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We perform Eliashberg calculations for magnon-mediated superconductivity in a normal metal, where the
electron-magnon interaction arises from interfacial coupling to antiferromagnetic insulators. In agreement with
previous studies, we find p-wave pairing for large doping when the antiferromagnetic interfaces are uncompen-
sated, and d-wave pairing close to half-filling when the antiferromagnetic interfaces are compensated. However,
for the p-wave phase, we find a considerable reduction in the critical temperature compared to previous weak-
coupling results, as the effective frequency cutoff on the magnon propagator in this case is found to be much
smaller than the cutoff on the magnon spectrum. The d-wave phase, on the other hand, relies less on long-
wavelength magnons, leading to a larger effective cutoff on the magnon propagator. Combined with a large
density of states close to half-filling, this might allow the d-wave phase to survive up to higher critical tempera-
tures. Based on our findings, we provide new insight into how to realize interfacially induced magnon-mediated
superconductivity in experiments.

I. INTRODUCTION

For conventional superconductors, the fluctuations respon-
sible for Cooper-pairing of electrons are provided by phonons
[1]. As the role of the phonons is simply to introduce attrac-
tive interaction between electrons, superconductivity can in
principle arise from exchange of any bosonic quasiparticle
that is able to provide a similar attractive interaction [2–5].
One alternative that has received much attention is exchange
of paramagnetic spin-fluctuations [6, 7]. The idea is that the
spins in a paramagnet, close to magnetic ordering, can act
like a medium that can be polarized by the spin of an electron.
Another electron can then interact with the polarized medium,
giving rise to an effective interaction between the electrons.
The quasiparticle mediating the interaction, the paramagnon,
represents a damped spin-wave propagating in an ordered
patch of the paramagnet [8, 9].

The paramagnon exchange mechanism has been proposed
to be closely related to the superconductivity of heavy
fermion materials [10–12] and high-Tc cuprates [13, 14]. In
the context of the Hubbard model, paramagnon exchange has
been found to give rise to p-wave superconductivity for small
isotropic Fermi surfaces, and d-wave superconductivity closer
to half-filling [11]. This d-wave superconductivity arises
from antiferromagnetic fluctuations, so that the interaction
is peaked at finite momentum. Although the spin-singlet
s-wave channel is repulsive, the d-wave channel is then able
to become attractive by taking advantage of sign changes in
the gap function [6].

In these systems, superconductivity arises from interactions
between fermions due to their own collective spin excitations
[13–15]. Spin-fluctuation mediated superconductivity may
also occur in heterostructures with itinerant fermions prox-
imity coupled to the spins of insulating materials [16–24].
Since the spins and the itinerant fermions are then separate
degrees of freedom, this provides a simpler context to study
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superconductivity mediated by spin-fluctuations.
Magnon-mediated superconductivity induced in a normal

metal (NM) due to proximity-coupling to a magnetic insulator
has so far been investigated within a weak-coupling BCS
framework [18, 20–22]. The first case to be considered was
a NM coupled to ferromagnetic insulators, which was found
to give rise to p-wave pairing [18]. Similarly, for a NM
coupled to an antiferromagnetic insulator (AFMI), p-wave
solutions were obtained for large dopings by exploiting the
inherent squeezing of antiferromagnetic magnons [25] by
coupling the conduction electrons in the NM asymmetrically
to the two sublattices of the AFMI [21]. This sublattice
coupling asymmetry suppresses sublattice interferences in
the pairing potential, which are very unfavorable for the
p-wave phase. A general asymmetry of this type can be
realized by employing an antiferromagnetic interface where
both sublattices are exposed (compensated interface), but
further breaking the sublattice symmetry by using an anti-
ferromagnetic material with two different atoms on the two
sublattices. The particularly relevant case of coupling to only
one of the two sublattices is, however, achieved through an
uncompensated antiferromagnetic interface where only one
of the two sublattices is exposed [26–28].

For the case of a compensated antiferromagnetic interface,
the magnons live in a Brillouin zone which is reduced
compared to the electron Brillouin zone. This introduces
electron-magnon scattering processes of two types: regular
and Umklapp [29, 30]. In the regular processes, the electrons
are scattered with a momentum within the first magnon
Brillouin zone. In the Umklapp processes, on the other
hand, the outgoing electron receives an additional momentum
corresponding to a magnon reciprocal space lattice vec-
tor. The Umklapp processes are of little relevance for the
small Fermi surfaces considered in Ref. [21], but closer to
half-filling they have been predicted to give rise to d-wave
superconductivity in a normal metal sandwiched between two
compensated antiferromagnetic interfaces [20]. Analogously
to the case of paramagnon exchange in the Hubbard model,
the d-wave pairing arises from a repulsive s-wave channel
and an interaction that is peaked at finite momentum.

A notable difference between the electron-phonon cou-
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pling in common weak-coupling superconductors and the
electron-magnon coupling in this study, is the behaviour of
the coupling matrix element in the limit of small momentum
transfers. Since the electron-phonon coupling represents a
coupling between electrons and spatial fluctuations of ion
densities, it vanishes at zero momentum. In contrast, the
coupling between the spins of itinerant electrons and the lo-
calized spins of the magnetic insulator is local, and therefore
constant in momentum space. For the magnon-mediated su-
perconductivity discussed in the above references, this allows
processes with small scattering momentum and small magnon
frequencies to dominate the superconducting pairing. In turn,
these small momentum processes can compensate for the
relatively small interfacial coupling strength of order 10 meV
[18, 31], which is typically smaller than the energy scale for
the electron-phonon coupling giving rise to phonon-mediated
superconductivity [32, 33].

When the dominant contributions to the pairing arise from
long-wavelength magnons, one should expect that it may no
longer be reasonable to use the cutoff on the boson spectrum
as the characteristic boson energy setting the energy scale for
the critical temperature. This is not captured in simple BCS
theory, which does not consider the frequency dependence
of the bosonic fluctuation spectrum responsible for pairing.
Furthermore, renormalization of both electrons and bosons
is neglected in BCS theory, and these effects could turn out
to play a more essential role here. Although BCS theory ex-
plains phonon-mediated superconductivity in weak-coupling
superconductors reasonably well, a more detailed analysis
may be required when other pairing mechanisms are involved.

In this paper, we therefore investigate superconductivity
induced in a NM by interfacial coupling to antiferromagnetic
insulators using an Eliashberg theory framework. In addition
to exploring how the existing results change when the electron
renormalization and the proper frequency dependence of the
electron-magnon interaction are taken into account, we also
study the effect of magnon renormalization and discuss the
importance of vertex corrections. Instead of focusing only on
regular [21] or Umklapp processes [20], we simultaneously
take both types of processes into account and examine how
the superconductivity varies with both chemical potential
and asymmetry in the coupling to the two sublattices of the
antiferromagnet.

In agreement with earlier results, we find a p-wave phase
for large sublattice coupling asymmetry and large doping, and
a d-wave phase for small sublattice coupling asymmetry and
small doping. For the p-wave phase, the critical temperature
is considerably reduced compared to previous weak-coupling
studies due to the reduction of the effective magnon frequency
cutoff. However, the d-wave phase is found to be less reliant
on exchange of long-wavelength magnons. This leads to a
larger effective cutoff. Near half-filling, the reduction in the
contributions from long-wavelength magnons for the d-wave
phase can be compensated by a larger density of states,
opening up for the possibility of larger critical temperatures.
For a strongly nested Fermi-surface, however, one needs to
consider e.g. the possibility of a competing spin-density wave
instability. Moreover, while a sufficiently large gap in the

magnon spectrum may be necessary to protect the ordering
of the magnet upon inclusion of magnon renormalization,
the net effect on possible critical temperatures is found to be
small.

In Sec. II, we present the model of our system. In III,
we outline the Eliashberg theory for magnon-mediated
superconductivity. We further derive the Fermi surface
averaged Eliashberg equations in Sec. IV, and present results
for these equations in Sec. V. In Sec. VI we move on to the
effect of renormalization of the magnons. Finally, we discuss
the validity of the results, as well as additional neglected
effects in VII, and experimental considerations in VIII, before
we summarize in Sec. IX. Additional details, as well as a
discussion of the role of vertex corrections can be found in
the appendices.

II. MODEL

We consider a trilayer heterostructure consisting of a nor-
mal metal sandwiched between two antiferromagnets, as
shown in Fig. 1. The experimental realization of the sys-
tem would consist of a thin NM layer between two thicker
AFMI layers. For simplicity, we model the system using two-
dimensional lattice models for the three distinct layers. We as-
sume that the antiferromagnets have staggered magnetic order
along the z-direction in spin space, and that this order is op-
posite in the two antiferromagnets. In general, the spin space
z-direction can be either in-plane or out-of-plane in real space
for our model.

We model the system with the Hamiltonian H = HNM +

NM

AFMI

AFMI

NM

J̄ΩA J̄ΩB

H

L

NM

AFMI

AFMI

NM

J̄ΩA J̄ΩB

NM

AFMI

AFMI

NM

J̄ΩA J̄ΩB

H

L

FIG. 1. A trilayer consisting of a normal metal (NM) layer sand-
wiched between two antiferromagnetic insulator (AFMI) layers. The
A and B sublattices of the AFMIs consist of the blue and red lat-
tice sites, respectively. The two AFMIs are oppositely ordered so
that the spins associated with a specific sublattice are oppositely ori-
ented for the highest (H) and lowest (L) AFMI. The coupling to the
A sublattices of both AFMIs is taken to be of equal strength (J̄ΩA),
and similarly for the B sublattices, so that the itinerant electrons in
the NM experience no net magnetic field. The coupling to the A
sublattices is however allowed to differ from the coupling to the B
sublattices.
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HAFMI +Hint, where

HNM = −
∑
ij,σ

tijc
†
iσcjσ − µ

∑
iσ

c†iσciσ, (1a)

HAFMI =
∑
ij,η

JijSiη · Sjη −K
∑
i,η

(Sziη)2, (1b)

Hint = −2J̄
∑
η,Υ

∑
i∈Υ

ΩηΥc
†
iσci · Siη, (1c)

and the terms describe the normal metal, the antiferromag-
netic insulators, and the interfacial coupling between the ma-
terials. The sums over i, j denote sums over lattice sites, the
sum over η ∈ {H,L} denotes a sum over the the two antifer-
romagnetic insulators, and the sum over Υ ∈ {A,B} denotes
a sum over the sublattices. All three layers are modelled by
square lattices with periodic boundary conditions. We have
used the notation ci = (ci↑, ci↓)

T , and taken σ to denote the
Pauli matrix vector in spin space. The electron chemical po-
tential is expressed as µ, and tij is the hopping amplitude,
which we set to t for nearest neighbours and zero otherwise.
For the AFMIs, the exchange coupling between the lattice site
spins at lattice sites i and j is Jij , which we assume to take the
value J1 > 0 for nearest neighbour and J2 for next-nearest
neighbour sites. Moreover, K > 0 denotes the easy axis
anisotropy, and J̄ the exchange coupling between the lattice
site spins in the antiferromagnets and the spins of the conduc-
tion band electrons in the normal metal [18, 20, 31, 34, 35].
In order to be able to introduce asymmetry in the coupling
between the normal metal and the two sublattices of the an-
tiferromagnets, we have included a dimensionless, sublattice-
and layer-dependent, parameter ΩηΥ in the interaction Hamil-
tonian [21–23]. In order to eliminate any magnetic fields, we
will focusing on equal coupling to the two antiferromagnets
[20], and therefore let ΩηΥ ≡ ΩΥ. In the following, we set
~ = a = 1, with a being the lattice constant.

