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Preface

This master thesis is a result of 20 weeks of work from mid-January to early June, and is car-
ried out at Norwegian University of Science and Technology (NTNU), the Department of En-
gineering Cybernetics. The master thesis is partly an extension of the specialisation project
with course code TTK4550, with the aim of looking further into the concept of persistency
of excitation as a way to robustifying deep learning models. A few parts of the preliminaries
in Chapter 2 are re-used from this specialisation project, and will be clearly marked. The
specialisation and master thesis topic was proposed by SINTEF Digital in association with
the machine learning project "Towards autonomy in process industries: Combining data-
driven and model-based methods for estimation and control (TAPI)" [1]. Project partners
are NTNU, SINTEE Hydro, Elkem, Yara and Borregaard.

Studying cybernetics and robotics, I found courses on nonlinear control systems partic-
ularly challenging and interesting. In the later years, machine learning, and especially deep
learning, has caught my interest. This thesis made it possible to combine two of the fields I
have great admiration for.

The reader is assumed to have broad knowledge in control theory, including Lyapunov
analysis. Advanced concepts will be briefly presented in the preliminaries. Some knowledge
of basic concepts in machine learning is advantageous, but deep learning will be introduced
from the basics.

There are two main contributions in this thesis. Firstly, the persistency of excitation prin-
ciple, based on the work of [2], is analysed and extended to long short-term memory recur-
rent neural networks. Two training procedures inspired by persistency of excitation are pro-
posed. The long short-term memory neural network is altered to account for the exogenous
signals injected and the two training procedures are evaluated with regard to robustness to
perturbations in input. Secondly, constraints on the parameters of this persistently exciting-
inspired long short-term memory neural network will be presented for ensuring that it is
input-to-state stable. This work is inspired by [3], in which a regular LSTM is analysed.
The programming language Python [4] and the deep learning library PyTorch [5] are used
to implement the neural networks, the training procedures and input-to-state stability con-
straints. All neural networks are trained on CPUs, constraining the deepness of the neural
networks.

All of my supervisors, Prof. Jan Tommy Gravdahl at the Department of Engineering Cy-
bernetics, NTNU, and Esten Ingar Gratli, Signe Moe, Mark Haring and Katrine Seel at SINTEF
Digital, have all offered great help in reading through parts of this thesis and suggesting im-

provements.
Trondheim, 2021-07-06

Edmond Peci
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Summary

This master thesis aims at getting a deeper understanding of the robustness and stability of
long short-term memory recurrent neural networks in view of perturbations in input and
perturbation in initial conditions. Recurrent neural networks may approximate dynamic
systems due to their ability to maintain a memory of the past. It is important to consider,
apart from robustness to perturbation in input, stability when recurrent neural networks are
used to model dynamic systems that exhibits stability properties. In a regression setting, they
have a wide spectrum of application areas, many of which are considered safety-critical. The
introduction of adversarial examples complicates the matter. Adversarial examples are in-
puts that are specifically designed to produce large errors in the output of a neural network.
It is as such of high importance to study the ambiguous terrain of robustness and stabil-
ity of recurrent neural networks in order to shorten the gap between theoretical models in
academia and actual real-world application.

Input perturbation robustness is studied from the perspective of persistency of excita-
tion, an important condition in system identification. Persistency of excitation is relevant
for systems that possess signals (i.e. inputs) that interact with some unknown system pa-
rameters. It is important that the input signal is rich enough in order to produce good pa-
rameter estimates. It has recently been interest in studying if this principle is applicable to
deep learning as means to produce robust parameter estimates. The common technique of
attempting to robustify neural networks, norm penalty regularisation, is shown to be equiva-
lent to a robust optimisation objective. Robust optimisation seeks to deal with optimisation
problems in which uncertain data is present, constrained by some uncertainty set. The norm
penalty and robust optimisation equivalence pave the way for a large class of robust linear
optimisation problems. The long short-term memory recurrent neural network is altered to
account for the persistency of excitation principle. Two training procedure, attempting to
persistently excite neural network parameters by injecting exogenous signals, are adapted
and discussed for the persistently exciting-inspired long short-term memory recurrent neu-
ral network.

Stability of the altered long short-term memory neural network will be studied from the
perspective of input-to-state stability. The neural network is represented in state-space form.
Discrete input-to-state stability concepts are used to propose sufficient constraints on the
parameters of the altered long short-term memory neural network for establishing the input-
to-state stability property.

The robustness and stability of the altered long short-term memory neural network is
evaluated on a cascaded tanks system identification problem. The experiments show that
injecting exogenous signals into a long short-term memory recurrent neural network lead to
noticeably better performance compared to regular norm regularisation techniques. The en-
forcement of the sufficient stability conditions results in some deterioration in performance,

which may evidently be mitigated by increasing network capacity.



iv
Sammendrag

Denne masteroppgaven har som mal a studere robusthet og stabilitet i lys av den populeere
rekurrente nevrale nettverkstypen 'lang kortidsminne’ (long short-term memory) i mate med
perturbert inngangsdata and pertubasjoner av nettverkets initial tilstander. Rekurrente
nevrale nettverk kan approksimere dynamiske systemer som folger av modellens mulighet
til & vedlikeholde et minne av fortiden. Det er viktig & studere, bortsett fra robusthet mot
perturbasjoner i input, stabilitet nar et rekurrent nevralt nettverk benyttes til & modellere
dynamiske systemer som innehar stabilitetsegenskaper. Rekurrente nevrale nettverk i re-
gressjonsoppgaver har mange applikasjonsmuligheter, mange av dem sikkerhetskritiske. In-
troduksjonen av 'Motstander eksempler’ (adversarial examples) begrenser mange felt som
kan dra nytte av disse modellene. "Motstander eksempler’ er inngangsdata som er spesifikt
designet for & produsere frem avvik i nettverkets utgang. Det er derfor viktig & studere ro-
busthet og stabilitet av kunstig rekurrente nevrale nettverk for 4 redusere avstanden mellom
teoretiske modeller i akademia og applikasjon i industrien.

Robusthet mot perturbering av inngangsdata blir studert i lys av konseptet vedvarende
eksitasjon (persistency of excitation), en viktig betingelse i systemidentifikasjon. Vedvarende
eksistasjon er relevant for systemer som innehar signaler (inngangsverdier) som interagerer
med parametre i modellen. Det er viktig at signalene baerer nok informasjon om systemet
for produsere gode parameter estimat. Vedvarende eksitasjon har nylig blitt foreslatt som
et verktoy for & robustifisere dype nevrale nettverk. En tradisjonell méate for & forseke & oke
robustheten til kunstige nevrale nettverk, norm regularisering, vises a vaere ekvivalent et ro-
bust optimeringsproblem. Robust optimering er et felt innenfor matematisk optimaliser-
ing som seker lgsninger p& problemer med data som innehar usikkerhet, begrenset av en
usikkerhetsmengde. Norm regularisering og robust optimering ekvivalensen baner vei for
en rik klasse av robuste linesere optimeringsproblemer. Det rekurrente nevrale nettverket,
kort langtidsminne, blir modifisert for & kunne anvende vedvarende eksitasjon-inspirerte
treningsprosedyrer. To treningsprosedyrer som begge forsoker & sorge for vedvarende ek-
sitasjon ved 4 injisere utenforstdende signaler blir tilpasset og diskutert for det modifiserte
rekurrente nevrale nettverket.

Stabilitet av det modifiserte rekurrente nevrale nettverket, kort langtidsminne, blir stud-
ertilys av stabilitetskonseptet inngang-til-tilstand stabilitet (input-to-state stability). Vi rep-
resenterer det nevrale nettverket som en ulineer tilstandsrepresentasjon. Diskret inngang-
til-tilstand stabilitetskonsepter blir avendt for & foresla tilstrekkelige betingelser pa det nevrale
nettverkets parametre for a sorge for inngang-til-tilstand stabilitetsegenskapen.

Det modifiserte rekurrente nevrale nettverkets robusthet og stabilitet blir evaluert pa
et to-tank system. Eksperimentene viser at det a injisere eksogene signaler inn i et kort
langtidsminne rekurrent nevralt nettverk forer til en merkbar forbedring i prediksjonsevne
sammenlignet med mer tradisjonelle metoder som norm regularisering. Handhevelsen av
inngang-til-tilstand betingelsene forer til en degradering i nettverkets prediksjonsevne.
Prediksjonsevnen kan tilsynelatende forbedres ved a oke nettverkets kapasitet.
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Chapter 1
Introduction

Artificial Neural Networks (ANNs) are mathematical models inspired by the human brain.
Among the first works in the field of neural networks, one finds the neurophysiologist War-
ren McCulloch and mathematician Walter Pitts research on artificial neurons, mathematical
functions that are the very building block of the networks. In the past years, neural networks
have been a hot topic in the field machine learning. The successful application of deep neu-
ral networks! in computer vision [13], speech recognition, text generation, and in the latter
years control theoretical problems [14], have induced a resurgence in studying their capabil-
ities and applying the models in an increasingly amount of tasks. This resurgence has been
fueled by more publicly available labeled datasets, increased computing power and memory

and prominent research in the field of optimisation theory.

1.1 Background

Deep artificial neural networks (DNN) are at its core universal function approximators.

Deeper networks with an increasing amount of parameters have been crucial in achieving
state of the art performance in several fields, among them computer vision and language
processing. With the advancement of research in neural networks and subsequently their
potential role in safety critical systems, such as autonomous vehicles, the black-box nature of
deep neural networks is highlighted as an important concern with regard to their robustness
to input noise. Understanding the output of a neural network based on its input and network
architecture, is not a matter of course due to the model complexity and non-determinism
during training. The black-box concern with regard to robustness was reinforced when some
daunting properties of neural networks were presented in [15], most importantly their sensi-
tivity to input that has been slightly perturbed. The perturbation is done systematically with
the goal of maximising a loss criteria with regard to the input. The perturbed input is most

often termed an adversarial example and is in a sense small, but worst-case perturbation.

'Deep neural networks are neural networks with multiple layers, i.e. stacked neural networks. Deep learn-
ing is a machine learning field that utilise deep artificial neural networks in producing machine learning mod-
els.
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Problem Formulation

Employing artificial neural networks in real-world interacting applications, for instance in
autonomous vehicles, require a high degree of confidence that the models we deploy are ro-
bust to noise and perturbations in input. The notion of safety-critical systems is expanding
as new technology emerge. The non-robust responses of neural networks to input pertur-
bations restrain the vast amount of applicable areas that may benefit from neural networks.
Small perturbations of the input, may result in large changes in the network’s output. It is not
a matter of course to determine what is causing these deviances, which may in turn lead to
confusion, and in worst case, dangerous actions from system operators, controllers or other
equipment that is acting on the network’s output. Since the first mentioning of adversarial
examples in view of deep learning, researchers have looked at robustifying commonly used
neural network architectures, such as convolutional neural networks (CNNs), feedforward
neural networks (FNNs) and recurrent neural networks (RNNs). Several years later, there
is no unambiguous solution to the issue. Moreover, employing neural networks as part of
safety-critical systems, it is often not sufficient to empirically show that the network is "well-
behaved". It is a necessity with formal guarantees that the system is indeed stable for a class
of inputs and initial conditions. This thesis will look at robustness and stability in view of
long short-term memory (LSTM) recurrent neural networks.

Related work

Among the first mentioning of adversarial examples appear in [15], in which some novel
counter-intuitive properties of ANNs are introduced. They show that state-of-the art DNNs
such as AlexNet [16], that generalise well on object recognition tasks, fail to correctly classify
examples that are subjected to small perturbations in pixel values. The perturbations ap-
plied to the test examples are non-random, as they are generated by maximising some loss
metric with respect to the input. They study adversarial examples in light of Lipschitz conti-
nuity of a FNN. In light of this, they propose that regularisation techniques that penalise the
Lipschitz upper bounds of each layer may result in more robust networks. In [17], the effect
of adversarial examples on several ANNs working on multivariate time series data is consid-
ered. Among these neural networks, one finds RNNs, and more specifically, a special type of
these networks called LSTM neural networks. The experiments show that all the evaluated
neural networks are vulnerable to adversarial examples. They highlight the consequences
with regard to safety-critical systems such as healthcare, prognostics and cybersecurity, and
cost-critical domains such as finance and energy sector.

The landscape of remedies against adversarial examples is huge and ambiguous. A ro-
bust optimisation-related approach is taken in [2] for robustifying neural networks in a clas-
sification setting. In adaptive control and system identification, the condition persistency
of excitation is of high importance. The condition ensure that the excitement of the pa-

rameters in a model cannot decay too rapidly. Failing to satisfy persistency of excitation,



1.1. BACKGROUND 5

algorithms, such as stochastic gradient descent methods, may provide non-robust parame-
ter estimates due to the algorithm not obtaining the necessary amount of information. In-
spired by this condition, they present a new training procedure for ensuring robustness of
neural networks, based on reinterpreting norm parameter regularisation. Exogenous per-
turbations, or disturbances, are injected into each layer during training as a way to enrichen
the input signal, attempting to persistently excite the parameters. They show that a CNN
trained with this training procedure is more robust to perturbations in input, particularly
adversarial examples. In [12], this training procedure is studied in a regression setting. FNNs
trained with persistently exciting parameters are noticeably more robust to adversarial per-
turbations, and perform equally well when no perturbations are present on a number of
multivariate datasets.

In [3], they study input-to-state stability (ISS) in view of a LSTM neural networks. ISS
is a stability concept that is frequently applied to nonlinear control systems with external
inputs. They show that under some constraints on the RNN parameters, the network is ISS.
This result is utilised in [18] to design a LSTM neural network-based controller based on
model predictive control.

What Remains to be Done?

The discovery of adversarial examples that may alter a neural network’s output drastically
sparked a surge in studying robustness of neural networks. Employing non-robust neural
networks in cost-critical domains introduce a vulnerability. Adversarial examples, often im-
perceptible, may result in drastic changes in a neural network’s output, affecting all compo-
nents dependant on it. This is even more critical in safety-critical systems.

A profuse amount of work studying remedies against adversarial examples have been in
view of artificial neural networks in a classification setting [19]. In the recent years some work
has also emerged in the regression setting for FNNs [12, 20, 21], but to a lesser extent. An
informal list of all papers on adversarial examples available at the distribution service arXiv
is given in [22], exemplifying this imbalance. The research of robustness in RNNs is even
less developed. This is not surprising. Deep learning has had its breakthrough in computer
vision, in which they are used for classification purposes. Adversarial examples that are more
or less indistinguishable to the original input, are easily crafted by adjusting pixel values in
directions that maximise a loss metric. RNNs on the other hand has had a breakthrough in
natural language processing. It is substantially more difficult to find adversarial examples
that are indistinguishable to the original input due to the data being words and sentences.
A perturbed input ought therefore to be a misspelling (for example changing one letter in a
word). RNNs are, however, also used in a regression setting for modeling system dynamics
due to its appealing recurrent nature [3, 23, 24], and are just as susceptible to perturbations
in input as CNNs and FNNs [17].

The two concepts robustness and stability are seemingly tied together. Neural network

robustness denotes that a network generalise well to unseen input (which may be slightly
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perturbed). Robust optimisation has been frequently used as a tool to produce neural net-
work models that are robust to perturbations in input. Stability, in the sense of dynamic
system theory, studies the system’s robustness to small perturbations of initial conditions
on the output of the dynamic system. It is important to consider stability when a neural
network is used to model dynamic systems that exhibits stability properties in the dynamic
system theory sense [3]. This ensures that the effect of initial conditions vanish and future
state trajectories are bounded given bounded inputs.

This work aims at contributing to robustness and stability in view of a particular class
of RNNs, namely the LSTM neural network. Two different approaches for possibly aiding in
producing robust neural network will be in focus: robust optimisation and nonlinear stabil-
ity theory.

1.2 Objectives

The objectives of this thesis are partially an extension of [12]2, mentioned as related work,
in which the training procedure for attempting to ensure persistently exciting parameters
from [2] is successfully implemented for regression tasks using FNNs. A proposed area for
future research in [12] is to investigate the use of the technique for other architectures, such
as RNNSs. In this thesis, the RNN variant LSTM is studied.

Secondly, the stability of a LSTM neural network for attempting to ensure persistently
exciting neural network parameters will be analysed with the stability paradigm input-to-
state stability (ISS).

A hybrid approach, combining both robust optimisation (and hereby robustness in light
of persistently excitement of the parameters) and stability, will be the main objectives of this
thesis. The objectives are rooted in the two questions 1) Can the concept of persistency of
excitation robustify LSTM neural networks? 2) Can input-to-state stability be achieved for
a LSTM neural network with persistently exciting parameters? The following objectives are

proposed as a result of these questions,

1. Extend the training procedure of [2] for long short-term memory recurrent neural net-

works.

2. Propose alternative training procedures for evoking persistently exciting neural net-

work parameters, primarily using theory from robust nonlinear optimisation.

3. Implement the training procedures on long short-term memory recurrent neural net-
work and empirically evaluate their benefits on prediction tasks with different number

of features.

4. Analyse the input-to-state stability of a long short-term memory recurrent neural net-

work for attempting to persistently excite its parameters.

2This is the project thesis conducted by the author autumn 2020, as mentioned in the preface.
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5. Investigate the effect that the stability constraints have on a long short-term memory
recurrent neural network trained with the training procedure from [2], both in terms

of robustness and stability.

1.3 Contributions

The thesis firstly studies the concept of persistency of excitation in a RNN setting. The work
of [2] is the main inspiration, from which a training procedure for FNNs will be in focus.
The LSTM neural network is altered in Section 3.1 in order to be able to apply the training
procedure for attempting to persistently excite the neural network parameters. The training
procedure from [2] is discussed in view of the LSTM recurrent neural network in Section
3.1.1. An alternative training procedure, rooted in nonlinear robust optimisation theory, will
also be studied as part of the persistency of excitation viewpoint in Section 3.1.2.

In the second part of the thesis, the altered LSTM neural network will be studied from
a stability perspective. The main inspiration for this part stem from [3], where sufficient
conditions are derived for a regular LSTM neural network for ensuring the ISS property. The
main contribution with regard to stability is summarised in Theorem 3.2.2, in which neural
network parameter constraints are proposed for ensuring that the altered LSTM recurrent
neural network is ISS.

1.4 Outline

Chapter 2 lays the foundation for the theoretical preliminaries. The chapter starts with in-
troducing concepts from linear algebra, particularly norms. Secondly, neural networks and
deep learning is introduced, covering neural network architectures, the universal approxi-
mation theorem and neural network optimisation. The concept of neural network robust-
ness is also treated in detail together with common tools for attempting to robustify them,
such as ¢, norm regularisation. The concept of persistency of excitation is also introduced
and discussed in relation to neural networks. Lastly, nonlinear stability theory concepts are
presented, particularly input-to-state stability

Chapter 3 presents the main contributions (theoretical methodology). The regular LSTM
neural network equations are altered to account for the principle of persistency of excitation.
Two training procedures acting on the altered equations are presented. Lastly, an input-to-
state stability analysis on the altered LSTM equations is presented.

Chapter 4 describes the practical methodology. The dataset generation process is de-
scribed together with the resulting dataset. Neural network configuration aspects are dis-
cussed. Lastly, four experiments are described, rooted in the objectives of the thesis.

Chapter 5 presents results and discusses the findings.

Chapter 6 concludes the thesis and provide recommendations for further work.






Chapter 2

Preliminaries: linear algebra, deep
learning, robust optimisation and stability
theory

Chapter 2 will provide the theoretical framework necessary for discussing robustness and
stability of deep learning algorithms, particularly RNNs. Initially, some important results
from linear algebra will be presented in Section 2.1. ANNs and an overview of the most im-
portant components in the optimisation of a neural network is given in Section 2.2. The
concept of robustness in neural networks will be treated in Section 2.3. Following, persis-
tency of excitation in light of neural networks, with its relevance to robustness, is introduced
in Section 2.4. The chapter ends with nonlinear stability theory in Section 2.5.

Please note that parts of this chapter stem from a specialisation project [12] conducted
by the author during autumn 2020. If the reader is familiar with the work, these parts may be
skipped. The relevant subsections are repeated in this thesis with some minor changes due
to their relevance to the work in this master thesis. The subsections that are included from
[12], will be clearly marked with a dagger symbol () in each subsection title and a double
dagger () symbol at the end of each subsection.

2.1 Linear Algebra

This chapter will introduce some results from linear algebra, particularly norm functions.
For a more in-depth review of the fundamentals of linear algebra, we refer to [25, Chapter 2],
which is the main reference for the material in Section 2.1.

2.1.1 Vector norms

The reference for the vector norm material is [25, Chapter 2]. A vector norm is a function on

a vector space that provide a distance measure. They serve the same purpose as the absolute
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value in the scalar case. The real coordinate space R” together with a norm on R” constitute
a metric space

Definition

Avector norm is defined in Definition 2.1.1. As we see, three conditions ought to be satisfied:

positivity, triangle inequality/subadditivity and homogeneity.

