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Abstract

The purpose of this thesis is to calculate the relativistic correction to the gravitational
waves produced by compact binaries in the inspiral phase. The correction is up to the next
to leading order, the so-called first post-Newtonian order (1PN), which are correctional
terms proportional to (v/c)? compared to leading order, Newtonian, terms.

These corrections are well known in the literature, even going beyond the first order
corrections, so why is it computed again here? In later years, an alternative approach for
computing these terms using effective field theory has emerged. This thesis investigates
this approach by replicating it, and attempts to make this approach more accessible to
those not familiar with effective field theories.

It has been claimed that this approach greatly simplifies the complicated calculations of
gravitational waveforms, and even provides the required intuition for ‘physical understand-
ing’. By this master student that was found not to be entirely correct. The calculations
were made easier for those with a rich background in quantum field theory, but for those
who are not well acquainted with quantum field theory this was not the case.

It was, however, found to be a worthwhile method as a means for deepening one’s
understanding of gravity, and might provide a shorter route for some alternative theories
of gravity to testable predictions.



Sammendrag

Hensikten med denne oppgaven er a beregne den relativistiske korreksjonen til gravitasjons-
bglger som er produsert av kompakte binsersystemer i spiral-fall fasen. Korreksjonene er
av den sékalte forste post-Newtonske orden (1PN), som er korreksjonstermer proporsjonal
med (v/c)? sammenlignet med ledende, Newtonske, termerene.

Disse korreksjonene er velkjente i litteraturen, og gar til og med utover korreksjonene av
fgrste orden, sa hvorfor blir de beregnet igjen her? I nyere tid har en alternativ tilnserming
for & beregne disse stgrrelsene ved hjelp av effektiv feltteori dukket opp. Denne oppgaven
undersgker tilneermingen ved a reprodusere dem, og prgver & gjgre metoden mer tilgjengelig
for de som ikke er kjent med effektive feltteorier.

Det har blitt hevdet at beregningen av gravitasjonsbglgeformer kan gjgres mye enklere
ved & bruke denne tilngermingen, og til og med gir den ngdvendige intuisjonen for ‘fysisk
forstaelse’. Ifglge denne masterstudenten er ikke dette helt riktig. Beregningene ble gjort
enklere for de med en spesialisert bakgrunn i kvantefeltteori, og for de som er mindre kjent
med kvantefeltteori var dette ikke tilfelle.

Det ble imidlertid funnet & veere en verdifull metode som et middel for & utdype for-
staelsen av tyngdekraften, og kan gi en Kkortere rute for noen alternative teorier for grav-
itasjon til testbare forutsigelser.
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Chapter 1

Introduction

1.1 Binary inspirals and gravitational waves

One the 14" of September 2015 the world was shocked, ever so slightly. So slightly in fact
that the only reason we know about it is thanks to the effort of the Laser Interferometer
Gravitational-Wave Observatory (LIGO), who measured this faint strain in their detectors.
After careful testing and retesting, LIGO published their results on the 11*" of February
2016 [1]. They concluded that the event, called GW150914, was a gravitational wave (GW)
produced by the merger of two black holes, and was the first directly detected gravitational
wave event in human history.

With the announcement of the historic detection of GW150914 came promises of a new
era of astronomy, now equipped with a brand new type of data to constrain astronomical
theories. Popular science lectures and books were given and written, and at the height of
this hype I started my bachelor’s degree in physics. Fascinated by these mysterious waves I
wanted to learn more about them, and when the time came to pick a topic for my master’s
thesis I requested to work on gravitational waves.

My supervisor and I decided to work on relativistic corrections to the binary inspiral,
using field theoretical methods. To date, all confirmed GW events are thought to be pro-
duced by compact binaries. A compact object is a black hole (BH) or neutron star (NS),
and a compact binary is a system consisting of two compact objects. When compact ob-
jects revolve around each other they produce so called gravitational waves which dissipate
orbital energy from the system. As a result the compact objects fall toward each other,
and in the end collide and merge together.

The problem with compact binaries is that they are too heavy and fall too close to
each other to be adequately described by Newtons law of gravity. Although the two body
problem has a general solution in Newtonian mechanics, there is no known equivalent
solution for the two body problem in general relativity, only the one body problem. To
combat this issue, researchers have followed one of two approaches.!

1Or tried to find the actual, analytical, solution.
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Inspiral Merger Ringdown

Figure 1.1: The evolution of compact binaries in three phases.

1. Solve the full, non-linear, Einstein’s field equations numerically for the binary system
in question.

2. Use an approximate, analytical, solution and perturbatively expand it to account for
relativistic corrections.

This thesis will focus on analytical approximations. With numerical simulations one obtains
a picture of the dynamics at an arguably very high accuracy, but due to the complexity of
Einstein’s field equations this is computationally costly, i.e. takes a lot of time and com-
puting power. Furthermore, analytical expressions provide information about important
quantities and intuition about the most important physical effects at play, that one simply
does not gain from computer simulations.

In order to expand an analytical solution relativistically one first needs an approximate
solution to expand. For this it is useful to divide the evolution of the compact binary into
three phases, see Figure 1.1. The first phase is called the inspiral phase. Here the compact
objects orbit each other at a distance, gradually falling closer together due to the emission
of gravitational waves. Once the bodies are so close that a collision is imminent (typically
when they ‘touch’ or form a common event horizon) the system becomes highly non-linear,
and enters the so-called merger phase. After the two objects have merged into one, the
system enters the ringdown phase, in which the system can be described as a one body
problem, but with remnant asymmetries from the merger. Typically, the merged object’s
asymmetries oscillate around the Kerr solution and gradually dampen down, hence the
name ringdown.

This is a useful division of the binary evolution as the different phases lend themselves
to different approximations. The first phase, the inspiral, can be approximated as Kep-
lerian orbits since the leading order term in the equations of motion is the Newtonian law
of gravitation. The last phase can be approximated as a Schwarzschild or Kerr solution
with perturbations. The merger phase is sandwiched between these two widely different
approximations and is dominated by non-linear effects. Thus the merger phase has no good
analytical approximation and must be simulated numerically.

In this thesis I will work with the analytical approximation of the inspiral phase.
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1.2 Structure of this thesis

As we will see in Chapter 3 the frequency of the gravitational waves produced by compact
binaries are directly dependent on the frequency at which the source oscillates. Therefore,
the waveform of GWs measured here on Earth provides information about the dynamics of
the binary which produced it, and can be compared with the predicted dynamics according
to general relativity. This is why GW observation is a precise tool for constraining theories
of gravity.

To motivate these computations, Chapter 2 starts off by computing the waveform, us-
ing results from following chapters. Then in Chapter 3 an alternative path to gravity is
presented, that of a gauge field theory on a static space-time background. It is demon-
strated to recover the main results of standard linearized gravity, which is the Einstein’s
field equations expanded to linear order in metric perturbations over flat space-time. In
Chapter 4 and 5 the main results needed to compute the waveform in Chapter 2 are de-
rived, using the effective field theory (EFT) based on the material presented in Chapter 3.
Then the thesis ends with Chapter 6, which is concluding remarks on the effective field
theory approach to gravitational waves.

This is a form of top down approach, starting with the final result (the waveform)
and working back to the fundamental assumptions behind it. This structure has been
chosen because of the large amount of laboursome calculations leading to the gravitational
waveform, and it will hopefully provide the overview needed to understand the motivation
for each calculation as it appears.

1.3 Why effective field theory?

In 2006, Goldberger and Rothstein |3] wrote a paper showing how the gravitational waveform
could systematically be calculated to any post-Newtonian (PN) order using EFT formal-
ism. Post-Newtonian expansion is ordering results like energy, the equation of motion,
radiated energy flux, velocity, etc. as the Newtonian result plus relativistic corrections,
usually expanded in factors of v/c.

E.g.

E= ENewt

1+iEZ- (Z)Z] . (1.1)

=2

Here ENewt - Fi (%)Z would be the %PN term of the energy. This scaling as half the v/c
power is chosen to represent the PN order such that the leading order correction is 1PN.

In this thesis, working with fields on a non-dynamic, flat, space-time will be referred
to as field theory, or the approach of field theorists, like Goldberger. This is supposed
to be contrary to traditional geometrical theories of gravity, in the spirit of Einstein,
which will be referred to as the approach of relativists. By any normal definition however,
general relativity and its interpretation by relativists, is a field theory. But they work
with dynamical space-times, making it conceptually and mathematically quite differently
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formulated. Therefore, these constructed labels of field theorists and relativists will be
employed in this thesis to emphasize the difference in approach.

Formulating the computations in the language of field theorists, Goldberger and Roth-
stein unlocked all tools, tricks, and language usually reserved for quantum field theory
(QFT). Since then, this approach has been argued by field theorists to be easier and faster
than the traditional relativist approach. One of these field theorists, R. Porto, has even
claimed [4]

“l...] that adopting an EFT framework, when possible, greatly simplifies the computa-
tions and provides the required intuition for ‘physical understanding’.”

My supervisor, a self-proclaimed relativist, got curious, and wondered just how easy
the effective field theory approach would make the computation. Therefore, he asked me
if I would try to go through these computations, to test if they made the computation
manageable even for master’s students. My comments on Porto’s claim are given in the
discussion of Chapter 6.

With verifying or refuting Porto’s claim as the ultimate goal of this thesis, it is mostly
written as a relativist’s guide to a field theorists’ approach to gravitational waves. It should
also be useful for those with a field theoretical background who wish to understand how
Feynman diagrams can be used in classical gravity, and gravitational wave physics.

1.4 Notation

This thesis uses the mostly positive flat space-time metric

-10 0 0

0 100 .
T =10 0 1 0 Flat metric

0 001

Four-vectors are written with Greek letter indices, and spatial vectors with Latin letter
indices. The Einstein summation convention applies.

o= (2%, ) = (ct, x) Four-vector
0, = i = (1@ V> Four-gradienet
r Qxm c
diz = da' Pz = cdt d3x Integration volume of space-time

Notably, the action is defined as

4
S—/dtL—/dIE,
C

with L and £ being the Lagrangian, and Lagrangian density, respectively.
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These tensor index notations are also used.

1

T ] =5 (T;w -T V”) =A Antisymmetrizing operation

uv

1 .. .
Ty = o (T;w + Tvu) =S Symmetrizing operation
T=T,"= naﬁTaﬁ Trace of tensor
Lo =0,T), Partial derivative
Tyo® =0,0T, =0T, d’Alembertian operator
— 1
T, = 3 (Tuv +71,, —1°% 77#,/) Bar operator

Colons will also appear in indices, but these have no mathematical meaning. Colons are
simply used to separate pairs of indices that have distinct roles. E.g. could Tz = SH,
Lastly, the Fourier transform, and inverse Fourier transform are defined by?

4. L
F(x):/(;iﬂl;F(k)ezkﬂ ,

Flk) = / e F(z)ehor”

2Note that for most of this thesis, the tilde over the Fourier transformed function will be dropped, as
the argument (z or k) gives away whether it is a real-space or Fourier-space function.



Chapter 2

The gravitational waveform

In this chapter the gravitational waveform will be computed, both in the time domain
(2.19) and in the frequency domain (2.26).
The computation follows standard methods, like presented in Arun et al. [5].

2.1 Setting up the equation for the gravitational waveform

2.1.1 What is a waveform?

As inferred by the name, gravitational waves are waves, which is to say they are solutions
of the wave equation.
o v?)h,, =0,0,, =0h,, =0 2.1
<_6(ct)2+ ) wr — Ya uy = puy — Y- ()
Here the d’Alembert operator, also called the d’Alembertian, O has been defined, which is
the operator of the wave equation.

A simple solution to equation (2.1) is h,,,, = ewe_““ffxd, with k k# = —k¢+k* =0,
and where €, is some z/-independent tensor structure. The exponential is a plane wave
solution, according to Euler’s formula (C.1).

Gravitational waves are rank two tensors, which means they have two indices and
therefore 4 x 4 = 16 components. It is also symmetric in these two indices: h,, = h,,,
which means that only 10 of these components are independent. The reason gravitational
waves are rank two tensors follows in the relativists’ approach because h v 18 a perturbation
of the metric g,,,, = 1, +h,,,, where 1, is the flat space-time metric. In the field theorists’
approach it is because gravity is the effect of a massless spin two field. ¢, is the polarization
tensor of GWs, and since it is a massless field it only has two independent polarizations.
Gravitational waves are transverse, and thus eijkj = 0, i.e. the amplitude direction given
by the polarization is orthogonal to the direction of propagation k.

To solve the wave equation, the wave four-vector had to be null-like. This implies further
that the wave itself must travel at the speed of light, v = % = %TZT = c¢. This is also a
consequence of i, being a massless field.
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Because of the linearity of the wave operator, any sum of such exponential (or trigo-
nometric) terms will also be a solution of the wave equation. The most general solution is
thus, a sum over all null-like wave-vectors k,,, and an expression which also leaves h,, as

M’
a real function.!

o (2) = / % {(k)e ™ + af, (ke }. (2.2)

The expression above being real follows from the observation hLV (z%) = hy, (%), which
can only hold for real numbers. Here wy = |k| = ko, which is to make the wave null-like,
also known as ‘on shell’. For a derivation of this solution, see Appendix A.

The coefficients a,, (k) are used to select particular solutions based on some initial
condition, and are left to be determined.

The frequency of the wave turns out to be integer multiples of the frequency at which
the source binary orbits, which will be demonstrated in Chapter 5. Thus, it can be approx-
imated as

hij(t) = € Y an(t) cos(n®(t)), (2.3)

n=1

where ®(¢) is the phase of the source binary. The waveform describes what kind of wave it
is. an(t) can be found, but the most important factor for detection of gravitational waves
is contained in ®(¢). The reason for this is that gravitational wave detectors receives faint
signals with amplitudes close to the amplitude of noise. However, the frequency of GWs is
different from the major noise factors, and can thus be extracted using Fourier analysis.
Therefore, in the rest of this chapter, and much of the literature, the word waveform will
be used interchangeably about the phase, as it encodes information about the frequency
spectrum.

The orbital energy for circular, Newtonian motion is related to the frequency as E =
—%mﬂ = —%M(GMw)2/3, using v = wr and Kepler’s third law,

GM
w? = e (2.4)
to eliminate 7 in favour of w.?

The approximation of circular motion here might seem over idealized, but it turns out
that the effect of gravitational wave emission on elliptical orbits is to circularize them.By
the time the binary’s frequency enters the detector range, near the time of coalescence, the
orbits have become very circular, making circular orbits a sensible approximation.

Noting that the energy was easier to handle with v rather than w, as it has integer
powers instead of fractional powers, one may use v = (GM, w)l/ 3 as a proxy variable for
the frequency. Note that as a Newtonian approximation this variable coincides with the

!The exponential function with an imaginary argument is a great shorthand for trigonometric functions,
but all observables must in the end be real valued.

2How v, w, and r are related follows from the EoM, which are presented in their 1PN form in (4.57)-
(4.59).
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relative velocity parameter, but this is no longer the case after relativistic corrections are
accounted for.
Then the phase of the orbit can be expressed as

d® v3 v3

—_— = = — = d@:— dt. 2'5
dt GM GM (25)
Sadly v = v(t), which at this point is still an unknown function of time. However it is
known that v must evolve with time according to how the orbital energy evolves with
time.

2.1.2 Time evolution of orbital energy

The differential equation governing the dynamics of the orbital phase is

BT F, (2.6)
with E the energy associated with conserved orbital motion, and F the total energy flux
out of the system by means of GWs. This is nothing but energy conservation for a gravit-
ationally bound system.?

Both E and F can be analytically expanded in a relativistic parameter, like (v/c). This
requires a separation in scale, where on the short timescale the motion is conservative and
has energy F, while on the long timescale the system loses energy to gravitational radiation
at a rate F, leading to an inspiral. This requires the inspiral to happen slowly compared to
the orbital motion, so that at any one moment the motion can still adequately be described
by Newtonian motion. Thus, it only works for relatively small values of F, such that the
objects do not fall down too rapidly.*

Luckily, to leading order the flux term is suppressed by a factor of ¢ compared to
the leading order term of the energy. Thus, the approximation of so called quasi-stable
circular orbits and post-Newtonian formalism holds surprisingly well, even when compared
to numerical simulations of the full Einstein equations (see Borhanian et al. [8]).

As will be demonstrated in Chapter 4 and 5, the orbital energy (4.63) and energy flux
(5.36) can be expanded in terms of (v/c) as

3Tt is not obvious that energy should be conserved however. In full GR there is no trivial argument
why there should be a conserved energy quantity [6], but in the post-Newtonian expansion the dynamics
are expanded around the Newtonian problem, in which energy is conserved. Thus it it can be taken to be
an artifact of the Newtonian background of which the solution is expanded in. Note however that energy
conservation is not controversy free [7].

4Later in this chapter it will be shown that the requirement of slow infall can be fufilled by having
w/w? < 1 (see equation (2.21)), which is equivalent to having the orbital velocity wr much greater than
infall velocity 7.
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Since v is just a proxy for the frequency the expression (2.7)-(2.8) would be different
expressed in terms of the actual centre-of-mass frame relative velocity.

Here p is the reduced mass and 7 is the symmetric mass ratio, see Appendix B (and
specifically equation (B.5)) for their definition and the motivation for introducing such
mass terms.

Up to (v/c)? order corrections define the first post-Newtonian order, or 1PN for short,
and is the leading order correction. This has started the convention of calling terms ~
(v/e)* for iPN order corrections, e.g. the leading order, Newtonian, term is 0PN order.
This has a somewhat awkward effect, since not all terms are even powers of v/c, already
the next order correction is ~ (v/ 0)3, and is thus of 1.5PN order. Higher order terms of
both the energy and flux, and the final result of this chapter: The waveform, can be found
in papers like Arun et al. [5].

