is essential
to consider if the concrete can take tensile stresses (stage I) or if the concrete is
cracked such that only the compression zone of the concrete can transfer stresses
(stage II). This is a complex issue since the ASR effects can transform the concrete
from a stage II state back to a stage I state. The stage II state will also only occur
in the section where the crack is located. At both sides of the crack, the concrete
will be in a stage I state.
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6.3.1 Load Model 1

This model is used when the expansion is either constant or linear over the cross-
section and is based on the theory presented in Section 6.1. Figure 6.9 a) shows
the cross-section of a T-beam exposed to a constant expansion. The amount of re-
inforcement is larger in the lower part, which results in different tensile forces in
the reinforcement, as illustrated in Figure 6.9 b). These forces generate compress-
ive forces in the concrete and are treated as a compressive force and an additional
moment about the axis of gravity, T.P., as shown in Figure 6.9 d). The moment is
given as:

M1 = Fs · es − F ′s · e
′
s

Figure 6.9: Internal load effects for load model 1

To find the loads from ASR due to external restraints, the uniform expansion in the
axis of gravity, T.P, is inserted as a temperature load in the analysis, in addition
to the temperature gradient corresponding to the curvature, κ, of the section.

6.3.2 Load Model 2

The bridge deck is often more exposed to moisture than the beams, resulting in
expansion due to ASR only in some parts of the cross-section. Load model 2 is
described for a T-beam where only the plate is given an expansion, as illustrated
in Figure 6.10 a). To determine the loads from this model, the expansion in the
plate is first restrained with force, Fc2, such that the cross-section does not get
any stresses, as shown in Figure 6.10 b). The same force is then applied to the
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reinforced cross-section as an equivalent tensile force, as shown in Figure 6.10 c).
Thus, this force can be treated as a tensile force, N2, and a moment, M2, about the
axis of gravity, T.P, as shown in Figure 6.10 d). The moment will give an upward
curvature of the cross-section.

Figure 6.10: Internal load effects for load model 2

The loads from ASR might result in tension in the whole cross-section, also in
combination with external loads. However, this is only an imaginary state used
to determine the final strain state of the cross-section. The stress contributing
strain in the reinforcement is equivalent to the final strain. In contrast, the stress
contributing strain for the plate is found by subtracting the initial strain from the
final strain, resulting in compression for the plate.

There are many uncertainties regarding which force can be established for a re-
strained and cracked plate. Therefore, this model is best suited for a situation
where the plate is in compression due to a dead-load, typically for a section in
the span. The compression force in the plate due to ASR will then increase the
compression zone in the cross-section [5].

6.3.3 Load Model 3

Load model 3 is based on the same principles as load model 1 and 2. The dif-
ference is that load model 3 is used to calculate the load effects due to different
expansion over the width of the cross-section, while load model 1 and 2 is used
when the expansion vary over the height of the cross-section. Typically the outer
beams will be more exposed to humidity than the inner beams. This will result
in an additional expansion in the outer beams compared to the inner beams. The
inner beam will try to prevent the outer beam from expanding, resulting in a
compressive force in the outer beam and a tensile force in the inner beam. This
case is described in Figure 6.5 where the expansion varies in the width of the
cross-section. Beam A and beam B correspond to the outer beam and inner beam,
respectively.
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Load model 3 results in both axial forces, shear forces and moments in the plate.
The shear forces distribute in the plane of the plate, whereas moments can arise
both about the vertical axis in the centre line and as torsional moments in the
plane of the plate [5].

When evaluating the expansion over the cross-section’s width, the principles based
on load model 2 can only be used when one part of the cross-section is expanding.
In contrast, load model 1 should be used if the expansion is varying linearly over
the cross-section’s width [5]. Load model 3 is best suited to determine the aver-
age axial strain in the longitudinal direction, given that the beams are prevented
from rotating about the vertical axis. When both the outer beams are expanding
equally, this would be the case due to symmetry. However, the situation becomes
more complex when the reinforcement’s contributions are accounted for due to
the variation in reinforcement along the bridge. Consequently, the beams and the
plate will get rotation about both axes, in addition to the axial displacement.

6.4 ASR Loads in the Longitudinal Direction

Aas-Jakobsen carried out a detailed report of Elgeseter Bridge in 2020, where the
state of the bridge was considered, especially concerning ASR. A stage I-stiffness
in addition to a reduced stiffness (stage II) in critical areas along the bridge were
evaluated. The calculations are based on a linear elastic analysis, and the bridge
was modelled using a frame model. The ASR loads were considered as equivalent
temperature loads, where the contributions from the reinforcement were included
in these loads [17].

In order to find the corresponding temperature loads from ASR, several para-
meters need to be considered. The free expansion of the concrete, the amount of
reinforcement in the cross-section, and the stage of the concrete will affect the
magnitude of the loads.

In this thesis, the loads from Aas-Jakobsen corresponding to the stage I analysis
are used to evaluate the response due to ASR in the longitudinal direction.

6.4.1 Geometry used by Aas-Jakobsen

The outer- and inner beams have a height of 1675mm and 1740mm, respectively.
The bridge plate has a thickness varying from 150mm in the free end to 380mm
between the inner beams. The simplification of the cross-section is modelled as
shown in Figure 6.11. The edge beams contribute to increased stiffness. Therefore,
it is reasonable to model the outer beams with a thickness of 280mm. The different
layers of reinforcement in the upper part, Aso, and the lower part, Asu, are placed
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in their centre of gravity. Moreover, the axis of gravity, T.P.B., is calculated for an
unreinforced concrete section in stage I [17].

Figure 6.11: Cross-section used by Aas-Jakobsen to determine the ASR loads
[mm]

When the reinforcement’s resistance due to ASR expansion is calculated, all the
longitudinal reinforcement in the plate are included. Some parts of the longitud-
inal reinforcement are bent upwards in the areas around the columns to act as
shear reinforcement. This reinforcement has horizontal anchorage length, which
is not included in the ASR-calculations nor the capacity controls [17].

Aas-Jakobsen used an element length equal to 1.25 meter in the analysis. This
length corresponds well to the bridge’s span width, resulting in 17 elements for
the two outer spans and 18 elements for the internal spans. Consequently, the
same element lengths are used in this thesis.

6.4.2 Free Expansion

As mentioned in Section 3.2, it is observed a higher expansion due to ASR in the
upper part of the bridge in addition to the outer beams compared to the inner
beams. Furthermore, the variation of ASR is assumed to be small in the longit-
udinal direction. The Norwegian Road Administration suggested a distribution of
the strain due to free expansion in their report of Elgeseter Bridge [19], which is
shown in Figure 6.12. The strain distribution corresponds to load model 1 due
to the linear variation of strain over the cross-section height. Furthermore, the
expansion is more prominent in the outer beams, resulting in the load effects
explained for load model 3.

The size of the free strain, a, is chosen such that the total expansion of the bridge
due to ASR is 200 mm. An important aspect is that the total expansion corres-
ponds to the expansion in the cross-section axis of gravity. The reinforcement will
prevent some of the free expansion. Therefore a higher value of the free expan-
sion is required, compared to a situation without reinforcement. The ASR loads
from Aas-Jakobsen is calculated using a free strain, a = 0.52h to achieve a total
displacement of 200 mm.
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Figure 6.12: Assumed free strain

6.4.3 ASR Loads from Aas-Jakobsen

The axial strain and curvature due to ASR are larger for the outer beam, as illus-
trated in Figure 6.13 and Figure 6.14. As a result of different amounts of rein-
forcement along the bridge, the resulting strains from ASR loads will also vary in
the longitudinal direction. The outer- and inner beam corresponds to the cross-
sections shown in Figure 6.11.

Figure 6.13: Distribution of axial strain from ASR loads along the bridge
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Figure 6.14: Distribution of gradient due to ASR along the bridge

6.4.4 Transformation of Loads from Aas-Jakobsen

The ASR loads from Aas-Jakobsen is given as a uniform expansion in the axis of
gravity, εT.P.B, and a curvature over the height of the cross-section, κ. In order
to use these loads, the different contributions need to be weighted in the same
height as the nodes in the shell model. As shown in Figure 6.15, one element
in Aas-Jakobsen’s analysis corresponds to six shell elements in the plate and two
shell elements in the beam. The elements in the beam extend over the total height
of the cross-section. Furthermore, the nodes are placed in the middle of the plate
and the beam. Aas-Jakobsen has applied the temperature loads in beam elements,
while the loads are implemented in the nodes in the shell model. The modelling
of Elgeseter Bridge will be described in more detail in Chapter 7. The axial strain
from the ASR loads in the plate nodes and the beam nodes are calculated from
Equation (6.2) and (6.3) respectively:

ε f lange = εT.P.B. +κ · y f lange (6.2)

εbeam = εT.P.B. −κ · ybeam (6.3)
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Figure 6.15: Transformation of ASR loads from frame-model to shell-model il-
lustrated for the outer beam

The temperature loads in the longitudinal direction for the different elements are
given by Equations (6.4) and (6.5), describing the contributions from the uniform
expansion and the curvature respectively.

∆TN =
ε

α
[◦C] (6.4)

∆TM =
κ

α
[
◦C
m
] (6.5)

Whereα is the coefficient of thermal expansion of concrete, equal to 10−5 [◦C−1].
In this way, the initial strain from Aas-Jakobsen is applied directly in the Abaqus
analysis.

6.5 ASR Loads in the Transverse Direction

The ASR loads in the transverse direction are found by evaluating the free expan-
sion and the restraining forces from the reinforcement. The procedure to determ-
ine the loads will be presented in this chapter.

6.5.1 Free Expansion

It is assumed the same free expansion of the concrete in the transverse direction
as for the longitudinal direction, illustrated in Figure 6.12. The dimension of the
plates is shown in Figure 6.11 and the values of free expansion of the plate are
given in Table 6.1.
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Table 6.1: Free expansion in the transverse direction with a = 0.52h

Plate 280 mm Plate 310 mm
Outer T-beam Inner T-beam Inner T-beam

Expansion top 3a 2a 2a
Expansion T.P 2.917a 1.920a 1.911a
Expansion bottom 2.833a 1.839a 1.822a

6.5.2 Distribution of Reinforcement in the Transverse Direction

Due to the variation in reinforcement in the transverse direction of the bridge, the
restraining forces from the reinforcement will also vary in the transverse direc-
tion. The amount of transverse reinforcement is interpolated and evaluated in the
nodes as shown in Figure 6.16. It is assumed that the axis of gravity for the upper
- and lower reinforcement layer is placed 41 mm from the free edge for nodes
1-11 and nodes 14-15. Whereas for node 12, the lower layer is located 51 mm
from the bottom edge, and the upper layer is located 41 mm from the upper edge.
Finally, the lower reinforcement layer is located 45 mm from the lower free edge
for node 13. The reinforcement is shown in the original drawings in Appendix A.

The transverse reinforcement of the beams is assumed to have a small impact on
the ASR loads. The ASR contributions from the reinforcement in the beams are
therefore neglected. The amount of transverse reinforcement is calculated for a
width of 1.25 meter in the longitudinal direction and weighted in the transverse
direction for each node. Weights are decided by considering the contributions for
the current layers to each node. The reinforcement amounts are shown in Table
6.2. These values are used for the whole bridge due to the small variation in
transverse reinforcement throughout the bridge.

Figure 6.16: Location of nodes to determine the amount of reinforcement in the
transverse direction [mm]
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Table 6.2: Distribution of reinforcement in the transverse direction

Nodes Reinforcement top [mm2] Reinforcement bottom [mm2] Reinforcement middle [mm2]
1 1257 165 0
2 1508 166 0
3 2074 402 0
4 2890 166 0
5 2890 754 0
6 1898 1005 0
7 1382 754 0
8 754 1005 0
9 804 854 0
10 1181 1156 0
11 2061 503 532
12 779 1566 1330
13 0 505 1927
14 0 2394 0
15 0 2394 0

6.5.3 Process to Determine ASR Loads in the Transverse Direction

The following procedure is used to find the temperature loads due to ASR for the
transverse direction and is based on the principles described for load model 1 in
section 6.3.1.

1. Cross-section parameters

The cross-section parameters for an elastic analysis are established.

Figure 6.17: Cross-section parameters for the plate
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Table 6.3: Cross-section parameters plate

Plate 280 Plate 310
b [mm] 1250 1250
h [mm] 280 310
yc [mm] 140 155
Ac [mm2] 350000 387500
Ic [mm4] 2.29 · 109 3.10 · 109

The stiffness contribution from the reinforcement is taken into account by Equa-
tions (6.6), (6.7) and (6.8).

Aequivalent = Ac + (η− 1) · As,total (6.6)

yequivalent =
Ac · yc + (η− 1) ·

∑

(As,i · ys,i)

Aequivalent
(6.7)

Iequivalent = Ic+Ac ·(yequivalent− yc)
2+(η−1) ·

∑

(As,i ·(yequivalent− ys,i)
2) (6.8)

where η is given as Es/Ec,long , and ys,i is the distance from the bottom free edge
up to the current reinforcement layer, As,i .

2. Contributions from free ASR-expansion

The free expansion is calculated for different heights based on the values in Table
6.1:

• ε f ree,top - strain in the top edge
• ε f ree,bot tom - strain in the bottom edge
• ε f ree,t pb - strain in the axis of gravity of the concrete-only section
• ε f ree,As,i - strain in reinforcement layer number i

The curvature over the height of the cross-section can be expressed as:

κ f ree =
ε f ree,top − ε f ree,bot tom

h
(6.9)

Finally, the temperature load corresponding to free expansion is given by Equa-
tions (6.10) and (6.11).

∆TN− f ree =
ε f ree,t pb

α
(6.10)

∆TM− f ree =
κ f ree

α
(6.11)
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3. Contributions from the reinforcement

The following equation determines the tensile forces in the reinforcement corres-
ponding to the free expansion:

Fs,i = εs,i · Es · As,i (6.12)

The tensile forces results in an axial force and a moment in the cross-section
given by Equations (6.13) and (6.14) respectively. The moment contribution from
the reinforcement in the middle layer for nodes 11-13 is neglected due to small
moment-arms.

Nrein f orcement =
∑

Fs,i (6.13)

Mrein f orcement = Fs,bot tom · ebot tom − Fs,top · etop (6.14)

The strain and the curvature are determined by Equations (6.15) and (6.16) re-
spectively.

εrein f orcement,t pb =
Nrein f orcement

Ec,long · Aequivalent
(6.15)

κrein f orcement =
Mrein f orcement

Ec,long · Iequivalent
(6.16)

The temperature load corresponding to the resistance from the reinforcement can
be expressed by Equations (6.17) and (6.18).

∆TN−rein f orcement =
εrein f orcement,t pb

α
(6.17)

∆TM−rein f orcement =
κrein f orcement

α
(6.18)

4. Resulting ASR loads

The resulting temperature loads due to ASR are calculated by Equations (6.19)
and (6.20). Furthermore, the different ASR contributions are shown in Table 6.4.

∆TN−ASR =∆TN− f ree +∆TN−rein f orcement (6.19)

∆TM−ASR =∆TM− f ree +∆TM−rein f orcement (6.20)
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Table 6.4: Temperature loads ASR transverse direction

Nodes ∆TN− f ree [◦C] ∆TM− f ree [
◦C
m ] ∆TN−rein f orcement [◦C] ∆TM−rein f orcement [

◦C
m ] ∆TN−ASR [◦C] ∆TM−ASR [

◦C
m ]

1 151.7 31.0 -11.6 -122.9 140.1 -91.9
2 151.7 31.0 -13.5 -146.8 138.2 -115.8
3 151.7 31.0 -19.2 -167.8 132.5 -136.8
4 151.7 31.0 -23.2 -257.3 128.5 -226.3
5 151.7 31.0 -26.7 -190.1 125.0 -159.1
6 151.7 31.0 -21.9 -88.2 129.8 -57.2
7 151.7 31.0 -16.7 -67.9 135.0 -36.9
8 125.7 30.5 -11.5 17.8 114.2 48.3
9 99.8 29.9 -8.7 -0.2 91.1 29.7
10 99.8 29.9 -11.8 -6.7 88.0 23.2
11 99.8 29.9 -15.4 -104.2 84.4 -74.3
12 99.4 29.9 -15.9 32.4 83.5 62.3
13 99.4 29.9 -11.1 32.5 88.3 62.4
14 99.4 29.9 -10.6 129.1 88.8 159.0
15 99.4 29.9 -10.6 129.1 88.8 159.0

A positive gradient is defined as shown in Figure 6.15. The resistance from the
reinforcement results in negative temperature loads, whereas the free expansion
and the resulting strains give positive temperature loads. The large negative value
for the resulting gradient in node 11 is due to a high amount of reinforcement in
the upper part and a small amount in the lower part.

6.6 Deviation in Procedure to Determine the ASR Loads

When determining the ASR loads in the transverse direction, a Young’s modulus
equal to 200000 MPa is used for the reinforcement. In contrast, Aas-Jakobsen has
used a reduced stiffness equal to 160000 MPa. ASR loads are treated as external
loads and the Young’s modulus should therefore not be reduced in the load calcu-
lations. Nevertheless, the values from Aas-Jakobsen are considered satisfactorily
accurate.

Aas-Jakobsen has determined the ASR loads in the longitudinal direction differ-
ently than described in Section 6.5.3. There are some uncertainties regarding
how Aas-Jakobsen is calculating the different strain contributions. The deviation
between the two methods for a given cross-section is shown in Table 6.5. It is
used a reduced Young’s modulus to be able to compare the two methods. Com-
plete calculations for the method described in this thesis is shown in Appendix
B.
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Table 6.5: Deviation between Aas-Jakobsen’s method and the method described
in Section 6.5.3

ASR procedure Aas-Jakobsen Deviation
∆TN− f ree 121.74 121.74 0 %
∆TM− f ree 26.32 26.32 0 %
∆TN−rein f orcement -19.48 -18.99 2.6 %
∆TM−rein f orcement -13.97 -13.71 1.9 %
∆TN−ASR 102.25 102.75 0.5 %
∆TM−ASR 12.35 12.61 2.1 %

A deviation of 0.5% and 2.1% for the axial strain and the gradient are considered
satisfactory. This shows that Aas-Jakobsen’s method matches well with the method
described in this thesis.



Chapter 7

Finite Element Analysis in
Abaqus/CAE

The finite element analysis (FEA) in this thesis is performed in Abaqus/CAE.
Abaqus/CAE is a software used to create models, conduct analyses and visualize
results. Its user-friendly interface makes it well suited for both simple and complex
analyses. CAE stands for ’Complete Abaqus Environment’, a graphical interface
that includes the whole process from creating the model to the post-processing of
results [32].

Abaqus provides three different methods for solving finite element analyses. The
three methods are Abaqus/Standard, Abaqus/Explicit and Abaqus/CFD, where
the first one is used in this thesis. Abaqus/Standard is an implicit solver primarily
used in static or low-speed dynamic problems. [32]

A FEA is necessary to be able to interpret the response in the bridge. The different
loads, presented in Chapter 5 and Chapter 6, are applied and analysed one by one
in individual models. Forces in desired elements are extracted from the results tab
and load combined manually. Simple verifications are conducted by evaluating
the deformed shapes from the loads.

This chapter is a review of the work conducted in Abaqus regarding the FEA of
Elgeseter Bridge. This includes the modelling of the bridge, the application of dif-
ferent loads, and eventual simplifications. Performing a FEA of a structure like
Elgeseter Bridge in Abaqus involves many choices, and simplifications are inevit-
able. Different decisions can affect the results in various ways, and it is important
to be aware of the possible consequences.

57
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7.1 Modelling

The Abaqus model consists of the whole bridge, where all four beams and all
32 columns are included. All columns are modelled with the same length, even
though the columns in axis 2 and 9 are 10 meters long. This simplification is
assumed to have an insignificant effect on the forces in the superstructure, due to
the small stiffness in the columns compared to the superstructure. The columns
are modelled using beam elements, while the superstructure is modelled with
horizontal shell elements. The longitudinal direction of the bridge is modelled
along the x-axis, while the y-axis symbolizes the transverse direction. The z-axis is
consequently upwards. Furthermore, only a linear elastic analysis is evaluated in
this thesis. Hence, stage I concrete is assumed for all loads in the Abaqus analysis.

The FEA model is established and drawn in meters. Since Abaqus is not applying
units in the analysis, it is important to be consistent with the chosen units to
interpret the desired results. Table 7.1 shows the Abaqus units corresponding to
meters [33].

Table 7.1: Abaqus units [33]

Quantity SI
Length m
Force N
Mass kg
Time s
Stress Pa(N/m2)
Energy J
Density kg/m3

7.1.1 Elements and Mesh

The element length is decided to be 1.25 m in the longitudinal direction, which
corresponds to the element size used in Aas-Jakobsen’s report from 2020 [17].
This element size is used in models including the self-weight, the temperature
load and the ASR loads. For models with traffic loads, an element length of 0.625
meters is used. This makes it easier to apply the point loads from traffic at desired
locations.

For most load cases, the plates are divided into six elements in the transverse
direction; Two elements in the middle with a width of 0.75 m and four with
a width of 0.8 m. However, for the traffic load, the element distribution varies
between the different load models. Nodes are needed where the point loads are
to be applied, and the mesh differs accordingly. An element width similar to the
element length of 0.625 m is desirable.



7.2: Geometry and Material Properties 59

Both the plates and the beams are modelled with S4R shell elements. S4R is a
linear four-sided conventional shell element, where each node has six degrees
of freedom. The S4R element is a robust general-purpose element that is suited
for a wide range of problems. Primarily uniformly reduced integration is used to
avoid membrane and shear locking. This element exhibits good in-plane bending
behaviour with enhanced hourglass control [34].

The length of the plates between the longitudinal beams is larger than 15 times
the thickness of the plate. For this reason, the out-of-plane shear deformation will
be small compared to the out-of-plane bending deformation. Thin-shell theory,
where the out-of-plane shear deformations are neglected, is therefore used. Shell
elements are well suited to represent in-plane forces, as well as out of plane
forces. This makes it possible to understand the different load contributions in
the plate, which is the primary concern in this thesis.

Intuitively, the use of only one horizontal shell element over the height of the
beams seems inexpedient since the thickness becomes the largest dimension of
the element. In the first place, the beams were modelled with vertical shell ele-
ments, which seemed more logical. However, the out-of-plane bending for the
beams is better represented when the shell element is placed horizontally. Fur-
thermore, the thickness-span width ratio for the beams is relatively small, which
substantiates the use of only one element over the height. This also simplifies
the connection between the plates and the beams. The choice of horizontal shell
elements in the beams is made in consultation with co-supervisor M. Hendriks at
NTNU - Department of Structural Engineering [35].

The columns are modelled with four vertically placed beam elements. The chosen
element type is B23, which is a three-noded quadratic beam in space element.
This is assumed to be sufficiently accurate to represent the contributions from the
columns to the superstructure [35].

7.2 Geometry and Material Properties

The geometry used in the analysis corresponds to the geometry in Figure 6.11.
Outer plates and the plate between the outer- and inner beam are modelled with
a thickness equal to 280 mm, whereas the plate between the inner beams is mod-
elled with a thickness equal to 310 mm. The outer- and inner beams are 1675
mm and 1740 mm high, respectively.

Both the self-weight and the ASR loads are treated as long-term loads. Con-
sequently, the long-term Young’s modulus is used for the analysis of these loads.
In contrast, the traffic load and the temperature load are short-time loads, and
the short-time Young’s modulus is thus used to evaluate the response from these
loads. The Poisson’s ratio is set to 0.2 for the concrete.
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7.3 Boundary Conditions and Constraints

For both the beams and the plates, the reference surfaces of the elements coincide
with the shell’s mid surfaces. As shown in Figure 7.1, the reference surfaces of the
elements in the beams are located much lower compared to the elements in the
plates. Tie constraints are used in the transition between the plate and the beam
to obtain a connection corresponding to the actual behaviour of the bridge. Tie
constraints ensure that both translation and rotation of the slave nodes follow the
motion of a master node. In this case, the slave nodes are at the edge of the plate
closest to the beam, while the master nodes are the nodes in the beam closest to
the current plate.

Figure 7.1: Location of reference surface for the shell elements

The columns in axis 2-8 are monolithically connected to the beams, while the
columns in axis 9 have a pinned connection. In order to obtain a correct connec-
tion between the columns and the beams, two elements are used over the width
of the beams. This ensures that the centre nodes in the beams are placed vertic-
ally over the top nodes in the columns. Beams and columns are attached by tie
constraints, as illustrated in Figure 7.2a. The upper column nodes are established
as slave nodes, and the centre nodes in the beams are selected as master nodes.
Both rotation and translation are tied for the connections in axis 2-8, whereas
only the translation is tied in axis 9. All columns are fixed to the ground.