Definition 2.1.1. A vector norm onR" is a function ||| : R" — R satisfying the following prop-
erties:

Ixll =0 VxeR”
[x+y|=lxl+]y| VYxyeR"
[ x| = ||| 1<l VkeR, xeR"

Special class of norms: p-norms

Different norm classes are distinguished by subscripts on |-||. A useful class of vector norms
that will be used extensively are the p-norms. The p-norms are defined in eq. (2.1)-(2.2),

n

lxl, = 1x:)YP ¥p=l=oo 2.1)
i=1

[ Xlloo = max |x;| p — o0 (2.2)
1<i<n

Some frequently used p-norms are the 1-, 2- and co-norms, given in eq. (2.3), (2.4) and (2.2),

il = [x1] + | x2] + -+ + x4 (2.3)

1 1
Ixllo = (x1? + [+ + %192 = (xT x)2 2.4)

Vector norm properties

Holder inequality is a fundamental inequality concerning p-norms, given in eq. (2.5),

()xTyHS”xup”qu %+%:1 2.5)

By choosing p=q=1, we get a special case of this inequality called Cauchy-Schwarz inequality.
This is given in eq. (2.6),
"] = et v, 2.6

There exists constants kj, k» such that all norms on R” are equivalent. Assume |-||, and

Il g are norms on R". In such a case, the inequality given in eq. (2.7) holds for all x € R",

krllxllg < lixlip < kallxllq 2.7)
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2.1.2 Matrix norms

Matrix norms are important in analysing algorithms or systems involving matrices. For ex-
ample in linear system theory, evaluating how sensitive a system is to noise/data error, the
matrix norm (more specifically, the spectral norm, which will be defined in the coming sec-
tion) of the state matrix, provides a measure of the amplification of noise. Similar to vector
norms, matrix norms provide a measure of distance on matrix space. We will adapt the nota-

tion of [25] and denote vector with lowercase symbols, and matrices with uppercase symbols.

Definition

The definition of a matrix norm ought to be equivalent to the definition of a vector norm.
This is due to R™*" is isomorphic, i.e. identical in structure, to R™” [25, Chapter 2.3].

Definition 2.1.2. A vector norm on R"*" js a function |||| : R"*" — R satisfying the following

properties:
IAl=0 VAeR™"
IA+Bl=Al+IBIl VA BeR™™"
[ kA| = ||x[ 1Al VkeR, A R™"

Matrix p-norms

Just as with vector norms, we use subscripts to identify different classes of matrix norms. A

important class of matrix norms are the p-norms, defined in Definiton 2.1.3

Definition 2.1.3 (p-norm). The p-norm of a matrix A € R™*" is the p-norm of the largest
vector that is produced by applying the matrix A to a unit p-norm vector x € R":

I Axlp
I All, = sup = max ||

= Axllp (2.8)
xz0 lxllp  lxlp=1

The spectral norm is defined by letting p=2 in Definition 2.1.3. An alternative formulation
of the spectral norm is given in eq. (2.9).

IAll2 = \/ Amax (AT A) = 01 (A) (2.9)

where 01(A) denotes the largest singular value of the matrix A. A drawback of the 2-norm
compared to the 1-norm and co-norms, is that it is more convoluted to compute. A common
method is to apply the singular value decomposition to the matrix. Applying singular value
decomposition is computationally heavy, and thus in practice, the largest singular value is
most often estimated using the power iteration method. We refer to [25] for a description of
the method.
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2.1.3 Hadamard product

The Hadamard product [25, Chapter 12] appears frequently in machine learning and denotes

a pointwise product between two matrices.

Definition 2.1.4. Given two matrices with the same dimension A € R"*" and B € R"™*", the
Hadamard product (A © B) € R"™*" js a matrix with the same dimensions as its operands,
where each element is given by the product given by eq. (2.10),

(Ao B) = (A);j(B)ij (2.10)
where (A);j denotes the element at column i and row j for matrix A, and likewise for matrix B.

Note that the Hadamard product is represented by a wide number of symbols: ©, o, ®. In
this thesis, the symbol © will be used. Example 2.1.1 shows the Hadamard product between
two 2 x 2 matrices.

Example 2.1.1.

an  ap bi1 b1z ann b an2bio
AGB= o = . (2.11)

ax a S ax ba1 a2 b

It is sometimes useful to get rid of the Hadamard product operator when doing vector

and matrix operations. Indeed, the relation in eq. (2.12) is true:

a) bl a1 bl a 0o ... 0 bl

as bg dgbg 0 ay ... 0 bg
aob= el . = ) =1 . . ) _ =Ab (2.12)
a, by, a,by, 0 0 ... au||b,

where A =diag(ay, a, ..., a,) € R"*" is a diagonal matrix where A;; = a;Vi € [1, n].
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2.2 Artificial neural networks and deep learning

Deep learning is a powerful artificial intelligence tool based on the interconnection of mul-
tiple units called artificial neurons, on a layer-to-layer basis, forming an ANN. DNNs express
that there are at least more than one layers between the input units and the output unit(s).
The networks are inspired by the complex decision making of the human mind. Consider
the primary visual cortex of the brain, consisting of hundreds of millions of neurons, with
billions of connections between them. Humans are able to understand what their eyes show
with little effort. Even handwritten symbols with bad handwriting are (often) interpreted
correctly as a result of years of practicing. Deep learning with ANNs exhibits some of these
characteristics of practicing. In traditional computer vision, features (corners, textures, etc.)
in an image are typically hand-crafted [26]. This is a tedious process. ANNs on the other
hand, can be thought of as representational learning. Representational learning, also known
as feature learning, learn features in the input data by transforming the data [10, 27]. In
deep learning context, this is done by the collection of several (hence the name deep neural
networks) non-linear transformations with the intention of producing good quality features.

The two main references for this section are [6, 10] .

2.2.1 Perceptrons and artificial neurons

A very simplified mathematical model inspired by a biological neuron was invented in the
late 1950s by Frank Rosenblatt under the name perceptron [28]. A perceptron is one form
of artificial neurons that takes in one or more weighted inputs and compares the sum of the
weighted inputs against some threshold (bias). The output of a perceptron is binary (i.e. 0 if
the weighted sum is below threshold and 1 if weighted sum is greater than threshold) [6].
The perceptron is a simplistic decision making algorithm. By varying the weights and
bias, different models of decision making are produced. For example, if we have an input x;
that is particularly important for some reason, it may be weighted heavily (i.e. corresponding
weight w, is given a high weight). By varying weights, and thresholds, different decision
makings are made. Naturally, when the input space is large, manual weight adjustments is
not feasible. This is where neural networks and representational learning makes its entrance.
In neural networks, one typically has a number of artificial neurons in each layer. Fig-
ure 2.1 provides an example of a neural network with a single hidden layer of 4 units. By
making small adjustments to the weights in the network, the overall network can change
to produce a desired output, be it for a classification task (categorical values), or regression
(continuous values). The binary nature of perceptron is not fortunate in this setting. A small
change can flip the output from 0 to 1, or vice versa. A way of handling this issue is to pass
the weighted sum to a nonlinear function [6]. Some frequently used nonlinear functions in-
clude the sigmoid function, rectified linear unit function (ReLU) and the hyperbolic tangent
function (tanh). The inclusion of nonlinear activation functions contribute to the expressive

nature of neural networks, for which will be discussed in the forthcoming section .
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w 4+ Aw

output+Aoutput

Figure 2.1: A simple neural network with one hidden layer consisting of four perceptrons.
Small changes in weighted input causes changes in output. Reprinted from [6] with permis-
sion.

2.2.2 Expressiveness of neural networks: the universal approximation

theorem T

Neural networks are at its core highly expressive function approximators. The universal ap-
proximation theorem of neural networks states that given

* A continuous function

* A compact domain, i.e. finite range
any continuous function can be approximated by a neural network with one hidden layer [6,
Chapter 4], such as the network in Figure 2.1. There are multiple proofs of the universal ap-
proximation theorem for different kinds of activation functions. Two proofs of the theorem
for the popular activation functions sigmoid and the rectified linear unit (reLU) are provided
in [29, 30], respectively.

Avisual explanation of the universal approximation theorem with the activation function
sigmoid is given in [6, Chapter 4] for functions between euclidean spaces. In this section, we
only consider the scalar case for simplicity in notation. Consider a neural network with one
hidden layer with two artificial neurons in it. The sigmoid function is a s-shaped function,
given in eq. (2.13),

o(z) = (2.13)

1+e7*
where z = wx + b. The weight, w, allows for the function to be made arbitrarily steep, ap-
proaching a step function. The bias, b, allows for shifting the function and is analogous to
adding a constant to a linear function. Large weight values results in a more steep sigmoid

function!. An illustration corresponding to a neural network with one hidden layer and large

IThe sigmoid functions are approximated as step functions for simplicity and intuition. When adding more
hidden nodes in the network, it is easier to see the effect with seemingly step functions.
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weight and bias values in the upper neuron (we do not consider the lower neuron for now) of
the hidden layer is given in Figure 2.2. All the animations in this section were made with the
tool provided by [6, Chapter 4]. Note that the right part of the figure is showing the sum of
weighted input and bias from the hidden layer, and not the network output, which is given

by the function o (w0 (s1) + w20 (s2) + b), where o is given in eq. (2.2).

Output from top hidden neuron

b = -450

Figure 2.2: A simple neural network with one hidden layer (left) and the output of the
weighted input and bias (right) for values w =999 and b = —450.

For simplicity, the weight and bias is combined into one shifting variable, s; = —Z—ii, i€
G, where G is the set of nodes in the network. Including the second artificial neuron (the
lower node), the graph is extended with a new sigmoid approximating step function. The
upper neuron shifts and scales the steepness of the first step function (i.e. first "stair" in
the staircase function given in Figure 2.3). Likewise, the second neuron shifts and scales the
steepness of the extension/second staircase. The weights (w; and w, in Figure 2.3) from the

hidden units to the output scales the function in horisontal direction.

Neighted output from hidden layer
s, =0.20

w, = 0.6

8y = 0.40
NN w, = 0.5

Figure 2.3: A simple neural network with one hidden layer (left) and the output of the
weighted input and bias (right) for s; = 0.2, s, = 0.4, w; = 0.6 and w, = 0.5
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If w; and wy in Figure 2.3 are set to a and —a respectively, where a is any real number,
the function becomes approximately a rectangular function, which starts at s; and ends at s,
with height a and —a. Adding two more hidden units, and keeping the symmetrical weights
as described for w; and w», a new rectangular shape is added. This is described in Figure 2.4,
where the weights w; and w» are renamed to a single variable £, representing the function
range (y-axis). Note the shifting variable and height symmetry between the two upper nodes
and the two latter nodes.

Weighted output from hidden layer

" h=1.0

Figure 2.4: A simple neural network with one hidden layer (left) and the output of the
weighted input and bias (right) for s; = 0.4, s, = 0.65, s3 = 0.65, s4 = 0.9, h; = —1.0 and
hy, = 1.0.

With this empirical evidence, intuitively, building a wider layer appears to give more
expressiveness. To illustrate this, consider the function f(x) = 0.2 + 0.4x% + 0.3sin (15x) +
0.05cos(50x) in the compact domain [0, 1]. We want to approximate this using a neural net-
work. In the networks above, the analysis is concerned with the weighted sum ) ; w;a;, for
i € G. However, as was mentioned, the output of the network is actually o (}_; w;a; + b).
This is generally not a problem. The neural network is designed so that the weighted out-
put from the hidden layer is given by 0! * f(x). For simplicity, the output neuron bias is
zero. Figure 2.5 shows a possible configuration of weights and biases that yield a very rough
approximation of the function f(x), given the network on the left side. Recalling from the
previous illustrations, adding more pairs of hidden-layer nodes ought to slice the compact
domain into thinner rectangular functions, and subsequently more accurate approximation.
An analogous analysis could have been made for the linear rectifier unit. In [6, Ch.4] the
analysis is extended to neural networks with more than one input node (i.e. multi-variable
function approximation), but the results are similar to one input node #.
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Weighted output from hidden layer

h=-1.5 "

{ 0.4 ) _

YA Average deviation: 0.37
| 0.6 ) Success!

'_ Reset

(0.6 )

h=-1.0

— h—=1.

o

Figure 2.5: A simple neural network with one hidden layer (left) and the output of the
weighted input and bias (right) for multiple nodes (values inside circles) and different output
weights (h). Each output weight, h, corresponds to every two-pair neurons, starting from the
top, i.e. h=-1.2 corresponds to the two uppermost neurons.

2.2.3 Neural network architectures

ANNs come in different flavours. The term ANN denotes the interconnection of nodes, so-
called artificial neurons, that make up the neural network. As introduced in Section 2.2.2,
neural networks are function approximators at its core, and may be applicable to many dis-
ciplines. As such, specialised architectures of neural networks have been developed through-
out time.

A visual compilation of a few different neural network architectures is included in Figure
2.6. Thelandscape of neural network architectures is large, and the architecture is dependent
on the task at hand. The combination of different architectures contributes to the complex-
ity. It is for instance normal to combine a RNN with a FNN in time series regression, due to
the output of a RNN being a sequence (i.e. vector) of values, while in regression we desire a
real-valued continuous output variable. Moreover, neural networks also differ in being static
or dynamic. Static neural networks are models in which the number of nodes and number
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of layers are fixed and static during training, while vice versa for dynamic neural networks.
In this thesis, only static neural networks are considered.
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Figure 2.6: An overview of different neural network architectures. (Image courtesy of Fjodor
Van Veen [7]).

2.2.4 Recurrent neural networks and the long short-term memory

In this thesis, the RNN will be the architecture in focus. A RNN is a class of neural networks
that work on sequential data. Assume we have a S-long sequence of data, x € RS. A RNN
suitable to process such a sequence is given in eq. (2.14),

hk = f(xk’ hk—lreh’ Hx)

R (2.14)
Y= g(hk; Hy)

for k€ 1{1,2,...,S}. The terms f and g denote transformations in intermediate layers of the
network and output layer of the RNN, respectively. hj is known as the hidden state, 0y, 04
and 0y are the weight matrices corresponding to x, i and the output mapping . Note that
many details have been abstracted away, and will be uncovered in the coming sections.
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A natural questions to ask is why is it advantageous to maintain a memory of the se-
quence (this memory of the past is often interchangeably used with the term hidden state,
introduced in eq. (2.14)). We consider an example from natural language processing (NLP),
similar to the one presented in [10, Chapter 10]. Consider the two sentences "Last week it
was sunny" and "It was sunny last week". We want to develop a machine learning model to
classify the weather. Semantically, these sentences are equivalent. The sentence structure,
however, is different. A FNN would have to learn parameters for each words separately. In-
tuitively, this is problematic for two main reasons. Firstly, it likely requires more parameters
in the model, with the possible consequences that the model overfits on the data it is trained
on. Secondly, it is more computationally heavy as more parameters ought to be adjusted. A
RNN adapt the important concept weight sharing, similar to the architecture CNN [31], and
persist information from each element of the sequence of data acted upon.

In the rest of the section, we will first present a brief introduction to computational
graphs. These graph-like visualisations are frequently used when describing recurrences,
and will appear in coming chapters. In the latter part, the RNN that will be used in this the-
sis, the LSTM neural network, will be introduced.

Computational graphs for recurrent neural networks

Neural networks are usually visualised informally with a graph-like notation (as seen from
Figure 2.6). A computational graph is a way of formalising (and visualising for smaller net-
works) the construction of a number of computations. It is typically indicated what kind of
arithmetic operation that is performed between two nodes and what the resulting output is.
In fact, computational graphs are essential to large deep learning software frameworks such
as Keras [32] and Pytroch [5]. An adapted example from [10] is provided in Figure 2.7.

RNNs have a slightly peculiar graphical representation due to its recursive computations.
They are often depicted with a self-loop. This loop symbolises the recurrent nature and may
be unfolded to represent a directed acyclic computational graph, similar to the example in
Figure 2.7. We consider the dynamic system given in eq. (2.15), which may be approximated
by a RNN [10, Chapter 10].

hi = 1(hg-1, xx;0) (2.15)

where hj denotes the system state?, x; denotes the system input (external signal), / is some
transformation and 0 represents some system parameters. The state at time step k is depen-
dent on the state at k — 1. Note that k € Z, denotes a time step index. If we have a finite
amount of time steps, k, the recurrence may be unfolded by applying its definition k —1

Note that the system state is usually called the hidden state in RNN terminology.
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o
OO
X dot
a) b)

Figure 2.7: Two examples of computational graphs. (a) A graph using the multiplication
arithmetic and produce the output z = w x x. (b) A graph representing a forward pass using
the dot product, addition and sigmoid function. The output is y = o(wx” + b). Forward
pass is an important mathematical operation in neural network computations, and will be
described in coming sections.

times. For k = 4, we obtain the unfolded system given in eq. (2.16),

h4 = l(h3rx4;9)
=1(I(hy, x3), X4;0) (2.16)
= 1(l(I(h1, x2;0),x3;0), x4,0)

Revisiting computational graphs, the system given in eq. (2.15) is usually represented by
a self-loop. As seen, the very same system "unfolded" (eq. (2.16)) may be represented by
directed acyclic computational graph, as claimed initially. This relation is visualised in Figure
2.8 for an arbitrary long unfold.

() OO
—>
Unrolled ° 0 @

Figure 2.8: The computational graph of a recurrence relation. The left-most graph represents
the recurrence relation in its compact form with self-loop. The right-most graph represents
the unfolded recurrence relation.

Note that there is a discrepancy between the notation in neural networks and control
system theory. In the machine learning, it is customary to denote the input as x. In control
system theory, it is common to denote the state by x and the input by u. We will use the
machine learning notation in the first part of the thesis due to its compliance with existing
theory and results, and re-define the notation when necessary. This will be clearly expressed.
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Long short-term memory

RNNs have a bad reputation of being notoriously difficult to train. This reputation is well-
justified. The two widely known issues of training RNNs with gradient descent based meth-
ods is that the gradients, which are essential ingredients in gradient descent based methods,
may vanish or explode [33, 34].

This difficulty is related to the unfolding of a recurrent neural network. Figure 2.8 illus-
trates how a RNN may be unfolded for a sequence S € Z,. The function f was left inten-
tionally unspecified in the previous section. In many cases, this function represents a FNN
mapping. The unfolding is as such understood as multiple FNNs passing a memory, rep-
resented by the (hidden) state hi, dependent on the input sequence x = [x; x» -+ Xsl.
For long sequences, the RNN, consisting of FNNs, may get very deep. In general, deep neu-
ral networks suffer from either vanishing or exploding gradients as a result of the the large
amount of multiplication operations necessary during backpropagation [34] (backpropaga-
tion will be introduced in coming sections).

For deep CNNs, the architecture type Residual neural network (ResNet) [8] has been
largely successful. The architecture is based on the addition of shortcut connections that
skip one or more neural network layers. These shortcuts act as a highway, allowing gradients
to flow through the network (in both directions) without being affected by the nonlinear
activation functions, which contribute to the vanishing or exploding of the gradients. The
multiple neural networks along the highway may add their respective contributions to the
highway, and as such, affect the gradients passing directly through the highway [8]. The con-
cept is illustrated in Figure 2.9.

GRADIENT HIGHWAY

T . 0T

» ANN » ANN » » ANN » ANN > ANN » PREDICTION
— ) ) O

INPUT

Figure 2.9: The conceptual idea of a residual neural network. The ANN blocks represent an
arbitrary neural network architecture. The figure is inspired by the ResNet block from [8].

The internal skip-connection concept is not new, and certainly not restricted to CNNs. A
popular RNN from 1997 known as the LSTM neural network [35], employed a similar design.
This RNN architecture will mainly be in focus in this thesis due to its success at overcoming
central issues constraining RNNs. The LSTM neural network is a special configuration of
a RNN that adds an additional state, designated to persisting only important information
from previous steps. The main question remains: how is the network supposed to truncate
unnecessary information?

The LSTM does so by employing four "gates": i, fr, gk and oy, visualised in Figure 2.10.
The gates are essentially FNNs. The index k € Z, describes the sequence index. The se-

quence length refers to the length of the input sequences that ought to be processed, and
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is equal to the number of unfolds in Figure 2.8. It is an adjustable hyperparameter, i.e. a
parameter that alters the learning process. Long sequence lengths give the network more
degrees of freedom (and as such "better memory") by having a large number of adjustable
parameters. The downside is that the network may poorly generalise to new inputs, i.e. the
model is less robust. Overfitting and underfitting are two important concepts in machine
learning and will be thoroughly covered in coming sections.

We describe the gates from left to right in Figure 2.10, following [10, Chapter 10]. The
forget gate, f, is responsible for deciding which information in the vectors xj and hj_; that
is to be discarded. It is a FNN using the sigmoid as activation function. It outputs values in
the range of 0 to 1, where values close to 0 emphasise which entries in the vectors x; and
hi—1 that may be "forgotten"/truncated, and vice versa for values close to 1. The next two
gates are responsible for determining what information from the inputs that is to be stored.
The input gate, iy, is also a sigmoid FNN, deciding which values in the input that ought to
be updated. The candidate gate, g, is a tanh FNN that outputs candidate values that are to
be added to the state vector from the previous time step, cx—;. The two gates are combined
by multiplication, before added to the state vector, ci. The output gate, o, is a sigmoid FNN
that outputs a filtered version, hy, of the updated cell state. The hidden state, hj, may be
passed as output or passed to the next LSTM-module if the network is not done processing
the sequence, as indicated in Figure 2.10.

Consider a LSTM neural network with H € Z, number of nodes in the neural network
layers (gates), also known as the hidden size. The input element x; has D € Z, number of
features. The dimensions of the input x; and hidden state hj of an arbitrary time step are
RP and R, respectively. The operations described above, and illustrated in Figure 2.10, may
be described mathematically as in eq. (2.17)-(2.22)3

iy =o(Uxy+Wihg_1 +b;) (2.17)
fe=0WUgxr+ Wrhy_1+Dby) (2.18)
8k = tanh (Ugxy + Wghy_1 + bg) (2.19)
o = 0 (Uyxy + Wyhy_1 + by) (2.20)
Ck=frOCr_1+ir0O gk (2.21)
hj. =tanh (c;) © oy (2.22)

where © denotes the Hadamard product (see Definition 2.1.4) and o denotes the sigmoid
function (eq. (2.13)). Moreover,

* 1) Ure RH*D, Wy e RH*H P r € RH are the forget gate kernel weight matrix, recurrent

weight matrix and bias matrix, respectively (red box in Figure 2.10).