Using equation (2.6) the time evolution d¢ can be expressed in terms of v as

(2.7)

(2.8)

ol

1 1dE
dt=—=dF =—-=—dv. 2.9
F Fdv ' (29)
Substituting (2.9) for d¢ in (2.5) results in the final expression for which the waveform can

be derived (using (2.7)-(2.8))

v® 1dE

Solving (2.9) will provide v as a function of time. We proceed however by computing
® as a function of v directly rather than of time, as ultimately to be compared with
experiments it is the waveform in the frequency domain (which will be called W) which is
needed. As already mentioned, this is because the signal is filtered in the frequency domain,
and therefore the highest resolution is in the frequency spectrum.

2.2 Computing the waveform

2.2.1 Computing the waveform as a function of time

In order to compute ®(¢) it is convenient to first compute ®(v) (equation (2.14)), then v(t)
(equation (2.17)), and lastly ®(t) = ®(v(t)) (equation (2.19)).
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Computing the waveform as a function of frequency

Combining (2.10) with (2.7)-(2.8) yield up to 1PN

3 1247 35 \ 2] ' d 3001\ o2
& =__—_ _F7L 7101 T 2 = |E 2(1 2 pl=
4® = —Gar New? [ +< 336 12") c2] dv[ New? \ T T TR 2 )|

—2 Bxewt 114 (=3 — gn) /e 2 By LLav?/e
= — v= — v. .
GM Fews v9 1+ (—% — %n) v2/c? GM Fxews v8 14 fov?/c?

To evaluate this integral it would be advantageous to write the last fraction in an easier
form. Utilising that v/c is small the last fraction can be Taylor expanded around v/c = 0
up to 1PN.

Preforming the Taylor expansion results in

1 + ax for z~0

2
Tt Bz 1+ (a—=p)z+ BB —a)z”+...

This result inserted in (2.11) yields the easily integratable 1PN expression

2 ENewt 1 743 11 1\ 02
dd = ———— = {1 —— 4 p) = bdo. 2.12
GM Fewt V9 { * <336 3 ”) N (2.12)

Integrating to obtain ®(¢) = ®(v(t)) one must choose a reference point in time, usually
referred to as tg. For binary inspirals this reference point is canonically chosen to be the
moment of coalescence t. (see Maggiore 9] chapter 4), which for the duration of the inspiral
is in the future. Therefore, the integration variables should go from v(¢) to v. = v(t.), but
a multiplication of —1 to both sides can flip this order. Performing the integral finally
provides ®(v)

2 ENewt / —6 743 11 \ v*|
D(v) = D, — ——ewt 14+ (== +=—n) = td
()= e = e o, s T2 E (v
/_ (2.13)

Vs fy 5 u e
5 3\336 74" 2

v/ =v,

2E‘Newt

= o DAk A S
et GMFNewt

Collecting all constant terms into one phase constant ®g, writing out ENewt and FNewt
from (2.7) and (2.8) respectively, results in the final result for the waveform as a function

of v
1 e 3715 55 \ v? v3
Do) =Dg— —— — 14+ (2240220 1o =) L. 2.14
(v) = o 25nv5{+<1008+12n>02+ <c3>} (2.14)

The phase is dimensionless, as one should expect.? To obtain the waveform as a direct
function of time the frequency parameter v must be given as a function of time.

By definition the frequency measure v = (GMW)I/B has dimension of velocity, in accordance with the
symbol used.
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Computing the frequency as a function of time

The frequency parameter v as a function of time can be obtained from the differential
equation (2.9), in an equivalent fashion to how (2.14) was derived.

1dE M . 2 FNow 4 11 2
g LAE GM o1y 2By tvg{1+<73+n> ”2}@, (2.15)
C

F dv v3 FNewt 336 4
5 GMc® g 8 (743 11 \ v?
= te—t=— Bl =+ =n) =¢. 2.16
¢ % g 7 { +6<336+477>02} (2.16)

Notice that t. — ¢t was chosen for the left hand side (LHS) such that the expression
on the right hand side (RHS) becomes strictly positive. This is desired because both sides
must be raised to the negative one 4" power, in order to produce a quadratic equation of
v?. Taking the square root of the resulting solution for v2, and Taylor expanding it to the
1PN order yields the expression for v(t).

Following the aforementioned procedure, and using 7 = t. — ¢, the frequency can be
determined to be

¢ (5GM\Y® | 743 11\ [/5GM\*
=< REVAD O T (i i BN 2.1
v(m) =3 ( 3 ) ’ * (8064 * 96”) ( A ) ’ (2.17)

By the definition of v, the actual frequency w(7) = v3/GM can be computed as well,
for completeness.

5 (5GM\ 4 8 (3715 55 \ 3 (5GM\Y* |
=2 AL 2 (2D ) 2 “UAL L (2.8
w(r) 8( 3 ) T +5<8064+9677>8<c377) T (2.18)
This result can be compared with e.g., Maggiore |9] (equation (5.258) on p. 295). Note

that he, and most of the rest of the literature, use dimensionless variables®, but the 1PN
part of the expression is equivalent to (2.17) and (2.18).

Computing the waveform as a function of time

Substituting (2.17) for v in (2.14) yields

5GM\ 8 . 3715 55 \ /5GM
— dy — /8 ofr9 99 —1/4
O(7) = Py < 3 ) T 1+ (8064 + 9677) < o > T . (2.19)

All that remains now to obtain the waveform is to find the amplitude of the different
harmonics, and multiply them by cos(n®(7)). The result can be seen in Figure 2.1a.

In Figure 2.1a it is clear that 1PN corrections does not affect the amplitude much
directly, but it has significant effect on the time evolution of the phase, and hence the
frequency spectrum. It is however noticeable that the phase of Figure 2.1a does not match
up with Figure 2.1b. Either higher order corrections are required, or the model breaks
down for such low values of 7.

SThese are commonly denoted = = v?/c? = (GMw/c*)?/3, v = GM/rc?, and © = (5GM /nc®) " (t. —t).
Preforming the substitutions for (2.17) should be straightforward.
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Hanford, Washington (H1)
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(a) Waveform including (red) and excluding (blue) it ::v:n:;::)a
T T 1 1
first order corrections. The waveform was plotted for 0.30 0.35 0.40 0.45

values matching those of Table 1 of Abbott et al. [1].
The plot depicts the waveform as seen in the detector
frame, i.e. cosmologically redshifted.

Time (s)

(b) Data and model by LIGO for GW150914,
published in Abbott et al. [1].

Figure 2.1: Waveform based on computations of this thesis (a) and LIGO’s data and
model (b) for comparison. The plots share a similar structure, but it is clear by figure
(b) that the signal-to-noise ratio is small, and much of the early-time structure is ‘washed
out’ by noise. That is to say, both the signal and the model in (b) has been filtered by
frequency, making the plots somewhat jagged. Plot (a) has not been filtered. In figure (a)
the amplitude diverges at ¢ = 0.425s, while in the in (b) it does not. This is because the
inspiral model breaks down here, and the merger phase takes over.

2.2.2 Computing the Fourier transform of the waveform

To obtain the high sensitivities in GW detections the signal is Fourier transformed, in order
to show which frequencies dominate the signal. This frequency spectrum can be compared
to theoretical predictions to determine factors like the total mass at OPN, symmetric mass
ratio at 1PN, and more parameters at higher orders, e.g. spin at 1.5PN [5] and finite size
effects like tidal deformation at 5PN [10].

In order to compare data with theoretical predictions these predictions must also be
expressed in the frequency domain. Therefore, the desired waveform is W(f), which is the
phase of the Fourier transformed waveform.

The Fourier transform and stationary phase approximation

To compute the Fourier transformed B(f) of some function B(t) the stationary phase
approximation (SPA) can be used, and it is commonly utilized to compute the Fourier
transform of (2.3). Standardized in GW physics by Cutler and Flanagan [11] it approxim-
ates
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for B(t) = A(t) cos(®(t)),

i ~1/2
= B~ A0 () ewliast- o) - /)
) i (2.20)
= Law <dt) exp{i¥(f)},
. din(A(t)) _ d® d2® do\?
provided —a < ’r and FTel < <dt>

This is exactly the type of expression which describes GWs (2.3), and the conditions
do indeed apply to the inspiral phase.

The leading order amplitude scales as v? ~ 7-/4 (2.17) (also, see equation (3.67) in
the next chapter for why the amplitude scales as v?), while d®/dt = w(7) ~ 773/8 (see
(2.18)). Thus, for large 7, which is the time remaining till coalescence, dln(a,(t)) /dt ~
Irt<w(r) ~ 7738

As for the last prerequisite it can be shown to hold for quasi-stable circular orbits.
Taking the time derivative of Kepler’s third law (2.4) results in

GM
sy = —Bi o = —3-w?,
T T
- 2w
—_— = —— 1. 2.21
wr 3 w? < ( )

For quasi-stable circular orbits the inspiral must be slow compared to the orbital motion,
and thus the radial velocity (7) must be small compared to the tangential velocity (wr),
since for perfectly circular motion their fraction is identically zero. From Kepler’s law this
implies also that w/w? < 1 — d < 2, which is exactly the condition required to use the
SPA.

This in hand also provides an estimate for the validity of this approximation, as w is a
known function of time (2.18)

2w (218) 2 [5GM\/®
307 = 5( - ) T8« 1. (2.22)

This expression is indeed small for most values of t < t..

Since the most important part of the waveform for comparisons to experimental data
is the frequency spectrum, the last computation of this chapter will be of the Fourier
transformed phase W(f).

Computing the SPA waveform

From equation (2.20) the phase of the Fourier transformed waveform can be approximated

as v3
Wspa = 27 ft(f) = B(f) = wi(w) — B(w) = Zt(v) — (o). (2.23)
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®(v) being given by equation (2.14), and t(v) by (2.16), ¥(v) can easily be computed.
v3 v3 51¢ 8 (743 11 \ o2
—tv)=—=—te —=<——=31+=|z=+—7m) 5 +... 2.24
' = Garte 28nv5{ +6<336+4"> 2t } (224)
3 5 2
v 3 1c 3715 55 \ v
v =—+t.—P ———x<1 —t+—n | +... ;. 2.25
sea(v) = Gppte 0+256nv5{ +<756 + 977) 2T } (225)

Lastly the phase can be expressed in terms of the physical frequency by using v =
(GMw)Y/3 = (2nGM £)'/3.

wlon

3 [2nGM[f\
Wepa(f) = 27 fte — ®o + 256 (C3>

(3715, 55 ) (2mGMY 3
756 9 3 '

This is indeed equivalent to the expression found by Arun et al. [5] (equation (6.22),
page 21) up to 1PN, with some difference in notation.

In order to compute this waveform all that is needed is the PN expansion of the orbital
energy, and the GW energy flux, both associated with stable, energy conservative, motion.
In [5] these were provided with references to other papers.

In a sense, (2.26) is the final result of this thesis, computation wise, but it now remains
to justify the expressions used for the post-Newtonian expansion of the orbital energy (2.7),
and energy flux expansion (2.8), which will be derived in Chapter 4 and 5 respectively.

(2.26)




Chapter 3

Gravity as a gauge theory

In this chapter the fundamental theory by which the orbital energy and energy flux will
be calculated is derived. How can Einstein’s general relativity be described as a classical
field theory, and then recast into the language of EFT.

The derivations presented in this chapter largely follows those presented in Feynman
[12], with supplements from Maggiore [9] and Porto [4].

3.1 Background

The modern theory of gravity is partially split between two traditions. On the one hand
there is the geometrical tradition following Einstein’s approach by interpreting gravity as
the effect of a curved space-time, which is curved according to the Einstein’s field equations.
The followers of this tradition may be called relativists. On the other hand there is the
tradition of using the formalism of Lorentz invariant fields on a static, Minkowskian, space-
time, inspired by its monumental success for electrodynamics and quantum theory. The
followers of this tradition may be called field theorists.

Though these traditions are not entirely separated, the two different interpretations
lend themselves to different natural extensions of general relativity. Thus the two traditions
tend to separate relativists and field theorists by which theories they work on.

In this thesis the 1PN phase of GW produced by compact binaries are computed
using the formalism of field theory. Familiarity with basic quantum field theory (QFT)
is expected, but the derivations are otherwise supposed to be elementary.

Feynman and gravity

One of the more famous field theorists, R. P. Feynman had a “gravity phase” from 1954 to
the late 1960s (Di Mauro et al. [13]). After having worked on the foundations of quantum
electrodynamics, Feynman sought to uncover the quantum nature of gravity pursuing a
similar method. He reckoned that gravity could, similarly to electromagnetism, be perturb-
atively expanded with respect to its coupling constant, and then quantized by quantizing
the frequencies.

15
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Quantizing gravity turns out to be a little more complicated than that, but Feynman’s
approach to classical gravity as a massless, spin 2, gauge field has made a lasting impression
on gravity physics, especially in the context of GWs. This approach can be studied in the
lecture notes from his lecture series of the 60’s [12].

3.2 Fierz-Pauli Lagrangian

To linearized order, the Einstein-Hilbert action of general relativity is equivalent to the
massless Fierz-Pauli action from field theory [14].

3.2.1 Deriving the graviton Lagrangian

When Feynman set out to study gravity, he took the mindset of a field theorist who until
recently was unaware of gravitation, and just now have been presented with data suggesting
that all masses attract other masses according to an inverse square law, proportional to
the product of their masses,

mimsar

F~—

3

Feynman envisioned this as the mindset of aliens on Venus who had just now acquired
the technology to pierce through the atmosphere and measure the movement of the planets,
but were still our equals in particle physics.

Their first impulse would probably be to guess that this is an unknown effect of some
known field. After finding no field that could replicate the solar system observation, their
next guess would be that there exists a new kind of field which mediates this mysterious
force. Calling this hypothetical field the graviton field, and its associated quantum particle
the graviton, the Venusians would next try to uncover its structure.

To construct the Lagrangian for this new force of nature they would determine that it
has to be of even spin, and thus an even tensor rank, for the resulting static force to be
attractive for equal charges, where the charge for the graviton field would be mass. For the
force to go as an inverse square the field must also be massless.

Lastly, it must couple to all matter equally, but it must do so in a relativistic way.
The natural suggestion is to somehow couple the field with the four-velocity of the source,
like how the electric charge which the electric field couples to is promoted to the charge
density four current j# = v 1pu”, and couples to the vector potential A, = (¢/c, A;).
See Gourgoulhon [15] or other textbooks on relativistic field theory.

However, to let the graviton field couple to all fields a natural candidate is the energy-
momentum tensor 7", induced by field invariance under space-time translations. Incid-
entally, for a point particle it is constructed by the four-velocity of the source: TH =
vy IptuY = 4L putu¥. Now for a scalar field it can be contracted to form a scalar, the
trace, which is proportional to the mass density. Alternatively, a field of higher tensor rank
can couple to the indices, also coupling the field to the mass density in the static frame
THY — TOO(S,LLO(SVO_

The spin zero / scalar field is a candidate for the graviton, but fails to couple to
the electromagnetic energy-momentum tensor, as the electromagnetic energy-momentum
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tensor is traceless. It also fails to predict the perihelion procession of Mercury correctly
[15].

Thus, the Venusians would probably try a massless spin 2 field next. Since massless
fields only have one (spin s = 0) or two degrees of freedom (helicity = +s) the symmetric
spin two field should be easiest to work with, as it will have 10 — 2 = 8 redundant degrees
of freedom. The antisymmetric field by comparison only have 6 — 2 = 4 redundant degrees
of freedom.

Thus demanding the Lagrangian to be composed of a massless, symmetric, rank two
tensor field there are only four unique terms, containing only second / two derivatives,
after considering partial integrations:

Two where the index of the tensor and the index of the derivative differ.

1. hy,, P

p,p
And three where two of the indices contract for the individual h,,.

3. hw" W',
4. hy"h* with  h=h,°
5. h It

Note specifically that term 2. and 3. are the same after two successive partial integrations
By B0 = —h, WPy = VPP 5. Some texts use term 2. (like Maggiore [9]), but here
term 3. will be employed (like in Feynman [12]). Thus, the free part of the Lagrangian!
must be of the form

L=ah hHVP 4 thlW:VhMP’p + aghw,’”h’“ + a4h7uh’“. (3.1)

wvsp

It is possible to determine all the coefficients a1_4 by imposing gauge invariance on the
equation of motion (EoM). The EoM for fields is determined by the Euler-Lagrange equa-
tion (3.2a) (see e.g. Goldstein et al. 2|, or Kachelriefs [17]), and for (3.1) the equation of
motion becomes (3.2c).

oL oL
f%amww_ahm,_o (320)

=0, (2a1h’“”p + agn”’h*? o+ agnPh”? , + agn”Pht + aznt R, + 2a477“”h”’) (3.2b)
— 2a1h‘””pp + agh“p’l’p + aghl’p’“p + agh’“”—i—agn“”h’w’pg + 2a417“”h’pp =E".  (3.20)

From the action of £ + Lin = £ + 2h, T the inferred EoM should be

2w
—uv 1 uyv
B = AT, (3.3a)
T, =0 = E" =0 (3.3b)

)

Terms ~ h' and h° only contribute constants to the equation of motion, and can thus be removed by
field shifts. Terms proportional to k2, but with no derivatives, determine the mass of the field ~ m2hh, and
must therefore be zero for massless fields. Lastly, the Lagrangian must be a scalar in order to be Lorentz
invariant. There are no contractions of only 1 derivative and two h’s that can produce a scalar. Therefore,
to leading order in h"™, the Lagrangian must consist of terms proportional to h? with two derivatives. See
e.g. Schwichtenberg [16], page 573-575, for a more detailed discussion.
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Equation (3.3b) can be used to fix the coefficients of equation (3.2¢), and thus also the
Lagrangian.

E‘U‘VW = Dh‘uVW(QCLl + CLQ) +04d h’“(ag + 2a4) + hp”’“pg(ag + a3) =0,
1 1
= a1 = —§a2 = 5&3 = —ay. (3.4)
Thus a Lagrangian of a symmetric, massless, rank 2 tensor field which couples to
a divergenceless rank 2 tensor field (e.g. Lint = —%hWT‘“’), consisting of only second
derivatives, in a flat space-time, must to second power of h take the form of the massless
Fierz-Pauli Lagrangian [14]

1 1
L‘FP — _§hMV7PhMV’p + huy,uhupﬂo _ hlw,l/h,u + ih’uh:u' (3.5)
Here the overall factor has been set to a; = —1/2.

