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Abstract

This Master’s thesis deals with the study of the two-component, synthetically spin-orbit coupled,
weakly interacting Bose gas at ultra cold temperatures on a Bravais lattice. By way of mean-field
theory and the Bose-Hubbard model, the excitation spectrum of the emerging quasiparticles in
reciprocal space is obtained, valid in the superfluid phase. The excitation spectrum is then used
to create a phase diagram, which is compared with the phase diagram for a pure condensate.
Furthermore, the possibility of a superfluid critical velocity is investigated, and expressions for
the chemical potentials and condensate densities are numerically analyzed.



Sammendrag

Denne masteroppgaven omhandler studiet av en to-komponent, syntetisk spin-bane koblet, svakt
vekselvirkende Bose gass ved ultra kalde temperaturer bundet til et Bravais gitter. Gjennom
en middelfeltstilneerming og Bose-Hubbard modellen vil eksitasjonsspektra til kvasipartiklene
i det resiproke rom gis, gyldig for superfluid fasen. Disse eksitasjonsspektrene blir brukt til &
generere et fasediagram som inkluderer eksitasjoner, og vil sammenliknes med fasediagrammet
for et rent kondensat. I tillegg vil mulighetene for en superfluid kritisk hastighet studert, og
uttrykkene for de kjemiske potensialene og kondensat-tetthetene analysert numerisk.
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Chapter

Introduction

The first theory of a Bose-Einstein condensate dates back to more than 80 years ago, when
Einstein considered a gas of non-interacting, massive bosons. He found that below a certain
temperature T, a non-zero fraction of the bosons resided in the single-particle ground state
of the system [15],[16]'. Later, in 1938 Fritz London proposed the connection between the
superfluid phase of liquid 4He, discovered experimentally in [1] and [34], and Bose-Einstein
condensation [41], [42].

Bose-Einstein condensation (BEC) in dilute gases was first experimentally realized in 1995,
sparking an interest in the study of ultra-cold quantum gases [44]. The first experiments used
vapor of rubidium [3], sodium [12], and lithium [9]. In the first experiment, rubidium-87 atoms
was confined by magnetic traps and cooled evaporatively. The vapor had to be cooled to the
ultra-cold temperature of 170 nanokelvin before Bose-Einstein condensation could occur, with a
number density of 2.5 x 10'2 per cubic centimeter and could exist for more than 15 seconds. They
observed a narrow peak in the thermal velocity distribution around zero, and as they lowered the
temperature of the sample, the fraction of atoms in the vecinity of this peak increased abruptly.
Bosons have integer spin [23]. The wave function for a system with identical bosons is symmetric
under the interchange of spin and coordinates of any two particles [17]. Because of this, unlike
fermions which have half-integer spin, bosons are able to occupy the same single-particle state.
A way of estimating the transition temperature for Bose-Einstein condensation to occur, is to
compare the mean particle spacing which is of order n=/3, where n is the average particle
density, to the thermal deBroglie wavelength Ap which is defined by [44]:

| 2m

One way to invision the thermal deBroglie wavelength is the “extent” of the wavefunction for
each particle. In the classical regime, where the temprature 7' is large, the thermal deBroglie
wavelength is small and not comparable to the mean particle spacing. Hence, there is negligible

IEinstein followed the work of Bose regarding the statistics of photons [8], for which the total number of
photons is not a fixed quantity. Bose sent his work to Einstein, for which Einstein recoqnized the importance
and translated and submitted it for publication. Consequently, Einstein included the case of massive bosons.

15



16 Chapter 1. Introduction

Figure 1.1: The velocity-distribution for a gas of rubidium atoms for the experiment in 1995,
confirming the first Bose-Einstein condensate. In these three images in time, atoms cooled to
ultra cold temperatures condensed from less dense areas on the left (red, yellow, and green) to
very dense areas at the mid and right image (blue and white). Image credit: NIST/JILA/CU-
Boulder.

overlap between the wavefunctions. For an ideal gas, Bose-Einstein condensation occurs when
the deBroglie wavelength is comparable to the mean particle spacing [14]. Thus, one can in this
limit invision the wavefunctions overlapping to form a coherent wavefunction, experiencing long
rage correlations.

The dilute quantum gas is different from the classical gas, liquid or solid, which will be
illustrated in the following. The typical condensate density in a Bose-Einstein condensed quan-
tum gas is around 103 cm™2 to 10'® ecm™3. In everyday surroundings however, the density of
air molecules at room temperature and atmospheric pressure is around 10*® cm™3. In liquids
and solid the density is around 10?2 cm ™3, while in atoms the density of the nuclei is as at a
staggering 1038 cm™3. We are therefore dealing with low-density systems. To observe quantum
phenomena in such low-density systems, the temperature of the system must be very low, in
order of 107°K or less. In contrast, for quantum phenomena to be observed for electrons in
metals the temperature has to be less than the Fermi temperature, which is around 10* K to
10° K, and for helium liquids the temperature must be around 1K.

The experiments in 1995, yielding the first BECs, exploited a technique devised in the mid
1970s for cooling alkali metal atoms using lasers. The laser-cooling had to be supported by
an evaporative cooling stage, since the laser alone did not produce high enough densities and
sufficiently low temperatures to create a Bose-Einstein condensate. The evaporative cooling
stage then removed atoms with energies above a certain threshold, in effect cooling the less
energetic atoms.

One can further confine the atoms in an optical lattice. A standing-wave laser [40] sets up a
periodic potential in space, due to the fact that the electric field E is periodic in space. Thus by
superimposing many lasers in one, two or three dimensions one can effectively trap the atoms in
the emerging lattice. This is the physical idea behind optical lattices. The suggestion that light
can be used to confine the motion of atoms is due to Letekhov [52] in 1968. As the features of
the lattice is controlled externally, they offer unique tunability in modelling crystalline lattices.
Lattice constants such as, potential wells and barrier walls strengths, hopping parameters etc.
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may be controlled by adjusting the e.g. laser intensity [40]. Therefore optical lattices with
cold atoms have often been used as a ‘testing ground’ for theories studying strongly correlated
condensed-matter systems. As an example, we may study the Bose-Hubbard model which is the
goal of this thesis.

Studying quantum gases allows us to explore quantum phenomena in great detail. In a BEC,
all the atoms are essentially in the same ground state, and we may use mean-field theory to
describe the system. Even though the gases are dilute, interactions play an important role as a
consequence of the low temperature, causing overlap of atomic wavefunctions.

1.1 Spin-Orbit Coupling

Spin-Orbit Coupling (SOC) is a relativistic effect coupling the momentum of a particle to its
quantum mechanical spin [27]. A particles spin is quantized, taking the values of £h/2, com-
monly referred to as spin up or spin down. The spin degree of freedom has no classical counter-
part, making it an important feature for a wide variety of quantum materials such as quantum
magnets [5] and topological insulators [25]. This thesis will focus on ultracold atoms with
synthetic SOC.

SOC requires symmetry breaking, since the coupling strength is related to the momentum as
measured in a referance frame [20]. SOC thus originates from relativistic quantum mechanics,
where the spin of the electrons are an essential ingredient in the equations of motion, which
are given by the Dirac equation [24]. Taking the non-relativistic limit of the Dirac equation
yields the Schrodinger equation, with relativistic corrections. One of these corrections couples
the particles orbital angular momentum L to the quantum mechanical spin S via the term
L - S. This can be understood in terms of the usual —u - B Zeeman interaction, coupling the
particles magnetic moment g parallel to the spin S to the effective magnetic field B present
in the referance frame of the electron. SOC is most familiar in atomic physics, where it gives
rise to a fine-structure splitting in the energy levels of hydrogen [39], acquiring its name: an
electrons spin coupled to its orbital angular momentum about the nucleus. The electric field of
the charged nucleus gives rise to an effective magnetic field in the referance frame of the electron,
leading to a momentum-dependent Zeeman interaction.

This momentum dependence is particularly clear in materials. For example, Maxwells equa-
tions says that a static electric field E = Ey2 in the laboratory frame (z,y, z) gives rise to a

spin-orbit magnetic field
Eoh . N

Bso = w X (/czy — ky:c) (1.2)
present in the referance frame for particles moving with momentum #k. The resulting Zeeman
interaction is on the form —p - B ~ ok, — 0k, which is known as Rashba SOC [11], the type
we will study in this thesis.2 SOC effects are found everywhere in solids, and have been known
to exist for a long time. The ongoing research and rapid development of spintronics [30], have
advanced the study of these systems. This interest was motivated by a number of proposals for
spintronic devices. SOC systems does not only have practical implications, but also displays
many new and strange quantum mechanical fenomena, for exemple: spin-Hall effects [46],[35],
topological insulators [25], and Majorana [45] and Weyl fermions [10].

2Here, o, and oy are the Pauli matrices. There also exist other types of SOC. See for example Dresselhaus

SOC.
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1.1.1 Synthetic Spin-Orbit Coupling

In an ordinary material, the intrinsic electric field generates an effective magnetic field in the
referance frame of a moving electron, causing SOC. However, to get a significant SOC, this field
must be extremly large. This makes it impractical for the laboratory, and one must turn to other
methods. This is where synthetic SOC comes into play, using two-photon Raman transitions.
The effect of Raman scattering was studied extensively by George Stokes prior to quantum
mechanics, and observed experimentally by Sir Chandrasekhar Vankata Raman in 1928. An
excited atom may not always return to its initial state after the emission of a photon; it may
return to a higher or lower energy state [38],[26]. Raman scattering occurs when the scattering
of incident light is inelastic, as opposed to Rayleigh scattering which is elastic. We consider a
cold gas of atoms with two hyperfine states ||) and |1) with an energy difference of hwy, and
also an excited state |e). Two laserbeams with momentum hk; and hks, with frequencies wq
and ws, are directed at the gas. The first beam is polarized such that it couples to the first state
[4) and the excited state |e), and the second beam is polarized such that it couples to the second
state |1) and the excited state |e). Both beams have a detuning A from the excited state |e),
to supress transitions to this state. Instead, the beams scatter inelastically to an intermediary
state, causing Raman transitions between the two states |1) and [|). This transition is made
momentum dependent by a small detuning 6 = (w; —ws) —wp from we and |1). The momentum
dependence of this detuning is caused by the Doppler effect; the frequencies of the incoming light
are shifted in the rest frame of the atoms. In addition, the momentum dependence is furthered
by the momentum transfer imparted by the photons in the collision. Hence, this experimental
setup can simulate a momentum-dependent transition between two states, exactly as real spin-
orbit coupling, where the states are spin states. See fig. 1.2 for a sketch of the process. We

le)

JYATATAY ,

T

hwg

Figure 1.2: A schematic for the two-photon raman transitions.
will refer to the two hyperfine states as pseudo-spin up for |1) and pseudo-spin down for |} ).

Consequently, introducing spin-orbit coupling forces us to include two states in the description
of the system.
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1.2 Goal and Outline of Thesis

The work in this thesis is a continuation of the master’s thesis by A.T.G Janssgnn [32]. We
will study the two-component, synthetically spin-orbit coupled, weakly interacting Bose gas on
a Bravais lattice in great detail, utilizing diagonalization procedures and numerical methods. In
Janssgnns thesis, only the case of a pure condensate was considered, neglecting influence from
excitations of the condensate. We will in this thesis also include excitations, and derive the
excitation spectra for the emerging quasiparticles of the system. We will also construct a phase
diagram for the emerging phases when going to momentum space, reproducing the case of a
pure condensate which agrees with the literature, especially [21], and additionally including the
case of excitations. In addition, as the Bose gas is weakly interacting, we will employ mean-field
theory, and deduce expressions for the chemical potentials of the two pseudo-spin components,
and the associated condensate densities. We will also investigate the possibility of a superfluid,
which is revealed when studying the excitation spectra in the vicinity of a global minimum.

The thesis is structured as follows. Chapter 2 outlines the theoretical background for the
work required, and also presents the Bose-Hubbard model in both position and momentum
space, including the off-diagonal terms originating from spin-orbit coupling. In chapter 3 we
treat firstly the spin-orbit coupled Bose gas without interactions, then the one-component weakly
interacting Bose gas and finally the combined two-component, synthetically spin-orbit coupled,
weakly interacting, Bose gas on a square lattice, which was the main focus of Janssgnns master’s
thesis. In the same chapter, an effective method for diagonalizing bilinear Bose systems is
presented, and a method for calculating the free energy, and numerically minimize its parameters,
is outlined. Furthermore, we will review the case of a pure condensate, and give configurations for
the momentum phases introduced by mean-field theory, namely, the PZ, NZ, PW, SW and LW
phases. In chapters 4-8, we will treat each momentum phase in detail, diagoalizing the associated
Hamiltonian and calculate the corresponding excitation spectrum. The accompanying chemical
potentials and condensate densities will be explored, and the possibility of a superfluid is also
studyied. In chapter 7, a phase diagram including excitations is provided. Lastly, we will discuss
results and suggest future work. In the appendix, various formulas are provided, and a method
for dealing with linear excitation operators is outlined®.

3The term linear excitation operator will be explained later in the thesis.
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Chapter

Theoretical framework

2.1 Notations and Conventions
The following list gives the notations and conventions used in this thesis

e Vectors are written in bold e.g k. There will be exceptions to this, and it will be made
clear when this is so.

e Lattice sites and condensate momenta are labeled by Latin lower indices such as 4 and j.
Pseudo-spin states are labeled by greek letters such as « and 5. Exceptions to this rule

will be clear from the context.

e The Pauli spin matrices are oy, i € (x,y,z). With the convential definition

(1) () ) e

When labeled o' A , where o and [ are pseudo-spin indices, the elements of the Pauli

matrices are
o = o ol (2.2)
ol H

2.2 Bose-Einstein condensation

We consider a gas of non-interacting bosons with Hamiltonian given as a sum over single-particle
states

H=> H, (2.3)

21



22 Chapter 2. Theoretical framework

where v is a set of quantum numbers specifying the state of the system. Let ¢, be the energy
of the single-particle state ', and let n, be the occupation number for the same state. The
grand-canonical partition function G is given by [2]

—1
G=1I, (1 _ e(éu—#)/kT) (2.4)
where k is Boltzmann’s constant, T' is the temperature of the system and p is the chemical

potential, associated with controlling the average number of particles in the system. Further,
the average number of particles is given by

0
(N) :kTa— Ing

1
1
=2 e (2:5)
such that the mean number of particles for state v is given by the Bose distribution function
() = £(6) =~ (26)
v v) T le—m)/RT _ | :

We see that for fO to be positive, the chemical potential must be less than the ground state
energy of the system, which we denote by ¢y. For a free particle in a box with volume V,
the ground state has energy 0 such that p < 0 for all T. At high temperatures, we expect
physically that the mean occupation number for state v is much less than one. This means that,
on average, we expect to find bosons spread out in the energy spectrum. To achive this we must
have e(®=#)/kT _ 1 > 1, and the distribution function in eq. (2.6) is approximately given by
the Boltzmann distribution,

1O(e) = e (v /KT (2.7)

The fact that we get the Boltzmann distribution makes physical sense, as we in the high tem-
perature limit expect quantum effects to become negligible. Hence this limit is often reffered to
as the classical limit. However, we see that when T is large, ;1 must be chosen appropriately to
achieve this. Specifically, we must have yu < ¢y — kT in this limit. Lets for a second imagine a
gas of bosons at a high temperature. The deBroglie wavelength is tiny, such that the bosons are
basically point particles. As the temperature decreases, the chemical potential rises from below
and the mean occupation number for state v increases. The chemical potential cannot exceed
the value €g, as f° in this case is negative, which is unphysical. The mean occupation number
for state v therefore has a upper limit at the value

1

e(e,,—eo)/kT -1 (28)

This expression blows up if €, — €. If the total number of particles in the excited states is
less than N, the rest of the particles must reside in the ground state of the system, where the
occupation number can be arbitrarily large. Thus the system has a Bose-Einstein condensate.

1The above Hamiltonian can include a trapping potential. This makes no difference for the distribution
function in (2.6), where €, is the energy spectrum with the trapping potential - i.e the energies in a harmonic
oscillator. See [44], chapter 2, for details.
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The number of particles Ny in the BEC is the total number of particles N minus the number
of particles in the excited states Ngyx. The possibly finite temperature at which all the particles
can be accomodated in the excitated states is referred to as the critical temperature T,. Below
the critical temperature, a large fraction of the total number of particles are found in the ground
state of the system.

2.3 Second quantization

In this thesis we will use the “second quantization” formalism to describe a many-particle system,
rather than the familiar first quantization [17]. This means that instead of using many-particle
wave-functions ¥ (z1, zs...2,), we use the occupation number representation. In this representa-
tion, the essential information lies in the occupation number n, for single-particle state v and
the symmetry/anti-symmetry after the exchange of two particles. Bosons are symmetric under
exchange of two particles, and the occupation number for state v can as a consequence take any
value n,, =0, 1..., 00, as apposed to fermions which have n,, = 0,1. We write a state containing
ny particles in state 1, no particles in state 2 and so forth, as

In) = [nans ... ) (2.9)

The total number of states is m. The bosonic creation and annihilation operators bj, and b,
respectively creates and destroys a particle in state v, and are defined as

bil.ony..)=vn, +1]|...n,+1...) (2.10)
byl...ny ..y =+yny|...n, —1...) (2.11)

The symmetry of the state under particle exchange is encoded in the commutation relations for
the creation and annihilation operators

[y, bu] =0 (2.12)
[bl,b}] =0 (2.13)
[y, 05 = 6 (2.14)

The indices p and v are sets of quantum numbers. The single particle state v can for example
be v = (k, «), where k is a wavevector, and « is a spin component. The recipe for going from
first quantization operators, to second quantization opeartors are as follows

N
Hy =Y h(z;) =Y (ulh|v)b]b, (2.15)
=1 nv
A 1 R 1 .
Hi =3 > (i z5) = 5 > (|| Ap) bblbAb, (2.16)
i#£j HVAp

The coefficients in the sums are defined as

(plhlv) oy (2)h(z)dy (2)dw (2.17)
(|0 \p) = // B (2)8% ()0 (2, 2" )62 (&) (@) drda’ (2.18)
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The wavefunctions ¢, (z) = (z|a) is the projection from state |«) on |z). Here Hy and Hy are
respectively single and two particle operators. We will also encounter the so called field operators
¢t (x) and ¢)(x), which are creation and annihilation operators in the space |z), where z = (7, 0)
is the set of quantum numbers containing position 7 and spin component o. These create or
destroy a particle at position r with spin orientation . They also satisfy bosonic commutation
relations

Pi(a)] =0 (2.19)
x—1) (2.20)

The quantum numbers x and z’ are continuous variables, in which the delta function becomes
a continuous function of x and z’. The field operators can further be expanded in another basis

{ln)} as
)= (a) bl = du(2)"b] (2.21)

174

d(x) =Y (le)b, =) du(a)b, (2.22)

v

2.4 The Bose-Hubbard model

The system of interest is an ultra-cold, two-component, weakly interacting Bose gas residing on
an optical Bravais lattice with synthetic SOC. The Bravais-lattice is assumed to have n primitive
lattice vectors v;. We for the moment forget spin-orbit coupling, and present the Hamiltonian
for a two-component gas of bosons including single- and two-particle operators. This means
physically that we only include two-body scattering, neglecting higher order interactions. Hence
we are implicitly assuming that the occupation number for each site is not too large, as this
would necissarily require higher orders of interactions. Thus the gas must be dilute, which
means that the average distance n~/3 must be much larger than the average scattering length
as, where n is the particle density. Also, it would be an advantage if we could only consider
s-wave scattering, requiring that the momentums of the particles are small. Thus this system
could be a dilute gas of neutral bosonic atoms, confined to an optical lattice, cooled way below
the temperature for which Bose-Einstein condensation occurs.

Without SOC, the Hamiltonian for a collection of bosons with two-components « € (1, ),
subject to two-body scattering is given by

H=>" / Ot () (r)h () dr (2.23)

+ ;2[; / / Dt ()P (P (| — )P (") () drrd (2.24)

where v*? is spherically symmetric potential that is assumed to be symmetric under permutation
of particle species, that is v*? = v#*. Here, QZ)T and 12) are field operators; 1&‘” (7) creates a boson
at position r with pseudo-spin o € (1,]), and 0P (r') destroys a boson at position ' with pseudo-
spin 8 € (1,])). Notice that the above Hamiltonian is the second quantization representation
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of a single particle operator plus a two-particle operator. The single particle operator B“(r) is
given by
2

he(r) = — QZLQ —p +V(r) (2.25)

where m® is the mass of a boson with pseudo-spin a, u® is a species-dependent chemical potential
and V(r) is a Bravais potential, which in this case is generated by the optical lattice [40]. The
Bravais potential can be assumed to have the generic form?

V(r) =V, sin?(k,x) + V, sin?(k,y) + V. sin?(k.z2) (2.26)

where the vectors R; = (x;,¥i, 2;) are vectors to a specific lattice site 4. The direction j for the
wave-vectors k; is related to the wavelength of laser in the j’th direction by k; = 27/A; with
Jj € (z,y,z). We assume that the bosons spends most of their time in the depths located at
each lattice site ¢, with occational tunneling from site to site, such that we may expand the field
operators in the lowest-lying Wannier function basis. In the harmonic approximation [31], [22],
one assumes that the bosons have a small probability of being localized far from its site ¢ and also
that the higher-energy wavefunctions for each site can be neglected. With this approximation
the exact Wannier functions can be replaced by their harmonic-oscillator approximations, giving

w(r — R;) = w(x — z;)w*(y — y)w(z — %) (2.27)

and the Wannier function w®(z — z;) is given by

wa(x . -75@) _ (maww,a)1/4 e—7rla($—$i)2/2 (2.28)
™
2V, k2
Wpo = Tam (2.29)

with similar expressions for w*(y — y;) and w®(z — z;). Notice that the expressions for the
Wannier functions makes physical sense; at each lattice ¢ the bosons are most probably found
at that site and the probability of being far away decays exponentially. We next expand the
field operators in Wannier functions, attaching to each site ¢ a bosonic creation or annihilation
operator

Pt (r) = Z w (r — R;)bST (2.30)
O(r) = Zwo‘(r —R)b? (2.31)

Inserting the expressions for the field operators into the single-particle Hamiltonian gives

Hy=—= > 50105 = > > uiviTog (2.32)

i#j @ i

20ne could also include a Harmonic potential at each site, which leads to a shift in the frequencies We, oo S€C
[40] for details.
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where we have defined

e = / W™ (r — R (r)uw”(r — R )dr (2:33)
e / W (1 — R)R® (r)w® (r — R;)dr (2.34)
= —/w“*(r)ﬁ“(r)wo‘(r)dr =p” (2.35)

The number p® is the new effective chemical potential, which is in general different from the
chemical potential introduced in the single particle operator h%(r). Notice that u® is indepen-
dent of lattice index 4, since h®(r + R;) = h*(r). The two-body Hamiltonian becomes

Hiy = Z S el veted vl (2.36)

af ijlm

with the scattering coefficient U given by

ijlm

Ul — /u}o‘*(r — R)w™* (v — R))v*? (|r — ' )w’ (¢ — R)w®(r — R,,)drdr’ (2.37)

With these definitions, the Hamiltonian is given by

H==>"% by — ZM Zb‘l*ba (2.38)

a iAj

+5 Z S el veted vl (2.39)

ozﬁ ijlm

The first term gives origin to hopping between lattice sites ¢ # j with pseudo-spin «, where
t7; is the energy cost of switching lattice sites and remain the same pseudo-spin. The second

term gives the energy cost of having a total of n® =", b?be‘ particles of pseudo-spin « in the
system. The effective chemical potential u® gives that energy, and can therefore be thought of
as the self-energy for particles of species . The last term is an interaction term between four
lattice sites 4, 7, [ and m.

