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A B S T R A C T

Recent proposals to modify or extend the Eddy Dissipation Concept are investigated and compared to the
standard EDC. The results with respect to the underlying principles of EDC are examined. A total of four
different variants of the extended EDC are available, expressing locally determined values for two model
coefficients that are constants in the standard EDC. The effects on the fine-structure region mass fraction and
the fine structure time scale are demonstrated with resulting effects on the mixing and species mean reaction
rate. It is found that the constraints imposed on the locally determined coefficients are more important for the
results than the formulated dependencies of turbulence Reynolds number and microscale Damköhler number.
Furthermore, some of the versions require a less-than-unity limitation for the fine-structure mass fraction for
wide ranges of the Reynolds number. All the modified model versions maintain the EDC cascade model, and
their relations to this model are investigated. A finding is that some versions maintain very high viscous
effects at high turbulence Reynolds numbers. Comparison with the standard EDC shows that some of the
effects motivating the extensions are already present in the standard EDC. Initially, a short cascade for low
turbulence Reynolds numbers is derived from the existing EDC cascade model, which was developed for high
Reynolds numbers. The resulting changes are small, and the need for a modification still remains.
1. Introduction

The Eddy Dissipation Concept for turbulent combustion (EDC) was
proposed 40 years ago by Magnussen [1]. With modest changes, it has
been applied by engineers and scientists and validated against a wide
range of experimental data. It has been used with a variety of two- and
multi-equation Reynolds-averaged Navier–Stokes (RANS) turbulence
models and with large-eddy simulations (LES). The chemistry models
used in conjunction with EDC ranges from simple, infinitely fast global
reactions to full kinetic mechanisms. In recent years it has become
known as a model capable of handling MILD (Moderate or Intense Low-
oxygen Dilution) combustion, however with some drawbacks. This has
led to a multitude of simple adjustment of numerical coefficients, as
reviewed and analyzed previously [2].

Parente and co-workers [3,4] suggested to modify or extend EDC
such that the turbulence Reynolds number and the small-scale Damköh-
ler number are included in the expressions reactor time scale, the
fine-structure mass fraction and, consequently, the reaction rate. This
was motivated by some observed challenges regarding MILD combus-
tion. This regime is characterized by distributed reactions. Besides the
MILD regime, relevant for energy-conversion purposes, also enclosed
fires possess some of the same features, as weakened turbulence and
low-oxygen reactions.

E-mail address: Ivar.S.Ertesvag@ntnu.no.

Lewandowski et al. [5] suggested a variant of the extended model.
Another amendment of Parente’s model was initially made by Bao [6],
with a follow-up by Romero-Anton et al. [7]. They arrived a slightly dif-
ferent version of the modifications. A third amendment was proposed
recently by Fordoei et al. [8].

A central idea of EDC is that chemical reactions occur in fine
structures or small eddies of turbulence [1]. Here, the local gradients
of species and temperature are large, providing good local mixing. At
the same locations, the velocity gradients, hence the turbulence energy
dissipation, are large. Thus, the chemical reactions mainly occur where
the dissipation mainly occurs.

Main parts of EDC are a turbulence energy cascade model, a reactor
model and the interactions between these. The cascade connects the re-
acting fine structures to the mean flow and mixing, which are described
by a turbulence model, e.g., a 𝑘-𝜀 model or a Reynolds-stress equation
model.

Input to the cascade model is the turbulence energy and its dissi-
pation rate, provided by the chosen turbulence model. The output of
the cascade is the scales of the fine structures, that is, length, velocity
and time representing the small eddies. The reactor model describes the
local reactions in the fine structures and provide an expression for the
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mean reaction rate. This is the source term of the mean species mass
balance. In the reactor, the chemical reactions can be formulated as
a single-step or multistep chemical mechanism. The reactor can be in
the form of a homogeneous open reactor (transient or steady-state well
stirred reactor), or a batch reactor. Other forms of reactors might be
feasible.

The cited proposals to extend EDC act partly to modify quantities
of the cascade and partly to modify the cascade-reactor interaction
expressions.

The aims of the present work are to examine the proposed mod-
ifications, explore the effects of weak turbulence or low turbulence
Reynolds numbers on EDC, and to discuss possible developments to
improve modeling in this regime. In the first place, Section 2, the
original expressions of EDC will be reviewed. The EDC cascade model
was originally developed for high turbulence Reynolds numbers, that
is, with a large number of cascade levels. Here, in Section 3, a short
version of the cascade will be developed. This has not been done pre-
viously and seems as a natural first step before exploring the proposed
low-Reynolds number modifications. Subsequently, in Section 4 the
modifications of Parente and co-workers [3–5] will be reviewed and ex-
amined. The related modifications by Bao [6], Romero-Anton et al. [7]
and Fordoei et al. [8] will also be included. Investigations by said
authors have been made by comparison to one or more sets of flame
experimental data. Contrary to those, the present work will discuss the
modified models from the principles of EDC. That is, compare the key
quantities constituting the cascade, reactor and mean reaction rate of
EDC. Both the proposals and the present investigation are made in a
RANS context, although some aspects are relevant for LES.

Finally, the overall discussion and conclusions are summarized in
the two last sections.

2. Turbulence and turbulence-chemistry interactions with EDC

2.1. Scales of turbulence

The turbulent flow is modeled with some turbulence model. Most of
the available two-equation models and Reynolds-stress-equation mod-
els provide quantities like the turbulence energy, 𝑘, and its dissipation
rate, 𝜀. From these, scales for velocity, 𝑘1∕2, length, 𝑘3∕2∕𝜀, and time,
𝑘∕𝜀, can be expressed, together with a turbulence viscosity, 𝜈t . The
corresponding turbulence Reynolds number 𝑅𝑒T can be defined as

𝑅𝑒T = 𝑘2

𝜈𝜀
. (1)

hese scales are ‘‘large’’ scales, that is, representing the effects of
arge/medium size eddies and diffusive mixing due to turbulence.

The ‘‘small’’ scales of turbulence, the Kolmogorov scales for length,
elocity and time, are expressed as

=
(

𝜈3

𝜀

)1∕4
, 𝑣𝜂 = (𝜈𝜀)1∕4 and 𝜏𝜂 =

( 𝜈
𝜀

)1∕2
. (2)

At instances with low production of turbulence, the eddying motions
will become weaker. The turbulence energy and its dissipation rate will
decline, and so also the turbulence Reynolds number. The ‘‘large’’ time
scales will increase, and if external constraints allow, so also the ‘‘large’’
length scales.

2.2. Damköhler number

The microscale Damköhler number can be defined as 𝐷𝑎𝜂 = 𝜏𝜂∕𝜏c,
where 𝜏c is a chemical time scale. The microscale Damköhler number
relates to the macroscale Damköhler number as 𝐷𝑎𝜃 = (𝑘∕𝜀)∕𝜏c =
𝐷𝑎𝜂 ⋅ 𝑅𝑒

1∕2
T .

Determining the chemical timescale can be a challenge by itself.
This is out of scope of the current work. It will be assumed that
a chemical time scale can be determined and hence, a Damköhler
2

number. r
2.3. Low and high Damköhler and Reynolds numbers

Terms like ‘‘low’’ and ‘‘high’’, about Damköhler and Reynolds num-
bers, are often met in literature; also ‘‘approaching’’ or ‘‘close to’’ unity,
about Damköhler numbers. The precise quantification can be less clear.
Moreover, the definitions can be diverse.