3.2.2 The equation of motion and gauge condition

The EoM for Lpp + %)\hWT’“’ follows directly from the Euler-Lagrange equation (3.2a) as

P7 —Oh) = Ap (3.6)

~ Oy, +25%, 0 — 5T

= M (Mo

This is equivalent with the equation of motion found in the linear approximation of
general relativity, for an appropriate choice of A (see e.g. equation (1.17) of Maggiore [9],
or equation (9.16) of Grgn and Hervik [18])

Varying the Fierz-Pauli action directly should also provide the equations of motion

SLrp SLpp SLrp SLpp
SLpp = hy + 2 5h,, = 9, oh,, + Sh,,
Sty BT Sl T Sl P T SRy, O
_ [6Lpp SLpp e
=5 a, S oh,, = —EM 6h,, = 0. (3.7)

This automatically holds because of (3.2c) (E* = 0). But (3.7) can also be solved using
the condition (3.3b), ", = 0. Letting 6h,, = —=¢,, — &, , it is easy to show that the
action stays invariant under this type of transformation, using partial integration.

(3.3b)

5['FP = EM (6#,1/ + flj,p,) = _Euu,uf,u, - Euy,,ufz/ = _25#11,1/5;1, =0 (38)

Thus the following transformation of the field leaves both the EoM and the gauge condition
invariant.

h,ul/(x) - h,u,l/(x) + 6h,u,1/($) = h,u,u(x) - g,u,z/ (1") - fl/,u ($) (39)

Again, this is equivalent to the gauge condition found in linear theory when linearizing
metric invariance under change of coordinates (see equation (9.9) of Gren and Hervik [18]).
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Also introducing the commonly used bar operator, which symmetrize tensors and changes
the sign of their trace,

S, =

" (spy +—5;M-—‘S”Unﬂy), (3.10)

N =

the gauge condition for the barred h-field is obtained by transforming (3.9) as (3.10),
resulting with

B}U/(x) — ]_Iw/(x) - gu,u(x) - gu,u(x) + nuugaﬂ(m) = B/u/(x) - guy(x>' (311)

Thus the divergence of this barred field transforms as

h, = bt —0E,. (3.12)
As ¢, can be any vector without changing the EoM, it can be chosen such that 1§, = BW’V,

shifting the field such that E'W’V = 0, which is to impose the Lorenz gauge?.

Lorenz gauge condition :

hy," = 0. (3.13)

The exact expression for §, can be obtained by method of Green’s functions, but this is
unnecessary to compute. Simply keeping in mind that A’ W’” = 0 shall suffice to simplify
the Lagrangian (3.5). Notice that the following terms must be zero, using again (3.10), but
in reverse.

7 v v 1 v
hw/ =0= h/u/ — 577Wh’ , (3.14a)
_ _ 1
WV N2 _ WV Vs )
B WPy = 0% = oy U = BB h (3.14b)

Adding and subtracting 0 from the Lagrangian should change nothing, and thus the fol-
lowing expression can be used as a gauge fixing term (gf)

7 v, v vy, 1 s
Lot = —hy "W = | =hy "W,y U — Zh,uh "l (3.15)
= L+ Lin =L Lo+ Ling = 1h hHvP 1h h# )\h Ui 3.16
@ T Lint = LEp + Lot + Lint = =5, Tt S (3.16)

with the subscript (2) to signify that this is the action to quadratic order in h.
The EoM of L) + Lint is the familiar

1 . A
O <hW ~ anh> =Ohy, = 5T, (3.17)

2The divergenceless gauge can be refered to by many names, but the most common is to use the same
name as in electro dynamics: Lorenz. Other names include Hilbert, De Donder and Harmonic gauge, though
the latter two are more assosciated with curved backgrounds.
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from linearized theory (see equation (1.24) of Maggiore [9] or equation (9.22) of Grgn and
Hervik [18]).

Comparing with the EoM of linearized GR it is tempting to conclude that A = 4k =
32wG /¢, but then it is also common to make the Einstein-Hilbert action dimensionless by
scaling it with a factor of (167G /c*)~!. Comparing (3.16) with the Einstein-Hilbert action
expanded to second order® the Lagrangian (3.16) carries an additional factor of 2, and is
dimensionful. Field theorists usually fix the dimensionality of the action by rescaling their
fields to become dimensionful. Doing this

. 327G\ V2 4
dim.ful __ dim.less
h/w = ( o ) hw/ , (3.18)

h adsorbs the dimensionful prefactor. To compare (3.17) with the linearized Einstein’s field
equations, it must first be rescaled back to a dimensionless field according to (3.18), and
then the coupling constant is revealed to be

1/2
A= <32;G> = Vi, (3.19)

where kK = Sg—f is the constant which appears in Einstein’s field equations.

Some call this coupling constant Mp,' rather than A ([4], [3], [19]). However it does
not have dimesion of mass, nor is the Planck constant anywhere in the expression, so
why do they do this? These articles use natural units 7 = ¢ = 1, and MP_I1 = +/G/hec =
A+ y/he? /32, which is just a numerical factor off from A (in natural units).

Furthermore, in natural units, legths (L) are dimesionally equal to inverse mass (M)~}

1 also

(using [z] as dimesion of #: L = [z] = [ct] = 1-T, and E = [hw] = 1-T71 = [mc?] =
M-12, = M = T7! = L7! = E), and thus the action has dimension of [S] =
[[d*z L] = L*[L] = M~*[L£] = 1. The action must be dimesionless in QFT, since in the
path integral approach it is exponated. Every field Lagrangian has a kinetic term ~ 9¢0¢,
which scale as [£] = M* = [0¢]2 = L72[¢]? = M?[¢]> = [¢] = M. Thus for couplings
Lint ~ Ah(Oh)? to have the same dimension as the kinetic term; [\] = M1,

Calling the coupling constant M1;11 might have the unfortunate consequense of making it
look like a quantum theory, but make no mistake, this is all classical field theory. Therefore,
it is simply labelled A in this thesis.

3Which is the necessary order needed to derive the linearized Einstein’s field equations.
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3.3 Solutions of the graviton field

3.3.1 Gravitational waves in vacuum, and their polarization

According to the equation of motion (3.17) the field will in a vacuum (7),, = 0) behave as

a relativistic wave
m| B;w =0, (3.20)

which admits solutions of the form (2.2). See Appendix A for a derivation of this solution.
Up until now the gauge has only been used to make sure the entire EoM (3.17) remains
divergence free, just like the source term T},,”” = 0. In doing so it was determined that the
field might only be shifted according to (3.9). Furthermore, the divergence of the barred
h-field could be eliminated only imposing further that &, = 0.
Keeping 1§, = 0 still leaves

g,uu (Z‘) = 5/4,1/ (33) + fu,,u (JI) - 77;;1/5070(‘7:) (321)

with four degrees of freedom, as it is a function of the four independent parameters &,
which satisfy 0§, = 0. To make the graviton field divergence free imposes four additional
conditions on A, by the four equations hue'® = 0. This leaves hy,, with 10 —4 = 6 degrees
of freedom. Subtracting further the four gauge freedoms reduces h,,, to only two effective
degrees of freedom, as any massless spin two field should have. These four gauge freedoms
§u can be used to impose four additional conditions on h uv- §o can be used to set the trace
h = 0, and since h v is just h,,, with the reversed sign trace, in this gauge h,,, h

The three remalning freedoms, &, can be used to set hy; = 0 as well. Since h,w =0
this implies g, = 8%hgy + 0'hy; = 0 = 0%y, making hy, a constant of time. A constant
contribution to a GW are uninteresting and for all intents and purposes it can be considered
to be zero, making all h, = 0.

This specific gauge is referred to as the transverse-traceless (TT) gauge, and is defined
by

TT gauge condition:
hoy = hi' = hij’j —0. (3.22)

Note that this gauge can only be imposed in a vacuum, since the vacuum condition O l_zlw =
0= 01¢,, =0 was used.
Assuming h,, (%) = €, h(z) with h(z®) as the scalar solution to the wave equation

3 . - . .
h(z®) = / M{a(k)e—lk«f + af (k)etho™ } (3.23)

which is (A.6) from Appendix A. The TT gauge condition then implies

_ —z T t ik, x
_/(277)3 2 { +al (et}
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hence

kle;; = 0. (3.24)

For a wave travelling in the z-direction k, = (k, 0, O, k), making €,; = 0. With (3.22)
this is enough to determine the polarization down to the two essential degrees of freedom

0 O 0 0

0 e e O <e+ €x )
€, = = : (3.25)
" 0 Ex  TE&t 0 Ex  TE&+ in plane L to k

0 O 0 0

3.3.2 Source of gravitational waves

The general solution of the equation of motion (3.17) with sources can be obtained by
method of Green’s functions.

Green’s functions in general

The Green’s function of a linear differential operator £O, is defined as the function that
satisfies

LOA(z,2") = 0"(z — a') (3.26)

where LO, only acts on x.
The differential equation in question

LOY(x) = f(x)
admits solutions of the form
Y(x) = /d"x/A(x,x/)f(x/).

This solution can easily be demonstrated to recover the original differential equation
by using the definition of the Green’s function,

LO)(x) = E(’)m/dnx'A(m,az /d”a:’ NCOLA(z,2)
326)/dn/ 5”x—x):f:r),

which was the original differential equation.



Chapter 3: Gravity as a gauge theory 23

Green’s function of the d’Alembert operator

In our case LO, = ., which is invariant under translation. Thus A(z,z") = A(x —2/). In
order to find the corresponding Green’s function A(x — ') the easiest way is to go through
Fourier space.

DA(.Z‘ — aj,) = D/ d4k A(k,)eiko(ma—x"’) — / d4k A(k,) (Z2k k,,u) eiko(m"—a:“’)
T T (2m)4 (2m)4 Iz

d k y o /10
4 ik, (x T
_—5 (x—x,) __/( ) e U( )

Matching the last equality of both lines indicates that the Fourier transform of A(z — 2/)
must be?

A(k) = ——. (3.27)

Obtaining the Green’s function in real space is now just a matter of transforming (3.27).

One last remark about Green’s functions is in the context of four dimensional space-time
the solution in terms of Green’s functions can be understood as counting up contributions
from source terms, all over space, and across all time

h(z®) = / A’ A(r® — /YT (') = /_ Z det’ / B’ A(® — o'V ().

Thus A(z — x') weighs the importance of source contributions at different points in space
and time. For physical solutions only contributions of source configurations from the past
contribute to h(t). This is imposed by demanding ¢ > t'.

Back to deriving the real space Green’s function. Performing the transform, and defining

ro :xa_x/oé

A( a)_/ d4k —1 ik, _/dkO 7z'k:r / dSk 1 ik-r
" @m) Tk, ko @3k —K2°
_/dkO —ikyr° / / /27T |k| d|k|d0089d¢ 1 ei|kHr|cos€
3 k(Q) o k2

/dko —zkr/ dlk| |k 1|k||7‘| o—ilkllr|
2 o COTIRIF T KoK

where the spatial integral was preformed in spherical coordinates. Relabelling |k| = k and
|r| = r, the expression can be worked further

e dk(] fzk r > k eikr
Alr )_/ o ¢ ’ / dk i(2m)2 rkz k2

4From here on out the tilde over A(kj) will be dropped, and whether it is the Green’s function in real
or Fourier space will be expected to be understood by its argument.
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Extending to the complex plane, this integral can be evaluated using Cauchy’s residue
theorem, from complex analysis. Shifting k, — k; + i€ is equivalent to imposing the re-
tardation condition: t > t' < r® > 0. Why this is the case should become apparent soon.
According to the residue theorem

%dz f(z) = iQWZRes(f, ak),
k

where ay, is a pole of f(z) enclosed by the integral, and (3.28)

Res(f, ax) = lim (2 —ax) - f(2).

Utilizing this theorem and integrating over the upper complex plane, the Green’s func-
tion becomes

dky _jp 0 —1 ethr
A(r*) =i O_ZkO”Jq{dkk
)= | 5™ i (k — ko — i) (k + ko + ie)
dky _jp,0 —1 21 4
— i 20—tk el ir(ky+ic)
50) 2r € i(2m)?r 2 ‘
_ 1 [dky gy o—py _ —O(ct =)
4dr 27 4dr

It is now apparent that this is the retarded solution. Had kg rather been shifted by
—ig, the Dirac delta function would have been d(ct 4+ ). The delta function picks out
contributions on the light cone of 2%, the retarded Green’s function picks out on the past
light cone, while the advanced Green’s function picks out on the future light cone.

Avet (1) = W. (3.29a)
Ao (r) = W (3.20)

Beyond singling out contributions from the light cone, it is apparent that the import-
ance of each contribution to the field is weighted by how far away it is from the point in
question, according to the inverse power of the spatial distance.

Solving the inhomogeneous equation of motion

Back to the EoM (3.17), using the retarded Green’s functions it admits solution of the
form

_ A
Oy (@) = =57, (@)
- A
= hW(a:) = —5 /d435/ Aret(-r - x/)T,uy (aj/)
A T (trer, ') lz - ')

== [ A3 & 5, Wwhere tyof =1 —
8w R c

(3.30)
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Assuming the GW is measured far away from the source compared to the size of the
source system, then the approximation | —@’| ~ || = R holds. This simplifies the
integral in equation (3.30) to only be dependent on the energy distribution of the source,
and not where it is measured.

Furthermore, waves measured in vacuum can be set into the T'T gauge, which implies
that all physical information of the source can be captured by its spatial indices Bij.

A 3
hij(t,r) = 87TR/VT” (tret, ') d°2’ . (3.31)

To simplify the expression of equation (3.31) further it is useful to note some properties
of the energy-momentum tensor.
First: it is divergenceless.

T, =T + T, = 0. (3.32)

Second: use of the following integral will be made.

/ (Tikwj> Pz = / T 2 d3«’13+/Tij dgm:% T2 Ay (3.33)
v ,k Vv ’ y oV

In the last line the divergence theorem has been used.
If the integration boundary is taken to encapsulate the entire source, T Zk‘ av = 0,
equation (3.33) becomes equal to 0. It then follows

/ T 3y = — / T 2} @3y = / 70 ) @iy — L / 70033} 43
v vk y det Jy

1d L L
— - TzO J Tjo ) d3 )
5 3 v( 2! +T%") &’z

(3.34)

In the last line the symmetry 719} = %(TU + T7%) was written out explicitly.
So far not much has been accomplished, but notice how this procedure can be repeated
to eliminate all dependence of the spatial components of TH".

/ (TkoxixJ) dBr = / quk ziad d3x—|-/ (T"Oxj —i—Tiji) dBx
% ) % %

o (3.35)
= 7{ THO g 7 dA4, =0
ov

= / (T027 + 177" &3z = —/ TOk,k ol Bx = / TOO’0 zled A3z (3.36)
1% 1% 1%

Using that 7% = pc? is the mass-energy density, the integral in equation (3.31) takes
a simple form of the second time derivative of the so-called quadrupole moment

Qij(t)z/p(t,w)xixj 3z, (3.37a)
%

Qi;(t) = 2/})TM (t,x) d3x. (3.37b)
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Finally, the source of linearized GWs is provided as

hij(ta R) = szj(tret)- (338)

Utilizing this result the GWs generated from any source, with a non-vanishing energy-
momentum tensor, can be calculated at distances sufficiently far away from the source.

3.4 Gravity from gravitons

Equipped with a field Lagrangian it is now desirable to check that it in fact reproduces
the Newtonian law of universal gravity for non-relativistic sources.

In special relativity the action of point particles are the geodesics® of Minkowski space-
time. The geodesic of some non-trivial space-time, with metric g, = 1, + Ah,,, is

Spp = —mc/ds = —mc/ \/ — 9w dzt dz” (3.39a)

= —mc/ \/_(an + Ahy,,,) dot dz” (3.39b)
= —mc/ \/— dr? (N + Ahy, )EHEY (3.39¢)
= —mc/dT \/ €% — Ay, draY (3.39d)
, oY
=—mc* [ dry/1— )\hw?? (3.39¢)
A
~ —mc? / dty= + 5 / dth,,my~litE (3.39f)
~ 2 Lo AT | dt 3.39
~ —mc +§mv +... —|—§W oo . (3.39g)

Why compute the geodesic for a perturbed Minkowski space? In the relativists’ ap-
proach GWs is such a perturbation of the metric (at least for vacuum solutions), thus
this is the action of point particles to linearized order in h,,,, according to relativists. It
is included here to motivate the interaction term Ly = %hWT #¥ with the point particle

energy momentum-tensor®

T () =Y vy 'mad i §%@ — za(t)) | (3.40a)
’ 1
|’U|2 T2

with &8 =7, (c, v) = 1—c—2 (¢, v). (3.40Db)

SExtrema, e.g. shortest, path between two points in space-time. In Euclidian space it is the straigh line
connecting the two points.

5The factor of v, * is a result of rewriting the proper time integral into a generic time integral d% = Ya,
common for all particles. Writing out the four-velocities should result in an overall factor of .. For more
info on the pp energy-momentum tensor see e.g. Gourgoulhon [15].
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Otherwise, it just shows that the free point particle Lagrangian (the kinetic part) is just
Livee pp %mavg = f %maa’:263(az —x4) d3z. The constant term —mc? does not contribute
to the KoM, and can therefore be neglected.

Thus, the total Lagrangian of two point particles interacting only via the graviton field,
up to the OPN order, is

2
1
Lyp=_ [2maa’3253(m —x,) + %hwmai“il’é?’(m —@4)| + Lrp + Lyt (3.41)
a=1

The EoM for the h field is known from (3.17). Since the bar operator is its own inverse

operator when used on symmetric tensors, S, =5, equation (3.17) may also be written
as
A
dhr = _§Tm/ , (3.42a)
A _
= hul/(w) = _5 /d4y Aret(w - y)TMV (y)
\ (3.42b)
= _5 /d4y Aret (.’L‘ - y)Pp,z/:aﬁ Taﬁ(y)7
) 1
with Puu:aﬁ = 5 (n,u,anyﬁ + n,uﬁnua - npynaﬁ) . (3420)

Substituting (3.42b) for A,
the point particles.