We will now make two significant physical assumptions. We will assume nearest neighbour
hopping and on-site interactions. This means that an atom on site 4 can only jump to its nearest
neighbours, and only interact with other atoms on the same site. This requires deepening the
lattice depths such that the overlap of non-neighbouring Wannier functions are negligable, which
is known as the thight-binding limit. This implies that the two-body scattering potential v®?
takes the form of a point-like interaction

v (lr —7'|) = 4*P6(r — 1) (2.40)
where the coefficient v*# is given by [40]

21 (m® + m?)a*8
— ABa —
= e < I (2.41)
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Hence the particles are subjected to an on-site two-body scattering potenial dependent on the
respective masses of the species, and the intra and inter scattering lengths a®?. This gives the

much simpler Hamiltonian
SR DRSS MW 20

+t3 ZZUﬁgbf‘*bﬁ b b (2.43)

We sum over (i,j) nearest nelghbour couples, and replace the sum over ¢jlm by 7 after the

assumption of on-site interactions. The four-body interaction potential Uf{g becomes:

U2B — ob /wa*(r — R)w?*(r — R)w’(r — R)w*(r — Ry)dr (2.44)
=X /wo‘*(r)wﬂ*('r‘)wﬁ(r)wa(r)dr (2.45)
=% [Pl ()P = U2 = U5 > 0 (2.46)

Consequently, the on-site interaction strength is repulsive and independent of lattice site i. We
will also assume that the hopping parameters ¢7; are real and independent of lattice sites (1,7).
With these assumptions, the final Hamiltonian with two-body scattering becomes

H==>"tY by — ZN ZbaTba (2.47)

o (i,5)
af oty BB
+§§5:U Zb b7 by b (2.48)

This Hamiltonian is the version of the Bose-Hubbard model [29] that we will use in this thesis.
We assume that the sign of t* is positive, such that hopping is energetically favorable. The sign
of U*P is positive, such that interactions are not energetically favorable. The sign of pu® is yet
ambigous, and it will be revealed later that the effective chemical potential only needs to be
bounded from below.

2.4.1 Fourier transform

We next assume periodic boundary conditions, which means that b;yy, = b; where N is the
number of lattice sites. We also define the set of displacement vectors to the nearest neigbour
pair (i,7) as

0uy = {£ai,fas... xan} (2.49)
where the a;’s are of equal lengths. We next expand the creation and annihilation b?‘T and b
in momentum space operators {A%}, in the following manner [19]

bt = f Z e kR g0t (2.50)

by = \/T > et RAy (2.51)
Sk



28 Chapter 2. Theoretical framework

with the particularly simple inverse relation

AN = eik-Ripot (2.52)
\/7 Z
o —ik-R; 1«
AY = m Zi:e % (2.53)
The Fourier transformed operators Ay are bosonic, as seen by
[Ag, Al = Ze“k M N (2.54)
i.j
6a i(k'rj—k-r;)
- Ze i 3 (2.55)
0]
1 -
_ sap_— i(k'—k) ;i
=6 N Z e (2.56)
= 0P S (2.57)
with the relations [Ag,Ai,] = [AZT,AB T] = 0 proved Similarly The sum over (i,j) may be
simplified by utilizing the vectors in 6(; j), where we write }_; v = >, > 5, for 6 € §(; ;. The

nearest neighbour lattice vectors for site ¢ is given by R; R + 6. We insert the expreﬁsions
for b$* and b?T into the Bose-Hubbard Hamiltonian in eq. (2.48), giving the hopping term

_ Zta Z baTba - Zta Z Z Niei(k’-Rj—hRi) AzTAa/ (258)

(4,4) a kk' \ (i,5)
rs 1 /
==Y >y Ze““ 0 ik k)R gt g, (2.59)
o kk' i
= —Zt"ZZezk 65kk/A Ak:’ (260)
« kk’
— th“ZZe““;AZTAi (2.61)
[eY kE 6
=3 eragtag (2.62)
kE «
where we have used the important relation
k/
Bi — g1 2.63
Z N bk (2.63)

and defined the single-particle energies in k-space

=t ¢k (2.64)
3
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By a similar analysis, the chemical potential term contributes,
oD I DAL 3) B (265)
a i k «
and the interaction term becomes:

% Z os Z bfTbiBTb’iBb? _ Z es Z Z ciRi (PP —(k+k)) (2.66)
af i

kk'pp’ i
x A;TAQTA;;A;, (2.67)

where the sum over i gives conservation of momentum, leading to

Hipe = N Sy UaﬁAaTAﬁ ABAS Sk pt (2.68)
s af kk'pp’

Finally, we have the Hamiltonian in momentum space

H==>"% (e +u") A3 A (2.69)
k a
+ o > UP AT AL A AL Skt i (2.70)
s af kk'pp’

We can also simplify the single-particle energies €}, by using that the displacement vectors a;
come in pairs on the form (a,, —a,), giving

=t ek (2.71)
[
=1")  (e*an 4 emikan) (2.72)

n

= 2t Z cos(k - ay) (2.73)

The Hamiltonian in eq. (2.70) is the version which will be used for the weakly interacting
Bose gas. In the next section, a heuristic derivation of synthetic spin-orbit coupling is deduced,
leading to new terms in the Hamiltonian.

2.5 Synthetic SOC

For a system of electrons moving in a static electric field E = Eyz in two dimensions, the
spin-orbit coupling is of the Rashba type [20],[48], giving the Hamiltonian

Hsoc = Ar (Uzky - Uyk:r) (274)

where the coupling strength is given by Ag = eh?Ey/4m?c? [48], which we will assume is positive.
The following work is based on the derivation from Jansgnn in [32], where he derives his work
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from Sjpmark [47]. The component k,, = k-a,, along the non-parallel unit vectors @, = a,/||a,||
of the nearest neighbor lattice displacement vectors contained in d; j is discretized as follows

bu=—i) (blbisn — bL1r) (2.75)

where the index i + n refers to the lattice site displaced by +a, from r;, and

- (21) (2.76)

Next we decompose k in the euclidean unit vectors, and in the non-parallell unit vectors
k=Y kizi=» knan (2.77)
7 n

Consequently, the component k; can be expressed by k,, in the following way
b= 3 bl - ) RXs
This gives that the Rasbha SOC Hamiltonian can be expressed as

Hsoc =iAr Y _ Y Y b1 (=09%(an - y) + 09 (@ - @) b7, — He (2.79)
af n [

where we have explicitly moved the Pauli matrices between the products of bz and b; 4, to form
a matrix product on the form zfAz = Y- ;2T A,32”. This makes the derivation heuristic,
not rigorous. It is however a variation of the Kane-Mele model [33]. The Hamiltonian contains

a term on the form g b?Tagﬂ biﬁ +n> Which written out becomes

1
ot _aBrB 0 1 b,

Zbl TJszi—O—n - (b;ﬁ bfr) (1 0) (bijL ) (280)

af

+n
w0
= (6" Brh) (;ﬁ”) (2.81)
+n
=b/To!,, + b0l (2.82)

The first term blﬁbf ., annihilates a boson at lattice site 7 + n with pseudo-spin |, and creates
a boson at lattice site ¢ with psedo-spin 1, while the second term is similar only with opposite
spin-orientation. Thus this process consist of hopping from site i +n to ¢, and flipping the spins.
The H.c term in the Hamiltonian then consist of hopping from site ¢ to i + n, with a spin-flip.

We next go to momentum space, and expand the bosonic operators b in the momentum
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basis {A¢} as in the previous section

Hsoc = i\r Z Z Z byT2efp)  — Hee (2.83)

:ZARZZZ L S Agtras o8, cilk R Ri i an g ¢ (2.84)

N Kk’
= iR Z > ARS8 AR Grorre™® (2.85)
af n kk’
= MRZZZA“TEW ke gAY — He (2.86)
n af
where we have defined
208 =00 (@, - x) — 03P (an - y) (2.87)

Next, explicitly writing out the sum over pseudo-spin indices, one obtains

HSOC = Z SkAZTAt + H.c (288)
k

The spin-orbit coupling s is given by

sk =+2Xr > _ ((n - y) +i(an - @))sin(k - an) (2.89)

where the sign =+ relies on the definition of the transformation from b to Ag. If the exponential
has a +k sign in the transformation of b, see eq. (2.51), as in this thesis, then one must choose
a plus sign above. If however one has a —k in the exponential, as was done in Janssgns thesis,
then one must choose a minus sign. To be consistent with Jansgnns master thesis, we will choose
a minus sign. This should not affect the physics, as the choice is only a matter of definition.

The full Hamiltonian with synthetic SOC and weak interactions, residing on a Bravais lattice
now becomes

H=Y spAllA; +Hc (2.90)

=YD (e + M)A AR (2.91)
k «

+ o > UB AT AL A A, Skt i (2.92)
s af kk'pp’
= Z ZW;:’BA?AQ (2.93)
a T
2N SN UPAYT AL AJ AL Gk ik i (2.94)
af kk'pp’
The matrix ng is defined as
T N (7 T
_ (T ’7k>_( (e +1") s(k) )
Nk = = o (2.95)
(n}f e s'(k)  —(e +pb)
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We next construct the Feynman diagrams [18] for the single-particle Hamiltonian and the inter-
acting Hamiltoninan. The single-particle Hamiltonian is given by

Hnon—int = Z Z n}‘:ﬂAzTAi (296)
k ap

where the diagonal terms of 7 is simply the single-particle energies, see fig. 2.1a for the
corresponding Feynman diagram. The off-diagonal terms however, corresponds to a spin-flip,
which is precisely what the Raman transitions describe. See Feynman diagram in fig. 2.1b for
the case where o =1 and 8 =J. In the off-diagonal, a boson with momentum k and pseudo-spin
B =] is destroyed and a boson with momentum k and pseudo-spin a =1 is created. Hence, the
spin-orbit coupling flips the spin in momentum space.

Tl
nee Nk

|k, ) |k, ) |k, 1) k. T)

(a) Feynman diagram along diagonal of 72’ (b) Feynman diagram for the case of a =1, 8 =/ in
the single-particle Hamiltonian

Figure 2.1: Feynman diagrams for the single-particle Hamiltonian

The interacting Hamiltonian is given by
1 1
A B Aot AB" 4B
Hing = 2N, Z Z UM A Ay ApAp Otk ! (2.97)
aff kk'pp’

where conservation of momentum fixes k = p+p’ —k’. We introduce the wavevector ¢ = k' —p,
such that

k=p —q (2.98)
K=p+q (2.99)

Consequently, we can write the interacting Hamiltonian in the generic way

_ a at Bt a
Hing = Z Z v B(q) Z Ap’querquAp’ (2.100)

qa ap p,p’
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P, ) p' —q, )

q| v’ (q)

P, 3) p+ q|f)

Figure 2.2: Feynman diagram for the interacting Hamiltonian

The potential v*?(q) is independent of q and is given by

ues

v (q) = N

(2.101)

The interacting Hamiltonian has the Feynman diagram as shown in fig. 2.2. The process
thus describes scattering: two bosons with momentum and pseudo-spin |p’, &) and |p, 3) are
annihilated, where the total momentum is p + p’. The creation operators then creates two
bosons with momentum and spin |p’ — q,«) and |p + q, 8). The interaction is mediated by the
therm v®?(q). Note that the two-body scattering does not change the initial configuration of
spins, as spin-orbit coupling does. Also, the total momentum before and after the collosion is
of course conserved, sincep+q+p —q=p-+7p'.
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Chapter

Preliminaries

3.1 Synthetically Spin-Orbit Coupled, Non-Interacting Bose
Gas

In this section we will analytically derive the excitation spectrum for a spin-orbit coupled, non-
interacting Bose gas. This example will aid our intuition in the main part of the thesis. It
is a simplification of the Hamiltonian given in eq. (2.94). We will also review the process of
diagonalizing a matrix, where we bring corrections to Janssgnns master thesis which produces
the wrong basis-transformation. The Hamiltonian in question is given by, where we simply set

U=0ineq. (2.94)
H =3 ni Ay 4] (3.1)
k ap

A square matrix A is said to be diagonizable if there exists an invertible matrix 7" such that
T~1AT is diagonal [4]. In this case the matrix T is said to diagonalize A. An important result
from linear algebra is that a square n x n matrix A is diagonizable if and only if A has n linearly
independent eigenvectors. The advantage of diagonalizing a Hamiltonian is that it is rewritten
as a sum over Harmonic oscillators [23] on the form Y e,n,, where n, = B} B, is the number
operator and e, is a single-particle energy. Thus the diagonalized Hamiltonian simply sums
the energy of each single- particle state v, multiplied by the number of particles in that state.
We call the new set of operators B, quasiparticles. The list of quasiparticles is long, with a
few examples: anyons [54], skyrmions [37], excitons [36] and the familiar phonons [13]. The
quasiparticles of a system effectively describe the dynamics.

The above Hamiltonian is not diagonal, but can be brought on diagonal form by changing

particle basis from S = {AE, At} to S' = {B,:, B,;} where the new operators By must satisfy
bosonic commutation relations:
(B, Byl] = Ok 07 (3.2)

For all k and k' and o, 8 € (+,—). The diagonalized Hamiltonian can then be written on the

35
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form

H=>"> MB;'Bp (3.3)
kE «

where A\i;® are elements of the diagonal matrix

DRI A0
Ao = ( L I G S (3.4)
Mg oA & 0 A
To find the new basis, and the corresponding eigenvalues, we observe that the Hamiltonian in
(3.1) can be written in the form:

H = Z¢Lnk¢k (3.5)
%

Where ¢, = (A£ At)T and v, = (A?L Aﬂ). Linear algebra states that a Hermitian matrix
M can be diagonalized on the form M = PDPT, where D is the diagonal matrix with the
eigenvalues of M along the diagonal, and P is the matrix with the corresponding orthonormalized
eigenvectors as columns (such that PPY = PTP = I). Writing n, = Pk)\kP,I, we get

H=Y vLPdePitr =D oL \nk (3.6)
k k
where we have made a change of basis from 1 to ¢ by the following relation
$e = Pl (3.7)
Or, equivalently, by an inversion
Yk = Pror (3.8)

Note that this is opposite of the results by Janssgnn, where he uses the same Pg. There it was
claimed that PnPt was a diagonal matrix, when it is fact PTnP which gives the diagonal matrix.

The elements of ¢ are given by
_ (B

and the transformation matrix P, has the form
P, = (zt x7) (3.10)

where the columns are the eigenvectors of the eigenvalue problem npx® = /\fa:i. The eigenval-
ues are determined by the condition det(n, — IoAg), and are given by

Af:—ek—ui\/|sk|2+w (3.11)

with the definitions
€ = 61 ;r et, Oe, = 62 - et (3.12)
fi= ity Sp = pl =yt (3.13)

2 )
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As noted by Janssgnn, we get a Zeeman splitting at k = 0, given by the difference in energies
at k=10
A=Ay = [dex + 6 (3.14)

which is non-zero if the pseduo-spin parameters u® and t* are spin-dependent. For the moment,
we treat pseudo-spin parameters equally, which gives no Zeeman splitting

pl=pt=p (3.15)
th=tt=t (3.16)
e = et =6 (3.17)

We also restrict our analysis to the case of a square lattice with displacement vectors given as
a, € (ax,ay), where a is the lattice spacing constant. Using the expressions for sg and e given
in egs. (2.73) and (2.89), we get

sk = —2Ag (sin(kya) + isin(kza)) (3.18)
e = 2t (cos(kya) + cos(kya)) (3.19)

which gives the eigenvalues )\f as
NE = —(en+ 1) £ Il (3.20)

with the corresponding orthonormalized eigenvectors

1 0
1 1 —
V2 0) ' V2 <1> sk =0
xt = » (3.21)
1 [ EeTE 0
e Sk 7

where the spin-orbit coupling is written as

e = R £ 0 A € [0,27) (3.22)

sl

and g is the helicity angle. If s = 0, there is no change in basis. This can be seen from the
fact that the original Hamiltonian then becomes diagonal. If si # 0, the matrix Py takes the

form 1 ) )
672'7% _efl’Ykz
giving the new basis as
Br)en L (Ag+ema, (3.24)
By V2 \A, — e AL

which differs from the eigenvectors given by Janssgnn, since there the new basis was defined as
¢ = Pror with the same matrix Pg. The eigenvectors can compactly be written as
1

By = 7 (At + ae”‘“AL) , a€(+,-) (3.25)
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We must further verify that the new basis of operators satisfy bosonic commutation relations

e % |4k, + aetal, Al + e Al (3.26)
- % ([4k. 4% + a8 [ 4}, alf]) (3.27)
5’“2’“ (1+ap) (3.28)

The 14+ af term is 2 if « = =+ or 0 if a # S = +, so we can conclude that indeed
[Bg, Bl } — g 6°7 (3.29)

The old basis 9 is connected with the new basis ¢ by an inversion

T 1 — ik + _ -
(Ai) @8 1 (e ger _Bk)> (3.30)
Aj, V2 B, + B,
One can confirm that the new basis gives a diagonal Hamiltonian by inserting the expressions
in (3.30) in the original Hamiltonian, obtaining

+ 3 skl | |skl
'H:ZBJB?(z T2t
k

S S
+Bl—cHLBI; <_€+§+|2k|_|2k>
g
2

+ B, 'B;f (—g +
§

where £ = —(ex + p). The off-diagonal terms cancel, leaving

H =" BB (~(ex + ) + |s]) + B, By (—(en + 1) — |skl) (3.31)
k

which is excactly on the diagonal form outlined in equation (3.3) with the correct eigenvalues
AE. Let us further investigate the excitation spectrum given in eq. (3.11). It is evident that Ak
has the lowest energy. The minima of A, is found to be at

Ar/t
2+ (Ar/t)?

where we treat k, and k, as continious variables, even though they are discrete as shown later
in this section. Ergo, a finite SOC always leads to minima displaced from k = 0, which is the
usual minimum. This is the usual effect of Rashba SOC [20]. There are in total four minima,
where the value of the excitation spectrum evaluated at one of these points is given by

kg, k, = £arcsin (3.32)

_ AR
=4 1- .
Amin t 3 ( n ) + (3.33)
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which is negative. This is problematic, as then we get a term —|Ayin|By, TB,; in the Hamiltonian,
which is minimized by maximizing the number of quasiparticles n, = B, TB,; , in effect flooding
the system. We can avoid this by adding and subtracting a constant term to the Hamiltonian,

and consider it as a contribution to the chemical potential. We write
Ne =X~ Amin T Amin (3.34)

= AF 4+ (3.35)

min

A, is the new lowest branch, and is bounded from below by 0. The Hamiltonian thus becomes

H=3 % NBB (3.36)
k «
=D ) MBYBR M D BB (3.37)
k o k le'
= Ao Mo + D) ARBBR (3.38)
k a

where N, is the total number of quasi-particles in the system. Note that this is generally different
from the total number of sites N, as pointed out by Janssgnn. In fig. 3.1 a plot of the excitation
spectrums are shown. Notice the advertised displacement of the minima from k = 0, and also
that the two branches meet linearly at k = 0.

Quantization of k

The periodic boundary conditions discretizes k = (kg,k,) in the following way [17]. Since
et*el =1 and e*vL = 1, where L = a\/Nj, we get that k, = 2mm, /L and k, = 2mm,,/L where
m is an integer. Since b has N, independent operators for each value of «, Ay also has N,
independent operators for N, inequivalent values of (k;, k,). We choose these N, inequivalent
values for (mg, my) to be

me =my, = —N/2,—~N/2+1,...,N/2 1 (3.39)
ky =ky=—-m/a,—7m/a+27/L,...,7/a —2m/L (3.40)

The total size of the system is N2> = N,. In the limit N — oo, this is known as the Ist
Brillouin zone [—7/a,7/a) [38]. In the next section we shall ignore SOC, and focus on a weakly
interacting, one-component, bose gas. We shall also give physical constraints on the intra-
scattering potentials.

3.2 Weakly interacting Bose gas

This section will serve as a warm-up for the case of a two-component weakly interacting Bose
gas with synthetic SOC. This will also aid our intuition in the main section of the thesis. The
Hamiltonian for a weakly interacting, single-component, Bose gas is given by eq. (2.70) when
setting all components equal and turning off SOC A =0

U
H==> (ex+ 1) Af A + 5N > ALAL ApAp Ok b pipr (3.41)

k S kk'pp’
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—_— At

oo A 1 1
5 5 4 0 1 2 3
ke=ky
(a) A plot of the excitation spectrum A (b) A plot of the excitation spectrum of the lowest
for the SOC, non-interacting Bose gas. branch A,

Figure 3.1: The plots of the excitation spectrum for the bosons subjected to synthetic SOC.
The physical parameters are A\g = 3.0 and t =a = 1.