Elgeseter Bridge is fully constrained at the south end and simply supported in the
north end. Multi-point constraints (MPC) are chosen to represent the supports.
MPCs allow the motion of the end nodes at the reference surface to be constrained
to the rotation and translation in selected control points. The slave nodes are loc-
ated at the reference surface of the beam, whereas the control points correspond
to the nodes at the bottom edge of the beams. The constraints at the end sup-
ports are illustrated in Figure 7.2b. Both translation and rotation are fixed in the
south end, while only the translation in the vertical direction is fixed in the north
end. The bridge is prevented from rigid body motion in the transverse direction
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due to the fixed support in the south end and the constraints from the columns.
Modelling the supports directly in the reference surface gives the same results.
However, MPC is used to reproduce the actual physical design of the supports.
Boundary conditions and constraints are defined in the initial step before any of
the loads are applied.

(a)

Column-beam connection
(b)

Constraints at the end supports

Figure 7.2: Illustration of different constraints used in the analysis

7.4 Loads

All loads are implemented in Abaqus CAE. The self-weight, the ASR load and the
temperature load are applied for the whole bridge. In contrast, the traffic load
is applied in specific ways and positions to generate unfavourable load contribu-
tions to the inner plates. This section describes how different loads are applied
in the Abaqus model and the possible simplifications and modifications conduc-
ted in the analysis. The resulting forces from the various loads and the final load
combinations are presented in Chapter 9.

7.4.1 Self-weight

The variation of the self-weight is preserved by applying the actual weight as pres-
sure loads in each element. The pressure loads from the self-weight and the super-
self-weight are shown in Table 5.1 and Table 5.3 respectively and are modelled as
one load in the analysis.

7.4.2 Traffic Load

According to Handbook R412 [28], a wheel load should be applied over a surface
area of 0.2 m in the longitudinal direction and 0.6 m in the transverse direction.
However, due to the challenges of modelling with shells in Abaqus, the axle loads
are instead applied as point loads acting in nodes located in the center of grav-
ity of the elements. The alternative, and probably more correct solution, would
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have been to apply the loads as surface loads. The loaded areas are then projected
down to the centre of gravity and applied there. To include this, elements with the
size of the projected areas would have been applied and placed precisely under
the loaded areas. Creating meshes like this would have been very time-consuming.

Each Abaqus model, including traffic loads, must have a customized mesh where
the nodes fit the load model. The element size in the longitudinal direction is
halved from 1.25 m to 0.625 m for the traffic loads to achieve a better length-
width ratio. The longitudinal distance between axle loads is, according to Figure
5.2 [28], supposed to be 1.3 m. However, this distance is set to 1.25 m, which
corresponds to two-element lengths. This simplification is considered to have
minimal impact on the response in the plates. Partitions are made through the
plates in the longitudinal direction to create nodes for the desired point loads.
The partitions are meshed independently to make quadratic and even elements.

Figure 7.3 illustrates the chosen load locations in the transverse direction. These
load models are constructed within the rules discussed in Section 5.2.1, to obtain
the most critical situations for the inner plates. Load models Traffic_1-Traffic_5
contain triple bogies, while Traffic_6 contains two double bogies. Traffic_1 is
designed to generate the largest bending moments in the mid-plate. The triple
bogies in Traffic_2 are placed as close to the pedestrian lane as possible to create
bending moments above the outer beams. Traffic _3 and _4 act close to the inner
beams and create large support moments. Both Traffic_2, _3 and _4 also generate
great field moments in the plate between the inner and outer beams. Traffic_6
has the same configuration as Traffic_3, except it contains double bogies instead
of triple.

The location of axles in Traffic_5 is determined by using dimensionless tables
provided by supervisor T. Kanstad [36]. The tables result in dimensionless bend-
ing moments for continuous beams of different static systems subjected to point
loads at different locations. Critical locations for axle loads, used in Traffic_5,
are found by considering the bridge as a continuous beam with four supports,
corresponding to the plate supported by the four beams.

All six traffic load configurations are applied in eight axes along the bridge. Con-
centrated load effects are obtained by placing the loads in the critical sections
1-6. Differentiation of the bending moment equations for a simple beam shows
that traffic loads located 0.33L and 0.42L away from the columns in axis 6 and
9, respectively, generate the largest global support moments. Six transverse load
cases in eight longitudinal axes result in a total of 48 individual load models in
Abaqus.
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Figure 7.3: Traffic loads

Evenly distributed loads on the pedestrian lane and in other traffic lanes are neg-
lected. They are not considered to have a large impact on the plates compared to
the concentrated axle loads, which act directly in the critical sections. Avoiding
these additional loads also reduces the modelling time in Abaqus. The evenly
distributed loads are meant to act only in unfavourable lanes. Considering where
these loads should have been applied or not in all different configurations of the
traffic load would have been a time-consuming process.
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7.4.3 Temperature Load

The temperature gradients ∆TM ,heat and ∆TM ,cool , found in Section 5.2.2, rep-
resent the temperature difference between the upper and lower edge of the
cross-section. Temperature loads are applied through Predefined Fields in Abaqus.
An initial temperature of 0◦C is assigned to the initial time step of the analysis.
The temperature change is represented through another predefined temperature
field assigned to the analysis’s load step. Abaqus can then track the response in
the construction due to the temperature variation between the load steps.

The thermal expansion coefficient, α, causes the deformations due to temper-
ature change. The thermal coefficient is applied in all three directions, causing
expansion/contraction in all directions. Temperature change in the columns is
neglected. It is assumed that only the volume change in the superstructure is
important for the plates.

Figure 7.4 illustrates two ways of modelling the gradient. Figure 7.4a shows
how temperature loads are applied to elements according to EC1-1-5 [26]. All
elements here bend about their own centre of gravity as only a gradient, and no
reference temperature is applied in each node. This way of modelling temperat-
ure loads makes the bottom of the beams and the bottom of the plates having the
same temperature. This way of modelling the temperature seems correct for the
middle parts of the plate. However, this leads to a rather unrealistic temperature
variation in the transition zone between beams and plates.

(a)

Modelled gradient [26]
(b)

Alternative gradient in transition zone

Figure 7.4: Two ways of applying the temperature gradient ∆TM ,heat
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Figure 7.4b displays an alternative temperature distribution better suited for the
transition zone between the beams and the plates. The temperature of the plate
corresponds to the temperature of the beam at the same height, which seems more
realistic due to compatibility in the transition zone. However, it is decided to go
on with the gradient from Figure 7.4a, which is considered to be the most correct
method for the rest of the plates.

7.4.4 Alkali Silica Reactions

In order to preserve the effects due to ASR, the loads are modelled separately for
the longitudinal and transverse direction. The process to determine the corres-
ponding temperature loads for both directions is described in Chapter 6.

The ASR loads are modelled using predefined temperature fields, where the tem-
perature loads are implemented in the nodes of the elements. In the initial step,
the whole bridge is given a reference temperature of 0◦C . The resulting temperat-
ure forces due to ASR are implemented as a Reference magnitude and a Thickness
gradient, as illustrated in Figure 7.5. The thickness gradient is inserted as a change
of temperature over the height [

◦C
m ], and cause a curvature of the superstructure.

The reference magnitude gives a uniform expansion. Temperature loads are ap-
plied in the nodes, even though Aas-Jakobsen has implemented the loads along
the beam elements. Predefined temperature fields can only be applied in nodes in
shell models. However, the two approaches reproduce the same response in the
bridge due to ASR.

Figure 7.5: Implementing ASR loads as predefined temperature fields in Abaqus
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Concrete expands in all directions when exposed to an increase in temperature.
Since the loads from ASR are modelled separately for the two directions, the
thermal expansion coefficient must be modified to only contribute in the corres-
ponding direction. This is done by using an orthotropic thermal expansion coeffi-
cient.

7.5 Derivation of Results

Forces extracted from Abaqus are shown in Figure 7.6. All forces are given as
force per unit width, which in this model corresponds to per meter. Section forces
(SF) have unit N/m and section moments (SM) have unit Nm/m. SF1 and SF2
are axial forces in the longitudinal and transverse direction, respectively. Positive
values mean that the element is exposed to tensile forces, while negative values
mean compression. Arrows in Figure 7.6 point in the positive direction of the
forces. Section moments are assigned positive values if they give tensile forces
in the upper parts of the element. Axial forces, SF1 and SF2, and the membrane
shear force, SF3, act in the plane of the shell element and are therefore called
membrane forces [37]. Bending moments, SM1 and SM2, and transverse shear
forces, SF4 and SF5, are called plate forces and act out of the plane. SM1 and SM2
are referred to as bending moments about the global y- and x-axis, respectively.
SM3 is the twisting moment.

Figure 7.6: Shell element with section forces (SF) and moments (SM) extracted
from Abaqus

As illustrated in Figure 7.6, the S4R shell elements have one node in each of the
four corners. However, reduced integration reduces the number of integration
points by one in each direction, compared to full integration, where all nodes are
used as integration points. Results for an S4R element are therefore provided in
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only one integration point. Nodes and integration points are illustrated in Figure
7.6.

The desired forces are extracted from the integration points in the model by
using probe values. For a specific critical section, it is chosen to conservatively
gather forces from the most unfavourable elements nearby the considered sec-
tion. Choosing between elements is inevitable, as locations of integration points
vary due to the varying meshes. This is considered reasonable, especially for the
traffic load since it is moving. Forces from different loads are summed up by load
combinations, as described in Section 5.5.

Contour plots and deformed shapes are helpful tools to examine and understand
the response and structural behaviour. Understanding how forces are distributed
and how they are transferred through the structure is necessary to determine
critical sections and load contributions. Contour plots use colours to show the
magnitude of the desired variable. Blue and red often symbolize the negative and
positive extreme values, respectively. Contour plots are used to identify critical
sections for different loads. Modelling loads in independent models makes it
easier to interpret the response in the bridge. The deformation plots are scalable,
which is useful to enlighten small displacements.

Default contour plots in Abaqus use values from neighbouring elements to make
smooth colour plots. The smooth distributions look realistic considering the way
forces are smoothly distributed. However, it is important to remember that by
using S4R elements, the forces are calculated in one node per element. Figure
7.7a and 7.7b illustrate the smoothed and the distinct valued plot, respectively.
The distinct valued plots are used when extracting resulting forces to make sure
no extreme values are ignored. However, smoothed plots are used for illustrations.
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(a)

Smooth contour plot
(b)

Contour plot with distinct values

Figure 7.7: Contour plot options in Abaqus, illustrated by SF3 from ASR

7.6 Verification of Results

An important aspect of modelling is the verification of the results. Even though
the analysis run without errors, the results must agree with the expected outputs.
The shell model of Elgeseter Bridge is complex, and it is not straightforward how
the different loads are transferred in the model.

Self-weight
Bending moments from the self-weight about the y-axis, SM1, are compared with
values from Aas-Jakobsen’s T-beam in their report from 2020 [38]. The verification
is conducted by calculating the bending moments about the axis of gravity corres-
ponding to Aas-Jakobsen’s T-beams. Shell elements within the T-beam give contri-
butions from their axial force and their bending moments. Complete calculations
regarding the comparison are given in Appendix C. Aas-Jakobsen has calculated
the super-self-weight slightly different, and some deviation in results are expected.
Furthermore, uncertainties are related to the values from Aas-Jakobsen’s report
as they are extracted from relatively coarse moment diagrams. However, the de-
viations presented in Table 7.2 are observed to be relatively small, and the model
is considered to transfer the self-weight correctly.
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Table 7.2: Verification of self-weight in axis 8 and 9

Shell model [kNm] Aas-Jakobsen [kNm] Deviation [%]
Outer T-beam axis 8 4227 3975 6.3
Inner T-beam axis 8 2815 2750 2.3
Outer T-beam axis 9 4732 4800 1.4
Inner T-beam axis 9 3349 3400 1.5

Traffic Load
The accuracy of applying the axle loads as point loads are verified through influ-
ence diagrams [39] provided by supervisor T. Kanstad. Traffic load configuration
Traffic_4, illustrated in Figure 7.3, is used for the verification. All six wheels from
the triple bogie are drawn into the diagram with their projected load areas. A
factor describing the contribution to the bending moment is then extracted from
the diagram for each wheel load. The total bending moment in the middle of the
plate is found by summing the contributions.

The verification is conducted using two influence diagrams [39] representing
the upper and lower limit of the bending moment in the plate. The upper limit
describes a simply supported one-way slab. This is a conservative representation
since the beams provide stiffness to the plate. The lower limit case is more similar
to the behaviour of the plates in Elgeseter Bridge and is represented by a one-way
slab with one fixed end and one simply supported end. Inner beams are less prone
to rotations due to the support from each other and the inner plate. On the other
hand, the outer beam gets no stiffness contribution from the outer plate and is
easier to rotate. The chosen upper and lower limit influence diagrams result in
bending moments of magnitudes 28.6 kNm/m and 22.0 kNm/m, respectively. In
comparison, the corresponding Abaqus model gives a bending moment of 23.9
kNm/m. Using point loads in Abaqus instead of surface loads is assumed to be
sufficiently accurate since the resulting bending moment is between the upper
and lower limit. It is also observed that the bending moment is closer to the lower
limit, as expected.

Longitudinal ASR
Loads due to ASR obtained from Aas-Jakobsen are calculated based on a total
displacement of 200 mm in the longitudinal direction. The shell model gives a
total displacement of 203.1 mm and 198.6 mm for the outer- and inner beams,
respectively. The average total displacement is then calculated to be 200.8 mm,
substantiating that the ASR load is modelled correctly in the analysis.





Chapter 8

Interpretation of Forces

Loads are applied and analyzed in individual models in order to extract and
interpret the responses separately. This chapter will discuss the load effects in
Elgeseter Bridge and explain each modelled load. The resulting responses are
extracted from the Abaqus models presented in Chapter 7.

The plates can be considered as one-way slabs, supported by two beams. Vertically
acting loads applied on the plates are generally transferred through the slab and
into the bearing beams. Beams transfer forces to the columns, where they further
are sent down to the ground.

In the following plots, only forces in the plates will be displayed. Some forces in
the beams are very large compared to the forces in the plates and might therefore
dominate the extreme values and colours in the contour plots. Ignoring the beams
makes it easier to illustrate and enlighten the response in the plates. However, it
is essential to remember that the beams are exposed to great forces, even though
the following plots show zero force expressed by the green colour.

Colour charts attached to the following contour plots illustrate the magnitudes
designated to different colours. The displayed values are only used to interpret the
response by considering the magnitude and the sign of the loads. For extraction
of forces for the final load combination, exact values from the desired elements
are used. Signs in the contour plots correspond to Figure 7.6, where all forces are
oriented in their positive directions.

8.1 Critical Sections

Due to symmetry, only one of the plates between the inner and outer beams is
evaluated, together with the inner plate. Chosen critical sections A, B, C, D and
E are shown in orange in Figure 8.1. Sections A, C and D correspond to the in-
tegration points in the plates closest to the beams. Most elements have a width

71
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of 0.8 m, which means that the integration point is located 0.4 m out from the
beams. Sections B and E are located in the mid-span of the outer and inner plate,
respectively. These five sections are chosen because they are expected to experi-
ence the most significant bending moments in the transverse direction, SM2, from
the vertical loads.

Figure 8.1: Critical sections in the transverse direction, A-E

The five critical transverse sections are considered at seven different sections in the
longitudinal direction. The chosen sections, named 1-7, are shown in Figure 8.2.
Sections 1 and 4 represent sections above columns in axis 6 and 9, respectively,
where the maximum global bending moments from vertical loads are located.
Sections 3 and 5 correspond to the points of maximum global bending moment in
the mid-span due to the self-weight, while section 2, on the other hand, represent
the point of zero bending moment. Because of a significant membrane shear force
generated by the ASR load, also section number 6 at the end of span 9, is con-
sidered. Section 7 is located in the outermost element row in axis 10 to control
the great transverse compressive force due to the ASR load.

Figure 8.2: Critical sections in the longitudinal direction, 1-7

Every critical section is hereby assigned a section ID based on Figure 8.1 and
Figure 8.2. The ID of a critical section is composed of the longitudinal section
number, followed by the transverse letter. They will be referred to as S, for section,
followed by their ID.
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8.2 Self-weight

Forces generated by the self-weight are generally observed to be significant com-
pared to contributions from other loads. The cross-section of the whole super-
structure seen as one experiences a global bending moment from the self-weight,
causing axial forces in the plates. The global bending moment generates tensile
forces in the slabs in the column axis and compressive forces in the slabs in mid-
spans.

The variation between tensile and compression forces is relatively steady along
the bridge, except in the northernmost column axis and the following span.
The pinned connections between beams and columns in axis 9 allow a greater
curvature of the superstructure. This leads to more prominent global bending
moments and consequently more significant axial forces in the plates. The con-
tour plot of SF1 from the self-weight is illustrated in Figure 8.3a. It is important
to remember that only the axial force in the plates are shown.

(a)

Axial force, SF1
(b)

Membrane shear force, SF3

Figure 8.3: Section forces from self-weight

Contour plots reveal some interesting aspects regarding the way forces are trans-
ferred through the structure. Figure 8.3a and Figure 8.3b illustrate SF1 and SF3,
respectively, in the plates due to the self-weight. It is observed that SF3 is low
where SF1 is steady and constant, and that SF3 has its maximum values where
SF1 changes the most. The reason for this is that SF3 occurs from the change
in axial force due to the horizontal equilibrium. Figure 8.4 illustrates a beam
between two columns with its effective widths, including the plates, in three
sections. By considering the longitudinal equilibrium of the three sections with
their effective widths, it is clear that membrane shear forces from the beam are
needed for the axial force to change in the plate. The purple arrows illustrate
in-plane shear forces acting on the plate from the beam. The green arrows show
how shear forces are transferred through the slab.
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The three sections in Figure 8.4 are illustrated with different effective widths,
be f f . A common practice in dimensioning of a T-beam is to use the effective width,
calculated based on the location of the zero bending moment, the span length and
the boundary conditions. According to EC2, T-beams should be considered as rect-
angular beams with effective width be f f in the mid-span where the compression
zone is in the flange [25]. This makes the neutral axis move higher up in the cross-
section, allowing greater strains in the lower reinforcement. Over column axes,
where the compressive zone is located in lower parts, only the width of the web is
considered. However, the reinforcement within the calculated effective width can
be used in the flange. The upper section in Figure 8.4 is therefore sketched with
an effective width of be f f , even though the flange is in tension. In reality, axial
forces spread out gradually in the flange, from zero in the point of zero bending
moment to its maximum in the mid-span and over columns. Sections in Figure
8.4 are therefore illustrated with different effective widths due to their location
in the span.

Figure 8.4: Longitudinal equilibrium of three T-beams with their effective widths,
seen from above
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8.3 Traffic Load

The six traffic loads, illustrated in Figure 7.3, are chosen to give the most unfa-
vourable load contributions to the critical sections shown in Figure 8.1. Common
for the traffic loads is that they give very concentrated forces, compared to the
other loads.

Traffic loads applied in mid-spans create a global bending moment for the super-
structure about the y-axis, SM1, inducing axial forces, SF1, in the slabs. These
axial forces amplify the contributions from the self-weight, generating tensile
forces in the nearby column axes and compressive forces in the mid-span under-
neath the loads. Traffic loads located 0.33L and 0.42L away from the columns in
axis 6 and 9, respectively, generate the largest global support moments. Traffic
loads located in the column axes, on the other hand, give insignificant global
bending moments. Forces here go directly down to the columns without generat-
ing a global curvature on the superstructure.

The axle loads provide concentrated bending moments in both directions due to
local deformations of the plate. The resulting contour plots for the bending mo-
ments from the load case Traffic_3, located over columns in axis 6, are shown
in Figure 8.5. Worth noticing is how concentrated the fields of negative bending
moments illustrated in blue are. This is because bending moments originate from
the curvature caused in the slabs and are therefore largest under the load and
in the transition to the beams. Most of the bending moment is transferred to the
beams through SM2, shown in Figure 8.5b, because of the rigid connection to the
beams and the short span. As Figure 8.5a illustrates, also bending moments about
the y-axis, SM1, are generated. SM1 is smaller than SM2 due to the longer span
absorbing the deformation and a smaller curvature in the x-direction.
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(a)

Longitudinal bending moment, SM1
(b)

Transverse bending moment, SM2

Figure 8.5: Bending moments from load Traffic_3 located in column axis 6

Figure 8.6 displays SF1 and SF3 for load case Traffic_3 located in span 6. Mem-
brane shear forces are generated as traffic loads are located in the mid-span, for
the same reason as for the self-weight, illustrated in Figure 8.4. Notice that SF3 is
zero where SF1 is stable, like in the column axes and beneath the loaded area. The
membrane shear force increases significantly as the axial force starts to change.
Thus, SF3 from traffic loads is most relevant for the capacity control in sections
at the point of zero bending moment.

(a)

Longitudinal axial force, SF1
(b)

Membrane shear force, SF3

Figure 8.6: Section forces from load Traffic_3 located in span 6
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8.4 Temperature Load

Generally, the temperature loads have a marginal impact on the bridge compared
to the other more significant loads. However, load combinations with temper-
ature as the dominating load is in some sections observed to be decisive. This
happens primarily in sections where traffic loads give favourable contributions.
Forces from temperature change arise due to the restraints in the structural sys-
tem. The temperature gradient, through the height of the cross-section, forces the
superstructure to curve vertically. The columns and the fixed supports prohibit
this free deflection and cause restraint forces in the structure. Restraint moments
are determined by the stiffness of the structure, EI , and the induced curvature, κ,
as shown in Equation (8.1).

M = −EI ·κ (8.1)

The two modelled temperature fields, corresponding to the heated or cooled upper
surface, result in global bending moments with opposite signs. A heated surface
creates an upward deformation, which generates a negative global bending mo-
ment. The opposite case, with a cooled surface, provides a positive global bending
moment. Figure 8.7 displays the contour plots for SM1 for both temperature fields.
Notice that the sign of the bending moments is almost constant for all elements in
a temperature field and that the two cases have opposite sign. Deformations, and
thus the global bending moments, are more significant in the case with a heated
surface due to the larger gradient found in Section 5.2.2. The transverse bend-
ing moment, SM2, has the same sign and magnitude as the longitudinal bending
moment, SM1.

(a)

Temperature field with heated upper
surface

(b)

Temperature field with cooled upper
surface

Figure 8.7: Longitudinal bending moment, SM1, for the two temperature fields
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The axial force, SF1, increases as the global curvature is allowed to develop in
spans 8 and 9, as shown in Figure 8.8. The plates have no uniform expansion
from the temperature loads and are therefore not expanding together with the
parts of the beams at the same height. The gradients in the beams cause a global
curvature of the superstructure and induce axial forces in the plates. Axial forces
in the plates of spans 1-7 are observed to be fluctuating between positive and
negative insignificant values because of minor global curvatures. However, the
restraint moments generate large axial stresses in the upper parts of the beams in
these spans.

Figure 8.8: Axial force, SF1, from the temperature load TempH

The last two element rows near axis 10 are observed to be exposed to concentrated
axial forces in the transition between the beams and the plates. Axial forces are
significant in span 9, and need to build up fast from zero at the simply supported
end. The process of building up axial forces, including concentrated shear forces,
SF3, and transverse axial forces, SF2, are more clearly illustrated in the resulting
forces from ASR and will be explained in more detail in Section 8.5. Further out
in the span, the axial forces distribute to neighbouring elements. Elements have
approximately equal axial force already in element row 4, 4.375 m from axis 10.

8.5 Alkali-Silica Reactions

Alkali-silica reactions provide some of the most significant forces observed in the
structure. As earlier mentioned, the expansions due to ASR are modelled in sep-
arate models for the longitudinal, and transverse direction to easier interpret the
responses. Thus, the two cases are discussed and presented individually.
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8.5.1 ASR in the Longitudinal Direction

Analysis performed in Abaqus shows that ASR is the load that generates the most
significant axial forces, SF1, in the plates of Elgeseter Bridge. The expansions
provide relatively stable axial forces along the bridge, as illustrated in Figure 8.9.
Compressive and tensile forces are displayed in blue and red, respectively.

The sign of SF1 changes in the middle of the plates between the inner and outer
beams, section B. Consequently, the axial force has to be zero somewhere in the
slab between the beams. None of the integration points in the Abaqus model is
located precisely along this line of zero axial force. The resulting SF1 is therefore
conservatively extracted from the nearby element with the most unfavourable
contribution to the load combination. The axial force increases fast after changing
sign, and significant axial forces are also obtained in section B.

Figure 8.9: Axial force, SF1, from ASR in the longitudinal direction

Columns give additional axial forces in the superstructure due to their horizontal
deformations. This additional force builds up towards the fully restrained end
support in axis 1 from zero in span 9, as more columns contribute. However, the
columns have low stiffness, and the provided compressive force is therefore small.