Most prominently, there are two different Damköhler numbers;
microscale and macroscale, cf. Section 2.2 above. Furthermore, how
to define and practically calculate the chemical time scale involved,
is the subject of discussions in literature. There is some variation in
the definitions of the turbulence Reynolds number, as well. Modelers
often prefer 𝑘2∕(𝜈𝜀) (Eq. (1)), since the involved quantities are readily
available from a turbulence model. Experimentalists may prefer other
definitions.

To illustrate the ranges of the parameters, Table 1 shows exemplary
data from literature.

2.4. Review of some Eddy dissipation cascade and reaction rate expressions

The cascade model was described in detail in [16,17] and originally
presented by Magnussen (1981,1989) [1,18]. Some related aspects of
the model were also discussed in [2]. The development and basic
considerations are not repeated. For convenience and discussion, some
resulting expressions are shown here.

The cascade model [17] leads to the expressions

𝜀 = 2𝐶D1
𝑢∗ 3

𝐿∗ (3)

and

𝜀 = 4
3
𝐶D2𝜈

𝑢∗ 2

𝐿∗ 2
. (4)

Combining these, the fine-structure length and velocity scales are de-
veloped as

𝐿∗ = 2
3

(

3𝐶3
D2

𝐶2
D1

)1∕4
(

𝜈3

𝜀

)1∕4
=
(

23
3

)1∕2
𝐶𝜏𝐶𝛾

(

𝜈3

𝜀

)1∕4
(5)

and

𝑢∗ =

(

𝐶D2

3𝐶2
D1

)1∕4

(𝜈𝜀)1∕4 =
( 2
3

)1∕2
𝐶𝛾 (𝜈𝜀)1∕4. (6)

ere, the secondary constants 𝐶𝛾 and 𝐶𝜏 are introduced from Eqs. (10)
nd (11) below. The scales 𝐿∗ and 𝑢∗ are of the same order of magni-
ude as the Kolmogorov scales (Eq. (2)), which are seen as factors in
he expressions. The corresponding Reynolds number becomes

𝑒∗ = 𝑢∗𝐿∗

𝜈
=

2𝐶D2
3𝐶D1

= 4
3
𝐶𝜏𝐶

2
𝛾 . (7)

The EDC cascade model can be viewed as a dissipation model with
an inertial term and a viscous term [1,2,17],

𝜀 = 𝜀1 + 𝜀2 = 𝐶D1𝜔𝑘 + 𝐶D2𝜈𝜔
2. (8)

The ratio of the viscous term to the total dissipation rate can be
expressed as

𝜀2
𝜀

=

(

1 + 𝑅𝑒T
𝐶2
D1

2𝐶D2

)

−
⎛

⎜

⎜

⎝

(

1 + 𝑅𝑒T
𝐶2
D1

2𝐶D2

)2

− 1
⎞

⎟

⎟

⎠

1∕2

, (9)

here 𝐶2
D1∕(2𝐶D2) = 3∕(8𝐶4

𝛾 ) can be introduced. It was shown [2] that
he EDC standard constants gave results close to those of the constants
ecommended by [19] from experiments and DNS.
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Table 1
Data examples from literature; type and source of data; ranges of Damköhler and Reynolds numbers.

Reference Type 𝐷𝑎𝜂 𝑅𝑒T Comment

Skiba et al. [9] Review, premixed, DNS 0.001–1 1–102
Review, premixed, experiments 0.0003–3 10–103
Experiments 0.001–1 102–104 ‘‘Extreme levels of turbulence’’ intended

Savre et al. [10] 2-d DNS, premixed ∼0.01 16–103
Lewandowski [5,11] MILD, review and own RANS computations 0–3 0–200 Delft and Adelaide Jet-in-hot coflow
Li et al. [12] Experiments, MILD 0.0003–1 102–103
Minamoto et al. [13,14] DNS, MILD 0.08–0.5 67–96

DNS, premixed ∼1.1 ∼38
Sorrentino et al. [15] Experiments, MILD 𝐷𝑎𝜃∼0.1–1
𝑐

b

l
(
e
(

b
l
i
c

t

2.5. EDC cascade-reactor interaction quantities

EDC provides the expressions for the fine-structure region mass
fraction,

𝛾𝜆 =

(

3𝐶D2

4𝐶2
D1

)1∕4
(

𝜈𝜀
𝑘2

)1∕4
= 𝐶𝛾 𝑅𝑒

−1∕4
T , (10)

and the fine-structure time scale,

𝜏∗ = (�̇�∗)−1 =
(

𝐶D2
3

)1∕2
( 𝜈
𝜀

)1∕2
= 𝐶𝜏

( 𝜈
𝜀

)1∕2
, (11)

where the secondary, single-symbol constants 𝐶𝛾 and 𝐶𝜏 are introduced
for convenience and discussion. The Kolmogorov time scale is recog-
nized in the variable factor of Eq. (11). Reverting the expressions, the
primary constants can be expressed as 𝐶D1 = 3𝐶𝜏∕(2𝐶2

𝛾 ) and 𝐶D2 = 3𝐶2
𝜏 .

From the cascade model can also be expressed 𝐿∗∕𝐿′ = (4∕3)𝛾3𝜆 . Here,
𝐿′ is the large length scale of turbulence, corresponding to the Prandtl
mixing length.

The mean reaction rate contains the quantity 𝛾2𝜆∕𝜏
∗, which can be

expressed as

𝛾2𝜆
𝜏∗

= 3
2𝐶D1

𝜀
𝑘
= 𝐶𝑅

𝜀
𝑘
=

𝐶2
𝛾

𝐶𝜏

𝜀
𝑘
. (12)

n the 2nd equality here, the symbol 𝐶𝑅 was introduced for (3∕(2𝐶D1)),
nd in the third equality, the constants 𝐶𝛾 and 𝐶𝜏 from Eqs. (10) and
11) were used.

With the standard values of the primary constants, 𝐶D1 = 0.135
and 𝐶D2 = 0.50 [17], the fine-structure Reynolds number becomes
𝑅𝑒∗ = 2.47, and the secondary constants take the values 𝐶𝛾 = 2.130,
𝐶𝜏 = 0.4082 and 𝐶𝑅 = 11.1.

The EDC mean reaction rate is expressed as

𝑅𝑘 =
𝜒𝛾2𝜆 �̄�

𝜏∗(1 − 𝜒𝛾𝑛𝜆 )

(

𝑌 ∗
𝑘 − 𝑌𝑘

)

, (13)

where 𝑌𝑘 and 𝑌 ∗
𝑘 are, respectively, the mean and fine-structure reactor

mass fractions of the species. In 1989, Magnussen [18,20] set 𝑛 = 3,
hereas the original 𝑛 = 2 ([1], with 𝛾−1𝜆 included within 𝜒) was

eintroduced in 2005[21]. The latter value is recommended.
The fraction 𝜒 appearing in Eq. (13) describes the fraction of the

ine structures that are reacting. It is composed [20] of factors 𝜒 =
1𝜒2𝜒3, which can be reformulated [2] as

1 = min{𝜆−1, 𝜆}, (14)

2 = min
{

(𝑐∕𝛾𝜆), 1
}

(15)

3 = min
{

𝛾𝜆∕(1 − 𝑐), 1
}

, (16)

here 𝜆 is the air excess ratio (reciprocal of the equivalence ratio),
nd 𝑐 is a reaction progress variable, both evaluated for the local mean
omposition,

=
𝑌ox∕𝑟 + 𝑌pr∕(1 + 𝑟)
̃ ̃

, (17)
3

𝑌fu + 𝑌pr∕(1 + 𝑟)
=
𝑌pr∕(1 + 𝑟)

min{𝑌fu, 𝑌ox∕𝑟} + 𝑌pr∕(1 + 𝑟)
. (18)

Here, ‘‘fu’’, ‘‘ox’’ and ‘‘pr’’ denote, respectively, fuel, oxidizer and
product of a one-step global reaction, and 𝑟 is the stoichiometric mass-
ased oxidizer requirement of the fuel. The factor 𝜒1 describes the

coincidence of fuel and oxidizer, 𝜒2 describes the extent of heating,
while 𝜒3 limits the reaction due to lack of reactants [20].