The temperature of the system is assumed to be way below the critical temperature T, for
Bose-Einstein condensation to occur. Thus we can assume that the particles are in the lowest
energy state, which is at k = 0. With this simplification we can utilize mean field theory. This
requires a transformation on the condensate operators Ag and AE, where we write

AO =ag + 5A0 (342)

The fluctuation §Ag is an operator representing small fluctuations from the ground state at
k = 0. ag is a complex number, and is given by

apg = Noe_w (343)

Ny and 6 are mean-field parameters which may be solved by minimizing the free energy of the
system. The parameter 6 is normally set to zero, as was done in [51]. However, as Janssgnns the-
sis reveals, there are certain phases in k space which cannot exist without a non-zero mean-field
parameter f. Note that the condensate particle number N is given by the modulos squared
of ag. We further assume that terms bilinear in excitation operators multiplied with a fluc-
tuation operator vanishes, which is reasonable since the excitation operators are small in this
approximation. Furthermore, we also assume that the interaction terms are at most bilinear in
excitation operators. The table in 3.1 shows the possible configurations in the sum over kk’pp’
with these approximations. There are no terms linear in excitation operators, since momentum
conservation gives the momentum k = 0. Using the mentioned approximations, and writing
out all terms in the interaction at most bilinear in excitation operators, we get the following
Hamiltonian

H%HO—i—H(l) + H (344)
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kK |p|DP
0/0 00
010 |p|p
0|k |0|p
O|kK |p| O
k| O |p| O
E|k |00
E|O0|O0]|p

Table 3.1: Possible momentum configurations for the weakly interacting Bose-Gas

where,
Hy = —(eo + p) N +LN2 (3.45)
0= €o M 0 QNS 0 .
UN, . ,
Hgy = v/ No < N ® —(eo+ u)) [6”5140 +e 0548 (3.46)
2U N,
Hz:Z( N o _(€k+u)>A;Ak
k S
UN, , ,
o 2 AR+ e ALAL, (3.47)
Sk

Notice that we have reduced the two-body scattering problem, to an effective single-body prob-
lem. Further, the k = 0 term in Hy means that we replace Ag by the fluctuation d Ag. Since the
free energy of the system is supposed to be minimized with respect to the mean-field parameters,
the terms proportional to a fluctuation must be zero. Consequently, H ;) must be zero, which
is achieved by adjusting the chemical potential

_ UN,
=5

— €0 (3.48)

giving equivalently an equation for the condensate density in the presense of interactions

No e+p
= 3.49
N i (3.49)

Inserting the equation for p in Hy and Ho, we get
UNZ
0= "9N, (3.50)
UNg
HQZXk:(Go—ek-i- N, )A};Ak
UN, , ,

ONT 20N A, + e B0 AT AT (3.51)

2N,



42 Chapter 3. Preliminaries

Because the sum over k is symmetric in the 1st Brillouin zone, we can make the symmetrization
>Sr f(k) =334 f(k) + f(—k). We also introduce the new operators ax and by

ap = ewAk (352)
b =a_p =ePA_y (3.53)

Next, explicitly summing over —k, and inserting the expressions for ag and bg, we obtain the
Hamiltonian

1= =88 5 ok + ) + ex (ol + o) 55
: k
where,
colk) = % (60 Tt Uzé\i 0) (3.55)
‘= Zﬁ" (3.56)

3.2.1 The Bogoliubov transformation

From the previous section, we see that the Hamiltonian is a sum over independent terms on the
form
h=eo(ata +b'b) + e (aTbl + ab) (3.57)
where €9 and €; are real. The operators are bosonic, and satisfy the commutation relations
[a,a] = [b,b7] =1 (3.58)
with the additional bosonic commutation relations

[a,bT] = [b,a’] = [a,b] = [aT,bT] = 0 (3.59)

Our goal is to obtain the eigenvalues of this Hamiltonian. This can be achieved by performing a
transformation in the operators such that the Hamiltonian becomes diagonal, as was done with
the spin-orbit coupled bose gas in section 3.1. This was achieved by Bogoliubov when treating
liquid Helium [7], where he performed a canonical transformation to new bosonic operators &
and B such that the Hamiltonian describes free bosons. We make the transformations

& = ud + vb' (3.60)
B = ub+ val (3.61)

The coefficients u and v are chosen to be real. The old operators are given by the inverse
transformation

a = ud — vt (3.62)
b=uf —val (3.63)
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To assure that the new operators & and B are bosonic, we must require
[&,a'] = (3,57 =1 (3.64)

and also, . A . .
@, 5T = [8.a"] = [a. 5] = [a, 5T = 0 (3.65)

Using the expressions for & and /3 into one of the equations in (3.64), we get the requirement
on u and v

u? —v? =1 (3.66)

We now insert the expressions for @ and b in (3.62) and (3.63) into the Hamiltonian given in
(3.57), obtaining

h = 2v%ey — 2uvey + [eo(u? + v?) — 2uvey](ata + B16)
+ [ex(u® + v?) — 2uveg) (@B + fTal) (3.67)

By the requirement that the Hamiltoian should be diagonal in the operators & and B, we must
require that the term proportional to &3 + Ta" vanish. This leads to a condition on u and v

e1(u? + v?) = 2uveg (3.68)

But this have no simple solution for v and v. However, we can make the transformation
u = cosh(t), v = sinh(t) (3.69)

where ¢ is real. This transformation satisfies condition (3.66), since we have the identity
cosh?(t) — sinh?(t) = 1 (3.70)

which makes life a bit simpler. We will now make use of the following relations

u® 4 v? = cosh?(t) + sinh?(t) = cosh(2t) (3.71)
1
uv = cosh(t) sinh(t) = 3 sinh(2t) (3.72)

Using the above relations in equation (3.68) thus leads to

< tanh(2¢) (3.73)
€0

such that

2t = tanh ™! (“) (3.74)
€0
where tanh ™! is the inverse tanh function. The solution for 2¢ makes the off-diagonal term in the
Hamiltonian vanish. The energy of the bosons are given by the term proportional to &fé& + BT B ,
which gives the energy ¢
€ = eo(u? +v?) — 2uve (3.75)
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Using the relations given in (3.71) and (3.72), we get
€ = ¢g cosh(2t) — €; sinh(2t) (3.76)

Further, using the solution for 2¢ and the following relations

1 x
cosh(tanh™1(z)) = ——, sinh(tanh™}(2)) = —— 3.77
(tanh ™ (0)) = g, sinh(tanh™(0)) = = @)
we finally obtain the Bogoliubov spectrum
€ = sign(ep)y/ €2 — €3 (3.78)
where sign(x) = |z|/z. In addition, we get the expressions for v and v
2 2 1 1 €0
u” = cosh®(t) = 3 (cosh(2t) +1) = 3 (— + 1) (3.79)
€
1 1 /e
2 12/ © 1)Y= (%0
v? = sinh®(t) = 5 (cosh(2t) = 1) = 5 (2= — 1) (3.80)

For the constant term, which is given by 2v2ey — 2uver, we get € — . Thus we obtain the
Hamiltonian on diagonal form

h=e(@ata+ B13) + e — e (3.81)

Furthermore, we must have that € is a positive quantity. Otherwise, we would have a term

~

in the expectation value of the energy (h) on the form —|e|(no + ng), where n, and ng are
the expectation values of A, = &'& and g = BTB The system will minimize this term by
maximizing n, and ng, which both can be infinite for bosons, thus flooding the system. The
quantity determining the sign of € is €y, which must be positive. Consequently, we get the energy
€ as

€=/t — € (3.82)
We must also have real eigenvalues, which requires that |eg| > |e1]. If this constraint is not met,
we will get instabilities in the system [44].
3.2.2 Completing the diagonalization procedure
Let us define the Bogoliubov operators (where by = a_g):
O = UkGp — vkaT_k (3.83)
ﬁk =0k — UG} — vka}; (3.84)

Such that we may immedeatly obtain, following the process of the previous section, the diago-
nalized Hamiltonian given in eq (3.54)

UNg ;
H=— oW, + Xk: Cr — €k + Xk: hw (k) o (3.85)
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where we have defined,
(e = \/€2(k) — €2 (3.86)

Further, €y(k) and €; are given in eqs.(3.55) and (3.56), and the energy fuw(k) for the free bosons
g are given by,

2UN 0) (3.87)

hw(k) = 2¢, = \/(60 — k) <(60 —eg) + N

Which agrees with [32]. Notice here that we have chosen the positive branch, relying on the
sign of eg(k), which is given by the interaction proportional to U plus the term e¢g — €g. It
can be shown that for a square lattice, €, has its maximum in k& = 0 within the 1st Brilloin
zone. This means that eg — ¢ is never zero, which means that (g indeed has the correct sign.
Further, this also enshures that hiw(k) is always real. Thus the energy spectrum of the weakly
interacting, single-component, Bose gas is stable for all values in parameter space. It is stated in
[44] that when terms cubic and quartic in excitation operators are included in the Hamiltonian,
the “excitations are damped and their energies shifted relative to the Bogoliubov spectrum”.

Also note that for small k, the excitation spectrum becomes linear in the presense of inter-
actions U # 0, resembling the dispersion relation for phonons. See fig. 3.2 for a plot of the
excitation spectrum. This is characteristic for a superfluid, and the slope of the dispersion rela-
tion in this limit gives the superfluid critical velocity. Also note that the excitation spectrum is
quadratic near the end of the 1st Brillouin zone, behaving as free bosons with dispersion relation
p?/2m*, where m* is an effective mass.

-3 -2 -1 0 1 2 3
K=k,

(b) A plot of the excitation spectrum for all (kz, ky)

(a) A plot of the excitation spectrum for k, = k, in the 1st Brillouin zone

Figure 3.2: The plots of the excitation spectrum for weakly interacting bosons. The physical
parameters are t = a = 1, U = 0.1 and Ny = N, which means one boson per lattice site.

It is shown in Janssgnns master thesis that to avoid severe ground state depletion, which
means that a significant fraction of condesate particles escape the ground state due to inter-
actions, we must be in the superfluid phase. This physically means that U/t < 1, which is a
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constraint we must apply to our mean-field method. The reason for this is due to only consid-
ering two-body scattering. In contrast, to investigate the insulating Mott phase, which requires
considering higher order interactions, one can use pertubation theory.

3.3 Spin-Orbit Coupled, Weakly Interacting Bose Gas

The work in this section is largely based on Janssgnns master thesis [32] in chapter 3. The
goal of this section is to give the reader a qualitative summmary and intuition for the case of
a two-component, weakly interacting Bose gas, which is quite complicated. The short reason
for why this is mathematically complicated originates from the fact that with a finite SOC, the
condensate can have multiple minima in k-space, as opposed to the weakly interacting bose gas,
in which the minima was found to be only at k = 0.

We have the following Hamiltonian for a weakly interacting, two-component, SOC bose gas

H= ZzngﬁAaw 2N S S U AT A AL A Sih iy (3:89)

kk'pp’ of

We make the same assumptions as in the previous section, namely that the temperature T is
way below T, and that ground state depletion is negligible. This assures that the bosons are
mainly occupied in the condensate minima kg; in k-space (this means that the energy-spectrum
is minimized for these values of k). These assumptions requires that we are in the superfluid
phase, in which the hopping parameters are much stronger than the interation terms. Here ko;
will be referred to as a condensate momenta, where ¢ runs from 1 to n. If n = 1, this will be
referred to as a one-fold case, and if n > 1 it will be referred to as a many-fold case. Further,
if a k-dependent operator, e.g Ay, has k equal to any of the condensate momenta, we call this
operator a condensate operator, and if not, an excitation operator.

We do as in the previous section, and neglect all terms cubic or quartic in excitation operators.
The table in Tab. 3.2 shows the possible momentum configurations kk'pp’ in the interaction
terms. See [32] for a detailed analysis of the number of possible configurations, and also the

Constant Linear Bilinear
ko, k()j, ko, kOj’ ko, kop koir, p’ ko, k(]j YN
koi, koj,p, kojr | koi, k', koi, P’
koi, k', koir Koy | Koi, k', D, kojr
k. koj, ko, kojr | kK ko, Koy
k}, kfoj,p, koj/
k,koj, koir, D

Table 3.2: Possible configurations for the momenta in the interaction term for the two-
component, spin-orbit coupled, weakly interacting Bose gas.

types of combinations allowed by momentum conservation on a Bravais-lattice. Notice also that
we get terms linear in excitation operators, which the author, nor Janssgnn, has found explored
in the literature. The Hamiltonian may now be written as

H =~ Hy+ Hy + Hy (3.89)
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where,
ZZ Ao,
1 @ o B B «
+ N Z EB: U Apd ALL AT ARy Sk e ey (3.90)
iji’'j «
H =+ Z > DUt (A Al AL A%
iji’ af
- ARAT AL AR ) Gy, koo (3.91)
And,

= SISt agt A
k af

1 " « 2 (0% 4 «@
W Z ZZU g ((AZZLAQIJAQA o+ AZTAQTAQ(MA’CO]')6k+k/7k0i+kﬂj

S kk!  ij af

2(Ag] ALTAL A+ AL ATAL AL Dok hrin, ) (392)

Where we have followed the derivation from Janssgnn [32], utilizing commutation relations and
permuting momentum indices. Here, the sum Ek' excludes all condensate momenta k = kg,
Vi, and the sum ), ., " exludes all pairs (k, k') with at least one condensate momentum; if k is
equal to an arbitrary non-condensate momenta, and k’ is equal to a condensate momenta, then
this pair is excluded. This can happen due to conservation of momentum. The Hamiltonian is
now ready for mean-field theory.

3.3.1 Mean field theory

Similarly to the weakly-interacting, one-component, Bose gas, we introduce the mean field con-
densate operators for each condensate momentum kg; and pseudo-spin «

ko = Tio, T 0 AR, (3.93)

The expectation value ag, = is a complex number proportional to the root of the condensate
number for pseudo-spin «, and 5AkwL is a small fluctuation with zero expectation value. The
subscripts kg; are condensate momenta, and are distinct points in k space where one expects
to find a minima. In the literature, it is customary to choose aj = to be real and equal to the
square root of the condensate particle number \/W It is however necessary for this thesis to
parametrise ag, = by the mean-field parameter 6, , in the following way

Uor = \/ Vi, € —i0ko; (3.94)

such that the modulus of a, = gives the root of the condensate number for pseudo-spin . It will
become apparent in the ensuing calculations that the mean-field parameters 63 = cannot all be
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zero. We now insert the expression for the condensate operators in the Hamiltonian. We only
keep terms that are constant or linear in fluctuations, and also terms that are a product of a
fluctuation and an excitation operator. The rest of the terms are neglected. This is the same as
done in the previous section, and also in D. van Oosten et al [51].

In the mean field approach, we introduce a number of mean-field parameters, namely ag, .
There are two ways of determining these, either by solving a set of self-consistent equations, or
by minimizing the free energy F. In this thesis, as was done in Janssgnn [32], we will minimize
the free-energy F. This implies that the terms linear in condensate fluctuations must vanish,
as was done in the previous section with the weakly interacting Bose gas. We will see that the
linear terms must be cancelled by tuning the chemical potentials for each pseudo-spin. Let us for
the rest of the chapter make the shortcut ko; — i, for mathematical simplicity. The only place
we have this dependence is in the condensate operators and condensate mean field parameters.
It will be made clear when this is no longer the case.

3.3.2 Terms linear in condensate fluctuation operators

The terms that are linear in condensate fluctuations operators are shown in to be

SN 6A7 [ nPa a*+7za agal) Sipjigg | +He (3.95)

i Ji'y’

where H.c denotes the complex conjugate. Please note that the arguments in the delta function
are not numbers, but indices refering to a specific condensate k-vector, the indices are not sup-
posed to be added together. The goal is to cancel this term, by adjusting the chemical potential
1 which is located along the diagonal of the matrix ng of the non-interacting Hamiltonian.
We assume that the fluctuations for the respective pseudo-spin indices are independent, so that
we may set the individual terms in front of these fluctuations zero respectively. Setting each
individual term in front of a fluctuation equal to zero, we get the equation for each pseudo-spin

index (8
Znaﬁ ax | Z Z a a*a 5z+] iy =0 (396)

Jji'y’ o

and the corresponding conjugate term. We first find an equation for x', which is given by

(ef + uMal™ = stal + Z Z —a ay a S it gir g (3.97)
Ji'jh «a
Let us assume that aZT # 0. This gives the solution for p'

+ i et a;/ *
ph=—el +5; aT*+ZZ T | afaidipsay (3.98)

% ji'j’ « S a;

If aZT = 0, then we must insist that the fluctuation 5AZT is also zero. In this case, there will be no
equation for ! which in principle can be chosen at will. This also applies to p*. In addition,
we have the complex conjugate version of this equation, which gives an equation for u™*. If we
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insist that u' is a real number, we get the equation u' = p™. This leads to two conditions,
where the first is caused by a non-zero SOC

ar*
3 (5% ) =0 (3.99)

Using the paramatrized versions of s;, azT and af, we get

N'
S| [saly [ e ) =0 (3.100)
Ni

where we have defined the quantity

30; = 6] — 0} (3.101)
Consequently, we must require
sin(y; — 660;) =0 — ~; — 80; = I, 1 € {0,1} (3.102)

giving for the SOC term the expression

I v

a; N7

o= sl —%eT 3.103
o |sily/ NT ( )

Where we must choose [ = 1 to get consistent results with literature [32]. Thus we get the very
important relation

*
i

00; =~ —m
(3.104)

This equation makes it possible to express all pseudo-spin T mean-field parameters in terms of
all pseudo-spin | mean-field parameters, halfing the number of mean-field parameters in the
system. Notice that this condition is only valid when the SOC is of finite length, as it is only
then that the helicity angle v; is well defined.

The second condition for x! to be real requires that the imaginary part of the interaction
term for u' is zero

et [al
S I 2

i
T
Ji'y o <ai

) agagdiyjiryg | =0 (3.105)

which, writing again out the expressions for the variational parameters, becomes

T Na No
at [N, NZNG |
Zji’j/ Za HVT JTJT’ Sin (9;, — GI — 95“ + 93) 6i+j,i’+j’ =0
k3

(3.106)

To summarize, these two conditions makes shure that the chemical potential for pseudo-spin 1
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is real. The expression for u' finally becomes

(3.107)

(3.108)

The equation for d6; is the same, as it should be. To enshure that the imaginary part of the
interaction term for u* is zero, we get the constraint

NY NoeNe

Ut PUAAT TPV AN 4 $ —
ij”j’ Za N, 4 N],i sin (9]-/ - 91 — (9?‘ + eff) 6i+j,i’+j/ =0

(3.109)
To summarize, for x" and pt to be real, we have in total three conditions:

1. Equation (3.104) expressing 92 in terms of 93, connected with spin-orbit coupling.

2. Equation (3.105) making the imaginary part of the interaction term for u' zero.

3. Equation (3.109) making the imaginary part of the interaction term for u* zero.

Janssgnn shows that the two constraints in eq. (3.105) and eq. (3.109) only needs to be met
for n > 4-fold cases, e.g it is automatically true for n = 1 and n = 2 fold cases. The interaction
terms can further be simplified, by explicitely writing out the delta function. However, this
leads to hairy expressions and will only be mentioned when needed.

The story is not over, however. We must require that the chemical potentials are independent
of momentum index . Bravais symmetry for the square lattice dictates that ¢ and |s;| are
independent of momentum index i, see [32] for details. However, we must require that the
interaction terms in the respective expressions for the chemical potentials are independent of
momentum index 4. This is done in Jansgnns master thesis [32], with the main result: if the
condensate consists of particles with different condensate momentum, then the fraction of these
particles carrying the specific pseudo-spin with a specific condensate momentum, must be equal

T At L
——— (3.110)
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for all combinations of [ and I’ # [ for which the respective condensate occupation numbers
are non-zero. Since the number of up or down pseudo-spin particle numbers is independent of
condensate momentum, one may write
Nl /f=N] (3.111)
0 - ko °
Ny/f =N, (3.112)
where f is the number of distinct condensate momentum, N§ is the total number of particles
carrying pseudo-spin « and [ is any of the f condensate momentum indices for which Ng 0.

Thus, when the particle numbers satisifies the above constraints, the chemical potentials are
independent of momentum index.

3.3.3 Exceptions to the condensate particle number solution

The solution in (3.110) does not necessarily hold if either [32]

(o)

in general, or

2
(U™ cos (v —m))
TR

if ki and kg; are non-parallel, and either N2, =0or Nf‘km, =0, or

=1 (3.114)

(U™ cos (=)

—1, AB#1 11
crona-Aa-5  AB7 (8.115)
if kaOL,kam, # 0, where A and B are defined by:
_ T T T T
A=2cos (01, = 0%, — 0"y, + 0 ,) (3.116)
_ 1) T - +
B =2co0s (00, 0L, — 05, + 0% ) (3.117)

3.3.4 Complete Mean-Field Hamiltonian

If the solution in (3.110) holds, then the expressions for ' and pt can be simplified even further

T Ng T
/ﬁ = —€, — |Sl| ﬁ9(|k0i|aNi )
Ny
"

’
UTNg . .
+ Z Z st() CcOs (0;/ — 9? - 9]' + 0;’) 6i+j,i/+j’Q(NZT) (3118)

ji'jl a
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|51|M Q([koil N

22 Uj\fi]]\”fg o (9 — 0, =05+ 9?) Oigir+r AN (3.119)

Jji'y’ o
The function Q(x1, xa, ..., z,), defined as

1 x>0,z >0.3,>0

] (3.120)
0 otherwise

Qxy, 2o, ...y xy) = {

enshures that we dont divide by zero, and forces us to choose a condensate momentum ¢ for
"
which the condensate number is non-zero. The primed sum (Z jirg Ea> means that we should

sum over the subset of values (j,i', j/, @) such that Ni* # 0, N # 0 and N # 0. The complete
Hamiltonian after applying mean-field theory is derived in detail in Jansgnns master thesis [32],
with the result

H~Hy+ H,+ H> (3121)

where the linear terms in condensate fluctuations have been cancelled by tuning x! and pt, or
equivalently Ng and Né . This means that the condensate numbers are no longer variational
parameters, as they already have been chosen to minimize F' through cancelling terms linear in
condensate fluctuations. The constant Hamiltonian Hy is given by

"

1 o a
Hy = _W Z Z U BNO Nﬂ cos (9 — 05 9;-3 + 95) Oigjir 450 (3.122)
§ iji'j! afB

where the primed sum runs over the subset of values (4, j,7', j', o, 8) for which N # 0, Nf #£0,

Ng # 0 and N7 # 0. The next term, H;, comprises all terms linear in excitation operators

n

= Nf%z > UQBNO\/NT?

iji’ af

X (e_ (07 -7 0] )Aa +H. C) Oktkq1 ko, +koi (3.123)

The first primed sum over k avoids condensate momenta, and the second primed sum runs over
the subset of values (4, j, 7, o, §) such that Nf* # 0, N]’-B # 0 and Ng # 0. The next term, Ho,
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comprises all terms quadratic in excitation operators

Hy =YY "npfAnt A}
k ap

"
1
- af N B
+2st2 ZZ U/ N&N;
kk’ ij af 1
—i(—0>—0" o
X ((6 Z( % GJ)AiAk, +H.C) 6k+k’,km+k0j
—i(—62+6% a
+ (6 ( 01 +0_7 )AiTAk/ + HC) 5k01‘+k,k/+koj>

7
1 « (e}
+2st2 ST U“PNg

kk' \ ij aB ),

X <e*"(*97+9?)A£TAZ, n H.c) Ohor e ko, (3.124)

where the first primed sum runs over the subset of values (i,j,a, 8) such that N¥ # 0 and
N f # 0, and the second goes over the subset of values such that N # 0 and N3 # 0. Note

that the second constrained sum gives no restriction on 8 € (1,]). We have also relabeled the
condensate fluctuations

SAY = AY (3.125)

Which is why the sums over k and k' in Hy are unconstrained. We further recast Hs into a
more pleasing form

H2 = Hnon—int + Hint = Z Z ngﬁAZTAi
k op
"

+ Z Z Z g?jﬂ(kv k/)6k+k/7k0'i+k0j + T?jﬁ (k, k/)6k01+k,k'+k01
kk' \ i op ),

"

+ Z Z Z l?jﬁ(kv ') Oko, ke, ke ko, (3.126)

kk' \ ij aB ),
The subscipt non-int refers to the single-particle Hamiltonian, with SOC. The first primed sum

n
(Zij Zaﬂ) goes over the subset of values (4, j, a, §) such that N # 0 and Nf # 0, and the
"

second primed sum (ZZ IDIN ﬁ) goes over the subset of values such that N{* # 0 and Ni* # 0.
2
Here, we have defined

1

B

1 o

g?jﬁ(k,k’) _ iaaﬁew“ (AQAO‘, + AO‘,A£> +He (3.127)
1 .5 50

ro8 (ke k') = iaaﬁe“si-iﬂ (A7 AR + A A7 = b0 ) 4 Hee (3.128)

1 yee?
15 (k. k') = 5b7Pet (47747, + AL AT = e ) + (3.129)
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The operators gf‘jﬂ (k,K'), r?jﬁ (k,k’) and l%ﬂ (k, k') have already have utilized the bosonic com-
mutation relations

« 1 [e% « @
At Al = 5 (A AL + ALAY = w0 (3.130)
1
A =5 (AgAi, + Ay 5,43) (3.131)
which will be helpful for calculating matrix elements in later chapters. The lower indices (4, j)

refer to the mean-field parameters, caused by SOC, the upper indices («, 3) refer to a specific
pseudo-spin configuration, and the arguments (k, k') gives the operator dependence. In addition,

the coeffecients are given by
ﬂ B = po B
=\/NYNj —— 5N f o =07 +0; (3.132)

af
oe 5 =0 — 0} (3.133)

B = N& g %

Let us also for later, define the quantities G, R and L which are independent of pseudo-spin

Gij(k, k') = Z 95 (k. k) (3.134)
(R, k) = Zraﬂ (k, k') (3.135)
Lij(k, k') = Zz“ﬁ (k, k') (3.136)

which explicitly written out becomes

Gishe, k) = Sale”l] (LA, + AL AL) +He (3.137)
Newlf (kAL + Al Af) +He (3.138)
%“’J ( TAL 4+ AL A ) +He (3.139)
wewu (Akab + AL AL) +He (3.140)
1
Rij(k, ') = Sa'te®s (Alfal, + L Al = opp ) + He (3.141)

+ aN o (affal + Al Aff) + B (3.142)
+ a“ O (Al - Af Al + e (3.143)

ate® (A AL 4+ AL At~ 5,@7,4,) +He (3.144)
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1 , ,

Lij(k. k) = 5 (b”e“;?ﬁ + b e”fﬁ) (ALTA; + AL Al — 5,“,) +He (3.145)
1 . .