The normal metal Hamiltonian can be diagonalized to ob-
tain

HNM =
∑

k∈�,σ

ξk c
†
kσckσ, (2)

where the quasimomentum sum runs over the full Brillouin
zone, we have defined ξk = εk − µ, and the single particle
electron dispersion relation is given by εk = −2t(cos kx +
cos ky).

To determine the eigenexcitations of the antiferromagnetic
insulator, we introduce the linearized Holstein-Primakoff
transformation to represent the spins in terms of bosons aiη
and biη on the two sublattices of the system. Further, intro-
ducing the Fourier transformed operators aqη and bqη , one
may diagonalize the AFMI Hamiltonian using a Bogoliubov
transformation

aqη = uqαqη + vqβ
†
−qη, (3a)

b†−qη = uqβ
†
−qη + vqαqη, (3b)

as detailed in Appendix A. By suitable choice of coherence
factors uq and vq , the AFMI Hamiltonian takes the form

HAFMI =
∑

q∈♦,η

ωq(α†qηαqη + β†qηβqη), (4)

with eigenmagnon operators αqη and βqη , magnon dispersion
ωq , and where the quasimomentum q runs over the reduced
Brillouin zone, as shown in Fig. 2 (a).

As shown in Refs. [21, 23], the electron-magnon coupling
in this system in general consists of staggered and net mag-
netic fields, as well as electron scattering processes of both
regular and Umklapp type. In our case, all net and staggered
magnetic fields from the two opposing antiferromagnetic lay-
ers cancel. The interaction Hamiltonian then takes the form

Hint = V
∑
k∈�
q∈♦

[
MR

q c
†
k+q,↓ck,↑ +MU

q c
†
k+q+Q,↓ck,↑

+(MR
−q)†c†k+q,↑ck,↓ + (MU

−q)†c†k+q+Q,↑ck,↓

]
, (5)

where we have defined the magnon operators Mκ
q = Mκ

qH +
Mκ

qL with

Mκ
qH = ΩAaqH + κΩBb

†
−qH , (6a)

Mκ
qL = ΩAa

†
−qL + κΩBbqL. (6b)

Here, κ ∈ {R,U} is an index characterizing whether the cor-
responding electron scattering process is of regular or Umk-
lapp type, which we associate with the values R → +1 and
U → −1 in the definition of Mκ

q . Examples of regular and
Umklapp scattering processes are shown Fig. 2 (b). We have
also defined the momentum shift vector Q = π(x̂ + ŷ) oc-
curring in the Umklapp scattering processes, and the interac-
tion strength parameter V ≡ −2J̄

√
S/N , where S is the spin

quantum number of the AFMI lattice site spins, and N the
number of lattice sites.

R
U

(a) (b)

FIG. 2. (a) Electron (grey) and magnon (orange) Brillouin zones with
labelling of high symmetry points. We refer to the magnon Brillouin
zone as the reduced Brillouin zone (RBZ). The antiferromagnetic
ordering vector Q is also indicated. (b) Fermi surface (green) at
moderate doping. Electrons can be scattered from k (black) to points
k+q inside the shaded red part of the Brillouin zone through regular
processes, and to points k + q + Q in the shaded blue part of the
Brillouin zone through Umklapp processes.
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In terms of the eigenmagnon operators αqη, βqη , we may
also express the magnon operators Mκ

q as

Mκ
q =

(
ΩAuq + κΩBvq

)(
αqH + α†−qL

)
+
(
ΩAvq + κ ΩBuq

)(
β†−qH ,+βqL

)
,

(7)

so that we may think of the magnon operators Mκ
q as lin-

ear combinations of antiferromagnetic eigenmagnon opera-
tors with a given spin and momentum.

III. ELIASHBERG THEORY

A. Magnon propagators

Since the magnon operators in the electron-magnon interac-
tion only occur in the particular linear combinations Mκ

q , the
propagators of Mκ

q will be key building blocks in our Eliash-
berg theory. In the imaginary time formalism, we therefore
define the magnon propagator

Dκκ′
(q, τ) = −〈TτMκ

q (τ)(Mκ′

q )†(0)〉, (8)

where Tτ is the time-ordering operator and the expectation
value is computed with the full Hamiltonian. In the non-
interacting theory, one may utilize the eigenmagnon propa-
gators to show that

Dκκ′

0 (q, iνm) =− 2Aκκ
′

e (q)
2ωq

ν2
m + ω2

q

, (9)

where νm = 2mπ/β is a bosonic Matsubara frequency, and
β the inverse temperature. The boosting factors Aκκ

′

e (q) are
given by

ARRe (q) =
1

2
[(ΩAuq+ΩBvq)2 + (ΩAvq + ΩBuq)2], (10a)

AUUe (q) =
1

2
[(ΩAuq − ΩBvq)2+(ΩAvq − ΩBuq)2], (10b)

ARUe (q) = AURe (q) =
1

2
(Ω2

A − Ω2
B)(u2

q + v2
q). (10c)

Here, uq and vq are the magnon coherence factors, arising
from the Bogoliubov transformation, discussed in Appendix
A. Inspecting the boosting factor corresponding to regular
scattering processes, we see that it coincides with the boost-
ing factor occurring from the canonical transformation used
to obtain the effective interaction potential in Ref. [21].

From the expressions for the regular and Umklapp boosting
factorsARRe (q) andAUUe (q), it is clear that in addition to con-
tributions from only the A and B sublattices proportional to
factors of Ω2

A and Ω2
B , there are in general also interferences

between contributions from the two sublattices. Since uq is
typically positive and vq is typically negative, as discussed

in Appendix A, we typically expect destructive interference
in the regular process boosting factor ARRe (q) [21] and con-
structive interference in the Umklapp process boosting fac-
tor AUUe (q). The significance of these interference effects is
controlled by the asymmetry in the coupling to the two sub-
lattices, where we find the strongest sublattice interferences
when we couple equally to both sublattices, and that all in-
terference effects are removed when we couple to only one
sublattice. The mixed propagator boosting factors ARUe and
AURe do not experience similar interferences.

B. Spinor representations

To study magnon-mediated superconductivity, we now con-
struct the Eliashberg theory for the system. To do this, we first
introduce the Nambu spinor

ψk =



ck↑
ck↓
c†−k↑
c†−k↓
ck+Q↑
ck+Q↓
c†−k−Q↑
c†−k−Q↓


. (11)

The corresponding Green’s function can then in general be
written as the 8× 8 matrix

G(k,k′, τ) = −〈Tτψk(τ)ψ†k′(0)〉, (12)

where we will also be using the notation G(k,k, τ) =
G(k, τ). After a Fourier transform, the imaginary time
propagators can be expressed through the Fourier coeffi-
cientsG(k, iωn), with fermionic Matsubara frequencies ωn =
(2n+ 1)π/β. The 8× 8 matrix can in general be spanned by
the Pauli matrix outer products

ρα ⊗ τβ ⊗ σγ , (13)

where α, β, γ ∈ {0, 1, 2, 3} and the Pauli matrix ρα acts on
the momentum sector degree of freedom, τβ on the particle/-
hole degree of freedom, and σγ on the spin degree of freedom.

We also introduce the magnon spinor

Bq =
(
MR

q (MR
−q)† MU

q (MU
−q)†

)T
, (14)

where each magnon operator in the spinor corresponds to the
destruction of an excitation with momentum q and spin −1,
or the creation of an excitation with momentum −q and spin
+1. The magnon operator propagators can now be collected
in the magnon propagator matrix
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Dγγ′(q, τ) = −〈TτBγq (τ)Bγ
′

−q(0)〉. (15)

After a Fourier transform, the propagator matrix takes the
form

D(q) =


0 DRR(q) 0 DRU (q)

DRR(−q) 0 DUR(−q) 0
0 DUR(q) 0 DUU (q)

DRU (−q) 0 DUU (−q) 0

 ,

(16)

in terms of the previously introduced propagatorsDκκ′
. Here,

q = (q, iνm) is a three-vector containing both momen-
tum and the Matsubara frequency. As the magnon propaga-
tors respect time-reversal and inversion symmetry, we have
Dκκ′

(−q) = Dκκ′
(q). Further, the magnon propagators also

satisfy DRU (q) = DUR(q).
In spinor notation for the magnon and electron operators,

the interaction Hamiltonian can be written on the form

Hint =
V

4

∑
k∈�
q∈♦

∑
αβγ

gαβγ Bγqψ
†
k+qαψkβ , (17)

where the sum over k runs over the full Brillouin zone, the
sum over q runs over the reduced Brillouin zone, and the index
γ corresponds to the various operators in the magnon spinor
Bγq . The matrices gγ are given by

g1 = f1 ⊗ ρ0, g2 = f2 ⊗ ρ0, (18a)
g3 = f1 ⊗ ρ1, g4 = f2 ⊗ ρ1, (18b)

where we have introduced the 4× 4 matrices

f1 =
1

2
(σ1τ0 − iσ2τ3), (19a)

f2 =
1

2
(σ1τ0 + iσ2τ3), (19b)

acting on the spin and particle/hole degrees of freedom to sim-
plify the notation.

C. S-matrix expansion

Starting from the non-interacting electron Hamiltonian and
the spinor form of the interaction, we may now apply the S-
matrix expansion and use Wicks theorem to obtain a Feyn-
man diagram expansion for the electron Green’s function
G(k, iωn), as shown in Fig. 3.