2
dz |1
Spp =3 / :{Qmaa’:253(m—ma)
a=1

A A e
) [/ d4y §Aret(x - y)PMV:aB Taﬁ (y):| maats (53<CC - wa)}

2
= Z / %maj;253(;c — ) dix + Z )j ﬂ [maiti" 6%z — x,)]
a=1 b>a

§3(xP — yP) dix
dp = J) co B30, =44
{ pviaf3 47T|$ — y’ } [mby () (y mb):| c dy

, in the interaction term results in the following action for

(3.43)

The next trick is to first approximate the space-time distance to mostly be in time, for slow
moving, not too far separated point particles. Then the middle Dirac delta is approximately
0 (xo — yo). After using that approximation to eliminate the y° integral, the spatial integrals
are next, which due to the remaining Dirac deltas just makes all @ — x4(t), y — xp(t),
and r = |x; — x2|. Lastly, to leading order in powers of ¢ the only contributing factor of
## is the time component &0 = ~,c? ~ 2. The result is

a =

1 A2 myimact
SNewt pp — / <2 (mHJ% + m2’U%) + gTﬂ'T dt

1
-/ ( (a0 + mad) + Gmm) dt., (3.44)

2 T
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which is exactly the action of Newtonian theory for two point particles with mass.

Notice in equation (3.43), the potential can be understood as the energy-momentum
tensor T, (x) connected to the energy momentum tensor 7} g (y) by some sort of propag-
ator, defined by the contents of the curly brackets. This can be expressed graphically, as
in Figure 4.1, and will be further developed in Chapter 4.

Once the action is known, the energy can simply be derived by finding the corresponding
Hamiltonian

i OL %
HEanqi—L:qpi—L, (3.45)

where p; is the canonical momentum, and ¢’ are generalized coordinates. This is nothing
but a Legendre transformation of the Lagrangian for ¢* — p;.
Unsurprisingly, for the Newtonian action it reads
2 Gm1m2

2
1 1
Hyewt = 3 i » Mi0; — LNewt = §mlv% +gmavy — = = Exewt. (3.46)
i=1

In relative coordinates it reads (see Appendix B for derivations and tricks)

1 GMup 2.4) 1 1
ENewt = 5/“)2 - TM (:) 5!“12 - 7,2w21u = —5/“)27 (3.47)

which is exactly the first order term of the energy expansion (2.7).

3.5 The energy-momentum tensor of gravitational waves

Equipped with the Lagrangian for linearized theory (3.16) it is straight forward to utilize
Noether’s theorem to obtain the energy-momentum tensor of the graviton field.

For coordinate transformations 2" — z¥ + ¢* AV (x) (3.48a)
And field transformations ¢;(x) — ¢;(x) + €*F; (¢, 0¢) (3.48b)
=  0yj, =0, where

oL oL (3.48¢)
o = | 53— Pip — 0,L| AL(x) — 5 —Fia(9,00).
]a |:a¢271j¢ P 6p£:| a(x) a¢7j,y s (¢ 6¢)

Noether’s theorem is a central result of modern physics, and for a detailed derivation

consult any field theory book, e.g. Kachelrief [17], Maggiore |9] or Goldstein et al. |2].
For pure translations Ag = (5@, F; , =0, and thus

0L 2)

ny,oc
oh wv,B

joP = —tP = L90," — (3.49)

The terms in this equation is known, the first from (3.2b),” and the second from (3.16).

1
t = oM = SHERY - Lo (3.50)

“To match this expression to (3.16) set a1 = —2a4 = —1/2 and a2 = az = 0, which is to impose the
Lorenz gauge. This gauge can only be imposed after evaluating the Gﬁ/ahwﬁ term.
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For a wave-packet centred around a reduced wavelength A = A\ /27, the total 4-momentum
flux is obtained by integrating over a volume V ~ L? where L > X, such that t* is zero

on the boundary dV. Then the effective energy-momentum tensor is®
v v _ [ 9L ooy _ 1 v
" = (L))" — <ah h0p7u> = (hoy"h70") = 5 (WD) (3.51)
op,v

Here the (z) is to be understood as spatial averaging. Also, for radiation detectable far
away from the source the EoM can be considered to be for a vacuum, and thus O f_zW =0.
Setting the vacuum as the zero solution of the h-field the Lagrangian averages to zero
<£(2)> =0, and is thus dropped from (3.51).

Additionally, in vacuum the Lorenz gauge can be promoted to the T'T gauge, further
imposing that h = h,, = hijfj = 0 (3.22), results in the final expression for the energy-
momentum (pseudo-)? tensor

v = (0T iy ) (3.52a)
1

1 -
pPr==[ &Bptd == / Bz {*hETORY. Y . 3.52b
C/V x cJy '1:< 1] TT> ( )

3.5.1 Total radiated energy flux

The total radiated energy flux F can be obtained from P? = E/c and the divergencelessness
of the energy-momentum tensor, which follows from Noether’s theorem

tho =,
PO . 1 . 1
or” _ —P, = —/ d3z 0,10 = —/ t"0dA, (3.53)
oct ' cly ¢ Joy

where the last equality used the divergence theorem, expressed in spherical coordinates.
For the next step notice that "0 = (9"h,,LO°h), and recall that A’s sufficiently far from
the source can be written as hLL = 1 (tret) With tyet =t —1/c and f,,, some function.

Then observe that % Fom (tret) = —% S (tret), which makes
grhﬂ(t, r) = —dohmy, + O(r~2) = °hty, + O(r~?). (3.54)

8The Noehter current need not be physical in itself, it is the volume integral of j%, where j¥ goes
sufficently fast to zero on the boundary, which is conserved, and thus physical. In field theory one defines
the effective energy-momentum tensor, which is the average value over the volum integral, i.e. the spa-
tial average, as the physical energy-momentum tensor. All terms lost under spatial averaging would not
contribute to physical effects anyway. This is why (3.51) is averaged over space.

An interesting lesson here is that the energy of GWs can not be isolated to one space-time point, which
can be understood by them being non-localisable.

9Note that this is the energy-momentum tensor in the T'T gauge, which is to say it is gauge dependent!
This might sound strange, but as Maggiore [9] points out this is also the case for electromagnetism.

In the geometric approach the gauge dependence of t,., is a coordinate dependence, since the gauge
transformation is a coordinate transform in the geometrical picture. Thus t,, is not a real tensor, but
rather a pseudotensor. Also in the geometrical picture, t,, is averaged over several wavelengths to extract
the GW contribution to the background metric, making it equivalent to the energy-momentum tensor
obtained by field theorists.
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Thus in the TT gauge, and sufficiently far from the source, ¢t = % + (9(7“_3), and

_dE 5 OPY _ 00 g o B 2 N
_]:_dt_cact__c/(t +O(T’ ))7" dQ_c/<h2] hTT>dQ7
o VT g 339 A2 e o
7= 2 <hij hTT> dft = B r2e (1) (Qi;Qpr) d2. (3.55)

Note that h = % does not include any additional factors of c. It is apparent that GWs
carry energy out of a volume, hence the negative sign convention for F. The term of order
r~3 can be neglected for large values of 7, while in the remaining term the r dependence

cancels, making it non-vanishing.

The Lambda tensor

Before computing the angular integral it is important to note that the radiation is not
isotropic, but rather a function of direction n. Following the outline of Maggiore [9] this
can be accounted for by introducing the so-called Lambda tensor

1
Aij:kl(n) = 5ik5jl - §5ij5kl - njnl(sik - ninkéjl
1

1

(3.56)

The Lambda tensor is a projection operator which is defined in such a way that it
projects a wave already in the Lorenz gauge (3.13) into the TT gauge (3.22).

which makes sure the wave is transverse with respect to the direction of propagation n.
The Lambda tensor has the property

AiijAklmn — Aijmnv (358)

making it a projection operator. Thus, the contraction of two waves in the TT gauge
becomes

h;EThZTJT = AijklhklAijmnhmn = Amniinjklhmnhkl = Amnklhmnhkla (359)

i.e. the Lambda tensors can be used to contract tensors not in the TT to get the contraction
of the TT gauged tensors, which is exactly what is needed for equation (3.55). The last
equality utilized the property Aij:kl = Akl:ij of the Lambda tensor.

When integrating over the Lambda tensor the following integral appears

dQ 1
/ Enhn%ﬁ ©r Mgy Mgy = W (6i1i2 T 5i2271i2e Tt ) : (3'60)
Here n is taken to be a unit vector |n| = 1. To illustrate the solution take £ = 1 —

[dQ /(4m)ninj = S;j. The trace of S, = 1, because n;n’ = |n| = 1, reducing the integral to
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the scalar integral [ dQ2 = 4. The tensor structure of S;; should be that of the Kronecker
delta, as it should be symmetric in its indices, and have a non-vanishing trace. Thus,
Sl'j = 5¢j / 3.

Generalizing this argument it follows that the integral (3.60) should be the sum of all
possible Kronecker delta combinations, to maintain index symmetry. This is indicated by
the dots on the RHS of (3.60). The symbol !! is here meant to imply the product of every
second number: (20+1)!1=1-3---(20—1)-(20+1),and 201! =2-4---(2¢ —2) - 2(. This
fixes the correct trace value, just like the factor of 1/3 for the ¢ = 1 case. Note that all
integrals over an odd number of unit vector components are 0 because the integral is also
odd then.

Thus, the integral of the Lambda tensor becomes

dQ 1 dQ
/471_Aij:kl = 5ik5jz - §5ij5kl - 5ik/ -y — / Ty

1 dQ dQ

1 1 1 1.1 1 1
= 0;305 — §5ij5kl — O 55]1 - 5jl§5z‘k + 5%’ §5kz + §5kl§5ij
11
11
%511{5]'1 155zg5kl + O5il5kj- (3.61)

Utilizing this result for (3.55), and the fact that Q;; = Q;, yields the flux in terms of
the mass quadrupole

F= g (0507 - 30 ) = 5 (5,07 - 307, (3.62)

- dme

with Q = Q,".

This is an important dynamical property of GWs, that they can carry energy, mo-
mentum, and angular momentum out of a system. For a compact binary this influences
the orbital energy, extracting energy from it over time, make them spiral in towards each
other. The fact that there is no analytical exact solution to the relativistic binary problem
is often attributed to this effect. The orbit is affected by GW radiation, which is determined
by the orbit, making the problem complicated.

3.6 Illustrative example: Binary system with circular orbits

As an illustrative example this section will calculate the exact form of GW produced by
binary systems in circular orbits, according to linearized theory (3.16).

Those already familiar with GWs may skip this section, as this system will be covered
in greater detail in the following chapters, and is here mearly used as an example to better
illustrate the result (3.38) and (3.62).
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U1

mo

Figure 3.1: Diagram of a binary system.

Taking the centre of mass as the origin, the positions of the stars are

r1 = (ricos(wt), rsin(wt), 0), (3.63a)
7y = — (rocos(wt), rasin(wt), 0). (3.63b)

This determines the mass density as
= mad¥(r —ra(t)) (3.64)
a

The quadrupole moment of the binary system is thus

Qy;(t) :/ T ; Pz = Zma (Ta)i(7a);

cos?(wt) cos(wt) sin(wt) 0
= (myr} + mor3) [ cos(wt) sin(wt) sin?(wt) 0 (3.65)
0 0 0 '
.2 cos(2wt)  sin(2wt) 0
:% sin(2wt) —cos(2wt) 0
0 0 0
) —cos(2wt) —sin(2wt) 0
= Q;;(t) =2u(wr)® | —sin(2wt) cos(2wt) 0| . (3.66)
0 0 0

Details of mass and trigonometric term manipulations can be found in Appendix B and C
respectively.
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Thus, the GWs produced by a circular binary system is determined by (3.38) and (3.66)
to be

A cos(2wtyet)  sin(2wtrey) 0
h;;(t, R) = % R sin(2wtret) — cos(2wiret) 0O (3.67)
0 0 0
For convenience rw = (r; + ra)w has been replaced by v, which is the sum of the velocities
of the stars. This is equivalent to the frequency parameter v3 = GMuw introduced in
Chapter 2.

It should be noted that the wave frequency wow = 2w = 2wg, with wg as the source
frequency, is the dominant frequency for circular orbits, and that the amplitude is pro-
portional to the frequency v? = (GMw)?/?. This makes the GW highly dependent on the
frequency of the source binary, both for the amplitude, and frequency spectrum.

The energy flux produced by such a system is now easily computable by using equation
(3.62) together with (3.66).

F = 7)\2 <ngQU - ;Q2>

25 . 5me
)\2
=53 24 2 viw? (2sin® (2wtyet) + 2 c08® (2whyer) — 0)
- bme
g
- 5mG2M?2c 5 G 5

(3.68)

This is exactly the first order term of the flux expansion (2.8).

Furthermore, circular orbits is a solution of the Newtonian, point particle, action (3.44).
If the source interact with the graviton field, and only the graviton field, this implies that
the orbital energy of the system is Enewt = —3/0? (3.47).

With (3.68) and (3.47), the Newtonian order (OPN) version of the phase (2.26) can be
derived, assuming compact binaries can effectively be treated as point masses.

The flux is obviously not zero, which means that energy is dissipated out of the system.
However, according to the Lagrangian (3.16) the energy of the source TH” is conserved.
Therefore, this energy radiation is an inconsistency of the theory.

This hits deeply into the problem of gravity. As a field theory it couples to energy,
while as a field it itself stores energy, and should therefore couple to itself. Amending this
feature is the topic of the next section.

3.7 Graviton action beyond quadratic order

In Section 3.5 it was found that gravitons / GWs can carry energy, and can even be given an
effective energy-momentum (pseudo-)tensor of its own. But since the graviton field couples
to energy-momentum tensors, should it not couple to itself?

In Section 3.6 it was even found that a binary system of point particles radiated energy
in the form of GWs, but where does this energy come from? One natural assumption
would be that the energy is extracted from the orbital energy associated with the system,
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leading to an inspiral. But this would mean that the energy-momentum tensor of the
binary T}, # 0, as it changes over time. Furthermore, 7", = 0 was used to determine
the graviton action in the first place, making the conservation of energy of the source, and
the energy carrying capability of the graviton field a theoretical inconsistency!

The solution is to change the energy conservation criteria (3.3b) to

(Tuy + tuu)

)

=0, (3.69)

14

which is to make the energy of the source plus the energy stored in gravitons (i.e. in GWs)
conserved, together.

To implement this in a new and improved Lagrangian for the graviton field the first
naive idea would be to couple the graviton directly to the graviton energy-momentum
tensor Ling — %hw (TH 4 t#¥). This will however lead to problems for the EoM, as

6 A A A ) A
_ HY — v T po £ ppv
5h/w 2hwt 2t + Qh’”éhwt #+ 2t

since t" (3.50)

| (3.70)
h 7Mh077V J— 7h7/¢’/h7u ﬁ HV'
or 5 TN

Since it is the EoM which dictates the physics of any given action, one would rather
demand that

5 . A

(Sh/u/ int — 2

(TH 4+ 1) | (3.71)

This requires the addition of a more general cubic term to the Lagrangian %E(g) such
that

5 A A
—— =L = St (3.72)
oy, 2 2

Writing out all possible terms cubic in h, containing only two derivatives (necessary
to obtain ¢*¥), which also produces t*¥ when varied (3.72), together with new energy
conservation condition (3.69) fixes the 18 coefficients uniquely (up to the same overall

factor of L5)). This is obviously a lot of work, but the result can be quoted from Feynman
[12] (equation (6.1.13)).10

A
2

« 3 @ «Q 7 a d
+h, R Ok, — hash P0h — 20 hgsh,, " + h*Phgsh,,

1

A 1 3
_ af o af af 2
§£(3) — [h h’Y haﬂ,'ytS - ihh h,aﬁ - ihh Dhaﬂ - éh Dh

. (3.73)
+ 2R g% BT L — 2N gh7 S+ §ha5h’“h’5 — hh?® W7, .

1 1 1
oa h K haﬂ oT 2107 ]
+ hh 7Uh’a — *4h ,ah + 72]7“045 h oT + Zh h T

0Note that Feynman uses a different overall scaling factor for his graviton action (a1 = 1, rather than
a1 = —1/2). In (3.73) all barred factors of h have been written out, also in contrast to (6.1.13) of [12].
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Using again Noether’s theorem on this new Lagrangian L) + L(3), the new effective
energy-momentum tensor picks up a term cubic in h:

A
v o__ MV nv
B =13+ Sify)- (3.74)

Again it can be argued that the cubic term here is not conserved, and the process of
this section can be started all over again. In fact, it turns out that

A A2
Loray = Lint + L2) + 55(3) + §£(4) +..., (3.75)
with the EoM
Qb =5 <TW i+ 24+ ) | (3.76)

This makes the equation of motion nonlinear, and in general both the action and the
EoM contain infinitely high powers of h.

By now the Venusians would probably be disappointed, but for terrestrial physicists
this should be expected, as GR is also a nonlinear theory. When expanded in powers of
metric perturbations, also the Einstein-Hilbert action contain infinitely high powers of h,
which coincide with the action found thus far in this thesis.!!

An important observation is that all these corrections scale with increasing powers of
A, which is small. Thereby the more powers of h it contains, the less it contributes to the
final result. Thus, the theory can be perturbatively expanded in powers of .

"There are many who argue that the procedure outlined here can be carried out ad infinitum, and then
reproduces the Einstein-Hilbert action, but this is disputed. The Einstein-Hilbert action can definitely be
expanded in this manner, but it is disputed wether or not the field theorists’ method produces uniquely
the Einstein-Hilbert action. [20]



Chapter 4

Calculating the orbital energy

In this chapter the 1PN energy of compact binaries in circular motion is computed.
The derivation follows closely those presented in Porto [4], and Goldberger [19], [3].

4.1 Effective field theory

In the last chapter examples focused on point particles. Compact objects like BHs and NSs
are however not point particles. But for sufficiently far separated binaries, the separation
distance r will be much greater than the ‘size’ of the compact object, which can be ap-
proximated as the Schwarzschild radius ~ Rg < r. Then the system can be described by
an effective action, treating the compact object as a point mass at the scale ~ r.