+3 (e bte® ) (AT AL + AL AL = dupe ) + He (3.146)

3.4 Dynamic matrix method

After mean-field theory, the Hamiltonian is written as a product of bilinear creation and an-
nihilation operators. The hope is now to diagonalize the two-component, spin-orbit coupled,
weakly interacting Bose gas, in effect describing the system as an effective free particle problem.
Naturally, one would look for a unitary transformation. But, reality is often disappointing, and
it will become apparant that a unitary transformation will rarely preserve the physics of the
system. We must therefore turn to other diagonalization methods, namely the dynamic matriz
method. The following work is based heavily on Xiao [53], Hemmen [50] and Tsallis [49]. Let us
consider the quadratic Hamiltonian, comprising all types of bilinear terms

1

n
1
H = Zaijczcj + f%jcgc;r- + 3

5 Viicic; (3.147)

.3

The operators c¢; and c;r are bosonic annihilation and creation operators, satisfying bosonic
commutation relations
[eivcl] =65, eiej] = el cl] =0 (3.148)
Since the Hamiltonian is hermitian, H = H, the coefficients ai; € C, v;; € C have the following
properties
Qij = QG Yij = Vji (3.149)

Introducing the field operators ¢ and ¥ in 2n dimensions as

(¢ t— (¢t T
) <chT) , Y (c c ) (3.150)
where ¢ and ¢! are vectors of operators in n dimensions
C1
c=|: ], d=(l ... ) (3.151)
Cn

We can write the Hamiltonian in eq. (3.147) on the form
1 1
H= inMw - 5tr(a) (3.152)

The coefficient matrix M is given by

M = (Oi l) (3.153)
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where o and « are the submatrices with o;; and ;; as entries. We also have,
a=af, y=~T, M=M" (3.154)

such that o and M are hermitian matrices, and v is a symmetric matrix. We next define the
matrix J:
[1%#?“ = Juuv 1 S ‘LL, v S 2n (3155)

The form of J is decided upon using the commutation relations for ¢; and cI, giving

J= (15 ‘L) (3.156)

with 1,, as the identity matrix in n-dimensions. To diagonalize the Hamiltonian, Bogoliubov
and Valking proposed the following linear transformation

c=Ad+ Bd'" (3.157)

with A and B as square matrices of size n, and d and d' are vectors of operators in n dimensions

dy
d=|: |, d'=(d .. df (3.158)
dn

The operators d; and dz are new bosonic annihilation and creation operators satisfying the
standard commutation relations,

[¢}L7 ¢1T/] = J;w (3159)
with d and d' as elements in the new basis ¢ in 2n dimensions
o=( ¢ ¢t = (b dT) (3.160)
—\qt" ) = .

Using that ¢ = ¢f, we use the proposed linear transformation in the old field operators in
eq. (3.150), leading to the transformation rule

c Ad+ Bd™ Ad + Bd'"

P = (CTT) = ((dTAT _|_dTBT)T> = (BTTd+ATTdTT> (3.161)
A B d

- (B* A*) (dTT> (3.162)

=T (3.163)

The transformation matrix T is defined as

(g* ﬁ) (3.164)

Inserting ¢ = T'¢ into the Hamiltonian in (3.152), one obtains:

H= %qﬁTTTMT(;S - %tr(a) (3.165)
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The matrix TTMT is the new coefficient matrix. The first requirement on the transformation
matrix T is that TTMT is diagonal, which means

TTMT = diag(w1, . .., wap) (3.166)

with the constraint that the diagonal entries w,’s must be real for g = 1,...,2n'. If this is the
case, then the Hamiltonian will be written as a sum over independent harmonic oscillators in
the new basis ¢. We further have another constraint on 7', namely that the new quasi-particles
are bosonic

o Z sl bar 05 (3.167)
= Z TaJapTys (3.168)
= (TJT"), (3.169)
which is equivalent to,
J=TJT! (3.170)

In summary, the tranformation matrix 7" must satisfy equations (3.166) and (3.170). The first
enshures that T diagonalizes M, which is a mathematical argument, and the second enshures
that the system is still bosonic after the transformation, which is a physical argument.

Since H is hermitian, it can always be diagonalized by a unitary transformation. One would
therefore think that the same unitary transformation could be used to diagonalize the bosonic
system. However, a unitary transformation cannot in general be brought on the form in (3.164),
or meet the bosonic requirements in (3.170). It is stated in [53] that this is due to the field
operators ¥ and ¢ being vectors of operators, not complex numbers. The diagonalization of a
bosonic system is therefore much more complicated. It is emphasized in [53], that a very efficient
way for diagonalizing a quadratic hamiltonian, is to use the Heisenberg equations of motions
for the system. It can be shown that for the bosonic system described by equation (3.147), the
Heisenberg equations of motion becomes (with iz =c¢ = 1)

d
i— =D 3.171
ISy =Dy (3171)
Where D is different from M, and is given by
D=JM (3.172)

please note that D is in general not hermitian. We say that a dynamic matrix is physically
diagonizable if it is diagonizable and all its eigenvalues are real. If we can find a T that has
the right shape according to (3.164) and satisfies requirements (3.170) and (3.166), then we
call the quadratic Hamiltonian BV diagonizable. The relationship between a BV diagonizable
Hamiltonian and the associated dynamic matrix is as follows

A quadratic Hamiltonian of bosons is BV diagonizable if and only if its dynamic matriz is

1Please note that the wy,’s are not the eigenvalues of M
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physically diagonizable.

This is an important result. It means that we should not find the eigenvectors and eigenvalues
of M, but rather of D = JM. We must also require that the eigenvalues of D are real, which
becomes a stability requirement.

3.4.1 Investigating the eigenvalues and eigenvectors of the dynamic
matrix

To bring the Hamiltonian on diagonal form, we should look for a T that diagonalizes D
T7'DT =0 (3.173)

where Q is a diagonal 2n X 2n matrix. We must also meet requirement (3.170), which gives us
an equation for 7!

J=TJT" (3.174)
T =Jr'J (3.175)

using that J? = 1. Expressing D = JM as D = TQT !, we get an equation for the original
coefficient matrix M

M =Jror* (3.176)

which gives for the quadratic part of the Hamiltonian ¢! M1

T Mp = T JTQT ) (3.177)
=t JTIIOT 1Y (3.178)
=N (T HTJQTr 1Y (3.179)
= ¢l J0Y (3.180)

The new basis is defined by the transfomration matrix ¢ = T~'+. Further, the matrix J is
diagonal. Thus, if T' diagonalizes D and preserves bosonic commutation relations by eq. (3.170),
then the Hamiltonian can be brought on diagonal form. Next we investigate the shape of T" and
the physical diagonalizability of the dynamic matrix. Following the steps in Hemmen [50], we

. T . .
define the operator K acting on a general vector (uT vT) in C2", where v and v are in C”

K <z> = (Z) (3.181)

It can be shown that K satisfies the relations {J, K} = 0 and [M, K| = 0 2. If z; is an eigenvector
of D with corresponding eigenvalue w;, then Ka; is also an eigenvector with corresponding
eigenvalue —w;

D(Kz;) = JMKx; = JKMz; = —K(JMz;) = —w; Kz, (3.182)

2The last relation comes from the fact that M has the shape as in eq.(3.153)
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thus we only need to find half of the eigenvalues. It is shown in Xiao [53] that the pairs of
eigenvectors corresponding to the eigenvalues (w, —w) are linearly independent. One may then
construct the diagonal matrix

O = diag(wy, ..., wn, —W1, ..., —Wy) (3.183)
leading to the diagonal matrix associated with M
JQ = diag(wy, ..., Wy, w1, ..., W) (3.184)

We cannot however, determine whether the w;’s are real or not, which depends on the entries
in D. The diagonal matrix {2 requires that we construct 7" as

T=(x1 ... , K(z1) ... K(z,)) (3.185)

The form of T is consequently given by

(1Y T
T_<T2* Tf‘) (3.186)

which satisfies the form as outlined in eq. (3.164). Now, equation (3.170) leads to the following
constraint on the eigenvectors u,,

(wp, Juy) = Ju 0< p,v <2n (3.187)

o * . . . . on . .
where (z,y) =>_ . T Yu is the conventional inner product in C*". Here w,, is an eigenvector of
D, either x; or Kx;. We also define the norm of a vector u, as

(uw Juu) = Jup (3.188)

which can be either positive or negative. If ;1 < n, the eigenvectors u,, must be scaled to have
norm 1, and if p > n the eigenvectors u, must be scaled to have norm —1. Here comes an
important point. The norm requirement demands that we must construct the eigenvectors with
positive norm on the left in T, and the eigenvectors with negative norm on the right in 7. In
addition, if M is positive-definite®, we have

Wy (wy, Juy) = (uy, Jwpwy) = (wy, Muy,) >0 (3.189)

such that
wy(wy, Ju,) >0 (3.190)

which means that if u < n, the eigenvalues w,, must be positive, since the norm of eigenvector
u,, is positive by construction. This makes physical sense, as then the diagonalized Hamiltonian
is bounded from below. If however M is indeterminate, which means that M both as positive
and negative eigenvalues A,, then we cannot with certainty place the eigenvectors with w, > 0
to the left in 7. This observation will turn out to be important for later in the thesis. It will
for example be the case that an eigenvector with positive eigenvalue w, will have a negative

3This means that M has strictly positive eigenvalues A, > 0, and that (x,, Mx,) > 0 for an arbitrary vector
x, #0
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norm, while the associated eigenvector with eigenvalue —w; will have a positive norm. Thus the
diagonal matrix associated with the quadratic, intederminate, Hamiltonian becomes

JQ =diag(wy, ..., —Wi, .oy Wy Wiy e ey — Wiy ooy W) (3.191)

Which is not bounded from below by zero (assuming w; > 0). One can however lift the energy-
spectrum, absorbing the difference in the chemical potentials, as was done in section 3.1.

When the eigenvalues of the dynamic matrix are zero, it is shown in [53] that the corre-
sponding eigenvectors are linearly independent, and the norm of the eigenvectors come in pairs
as (1,—1). Also, the number of zero-eigenvalues should be an even number, as even the zero-
eigenvalues comes in pairs (0, —0).

3.5 Free energy and the Metropolis-Hastings algorithm

Depending on the phase, the mean field approach introduces a number of mean-field variational
parameters to be determined. These must be decided by minimizing the free energy of the
system. The parameters will be shown to be {6;} with i = 1...m, where m is the number
of independent 6 parameters, and kg which is the finite length of the non-zero SOC-induced
minima in k-space. We express this dependence by

F = F({6;}, ko) (3.192)

The mean-field parameters {6;} and ko can in principle be functions of the physical parameters
of the system, e.g the SOC strength Ar and the intra and inter scattering strengths U*?. The
Hamiltonian is assumed to be on the diagonal form

1 ot 1
H:C+§Xk:;7wa(k) (dk dk+2) (3.193)

where C'is an operator independent term, o labels the branch, Aw, (k) is the excitation spectrum
for branch o, and the df’s constitutate a basis for the diagonal Hamiltonian. We next introduce
the state |NV,,) in Fock space

V) = [n1) [n2) ... [nm) (3.194)

which is a product of single-particle number states n; = d;rdi, where ¢ is a set of quantum
numbers. To obtain F, where we follow the derivation from Solli [48], we must first find the
partition function Z

Z

tr (e=7*) (3.195)
> (Nl e P ING) (3.196)

= e_BCe_'BMZ’“"’ e (k) Z (Nl e_ﬁ/2 Z’“*" et Nom) (3.197)
m
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where 8 = 1/kT is the inverse temperature. The average (V] ... |N;) becomes

S (Wi €72 2o oot |pry (3.198)
[ Nl e #/2heetinc A, = (3.199)
k,oc m

[ | /2w NG, ) = (3.200)
k,oc m
[1D ef/2hermes = (3.201)
k,o nk,o
L (3.202)

ko 1 —exp <f§hwc,(k))

where we recognized the last sum as a geometric series, since the occupation number for any
single-particle boson state can be infinite. This gives the free energy F = —% In(Z) as

1 1 -5
F=C+ 1 kz; hw, (k) + 3 kX;ln <1 — exp (zhw,,(k)>> (3.203)
For zero temperature T'— 0 (5 — oo) the expression becomes

1
F=C+ kz hw, (k) (3.204)

In order for this limit to be valid it is important that all the branches are positive. We see that
the effect of interactions has a finite contribution at T = 0, since the excitation spectrum is
non-zero. We must now minimize F' w.r.t the mean-field parameters {6;} and kq. This can be
done by taking a first derivative of F' w.r.t all mean-field parameters, and setting this to zero.
One must also take a second derivative to check that the values of {6;} and kg gives a minimum.
This is the preferred method if one has an analytic expression for C' and fw, (k), as was the case
in Janssgnn [32] where the pure condensate was considered. However, this is rarely the case for
more complex phases, and we turn to Monte Carlo methods for determining these parameters

3.5.1 Metropolis-Hastings algorithm

A Monte Carlo method is a numerical method which rely on repeated random samplings to
obtain numerical results [43]. They are popular methods in physics and mathematics when
it is hard or even impossible to obtain analytical results. We will here present the Metropolis-
Hastings algorithm which is a Monte Carlo method [28]. The main idea is to try to minimize the
free energy F'({0;}, ko) by randomly exploring the phase space ({6;}, ko) available, computing
and comparing the free energy at random points hopefully converging to the global minima of
F. The following algorithm is based on sec. 3.1.4 in [28], and also from [43]. The transition
probabilities P(¥; — U ,), which is the probability of going to state ¥ given that you are in state
U;, are in the Metropolis-Hastings algorithm chosen to satisfy the detailed balance constraint

p(V)P(Wi = W) = p(V;)P(V; — ;) (3.205)
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The state ¥; is particular configuration {{6;}1",,ko} of mean-field variatonal parameters at
step 4. The transition probability is given as P(¥; — U;) = Peel(V; = ¥;)Pacc(¥; — ),
where Psei (¥; — ¥;) is the probability of selecting state ¥; from U;, and Pacc(¥; — ¥;) is the
probability of accepting the new state ¥; from ¥;. In the Metropolis-Hastings algorithm, the
selectance probability is symmetric Pse1(¥; = ¥;) = Pset(¥; — ;). Further, the acceptance
probability of the Metropolis-Hastings algorithm is chosen to be

. p(¥;) }
Pace(¥; = ¥,) =min< 1, 3.206
( 7 { p(¥;) ( )
where,
p(Y5) s, -Fle)
=e 7 : 3.207

The free energy of state U; is given by F[¥;]. The acceptance probability is thus unity if
F[¥;] — F|¥;] <0, which means that the new state has lower free energy than the old state. If
the new state has higher free energy than the old state, we maybe accept it. The algorithm is
as follows

1. Generate an initial state ¥;
. Generate a new state U

. Calculate AF = F[¥;] — F[V,]

2
3
4. If AF <0, the acceptance probability is unity, accept the new state ¥;
5. If AF > 0, calculate w = p(¥;)/p(¥;) = e AEMI=FI¥:)) < 1

6

. Generate a random number r € [0,1). If » < w, accept the new state and assign ¥; = ¥;.
If not, keep the old state ¥; = ¥,

7. Change ¥, by altering its configuration
8. Repeat 1. — 7. until the state converges

Step 2. requires generating a new state W;. For this thesis, this will be done by choosing
new parameters 0; € [0,27) and ko € [0,7) with a random number generator (RNG). Step 6.
requires generating a random number r € [0, 1) which makes shure that there is some probability
of hopping out of a local minima. In addition, we make a sweep when all parameters have been
traversed randomly a selected number of times. Therefore it is customary to repeat steps 1. — 6.
an integer number of sweeps. We also include a cooling temperature. The algorithm starts out
with high temperature, such that S is small. When the number of iterations increases, we cool
the temperature of the system, increasing 5. This will hopefully speed up convergence to a
minimum. Note that the free energy is still evaluated at zero temperature. The method for
cooling temperature will depend on the problem, but for this thesis the cooling temperature was

chosen to be
kT,

1+10x4
where i is the number of sweeps and kTj is the starting temperature. Thus after a certain
number of sweeps (where each sweep contains many iterations) one expects the system to reach
equilibrium. For more information about cooling schemes, see ’Simulated Annealing’ in e.g [6].

chooling = (3208)
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3.6 Determination of phases

Janssgnn [32] considered in his thesis a pure condensate, in which all terms proportional to
an operator was neglected. This means that free energy is simply the constant Hamiltonian,
F = H,. We define the mean-field parameter ko which is simply a re-scaling of |ko;|, and gives
the length of the x and y components of a non-zero condensate momentum ky;

V2ko = |koil (3.209)

The diagonal and off-diagonal terms eg,, and |sg,,| are given by

€ko; = 4t cos(koa) (3.210)
ko | = 2V2AR| sin(koa)] (3.211)

The intra- and inter component scattering strengths are treated equally

v =" =U (3.212)
UN =UY =aU (3.213)

Finally, we also assume that eq. (3.110) is valid, which by eq. (3.113) prohibits « = 1. This
makes it possible to identify certain configurations in k-space for which to place the Ng' bosons,
as proposed by mean-field theory. The configurations which are allowed in k-space are illustrated
in fig 3.3. See chapter 4. in Janssgnn for details.



64 Chapter 3. Preliminaries

(a) PZ (b) NZ (c) PW
ky ky
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(d) SW (e) LW

Figure 3.3: Overview of the allowed phases in k-space using mean field theory on the two
component, spin-orbit coupled, weakly interacting Bose gas. The phases are: (a) Polarized
(PZ) phase (b) Non-Polarized (NZ) phase (c) Plane Wave (PW) phase (d) Stripe Wave (SW)
phase (e) Lattice Wave (LW) phase. The red points shows a non-zero condensate number, and
the arrows imply wich pseudo-spin component it is filled by. The points are labeled counter-
clockwise as 1, 2, 3,4 and so forth

Notice that for the zero-momentum phases (PZ and NZ) the condensate spin-orbit coupling
|Sko;| is zero. This means that we can have Ng # 0 and Né’ = 0, as the expressions for the
chemical potentials in egs. (3.118) and (3.119) does not have the problematic SOC term with
one of the condensate numbers in the denominator. For all non-zero momentum phases, the
condenasate numbers Ng and ]\7(‘)L for each point must both be non-zero, since the condensate
spin-orbit coupling is finite. Janssgnn treated all of these phases, but neglected the LW-phase
(for reasons which will become appearant later). For the PZ and NZ phases, for which ky = 0,
the free energy was found to be independent of the mean-field parameters T and 6%. For the
PW and SW phases, the free energy was found to be dependent on ky. Via minimization of the
free energy, both PW and SW must have kg fixed to

1 2
ko = — arctan (\[AR> (3.214)
a

2t

for the pure condensate. Both PW and SW was found to be independent of the varatinal
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parameters 6, which are therefore only constrained by eq.(3.104). The free energies are found
to be, where we assume p! = pt, t7 =t and Ng = N& = Ny /2 (except the PZ phase which has
Ng = Ny and p' = p with pt chosen for the moment at will)

—N, 2
Fpy = 4t 21
PZ Y (4t + ) (3.215)
—Ng 9
FNy = ————— (4t 3.216
NZ T+ a) (4t + ) ( )

2
_N, 2
Fow = ——= (41422 11 21
PW =T+ a) ( Bgp t1HH (3:217)
2N 22 ’
Fow=——- 4ty /22 +1 21
W Bt a) ( Vg * +“> (3:218)

These expressions produces the phase-diagram shown in fig. 3.4, where the author has used the
Python programming language. The phase-diagram is produced in («, Ag) space by comparing

2.00
175 1
= PW SW
1.25 1
= 1.00
0.75 A
0.50 A
.| NZ
0.00 +
0.0 0.5

Figure 3.4: Phase diagram for the pure condensate. The NZ region is very small. The physical
parameters are = 1, U = 0.1, t = 1, and N, = 10002

the free energies (Fpz, Fnz, Fpw, FLw) and choosing the smallest value for every combination
of (o, \g). Notice the bondary at o = 1 which separates the PW and SW phase. As mentioned,
this value for « is actually problematic, as it violates eq. (3.113). This phase-diagram coincides
with the results from [21].
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3.6.1 Investigation of condensate densities for the pure condensate

In fig. 3.5 a the phase diagram for two different values for p are shown, including plots of the
condensate densities No/N;s. For p = —3.9, the PZ phase has a constant condensate density
which is close to unity. This physically means on average one boson per lattice site. However,
for the other phases, the condensate density quickly rises, with maximum value at as high as
60. This would mean on average 60 bosons per lattice site, which makes it unreasonable to only
consider two-body scattering. Notice that the condensate densities increases with increasing
SOC strength Ar. For p = 1, the PZ phase has a constant condensate density at about 50,
while the other phases here also increases quicly, with a maximum value at about 150. In this
case also, it would seem unreasonable to only consider two-body scattering. The remaining

60

Figure 3.5: Two phase-diagrams (left) with 4 = —3.9 (top) and p = 1 (bottom). On the right
the condensate density Ny/Ns is shown for the two-phase diagrams. The physical parameters
are U =0.1,t =1 and N, = 100

chapters of this thesis will therefore be devoted to consider the operator-dependent terms for
each phase, and calculate the associated excitation spectrum. We shall also investigate the
solutions to Ng and Né for each phase in detail, and investigate stability criteria. We will
also, when possible, investigate the excitation spectrums near k-minima, in order to calculate a
superfluid critical velocity.



Chapter

The PZ-phase

This is the first, and mathematically simplest phase we will encounter. The condensate
momenta are kg; = 0. The first thing to notice is the imbalance in the condensate particle
numbers NJ # 0 and NOl = 0, leading to a strong zeeman field. In addition, the fluctuation
pertaining to Atm is considered to be 0. This gives in principle that the chemical potential
for the down component g+ can be chosen arbitrarily. However, we shall see that the chemical
potential difference 6§ = ' — p* will be bounded from below from physical arguments. Secondly,
since kg1 = 0, we have no condensate spin-orbit coupling.

4.1 Chemical potentials and condensate densities

The fluctuation of the condensate operator A;n is not zero' and the expression for u' is given
by eq. (3.118) from the previous chapter. Here we note that |sg,,| = 0. The primed sum gives
the allowed values as « =1 and (5,4, j') = (1,1,1). This gives (with f = 1) the expression for

INotice that we cannot use the converse equation for ut in this case, as that equation assumed that atuo #*

0,which clearly is violated here

67
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ph=p

UNy
N,
Notice that u is negative in most cases. With weak interactions in the superfluid case, and with
t normalized to 1, U must be much smaller than one. In addition, the fraction of bosons to
lattice sites Ng cannot exceed any value, as then one would probabably have to include more
orders of interactions. If for example Ny/N; = 10 then it would mean on average four bosons
per lattice site, which would make it unreasonable to only consider two-body scattering. The
expression for p also gives an equation for the condensate density Ngy/Nj

uw=—4t +

(4.1)

No 1% + 4t

N, U
which clearly must be positive, giving the lower bound p > —4t. Note that there is a clear
correspondence between having particles in the system and having a finite u, even with a negative
w. It is also evident that p actually can be zero, if ¢ is nonzero. One can ask, does a negative
1 imply an unstable condensate? For the pure condensate, the free energies for all the phases
are megative independent of the sign of p. This implies that the system is stable since there
is no energy-cost of placing bosons at their respective minima in k-space. For the non-pure
condensate, the stability of the system will be connected with the energy costs of exciting a
particle from the condensate. If the energy of exciting a state is negative then the system
will quickly move particles to finite k, since this leads towards a new minimum. However, if
the energy of exciting a state is positive, the system would rather stay in the condensed state
and excitations would then be a result of interactions. We shall investigate the energy costs of
exciting a boson in the pseudo-spin up and pseudo-spin down states in section 4.3.1. We also
define the difference in chemical potentials ¢

p—pt =3¢ (4.3)

(4.2)

giving the expression for u*
pt=p—6 (4.4)

It is a reasonable assumption that since NJ > Né, pt > pt, and so § > 0.