Gran [20] suggested 𝜒 = 1 as a possible simplification, which has
been applied by several investigators. It was, however, shown [22] that
a less-than-unity 𝜒 can be significant.

In the following, ‘‘standard EDC’’ will denote use of Eq. (13) with
𝑛 = 2, 𝜒 from Eqs. (14)–(16), and Eqs. (5)–(6) and (11)–(12) with
𝐶D1 = 0.135 and 𝐶D2 = 0.50.

2.6. Fine structures, limiting considerations

In literature, some claims exist that the EDC fine-structure reactor
model is limited to 𝑅𝑒T > 65, with the associated limitation 𝛾𝜆 < 0.75.
As shown [2], these claims were based on a misunderstanding and are
valid only for a special implementation of EDC into Ansys Fluent, not
for EDC in general.

The ratio of mass in fine-structure regions to the total mass, 𝛾𝜆, is
expressed by Eq. (10). A trivial limit for this expression is seen from
the condition 𝛾𝜆 < 1. Then, with the standard constants, 𝑅𝑒T > 20.6. At
ower values of 𝑅𝑒T, 𝛾𝜆 becomes larger than unity, and the denominator
1 − 𝜒𝛾2𝜆 ) might become negative (depending on 𝜒). Alternatively, the
xpression for 𝛾𝜆 can be modified, as attempted by Myhrvold [23]
pp. 95–104).

Practically, an upper limit has been imposed on 𝛾𝜆. The limit has
een set somewhat arbitrary by various investigators to 0.7–0.9. The
imit is often not reported, perhaps not even known, by the users. For
nstance, the theory and user’s guides [24,25] of the widely used CFD
ode Fluent do not mention a limiting value.

The ratio of the fine-structure timescale, Eq. (11), to the turnover
imescale 𝑘∕𝜀 can be expressed as

𝜏∗

𝑘∕𝜀
= 𝐶𝜏

(

𝜈𝜀
𝑘2

)1∕2
= 𝐶𝜏𝑅𝑒

−1∕2
T . (19)

Since the fine-structure exchange occurs locally, inside the overall
volume, it is reasonable to require this ratio to be less than unity. The
limit is reached at 𝑅𝑒T = 𝐶2

𝜏 , which for the standard constants means
𝑅𝑒T = 0.17.

A third issue to note is that the EDC cascade model was devel-
oped [17] with the assumption of high turbulence Reynolds number,
that is, with many levels in the cascade. The exact implications of this
assumption have not previously been investigated.

These considerations show improvement potentials for EDC at low
𝑅𝑒T. They do not exclude the possibilities of other reasons for modifi-
cations of the model, with effects also at higher values of 𝑅𝑒T.

For the context, it can be noted that for the standard 𝑘-𝜀 model [26],
and also for the 𝑘-𝜔2 and 𝑘-𝜔 models by Saffman and Wilcox [27,28],

the ratio of turbulence viscosity to molecular viscosity can be expressed
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Fig. 1. Three-level EDC turbulence energy cascade.

s 𝜈t∕𝜈 = 0.09𝑅𝑒T. A Reynolds number of 20.6 then gives 𝜈t∕𝜈 = 1.85.
This means that the turbulence is rather weak, although its diffusive
effects are still stronger than the viscous forces. On the other hand,
the validity of the standard (that is, ‘‘high Re’’) 𝑘-𝜀 at this value of
the turbulence Reynolds number can be questioned. When introducing
low-Reynolds number modifications, the expression becomes 𝜈t∕𝜈 =
𝐶𝜇𝑓𝜇𝑅𝑒T. From [29], 𝑓𝜇 = exp(−3.4∕(1 + 𝑅𝑒T∕50)2), which for 𝑅𝑒T =
0.6 gives 𝜈t∕𝜈 = 0.34. It should, however, be noted that this empirical
unction can be interpreted to primarily emulate near-wall effects
ather than effects of weak turbulence.

. Short cascade at low Reynolds numbers

The cascade model was developed under the assumption of a ‘‘high’’
eynolds number. If the Reynolds number is reduced, the number of

evels in the cascade will also be reduced. Approaching the limit, the
hrinking cascade has only three or two levels, and finally just one.

The objective of this section was to investigate the potential effects
f a small number of levels in the cascade, as a consequence of a low
urbulence Reynolds number. When these effects are revealed, further
ork on modifying the cascade and related expressions can be pursued.

A three-level cascade is outlined in Fig. 1. For each level, the
nertial energy transfers 𝑤𝑛 and viscous dissipation 𝑞𝑛 are denoted in
he figure. Similar descriptions can be made for any number, 𝑁 , of
ascade levels. The general relation between the characteristic strain
ates (frequencies), 𝜔𝑛 = 𝜔𝑛−1, is fundamental for the cascade model
nd is maintained: 𝜔∗ = 2𝜔′′ and 𝜔′′ = 2𝜔′; thus 𝜔∗ = 4𝜔′. Energy
alances can be combined to express the fine-structure velocity and
ength scales as

∗ =
(

4𝑁

4𝑁 − 1

)1∕4
⋅

(

𝐶D2

3𝐶2
D1

)1∕4

(𝜈𝜀)1∕4. (20)

and

𝐿∗ =
(

4𝑁 − 1
4𝑁

)1∕4
⋅
2
3

(

3𝐶3
D2

𝐶2
D1

)1∕4
(

𝜈3

𝜀

)1∕4
. (21)

The turbulence Reynolds number that give a cascade of 𝑁 levels
an be expressed as

𝑅𝑒T)𝑁 =
(

40 + 41 +⋯ + 4𝑁−1) 𝐶D2

𝐶2
D1

= 4𝑁 − 1
4 − 1

𝐶D2

𝐶2
D1

= (4𝑁 − 1)
𝐶D2

3𝐶2
D1

.

(22)
4

he parenthesis is a geometric series, which can be expressed as shown
n the 2nd and 3rd equalities. The expressions can reformulated to

4𝑁

4𝑁 − 1

)

=

(

1 + 1
𝑅𝑒T

𝐶D2

3𝐶2
D1

)

. (23)

his can be introduced into Eqs. (20)–(21), leading to more general
xpression, developed for both high and low turbulence Reynolds
umbers. Since the quantities of the cascade are based on averages
e.g. 𝑘 and 𝜀), the cascade itself represents an average, and the number
f cascade levels needs not be an integer. With the relation 𝑢′ 2 = 2

3𝑘,
the fine-structure region mass fraction can be expressed as

𝛾𝜆 = 𝑢∗

𝑢′
=

(

1 + 1
𝑅𝑒T

𝐶D2

3𝐶2
D1

)1∕4 (
3𝐶D2

4𝐶2
D1

)1∕4
(

𝜈𝜀
𝑘2

)1∕4
, (24)

while the fine-structure time scale becomes

𝜏∗ = (�̇�∗)−1 = 𝐿∗

2𝑢∗
=

(

1 + 1
𝑅𝑒T

𝐶D2

3𝐶2
D1

)−1∕2
(

𝐶D2
3

)1∕2
( 𝜈
𝜀

)1∕2
. (25)

Consequently, the fraction 𝛾𝜆 gets a slight increase at low 𝑅𝑒T. With this
formulation, the value of 𝛾𝜆 = 1 is reached at 𝑅𝑒T = 27.4, as compared
to 20.6 for the original formulation. The two functions are compared
in Fig. 2. The near-wall adaption of 𝛾𝜆 by Myhrvold [23] (pp. 95–104)
is shown, as well.