On the other end of the scale the system is producing GWs, carrying energy out of
the system. But when calculating the energy flux in Section 3.5, the source was assumed
to effectively be a point endowed with quadrupole structure (which will be expanded to a
general multipole structure in Chapter 5), since the GW was measured far away. That is,
the flux is measured at a scale L > X > r.! Thus, in this chapter the effective action at
the scale 7, with Rg < r < L, will be derived, which approximates the immediate? orbital
dynamics.

To compute the 1PN orbital energy the procedure of Section 3.4 will be expanded. In
Section 3.4 it was found that the graviton potential could be expressed graphically like
Figure 4.1. In Figure 4.1 the two sources are depicted as solid lines, like in a space-time
diagram, while the Green’s function is depicted as a squiggly line, connecting the two point
particles. Graphical representations of this kind are called Feynman diagrams, as they were
introduced by Feynman [21] to illustrate expansion terms of QED. Note that the Green’s
function has been given the subscript ‘inst’, to remind that the Newtonian action was
recovered by approximating 54(:5“ — y*) = §(t — t’), making the interaction instantaneous.

!The wavelength can be shown to be greater than the size of the binary by noticing two things. First:
waew ~ 2ws, as approximated in (3.67). The reduced wavelength A = A\/27 is related to the angular

frequency as A = ¢/w. Second: Kepler’s third law (2.4) relate w and r: Agw = 2@7"3/2 =\/srg" >

2Immediate because over time the energy loss through GW emssion can not be ignored. However over
short periodes of time, the orbital energy can be approximated to be conserved.

36
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Figure 4.1: Newtonian Feynman diagram / ‘H-diagram’.

For those familiar with Feynman diagrams, note that the solid lines are not propagating,
even though they are depicted the same way as propagating fermions in QFT. This can be
confusing, but it is the convention introduced by Goldberger and Rothstein [3], and has
by now become the standard.

4.1.1 Expand the action in powers of h

Based on the findings of Section 3.7, the Einstein-Hilbert action Sgyg can be used to find
the expression of the propagator for the h,, field, by solving equation (3.76). Expanding
the Einstein-Hilbert action in powers of h yields the contribution for the different levels of
self interaction, which all scale with additional powers of the coupling constant .

A%HNE Y2 [(0h)? + Ah(Oh)? + N2h*(0h)* + ...] (4.1)

Note that the terms in (4.1) are symbolic representations for the powers of h ,,, and that
all terms contain only two derivatives.
Why does the first order correction lead to a three graviton vertex? Looking at the

leading order correction in the EoM (3.76)
A wsy A
Oy, = =5 Puas (£3)) ~ 5 Pavas (9h0R),

= h,uu(x) ~ /d4y1 d4@/2 aTaﬁ(yl)aTaﬁ(yQ)Ainst ('T - yl)Ainst (:U - y2)7

2

(4.2)
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where again ~ implies symbolic relation of powers of i, rather than the exact relation.
The leading order term of this three-point propagator will be derived in Section 4.2.7.

It can however be seen from this simple relation, where the h’s of the RHS was substi-
tuted for the linear order solution, that at this order h is produced by two sources, which
in principle can be at different space-time points. Therefore, an interaction hWTW(:C) in
the action will to next order connect three energy-momentum tensors, using two Green’s
functions. This can neatly be visualized by a three graviton vertex.

In Section 3.4 the action of point particles (3.39) was found to also be expandable in
powers of h, similarly to the Einstein-Hilbert action.

Th v

Spp = — mc? /dT 1— )\hW?? (4.3a)

8c?

~ +M+ﬁ+.

Here again the choice of having two gravitons coupling to the world line for the
~ (hw,a'c“:k”)z term is natural as the integral can be split in two integrals multiplied
together
~ [ d3x (b, (t,z)itE") 6%z — x4(t)) [ dy (hy, (6, y)5"9"6*(y — x4(t))), which couples this
source effectively to two different gravitons.

In Section 3.4 this was argued to be a natural choice for the point particle action, as it
is the expansion of the action of GR. It is also a natural choice for a classical field theory
with a coupling to a symmetric rank 2 tensor field, and is equivalent to equation (11.40)
of Gourgoulhon [15].

A 2
= — mc? /71 dt + 5 /dt hw/y*lmi:“i'” + [ At (th:“j:”)2 +... (4.3b)

4.1.2 Separation of scale

Because of the separation of scale, ~ r > Rg and ~ L > r, it will be useful to split the
graviton field into a short-range, potential field (H,, ) and a long range, radiation field

(Hy)

hy, =H,, +H,,. (4.4)

From here on out the potential field will be drawn using dashed lines, while the radiation
field will continue to be drawn using squiggly lines.

The frequency of GWs are proportional to the frequency of the source binary wgw =~
2w = 2ws, and the relative velocity of a binary in circular motion is v = wr. Using the
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relation between null wave frequency and wavelength w = c|k| = ¢A™! the wavelength of
GWs scale as

c rc
~— = — 4.5
2w 2v > (45)
for binaries moving at non-relativistic speeds.
Because H is null-like, it follows that k,k? = 0, and

Aaw

(4.6)

v =

_ -1 oY
aa%m, = k:a’HW ~ AGWH ;HW,

i.e. H must be on shell.

H on the other hand is a potential field, and can not be on shell, since it shall re-
produce the gravitational potential in the static limit. In Section 3.4 this was achieved by
approximating d%(x —y) ~ &(t —t'). This ‘instantaneous’ propagator is not the Green’s
function of the d’Alembertian operator

Ainst (l’ - y)

=t —t) / dk etko(z7—y7) (47)

Tinle—yl ) @t ok

but it s the Green’s function of the Laplace operator V? = 9,0'. This integral scales
proportional to |k

1|k 1
Pk =~ ~ ko~ . 4.
/ k> k2 |z -y (48)

Assuming k is small compared to k;, the instantaneous propagator may be obtained
as a leading order term of an expansion in k,/|k|

1 1 1 1

Ainze(k) = “kkr T K2k K1 - kK
4.9
_L 1_|_ kio 2_|_ @ 4_|_ ( )
= . ) ).
N~ s + ®- + ®®-

Not only is this a highly constructed expansion to obtain a desired leading order term,
it will be demonstrated that this expansion actually scales as an expansion in (v/c)?, and
will be drawn graphically by ® on the propagator to show which order in the (k,/|k|)?
expansion it represents. This also implies that ky/k;, ~ v = kg ~ vk; ~ v/r, and in
conclusion

v 1
8OHW = kOHW ~ ;Huw OiHW = kiHW ~ ;Huu' (4.10)

Now Feynman diagrams may be constructed by putting together terms as presented in
(4.1), (4.3), and (4.9), but the following three rules must be upheld to make sense as an
expansion term in the point particle action.
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1. Diagrams must remain connected if the particle lines are stripped off.
2. Diagrams may only contain internal H,,, lines.
3. Diagrams may only contain external H,,, lines.

Rule 2-3 follow by definition of H u and H,,,. Rule 1 however seems more mysterious,
but it is a consequence of the solid lines not propagating, and thus is just a requirement that
the Feynman diagram is connected, as all Feynman diagrams must. Unconnected diagrams
are simply separate diagrams, and represents multiple terms in the expansion at once.

Figure 4.2: ‘Ladder’ Feynman diagram. With non-propagating sources, unconnected grav-
iton lines simply represent different diagrams.

4.2 The 1PN Lagrangian

In order to acquire relativistic, post-Newtonian, corrections to the Newtonian Lagrangian
(3.44) it is a straightforward matter to just add additional terms of the form found in
expansion (4.1), (4.3), and (4.9) to the action. But (4.1) and (4.3) are expansions in A and
H rather than in (v/c)?, so how can it be determined which Feynman diagrams contribute
at which PN order?

4.2.1 Assigning PN order to Feynman diagrams

Using the scaling of k, for the potential field (4.10) and Kepler’s law (2.4), it turns out
that it is possible to assign a power of v, r and m to each Feynman diagram, and thus
select the appropriate diagrams and terms relevant to each PN order, all without doing
the full calculation! This is why the diagrams are introduced in the first place, as they are
tools to make it easier to order expansion terms.
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The scaling of coordinate (integration variables) follows from the relations of & ,.

dk,
/de/Oe’LkOxO = /dl‘o 5(1’0) = ]_ ~ 17
2w (4.11a)

Ngjo.kON‘fI/‘O.

B3k,
3 ik-x 3,53 ~
/d x/(2 )36 —/d ré(x)=1~1

RERS

o s (4.11b)
~ (x’k;l) ~ (:z:’ . >
,
o T i
= xo o~ =, (4.11c)
v

Notice that Dirac delta functions carries inverse dimension and scaling of its argument
(and the exponential function is of course dimensionless)?.
For each graviton H,, in a diagram, it scales as

—o(t —t) v 1w
<TH;U/ (x)Haﬂ (y)> = Ainst(x - y)P,uZ/:a/J’ = TPMV:QB ~ ; ) ; ~ ﬁa (4123‘)
o

Note that to leading order in interaction terms H,, couples only to temporal components
p=rv=0,since 2° = yc ~ ¢, and &' = yv' ~ v, relegating spatial indices to higher PN
orders compared to the temporal ones.

Since (4.1) and (4.3) expands in powers of A, it would be useful to associate a scaling
with the coupling constant. This can be achieved using Kepler’s third law (2.4), and v = wr.

2_ 22 GM 2 GM _ (N2ct/32m) M

vt =wr 3 " . , (4.13a)
2 .
o U e (4.13b)
VL
= | oA~ (4.13¢)
m

The orbital angular momentum scale L ~ rmwv has been introduced as a convenient
scaling, as will be demonstrated shortly.
It is now a straightforward exercise to assign PN orders to different diagrams:

3Since e* =14z + 2—? + ..., and all the terms in a sum must have the same dimesion.
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- ------ m\ 0. mvLv r v
~ 7 /dl’o Hooxgwg ~ m . ; . T ~ \/E (414)

Thus the Newtonian diagram, Figure 4.1, scales as (4.14) squared, making L the scaling
of the OPN order. This is why introducing L = rmuv as a scaling is convenient, as it easily
makes the leading order scaling apparent. Now, all 1PN diagrams should scale as Lv?

The next interaction graph is similarly found to scale

0: m)\2 0 .0:0\2 (T‘mU)U r v 2
\\\\ ~ 8/d"]; (HOO (ﬁ)l‘aaja) ~ m . Z . r—2 ~ V. (415)
And so it goes on...
//// mA3 dz% (H .0.0\3 (TmUQ)% rovi
S 16 | ¢ (Hoo (x)gdg)” ~ m—=3 L 3 (4.16)

N ~v4/\/f.

The last type of diagram that needs to be assigned a scaling is the multi graviton
vertex propagators. Note the inclusion of a three-dimensional Dirac delta, to make sure
momentum (k; for graviton i) is conserved. This is because the gravitons only transfers
momentum from one source to another (Newton’s third law), and therefore the sum of
momentum in and out of this vertex should be zero. Otherwise, the graviton field would
spontaneously generate momentum and energy. The two spatial derivatives comes from
the definition of t’é”), which consist of two derivatives 0; ~ :cj_l ~ kj, and two factors of

H, which is the reason the propagator exists in the first place. Notice that 9; ~ r~!, while
Oo ~ 7, relegating temporal derivatives to higher PN orders.
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e i=1 (4.17)

At the next order, the only change is an additional factor of A\, and H. This follows
from the expansion of the graviton energy-momentum tensor (3.76).

\\ /// 3

e N)\Q/dx053<2ki> 07 (Hyo)*

e \\ i=1 (418)
7 N (rmv)v r 5 5 v? 4
- ~ NT;T .r '771:7) /L

As already mentioned, spatial indices in the interaction term between the source and
graviton leads to additional powers of velocity (H,, 204t = HOi'yc*yvi), and thus belong to
higher PN orders. These will graphically be represented by a v™ next to the interaction
vertex, with n describing the power of v correction the diagram represents.

All thinkable diagrams belonging to the 1PN correction scale as Lv?, and are depicted
in Figure 4.3. Summing them all up will result with the 1PN Lagrangian (4.48).

(a) (b) (c)

(d) (e)

Figure 4.3: The Feynman diagrams contributing to 1PN order orbital energy. The three
first diagrams (a)-(c) are Newtonian, ‘H’-type, diagrams with relativistic corrections to the
interaction terms and propagator. Diagram (d) and (e) represent new types of diagrams,
and are of the ‘V’-type, and ‘Y’-type respectively.
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4.2.2 Computing Feynman diagram (a)

In this first diagram nothing has changed from the Newtonian diagram (see Figure 4.1),
except a coupling between the velocity of the two sources?

miA 'y
. , cS(ef) = Tl /d4:1: i1496%(z — z1(2?))
TR S 0

0 0
maA 4 (S(l' -y )PO'L':Oj .7 .03 0

(4.19)

Integrals over Dirac deltas should be straightforward, leaving % Foi.o; mj2 as the only new
and interesting part. Note that P;w:a,@ is symmetric in u < v, a <> 8, and uv < af, and
therefore all permutations of the indices belong to this same diagram. The last symmetry,
pr <> af, is just a relabelling of mimeo <> maomy1, and is superfluous. The other symmetries
also result in the same potential, but should be summed over, producing a factor of 2-2 = 4.

Recalling the definition of the projector P s (3.42¢)®, this is

. /1 9
1 Pyi0; 03 = v} (2 (1) ‘771']‘) v} = — V1v2 (4.20)

Thus the potential of diagram 4.3a is

Vo mima\2 i ' 4evq - cvg _ mimaci\2 (401-5)
(a) 4 Arr 2 32 e (4.21)
Gmﬂng V1°V2 V1V '
= 472U AVt
T c c

According to the sign, this is seemingly a repulsive force, but it is dependent on the
dot product of the two velocity vectors, which for any Keplerian orbit will be negative
(see Figure 3.1). Of course, it also scales by an additional factor of v?/c? compared to the
Newtonian term, as a 1PN term should.

But for particles moving in the same direction it is a repulsive force, making it com-
parable to a magnetic type force. For oppositely charged particles, which should attract in
the static approximation, will also repel each other magnetically when moving in the same
direction, quite analogously. The analogy goes even further, as magnetic forces can also be
interpreted as relativistic corrections to the electric force [22].

4.2.3 Computing Feynman diagram (b)

This diagram mostly follows suit of Section 4.2.2, but with a few additional details. These
are

e The relativistic expansion of the free point particle kinetic energy is added here, as
2 compared to OPN.

it also scales ~ v

4The additional factor of ¢ with the effective action is to allow S = f LA32xdt — ¢S = f L£d*z.
SFor the readers convinience: Popg = % (nuaﬁyﬁ + NppMva — 77;w77a5).



Chapter 4: Calculating the orbital energy 45

e The relativistic expansion of the Lorentz factor of the energy-momentum tensor is
expanded, as it also scales ~ v2 compared to OPN.

e And of course, the Poo.ij and P, :00 couplings belong to this diagram.

The first term is just the velocity expansion of the free point particle action

2 [ qr. — 2 [ qz0~~1 = 2 [ 420 (1 lv; 1o, 4.99
— MmgC Ta = —MgC x’y, = —mgye x —56—2—§C—4+... , (4.22)

4 2
which for the 1PN expansion is émaz—g, as it has an extra factor of % compared to the
OPN kinetic term %mavg.
Next notice that there is also a Lorentz factor in the energy-momentum tensor, that

until now has been approximated to 1.

P [t Hy0i00%a — 2a(0) = 5 [ a2 @ — (1)
4.23
= W;ac/\/d‘la: (1—1—;0521—1—2§+...>H000253(zc—a:a(t)). )
Other than the factor of %Z—g‘ this is exactly the same as the OPN potential.
Lastly, the velocity dependent coupling. Using again (3.42c)
P00 it gl = 1va-va = lvg (4.24)

2 2

To the first PN order, only one particle at the time may be expanded this way, therefore
the v%-v? vertices in the diagram. But really both the v%-v? diagram and the v2-v° diagram
belong to the 1PN potential, therefore these will both be summed up here, under the same
diagram.

Summing up all these contributions to the 4.3b diagram yields

eff 0 1 Ivi
O¢------- 902 ma)\ i
v v +=5 / dz? {H] (zq)ild) (4.25b)

+5- 2Hoo(a:a) iV 2}] (4.25¢)

Here (4.25a)% is the result of (4.22), (4.25¢) of (4.23), and (4.25b) of (4.24).

Tt could be argued that this contributon of the action should be an expansion of the free particle
diagram (with no propagators), but for streamlining it is included here.
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Substituting Hy, (2°, x,) for the usual term (3.42b) yields the potential

_ mamp)’ 1o o 1, va
V<b)_2.2-477r22[c.va+26'c2

a

myma3c? 3

_ 2 2
=g, Uit
Gmims 3 v3 + v3 3v? 4+ v3
_ e = ViNewi— 2. 4.26
r 2 2 Newt2 2 ( )

This potential is attractive, and proportional to the Newtonian kinetic energy. Thus,
this diagram can be thought of as the gravitational attraction from the kinetic energy of
one of the particles on the other, showing that in GR gravity is an attraction of energies,
and not just masses. Using Einstein’s mass-energy equivalence, the ‘Newtonian kinetic
mass’ is B = %mv2 = myinc?, and inserted into Newton’s law of gravity produces Vipy/3-
This analogy can not explain the missing factor of 3, because the analogy only account for
the (4.23) part of the potential.

Notice that terms of the type (4.23) can in principle be expanded to infinite orders,
thus there is no reason to stop expanding vertices past the v? order.

4.2.4 But wait, what about 0.5PN diagrams?

After having computed diagram a and b, a natural idea of a v%-v!

0.5PN contribution.

coupling emerges as a

eSS = Z m;)\ /d4ac i0356%(x — 24 (2%))

UO [ S - Ul a#b

_mpA / 1, 0% = 4°) Poooi
2 4|z — y|

(4.27)

whiyd(y — z6(y"))

The situation is analogous to Section 4.2.2, only here the connection is not symmetric.
Thus, the potential is also here the Newtonian potential multiplied by some velocity factor.