3There are multiple of different variants of the LSTM equations. In this thesis, the LSTM notation in [36] is
used.



2.2. ARTIFICIAL NEURAL NETWORKS AND DEEP LEARNING f 23

Long short-term memory Symbol description
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Figure 2.10: (Left) Along short-term memory RNN (the operations within purple boundary).
(Right) Symbol description. Image adapted from [9].

e 2) U; e R"TP w; e RT*H | b; € RY are the input gate kernel weight matrix, recurrent

weight matrix and bias matrix, respectively (blue box in Figure 2.10).

o 3) Ug e R W, e RH*H by € RM are the candidate gate kernel weight matrix, recur-

rent weight matrix and bias matrix, respectively (green box in Figure 2.10).

e 4) U, e RE*P W, e RT*H b, € RM are the output gate kernel weight matrix, recurrent
weight matrix and bias matrix, respectively (yellow box in Figure 2.10).

2.2.5 Deep neural networkt

State-of-the art accuracy has been achieved in several domains, among them computer vi-
sion, by utilising deeper networks. The universal approximation theorem (see Section 2.2.2)
gives us that one single hidden layer is sufficient for approximating any continuous function
on a compact domain. A natural question to ask is why go deeper? An important caveat to
relying too much on the universal approximation theorem is that it only gives us the fact that
it is indeed possible to approximate a continuous function with one hidden layer. Finding
the optimal architecture (number of neurons) and hyperparameter selection may be a very
challenging task. As such, the universal approximation theorem does not consider objec-
tives outside approximating a continuous function. In most cases, a neural network is not of
very much use if it does not generalise well to unseen data. This may be due to the network
either overfitting or underfitting. In the case of overfitting, the network often has too many
parameters and memorise the training data (including outliers and noise). In the case of un-
derfitting, the opposite may be true, restricting the network from learning the representation

of the features.
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By going deeper, a network may learn more abstract representations of the data [37, 38],
often with less artificial neurons. This is perhaps easiest to visualise in a computer vision
setting. In CNNs used for object classification, the first few layers represent concrete fea-
tures such as horizontal and vertical lines. The weights at the deeper layers capture abstract
features by assembling the more concrete features. A visual motivation for this is provided in
Figure 2.11, using a pre-trained ResNet18 neural network [39] (18 layers deep). As observed,
the above-mentioned concepts are demonstrated by this simple example. In the first layers,
the weights emphasize simple features such as horizontal lines, vertical lines (two first fil-
ters) and colours (the last few filters). We can certainly observe from the activations that this
is indeed a zebra. In the last layer, it is much more difficult to see what the network weight
emphasise on, and the activation of the image is now beyond recognisable, as much more

complex features have been represented #.

First convolutional layer Last Convolutlonal layer

 FEEED EREE
IEaET TEALD

Figure 2.11: Passing a picture as input in a pre-trained ResNet18 convolutional neural net-
work. The upper pictures represent some arbitarily selected filters (weights) of the network
and the latter pictures represent the actual activation of the network. These illustrations are
presented for the first and last layer of the network, respectively %.

2.2.6 Optimisation of a neural network: Optimiser, loss function and

backpropagation t

Optimising a neural network for a particular task involves a combination of various compo-
nents: optimisation method, loss function, a network configuration and training data. An
abstract overview of the training procedure of a general neural network is presented in Al-
gorithm 1. In this section, a closer look at the inner loop workings (line 3-6) of the training
procedure will be presented. Note that we will in general only consider the scalar case as to

not clutter the notation. The principles are analogous in multidimensional space %.

Forward pass and loss function t

The first overall step of a training procedure is to produce a prediction, be it a continuous
variable (regression) or an integer (classification) representing some class that is to be pre-

dicted. This is called the forward pass step (line 3 in Algorithm 1). Consider a neural network
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Algorithm 1 An abstraction of a neural network training procedure ¥

Require: Stopping criteria € > 0, loss function L, optimiser O, training data D, neural net-
work fp where 0 are the parameters
1: for epoch <e do

2 for (input,label) € D do

3 Calculate prediction fy(input) > Forward pass
4 Calculate loss L(prediction, label)

5 Calculate gradients of loss w.r.t. parameters VyL > Backward pass
6: Update parameters O(VyL)

7 end for

8 epoch — epoch +1

9: end for

with L layers, f(x;0). Given the network parameters 6 and input data x, a single scalar for-
ward pass through the network is given in eq. (2.23)-(2.24),

a’=x I1=0 (2.23)

aP =W .a"Vy=gzH 1=1,...,L (2.24)

where the superscript denotes the layer in focus, o represents a nonlinear activation function
(see Section 2.2.2) and a~V represents the input to layer I. The output of layer [ is thus
a», which is used as input to the next layer, [ + 1, in which the same procedure as in eq.
(2.24) is performed with the parameters from layer / + 1 and a'? as input. At the last layer,
a prediction, y = f(x;0) is produced. Note that the z-notation in the latter expression of eq.
(2.24) is a much used notation, partly due to the easier notation in the back-propagation
algorithm, which is to be introduced in this section. It is also common to denote the neural
network parameters as a weight matrix, w, and a bias vector b. This is not strictly necessary
due to the bias trick, in which the bias vector is appended to the weight matrix (extension
as a new column) and the input vector appended with an additional element (1). One may
then denote this new matrix that combines the weight and bias parameters as 0 for easier
notation. See Figure 2.12 for a conceptual representation of the bias trick for a 3 x 3 matrix.

X'

X1

aj] a2 213 X1 by aly ajz a3 by

%

az1 a2 a3 * X2 + b2 C:D az1 az az3 by *

X3

a3] a3z a33 X3 b3 asy az2 as3 b3

1

Figure 2.12: The bias trick. Multiplying a matrix W € R"*™ with a vector X € R'*""* and adding
a vector b € R1*™ is equivalent to augmenting the weight matrix with a 1xn column and
augmenting the vector x with an additional element, 1, and then multiplying the resulting
pairs ¥.

In order to evaluate how close (or far off) the network prediction is, some measurement
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of the error is needed. Loss functions serve this purpose (line 4 in Algorithm 1). A frequently
used loss function for regression tasks is the mean square error (MSE) [40]. Given a sample
of n data points, x and target values, y;,i =1{1,2,---, n}, the MSE is given in eq. (2.25),

1 n
L©) = —3 (yi= i)’ (2.25)

where y; = f(x;;0) is the prediction of the neural network on data points x;.

One may observe from eq. (2.25) that when y; approaches y;, the loss function is de-
creasing towards 0, in which the two are equal. MSE possess some convenient properties
such as differentiability and inner product inducement. The first ensures that it is differ-
entiable everywhere. The second property yields that the MSE of y; and y; is the euclidian
distance between the two. This is related to the intuition above: the error increases when the
euclidean distance between the target and the prediction increases %.

The backpropagation algorithm t

One of the essential steps of neural network training is finding the gradients of the loss func-
tion with respect to the parameters. These gradients are then used by the optimiser in min-
imising the loss function, and as such, enable learning. The backpropagation algorithm? is a
widely used algorithm for this purpose. In a multi-layered neural network, the backpropaga-
tion algorithm propagates the information from the loss function backwards in the network
in order to compute the gradients on a layer-basis (line 5 in Algorithm 1).

Consider a L-layer deep neural network with parameters 6, the loss function L(a'?, y),
where a'” is defined in eq. (2.23)-(2.24), and z = Ox. The gradients of a specific layer are
found by utilising the chain rule, as shown in eq. (2.26) [6, Chapter 2].

dL  dL da't) dz\P

do®  da) dzD dew)

dL  dL da' dz®
daT-D ~ da® dz® dgl-D

(2.26)

where a) represents the activation of layer L #.

Backpropagation through time

Backpropagation remains an essential ingredients in producing useful neural network mod-
els. The backpropagation rules from eq. (2.26) are general purpose. A special case of the
backpropagation algorithm has been developed for training RNNs. The application of the
general purpose backpropagation algorithm on RNNs is called backpropagation through
time (BPTT) [42]. It works by firstly expanding the computational graph of the RNN (see
Section 2.2.4) in order to acquire the sequence dependencies. The general purpose back-
propagation is then applied to to compute the gradients.

4The backpropagation algorithm is associated with automatic differentiation. Automatic differentiation is
similar to backpropagation, albeit being a general family of techniques [41].



2.2. ARTIFICIAL NEURAL NETWORKS AND DEEP LEARNING f 27

Assume we are to train the RNN given in eq. (2.14). We have sequential data, x € RS,
where each element x,..., xs in the vector x correspond to an element in the sequence set
& =1{1,...,S}. Given an appropriate loss function L(x, y,0), itis derived in [43] that the gradi-
ents of the loss with respect to the parameters 0}, for an arbitrary input element index, k € .#,

are as shown in eq. (2.27).

OL 1.8 OL(yx, i) 08(hi,0y) Ohy
oW SiZ o oh, OW

(2.27)

The expression for U is equivalent, only with U inserted for W. The term % isin [43] shown

to equal the term in eq. (2.28)

Oh _ Of (xi b1, W) fi( ﬁ of (xf"hf—bW)) 0f (xi, hi—y, W) (2.28)

oW oW = ohj oW

Jj=i+l
We observe from the two terms in eq. (2.27) and eq. (2.28) that the gradients of the loss with
respect to the parameters are indeed dependent on the previous sequence elements. Note
that the expression for % is equivalent to the one in eq. (2.28), only with U inserted for W.
If the sequence is very large, we see from eq. (2.28) that the computed gradient may vanish
or explode, depending on initialisation and optimisation method. Different strategies for
dealing with the problem of vanishing or exploding gradients are discussed in [43], among

them several time step truncation techniques. We refer to [43] for the interested.

Optimisation methods: gradient descent based optimisation t

The optimiser is responsible for updating the parameters in the neural network (line 6 in
Algorithm 1), based on the information (gradients) provided by the backpropagation algo-
rithm. The stochastic gradient descent (SGD), Adam optimiser and variants of them are typi-
cally used in deep learning. They are based on the principle of gradient descent: a minimum
of a proxy function, J: R"” — R, for instance a loss function, is iteratively sought by moving
in the direction of the negative gradient, —VyJ(0). The parameter update rule for the k'th

gradient descent iterate is given in (2.29) [44],

Ok+1 =0k —aVeJ(Or) (2.29)

where «a is the step size. In deep learning, this is typically called learning rate.
For loss functions, for example the MSE in eq. (2.25), the basic gradient descent (batch

gradient descent) calculates the gradient with respect to the whole dataset.
1 n
Vol ©)=—) VoLi(xi;0) (2.30)
i

The number of operations for a single gradient step is G (nd) [45], where 7 is the number of

samples and d is the input dimensionality . When the dataset (n) is large and/or the number
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of features (d) are large, the number of operations nd become large and not feasible for
optimisation in deep learning.
The SGD [46] is an approximation of the batch gradient descent aimed at reducing the

computational load. The gradient is approximated as shown in (2.31),
1 n
— 2 VoLi(x;;0) = VoL (x;;6) (2.31)
i

where j €{1,2,3,.., n} is chosen by uniform sampling.

SGD is among the most used optimisers. Several variants of SGD exist, for example SGD
with momentum, which seeks to speed up the learning process. It is described more in de-
tail in [10, Chapter 8]. Adaptive learning rate optimisers, such as Adam [47], have become
increasingly popular due to it usually working well with less hyperparameter tuning effort,
and converge fairly quickly to decent solutions thanks to its adaptive learning rate and mo-
mentum. A caveat to these optimisers is that it has been observed that adaptive methods

converge to solutions that generalise worse for DNNs [48, 49] {.

2.3 Robustness in neural networks

One of the central challenges in producing a successful machine learning model is that it
generalise well to unseen input, i.e. input that the neural network was not trained on. Adver-
sarial examples may be viewed as worst-case unseen input. If the model generalise well, we
say it is a robust model. Non-robust models are by large related to model capacity. Restrict-
ing the model capacity by reducing the number of parameters seems as a reasonable first
step in producing more robust models. Restricting the model too much, however, may lead
to a model that underfits, i.e. a too simple model that cannot capture the essential patterns
in the data. Adjusting the model capacity merely on empirical experimentation is time con-
suming due to the yo-yo-like effect, in which one reduce and increase the model capacity
in increments. Fortunately, there are tools aimed at providing some general guidelines for
producing possibly robust models.

In this section, robustness in neural networks will be explored, together with some com-
mon tools for aiding in producing more robust networks. Some of the underlying reason for
the lack of robustness in neural networks will be presented in Section 2.3.1. Adversarial ex-
amples are worst-case input and an important research topic in deep learning. The reason
for their existence will be covered in Section 2.3.2, along with two methods for generating ad-
versarial examples. Norm regularisation and robust optimisation are tools frequently used
to call forth robustness in neural network models, and will be presented in Section 2.3.3 and
Section 2.3.4.
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2.3.1 Model capacity, overfitting and underfitting

A key goal when employing machine learning is to produce models that generalise to new,
unseen input. This is input that the model was not trained on. If the model performs well on
this input, we say it generalises well. In this work, the terms generalisation and robustness
are synonymous.

In supervised machine learning, we typically have access to a labeled training set. Each
training input is associated with its true value. This enables us to compute an error metric
on the training set, for which we seek to minimise with respect to the model parameters. The
two fields deep learning and optimisation theory have much in common. A key difference,
however, is that in addition to minimising an error metric, we desire the test error® to be as
low as possible for the deep learning case. The test set is a portion of the dataset that has
been collected separately from the training set, and is as such considered "unseen" input.
It must, however, be generated from an input distribution that we anticipate the machine
learning system to come across when deployed. The test error is defined as the expected
value of the error on unseen input [10, Chapter 5].

When training a neural network, two properties for a decent neural network based model

to possess are listed in [10, Chapter 5], and repeated in the following list:
1. Small training error
2. Training and test error are close to each other (small generalisation gap)

The two properties are frequently used in analysing underfitting and overfitting, both con-
cepts directly related to model capacity. Model capacity is a term used to describe a neural
network’s ability to fit different functions. Underfitting is a term describing when a model
fails to satisfy 1. This is usually a sign of having too low model capacity. Overfitting is a term
describing when a model fails to satisfy 2. This is usually a sign of having too high model
capacity. The relations between model capacity, underfitting and overfitting are conceptu-
ally presented in Figure 2.13. As the model capacity increases, the generalisation gap also
increases. The models with capacity in the right end of the figure are less robust. The models

residing in the proximity of the red line are likely to be more robust.

STest error and generalisation error are used interchangeably in the machine learning literature
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Figure 2.13: A conceptual possible relationship between model capacity and train and test
errors. The red line separates the model capacities that are likely to underfit from the models
that are likely to overfit. Image courtesy to [10].

Figure 2.14 exemplify the importance of model capacity in a linear regression setting. The
goal is to approximate a nonlinear function. In the left-most model of Figure 2.14, the model
capacity is too low for fitting this dataset. We say the model suffers from underfitting and the
test error will likely be high. The model in the middle is of sufficient capacity and will likely
generalise well (training and test errors will be low and close to each other). The right-most
model has too high capacity. We have fitted outliers from the training dataset. Outliers have a
low probability of appearing in the test set [50], and as such, this model will with high prob-
ability have a low training error, but high test error. This is a clear sign of overfitting (high
generalisation gap). In the case of neural networks, one does not have the concept of poly-
nomial degree in the same sense. We change the model capacity by increasing the number
of parameters (weights and biases) in the neural network, either by building wider networks
(more nodes) or deeper networks (more layers). In Section 2.2.2, a visual motivation for how
the increasement of nodes in the network lead to better accuracy. However, increasing the
number of nodes too much, we get a finer slicing of the function we seek to approximate, but
also increase the risk of fitting outliers.

There is no unambiguous way of deciding model capacity. It is highly dependent on
the problem at hand and the complexity of the data. Figure 2.13 provides a motivation for
what to be aware of when increasing model capacity (we want to keep the generalisation gap
small). In the preceding sections, various tools frequently used in producing more robust

neural networks will be explored.
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Figure 2.14: Polynomial regression (linear regression where we add polynomial features to
the initial linear model) used for approximating a nonlinear function. The left-most model
corresponds to a underfitting regression model Y; = 6y +0; x. The middle model corresponds
to an optimal regression model Y, = 0y + 01x + 02,x> + 05x° + 04x*. The right-most model
corresponds to a overfitting regression model Y3 = 0 + lei 1 0;x'. Image courtesy to [11].

2.3.2 Adversarial examples

Adversarial examples entered the deep learning community in 2013 [15]. Adversarial exam-
ples are inputs that are slightly perturbed, often imperceptible. It is not the perturbation
magnitude that causes the neural network’s to exhibit large variations in output, but rather
the direction (sign) of the gradients. Training a neural network, the goal is to minimise some
loss metric with respect to the model parameters (weights and biases). Adversarial examples
on the other hand have a different goal. They are generated by adjusting an input x € R by

a some value, 6 € R, with the intent of maximising a loss metric, constrained by an upper

bound on the perturbation given by ‘ x4V xH <€, where x*’ = x+ 6 and € € R, is an
adjustable parameter that control the strength off) the perturbation. Large € yields large per-
turbations and bad performance on test data, but render the anomaly easier to detect. Anal-
ogously, low ¢ yields lower perturbations and not as drastic worsening of performance. Con-
sequently, the anomaly is more troublesome to pinpoint. For now, the 6 remains obscure.
We will look into two white-box methods, uncovering this term. For a white-box method, it

is assumed that one has access to the model parameters.

Fast gradient sign method (FGSM)

The fast gradient sign method was firstly explored in [51]. The method is intuitive for har-
nessing adversarial examples. It utilises the gradient of the cost function used to train the
neural network by linearising the cost function around the current value of the parameters.
Given a neural network with parameters 6 € R, input data x € R” and a cost function used to
train the network, J(x, y,0). The fast gradient sign method finds a perturbation, §, as shown
ineq. (2.32),

x“d”:x+6:x+€-sign(Vx](x,y,6)) (2.32)

where € € R, is a tuning parameter. The perturbation is bounded by the ¢,,-norm [52], such
that ‘

x4V — x“ < €. The method is effective due to the relatively effortless acquisition of
oo
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the gradients by backpropagation (see Section 2.26). The method was initially used in a clas-
sification setting, but may also be used to perturb input in a regression setting, as is done in
[12, 53].

Projected gradient descent method (PGD)

The projected gradient descent method (PGD) [54] is another method for harnessing the per-
turbations used to generate the adversarial examples. It is altogether an iterative variant of
the FGSM, in which FGSM is applied a finite amount of times k with a step size a = ¢. The
values are clipped for each iterate to make sure that the adversarial examples stay inside a
neighbourhood of the original input. The method requires a initialisation due to the itera-
tive nature. The initialisation is usually a random value close to the original input. Given
a neural network with parameters 6 € R”, input data x € R", a cost function used to train
the network, J(x, y,0) and an initialisation x(©) = x, the projected gradient descent method is
then described in eq. (2.33),

x,‘jd” = clip, 5(xk—1 +6)) = clipx,e(x,‘jff +a- sign(VxZizly](xgiif, 1,0)) (2.33)
where clipy is an element-wise clipping operation confining each input element, x; € R, in
the range [max (0, x;—€), min(1, xj+€)] [54]. PGD is often interchanged with the basic iterative
method from [55]. They are both iterative variants of FGSM. The main difference is how the
methods are initialised.

Adversarial examples: consequence of linearity in networks

Adversarial examples have been a major headache in the deep learning community since its
entry in 2013. What appeared to be a discovery that could be circumvented by "masking", i.e.
hiding the gradients (recall from the introduction of FGSM and PGD that the gradients are
important ingredients in the techniques generating adversarial examples), is in fact a much
more delicate issue. The obvious solution by hiding the internals is not sufficient. Gradient
masking techniques for ensuring robustness fail due to the generalisation of adversarial ex-
amples. Even if one deny the outside world access to the useful gradients, it turns out that
the adversary may train their own model for some task, acquire the gradients and generate
adversarial examples. These adversarial examples generalise to other models (for example
models that has been "gradient masked") aimed at similar tasks. This has been studied in
several works, among them [51, 56].

A natural questions arise: what ingredient in the neural network contribute to the exis-
tence of adversarial examples? A hypothesis is that adversarial examples are dot products in
high dimensional space [51]. Consider the dot product between a parameter vector, 6 € R"

and an adversarial example, x(“??) € R”. The dot product is given in eq. (2.34),

0T x% v =9Tx + 076 (2.34)
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where 6 € R" is discussed in the section introduction, and two methods for generating it has
been proposed (FGSM and PGD). In deep learning, eq. (2.34) is passed to a nonlinear acti-
vation function, for which it causes the activation to grow by 7. The perturbation may be
maximised, subjected to the £o,-norm by letting 6 = sign(@). This is nothing but how FGSM
and PGD work. Since 6 has n dimensions and the average vector element is given by a, then
the activation will grow by € - a - n (recall that € is the upper-bound of the perturbation). As
seen, the change in activation function grow linearly with the dimension. By making a num-
ber of infinitesimal changes to the high dimensional input, this add up to a big contribution,
leading to the dramatic effect of adversarial examples: large changes in output. The main
hypothesis is thus that DNNs that employ piece-wise linear activation functions operate in
numerous small linear regions [57], and that it is the linearity of neural networks that likely
introduce the susceptibility to adversarial examples.

Although there exist no unambiguous solution to the problem adversarial examples, the
spark in research has produced many interesting tools for producing more robust neural
networks. We will review some of these tools in the preceding sections.