Axial forces, SF1, are stable along the bridge, except in span 9, as Figure 8.9
shows. The supports in axis 10 are free to move in the longitudinal direction of
the bridge and can not absorb axial forces in the x-direction. Thus, for the axial
force to build up, large internal forces are generated in the slabs of span 9. Fig-
ure 8.10 illustrates the contour plots for the transverse axial force, SF2, and the
membrane shear force, SF3. Large transverse compressive forces appear along
the edge in axis 10 as the plates are pushed together. The inner plate is most
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exposed, as the blue colour in Figure 8.10a clearly shows. However, just 5 meters
out in the span, the sign of the force has changed, and suddenly the inner plate is
subjected to tensile forces.

Figure 8.10b displays the characteristic membrane shear force, SF3, in the slabs of
Elgeseter Bridge generated by ASR. The membrane shear force has a considerable
magnitude along the whole bridge but has its clear maximum of just 2-3 meters
from the end support. Both SF2 and SF3 originate from the build-up of the axial
force, SF1, at the beginning of span 9.

(a)

Transverse axial force, SF2
(b)

Membrane shear force, SF3

Figure 8.10: Section forces in span 9 from ASR

Figure 8.11 illustrates the last part of span 9, seen from above, and is used to
explain the forces in the plates generated by ASR. The superstructure is divided
into four T-beams, depending on the sign of the axial force, SF1. Figure 8.11a
separates parts in compression and tension in colours blue and red, respectively.
The purple element in Figure 8.11b is an imagined segment of the western outer
T-beam. Horizontal equilibrium of the element in x-direction clarifies that a shear
force is needed to neutralize the earlier mentioned increasing axial force, SF1,
from ASR. This is a consequence of the fact that no horizontal forces can be ab-
sorbed in the two free edges of the element. The simply supported end in axis 10
provides no horizontal restraints.
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(a)

Span 9 seen from above

(b)

Horizontal
equilibrium

Figure 8.11: Horizontal equilibrium of a part of span 9 towards axis 10, seen
from above

Further on, moment equilibrium about point A of the element illustrated in Fig-
ure 8.11b is conducted. To obtain moment equilibrium, an axial force in the
y-direction, SF2, is needed. SF1 and SF2 are the only forces generating moment
about point A. Finally, a membrane shear force, SF3, is introduced because it is
the only force that can maintain horizontal equilibrium in the y-direction. Figure
8.11b shows all horizontal forces acting on the element.

Axial forces, SF1, use span 9 to build up as explained by generating large SF2 and
SF3. On the other hand, in spans 1-8, the axial forces are acting on the elements
with approximately the same magnitude from both sides. Thus, only minor shear
forces and transverse axial forces are needed to keep the elements in equilibrium.

The gradient modelled to reproduce the ASR expansions makes the upper parts
expand more than the lower. The generated deflection is comparable to the re-
sponse from the temperature load with a heated surface. Restraint forces from
the columns create a global negative bending moment along the bridge, inducing
compression forces in the plates. Unlike the response from the modelled temper-
ature loads, the slabs and the top of the beams expand together when subjected to
ASR. Expansions are compatible between the plates and the top of the beams. The
bending moments SM1 in the slabs have the same sign as the global bending mo-
ment. SM1 in the plates are of considerable magnitude, while bending moments
in the transverse direction, SM2, are insignificant.

8.5.2 ASR in the Transverse Direction

The amount of transverse reinforcement is constant in the longitudinal direc-
tion of the bridge. The temperature fields are consequently equal for all element
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rows along the bridge, and thus, no restraint forces due to varying expansion
in the transverse direction are generated. However, varying reinforcement in the
transverse direction causees an inconsistent ASR expansion over the width of the
bridge. The last column of Table 6.4, containing the calculated temperature fields,
shows that the gradient even changes sign over the width. Figure 8.12 shows the
contour plot for SM2 with corresponding deformation.

Figure 8.12: Transverse bending moment, SM2, from ASR in the transverse dir-
ection

The positive gradients in the mid-plate generate an upward deflection, which the
beams counteract by introducing a negative restraint moment, displayed in Figure
8.13. Most parts of the plates between the inner and outer beams are exposed to
gradients with a negative sign, causing a downward deformation. However, the
rotation of the inner beams, induced by the large gradients in the inner plate,
causes a further downwards deflection. Outer plates expand freely without re-
straints from the beams, and consequently, they have negligible bending moments.
SM2 in the beams are ignored in the plot in Figure 8.13 to highlight the response
in the plates.
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Figure 8.13: Transverse bending moment, SM2, from ASR in a typical mid-span
section

Including the transverse ASR expansions in the analysis introduces considerable
force contributions. SM2 is observed to be in the same order of magnitude as the
transverse bending moment from the self-weight in section E, in the inner plate.





Chapter 9

Resulting Forces

In this chapter, the resulting forces are presented for the critical sections illustrated
in Section 8.1. Forces generated from the different loads and the dimensioning
load combinations are tabulated for all 35 sections. Notice that sections here are
named by their section ID, containing a transverse (A-E) and a longitudinal (1-7)
coordinate, from Figure 8.1 and Figure 8.2.

9.1 Load Combinations

The assumed most unfavourable traffic load is chosen for each critical section,
amongst the 48 load configurations. Loads applied in the considered longitudinal
axis is in general found to be worst, as they generate local transverse bending
moments. However, for sections B-E in the column axes S1 and S4, traffic loads
located in the span are found critical. Tensile forces are here generated in the
slabs by global bending moments. For section A the traffic loads are applied in
the considered section to amplify the positive transverse bending moments from
the self-weight.

Whether the temperature load with a heated or cooled upper surface is chosen is
based on the moment contributions from the dead load and the ASR load. The
case with warm upper surface and cold upper surface are named Temp_H and
Temp_C, respectively, in the load combinations.

The following tables summarize the results from the finite element analyses in
Abaqus. Tables containing resulting forces, load combinations and choices re-
garding the selection of loads are presented for each longitudinal section, 1-7.
Load combinations marked with red colour are evaluated in the capacity control
in Chapter 10.
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9.1.1 Axis 6 (S1)

Table 9.1: Forces axis 6 (S1)

Self-weight Traffic Temperature ASR ASR transverse
Section A SF1 [kN/m] 707.0 -3.1 -4.9 -906.5 19.3

SF2 [kN/m] -91.3 -2.5 1.9 -6.0 0.2
SF3 [kN/m] -134.4 -0.6 -1.4 -36.5 -0.5
SM1 [kNm/m] 29.5 2.5 3.5 -7.6 1.7
SM2 [kNm/m] 69.7 16.3 1.4 -2.4 5.3
SM3 [kNm/m] -0.4 -0.5 0.0 0.1 0.3

Section B SF1 [kN/m] 361.1 21.6 0.5 56.2 3.2
SF2 [kN/m] 78.3 3.8 0.2 -17.9 2.1
SF3 [kN/m] -22.2 15.2 0.2 8.6 -0.7
SM1 [kNm/m] 16.3 0.9 4.2 -6.9 -1.0
SM2 [kNm/m] 23.1 1.4 4.4 -1.3 -6.4
SM3 [kNm/m] -1.0 1.2 0.0 0.1 -0.2

Section C SF1 [kN/m] 493.2 66.5 4.7 366.5 -13.8
SF2 [kN/m] 21.3 -9.1 -1.2 -30.1 6.7
SF3 [kN/m] 67.1 35.1 0.7 34.4 4.5
SM1 [kNm/m] 11.8 2.1 4.7 -6.6 -2.9
SM2 [kNm/m] 8.9 3.4 6.3 -1.4 -13.5
SM3 [kNm/m] -0.7 1.6 0.0 0.0 -0.2

Section D SF1 [kN/m] 511.0 79.1 5.8 432.2 -21.1
SF2 [kN/m] 39.2 -4.1 -1.2 -34.2 1.9
SF3 [kN/m] -74.0 -25.0 -0.9 -33.0 1.9
SM1 [kNm/m] 14.9 1.8 6.1 -9.1 -4.6
SM2 [kNm/m] 7.4 -2.1 6.8 -3.1 -19.4
SM3 [kNm/m] 0.9 2.9 0.0 0.0 -0.3

Section E SF1 [kN/m] 291.5 40.4 4.2 457.1 -11.8
SF2 [kN/m] 118.0 9.8 0.0 -32.6 -0.3
SF3 [kN/m] 6.8 2.8 0.2 1.8 -0.1
SM1 [kNm/m] 7.7 1.6 6.1 -8.6 -4.5
SM2 [kNm/m] -22.4 -3.8 6.8 -2.3 -18.5
SM3 [kNm/m] 0.4 0.0 0.0 0.0 0.0
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Table 9.2: Load combination axis 6 (S1)

ULSa-TR ULSa-TE ULSb-TR ULSb-TE
Section A SF1 [kN/m] -78.5 -79.0 -187.8 -186.6

SF2 [kN/m] -114.3 -108.9 -98.6 -97.6
SF3 [kN/m] -192.4 -193.0 -173.2 -173.0
SM1 [kNm/m] 31.5 31.5 29.4 28.4
SM2 [kNm/m] 105.9 84.5 93.3 86.8
SM3 [kNm/m] -0.8 -0.1 -0.6 -0.4

Section B SF1 [kN/m] 504.9 475.1 446.8 438.2
SF2 [kN/m] 79.6 74.5 67.2 65.7
SF3 [kN/m] 3.7 -17.4 4.1 -2.0
SM1 [kNm/m] 12.1 15.0 12.8 12.5
SM2 [kNm/m] 20.8 23.3 20.6 20.1
SM3 [kNm/m] 0.4 -1.3 0.3 -0.1

Section C SF1 [kN/m] 1006.3 924.5 929.4 902.8
SF2 [kN/m] -10.7 -0.1 -14.0 -10.3
SF3 [kN/m] 161.7 116.8 148.7 134.6
SM1 [kNm/m] 6.8 8.7 8.5 7.7
SM2 [kNm/m] -0.2 1.6 3.1 1.8
SM3 [kNm/m] 1.1 -1.0 1.0 0.4

Section D SF1 [kN/m] 1101.6 1004.6 1021.7 990.0
SF2 [kN/m] 7.5 11.6 1.0 2.7
SF3 [kN/m] -148.7 -117.1 -135.8 -125.8
SM1 [kNm/m] 5.8 9.5 8.2 7.5
SM2 [kNm/m] -16.7 -7.2 -12.2 -11.4
SM3 [kNm/m] 4.5 0.7 4.1 2.9

Section E SF1 [kN/m] 837.1 784.7 788.6 772.5
SF2 [kN/m] 116.5 102.8 96.9 92.9
SF3 [kN/m] 13.4 9.8 12.0 10.9
SM1 [kNm/m] -2.0 1.8 1.4 0.7
SM2 [kNm/m] -51.9 -39.8 -42.4 -40.8
SM3 [kNm/m] 0.5 0.5 0.4 0.4

Table 9.3: Assumed worst traffic load and temperature load (S1)

Section A Section B Section C Section D Section E
Traffic Traffic_2 Traffic_1* Traffic_1* Traffic_1* Traffic_1*
Temperature Temp_C Temp_C Temp_C Temp_C Temp_C

*Traffic load located 0.33 · Lspan away from the column axis in order to
generate large tensile forces in the longitudinal direction.
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9.1.2 Zero bending moment span 6 (S2)

Table 9.4: Forces zero bending moment span 6 (S2)

Self-weight Traffic Temperature ASR ASR transverse
Section A SF1 [kN/m] 17.1 -44.4 0.2 -928.0 -1.7

SF2 [kN/m] 3.0 -3.2 0.0 0.0 0.2
SF3 [kN/m] -280.4 -16.4 2.3 36.0 -6.8
SM1 [kNm/m] 12.3 1.7 3.7 -7.9 0.4
SM2 [kNm/m] 60.0 15.1 1.4 -1.0 2.2
SM3 [kNm/m] -0.6 1.8 1.2 0.2 0.3

Section B SF1 [kN/m] 74.9 -39.4 0.0 70.5 0.2
SF2 [kN/m] -16.5 -7.8 -0.2 -4.0 -1.3
SF3 [kN/m] -102.3 9.3 1.4 28.0 -5.2
SM1 [kNm/m] 4.7 -12.5 4.2 -7.6 -1.4
SM2 [kNm/m] 22.8 -21.1 4.2 -1.6 -6.6
SM3 [kNm/m] -3.2 -0.1 0.0 0.8 -0.5

Section C SF1 [kN/m] 36.2 -94.5 0.2 395.2 0.4
SF2 [kN/m] 7.4 9.9 0.2 -5.4 -0.2
SF3 [kN/m] 115.7 51.8 -3.3 -9.7 -6.9
SM1 [kNm/m] 2.4 1.9 -7.2 -6.9 -2.6
SM2 [kNm/m] 10.3 22.1 -9.6 -1.9 -12.8
SM3 [kNm/m] -2.7 -1.9 0.0 0.5 -0.4

Section D SF1 [kN/m] 34.2 -97.4 0.0 448.0 0.3
SF2 [kN/m] 11.6 9.2 0.5 -7.2 0.2
SF3 [kN/m] -167.2 -53.1 2.8 26.3 6.0
SM1 [kNm/m] 0.3 0.9 -9.3 -9.3 -3.6
SM2 [kNm/m] 0.0 20.8 -10.7 -2.7 -17.9
SM3 [kNm/m] 1.7 1.6 0.0 0.0 -0.5

Section E SF1 [kN/m] 69.5 -46.2 -0.9 453.9 -2.3
SF2 [kN/m] -4.5 -11.2 0.9 -8.0 1.9
SF3 [kN/m] 31.4 3.1 0.5 1.6 1.4
SM1 [kNm/m] -4.6 -20.2 -9.3 -9.3 -3.5
SM2 [kNm/m] -22.6 -33.4 -10.7 -2.7 -18.0
SM3 [kNm/m] 0.5 0.2 0.0 0.0 0.1
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Table 9.5: Load combination section with zero bending moment span 6 (S2)

ULSa-TR ULSa-TE ULSb-TR ULSb-TE
Section A SF1 [kN/m] -967.8 -909.8 -965.7 -947.9

SF2 [kN/m] -0.5 3.7 -0.6 0.6
SF3 [kN/m] -314.6 -290.9 -269.0 -262.5
SM1 [kNm/m] 8.9 10.4 9.8 9.1
SM2 [kNm/m] 89.8 71.6 80.4 74.4
SM3 [kNm/m] 2.2 1.0 3.0 2.3

Section B SF1 [kN/m] 101.7 156.8 98.3 114.1
SF2 [kN/m] -35.2 -24.5 -31.3 -28.2
SF3 [kN/m] -81.8 -93.4 -67.2 -70.9
SM1 [kNm/m] -21.1 0.6 -15.9 -10.9
SM2 [kNm/m] -11.5 22.2 -7.4 1.1
SM3 [kNm/m] -3.5 -3.4 -3.0 -3.0

Section C SF1 [kN/m] 314.4 437.5 318.6 356.4
SF2 [kN/m] 15.8 3.1 13.9 9.9
SF3 [kN/m] 183.8 113.2 158.7 137.9
SM1 [kNm/m] -4.3 -14.0 -10.6 -11.4
SM2 [kNm/m] 25.9 -12.4 14.5 5.6
SM3 [kNm/m] -5.5 -3.0 -4.9 -4.1

Section D SF1 [kN/m] 361.0 487.6 365.6 404.6
SF2 [kN/m] 18.3 6.8 16.0 12.3
SF3 [kN/m] -229.0 -157.2 -196.4 -175.1
SM1 [kNm/m] -11.4 -21.9 -19.0 -19.3
SM2 [kNm/m] 6.4 -31.3 -4.2 -12.5
SM3 [kNm/m] 3.5 1.5 3.1 2.5

Section E SF1 [kN/m] 471.5 530.6 464.9 483.4
SF2 [kN/m] -25.8 -10.3 -23.3 -18.8
SF3 [kN/m] 43.1 39.6 38.5 37.3
SM1 [kNm/m] -44.4 -27.4 -49.1 -41.0
SM2 [kNm/m] -90.1 -57.4 -92.0 -78.6
SM3 [kNm/m] 1.0 0.7 0.9 0.8

Table 9.6: Assumed worst traffic load and temperature load (S2)

Section A Section B Section C Section D Section E
Traffic Traffic_5 Traffic_3 Traffic_5 Traffic_5 Traffic_1
Temperature Temp_C Temp_C Temp_H Temp_H Temp_H
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9.1.3 Mid-span between axis 6 and 7 (S3)

Table 9.7: Forces mid-span between axis 6 and 7 (S3)

Self-weight Traffic Temperature ASR ASR transverse
Section A SF1 [kN/m] -366.7 -87.7 2.3 -871.9 -7.4

SF2 [kN/m] 41.2 1.2 -0.5 -3.3 1.2
SF3 [kN/m] 27.8 2.2 0.2 10.6 0.7
SM1 [kNm/m] 3.1 1.4 3.7 -7.9 -0.1
SM2 [kNm/m] 52.2 17.3 1.6 1.1 0.0
SM3 [kNm/m] 0.1 0.8 0.0 -0.2 0.0

Section B SF1 [kN/m] -281.8 -55.5 0.5 -554.0 -2.1
SF2 [kN/m] -20.2 -4.4 0.2 11.4 -1.4
SF3 [kN/m] 12.9 0.1 0.2 -5.2 0.9
SM1 [kNm/m] -3.0 -13.5 4.2 -7.9 -1.4
SM2 [kNm/m] 21.0 -23.9 4.0 -2.0 -6.8
SM3 [kNm/m] 0.4 1.4 0.0 -0.2 0.0

Section C SF1 [kN/m] -290.3 -152.3 -1.6 487.5 5.7
SF2 [kN/m] -16.0 19.8 0.7 16.5 -3.3
SF3 [kN/m] -9.1 7.4 -0.2 -8.8 0.2
SM1 [kNm/m] -1.4 -0.2 4.4 -7.0 -2.2
SM2 [kNm/m] 17.8 16.9 5.6 -4.1 -11.5
SM3 [kNm/m] 0.3 1.3 0.0 0.0 0.0

Section D SF1 [kN/m] -297.0 -157.9 4.2 535.6 9.8
SF2 [kN/m] -27.2 18.9 -1.2 21.1 -3.1
SF3 [kN/m] 18.1 7.6 -0.5 9.9 0.4
SM1 [kNm/m] -6.4 -1.7 -9.3 -9.1 -3.2
SM2 [kNm/m] 0.0 15.4 -10.7 -3.0 -17.1
SM3 [kNm/m] -0.1 1.2 0.0 -0.2 0.0

Section E SF1 [kN/m] -241.7 -104.9 3.5 525.2 8.9
SF2 [kN/m] -53.5 -2.7 -0.9 24.1 -3.0
SF3 [kN/m] 0.4 0.3 0.0 2.1 0.2
SM1 [kNm/m] -11.1 -22.2 -9.3 -9.2 -3.2
SM2 [kNm/m] -23.5 -36.2 -10.7 -2.9 -17.3
SM3 [kNm/m] 0.0 -0.2 0.0 0.0 0.0
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Table 9.8: Load combination mid-span between axis 6 and 7 (S3)

ULSa-TR ULSa-TE ULSb-TR ULSb-TE
Section A SF1 [kN/m] -1415.0 -1298.7 -1349.4 -1314.3

SF2 [kN/m] 46.8 44.8 40.2 39.7
SF3 [kN/m] 46.1 43.5 41.9 41.0
SM1 [kNm/m] -2.6 -0.7 -0.2 -0.8
SM2 [kNm/m] 83.6 62.8 75.4 68.4
SM3 [kNm/m] 1.0 -0.1 0.9 0.5

Section B SF1 [kN/m] -957.9 -879.7 -904.1 -881.9
SF2 [kN/m] -19.4 -13.0 -15.3 -13.5
SF3 [kN/m] 10.7 10.8 8.9 8.9
SM1 [kNm/m] -31.7 -8.6 -25.1 -19.7
SM2 [kNm/m] -18.1 19.3 -13.3 -3.8
SM3 [kNm/m] 2.2 0.3 1.9 1.3

Section C SF1 [kN/m] -38.6 157.7 18.8 79.8
SF2 [kN/m] 20.5 -4.5 21.5 13.6
SF3 [kN/m] -9.4 -19.3 -9.0 -12.0
SM1 [kNm/m] -11.1 -6.4 -7.3 -7.2
SM2 [kNm/m] 26.8 10.5 27.0 20.2
SM3 [kNm/m] 2.0 0.3 1.9 1.3

Section D SF1 [kN/m] -1.4 208.0 62.3 125.4
SF2 [kN/m] 11.3 -14.4 12.5 5.0
SF3 [kN/m] 41.0 30.6 37.1 34.1
SM1 [kNm/m] -21.9 -29.0 -28.2 -27.5
SM2 [kNm/m] -0.1 -30.8 -10.2 -16.4
SM3 [kNm/m] 1.2 -0.3 1.1 0.7

Section E SF1 [kN/m] 119.8 259.6 169.3 211.3
SF2 [kN/m] -43.9 -41.4 -36.4 -35.3
SF3 [kN/m] 3.2 2.8 3.1 3.0
SM1 [kNm/m] -54.0 -34.5 -57.6 -48.7
SM2 [kNm/m] -94.3 -57.9 -95.7 -81.2
SM3 [kNm/m] -0.3 0.0 -0.2 -0.2

Table 9.9: Assumed worst traffic load and temperature load (S3)

Section A Section B Section C Section D Section E
Traffic Traffic_5 Traffic_4 Traffic_5 Traffic_5 Traffic_1
Temperature Temp_C Temp_C Temp_C Temp_H Temp_H
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9.1.4 Axis 9 (S4)

Table 9.10: Forces axis 9 (S4)

Self-weight Traffic Temperature ASR ASR transverse
Section A SF1 [kN/m] 807.9 -4.1 17.2 -867.3 14.9

SF2 [kN/m] -91.0 -5.5 -0.7 27.8 -4.0
SF3 [kN/m] -167.6 1.5 -4.7 -62.1 -3.5
SM1 [kNm/m] 36.2 1.9 4.0 -8.6 0.3
SM2 [kNm/m] 89.7 14.1 1.2 -2.6 -0.3
SM3 [kNm/m] -0.1 0.6 0.0 -0.1 0.1

Section B SF1 [kN/m] 412.0 26.0 15.8 18.8 1.9
SF2 [kN/m] 90.1 3.5 0.9 30.4 0.7
SF3 [kN/m] -36.4 12.9 2.1 -77.3 -1.4
SM1 [kNm/m] 20.6 1.1 4.7 -8.3 -1.8
SM2 [kNm/m] 32.5 1.4 4.2 -1.6 -8.8
SM3 [kNm/m] -2.1 1.4 0.0 -0.5 -0.2

Section C SF1 [kN/m] 549.3 75.4 29.6 276.0 -15.0
SF2 [kN/m] 30.3 -10.7 -2.3 49.5 4.1
SF3 [kN/m] 79.7 36.5 7.5 -101.0 -3.6
SM1 [kNm/m] 13.1 2.4 5.4 -7.9 -3.3
SM2 [kNm/m] 8.8 4.3 6.5 -1.0 -14.7
SM3 [kNm/m] -1.6 1.5 0.0 0.2 -0.1

Section D SF1 [kN/m] 560.8 88.5 31.5 318.9 -18.8
SF2 [kN/m] 43.1 -8.6 -2.1 55.8 3.8
SF3 [kN/m] -101.9 -24.7 -7.9 11.8 2.9
SM1 [kNm/m] 14.9 1.8 6.8 -10.9 -3.8
SM2 [kNm/m] 2.1 -2.6 7.2 -2.5 -16.5
SM3 [kNm/m] 0.6 2.7 0.0 -0.5 -0.1

Section E SF1 [kN/m] 323.8 49.5 21.4 355.1 -11.1
SF2 [kN/m] 130.8 7.1 2.1 43.8 0.6
SF3 [kN/m] -11.6 2.7 -1.2 -1.8 0.3
SM1 [kNm/m] 7.5 1.5 6.8 -10.5 -3.7
SM2 [kNm/m] -27.1 -4.0 7.0 -1.8 -16.2
SM3 [kNm/m] 0.4 0.0 0.0 0.1 0.0
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Table 9.11: Load combination axis 9 (S4)

ULSa-TR ULSa-TE ULSb-TR ULSb-TE
Section A SF1 [kN/m] 70.9 93.9 -35.6 -34.0

SF2 [kN/m] -88.6 -81.5 -74.4 -72.2
SF3 [kN/m] -256.2 -263.0 -235.1 -235.7
SM1 [kNm/m] 36.0 37.3 33.3 32.6
SM2 [kNm/m] 120.0 101.4 104.7 99.0
SM3 [kNm/m] 0.7 -0.1 0.6 0.4