4.2 Constant and linear Hamiltonian

The linear Hamiltonian is given by eq. (3.123), and vanishes in the PZ phase. This is due to
the delta-function, giving k = 0, which is a condensate momentum and is therefore excluded by
the sum. The expression for the constant Hamiltonian is given in eq. (3.122), where the primed
sum gives the possible values as (o, 8) = (1,71) and (¢,7,4,5') = (1,1,1,1). Thus we get the
expression for the constant Hamiltonian

UN¢

Hy=— 4.5
0 oN, (4.5)

which by inserting the expression for Ny/Ny in eq. 4.2 becomes

 Ny(p A+ 4t)?

H:
0 2U

(4.6)
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The expression for Hy coincides with the expression for the free energy of the PZ phase in eq.
(3.215)

4.3 Quadratic Hamiltonian
The quadratic Hamiltonian for the PZ-phase, and indeed all the following phases also, is on the

quadratic form outlined in eq. (3.147) in the Dynamic Matrix section. This will become clear
in a moment. The non-interacting part of Hs is given by

Hnon—int = Z Z nZﬁAZTAﬁ (47)
k af

The sum over (a, 8) can be rewritten by using the commutation relations for the bosonic oper-
«@ at
ators Ay and A

Mo (4t AT o 41 AT W' (AT ab o 44 AT

T (aftal+alall - 1) + T (Alfaf + apall) (4.8)
TE (bt at o at b L T (b Al gt

B (aptal+Alaf) + I (af A+ afay 1) (4.9)

The above expression is the same for all the ensuing phases as well. The interaction Hamiltonian
is given by

Hin = Y gi1 (k,—k) + 711 (k, k) + [[] (k, k) + [ (K, k) (4.10)

k

The expressions for g, r and [ are given by eqgs. (3.127), (3.128) and (3.129). Note that we
get interactions from pseudo-spin | from [, as the condensate can interact with excited down
bosons. The the first primed sum gives the possible values for the indices as («, 8) € (1,1) and
(i,7,4',4") = (1,1,1,1), and the second primed sum gives a =1, § € (1,]) and (4,4,7,5) =
(1,1,1,1). The goal is to write Hy as a matrix product, as in the Dynamic Matrix section

Hy = ¢l Mipy + Cy (4.11)

where Cy is an operator independent term. Let us introduce the vectors of operators 1, and w,i
with 8 entries each as

ve=| e |L wl=(all At g a4, Al At apoab) (4.12)

These vectors satisfy bosonic commutation relations

[1/J£7 ZT] = J/,LV? 1 < o, v < 8 (413)
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with J is defined in eq. (3.156). Notice the order of the operators, if By is an operator, then
the operator B_yg is placed to the right of it. This will also apply to the case where we have the
operator Bp, where p is a linear function of k. The order will then be B, and to the right B/,
where p’ = p(—k). The reason for this will become apparent in the ensuing calculations. Let
Vi be a 8 x 8 matrix. The quadratic Hamiltonian can then be written as a matrix product

Hy =Y ¥} Vit + C (4.14)
k

The matrix Vi is given by

_(Vi(k) W
Vie = ( vy Vl*(k)> (4.15)

The four-by-four submatrices V; (k) and V5 are given by

T T
T 4 2a, 0 T 0
0 0 0 0
Vi(k) = - - (4.16)
5 0 % +aa; O
0 0 0 0
0 sase”?% 0 0
1 —2i0
_ | 2ase 0 0 O
Ve 0 0 0 0 (4.17)
0 0 0 0

We have defined 6 = GI as the mean-field parameter. In addition, the frequent number ay is
given by

~UNg
2N,

We would also like to explicitly sum over —k, in order to symmetrize the Hamiltonian, and give
equal importance for the k and —k terms. This is allowed since the ), is symmetric in the
first Brilluoin zone, such that we may write >, f(k) = 2 >, (f(k) + f(—k)), where f(k) is an
arbitrary function of k. Consequently, Hy becomes

(4.18)

g

1
Hy = Cy+ 5 ) Vi + 00 Vokti (4.19)
k
The constant term C5 becomes

N
02:7

(20 — 8) — UNy (1 + %) (4.20)
where we have used that ), np® = —N,u® for a = (1,]), as given in the appendix. The
troubling term is now wT_ 1 V—k¥_. However, since 1_ is only different from v, by a pairwise
exchange of the operators, hope is not lost. The vector of operators i is constructed such
that all k operators fall on a odd number, and all —k operators fall on an even number. The
shifted vector of operators 1_x will therefore have the opposite pattern, with k operators falling
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on a odd number and —k operators falling on an even number. This means that we can write
M,kV—m/J_k on the form

O Voo = VL Vi (4.21)

where V/ is the shifted matrix defined as

V(=k)it1,j+1 (4,7) = odd
V! (k) = V(=k)it1,j-1 (Z:,J:) = odd, even (4.22)
/ V(—k)i—14+1 (4,j) = even, odd
V(—k)i,1 j—1 (Z,j) = even
The matrix V) is on the form:
Vi (k) Vy
V= ( k) Vs ) 4.23
Sl v 2
The shifted submatrices V{ (k) and Vg are given by
0 0 0 0
0 % 424, 0 -
1y 5 s -5
Vilk)= |, 0 0 0 (4.24)
1 1
0o % 0 & + aa,
0 sase”?% 0 0
1, ,—20
! §ase 0 0 0
=17 0 00 (4.25)
0 0 0 0
we have used that s(—k) = —s(k) and e¢(—k) = €e(k). The symmetrized expression for the
quadratic Hamiltonian becomes
1
Hy=Cot 5 zk: Ph M, (4.26)
where My, = Vi, + V4, and is on the form
_ (Mi(k) M,
My, = < M M) (4.27)
The entries of submatrix M (k) are given by
1 L
A+ 2a, 0 5 0
0 s +2a 0 _m
Mi(k) = ? S 2 (4.28)
5 0 5 + aas 0
o 1
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and the entries of sumatrix My are given by

0 ase 2% 0 0
aze~ 2 0 0 0

My =77, o 0 o (4.29)
0 0 00

The procedure with shifting the sum with —k, introducing a shifted matrix, is the one which
will be used throughout this thesis. This is allowed since all the k dependence on the operators
turns out to come in explicit pairs (p(k), p(—k)) with linear dependence of k for all the phases.
The exception is the PW phase, which requires symmetrization with another vector.

4.3.1 Physical constraints on the chemical potential difference

Let us invesigate the signs of M7 ; and M3 3, as they give the energy cost/gain of exciting a par-
ticle from the condensate to a finite k wavevector in the pseudo-spins up and down respectively.
The reason for this is because the matrix product becomes M171AEAT = ani when written
out, and likewise for M3 3. Thus to increase the number of particles in either state, one must
pay with the energies M;; and Mj 3. The matrix-element for excitation to pseudo-spin up is
given by

nﬁ
Ml,l = % + 261,5 (430)
3UNy
= (4t — ) + o, 0, Vk (4.31)

where we have used that € has a maximum at 4t, such that 4t — e, > 0 for all k, and we have
used the definitions 77£ and as as given in equations (2.95) and (4.18). We have also inserted
the explicit expression for u, as given by eq. (4.1). Thus the energy cost of exciting a boson
with pseudo-spin up is positive, which means that it is energetically unfavorable. The same is
true for M3 3, by a similar analysis.

The matrix element M; ; gives the energy cost of increasing the number of bosons with
pseudo-spin up in the excited state with wavevector k. Similarly, the matrix element M5 3 gives
the energy cost of increasing the number of bosons with pseudo-spin down in the excited state
with wavevector k. It makes physical sense that since there are only bosons with pseudo-spin
up in the condensed state and no bosons in the pseudo-spin down state, it should be easier to
increase the number of bosons with pseudo-spin up in the excited state. Therefore we must have
the constraint

M, < Mss (4.32)

17’3 + 2a, < 77’; + aas (4.33)
—(ek2+ 1) o < —(€k2+ 1) | (4.34)
5> ZN0 (9 —a) = (u+4)(2 - o) (4:35)

N
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where we have used the expression for the condensate density No/Ns in eq. (4.2). Thus the
chemical potential difference is bounded from below by physical arguments. With U = 0.1,
a = 0.5 and one boson per lattice site Ng/Ng = 1 this lower bound becomes § > 0.15.

4.4 Explicit expression for the excitation spectrum for the
PZ-phase

Maple? is able to find eight eigenvalues, with two independent positive branches for the dynamic
matrix D = JMjy, labeled by w4 and w_. The eigenvalues are given by, as advertised in the
Dynamic Matrix section:

w, =W4, W= —W4 (4.36)
We =W4, W= —W4t (4.37)
w3z =w_, wr=—w_ (4.38)
Wy =W_, W= —wW_ (4.39)

Confirming the fact that the eigenvalues comes in pairs (w, —w). Maple is however not able to
find the eigenvectors. The explicit expression for the branches are given by

w. (k) :% Ap +2v/By, (4.40)
w_(k) :% A — 2v/Bg (4.41)
where A, and By, are given by
Ay = 2B (k)? 4 2E5(k)? + |s(k)|? — 202 (4.42)
By = (Ey(k)? — Ey(k)? +a2)? (4.43)
—[s(R)[* (as + E1(k) + Ez(k)) (a5 — Ei(k) — E5(K)) (4.44)

We see that the spin-orbit coupling can cause imaginary eigenvalues from Bj. The energies
E, (k) and Es(k) are given by

nTT

Ey(k) = % + 2a (4.45)
nu

By (k) = % + aas (4.46)

and comprises the expressions for the chemical potentials. We note that the branches are
independent of the variational parameter 8, which may thefore be set to zero. In fig. 4.1 the
plot of the excitation spectrum for the PZ-phase is shown. Note that we get two branches,
versus the case of a weakly interacting bose gas, which only had one. This will be explained in
the next chapter, when comparing this phase to the NZ phase. We see that w; (k) is quadratic

2Maple is a symbolic math software. See https://www.maplesoft.com/ for more information.
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(a) A plot of the excitation spectrum for the (b) Plot of the lowest energy branch w™ in the first
PZ phase when k, =k, Brilloin zone

Figure 4.1: Plot of the excitation spectrum for the PZ phase. The physical parameters are
U=0.1, Ng=100%, Ng/Ns=1,t=1,Ag =1, a=0.1and § =2

near k = 0, while ws(k) is reminiscent of the Bogoliubov spectrum given in fig. 3.2. We also
include a plot of the maximum absolute value of the imaginary part of (w™,w™) for all (k, ky)
in the 1st Brillouin zone and for different values of §, see fig. 4.2. The imaginary part is mainly
concetrated around k = 0, which is true for the other phases as well, the imaginary part appears
around a minima in k space. Note that the imaginary part in fig. 4.2 quickly vanishes below a
certain line in (o, Ag) space. Above this line, the eigenvalues are imaginary, and the dynamic
matrix JM is not physically diagonizable. This means that the Hamiltonian H can not be
BV-diagonalized.

4.5 Dispersion relation

From the excitation spectrum, we see that the minimum is at k = 0. At this value, Ag becomes

Ag = (o — 1)(u2+ 4t) + 0)° (4.47)

and +/Bg becomes

i (G 1)(ﬂ4+ 4t) + 6)* (4.48)

where we have inserted the explicit expression for the condensate density in eq. (4.2). Conse-
quently, the two branches each take the values

wi(0) = |(o — 1) (pu + 4t) + 6| (4.49)
w_(0) =0 (4.50)
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Figure 4.2: The plot of the maximum absolute value of the imaginary part of the branches in
the PZ phase, with constant condensate density Ny/N; = 1, and varying p.

This means that we get a Zeeman splitting at k = 0, given by
Aw(0) = [(a — 1) (p + 4t) + ¢ (4.51)

We can remove the absolute sign, since 6 > (2 — «)(u + 4t) by eq. (4.35). The Zeeman splitting
can be made arbitrarily large by tuning the difference in chemical potentials §, which is only
bounded from below by eq. (4.35). Numerical analysis shows that increasing 0 increases the
parameter space for which the branches are real, see fig. 4.2. Further, we calculate the gradient
in k space for each branch

oW,

ok

lk=0 = Viws (k)|k=0 (4.52)

If the gradient is linear on the form v_ql;:, then v, gives the superfluid critical velocity. Calculating
the gradient we obtain

awi 1 (8Ak 1 8Bk> (4 53)

= :t
ok 2w (k) \ 0k ~ VB Ok

The derivative is well defined for the (4) branch, since w4 (0) # 0 because of the Zeeman
shift. The derivative must be handled more carefully for the (—) branch, as we get 0 in the
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denominator. The partial derivatives are given by

0Ak 0

Sh = a5 (2E1(R) + 2B2(k)* + |s(k)[* — 2a3) (4.54)
. 8E1 8E2
where we have used that ols(k)|
— 2 _ 5
o s(k)[ = 2|s(k) =5 = = 0 (4.56)

in the limit k — 0, as s(0) = 0. For By, we get, were we also remove any terms proportional to
|s(k)[?

% = a% (E2(k)* — E1(k)* + ai)2 (4.57)
=2 (B30) - B0 + ) (a0 52 - B0 O ) (4.58)

We see that the prefactor is proportional to By # 0 in the limit k — 0. Using the definitions of
E, and E3 given in eqs. (4.45) and (4.46), and that 772 = —(e(k)? + pP) for B = (1,]), we get

"

% — _%% = at' (sin(kma),sin(kya))k (4.59)
1

% — _%% = att (sin(kxa),sin(ky,a))k (4.60)

Consequently, the derivatives of Ag and By goes to 0 as k — 0. For 9/0k(w4) we get 0 in
this limit, as w4 (0) # 0 making the denominator well defined. We therefore get no superfluid for
the + branch. For w_ however, we get a indeterminate “0/0” expression, which requires more
care. Taking the limit will be cumbersome, and one must most likely make a Taylor expansion
of both the numerator and the denominator. To avoid unnecessary work, we can rather make a
multi-variate Taylor expansion of w_ (k) around k = 0, and investigate the slope in that domain.
We neglect terms that are higher than bilinear, for example terms like k?ﬂkz Using Maple, we
Taylor expand w_ (k) in the variables k, and k,, obtaining

w? (k) = ap (p(t) — A\%) k* (4.61)
where ag and p(t) are given by
2P (p A 4t)
O = S D 4 5 (4.62)
(1) =(a — 1)22 +%((a— D+ 6)1 (4.63)
e (a0

where Aw(0) is the Zeeman splitting. Thus w_(k) is linear around k — 0

w_ (k) = vy|k| (4.65)
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The gradient is therefore

% = vg% (4.66)
= vg(;ik (\/172) (4.67)
=, 2\/1@;2 (K?) (4.68)
92% = v k (4.69)
giving the superfluid critical velocity as
vy = \/ao (p(t) = A%,) (4.70)

The superfluid velocity is a decreasing function of the SOC-strength Ag, as long as p(t) — A% > 0.
The number ay is always positive, since § > (2—a)(u+4t). The superfluid velocity as a function
of A\r is shown in fig. 4.3, which verifies that the superfluid velocity is indeed a decreasing

03160

03155

03150

ViAR)

03145

03140

03135

03130

Figure 4.3: The superfluid velocity v, as a function of Ar. The physical parameters are o = 0.5,
No=N,=100%,t=1,U =0.1 and § = 2t

function of Ag. The reason for this is that the SOC tries to bring the minima of the excitation
spectrum out on finite k. When this happens, the PZ phase is no longer defined, and the velocity
becomes ill-defined. The critical value Ag oit for when this happens is given by

AR > )\R,crit = g V A’U}(O) (471)

When Ag is greater than Ag o, the lowest lying branch w_ becomes imaginary. If we have on
average one boson per lattice site Ng/N; = 1, @ = 0.5 and 6 = 2, the critical value for Ag is
given by Ar it = 0.7. The Zeeman field, generated in part by 4, is fully responsible for keeping
a well-defined superfluid critical velocity, as Ag iy 7 0 when Aw(0) # 0, and by extension
keeping the eigenvalues of the PZ phase real. We note that Aw(0) is always positive when §
satisfies eq. (4.35). Ergo, we always have real eigenvalues for the PZ phase when 0 is tuned
appropriately, and Ar < AR, crit # 0.
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4.6 Free energy for the PZ-phase

The PZ containts no variational parameters, as 6 could be set to zero. There is therefore no
need to minimize the free energy with respect to the variational parameters. It will however be
calculated and then compared to the other phases, creating a phase diagram.

Since the coefficient matrix M is positive-definite, we can choose the positive branches w
and w_ along the first diagonal of 2, giving

Q = (’LUl, wz, W3, W4, —W1, —W2, —W3, _'LU4) (472)

JQ :(11)1,’[02,'IU3,’IU4,’(U1,U.)2,'IU3,’U}4) (473)

With wy = we = w4 and w3z = wy = w_. The vector of operators in the new basis is given by

o= gt |, o=@ & 4 4l 4 ¢ 4 d) (4.74)

ote al even ougn wy; = w2 = w4, we cannot say a = = . (§] 4 operators are
Note that though + t say that di, = d2 = d;;. The di, t

linearly independent, and they must satisfy [}, gbZT} = J,,u, which could not be possible if two
or more operators were linearly dependent. The diagonalized Hamiltonian is given by

4
. 1
Hy=Cy + Z' > wilk) (d}jd; + 2) (4.75)
k =1

where the primed sum avoids k in which w;(k) = 0. The Hamiltonian is on the form as outlined
in section 3.5, and the free energy is thus given by

F=Hy+Co+ Y wy(k)+w_(k) (4.76)
k

23 (e (e (1)
k

The operator-independent terms Hp and Cy are given by eqs. (4.5) and (4.20) respectively.
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The NZ phase is different from the PZ phase by a finite N(f condensate number. This will
not lead to the same Zeeman field, as the chemical potential in pseudo-spin down are no longer
independent of system parameters. We will be general, and assume that Ng and N& can be
different. This is in contrast with the treatment in [32], where it was assumed that NOT = Né .
Also, the mean-field parameters HI and 9% are independent, due to zero condensate SOC.

5.1 Chemical potentials and condensate densities for the
NZ-phase

The chemical potential for the pseudo-spin 1 component is given by eq. (3.118), where the
primed sum gives the allowed configurations as (j,¢,5) = (1,1,1) and « = (1,]). Writing out
the primed sum, we get the expression for p'

UN] UNY
0 T+ 0

T= 4t
" TN TN

(5.1)

79
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and conversely for pt

UNy  UN]

“¢:*4HN;+O‘N; (5.2)

Introducing the quantities x o Ng and y Né as

UN] UNy
fr— 5 = 5-3
TSN VTN (53)
we get the linear set of equations in z and y

pl=—4t+x+ay (5.4)
pt=—4t +y+ax (5.5)

This allows us to obtain expressions for Ng and N& in terms of the given parameters p' and
u¥. We can write the above equation on matrix form, obtaining

(e - .

T— aut +4t(1 — b aut +4t(1 —
oo W apn + 44 oa)7 y = e (1-a) (5.7)
1—a2 1—a?2

which has the unique solutions

Notice that one can obtain the solution for y o ]\70L simply by flipping the spins from 1 to | and
visa versa in the expression for x o NOT . For a given « and ¢, one must be careful to choose "
and p* such that 2 and y becomes positive.

5.2 Constant, linear and quadratic Hamiltonian

Again, as in the PZ phase, the linear Hamiltonian vanishes. The constant Hamiltonian, for
any phase, is given by eq. (3.122), where the primed sum gives the possible configurations as

(i7jv il?j/) = (17 17 1a 1)7 o= (T? \L) and B = (Ta \L) ThUS, we Simply get

1 « (0%
Hy = — WP > UPNgN (5.8)
s B
U 12 Tk 4 iz
=~ (NG + 20N NG + NG (5.9)

The interacting part of the Hamiltonian is given by
Hi =Y Gu(k,—k) + R (k. k) + L1 (k. k) (5.10)
k

The quantities G, R and L are defined in egs. (3.134), (3.135) and (3.136). The first and second
primed sum both give the possible configurations as (i,5) = (1,1), « € (1,]) and S € (1,]). We
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also define the vector of operators w}; and Y exactly as in the PZ-phase. We also explicitly
sum over —k, in order to symmetrize the Hamiltonian. The quadratic Hamiltonian can then be
written

1
_ T
Hy = Cy + gzkjwkMkwk (5.11)
The constant term is given by,
T + U NT Ni
CQ:M +u NS—M(I—F%) (5.12)
2 f 2
and the coefficient matrix M} has the form
_ (Mi(k) M
= ("3 arn (>:19)

where the four-by-four, Hermitian submatrix M (k) is given by

Eik) 0  bk) 0
0 Eik) 0  b(—k)

My(k) = b* (k) 0  Eyk) 0 (5.14)
0 b*(—k) 0 Es(k)
The matrix-elements has the values
™ T 4
M UNy aUNj
Ei(k) = 9 N.f IN.f (5.15)
L U/ NN}
ZUL 0-'0 _7;(07‘_(9~L)
b(k) 5 + 72st e "% (5.16)
b 4 T
_ M UNy aUN,
and the symmetric four-by-four submatrix Ms is given by
0 ¢ 0 d
¢t 0 d 0
My = 0 d 0 o (5.18)
d 0 ¢ 0
with matrix-elements defined as
UN] gt
T 0 —2i0]
72ste (5.19)
NN
_ AUy No Ny —i(07+67)
d= e (5.20)
2N, f
4
v _UNG _siet (5.21)

“ TON,S
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The author is not able to find explicit expressions for the excitation spectrum, and the eigenvalues
found numerically are imaginary. For the case of equal condensate particle numbers Ng = Né ,
this is due to a zero Zeeman field. The spin-orbit coupling therefore forces the minima out on
finite k, making the NZ phase ill-defined. We next compare the PZ and NZ phases, and explore
the effect of an imbalance in condensate numbers for the NZ phase, as this intuitively could
make the NZ phase stable.