2.3.3 Norm regularisation

Regularisation describes any technique intended for improving the generalisation ability of
a model [58]. Norm regularisation adds information in the form of some norm of the pa-
rameters to an optimisation objective in attempting to achieve this goal. In this thesis, the
popular ¢, norm regularisation is considered [10, Ch.7]. As spoiled by the name, ¢, norm
regularisation employs the ¢,-norm (see Section 2.1.1 and Section 2.1.2) as a means to re-
strict the model capacity (the importance of model capacity with regard to underfitting or
overfitting is covered in Section 2.3.1). The regularisation technique is not unique to neural
networks. Itis also applied in a wide range of regression models, such as linear regression. In
this section, ¢, norm regularisation will be treated in the general case of feedforward neural
networks, before the specialised case of recurrent neural networks is treated.

We will now consider a norm regularised cost function. A cost function denotes the func-
tion that the neural network parameters are optimised with regard to, and combine a loss
function, for example the mean square error in eq. (2.25), and a regularisation term, R : R"” —
R. We will consider ¢, norm regularisation, and thus we may express R as R(0) = /1||6 ||§ A

general ¢,-regularised cost function is given in eq. (2.35),
J(x;0) = L(x;60) + R6) = L(x;0) + 1|65 (2.35)

where 6 € R" describes the model parameters, L : R" — R is an appropriate loss function,
x € R" denotes the training data and A € [0,00) is a hyperparameter that adjusts the regulari-
sation strength. A large A yields stronger regularisation and vice versa.

In order to get an intuition of how norm regularisation affects the neural network param-
eters during training, let us consider the gradient of eq. (2.35), given in eq. (2.36),

Vo] (x;0) = VoL(x;0) + 210 (2.36)
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Assume we utilise some variant of the gradient descent algorithm (see Section 2.2.6) in
order to update the network parameters. The update rule for the k-th iterate is derived in
[10] and repeated in eq. (2.37),

Ok+1 — O —a(VoL(Ok; x) +210%)
ﬂ (2.37)
Okr1 — (1 -21a)0r — a(VoL(O; X))

where a € R is commonly denoted as the learning rate (see Section 2.2.6). It is readily seen
from eq. (2.37) that ¢, norm penalty is equivalent to decreasing the parameters of the neural
network by a constant factor 1 - 21a.

The update rule in eq. (2.37) shows how the parameters shrink from iteration to iteration.
What is even more interesting is to see how regularisation affects the parameters over the
whole training course. Assume there exists a quadratic approximation of a loss function, L(0)
in the neighbourhood of some model’s parameters 6. It is shown in [10] that the regularised
solution (minimised cost function) is related to the unregularised solution (minimised loss

function) by eq. (2.38),

6* = (QAQT + AD'QAQTH*
= (QA+ADQTH1QAQTH* (2.38)
=QA+AD'AQT 6"

where Q € R"*" is square matrix where the i-th column is the corresponding eigenvector g; €
R"™ and A € R"*" is a diagonal matrix whose diagonal entries correspond to the eigenvalues
of the hessian. The matrices H, Q and A are related by the eigendecomposition, H = QAQ .

From this simple example it is readily seen what effect regularisation has on the optimi-
sation problem of a quadratic cost function. The regularised solution, * is is a scaled version
of the unregularised optimum, 6%, in which it is rescaled along the axes defined by the eigen-

vectors of the hessian. In other words, the vector components of 8* that are aligned with the
Ak

Ag+1+4°

way of penalising directions along the eigenvectors of the hessian that do not contribute a

k-th eigenvector of the hessian, H, is rescaled by a factor of Regularisation is thus a

lot to optimising the cost function.

Norm regularisation and recurrent neural networks

Norm regularisation is an important tool in producing more robust neural network models,
and is frequently used when training CNNs and FNNs. As dicussed previously, RNNs work
on input sequences and are often harder (see Section 2.2.4) to train. In LSTM neural net-
works, we have more options with regard to norm regularisation. The LSTM neural network
is presented in Section 2.2.4, from which we we observe that we have two types of parameter
matrices: input weight matrices (U;) and recurrent weight matrices (W;) for j = {i, f, g, 0}. As
such, the a norm regularised cost function for a LSTM RNN may include both weight types.
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We now rewrite the general cost function in eq. (2.35) to account for the two weight matri-
ces types that LSTM neural networks consist of. Let U = [U;, Uy, U,, Ug] represent the matrix
collection of all input weight matrices and equivalent for W. Moreover, assume L(-) is some
appropriate loss function. The £, norm regularised cost function for a LSTM neural network

is given in eq. (2.39),

J(x, ; U, W) = L(x, ; U, W) + R (U) + Rp (W)

) ) (2.39)
=L, iU W)+ U5+ A2l W3

where R; and R, are ¢, matrix norm functions (see Section 2.1.2) and A; and A, are corre-
sponding hyperparameters described in Section 2.3.3.

In one influential paper on RNNs and the difficulty of optimising them, [59], they propose
that while ¢, regularisation of the recurrent weights (W) may help with mitigating the issue
of exploding gradients, it may also prevent the RNN in exhibiting long term memory traces.
This claim is based on the explanation that ¢, regularisation term ensures that the largest
singular values of the recurrent weight matrices stays smaller than 1. This, however, restricts
the model to a single point attractor at the origin, in which signals inserted in the model die
out exponentially fast.

2.3.4 Robust optimisation

At the core of many machine learning tasks is optimisation theory. A vast amount of opti-
misation approaches have been important in machine learning as a result of the diverse ap-
plicability and theoretical insight they give. Robust optimisation is an optimisation branch
that deal with optimisation problems involving uncertain data by reinterpreting ideas from
convex optimisation theory and duality. The goal is to make the solutions of the optimisa-
tion solution robust against bounded uncertainty [60]. This uncertainty may result from the
process of obtaining data. It can also come as a result of errors in model specification.
Lately, an increasing amount of neural network robustness analysis have focused on the
training procedure, including the dynamics of the optimisation algorithm and loss functions.

This is connected to robust optimisation, which will be further clarified in this subsection.

Robust linear programming t

Consider the linear program given in eq. (2.40).

minimise ¢’ x

(2.40)
subjectto Ax<b

in which the above-mentioned uncertainty is present in the objective function matrix c € R”,
the constraint matrix A € R”**" and b € R". Robust optimisation solves this linear program,

in addition to handling deterministic uncertainty in view of an uncertainty set. Instead of
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solving the linear program in eq. (2.40), robust optimisation proposes the robust linear pro-

gram [61] given in eq. (2.41),
e . T
minimise c¢'x

subjectto Ax<b V(c,Ab)e%

(2.41)

where %/ denotes the uncertainty set that must be specified. There is a trade-off between
the size of the uncertainty set and computational effort. Examples of uncertainty sets are
polyhedral sets [60], £,,-ball sets [62] and box sets [61] 7.

Nonlinear robust optimisation

We have seen one particular class of robust optimisation, namely the robust linear program.
In this section, we will look at a nonlinear robust optimisation (NRO) problem, which is be-
coming more and more important in real-world applications. The material in this section is
based on the survey from [63]. A few examples of real-world applications presented in the
survey are airfoil design and electrical engine design.
The NRO problem is given in eq. (2.42),
minimise f(x)

XeX (2.42)

subjectto c(x;u) <0 V(d)e%(x)

where f:R" — R" is some nonlinear function, x € R” denotes the decision variables, & is
the feasible set, d € R are uncertainty parameters and %/ (x) is the uncertainty set. A few
examples of uncertainty set has been given in Section 2.3.4.

A special case of the NRO problem given in eq. (2.42) is a bilevel optimisation problem
(min-max problem) that arise when implementation errors ought to be conidered. These
types of problems may be expressed as given in eq. (2.43).

minimise max x+d
X€EX  de(x) f( ) (2.43)

where x, &, d and % (x) are defined equally as for eq. (2.42). The uncertainty set for this
particular formulation is in [63] defined as % = {d € R"|||d||, < n}, where 1 = 0 € R is a scalar

that adjusts the magnitude of the perturbations we want to be robust against.

2.3.5 Robust optimisation and regularisation synergy t

Certain regularised problems, such as the one discussed in Section 2.3.3, are as a matter
of fact equivalent to robust linear optimisation problems [60]. This means that many reg-
ularised problems have an inherent "hidden robustness" which opens up the possibility to
design new optimisation objective functions and consequently algorithms that also consider
robustness to data uncertainty.
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Among the the first exploration of the inherent "hidden robustness" in regularised prob-
lems is found in [64]. They show that the ridge regression® in eq. (2.44),

min|y—07x| + 1|6 (2.44)
0 Y 2 2 ’
is equivalent to the robust optimisation formulation given in eq. (2.45),

min max

2
y—6T(x+d) H (2.45)
6 al|] < 2

where % (x), x, d are defined as in Section 2.3.4, A have been dicussed in Section 2.3.3, 0 € R
denotes the model parameters, ||-||r is the frobenius norm [25, Chapter 2] and y € R is the
target value.

They argue in [60] that the computational cost of eq. (2.45) is comparable to eq. (2.44).
Some of the perks of formulating a ridge regression as a robust optimisation is that by vary-
ing the uncertainty set, % (x), one may produce a large class of regularisation-like training
procedures, some of which are presented and discussed in [60] F.

2.4 Persistency of excitation and robustness

Persistency of excitation is an important condition in system identification and adaptive

control. A definition of the condition is given in [65].

Definition 2.4.1. Persistency of excitation
Avectory : Rsg — R?"is persistently exciting (PE) if3 a1, a and 8 > 0 such that ¥ty = 0

to+6
allsf wHw'(dt<asl
fo

The concept of persistency of excitation arises in systems where an input signal, or an ac-
tion of some sort, excites parameters in a system. If the excitement of the parameters decay
too rapidly, an online learning algorithm such as the stochastic gradient descent, may fail
to estimate the parameters correctly due to not receiving the necessary amount of informa-
tion [2]. For system identification and adaptive control, the importance of this condition is
prominent in order to identify the correct parameters. Estimating good parameters is depen-
dent on the "richness" of the input signal, ensuring that all modes of the system are excited.
Put in other words, the input signal must contain enough information about the system we
desire to estimate. More noticeably, in view of neural network, is its connection to stochas-
tic gradient methods. Assume the stochastic gradient descent algorithm in Section 2.2.6 is
to be used in estimating the unknown parameters 6 of a convex function f(6) and that for
some reason, the function is attenuated by ¢ € (0,1), f(0) — 6 f(0). If 6 decays too rapidly,
stochastic gradient methods will not necessarily converge to the optimal 0 [2] F.

6Ridge regression is also known as Tikhonov regularization or as ¢, regularisation with mean square error.
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2.4.1 Persistency of excitation in neural networks t

In this section, persistency of excitation in view of neural networks is discussed. A motiva-
tion for why persistency of excitation is difficult to satisfy for deep FNN is provided. The
motivation is then extended to RNNs.

Consider a L-layer deep FNN with input x € R” given in eq.

f;0)=(frofr-10---0 ) () = fL(fr-1(fr—2(--(f1(x))) (2.46)

where f;, i € [1,L], represents the i-th layer operation of the network with corresponding
parameters 0;. The network is trained using a stochastic gradient method (see Section 2.2.6).
In [2], they take the stance there are no guarantees that the convergence of the standard
training yield the optimal parameters, 8. As a consequence, the network may not be robust
with regard to unseen data. A motivation for the abovementioned claim is in [2] based on a
two-layer FNN with parameters 6;, i € [1,2], and the activation function ReLU,

f(x;0) =01 p(0,x)

where ¢(x) = x* = max(0, x). The following theorem from [2] provides a foundation for per-

sistency of excitation in view of neural networks.

Theorem 2.4.1. Given the function to be estimated f : R" — R™, a data set of size |D|, a set
of points {x;},ep and some number of hidden nodes (0) in the intermediate layers. Assume
the neural network with one hidden layer and ReLU as activation function, f(x;0,b), with
parameters 61 € R°*™, 0, € R"*°, b € R° is trained by solving the optimisation problem in

(2.47), ) )
min — xi) — 0L 01 x “ 2.47
el.ez,bziEZDHf( =039 (2.47)
with a stochastic gradient descent algorithm from Section 2.2.6. Moreover, assume the train-
ing converges from a random initialisation to some stationary point (0,,0,,b) with a static
learning rate, a. Let (él)j and (l~9)j denote the j-th rows of 0, and b at equilibrium and define

the set of training points activating the j-th node in the hidden layer as,
DjZ{iEDZ(él)jxi+l~)j>0}

Given all these assumptions, the Lipschitz constant of the estimated function f(x;0,b) is al-
most surely upper bounded by,

|| b
L{an 2 Byl ) = nigithe a% = ”A R +/ i =] (2.48)

max _ 0 : . . . . )
metive = leg%%(zjzl 1V j € Dj represents the maximum number of nodes in the hidden

in whichn

. . . _ . T
layer that an input point may activate, A = ?El[lg]l Amin (Zie D; XiX; ) represents a lower bound for
the smallest eigenvalue of the covariance matrix of the input points activating the same arti-

ficial neuron in the hidden-layer, and [i = mfu]( ”ZieDi xil, is a upper bound on the ¢, -norm.
jelo
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Proof. See [2, Appendix A] [ |

If the training converges, the theorem above provides an Lipschitz upper bound for the
function estimate, and as such the network, from its input to its output. The Lipschitz bound
is dependent on several factors as seen in eq. (2.48) and described in Theorem 2.4.1. A key
condition is that every neuron in the hidden layer ought to be excited from every dimension,
i.e. the training data activating hidden-layer neurons must to have full rank. This will in turn
provide persistency of excitation for the parameters. The issue is that these are conditions
that are very difficult to satisfy, and likely violated for two reasons: a lot of data is low di-
mension by nature, for example audio and raw images. The second caveat is that even if the
input data is of full rank, it has been shown that stochastic gradient descent algorithms gen-
erate low-rank signals in the hidden layers of the network [66]. Consequently, persistency
of excitation is difficult to satisfy for DNNs by merely adding more data. New techniques
are likely necessary in order to attempt to persistently excite the network parameters and

provide more robust parameter estimates .

2.4.2 Persistency of excitation and recurrent neural networks

Theorem 2.4.1 provide sufficient conditions for upper-bounding the Lipschitz constant of a
2-layer FNN. RNNs are a special class of neural networks that work on sequences of data. As
discussed in Section 2.2.4, they consists of multiple FNNs for each sequence element. For
example, the LSTM module employ four FNNs for each sequence element, indicated by the
colour boxes in Figure 2.10. As such, by the same argumentation of Section 2.4.1, it is likely
to be just as difficult to satisfy the conditions given in 2.4.1 for RNNs and subsequently LSTM

neural networks.

2.4.3 Aloss objective for persistently exciting neural network

parameters f

In Section 2.4.1 we discuss why persistent excitation is difficult to satisfy for deep neural
networks. Tools and techniques for introducing robustness in neural networks are presented
in sections 2.3.3 and 2.3.4, and more importantly, the equivalence between ¢, norm penalty
regularisation and a robust optimisation formulation. This equivalence is restricted to the
squared ¢>-norm. One of the training procedures in focus in this work, presented firstly in
[2], extends the equivalence to a larger class of norm regularisation terms. It is aimed at
inducing perturbations into the neural network during training. The hypothesis is that by
doing so, this will give the trainable parameters in the deeper layers persistent excitation
when trained with stochastic gradient descent based algorithms, and consequently, increase

the neural network robustness.
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Given inputs, x € R” and the corresponding target values y € R", consider the two opti-
misation problems given in eq. (2.49) and eq. (2.50),

min (y=6T0+A[6] ) (2.49)
1 2 1 ?
min —|y—- min 6T(x+d)| +=-|y— max 0T(x+d) (2.50)
0 2 d:lldllg=n 2 d:lldllg=n

where |-||, and ||-]l ; are dual norms, m € [1,00) denotes a constant and A € R, and n € R, are
some positive scalars. In [2] it is shown that VA, there exists a ) such that the solutions of the
two optimisation problems are equal. Likewise, V7, there exists a A such that the solutions
of the two optimisation problems are equal.

The latter formulation, given in eq. (2.50), seeks to ensure that the ¢;-norm constrained
points around some training point, x; (the ith element of the vector), are assigned a value
close to the corresponding target, y;, of the training point. As such, the problem is implicitly
solved with a richer data set. The input of the linear mapping, x, is perturbed by a distur-
bance, d, such that the output of the forward pass is minimised and maximised. This may
stimulate persistency of excitation of the parameters of the model [2].

This is one of the training procedure that will be in main focus in the coming sections. It
will be discussed and adapted in view of the LSTM neural network in Chapter 3. Algorithm
1 may be updated to account for this change in the general training procedure. An updated
version is given in Algorithm 2. We now require a uncertainty set, %. Examples of different
uncertainty sets are presented in Section 2.3.4. As indicated by eq. (2.50), the uncertainty
set in the loss function formulation is some /;-norm ball. The disturbances d in eq. (2.50),
constrained by a uncertainty set, ought to be found for each layer (line 3-4 in Algorithm 2).
Note that the subscripts are added to distinguish which part of the objective function that is
considered. The perturbations are optimised in the same manner as the regular parameters.
Firstly, forward pass the addition of the input and initial disturbance. Secondly, calculate
the inner-term of the loss objective in eq. (2.50) (i.e. the term OT(x+d)). Thirdly, apply
backpropagation on this term with respect to the disturbance parameters (see Section 2.2.6).

Lastly update the disturbances parameters F.

2.5 Nonlinear systems and stability

This section introduce stability concepts in a nonlinear system setting. The two main sources
for this section are [67] and [68], and we refer to these sources for in-depth coverage of the
topics presented here. Section 2.5.1 introduce nonlinear state-space representations. In Sec-
tion 2.5.2 a technique called spectral normalisation will be briefly covered. Lastly, Section
2.5.3 introduce the concept of input-to-state stability in the discrete case.
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Algorithm 2 A neural network training procedure for persistently exciting parameters t

Require: Stopping criteria € > 0, cost function L, optimiser O, training data D, neural net-
work f.q) with parameters 0 and d, , set of allowable perturbations %
1: for epoch <e do
2 for (input,label) € D do
3 Estimate d,;;, € % and update d in f.q)
4 Estimate d;,qx € % and update d in f.q)
5: Calculate prediction  fy.4(input) > Forward pass
6 Calculate loss C(prediction, label)
7 Calculate gradients of loss w.r.t. parameters VyL > Backward pass
8 Update parameters O(VgL)
9 end for
10: epoch — epoch+1
11: end for

2.5.1 Nonlinear systems and state-space representations

A nonlinear dynamic system is often modeled by a finite number of coupled first-order ordi-
nary differential equations [67], given in eq. (2.51),

xl = fl(t)xl)xZ)”' y Xny U, U2y - - ,um)
xz = fZ(t;xlerJ"' y Xy, U1, U2, * - ,um)

(2.51)
Jn = fu(t, X1, X2, Xp, Uy, Uy, Upy)

where X; denotes the derivative of the state variable x; with respect to time variable t, and
u;Yi € [1, m] are given input variables. The state variables are in some ways the memory of
the past of the dynamic system. A more compact formulation of the dynamic system in eq.
(2.51) is given in eq. (2.52),

X1 ux fl(tyx) u)
X2 [7%) fZ(trx) u)
x=|: u=|l:| [fxuw= : (2.52)

from which we may express the n ordinary differential equations in the n-dimensional vector
differential equation [67, Chapter 1], given in (2.53),

x=f(t,x,u (2.53)

where f € R" is a continuous nonlinear function, x € R” and u € R". In the sense of system

theory and state-space representations, there is usually associated an output equation with
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the state differential equation given in eq. (2.53) [69]. The observation equation is included
in eq. (2.54),
y=h(t,x,u) (2.54)

in which y(#) € R9,1 < g < n denotes the output of the system and / is a continuous non-
linear function. The output vector include variables that are of interest in analysing the dy-
namic system (often in the sense of nonlinear control systems), for example variables that
may be measured [69]. The representation in eq. (2.53) and eq. (2.54) are in the literature
often referred to as state space model [67].

The representation above is given for continuous time state-space representations. We
will view the LSTM neural network as discrete-time nonlinear systems, as a result of the dis-
crete nature of the sequence elements. The two equations eq. (2.53) and eq. (2.54) may be

expressed in the discrete-time as given in eq. (2.55) and eq. (2.56),

Xi+1 = [k, Xk, Ug) (2.55)
Vi = hk, xg, ug) (2.56)

where k € Z, is an integer representing the discrete-time step.

2.5.2 Spectral normalisation

Spectral normalisation is a technique introduced in [70] for stabilising the training of a spe-
cial class of neural networks called generative adversarial networks [71]. As the name sug-
gests, it scales the network weight matrix, W, in a neural network by a factor of the spectral
norm, also known as the largest singular value of a matrix (see Section 2.1.2), (W), as ex-

pressed in eq. (2.57),
w

" o(W)
By scaling each layer, [70] shows that the Lipschitz norm of the generative neural network

Wsn (2.57)

as a whole is bounded from above by 1 by making use of the composite nature of a FNN
architecture. This fact has been used in providing stability guarantees for controllers acting
on dynamics estimated by FNNs [72].

The concept of using spectral normalisation as an aid to bound the Lipschitz norm of a
neural network by some upper bound is not directly transferable to LSTM neural networks.
They do not posses the same composite nature as FNNs. The spectral normalisation tech-
nique may still be applied in bounding the weight matrices of a LSTM neural networks, but
it is not apparent what kind of bound one achieves on the LSTM neural network.