The resulting equation can be solved for the electron
Green’s function to obtain the Dyson equation

G−1(k) = G−1
0 (k)− Σ(k), (20)

k

k - q′

q
q′

k - q′ - q

k - q

(a) k

q

k - q′

k - q′ + q′′ q′

q′′

k - q

k - q′ + q′′ - q

k + q′′ - q

(b)

+

= +

=

G

G0
γ′

γ′γ
Dγγ′

γ
D0
γγ′ ψk

ψ†
k+q

Bγ
q

V
4 gγ

V
4 gγ(1 + Γ)

FIG. 3. Feynman diagram expansion for interacting electron and
magnon propagators. Each vertex is associated with a factor V gγ/4,
and electron and magnon propagators G and D are represented by
solid and dashed lines.

where Σ(k) is the self-energy, and G0(k) is the non-
interacting electron Green’s function given by

G−1
0 (k, iωn) = iωn − εkρ3τ3 + µτ3. (21)

In the following, we neglect vertex corrections, which are
discussed more in Appendix D. We may then consider only
sunset type diagrams in the self-energy. Performing the S-
matrix expansion, we extract the self-energy

Σ(k) = −V
2

2β

∑
k′

∑
γγ′

θk−k′Dγγ′(k − k′)gγG(k′)gγ′ , (22)

as evident from the diagrammatic representation in Fig. 3 up
to signs and prefactors. Here, θq is defined by

θq =

{
1, q ∈ RBZ
0, q ∈ QBZ

}
, (23)

and ensures that the magnon propagator momentum q =
k − k′ is restricted to the reduced Brillouin zone (RBZ) [36].
Here, QBZ refers to the conjugate Brillouin zone which, to-
gether with the RBZ, comprises the full electron Brillouin
zone.

In the discussion so far, we have been using a Nambu spinor
ψk containing electrons at both k and k+Q. Thus, the 8× 8
matrix Green’s function G(k) may in general have correla-
tions between electrons at momenta k and k +Q. In the fol-
lowing, we assume that the processes close to the Fermi sur-
face dominate the self-energy. Away from half-filling, we may
then neglect the correlations which are off-diagonal in the mo-
mentum sector, as they are suppressed by the large electronic
energy at momentum k + Q when k is close to the Fermi
surface. This is discussed in more detail in Appendix C. The
Green’s function G(k) and the self-energy Σ(k) then reduce
to two uncoupled blocks of size 4 × 4 which are related by
k→ k+Q. In the following, we therefore consider only one
of the two blocks.
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D. Eliashberg equations

To derive the Eliashberg equations, we decompose the self-
energy matrix into contributions corresponding to the various
basis matrices σα ⊗ τβ for Hermitian 4× 4 matrices. We set

Σ = (1− Z)iωnσ0τ0 + χσ0τ3 + φsσ2τ2 + φtσ1τ1, (24)

where Z is the electron renormalization, χ is the quasiparticle
energy shift, φs is the spin singlet pairing amplitude, and φt
the amplitude for unpolarized spin triplet pairing.

Among the 16 possible terms on the form σα⊗ τβ , we have
kept only 4. Of the remaining 12 combinations, the 8 which do
not conserve spin cannot occur because they are incompatible
with the spin structure of the self energy diagram. The com-
binations τ3σ3 and τ0σ3 are disregarded because they intro-
duce spin-dependent quasiparticle renormalization. Finally,
we could have introduced terms φ̃sτ1σ2 and φ̃tσ1τ2. How-
ever, the associated fields φ̃s and φ̃t would play exactly the
same roles as φs and φt, and we therefore set them to zero.

Due to symmetry relations between the electron correla-
tions in the Nambu spinor Green’s function matrix G(k) [37],
the normal Green’s function fields satisfy

Z(−k) = Z(k), Z(k, iωn) = Z(k,−iωn)∗, (25)
χ(−k) = χ(k), χ(k, iωn) = χ(k,−iωn)∗, (26)

and the anomalous correlations satisfy

φs(−k) = +φs(k), φs(k, iωn) = φs(k,−iωn)∗, (27)
φt(−k) = −φt(k), φt(k, iωn) = φt(k,−iωn)∗. (28)

We may now derive equations for the fields Z, χ, φs, φt by
inserting the form for Σ into the Dyson equation, inverting the
inverse G−1(k) and inserting G(k) into the self-energy in Eq.
(22). Comparing term by term, we then obtain the equations

[1− Z(k)]iωn = −V 2 1

β

∑
k′

D(k − k′) iωn′Z(k′)

Θ(k′)
, (29a)

χ(k) = −V 2 1

β

∑
k′

D(k − k′)ξk′ + χ(k′)

Θ(k′)
, (29b)

φs(k) = −V 2 1

β

∑
k′

D(k − k′)φs(k
′)

Θ(k′)
, (29c)

φt(k) = +V 2 1

β

∑
k′

D(k − k′)φt(k
′)

Θ(k′)
, (29d)

under the assumption that a single symmetry channel domi-
nates, so that either φs = 0 or φt = 0 [38]. We have also
introduced the combined magnon propagator

D(q) = θqDRR(q, iνm) + θq+QDUU (q +Q, iνm), (30)

where the argument q can now take on values in the full elec-
tron Brillouin zone. The submatrix determinant Θ(k) is given
by

Θ(k) = [iωnZ(k)]2 − ξ̃2
k − |φs,t(k)|2, (31)

with anomalous correlation φs,t depending on whether we
consider a singlet or triplet instability, and where have intro-
duced ξ̃k = ξk + χ(k). In the following, we will assume
that the quasiparticle energy shift χ is small compared to the
electron bandwidth, and that it can be neglected. Note the
opposite signs on the right hand side of the equations for φs
and φt. This occurs because the spin flips in the vertices of
the self-energy diagrams introduce a sign change for the spin
singlet amplitude, but not for the spin triplet amplitude.

IV. FERMI SURFACE AVERAGED EQUATIONS

When the electron energy scale is large compared to the
magnon energy scale, the regions close to the Fermi surface
dominate the momentum sums in the Eliashberg equations.
We assume that the quasiparticle renormalization field close
to the Fermi surface is weakly dependent on momentum, so
that we may write Z(k, iωn) = Z(iωn). Furthermore, for
a single dominant pairing symmetry channel, we assume that
the anomalous correlations can be written in the product form
φs,t(k, iωn) = ψ(k)φs,t(iωn), where we assume some sim-
ple functional form ψ(k) for the momentum dependence of
the relevant anomalous correlation.

Since we expect regions close to the Fermi surface to dom-
inate the momentum sum, we may split it into a perpendicu-
lar and a parallel part, and neglect the perpendicular momen-
tum dependence of the magnon propagator. Close to the criti-
cal temperature, one may furthermore linearize the Eliashberg
equations in the anomalous correlations. Converting the per-
pendicular momentum integration into an energy integral, one
then obtains

(1− Z)iωn=
1

βNF

∑
ωn′

λ1(iωn − iωn′)iωn′Z ′
∫
dξ

N(ξ)

Θ(ξ, iωn′)
,

(32a)

φs,t = − 1

βNF

∑
ωn′

λs,t2 (iωn − iωn′)φ′s,t

∫
dξ

N(ξ)

Θ(ξ, iωn′)
.

(32b)

We have here introduced the dimensionless electron-magnon
coupling strength λ1(iωn − iωn′) occurring in the quasi-
particle renormalization equations and the modified coupling
strength λs,t2 (iωn− iωn′) occurring in the anomalous correla-
tion equations. We have further denoted Z(k) by Z and Z(k′)
by Z ′, with similar notation also for the remaining fields, and
denoted the electron density of states byN(ξ), which takes on
the value NF at the Fermi level. The dimensionless coupling
strengths are given by
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λ1(iωn − iωn′) = − V
2

NF

∑
kk′

δ(ξk)δ(ξk′)D(k − k′), (33)

λs,t2 (iωn − iωn′) = −ζs,t
1

〈ψ2(k)〉FS

V 2

NF

∑
kk′

δ(ξk)δ(ξk′)

ψ(k)D(k − k′)ψ(k′),
(34)

where ζs = −1 for spin singlet and ζt = +1 for spin triplet is
the sign associated with a spin flip in the anomalous pairing.
The brackets 〈 〉FS denote a Fermi surface average.

In the following, we assume that the density of states can
be approximated by a constant in the dominant region close to
the Fermi surface. We may then perform the energy integral
analytically to obtain

(1− Z)iωn = − iπ
β

∑
ωn′

λ1(iωn − iωn′) sgn(ωn′), (35)

φs,t = +
π

β

∑
ωn′

λs,t2 (iωn − iωn′)
φ′s,t
|ωn′Z ′| . (36)

We next assume that the magnon propagator D can be re-
placed by the non-interacting propagator D0. Solving the
Eliashberg equations is then reduced to calculating dimen-
sionless coupling strengths λ1,2, and solving eigenvalue prob-
lems in the Matsubara frequencies. In Sec. VI, we investigate
the effect of including the magnon self-energy.

In addition to introducing the dimensionless coupling
strengths λ1,2, we may follow the conventional routine and
also introduce frequency dependent functions α2

1,2F (ω) de-
fined such that

λ1,2(iωn − iωn′) =

∫
dω α2

1,2F (ω)
2ω

(ωn − ωn′)2 + ω2
.

(37)

Comparing with the definition of λ1,2, this gives

α2
1F (ω) =

V 2

NF

∑
kk′

δ(ξk)δ(ξk′)δ(ω − ωk−k′)Ae(k − k′),

(38)

α2
2F (ω) =

1

〈ψ2(k)〉FS
V 2

NF

∑
kk′

δ(ξk)δ(ξk′)δ(ω − ωk−k′)

ψ(k)Ae(k − k′)ψ(k′),
(39)

where the boosting factor

Ae(q) = θqA
RR
e (q) + θq+QA

UU
e (q +Q), (40)

has been defined analogously to D(q).
The Eliashberg functions α2

1,2F (ω) and the electron-
magnon coupling strengths λ1,2(iνm) are central quantities
in the Fermi surface averaged Eliashberg equations. Through
the approximate formula

TAD
c =

ωlog

1.2
exp

(
−1.04[1 + λ1(0)]

λ2(0)

)
, (41)

they can therefore be used to qualitatively understand the crit-
ical temperatures resulting from actually solving the Eliash-
berg equations. The above formula was suggested by Allen
and Dynes [39] for weak and intermediate electron-boson
coupling. We have set the Coulomb pseudo-potential to zero,
and use the logarithmic average

ωlog = ωa exp

[
2

λ2(0)

∫
dω ln

(
ω

ωa

)
α2

2F (ω)

ω

]
(42)

as the effective cutoff frequency, where ωa is an arbitrary fre-
quency scale.