5.3 Comparison of the PZ and NZ phases

The PZ phase has an extreme imbalance in condensate numbers, Ng # 0 and NOi =0. We
found in the PZ chapter that to obtain real eigenvalues, one had to include a Zeeman shift
which was proportional to § = ' — . The advantage of the PZ phase was that since NOi =0,
one could in principle choose p* to any value. Thus the difference 6 could be tuned to give
real eigenvalues. We can understand the PZ phase better by analyzing the spin-orbit coupled,
single-particle problem in section 3.1 including a finite Zeeman shift. The eigenvalues are given
by

A= —ep — £ /|s]? +02/4 (5.22)

= w ‘2L " (5.23)
§=put —pt (5.24)
The minima of the A, branch is found at the values
kg, ky = i% arccos(z) (5.25)
_ /AR —1/24 t26%/16)% (5.26)

t2/0% 4+ 1/2

The value of A\, evaluated at any one of these points is given by

A = —2V20VZ 11— fi— \[AN4(1 — 2) + 62/4 (5.27)

which is negative. Following the same logic as in the zero Zeeman field case, we must shift the
branches up and absorb the difference in the chemical potentials. In fig. 5.1 the plot of the
excitation spectrum for intreasing values of § is shown. At § = 0 the two branches meet linearly
at k = 0, with minima at finite k. When § is increased, the two branches are seperated at
k = 0 by the Zeeman field, and the behaviour at k = 0 is not longer linear. Also, the minima at
finite k£ moves closer to the origin. When the minima meet at the origin, the Zeeman field has
effectively overtaken the influence from SOC. This happens when z = 1, since arccos(1) = 0,
which gives the critial value for §

0
ot
For ¢ > 0,, the minima of A, will be at k = 0, even with SOC. This is reminiscent of the PZ
phase. The PZ phase has a Zeeman field, and has real eigenvalues with a finite Agr. Also note

Om (5.28)
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12 4

10 +

ke= Ky

Figure 5.1: Plot of the single-particle excitation spectrum with spin-orbit coupling. The black
lines are the excitation spectrum with § = 0, the dotted lines are with increasing J, and the red
lines are with § = 6,,.

that the excitation spectrum for the PZ phase is similar to fig. 5.1, only with the Bogoliubov
spectrum in the lowest branch, which makes the behaviour around k = 0 linear. We can try to
understand the spin-orbit coupled, weakly interacting, two-component Bose gas, by superimpos-
ing the single-particle excitation spectrum with SOC, and the one-component weakly interacting
Bogoliubov spectrum. Thus we can understand why the NZ phase is unstable for Ng = Né ;
there is no Zeeman field which can overtake the influence from SOC. We can however try to
create a Zeeman field for the NZ phase by introducing an inbalance in the condensate numbers
ANy = NOT — Noi. Using the equations for ' and ut given in egs. (5.5), we get

J

ANy = — % N,
T U0 =)

(5.29)

We can, as a zeroth order approximation, expect that the eigenvalues of the NZ phase becomes

real when § = §,,, which gives

_ 403
Ut(l —a)

However, the numerical results reveal that the eigenvalues of NZ are still imaginary, even with
the ANy as defined above. The reason for this is that the expressions for the chemical potentials
are linked in a way that gives no Zeeman splitting, as opposed to the PZ phase where u* can
be chosen appropriately. The author was able to introduce a Zeeman shift if an independent
fluctuation p* was added to either of the chemical potentials, but this does not follow the
equations of the mean-field approach, and is simply an illustration that the equations for the
chemical potentials leads to zero Zeeman field.

ANy N, (5.30)
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This phase looks similar to the NZ-phase, it is simply a shift in coordinate systems. One
would think that this phase should be equivalent, because of galilean invariance. However, SOC
breaks galilean invariance, and we must treat this phase seperately. We will see that a finite
ko1 leads to complications when solving for the condensate densities NOT and N& in terms of
the chemical potentials u' and p*. Also, spin-orbit coupling makes the mean-field parameters
GI and 9% dependent. Lastly, we must choose a different symmetrization of H to obtain real
eigenvalues.
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6.1 Finding condensate densities

We will assume that Ng and Né in general can be different. The expression for ' is given by

eq. (3.118)
|SZ|M Q(|koql, N

Z 2 UJQVTJJ\:O €08 (9 — 0 605 + 63 ) Sigirts UNT) (6.1)

Ji'j o

Because of finite kg, we must include the SOC term. The possible configurations from the
primed sum is given by (j,7,j') = (1,1,1) and « = (1,J), and we must choose i = 1. The
primed sum gives the same contribution as the NZ-phase, and the final expression for u' is

given by
/ Bt UNT ozUNl
—€ko1 — ‘Sk‘m | f (62)

N} UN¢ aUNOT
NG

and conversely for pt

“€koy — ‘Sko1| (63)

We see that the SOC-term introduces the condensate densities N§ in the denominator of the
expression for p®. This makes the equations non-linear in the condensate densities. Let us
treat, for the moment, the chemical potentials as known parameters. The unknowns are then
the condensate densities NOT and Né . We introduce the quantities z and y

| U | U
r= ff\/N»g’ y= m\/@ (6.4)

for which we get the coupled set of third-degree equations in x and y

23 +ay*r — sy —wx =0 (6.5)
Y + azly — sz —usy =0
where the coeflicients are given by
5 = |8ky, | = 2V2Xg| sin(koa)|
up = pt + ep,, = p' + 4t cos(koa)
Uy = pt + gy, = pt + 4t cos(koa)

Using Maple, the author tried to find an analytic solution for the condensate densities, but was
unsuccessful.
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6.1.1 Numerical solution to condensate densities

We choose ko as kg = 1/aarctan(v/2Agr/2t), which is the ko found by minimizing the pure
condensate for the PZ phase. One may find an numerical approximation for the condensate
densities by finding the roots (x,y) of the above equations. This is done using Python, using
Numpys SOLVE function. In figure 6.1 the simultaneous solution for x and y is shown for SOC
strength Ag varying from 0.2 to 2.5. The plot also includes the difference in chemical potentials,
defined as 6 = u' — p*. The choice T = 1 has also been made. We see that for 6 = 0, y
behaves as a linear function of x. This simply implies that if the chemical potentials are equal,
the number of particles in the condensate for both pseudo-spins are also equal N, T = N& . This
makes physical sense, as the chemical potential for a specific pseudo-spin regulates the average
number of particles for the specific pseudo-spin. Also, § < 0 shows that y > x. Thus pu* > pu'
leads to Ny > Ng , which is what we expect. From figure 6.2, which shows z as a function of
AR, we see that z is an increasing function of ¢ for all Ag. This is opposite for the solution for
y, which is a decreasing function of § for all Ar. This makes physical sense; when § ranges from
—1 to 1, p* decreases from 2 to 0 respectively. We expect that a high value for p* leads to a
high value for y, as the numerical solutions show.

There is also other interesting features from figures 6.2 and 6.3. We see in fig. 6.2 that z
behaves linearly when Ag is increasing. Also, this seems to be independent of the value of J.
This behaviour is also similar in fig. 6.3, where y behaves linearly for increasing Ag, but here the
intersection with the y-axis is seen dependent on the value of 6. This is due to keeping u' =
(which regulates ), and varying u* from 0 to 2 (which regulates y).

Ar=02toAg =25

1.8

1.6

141

Figure 6.1: Plot over the simultaneous solutions for the condensate densities (x,y). The SOC
strength is increasing from Ar = 0.2 to Ag = 2.5. The plot includes differences in the chemical
potentials, ranging from 1 to —1, and is defined as . = pu' — p*. The upper-most curve is § > 0.
Other physical variables are given the values t = 1, ut =1 and o = 0.5
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2549

2.4

2.3+

2.2 4

2.141

2.01

1.9

1.8

1.7 A

T T T T T
0.5 1.0 15 2.0 25

Figure 6.2: Plot over the solution for x in terms of Ag. The plot includes differences in the
chemical potentials, ranging from 1 to —1, and is defined as § = u' — . Other physical
variables are given the values t =1, uT =1 and a = 0.5

Figure 6.3: Plot over the solution for y in terms of Ag. The plot includes differences in the
chemical potentials, ranging from 1 to —1, and is defined as § = u" — p*. The upper-most curve
is 6 > 0. Other physical variables are given the values t =1, ut =1 and o = 0.5

6.2 Constant and linear Hamiltonian

We now have the constraint on the variational parameters QI and 0%, from equation (3.104):
(591 =7 — T (610)

Where 71 is given by —m — /4, due to finite SOC. We will in the following assume that NOT can
be different from N& . Using the expression for Hy in (3.122), and that the possible values for
(4,7,7, 5", o, B) are given by (z,7,4',5') = (1,1,1,1), a € (1,1) and 58 € (1,]), we get

U 12 tark | a2
Hy= 53 (NI + 20N N + NE?) (6.11)
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From the expression for the linear Hamiltonian Hy, in eq. (3.123), we get that the possible
configurations for the momentum indices are (i,7,7') = (1,1,1). Conservation of momentum
constraints k to the value k = kg;, which is excluded from the sum since it is a condensate
momentum.

6.3 Quadratic Hamiltonian

The expression for Hs is given in eq. (3.126). The contribution from the interaction Hamiltonian
is given by
Hiwe = »_ Gu(k,p) + Ru(k, k) + Lii (k. k) (6.12)
k

The quantities G, R and L are defined in eqs. (3.134), (3.135) and (3.136). The vector p
is given by p = 2ko; — k. Notice that this is very similar to the NZ-phase, which gives
the same expressions when ko1 = 0. This suggests that instead of symmetrizing Hy with
Do f(k)=1/2%",(f(k)+f(—k)), we should rather symmetrize with ), f(k) =1/2 . (f(k)+
f(p)). This is allowed since the 1st Brilloin zone is periodic, and shifting the sum by a
finite p only moves the Brilloin zone. The interaction Hamiltonian with & — p becomes
G11(p, k) + Ri1(p,p) + L11(p,p), leading to no new operators. The author tried at first,
and naively, to symmetrize with —k. This led to imaginary eigenvalues. It may be a trou-
bling thought that different symmetrizations leads to different answers. However, the choice
of symmetrization actually defines the coeflicient matrix, as well as the vector of operators.
Consequently, different symmetrizations leads to different particle basises. In addition, the PW
phase is not inversion symmetric around k = 0. We define the vectors of operators

ve={ 4B L:(AZT Af At oAbt Al AL A A}D) (6.13)

which has the same structure as in the PZ and NZ phases, only with —k — p. Forming H5 as
a matrix product, and symmetrizing over p, we get

1
Hy=Cs + 3 Xk:¢LMk¢k (6.14)
_— T, b
_p At _ U(Ng +Ng) o
2= 0N, ; (1+ 2) (6.15)

with the coefficient matrix My given by

My(k) M
Mk:< ]\14(5) M{‘(Qk)) (6.16)
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The submatrices M (k) and My are almost exactly the same as in the NZ phase, only with the
replacement —k — p, which is due to the symmetrization with p. Thus M;(k) and M, are
given by

Ei(k) 0 b(k) 0 0 ¢ 0 d
1 ct
My (k) = b*(()k:) E(gp) Eik) b%)) Mz=1 2 g col (6.17)
0 b*(p) 0  FEy(p) d 0 ¢ 0

The definition of the matrix elements are excactly the same as in the NZ phase. The author
is not able to find explicit expressions for the excitation spectrum, but is able to find them
numerically as long as « < 1. The spectrum is shown in fig. 6.4. There is no unbalance in

Figure 6.4: The excitation spectrum for the PW phase with NOT = Né . The black dotted line is
the value for ky as given in the pure condensate phase.

condensate numbers, still leading to real eigenvalues, which is a clear difference from the NZ
phase. This is due to the fact that we need no Zeeman splitting to overcome the influence from
SOC, since the condensate already lies on a finite k vector. We get in total four branches.
The lowest branch is Bogoliubov-like with a superfluid critical velocity around ky. This makes
physical sense. The condensate lies on a finite k vector, where the interacting Bogoliubov
spectrum kicks in, similar with the lowest branch of the PZ phase. We also have two parabolas
shifted due to SOC, lying above the lowest branch, similar to fig. 3.1.
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The excitation spectrum resembles the overlap between the spin-orbit coupled, non-interacting
excitation spectrum, and the single-component, interacting excitation spectrum. Also, the spec-
trum is periodic in the shifted Brilloin zone [—m/a + ko, 7/a + ko), which originates from the
symmetrization with p. This demonstrates that the PW phase is not inversion symmetric around

k=0.
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In this phase there are two condensate momenta, kg; and k3. Our intuition would suggest
that we get Bogoliubov spectra around these points. However, numerical analysis will later
reveal that this is not the case. We note that Jansgnns assumption that the helicity angle
~; is in general equal with the angle of kg; with the k,-axis, is wrong. This can be seen by
investigating the expression for s

sk = —2Ag (sin(kya) + isin(kza)) = |skle ™7 (7.1)

By using that ko1 = (ko, ko) and ko3 = —ko1, we get

Sk, X —(141) (7.2)
Skos X (1 41) (7.3)
which gives the angles v
m
Yoz = _Z7 Vkor = —T + Vkos (74)
Note that the difference between the two angles is vyg,, — Yk,, = —7, which is opposite of

Janssgnns master thesis. However, since this difference often appears as an argument in a
cosine function, the sign does not matter. Also, we can presume that the ’s are the angle with

93



94 Chapter 7. The SW-Phase

some direction in k space. In addition, we have the SOC induced constraints on the variational
parameters

591 =7 — T, 503 =73 — T (75)

7.1 Finding condensate densities for the SW phase

Similarly as for the PW phase, we assume that Ng #* Né in general. The chemical potential
for pseudo-spin 1 is again given by eq. (3.118). We choose ko; = ko1. The primed sum gives
the possible momentum configurations as (j,4,;j") = (1,1,1),(3,1,3),(3,3,1) and « € (1,]).
Writing out the sum gives

UTNg T _ gt _po g
za: N (2 + cos (03 — 0, — 05 + 67 )) (7.6)
_ 3UN]  aUN{
=N N f (2 4 cos(d63 — 661)) (7.7)
_ 3UN] | aUNy
- st N f (2 + COS("}/3 - 71)) (78)
T x
_3UN] | oUNj (7.9
Nsf N f

S

where we have used that y; = 3 + m. This gives the expression for u

l T 4
3UN OzUN
—€ko1 — |Sko1‘ f (710)
0 S

and conversely for pt
N} 3UN¢ aUNg
NS N.J

which is very similar to the expressions for the chemical potentials in the PW-phase, only
different by a factor of 3. Let us again introduce the quantities z and y as in the PW phase

U U
x:\/m\/N»g, Z/Z\/m\/N»é (7.12)

leading to the coupled set of third-degree equations in = and y

—€koy — |Sko | (7.11)

32% + ay’x — sy —uyr =0 (7.13)
3y° + ax’y — sz — usy = 0 (7.14)
where the coefficients are given by
5 = |8ky, | = 2V2Xg| sin(koa)| (7.15)
up = pl + ep,, = p' + 4t cos(koa) (7.16)

Uy = p* 4 exy, = pt + 4t cos(koa) (7.17)
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We remind ourselves that kg is still a variational parameter. Notice that this system of third-
degree equations is very similar to the system of third-degree equations in the PW phase. The
plots of the solutions will therefore not be included.

7.2 Constant and quadratic Hamiltonian

H, is again given by eq. (3.122). The primed sum together with the delta-function gives the
possible configurations for the momentum indices (i, 7,4, ') = (1,1,1,1),(1, 3,1, 3), (1, 3,3, 1),
(3,1,1,3),(3,1,3,1),(3,3,3,3), @« € (1,!), and 8 € (1,)). The constant Hamiltonian is thus
given by

1
Hy =~ g5 O NE NS U (4+2cos (05 - 07 — 05 + 7)) (7.18)
S (Xﬂ
v 12 12 7
= N (GNO + 6NE2 + 2aNI NS (4 + 2 cos (865 — 591))) (7.19)
v 12 T ard 12
EETAE (6N0 +daNg Ny + 6N ) (7.20)
U
=-%p (3N + 2aN{ N§ +3N¢?) (7.21)

The linear Hamiltonian is finite, and treated in the appendix. The author has outlined a
method for dealing with these terms, but will not use them for the rest of the thesis, due to the
uncertainty of the method. The interaction Hamiltonian is given by*

Hine =Y Gu1(k,p) + Gis(k, —k) + Ga1(k, —k) + Gss(k, q) (7.22)
k

+ Ri1(k, k) + Ri3(k,p') + Ra1(k,q') + Rss(k, k) (7.23)

+ L1 (k, k) + Lis(k,p’) + Ls1(k,q") + Las(k, k) (7.24)

The vectors q, ¢, p and p’ comes from momentum conservation and are given by

P = 2k01 — k, q = —2k01 —k (725)
p/ = 2ko1 + k, q’ = —2ko1 + k (726)
such that p’ = p(—k) and ¢’ = g(—k). We see that the SW is symmetric around k = 0, in

contrast with the PW phase, which only had the vector p. We introduce the vector of operators
\IJ}; and ¥ with 24 elements each

T [ ATT g1 T T AT AT I 4
wj, = (At artaliatiai aff att agt ali agf ali (7.27)

T
ajatapal, agal, apat apal azal) (7.28)

IThe quantities G, R and L are defined in egs. (3.134), (3.135) and (3.136).
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Figure 7.1: The entries of the matrix My in the SW-phase. The red entries show the matrix
elements of the sum over k, and the blue entries show the shifted entries of the sum over —k

and,

Wy, = (AfAT b Al abal ALab Abal LAl (7.29)

gt 0 AT 44 4 41
Aff At ajtalfagraiiaff at abtalialialf) (7.30)

Forming the quadratic Hamiltonian H, as a matrix product Hy = %Zk \IILM Uy, we get the
pattern outlined in fig. 7.1 for the 24 x 24 matrix M. The elements on the upper diagonal of
the Hermitian submatrix A(k) are given by the entries
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™
Ay = Agy =T | 9g™ 4 optt 4 oplt

2
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Ay = Agg =— 2 13 4 — (bTT isl] +b¢T 7'13)
al 5“ e iol T e ikt
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T
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a
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2
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H
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(7.31)
(7.32)
(7.33)
(7.34)
(7.35)
(7.36)
(7.37)
(7.38)
(7.39)
(7.40)
(7.41)

(7.42)
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and the elements on the upper diagonal of the symmetric submatrix B is given by

B2 —aMTemiold 4 gMTemiodl (7.43)

B3 =B34 deﬂlag (7.44)
Bis =B de_wig (7.45)
Bis = By :g (efwﬂ + efi”i’ﬂ) + % (e”"ﬁ + ef“’gll) (7.46)
Bi,9 = Ba,10 :%e—wh (7.47)
Bi11 = Ba 2 :%6 o3t (7.48)
Bs7=Bags =§€7w¥1 (7.49)
Bs7 = Bes de_wgﬂ (7.50)
Brs —a¥emionr 4 gemiony (7.51)

B79 = Bs 10 =%€7wﬁ (7.52)
B711 = Bs 12 =§6_wg (7.53)

Again, the author is unable to find an analytic expression for the eigenvalues of the dynamic
matrix D. In addition, the constant terms originating from the delta-function dg g are given by

NG (" + )

Cy = == —U (N + M) (1+5) (7.54)

7.3 Numerical determination of the eigenvalues

We assume as in Jansgnns master thesis that NJ = N& = Noy/2, as we get real eigenvalues for
the dynamic matrix JM with this choice. The expressions for u! and pt thus reduce to (with

f=2) UN
0

,UT = :ui =M= —€koy — |Sko1| + AN (3 + a) (755)
Giving the expression for the condensate density
NO 4 €ko1 +|5k01|+ﬂ
—_— == 0 7.56
N U 3+« ( )
and the constant Hamiltonian reduces to
UN?
Hy=——2L(3+40a) (7.57)

8N
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Inserting the epxression for the condensate density, and choosing kg = %arctan(\/i)\ r/2t), Hy

becomes )
—2N. A2
Hy=—"— |4t/ 2 +1 7.58
0 U(3+a)< 22 " +“> (7.58)

which agrees with the free energy Fsw for the pure condensate given in eq. (3.218). The constant
Cy is given by
Cy = Ny — UNy (1 + %) (7.59)

In figure 7.3 the eigenvalues A; of M is shown. This plot reveals that the coefficient matrix M
is indeterminate, since it has A\; < 0, \; = 0 and A; > 0. This means that we cannot simply
choose the positive eigenvalues of JM as the first n = 12 entries of the diagonal matrix Q2. We
refer the reader to the Dynamic Matrix section. The rule according to eq. (3.170) is to choose
the first n eigenvalues in 2 according to the positivity of the norm of the eigenvectors. We must
therefore:

1. Calculate the 24 eigenvalues w,, for each k, and k.

2. Check the norm of the 24 corresponding eigenvectors for each k, and k,, note that this
norm is defined as (z,, Jz,) where (x,y) = >, 2}y, is the inner product in C?". This
norm must be finite.

3. Find the 12 eigenvectors positive norm for all k, and k,. The most important quantity is
the sign of the norm, since the eigenvectors can be scaled arbitrarily.

4. Place the eigenvalues corresponding to these eigenvectors along the first 12 entries in the
diagonal matrix Q.

We must also check that the norms of the eigenvectors are finite, and that all the eigenvectors
are linearly independent. In fig. 7.4 the plot of the smallest norm of all the eigenvalues for
each pair (kg,ky) is shown, with minimum norm taken over all points equal to ~ 1.9 x 1078,
The distribution of points appears to be random, and most importantly, we have no vanishing
norms. In fig. 7.5 the plot over the absolute value of the determinant |det(JMp)| over all the
eigenvalues for each pair (ky,k,) is shown, with minimum determinant over all points equal
to &~ 4.7 x 10710, If the determinant vanishes, then the eigenvectors of JM are not linearly
independent, which they must be. Notice the marked ring with radius r = kg, originating from
spin-orbit coupling.

In fig. 7.2 the excitation spectrum for k,; = k, is shown, with real eigenvalues, or at least
with a maximum eigenvalue of ~ 2.4 x 1071%. Numerical analysis show that 8 of the eigenvalues
are approximately zero, 8 of the eigenvalues are positive with 4 independent branches, and 8
of the eigenvalues are negative with 4 independent branches. The stapled eigenvalues are the
ones where the corresponding eigenvectors has a negative norm, and the hard-color lines are the
ones with positive +1 norm. We can clearly see that if w; is an eigenvalue, then —w; is also
an eigenvalue. The zoomed in picture shows the excitation spectrum that is not 0, is negative,
and has a positive +1 norm. This means that we must include these negative eigenvalues in
the first entries of . The negative eigenvalues are in fact small, and or of order 1072 in fig.
7.2. The vertical lines are placed at k, = k, = £ko. Notice that the minima of the excitation
spectrum is in fact at k, = k, = £ko, which is what we expect physically. Incidentally, if we had
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chosen only positive eigenvalues for the first 12 entries of 2 we would have obtained a minima
at k = 0. We also see from the zoomed in picture that the minima-branch is not linear around
+ko, which means no superfluid critical velocity. This is not what we would expect intuitively,
as we anticipated the Bogoliubov spectrum at these points. However, we to get two shifted
parabolas, which is the effect of spin-orbit coupling, similar to the SOC spectrum in fig. 3.1.

Figure 7.2: The eigenvalues of JM in the SW phase. The physical parameters are N, = IV, =
200, No/Ng =1, A\g = 0.5, a = 1.5 and U = 0.1.