Nonetheless, bounding the parameters is an important concept in stabilising neural net-
works, and RNNs are no exception. In [73], bounds on the LSTM gates are presented for

ensuring the network is stable (no exploding or vanishing gradients).
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2.5.3 Input-to-state stability

In this section, discrete input-to-state stability [74] will be introduced. This stability paradigm
will be used to analyse the stability of a persistently-exciting inspired LSTM neural network.
Important definitions will be treated in the first part of the section, before the definition of
input-to-state stability is presented. The three main references for this section are [74], [67]
and particularly [68].

Stability theory is of high importance in control systems engineering and remains an
essential requirement for cost- and safety critical applications. As pointed out in [74], there
are two main approaches to stability, broadly speaking. The first is the state-space approach
associated with Lyapunov analysis (see [67, Chapter 4]. The second is the operator approach,
also known as the input-output stability (see [67, Chapter 5]). ISS seeks to merge the two
aforementioned views of stability. It is a stability concept that is concerned with a system’s
robustness to disturbances.

In order to define input-to-state stability, a few concepts ought to be explored. The com-
parison functions, class £, class £, and class £ £ are continuous functions that are used
in stability theory to characterise stability properties. They appear frequently in definitions
of ISS. The three relevant comparison functions are defined in Definition 2.5.1 and Defini-
tion 2.5.2, respectively.

Definition 2.5.1 (£ and £, functions [67, Chapter 4]). A class £ (kappa) function is a

continous function a : [0, a) — [0,00) and belongs to class X if:

a(0)=0
(2.58)
a(r) is strictly increasing, i.e. g—‘f >0 Vr

Ifin addition a — oo and a(r) — oo as r — oo, then a is a class %, function.

Definition 2.5.2 (# £ function [67, Chapter 4]). A class # £ (kappa-ell) function is a con-
tinous function (: [0, a) x [0,00) — [0,00) and belongs to class # £ if:

for each fixed s,

e B(r,s) isaclass £ function with respecttor.
for each fixed r

* [(r,s) decreasing with respect to s.

e B(r,s) — ass— oo.

With the definitions of the comparison functions, the concept of ISS is defined in Defini-
tion 2.5.3.
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Definition 2.5.3 (ISS [68]). The system described by eq. (2.55)-(2.56) is input-to-state (ISS)
stable if 3 a class £ £ function, B, and a class % function, y, such that for each bounded
inputu e l, any initial state xy e R" and Vk € Z.., the following holds,

“x(k, X0, U) Hz <B (”xo I, k) +7 (lulleo) (2.59)

Lyapunov functions are frequently used in studying stability properties of nonlinear dy-

namic systems. The definition of an input-to-state Lyapunov function is given in (2.5.4).

Definition 2.5.4 (ISS-Lyapunov function [68]). Let V:R" — R, be a continuously differen-
tiable function such that the following holds:

a1 ([ %]l,) = Vo) < @z |10l (2.60)
V(f (xo, ) = V(o) < = (| o], ) + o () (2.61)

Vxo € R" andVu e R™, where a; and a,, as are class %, functions and o is a class % func-

tion. Then, V (-) is called an ISS-Lyapunov function for the system given in eq. (2.55)-(2.56).

Note that o in Definition 2.5.4 is not the sigmoid function.
Theorem 2.5.1 from [68] propose a connection between an ISS-Lyapunov function and
input-to-state stability.

Theorem 2.5.1 (ISS and Lyapunov synergy [68]). Consider a system, Y, on the form given by
eq. (2.55)-(2.56). If Y. has a ISS-Lyapunov function (Definition 2.5.4), then }_ is input-to-state
stable (ISS).



Chapter 3
Methodology and theoretical results

Chapter 3 will provide the main theoretical contributions with regard to both robustness and
stability in view of the LSTM neural network, presented in Section 2.2.4. The robustness and
stability analyses are founded in mathematical optimisation and dynamic control system
theory, respectively. The robustness analysis in Section 3.1 will firstly alter the familiar LSTM
equations from Section 2.2.4 to account for different types of training procedures, motivated
by the concept of persistency of excitation. Two training procedures inspired by persistency
of excitation will be explored. The first training procedure, option 1, is concerned with the
formulation from [2] as a means to enrichen the input signal. The second training procedure,
option 2, utilises the nonlinear robust optimisation problem from Section 2.3.4 in perturbing
the input signal, attempting to enriching it. The stability analysis in Section 3.2 is concerned
with providing formal bounds on the parameters in order to say something about the sta-
bility of the RNN. In particular, the stability properties of the altered LSTM are analysed by
using the concept of ISS, inspired by the work of [3]. A persistently exciting-inspired LSTM
neural network is expressed as a state-space model, for which certain parameter constraints

are presented to ensure that the state-space model is input-to-state stable.

3.1 Robustness in view of Persistency Of Excitation

An important topic in machine learning is to produce robust models. A robust model is a
model that generalises well to input the model is not trained on. In this section, two training
procedures for aiding in persistently exciting the parameters of some neural network will be
interpreted and adapted for the LSTM neural network (see Section 2.2.4 for an introduction
to the standard LSTM neural network). The concept of persistency of excitation is described
in Section 2.4.

In order to apply the training procedures that will be presented, the standard LSTM de-
scribed by eq. (2.17)-(2.22) ought to be altered. We add so-called perturbations, whose in-

45
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tention is to enrichen the input signal x. The altered LSTM is given in eq. (3.1)-(3.6),

ko = 0 (Ui (i + du) + Wi (hge—1p + du,) + bi) 3.1)
Fioe =0 (U G+ dug) + Wt + o) + by (3.2)
Ok, = 0 (Up (X + duy)) + Wo (-1 + duy) + Bo) (3.3)
8kpe = tanh (Ug(xk +dy) + We (R + digy) + bg) (3.4)
Chpg = Srop @ Ck—1pp + Lkpp © Shkopr (3.5)
Piepe = tanh (Cypp) © Oy (3.6)

where Uj, Wj, bj, j =i, f, 0,8} denote the parameter matrices of the respective gates. The
four gates and the two states, ci,, and hy,, are described in detail in Section 2.2.4. Compared
to the regular LSTM, we now add parameters, dy,, € R"™*5 and d,,, € R7*5, to the input of
the LSTM neural network. The disturbances d,,, are used to excite the input parameters (U-
matrices) for each time step, k, while the disturbances d,,, are used to excite the hidden state
parameters (W-matrices) for each time step, k. The equations in eq. (3.1)-(3.6) describe the
altered LSTM workings of one element of the input sequence.

The training procedure for training networks on the form given in eq. (3.1)-(3.6) must
now, in addition to optimising a cost function with respect to the parameters of the network,
also optimise the cost function with respect to these disturbances, forming a bilevel optimi-
sation! problem. We name this network architecture "PE LSTM", indicating that it is a LSTM
neural network model with parameters for applying the persistently exciting-principles dis-
cussed in Section 2.4. Note that the subscript PE is included to distinguish the representation
from the regular LSTM neural network from Section 2.2.4.

As discussed in section 2.2.5, increasing depth may be beneficial for a neural network’s

generalisation capabilities. Assume the input, x € R%, is of sequence length S such that for
T

. When using deep LSTMs, the hidden state se-

all vector elements, x = |x; x, --- Xxg

T
quence of the shallowest LSTM neural network layer, i.e. hO = hy hy, --- hg| ,isfedto

the deeper LSTM layer as new input. The superscript denotes the specific PE LSTM layer. A
L-layer deep PE LSTM-based neural network, I, is presented in eq. (3.7)-(3.9),

h(O) — PE_LSTM(O) (x’ dl(/t())? dgu’ U(O), W(O)’ b(o)) (37)
l l -1 1 D.rrd l I —

'Y = PE-LSTMY (h1 aD dl; uD w? b1y, 1=1,2,3,.,L-1 (3.8)

% = FEEDFORWARD (h"71;0) (3.9)

where f: RS — R is a FNN (the last layer of the overall neural network) with parameters
6 € RS. A RNN works on a sequence of elements and outputs a S-sequence long vector. The
feedforward neural network’s sole role is to map the sequence to a real-valued scalar. Note

1A bilevel optimisation problem is a special kind of optimisation in which one problem is embedded into
another.
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that the formulation abstracts the inner-workings of the PE LSTM module (eq. (3.1)-(3.6))
on each sequence by the term PE-LSTM. Moreover, FEEDFORWARD, abstracts the inner-
workings of a FNN.

A multilayer LSTM neural network may present itself as a confusing construct due to the
unrolling that RNNs undergo in each layer, in combination with stacked LSTM neural net-
works in deeper layers. The concept of unrolling is treated in detail in Section 2.2.4. Figure
3.1 is provided to visualise a L-layer deep LSTM neural network. The left part of the figure
captures the unrolled abstraction of the neural network, similar to the one described by eq.
(3.7)-(3.8). Note that in the figure, a regular LSTM neural network is visualised, but the prin-
ciple is identical for the PE LSTM neural network. As indicated by the figure, a multilayer
LSTM neural network is multiple LSTM modules stacked on top of each other, where each
hidden state element from the previous layer act as input to the corresponding LSTM neu-
ral network in the deeper layers. The internals of the LSTM-blocks are visualised in Figure
2.10. In a regression setting, the sequence output from the deepest layer, h(()L), th), e, h(SL), is
passed to a FNN for the above-mentioned mapping.

LSTM®

LSTM©®

Figure 3.1: A L-layer deep LSTM neural network. The superscripts denote the specific lay-
ers that the LSTM modules belong to. The subscripts denote the sequence element. (Left)
A compact computational graph of the multilayer LSTM neural network. (Right) The corre-
sponding unrolled LSTM neural network.

In Section 3.1.1 and Section 3.1.2, two training procedures acting on the PE LSTM-based
neural network given in eq. (3.7)-(3.9) will be presented.

3.1.1 Persistency of excitation of LSTM: option 1

A loss objective for persistently exciting parameters of a linear regression objective is pre-
sented in Section 2.4.3 based on the work of [2]. This is based on reinterpreting norm regu-
larisation (eq. (2.49)) as a way to enrichen the input signals of regression models (eq. (2.50)).
This shows that if one for each training point perturb the input of a linear mapping such

that the mapping’s output is both maximised and minimised within some uncertainty set,
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one may attempt to persistently excite the parameters of the model. The technique is ap-
plied to CNNs in [2], where it was firstly introduced, and reinterpreted in a regression setting
for FNNs in [12]. Analogously, by perturbing the intermediate LSTM linear layers, that is,
the affine operations 87 x, where 6 € R” are the network parameters and x € R” is the input,
one may apply the training objective and potentially persistently excite the parameters of a
recurrent neural network (LSTM).

We recall from the standard LSTM equations that the four gates in the module consist
of the aforementioned affine operation, before passing the result to the nonlinear activation
functions. This is utilised when we add the so-called perturbations, whose role is to enrichen
the input signals over all layers. The altered LSTM neural network is given in eq. (3.1)-(3.6).
We will now look at how those perturbations may be generated.

The optimisation objective given in eq. (2.50) provides a way to generate the inserted
perturbations. The objective is adapted to recurrent LSTM networks and presented in eq.

(3.10),
2

2
where fP(@; hX=1) and h'~Y are given by the neural network described in eq. (3.7)-(3.9)
and y € R represents some target value. Moreover, % denotes the uncertainty set, described
in Section 2.3.4. The uncertainty set used in this thesis will be the ¢, ball with radius 7 € R,.
The radius is a tunable hyperparameter. We denote the models produced by this training
procedure PE LSTM Opt-1, indicating that it is the option 1 of persistently exciting LSTM.

The procedure from [2] is proved for a linear regression problem and applied to a neural
network with perturbation parameters, similar to (3.7)-(3.9). In this work we study the LSTM
neural network, which employ an additional state, hj, with corresponding weight matrices
W for j ={i, f, 0, g}. In Section 2.4.3, the equivalence of the regularised objective and persis-
tently exciting objective utilised in eq. (3.10), is introduced for the input x and weight matrix
U; for j = {i, f,0,g}. For RNNs, one may also norm regularise the recurrent weight matrix
W for j =1i, f, 0,8}, as given in eq. (2.39). The proof in [2] is based on dual norm theory and
does not consider perturbing the hidden state as the work is only concerned with FNNs. It
is possible to extend the equivalence given in eq. (2.49) and eq. (2.50) for the hidden state
and the recurrent weight matrix as is done in the original proof of [2]. We then use W hj._;
and [|W]|, instead of Uxy and U] ,. In this thesis, however, we will assume d,, = 0. In
Section 2.3.3 it is discussed how regularisation of the recurrent weights, W, may prevent a
RNN from exhibiting long term memory traces. We will therefore refrain from regularising
the recurrent weights. By the equivalence of the regularised objective in eq. (2.49) and the
persistently exciting objective in eq. (2.50), d,, = 0 follows. It is, however, included in the
PE LSTM equations eq. (3.1)-(3.6) as it is possible to perturb also the hidden state in light of
that the recurrent weight matrices may be regularised. This also leaves the option open for
experimenting with perturbing the hidden state.
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3.1.2 Persistency of excitation of LSTM: option 2

The training procedure for enrichening the input signals of a LSTM neural network studied
in Section 3.1.1 is based on theory from Section 2.4.3. In this section, an alternative training
procedure based on a NRO problem will be explored. In Section 2.3.4, a robust nonlinear
objective was presented in eq. (2.43). This special case of the general NRO problem seeks
to encapsulate implementation errors and seeks to minimise an objective under worst case
implementation errors. We take the viewpoint that by adding these perturbations, the input
signal is enriched, and as such may excite the signals passing through the network.

The NRO obijective is adapted to work on the PE LSTM neural network described by eq.
(3.1)-(3.6), and the multilayer PE LSTM described in eq. (3.7)-(3.9). The training objective is
given in eq. (3.11),

min max_ £(/©©;h""),y)=min max (y- /"0 )’ (3.11)
where f L) @; ht=1y and Kt !is given by the neural network described in eq. (3.7)-(3.9) and
¥ € R represents some target value. Just as for the training procedure in Section 3.1.1, %
denotes the uncertainty set. The uncertainty set used in this thesis will be the ¢, ball with
radius n € R, a new tunable hyperparameter. This training procedure has some resem-
blances of the training procedure presented in Section 3.1.1. They are both bilevel optimi-
sation problems, i.e. an optimisation problem embedded into another. Moreover, both are
inspired by persistency of excitation, which is in essence an expression of providing system
identification models rich enough input signals. The first training procedure, however, is
derived from dual norm theory. The training procedure in eq. (3.11) is at its core a robust
optimisation problem re-framed in neural network setting. It attempts to find parameters
under worst-case disturbances by perturbing the input to each layer during training.

3.2 Stability of the long short-term memory network

This section will treat the stability of the PE LSTM neural network in view of nonlinear system
theory. The two concepts stability and robustness are tied together. A robust neural network
is generally robust to perturbations in input. A stable neural network give us confidence
that it is well-behaved during training. Moreover, proving that the estimated dynamics are
stable is important if the dynamics estimated display stability properties [3], ensuring that
the effect of perturbations in initial conditions vanishes. This section explores the PE LSTM
neural network from a stability perspective. The PE LSTM neural network is firstly expressed
as a state-space representation in Section 3.2.1. Constraints on parameter matrices (both
kernel and recurrent) will in turn be presented as a way to ensure ISS for the PE LSTM neural
network.

The inspiration for this section stems from [3], discussed in Section 1.1. The main dif-

ference is that the analysis in [3] is done on a regular LSTM representation. The analysis in
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this section is concerned with the persistently exciting-inspired LSTM representation, firstly
introduced in eq. (3.1)-(3.6).

Note that a change of notation will be adapted in order to accompany the notation of
the nonlinear system theory and avoid confusion when utilising theorems, definitions and
lemmas from Section 2.5. Note that this is not the mainstream notation in machine learn-
ing research, but it is occasionally adapted when working in the cross-section of machine
learning and nonlinear system theory. We now denote uy the input of the PE LSTM neural

network, instead of x;. Moreover, x; now denotes the system state, i.e. x;, = ¢x and xz, = hy.

3.2.1 State-space form of the long short-term memory neural network

The ISS definitions and theorems in Section 2.5.3 are presented for nonlinear systems on
state-space representation (see Section 2.5.1). In this section, the PE LSTM neural network
described by eq. (3.1)-(3.3) will be written as a state-space representation. The PE LSTM

neural network is included in eq. (3.12)-(3.17) due to its importance, in a slightly rewritten

form,
ikpg = O (Ujug + Uidy, + Wihy_1,, + Widy, + b;) (3.12)
Jioe = 0(Usug+Updy, + Wrhi_1,, + Wrdy, + by) (3.13)
Okp, = O (Upur + Updy, + Wohp_1,, + Wody, + Do) (3.14)
8kpr = tanh (Uguy + Ugdy, + Wghp_1,, + Wedy,, + bg) (3.15)
Chpp = Skpr © Ck—1pg T Ekpp © ke (3.16)
Pips = tanh (Cypp) © O (3.17)

where the different terms are described in Section 2.2.4 and Section 3.1. In order to achieve
a discrete state-space representation (xx.; = f (X, ux)), we augment the initial condition of
the dynamic system to the first element of the input (or some other values), and achieve that
the input at time step k is aligned with the state at time step k. The state space vector of the

PE LSTM neural network for an arbitrary time step, k, is defined in eq. (3.18).

T
T h T
kpg kpg

Xj = (3.18)

c

where c,, € R¥ and hy,, € RY are the internal and hidden states of the LSTM RNN (see
Section 2.2.4). The resulting dimension of the state vector in eq. (3.18) is R2H,
The input of the PE LSTM is given by uy € RP, dukIRD and dwklRH, defined in eq. (3.19).

T

W= |w" dy, dy, (3.19)

where the notation i is used to distinguish it from the original input signal. The terms D and
H are described in Section 2.2.4 and represents the number of input features and the hidden
size (number of artificial neurons), respectively. The resulting dimension of the state-space

input is R2P+H,
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Lastly we describe the output of the network as a whole. As discussed in eq. (3.1), we
need a FNN to map the predicted sequence to a real-valued variable. The output of the PE
LSTM neural network as a whole is given in eq. (3.20),

Vi = Wour - By (3.20)

where W,,; € R denotes the FNN weight matrix.
The state vector consists of two elements. The compact formulation (see eq. (2.52)) of

the system described by the PE LSTM equations is given in eq. (3.21) and eq. (3.22),

Ji = Cheatpr = Sieor © Chpr + Tkpg © 8k (3.21)
=0 (ff, (Tk, hi)) © Cip + 0 (fiy (lig, hy)) © tanh (fg, (T, hr))
fo = Rir1p; = tanh(Crr1pp) © Ok (3.22)

= tanh(Ck+1p;) © 0 (fo, (Tk, hi))

where fj, (i, hi), j € {i, f, 0, g} are defined in eq. (3.23)-(3.26),

fr G, h) = Upug + Updy, + Wrhp, + Wedy, + by (3.23)
fi (e, hi) = Ujug + U;dy, + Wihpg, + Widy, + b; (3.24)
fe (g, hy) = Ugug + Ugdy, + Wghyy, + Wedy, + by (3.25)
for (i, hi) = Uptg + Updy,, + Wo hip, + Wody, + by (3.26)

These are defined in order to ease the notation. In the remaining sections, the function ar-
gument (g, hy) will not be repeated as to simplify notation and readability. We indicate that
the functions are dependent on the state & and the input u; by the subscript k.

We are now ready to present the state-space formulation of the PE LSTM neural network
given in eq. (3.12)-(3.17). Given the state in eq. (3.18), the proposed input in eq. (3.19) and
the output in eq. (3.20), the state-space representation of the PE LSTM is described by eq.
(3.27)-(3.29),

fi
X1 = [k, xg, ) = ' (3.27)
f2
o (ff,) © Crpp + 0 (i) @ tanh (fy,)
- (3.28)
tanh |0 (ff) © Crp, + 0 (fi) © tanh(fgk) @0 (fo,)
Vi = hik, Xk, itx) = Wour - R (3.29)

3.2.2 Input-to-state stability analysis on a persistently exciting LSTM

In this section, constraints on the parameters of a PE LSTM neural network (see Section 3.1)
for ensuring ISS will be presented. The main result is presented in Theorem 3.2.2.
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In this work, we take a nonlinear dynamic system perspective. A PE LSTM neural network
is represented as a state-space representation in Section 3.2.1. This enables us to utilise dis-
crete ISS concepts from Section 2.5.3 as means to bound the parameter matrices. The result
is derived by using an ISS-Lyapunov function, defined in Definition 2.5.4. Choosing a Lya-
punov function candidate is not a matter of course and a difficult problem in itself. Inspired
by the work of [3], a p-norm function is utilised. This makes the analysis substantially more
manageable and convenient due to the properties possessed by norm functions, some of
which presented in Section 2.1. Before preceding with the theorem, an assumptions and a

lemma ought to be explored.

Assumption 3.2.1. Let.¥ c Z, define the set containing each integer in the sequence length.
Assume that each element of iy, given in eq. (3.19), is in the range of [-1,1]Vk € .

Assumption 3.2.1 is often satisified as a result of input saturation or input normalisa-
tion. The latter is especially relevant for neural networks. When training neural network, it is
common to scale the input values to avoid that certain features with large values compared
to other features becomes dominating. The convergence time will often be noticeably faster
if the average of each input sample in the training set is close to zero [75].

For convenience, we define Lemma 3.2.1. Note that the lemma only considers the scalar

case since the tanh (x) used in the LSTM neural network operates element-wise.

Lemma 3.2.1. The activation function | tanh(x)| may be bounded by | x| as given in eq. (3.30),
[tanh(x)| < |x] VxeR (3.30)

Proof. See Section A.1 in Appendix A. |

We are now ready to define the main theorem. Theorem 3.2.2 proposes constraints on

the PE LSTM neural network parameters such that the neural network is ISS.