V. SOLVING THE ELIASHBERG EQUATIONS

We now solve the Fermi surface averaged equations using
realistic material parameters, as detailed in Appendix E. We
set ΩA = 1, and use ΩB ≡ Ω ∈ [0, 1] to tune the sublattice
coupling asymmetry.

The quasiparticle renormalization field Z(iωn) can be cal-
culated using Eq. (35). Subsequently, we use Eq. (36) to de-
termine the critical temperature for the superconducting insta-
bility by finding the temperature for which the largest eigen-
value of the eigenvalue problem becomes 1 [40, 41]. This
gives the critical temperature Tc of the superconducting insta-
bility. We consider three different Ansätze for the supercon-
ducting pairing, namely even frequency spin triplet p-wave
pairing, even frequency spin triplet f -wave pairing and even
frequency spin singlet d-wave pairing. These pairings dom-
inate in different parts of the parameter space of our model.
Other pairing symmetries like even frequency spin singlet s-
wave and different odd frequency variants were not found to
give rise to superconductivity. Fig. 4 (a) presents the phase
diagram for our model in the Ω-µ-plane, where critical tem-
perature normalized to the maximum value within each phase
is indicated by color intensity. The type of pairing is indicated
by choice of color (green/blue/red), where regimes supporting
multiple solutions are colored according to the phase with the
largest critical temperature.

In the following, we discuss the different superconducting
phases in the phase diagram in more detail.

A. Spin triplet p-wave and f -wave pairing

For the even frequency spin triplet p-wave and f -wave pair-
ings, we consider anomalous pairing momentum dependence
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FIG. 4. (a) Phase diagram in terms of sublattice coupling asym-
metry Ω = ΩB/ΩA and chemical potential µ below half filling.
We find spin triplet p-wave, spin triplet f -wave, and spin singlet d-
wave phases. The phase diagram is colored according to the criti-
cal temperature normalized to the largest value in the phase diagram
within the same phase. Parameter regimes supporting multiple super-
conducting instabilities are colored according to the phase with the
largest critical temperature. The insets show the spin structure and
momentum structure on the Fermi surface for the various phases. The
various subfigures in (b) show the critical temperature Tc as function
of Ω (left) and µ (right) along different lines in the phase diagram.

on the form

ψp(k) = cosφk, (43a)
ψf (k) = cos 3φk, (43b)

where φk is the polar angle between the quasimomentum
k on the Fermi surface and the x-axis. These momentum
dependencies are shown in the insets of the phase diagram.

As expected, and in agreement with the results of Ref. [21],
we find even frequency spin triplet p-wave superconductiv-
ity for small Fermi surfaces and large sublattice coupling
asymmetry, corresponding to small µ and Ω. For small Fermi
surfaces, all processes between points on the Fermi surface
are of the regular type. Since the magnon energy is smallest
for small q, minimizing the denominator of the magnon
propagator, the dominant contribution to the momentum sums
in the Eliashberg equations originate from small q. Without

sublattice coupling asymmetry (i.e. Ω = 1), coherence factor
interference effects suppress the boosting factor ARRe (q),
whereas Ω = 0 removes these interference effects completely
and makes p-wave superconductivity possible.

Setting Ω = 0, we also find an even frequency spin
triplet f -wave solution in the entire chemical potential range
we have considered. As shown in Fig. 4 (b), the critical
temperature of the p-wave solution is larger than the critical
temperature of the f -wave solution for small Fermi sur-
faces. For Fermi surfaces approaching half filling, however,
the situation is reversed due to emergence of subleading
Umklapp processes. The interaction providing spin triplet
pairing is attractive for scattering processes between k and
k′ only when φ(k, iωn) and φ(k′, iωn) have the same sign.
Consider now the scattering processes between points on the
Fermi surface where the momentum transfer is closest to Q,
bringing the electron from one side of the Fermi surface to
the opposing side. From the f -wave and p-wave momentum
structure of the anomalous correlations shown in the insets of
Fig. 4 (a), it is clear that these processes are always repulsive
in the p-wave phase and typically attractive in the f -wave
phase. This explains why the f -wave phase has a higher
critical temperature than the p-wave phase upon approaching
half-filling. As discussed in more detail in Sec. VIII, the
combination of Ω = 0 and the presence of Umklapp processes
may, however, be challenging to access experimentally.

Compared with the results of Ref. [21], we find signif-
icantly lower critical temperatures for the p-wave phase.
We attribute this difference to the magnon energy cutoff.
As long-wavelength processes dominate, the characteristic
magnon frequency in the pairing interaction is much smaller
than the upper cutoff on the magnon spectrum. Since the
characteristic frequency serves as the energy scale for the crit-
ical temperature, the critical temperature is then significantly
reduced, which is captured in the Eliashberg theory analysis.

More quantitatively, this argument can be understood in
terms of the Allen-Dynes formula of Eq. (41). Since the
boosting factor ARRe (q) is peaked for small momenta q,
and the electron-magnon coupling strength V is momentum-
independent, the electron-magnon coupling function α2

2F (ω)
is peaked at small frequencies. This is shown in Fig. 5 (a),
where the logarithmic average ωlog is indicated with a dashed
line. The effective magnon frequency for the superconducting
pairing is therefore significantly reduced compared to the
largest magnon frequency in the system. Further, the lower
panel of Fig. 5 (b) shows λ1,2(iνm), which decays quickly
beyond the effective cutoff. Solving the Eliashberg equations
gives the solutions for the anomalous correlation φ(iωn),
which also decays quickly beyond the cutoff, and the quasi-
particle renormalization Z(iωn), which decays to 1.

B. Spin singlet d-wave pairing

In the Eliashberg equations, the difference between the spin
triplet case in Eq. (29d) and the singlet case in Eq. (29c) is the
sign. Thus, the small momentum process pairing potential that
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FIG. 5. Eliashberg functions and Eliashberg equation solutions for
the p-wave regime (µ/t = −3.5 and Ω = 0) to the left and d-
wave regime (µ/t = −0.2 and Ω = 1) to the right. Subfigures
(a) and (b) show the Eliashberg function α2

2F (ω). Subfigures (c)
and (d) show the dimensionless electron-magnon coupling strengths
λ1,2(iνm) as well as the Matsubara frequency dependence of the
quasiparticle renormalization Z(iωn) and the anomalous correlation
φ(iωn) at the critical temperatures for the respective superconduct-
ing instabilities. The logarithmic average ωlog is shown with vertical
dashed lines.

was attractive for spin triplet pairing becomes repulsive for
spin singlet pairing. To obtain singlet pairing attraction, we
therefore need to rely on dominant processes with a relative
sign between the anomalous pairing φs(k) on the left-hand-
side and right-hand-side of the equation. Since small momen-
tum processes cannot provide this sign change, we need to
rely on Umklapp processes. As an s-wave Ansatz does not
change sign around the Fermi surface, we instead choose the
d-wave Ansatz

ψd(k) =
1

2π
(cos kx − cos ky), (44)

shown in the inset of the phase diagram in Fig. 4 (a). Since
the d-wave phase relies on Umklapp processes, it occurs
for chemical potentials µ approaching half-filling in the
phase diagram. Furthermore, the Umklapp processes benefit
from the coherence factor interference in the boosting factor
AUUe (q), which is maximized for Ω = 1. Crucially, these
interferences also suppress the competing regular processes
with small momentum q, which would otherwise prevent spin
singlet superconductivity. The d-wave phase therefore occurs
only for large Ω in the phase diagram. This picture is also
verified in Fig. 4 (b), which shows the critical temperature
for the spin singlet d-wave phase as function of coupling

asymmetry, and as function of chemical potential at Ω = 1.
The electron-magnon coupling strength function α2

2F (ω)
is shown in Fig. 5 (b). With Ω = 1, the regular small mo-
mentum processes are suppressed, and away from half-filling,
the Umklapp processes between points on the Fermi surface
require the magnons to carry momentum which differs from
Q by a finite amount. Therefore, α2

2F (ω) takes on significant
values only beyond a relatively large lower frequency cutoff.
This cutoff corresponds to the magnon energy associated
with the smallest momentum necessary to bring an Umklapp
scattered electron with incoming momentum k from k + Q
and back to the Fermi surface. Moreover, it should be noted
that this smallest momentum depends on where on the Fermi
surface the electron was situated to begin with. At the lowest
relevant frequencies in α2

2F (ω), only a few momenta k bring
k +Q to a position where the momentum transfer necessary
to get back to the Fermi surface is associated with a magnon
energy that is small enough to match the frequency ω. The
function α2

2F (ω) then only obtains contributions from a few
points k that bring k +Q close enough to the Fermi surface.
As the frequency ω increases, α2

2F (ω) obtains contributions
from more points k as the restriction on how close k + Q
needs to be to the Fermi surface is relaxed. Therefore,
α2

2F (ω) is not peaked at small frequencies. The situation
should be contrasted with the p-wave case, where regular
scattering on the Fermi surface with vanishing momentum is
possible regardless of where on the Fermi surface the initial
electron is situated. Denoting the magnon spectrum gap by
ω0, α2

2F (ω → ω0) therefore receives large contributions
from k − k′ ≈ 0 regardless of where on the Fermi surface k
is situated.

The reduced reliance of the d-wave pairing on processes
with small magnon energy gives rise to a larger effective
magnon frequency ωlog. This larger characteristic magnon
frequency suppresses the magnon propagator occurring in
λ1,2(iνm) for small Matsubara frequencies, but also increases
the frequency scale over which the magnon propagator
decays compared to the p-wave regime. Together with a large
density of states close to half filling, this causes the significant
critical temperatures that are observed for the d-wave regime
in Fig. 4 (b). As shown in Fig. 5 (d), the dimensionless
electron-magnon coupling strength λ1,2(iνm) decays to zero
beyond the effective cutoff frequency, whereas φ(iωn) has a
crossover from behaviour 1/ωn to 1/ω3

n.