From the development above can be concluded that the few-level
cascade 1) led to a larger value of 𝛾𝜆, that is, in the ‘‘wrong’’ di-
rection if the aim was to lower 𝛾𝜆 at low 𝑅𝑒T, 2) the changes were
quite small, and 3) the need for a modification remained to avoid a
non-physical value of the quantity. Accordingly, the still required mod-
ification would overrule the small differences between the original and
the few-level expressions. Modifications can be based on the original
expressions, rather than the present development for a short cascade.

4. EDC reaction rate model modified for low Reynolds and
Damköhler numbers by Parente and co-workers

4.1. Background and described ideas

The modified EDC by Parente et al. [3,4] includes the turbulence
Reynolds number, 𝑅𝑒T, and the small-scale Damköhler number, 𝐷𝑎𝜂 ,
in the expressions for 𝛾𝜆 and 𝜏∗ (Eqs. (10)–(11)) and, thereby, in the
mean reaction rate, Eq. (13). The variant by Lewandowski et al. [5,11]
can be seen as a more stringent development of the same model,
rather than a separate model. However, the model expressions have
some differences and will be treated here as a separate variant. In the
following it is denoted as ‘‘Lewandowski/Parente’’, while the former as
‘‘Parente/Evans’’.

An amendment of Parente’s model was initially made by Bao [6]
with a follow-up by Romero-Anton et al. [7]. They arrived a slightly
different version of the modifications. Below, this is denoted as the
‘‘Bao/Romero’’ version. Recently, Fordoei et al. [8] presented another
amendment.

The work of Parente and co-workers was partly motivated by the
findings of De et al. [30] and others on the constants of EDC and the
limit of validity for low Reynolds numbers. These findings were dis-
cussed in [2] and found to be based on the particular implementation
of EDC in Fluent, and not a feature of EDC as such. Nevertheless, the
modifications of Parente and co-workers can be plausible in their own
right, irrespective of the incentives.

A first observation was that all said authors [3–7] maintained the
relations following from the original cascade model [17], that is, the
expressions of Eqs. (3)–(4) and the expression for the fine-structure
Reynolds number, 𝑅𝑒∗ = 𝑢∗𝐿∗∕𝜈. Although not explicitly stated, how-
ever implicit from Eqs. (3)–(4), they also maintained the expressions for
𝐿∗ and 𝑢∗, Eqs. (5)–(6), and the viscous part of dissipation, Eqs. (8)–(9).
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Fig. 2. 𝛾𝜆 and 𝜏∗ for a short cascade, and Myhrvold’s near-wall adaption [23] (pp. 95–104), compared to the original expression. Here, the limit 𝛾𝜆 < 1 is applied.
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Second, they maintained the expressions for the fine-structure re-
ion mass fraction 𝛾𝜆, Eq. (10), and the fine-structure exchange time
cale 𝜏∗, Eq. (11).

Third, all said authors determined a chemical time scale 𝜏c from
chemical mechanism, using local thermodynamic properties. Their

ractical choices were either based on a global, one-step reaction [3,7],
r on the reaction rates of selected major species [4,5].

In the modifications to EDC, the concept of a turbulent flame speed
T was introduced [3] with the relation

∗ ∼ 𝑆T ≈ 𝑆L

( 𝜈t
𝜈

+ 1
)1∕2

, (26)

here 𝑆L is the laminar flame speed and 𝜈t∕𝜈 ∼ 𝑅𝑒T. Both Par-
nte/Evans and Bao/Romero set 𝜈t∕𝜈 = 𝑅𝑒T, while Lewandowski set
t∕𝜈 = 𝐶𝜇𝑅𝑒T with 𝐶𝜇 = 0.09 (from most widely used 𝑘-𝜀 and 𝑘-𝜔
odels).

A relation between chemical time scale, fine-structure length scale
nd laminar flame speed was formulated as

c =
𝐿∗

𝑆L
. (27)

It was noted that Bao/Romero distinguished between the fine-
structure chemical timescale, 𝜏∗c , expressed from Eq. (27), and the
chemical timescale, 𝜏c, determined from a chemical mechanism. How-
ever, they set the two equal, 𝜏∗c = 𝜏c. Parente/Evans and Lewandowski
did not make this distinction.

Parente/Evans and Lewandowski/Parente made use of the relation
𝑆L = (𝜈∕𝜏c)1∕2 for the laminar flame speed. Bao/Romero avoided use
of that relation, and used 𝑆L = 𝐿∗∕𝜏c (Eq. (27)) with the assumption
∗ = 𝜂.

Some preliminary comments that can be made, are
the assumption 𝐿∗ = 𝜂 (by Bao/Romero) raises a question about in-

onsistency when already adopting Eqs. (3)–(4), which lead to Eqs. (5)–
6).
the 𝑆T to 𝑆L relation shown in Eq. (26) is one of several different

elations based on certain empirical data and limited to certain cases.
the definition and understanding of 𝑆T in a distributed reactions

egime may not be obvious.
On the other hand, when the turbulence Reynolds number becomes

ow, the fraction of the mass included in the fine structures (i.e. 𝛾2𝜆)
pproaches unity, or exceeds unity if not bounded. That situation may
equire some consideration of the ‘‘internal’’ flame structure of the
eactor of EDC.

.2. Modified expressions, Parente/Evans

The fine-structure region mass fraction and time scale were ex-
5

ressed as Eqs. (10)–(11), however, with the constants 𝐶𝛾 and 𝐶𝜏
modified [3] to coefficients depending on the local Reynolds and
Damköhler numbers,

𝐶𝛾 = 𝐶𝛾0
(

𝐷𝑎𝜂(𝑅𝑒T + 1)
)1∕2 , (28)

𝜏 = 𝐶𝜏0𝐷𝑎−1𝜂
(

𝑅𝑒T + 1
)−1∕2 , (29)

ith 𝑅𝑒T = 𝑘2∕(𝜈𝜀). Initially, the relations were proportional expres-
ions [3], and constants were later set to 𝐶𝛾0 =

√

2∕3 and 𝐶𝜏0 =
0.5[4]. These functions were constrained [4] as 0.50 ≤ 𝐶𝛾 ≤ 2.14 and
0.408 ≤ 𝐶𝜏 ≤ 5.0. It can be noted that the value 𝐶𝛾0 =

√

2∕3 implied
hat a tuning factor of 2/3 was multiplied into the expression, as the
evelopment gave the value

√

3∕2 (cf. [5,11]).
The upper limit of 𝐶𝛾 and the lower limit of 𝐶𝜏 were set to the

standard values of these constants. For each value of 𝐷𝑎𝜂 , these limits
provide upper 𝑅𝑒T limits for the effects of the modifications.

The modifications were motivated by an observed over-prediction
of the mean reaction rate, leading to overestimate of temperatures
in MILD combustion. An aim was to limit the reaction zone and to
achieve a longer reaction residence time [4]. Evans et al. [4] tried the
formulation for two of the Adelaide jet-in-hot-coflow flames.