From the section on the dynamic matrix method, we expect that we should have 12 eigen-
vectors with norm +1, and 12 eigenvectors with norm —1. For the eigenvalues that are non-zero,
we get 8 eigenvectors with norm +1 and 8 eigenvectors with norm —1, as expected. We expect
then for the zero eigenvalues to get 4 eigenvectors with norm 1 and 4 eigenvectors with norm
—1. However, for the approximately zero eigenvalues, we get either. The number of +1 norms
fluctuates between 0 and 8, and similarly for —1 norms. The reason for this is most probably
numerical errors. In reality, no eigenvalue is ezactly zero. For example, consider the eigenvalue
1.13 x 1078 it is highly unlikely that we should also get the eigenvalue —1.13 x 10718,

7.4 Free energy for the SW-phase

After making a change of basis from ¥y to ¢, the quadratic Hamiltonian is given by

Hy=> > wi(k) (d;j dj, + ;) (7.60)

k =1
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Figure 7.3: The eigenvalues of M in the SW phase. The physical parameters are N, = N, = 200,
No/Ns =1, Ag =0.5,a=15and U =0.1.
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Figure 7.4: The diagram for the smallest norms in the SW phase. Notice the seemingly random
distribution of points.

where we have cancelled the 1/2 factor in front of the sum. Here ¢y is given as in eq. (3.160),
with components d; and d;‘, with ¢ = 1,...,12. The eigenvalues w;(k) are given as follows

wi(k) = wa(k) = — Er(k), Ey(k) >0 (7.61)
wa(k) = wi(k) = — Ba(k), Ea(k) > Ei(k) (7.62)
ws(k) = we(k) =E3(k), Es(k) >0 (7.63)
wr(k) = ws(k) =E4(k), Ei(k) >0 (7.64)

And the last 4 eigenvalues are approximately equal to zero. Let us neglect these from our
calculation, as they give zero contribtution to the Hamiltonian. Consequently, the sum over 4
goes from 1 to 8. The problem with a quadratic Hamiltonian with negative w’s is that we get
terms proportional to —|w|n;, where n; is a number operator. Nature will thus try to maximize
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Figure 7.5: The diagram for the smallest determinants in the SW phase. The ring has radius
r = kg, which suggest that it is caused by spin-orbit coupling.

n;, flooding the system. We can however bypass this issue by adding a constant to the quadratic
Hamiltonian, considering it as a contribution to the chemical potentials. We shift the branches

in the following way
wi(k) =w;(k) +A— X\ (7.65)

where X is given by
A= [min (k) (7.66)

A is the absolute value of the smallest value in the excitation spectrum for all k in the 1st
Brillouin zone and ¢ = 1,...,12, which is in our case given by |wj (ko, ko)|- Thus the quadratic
Hamiltonian becomes

Hy = Zk:/gm(k) (d}jd; n ;) - Aé (NZ- + ;) (7.67)

We have defined A;(k) = w;(k) + A, and the primed sum over k means that we avoid all k for
which A = 0. The number N; =", dgd}; is the total number of pseudo-particles with number
i in the system. This will be assumed to be small, as ground state depletion is assumed to be
negligible. In addition, A is in this case also small. The free energy is thus given by

8

8 8
F=H,-)\Y (Nl- + ;) + % %:/Z;Ai(k) + % ;';m (1 - e*mz‘(k)) (7.68)

i=1

where (3 is the inverse temperature, and Hj, = Hy + Cs.

7.4.1 Metroplis Hastings results for the SW phase

We use the Metropolis Hastings algorithm described in sec. 3.5.1 to determine the variational
parameters ko, 9J1’ and 9%. The parameters 9? and 0; are functions of 9% and 9%, given by eq.
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(3.104). The starting configuration was ¥, = [0}, 0%, ko] = [0, 0, 7.

Global minima using Monte-Carlo approach
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Figure 7.6: The Metropolis algorithm results applied on the SW-phase. The physical parameters
are U = 0.1, A\g = 0.5 and a = 1.5. The z-axis labels the number of iterations. The blue line
(top) shows the value for 6}, the orange line (middle) shows the value for 9§ and the bottom
line shows the value for kg. The stapled black line shows the value for kg as given in the pure
condensate by eq. (3.214). Note that the configuration of (6}, 6%) seems to be random, while ko
seems to converge to the pure ky. The axis gives the value for the mean-field parameters, for
every 10th iteration.

The algorithm used 2500 iterations for each of the 10 sweeps. Also, if the excitation spectrum
was imaginary, the free energy was automatically set to a NaN value, which limited the phase
space available. The 6-parameters were allowed to explore values in [0, 27), while kg was allowed
to explore to the end of the positive 1st Brillouin zone [0, 7). In fig. 7.6 we see that the estimated
ko value is close to the pure kg value, as given in eq. (3.214), even with the starting value at
m. It would be an advantage if we could use the explicit expression for kg, as then we could
use the explicit expressions for the condensate density Ny/Ns for the pure phases, to later
construct a phase diagram where the free energy is a function of (a, Ag). If not, we would
have to do the metropolis algorithm on every point in (a, Ar) space, to find kg as a function of
(o, Ag). This would take a lot of time, as for each point in («, Ag) we would have to calculate
the excitation spectrum for the entire 1st Brilloiun zone, and sum them together to find the
free energy. The Metropolis algorithm for one point in (a, Ag) space is in addition very time-
consuming, as one should enshure that the algorithm is ergodic, that is, one should be able to
find the global minimum from any point in phase space. The final configuration was found to be
U = [3.85,6.12,0.34]. We see from fig. 7.7 that the free energy reaches a minima as the number
of iterations increases. The effect of the random number 72 can also be observed, as the free
energy increases at a given number of iterations. Also, comparing fig. 7.6 with fig. 7.7, we see

2For an explanation of the r-value, see section 3.5.1
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Figure 7.7: The free energy as a function number of iterations for the Metroplis algorithm. The
y-axis is the free energy, while the z-axis is the number of iterations. The physical parameters
are the same as in fig. 7.6. Notice the jumps in the free energy, this is caused by the r factor in
the Metropolis algorithm, to avoid getting stuck in a local minima.

that the free energy is maybe independent of the mean-field angles. Furthermore, the values of
these angles seem to be somewhat random, as seen in fig. 7.6, where they do not converge to
a specific value. Note that even though the free energy changes as the angles change, this does
not imply that they are dependent, as the r value can in principle accept any configuration of
(67,6%). We for the rest of the thesis assume that ko take the value as in the pure condensate.
In addition, kg as given by the pure condensate was shown to be the minimum of the excitation
spectrum for at least one value of (o, \g) = (1.5,0.5), see fig. 7.2, strengthening the claim that
this is in fact the correct value which minimizes the free energy.

7.5 Phase diagram for the PZ, PW and SW phases

The phases which have shown to have real eigenvalues for many parameters of (o, Ag) are the
PZ, PW and SW phases. We have neglected the term AY".(N; + 1/2), as A is of order 103
and the number of excited bosons N; cannot be to big, in order to avoid severe ground state
depletion. Also, the free energy was set to NaN if the imaginary part of the eigenvalues was
larger than 1079, In fig. 7.8 the phase diagram is shown. We have used the value for kg which
minimizes the free energy in the pure condensate PW and SW phases. The phase diagram is
generated by varying Ny, and keeping p constant. The expressions for the condensate densities
for the PZ, PW and SW phases are given in eqs. This is in order to see the effect of spin-
orbit coupling on the system. One could accordingly keep Ny constant, and vary p instead.
This would create a different phase diagram, especially for the pure condensate, as the constant



7.5 Phase diagram for the PZ, PW and SW phases 105

0.8 1

Ar

0.6

0.4

0.2 1

0.0+
0.0 0.5 1.0 15 2.0 2.5 3.0

a

Figure 7.8: Phase diagram for the PZ, PW and SW phases with excitations. The physical
parameters are U = 0.1, t =1and p =1

terms for all the phases are only dependent on Ny, a and U. Keeping Ny constant would then
create a phase diagram dependent on a and U. Let us also compare this phase diagram with

Figure 7.9: A sketch of the process of turning on interactions. Based on the pure phase diagram
in fig. 3.4 and the interacting phase diagram in fig. 7.8.

the one obtained from the pure condensate given in fig. 3.4, which has the same values for the
physical parameters. It is reassuring that all phases are at the same location in («, Ag) space.
Also, it would appear that the line seperating the SW and PZ phase has moved to the left. See
the sketch in fig. 7.9. The line at o« = 1 seperating the PW from the SW phase is still there,
and one could imagine the curve seperating the SW and PZ phases to intersect at a new point
a* on the a-axis. In terms of the interaction strength U®?, the condition seperating the SW
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and phases is U™ > U, which agrees with the literature.

Thus, introducing interactions seems to give the PZ phase more room in phase space. This
may be due to the fact that including excitations causes more energetic scattering at a finite
k-vector, in stead of scattering with the zero momentum vector.



Chapter

The LW-phase

This is the final phase we will encounter, and was previously abandoned by Jansgnn. For this
phase we have four condensate momenta kg1, koo, ko3 and kgs. We will derive the equations
for the condensate densities, and find the peculiar result that when NJ = N{ the chemical
potentials are unequal, p' # pt. We shall also calculate the free energy for the pure LW phase,
where we find that it has no impact on the phase diagram shown in fig. 3.5.

8.1 Constraints on variational parameters

We now have in principle 8 +1 = 9 variational parameters. There is the length of the condensate
momentum ko;, given by ko, and there’s the order parameters 0%, where i € (1,2,3,4) and
a € (1,]). For the imaginary part of the chemical potential for ' and u* to be zero, we have in
total three equations, given by egs. (3.104), (3.105) and (3.109). The first constraint is caused

by the SOC-term, and halves the number of order parameters to be determined. This leads to

107
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j ‘ Momentum conservation ‘ Allowed configurations (7,4, j')
j =1 k:()l + k01 = kOi’ + kOj’ (1 1 1)
J=2| ko1 +kox = koir + kojr (2,1,2), ( ;

2,1,2), (2,2,1
j =3 kOl + k03 = kOi/ + kOj/ (3a 173)7 (3333 1)7 (37234)7 (37472)
J=4 | koi+ kot = koi + ko (4,1,4), (4,4,1

Table 8.1: Allowed configurations in the sum for the chemical potentials

four constraints

00y =y — 7w (8.1)
00y =vo — 1 (8.2)
003 =y — (8.3)
004 =y4 — (8.4)

These constraints makes it possible to express all mean-field 1T parameters in terms of the mean-
field | parameters. The +’s are given by

skoy 0 —(141), 1= —%ﬁ (8.5)
shgy X —(141), 2 = —%” (8.6)
Skyy 0 —(1+14), 73 = —% (8.7)
Sty X —(1 1), 4= —F (55)

The two next constraints pertains to each pseudo-spin induvidually, and assures that the imag-
inary part of the interaction term for the associated chemical potential is zero. For u', the
constraint is given by eq. (3.105), and can be simplified to

UTNg L
Y 0 sin (9} — 0T — 02+ 91./) ) (8.9)

Jji'y’ o

where we have used that NlT = NOT /f and Nli = Né /f, and chosen i = 1. The permissable mo-
mentum indices are thus (4,4',5) € (1,2,3,4), and pseudo-spin indices a € (1,]). IN addition,
momentum conservation restricts the momentum indices further to the values given in table 8.1.
Thus the expression in eq. (8.9) can be simplified to

aTN
Z u 0 Se = (8.10)
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with S defined as

S =sin (eg —9g - (91 - 9;*)) (8.11)
+sin (eg — 0% — (91 - 9;*)) (8.12)
+sin (91 gy - (9{ - 9$)) (8.13)
+sin (91 o] — o5 +92) (8.14)
+sin (eg o] — 05 +94) (8.15)

The possible values for S“ are

sT =2sin (6] 0] - 6 + 6}) (8.16)
St =sin (72 — 1) (8.17)
+sin (y3 — 1) (8.18)
+sin (y4 —71) (8.19)
+sin (0] — 0] — 0 + 04 (8.20)
+sin (6] - 6] — 0} + o) (8.21)

where we have used that 06; — 06; = v; — ;. In addition,
sin(ye — 1) =1 (8.22)
sin(ys — 1) =0 (8.23)
sin(yy —m)=-1 (8.24)

such that

st =sin (0] — o] — 0§ + 03) (8.25)
+sin (93 — ol — o)+ 91) (8.26)

Next, we express the pseudo-spin up order parameters in terms of the pseudo-spin down order
parameters, using 03 = Qj + ~; — w. This gives us the simplifications

0 — 0] — 0% + 05 =05 —0F — 05 + 05+ (a—71) =S4 + (74 —m) (8.27)
03 — 6] — 05+ 01 =0; — 07 — 65+ 6, + (2 —m) =" + (12— m) (8.28)
The value for S¥ therefore becomes
S+ =sin (E¢ + (y4 — 1)) +sin (E¢ + (v2—m)) (8.29)
=cos (Ei) sin(y4 — 1) + sin (Ei) cos(ya —m) (8.30)
+ cos (Ei) sin(y2 — 1) + sin (Zi) cos(v2 — 1) (8.31)
cos (BF) —cos () =0 (8.32)
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So, in fact, S* = 0. Thus, for the imaginary part of the chemical potential for the pseudo-spin
up component to be zero, we get the additional constraint

ST = 2sin (91 — ol — ol + eg) =0 (8.33)
=0l -6 -6+ 6] =m™n, m'e(0,1) (8.34)

This is an important relation, reducing the number of independent pseudo-spin up mean-field
parameters from four to three

0] — 07 — 01 + 0] =mtz, m"e(0,1) (8.35)

Now we turn to the pseudo-spin down chemical potential. For the imaginary part of the inter-
action term for pt to be zero, we have the analogous equation given in eq. (3.109). Following
the exact same procedure as for u', we obtain the constraint on the pseudo-spin down order
parameters

0f — 0F — 05 4+ 605 = mtn, m‘e(0,1) (8.36)
Next we derive the relationship between m! and m*, originating from a finite spin-orbit coupling
in the condensate momentum

m'r=6) —67 — 6 + 6] (8.37)
=05 — 0 — 05+ 05+ (v — ) — (13 — 72) (8.38)
it LT

mbr— 2 — 2 (8.39)
=minr - (8.40)
=(m* - (8.41)

Such that we get the peculiar relation between m' and m*:

mh=mb—1 modZI
(8.42)

In summary, to keep the chemical potentials real, we get the following constraints:

e The equations in eq. (8.1)-(8.4), halving the number of order parameters to be determined.
This is a finite spin-orbit coupling effect.

e Equation (8.35) determining one pseudo-spin up order parameter
e Equation (8.36) determining one pseudo-spin down order parameter

e Equation (8.42) relating the binary numbers m' and m*.

Exceptions to the condensate solutions

As mentioned in the preliminaries, the solution N = NOT/f and Nll, = Né/f is not unique if
« =1 in general, or for our purpose if

2 N2
a COS(’W ’7l) -1 (843)

U2(1-A)(1-B)
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where kg, and kg are non-parallel condensate momentum. Let us choose [ = 1 and I’ = 2.
We then get cos(v2 — 1) = 0, which is not unity. We must also check that the denominator is
NON-Zero

A =2cos(d] — 0] — Qg +61) = 2cos(m'w) = +2 (8.44)
so 1 — A is non-zero. B is given by
B = 2cos (91 — ol — 0%+ og) (8.45)
= 2cos (91 —OF — 0%+ 05 4 (4 — ’yl)> (8.46)
=2 (cos(m*m) cos(4 — 1) — sin(mtm) sin(ys — 1)) =0 (8.47)

where we have used that cos(y4 — 1) = 0 and sin(m*7r) = 0. Consequently, the denominator is
well defined, and the uniqueness of NlT = NOT /f and Nli, = Né /f is consistent.

8.2 Chemical potentials and condensate densities for the
LW phase

The chemical potential for the pseudo-spin up component is given by eq. (3.118), where the
primed sum in the interaction term permits the indices « € (1,J) and (4,7, 5’) € (1,2,3,4). The
interaction term is given by (where we choose kg; = ko1)

UaTNoz
p“;rnt = Z Z sto

ji'j’ «a

cos (9} — o7 — 0% + 9;&) Sisjirss (8.48)

Conservation of momentum gives the same indices (7,4, ') as in table 8.1. Thus we can write

Phe =D U;,Tf}]‘? o (8.49)
where C'* is given by

C% = 4 + cos (ag . (9{ - 9?)) (8.50)
+ cos (eg _ge - (9[ . H‘f‘)) (8.51)
+ cos (91 -0y — <0T - f‘)) (8.52)
+cos (6] - 6] — 05 +05) (8.53)
+ cos (eg — 07— 05 + 95;) (8.54)

The possible values for C* are
T =T+ 2cos (6] — 0] — 0} + 0}) (8.55)

=7+ 2cos(m'r) (8.56)
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and,
C¥ =4+ cos(y2 —m1) (8.57)
+ cos(y3 — 1) (8.58)
+ cos(ya —m) (8.59)
+ cos (m¥m + (y4 — 7)) (8.60)
+ cos (miﬂ + (y2 — ”yl)) (8.61)
Next we use that cos(ya — 1) = cos(y4 — 1) = sin(m¥n) = 0 and cos(y3 — y1) = —1 to obtain
ct=3 (8.62)
which is a cute result. Thus the interaction term in x' becomes
ver
[ = Z v 7C (8.63)
UNT 3aUN}
=N/ 0 (7+2cos(m'r)) + N (8.64)
Hence, the expression for u' is
= —4tcos(koa) — |s1|1/ (8.65)
UN] 3aUN¢
+ N (74 2cos(mm)) + N.f (8.66)

where we have defined m" = m € (0,1). Doing the excact same calculations for u* yields the

analogous result
= —4tcos(koa) — |s1|1/ (8.67)

UNy 3aUNT
N.f (7 — 2cos(mm)) + N.f

(8.68)

We have used eq. (8.42) to express mt in terms of m, where the term proportional to N& in pt
originally was 7 + 2 cos(m*7). Now, Janssgnns [32] reason for abandoning the LW phase was
due to the fact that if you insist u" = pt and N, I = Né (which makes physical sense), you get
an inconsistensy

74 2cos(mm) =7 — 2 cos(mm) (8.69)
giving 2 = —2, which is impossible. Now, one has two options. One can either assume that
Ng = Né , and find an equation for the difference in the chemical potentials, or one can find
a general expression for Ng and Ng as a function of ' and pt. We will start with the first.
Defining N = Né = Ny /2, and taking the difference ou = p — pt, we get (with f = 4)

UN

_ UNg
op = N, cos(mr) (8.70)
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This shows that even if you insist that the condensate particle numbers are equal, you get a
difference in chemical potentials, proportional to the condensate density and the intra-potential
scattering strength. The physical interpretation of this is that the diagonalized Hamiltonian,
where the helicity angle «; are well defined for the condensate bosons, can have a ... (this is
still difficult to interpret). Notice that the value of m € (0,1) chooses a “direction” for ' and
wh. Ifm =0, we get ut > pt, and if m = 1, we get p+ > p'. We next insist that NOT and
Né in principle can be different. We, as in the PW and SW phases, introduce the quantities

zoc\/ N > 0and y \/Né > 0, as follows

U U
o=\ [a VN =N (8.71)

leading to the coupled set of third-degree equations for = and y

(7 + 2 cos(mm))a® + 3ay?x — |s1|y — (u' + 4t cos(koa))z = 0 (8.72)
(7 — 2 cos(mm))y> + 3ax?y — |s1|x — (u* + 4t cos(koa))y = 0 (8.73)

Which is the same type of system of equations as in the PW and SW phases as well. The
difference is that the prefactor in front of 2% and 3? are different, either 9 or 5. The solution to
the above system of equations for Ng and NOi was found numerically with m = 0, and is given
in fig. 8.1. Note that ' and p' are input parameters, with u" = 1. We see that for § = 0,
and y are not linearly dependent, as was the case for the other phases. However, we see that
x is still an increasing function of 4, and y is a decreasing function of §. Thus the chemical
potentials can still be thought of as regulating the average number of particles in the system.

8.3 Constant Hamiltonian

The constant Hamiltonian is given by eq. (3.122), where (4, 7,¢',5’) € (1,2,3,4) and
(o, B) € (1,)). Momentum conservation further gives the possible configurations (4, 7,4, j’) as

(1,1,1,1),(1,2,1,2),(1,2,2,1)
(1,3,1,3),(1,3,3,1),(1,3,2,4)
(1,3,4,2), (1,4,1,4), (1,4,4,1)
+(14 2,3 4)
+(1 43,2 ¢ 4)
+(1 44,24 3)

The notation (i <+ j,l <> m) means add the previous calculation, with the indices interchanged.
The constant Hamiltonian is given by

1

h="snp

> UPNGNF P (8.80)
af
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Figure 8.1: Plots of the solutions for x o 4/ Ng and y o 4/ Né for the LW phase. From left to
right: plot of z(Ag), plot of y(Ag). The bottom plot is the simultaneous solutions for = and y.

where C®P is defined as

C*P =4 + cos (6;‘2& - 5?16) + cos (6;‘3? - 51’?) + cos <5Z‘f - 5f‘1ﬁ) (8.81)
+ cos (ag 0o — 08 + 95) + cos (ag —0x 08+ oﬁf) (8.82)
+(1+23c4)+(1+3,24)+(1+4,23) (8.83)

and takes the values

C™ =4 x (74 2 cos(mn)) (8.84)
cC™h=4x3 (8.85)
CY'=4x3 (8.86)
CH =4 x (7 —2cos(mm)) (8.87)
giving the expression for the constant Hamiltonian
Ho= -2 ((742 NJ? +6aNJ Ny + (72 N2 8.88
0= TN (7 +2cos(mm)) Ny~ + 6Ny Ny + (7 — 2 cos(mm)) Ny (8.88)

It is interesting that when Ng = NOL, the term with m € (0,1) disappears.
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8.4 (Quadratic Hamiltonian

The first and second primed sum in the interaction Hamiltonian are no longer constrained,
giving the expression

Hing = ZGk + Ry + Li (8.89)
k

where G, is a sum over all Gj;

Gr = Gui(k,q1) + Gi2(k,p1) + Gi3(k, —k) + G14(k, ps) (8.90)
+ Ga1(k,p1) + Gaa(k, q2) + Gaz(k, p2) + Gau(k, —k) (8.91)
+ G31(k, —k) + Gaa2(k, p2) + G33(k, g3) + G34(k, p3) (8.92)
+ Gu1(k,ps) + Gaa(k, —k) + Gus(k, p3) + Gaa(k, qu) (8.93)

and Ry and Lj take the values

Ry, = Rii(k, k) + Ria(k, p)) + Ris(k, q)) + Ria(k, p}) (8.94)
+ Roi1(k, py) + Raa(k, k) + Roz(k, p}) + Raa(k, g3) (8.95)
+ Rai(k, g3) + Raz(k, p3) + Raz(k, k) + Raa(k,ps) (8.96)
+ Rui(k, p3) + Raz(k, q4) + Raz(k, py) + Raa(k, k) (8.97)
Ly = Li1(k, k) + Lia2(k, p}) + L1z(k, q1) + Lia(k, p) (8.98)
+ Lai(k, p5) + Lao(k, k) + Loz (k, py) + Loa(k, /2) (8.99)
+ Lz1 (K, q3) + Laz(k, p3) + Laz(k, k) + Laa(k, pb) (8.100)
+ Lai(k, p5) + Laz(k, q4) + Laz(k, p}) + Laa(k, k) (8.101)

Conservation of momentum gives the following wavevectors which must be included in the
particle basis, see fig. 8.3 for an overview of these when k =0

q1 =2kor —k, q2=2kox—k, q3=2kos—k, qi=2kos—k ( )
qy =2ko1 +k, qy=2kox+k, q3=2kos+k, q=2ko+k ( )
p1 =2koy — k, po=-2kox —k, p3=-2koy—k, ps=2kox—k (8.104)
Pl =2koy+k, py=-2kex+k, ph=-2ky+k, pj=2kc+k ( )

( )

We next introduce the vectors of operators 1, and z/;L as

T
ve= (Al ap Al af) (8.107)
vh = (Al AL Al A} (8.108)
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Figure 8.2: Overview of the vectors allowed by conservation of momentum when k = 0

where the vectors of operators Ay and A;T are defined as

o = (A2, A5, AG AG, Ay AG AG A, A A5 A% (8.109)
A, Ay A Ay Ag 4G, ) (8.110)

at af qaf gat gaf qgat gof qat gof qat gof qaf gof
Al = (Ak AT AGTAG AT AT AGT AT AGT AT ADT AT (8.111)
agtastagtastagtach) (8.112)
(8.113)