WLIWLQ/\2 .00 i .0
VospN = g > [#540 (Pooio + Pooor) i) = 0, (4.28)
a#b
which follows from Pyy.i0 = 5 (2710070; — loo"i0) = Foooi = 0.

A lesson to be taken from this is that PW: op only couples sources which both have an
even or both an odd number of temporal indices. E.g. 00:00, 00:¢5, and 0::05. Terms like
0¢:00, or 0i:i5 will turn out to be zero. Therefore, this kind of interaction expansion can
only produce even powers of v/c.

4.2.5 Computing Feynman diagram (c)

The last ‘H’-shaped diagram is not expanded in its vortexes, but rather the propagator of
H is expanded to second order in v, according to expansion (4.9). In that expansion, the
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propagator was only expanded in Fourier space, so it remains to determine the value of
the first order correction of the propagator in real space.

d4k _k2 i CE”—ZE/V
(x—a2') = / 2n) k—fe o ( ). (4.29)

From the gradient relations (4.10) it is evident that (k°/|k|)? ~ (%/%)2 = v? and thus
belong to the 1PN correction, but the scaling of ky ~ » was not truly argued for. So
this section will demonstrate this scaling by computing the propagator in real space.

2.4

8 (4.30a)

s - ) A )
_mmaNet e AD) ' ' 4.30b
- T ctdct inst (t —t ml( ) - mZ(t )) ( 30 )

To evaluate the integral in (4.29) some tricks are in order. Writing out the exponent
as etku(@!=2") — g—iko(ct—ct') gik-(2-y) 5 ygeful way to proceed is to rewrite the integral as

k2e~tholct—ct’) — _ac?(;ct’ e~tko(ct=ct') "Tn the following note that the time derivative is only
operating on the kg integral.
/ d*k (k0)* ik (oe—arey _ O dko iy (ct—ct’) / k1 ee—ar) (4.31a)
(2m)* k4 dctdct! 27 (27)3 k4 '
0 $e 1 :
= ————— [d(ct — ct/ — etk @) 4.31b
gegay Pt =<0)) | oy )

To proceed the derivative of Dirac’s delta function must be determined. To that end,
partial integration is the key.

/ fla :”_“’)dx:/oo 41 r@)6(z — 20)] da:—/ 5(z d( ) dr (4.32a)

dx

o0

= f(x)é(x — xo) — /(5(x —x0)f'(x)dz = — / 5(x — z0)f (z)dx, (4.32b)

—00

the last equality only holding for zy ¢ 4o0o. The result generalizes for any number of

derivatives as

o dzn

[ @) oo [Ty - a4

Back to equation (4.31b), the situation is analogous, thus partial integrations can also
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be utilized here to rewrite the derivative of the Dirac delta function in the same manner.

2 4 2 3. 1 .
CS(eg = _mimeA"e” /dct det’ §(ct — ct') 9 / (d k k@ () =22() (4 34a)

8 thact’ 27)3 It
= 477Gm1m2/dct det’ 6(ct — ct') vj’ucj/ ((21:;];3 ]{Z?eik'(wl(t)_”(t/)) (4.34b)
— 4rG'myms / det "’C“’CJ (gi’)“g kkljf iker(t) (4.34c¢)
= —AnGmims / det Ucivcj 87“?;"1 / ((21737];3 ;4@““‘7’(0, (4.34)

This final integral might not look like that much of an improvement, but these are the
kinds of integrals often encountered in QFT, and there exists a known solution [4].

A% 1 g 1 T(d—a) /p\*"?
[ G =t (1) (439)

Here I'(z) is the gamma-function, and d is the spatial dimension. In the integral of
equation (4.34d), d = 3 and a = 2. Recalling that I'(1) = 1, I' (3) = /7, and 2T'(2) =
I'(z + 1), it follows that I'(2) = 1-I'(1) = 1 = I'(@). In the same fashion —3I' (1) =
F(3) =vr =T (5-0a)=T(=3) = -2V7.

Then, the final expression of the potential follows as

Vie = 47er1m21fUCjar?;j [8;3/2 _27171/2 |r2|] (4.36a)
- —Gm;mvc“f:g (r2655 — ror;) (4.36b)
— S (e (n O (4.360)
= VNGWtQLC2 <U1 V9 —W) . (4.36d)

Again, this is obviously of first post-Newtonian order, as it has an additional factor
of Z—; compared to the Newtonian potential. From the procedure it is hopefully clear how
additional powers of (k,/k)? leads to additional time-derivatives, additional powers of ¢ 2,
and additional powers of v2. Thereby the scaling ko ~ = should be justified.

Like diagram 4.3a, this potential is also dependent on v;-v3, but has the opposite sign.
Thus, it is attractive for particles moving in the same direction, and repulsive for particles
moving in opposite directions.

Some insight might be gained from the projector in line (4.36b)

P (n) =6;; —nn;

i i (4.37)
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where n = r/r. Contracting P;; (n) with a vector @ has the effect of projecting & onto the
orthogonal plane of n

Pij (")xj =z; — (n-x)n,

= niPij ()2l =(m-x) - (n-xz)=0.

Ergo, P,; (n)a’ is orthogonal to n.
With this in mind, the potential only couples velocities orthogonal to r, and is equi-
valent to

rXv)-(rXxXov G
( 12)7“26(2 2 - 2r302(rXp)~(r><p)

Gu (1 5 9
= — | zpr-w
re? (2“ ’
where v; was exchanged for v according to (B.4), and p = pw. In the last line, w =
r X v/r? was used, and the term inside the parenthesis is the kinetic energy associated
with rotational motion of a particle with effective mass u.

A last observation is that the Lambda tensor, introduced in Section 3.5 (3.56), can be
defined using this projection operator (Maggiore [9])

‘/(c) = VNewt
(4.38)

1
Ajj(n) = Py Py — EPij Py (4.39)

4.2.6 Computing Feynman diagram (d)

The last two diagrams have a higher order of H’s and are thus non-linear in A. Therefore,
these diagrams should be proportional to G2. Diagram 4.3d represent a second order in H
coupling between the graviton field and the point particle, while the last diagram represents
the higher order propagator, where H couples with itself. It was argued in equation (4.15)
and (4.17) that these diagrams belong to the 1PN correction, but then only coupling to
the 00 component of T#”. Thus, the same expansions preformed for diagram (a)-(c) will
need to be implemented to these non-linear diagrams, when computing higher order PN
corrections.

RS o m2A% mp\? _
s cS(g) = Z 4 3 /da:o dz® dy® S P 0
-7 a#b

* Ajnst (wa(xo) - CCb(yO)) - Ajnst (xa(-%o) - mb(yo))

(4.40)

Notice that particle a interacts with the graviton field twice, and possibly at different
times, while particle b only interacts once, but to a higher order, thus connecting it to
the other particle through two graviton propagators, as depicted in the diagram. The sum
adds the mirrored diagram as well.
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There is nothing surprising in this diagram, and the integrals can be carried out without
any fuzz, eliminating two of the three time integrals, making both graviton exchanges
instantaneous, and simultaneous.

mZmpAted 1 G*m2my,
Vo= S MamA e 11 4.41
(@) ;b 4-8-4 drr 4777" Z 222 (441a)
G2m1m2(m1 + mg) GM
B 2r2c? = "Newty 2 (4.41D)

One way to interpret this result is as a gravitational coupling between the total mass
of the system, and half the Newtonian potential energy itself

GM (|Vxewt| /26

This does not however make much sense as being separated the distance r, but it is an
interesting analogy.

4.2.7 Computing Feynman diagram (e)

Note that in this section spacial indices are suppressed, as subscripts are used to enumerate
vector variables.

The last diagram makes use of the three graviton propagator, and is the first one not
to use the linear propagator.

2 23
cSe) = % /d4x d*z dty (6%x — z1(t1)) + ... ) ®
\\2-777« ’ (4.43)
/<T {Hoo(t1, k1) Hoo(t2, k2)Hoo(ts, k3)}
+ the mirrored dlagram.

Here the propagator in the second line needs a lot of work. It can be read off from Gold-
berger and Rothstein [3], equation (37)-(39). But it will also be derived in the following.

Much of the structure is already given in (4.2), which was found inserting leading order
results” for h in the expanded EoM.

H, (y)=-5P

i o
9 praf P o:TO k‘ltlekgapk‘ngsz?el Hertst (444)

A / dky d*ky d*ks —etF1Y
2

(2m)12 K2 P

To make sure momentum and energy is not spontaneously generated by the propagator,

one should demand the momentum vectors k; sum to zero. This is achieved by multiplying

the integral by (2m)*64(>", ki).

"Leading order here referes to the PN expansion, not the X expansion of the EoM (3.76).
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3 . . . ~
b\ d4kj _ezkly _6zk2m _ezkgm 0B i
Hoo () = _4P°0“5/ ]:Hl ot K K kM (2m)'a'{ 2k

)

3 . . . ~
A d4k}‘ _ ikiy _ jtkox _ iksX kO 2 k:2
- [ | | e e Ok s ().
4 ot K kK2 2 i

J=1

(4.45)

The factor of (k9)% + k? = k? (1+ (k?)Q/k%), which was found to induce factors of v?
past leading order in Section 4.2.5. Therefore, this factor will be approximated as k%

Furthermore, when one of the k; integrals are preformed; the Dirac delta function will
eliminate that vector by k1 + ko + k3 = 0. For example preforming the k1 integral yields

3 . o
A d4k‘j Y 6zk23: ezkg:p
Hoo (4) = 3 / I1 | © (ha+ks)y E (4.46a)
j=2
_ )\/dkjgdkgeikg(xoyo)eikg(joyo)/ d3k:2 etk (@2—y) / d3k;3 ctks (&2—y) (4 46b)
-8 (27)2 (2m)3 K2 (2m)% k2 '
S o_,0 5 ~0 .0
_ 200 —y?) 60 — ) (4.46¢)
8 dm|zy — yl| 4mlxs — y
A
= §P00:00 Ainst (T2 — Y) + Pyo.00 Ainst (T3 — y) (4.46d)

It is the product of two propagators, connecting two different points to the same third
point, just like in the diagram. This result could also have been argued to result from
Wick’s theorem, like Porto [4] does, but then it would be all pairwise combinations of
points, including Ajng(x2 — x3). It was discarder here because the k; propagator was
eliminated by the derivative, which again followed from k; being the main transform, i.e.
the lone graviton going in the final interaction term of the action. In [4] this ‘missing’
contribution was handled using dimensional reqularization, and turns out to be zero, as
demanded by our result.

The potential should now follow straightforwardly as

m2mpAtc’
Vio =2 gz

210722
a#b
G?mima(my + my) GM (4.47)
= 9 9 = _VNEWt P)
rec rc
= —2Va):

Surprisingly, this diagram has the same potential as diagram 4.3d, times negative 2.
Thus, the joined effect of these two last diagrams is a positive, and thus repulsive, potential
proportional to the total mass and the Newtonian potential.

It is surprising that the effect of non-linear terms is to weaken the static force, but this
is the case.



Chapter 4: Calculating the orbital energy 52

4.2.8 The total 1PN Lagrangian

Summing up all the potentials Vi,)-V{ey ((4.21), (4.26), (4.36d), (4.41), and (4.47)), and
remembering to add the kinetic energy expansion (4.25a), the final 1PN Lagrangian will
be the result

1 vi  Gmym v1-T) (V2 T
Lipn = Lem =3 Zmac—g # [3(’0% +v3) — Tuy vy (1743222)
a (4.48)
_ GPmama(my +my)
2r2¢? ’
and with total effective action S°F = /dt {Lopxn + Lipn + ... } (4.49)

This is the Finstein-Infeld-Hoffmann Lagrangian from 1938 [23|, derived in an entirely
different manner, warranting some confidence in the result.

In order to determine the orbital energy of the binary system it is useful to reduce this
Lagrangian to its equivalent one body problem.

As it is already just spatially dependent on the relative displacement of the two bodies
r, the last thing needed is just to express their velocities by the relative velocity.

Using the centre of mass frame the position of each body can be expressed through the

relative displacement r as®
ma mi

M'f’, Tro = —ﬁ'f’. (450)

The velocity of particle number ¢ is defined as the time derivative of its position v; = 7.
Defining the time derivative of the relative displacement as the relative velocity one finds

r=r1—r2, T1=

%v, vy = —%v. (4.51)

Substituting (4.51) into the 1PN (4.48), and the OPN (3.44) Lagrangian, the equivalent,
total, one-body version is obtained

1 m2 m? Gmim 1 ma m?
Leﬂ:< 2+m21>v2+; 2 (m12+m21)v4

2 \"™M 2 M2 g2 "M as M
Gmim m3 +m? mom mom o
o [3 (21\421> VAT v g v ’")2} oz
~ GPmamy(my + my)
2r2¢2
GM
:H02+7M+%(1—3n)v4
2 r 8¢ 4.59h
GMu N1 v: GPM?pu (4.52b)
Uy 1 +10-07)] -
+ 2r { {1+ (@-7) c? 2r2c2

8For details on how to derive these relations, and how to do the soon to come mass-term manipulation,
see Appendix B.
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4.3 Computing the 1PN equations of motion and energy

Equipped with the effective Lagrangian up to first post-Newtonian order (4.52b), all that
remains is to determine the equation of motion and associated energy.

4.3.1 Finding the associated equations of motion

The corresponding equation of motion can be obtained by finding the extremum of the
action. Using polar coordinates it is obvious that 8 is a cyclic coordinate, as it does not
appear in the Lagrangian.

d oL 0L

doL _ oL _ 4.

dt ow 06 0 .
I M

0=l 2,y L1 =3 (e + #2%w) + & B3+ mriw
" 22 rc2
L o (4.53b)
= priw [1 + o) {2(T2W2 +7%) + 7(3 + 77)}] :

—— = u(r’a + 2rwr) [1 + iz {1_377(7"%12 +72) 4 G—M(S + 77)}]
w c 2 r
(4.53c)

1 . o GM :
+ C—2ur2w [(1 —3n) (rw? 4+ rPwi + 7 — 7(3 + 77)7“} :

Approximating ¢ ~ ur?w + O(c%) it is clear that £ is the angular momentum of New-
tonian theory, with a 1PN correction.
The radial equation of motion is similarly obtained by

oL doL
oL _ o GMp po o 3, 4 2.2
5, = L 2 + 262(1 3n)(row® + rwr) s
. 4.54
GMp 9 i\?  2GM
+ Gt e - o (5) + 250,
oL G
O = i+ (1= 30)(7 + 2w + S5 (34 2n)
or 2 r
L (1 3n (4.54¢)
= ur [1+2{ 5 (72 + r?w?) + (3+277)H ,
dOL [ 1(1-3n ., oo GM
Rl T2 3+2
dt or MT[+02{ 2 (4 W) + r (8+2n)

(4.54d)

1 GM
+ [(1 = 3n) (7 + 1w + rPwd) — =7 (3 + 277)] .
C T

Imposing circular motion entails 7 = # = 0, thus the EoM simplifies to

0:{G2M2—GM}+{7«+GM(3W}&+{M}(&)2 (4.55)

r3c2 72 2c2 2c2
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The solution to this equation follows as

GM GM 1
2 _

M M 1
N U2:T2w2:G {1_(3_77)C;c2+0< >} (4.56b)

r ct

Notice that to the OPN order equation (4.56a) reduces to Kepler’s third law for circular
orbits (2.4).

Using (4.56), r, w, and v can be related with 1PN corrections. To compute the other
relations, organize the equation into a quadratic equation, and solve for the quadratic
parameter (e.g. solve for GM /r in (4.56b) to obtain GM/r as a function of v?).

The 1PN correct relations of w, r, and v turns out to be

GM GM 1
w273{1(3n2)7f2+59<c4>}, (4.57a)
GMw:u3{1+(3—n)zg+o<c4>}. (4.57b)
GTM = (GMw)*? {1 + (1 - g) (GM(C;))Z/B + O<014> } : (4.58a)
GTM —v2{1+(3—n)i+0<014>}. (4.58b)
V2 = (GMw)*3 {1 - <2 - §n> (G]Vi;")w + (9<Cl4> } 7 (4.592)
vQ:Cif\f{l—(?,—n)C?fi\erO(;)}. (4.59D)

To get the relations of other order of the LHS, is simply a matter of raising the equation
to the desired power, and then Taylor expanding away terms that are not of first post-
Newtonian order. But the relations as written here are those that usually come up, many
having already been used in this thesis at the 0PN approximation.

One illustrative example to get a sense of the scale of the 1PN correction is to use
(4.58a) to compute the correction of the lunar orbital distance. The Moon does not follow
a circular orbit, but rather has an eccentricity of 0.02 < e¢ < 0.08, so it will not be an
exact approximation. It can however give an idea of the scale of the effect.

The Moon has a (sidereal) period of T¢ = 27.32 days, and mass of mq = 1.23-102 Mg,
where the Earth mass is Mg = 5.97 - 10%* kg [24].

B GM n\ (GMuwq )2/3
"= Gl )7 {1 -(1-3) (4.60a)
~3.85-10°{1—1.17-10""} m
(4.60Db)

~3.85-108m —4.47-10° m
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Thus, even though the approximation is crude, this shows that the correction is in order
of millimetres for the Earth-Moon system. It is perhaps not surprising considering that
the Moon is not exactly moving at relativistic speeds.

However, due to reflective mirrors left by the Apollo missions, the Earth-Moon distance
is measured at a millimetre precision [25].

The best models for the Earth-Moon system operates at this precision, and thus needs
to account for 1PN corrections like this one [26].