Section B SF1 [kN/m] 530.9 510.3 476.6 466.2
SF2 [kN/m] 139.6 135.6 126.1 124.7
SF3 [kN/m] -102.5 -118.5 -97.9 -103.1
SM1 [kNm/m] 15.1 18.3 15.5 15.1
SM2 [kNm/m] 28.9 31.2 27.1 26.6
SM3 [kNm/m] -1.2 -3.1 -1.1 -1.7

Section C SF1 [kN/m] 990.7 922.3 924.5 894.3
SF2 [kN/m] 74.5 86.1 69.2 73.5
SF3 [kN/m] 34.5 -5.5 24.9 10.3
SM1 [kNm/m] 7.0 9.2 9.1 8.1
SM2 [kNm/m] 0.0 0.9 3.5 1.8
SM3 [kNm/m] 0.2 -1.7 0.3 -0.3

Section D SF1 [kN/m] 1060.1 976.5 992.3 956.9
SF2 [kN/m] 98.0 107.1 90.7 94.1
SF3 [kN/m] -134.6 -110.4 -123.2 -113.3
SM1 [kNm/m] 4.8 9.2 7.8 7.0
SM2 [kNm/m] -20.0 -9.4 -14.2 -13.2
SM3 [kNm/m] 3.6 0.1 3.2 2.2

Section E SF1 [kN/m] 780.7 737.8 744.3 724.5
SF2 [kN/m] 204.1 196.9 185.4 182.6
SF3 [kN/m] -11.3 -16.0 -10.8 -11.9
SM1 [kNm/m] -3.6 1.2 0.5 -0.1
SM2 [kNm/m] -54.4 -42.2 -44.3 -42.7
SM3 [kNm/m] 0.6 0.6 0.5 0.5

Table 9.12: Assumed worst traffic load and temperature load (S4)

Section A Section B Section C Section D Section E
Traffic Traffic_2 Traffic_1* Traffic_1* Traffic_1* Traffic_1*
Temperature Temp_C Temp_C Temp_C Temp_C Temp_C

*Traffic load located 0.42 · Lspan away from the column axis in order to
generate large tensile forces in the longitudinal direction.
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9.1.5 Section with max field moment from self-weight span 9 (S5)

Table 9.13: Forces in section with max field moment (SM1) from self-weight (S5)

Self-weight Traffic Temperature ASR ASR transverse
Section A SF1 [kN/m] -586.3 -99.5 -45.4 -535.1 -6.0

SF2 [kN/m] 47.5 2.5 4.2 23.4 0.9
SF3 [kN/m] 12.2 -0.4 -13.5 -293.8 0.9
SM1 [kNm/m] -0.5 0.9 3.0 -6.3 -0.8
SM2 [kNm/m] 57.6 15.1 1.6 0.7 -3.2
SM3 [kNm/m] 1.0 -0.9 -0.2 0.1 0.1

Section B SF1 [kN/m] -495.3 -108.1 79.0 -381.0 2.3
SF2 [kN/m] -16.7 2.0 -6.1 81.2 -1.6
SF3 [kN/m] 10.5 -6.1 7.0 -343.2 0.9
SM1 [kNm/m] -5.9 -14.4 -5.1 -5.7 -1.6
SM2 [kNm/m] 26.3 -24.1 -6.5 -0.5 -8.6
SM3 [kNm/m] 1.9 0.2 0.0 0.7 0.2

Section C SF1 [kN/m] -490.6 -174.0 -53.1 427.6 7.8
SF2 [kN/m] -17.3 24.3 5.4 121.4 -3.5
SF3 [kN/m] 1.5 -11.3 9.1 -331.3 0.6
SM1 [kNm/m] -3.7 -0.7 3.5 -3.5 -2.2
SM2 [kNm/m] 22.3 16.9 5.1 -1.5 -12.3
SM3 [kNm/m] 1.3 1.2 0.0 1.3 0.1

Section D SF1 [kN/m] -500.3 -181.4 91.8 365.1 11.4
SF2 [kN/m] -31.9 23.3 -8.2 155.3 -4.1
SF3 [kN/m] 14.3 9.4 18.6 -79.4 0.7
SM1 [kNm/m] -11.2 -2.3 -7.2 -4.9 -2.8
SM2 [kNm/m] -3.6 15.6 -9.8 -1.7 -15.6
SM3 [kNm/m] 0.8 -1.1 -0.2 -0.3 0.0

Section E SF1 [kN/m] -440.9 -128.3 90.9 305.6 11.1
SF2 [kN/m] -60.2 0.9 -5.4 172.6 -3.7
SF3 [kN/m] 2.8 0.3 4.2 16.2 0.1
SM1 [kNm/m] -15.8 -22.9 -7.2 -4.9 -2.8
SM2 [kNm/m] -27.4 -37.4 -9.8 -1.5 -15.7
SM3 [kNm/m] 0.1 0.2 0.0 0.1 0.0
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Table 9.14: Load combination max field moment (SM1) from self-weight span 9
(S5)

ULSa-TR ULSa-TE ULSb-TR ULSb-TE
Section A SF1 [kN/m] -1344.7 -1260.8 -1283.1 -1243.3

SF2 [kN/m] 82.2 83.1 78.2 77.2
SF3 [kN/m] -279.4 -292.4 -292.0 -291.8
SM1 [kNm/m] -6.5 -4.6 -4.1 -4.5
SM2 [kNm/m] 83.4 65.4 74.5 68.5
SM3 [kNm/m] 0.2 1.1 -0.1 0.3

Section B SF1 [kN/m] -1088.8 -869.3 -940.5 -897.3
SF2 [kN/m] 63.0 54.3 60.5 59.7
SF3 [kN/m] -338.2 -323.2 -333.5 -331.1
SM1 [kNm/m] -32.8 -19.2 -34.6 -28.8
SM2 [kNm/m] -10.2 14.6 -16.9 -7.3
SM3 [kNm/m] 3.3 3.1 3.0 3.0

Section C SF1 [kN/m] -355.0 -181.9 -306.5 -236.9
SF2 [kN/m] 129.6 103.4 134.0 124.3
SF3 [kN/m] -343.7 -319.9 -335.5 -331.0
SM1 [kNm/m] -10.9 -6.5 -7.4 -7.2
SM2 [kNm/m] 33.8 17.0 32.9 26.1
SM3 [kNm/m] 4.5 2.9 4.1 3.7

Section D SF1 [kN/m] -434.7 -107.0 -268.0 -195.5
SF2 [kN/m] 144.8 106.4 140.7 131.4
SF3 [kN/m] -50.0 -43.6 -38.2 -42.0
SM1 [kNm/m] -23.6 -27.8 -27.4 -26.5
SM2 [kNm/m] -1.2 -31.2 -10.0 -16.2
SM3 [kNm/m] -0.8 0.4 -1.0 -0.6

Section E SF1 [kN/m] -357.1 -99.5 -205.5 -154.1
SF2 [kN/m] 100.8 94.3 105.5 105.1
SF3 [kN/m] 19.9 23.7 22.8 22.7
SM1 [kNm/m] -55.6 -33.1 -56.8 -47.6
SM2 [kNm/m] -97.3 -58.5 -97.3 -82.3
SM3 [kNm/m] 0.5 0.2 0.4 0.4

Table 9.15: Assumed worst traffic load and temperature load (S5)

Section A Section B Section C Section D Section E
Traffic Traffic_5 Traffic_3 Traffic_5 Traffic_5 Traffic_1
Temperature Temp_C Temp_H Temp_C Temp_H Temp_H
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9.1.6 Section with large in-plane shear forces from ASR (S6)

Table 9.16: Forces in section with max in-plane shear forces (SF3) from ASR (S6)

Self-weight Traffic Temperature ASR ASR transverse
Section A SF1 [kN/m] -412.1 -46.2 -79.7 -253.1 -6.2

SF2 [kN/m] 34.9 -1.7 13.7 -229.8 1.9
SF3 [kN/m] 233.4 16.7 -3.0 -314.0 5.5
SM1 [kNm/m] 6.5 0.1 2.1 -1.9 -0.5
SM2 [kNm/m] 75.5 9.2 0.9 5.3 -1.7
SM3 [kNm/m] 1.3 0.3 0.0 -0.1 0.3

Section B SF1 [kN/m] -288.2 -47.1 -56.6 -264.9 2.2
SF2 [kN/m] -25.3 -15.5 -18.9 -206.8 1.1
SF3 [kN/m] 121.7 -19.2 -13.5 -450.5 5.9
SM1 [kNm/m] -2.7 -12.7 2.6 -2.3 -1.8
SM2 [kNm/m] 30.2 -22.5 3.5 1.6 -8.8
SM3 [kNm/m] 7.0 -1.0 -0.2 0.1 0.7

Section C SF1 [kN/m] -283.9 -126.5 139.1 269.6 8.5
SF2 [kN/m] 7.7 9.5 -19.1 -208.4 -0.3
SF3 [kN/m] -73.4 -47.2 -4.4 -382.5 5.9
SM1 [kNm/m] -3.3 2.5 -4.7 -2.6 -2.6
SM2 [kNm/m] 7.1 27.1 -9.6 -3.8 -14.1
SM3 [kNm/m] 4.3 1.6 0.5 1.1 0.3

Section D SF1 [kN/m] -286.3 -131.3 148.4 92.4 10.5
SF2 [kN/m] 15.5 8.3 -17.7 -292.9 0.6
SF3 [kN/m] 143.7 48.4 1.9 -83.5 -3.1
SM1 [kNm/m] -8.1 1.4 -6.1 -2.4 -3.0
SM2 [kNm/m] -6.9 26.3 -11.0 -0.7 -16.2
SM3 [kNm/m] 0.0 -1.3 -0.2 -0.7 0.1

Section E SF1 [kN/m] -222.2 -56.2 96.9 33.9 7.9
SF2 [kN/m] -12.1 -22.9 36.3 -325.5 2.6
SF3 [kN/m] 32.5 4.5 21.7 17.9 1.0
SM1 [kNm/m] -12.5 -20.7 -5.8 -2.2 -3.0
SM2 [kNm/m] -28.9 -37.9 -9.8 -0.5 -15.7
SM3 [kNm/m] 0.1 0.4 0.0 0.1 0.0
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Table 9.17: Load combination section with large in-plane shear forces (SF3) from
ASR (S6)

ULSa-TR ULSa-TE ULSb-TR ULSb-TE
Section A SF1 [kN/m] -797.9 -812.9 -790.6 -772.1

SF2 [kN/m] -190.1 -174.0 -184.0 -183.4
SF3 [kN/m] -16.7 -43.1 -57.5 -64.2
SM1 [kNm/m] 5.2 7.2 5.9 5.9
SM2 [kNm/m] 103.3 91.4 90.9 87.2
SM3 [kNm/m] 2.1 1.7 1.9 1.7

Section B SF1 [kN/m] -660.1 -650.7 -652.7 -633.9
SF2 [kN/m] -256.5 -253.7 -264.7 -258.5
SF3 [kN/m] -331.5 -318.2 -356.8 -349.1
SM1 [kNm/m] -25.0 -4.6 -20.0 -14.9
SM2 [kNm/m] -4.0 31.0 -1.2 7.8
SM3 [kNm/m] 7.5 8.6 6.4 6.8

Section C SF1 [kN/m] -212.8 90.7 -46.3 4.3
SF2 [kN/m] -187.5 -219.0 -204.9 -208.7
SF3 [kN/m] -522.4 -465.4 -510.2 -491.3
SM1 [kNm/m] -5.7 -13.7 -9.2 -10.2
SM2 [kNm/m] 25.5 -19.3 14.1 3.2
SM3 [kNm/m] 8.4 6.8 8.0 7.4

Section D SF1 [kN/m] -397.0 -77.9 -222.2 -169.7
SF2 [kN/m] -263.7 -292.2 -281.0 -284.3
SF3 [kN/m] 141.6 80.5 116.7 97.3
SM1 [kNm/m] -12.9 -20.8 -16.7 -17.2
SM2 [kNm/m] 9.4 -35.8 -1.0 -11.5
SM3 [kNm/m] -2.3 -0.8 -2.3 -1.8

Section E SF1 [kN/m] -286.8 -116.8 -170.3 -147.8
SF2 [kN/m] -366.6 -300.5 -333.4 -324.2
SF3 [kN/m] 62.1 77.9 74.1 72.3
SM1 [kNm/m] -46.5 -25.4 -47.2 -38.9
SM2 [kNm/m] -98.7 -59.2 -98.4 -83.2
SM3 [kNm/m] 0.7 0.2 0.7 0.5

Table 9.18: Assumed worst traffic load and temperature load (S6)

Section A Section B Section C Section D Section E
Traffic Traffic_2 Traffic_3 Traffic_5 Traffic_5 Traffic_1
Temperature Temp_C Temp_C Temp_H Temp_H Temp_H
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9.1.7 Axis 10 (S7)

Table 9.19: Forces axis 10 (S7)

Self-weight Traffic Temperature ASR ASR transverse
Section A SF1 [kN/m] -123.2 -6.4 134.7 49.6 -2.3

SF2 [kN/m] -226.1 -15.9 55.7 116.1 -6.3
SF3 [kN/m] 217.3 16.7 -99.0 -116.4 4.3
SM1 [kNm/m] 11.7 -0.7 -0.7 -0.1 0.2
SM2 [kNm/m] 94.7 -5.2 1.9 4.6 0.7
SM3 [kNm/m] -1.1 -1.2 0.9 0.2 0.6

Section B SF1 [kN/m] -36.3 -1.9 -8.9 74.2 0.4
SF2 [kN/m] 109.4 18.1 21.9 -599.1 2.8
SF3 [kN/m] 48.7 -3.5 4.9 -253.3 1.9
SM1 [kNm/m] -1.1 0.2 0.7 -0.5 -0.6
SM2 [kNm/m] 33.1 -9.6 3.7 1.6 -9.2
SM3 [kNm/m] 9.2 -2.1 -0.7 -0.6 1.0

Section C SF1 [kN/m] -67.8 -24.9 145.6 51.9 3.6
SF2 [kN/m] 3.5 -108.1 60.8 -998.0 10.8
SF3 [kN/m] -102.7 -55.0 106.9 -75.9 5.5
SM1 [kNm/m] -2.7 2.9 -2.3 -0.2 -2.0
SM2 [kNm/m] -9.1 15.6 -8.6 -0.3 -15.1
SM3 [kNm/m] 5.4 2.3 -0.7 0.7 -0.3

Section D SF1 [kN/m] -68.3 -24.4 153.1 35.5 4.0
SF2 [kN/m] 28.2 -99.9 54.5 -1073.8 11.1
SF3 [kN/m] 121.4 -54.0 -111.8 -12.9 -5.4
SM1 [kNm/m] -1.1 2.9 -2.3 -0.1 -1.8
SM2 [kNm/m] -2.9 16.8 -8.2 1.0 -15.1
SM3 [kNm/m] 1.0 -2.3 1.4 -0.4 1.1

Section E SF1 [kN/m] -26.1 -2.5 14.9 -0.6 1.0
SF2 [kN/m] 184.7 26.1 -45.9 -1075.9 4.8
SF3 [kN/m] 15.8 2.0 8.2 0.6 0.6
SM1 [kNm/m] -3.3 0.2 -1.4 -0.3 -0.9
SM2 [kNm/m] -30.9 -21.7 -10.3 -0.2 -16.2
SM3 [kNm/m] 0.5 0.5 -0.5 0.0 -0.3
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Table 9.20: Load combination axis 10 (S7)

ULSa-TR ULSa-TE ULSb-TR ULSb-TE
Section A SF1 [kN/m] -103.3 40.3 24.2 26.7

SF2 [kN/m] -172.5 -94.5 -90.8 -84.5
SF3 [kN/m] 161.2 38.8 46.0 39.3
SM1 [kNm/m] 12.6 12.9 10.4 10.7
SM2 [kNm/m] 106.9 116.1 95.3 97.3
SM3 [kNm/m] -2.1 0.5 -1.0 -0.5

Section B SF1 [kN/m] 30.4 24.0 28.9 29.7
SF2 [kN/m] -447.0 -448.6 -447.7 -454.9
SF3 [kN/m] -199.9 -190.5 -203.0 -201.6
SM1 [kNm/m] -2.1 -1.7 -1.4 -1.5
SM2 [kNm/m] 18.0 34.2 17.0 20.8
SM3 [kNm/m] 8.3 10.3 6.5 7.4

Section C SF1 [kN/m] -54.8 123.2 74.3 84.3
SF2 [kN/m] -1123.7 -922.4 -1064.8 -1021.5
SF3 [kN/m] -260.0 -81.6 -153.5 -131.5
SM1 [kNm/m] -1.5 -7.6 -3.3 -4.4
SM2 [kNm/m] -5.6 -34.5 -12.7 -18.9
SM3 [kNm/m] 9.6 5.9 8.0 7.1

Section D SF1 [kN/m] -70.8 114.0 64.4 74.1
SF2 [kN/m] -1160.1 -975.7 -1110.8 -1070.8
SF3 [kN/m] 51.1 9.5 -51.2 -29.6
SM1 [kNm/m] 0.6 -5.5 -1.4 -2.5
SM2 [kNm/m] 4.4 -25.6 -3.4 -10.1
SM3 [kNm/m] -1.1 3.2 0.1 1.0

Section E SF1 [kN/m] -32.9 -14.7 -16.8 -15.8
SF2 [kN/m] -824.8 -904.6 -891.8 -902.2
SF3 [kN/m] 22.0 27.5 25.9 25.1
SM1 [kNm/m] -4.7 -6.4 -5.4 -5.5
SM2 [kNm/m] -80.1 -62.2 -81.5 -72.9
SM3 [kNm/m] 0.9 -0.2 0.4 0.2

Table 9.21: Assumed worst traffic load and temperature load (S7)

Section A Section B Section C Section D Section E
Traffic Traffic_2 Traffic_3 Traffic_5 Traffic_5 Traffic_1
Temperature temp_H temp_C temp_H temp_H temp_H
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9.2 Reinforcement

The amount of reinforcement is important for the capacity and affect the util-
ization ratios to a great extent. Table 9.22 and Table 9.23 contain the amounts
of longitudinal and transverse reinforcement, respectively, for all 35 sections.
Amounts are based on the original drawings in Appendix A.

Generally, the plates have small amounts of longitudinal reinforcement in all sec-
tions of the bridge. However, large amounts of additional reinforcement is located
in the plates near the beams in the columns axes. Elgeseter Bridge is designed
to have its bearing through T-beams consisting of the beams themselves and the
nearby parts of the plates. Additional reinforcement is placed in the plates close
to the beams, in sections A, C and D, to absorb the great tensile forces due to the
global bending of the superstructure.

The need for additional longitudinal reinforcement in the plates is greatest near
the columns axis. Global bending of the bridge causes tensile forces in the up-
per parts of the T-beams in these sections. Original drawings give amounts of
longitudinal reinforcement only in sections above the column axis and in the
mid-span. It is assumed that the section corresponding to zero bending moment
in the beams, section 2, has the same amount of reinforcement as sections in the
column axis, sections 1 and 4. The additional reinforcement is assumed to extend
further out in the plates than the considered 1 m wide elements in sections A, C
and D, both over columns and in the point of zero bending moment.

However, the additional longitudinal reinforcement does not reach sections B and
E, located in the middle of the plates. Table 9.22 shows small amounts of upper
and lower reinforcement in the mid-plates, making these sections vulnerable to
tensile forces and positive bending moments. Section E is even observed to have
no upper reinforcement at all and is therefore among the most critical sections of
the bridge.

The amount of longitudinal reinforcement in sections 5, 6 and 7 is assumed to
be the same as in the mid-span, section 3. Common for these four sections is that
the T-beams, and generally the superstructure, are exposed to negative bending
moments from the vertical loads, resulting in compressive forces in the plate.
No additional reinforcement was therefore initially needed in upper parts of the
T-beams.
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Table 9.22: Reinforcement in the longitudinal direction

Section 1 2 3 4 5 6 7

A
Upper reinforcement [mm2/m] 4243 4243 221 4243 221 221 221
Lower reinforcement [mm2/m] 442 442 442 442 442 442 442

B
Upper reinforcement [mm2/m] 221 221 221 221 221 221 221
Lower reinforcement [mm2/m] 442 442 442 442 442 442 442

C
Upper reinforcement [mm2/m] 4243 4243 221 4243 221 221 221
Lower reinforcement [mm2/m] 442 442 442 442 442 442 442

D
Upper reinforcement [mm2/m]* 4685 4685 664 4685 664 664 664
Lower reinforcement [mm2/m] 781 781 781 781 781 781 781

E
Upper reinforcement [mm2/m] 0 0 0 0 0 0 0
Lower reinforcement [mm2/m] 781 781 781 781 781 781 781

*Reinforcement located in the middle of the cross-section, below the tram rails.

The transverse reinforcement is constant along the bridge, and values from Table
9.23 are therefore assumed to be valid for all sections 1-7. However, the rein-
forcement varies to a great extent over the width of the bridge. Similar to the
longitudinal reinforcement, the intensity of transverse reinforcement is increased
in parts of the plate that are exposed to tension due to global bending. Tensile
forces from transverse bending moments, SM2, typically appear in upper parts of
the slabs near the beams and in lower parts in the mid-plates. Section E is also in
the transverse direction observed to have no upper reinforcement and is therefore
critical. The transverse reinforcement consists of φ16.

Table 9.23: Reinforcement in the transverse direction

Section

A
Upper reinforcement [mm2/m] 1835
Lower reinforcement [mm2/m] 709

B
Upper reinforcement [mm2/m] 643
Lower reinforcement [mm2/m] 804

C
Upper reinforcement [mm2/m] 1166
Lower reinforcement [mm2/m] 804

D
Upper reinforcement [mm2/m]* 766
Lower reinforcement [mm2/m] 1539

E
Upper reinforcement [mm2/m] 0
Lower reinforcement [mm2/m] 1915

*Reinforcement located in the middle of the cross-section, below the tram rails.





Chapter 10

Capacity Control in ULS

The capacity control is performed in the ultimate limit state (ULS) for the plates
between the beams. The critical sections considered in the capacity control are
presented in Section 8.1.

The superstructure is modelled with shell elements in the analysis. A shell is an ele-
ment subjected to a combination of in-plane forces, bending moments and trans-
verse shear. Common practice is to control the capacity for transverse shear sep-
arately. The capacity control is conducted by the Iteration Method where in-plane
forces and bending moments are considered simultaneously [1].

10.1 Capacity Control by the Iteration Method

The Iteration Method is a general design method for capacity control of a shell
section with given geometry and amounts of reinforcement. M. Hailemicael has
developed a program where the Iteration Method is implemented as part of his
master’s thesis [3]. This program is used in this study, and input parameters are
customized to fit the capacity control for Elgeseter Bridge.

The initial strain from ASR in the cross-section is not included in the capacity
control. The inner pre-tension effect is assumed to have a small contribution to
the capacity. Furthermore, implementing this initial strain in the program is a
complicated process, and it is therefore neglected in the program.

10.1.1 Principals in the Iteration Method

This method controls the capacity iteratively. The curvatures and strains are cal-
culated corresponding to the internal stresses in equilibrium with the external
section forces. The shell section is divided into n layers, and the equilibrium is
iteratively controlled for each layer.
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The section forces from Abaqus are presented by the external load vector in Equa-
tion (10.1).

R=















Nx
Ny
Nx y
Mx
My
Mx y















(10.1)

A general strain vector, εt , including both the strains, εm , and the curvatures, κm ,
in the middle plane of the shell element is defined by Equation (10.2).

εt =
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(10.2)

The process is based on Kirchhoff’s hypothesis, including linear strain distribu-
tion over the thickness of the section, which means that the out of plane normal
stresses are neglected. This limitation prevents the Iteration Method to be used
in analysis with disturbed regions, or complex joints [40].

Figure 10.1: Strain distribution in a shell section

Figure 10.1 gives the strain in different heights of the shell section expressed by
Equation (10.3).
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ε =
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(10.3)

Stiffness matrix based on virtual work:

The principle of virtual work is used to establish the material stiffness matrix K .
A virtual displacement vector is expressed as:

δr = a ·δεt (10.4)

The external virtual work and internal virtual work are determined by Equations
(10.5) and (10.6), respectively.

Ay = δr T aR (10.5)

Ai =

∫

V
δεt

TσdV (10.6)

where a is the length of the shell element, aR is the total external load and V is
the volume of the shell element.

The stiffness matrix can be expressed by setting the external virtual work equal
to the internal virtual work.

Ay = Ai:

a2δεt
T R =

∫

V
δεT CεdV =

∫

V
δεt

T AT CAεt dV = a2δεt
T

∫ h/2

−h/2
AT CAdz · εt

Thus, the equilibrium of the shell element is expressed by Equation (10.7).