We follow the standard routine and write the quadratic Hamiltonian as a matrix product
1
_ i
Hy=0Cs + 3 Ek Y My (8.114)
The 72 x 72 coefficient matrix M has the familiar form

M = (1;4* ﬁk) (8.115)

Where A is Hermitian, and B is symmetric. The elements for the coefficient matrix M are
shown in fig. 8.3 The matrix elements on the upper diagonal of sub-matrix B is given by

Bis=d (e—iag + e—i"fﬁ) (8.116)
Bisz=DByy= Cge‘”"I (8.117)
Bis=Bsyg = %6*2“’3 (8.118)
Bi7=Bg = %T ~2if; (8.119)

Bi,9 = Bs 10 %67%91 (8.120)
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Figure 8.3: Overview of the matrix elements of the coefficient matrix M in the LW-phase. The
red entries marks elements of the k sum, and the blue entries show the shifted elements in the
—k sum

ot
By 11 = Baj2 = ale %712

Coigtt
B3 = Bo1y=ale %2

e
it
By 15 = B = ale %4
i1t
By 17 = Byg = ale 7a

1y 1y ) 1y
Biog=DBs19 =« atat ((37“’31 4+ e a2 4 e i3 4 671024>

B1)21 = B2722 = % aTai'e_iUIf

Bi,23 = By = % alate 73 (8.127
Bi25 = Bao6 = % alate '3 (8.128
Bio7 = Baos = % alate il (8.129
By 99 = Ba3g = % atat <6_w21 +e ZGI;) (8.130
By =By = % atat (e*”w +e ”3?) (8.131)
Bis3 = Baga = % atat (e*“’u + e ) (8.132)
Biss = Base = % atat (e‘“’u + e‘“’lf) (8.133)
B3,19 = Bajgo = % alate "ot (8.134)

Bs,19 = Bg 20 = % aste 175 (8.135)
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« ot
B7719 = BS,ZO = 5 atate "33
« 1
—110
By 19 = Bio20 = 3 alate 74
a 10 + 10
Bi119 = Bia20 = 3 atat (e"721 47"z
«o N 1L
By3,19 = Biao0 = 3 atat (e W2 e “’23)
(0% ey
Bis,19 = Big,20 = 3 atat (6 “9az e ’"34)
(6% s s T
Bi719 = Big,20 = 5 atat (e 0 te “741)

g Ll
Big 2 = a* (672013 + 67“’24)
Big21 = Bag22 =

Big,23 = Bog,04 =

Big,25 = Bagos = —e s
Big27 = Bag2s = =205
Big29 = Bag30 = a Pt
Big31 = Bag32 = ale 275
Big,33 = B34 = ae2751
Big35 = B2 36 = ate2iul

and the matrix elements on the upper diagonal of submatrix A is given by

nTT
A= Ao = % +4(2a" + aat)

<11 "
2aTe®1s + qatedis

2
Ao = Ags = QaTei‘S;I + Oz(ﬂei‘s'ﬁi
' ’ 2
Ajg=As7 = 206 + aatelit
' ’ 2
Aj 10 =A29 = 2a'e + aateltl
’ 2
2q" (61'611 n eiagg> + aat (eiéﬁ' + eiég)
Ajja = Ao =
2
2a" (ei&lf + ei6§l) + aat (eiééf + ei%i)
Apa = A3 =

2

(8.136)
(8.137)
(8.138)
(8.139)
(8.140)
(8.141)

(8.142)
(8.143)
(8.144)
(8.145)

(8.146)

8.147
8.148

(8.147)
(8.148)
(8.149)
(8.150)

8.150
(8.151)
(8.152)
(8.153)

(8.154)

(8.155)
(8.156)

(8.157)
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2a" (eiagg + ewﬂ) + aat (ei(sg; " ei5if)

Ai16 = Az 15 = 5
2a" (eiég + eus[;) + aat (ei‘sg + eiéﬁ)
A8 = A 17 = 5
Arsg =
Az 20 = —@
Aj gy = Aggy = @645“
A1y = Asog = @e—w“
Atr26 = Az o5 = O“/;TWQ'J%
Ajog = Ao o7 = @e i3y
Arzo = Az20 = %W (e*“slf + e’“sgzi)
Ajgy = Agg = = gTai (6—15I§ te zéﬁ)
Avga = gy = VL (il o)
Ar36 = A235 = = ;ﬁai (6—16;{ + e—iégf)
Ag19 =A390 = a\/;me—ié”
Ag 19 = As20 = @6 st
Ag 19 = A790 = O“/;me—iaﬂ
Ato.19 = Ag 20 = aTm il
Ajg19 = Aq120 = %Tai (e—us[i " e_u;;g)
Avg19 = A1300 = a ;T(w (ﬂsgf + efiégi)
A 19 = A1s00 = %W (e—usgg n e‘i‘ﬁf)
Agg = Ai720 = 2 ;TW (6* 535 4 eﬂéﬁ)
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(8.158)

(8.159)
(8.160)

(8.161)
(8.162)
(8.163)
(8.164)
(8.165)
(8.166)
(8.167)
(8.168)
(8.169)
(8.170)
(8.171)
(8.172)
(8.173)
(8.174)
(8.175)
(8.176)

(8.177)
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A

Atg,19 = Ao 20 = % + 4(2a* + aa) (8.178)
92t eidts T i8]0

Atg20 = Ao 01 = e —gaa i (8.179)
9 1 o 1+ 61T

A1924 = Agp 23 = e - —|2—aa - (8.180)
20t it PREIN

At9,26 = As0,25 = e —;aa - (8.181)
9 1 ot 1 st

Atg,28 = Aop o7 = re = —12—04@ - (8.182)
2a* (ei‘Sﬁ + 6’62§) + aal (ei‘SLI + eiégg)

Atg,30 = A20,29 = 5 (8.183)
2at (ei‘sil + 6’634> + aa® (e“sng + eiégl)

Arg32 = Ao,31 = 5 (8.184)
2at (ei‘Ség + e“sili> +aa’ (e""sﬁlI + ewﬂ)

Arg9,31 = Ago,33 = 5 (8.185)
2at (eiéiﬁ» + eiafZ}) +aa’ (emg + ewg)

Aig,36 = A20,35 = (8.186)

Where o' = o' and at = a**. The author is able to find real eigenvalues for some values of
(o, AR), see fig. 8.4 for the excitation spectrum. The plot reveals that there is no stable minima,
except for the zero eigenvalue. Thus for this choice of physical parameters, the LW phase will
not be stable. This is also reflected in the next section, where we find that the pure LW-phase
does not appear in the phase-diagram in («, Agr) space.

8.4.1 Pure LW phase

In this section we provide the expression for the free energy of the pure LW phase. This
means that we neglect any terms proportional to an excitation operator. We assume that
Ng = NGL = Ny/2. Using the expression for ' in eq. (8.66), and that s; = 2v/2\g|sin(koa)|,
we get an expression for Ny/N;

Ny 2f

N - TG (NT + 4t cos(koa) + 2V2\g| sin(koa)\) (8.187)

which inserted into the expression for the constant Hamiltonian gives

AN (7 + 3a) . 2
Hy = —m (MT + 4t cos(koa) + 2\/i)‘PJ sm(koa)\) (8.188)

giving the free energy as F' = Hy. The free energy is on the form

2
C (/ﬁ + 4t cos(koa) + 2v2Ag| sin(koa)|> (8.189)



8.4 Quadratic Hamiltonian 121

Figure 8.4: Excitation spectrum for the LW phase. The physical parameters are U = 0.1,
§=0.9, N =502, \g = 0.02 and a = 3.43. The value for kg is given in eq. 3.214.

which has a minima for kg equal to

1 2
ko = p arctan (\[AR>

1
o (8.190)

which is the same kg as in the PW and SW phases. Thus the free energy is given by

2
4N, (7 + 3a) /22
Fw=——2— """ 444/ 28 41 191
B 9U (3 + a)? (“ TV T (8.191)

when " = p, as in the other phases, the free energy for the LW phase is actually larger than
any of the free energies for the other phases. Consequently, it does not show up in the phase
diagram in (o, Ar) space. The reason for this will be discussed in the Miscellaneous Discussion
chapter.
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Chapter

Miscellaneous Discussion, Summary and

Outlook

In this chapter we shall discuss some results from the previous chapters.

9.1 Free energy for the pure LW phase

As noted in at the end of the LW chapter, the free energy for the pure LW phase was higher
than any of the other phases. As a first guess to why, we may guess that it has something to do
with kinetic energy. This cannot be the case however, as we assume for each phase that there
are Ny bosons, which will distribute themselves equally at the condensate momentum points. It
was in addition shown that the length of the kg; vector in the LW phase was minimized for the
same value as for the SW and PW phases. Thus the kinetic energy is the same for the non-zero
momentum phases. Thus there must be another explination. The constant Hamiltonian, which
gives the free energy, is before simplifying anything given by [32]

Ho=) Y n'"(af)a; (9.1)
i af
1
o O UM a) (@) el b (9.2)
iji'j’ ap
where the a;’s are the mean-field parameters. The above equation can be written on the form

Hy = —A + condensate interactions, A >0 (9.3)

This means that the free energy has a negative “baseline” at A, and the interactions, which are
mathematically described as two-body scattering between two incoming wavevectors with indices
(i,4), and two outgoing wavevectors with indices (i’, j'), causes the energy to rise. Thus we can
understand that the pure LW phase has higher free energy than the other phases because it has
a higher number of condensate momenta kg; in k-space. This interpration cannot be exactly
correct, as the sign of the interaction is dependent on the phase differences 65" + 9;3 — 953, —05.
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9.1.1 Chemical potential difference for the LW phase

It was shown in the LW chapter that an equal number of particles in the condensate NN, T= Né ,
led to an imbalance in the chemical potentials §, which sign relied on the value for m € (0,1).
Similarly, if ut = p*, this led to an imbalance in condensate numbers ANy. This is strange,
and is a direct result of spin-orbit coupling. We can try to understand this by looking at the
characteristics of spin-orbit coupling. For a simple quadratic dispersion relation w(k) = k?/2m,
Rashba SOC will move the minima at k = 0 to finite k, creating to two bands with definite
helicity. Now, it may be the case for the LW phase that to achieve definite helicity bands, one
must have an imbalance in the condensate parameters, either Ny or u, or both at the same time.

Mathematically, the difference in chemical potentials comes from the fact that at N, T = Né ,
u' has a term proportional to 7 4 2 cos(mm), and u* has a term proportional to 7 — 2 cos(m).
The m terms originate from 03 — 0% — 0% + 03 = m®7w, o € (1,]) which is due to keeping u®
real. Further, to reduce the expressions for the imaginary part of the chemical potentials to only
sin (0% — 0§ — 03 + 0%), one had to use the explicit values for the spin-orbit coupling +’s, and
also that d0; = ; — 7, which is caused by spin-orbit coupling. So in fact, the reason for why
the m’s appear, and also that mT # m' is completely due to a finite SOC. Thus the finite du at
N{ = N{ is because of SOC.

9.2 Finite temperature phase diagram

In fig. 7.8 the phase diagram for the PZ, PW and SW phases are shown, at 7' = 0, with
excitations. There is in principle little trouble of calculating the phase diagram at finite T, as
the excitation spectra are not explicitly dependent on temperature. Thus to create the phase-
diagram at finite 7', one would simply add the finite temperature term from the free energy in
eq. (3.203). However, it may be that the mean-field parameters 6 and kg are in fact dependent
on the temperature of the system. To investigate this one could use the Metropolis Algorithm
outlined in sec 3.5.1 on a finite temperature system, and look for temperature dependencies in
the mean-field parameters.

Further, one could maybe get an intuition for the finite temperature phase diagram by
studying the phase diagram in fig. 7.8, which is at T' = 0, but includes excitations. Here we
see that the zero-momentum PZ phase moves into the SW phase, reducing the phase space
available for the SW phase. When turning on increasing the temperature, one could therefore
expect that the PZ phase moves further into the SW phase, decreasing the phase space available.
The fact that the PZ phase becomes more energetically favorable when including interactions
may originate from the fact that there is less energetic scattering around k = 0.

9.3 Higher order interactions and other lattice geometries

We saw in the case of a pure condensate in fig. 3.5 that the condensate densities for the phases
was, even at u = —3.9, significantly larger than 1. This means that on average, there are many
bosons per lattice sites. This could implicitly break the assumption that two-body scattering
is the only non-negligible contribution, and one may have to include higher order interactions.
This also begs the question if mean-field theory is the correct approach if one must include
higher-order interactions, and one may consider pertubation theory instead.



One could also develop a mean-field approach for other lattice geometries, for example the
honey-comb lattice (which is not a Bravais lattice). This could be interesting to study, but it
would lead to more complex expressions, as we considered the simplest square lattice case.

9.4 Summary and Outlook

In this master’s thesis, the theory outlined in Janssgnns master’s thesis [32] has been used
exstensively on different phases in k space, namely the PZ, NZ, PW, SW and LW phases. The
expressions for the chemical potentials for pseudo-spin up an down have been derived for each
phase, and the associated equations for the condensate densities Ng and Né have been analyzed,
both analytically and numerically.

For the PZ phase, we found that the extreme imbalance in the condensate numbers led to
a Zeeman field which made the eigenvalues real, and by extension keeping the PZ phase stable.
The analytical excitation spectrum resembled the spin-orbit coupled, non-interacting, Bose gas
with a Zeeman field, with the lowest branch being Bogoliubov-like with linear dispersion relation
around k = 0, as an effect of the weak interactions. The associated superfluid critical velocity
was analytically derived, kept finite by the Zeeman field.

For the NZ phase, the zero-momentum minima was incompatible with a finite spin-orbit
coupling, as the numerical results revaled that there was no Zeeman field, even with an imbalance
in condensate numbers.

For the PW phase, we found that the Hamiltonian had to be appropriately symmetrized to
obtain physically meaningful, and real, excitation spectra. The numerically found excitation
spectrum was shown to be Bogoliubov-like with a finite superfluid critical velocity for the lowest
branch, with two parabolas shifted by SOC lying above.

The SW phase was the first phase containing linear excitation operators, whereby a method
for dealing with these terms is given in the appendix. Also, as the coefficient matrix of the
SW phase was indeterminate, choosing the correct eigenvalues was non-trivial. The excitation
spectrum was not Bogoliubov-like around minima in k-space, which led to no superfluid critical
velocity. However, the excitation spectrum resembled the case of a spin-orbit coupled, non-
interacting, Bose gas, demonstrating the influence of a finite SOC. Also, a Monte Carlo method
was demonstrated and used to determine the mean-field parameters, which coincided with the
mean-field parameters determined for the pure SW phase.

The LW phase showed some strange behaviour, namely the finite difference in chemical
potentials when assuming that there are an equal amount of condensed bosons for each pseudo-
spin. The excitation spectrum was found to have no stable minima. In addition, the free energy
for the pure LW phase was derived, and shown to be larger than any of the other free energies
for the other phases.

Lastly, a phase diagram for 7' = 0 with excitations was created from the PZ, PW and SW
phases, resembling the case of a pure condensate, which agrees with results from the literature.
The effect of excitations seemed to give the PZ phase more available phase-space, and decreased
the available phase-space for the SW phase.

For future work, it may be interesting to study the phase diagram for the PZ, PW and SW
phases at finite T, discussed in section 9.2. It could also be interesting to consider a different
lattice geometry, for example the honeycomb-lattice.
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Appendix

We will frequently encounter the sum

SP=>"nl’ (9-4)
k

for p = (1,1) and k €1BZ. The energy n,fﬂ is given by
M ==’ + (k) (95)
where the energy € (k) is given by
? (k) = 2t7 (cos(kyar) + cos(kya;)) (9.6)

thus, S? becomes

Sﬁz—Zuﬁ—Zei (9.7)
k k

The first sum is simply —p” Ny, as >°, = N,. The second sum requires more care

Z ei =2t8 (Z cos(kza;) + Z cos(kyal)> (9.8)
k k k

=2t | /N, Z cos(kza;) + 1/ N Z cos(kyay) (9.9)
[ Ky
= 4tP\/N, Z cos(kza) (9.10)
k(v

Where we have used that k; and k, runs over the same values, so that the two sums are
equal. Also, we have used that }, = Zky = V/N;. We further focus on the sum , cos(kza;).
The k, and k, are in the 1BZ, and we choose k, on the form [17]

2mm
k, =
L,

(9.11)

where L, = v/Nsa; = N,a;, and m = —N,/2,—N,/2+1,..., N, /2 — 1 (where we assume that
N, is an even number). This gives k, = —m/a;, —7/a; + 27/ Ly, ...,m/a; — 27/ L. We thus get

Ne

; cos(kya;) = 22: cos (Zm) (9.12)

Ng

m=— 5
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Now we turn to a more general form of the sum above, given by:

Z cos(em) =5 21cos( ] [cos(ac) + cos(be) — cos(c(a — 1)) — cos(c(b+ 1))] (9.13)

Which can be derived by writing cos(cm) on exponential form, and realising that you get a
geometric series. Using this formula, we get

Z 2

Z cos (J;Tm) =0 (9.14)
T

Such that S# = —u’ N,.

9.5 Hamiltonian linear in excitation operators for the SW
phase

The linear Hamiltonian H; for the SW phase is given by the equation [32]

"

Hy, = f3/2 Z ZZ U“BNOﬁ\/Ng‘

iji’ af

—i(02 02 —0k,.)"
% (6 LY 0i 0j Ag + H.c 6k+k07‘,’;k0i+k0j

"
where the constrained sum Z;c excludes all condensate momenta, and the primed sum (ZZ i Y oa 5)

goes over the values in the subset (4, j,4', a, ) such that Ng # 0, Nﬁ £ 0 and Nk # 0. The
dirac-delta function limits the possible values for k, by the equatlon

k= k()j + ko; — kosr (915)

In addition, we have that ¢ = (1,3), j = (1,3) and ¢’ = (1,3). We have two configurations for
(i,7,4") which gives a non-condensate k. These are given by

(i,j, i/) = (1, 1, 3) — k= 2ko1 — kos = 3ko1 (916)
(4, 4, i/) = (3,3, 1) — k= 2kos — ko1 = —3ko1 (9.17)
Hence, the non-condensate momenta are given by

kl = 3k01 (918)
kig = —3’(201 (919)

We assume that Ng = Né = Ny/2. The linear Hamiltonian thus becomes

N2

SN EA (S1(11) + S2(14) + S3(41) + Sa (1)) (9.20)

Hy =
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where the S terms are given by

Si(M) = U (e*iweT 20D AL 4 eI 4] 4 H.c) (9.21)
Sy(1)) = aU (e—i(aé—aI—abAL n e—z‘(ei—eg—eé)Azz + H.c) (9.22)
Ss(I1) = alU (e*i@ I AL e~ OT-0-0) 4) 4 H.c) (9.23)
Su(ll) =U (eﬂ'“’é 20D AL 4029 4t 4 H.c) (9.24)

The linear Hamiltonian can be written on the form
H, = clAT + H.c
+ C%Ai +Hec
+ 02AT +H.c
+ céAtZ +Hec

The coeflicients are complex, and are given by

3/2
CI _ UN, ( —i(67 —207) +ae—z(0 —o! —9¢)) (9.25)
2V2f3/2N,
3/2
C% _ _UNy™ ( —i(05—207) | o—i(6]—07—06]) ) (9.26)
2V2f32N,
UNZ/? T_o01) 1
t_ Yo ( i(0]-200) 4\ o—i(0f—0]—0)) ) 9.97
2 2\/§f3/2N ( )
UJ\73/2 ) 0
1 Ylg < —i(6} —26% (07 —0%—67) )
c; = ) + ae” 9.28

9.5.1 Dealing with linear terms

We want to remove the linear terms from the diagonalisation problem. Consider having a
quadratic Hamiltonian Hy = A(T)MOAO, where A is a vector of operators. Consider also a
linear Hamiltonian given by H; above. Define the matrix M on block diagonal form:

M = (J\go 1\2) (9.29)

where the label n stands for “new”. The matrix M, can be chosen to be a diagonal matrix, as
we will see. Also define a vector of operators

T

A= (AO An) (9.30)
where A,, is a new vector of operators, given by the non-condensate momenta in H;. The
product ATM A is then

ATMA = AlMyAy + Al M, A, (9.31)

133



Define also a vector of complex numbers y. Consider the product

(AT + X M(A +x) = AgMoAy + AL M, A, 9.32)
+xMA+ ATMY +xTMy (9.33)
and define yx as
T

x=(0 xn) (9.34)

such that we get the products
XTMA = XILMnAn (935)
ATMy = Al M, x», (9.36)

Identifying Hy as ABMOAO and H; as XILMnAn + AILMan (this assumes that the linear
excitation operators contained in H; are not in Ag), we get

(AT + X" M(A+x) — Al M, A, — x| My xn = Hy + Ha (9.37)

The left hand side of this equation consists of no linear terms. Now is the question, how do we
choose M,, and x,? Let us look at the conrecte example of the SW-phase. Define

T
_ T oAl AT ad AT bt 4Tt 4t
A, = (4, af AL af Al At Al all) (9.38)
H, is again given by
Hy=cl A}, + " Al +ct A + " Ay (9.39)
+ b AL+ A ey AL et Ay (9.40)
Let x, be given by
R T
Xn = (eml el i e ) 0 0 O) (9.41)
and M,, defined as
M, = diag(w], wt, wl, wh, wl, wh, wl, w}) (9.42)
then we get
in? nt
XILMnAn = wIe " Al;l + w%e " Ail (9.43)
+ wgefmgA;LZ + w%’eiinéAtQ (9.44)
and,
Al My, = wIe“ﬁAE + w%e“ﬁ Aﬂ (9.45)
+ wgei"iI A?; + w%e”’é Af; (9.46)
If we define
wIe_i”I =cl (9.47)
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w%e‘i”% =ct (9.48)
wge_”’g =c) (9.49)
w%e*i”é =ct (9.50)

we are able to construct H; on the form XILMnAn + ALMnxn. Furthermore, the w’s are real
and given by the lenghts of the respective ¢’s. In addition, we have

XILMan = wI + w% + wg + w% (9.51)

We have therefore removed the linear terms, by introducing a shift to the operators and sub-
tracting ALMnAn + XI,,Man- The term AILMnAn is not problematic, as M, is diagonal. The
contribution to the free energy from this term is therefore easily obtained. The term x| M, x is
operator independent, and can be absorbed into Hy. However, the diagonalisation problem has
changed to finding the eigenvalues of the matrix JM, not JMy. The problem with this method
is that the matrix J will be changed. This is due to the relation

Jij = A, Al (9.52)

which will lead to a J on the block diagonal form

J= <‘{)° })n> (9.53)

where Jj is the matrix of 1’s and —1’s along the diagonal pertaining to the operators in Ay, and
Jp = diag(1,1,1,1,—-1,—1,—1,—1) pertaining to the operators in A,,. Thus this method is not
in accordance with the Dynamic Matrix section, since the new matrix J is block-diagonal with
1’s and —1’s. However, it may be possible to generalize the work done in the Dynamic Matrix
section to J’s on block-diagonal form

J 0 0 0
0 J 0 0

J= , (9.54)
0 0 . 0
0 0 0 J

n

where J; is a matix of evenly many 1’s and —1’s

1, O
Ji—(o 1) (9.55)

The author has not found any papers outlining a method for dealing with linear excitation
operators. In addition, since the matrix M is block-diagonal, the eigenvalues of JM are the
eigenvalues of JyMj, which gives the excitation spectrum, and the eigenvalues of J,, M,,, which
are only the diagonal entries of J,M,. Thus the author suspects that the linear terms only
contributes with a constant term Cj;, to the total Hamiltonian.
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