C. Effect of frustration

Since the superconductivity in our system relies on spin
fluctuations, we expect interactions in the AFMI spin model
that enhance fluctuations to also enhance the critical temper-
ature. Earlier weak-coupling studies have investigated the
effect of a frustrating next-nearest neighbor exchange cou-
pling J2 > 0 in the antiferromagnet on superconductivity
dominated by regular fermion-magnon scattering processes
[22, 23]. In Fig. 6 (a), we show how the critical temperature
increases with J2 for both the p-wave and d-wave instabili-
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FIG. 6. Effect of frustrating the antiferromagnet with an next-to-
nearest neighbour exchange coupling J2. (a) Critical temperature for
the p-wave (at µ = −3.5t and Ω = 0) and d-wave (at µ = −0.2t
and Ω = 1) instabilities as function of J2 frustrating the antiferro-
magnet. (b) Magnon spectrum for different values of J2, as indicated
by the vertical dashed lines in (a), between Brillouin zone high sym-
metry points as shown in Fig. 2 (a). (c) Electron-magnon coupling
function α2

2F (ω) in the p-wave regime. (d) α2
2F (ω) in the d-wave

regime. Frustration reduces the magnon excitation energies and en-
hance the spin fluctuations in the system. Thus, weight is shifted
from high magnon energies to low magnon energies in the electron-
magnon coupling function α2

2F (ω), and this increases the critical
temperature.

ties. The effect of J2 on the superconductivity can be under-
stood in terms of the magnon excitation energies in Fig. 6 (b),
showing that the magnon bands are flattened as J2 increases.
As displayed in Fig. 6 (c) and (d), this shifts weight from
large to the more significant small frequencies in the electron-
magnon coupling function α2

2F (ω), leading to a higher crit-
ical temperature. Notably, increasing J2 does not affect the
gap in the magnon spectrum, meaning that the effective cutoff
for the p-wave phase is not much affected. For the d-wave
phase, the effective cutoff is somewhat reduced for larger J2,
but trading some cutoff for a larger dimensionless coupling
strength λ2(0) is nevertheless found to be beneficial. As the
d-wave phase has a smaller dimensionless coupling strength
than the p-wave phase, the increase of the dimensionless cou-
pling strength arising from J2 leads to a more dramatic in-
crease in critical temperature for the d-wave curve in Fig. 6
(a).

VI. MAGNON RENORMALIZATION

To consider the effect of magnon renormalization, we con-
sider the electron bubble diagram shown in Fig. 3, and once
again neglect vertex corrections. Performing the S-matrix ex-
pansion, one may show that magnon propagators Dγγ′ satisfy
the Dyson equation

D−1(q) = D−1
0 (q)−Π(q), (45)

where the polarization matrix is given by

Πγγ′(q) =
V 2

4β

∑
k

Tr
[
gγG(k + q)gγ′G(k)

]
. (46)

From the matrix structure of the matrices gγ , it follows that
Πγγ′ takes the form

Π(q) =


0 ΠRR(q) 0 ΠRU (q)

ΠRR(−q) 0 ΠUR(−q) 0
0 ΠUR(q) 0 ΠUU (q)

ΠRU (−q) 0 ΠUU (−q) 0

 .

(47)

In principle, we should now solve the coupled equations
for the electron and magnon propagators. However, to esti-
mate the effect of magnon renormalization, we use the non-
interacting electron Green’s functions to calculate the polar-
izations. Using the previous assumption of neglecting terms
in the electron Green’s function which are off-diagonal in mo-
mentum sector, we may furthermore neglect the mixed pro-
cess polarizations ΠUR and ΠRU . This leaves the the regular
and Umklapp polarizations ΠRR and ΠUU , which reduce to

ΠRR
0 (q) =

V 2

β

∑
k

G11
0 (k + q)G22

0 (k), (48)

ΠUU
0 (q) =

V 2

β

∑
k

G11
0 (k + q +Q)G22

0 (k), (49)

whereG11
0 andG22

0 are matrix elements in the non-interacting
electron Green’s functionG0 corresponding to different spins.

Solving the Dyson equation for the magnon propagator, one
may show that the regular and Umklapp propagators become

DRR(q) =

( 1−DUU0 ΠUU
0

1− rDUU0 ΠUU
0

)
−DRR0 ΠRR

0

−1

DRR0 (q),

(50)

DUU (q) =

( 1−DRR0 ΠRR
0

1− rDRR0 ΠRR
0

)
−DUU0 ΠUU

0

−1

DUU0 (q),

(51)

where we have introduced the quantity

r(q) = 1− AURe (q)ARUe (q)

ARRe (q)AUUe (q)
. (52)

Here, the Umklapp polarization occurs in the regular prop-
agator and vice versa due to the presence of mixed magnon
propagators.

We note that in the special case Ω = 0 where we found spin
triplet pairing, we have r = 0 since all the boosting factors are
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equal. In the opposite limit of Ω = 1 where we found spin sin-
glet d-wave pairing approaching half-filling, the mixed prop-
agators vanish, so that r = 1 and each of the two magnon
propagators Dκκ(q) are just renormalized by the correspond-
ing polarization Πκκ(q).

We may now calculate the regular and the Umklapp polar-
izations. Performing the Matsubara frequency sums in Eqs.
(48) and (49), we obtain the standard result

ΠRR
0 (q, iνm) = V 2

∑
p

(
nF(ξp)− nF(ξp+q)

iνm + ξp − ξp+q

)
, (53)

ΠUU
0 (q, iνm) = V 2

∑
p

(
nF(ξp)− nF(ξp+q+Q)

iνm + ξp − ξp+q+Q

)
, (54)

where the momentum sums are evaluated in the thermody-
namic limit through numerical integration [42]. As the imagi-
nary parts of the polarizations are found to be small, we focus
on the real parts in the following.

For Ω = 0 and a small Fermi surface, the relevant
processes are regular processes. The renormalization of
the regular propagator then depends on ΠR+U

0 (q, iνm) ≡
ΠRR

0 (q, iνm) + ΠUU
0 (q, iνm), where the Umklapp polariza-

tion ΠUU
0 is small. In Fig. 7 (a) we present the real part of

the polarization ΠR+U
0 (k− k′, iνm) together with the contri-

butions to λ2(iνm = 0) from the various momenta k′ on the
Fermi surface given incoming electron momentum k as shown
in the inset. The dominant contributions to λ2(iνm = 0)
arise from θ ≈ 0, which corresponds to scattering processes
with small momentum q = k − k′. In this region, the zero
frequency polarization is more or less constant. Consistent
with what we expect from Eq. (53), the finite frequency
polarizations approach zero as q → 0. The region where
the finite frequency polarizations deviate significantly from
the zero frequency polarization is, however, small compared
to the region over which we expect the dominant contribu-
tions to λ2 [43]. Hence we may approximate the polariza-
tion for Ω = 0 and small Fermi surface by a constant value
ΠC ≈ ΠRR

0 (q → 0, iνm = 0) = −NFV 2.
For Ω = 1, the regular and Umklapp propagators are sim-

ply renormalized by the regular and Umklapp polarizations,
respectively. Fig. 7 (b) therefore presents the real part of the
polarization Π̄0(q, iνm) ≡ θqΠRR

0 (q, iνm) + θq+QΠUU
0 (q+

Q, iνm), which is relevant for the d-wave phase. Also shown
are the contributions to λ2(iνm = 0) as in Fig. 7 (a). The po-
larization is now weakly dependent on frequency, but it varies
somewhat with momentum in the relevant region. Qualita-
tively, it should also in this case be possible to extract the ef-
fect of magnon renormalization by setting the polarization to
a constant value.

In the following, we consider the same two special cases
as above. For Ω = 0 and large doping, where we found
p-wave superconductivity, the relevant magnon propagator is
DRR(q), which can be written

DRR(q) = − 4ωqA
RR
e (q)

ν2
m + ω2

q + 4ωqARRe (q)ΠC
. (55)
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FIG. 7. Real part of the polarization renormalizing the magnon prop-
agator for magnon scattering momenta q between points k and k′ on
the Fermi surface, corresponding to angles 0 and θ, as shown in the
inset of (a). The relative contributions λkk′ from the various points
on the Fermi surface to λ2(iνm = 0) is shown in purple. (a) shows
the combined polarization ΠR+U

0 (q, iνm) and the contributions to
λ2(0) for µ/t = −3.5 and Ω = 0, where we expect p-wave super-
conductivity. The dominant contributions to λ2(0) come from small
momentum processes close to θ = 0. (b) shows the polarization
Π̄(q, iνm), corresponding to the real part of ΠRR when k− k′ = q
is inside, and the the real part of ΠUU when k − k′ = q is outside
the reduced Brillouin zone. Dominant contributions to λ2(0) come
from Umklapp processes in vicinity to k−k′ = Q. The temperature
has been set to T = 1 K in both subfigures.

Thus, the magnon frequency in the denominator has been re-
placed by an effective magnon frequency ωeff

q , given by

(ωeff
q )2 = ω2

q + 4ωqA
RR
e (q)ΠC . (56)

Since the polarization is negative, this effective magnon fre-
quency may however turn imaginary. At q = 0, where the
magnon energy is the smallest, this happens for

|ΠC | ≥ 2KS

(
1 +K/2z1J1

1 +K/z1J1

)
, (57)

where z1 is the number of nearest neighbors.
For Ω = 1 and large Fermi surface, where we found d-

wave superconductivity, the two relevant propagators DRR
and DUU are given by

Dκκ(q) = − 4ωqA
κκ
e (q)

ν2
m + ω2

q + 4ωqAκκe (q)Πκκ
0

, (58)

with κ ∈ {R,U}. Similar to the previous special case, we
may now introduce an effective magnon frequency. Since the
unrenormalized magnon frequency is the smallest for q = 0
and the regular boosting factorARRe (q = 0) is suppressed due
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to coherence factor interference, we expect that the effective
magnon frequency may primarily turn imaginary for Umklapp
processes close to q = 0. One may show that this happens for

∣∣∣ΠUU
0

∣∣∣ ≥ 1

2
KS. (59)

Although the coupling to the electrons may therefore in
principle destroy the magnetic order in the antiferromagnet,
unsurprisingly, this does not happen as long as the easy axis
anisotropy is sufficiently large compared to the polarization.

A picture now emerges where the easy-axis anisotropy
and the magnon renormalization play opposite roles stabi-
lizing and destabilizing the magnetic order in the antiferro-
magnet, respectively. Retaining magnetic order upon inclu-
sion of magnon renormalization requires a larger easy axis
anisotropy. The larger easy axis anisotropy has little effect on
the numerator of the magnon propagator, but shifts the square
of the magnon energies in the denominator upwards by an al-
most constant value with respect to momentum when J2/J1 is
small. By choice of the easy-axis anisotropy, the effect of the
magnon renormalization on the effective magnon frequencies
can then be compensated. Superconductivity may therefore
still occur at critical temperatures similar to those obtained by
disregarding magnon renormalization.