Theorem 3.2.2. Consider the state-space PE LSTM neural network in eq. (3.27)-(3.29). If the
conditions given in eq. (3.31) and eq. (3.32) are satisfied, the PE LSTM is input-to-state (ISS)
stable with respect to the inputs uy, dy,, dy, and augmented bg, .

loso], + |oFon], - |oF], <1 (3.31)
(lottol = fotool,Joiol ) [, <
where fy,, fi,, fq. and fo, denotes the diagonal matrices defined in eq. (3.33)-(3.36),
fr = diag(fe),.... £ ) (3.33)
fio= diag(ﬁk”, : ..,]ﬂiH)) (3.34)
fo = diag(fg),.... fii) (3.35)

for = diag(f3), ..., {3 (3.36)
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where fj(p),p € {1,..., H} denotes the p-th entry of the vectors fj, j € {f, ix, &k, 0k}, defined in
eq.(3.23)-(3.26). H denotes the hidden size of the network.

Proof. See Section A.2 in Appendix A. |

Remark 1. In the case of a multilayer LSTM (i.e. stacked LSTM modules as shown in Figure
3.1), the hidden state hy. of the shallowest LSTM (layer 0) is fed as the input to the next LSTM
and so on and so forth for deeper layers, forming a cascaded system. As long as the conditions
in Theorem 3.2.2 are satisfied on a layer-to-layer basis for each sequence element, the overall
network is input-to-state stable if the input constraint assumption given in Assumption 3.2.1
is relaxed to restrict the input to [-1,1]V k € #. In such a case, the intermediate layer-to-layer
input, hy, satisfies the same assumptions as the original input due eq. (3.17) (the function
range of hyperbolic tangent is [-1,1]), and by [68, Corollary 4.2], the cascaded system is input-
to-state stable if each subsystem (i.e. LSTM layer) is input-to-state stable.

It is beneficial to express these equations in terms of parameter matrices. Firstly, by As-
< 10 Uj H‘v’j e {i,o, f,g}. Dueto eq. (3.17), we see that
the upper bound on the range of hy,, is 1, since it is dependent on the range of the hyper-
bolic tangent ([-1,1]). As such, H thk" < IH Wj”Vj € {i,o, f,g}. Moreover, we have that
fjk» j€li,o, f,g} are diagonal matrices, as defined in Theorem 3.2.2. The 1-norm of a diag-

sumption 3.2.1, we know that H Ujug

onal matrix is equal to the largest absolute value entry in the diagonal, since all off diagonal
elements are zero. This nothing but the infinity norm of the vectors fj,, j € {i, 0, f, g}, which

in turn may be upper-bounded as shown in eq. (3.37),

o7 £

) ) “(HUJ‘UH Ujdu, + Wiy + Wydu, + b | )
o0

<o Uj+Ujduk+thka+Wjdwk+ij ) (3.37)
[e.0]

<offorl o+ [l Jol Nt [l [s], )

Vjeli,o,f,g}. Moreover, the first inequality of eq. (3.37) is based on the function range (y-
axis) of the sigmoid function (o), being 0 to 1 for all of its function arguments, as seen from
eq. (2.13).

Notice that ||dy, ||, =7 and | duw, ||, <7 (this is our uncertainty set discussed in Section
3.1.1 and Section 3.1.2). Following the discussion in Section 3.1.1 regarding the disturbances
dy,, we set set the disturbances corresponding to the hidden state equal to 0. Inserting the
upper-bound of | d, || in eq. (3.37), one end up with the simplified expression in eq. (3.38),

Jol] =l + Pl ol o ol
ool asnem] - Jo.
]

ofluf e lol.) vicvose
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To summarise, we impose the conditions given in eq. (3.39) and eq. (3.40) on the PE LSTM
neural network parameters in order to ensure the ISS stability property.

0(1'7“ ug|_+|wr|_+ Hbf”m) +0 (i1 Uoll oo+ [Woll o+ 0]l ) -a(f]” ug|_+|wr|_+ Hbf”oo) <1 (3.39)

(o U+ 19l 1)+ (A0 + 1Woll D0l (00 i+ i) o <1 (B.40)

where 7] = 1 + 7, and 1) defines the radius of the /,,-norm ball uncertainty set.

These constraints may be enforced during training by for example scaling the parameter
matrices, to ensure the conditions are satisfied after each parameter update. This ensures
that the network is trained with the scaled parameters (forward pass and backpropagation).
The conditions ensure that the network’s reachable set is bounded and that the effect of ini-
tialisation asymptotically vanishes [3].

Lastly, we discuss the similarities and differences with regard to the related work of [3]. In
[3], anorm-based Lyapunov function is recommended (particularly the 1-norm) due to some
desirable properties introduced in Section 2.1. This Lyapunov is also used in the analysis of
the PE LSTM neural network from Section 3.1. As such, the conditions in both works are in
the form of some norm function. The main difference is that the analysis in [3] is done on
a regular LSTM representation (such as the one presented in Section 2.2.4). The conditions
in Theorem 3.2.2 are concerned with the PE LSTM representation, firstly introduced in eq.
(3.1)-(3.6). This is different than the regular LSTM in that two new inputs are generated and
consequently, the state space representation is different. The conditions in Theorem 3.2.2
take into account this architectural change. The reworked bounds in eq. (3.37) include the
uncertainty set of the persistently exciting training procedures, described in Section 3.1.1
and Section 3.1.2.



Chapter 4

Experiments: Description of setup and
cases

Chapter 4 outlines practical methodology, including the system used to generate the dataset,
neural network configuration aspects and a description of all experiments employed for
evaluating the theoretical methods explored in Chapter 3. A cascaded tank system dataset
will be used for training the neural networks. The data generation process and the resulting
dataset will be discussed and presented in Section 4.1. In Section 4.2, implementation de-
tails will be briefly dicussed. Section 4.3 presents motivation and justification for decisions
regarding the configuration of the neural networks. Lastly, Section 4.4 describes the different
experiments that are to be conducted.

We now present the semantic of some terms that will be appearing in the coming sec-
tions. The notion model denotes a neural network with its respective hyperparameter se-
lection and training procedure. For each model, 10 neural networks will be trained with the
same model configuration, but different parameter initialisations. We denote the different
trained neural networks of a model as iterations, e.g. "model type 1, iteration 1" denotes the
trained neural network from the first training iteration of "model type 1".

4.1 Data generation and dataset

The dataset that will be used to benchmark the proposed training procedures in Section 3.1
and the stability constraints in Section 3.2.2 stem from a two-tank system (cascaded tanks)
with free outlets, supplied by a pump. This is a common benchmarking problem in nonlin-
ear system identification and is presented in [76] among three common system identifica-
tion problems.

Applying the Bernoulli’s principle together with mass conservation, it may be shown that
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the liquid levels in the cascaded tank system are given by eq. (4.1) [76],

2 1
dh __ @ & T+ —ku(d
A A

dr .1)
dh2 _ az\/Zg al\/2g .
dt A, " e+ A, " &

where h; and h, are system states and denote the liqud level of the upper and lower tank,
respectively. Tank areas are denoted by A; and Ay, while a; and a, represent the effluent
areas. The symbol g denotes the gravitational constant and the voltage to input flow conver-
sion constant is represented by k.

Although there is a publicly available dataset of this process, we will simulate the dy-
namic system represented by eq. (4.1) and generate the dataset. This gives us flexibility with
regard to input signals, the sampling time and dataset size. The system given in (4.1) is sim-
ulated using Python [4] and the library SciPy [77]. System specific parameters are given in
Table 4.1

Table 4.1: Parameters of the cascaded tanks system.

ay ay Al Ag k

05 05 1 1 1

A simulation time of 300 seconds is used with a time granulity (resolution) of 0.01 sec-
onds, resulting 30000 datapoints. The input is generated by varying the amplitude of a square
wave signal, where the amplitude is sampled from a uniform distribution. The clock period
is chosen as 3 ms and the sampling period is 5 seconds. The resulting dataset is visualised in
Figure 4.1 for the first 10000 time samples.

As we observe from eq. (4.1), the dataset provides us with two estimation subjects/target
values: h; and h,. The first is estimated based on merely one feature, namely the input u.
The second subject is estimated based on two features, u and h,;. This is easily observed
from eq. (4.1) or deducted based on inspecting the plant set-up.

4.2 Software implementation considerations

The implementation of all software is done with the help of the deep learning framework Py-
Torch [5]. The implementation of the PE LSTM neural network, discussed in Section 3.1, is
realised by adding a parallel container of parameters, intended for storing the perturbations
that are added to the input during the forward pass (see Section 2.2.6) of the neural network.
The training procedure is described in Algorithm 2, and the signal flow is visualised in Fig-
ure 4.2. Note that we use the notation from Section 3.2.2 with regard to inputs and states.
Comparing this figure with the standard LSTM neural network in Figure 2.10, we see that we
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Figure 4.1: Simulation of a cascaded tanks system. (Lower) The input sequence. (Upper) The
resulting system output corresponding to the input sequence in lower figure.

now seek to approximate two optimisation problems. The optimisation problems are esti-
mated by using backpropagation. The optimisation process is described in detail in Section
2.4.3. The approximated perturbations are then added to the original inputs u; and state hy
as means to enrichen the block-input signals. This is then fed into the standard LSTM mod-
ule and backpropagation is performed with respect to the model parameters. We refer to
the software framework, specifically the README-file, for specific software implementation

details and tutorials for how to train models and run experiments.

Persistently exciting-inspired long short-term memory Symbol description
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Figure 4.2: (Left) A long short-term memory RNN (the operations within purple boundary)
with incoming PE perturbations. (Right) Symbol description. Image adapted from [9].
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4.3 Recurrent neural network configuration

This section provides motivation and justification for specific configuration choices related
to the LSTM neural networks that will be used in the experiments. Specific configurations
will be presented in Section 4.4.

The development of neural network models entails performing a number of configura-
tions. One must configure the neural network itself (number of layers and number of neu-
rons in each layer), the dataset (splitting it into training, validation and test subset) and con-
figure the training procedure. This includes tuning parameters whose values are used to al-
ter the learning process, also known as hyperparameters, and choosing the optimiser, which
seeks to minimise the training objective (see Section 2.2.6).

4.3.1 Configuring the network architecture

Each network will be trained with multiple layers. The sequence length is generally fixed at
S = 15 time steps, with a few exceptions. The number of nodes will be tuned with two con-
flicting considerations in mind: large enough capacity to fit the data, but low enough as to
avoid overfitting. In Section 2.2.2, a visual motivation is provided for both in light of the uni-
versal approximation theorem. Increasing the number of nodes slices the compact domain
(i.e. the domain of the function we ought to estimate) into thinner rectangular functions,
and potentially leads to a better function approximation. Increasing the number of nodes
too much, though, may lead to fitting noise and outlier points as well. Configuring the net-
work layers, we will start with one node in each layer, and gradually increase the number of
nodes until satisfactory performance. This reduces the chance of overfitting by starting from
low-capacity models.

4.3.2 Configuring the dataset

The dataset described in Section 4.1 will be split into a training, validation and test set, re-
spectively. The split ratio will be 60%, 20% and 20% respectively, following the Pareto prin-
ciple [78] (80% for train and validation and 20% for test). As described in Section 4.1, the
dataset consists of 30 000 datapoints. Table 4.2 summarise the size of each dataset category
(train, validation and test), including the total size of the dataset.

Table 4.2: Cascaded tank system dataset size information.

Target variable ‘ Total size Train size Validation size Test size
hy 30 000 19200 4800 6000
hy 30 000 19200 4800 6000
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4.3.3 Configuring the training procedure

Training a RNN entails initialising the parameters, choosing an optimiser algorithm and tun-
ing a number of hyperparameters. The hyperparameters play a major role in the learning
process and are of significant importance. We have briefly mentioned a few hyperparame-
ters in previous sections, such as the learning rate (Section 2.2.6) and the norm regularisation
parameter (Section 2.3.3). In this section, these configuration steps will be discussed.

Initialisation

The initalisation of parameters is done by the framework software PyTorch, in which all pa-

rameters are initialised from % (—v/(z), V/(z)), where z = Hidden size denotes the

m'
number of nodes in each layer. Note that when training different models and subsequently
iterations of the respective models, we use the same parameter initialisation for all models
for a specific iteration. For example, defining model 1 and model 2 with their respective con-
figuration, we initialise the first iteration of model 1 and model 2 equally, and likewise for
the second iteration and so on. This is done to keep the comparisons as fair as possible and

avoid that potential "bad" initialisations result in a skewed impression of a particular model.

Optimiser

The optimiser utilised for all training iterations is the Adam optimiser (see Section 2.2.6).
Adam optimiser is an efficient optimiser as one needs to tune less optimiser-specific hyper-
parameters, and is as such a common choice in benchmarking and testing. Additionally, due
to momentum and adaptive learning rate adjustment, it is likely to converge fairly quickly to

decent parameter estimates, as discussed in Section 2.2.6.

Feature scaling

Feature scaling has been previously discussed in relation to Assumption 3.2.1. One of the
main reasons for scaling features is to avoid that certain features with large value ranges
dominate during training. In this thesis, min-max scaling [79] will be used. Min-max scaling
transforms all data points over all features into a common range, for example [0, 1] or [-1,1].
The downside to this scaling technique is that the method may be sensitive to outliers. This
thesis will use either [0, 1] or [-1, 1] scaling depending on performance. Each neural network
will be trained with each scaling range, and the worst results will be reported in Appendix C

for completeness.

Hyperparameters

The hyperparameters are important due to their impact on the training procedure, and as
such the resulting parameter estimates. The validation dataset is utilised for tuning the dif-
ferent parameters and monitoring the learning process with regard to overfitting. In general,
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as discussed in Section 2.3.1, if the error on the training dataset decreases while at the same
time the error on the validation dataset increases, it is a sign of overfitting.

Neural network hyperparameter tuning does generally not have any physical interpreta-
tion. As such, it is a matter of applying and observing, experience and general guidelines.
The hyperparameters are tuned in three increments (e.g. 0.1, 0.01 and 0.001 for optimiser
learning rate), for which the hyperparameter with the best parameter estimates is chosen.
We evaluate the goodness of fit of the hyperparameters by comparing the mean square er-
ror over the whole test dataset and observing the validation error versus the training error.
Some hyperparameters are unique to the different models. The ¢, regularisation penalty

parameter is for example only relevant to the models that apply ¢, regularisation.

4.4 Experiments

This section describes experiments aimed at evaluating the training procedures and stability
constraints derived and discussed in Chapter 3. The experiments are rooted in the objective

list in Section 1.2.

4.4.1 Experiment 1: Robustness in view of persistency of excitation

The first experiment aims at evaluating the two training procedures from Section 3.1 as
means to robustify LSTM neural networks. Three LSTM neural networks will be trained.
One is trained with option 1 (we call this PE LSTM Opt-1) of the persistently exciting-inspired
training procedure, introduced in Section 3.1.1. The second model will be trained with op-
tion 2 (we call this PE LSTM Opt-2) of the persistently exciting-inspired training procedure,
described in Section 3.1.2. In order to have a common comparison ground, a baseline model
will be included. The baseline model is a #?> norm penalised LSTM (¢, norm regularisation is
described in Section 2.3.3). The reason for choosing this baseline is twofold. Norm regular-
isation is a traditional technique for attempting to produce robust neural network models.
Secondly, in [12], a similar experiment is carried out on FNNs where multiple baselines are
included, all of which performed similar or equivalent to #? norm regularisation. All models

used in experiment 1 are summarised in Table 4.3.

Table 4.3: All model types used in experiment 1

Model name Characteristics

LSTM ¢, ¢,-regularisation
PE LSTM Opt-1 | Persistency of excitation-inspired

PE LSTM Opt-2 | Persistency of excitation-inspired

As mentioned initially, experiment 1 aims at evaluating the robustness of LSTM-based

neural networks produced by the training procedures inspired by the persistency of excita-
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tion principle. A common benchmark is to evaluate models against worst-case perturba-
tions, i.e. adversarial examples [2, 12, 20, 53]. Adversarial examples are treated in detail in
Section 2.3.2. The two methods for generating adversarial examples will be the fast gradient
sign method (FGSM) and project gradient descent method (PGD).

The configuration of the LSTM neural networks is done according to the methodology
described in Section 4.3. The hyperparameters of the neural networks are summarised in
Appendix B in Table B.1 and Table B.2. Lastly, the loss function used is the MSE, described in

Section 2.2.6. This is a frequently used measure of difference in regression.

4.4.2 Experiment 2: Performance evaluation of input-to-state stability

constraints

Note that in experiment 2, experiment 3 and experiment 4, only the best performing PE train-
ing procedure from experiment 1 (the option 1 training procedure from Section 3.1.1), will
be considered in order to reduce the number of model comparisons. Moreover, we will only
focus on the prediction problem corresponding to the target value hy, due to the nature of
the following experiments being to evaluate the ISS constraints. Moreover, this prediction
problem has more features in the input, and deep learning models are likely to have more
purpose (see Section 2.2.5 for an overview of deep learning and the number of input fea-
tures).

ISS stability is a stability paradigm for dynamic systems used to address the question of
robustness with regard to disturbances. In Theorem 3.2.2, constraints on the parameters
of a persistently exciting LSTM are proposed based on a discrete ISS analysis. Experiment
2 is included to evaluate the effect that the constraints, given in eq. (3.39) and eq. (3.40),
have on neural networks with regard to prediction capacity and robustness to perturbations
in input. We will use test data perturbed by adversarial noise just as in experiment 1. The
constraints are enforced as shown in Algorithm 3. The scaling constants, A; and A must be
specified prior to training. Large scaling constants yield faster convergence, but also more
aggressive scaling and potentially worse performance due to the parameters being decreased

aggressively during training.

Algorithm 3 Enforcement of PE LSTM input-to-state stability constraints

Require: Layer kernel weights Uy, Uy, U;
Require: Layer recurrent weights Wr, Wy, W;, Wy
Require: Layer biases b;, b, by
Require: Scaling constants Aj, A»
C; — left hand side of eq. (3.39)
C, — left hand side of eq. (3.40)
while not C; <1and not C; <1do
Ur, W, Up, Wy, bf, ) — Uf/A], Wf/Al, Uy/ A, Wyl Ay
Wi, Wg, U, bi, by — Wil Ao, Wgl Az, Uil Az, bil Ao, byl Ay
end while
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PE LSTM neural networks with different configurations in architecture and hyperparam-
eter selection will be presented. PE LSTM Opt-1 (no ISS constraints enforced) from Table 4.3
will be used as the baseline with regard to prediction capacity (MSE) and adversarial example
robustness. In addition, a new PE LSTM model will be trained with spectral normalisation
applied (see Section 2.5.2). We denote this model as PE LSTM Opt-1 Spectral norm. The first
model with ISS-constraints enforced (we denote this PE LSTM Opt-1 ISS-1) will be based on
the same architecture as PE LSTM Opt-1 (the same amount of layers, artificial neurons and
sequence length/time steps). The second model with ISS-constraints enforced (we denote
this PE LSTM Opt-1 ISS-2) will be more experimental with regard to the number of artificial
neurons and sequence length/time steps. The three new models introduced for experiment
2 are summarised in Table 4.4, together with the baseline from experiment 1.

Table 4.4: All models used in Experiment 2

Model name Characteristics
PE LSTM Opt-1 Input perturbation robustness
PE LSTM Opt-1 Spectral norm. | Input perturbation robustness and spectral normalisation
PE LSTM Opt-1 ISS-1 Input perturbation robustness and ISS stability
PE LSTM Opt-1 ISS-2 Input perturbation robustness and ISS stability

The configuration of all models is done according to the methodology described in Sec-
tion 4.3. The hyperparameters of the neural networks are summarised in Appendix B in Table
B.3. The error metric used is the mean square error (see Section 2.2.6), just as in Experiment
1. Moreover, in accordance with Remark 1, all multilayer models trained with ISS-constraints
ought to be scaled in the range [-1, 1].

4.4.3 Experiment 3: Input-to-state for persistently excited LSTM -
Stability parameter

Experiment 3 is inspired by the work of [73]. A heuristic approach is proposed to estimate
the stability parameter, L, (i.e. upper-bound on Lipschitz constant) of a LSTM. It is defined
as given in eq. (4.2),

I -reowl

I =]

(4.2)

Vx,x" and u satisfying the Assumptions imposed in Section 3.2.2. Moreover, L € R, is the
parameter to be estimated. Note that in our case, f is described by the PE LSTM neural net-
work given in eq. (3.7)-(3.9). This experiment is included to evaluate the effect that different
initial conditions have on the estimated dynamic systems.

To estimate L in eq. (4.2), we generate 5990 input sequences from the test dataset. The
initial state is randomly sampled from a normal distribution x, x" — .47(0, 0.3). For each in-

put sequence, we re-initialise 10 times and choose the maximum estimate. The three models
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used for prediction purposes on the test dataset, PE LSTM Opt-1 Spectral norm.,
PE LSTM Opt-1 ISS-1 and PE LSTM Opt-1 ISS-2, are described in Section 4.4.2.

4.4.4 Experiment 4: Input-to-state for persistently excited LSTM - Gain

function estimates

The constraints in Theorem 3.2.2 may be conservative. Experiment 4 is included to investi-
gate how the constraints affect the ISS constrained models specifically. This analysis is con-
ducted by comparing the gain functions (y) in the ISS definition, Definition 2.5.3, for the two
models PE LSTM Opt-1 ISS-1 and PE LSTM Opt-1 ISS-2. A randomly generated selection of
input sequences and initial states will be used. The two networks are trained with the same
hyperparameters, but differ both in architecture and sequence length.