4.3.2 Computing the Hamiltonian

To obtain the orbital energy it will suffice to derive the corresponding Hamiltonian of
the 1PN Lagrangian (4.52b) by Legendre transformation (3.45). Utilizing the results of
equations (4.53b) and (4.54c) the Hamiltonian is found to be

.OL oL
H(r,v) = s + W T L (4.61a)
1 (1- M
= pi? [1 +3 { 2377 (F? + r’w?®) + —GT 3+ 217)}]
1 (1-3 GM (4.61b)
—I—ur2w2 |:1 + 07 {277(7“2002 +7"2) + 7(3 +7’])}:| — L
4 v GM 72\ 1 v?
— 2, s - o Z
= pv* + g (1—-3n) = +2 o [3—1—77 (1 + v2>] = L (4.61c)
GMpu 3 4
B2 TR i(l - 37])U—2
2 ro 8 ¢ (4.61d)
LGMp Ty (L PN G M
2r g v2 )| 2 2r2¢?

The Hamiltonian is expressed in terms of the relative velocity v? = 7% 4 r2w? instead
of the canonical momentum because the end goal is simply to obtain the 1PN energy in
terms of the frequency. Note that this expression is valid for all type of motion, not just
circular.

Imposing circular motion again, the relations between v, r,w from (4.57)-(4.59) may
be used to express the energy in terms of one of these variables. The most commonly
used variable is the frequency w, as it is most directly related to the observable: the GW
frequency. However here the velocity will be used for more convenient calculations.

4 4 4
©oo 2 v 34 G p
E="S0%— — )= L-3n= +2— BEZ 4.62
5V <v + (3 77)62>u+8( g+ 5208+ +55 (4.62a)
[y B 3 9 vt
=B Bl (-64+2 1 2-Z4+1)n|l = 4.62
2v+2[< 6+4+3+>+< 4+>’7]c2 (4.62b)
Loy 5 3 ) v?
= B2 l1+d2 2yt . 4.62
5V [ +{4 477}02} (4.62¢)

This is not the energy expansion (2.7) presented in Chapter 2, so what is going on?
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Recalling that in Chapter 2 v* was only used as a proxy variable for the orbital fre-
quency, and was defined as v* = (GM w)l/ 3. In the Newtonian theory v = v*, but at 1PN
the relative velocity and orbital frequency are related according to (4.59a), hence v # v*.
Therefore, (4.62c) is the orbital energy in terms of the actual relative velocity.

Using equation (4.59a) to transform v — w the energy in terms of frequency is obtained

to be
_ K 2/3 7§7i L M“)2/3 i
E = 5 (GMw) {1 + { 1 1277} =2 + O 3 . (4.63)

This is the energy presented in (2.7), where (GMw)Y/? was named v, somewhat con-
fusingly from the point of view of this chapter.
Beware that in the literature, energy and flux can, and are, presented in terms of %,

(GM w)l/ 3 or v. But they are all the frequency energy/flux, relabelled using the OPN ap-
proximation of the relations (4.57) - (4.59). This is of course since they are ultimately used
to compute waveforms, which are computed from differential equations of the frequency.
And in the end, the frequency is the directly observable parameter.

To get a sense of the scale of this energy correction, lets use this on the Earth-Moon
System.

Eq ~—3.81-10" (1 -8.76-107'%)J

4.64
~ —381-10%J+3.34-10' J. (464)

Which is of course comparably tiny. Using the mass-energy equivalence, the correction
is comparable to ~ 3kg, of an ~ 4 - 10% metric tonnes OPN energy.
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Calculating the energy flux

In order to fully describe the 1PN dynamics of the compact binary the energy dissipation
by generated GWs need to be accounted for. In this section this total radiated power is to
be calculated.

Derivations presented here closely follows those presented in Maggiore [9], Porto [4],
and Ross [27].

5.1 The graviton field evaluated at large scales

5.1.1 Seperation of scales

In Section 4.1 it was argued that the binary system could be separated into three different
length scales ~ L, ~ r, and ~ Rg, related by L > r > Rg. In Chapter 4 the ~ Rg
scale was ‘integrated out’, leaving BHs and NSs only with a point mass structure at the
scale of the orbit ~ r. Similarly, in Section 3.5 the total energy flux of a system was found
evaluating the graviton field at a scale L > Agw, leaving the source effectively as a point
source, endowed with a quadrupole structure.

By the requirement of evaluating at a scale L > A, it is also automatically realized to
be evaluated at a scale much larger than the binary system that created it, 7 > X.!

5.1.2 Modifying the source of gravitational waves

In Section 3.5 the solution of the graviton field was found to be (3.30), which reads

— A |R — x|
kl 3
Hij (t,R) = 3 RAij /VTM (tret, ) d°z, where tp =1 P (5.1)

With V ~ L3, such that T;; evaluated at dV is zero.
On the other hand, in the far region A = 0, which admits solution of the general

1To see why this relation holds for the inspiral, see footnote 1 from Chapter 4.

o7
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form

_ Fu(t=R/o) Byt =Rjo)| 1 F, " (t = R/c)
L i [F,fl(t - R/@]
- E' L R )

/=0

FX(t—R/c)
i h Zj p—
wit O 7

(5.2)

Here the multi index notation has been introduced, which is to say a capital letter index
L represent a number of ¢ indices.

By comparing these two expressions, which should be equivalent for R > r, F© can be
demonstrated to be 28]

i 20 + 1) x| O\ %
Fi?(tret) = /d% 5U§TF Za 2! ( ) (U&J Tij (tret, ). (5.3)
p:

"(20+2p+ )N

Here t,ot = t — R/c. The subscript STF stands for symmetric trace free. This is the
only part that is not eliminated by the Lambda tensor (3.56). Recall that in the flux, the
Lambda tensor eliminated the trace of the quadrupole moment.

As a remainder /1! = ¢ - (£ —2)- (£ —4)---2 or 1, depending on whether ¢ is even or
odd respectively.

Before proceeding, it will be useful to investigate STF tensors.

5.1.3 STF tensor decomposition

The STF part of a tensor is the irreducible representation of the tensor under rotations.
Therefore, in GW physics it represents the physical degrees of freedom, where the other
terms can be gauged away.

As an example, a rank two tensor can be decomposed into three parts

Lok k Lok
Tij = Taj) + Tyagy = Apg) T Stigy = 35 0y +eipd™ + <S{ij} — 3% 5ij> SCE)

The first term in the last equality is the trace part, the second the anti-symmetric part,
and finally the third term is the STF part.

Now, noticing Aijklékl = 0, and since the Lambda tensor is symmetric in k < [
AY klsklm = 0. This is why only the STF part of FZ? contribute to the final flux.

The STF part of a rank n tensor can be obtained by [29]

[n/2]
TSZEFFZ" = Z c](gn)(;{im <o+ §Pp=1i2pPl2pt1inararapap
p=0 (5.5)

(n —2p)!(2n — 2p + 1N (2p)!I
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The construction of this expression is not self-evident, but calculating it for the quad-
rupole and octupole moments will be instructive. The operator |z] rounds = down to the
closest integer, and is called the floor function. E.g. [3/2]| = 1.

First notice that the p = 0 term always correspond to the symmetric version of the
tensor in question

n!(2n + 1)!!T 1 TS;m ’ (56)

Not surprisingly, the terms of p > 0 in (5.5) is used to subtract all possible traces, thus
making the expression symmetric and trace free. E.g. the quadrupole moment becomes

i 21(1)! 5700 i 1
QSTF Q{ 7} 0'(3)()() JQ = sglmi g(Wtr(Q), (57)

which is equivalent to the expression used in the quadrupole radiation (3.62).
The octupole moment follows similarly as

for p = 0:

. 31(3)!! o o
ijk _ ligk} _ i ka ik nja ik Myia
0k~ 0 OGN ()”3(5 o, + 607, + 670", ) -
— ok — — ((wokaa + oitkoie 4 (Wkowa) .

The factor of 1/3 comes from the symmetrizing of stiioMe, = 31 (69 + 677) Ok, +..) =
((W Oke + ... ) Hopefully these examples provide some familiarity with formula (5.5).
5.1.4 The multipole structure of GWs

Working the expression further, following the somewhat complicated steps of Ross [27] the
result is

 /TT 4G - 1 Y4 L—2
Hij :_@Aij:kg_lngE np—900L;; """ (tret)

=2 (5.9)

2% )
Tiric b{ke,lnaL—Zangz}L 2(tret)]~

Here I is the mass multipole, while J is current multipole, defined as

1(t) = y
p=0
(20 + 1)1 Sp(t+p+1) .
@p)I(20 1 2p + D)1 <1+ e 1)(£+2)> Ud%ao Too(t’mwpﬂ -

(20 + 1)1 4p 2 . 5.10
T @i 2t ) (1 T 1><e+2>> [/ Co T (1) ”CL} e
(2£+ 1)”4 2p 2p+1 » i
" @@t 2+ DI ) (” G 2)) Udg’”% T ey ’”L“””LTF

+
(204 1)!
2p)1(20 +2p+ DI \ (£ +1) e ¥2)

[ d3a: a§P+2”5j (t,m)erwinxj]
STF
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p=0

I

(%)"gﬁ J+r 29; i (1 + (gi_pg)> [/ APz et 0P T ¢, :B)erxL_lx”} (5.11)
“ . STF

(20 + 1)

_ . 3 2p+1 n 2. L—1
(2p)11(2¢ + 2p + DN(¢ + 2) [/d z e, O Tt @)t 1:}

STF

Here TH is the energy-momentum tensor of the source.
Now, using (3.55) the total energy flux is determined as [29]
R TT
F= ’H 7-[ dQ (5.12a)

(0 + 1) e+2) AT ()
C3Z€ 1)01(2¢ + 1) <<d(ct)Hl ) >
400 +2) AL ()
M S IC TS << () > >

5.2 The 1PN flux terms

(5.12b)

To assign PN orders to the different terms, notice that every time derivative contributes
with a factor of ¢!, ﬁgp ~ 1/¢?. Also since T ~ miti", and 2° ~ ¢, we can expect
every spatial index of the energy-momentum tensor to contribute with a factor of ¢!
compared to the 00 term. Utilizing these observations it should be clear at which PN order
the various terms of (5.10) and (5.11) enter.

5.2.1 Leading order term, the quadrupole moment

For the leading order term, only moments with the lowest power of (¢~!)" can contribute.
From the general flux expression (5.12b) it is clear that every derivative of the multipole
moments contributes with additional factors of ¢~', thus the leading order term must be of
only two indices, a quadrupole. Because the leading order term in the energy-momentum
tensor is the point particle contributions, and since the point particle energy-momentum
tensor is proportional to the tensor product of the particle’s four velocity (3.40) any spa-
tial index of 7" contributes with an additional factor of ¢~!. This excludes the current
multipole (5.11) entirely, and all but the first line of the mass multipole (5.10).

Since the ct derivatives contribute with superfluous factors of ¢!, only the p = 0 term
of the first line of (5.10) for L = 2 contributes to the leading order energy flux.

Using this leading order term of (5.10) and (3.40) for the 7% term the resulting leading
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order? expression for the mass quadrupole moment is

g " o
I(’(J)) (t) = Eg;” /d?’x TY(t, ) [a:lazj]STF

= /d3x27ama626(3)(;c —x4(t)) [:L‘ia:j - zl))r2<5”} (5.13)
_ 2 2[ i j_l(si]]
= pe’r® In'n! — 3

In the last line the masses was rewritten to the reduced mass (see Appendix B for more
details).

To compute the resulting flux, equation (5.12b) requires the third time derivative of
this term. Applying circular motion implies n® = cos(wt), n¥ = sin(wt), and n* = 0. Thus,
after consulting (C.2) for how to rewrite squared trigonometric functions, the result is

.. 1 .
d37%9 243 (37T cos(2wt) sin(2wt) 0
0 _ pr 0

( - 1
3= oo .3 sin(2wt) 3 — cos(2wt)
d(et) 2¢ dt 0 0 _%
92,,72,,3 sin(2wt)  —cos(2wt) 0
N - cos(2wt) —sin(2wt) 0. (5.14)
‘ 0 0 0

Notice that I is indeed symmetric and trace free. To calculate the energy flux the
sum over squares of each component is needed.

<d3I(Zé) d3I(O)ij> - 24M2T4w6

d(ct)3 d(ct)? 2 (2 sin?(2wt) + 2 COSQ(QCUt))

. Jul? 282 10
a c? G? 2

(5.15)

In the last line v = wr was used, and finally Kepler’s third law (2.4) to exchange w for v.
Then the leading order term of the energy flux is

G 3-4 e 252010 3292010 10
;NeWt:§m<I Iij>:€5675:€5075:FNeth (5.16)
which is the well established result (3.68). It is worth noting that [¢®/G] does indeed have
the dimension of energy per time, as expected from the energy flux term.

For the next to leading order correction the octupole moment I*7%(¢) and the current
quadrupole moment J% (¢) must be added, and also there are relativistic corrections to the
quadrupole formula used here for the OPN flux term, like the other terms in (5.10) and
relativistic corrections to 7H.

2To leading order v, = 1. Recall that v, = (1 —v?/c®) "2 =~ 1 + 10?2/ + %v4/c4 + ...
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5.2.2 Next to leading order term, the octupole moment

Using (5.10) and (3.40) the mass octupole moment reads

135 (t) = 8 ()./d%TOO(t,x) |wiaiat]

2
3 i gk T ij .k ik, j ik i
d :EZ’yamac 53 (@ — 4(t)) [x xlx® — 5 (5795 + 6"l + % )} (5.17)

STF

\

= uc?r3\/1—4n [n’n]nk ~F (5”nk + 6%nd + 5Jknz)] :

Inserting circular motion (n® = cos(wt), n¥ = sin(wt) and n* = 0) and then taking the
4% time derivative, as necessitated by equation (5.12b) produces

C:(igf lf; 1 —4n :(31)4 cos(3wt) + 32(? cos(wt)] , (5.18a)
it%i = /27;3 1 —4n :_ (321)4 cos(3wt) + ;}3 cos(wt)] (5.18b)
jiZ?)Z): - Mc?j 1 —dn —u; COS(wt)} : (5.18¢)
T(i%y)j = /~Lc7;3 1—4n - 311)4 sin(3wt) + 3;(};1 sm(wt)] (5.18d)
iﬁf = *Z; =ty |- _(Bw 4) sin(3wt) + ‘2"3 sin(wt)] , (5.18¢)
(312%2)42 - AZ;; 1—4p “;4 sin(wt)] (5.18f)

Because of the symmetric property of I, terms like I*%* are equivalent to I¥**. Thus,
any term not appearing in equation (5.18) are either equivalent to one of the listed terms
by symmetry, or zero (like odd numbers of z-indices). Notice also that the sum of (5.18a)-
(5.18c) is zero. Similarly the sum of (5.18d)-(5.18f) is also zero, as they should be since I
is trace free.

Note that for the square sum (cos(nwt)cos(mwt)) = Opm/2, thus all contributing
d4 jzex 2
terms will be of the form sin?(nwt), and cos?(nwt). For example < d(c(tQ))‘l ) = %(1 —

4) (g—i cos?(3wt) + 24 52 cos (wt)), i.e. cross terms can be dropped.
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ik
Aoy Ay u2(1 iyt (35439 .52+ (32 +3)+3-2

d(ct)* d(et)* — ¢ 24 . 52 (5.19)
~2-3-1367n%(1 — 4n) v'?
- 5 G2 A
. G 1 2-3-1367172(1—477)1)712:2-1367772(1—477)11712
3337 5 G2 ) A 32.57 G c’
= Fiew g1 gp (1 — 4n) % (520)

5.2.3 Next to leading order term, the current quadrupole moment

Using (5.11) and (3.40) the current quadrupole moment reads

. I .
J(g) (t) = Eg” [/ dBre Tt x)2'x L}TF = Zmac [méejmnvzn$g} ST
_Zm“ [“ m"(e klwk:cl) }STF Zm“ [“(”k(s = G’ )wxx]STF
= — Zmacrgw% (267, + 2l6",) = _,uc;?’w\/l —dn [n'6?, +n?5,] . (5.21)

Notice that circular motion is here already assumed as v, = w X x, is used to simplify
the expression of the first equality of the second line. Again, using n* = cos(wt), n¥ =
sin(wt), and n* = 0, and taking the third time derivative as instructed by formula (5.12b)
results in

4379 (1) 3 FE 0 0 cos(wt)
2 prtw .
# =—%n Vv1- 477@ 0 0 sin(wt)
cos(wt) sin(wt) 0
3,4 0 0 — sin(wt)
= “; =4 0 0 cos(wt) |. (5.22)
¢ —sin(wt) cos(wt) 0

Notice that J g is trace free and symmetric, as it should be. The flux is determined by
the sum of squares of all the tensor components, which is

d3J(Z§)( )dsj(g)ij(t) B M2T6w8

(1 — 4n) (2sin®(wt) + 2 cos?(wt))

d(ct)3  d(ct)3 —  22¢t
2 2 12
_ (A =dn) 6 o n(1—4n)v”
= gA VW =T (5.23)
L o 2G (1 —4n)v'® 8 (1 —4n)ov??
(2) 32.5¢3 2G2 A 45 G e’
1 02
= fNeth(l — 477)?2' (5.24)
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5.2.4 Next to leading order term, the quadrupole moment corrections

Circling back to the mass quadrupole moment, all first order assumption that went into
5.2.1 must now be expanded to next to leading order. This primarily means 3 things:

1. Relativistic corrections to T#¥, like kinetic energy, and gravitational energy.

2. Including other terms from (5.10), like p = 1, 7% and 7']2 .

3. Relativistic corrections to the inserted motion of the source. For quasi-stable circular
orbits the motion does not change, but the relation between v, w, and r pick up some
relativistic corrections (4.57)-(4.59).