VII. DISCUSSION

The Eliashberg equation solutions in this paper are obtained
using Fermi surface averaged equations, thus neglecting the
dependence of the magnon propagator and the fields appear-
ing in the Eliashberg equations on momentum perpendicular
to the Fermi surface. The justification for this is as follows:
Although the magnon propagator is momentum dependent,
the behaviour of the right-hand-side of the Eliashberg equa-
tions when moving k′ away from the Fermi surface is still
dominated by the suppression arising from the fermion ener-
gies in the denominator due to the large energy scale of the
electrons. In this case there are additional variations arising
from the momentum dependence of the magnon propagator.
Thus, a possible avenue for further work could be to take the
full momentum dependence in the Eliashberg equations into
account in order to test the accuracy of our approximation.

The results also rely on vertex corrections being small, so
that the series of vertex diagrams can be cut off after the
zeroth-order contribution. For phonon-mediated supercon-
ductivity, the smallness of the higher-order vertex diagrams is
ensured by Migdal’s theorem [44], which states that higher-
order diagrams are smaller by a factor ωE/EF , where ωE
is a characteristic phonon frequency. Migdal’s theorem is
however known to break down for long-wavelength phonons
[44, 45] and in systems with strong Fermi surface nesting [46–
48]. Moreover, for reduced spatial dimensionality, the reduc-
tion of the higher-order diagrams should be expected to be
less dramatic [48, 49]. As the superconductivity studied in
this work relies on long-wavelength magnons and/or a two-
dimensional Fermi surface close to half-filling, it then seems

plausible that vertex corrections could be of importance. A
discussion of the effect of vertex corrections in the present
system is presented in Appendix D. For large doping, we find
that vertex corrections can become of relevant magnitude, but
that the region in momentum space where the corrections are
large might be small enough to limit their effect. Exactly at
half-filling, the vertex corrections are expected to be quite
large, but their effect can be reduced by moving away from
half-filling.

Upon approaching half-filling, we would also at some point
expect on-set of spin density wave correlations. Exactly at
half-filling, one may straightforwardly generalize the above
Eliashberg theory to accommodate the expected commensu-
rate spin density wave instability. Previously, this has been
done for the phonon-induced instability [50]. Below half fill-
ing, the commensurate wave-vectorQ does not connect points
on the Fermi surface. We therefore expect the commensurate
spin density wave to be suppressed relative to superconduc-
tivity due to the large electronic energy for processes between
states which are not on the Fermi surface. However, we may
still have incommensurate spin density waves, which are far
more challenging to investigate theoretically. In this paper, we
have been investigating the properties of the superconducting
phases, and the highly non-trivial interplay between supercon-
ducting and spin density wave orders that we could potentially
obtain is beyond the scope of the present study.

Another effect that could be included is the effect of the
quasiparticle energy shift χ. For the present system, χ was
found to be small compared to the Fermi energy, apart from
the limit where the Fermi level approaches the bottom of the
band for the p-wave phase. Away from this limit, inclusion
of χ would typically amount to a small, weakly frequency-
dependent, shift of the effective chemical potential in the
Eliashberg equations, and it was therefore neglected in the
presented calculations.

It would also be possible to include the effect of Coulomb
interaction. The simplest treatment of introducing an extra re-
pulsive and frequency-independent potential in the Eliashberg
equations for the anomalous pairing amplitudes will have lim-
ited effect on the critical temperatures as long as λ2(iνm = 0)
is somewhat larger than the Coulomb pseudopotential µ∗ [45].
A serious investigation of the effect of Coulomb interaction in
the present system is a potential avenue for further work.

In the system setup we have considered, the antiferromag-
netic order and interfacial coupling to the two antiferromag-
nets has been chosen such that any magnetic fields cancel.
If we instead consider a single antiferromagnetic layer and
Ω 6= 1, there would be a net magnetic field, as shown in Eqs.
(B1c) and (B1d). In addition, there would also be a term in
the magnon propagator that is odd in frequency, as shown in
Eq. (B4). The odd part of the propagator would renormal-
ize and reduce the magnetic field h, and produce an effective
magnetic field h̃. Together with the odd part of the propagator,
this effective magnetic field could in principle give rise to an
exotic coexistence of odd- and even frequency superconduc-
tivity [51]. For the experimentally most relevant parameters,
we would however expect the magnetic field to be too strong
to give significant critical temperatures.
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We also note that a previously studied system consisting
of a normal metal sandwiched between two ferromagnetic in-
sulators [18] gives rise to a p-wave phase that bears many
similarities with the p-wave phase considered in the present
study. The main difference between the two systems is the
absence of the magnon coherence factors in the ferromagnetic
case. The numerator of the magnon propagator (or effective
potential in a weak-coupling framework) for the ferromagnet
therefore scales as ωFMq ∼ K for long-wavelength magnons,
while the numerator of the magnon propagator for the antifer-
romagnet scales as ARRe (q)ωq ∼ J1. For superconductivity
dominated by long-wavelength magnons, with K/J1 � 1,
the dimensionless electron-magnon coupling λ2(iνm = 0)
may however still be of the same magnitude in both cases,
corresponding to similar dimensionless coupling constants in
a weak-coupling framework. This is because the ferromag-
net propagator can simply rely on having a smaller gap in the
magnon spectrum, making the denominator of the propaga-
tor smaller for the long-wavelength processes. As the crit-
ical temperature in a simple weak-coupling framework only
depends on the dimensionless coupling constant and the cut-
off on the boson spectrum, sizeable critical temperatures can
then be obtained for both ferromagnets and antiferromagnets.
Within an Eliashberg framework, on the other hand, the ef-
fective cutoff frequency is determined by the characteristic
magnon energies in the pairing interaction. Since, with ferro-
magnets, the large values for λ2(iνm = 0) were obtained by
relying on smaller magnon energies in the denominator of the
propagator, the effective frequency cutoff will be smaller, and
the critical temperatures obtainable with ferromagnets should
be smaller than with antiferromagnets.

In the current antiferromagnetic case, magnon renormaliza-
tion was found to have little effect on the available critical
temperatures. This is because the larger easy axis anisotropy
K, required to protect magnetic order in the AFMIs, is com-
pensated by the magnon energy renormalization in the denom-
inator of the propagator. The larger easy-axis anisotropy has
little effect on the numerator of the propagator. For the case
of the ferromagnet, on the other hand, increasing K so that it
compensates the renormalization would also lead to a larger
numerator in the propagator. Magnon renormalization could
then open the way for slightly higher critical temperatures.

VIII. EXPERIMENTAL CONSIDERATIONS

The model employed in this study allows us to tune the
interfacial coupling between the normal metal and the two
different sublattices of the antiferromagnet independently. In
principle, such a general asymmetric coupling could be engi-
neered, as discussed in the introduction. However, the experi-
mentally most promising route to realizing superconductivity
in systems well described by our model appears to be through
fully compensated and uncompensated interfaces, where the
conduction band electrons in the normal metal are coupled to
only one AFMI sublattice (Ω = 0), or equally to both AFMI
sublattices (Ω = 1). There is however a significant difference
between our model and the intended realization with an un-

compensated interface for the case Ω = 0. In the intended
realization, the square lattice of the normal metal matches the
exposed sublattice of the antiferromagnet, and not the square
lattice of the antiferromagnet itself, as in our model. Thus,
the electron Brillouin zone coincides with the Brillouin zone
of the antiferromagnet. Although it is possible to imagine a
compensated interface where the magnons at the interface live
in a smaller Brillouin zone than the electrons, this would not
be the typical case.

Within our model, Umklapp processes are included for both
Ω = 0 and Ω = 1. In the intended realization for Ω = 0, how-
ever, Umklapp processes are absent. For a small Fermi sur-
face, the effect of Umklapp processes in our model is small,
since all processes between points on the Fermi surface are of
the regular type. The p-wave phase we expect for uncompen-
sated interfaces and large doping is therefore well represented
by our model. For small doping, however, the f -wave phase
of our model takes precedence over the p-wave phase pre-
cisely because of the Umklapp processes. The f -wave phase
is therefore of less experimental relevance, and we expect that
the p-wave phase would dominate regardless of doping for a
normal metal sandwiched between two uncompensated inter-
faces.

For the p-wave phase with Ω = 0, having a trilayer het-
erostructure in order to cancel all magnetic fields seems neces-
sary, as the critical temperature is significantly reduced com-
pared to previous predictions [21]. For the d-wave phase with
Ω = 1, the result of coupling to a single antiferromagnet
would lead to the presence of a staggered field. As a staggered
field might be less detrimental to superconductivity than a uni-
form spin-splitting [52], a bilayer heterostructure might be a
viable option in this case.

When it comes to choice of parameters, it is clear that a
strategy of simply taking a very small gap in the magnon spec-
trum in order to increase the dimensionless coupling strength
λ2(0) has its limitations, as this leads to a very small effective
cutoff frequency and slow increase in critical temperature with
dimensionless coupling strength. In order to realize supercon-
ductivity in this system it is then essential that the constant
prefactor that appears in the gap equation is sufficiently large.
A sizeable interfacial exchange coupling and electron density
of states is then preferable. Moreover, as the effective induced
interaction experienced by the electrons in the normal metal
might be reduced with the thickness of the normal metal [18],
the metallic layer should be kept quite thin.

The easy-axis anisotropy governs the size of the gap in the
magnon spectrum, and appears to play a crucial role in realiz-
ing superconductivity. A sufficiently large gap in the magnon
spectrum could be important for both the p-wave and d-wave
phases in order to stabilize the antiferromagnet. The p-wave
phase does, however, rely more heavily on fine-tuning of the
easy-axis anisotropy in order to produce a nonzero, but suffi-
ciently small, effective magnon gap producing a sizeable crit-
ical temperature. This could make the p-wave phase more dif-
ficult to realize experimentally. The d-wave pairing receives
contributions from a wider range of magnon energies, and the
critical temperature is therefore more robust to a shift of the
magnon energies. For larger Fermi surfaces, a larger easy-
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axis anisotropy is however needed to preserve magnetic or-
der in the antiferromagnet, which could in itself be an exper-
imental complication. However, using a magnetically more
stable three-dimensional antiferromagnet instead of the two-
dimensional magnet considered in our model, could poten-
tially lead to a reduction in the easy-axis anisotropy required
to stabilize the magnets.