Particularly, the inequality (2.59) in Definition 2.5.3 will be used to compute the gain
functions. If the PE LSTMs are indeed ISS, according to Definition 2.5.3, the following must
hold,

x(k, Xo, U, du,bg)

= B (||xo||2,k) +71 (lulloo) + 72 (”du”oo) +73 (H bguoo) (4.3)

for each bounded input u; € £7},i = {1, 2,3}, any initial state xo € R” and Yk € Z... Recall from
Section 2.5.3 that f represents a class £ £ function y represents a £ function. Since £ is a
class £ Z-function, by the range of the class of £ Z-function, given in Definition 2.5.2, eq.

(4.3) may be lower-bounded as given in eq. (4.4),

x(k, X0, u,du,bg)

25Y1(||u||oo)+7’2(||du||oo)+Y3(HbgHm) (4.4)

The comparison functions derived in Section A.2 as a part of the input-to-state analysis

are summarised in eq. (4.5)-(4.11),

ar(lxlz) = llxll, (4.5)
az(lxl2) = VDl xl (4.6)
as(lxlly) = V2H| x| 4.7)
ou(lul) = bVD| Ug| Jucll, (4.8)
o4, (| dull,) = VD \UgHIIIdukllz (4.9)
oa, (ldull,) = V| W ||, (4.10)
abg(‘bguz) = bVH| by, (4.11)

where all a-functions are class %, -functions and all o-functions are £ -functions. The term
b is defined in eq. (A.21) and D and H represent the number of features in the input and the
number of hidden nodes, respectively.
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As seen from eq. (4.4) and eq. (4.5)-(4.11), the comparison functions of the ISS-stability
definition are not directly related to the comparison functions of the ISS-Lyapunov defini-
tion. In [68], they show how one may compute the corresponding y-functions in eq. (4.4)
from the ISS-Lyapunov comparison functions, given in eq. (4.5)-(4.11). From the proof of
Theorem 2.5.1 and Remark 3.6 in [68], it is shown that for any p € £, so that Id — p (Id rep-
resents the any identity function, f(x)=x, on some set) is of class .#’, the gain functions y may
be computed as in eq. (4.12),

y=ajloasoaz'oplog (4.12)

where (f o g)(x) denotes function composition, i.e. f(g(x)) and f~! represents the inverse
of function f. Moreover, p may be defined as p(r) = r —arctan(r). This is a class £, by
Definition 2.5.1. In such a case, using the identity function f(r) = r, we have that f(r)—p(r) =
r — (r —arctan(r)) = arctan(r). Since arctan(r) is a class £ -function [67, Chapter 4.4], the
assumption is indeed satisfied for our defined p. The general expression for y in eq. (4.12),
may be used to define our input-specific y-functions by inserting eq. (4.8), eq. (4.9) and eq.

(4.11) for o in eq. (4.12). The resulting comparison functions are given in eq. (4.13)-(4.15),

Y1 = al_loagoag_lop_loau (4.13)
Y2 = a[loazoaglolo_loadu (4.14)
Y3 = al_loagoaglop_loabg (4.15)

The sum of the defined comparison functions in eq. (4.13)-(4.15) must be greater than or
X (k, Xo, U, dy, bg) , for each bounded input u, d, and bg, any initial state xo and
Vk € Z,, according to the definition of input-to-state stability, given in Definition 2.5.3. This
X (k, Xo, U, dy, bg) , > 0. The smaller the difference, the

smaller the gains, y. The test set is used to generate 5900 input sequences. The initial state is

equal to

is the equivalent to y; +y2 +v3 —

randomly sampled from a normal distribution x — .A47(0, 0.3). For each input sequence and
X (k, Xo, U, dy, bg)
the 5900 input sequences and initial states is stored, and this process is repeated 100 times
for the 10 training iterations of each model, PE LSTM Opt-1 ISS-1 and PE LSTM Opt-1 ISS-2,

described in Section 4.4.2.

Lastly, remark that verifying even simple properties of deep neural networks have been

initial state, y; +y2+ Y3 — is calculated. The minimum difference over

shown to be an NP-complete problem [80]. This experiment is thus not included to "prove"
input-to-state stability heuristically, but merely to investigate how the ISS-constraints in
Theorem 3.2.2 affect models with difference architectures and working on different sequence

lengths, in light of the two ISS models presented in Section 4.4.2.



Chapter 5
Results and Dicussion

Chapter 5 presents results from the conducted experiments in Section 5.1. The results are

discussed in Section 5.2.

5.1 Main results

The results are organised in a section-to-section manner based on the four experiments,

starting with the results from experiment 1.

5.1.1 Experiment 1

The mean square fest error over the whole test set of the predicted liquid level of tank 1 (h;)
is summarised in Table 5.1. The two test cases considered are when the test input is not
perturbed in any way and when the test input is perturbed by adversarial examples. We see
that the two models LSTM ¢, and PE LSTM Opt-1 perform quite similar in all test cases for
the hyperparameters given in Table B.1 in Appendix B. The LSTM ¢, is 8.40% worse than the
PE LSTM Opt-1 model in the nominal test case of no perturbation. It is only 5.46% worse
when the input is perturbed by the FGSM-method (See section 2.3.2) with a perturbation
magnitude of € = 0.01. On the contrary, the LSTM ¢, model performs 1.15% better than the
counterpart, PE LSTM Opt-1, in presence of adversarial noise with a perturbation magni-
tude of € = 0.1. Both the models produce parameters that are relatively stable from training
iteration to training iteration, as indicated by the standard deviations in parenthesis. The PE
LSTM Opt-2 model performs particularly bad compared to the two other models with large
spread in mean square test errors for the 10 training sessions. The results are analogous
when considering the second method for perturbing the input, namely the PGD (described
in Section 2.3.2).

The mean square test error over the whole test set of the predicted liquid level of tank 2
(hy) is summarised in Table 5.2. The two test cases considered are as described for the pre-
diction problem related to tank 1. As we see, the differences between the models are more
significant for this estimation problem. The best performing models is the PE LSTM Opt-1,

65
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i.e. the neural networks trained with the training procedure described in Section 3.1.1. The
PE LSTM Opt-1 has 40% lower mean square test error compared to the second-best model,
PE LSTM Opt-2, in the no perturbation case, and 39% and 41% lower mean square test er-
ror than PE LSTM Opt-2 when the input is perturbed with FGSM with the two perturbation
magnitudes € = 0.01 and € = 0.1, respectively. The results are analogous when considering
input perturbed by the PGD method.

Table 5.1: (Experiment 1) Test error (in 1 x 1075 of the prediction of liquid level of tank 1
(hy) of the cascaded tank system with min-max scaling in the range [0,1]. The evaluation
metric used is the mean square error (MSE). The average test MSE (outside parenthesis) and
the standard deviation (inside parenthesis) stem from 10 training sessions producing in total
10 neural networks for each model type. The models are tested in two scenarios. The first
scenario is when the test data is not perturbed in any way. The second scenario is when
the test data is perturbed. Two methods are used to perturb the test data: FGSM and PGD,
with two different perturbation strengths (¢). The best results for the different situations are
highlighted in bold.

, FGSM PGD
Model No perturbation
€=0.01 €=0.1 €=0.01 €=0.1
LSTM ¢, 11.9 (0.853) 18.3 (1.03) 173(2.30) 18.3 (1.03) 166(2.01)

PE LSTM Opt-1 10.9(0.732) 17.3(0.934) 175(2.11) 17.2(0.935) 167 (2.56)
PE LSTM Opt-2 18.3 (4.16) 26.5(5.04) 201 (14.7) 26.5(5.04) 195 (15.5)

Table 5.2: (Experiment 1) Test error (in 1 x 1075 of the prediction of liquid level of tank 2
(hy) of the cascaded tank system with min-max scaling in the range [—1,1]. The evaluation
metric used is the mean square error (MSE). The average test MSE (outside parenthesis) and
the standard deviation (inside parenthesis) stem from 10 training sessions producing in total
10 neural networks for each model type. The models are tested in two scenarios. The first
scenario is when the test data is not perturbed in any way. The second scenario is when
the test data is perturbed. Two methods are used to perturb the test data: FGSM and PGD,
with two different perturbation strengths (¢). The best results for the different situations are
highlighted in bold.

) FGSM PGD
Model No perturbation
€=0.01 €=0.1 €=0.01 €=0.1
LSTM ¢, 10.5 (2.70) 14.7 (3.72) 92.7 (21.6) 14.7(3.72) 92.0 (21.4)

PE LSTM Opt-1 7.43(1.79) 10.1(2.21) 57.1(7.64) 10.1(2.21) 57.0(7.68)
PE LSTM Opt-2 8.90 (3.69) 12.4 (4.61) 81.5(19.2) 12.4(4.61) 80.5(19.1)

Figure 5.1 and Figure 5.2 show the prediction of the liquid level of tank 1 and tank 2 ver-
sus the target (i.e. true) values and the corresponding training and validation losses, respec-
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tively. The model-type used to produce the predictions is the best-performing model from
Table 5.1, in which the sample of the model closest to the mean is chosen from one of the 10
training sessions. The two models LSTM ¢, and PE LSTM Opt-1 have quite similar perfor-
mances, and therefore we include two figures for the estimation of ;. The predicted value

is estimated by using one feature in the input.
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Figure 5.1: (Upper) Experiment 1 prediction capacity of the PE LSTM Opt-1 model given in
Table 4.3. Target value is the liquid level of tank 1 (h;). Orange dashed lines indicate the
predicted values. Blue solid line indicate target values. (Lower) Corresponding train loss
(blue line) and validation loss (orange line) for each epoch.

Figure 5.3 show the prediction of the liquid level of tank 2 versus the target (i.e. true)
value and the corresponding training and validation losses. The model-type used to produce
the predictions is the best-performing model from Table 5.2 (PE LSTM Opt-1), in which the
iteration of the model closest to the mean is chosen from one of the 10 training sessions. The
predicted value is estimated by using two features in the input.

As mentioned in Section 4.3, the worse results corresponding to the alternative scaling
ranges are included in Appendix C in Table C.1 and Table C.2, corresponding to the predic-
tion of h; and hy, respectively.



68 CHAPTER 5. RESULTS AND DICUSSION

%102 LSTM £; prediction capacity on target

— 10.00 -
é |
g 7-50 - 1 '

¢ 5.00 - ,
E d
- n |
S 250
g
- 0.00 A

T T T T T T T
0 1000 2000 3000 4000 5000 6000
Sample point
%104 Training and validation loss

]

£ 4.00

@

v

1]

=

2 2.00 |

=

m

i)

=

0.00

0 5 10 15 20 25 30 35 40
Number of epochs

Figure 5.2: (Upper) Experiment 1 prediction capacity of the LSTM ¢, model given in Table
4.3. Target value is the liquid level of tank 1 (/;). Orange dashed lines indicate the predicted
values. Blue solid line indicate target values. (Lower) Corresponding train loss (blue line)
and validation loss (orange line) for each epoch.
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Figure 5.3: (Upper) Experiment 1 prediction capacity of the PE LSTM Opt-1 model in Table
4.3. Target value is the liquid level of tank 2 (/,). Orange dashed lines indicate the predicted
values. Blue solid line indicate target values. (Lower) Corresponding train loss (blue line)
and validation loss (orange line) for each epoch.
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5.1.2 Experiment 2

Table 5.3 summarise the Experiment 2 test MSE over the whole test set for the predicted
liquid level of tank 2 (hy). The model from Experiment 1, with no restriction of the model
parameters, is the best performing model. This can be considered the gold standard among
the models in Table 4.4 as the parameters are not restricted by any means, compared to the
spectral normalised model and ISS models. The PE LSTM Opt-1 ISS-2, which is the exper-
imental model with increased number of nodes and working on longer sequences, is the
second best model, with a test MSE increase of 14.5 % in the non-perturbed case and a 13.6
% and 12.9 % increase in the FGSM perturbed case, compared to PE LSTM Opt-1. The results
are almost equivalent when using the PGD method.

Table 5.3: (Experiment 2) Test error (in 1 x 1075 of the liquid level tank 2 (h,) prediction of
the cascaded tank system. The evaluation metric used is the mean square error (MSE). The
average test MSE (outside parenthesis) and the standard deviation (inside parenthesis) stem
from 10 training sessions producing in total 10 neural networks for each model type in Table
4.4. The models are tested in two scenarios. The first scenario is when the test data is not
perturbed in any way. The second scenario is when the test data is perturbed. Two methods
are used to perturb the test data: FGSM and PGD, with two different perturbation strengths
(€). The best results for the different situations are highlighted in bold.

Model No perturbation FGSM PGD

€=0.01 €=0.1 €=0.01 €=0.1
PE LSTM Opt-1 7.43(1.79) 10.1(2.21) 57.1(7.64) 10.1(2.21) 57.0(7.68)
PE LSTM Opt-1 Spectral norm. 9.04 (3.86) 12.1 (4.85) 65.9(18.9) 12.1 (4.85) 65.5(19.0)
PE LSTM Opt-1 ISS-1 11.2 (2.26) 14.5(2.71) 71.9(12.4) 14.5(2.70) 71.5(12.1)
PE LSTM Opt-1 ISS-2 8.69 (1.57) 11.7(1.84) 65.6(5.74) 11.7(1.86) 65.4(5.78)

Figure 5.4 shows the prediction capacity of the ISS model, PE LSTM Opt-1 ISS-2, together
with the training and validation loss. The loss curves show that there are no direct signs of
overfitting, as the validation and training loss are corresponding with regard to increasing

and decreasing losses. Signs of overfitting are described in detail in Section 2.3.1.
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Figure 5.4: (Upper) Experiment 2 prediction capacity of the PE LSTM Opt-1 ISS-2 model in
Table 4.4. Target value is the liquid level of tank 2 (hy). Orange dashed lines indicate the
predicted values. Blue solid line indicate target values. (Lower) Corresponding train loss
(blue line) and validation loss (orange line) for each epoch.
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5.1.3 Experiment 3

Figure 5.5 shows the estimate of the stability parameter, L, on the test dataset for the three
models PE LSTM Spectral norm., PE LSTM Opt-1 ISS-1 and PE LSTM Opt-1 ISS-2. As indi-
cated by the amplitude of the iteration samples, the two input-to-state stability models are
less affected by changes (randomly) in initial condition. Moreover, PE LSTM Opt-1 ISS-2 is
less affected than PE LSTM Opt-1 ISS-1.

Stability parameter L on test data

—— Estimate of L for PE LSTM Opt-1 Spectral norm.
—— Estimate of L for PE LSTM Opt-1 155-1
—— Estimate of L for PE LSTM Opt-1 155-2
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Figure 5.5: (Experiment 3) Estimate of L in eq. (4.2) for the three model types
PE LSTM Spectral norm., PE LSTM ISS-1 and PE LSTM ISS-2 from Table 4.4.

Table 5.4 reports the largest occurring estimate of L, together with the mean and standard
deviation over the 5990 test set samples. Both ISS models have lower maximum estimate.
The maximum L estimate of PE LSTM Opt-1 Spectral norm. is 13.8 times larger than PE
LSTM ISS-1 and remarkably 1629 times larger than PE LSTM Opt-1 ISS-2. The PE LSTM Opt-
1 ISS-1 has larger spread in values, compared to PE LSTM Opt-1 ISS-2, as indicated by the

standard deviations.

Table 5.4: (Experiment 3) Maximum L-estimate, mean and standard deviation over all 5990
test input sequences for the three models considered in experiment 3.

Model name Max L Mean Standard deviation
PE LSTM Opt-1 Spectral norm. | 2.20 x 1072 1.20 x 1072 4.29x1073
PE LSTM Opt-11SS-1 1.60x 1073 8.28x107* 2.36x107*
PE LSTM Opt-1 ISS-2 1.35x107° 2.06x107° 2.06x 1076
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5.1.4 Experiment4

The ISS stability definition ensures that the state trajectories of a dynamic system ought to be
bounded by class £ comparison functions for all initial conditions and inputs, as indicated
by eq. (4.4). This yield that the difference between the comparison functions and the state
trajectories for some initial condition and input ought to be lower-bounded by 0. Figure 5.6
and Figure 5.7 show the margins to this lower-bound (marked with red line) for all 10 model
iterations. As indicated by the red cross in Figure 5.7, the worst-case margin to the above-
mentioned bound is substantially larger (2.27 in amplitude) for the PE LSTM Opt-1 ISS-2
model compared to the PE LSTM Opt-1 ISS-1 model, whose worst case bound is given in
Figure 5.6 (0.07 in amplitude).

Input-to-state stability definition inspection of PE LSTM Opt-1 155-1
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Figure 5.6: (Experiment 4) The difference between the gain functions and the norm of the

state variables on the model PE LSTM ISS-1 for 100 iterations over the whole test set of 5900
input sequences. The smallest difference (in amplitude) is indicated by the red cross.
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Input-to-state stability definition inspection of PE LSTM Opt-1 IS5-2
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Figure 5.7: (Experiment 4) The difference between the gain functions and the norm of the
state variables evaluated on the model PE LSTM ISS-2 model for 100 iterations over the whole
test set of 5900 input sequences. The smallest difference (in amplitude) is indicated by the
red cross.

5.2 Discussion

Experiment 1 is conducted to evaluate the two training procedures from Section 3.1.1 and
Section 3.1.2, respectively, acting on the PE LSTM equations introduced in Section 3.1. The
cascaded tanks dataset is used for two prediction problems: predicting the liquid level of
tank 1 (h;) and predicting the liquid level of tank 2 (h,). As observed from Table 5.1, the
two models LSTM ¢, and PE LSTM Opt-1 are more or less equivalent in performance over all
test cases predicting the target h;. As indicated by Figure 5.1 and Figure 5.2, the predictions
are lacking on the peaks of the graph. This may, to some extent, be mitigated by for exam-
ple decreasing the "robustness parameters", i.e. using a lower ¢,-regularisation parameter
for the LSTM ¢, model, and reducing the radius of the /,-norm ball uncertainty set for the
PE LSTM models. Alternatively one can increase the number of nodes or layers in the net-
work. The two proposed steps may, however, be problematic with regard to overfitting due
to the low amount of features (1) in the input. The estimation of h; is as such challenging
using neural networks as they may be oo excessive for the task.

For the prediction of h,, we see from Table 5.2 that both the training procedures attempt-
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ing to persistently excite the parameters have better test set performance compared to the
regularised model, both when the test set is not perturbed and when it is perturbed under all
test cases. Figure 5.3 show that the prediction of the best performing model (PE LSTM Opt-1)
is satisfactory. The main difference compared to the estimation of h; is that the input now
consists of two features, and deeper layers are likely to have more purpose. This is due to how
deeper layers learn more abstract features from the earlier layers (see Section 2.2.5). All the
models trained on predicting the target (h,) have an additional hidden layer compared to the
models trained on the dataset with target h;. The risk of the potential lack of persistency of
excitation increases when the number of layers are increased, as expressed in Theorem 2.4.1.
As such, it does appear that the persistency of excitation principle bears fruit, observing that
both models attempting to persistently excite the parameters have better test accuracy com-
pared to the norm regularised model when the network increase in depth. The parameters
produced appear to be more robust, both when the test set is not perturbed, but especially
in presence of adversarial examples. Comparing the two training procedures for attempting
to persistently excite the parameters, the PE LSTM Opt-1 model (presented in Section 3.1.1)
performs the best, overall. The PE LSTM Opt-2 model produces different quality of parame-
ter estimates from iteration to iteration, as indicated by the standard deviation of the model
in Table 5.2. As a result, the mean over all training iterations is lower. It may be beneficial
to lower the learning rate additionally for this particular model as a first step attempting to
stabilise the training. The two persistently exciting training procedures share similarities,
such as both being bilevel optimisation problems. A substantial difference, however, is that
the training procedure from Section 3.1.2 tries to minimise the loss objective under worst
case disturbances, and uses these disturbances to attempt to persistently excite the parame-
ters for each layer. The training procedure introduced in Section 3.1.1 seeks to ensure that all
neighbour (within some uncertainty set) training data points are assigned values close to the
corresponding target values, and generate signals (i.e. "disturbances") used to persistently
excite the layer-to-layer parameters with this goal in mind.

Experiment 2 is included to evaluate the ISS constraints presented in Theorem 3.2.2, in-
tended for persistently exciting LSTM neural networks. Only models trained with the proce-
dure from Section 3.1.2 (option 1) are considered due to its better performance. As observed
in Section 5.1.2, the ISS constraints do indeed lead to a slight worsening in performance.
The constraints in the theorem may be conservative, and some relaxation of the conditions
is likely advantageous, especially for the lower capacity model, PE LSTM Opt-1 ISS-1. The
experimental PE LSTM, PE LSTM Opt-1 ISS-2 (increased number of nodes and trained on
longer input sequences), has a 16.9% worsening of performance on the test set in case of no
disturbances and approximately 13.0% worsening of performance when disturbances (ad-
versarial examples) are present, compared to the model with no ISS constraints enforced.
The prediction is lacking particularly at the higher values (peaks) of the prediction problem,
as indicated by Figure 5.4. Some prediction improvement may likely be achieved by lowering

the uncertainty set radius (1), at the cost of robustness. As seen from the train and validation



76 CHAPTER 5. RESULTS AND DICUSSION

loss in the lower part of Figure 5.4, there are no obvious signs of overfitting as described in
Section 2.3.1. Overall, this shows that although the ISS constraints might be conservative for
this particular identification problem, decent performance may be achieved by increasing
network capacity.