Starting with the relativistic corrections to 790, and 7"2 (it will be clear in a moment
why these are lumped together) recall that (3.40)

Tootm Z%macé (x —x4(t))

102 3ol 2¢(3
= d (1+202+8c4+ .)mac 6O (@ — x4 (1)) (5.25)
1 3 vl
_ 2, =+ 2 9 a 3)(n
= Ea (mac + 2mava+ g g —|—> 0" (x — xq4(t)),

simply Taylor expanding -y, = (1 —v2/ 02)_1/ % around v /¢ = 0. The next to leading order

terms in 79 is thus proportional to (¢~!)°. From the Virial theorem, or equivalently from

(4.58b), the leading order (Newtonian) term of the gravitational potential scales also as v,

and should therefore also be included. This concludes point 1., the relativistic correction
of TH¥. Finally, to leading order Tk is the point particle tensor (3.40)

pp = nyamav vaké( )(:1: —x,(t Zmavzé T — x4(t)), (5.26)
which is just twice the kinetic energy. Thus, the trace of 7%, part of the quadrupole reads

Tr. part of Ig) = /d3$ (7-00 + 7%, ) [xixj]STF

Gmy,
= [nn STFZmaCT < +5072— 62|.’L'a—.’13b|>

> (5.27)

3 GM i
= uc?r <1+ 2(1—377)C (1—277)7402> [n nJ]STF

1 U2 . 1 ...
_ 2.2 7 1
= ucr (14—2(1—577)02) <nnj—36]>.

Since the time dependent part (n?) is equivalent to the first order term of the quadrupole
formula, the third derivative of the expression correct to first order in (v2/c?)! can be
inferred directly from (5.14)

d379 sin(2wt)  — cos(2wt)

2 _ 22w 1 —5nv? )
1 — — 2wt) — 2wt
d(ct)? - + 5 2 COSO( wt) sm(g wt)

(5.28)

o O O
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For the p = 0 terms this only leaves the 9y7°% term in line three of (5.10). The last line
containing 937% will not contribute as it scales as (937%)/T% ~ ¢~ To leading order
also this energy-momentum tensor component is the free point particle tensor, and thus

4
Ok-part of I( )( )= —3 /d3:z 1)) Zmacvéf:cké(?’)(az —x4(t)) [x x ]STF (5.29)

For circular motion v, = fwr, (—sin(wt), cos(wt), 0), and is thus orthogonal to @q:
Vg + o = 0. Therefore the leading order contribution of the 7%-part of I'” is 0.

To finish point 2. only accounting for the p = 1 term remains. This term follows as

11
= E mac?rio} [n n]]STF
1 92 % + cos(2wt) sin(2wt) 0
= 22'73‘7#(1 - 37})7“4@ sin(2wt) 3 — cos(2wt) 02
0 0 -2
1 cos(2wt)  sin(2wt) 0
= —ﬁ,u(l — 3n)riw? [ sin(2wt) —cos(2wt) 0], (5.30)
' 0 0 0
d379 92 1123 9. 11 2 sin(2wt)  —cos(2wt) 0
2 priw .
d(ct(); = . (— 37 (1-— 377)02> —cos(2wt) —sin(2wt) 0] . (5.31)
0 0 0

This leaves the totally 1PN correct third derivative of the quadrupole moment

d379 92 p2,,3 93 _ 97 o2 sin(2wt)  —cos(2wt) 0
@) _ et (B2 (g 9uwt) —sin(2wt) 0] (5.32)
d(ct)3 c 42 2 0 0 0

Here the subtlety of point 3., corrections to the equations of motion, enters. At this
stage equations (4.57)-(4.59) must be used to convert between r, w, and v. One might
expect at this point to use wr = v and (4.59a) to convert the last factor of w = v3/GM,
but this is not the case. Recalling that v is just a proxy variable for the frequency, one
should expand the flux in terms of w, and perhaps change w to v = (GMw)2/3.

Doing that

22,123 22 22 ) Mw)2/3
Zurts _ P B Gaga {1 B (2 B n) <GW>}

c c 3 c2

dp 5 2\ v?
- 1-(2-%5) 2 L.
GMc" { < 3"7> 02}
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Inserting this into (5.32), discarding terms (’)(Z—i), provides the final result

TG 2200 (1 107 —5- 11502

sin(2wt)  — cos(2wt)
d(ct)3 G ¢ 2-3-7 c2>

0
—cos(2wt) —sin(2wt) 0], (5.33)
0 0 0

d3I(g) dSI(Z)ij B 252 10 ( _107-5-11n 2}2)

T Aty Al | @ 2 3-7 &2 (5:34)

And thus the energy flux from the quadrupole at next to leading order is

25p2 910 107 —5- 11nv? 107 =5 - 11n v?
quad n n _ n
F) _5Gc5<1_3-7c2)_f““<1_3-7¢2>' (5.35)

5.2.5 The total 1PN energy flux
The total energy flux correct to 1PN is then the sum of (5.15), (5.20), (5.24), and (5.35),

3272 v10 1247 35 \ v? 1
== - +=n)=+0(=])}. 5.36
=56 336 127) 2O\ s (5.36)

Which is exactly the flux (2.8) presented in Chapter 2.
To get some perspective, lets consider the Earth-Moon system again. According to
(5.36), the energy flux due to GWs is

Fg =6.03-107* (1 - 4.37-107'1) J/s (5.37)

Using equation (2.18) for the change in orbital frequency, and relation (4.58a) of r and
w, the time evolution of the relative separation due to GW emission is found to be

)2/3
)= g {1 (- D) P (@)} s

5

4(GM)Y3 [5GM\ 12
~ (52/3) < - > T, (5.38b)
, (GM)V3 [5GMN\ = _,, G3MPp _
= (N ® g 3 T = S (5.38¢)
~1.14-107272 ~ 3.60- 10772 (5.38)
s year

This is, not surprisingly, very slowly. At this rate, it would take ~ 2.8-10'6 years until the
effect would be in the range of millimetres.
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Discussion and conclusion

We have now seen how the 1PN gravitational waveform (2.19) can be obtained from the
1PN energy (4.63) and flux (5.36), assuming quasi-stable circular orbits and separation of
scales. We have also demonstrated how the 1PN energy can be determined using Feyn-
man diagrams (Chapter 4), and how the 1PN flux can be computed using multipoles
(Chapter 5), all based on an effective field theory of gravity as a gauge field (Chapter 3).

In his text [4], Porto claimed

“|...] that adopting an EFT framework, when possible, greatly simplifies the computa-
tions and provides the required intuition for ‘physical understanding’.”

In my own experience, the computations do not seem all that more simplified compared
to the more traditional geometrical approach (see Maggiore [9] for an outline, or Blanchet
[30] for more details). For someone without a deep background in EFT, like a master’s
student, any simplification of the calculation is outweighed by the work of familiarizing
oneself with standard results and conventions from QFT.

Of course, if one does have a deep familiarity with EFTs, the field theorist approach
presented in this thesis is a great way to transfer those skills to gravitational wave physics.
These are after all powerful tools for handling perturbative phenomena. The use of Feyn-
man diagrams makes the terms in the perturbation series more manageable, and can give
intuition for what kind of physical effects the different terms account for. In this sense, the
computations can be considered to have been ‘simplified’, and provided the intuition for
‘physical understanding’.

It is also possible that the field theorists’ approach becomes significantly simpler than
the relativists’ approach at higher PN orders. In order to verify this, I would need to
compute higher order corrections.

Even so, for relativists, some familiarity with the field theory way of thinking of gravit-
ational dynamics is helpful for deepening their understanding of gravity. As Feynman once
said at a Cornell lecture during his gravity phase:

“Every theoretical physicist who is any good knows six or seven different theoretical
representations for exactly the same physics. He knows that they are all equivalent, and
that nobody is ever going to be able to decide which one is right at that level, but he keeps
them in his head, hoping that they will give him different ideas for guessing.” - Feynman
31)

67
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For such reasons, it is valuable to have alternative ways of thinking about gravity and
gravitational waves. Some extensions of, and alternative theories for, Einstein’s theory of
gravity might present themselves more naturally in the language of field theory, rather
than differential geometry. E.g. quantum ‘loop’ corrections of gravity [32]. With gravita-
tional wave data imposing some of the strongest constraints on gravity theories, having an
alternative route for translating theories of gravity to gravitational waveforms is a useful
tool.

In conclusion, this effective field theory approach to computing gravitational waveforms
will probably not replace the more traditional relativist approach as the standard or in-
troductory way of deriving these results any time soon. As a method it is however worth
developing, as it provides an alternative perspective on the physics of gravitational waves.
It might also provide a shorter path for some alternative theories of gravity to testable
predictions, and can be used by physicists with a heavier quantum field theory background
to simplify the computations of such theories.
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Appendix A

Solution of the wave equation

This derivation can be found in most textbooks on field theory, e.g. Kachelrief [17], or
Schwichtenberg [16].

Indices will be ignored in this appendix, as the spatio-temporal dependence of the solu-
tion is assumed to be independent of indices. Thus, h,,, (%) = €, h(z%) and O h,,, (%) =
€ A ().

Assuming the solution to be a superposition of plane waves e ***° the most general
form the wave can take is

h(z®) = d4k k —ik, bk ik, Al
@) = [ Ggage {athe ™ bk ) (A1)

For (A.1) to be a solution of the wave equation (3.20) the following must hold

o\ d4k —ik_x° ik _x°
OA(z®) =0 = / oL El{a(ku)e +b(ky)e }
d*k o 9 - -
— v —ik, ik, x
/ @i 9ur dzv {“(’““)6 + bk )e }
+ b(k,)

N / (2;];4 0" (k) {WW*M”K n ek}
- / (g;’; (kg - yky2) {a(k#)e_ikaxo +b(k(,)eikf’xo}, (A.2)

which is a solution as long as k2 = |I<z|2 Since kg is identified as the temporal frequency
it is required to be positive kg = w/c > 0 in order to be physical. Both these conditions
can be imposed by 6(k} — w?) - O(ko), where §(x) is the Dirac delta function, ©(z) is the
Heaviside step function, and wy, is determined by the dispersion relation and is wy = |k
for massless fields.

!'Massive fields must satisfie the Klein—-Gordon equation (—m?)¢ = 0. The solution is the same as
that of massless fields shown here, but with w? = |k|> +m?2. That is why |k| is renamed wy, here, to make
the result more easily transferable.

72



Chapter A: Solution of the wave equation 73

Implementing these restrictions (A.1) becomes

4 , - . .
h(z®) = / ((217:;45(168—w,%)@(ko){a(kﬂ)e_zkvz + bk )} (A.3)

Preforming the kg integral results with

/ %’fﬁ’é(% — w}) O(ko) f (ko) (Ada)
N / %?5(““0 — wi) (ko + wi)) O(ko) f (ko) (A.4b)
— ?% [6(ko — wi) + (ko + wi)] © (ko) f (ko) (A.4c)
T 4R0
- %f(“k)‘ (A.4d)
Wk

Step-by-step the above calculation first, (A.4a), collapse all dependence on kg into a func-
tion f(ko), other than the Dirac delta function and Heaviside step function. In line (A.4Db)
the argument of the Dirac delta was expanded, and in line (A.4c) the Dirac delta was itself
expanded according to the relation
s @) = ) v pa) = 0, (A5)
) dz
Lastly, in line (A.4d), the kg > 0 term was singled out by ©(ky).

All the steps of (A.4) can be preformed for (A.3). Also requiring h(z®) to be a real
function can easily be done by demanding hf(2®) = h(2®), which is obtained most generally
by having b(k,) = a'(k,).

Thus, the most general solution of the wave equation for a real scalar field is

Oh(z*) =0,
3 . o . o
S h(®) = / M{a(k)e—zkw al ()} (A.6)

with ko = |k| = wi. This is the solution presented in equation (2.2).
This is still a large class of solutions, but it is restricted to travel in the k-direction
through space, with a velocity of

 Ow  Ocky C@\k‘\ B
- Olk| Ok Olk|]

Yg c. (A.7)

Notice that both the group velocity v, = % and the phase velocity v, = \%I are both
equal to c.



Appendix B

Equivalent one body problem and
mass term manipulation

B.1 Rewriting to the equivalent one body problem

my

mo

Figure B.1: Diagram of a binary system.

To solve the equation of motion of the two body problem it is useful to rewrite the
equations in terms of relative quantities, like the spatial separation 7, and relative velocity
v = 7. This will be done for the centre of mass frame in this appendix.

Letting r;, i € {1,2} be the position of object i relative the centre of mass, which is
placed in the origin, as in Figure B.1 the following identity holds

=79 — 71, (B.1)

0 = (m1 + ma)Rem = miry + mara, (B.2)
= Mmiriy = —MmoTo = —M9 (7“ + 7“1)- .
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In the last line of (B.2) equation (B.1) was used to eliminate ry. Similarly r; can be
eliminated in favour of r5. Thus r; can be expressed as

ma ma
_ _ B.
1 my + mQT M (B-32)
my my
— = B.3b
"2 mi + m21° M ( )

Here M is the total mass of the binary. Since the velocity of each object in the centre of
mass frame is v; = 7; it directly follows

m

V] = — MZU, (B.4a)
m

vy = ﬁlv, (B.4b)

where again v = 7.

Substituting r; and v; for the expressions of equations (B.3)-(B.4) the Lagrangian, and
thus the EoM, becomes a function of just » and v. Thus the two body problem is reduced
to solving for just the relative motion of one object, an equivalent one body problem.

Explicitly the Newtonian Lagrangian becomes

1 9 9 Gmimy 1 m3 mi\ o  Gmima
P = g (et Fmad) o = g g F e )
:lmlmg mo + mq UQ—I—GM%:}mlmQUQ—I—GM%
2 M M r 2 M r
1 GM
= f/w2 + 7'“.
2 r

Bottom line is that preforming the substitution to r and v reduces the problem to
describing the motion of one particle with an effective mass of y = *472 in a gravitational
potential produced by an effective mass of M = mj + mo, which is static and located at
the position of the other particle.

B.2 Mass term manipulation

Following the previous section it is hopefully clear what motivates the introduction of the
total and reduced mass M and p. The name reduced mass follows from the observation that
in the extreme mass ratio, mjy > mo, M = mq + mg ~my and p = % ~ m#’:” = ms.
L.e. in the test mass regime M is the gravitational source and p is the test mass exactly.
Of course M > p in all cases, with the largest value of pmax = %M when m; = mao.

Moving beyond the Newtonian approximation there will appear other mass terms that
are common in the literature. These are listen for convenience in equation (B.5).

In this thesis there will appear terms of the form mw?“ + mgv;‘“ and mq(—r)" T +
mgr;”rl. In this section there will be tips for strategies to convert these expressions into

(B.5) type mass terms. The result can be read of equations (B.6)-(B.7).
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M =my + mo Total mass (B.5a)
= mil:_m;m = m;\;@ Reduced mass (B.5b)
mi1ms9 1% . .
nN= ————5 = — Symmetric mass ratio (B.5¢)
(my + m2)2 M
(mimg)*’® 2\1/5
M= ——F—2 = (,u?’M )= Mn?/® Chirp mass (B.5d)
(m1 + ma) /

n+1

2+ and my(—ry)" 1+ mars

Here is a stepwise approach to deal with mlv?+1 + My
type expressions.

1. The product mims = Mpu. Identify and extract all common factors of u from the
expression.
2. This will leave something like (m% £+ m7) /M™.

a. If it is a sum, calculate M™ = m7 +m5 +.... Thus my +m7 = M"™ — ... Then
again look out for reduced masses and remember that u/M = n.

b. If it is a difference this will usually imply that n is even. Let n = 2k and then
m3k — m2k = (m§ — m¥)(m§ + mb). The (m§ + m¥) term can be expanded
as in step a, and hopefully this will be enough. The difference can be further

expanded using m]f — mg = \/(mlf m2) to get mixed terms which can be

factored as pu.

To get some concrete examples, lets consider (mym3 + mamf)/M*.

mlmél + mgm‘l1 _ mamg m% + m:{’ B M3 — 3myma(my + ms)

M2 M M3 H M3
=p(1—=3p/M)=p(1-3n).

m3 +m$ was rewritten using equation (B.6c).
Most of the expressions encountered at 1PN will follow the same approach as the
example above, with the exception of a term (mam$ — mim3)/M? which appear in the

octupole moment of the flux (see Chapter 5). It goes like this

mgm:{’ —mim3 B m? — m3 o (my — mg)(ml +m2) omy — mQ
M3 B TE
:M\/(ml \/m1+m2 2m1m2_ \/M2 AM
= py/1 —4n.

In equation (B.6) the different sum of powers are listed, and in (B.7) the mixed products
are listed. These expressions are useful for mass term manipulations like those that appear
in this thesis.
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my1 + mg = M,

m3 +mi = M? — 2mymy = M? — 2Mp,

m$ +miy = M — 3m2my — 3mim3 = M3 — 3M?y,

mi+mi = M* — dm3my — 6m?m2 — 4mim3
1 2 1M2 119 119

= M* +8Mp% — AM? 1 — 6 M2 2.

mimeg = M/L,
2 2 2
mims +mimg = M*p,

mlmg — m?mg = M3pu\/1 — 4n,

myma +mime = M*u (1 —3n).

7

A handy trick is to combine equation (B.7a) with expressions from (B.6) to obtain (B.7)-

type expressions.



Appendix C

Trigonometric identities

The trigonometric identities that are used in this thesis can all be derived using Euler’s
formula

¢ = cos(8) + isin(h). (C.1)
For the squared trigonometric functions one only needs to square this formula
9\ 2 28
(e’ ) = €'Y = cos(20) + isin(26)
= (cos(f) + isin(0))? = cos?(0) — sin®() + i2sin(0) cos(H)
= 2cos?(6) — 1 4 i2sin(#) cos() = 1 — 2sin?(h) + i2sin(h) cos(8),

where in the last line the Pythagorean identity sin?(#) + cos?(f) = 1 was used to write the
expression only by second powers in cosine or sine respectively. Comparing the real parts
and imaginary parts of the first and third line produces the useful identities

cos(0) = % (1+ cos(26)), (C.2a)
sin?(0) = % (1= cos(26)), (C.2b)
sin(#) cos(#) = %sin(%). (C.2c)

Likewise the identities for the third power trigonometric functions can be obtained
] .
(ew> = e = cos(36) + isin(360) = (cos(30) + isin(36))>
= cos®(#) — 3cos(#) sin?(#) + i3 cos?(#) sin(h) — isin®(6)
=4 cos®(6) — 3cos(f)] + i [3sin(f) — 4sin3(0)] ,

and then once again comparing the imaginary part of the first and third line the following
identities are obtained.

cos®(0) = = (3 cos(6) + cos(30)), (C.3a)

[ R N

sin®(f) = = (3sin(0) + sin(36)) . (C.3b)
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