R =

∫ h/2

−h/2
AT CAdz · εt = Kεt (10.7)

where

K =

∫ h/2

−h/2
AT CAdz (10.8)

By conducting a congruence multiplication of the integrand, the stiffness matrix
is given by Equation (10.9).
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K =

∫ h/2

−h/2

�

C −zC
−zC C

�

dz (10.9)

After choosing a suitable material behaviour expressed by C , the strains and
curvature at the middle plane of the shell section can be determined by Equa-
tion (10.7). The strain distribution and directions of the principal stresses will
vary over the thickness of the shell section. Hence, an exact solution of Equation
(10.9) will not be possible. Numerical integration over the thickness is necessary,
where the shell section is divided into n layers with thickness ∆h = h/n. The
reinforcement is defined as separate layers. Furthermore, the stresses and strains
are assumed to be constant in each layer [1].

Material model:

Hooke’s law for plane stress is valid for a homogeneous, linear elastic, isotropic
material expressed by Equation (10.10).

σ = Cε =





1 ν 0
ν 1 0
0 0 (1− ν)/2



ε (10.10)

where ν is the poisson’s ratio. Equation (10.10) is not valid for non-linear mater-
ials due to anisotropic behaviour induced from stresses as shown in Figure 10.2.

Figure 10.2: Anisotropic material behaviour [40]

Concrete:

An orthotropic material model in the principal directions for the concrete is chosen
in order to include cracking when exposed to tension and non-linear behaviour
in compression. Thus, the model is only valid in the local principal directions and
must be transformed to the global xy-coordinate system. The material model for
the concrete is given by Equation (10.11).
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σp =





σ1
σ2
σ3



=
1

1− ν2





E11 νE12 0
νE12 E22 0

0 0 (1−ν)E12
2



= C pεp (10.11)

where p represent the principal directions and E12 = 0.5(E11 + E22).

The Young’s modulus’s E11 and E22 are the secant modulus’s in the two principal
directions. These values are equal for a linear elastic problem, resulting in Equa-
tion (10.11) becomes Equation (10.10).

It is assumed that the effects in the two principal directions are uncoupled for ca-
pacity calculations in the ultimate limit state, resulting in a Poisson’s ratio equal to
zero. The failure curve in the principal directions is illustrated in Figure, assuming
zero tensile capacity of the concrete.

Figure 10.3: Biaxial failure curve for concrete [1]

Reinforcement:

Assuming the reinforcement is placed in the global x- and y directions, the stress-
strain relationship can be expressed by Equation (10.12).

σs =





σsx
σs y
τsx y



=





Esx 0 0
0 Es y 0
0 0 0









εx
εy
γx y



= Csε (10.12)

where Esx and Es y are the secant modulus for the reinforcement in the two direc-
tions, for two one-dimensional stress-strain relationships.

Step by step procedure in the Iteration Method:

The procedure in the Iteration Method can be summed up with the following
steps [1]:



108 Chapter 10: Capacity Control in ULS

1. Determine the external load vector R, extracted from the FEM analysis.

2. Calculate the initial stiffness matrix for linear elastic, isotropic concrete and
linear elastic reinforcement.

Concrete:

K c0 =
n
∑

i=1

∆hAT
i C0iAi =∆h

n
∑

i=1

�

C0i −ziC0i
−ziC0i z2

i C0i

�

Reinforcement:

K s0 =
m
∑

j=1

(Asx j

�

C0sx j −z jC0sx j
−z jC0sx j z2

j C0sx j

�

+ As y j

�

C0s y j −z jC0s y j
−z jC0s y j z2

j C0s y j

�

)

K0 = K c0 + K s0

3. Calculate strains and curvatures in the middle plane of the shell:

ε t0 = K−1
0 R

4. Find the strains in each layer for both the concrete and the reinforcement,
referred to global coordinate system:

ε0i = Aiε t0

5. Determine the principal strains and the directions for the concrete layers:

εp0i = T εiε0i

where T εi is the strain-transformation matrix from global to local principal direc-
tions.

6. Find the principal stresses in each layer:

The principal stresses σp0i , depends on the stress-strain relationship. This is
where the non-linear material behaviour is taken into account.

7. Transformation of the principal stresses to global coordinate system for each
layer:

Concrete:

σ0i = T T
εiσp0i T T

ε = T−1
σ due to orthogonality

Reinforcement:

σs0 j = C s0 jε0 j
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8. Calculate the internal load vector as the sum of the concrete and reinforcement
contributions:

S0 =∆h
n
∑

i=1

�

σ0i
−ziσ0i

�

+
m
∑

j=i















Asx j ·σsx0
As y j ·σs y0

0
−z j · Asx j ·σsx0
−z j · As y j ·σs y0

0















9. Calculate the maximum relative deviation between the internal and external
load vector:

Maxdiff=

�

�

�

�

Rk − S0k

Rk

�

�

�

�

; for k=1,2, ...6

10. Control the convergence against a chosen convergence criteria, for instance
β = 0.01:

• If Maxdiff ≤ β , convergence is achieved and the iteration is finished.

• If Maxdiff > β , calculate new secant modulus’s in the principal directions
for each concrete and reinforcement layer.

→ New material matrices: C p1i ; i=1,...,n

11. Transformation of local material matrices to global coordinate system:

C1i = T T
εiC p1i T εi

Return to step 2 and repeat steps 2-11 until the chosen convergence is achieved.

The Iteration process is visualized in Figure 10.4.
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Figure 10.4: Iteration Method [40]

10.1.2 Input to the Program

The input parameters to the program are shown in Figure 10.5. The x-axis corres-
ponds to the longitudinal direction of the bridge. Bending moments are defined
with opposite signs compared to the sign convention from Abaqus, shown in Fig-
ure 7.6. Positive bending moments in the program correspond to tensile stresses
in the lower part of the element. This is included by inserting Mx , My and Mx y
with opposite sign in the capacity program.

The α-values consider the angle between the longitudinal- and transverse rein-
forcement in each layer. As the reinforcement in Elgeseter Bridge is placed as an
orthogonal grid, both α1 and α2 is set to 0 degrees. n is the number of layers,
β is the convergence criteria, and max I t is the maximum number of iterations.
Chosen values for these parameters are shown in Figure 10.5. The design com-
pressive strength of the concrete is calculated by Equation (10.13) in the capacity
program. A compressive strength of 12 MPa is obtained by using fck = 25 MPa,
α = 0.672 and γs = 1.4. It is normal to assume that the two principal stress
directions are uncoupled for capacity calculations in ULS, leading to a Poisson’s
ratio, ν, equal to zero [1].

fcd = α ·
fck

γs
(10.13)
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Figure 10.5: Input parameters to the Iteration Method

The values c1 and c2 are the distances from the centre of gravity of the reinforce-
ment layer to the closest surface for the lower and upper part, respectively. These
distances are calculated by the following equation:

c =

∑

(As,i · ys,i)
∑

As,i
(10.14)

where As,i is the considered reinforcement layer and ys,i is the distance from the
free surface to the centre of gravity of the reinforcement.

Figure 10.6 shows the reinforcement for a typical outer beam in a column axis.
As described in Section 4.4, the transverse reinforcement in the plate has a cover
equal to 33 mm and a diameter of 16 mm. This results in a distance of 49 mm
to the distribution reinforcement in the longitudinal direction, as these tendons
are located at the inside of the transverse reinforcement. The beams have a cover
of 50 mm, which is the distance to the stirrups (φ13). Hence, the distance to the
additional longitudinal reinforcement is 63 mm from the free surface. Table 10.1a
and Table 10.1b summarize the cover for the lower and upper reinforcement, in
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addition to the heights used in the capacity control. It is used a full height also in
section D, because the cavity from the removed tram rail is recast. The amounts
of reinforcement are presented in Table 9.22 and Table 9.23.

Figure 10.6: Reinforcement types in the plate

Table 10.1: Height and cover used for the different sections

(a) S1,S2,S4

Section c1 [mm] c2 [mm] h [mm]
A 47 67 255
B 46 45 280
C 46 70 290
D 53 99 370
E 45 0 380

(b) S3 and S5-S7

Section c1 [mm] c2 [mm] h [mm]
A 47 43 255
B 46 45 280
C 46 43 290
D 53 154 370
E 45 0 380

According to NS3473 [23] Section 11.3.6, a simplified stress-strain relation can
be used in the capacity control for the reinforcement, here reproduced as Figure
10.7. This relation is used in the program, resulting in a design Young’s modulus
of 160000 MPa. In comparison, bridges today are designed with a characteristic
Young’s modulus, in this case equal to 200000 MPa.

Figure 10.7: Simplified strain-stress relation reinforcement [23]
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10.1.3 Output from the Program

Yielding in the reinforcement or compressive failure in the concrete:
From a converged solution in the Iteration Method, the strain level in the rein-
forcement and the stress in the concrete can be used to evaluate the utilization of
the shell section. The critical load combinations are verified against both yielding
and failure in the reinforcement and the compressive strength of the concrete.
Figure 10.8 illustrates how the utilization ratios are estimated when considering
yielding in the reinforcement as a failure criterion. The external section forces,
PEd , are scaled down to a value Ps, by a scaling factor SF1, such that all utilization
ratios for both materials are below 1.0:

Ps = SF1 · PEd (10.15)

The capacity control for the scaled loads, Ps, results in utilization ratios below 1.0
given as URSF1. The resulting utilization ratio is obtained by assuming a linear
relation also after yielding or failure in the concrete has occurred. Therefore, the
resulting utilization ratio is expressed by the utilization ratio of the most critical
component:

UR1 =
URSF1

SF1
(10.16)

Figure 10.8: Strain development in the reinforcement

Failure strain in the reinforcement or compressive failure in the concrete:
Sections with UR1 > 1.0 are verified considering either failure strain in the rein-
forcement or compressive failure in the concrete. The area between Ps y and Psu
describes yielding in minimum one reinforcement layer. Psu is the maximum load
the section can resist before failure in one reinforcement layer or failure in the
concrete occurs. The solution from the Iteration Method does not converge for
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loads larger than Psu as the failure capacity is exceeded. This load level corres-
ponds to a utilization ratio of 1.0 in the most utilized component. PEd is scaled
down by a scaling factor SF2 until the solution converges.

Psu = SF2 · PEd (10.17)

The resulting utilization ratio UR2 is either limited by the ultimate failure strain
of the reinforcement or exceedance of the compressive strength in the concrete.
The final utilization ratio is obtained as:

UR2 =
1.0
SF2

(10.18)

Reduced compressive strength of the concrete:
Some sections are exposed to high compressive forces. According to section 6.5 in
EC2 [25], the maximum compressive strength in the concrete should be reduced
by Equation (10.19) if the section exhibit tension in the direction normal to the
compressive force.

σRd,max = 0.6 · ν′ · fcd (10.19)

where

ν′ = 1−
fck

250
(10.20)

This limitation reduces the capacity of the concrete by 46%, which can be decisive
for the capacity of a cross-section. The design values for the reinforcement and
concrete used in the capacity control are shown in Table 10.2.

The capacity program does not include the reduction of the compressive strength
of the concrete in the iteration process. Implementing this limitation is a com-
plicated and time-consuming process. Reduction of the capacity is however con-
sidered by comparing the maximum compressive stress occurring in the shell
section with the reduced design compressive strength from Equation (10.19).
Even though this simplification does not give the exact utilization, it perceives the
reduction of compressive strength in the concrete exposed to both compression
and tension.

The utilization of a shell section regarding the concrete is based on the design
compressive strength, fcd . A utilization ratio of 1.0 in the concrete is obtained
when one of the n layers reaches a stress level equal to the compressive strength.
The outermost layer is typically most utilized.
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Table 10.2: Design resistance ULS

Property Sign Value
Yielding strain reinforcement εs y 1.7‰
Failure strain reinforcement εsu 10‰
Design compressive strength concrete fcd 12 MPa
Reduced design compressive strength concrete σRd,max 6.48 MPa

10.1.4 Results from the Iteration Method

Utilization of critical sections concerning yielding in reinforcement:
Table 10.3 shows the utilization in all critical sections when yielding in the rein-
forcement is considered as the failure criterion. It is observed that some of the
sections also exceed the compressive strength of the concrete. Utilization of the
reinforcement in sections where the concrete is the limitation is therefore shown
in Table 10.4. URsx1 and URsx2 are the utilization ratios in the longitudinal
reinforcement for the lower and upper layer, respectively. It is equivalent for the
reinforcement in the transverse direction. URc corresponds to the utilization ra-
tios of the compressive strength of the concrete, while URc.red corresponds to the
reduced compressive strength of the concrete.

Some sections have yielding in more than one reinforcement layer, as Table 10.3
illustrates. Yielding in the reinforcement may result in formation of plastic hinges
in the cross-section. What happens with the different layers after this point is
somewhat uncertain, as forces will redistribute. Nevertheless, this indicates the
most utilized reinforcement layers. Cracking of the concrete will also result in
a smaller height of the compression zone, which will increase the compressive
stresses in the section.
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Table 10.3: Utilization of critical sections wrt. yielding in the reinforcement and
compressive failure of the concrete

Utilization
Section Load combination

URsx1 URsx2 URsy1 URsy2 URc URc.red
1A ULSa-TR 0.06 0.29 0.29 1.31 1.36 -
1B ULSa-TR 1.58 5.26 0.04 0.84 0.27 0.51
1C ULSa-TR 3.27 0.69 0.68 0.29 0.56 1.04
1D ULSa-TR 2.09 0.59 0.55 0.18 0.13 0.25
1E ULSa-TR - - - - - -
2A ULSa-TR 0.19 0.03 0.22 1.23 1.13 -
2B ULSa-TE 0.73 2.11 0.05 1.06 0.32 0.58
2C ULSa-TE 2.15 0.35 0.75 0.16 0.66 -
2D ULSa-TE 1.42 0.30 0.57 0.13 0.37 -
2E ULSa-TE - - - - - -
3A ULSa-TR 0.87 0.31 0.24 0.97 0.73 -
3B ULSa-TR 0.08 0.25 0.34 0.04 0.48 -
3C ULSa-TE 0.95 0.83 0.02 0.20 0.08 0.16
3D ULSa-TE 0.89 0.39 0.29 0.09 0.24 -
3E ULSa-TE 1.59 - 0.34 - 0.87 1.61
4A ULSa-TR 0.01 0.43 0.30 1.56 1.52 -
4B ULSa-TR 1.71 6.25 0.24 1.84 0.24 0.45
4C ULSa-TR 3.48 0.64 0.38 0.17 0.79 1.47
4D ULSa-TR 2.02 0.57 0.62 0.24 0.14 0.27
4E ULSa-TR - - - - - -
5A ULSa-TR 0.23 0.24 0.17 1.04 0.84 -
5B ULSa-TE 0.01 0.15 0.24 0.82 0.41 0.76
5C ULSa-TR 0.57 0.23 0.46 1.01 0.32 0.60
5D ULSa-TE 0.29 0.08 0.40 0.15 0.26 -
5E ULSa-TR 0.19 - 0.72 - 0.44 -
6A ULSa-TR 0.17 0.14 0.40 0.98 0.89 -
6B ULSa-TR 0.19 0.18 0.26 0.03 0.46 -
6C ULSa-TE 2.26 1.58 1.55 0.39 0.38 0.70
6D ULSa-TE 0.25 0.07 0.11 0.02 0.26 -
6E ULSa-TR 0.20 - 0.37 - 0.51 -
7A ULSa-TE 0.20 1.56 0.29 1.21 1.23 -
7B ULSa-TE 0.66 0.41 0.07 0.18 0.40 0.73
7C ULSa-TR 0.32 0.02 0.13 0.18 0.34 0.63
7D ULSa-TE 0.26 0.33 0.08 0.13 0.31 0.58
7E ULSa-TR 0.01 - 0.05 - 0.46 -
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Table 10.4: Utilization of the reinforcement wrt. yielding when failure in the
concrete occurs

Section Load combination
Utilization

URsx1 URsx2 URsy1 URsy2
1A ULSa-TR 0.044 0.213 0.213 0.963
2A ULSa-TR 0.168 0.027 0.195 1.088
4A ULSa-TR 0.006 0.283 0.197 1.026
7A ULSa-TE 0.163 1.268 0.236 0.984

Utilization of critical sections concerning ultimate failure in the cross-
section:
Table 10.5 shows the utilization ratios of the cross-sections based on the ultimate
failure strain of the reinforcement and crushing of the concrete. The utilization in
the table concerns the ratio between external forces and the capacity. The utiliza-
tion is obtained as one of the criteria in the Failure limitation reaches 1.0. URs and
URc correspond to the utilization of the reinforcement and concrete, respectively.
URc.red corresponds to the utilization of the reduced compressive strength when
the failure limitation is reached. Reduced compressive strength values are not
used as a failure limitation due to the simplification in the program. However, it
highlights the sections where the compressive strength of the concrete might be
particularly critical.

Table 10.5: Utilization of critical sections concerning ultimate failure in the cross-
section

Section Load combination
Utilization Failure limitation

UR URs URc URc.red
1A ULSa-TR 1.26 0.37 1.0 -
1B ULSa-TR 4.44 1.0 0.45 -
1C ULSa-TR 1.82 0.91 1.0 1.85
1D ULSa-TR 1.18 0.95 1.0 1.85
2A ULSa-TR 1.18 0.58 1.0 -
2B ULSa-TE 1.55 1.0 0.48 -
2C ULSa-TE 1.29 0.77 1.0 -
2D ULSa-TE 0.85 0.82 1.0 -
3E ULSa-TE 1.57 1.0 0.84 1.55
4A ULSa-TR 1.48 0.46 1.0 -
4B ULSa-TR 5.08 1.0 0.50 -
4C ULSa-TR 1.72 0.89 1.0 1.83
4D ULSa-TR 1.16 0.90 1.0 1.82
5A ULSa-TR 0.99 0.91 1.0 -
5C ULSa-TR 0.93 1.0 0.69 1.27
6C ULSa-TE 2.15 1.0 0.21 -
7A ULSa-TE 1.21 0.98 1.0 -
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Section E:
The capacity program cannot control the capacity in section E close to the column
axes (S1, S2 and S4). This section is designed without upper reinforcement in
neither directions. Upper parts of the cross-section can therefore not take tensile
forces. Significant tensile forces cause tension in the whole cross-section. Moment
equilibrium is only achieved by introducing a tensile force in the upper unrein-
forced concrete, as illustrated in Figure 10.9a. Consequently, no convergence will
occur, and the exceedance of the capacity goes towards infinity.

However, based on the magnitude of the forces in combination with the utilization
ratios of the other sections, there is no doubt that section E is highly utilized in
the column axes. The resulting longitudinal tensile forces in the upper part are
larger compared to section B. Furthermore, considering the lack of reinforcement
substantiates that the exceedance of capacity might be highest in section E.

In the remaining cases (S3, S5-S7), the negative bending moment is sufficiently
large to set the upper unreinforced part in compression. Hence, the tensile force
is taken by the reinforcement layer in the lower part and moment equilibrium is
obtained. Figure 10.9b illustrates the equilibrium between internal and external
forces. Utilization ratios are calculated in these sections as the capacity program
converges.

(a)

Section subjected to a large tensile
force

(b)

Section subjected to both bending moment
and tensile force

Figure 10.9: External and internal forces illustrated for one direction

10.1.5 Verification of the Capacity Program using the Membrane
Method

The Membrane Method is a simple method to design concrete shells and is mainly
used to estimate the required amounts of reinforcement. In contrast to the Iter-
ation Method, this method considers the two layers as independent. Thus, the
strain compatibility is not taken into account in the Membrane Method, which
results in higher required amounts of reinforcement [1]. The ratio between the re-
inforcement in the longitudinal and transverse direction is inserted in the method
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for both layers. All the reinforcement within a layer is assumed to yield if the layer
is cracked. Hence, the utilization ratio will be the same for the reinforcement in
the two directions. This gives an estimate of the most utilized reinforcement in
each layer of the shell element. Only sections where the reinforcement yields are
verified.

Principal of the Membrane Method:
Positive forces from Abaqus are shown in Figure 10.10a. These are in the Mem-
brane Method treated as equivalent membrane forces as shown in Figure 10.10b.

(a)

Forces from Abaqus

(b)

Equivalent membrane forces in
membrane 1 and 2

Figure 10.10: Principals Membrane Method

The internal lever arm is given by the following equation:

z = h− 0.5(t1 + t2) (10.21)

where h is the height of the shell section.

Forces in membrane 1 and 2 are given by Equations (10.22) and (10.23), respect-
ively,

ni1 = k1 · Ni −
Mi

z
; for i = x, y, xy (10.22)

ni2 = k2 · Ni +
Mi

z
; for i = x, y, xy (10.23)

where

k1 =
h− t2

2h− t1 − t2
; k2 = 1− k1

The following procedure can be used to determine the thicknesses of membrane
1 and 2:
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1. Begin with t1 = t2 = h/2→ k1 = k2 = 0.5

2. Calculate the membrane forces in each layer by Equations (10.22) and (10.23).

3. Determine the largest principal force in each layer for a homogeneous, isotropic,
linear elastic material:

ni
11 =

nx i + nyi

2
+

√

√

√

�nx i − nyi

2

�2

+ n2
x yi ; i=1,2

If ni
11 > 0: The membrane is cracked and the tensile forces must be taken by the

reinforcement.

4. The thickness of the layer is dependent of whether the layer is cracked or not,
leading to the following cases:

• Both membranes are uncracked:

t1 = t2 = h/2

• Both membranes are cracked:

t1 = 2c1 ; t2 = 2c2

• One membrane is cracked and one is uncracked:

Cracked layer 1: t1 = 2c1 ; uncracked layer 2: t2 = h/2

k1 =
0.25h

0.75h− c1
; k2 = 1− k1

where c is the distance from the free surface to the axis of gravity of the reinforce-
ment in the current layer.

5. If a membrane is cracked; calculate new membrane forces according to Equa-
tions (10.22) and (10.23).

The two membranes are controlled separately using the compression field theory.
It is assumed yielding in the reinforcement for both directions if the membrane
layer is cracked. The crack angle is calculated by Equation (10.24).

tan2φ +

�

Nx

Nx y
−

Ny

Nx y
·

Asx

As y

�

· tanφ −
Asx

As y
= 0 (10.24)

The internal forces in each membrane are calculated from the compression field
theory. Utilization of the reinforcement in the Membrane Method is verified by
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the yielding stress.

Verification of the capacity program:
The deviation between results provided from the Membrane Method and the Iter-
ation Method is shown in Table 10.6. As1 and As2 correspond to the reinforcement
in the lower and upper layer, respectively. The correspondence between the two
methods is considered good for sections where both the upper and lower parts
are assumed cracked, as shown in section 1B and 1D. However, the deviation is
observed to be larger in sections where one layer is assumed uncracked, like in
section 2A and 7A. The reinforcement located in the uncracked layer is exposed
to compressive strains and will therefore not be utilized, as illustrated by "-" in
Table 10.6. Detailed calculations are shown in Appendix D.

Table 10.6: Deviation between Iteration Method and Membrane Method

Section Load combination
Deviation [%]
As1 As2

1B ULSa-TR 0.1 1.3
1D ULSa-TR 6.2 4.4
2A ULSa-TR - 19.1
7A ULSa-TE - 20.6

Equilibrium between external and internal forces in the Iteration Method is ob-
tained by optimizing the strain distribution in an iterative manner. In contrast, the
Membrane Method considers the two layers independently with uniform strains
corresponding to the strain value in the middle of each layer. Hence, the strain
compatibility is not included. Comparing the utilization of the concrete will there-
fore be inconvenient. However, the Iteration Method is considered to give more
reliable results than the Membrane Method. The verification of the capacity pro-
gram is therefore assumed to be satisfactory, despite the observed deviations in
some sections between the two methods.





Chapter 11

Discussion

This chapter discusses interesting aspects regarding the thesis and results obtained
from the capacity control. Critical sections are referred to by their section-ID, il-
lustrated in Figure 8.1 and Figure 8.2.

11.1 ASR Effects

In this thesis, the impact of ASR has shown a significant influence on the capacity
of the bridge, mainly caused by additional load effects. In order to determine these
loads effects, the expansion of the bridge must be assumed. Based on measured
expansions in the bridge and its estimated future development, a total elongation
of 200 mm is assumed due to ASR. Uncertainties are related to the distribution of
the expansion in the bridge. The outer beams and the plates are observed to be
more exposed to ASR than the inner parts. The strain distribution used to model
the ASR expansions along the whole bridge is based on the measured total elong-
ation and is assumed to be constant in the longitudinal direction. However, the
actual expansion may vary locally in the cross-section and along the bridge due
to different access to humidity and variation in aggregates. Furthermore, if the
concrete is cracked because of external loads or other degradation mechanisms,
conditions for increased ASR development are present, as discussed in Chapter 2.

Only the concrete expands when a reinforced concrete structure is exposed to
ASR. The reinforcement prevents some free expansion, generating tension in the
reinforcement and compression in the concrete. The internal load effects from
ASR can be treated as a pre-tension effect in the reinforcement. Yielding in the
reinforcement occurs for smaller tensile strains because of the initial state. Includ-
ing the initial strain will probably result in a smaller capacity in some sections.
However, the pre-tension effect is assumed to have a small impact on the total
capacity. Due to the many uncertainties regarding ASR and the lack of ability to
control the initial strain in the capacity program, the internal load effects are not
included in the capacity control.