Some of the relevant EDC quantities are shown in Fig. 3 as func-
tions of the turbulence Reynolds number 𝑅𝑒T and some values of the
Damköhler number 𝐷𝑎𝜂 . The fine-structure region mass fraction 𝛾𝜆
was expressed from Eq. (10) with Eq. (28), while the timescale ratio
𝜏∗∕(𝑘∕𝜀) from Eq. (19) using Eq. (29). For higher 𝐷𝑎𝜂 , the modifications
had lesser effects and the quantities came closer to the standard model.
It should be noted that in Fig. 3 and subsequent graphs, 𝛾𝜆 is presented
with the limitation 𝛾𝜆 < 1 for all models, whereas in practice, a lower
limit might be used to avoid a singularity in Eq. (13).

It was seen that for 𝐷𝑎𝜂 = 0.05, 𝐶𝛾 is modified for 𝑅𝑒T < 136, while
for lower 𝑅𝑒T at higher 𝐷𝑎𝜂 , the 𝛾𝜆 < 1 constraint will be needed. At
𝐷𝑎𝜂 > 0.33, the expression gives 𝛾𝜆 > 1 for a range of 𝑅𝑒𝑇 below 20.

For the sake of comparison, Fig. 3f was made with a deviation from
the standard EDC by using 𝑛 = 3 (not 𝑛 = 2) in the denominator of
Eq. (13), and by setting 𝜒 = 1.

The effect of the 𝐶𝜏 modification is seen over a wider range of the
Reynolds number. For 𝐷𝑎𝜂 = 0.1, 𝐶𝜏 is modified for 𝑅𝑒T < 149; for
𝐷𝑎𝜂 = 0.2, 𝐶𝜏 is modified for 𝑅𝑒T < 36; for 𝐷𝑎𝜂 = 1, 𝐶𝜏 is modified
nly for 𝑅𝑒T < 0.5.

Worth noting is that, for low 𝐷𝑎𝜂 , the ratio of the fine-structure time
cale 𝜏∗ to the turbulence turn-over time scale 𝑘∕𝜀 can exceed unity
or low 𝑅𝑒T. The physicality of this can be questioned. For instance,
urbin [31] introduced the Kolmogorov time scale as a lower limit for

he turbulence transport (or mixing) time scale, 𝑘∕𝜀. For the standard
odel, this limit is achieved for 𝑅𝑒T > 𝐶2

𝜏 = 0.17, cf. Eq. (19). With
q. (29), the limitation is reached at 𝑅𝑒T of 4.5 and 9.5, respectively,
or 𝐷𝑎𝜂 of 0.1 and 0.05.

The lower limit of 𝐶𝛾 has an impact only for 𝐷𝑎𝜂 < 0.17, while the
pper limit of 𝐶 affects the value for 𝐷𝑎 < 0.1.
𝜏 𝜂
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Fig. 3. EDC quantities as functions of the turbulence Reynolds number 𝑅𝑒T, standard EDC (notice 𝑛 = 3 and 𝜒 = 1 (cf. Eq. (13)) in (f)) and Parente/Evans modifications,
Eqs. (28)–(29), for specified 𝐷𝑎𝜂 values (with 𝛾𝜆 < 1).
4.3. Lewandowski/Parente modifications

Lewandowski et al. [5,11] used the relations from Parente/Evans
(see above), except that the constant 𝐶𝜇 = 0.09 was retained in the
expression for 𝜈t∕𝜈 (cf. Eq. (26)):

𝐶𝛾 = 𝐶𝛾0
(

𝐷𝑎𝜂(0.09𝑅𝑒T + 1)
)1∕2 , (30)

𝐶𝜏 = 𝐶𝜏0𝐷𝑎−1𝜂
(

0.09𝑅𝑒T + 1
)−1∕2 . (31)

Furthermore, 𝐶𝛾0 =
√

3∕2 was obtained from the development [3] and
ot multiplied with any tuning coefficient. 𝐶𝜏0 = 0.5 and the constraints

0.50 ≤ 𝐶𝛾 ≤ 2.14 and 0.408 ≤ 𝐶𝜏 ≤ 5.0 were maintained from [4]. De-
viating from Parente/Evans (and Bao/Romero), Lewandowski/Parente
used Eq. (13) with 𝑛 = 2 and 𝜒 ≤ 1 from Eqs. (14)–(18). They tried the
formulation for five cases of the Delft jet-in-hot coflow flames and six
cases of the Adelaide jet-in-hot coflow flames.
6

Results for the version of Lewandowski et al. [5] are shown in
Fig. 4 and compared to standard EDC. Note that for the comparison,
Fig. 4f was made with 𝜒 = 1 for both models, to avoid selecting
another range of parameters for 𝜒 . The effects are similar to those of
the Parente/Evans version, Fig. 3, however, stronger and acting over a
wider range of turbulence Reynolds number. Both versions reduce 𝐶𝛾

and 𝛾𝜆 and increase 𝐶𝜏 and 𝜏∗ in a range of relatively low values of
𝑅𝑒T. Both these effects contribute to a reduced mean reaction rate, as
shown in Figs. 3f and 4f.

It is worth noting that in Lewandowski’s ‘‘hybrid’’ model [5,11],
𝐶𝛾 and 𝐶𝜏 of Eqs. (30)–(31) switched to the standard values of the
constants for 𝑅𝑒T < 28 for any value of 𝐷𝑎𝜂 . This switch is not reflected
in Fig. 4.
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Fig. 4. Lewandowski version — EDC quantities as functions of the turbulence Reynolds number 𝑅𝑒T, standard EDC and modifications of Eqs. (30)–(31) for specified 𝐷𝑎𝜂 values
(𝜒 = 1 for all in (f)). Limit 𝛾𝜆 < 1 for all.
l

4.4. Modifications by Bao/Romero

In the work of Bao [6] and Romero-Anton et al. [7], 𝐶𝛾 was
expressed as

𝐶𝛾 = 𝐶𝛾0𝐷𝑎3∕4𝜂
(

𝑅𝑒T + 1
)1∕2 , (32)

with 𝐶𝛾0 =
√

2∕3, while Eq. (29) for 𝐶𝜏 was maintained. The coeffi-
cients were constrained as 2.1377 ≤ 𝐶𝛾 ≤ 13 and 0.2 ≤ 𝐶𝜏 ≤ 0.4083,
and the limitation 𝛾𝜆 < 1 was imposed. (N. Romero-Anton, personal
communication, Nov.-Dec. 2020.)

Comparing the expressions, Eq. (32) can be seen as Eq. (28) multi-
plied with 𝐷𝑎1∕4𝜂 on the right-hand side. Furthermore, Parente/Evans
constrained the coefficients such that 𝐶𝛾 was less or equal, and 𝐶𝜏
greater or equal, to the standard values. Bao/Romero did it the other
way, such that 𝐶𝛾 was greater than or equal, and 𝐶𝜏 less or equal, to
the standard values.

Also these authors mentioned reduced temperature and longer
chemical time scales in MILD combustion compared to conventional
7

s

combustion as a motivation. They tried the formulation against experi-
mental data for the Delft lab-scale furnace for flameless (aka. MILD)
combustion [32]. The ranges of 𝑅𝑒T and 𝐷𝑎𝜂 for this case was not
found. However, compared to the Adelaide flames, the flame is wider
and with lower flow velocity. The former may tend to increase the
turbulence Reynolds number, while the latter clearly reduces it. A
rough estimate may place the furnace flame in-between the cases of the
Adelaide flames in the regime diagram (𝐷𝑎𝜂-𝑅𝑒T diagram or a Borghi
diagram).