In contrast to earlier results, the present study indicates
that the d-wave phase may be able to produce higher criti-
cal temperatures than the p-wave phase. However, the d-wave
phase is, in our model, dependent on proximity to half-filling,
where it e.g. needs to compete with spin-density wave order.
This competition may push the superconducting phase down
towards lower filling-fractions associated with lower critical
temperatures. It should also be noted that since the d-wave
phase relies on Umklapp processes, it is more sensitive to
the detailed structure of the Fermi surface. In comparison
with the p-wave phase, the d-wave phase may therefore place
stricter requirements on the electron band structure of the nor-
mal metal in the experimental realization. Compared with
the third option of coupling to ferromagnetic insulators, how-
ever, both phases considered in the present study seem more
promising.

IX. SUMMARY

We use Eliashberg theory to study interfacially induced
magnon-mediated superconductivity in a normal metal-
antiferromagnet heterostructure. For large doping and uncom-
pensated antiferromagnetic interfaces, we find p-wave super-
conductivity, while for small doping and compensated anti-
ferromagnetic interfaces, we find d-wave superconductivity.
This can be understood in terms of sublattice interferences
suppressing and enhancing scattering processes in the sys-
tem. Although the qualitative results are in accordance with
earlier weak-coupling studies, the critical temperature achiev-
able for the p-wave phase is found to be significantly reduced
as the characteristic magnon frequency in the pairing inter-
action is much smaller than the cutoff on the magnon spec-
trum. The d-wave phase, on the other hand, is found to rely
less on long-wavelength magnons and can therefore poten-
tially produce larger critical temperatures when approaching
half-filling. Close to half-filling the d-wave instability may
however have to compete with a spin-density wave instability,
potentially reducing the available critical temperatures. A suf-
ficiently large gap in the magnon spectrum might be necessary
to stabilize the magnetic order in the antiferromagnets due to
feedback from the electrons, but this is found to have limited
effect on the critical temperatures.
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Appendix A: Antiferromagnetic magnons

Starting from the AFMI Hamiltonian, we introduce the lin-
earized Holstein-Primakoff transformation [53]

S+
i∈A,H =

√
2SaiH S+

i∈A,L =
√

2Sa†iL (A1a)

S+
j∈B,H =

√
2Sb†jH S+

j∈B,L =
√

2SbjL (A1b)

S−i∈A,H =
√

2Sa†iH S−i∈A,L =
√

2SaiL (A1c)

S−j∈B,H =
√

2SbjH S−j∈B,L =
√

2Sb†jL (A1d)

Szi∈A,H = S − a†iHaiH Szi∈A,L = −S + a†iLaiL (A1e)

Szj∈B,H = −S + b†jHbjH Szj∈B,L = S − b†jLbjL, (A1f)

where we have assumed oppositely aligned antiferromagnetic
order in the spin space z-direction for the two antiferromag-
nets.

Inserting this into the AFMI Hamiltonian and expressing it
in terms of sublattice magnon Fourier modes aqη and bqη , the
AFMI Hamiltonian takes the form

HAFMI =
∑
q,η

Cq(a†qηaqη + b†qηbqη)

+Dq(aqηb−qη + a†qηb
†
−qη), (A2)

where Cq and Dq are given by

Cq = 2z1J1S − 2z2J2S(1− γ̃q) + 2KS, (A3a)
Dq = 2z1J1Sγq, (A3b)

and we have defined

γq =
1

z1

∑
δδδ1

eiq·δδδ1 , γ̃q =
1

z2

∑
δδδ2

eiq·δδδ2 . (A4)

Here, z1 and z2 are the number of nearest and next-nearest
neighbour vectors, which are summed over and denoted by δδδ1

and δδδ2. The Hamiltonian is diagonalized through the Bogoli-
ubov transform

aqη = uqαqη + vqβ
†
−qη, (A5a)

b†−qη = uqβ
†
−qη + vqαqη, (A5b)

where the coherence factors uq and vq can be written as

uq = cosh θq, vq = sinh θq, (A6)

in terms of the hyperbolic angle
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θq = −1

2
tanh−1

(
Dq

Cq

)
. (A7)

The resulting magnon spectrum is

ωq =
√
C2

q −D2
q. (A8)

By expressing the inverse hyperbolic tangent in terms of a log-
arithm, one may show the relations

u2
q + v2

q = +Cq/ωq, (A9a)

2uqvq = −Dq/ωq, (A9b)

for the coherence factor combinations which appear in the
magnon propagator.

Whereas uq is positive, vq is typically negative. Further-
more, we notice that when K and J2 are small compared to
J1, |θq| becomes large when q → 0, as Dq approaches Cq .
This causes uq to grow large and positive and vq to grow large
and negative in this limit.

Appendix B: Interfacial coupling Hamiltonian

In the main text, we presented expressions for the interfa-
cial coupling and the magnon propagators under the assump-
tion that the two antiferromagnets couple to the normal metal
with equal strength. In this appendix, we generalize the results
beyond this assumption.

The interfacial coupling Hamiltonian describing the cou-
pling to a single antiferromagnetic insulator labelled by η can
be writtenHη

int = Hh,η
int +HV,η

int , where the magnetic exchange
field contributions Hh,η

int = Hh,A,η
int + Hh,B,η

int from the two
sublattices are

Hh,A,H
int = −J̄ ΩHAS

∑
k∈�,σ

σ
(
c†kσckσ + c†k+Q,σckσ

)
, (B1a)

Hh,B,H
int = +J̄ ΩHBS

∑
k∈�,σ

σ
(
c†kσckσ − c

†
k+Q,σckσ

)
, (B1b)

Hh,A,L
int = +J̄ ΩLAS

∑
k∈�,σ

σ
(
c†kσckσ + c†k+Q,σckσ

)
, (B1c)

Hh,B,L
int = −J̄ ΩLBS

∑
k∈�,σ

σ
(
c†kσckσ − c

†
k+Q,σckσ

)
, (B1d)

and where the exchange coupling strengths J̄ΩηΥ are in gen-
eral different for the two antiferromagnets. Coupling to only
one antiferromagnet can be realized by e.g. setting ΩLΥ = 0.
Assuming ΩHΥ = ΩLΥ, however, all magnetic fields cancel.

The electron-magnon interaction is given by

HV,η
int = V

∑
k∈�
q∈♦

[
MR

qηc
†
k+q,↓ck,↑ +MU

qηc
†
k+q+Q,↓ck,↑

+(MR
−qη)†c†k+q,↑ck,↓ + (MU

−qη)†c†k+q+Q,↑ck,↓

]
, (B2)

where we have defined magnon operators Mκ
qη associated

with the antiferromagnet η as

Mκ
qH = ΩHAaqH + κΩHB b

†
−qH , (B3a)

Mκ
qL = ΩLAa

†
−qL + κΩLBbqL, (B3b)

so that the operator Mκ
q introduced in the main text is given

by Mκ
q = Mκ

qH + Mκ
qL. Expressing the magnon operators

in terms of the eigenmagnon operators resulting from the Bo-
goliubov transformation, the corresponding magnon propaga-
tors are

Dκκ′

0,η (q, iωn) =−Aκκ′

e,η (q)
2ωq

ω2
n + ω2

q

−Aκκ′

o,η

2iωn
ω2
n + ω2

q

.

(B4)

Here, the first term is even under the three-vector transforma-
tion q → −q, and the second term is odd. The expressions for
Aκκ

′

e,η (q) can be obtained from Eq. (10) in the main text by the
simple generalization Aκκ

′

e (q) → Aκκ
′

e,η (q) and ΩΥ → ΩηΥ.
The odd part prefactor Aκκ

′

o,η is q-independent, and given by

Aκκ
′

o,η =
1

2
η
[
(ΩηA)2 − κκ′(ΩηB)2

]
, (B5)

where we associate the index η with the values H → 1 and
L → −1. We notice that the odd part of the propagator has
different signs for the two antiferromagnets, so that their con-
tributions cancel out when we couple equally to the two anti-
ferromagnets.

Appendix C: Suppression of electron correlations which are
off-diagonal in momentum

In this appendix, we argue that terms in the electron Green’s
function which are off-diagonal in momentum are suppressed
as long as the electron propagator renormalization is small
compared to the difference in electron energies at the mo-
menta k and k +Q.

The self-energy is in general an 8 × 8 matrix in the mo-
mentum, particle/hole, and spin degrees of freedom. The self-
energy can then be written

Σ =

(
Σ11 Σ12

Σ21 Σ22

)
, (C1)
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where Σij is now a 4 × 4 submatrix in the particle/hole and
spin degrees of freedom corresponding to momentum sec-
tor (i, j). The self-energy is related to the Green’s function
through the Dyson equation, so that

G−1(k) =

(
G−1

0 (k)− Σ11(k) −Σ12(k)
−Σ21(k) G−1

0 (k +Q)− Σ22(k)

)
.

(C2)
Away from half-filling, both k and k +Q cannot both be on
the Fermi surface, so one of the submatrices on the diagonal
will have a term proportional to the identity matrix and pref-
actor of the same order as the electron energy scale. We now
assume that k is close to the Fermi surface, so that this ap-
plies toG−1

0 (k+Q). To obtain the Green’s functionG(k), we
then make use of the following matrix inversion identity [54]:
Given a matrixG−1 which can be partitioned into submatrices
and written on the form

G−1 =

(
N11 N12

N21 N22

)
, (C3)

where N11 and N22 are invertible matrices [55], the inverse
can similarly be expressed

G =

(
M11 M12

M21 M22

)
, (C4)

with submatrices

M11 = (N11 −N12N
−1
22 N21)−1, (C5a)

M12 = −(N11 −N12N
−1
22 N21)−1N12N

−1
22 , (C5b)

M21 = −N−1
22 N21(N11 −N12N

−1
22 N21)−1, (C5c)

M22 = (N22 −N21N
−1
11 N12)−1. (C5d)

In our case, N22 can now be thought of as an elec-
tronic energy that is much larger than the other submatrices,
which have contributions from the self-energy and the non-
interacting Green’s function close to the Fermi surface. As
long as the renormalization is small compared to the electron
energy scale in the problem, N−1

22 N21 is then small, and M21

and M12 are suppressed relative to M11. By similar reason-
ing,M22 is also small, andM11 can be approximated byN−1

11 .
When k+Q is close to the Fermi surface, we may similarly

neglect M11 and the off-diagonal terms, but not M22 ≈ N−1
22 .

For a general k, we may therefore neglect the off-diagonal
terms, which is exactly what we use in the main text.