123
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In order to calculate the equivalent temperature loads from ASR, internal restrain-
ing contributions from the reinforcement must be considered for each element.
Evaluating the amount of reinforcement in all the shell elements would have been
a comprehensive and time-consuming process. The ASR loads in the longitudinal
direction are therefore based on Aas-Jakobsen’s report regarding Elgeseter Bridge
from 2020 [17]. Transforming the equivalent temperature loads from the frame
model to a shell model was a significant part of the modelling process in this
thesis. Results from the Abaqus model indicate that the ASR loads are implemen-
ted correctly. Aas-Jakobsen’s loads are based on a total elongation of 200 mm in
the bridge, and the Abaqus model resulted in a total elongation of 200.8 mm.

ASR in the transverse direction is included as an individual load model in the
analysis. The resulting forces from transverse ASR are in most cases observed to
be small compared to contributions from other loads. Considerable transverse
bending moments are however observed especially in sections C, D and E. The
negative bending moments are observed to be beneficial in sections D and E,
as they provide compression forces in upper parts containing small amounts of
reinforcement. However, including ASR in the capacity control is considered un-
favourable in most cases due to the much greater effects from the longitudinal
expansions.

Stress-dependent expansion of concrete is not included in the analysis. As dis-
cussed in Section 2.1, it is proposed by some researchers that the ASR expansion
might stop if the compressive stresses are sufficiently large in the same direction
as the expansion. Less expansion of the outer parts would result in smaller axial
forces both in the inner and outer parts.

11.2 Modelled Stiffness

The Abaqus model is made as close to the reality as possible. However, several
simplifications have been conducted during the establishment of the model. Some
properties of the bridge are even unknown, and assumptions have been necessary
to accomplish a finite element analysis.

Elgeseter Bridge is in this thesis modelled only in stage I, even though several
wide cracks have been observed in the beams and columns. None of the per-
formed inspections has so far reported any cracks of considerable size in the
plates. However, resulting forces from the stage I FEA indicate that several parts
of the plate might be in a cracked state. Potential cracks in upper parts of the
plate can be hard to spot as the concrete is hidden under the wearing course.

Stage I means non-cracked cross-sections where the concrete is assumed to have
tensile strength. A stage I section generally absorbs greater forces than a stage II
section as it is stiffer. Thus, establishing an uncracked stage I model can be con-
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sidered somehow conservative regarding the calculation of dimensioning forces.

Stage II might be assumed to represent the stiffness of sections with the largest
observed cracks in the beams. Cracked sections of stage II have reduced stiffness
and are consequently more flexible. Sections with yielded reinforcement even
experience a plastic behaviour. Introducing cracks and plastic hinges reduces the
global restraint moment and consequently also the axial forces in the plate. How-
ever, a larger global curvature generates more significant bending moments in
the plate.

Non-linearities like cracks can be modelled in different ways by reducing the stiff-
ness either of specific areas where cracks are observed or by an all-over reduction.
Uncertainties are related to the diversity of cracks and the depth of the already
observed cracks. The actual stiffness is probably varying between stage I and stage
II, both in the transverse direction and along the bridge. One reasonably accurate
approach would probably be to generally use stage I stiffness and implement
stage II stiffness in the cracked areas.

11.3 Modelled Mesh and Loads

Choosing between different load models and load locations is challenging when
modelling with shell elements. The Iteration Method includes six forces and the
amounts of upper and lower reinforcement in both directions. Determining the
critical combination of all six force contributions from all five loads is therefore
difficult. A load can e.g. generate an unfavourable contribution to the axial force
in the longitudinal direction, and at the same time, give a favourable bending
moment reducing tensile forces in areas of less reinforcement. However, in most
sections, the critical case is obtained by combining loads generating large tensile
forces either by axial forces or by bending moments.

Element sizes are chosen with regard to Aas-Jakobsen’s frame model from their
report in 2020 [17]. Using the same element lengths is favourable as it makes it
possible to implement their already calculated ASR loads in the shell model. The
resulting mesh contains relatively large elements, but it is considered sufficiently
fine to represent the global responses in the bridge. Nevertheless, desired con-
centrated load effects in the plates might not be accurately reproduced. Reduced
integration provides the resulting forces only in one integration point, giving a
relatively rough solution. Abaqus models including traffic loads even have indi-
vidually designed meshes, and integration points are consequently not coinciding
in different models. Conservative results are secured by combining forces from
the assumed most critical elements nearby the considered sections.
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Traffic loads applied in Abaqus contain simplifications and modifications, as de-
scribed and justified in Section 7.4. The many load models and rules given in R412
[28] regarding the traffic load open for an infinite number of traffic load config-
urations. Modelled load configurations are thus based on subjective choices, and
some critical load combinations might therefore be missed. However, the tables
from Chapter 9, including forces from Abaqus, show that contributions generated
from traffic loads become relatively small compared to forces obtained from the
self-weight and ASR. Simplifications regarding the traffic loads are considered to
have a small impact on the capacity control.

Whether or not the temperature load should be included in combination with
ASR in Elgeseter Bridge may be discussed. The current load situation, including
ASR, probably have introduced plastic hinges and, consequently areas of reduced
stiffness. A decreased bending stiffness implies a reduced restraint moment from
temperature loads, as the two factors are directly related to each other. Includ-
ing the full temperature effect in the stage I model is not entirely correct and
will probably overestimate the bending moments. It is still decided to model the
vertically varying temperature gradient conducting stage I-stiffness due to the
above-mentioned uncertainties regarding the actual stiffness of the bridge.

11.4 Capacity Control

The finite element analysis is performed with shell elements to describe the ef-
fects of simultaneously acting forces. Using the Iteration Method allows capacity
control of a shell section considering both directions at the same time. Conducting
the control using shell elements gives a local verification of the capacity. Only the
reinforcement in the critical section is included to take the external forces. In
reality, some of the external forces will distribute to the nearby reinforcement.
Large amounts of reinforcement provide increased stiffness, which attract forces.
The utilization ratios might be too conservative in some cases as redistribution of
forces is not included in the capacity control.

However, high utilization ratios can not always be explained by redistribution
of forces. Elements in section 2, the axis of zero bending moment, are assumed
to contain the same large amounts of reinforcement as sections in the column
axes. The total amount of longitudinal reinforcement in the plates decreases from
sections in the column axes to the mid-spans as the reinforced T-beams narrow
in. Less forces will redistribute from the mid-plate sections as the distance to the
additional reinforcement gets larger.

The resulting utilization ratios in section B and section E in the column axes, S1
and S4, are particularly affected by the lack of redistribution in the local capacity
control. As revealed in Section 10.1.4, the utilization ratios in these areas are par-
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ticularly high. The fields of additional longitudinal reinforcement in the column
axes extend approximately 1.6 meters to each side of the beams. As shown in
Figure 11.1, only a 1.5 m wide part in the middle of the plates is designed
without this additional upper reinforcement. Some of the large tensile forces are
expected to redistribute to the nearby areas with larger amounts of reinforcement.

Figure 11.1: Additional longitudinal reinforcement in the plates in the column
axes

The most exceeded sections are located along the column axes. Global curvature
induced by the vertical loads causes large tensile forces in the longitudinal re-
inforcement in the plates. The simply supported end in axis 10 and the pinned
connection between columns and beams in axis 9, allow larger global curvature
than a typical column axis between more restrained spans. The most significant
tensile forces generated by the vertical loads are consequently found in the north-
ernmost column axis. Tensile forces are amplified by ASR in mid-sections and
counteracted in outer parts.

The highest utilization ratios from the capacity control are found in the plate
between the inner and outer beams, section B, in the column axes. When con-
sidering yielding in the reinforcement as the limit, the utilization ratio is 5.26 in
the typical column axis (S1B) and 6.25 in the northernmost column axis (S4B).
The upper longitudinal reinforcement is most exposed and yields first. The tensile
forces in section B are observed to be smaller than in sections C, D and E. However,
section B contains small amounts of reinforcement and is therefore particularly
critical. When considering ultimate failure strain, the utilization ratios are 4.44
and 5.08 in sections 1 and 4, respectively. The upper longitudinal reinforcement
is still decisive.

Capacity controls are not performed in section E close to the column axes where
large longitudinal tensile forces are present. Moment equilibrium cannot be
obtained in these elements due to the lack of upper reinforcement, and no con-
vergence is consequently achieved in the capacity program. However, comparison
with section B, which is calculated to have the highest utilization ratio in the plate,
indicates that section E in the column axes is even more critical. The longitudinal
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tensile force is 65.8% larger in section 1E than in section 1B and 47.1% larger in
section 4E than in section 4B. No compression fields are generated in upper parts
of the cross-section, as longitudinal bending moments in sections 1E and 4E are
small. The resulting forces thus indicate that the full height of the cross-section
is in tension and that significant cracks should be present, particularly in the
upper parts of the plate. An inspection of the concrete below the wearing course
in sections 1E and 4E could be interesting, even though only minor cracks are
observed from below. Crack growth in lower parts might be prohibited by the
reinforcement, which is non existing in upper parts.

Furthermore, also section C is highly utilized in the column axes. The upper part
of the plate contains 9.6 times more longitudinal reinforcement than the lower
part. Large tensile forces and small amounts of reinforcement cause yielding in
the lower reinforcement layer. The utilization ratios evaluating yielding is 3.27
in a typical column axis (S1C), and 3.48 in the northernmost column axis (S4C).
The concrete is observed to be decisive when ultimate failure strain in the rein-
forcement is evaluated. The utilization ratios are calculated to be 1.82 and 1.72
in a typical column axis and in the last column axis.

The resulting forces are nearly the same for section C and D in the column axes.
However, the higher amount of longitudinal reinforcement in the lower part
in section D result in smaller utilization ratios in this section. Elgeseter Bridge
was initially designed with tram rails in section D. In 1985, the tram rails were
removed and the cavity in the plate was recast [16]. Calculations in the capa-
city control are conducted using the full height. A possible lack of compatibility
between the old and new concrete might result in lower capacity in this section.

The utilization is, according to Table 10.3, in several sections limited by the com-
pressive strength of the concrete if the ultimate failure strain in the reinforcement
is evaluated. The strain in the reinforcement increases rapidly for a slight change
in external loads after yielding has occurred. Figure 11.2 shows how the strains
increase both in the reinforcement and in the concrete, as the ultimate failure
strain is considered compared to yielding. Changing the limit of the reinforcement
from yielding to ultimate failure opens for higher utilization of the compressive
strength in the concrete. Table 10.5 shows that the reinforcement is highly util-
ized also in sections where concrete failure is decisive. This implies that a possible
failure in the bridge for all the considered cases will occur as a ductile fracture,
warned by large deformations.

The Iteration Method is conducted using 100 layers over the height of the cross-
section. The stiffness is calculated in detail as the contribution from each layer
is included. A utilization ratio of 1.0 for the concrete is obtained when the com-
pressive stress level in one of the layers reaches the compressive strength, fcd . The
outermost layer is often exposed to the largest strains and will therefore usually
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be decisive. The compressive strength limit corresponds to a strain level of 2h,
even though the concrete in reality reaches failure when the strain exceeds 3.5h.
This indicates that the concrete can withstand a slight increase in external loads
before failure is obtained and that the concrete capacity might be underestimated.
The additional capacity is however assumed to be small, as explained in the above
section. Evaluating the capacity of the concrete with respect to the compressive
strength is therefore considered to be sufficiently accurate.

(a)

Strains in the cross-section
before yielding

(b)

Strains in the cross-section after
yielding

Figure 11.2: Strains in the cross-section before and after yielding in the rein-
forcement

The largest compressive force in the bridge is observed in section 3A, in the
mid-spans, where both the ASR load and the self-weight generate compression
in the plate. The compressive strength of the concrete is found sufficient, with a
utilization ratio of 0.73. Sections 1A, 2A, 4A and 7A are nevertheless observed
to have exceeded compressive capacity due to large bending moments in the
transverse direction caused by the self-weight of the pedestrian lane. Section
4A is most critical among these sections with a utilization ratio of 1.52 in the
concrete, when yielding is considered. Results from the capacity program show
that the exceedance of the compressive strength is obtained easier by bending
moments compared to pure compression, as the capacity is evaluated in the most
critical layer. Pure compressive forces, like in the mid-spans, are distributed to
all 100 layers in the capacity control, and are therefore not decisive. The large
transverse bending moment also causes yielding in the reinforcement in these
sections. Typical for section A is that the concrete fails in compression before the
reinforcement reach the ultimate failure strain.

The last column in Table 10.5 and Table 10.5 show the utilization ratios of the con-
crete with regard to the reduced compressive strength. The reduced compressive
strength is not included in the equilibrium within the iteration process and should
therefore not be emphasized too much. Nevertheless, these results enlighten that
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the concrete might be particularly critical in sections with combined compression
and tension. Observed delamination in the bridge deck also indicates that the
compression capacity in the concrete might be lower than assumed.

Section 6 is included in the capacity control because this is where the most signi-
ficant in-plane shear forces due to ASR appear. Section C is critical due to the large
in-plane shear force, combined with a tensile force in the longitudinal direction.
In-plane shear forces contribute to stresses in the reinforcement in both direc-
tions. The reinforcement in the longitudinal direction has the highest utilization
ratio due to tensile forces combined with a smaller amount of reinforcement. The
utilization ratio is 2.26 when yielding strain is evaluated and 2.15 when evaluat-
ing failure strain of the reinforcement. Worth noticing is the small difference in
capacity between yielding and failure strain. This indicates that a slight increase
in external load results in a large increase in the strain of the reinforcement.

Furthermore, also the largest observed transverse compressive force originates
from the earlier mentioned build-up of axial forces due to the ASR load. Concen-
trated forces appear along the northernmost simply supported end of the bridge.
The most exposed concrete, in section 7E, only have a utilization ratio of 0.46.
Thus, the transverse compression capacity is found sufficient.

Table 10.3, containing the utilization ratios, shows that a rather unexpected
yielding is obtained in the longitudinal reinforcement in section 7A. Further
investigation revealed that the reason is the concentrated and significant axial
forces generated by the temperature load, earlier mentioned in Section 8.4. Sig-
nificant axial forces combined with small amounts of reinforcement makes this
section critical. The utilization ratio is 1.56 if yielding is considered and 1.21 if
the ultimate failure strain in the reinforcement is considered. Ultimate failure in
the cross-section is observed to occur almost simultaneously for the concrete and
the reinforcement.

Uncertainties are related to the cover of the reinforcement in the plates. The cover
is chosen to be 33 mm for the transverse reinforcement, even though NS427 states
that a cover of 15 mm should have been used. The choice of cover is based on
earlier master’s theses and core samples from the bridge and is the best possible
estimate. A smaller cover will result in a larger effective height of the cross-
section, which will be favourable for the capacity calculations. The cover used in
this thesis might therefore be too conservative in some cases.

11.5 The Capacity Program

The program used in the capacity control is developed by M. Hailemicael during
his master’s thesis [3]. The collaboration has been beneficial for both parties, as



results provided during the capacity control in this thesis has been useful feed-
back to the further development of the program. The program has even been
customized to show the result parameters desired in this thesis. However, since
the program development is ongoing, uncertainties are related to the results, even
though the Iteration Method is known as a reliable method. The implemented
code behind the interface of the program is not verified in this thesis. However,
provided results are found satisfactory compared to results from hand calcula-
tions by the less accurate Membrane Method. The program is also simply verified
as the sections found to have the highest utilization coincide with the sections
expected to be most critical.
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Chapter 12

Conclusion

The scope of this thesis was to study the plates of Elgeseter Bridge, especially
concerning the effects due to alkali-silica reactions. ASR loads were calculated
according to the Norwegian Public Road Administration’s "ASR - Guidance for
structural analysis", whereas the other loads were calculated according to Hand-
book R412. A shell model was established in Abaqus to analyse the bridge. The
external loads were evaluated by implementing the loads in separate models.
The capacity control in the ultimate limit state was conducted using the Iteration
Method, including material properties according to NS3473:2003.

Loads due to ASR were implemented in the analysis as temperature loads cor-
responding to a total elongation of 200 mm. The outer parts of the bridge are
assumed to expand more than the inner parts due to higher access to humid-
ity. The inner parts restrain the expansion and generate compressive and tensile
forces in the outer and inner parts, respectively. Furthermore, a gradient expan-
sion is assumed over the height of the cross-section as a result of higher ASR in
upper parts. External restraints from the columns prevent the upward deflection
of the cross-section and induce restraint moments in the structure.

This thesis has not included the possible reduction of ASR expansion in directions
with compressive stresses, nor the adverse effects ASR may have on the material
properties of concrete.

Plate sections along column axes are generally exposed to the most significant
tensile forces. Sections in the mid-plate are particularly vulnerable, as they con-
tain small amounts of reinforcement. Results from the capacity control showed
that the most critical sections are found in the column axes in the middle of the
plate between the outer and inner beams (section B). If yielding in the reinforce-
ment is considered as the failure criterion, the utilization ratio is 5.26 in a typical
column axis (S1B) and 6.25 in the northernmost column axis (S4B).

The ULS failure capacity control considers either ultimate failure strain in the

133



reinforcement or failure of the compressive strength in the concrete. The capacity
in the mid-plate sections between outer and inner beams is still limited by the
longitudinal reinforcement, even though a reinforcement strain limit of 10h is
considered. The utilization ratio is 4.44 in a typical column axis (S1B) and 5.08
in the northernmost column axis (S4B).

The mid-plate between the inner beams (section E) is designed without upper re-
inforcement. Axial tensile forces occur in both upper and lower parts of the plate
along the column axes (S1E and S4E). Moment equilibrium cannot be achieved
due to the lack of upper reinforcement, and no convergence is therefore obtained
in the Iteration Method. The exceedance of the capacity is however assumed to
be larger than for the above-mentioned mid-plate between outer and inner beams
(Section B), considering the more significant tensile forces and the single layer of
reinforcement.

The capacity of sections in the outer transition zone to the inner beams is highly
exceeded along the bridge (section C). If yielding in the reinforcement is con-
sidered as the failure criterion, the utilization ratio is 3.27 in a typical column
axis (S1C) and 3.48 in the northernmost column axis (S4C). However, when the
failure strain of the reinforcement is controlled, these sections have utilization
ratios of 1.82 and 1.72, respectively, limited by the compressive strength in the
concrete. The capacity control considering ultimate failure strain reveals that
several sections reach failure in the concrete just before failure strain is obtained
in the reinforcement.

The capacity in the plate nearby the outer beams are exceeded in most of the
considered cases along the bridge (section A). The highest utilization occurs in
the northernmost column axis (S4A). The transverse reinforcement limits the
capacity with a utilization ratio of 1.56 when yielding in the reinforcement is
evaluated. When evaluating ultimate failure strain, the utilization ratio is 1.48,
limited by the concrete compressive strength.

The compressive capacity of the concrete is found satisfactory in mid-span sec-
tions, where the most significant compressive forces are observed. The most
utilized concrete amongst the mid-span sections is located close to the outer
beam in the axis of maximum bending moment (S5A), with a utilization ratio of
0.84. Sufficient compressive strength is also found at the northern end support,
where significant transverse axial forces generated from ASR appear. The highest
observed utilization ratio in the inner plate is 0.46.

Large in-plane shear forces due to ASR occur in the span 3-4 meters from the
simply supported end. The combination of in-plane shear forces and tensile
forces is critical for the plate section near the outside of the inner beams (S6C).
The longitudinal reinforcement has a utilization ratio of 2.26 with yielding as the
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failure limit and 2.15 considering ultimate failure strain.

No sign of considerable cracks is observed in the plates, even though inspections
have revealed wide cracks in both beams and columns. However, the magnitude
of forces obtained from the uncracked analysis indicates that also significant
parts of the plate might be in a cracked state. Performing a non-linear analysis
where cracks are taken into account would probably give more accurate results.
However, a full non-linear analysis is time-consuming and contains several uncer-
tainties.

The capacity control resulted in high exceedance of the capacity several places
in the plate. Yielding in the reinforcement is detected in 17 of the 32 controlled
sections. Among these, 14 sections even have exceeded capacity when failure
strain in the reinforcement is considered as the failure criterion. The capacity
control reveals that 9 sections reach failure in the concrete before failure strain is
obtained in the reinforcement. Even though redistribution of forces might reduce
the utilization ratios in local sections, this study shows that the plates of Elgeseter
Bridge are highly utilized. Sections with exceeded capacity should be carefully
considered in further investigation of the bridge.
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Appendix B

Verification of ASR Loads from
Aas-Jakobsen
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Verification of ASR loads from Aas-Jakobsen

The process of calculating the ASR loads is shown by an example in Aas-Jakobsen's report. However, the 
formulas for the different strain contributions are not shown in detail. Aas-Jakobsen's ASR loads are verified 
by calculating the loads according to "Elgeseter bru - Beregningsforutsetninger" from the Norwegian Public 
Road Administration. Furthermore, the comparison is made with kelvin instead of degrees, as degrees is not 
defined in Mathcad.  

1. Calculating cross-section parameters

Aas-Jakobsen used a Young's modulus equal to 160000 MPa for the reinforcement. The same value is used in this 
verification in order to compare the results. 

≔h 1710 mm ≔Ec.long 10000 MPa

≔hflange 280 mm ≔Es 160000 MPa

≔hweb 1430 mm ≔α ⋅1 10−5 K−1

≔bflange 5500 mm

≔bweb 800 mm ≔Asu 4825 mm 2

≔yc 1206 mm ≔Aso 25635 mm 2

≔ysu 49 mm ≔As.total =+Asu Aso 30460 mm 2

≔yso 1597 mm

≔Ac =+⋅hflange bflange ⋅hweb bweb 2684000 mm 2

≔Ic ⋅6.85 1011 mm 4

≔η =―――
Es

Ec.long

16

≔Aequivalent =+Ac ⋅(( −η 1)) As.total 3140900 mm 2

≔yequivalent =―――――――――――――
++⋅Ac yc ⋅⋅(( −η 1)) Asu ysu ⋅⋅(( −η 1)) Aso yso

Aequivalent

1227.2 mm
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≔yequivalent =―――――――――――――
++⋅Ac yc ⋅⋅(( −η 1)) Asu ysu ⋅⋅(( −η 1)) Aso yso

Aequivalent

1227.2 mm

≔Iequivalent =++Ic ⋅Ac ⎛⎝ −yequivalent yc⎞⎠
2

(( −η 1))
⎛
⎝ +⋅Asu ⎛⎝ −yequivalent ysu⎞⎠

2
⋅Aso ⎛⎝ −yequivalent yso⎞⎠

2 ⎞
⎠ ⎛⎝ ⋅8.393 1011⎞⎠ mm 4

2. Contributions from the free expansion

≔εfree.top ⋅1.35 10−3 Free strain at top edge

≔εfree.bottom ⋅9 10−4 Free strain at bottom edge

≔κfree =―――――――
−εfree.top εfree.bottom
h

⎛⎝ ⋅2.632 10−7⎞⎠ ――
1

mm
Curvature due to free expansion

≔εfree.tpb =+εfree.bottom ⋅κfree yc ⋅1.22 10−3 Free strain in axis of gravity of concrete-only section

≔εfree.su =+εfree.bottom ⋅κfree ysu ⋅9.13 10−4 Free strain at lower reinforcement layer

≔εfree.so =+εfree.bottom ⋅κfree yso ⋅1.32 10−3 Free strain at top reinforcement layer

≔ΔTN.free =―――
εfree.tpb

α
121.74 K

≔ΔTM.free =――
κfree

α
26.32 ―

K

m

Values from Aas-Jakobsen:

≔ΔTN.free.Aas.Jakobsen 121.74 K

≔ΔTM.free.Aas.Jakobsen 26.32 ―
K

m

Deviation:

=――――――
ΔTN.free

ΔTN.free.Aas.Jakobsen

1 =――――――
ΔTM.free

ΔTM.free.Aas.Jakobsen

1

3. Contributions from the reinforcement

≔Fsu =⋅⋅εfree.su Es Asu 704.75 kN

≔Fso =⋅⋅εfree.so Es Aso 5415.19 kN

≔Nreinforcement =+Fsu Fso 6119.95 kN

≔esu =−yequivalent ysu 1178.21 mm

≔eso =−yso yequivalent 369.79 mm

≔Mreinforcement =−⋅Fsu esu ⋅Fso eso −1172.15 ⋅kN m
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≔Mreinforcement =−⋅Fsu esu ⋅Fso eso −1172.15 ⋅kN m

≔εreinforcement.tpb =――――――
−Nreinforcement

⋅Ec.long Aequivalent

⋅−1.948 10−4

≔κreinforcement =――――――
Mreinforcement

⋅Ec.long Iequivalent
⋅−1.397 10−7 ――

1

mm

≔ΔTN.reinforcement =―――――
εreinforcement.tpb

α
−19.48 K

≔ΔTM.reinforcement =――――
κreinforcement

α
−13.97 ―

K

m

Values from Aas-Jakobsen:

≔ΔTN.reinforcement.Aas.Jakobsen −18.99 K

≔ΔTM.reinforcement.Aas.Jakobsen −13.71 ―
K

m

Deviation:

=―――――――――
ΔTN.reinforcement

ΔTN.reinforcement.Aas.Jakobsen

1.026 =―――――――――
ΔTM.reinforcement

ΔTM.reinforcement.Aas.Jakobsen

1.019

4. Resulting ASR loads 

≔ΔTN.ASR =+ΔTN.free ΔTN.reinforcement 102.25 K

≔ΔTM.ASR =+ΔTM.free ΔTM.reinforcement 12.35 ―
K

m

Values from Aas-Jakobsen:

≔ΔTN.ASR.Aas.Jakobsen =+ΔTN.free.Aas.Jakobsen ΔTN.reinforcement.Aas.Jakobsen 102.75 K

≔ΔTM.ASR.Aas.Jakobsen =+ΔTM.free.Aas.Jakobsen ΔTM.reinforcement.Aas.Jakobsen 12.61 ―
K

m

Deviation:

=――――――
ΔTN.ASR

ΔTN.ASR.Aas.Jakobsen

0.995 =――――――
ΔTM.ASR

ΔTM.ASR.Aas.Jakobsen

0.979

The axial strain results in a deviation equal to 0.5%, whereas the gradient has a deviation equal to 2.1%. 