Resulting quantities for the Bao/Romero version are shown in Fig. 5.
The notable differences from the Parente/Evans version were that 𝐶𝛾
and 𝛾𝜆 increased, while 𝐶𝜏 and 𝜏∗ decreased, rather than opposite. This
contributed to an increase in the mean reaction rate, as seen in Fig. 5f.
Due to the increase of 𝛾𝜆, this quantity had to be limited to avoid
increase above unity.

The effects occurred at higher values of 𝑅𝑒T. In particular for
ow 𝐷𝑎𝜂 , the Bao/Romero modifications turned out identical to the

tandard EDC at low and moderate values of 𝑅𝑒T. The difference
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Fig. 5. EDC quantities as functions of the turbulence Reynolds number 𝑅𝑒T, standard EDC (note 𝑛 = 3 and 𝜒 = 1 (cf. Eq. (13)) in (f)) and modifications by Bao/Romero, Eqs. (29)
and (32), for specified 𝐷𝑎𝜂 values. Limit 𝛾𝜆 < 1 for all.
between the model expressions was the factor 𝐷𝑎1∕4𝜂 multiplied into the
expression for 𝐶𝛾 , as mentioned above. This factor damped the effect
on increasing 𝐶𝛾 and 𝛾𝜆.

4.5. Modifications by Fordoei et al.

In a recent paper, Fordoei et al. [8] used the expressions of Parente,
Eqs. (28)–(29), in combination with the 𝜒 expressions of Magnussen
and Gran [18,20,22]. The constants were set to 𝐶𝛾0 = 0.5 and 𝐶𝜏0 =
0.0774. The paper suffered from a few typographical errors, but the
coefficients appeared to be constrained as 2.1377 ≤ 𝐶𝛾 ≤ 5 and
0 ≤ 𝐶𝜏 ≤ 0.4082. Furthermore, the turbulence Reynolds number was
printed as the square root of the expression used above. However, as
a direct reference to [3], it was regarded as a typo, and the usual
definition was maintained here. Constraining 𝛾𝜆 to be less than unity
was not mentioned, however assumed here for reasons mentioned in
8

Section 4.2.
The values of 𝐶𝛾0 and 𝐶𝜏0 were referred to [3]. Although not
specified in the cited paper, also [11] referred to this source for the
same values.

For motivation, this paper referred to Parente et al. [3] and aimed to
reduce the mean reaction rates. Fordoei et al. [8] tried the formulation
against experimental data for MILD combustion of a jet in hot coflow in
the Lisbon furnace [33,34]. This flame had an air coflow jet Reynolds
number of 14000, which placed it in-between the Adelaide cases in
the regime (𝐷𝑎𝜂-𝑅𝑒T) diagram. That is, in a moderate or relatively low
turbulence Reynolds number range. It was noted that Fordoei et al. used
the 𝜒 of Eqs. (14)–(16).

Results are shown in Fig. 6, where some similarities with the
Bao/Romero version are observed.

4.6. Effects of limits imposed on locally determined coefficients

All variants of the modified EDC came with limits on 𝐶𝛾 and 𝐶𝜏 .

It was observed that for the Parente/Evans and Lewandowski/Parente
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ersions, standard EDC constants were set as the limit at high Damköh-
er numbers and high Reynolds number. For low values of 𝑅𝑒T and 𝐷𝑎𝜂 ,
𝛾 was set to a lower value, while 𝐶𝜏 was set to a value higher than

he standard EDC constants.
For the Bao/Romero and Fordoei versions, the chosen limits were

he opposite: The standard values were the limit at low values of 𝑅𝑒T
nd 𝐷𝑎𝜂 . For high 𝑅𝑒T and high 𝐷𝑎𝜂 , 𝐶𝛾 was set to a high value, while

𝐶𝜏 was set to a value lower than the standard EDC constants. For the
Fordoei version, no lower constraint was specified for 𝐶𝜏 .

The importance of the constraints on 𝐶𝛾 and 𝐶𝜏 can be seen by
comparing Fig. 3a to Fig. 5a for 𝐶𝛾 and Fig. 3b to Fig. 6b for 𝐶𝜏 . An
unrestricted raise of 𝐶𝛾 can readily be imagined from the graphs. It
was noted that 𝐶𝛾 from Eqs. (28), (30) and (32) will give an unlimited
increase in 𝐶𝛾 and 𝛾𝜆 with increasing 𝑅𝑒T, unless restricted. The upper
constraint on 𝐶𝛾 prevents this increase for high 𝑅𝑒T. For low 𝑅𝑒T, a
range of 𝐷𝑎𝜂 can still give 𝛾𝜆 > 1, and the expressions have to be supple-
mented by another constraint. Some quantities resulting from the low
and high 𝑅𝑒T and 𝐷𝑎𝜂 limits of Parente/Evans (Lewandowski/Parente
coincides) and Bao/Romero are shown in Table 2.

Fig. 7 shows the effects on the fine-structure length scale 𝐿∗ for
the different versions, as resulting from the cascade model. The small
values obtained by the Fordoei version, Fig. 7d, are primarily caused
by the lack of a lower limit to 𝐶𝜏 . It should be noted that Bao/Romero,
besides maintaining the cascade model, Eqs. (3)–(4), leading to Eq. (5),
also used the Kolmogorov length for 𝐿∗ in some of the expressions
derived from Parente et al. This dual usage of 𝐿∗ appears as an
inconsistency. The results of 𝐿∗∕𝜂 in this subsection were based on the
cascade model. The version reached the high limit of 𝐿∗∕𝜂 at relatively
high values of 𝑅𝑒T (Fig. 7c).

In order to visualize the differences between Parente/Evans and
Bao/Romero, the latter version was run with the constraints of the
former. That is, Eq. (32) for 𝐶𝛾 and Eq. (29) for 𝐶𝜏 with the constraints
9

0.50 ≤ 𝐶𝛾 ≤ 2.14 and 0.408 ≤ 𝐶𝜏 ≤ 5.0 (from [4]). Results are shown in d
Fig. 8. Comparison with Figs. 3 and 7a shows the effect of the different
exponents of 𝐷𝑎𝜂 in Eqs. (32) and (28) for 𝐶𝛾 . For 𝐶𝜏 and 𝜏∗, the results
were identical to Parente/Evans. Comparing Fig. 8 with Figs. 5 and 7c
shows the effects of chosen constraints to 𝐶𝛾 and 𝐶𝜏 .

4.7. Exploring the modifications

The constraints on 𝐶𝛾 , 𝐶𝜏 and 𝛾𝜆 will limit the ranges of 𝐷𝑎𝜂 and
𝑅𝑒T values where the modifications have effect, as pointed out by
Lewandowski [5,11]. This is shown in Fig. 9 (cf. Fig7.2 of [11]). For
instances where a 𝐷𝑎𝜂 , 𝑅𝑒T combination is above the upper limits (lines
for 𝐶𝛾,max and 𝐶𝜏,min), the standard constants will be used. It is seen that
the Lewandowski/Parente version influences wider ranges of 𝐷𝑎𝜂 and
𝑅𝑒T values than the Parente/Evans version.

The constraint 𝛾𝜆 < 1 will still be active, but does not influence
the use of the modifications unless at low 𝑅𝑒𝑇 values. Below the lower
limits, lines for 𝐶𝛾,min and 𝐶𝜏,max, the modifications will simply be to
se the original expressions with adjusted constants.