Experiment 3 and experiment 4 are conducted to analyse some stability effects of the
ISS constrained models versus the spectral normalised model, all of which are presented
in Section 4.4.2. The ISS property guarantees that the effect of different initial conditions
on the output of a input-to-state stable system asymptotically vanishes [3]. Figure 5.5 and
Table 5.4 indicate that the effect of different initial conditions is small for the models trained
with the ISS constraints, especially compared to the spectral normalised model with no ISS
constraints enforced. As observed from Table 5.4, there is a difference between the two ISS
constrained models as well. The output of PE LSTM Opt-1 ISS-1 is affected noticeable more
on different initial conditions compared to PE LSTM Opt-1 ISS-2. Experiment 4 may provide
some justification. As observed from Figure 5.6, the PE LSTM Opt-1 ISS-1 is notably close to
the lower bound (red line). The smallest margin is as low as 0.07 in amplitude. This may be
an indication that the model trained in the regime of the constraints, i.e. in close proximity to
the constraints firstly introduced in Theorem 3.2.2 and reworked in eq. (3.39) and eq. (3.40).
It may thus be a sign that the constraints are foo conservative for this particular architecture,
reinforced by the observations from Experiment 2, where this particular model performed
the worst. As mentioned, relaxation of the constraints could mitigate this issue for smaller
architectures, and will recommended as an area for future works. Optionally, increasing the
model capacity might be useful. As seen in Figure 5.7, the experimental higher-capacity
model, PE LSTM Opt-1 ISS-2, has a substantially larger margin (2.27 in amplitude) to the
lower-bound limit (red line). This model has an increased number of nodes in the hidden
layers and is trained on longer input sequences, as reported in Table B.3.

Lastly, the results from this master thesis will be discussed in relation to the specialisation
project [12], conducted by the author prior to the master thesis. Both works are concerned
with the principle of persistency of excitation as means to produce more robust neural net-
works. The main architecture in the specialisation project is the FNN. Table D.1 in Appendix
D is included from the specialisation project, and summarise the results. The datasets are
organised by size. The smallest datasets are present at the top of the table, while the larger
further down. We refer to [12] for specific numerical values and a more in-depth discus-
sion regarding specific dataset results. As observed from this table summary, the FNN model
(named PE) trained with the persistency of excitation training procedure introduced in Sec-
tion 2.4.3, performs in general noticeably better on the larger datasets with more input fea-
tures (which in turn requires deeper models). It performs slightly worse when the datasets
are small and the models are of low capacity. This is similar to the observations from the
LSTM neural network results in experiment 1 in the master thesis, as discussed initially in

this section.



Chapter 6

Conclusions and Recommendations for
Further Work

Chapter 6 presents concluding remarks and an evaluation of the progress on each objective
listed in Section 1.2. Recommendations for further work will also be proposed.

6.1 Conclusions

The overall goal of this master thesis is to study the robustness and stability of long short-
term memory based recurrent neural networks. The first part of the thesis is concerned
with input perturbation robustness in light of persistently exciting-inspired LSTM (PE LSTM)
neural networks. This work is based on Objectives 1-3 in Section 1.2. The second part of the
thesis is concerned with the input-to-state stability property for the persistently exciting-
inspired LSTM neural network. This work is based on Objectives 4-5 in Section 1.2.

Objective 1 is concerned with the training procedure from [2] and its adaptation and use
in arecurrent neural network setting for time series data (regression). The training procedure
is adapted and discussed for long short-term memory recurrent neural networks in Section
3.1.1.

Obijective 2 is concerned with alternative training procedures that are inspired by per-
sistency of excitation. A training procedure based on a loss objective from nonlinear robust
optimisation is put forward in Section 3.1.2.

Objective 3 is related to the evaluation of the training procedures with regard to robust-
ness. This is covered by experiment 1 (Section 4.4.1) and the evaluation of experiment 1
in Section 5.1.1. Both training procedures contribute to robustifying LSTM neural networks
when there are multiple features in the input. The model trained with the training procedure
from Section 3.1.1 (option 1) performs better in all test cases compared to the model trained
with the training procedure from Section 3.1.2 (option 2), and contributes most significantly
to robustifying LSTM neural networks.

Obijective 4 is concerned with the feasibility of deriving sufficient conditions for ensuring
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input-to-state stability for the PE LSTM neural network. In Section 3.2.1, this neural network
is written on state space form, after which a Lyapunov analysis is conducted (Appendix A.2)
to find constraints on the neural network parameters for ensuring the input-to-state stability
property. The ISS constraints are presented in Theorem 3.2.2.

Objective 5 is concerned with studying the effect the enforcement of the conditions de-
rived as part of objective 4 have on the PE LSTM neural network. The conditions are ex-
pressed in terms of the LSTM neural network parameters for easier enforcing them during
training in eq. (3.39) and eq. (3.40), at the cost of slightly upper bounding the original con-
ditions. The results from experiment 2 in Section 5.1.2 show that when training persistently
exciting-inspired LSTM neural networks, a noticeable degradation in performance occur for
the low-capacity neural networks, likely due to the conservativeness of the ISS conditions.
Increasing network capacity mitigates this effect by large. The results from experiment 3 in
Section 5.1.3 show that the output of the PE LSTM neural networks trained with the ISS-
conditions enforced is relatively unaffected by changes in initial conditions, compared to
neural networks trained without the conditions enforced. This is likely on account of the
ISS property. The results from experiment 4 in Section 5.1.4 show that for both ISS con-
strained models, a selection of simulated state trajectories are indeed bounded by functions
dependent on the inputs, according to the ISS definition (Definition 2.5.3, in which the high-
capacity model is the most robust model of the two. Overall, the input-to-state stability con-
straints may be restricting on the performance of the network for this particular dynamic

system. This can however, at large, be mitigated by increasing network capacity.

6.2 Recommendations for Further Work

There are three different main areas in which further work may be directed: the PE LSTM
training procedures, the ISS constraints and the application of the combination of the two.

The persistently exciting training procedures introduced in Chapter 3 apply the same sig-
nals across all layers when training deep neural networks. It may result in an improvement
of performance if the perturbation signals are found separately for each layer. This, however,
is likely to cause a substantial degradation in training speed. This brings forward a second
recommendation for further work. The training procedures for attempting to persistently
excite the model parameters are as introduced in Section 3.1.1 and Section 3.1.2 noticeably
slower than regular training procedures (for example norm regularisation). For each epoch,
an inner-optimisation problem is approximated (finding the signals/perturbations), which
slows down the overall training, depending on the inner-optimisation epoch hyperparame-
ter. It can potentially speed up the training process if one skips an epoch and apply the same
signals from the previous epoch for some iterations, at the cost of performance.

The stability constraints introduced in Theorem 3.2.2 are likely to be too conservative for
smaller networks (with less parameters and processing shorter input sequences) on similar
dynamic system identification problems, resulting in a degradation in performance, as dis-
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cussed in Section 5.2. Increasing the network capacity by training on longer sequences or
adding additional neurons has been proposed as a way of mitigating this issue. An area for
further work, which was briefly mentioned in Section 5.2, is to relax the conditions in Theo-
rem 3.2.2 and investigate what effect this has on the ISS property for low-capacity networks.
A possible way of achieving this is to consider alternative Lyapunov function candidates in
analysing the persistently exciting inspired LSTM system.

The input-to-state stability property is important as it ensures the boundedness of the
output reachable set, and that the effect of different initial conditions vanish [3, 68]. In [18],
an input-to-state stable regular LSTM is utilised in designing a neural network based model
predictive controller. A future area of research could be to utilise the persistently exciting-
inspired LSTM neural network, together with its input-to-state stability constraints, in de-

signing robust neural network based controllers.






Appendix A

Proofs

A.1 Proofof Lemma 3.2.1

Proof. Define the function h(x) = |x|, g(x) = tanh(|x|). Observing that 2(0) = g(0) = 0 and
the derivatives of the respective functions are:

oh x

ox x|
Al
0g 3 xcosh™2(x) A1
ox | x|

we may observe that since 0 < cosh™?(x) <1 VxeR, wehave that g—z > g—i Vx € R\{0}, from

which, in combination with h(0) = g(0) =0, eq. (3.30) follows. |

A.2 Proofof Theorem 3.2.2

Proof. Inspired by the work of [3], we start by considering the Lyapunov function candi-
date in eq. (A.2). This Lyapunov candidate enjoys some useful properties, among them that

||xk|| 1= || Ck ||1 + || hy ||1 is true, which will come in handy in the analysis.
Vx)=llxlly (A.2)

In order for us to conclude on anything with regard to input-to-state stabilty, the two
conditions given in Definition 2.5.4 ought to be satisfied. The proof is as such split into two

parts, in which part 1 treats condition 1 and part 2 treats condition 2.

Satisfying condition 1 (eq. (2.60)) of Definition 2.5.4

The Lyapunov candidate given in eq.(A.2) must first and foremost satisfy the condition given
in eq. (2.60).

Condition 1, given in eq. (2.60), is satisfied by the equivalence of the 1-norm and 2-norm:
for an arbitrary vector w € R”, we have |wl, < llwl; < vnllwll, [25, Chapter 2.2]. We thus
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have specifically that,
Irllz < Il < VDIlrlla

Vr e RP, where D € Z, is the number of features in the input.

(A.3)

Given the relation in eq. (A.3), define a;(r) = |I7ll; and a2 (r) = \/EIIrIIZVRD, where «a; :
[0,a;) — [0,00) for i = {1,2}. Using the definition of a class £, function, namely Definition

2.5.1, we may show that both comparison functions belong to the class by reason of:
* a1(0)=a2(00=0

(36[1
* o >0

6(12
or >0

For a; — oo, a1(r) —ocoasr — oo

e For ay — oo, ay(r) —ooasr — oo

Satisfying condition 2 (eq. (2.61)) of Definition 2.5.4

We precede with investigating the condition given in eq. (2.60). Note that from now, |-||

denotes the L; norm (1-norm). In cases of different norms, it will be specifically denoted. By

definition of eq. (2.61) and common norm function properties (in particular properties in

Definition (2.1.1)), we may derive the following bound,

V(1) = V) = || F U, xg, ]| — || x|
<[ All+ £ =[xl
= “U(ffk) © Cip + 0 (i) @ tanh (fy,)

+ “tanh(ck+1PE) 00 (fy,)

=[xl

(A.4)
(A.5)
(A.6)
(A.7)

(A.8)

where f5, fi,, fg. and f,, are defined in eq. (3.23)-(3.26). We now utilise Lemma 3.2.1 and
common norm properties, particularly that | x+ y| < llxll + | y| and ||xy| = Ixll| y|. Lastly,

we want to get rid of the Hadamard product. In accordance with the relation given in eq.

(2.12), define the diagonal matrices given in (A.9)-(A.12),

fr = diag(fg), ., £
fi = diag(f7,.., £
for = diag(fg), ... f&)
for = diag(f{,..., £

(A.9)
(A.10)

(A.11)
(A.12)

where fj(p), p €11,..., H} denotes the p-th entry of the gate vectors fj, j € { f, ix, 8, 0x}. Recall
from Section 2.2.4 that H denotes the hid. The diag-operator is defined in Section 2.1.3.
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With these terms defined, we may abstract away the Hadamard product and work on eq.
(A.4) to achieve eq. (A.13)-(A.20).

V) = Vo) < |o(F ey | + | o (i) tanh( fy, (A.13)
+ oo |- [oFr) erg + o Fi) tanh( f ) | = e (A.14)
<o Newwe I+ o 70| | Fee (A.15)
+ool- Ha(ffk) -||ckPE||+“0(fik) 7 (A.16)
G e (A17)
:(Ha(ffk) + oo o) —1) | ke | (A18)
+(H0(ﬁk) + oo - |oFin ) o (A.19)
= [P | (A.20)

where Lemma 3.2.1 is applied in the transition between ineq. (A.13)-(A.14) and ineq. (A.14)-
(A.15). Moreover, the state vector components are retrived by utilising the fact that the L,-
norm is by definition the sum of the absolute value of each vector component. As such,
lxkll; = | ckoelly + | Pioe ||, By equality. We now simplify the notation by defining the two
terms a and b in eq. (A.21).

-1

Jout
Jour

+ HO'(]EOk)
o

o= o

(A.21)
b= o

and insert for fgk (given in eq. (3.25)) in order to recover the inputs. These changes are
reflected in eq. (A.22)-(A.23).

V(xe1) = V(i) < a cipg || + | For || = | P || (A.22)
= | ciyy | + b|| Ugtte + Ugdu + Wyl + Wedn + bg | = [ i | (A23)
< allcipe ||~ [ e | (A.24)
S [ e o I T T
< | ety | + B W | = 1| e (A.26)
b “ U N1l + | Ug | + | Wi | + HbgH (a27)
= — (=] ciye | = B We| = 1| i (A.28)
b | [0 e+ [Nt [ ] e (829

where the expression in (A.28) is included due to ISS-Lyapunov definition, given in Definition

2.5.4, in which the state-related comparison function is defined as —a(||x|l,). The expres-
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sions appearing in eq. (A.28)-(A.29) may be lower-bounded as shown in eq. (A.30)-(A.34),

—al| ety = B W |, =Dl il = ek + laiee = 1200 < V2HIxI, (430
b||Ug| lull, = bvD| U] Jucll, (A31)

b Ug| el < bvD|Ug | I du I, (A32)

bHWgHIHdhk <bVH WgHIHdhk ) (A.33)

b||bg| = pvH| by, (A.34)

where the first inequality of (A.30) is satisfied if and only if eq. (A.35) and eq. (A.36) are
satisfied,

a<0e |o(fp)| +|oton|-| o] -1<0
- - - (A.35)
o[ Pl ot <
bW -1<0< (Ho(f}k) + oo .Ho—(f‘,-k)) W[ <1 (A.36)

The expressions in eq.(A.30)-(A.34) results in the definition of the comparison functions
given in eq. (A.37)-(A.41),

as (Ixll2) = V2H| xIl, (A.37)
ou(lul2) = bVD| Ug]| Jucll, (A.38)
04, (Idull,) = bVD| Ug| llucll, (A.39)
0a, (|dull,) = bVEH|We| [ ], (A.40)
b, ( ‘bgHZ) = bVH| by, (A41)

These are based on the equivalence of the 1-norm and 2 norm: for an arbitrary vector w € R”,
we have |wl, < |wl; < vnllwll, [25, Chapter 2.2]. This conversion is done to get the com-
parison functions in the same form as Definition 2.5.4. Lastly, the bias vector is augmented to
the input space, following the work of [3]. This is done since the inputs ought to be bounded
by class £ functions according to Definition 2.5.3. For a class £ -function, f, it must be
true that f(0) = 0. As we see, this cannot be ensured for any of the defined functions in eq.
(A.38)-(A.41) by adding the norm of the bias vector. Alternatively, one may restrict the bias
vector of the candidate gate to 0 during training. The first mentioned option is, however,
likely to be less restricting on the network during training.
Inserting these expressions into eq. (A.22)-(A.29) yields eq. (A.42)

V() — Vixp) < —as (Ixl2) + og, (Ildu IIZ) +ou(llulz) +oaq, (IIdWIIZ) +0p, ( ’bg Hz) (A.42)

The next step is to verify that as is £, Vo, hp and that o, 04,04, and Op, are class
H N Uy, dy,, dy,, bg,, respectively.
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For a3, we have that a3(0) = 0. Moreover, we need that it is strictly increasing. This is true
if the conditions given in eq. (A.35) and eq. (A.36) are satisfied. Lastly, in order to conclude
that a3 is indeed a class #,, we have to ensure that if a — oo, a(r) — oo as r — co. We
observe that this indeed is the case for as. By Definition 2.5.1, a3 is a class £, function.

We now establish conditions for the functions given in eq. (A.38)-(A.41) to be class &
functions. The definition of this class of functions is given in the first part of Definition 2.5.1.
We see by inspection that p,(0) = 0 for n = {ug, dy,, dw,, bg,}. The next condition that ought
to be satisfied is that the functions are strictly increasing. Since b = 0, D>0 and H>0, this
is achieved by the Definition of a norm function. As such, combining that all functions,
pn(0) = 0 for n = {ug, dy,, dw,, bg,} and the fact that the function is strictly increasing, the
functions given in (A.31)-(A.33) are indeed class £ functions by Definition 2.5.1.

Finally, by Definition 2.5.4, we may conclude that the Lyapunov function, given in eq.
(A.2), for the state-space model, given in eq. (3.18), is indeed an ISS-Lyapunov function.
By Theorem 2.5.1, we may conclude that the state-space model describing the persistently
exciting LSTM network is input-to-state stable with respect to the defined inputs when the
conditions in eq. (A.35)-(A.36) are satisfied.

|






Appendix B

Hyperparameters

B.1 Hyperparameters: Experiment 1

Table B.1: Experiment 1 hyperparameter selection for models trained at predicting the liquid
height of tank 1 (h;). Note that for the hidden layers hyperparameter, the array-like structure
represents how many artificial neurons (nodes) reside in each hidden layer, starting with first
hidden layer.

Hyperparameter Model

LSTM ¢, PELSTM Opt-1 PELSTM Opt-2

Optimiser Adam Adam Adam
Learning rate 0.005 0.005 0.003
Batch size 16 24 24
Epoch 40 40 40
Hidden layers [4,1] (4,1] (4,1]
£5-penalty 0.01 - -
Perturbation epoch - 4 4
Perturbation radius - 0.02 0.02
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Table B.2: Experiment 1 hyperparameter selection for models trained at predicting the liquid
height of tank 2 (h,). Note that for the hidden layers hyperparameter, the array-like structure
represents how many artificial neurons (nodes) reside in each hidden layer, starting with first
hidden layer.

Hyperparameter Model

LSTM ¢, PELSTM Opt-2 PELSTM Opt-1

Optimiser Adam Adam Adam
Learning rate 0.0007 0.0007 0.0007
Batch size 32 32 32
Epoch 40 40 40
Hidden layers [2,2,2] [2,2,2] [2,2,2]
Time steps 15 15 15
¢,-penalty 0.008 - -
Perturbation epoch - 4 4
Perturbation radius - 0.02 0.02

B.2 Hyperparameters: Experiment 2, Experiment 3 and

Experiment 4

Table B.3: Experiment 2, experiment 3 and experiment 4 hyperparameter selection for mod-
els trained at predicting the liquid height of tank 2 (hy). Note that for the hidden layers hy-
perparameter, the array-like structure represents how many artificial neurons (nodes) reside
in each hidden layer, starting with first hidden layer.

Hyperparameter Model

PELSTM Opt-1 PE LSTM Opt-1 Spectral norm. PE LSTM Opt-11SS-1 PELSTM Opt-1ISS-2

Optimiser Adam Adam Adam Adam
Learning rate 0.001 0.0005 0.0005 0.0005
Batch size 16 64 64 64
Epoch 20 80 80 80
Hidden layers [2,2,2] [2,2,2] [2,2,2] [4,3,2]
Time steps 15 15 15 30
Perturbation epoch 0.02 0.02 0.02 0.02

Perturbation radius 4 4 4 4




Appendix C

Alternative min-max scaling range results

C.1 Experimentl

Table C.1: (Experiment 1) Test error (in 1 x 107%) of the prediction of liquid level of tank 1
(hy) of the cascaded tank system with min-max scaling in the range [-1,1]. The evaluation
metric used is the mean square error (MSE). The average test MSE (outside parenthesis) and
the standard deviation (inside parenthesis) stem from 10 training sessions producing in total
10 neural networks for each model type. The models are tested in two scenarios. The first
scenario is when the test data is not perturbed in any way. The second scenario is when
the test data is perturbed. Two methods are used to perturb the test data: FGSM and PGD,
with two different perturbation strengths (€). The best results for the different situations are
highlighted in bold.

) FGSM PGD
Model No perturbation
€=0.01 €=0.1 €=0.01 €=0.1
LSTM ¢, 17.4(5.63) 25.1(6.92) 191 (22.6) 25.1(6.92) 186 (23.0)

PE LSTM-1 22.2 (12.0) 30.3 (14.3) 189(34.6) 30.3 (14.3) 185(36.3)
PE LSTM-2 19.0 (6.47) 27.0 (7.80) 196 (19.3) 27.0(7.81) 189 (20.9)
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Table C.2: (Experiment 1) Test error (in 1 x 107%) of the prediction of liquid level of tank
2 (hy) of the cascaded tank system with min-max scaling in the range [0, 1]. The evaluation
metric used is the mean square error (MSE). The average test MSE and the standard deviation
(in paranthesis) stem from 10 training sessions producing in total 10 prediction models for
each model type in Table 4.4. The models are tested in two scenarios. The first scenario is
when the test data is not perturbed in any way. The second scenario is when the test data is
perturbed. Two methods are used to perturb the test data: FGSM and PGD, with two different
perturbation strengths (¢). The best results for the different situations are highlighted in
bold.

. FGSM PGD
Model No perturbation
€=0.01 €=0.1 €=0.01 €=0.1
LSTM ¢, 13.6 (6.05) 21.6 (7.98) 208 (52.2) 21.6(7.98) 205 (50.9)

PE LSTM Opt-1 8.16(2.48) 12.8(2.88) 116(6.51) 12.8(2.88) 116(7.06)
PE LSTM Opt-2 13.6 (5.30) 21.2 (6.48) 196 (40.0) 21.1(6.48) 191 (38.0)




Appendix D

Selected results from specialisation
project

The results in this appendix are included as displayed in the specialisation project [12] con-
ducted by the author autumn 2020.

Table D.1: A summary of the best-performing models on each dataset (rows) on the different
perturbation bounds. Results are from the specialisation project [12].

Dataset No perturbation FGSM PGD
€=0.01 €=01 €=001 €=0.1
Yacht ¢,-MSE ¢,-MSE Huber ¢,-MSE Huber
Boston Huber Huber PE Huber PE
TTK28 PE PE PE PE PE
Power plant PE PE PE PE PE
CBM PE Huber Huber Huber Huber
Slice PE PE PE PE PE
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