Non-Commercial Use Only



Appendix C

Verification of Bending Moment
due to Self-Weight

153



Verification of bending moment due to self-weight

Bending moment and axial forces are extracted from the integration points corresponding to the centre of 
each element and are summarized from left to right. The total bending moment from Aas-Jakobsen are the 
sum of the contributions from self-weight and super-self-weight. These values are extracted from the report 
"Klassifisering av Elgeseter bru 2021, Vedlegg: Resultater fra Aas-Jakobsens analyser".

Verification of self-weight in axis 9
The bending moment is calculated in the longitudinal direction for the outer- and inner beam in axis 9 about the axis 
of gravity (T.P.B.). The elements have a length of 1,25 meters. Therefore, the bending moment is calculated at 0,625 
meters from the columns axis towards the city from axis 9 (corresponding to the integration point). 

Outer beam axis 9

Contributions from the plate:         

Bending moment in the longitudinal direction (SM1): 

≔SM1P1 =⋅16.6 ―――
⋅kN m

m
1 m 16.6 ⋅kN m

≔SM1P2 =⋅23.1 ―――
⋅kN m

m
1 m 23.1 ⋅kN m

≔SM1P3 =⋅32.13 ―――
⋅kN m

m
1 m 32.13 ⋅kN m

≔SM1P4 =⋅34.05 ―――
⋅kN m

m
0.8 m 27.24 ⋅kN m

≔SM1P5 =⋅26.73 ―――
⋅kN m

m
0.8 m 21.384 ⋅kN m

≔SM1P6 =⋅19.60 ―――
⋅kN m

m
0.75 m 14.7 ⋅kN m

≔MPlate.SM1 =+++++SM1P1 SM1P2 SM1P3 SM1P4 SM1P5 SM1P6 135.15 ⋅kN m

Axial force in the longitudinal direction (SF1):

≔SF1P1 =⋅196.39 ――
kN

m
1 m 196.39 kN

≔SF1P2 =⋅371.73 ――
kN

m
1 m 371.73 kN
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≔SF1P2 =⋅371.73 ――
kN

m
1 m 371.73 kN

≔SF1P3 =⋅715.32 ――
kN

m
1 m 715.32 kN

≔SF1P4 =⋅792.78 ――
kN

m
0.8 m 634.22 kN

≔SF1P5 =⋅521.25 ――
kN

m
0.8 m 417 kN

≔SF1P6 =⋅411.38 ――
kN

m
0.75 m 308.54 kN

≔armPlate 0.352 m

≔MPlate.SF1 =⋅⎛⎝ +++++SF1P1 SF1P2 SF1P3 SF1P4 SF1P5 SF1P6⎞⎠ armPlate 930.41 ⋅kN m

Contributions from the beam:         

Bending moment in the longitudinal direction (SM1): 

≔SM1B1 =⋅3330.1 ―――
⋅kN m

m
0.4 m 1332.04 ⋅kN m

≔SM1B2 =⋅3326.73 ―――
⋅kN m

m
0.4 m 1330.69 ⋅kN m

≔MBeam.SM1 =+SM1B1 SM1B2 2662.73 ⋅kN m

Axial force in the longitudinal direction (SF1):

≔SF1B1 =⋅−3674.03 ――
kN

m
0.4 m −1469.61 kN

≔SF1B2 =⋅−3588.9 ――
kN

m
0.4 m −1435.56 kN

≔armBeam −0.3455 m

≔MBeam.SF1 =⋅⎛⎝ +SF1B1 SF1B2⎞⎠ armBeam 1003.74 ⋅kN m

Total bending moment:

≔MTot =+++MPlate.SM1 MPlate.SF1 MBeam.SM1 MBeam.SF1 4732 ⋅kN m

Corresponding bending moment from Aas-Jakobsen: Deviation:

≔MAas.Jakobsen ⋅4800 kN m =――――
MAas.Jakobsen

MTot

1.014
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Inner beam axis 9

Contributions from the plate 280mm:         

Bending moment in the longitudinal direction (SM1): 

≔SM1P1.280 =⋅15.7 ―――
⋅kN m

m
0.75 m 11.78 ⋅kN m

≔SM1P2.280 =⋅14.19 ―――
⋅kN m

m
0.8 m 11.35 ⋅kN m

≔SM1P3.280 =⋅13.47 ―――
⋅kN m

m
0.8 m 10.78 ⋅kN m

≔MPlate.280.SM1 =++SM1P1.280 SM1P2.280 SM1P3.280 33.9 ⋅kN m

Axial force in the longitudinal direction (SF1):

≔SF1P1.280 =⋅380.13 ――
kN

m
0.75 m 285.1 kN

≔SF1P2.280 =⋅416.85 ――
kN

m
0.8 m 333.48 kN

≔SF1P3.280 =⋅567.04 ――
kN

m
0.8 m 453.63 kN

≔armPlate.280 0.370 m

≔MPlate.280.SF1 =⋅⎛⎝ ++SF1P1.280 SF1P2.280 SF1P3.280⎞⎠ armPlate.280 396.72 ⋅kN m

Contributions from the plate 310mm:         

Bending moment in the longitudinal direction (SM1): 

≔SM1P1.310 =⋅16.15 ―――
⋅kN m

m
0.8 m 12.92 ⋅kN m

≔SM1P2.310 =⋅11.85 ―――
⋅kN m

m
0.8 m 9.48 ⋅kN m
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≔SM1P3.310 =⋅8.6 ―――
⋅kN m

m
0.75 m 6.45 ⋅kN m

≔MPlate.310.SM1 =++SM1P1.310 SM1P2.310 SM1P3.310 28.85 ⋅kN m

Axial force in the longitudinal direction (SF1):

≔SF1P1.310 =⋅581.51 ――
kN

m
0.8 m 465.21 kN

≔SF1P2.310 =⋅401.33 ――
kN

m
0.8 m 321.06 kN

≔SF1P3.310 =⋅337.47 ――
kN

m
0.75 m 253.1 kN

≔armPlate.310 0.355 m

≔MPlate.310.SF1 =⋅⎛⎝ ++SF1P1.310 SF1P2.310 SF1P3.310⎞⎠ armPlate.310 368.98 ⋅kN m

Contributions from the beam:         

Bending moment in the longitudinal direction (SM1): 

≔SM1B1 =⋅2309.03 ―――
⋅kN m

m
0.4 m 923.61 ⋅kN m

≔SM1B2 =⋅2327.51 ―――
⋅kN m

m
0.4 m 931 ⋅kN m

≔MBeam.SM1 =+SM1B1 SM1B2 1854.62 ⋅kN m

Axial force in the longitudinal direction (SF1):

≔SF1B1 =⋅−2260.3 ――
kN

m
0.4 m −904.12 kN

≔SF1B2 =⋅−2363.73 ――
kN

m
0.4 m −945.49 kN

≔armBeam −0.360 m

≔MBeam.SF1 =⋅⎛⎝ +SF1B1 SF1B2⎞⎠ armBeam 665.86 ⋅kN m

Total bending moment:

≔MTot =+++++MPlate.280.SM1 MPlate.280.SF1 MPlate.310.SM1 MPlate.310.SF1 MBeam.SM1 MBeam.SF1 3349 ⋅kN m

Corresponding bending moment from Aas-Jakobsen: Deviation:

≔MAas.Jakobsen ⋅3400 kN m =――――
MAas.Jakobsen

MTot

1.015
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Verification of self-weight in axis 8

The bending moment is calculated in the longitudinal direction for the outer- and inner beam in axis 8 about the axis 
of gravity (T.P). The elements have a length of 1,25 meters. Therefore, the bending moment is calculated at 0,625 
meters from the columns axis towards the city from axis 8 (corresponding to the integration point). 

Outer beam axis 8

Contributions from the plate:         

Bending moment in the longitudinal direction (SM1): 

≔SM1P1 =⋅17.04 ―――
⋅kN m

m
1 m 17.04 ⋅kN m

≔SM1P2 =⋅23.5 ―――
⋅kN m

m
1 m 23.5 ⋅kN m

≔SM1P3 =⋅31.85 ―――
⋅kN m

m
1 m 31.85 ⋅kN m

≔SM1P4 =⋅29.37 ―――
⋅kN m

m
0.8 m 23.496 ⋅kN m

≔SM1P5 =⋅22.18 ―――
⋅kN m

m
0.8 m 17.744 ⋅kN m

≔SM1P6 =⋅16.08 ―――
⋅kN m

m
0.75 m 12.06 ⋅kN m

≔MPlate.SM1 =+++++SM1P1 SM1P2 SM1P3 SM1P4 SM1P5 SM1P6 125.69 ⋅kN m

Axial force in the longitudinal direction (SF1):

≔SF1P1 =⋅184.19 ――
kN

m
1 m 184.19 kN

≔SF1P2 =⋅342.25 ――
kN

m
1 m 342.25 kN

≔SF1P3 =⋅654.46 ――
kN

m
1 m 654.46 kN
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≔SF1P3 =⋅654.46 ――
kN

m
1 m 654.46 kN

≔SF1P4 =⋅693.62 ――
kN

m
0.8 m 554.9 kN

≔SF1P5 =⋅450.02 ――
kN

m
0.8 m 360.016 kN

≔SF1P6 =⋅350.60 ――
kN

m
0.75 m 262.95 kN

≔armPlate 0.352 m

≔MPlate.SF1 =⋅⎛⎝ +++++SF1P1 SF1P2 SF1P3 SF1P4 SF1P5 SF1P6⎞⎠ armPlate 830.28 ⋅kN m

Contributions from the beam:         

Bending moment in the longitudinal direction (SM1): 

≔SM1B1 =⋅2925.05 ―――
⋅kN m

m
0.4 m 1170.02 ⋅kN m

≔SM1B2 =⋅3023.52 ―――
⋅kN m

m
0.4 m 1209.41 ⋅kN m

≔MBeam.SM1 =+SM1B1 SM1B2 2379.43 ⋅kN m

Axial force in the longitudinal direction (SF1):

≔SF1B1 =⋅−3034.63 ――
kN

m
0.4 m −1213.85 kN

≔SF1B2 =⋅−3418.35 ――
kN

m
0.4 m −1367.34 kN

≔armBeam −0.3455 m

≔MBeam.SF1 =⋅⎛⎝ +SF1B1 SF1B2⎞⎠ armBeam 891.8 ⋅kN m

Total moment:

≔MTot =+++MPlate.SM1 MPlate.SF1 MBeam.SM1 MBeam.SF1 4227 ⋅kN m

Corresponding moment from Aas-Jakobsen: Deviation:

≔MAas.Jakobsen ⋅3975 kN m =――――
MAas.Jakobsen

MTot

0.94
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Inner beam axis 8

Contributions from the plate 280mm:         

Moment in the longitudinal direction (SM1): 

≔SM1P1.280 =⋅12.73 ―――
⋅kN m

m
0.75 m 9.55 ⋅kN m

≔SM1P2.280 =⋅11.62 ―――
⋅kN m

m
0.8 m 9.3 ⋅kN m

≔SM1P3.280 =⋅11.50 ―――
⋅kN m

m
0.8 m 9.2 ⋅kN m

≔MPlate.280.SM1 =++SM1P1.280 SM1P2.280 SM1P3.280 28.04 ⋅kN m

Axial force in the longitudinal direction (SF1):

≔SF1P1.280 =⋅319.85 ――
kN

m
0.75 m 239.89 kN

≔SF1P2.280 =⋅348.25 ――
kN

m
0.8 m 278.6 kN

≔SF1P3.280 =⋅475.77 ――
kN

m
0.8 m 380.62 kN

≔armPlate.280 0.370 m

≔MPlate.280.SF1 =⋅⎛⎝ ++SF1P1.280 SF1P2.280 SF1P3.280⎞⎠ armPlate.280 332.67 ⋅kN m

Contributions from the plate 310mm:         

Moment in the longitudinal direction (SM1): 

≔SM1P1.310 =⋅14.39 ―――
⋅kN m

m
0.8 m 11.512 ⋅kN m
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≔SM1P1.310 =⋅14.39 ―――
⋅kN m

m
0.8 m 11.512 ⋅kN m

≔SM1P2.310 =⋅10.38 ―――
⋅kN m

m
0.8 m 8.304 ⋅kN m

≔SM1P3.310 =⋅7.26 ―――
⋅kN m

m
0.75 m 5.445 ⋅kN m

≔MPlate.310.SM1 =++SM1P1.310 SM1P2.310 SM1P3.310 25.261 ⋅kN m

Axial force in the longitudinal direction (SF1):

≔SF1P1.310 =⋅492.19 ――
kN

m
0.8 m 393.75 kN

≔SF1P2.310 =⋅333.96 ――
kN

m
0.8 m 267.17 kN

≔SF1P3.310 =⋅278.36 ――
kN

m
0.75 m 208.77 kN

≔armPlate.310 0.355 m

≔MPlate.310.SF1 =⋅⎛⎝ ++SF1P1.310 SF1P2.310 SF1P3.310⎞⎠ armPlate.310 308.74 ⋅kN m

Contributions from the beam:         

Moment in the longitudinal direction (SM1): 

≔SM1B1 =⋅1960.46 ―――
⋅kN m

m
0.4 m 784.18 ⋅kN m

≔SM1B2 =⋅1947.40 ―――
⋅kN m

m
0.4 m 778.96 ⋅kN m

≔MBeam.SM1 =+SM1B1 SM1B2 1563.14 ⋅kN m

Axial force in the longitudinal direction (SF1):

≔SF1B1 =⋅−1946.67 ――
kN

m
0.4 m −778.67 kN

≔SF1B2 =⋅−1918.97 ――
kN

m
0.4 m −767.59 kN

≔armBeam −0.360 m

≔MBeam.SF1 =⋅⎛⎝ +SF1B1 SF1B2⎞⎠ armBeam 556.65 ⋅kN m

Total moment:

≔MTot =+++++MPlate.280.SM1 MPlate.280.SF1 MPlate.310.SM1 MPlate.310.SF1 MBeam.SM1 MBeam.SF1 2815 ⋅kN m

Corresponding moment from Aas-Jakobsen: Deviation:

≔MAas.Jakobsen ⋅2750 kN m =――――
MAas.Jakobsen

MTot

0.977

The extracted bending moments from Aas-Jakobsen's report are approximate because they are taken from a 
coarse moment diagram. However, the deviation indicates that the shell model is transferring the self-weight 
correctly. 
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The extracted bending moments from Aas-Jakobsen's report are approximate because they are taken from a 
coarse moment diagram. However, the deviation indicates that the shell model is transferring the self-weight 
correctly. 
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Verification of the capacity program using the Membrane Method

Figure a) shows the positive forces action on an element extracted from Abaqus. Important to notice is that the 
Membrane Method has the same sign-convention as forces from Abaqus, while the Iteration Method has 
opposite signs for the moments. Moments in the Membrane Method increase the membrane forces in 
membrane 2 and decrease the forces in membrane 1. The equivalent membrane forces are shown in Figure b). 

Capacity control Column axis 6, section B (S1B), ULSa-TE

Cross-section parameters:

≔h 280 mm Height at the critical section

≔c1 46 mm Distance from bottom surface to centre reinforcement layer

≔c2 45 mm Distance from top surface to centre reinforcement layer

≔Asx1 442 ――
mm 2

m
≔Asx2 221 ――

mm 2

m
Longitudinal reinforcement in the two membrane layers

≔Asy1 804 ――
mm 2

m
≔Asy2 643 ――

mm 2

m
Transverse reinforcement in the two membrane layers

External section forces:

≔nx 504.9 ――
kN

m
≔mx ⋅12.1 kN ―

m

m

≔ny 79.6 ――
kN

m
≔my ⋅20.8 kN ―

m

m

≔nxy 3.7 ――
kN

m
≔mxy ⋅0.4 kN ―

m

m

Procedure: 

1. Assume uncracked:

≔t1 ―
h

2
; ≔t2 ―

h

2
; ≔k1 0.5 ; ≔k2 0.5 ; ≔z =−h ―――

⎛⎝ +t1 t2⎞⎠
2

0.14 m

2. Membrane forces in each layer:
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2. Membrane forces in each layer:

≔nx1 =−⋅k1 nx ――
mx

z
166 ――

kN

m
≔nx2 =+⋅k2 nx ――

mx

z
339 ――

kN

m

≔ny1 =−⋅k1 ny ――
my

z
−109 ――

kN

m
≔ny2 =+⋅k2 ny ――

my

z
188 ――

kN

m

≔nxy1 =−⋅k1 nxy ――
mxy

z
−1 ――

kN

m
≔nxy2 =+⋅k2 nxy ――

mxy

z
5 ――

kN

m

3. Largest principal membrane force in each layer:

≔n111 =+―――
+nx1 ny1

2

‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾2

+
⎛
⎜
⎝
―――

−nx1 ny1

2

⎞
⎟
⎠

2

nxy1
2 166 ――

kN

m
--> membrane 1 is cracked!

≔n211 =+―――
+nx2 ny2

2

‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾2

+
⎛
⎜
⎝
―――

−nx2 ny2

2

⎞
⎟
⎠

2

nxy2
2 339 ――

kN

m
--> membrane 2 is cracked!

4. New thickness in each layer: 

≔t1 =⋅2 c1 0.092 m ; ≔t2 =⋅2 c2 0.09 m ≔z =−h
⎛
⎜
⎝
―――

+t1 t2
2

⎞
⎟
⎠

0.189 m

≔k1 =――――
−h t2

−−2 h t1 t2
0.503 ; ≔k2 =−1 k1 0.497

5. New membrane forces: 

≔nx1 =−⋅k1 nx ――
mx

z
190 ――

kN

m
≔nx2 =+⋅k2 nx ――

mx

z
315 ――

kN

m

≔ny1 =−⋅k1 ny ――
my

z
−70 ――

kN

m
≔ny2 =+⋅k2 ny ――

my

z
150 ――

kN

m

≔nxy1 =−⋅k1 nxy ――
mxy

z
−0.26 ――

kN

m
≔nxy2 =+⋅k2 nxy ――

mxy

z
4 ――

kN

m

Assuming yielding in reinforcement for both directions. Calculate the crack angles: 

≔tanϕ1.S1B ――――→−+tanϕ1
2 ⋅

⎛
⎜
⎜⎝

−――
nx1

nxy1

⋅――
ny1

nxy1

――
Asx1

Asy1

⎞
⎟
⎟⎠

tanϕ1 ――
Asx1

Asy1

,solve tanϕ1 −0.00061801104915623021291
889.54921523113426419

⎡
⎢⎣

⎤
⎥⎦

≔tanϕ2.S1B ――――→−+tanϕ2
2 ⋅

⎛
⎜
⎜⎝

−――
nx2

nxy2

⋅――
ny2

nxy2

――
Asx2

Asy2

⎞
⎟
⎟⎠

tanϕ2 ――
Asx2

Asy2

,solve tanϕ2 −66.65385874947156792
0.0051565116579493287853

⎡
⎢⎣

⎤
⎥⎦

≔rootϕ1.1 =tanϕ1.S1B0
⋅−6.18 10−4 ; ≔rootϕ1.2 =tanϕ1.S1B1

889.549

≔rootϕ2.1 =tanϕ2.S1B0
−66.654 ; ≔rootϕ2.2 =tanϕ2.S1B1

0.005

Selecting the root with same sign as the in-plane shear forces:

≔tanϕ1.S1B =‖
‖
‖
‖
‖
‖
‖‖

|
|
|
|
|
|
||

|
|
|
|
|
|
|

if

else

≤nxy1 0
‖
‖‖ rootϕ1.1

‖
‖‖ rootϕ1.1

⋅−6.18 10−4 ≔tanϕ2.S1B =‖
‖
‖
‖
‖
‖
‖‖

|
|
|
|
|
|
||

|
|
|
|
|
|
|

if

else

≤nxy2 0
‖
‖‖ rootϕ2.1

‖
‖‖ rootϕ2.2

0.005

≔ϕ1.S1B =atan ⎛⎝tanϕ1.S1B⎞⎠ −0.00062 ≔ϕ2.S1B =atan ⎛⎝tanϕ2.S1B⎞⎠ 0.00516
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≔ϕ1.S1B =atan ⎛⎝tanϕ1.S1B⎞⎠ −0.00062 ≔ϕ2.S1B =atan ⎛⎝tanϕ2.S1B⎞⎠ 0.00516

Internal forces from compression field theory: 

≔Fsx1 =+nx1 ⋅nxy1 tanϕ1.S1B 190 ――
kN

m
≔Fsx2 =+nx2 ⋅nxy2 tanϕ2.S1B 315 ――

kN

m

≔Fsy1 =+ny1 ――――
nxy1

tanϕ1.S1B

345 ――
kN

m
≔Fsy2 =+ny2 ――――

nxy2

tanϕ2.S1B

917 ――
kN

m

≔Fc1 =――――――――
nxy1

⋅sin ⎛⎝ϕ1.S1B⎞⎠ cos ⎛⎝ϕ1.S1B⎞⎠
415 ――

kN

m
≔Fc2 =――――――――

nxy2

⋅sin ⎛⎝ϕ2.S1B⎞⎠ cos ⎛⎝ϕ2.S1B⎞⎠
767 ――

kN

m

Calculating required reinforcement:

≔fyd 272 MPa

≔Asx1.req =――
Fsx1

fyd
698 ――

mm 2

m
≔Asx2.req =――

Fsx2

fyd
1159 ――

mm 2

m

≔Asy1.req =――
Fsy1

fyd
1269 ――

mm 2

m
≔Asy2.req =――

Fsy2

fyd
3371 ――

mm 2

m

Control of concrete stresses in compression field:

≔fck 25 MPa ; ≔fcd 12 MPa

≔σRd.max =⋅⋅0.6
⎛
⎜
⎝

−1 ――――
fck
⋅250 MPa

⎞
⎟
⎠

fcd 6.48 MPa

≔σc1 =――
Fc1

t1
4.51 MPa ≔σc2 =――

Fc2

t2
8.526 MPa

Utilization ratios:

≔URsx1.Membrane =―――
Asx1.req

Asx1

1.578 ≔URsx2.Membrane =―――
Asx2.req

Asx2

5.243

≔URsy1.Membrane =―――
Asy1.req

Asy1

1.578 ≔URsy2.Membrane =―――
Asy2.req

Asy2

5.243

≔URc1.Membrane =――
σc1

fcd
0.376 ≔URc2.Membrane =――

σc2

fcd
0.71

≔URc1.red.Membrane =―――
σc1

σRd.max

0.696 ≔URc2.red.Membrane =―――
σc2

σRd.max

1.316

Utilization ratios from the Iteration Method in the capacity program: 

≔URsx1 1.58 ≔URsx2 5.26

≔URsy1 0.04 ≔URsy2 0.84

≔URc 0.27

≔URc.red 0.51
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≔URc 0.27

≔URc.red 0.51

Deviation:

≔URs1 =―――――
URsx1.Membrane

URsx1

0.999 ≔URs2 =―――――
URsx2.Membrane

URsx2

0.997

≔URc1 =―――――
URc1.Membrane

URc

1.393 ≔URc2 =―――――
URc2.Membrane

URc

2.631

≔URc1.red =――――――
URc1.red.Membrane

URc.red

1.366 ≔URc2.red =――――――
URc2.red.Membrane

URc.red

2.58

The deviation is equal to 0.1% and 1.3% for the reinforcement in layers 1 and 2, respectively. The utilization 
ratio of the concrete is difficult to compare because the two layers are independent in the Membrane Method, 
while the Iteration Method includes the strain compatibility in the cross-section. 