Parente/Evans set 𝐶𝛾,max and 𝐶𝜏,min to the standard constants, while
ao/Romero set 𝐶𝛾,min and 𝐶𝜏,max to these values. Accordingly, the

atter version returns to the standard version below the lower lines in
ig. 10, that is, at low 𝑅𝑒T and low 𝐷𝑎𝜂 . Above the 𝐶𝜏,max line, the
riginal 𝜏∗ formulation is used, with a modified constant. With the
𝜆 < 1 limitation, 𝐶𝛾 does not reach the upper limit unless at very high
𝑒T (2.9 ⋅ 104) at above 𝐷𝑎𝜂 = 0.043.

In summary, different versions of the modifications show effects at
ifferent ranges of 𝐷𝑎𝜂 and 𝑅𝑒T. Effects are seen at higher 𝐷𝑎𝜂 and 𝑅𝑒T
alues for Bao/Romero than for Parente/Evans.

The ratio of the viscous term to the total dissipation, as described
y Eq. (9) above, can be evaluated for the variants of the modified
DC. The resulting profiles are shown in Figs. 11 and 12. The major dif-
erence seen was that while Parente/Evans and Lewandowski/Parente

amped the viscous contribution at lower values of 𝑅𝑒T and 𝐷𝑎𝜂 , the
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Table 2
EDC quantities resulting from the limiting values at low and high values of 𝑅𝑒T and 𝐷𝑎𝜂 for Parente/Evans (also Lewandowski/Parente) and Bao/Romero; reaction-rate constant
(Eq. (12)), fine-structure scales (Eqs. (5)–(7)), viscous term of dissipation (𝜀2∕𝜀, Eq. (9)).
𝑅𝑒T and 𝐷𝑎𝜂 𝐶𝛾 𝐶𝜏 𝐶D1 𝐶D2 𝐶𝑅 𝐿∗∕𝜂 𝑣∗∕𝑣𝐾 𝑅𝑒∗ 𝑅𝑒T at 𝜀2∕𝜀 = 0.10

P/E low limit 0.5 5.0 30 75 0.05 4.08 4.08 1.67 0.68
P/E high limit Coincides with standard EDC
B/R low limit Coincides with standard EDC
B/R high limit 13 0.2 0.0018 0.12 845 4.25 10.6 45.1 3.1 ⋅ 105

Standard 2.130 0.4082 0.135 0.50 11.1 1.42 1.74 2.47 222
Fig. 7. Fine-structure length scale from (a) Parente/Evans, (b) Lewandowski/Parente, (c) Bao/Romero (note remarks in the text) and (d) Fordoei modifications as functions of the
turbulence Reynolds number 𝑅𝑒T for specified 𝐷𝑎𝜂 values.
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version of Bao/Romero increased the viscous contribution at higher
values of these parameters. Following this, in the non-reacting limit,
the former two versions gave a very low viscous contribution (based
on minimum 𝐶𝛾 ), while the latter returned to the original values in this
limit (standard 𝐶𝛾 as the minimum). For a high 𝐷𝑎𝜂 , the Bao/Romero
version led to a very high contribution of the viscous term, based on
the maximum 𝐶𝛾 . In Fig. 12, this is seen for 𝐷𝑎𝜂 = 0.5 for 𝑅𝑒T > 800.

4.8. A comparison with the standard EDC

The modifications reviewed above [3,4,7] were based on the EDC
reaction rate, Eq. (13), formulated with 𝑛 = 3 and 𝜒 = 1, while [5] had
𝑛 = 2 and [8] had 𝑛 = 3, both with 𝜒 ≤ 1 from [20,22] (Eqs. (14)–(18)
above).

The analysis of Lewandowski and Ertesvåg [22] showed that inclu-
sion of the non-unity 𝜒 of Eqs. (14)–(16) made significant improvement
to the results for the Delft jet-in-hot-coflow case. Therefore, it was in-
teresting to compare the modified models with the original, employing
a non-unity 𝜒 .

A comparison is shown in Fig. 13, including Parente/Evans and
ewandowski/Parente. For all models a ‘‘practical’’ limit of 𝛾𝜆 ≤ 0.8 was
hosen. Effects of clipping of 𝛾𝜆 to values below unity was discussed
y Lewandowski and Ertesvåg [22]. For the two modified models,
10
𝐷𝑎𝜂 = 0.20 was chosen, since this is a value where both 𝛾𝜆 and 𝜏∗

re modified in both extended variants, cf. Fig. 9. For the standard
DC, the quantities are shown for 𝜒 = 1, and for 𝜒 evaluated at
wo different values of the reaction progress variable 𝑐, Eqs. (14)–
18), the Lewandowski/Parente model for one value of 𝑐, and both
odels for local stoichiometric mean mixture. The fine-structure mass

raction 𝛾𝑛𝜆 (see Eq. (13)) was evaluated with 𝑛 = 3 for the Par-
ente/Evans model (Figs. 13c and 13d), while both with 𝑛 = 3 (Fig. 13c)
and with the recommended 𝑛 = 2 (Fig. 13d) for the standard EDC.
Lewandowski/Parente had 𝑛 = 2 (Fig. 13c).

The results showed that the standard EDC can match well inside the
range of the results of the modified models. A possible explanation is
that the reaction progress variable, based on the local mean composi-
tion, actually reflects effects of the chemical time scales, similar to the
Damköhler number.

One effect of including 𝜒2 is a reduction in the mean reaction rate
for incompleted reactions (overall 𝑐 < 1). This matches the effect of a
low Damköler number. Slow chemical reactions lead to uncompleted
reactions within the reactor. Another effect of 𝜒2 is a reduction in the
mean reaction rate for low turbulence Reynolds numbers. Both these
effects contributes to explaining the results seen in [22].
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P

Fig. 8. EDC quantities as functions of the turbulence Reynolds number 𝑅𝑒T for specified 𝐷𝑎𝜂 values; Bao/Romero modifications, Eqs. (32) and (29), with constraints from
arente/Evans. Limit 𝛾𝜆 < 1 in (b) and (c); standard EDC deviated with 𝑛 = 3 and 𝜒 = 1 in (c).
Fig. 9. Limits of 𝐷𝑎𝜂 where modifications take effects: Lower limits made by 𝐶𝛾,min (=0.50) and 𝐶𝜏,max (=5.0). Upper limits made by 𝐶𝛾,max (=2.14), 𝐶𝜏,min (=0.408) and 𝛾𝜆 < 1. (a)
Parente/Evans and (b) Lewandowski/Parente.
5. Discussion

A basic criticism of the EDC has been that the cascade model was
developed for high turbulence Reynolds numbers, 𝑅𝑒T, and that its
effects and validity in weak turbulence are uncertain. The extended
EDC formulations did not address this issue. All versions discussed here
accepted the cascade in its original formulation. Above, the cascade
expressions were formulated to be used over any number of steps.
Although without solving the issues, doing this minor task was nec-
essary to remove the uncertainty, before dealing with the challenges of
modifying the model.

In weak turbulence, that is, low 𝑅𝑒T, the need to avoid 𝛾𝜆 reaching
unity has been obvious in the original EDC. None of the investigated
11
modifications or extensions remove this need. On the contrary, some
versions require imposing a less-than-unity limit on 𝛾𝜆 at a wider range
of 𝑅𝑒T. Consequently, when such a limitation has to be used, the choice
of limiting value determines the reaction rate. For instance, the Delft
Jet-in-hot-coflow flame had a range of 𝑅𝑒T below 100, for a large part
below 40, see [5] (their Fig. 2a). In this range, the choice of limiting
value for 𝛾𝜆 will be decisive for the reaction rate when the 𝜒 = 1
assumption is made. The issue of limiting 𝛾𝜆 at low 𝑅𝑒T still remains.
An open question is whether it simply can be limited to some maximum
value in the range, say 0.7-0.95, or if a more complex relation is
required.