Appendix D: Vertex corrections

In order to obtain some insight into the importance of ver-
tex corrections, we will attempt to estimate the magnitude of
the lowest-order vertex corrections. Focusing on regular pro-
cesses for the time being, a magnon-equivalent of the lowest-
order vertex correction for phonon-mediated superconductiv-
ity is presented in Fig. 8 (a). Due to conservation of spin, this

kkq’q q’
kq’q

kq

k

kq’

q

q’

kq’q

kq

k

q

kq’

q’

q”

kq

kq’+q”

kq’+q”q

k+q”q

k

q

kq’+G

q’

q”

kq+G

kq’+q”

kq’+q”q+G

k+q”q

k

k - q′

q
q′

k - q′ - q

k - q

(a) k

q

k - q′

k - q′ + q′′ q′

q′′

k - q

k - q′ + q′′ - q

k + q′′ - q

(b)

FIG. 8. (a) Typical lowest-order vertex correction, which vanishes
in this case due to conservation of spin. (b) Lowest-order vertex
correction for our model.

diagram vanishes for our system. Starting with the upper ver-
tex of the vertical magnon line, we see that the electron spin is
flipped from ↑ to ↓, meaning that the outgoing magnon carries
a spin +1. In the lower vertex of the vertical magnon line,
this spin needs to be returned to the electrons, but the incom-
ing electron already has spin ↑ instead of spin ↓, and spin can
therefore not be conserved in this vertex. Including Umklapp
processes, the momentum structure of Fig. 8 (a) will differ,
but the spin structure stays the same. The lowest-order vertex
corrections are therefore of the type represented by the dia-
gram in Fig. 8 (b). As the diagram in (b) is of higher order,
the effect of vertex corrections should then be expected to be
smaller than what would have been the case if the diagram in
(a) had not vanished.

The diagram in Fig. 8 (b) represents a correction to the
electron-magnon vertex V

4 gγ → V
4 gγ(1 + Γ), where

Γ(k, q) ∼ V 4

β2

∑
q′,q′′

DRR0 (q′)DRR0 (q′′)G11
0 (k + q′′ − q)

×G22
0 (k − q′ + q′′ − q)G11

0 (k − q′ + q′′)G22
0 (k − q′).

(D1)

A quick estimate for Γ can be obtained in the following way
[33]. We approximate the magnon propagators as

DRR0 (q) ∼ −A
RR
e (0)

ωc
, (D2)

for Matsubara frequency qm less than some cutoff frequency
ωc ∼ ω0, where ω0 is the magnon gap. For qm > ωc, we
take the magnon propagator to be zero. The number of terms
that should be included in each of the Matsubara sums is then
roughly βωc. When performing the sums over momentum,
the fermions will typically be away from the Fermi surface.
We then approximate the momentum sums with the number of
lattice sites N , and the electron Green’s functions by Gaa0 ∼
1/EF , where EF is the Fermi energy, which is taken as a
measure of the electron energy scale ∼ 1 eV. We then obtain

Γ ∼
(
V 2NARRe (0)

E2
F

)2

∼
(

1

100

)2

, (D3)
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where we have inserted typical values for the relevant energy
scales, and taken Ω = 0 which is suitable for the case of a rel-
atively small Fermi surface where regular processes dominate.
This estimate would indicate that vertex corrections are typi-
cally small. It does however not take into account that there
can be large contributions arising from fermions being close
to the Fermi surface when q → 0. In order to pick up such
contributions, we need to perform a more detailed estimate.

Starting from Eq. (D1), we can perform the Matsubara
sums. Following Ref. [56], we focus on the term that arises
from the poles of the boson propagators, limiting the number
of factors with fermion energies in the denominator. At zero
temperature, this term becomes

Γ1(k, q) = −4V 4
∑
q′,q′′

ARRe (q′)ARRe (q′′)

×
(

1

ωq′ + ikn − ξk−q′

)(
1

ωq′′ + ξk+q′′−q − i(kn − qm)

)

×
(

1

ωq′ + i(kn − qm)− ωq′′ − ξk−q′+q′′−q

)

×
(

1

ωq′ + ikn − ωq′′ − ξk−q′+q′′

)
.

(D4)

To estimate this term in the limit of small q, we need to an-
alyze which regions of the Brillouin zone that dominate the
momentum sums. The momentum scattering processes in the
vertex correction diagram can be represented by a hexagon
where opposing sides are parallel and equally long due to con-
servation of momentum, as shown in Fig. 9. Each vertex in the
hexagon represents the momentum of an electron propagator
in the Feynman diagram. We consider processes where k and
k − q are close to the Fermi surface. Consider the variables
q′ and q′ − q′′ ≡ π to be the integration variables of our mo-
mentum sums. For small q, the vertices 2 and 3 in Fig. 9 are
reasonably close to each other. The dominant contributions to
the diagram should therefore arise when k − q′ + q′′ is close
to the Fermi surface. With q′ − q′′ fixed, the position of the
remaining two vertices 1 and 4 is fixed by choosing q′. Tak-
ing vertex 1 to be close to the Fermi surface, vertex 4 will now
typically end up away from the Fermi surface. The number of
terms in the sum over q′ where vertex 1 is close to the Fermi
surface is of order NFωc. The Green’s functions correspond-
ing to points 1 and 4 in the hexagon can then be approximated
by 1/ωc and 1/EF , respectively. By also approximating the
boosting factors by their maximum values ARRe (0) and the
remaining magnon energies by ωc, we may then approximate
the vertex correction by

Γ1(k, q) = −4NF [V 2ARRe (0)]2

EF

∑
πππ

(
1

ikn − ξk−πππ

)

×
(

1

i(kn − qm)− ξk−πππ−q

)
.

(D5)
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FIG. 9. The momentum scattering processes in the simplest non-
vanishing vertex correction of Fig. 8 (b) can be represented as a
hexagon. Opposing sides in the hexagon are parallel and equally
long due to conservation of momentum. The Fermi surface (assum-
ing large doping) is shown as a circle.

Alternatively, one can attempt to further restrict the sum over
q′ in order to keep all the fermions close to the Fermi surface,
producing a similar result as in Eq. (D5).

Introducing p = k−πππ, the diagram can now be calculated
by Taylor expanding in small q, using

ξp−q ≈ ξp − (∇ξp) · q = ξp − vF q cos
(
θq(p)

)
, (D6)

where vF is the Fermi velocity and θq(p) is the angle between
∇ξp and q. Writing the momentum integral in terms of polar
coordinates and integrating out the radial momentum, we then
obtain

Γ1(k, q) ≈ −i4[NFV
2ARRe (0)]2

EF

×
[

Θ(kn)−Θ(kn − qm)

]∫ 2π

0

dθ

(
1

iqm − vF q cos(θ)

)
.

(D7)

Performing also the angular integration, one may show that
the vertex correction contribution for nonzero bosonic Mat-
subara frequency is of order

Γ1(k, q) ∼
(
NFV

2ARRe (0)

EF

)2(
EF√

v2
F q

2 + q2
m

)
. (D8)

In short, this result can be interpreted as follows: Domi-
nant contributions to Eq. (D4) arise from NFωc terms in each
of the momentum sums where two of the electron propagators
then are of order 1/ωc as these electrons are close to the Fermi
surface. One of the electron propagators is replaced by a fac-
tor 1/EF , as the electron in this case is not close to the Fermi
surface. The last propagator momentum is reasonably close
to the Fermi surface due to the small momentum scattering
q. This propagator is found to be of order 1/

√
(vF q)2 + q2

m,
where the square root can be interpreted as an interpolation
between the frequency and the momentum energy scales for
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the scattering process with three-momentum (q, qm).
For q → 0, qm ∼ 1 K, and typical values for the remain-

ing energy scales, the expression in Eq. (D8) is found to be of
order 1, indicating that vertex corrections could become im-
portant for long-wavelength magnons. As vF q in the denom-
inator grows quickly with q, the momentum region where our
estimate for the vertex corrections is of importance is quite
limited. Whereas the above expression is quickly reduced
when q surpasses qm/vF , the corresponding momentum cut-
off for the magnon propagator depends on the magnon group
velocity close to the bottom of the band, meaning that the mo-
mentum region where the estimated vertex corrections are of
importance is typically significantly smaller than the momen-
tum region where we obtain large contributions to the Eliash-
berg equations. A more rigorous treatment of the vertex cor-
rections would treat both momentum sums in detail and could
potentially give rise to contributions that are larger and/or less
quickly reduced with increasing q.

As the diagram in Fig. 8 (a) vanishes for our model, one
might imagine that it could be possible to obtain signifi-
cant vertex corrections by going to higher-order in magnon
operators in the electron-magnon interaction, giving rise to
electron-magnon scattering processes without spin flips. In-
cluding higher-order terms in the interaction Hamiltonian aris-
ing from the z-component of the antiferromagnetic spins, one
may construct a diagram like the one in Fig. 8 (a) where the
vertical magnon line has been replaced with a magnon loop
and the vertices of the magnon loop does not involve an elec-
tron spin flip, conserving the electron spin in the diagram. Per-
forming estimates like those presented above, such diagrams
are found to be of similar magnitude and displaying a similar
suppression with increasing momentum q as the diagram in
Fig. 8 (b).

For larger Fermi surfaces and Ω = 1, the regular processes
are of little importance and the physics is dominated by Umk-
lapp processes. Modifying the diagram of Fig. 8 (b) to only
include Umklapp processes, all spin-↓ electron propagators
therefore attain an additional momentum shiftQ. Below half-

filling, for k on the Fermi surface, placing k − q +Q on the
Fermi surface now requires a finite momentum q. Contrary
to the case with regular processes and q → 0, choosing the
hexagon vertex 2 reasonably close to the Fermi surface does
therefore not necessarily mean that the hexagon vertex 3 is
also reasonably close.

Exactly at half-filling, the Fermi surface is perfectly nested,
and the electron momenta can all be chosen reasonably close
to the Fermi surface for a wide range of integration momenta
and relevant values of q. Thus, we would get large vertex cor-
rections [46, 47, 57]. Moving away from half-filling, the nest-
ing of the Fermi surface is no longer perfect. Our simplest
estimate in Eq. (D3) will then eventually be restored, where
ARRe (0) needs to be replaced with the maximum value of
AUUe (q) for scattering processes on the Fermi surface. Thus,
we would expect vertex corrections to become unimportant
sufficiently far away from half-filling.

Appendix E: Material parameters

Typical parameter values are shown in Table I. The electron
density of states is calculated by numerical evaluation of the
elliptical integral in Ref. [58].

TABLE I. Parameter values used in the numerical results. We refer
to the main text for an explanation of their meanings.

Quantity Value
J1 2 meV
J2 0.2 J1
K 1 × 10−4 J1
J̄ 15 meV
S 1
t 1 eV
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