Capacity control Column axis 6 section D (S1D), ULSa-TR

Cross-section parameters:

≔h 370 mm Height at the critical section

≔c1 53 mm Distance from bottom surface to centre reinforcement layer

≔c2 99 mm Distance from top surface to centre reinforcement layer

≔Asx1 781 ――
mm 2

m
≔Asx2 4685 ――

mm 2

m
Longitudinal reinforcement in the two membrane layers

≔Asy1 1539 ――
mm 2

m
≔Asy2 766 ――

mm 2

m
Transverse reinforcement in the two membrane layers

External section forces:

≔nx 1101.6 ――
kN

m
≔mx ⋅5.8 kN ―

m

m

≔ny 7.5 ――
kN

m
≔my ⋅−16.7 kN ―

m

m

≔nxy −148.7 ――
kN

m
≔mxy ⋅4.5 kN ―

m

m

Procedure: 

1. Assume uncracked:

≔t1 ―
h

2
; ≔t2 ―

h

2
; ≔k1 0.5 ; ≔k2 0.5 ; ≔z =−h ―――

⎛⎝ +t1 t2⎞⎠
2

0.185 m

2. Membrane forces in each layer:
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2. Membrane forces in each layer:

≔nx1 =−⋅k1 nx ――
mx

z
519 ――

kN

m
≔nx2 =+⋅k2 nx ――

mx

z
582 ――

kN

m

≔ny1 =−⋅k1 ny ――
my

z
94 ――

kN

m
≔ny2 =+⋅k2 ny ――

my

z
−87 ――

kN

m

≔nxy1 =−⋅k1 nxy ――
mxy

z
−99 ――

kN

m
≔nxy2 =+⋅k2 nxy ――

mxy

z
−50 ――

kN

m

3. Largest principal membrane force in each layer:

≔n111 =+―――
+nx1 ny1

2

‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾2

+
⎛
⎜
⎝
―――

−nx1 ny1

2

⎞
⎟
⎠

2

nxy1
2 541 ――

kN

m
--> membrane 1 is cracked!

≔n211 =+―――
+nx2 ny2

2

‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾2

+
⎛
⎜
⎝
―――

−nx2 ny2

2

⎞
⎟
⎠

2

nxy2
2 586 ――

kN

m
--> membrane 2 is cracked!

4. New thicknesses:

≔t1 =⋅2 c1 0.106 m ; ≔t2 =⋅2 c2 0.198 m ; ≔z =−h
⎛
⎜
⎝
―――

+t1 t2
2

⎞
⎟
⎠

0.218 m

≔k1 =――――
−h t2

−−2 h t1 t2
0.394 ; ≔k2 =−1 k1 0.606

5. New membrane forces: 

≔nx1 =−⋅k1 nx ――
mx

z
408 ――

kN

m
≔nx2 =+⋅k2 nx ――

mx

z
694 ――

kN

m

≔ny1 =−⋅k1 ny ――
my

z
80 ――

kN

m
≔ny2 =+⋅k2 ny ――

my

z
−72 ――

kN

m

≔nxy1 =−⋅k1 nxy ――
mxy

z
−79 ――

kN

m
≔nxy2 =+⋅k2 nxy ――

mxy

z
−69 ――

kN

m

Assuming yielding in reinforcement for both directions. Calculate the crack angles: 

≔tanϕ1.S1D ――――→−+tanϕ1
2 ⋅

⎛
⎜
⎜⎝

−――
nx1

nxy1

⋅――
ny1

nxy1

――
Asx1

Asy1

⎞
⎟
⎟⎠

tanϕ1 ――
Asx1

Asy1

,solve tanϕ1 4.742281149788915271
−0.10701018531724027739

⎡
⎢⎣

⎤
⎥⎦

≔tanϕ2.S1D ――――→−+tanϕ2
2 ⋅

⎛
⎜
⎜⎝

−――
nx2

nxy2

⋅――
ny2

nxy2

――
Asx2

Asy2

⎞
⎟
⎟⎠

tanϕ2 ――
Asx2

Asy2

,solve tanϕ2 16.712473566425448815
−0.36596545479917836128

⎡
⎢⎣

⎤
⎥⎦

≔rootϕ1.1 =tanϕ1.S1D0
4.742 ; ≔rootϕ1.2 =tanϕ1.S1D1

−0.107

≔rootϕ2.1 =tanϕ2.S1D0
16.712 ; ≔rootϕ2.2 =tanϕ2.S1D1

−0.366

Selecting the root with same sign as the in-plane shear forces:

≔tanϕ1.S1D =‖
‖
‖
‖
‖
‖
‖‖

|
|
|
|
|
|
||

|
|
|
|
|
|
|

if

else

≤nxy1 0
‖
‖‖ rootϕ1.2

‖
‖‖ rootϕ1.1

−0.107 ≔tanϕ2.S1D =‖
‖
‖
‖
‖
‖
‖‖

|
|
|
|
|
|
||

|
|
|
|
|
|
|

if

else

≤nxy2 0
‖
‖‖ rootϕ2.2

‖
‖‖ rootϕ2.1

−0.366

≔ϕ1.S1D =atan ⎛⎝tanϕ1.S1D⎞⎠ −0.107 ≔ϕ2.S1D =atan ⎛⎝tanϕ2.S1D⎞⎠ −0.351
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≔ϕ1.S1D =atan ⎛⎝tanϕ1.S1D⎞⎠ −0.107 ≔ϕ2.S1D =atan ⎛⎝tanϕ2.S1D⎞⎠ −0.351

Internal forces from compression field theory: 

≔Fsx1 =+nx1 ⋅nxy1 tanϕ1.S1D 416 ――
kN

m
≔Fsx2 =+nx2 ⋅nxy2 tanϕ2.S1D 719 ――

kN

m

≔Fsy1 =+ny1 ――――
nxy1

tanϕ1.S1D

821 ――
kN

m
≔Fsy2 =+ny2 ――――

nxy2

tanϕ2.S1D

118 ――
kN

m

≔Fc1 =――――――――
nxy1

⋅sin ⎛⎝ϕ1.S1D⎞⎠ cos ⎛⎝ϕ1.S1D⎞⎠
750 ――

kN

m
≔Fc2 =――――――――

nxy2

⋅sin ⎛⎝ϕ2.S1D⎞⎠ cos ⎛⎝ϕ2.S1D⎞⎠
215 ――

kN

m

Calculating required reinforcement:

≔fyd 272 MPa

≔Asx1.req =――
Fsx1

fyd
1531 ――

mm 2

m
≔Asx2.req =――

Fsx2

fyd
2643 ――

mm 2

m

≔Asy1.req =――
Fsy1

fyd
3017 ――

mm 2

m
≔Asy2.req =――

Fsy2

fyd
432 ――

mm 2

m

Control of concrete stresses in compression field:

≔fck 25 MPa ; ≔fcd 12 MPa

≔σRd.max =⋅⋅0.6
⎛
⎜
⎝

−1 ――――
fck
⋅250 MPa

⎞
⎟
⎠

fcd 6.48 MPa

≔σc1 =――
Fc1

t1
7.07 MPa ≔σc2 =――

Fc2

t2
1.086 MPa

Utilization ratios:

≔URsx1.Membrane =―――
Asx1.req

Asx1

1.96 ≔URsx2.Membrane =―――
Asx2.req

Asx2

0.564

≔URsy1.Membrane =―――
Asy1.req

Asy1

1.96 ≔URsy2.Membrane =―――
Asy2.req

Asy2

0.564

≔URc1.Membrane =――
σc1

fcd
0.589 ≔URc2.Membrane =――

σc2

fcd
0.09

≔URc1.red.Membrane =―――
σc1

σRd.max

1.091 ≔URc2.red.Membrane =―――
σc2

σRd.max

0.168

Utilization ratios from the Iteration Method in the capacity program: 

≔URsx1 2.09 ≔URsx2 0.59

≔URsy1 0.55 ≔URsy2 0.18

≔URc 0.13

≔URc.red 0.25

Deviation: 
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≔URc.red 0.25

Deviation: 

≔URs1 =―――――
URsx1.Membrane

URsx1

0.938 ≔URs2 =―――――
URsx2.Membrane

URsx2

0.956

≔URc1 =―――――
URc1.Membrane

URc

4.533 ≔URc2 =―――――
URc2.Membrane

URc

0.696

≔URc1.red =――――――
URc1.red.Membrane

URc.red

4.365 ≔URc2.red =――――――
URc2.red.Membrane

URc.red

0.67

The deviation is equal to 6.2% and 4.4% for the reinforcement in layers 1 and 2, respectively. The utilization 
ratio of the concrete is difficult to compare because the two layers are independent in the Membrane Method, 
while the Iteration Method includes the strain compatibility in the cross-section. 

Capacity control in axis of zero bending moment, section A (S2A) ULSa-TR

Cross-section parameters:

≔h 255 mm Height at the critical section

≔c1 47 mm Distance from bottom surface to centre reinforcement layer

≔c2 67 mm Distance from top surface to centre reinforcement layer

≔Asx1 442 ――
mm 2

m
≔Asx2 4243 ――

mm 2

m
Longitudinal reinforcement in the two membrane layers

≔Asy1 709 ――
mm 2

m
≔Asy2 1835 ――

mm 2

m
Transverse reinforcement in the two membrane layers

External section forces:

≔nx −967.8 ――
kN

m
≔mx ⋅8.9 kN ―

m

m

≔ny −0.5 ――
kN

m
≔my ⋅89.8 kN ―

m

m

≔nxy −314.6 ――
kN

m
≔mxy ⋅2.2 kN ―

m

m

Procedure: 

1. Assume uncracked:

≔t1 ―
h

2
; ≔t2 ―

h

2
; ≔k1 0.5 ; ≔k2 0.5 ; ≔z =−h ―――

⎛⎝ +t1 t2⎞⎠
2

0.128 m

2. Membrane forces in each layer:

≔nx1 =−⋅k1 nx ――
mx

z
−554 ――

kN

m
≔nx2 =+⋅k2 nx ――

mx

z
−414 ――

kN

m

≔ny1 =−⋅k1 ny ――
my

z
−705 ――

kN

m
≔ny2 =+⋅k2 ny ――

my

z
704 ――

kN

m
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≔ny1 =−⋅k1 ny ――
my

z
−705 ――

kN

m
≔ny2 =+⋅k2 ny ――

my

z
704 ――

kN

m

≔nxy1 =−⋅k1 nxy ――
mxy

z
−175 ――

kN

m
≔nxy2 =+⋅k2 nxy ――

mxy

z
−140 ――

kN

m

3. Largest principal membrane force in each layer:

≔n111 =+―――
+nx1 ny1

2

‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾2

+
⎛
⎜
⎝
―――

−nx1 ny1

2

⎞
⎟
⎠

2

nxy1
2 −439 ――

kN

m
--> membrane 1 is uncracked!

≔n211 =+―――
+nx2 ny2

2

‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾2

+
⎛
⎜
⎝
―――

−nx2 ny2

2

⎞
⎟
⎠

2

nxy2
2 721 ――

kN

m
--> membrane 2 is cracked!

4. New thickness in each layer: 

≔t1 =―
h

2
0.128 m ; ≔t2 =⋅2 c2 0.134 m ; ≔z =−⋅0.75 h c2 0.124 m

≔k1 =――――
⋅0.25 h

−⋅0.75 h c2
0.513 ≔k2 =−1 k1 0.487

5. New membrane forces: 

≔nx1 =−⋅k1 nx ――
mx

z
−568 ――

kN

m
≔nx2 =+⋅k2 nx ――

mx

z
−400 ――

kN

m

≔ny1 =−⋅k1 ny ――
my

z
−723 ――

kN

m
≔ny2 =+⋅k2 ny ――

my

z
722 ――

kN

m

≔nxy1 =−⋅k1 nxy ――
mxy

z
−179 ――

kN

m
≔nxy2 =+⋅k2 nxy ――

mxy

z
−135 ――

kN

m

Assuming yielding in reinforcement for both directions. Calculate the crack angles: 

≔tanϕ1.S2A ――――→−+tanϕ1
2 ⋅

⎛
⎜
⎜⎝

−――
nx1

nxy1

⋅――
ny1

nxy1

――
Asx1

Asy1

⎞
⎟
⎟⎠

tanϕ1 ――
Asx1

Asy1

,solve tanϕ1 0.52705168833192271093
−1.1828313463582067445

⎡
⎢⎣

⎤
⎥⎦

≔tanϕ2.S2A ――――→−+tanϕ2
2 ⋅

⎛
⎜
⎜⎝

−――
nx2

nxy2

⋅――
ny2

nxy2

――
Asx2

Asy2

⎞
⎟
⎟⎠

tanϕ2 ――
Asx2

Asy2

,solve tanϕ2 0.14985048647403928698
−15.430457616712889829

⎡
⎢⎣

⎤
⎥⎦

≔rootϕ1.1 =tanϕ1.S2A0
0.527 ; ≔rootϕ1.2 =tanϕ1.S2A1

−1.183

≔rootϕ2.1 =tanϕ2.S2A0
0.15 ; ≔rootϕ2.2 =tanϕ2.S2A1

−15.43

Selecting the root with same sign as the in-plane shear forces:

≔tanϕ1.S2A =‖
‖
‖
‖
‖
‖
‖‖

|
|
|
|
|
|
||

|
|
|
|
|
|
|

if

else

≤nxy1 0
‖
‖‖ rootϕ1.2

‖
‖‖ rootϕ1.1

−1.183 ≔tanϕ2.S2A =‖
‖
‖
‖
‖
‖
‖‖

|
|
|
|
|
|
||

|
|
|
|
|
|
|

if

else

≤nxy2 0
‖
‖‖ rootϕ2.2

‖
‖‖ rootϕ2.1

−15.43

≔ϕ1.S2A =atan ⎛⎝tanϕ1.S2A⎞⎠ −0.86896 ≔ϕ2.S2A =atan ⎛⎝tanϕ2.S2A⎞⎠ −1.50608

Internal forces from compression field theory: 

≔Fsx1 =+nx1 ⋅nxy1 tanϕ1.S2A −356 ――
kN

m
≔Fsx2 =+nx2 ⋅nxy2 tanϕ2.S2A 1691 ――

kN

m
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≔Fsy1 =+ny1 ――――
nxy1

tanϕ1.S2A

−572 ――
kN

m
≔Fsy2 =+ny2 ――――

nxy2

tanϕ2.S2A

731 ――
kN

m

≔Fc1 =――――――――
nxy1

⋅sin ⎛⎝ϕ1.S2A⎞⎠ cos ⎛⎝ϕ1.S2A⎞⎠
363 ――

kN

m
≔Fc2 =――――――――

nxy2

⋅sin ⎛⎝ϕ2.S2A⎞⎠ cos ⎛⎝ϕ2.S2A⎞⎠
2099 ――

kN

m

Calculating required reinforcement:

≔fyd 272 MPa

≔Asx1.req =――
Fsx1

fyd
−1310 ――

mm 2

m
≔Asx2.req =――

Fsx2

fyd
6217 ――

mm 2

m

≔Asy1.req =――
Fsy1

fyd
−2101 ――

mm 2

m
≔Asy2.req =――

Fsy2

fyd
2689 ――

mm 2

m

Control of concrete stresses in compression field:

≔fck 25 MPa ; ≔fcd 12 MPa

≔σRd.max =⋅⋅0.6
⎛
⎜
⎝

−1 ――――
fck
⋅250 MPa

⎞
⎟
⎠

fcd 6.48 MPa

≔σc1 =――
Fc1

t1
2.85 MPa ≔σc2 =――

Fc2

t2
15.666 MPa

Utilization ratios:

≔URsx1.Membrane =―――
Asx1.req

Asx1

−2.964 (Compression) ≔URsx2.Membrane =―――
Asx2.req

Asx2

1.465

≔URsy1.Membrane =―――
Asy1.req

Asy1

−2.964 (Compression) ≔URsy2.Membrane =―――
Asy2.req

Asy2

1.465

≔URc1.Membrane =――
σc1

fcd
0.237 ≔URc2.Membrane =―――

σc2

σRd.max

2.418

Utilization ratios from the Iteration Method in the capacity program: 

≔URsx1 0.19 ≔URsx2 0.03

≔URsy1 0.22 ≔URsy2 1.23

≔URc 1.13

Deviation: 

≔URs2 =―――――
URsy2.Membrane

URsy2

1.191

≔URc1 =―――――
URc1.Membrane

URc

0.21 ≔URc2 =―――――
URc2.Membrane

URc

2.14

The reinforcement in layer 1 is in compression and will therefore not have a utilization ratio. The deviation of the 
reinforcement in layer 2 is 19.1%. 
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Capacity control in axis 10, section A (S7A), ULSa-TE

Cross-section parameters:

≔h 255 mm Height at the critical section

≔c1 47 mm Distance from bottom surface to centre reinforcement layer

≔c2 43 mm Distance from top surface to centre reinforcement layer

≔Asx1 442 ――
mm 2

m
≔Asx2 221 ――

mm 2

m
Longitudinal reinforcement in the two membrane layers

≔Asy1 709 ――
mm 2

m
≔Asy2 1835 ――

mm 2

m
Transverse reinforcement in the two membrane layers

External section forces:

≔nx 40.3 ――
kN

m
≔mx ⋅12.9 kN ―

m

m

≔ny −94.5 ――
kN

m
≔my ⋅116.1 kN ―

m

m

≔nxy 38.8 ――
kN

m
≔mxy ⋅0.5 kN ―

m

m

Procedure: 

1. Assume uncracked:

≔t1 ―
h

2
; ≔t2 ―

h

2
; ≔k1 0.5 ; ≔k2 0.5 ; ≔z =−h ―――

⎛⎝ +t1 t2⎞⎠
2

0.128 m

2. Membrane forces in each layer:

≔nx1 =−⋅k1 nx ――
mx

z
−81 ――

kN

m
≔nx2 =+⋅k2 nx ――

mx

z
121 ――

kN

m

≔ny1 =−⋅k1 ny ――
my

z
−958 ――

kN

m
≔ny2 =+⋅k2 ny ――

my

z
863 ――

kN

m

≔nxy1 =−⋅k1 nxy ――
mxy

z
15 ――

kN

m
≔nxy2 =+⋅k2 nxy ――

mxy

z
23 ――

kN

m

3. Largest principal membrane force in each layer:

≔n111 =+―――
+nx1 ny1

2

‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾2

+
⎛
⎜
⎝
―――

−nx1 ny1

2

⎞
⎟
⎠

2

nxy1
2 −81 ――

kN

m
--> membrane 1 is uncracked!

≔n211 =+―――
+nx2 ny2

2

‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾2

+
⎛
⎜
⎝
―――

−nx2 ny2

2

⎞
⎟
⎠

2

nxy2
2 864 ――

kN

m
--> membrane 2 is cracked!

4. New thickness in each layer: 
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≔n211 =+―――
+nx2 ny2

2

‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾2

+
⎛
⎜
⎝
―――

−nx2 ny2

2

⎞
⎟
⎠

2

nxy2
2 864 ――

kN

m

4. New thickness in each layer: 

≔t1 =―
h

2
0.128 m ; ≔t2 =⋅2 c2 0.086 m ; ≔z =−⋅0.75 h c2 0.148 m

≔k1 =――――
⋅0.25 h

−⋅0.75 h c2
0.43 ≔k2 =−1 k1 0.57

5. New membrane forces: 

≔nx1 =−⋅k1 nx ――
mx

z
−70 ――

kN

m
≔nx2 =+⋅k2 nx ――

mx

z
110 ――

kN

m

≔ny1 =−⋅k1 ny ――
my

z
−824 ――

kN

m
≔ny2 =+⋅k2 ny ――

my

z
729 ――

kN

m

≔nxy1 =−⋅k1 nxy ――
mxy

z
13 ――

kN

m
≔nxy2 =+⋅k2 nxy ――

mxy

z
25 ――

kN

m

Assuming yielding in reinforcement for both directions. Calculate the crack angles: 

≔tanϕ1.S7A ――――→−+tanϕ1
2 ⋅

⎛
⎜
⎜⎝

−――
nx1

nxy1

⋅――
ny1

nxy1

――
Asx1

Asy1

⎞
⎟
⎟⎠

tanϕ1 ――
Asx1

Asy1

,solve tanϕ1 −33.362025311753091828
0.018686313324341017988

⎡
⎢⎣

⎤
⎥⎦

≔tanϕ2.S7A ――――→−+tanϕ2
2 ⋅

⎛
⎜
⎜⎝

−――
nx2

nxy2

⋅――
ny2

nxy2

――
Asx2

Asy2

⎞
⎟
⎟⎠

tanϕ2 ――
Asx2

Asy2

,solve tanϕ2 0.12155676597931030329
−0.99077962737961658239

⎡
⎢⎣

⎤
⎥⎦

≔rootϕ1.1 =tanϕ1.S7A0
−33.362 ; ≔rootϕ1.2 =tanϕ1.S7A1

0.019

≔rootϕ2.1 =tanϕ2.S7A0
0.122 ; ≔rootϕ2.2 =tanϕ2.S7A1

−0.991

Selecting the root with same sign as the in-plane shear forces:

≔tanϕ1.S7A =‖
‖
‖
‖
‖
‖
‖‖

|
|
|
|
|
|
||

|
|
|
|
|
|
|

if

else

≤nxy1 0
‖
‖‖ rootϕ1.1

‖
‖‖ rootϕ1.2

0.019 ≔tanϕ2.S7A =‖
‖
‖
‖
‖
‖
‖‖

|
|
|
|
|
|
||

|
|
|
|
|
|
|

if

else

≤nxy2 0
‖
‖‖ rootϕ2.2

‖
‖‖ rootϕ2.1

0.122

≔ϕ1.S7A =atan ⎛⎝tanϕ1.S7A⎞⎠ 0.01868 ≔ϕ2.S7A =atan ⎛⎝tanϕ2.S7A⎞⎠ 0.12096

Internal forces from compression field theory: 

≔Fsx1 =+nx1 ⋅nxy1 tanϕ1.S7A −69 ――
kN

m
≔Fsx2 =+nx2 ⋅nxy2 tanϕ2.S7A 113 ――

kN

m

≔Fsy1 =+ny1 ――――
nxy1

tanϕ1.S7A

−111 ――
kN

m
≔Fsy2 =+ny2 ――――

nxy2

tanϕ2.S7A

939 ――
kN

m

≔Fc1 =――――――――
nxy1

⋅sin ⎛⎝ϕ1.S7A⎞⎠ cos ⎛⎝ϕ1.S7A⎞⎠
713 ――

kN

m
≔Fc2 =――――――――

nxy2

⋅sin ⎛⎝ϕ2.S7A⎞⎠ cos ⎛⎝ϕ2.S7A⎞⎠
213 ――

kN

m

Calculating required reinforcement:

≔fyd 272 MPa
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≔fyd 272 MPa

≔Asx1.req =――
Fsx1

fyd
−255 ――

mm 2

m
≔Asx2.req =――

Fsx2

fyd
416 ――

mm 2

m

≔Asy1.req =――
Fsy1

fyd
−409 ――

mm 2

m
≔Asy2.req =――

Fsy2

fyd
3452 ――

mm 2

m

Control of concrete stresses in compression field:

≔fck 25 MPa ; ≔fcd 12 MPa

≔σRd.max =⋅⋅0.6
⎛
⎜
⎝

−1 ――――
fck
⋅250 MPa

⎞
⎟
⎠

fcd 6.48 MPa

≔σc1 =――
Fc1

t1
5.59 MPa ≔σc2 =――

Fc2

t2
2.474 MPa

Utilization ratios:

≔URsx1.Membrane =―――
Asx1.req

Asx1

−0.578 (Compression) ≔URsx2.Membrane =―――
Asx2.req

Asx2

1.881

≔URsy1.Membrane =―――
Asy1.req

Asy1

−0.578 (Compression) ≔URsy2.Membrane =―――
Asy2.req

Asy2

1.881

≔URc1.Membrane =――
σc1

fcd
0.466 ≔URc2.Membrane =――

σc2

fcd
0.206

Utilization ratios from the Iteration Method in the capacity program: 

≔URsx1 0.20 ≔URsx2 1.56

≔URsy1 0.29 ≔URsy2 1.21

≔URc 1.23

Deviation: 

≔URs2 =―――――
URsx2.Membrane

URsx2

1.206

≔URc1 =―――――
URc1.Membrane

URc

0.379 ≔URc2 =―――――
URc2.Membrane

URc

0.168

The reinforcement in layer 1 is in compression and will therefore not have a utilization ratio. The deviation of the 
reinforcement in layer 2 is 20.6%. 
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