There is also an issue regarding the fine-structure time scale versus
the turnover turbulence time. It is to a large extent related to the
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Fig. 10. Limits of 𝐷𝑎𝜂 where modifications take effect in the Bao/Romero version: Lower limits made by 𝐶𝛾,min (=2.1377) and 𝐶𝜏,max (=0.4083). Upper limits made by 𝐶𝛾,max
(=13), 𝐶𝜏,min (=0.2) and 𝛾𝜆 < 1. Upper limits made by 𝛾𝜆 < 1. (a) axes similar to Fig. 9; (b) extended vertical axis.
Fig. 11. Ratio of viscous term to the total dissipation rate, Eq. (9): (a) Parente/Evans and (b) Lewandowski/Parente versions for specified 𝐷𝑎𝜂 values compared with Standard
DC.
Fig. 12. Ratio of viscous term to the total dissipation rate, Eq. (9): (a) Bao/Romero and (b) Fordoei et al. versions for specified 𝐷𝑎𝜂 values compared with Standard EDC.
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urbulence model, as it can be argued that the turbulence model should
ot let the Kolmogorov time scale exceed the turnover time. For the
tandard EDC, the ratio 𝜏∗∕(𝑘∕𝜀) can exceed unity only at very low
𝑒T (< 0.2). The modifications of Parente and co-workers [3–5] lead

o reaching the limit at higher 𝑅𝑒T than the standard EDC. The locally
etermined 𝐶𝜏 can exceed unity, meaning that 𝜏∗ can exceed the
urnover timescale (𝑘∕𝜀), even when the turbulence model prevents the
olmogorov scale to do so.

When considering chemical time scale or Damköhler number effects
n the mean reaction rate, it should be kept in mind that this is already
12

f

nherent in EDC with finite-rate chemistry. The fine-structure reaction
ate [2,20] is iteratively found as

∗
𝑘∕𝜌

∗ = (𝑌 ∗
𝑘 − 𝑌 𝑜

𝑘 )∕𝜏
∗, (33)

here 𝜌∗ and 𝑌 ∗
𝑘 are the reactor density and species mass fraction,

nd 𝑌 𝑜
𝑘 is the species mass fraction of the reactor inlet (well stirred

eactor) or initial to the integration (batch reactor). The reaction rate
s expressed from the kinetic model, usually an Arrhenius model. The
eft-hand side of Eq. (33) is the reciprocal of the chemical time scale
or species 𝑘. By multiplying both sides by 𝜏∗, or 𝜏∗∕𝐶 , a Damköhler
𝜏
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Fig. 13. EDC quantities as functions of the turbulence Reynolds number 𝑅𝑒T, standard EDC (with 𝑛 = 2 in (c) and 𝑛 = 3 in (d), Eq. (13)) and modifications by Parente/Evans
(𝑛 = 3, 𝜒 = 1) and Lewandowski (𝑛 = 2 and 𝜒 ≠ 1). 𝛾𝜆 ≤ 0.8 for all.
number appears. This consideration can also be made for the individual
reactions, providing timescales for all elementary reactions.

The reaction rate or chemical time scale can limit the progress of
the reaction, as can also the mixing conditions. Hence, the extent of
reaction or progress variable 𝑐 included in the fine-structure reacting
mass fraction, 𝜒 , Eqs. (15)–(16), is closely related to the Damköhler
number. This can explain why inclusion of 𝜒 led to the improved
results [22] for the Delft jet-in-hot-coflow flame without any ad-hoc
adaption of the standard EDC. For slow reactions (long chemical time,
low Damköhler number), the reaction progress is delayed by the fine-
structure reactor. Including the reaction progress in 𝜒 and the reaction
rate, enhances this effect.

At this point it can be worth noting that practicalities and choices
made in the implementation of any model into a code may not be
reported in the publications. Such details can still influence on the
flame results. This is not covered by the present study. Furthermore,
features of a specific case can imply that the aspects and differences
discussed here are less important for the overall results of the flame
simulations.

Further work on developing EDC will have to consider the treatment
for the low 𝑅𝑒T range, where the cascade collapses and the reactor
mass approaches the total mass. This will lead to a reformulation of
the length and velocity scales, 𝑢∗ and 𝐿∗, at low 𝑅𝑒T and hence, of the
fine-structure reactor mass fraction and timescale. Indeed, the concept
of fine structures may need a revision under these conditions, when the
fine-structure mass approaches the total mass. Subsequently, extended
effects of the chemical timescale can be considered for this range. In
this setting, the ideas outlined by Parente and co-workers might become
fruitful. A possibility for future work will be to include more of the
desired features in the quantity 𝜒 .
13
6. Concluding remarks

Modifications of EDC suggested by Parente and co-workers [3–
5], including functions of the local turbulence Reynolds number 𝑅𝑒T
and fine-scale Damköhler number 𝐷𝑎𝜂 , have been investigated and
compared with the original standard EDC. Also the recent versions of
Bao [6] and Romero-Anton et al. [7] and of Fordoei et al. [8] are
examined.

Initially, the EDC cascade model formulations, originally based
on high Reynolds numbers, have been rewritten to include also low
Reynolds numbers with a short cascade. This expression gives re-
sults similar to the original model, and issues of very low turbulence
Reynolds numbers still remain.

The variants of the modified or extended model give different
effects. The Parente/Evans and Lewandowski/Parente modifications
reduce the fine-structure region mass fraction 𝛾𝜆 and increase the fine-
structure time scale 𝜏∗ at low turbulence Reynolds numbers, while
returning to standard EDC at higher Reynolds numbers. This explicitly
stated aim of the modified model is clearly achieved. On the contrary,
the modifications of Bao/Romero and Fordoei et al. maintain the stan-
dard EDC at low Reynolds numbers, while increasing 𝛾𝜆 and reducing
𝜏∗ for higher turbulence Reynolds numbers. In particular, the Fordoei
modifications give a very low 𝜏∗.

Constraints, or lack of such, to the values of the locally determined
𝐶𝜆 and 𝐶𝜏 are decisive for the EDC quantities resulting from the
extended model proposals. Differences in the constraints are more
important than the variations in formulation. Moreover, the specific
choice of limit for 𝛾𝜆 will also be decisive for cases of low turbulence
Reynolds numbers. A notable example is the Delft jet-in-hot-coflow
flame, which falls in the range where a limit is required.

In general, the proposed modifications do not remedy the need to
limit 𝛾 at low turbulence Reynolds numbers. Moreover, for the versions
𝜆
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of Bao/Romero and Fordoei et al. a less-than-unity limit has to be
imposed on 𝛾𝜆 to avoid a negative mean reaction rate over a wide range
of 𝑅𝑒T values at low 𝐷𝑎𝜂 .

The proposed modifications do not modify the cascade formulation,
eaving its low-Reynolds-number challenges unresolved. All versions
f the modifications lead to increasing viscous effects with increasing
urbulence Reynolds number for a range of this number. In particular,
he Bao/Romero and Fordoei versions lead to very strong viscous effects
t a very high (103) turbulence Reynolds number.

Some of the effects intended by the modifications are already avail-
able in the standard EDC through the factor 𝜒 , which is left out in
the models by Parente/Evans and Bao/Romero, while included by
Lewandowski and by Fordoei et al.
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