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1. Introduction

In an attempt to limit climate change, many countries have set am-
bitious targets to reduce greenhouse gas emissions during the past
two decades. Increasing the share of renewable energy production to
the overall energy mix is recognized as critical in reaching those targets
[European Commission, 2017]. As of 2017, 179 countries had renewable
energy targets, where, in particular, 90 countries had targets to generate
more than 50% of their electricity from renewables no later than by
2050 [REN21, 2018b]. The European Commission, for example, has set
a recent new target according to the “2030 framework for climate and
energy policies”, which is to achieve 32% of total energy consumption
for the entire European Union in 2030 to be delivered by renewable en-
ergy sources. Another example is China that has just reached an accu-
mulated wind capacity of 217 gigawatts (GW) in 2019 [World Wind
Energy Association, 2019], and aims to increase total renewable power
capacity to 680 GW by 2020 [REN21, 2018b].
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Many countries have introduced support schemes aimed at acceler-
ating investments in renewable energy over the past two decades, in
order to reach these ambitious targets. Governments therewith, want
to ensure competitiveness of renewable energy production and encour-
age investment. As of 2017, 128 countries had power regulatory incen-
tives and mandates [REN21, 2018b]. China, for example, implemented
the world's largest emissions trading scheme in 2017 [REN21, 2018b].

However, many support schemes have been retracted or revised
suddenly and unexpectedly over the last years. For example, Ukraine re-
moved a tax exemption on companies selling renewable energy
[REN21, 2015]. Furthermore, the size of subsidy payments was retroac-
tively adjusted in Belgium, Bulgaria, the Czech Republic, Greece and
Spain [Boomsma and Linnerud, 2015], and the feed-in-tariffs were re-
duced in Bulgaria, Germany, Greece, Italy and Switzerland in 2014
[REN21, 2015]. China implemented sudden changes in their feed-in tar-
iff in 2018, making new solar power projects less likely to be eligible for
subsidy [The Economist, 2018].

One of the main reasons for subsidy policy change results from tech-
nological progress. Initially, a subsidy is implemented to ensure compet-
itiveness of renewable energy production, but when technology
advances such that the technique is profitable on itself, the subsidy is
no longer needed and can be withdrawn. Another reason for subsidy
withdrawal can be that the original renewable energy capacity target
has been reached or that the budget has been depleted. Norway and
Sweden created a joint electricity certificate market in 2012 to boost re-
newable electricity production in both countries. Norway will no longer
provide electricity certificates to facilities that start operating after 31
December 2021, because the goal of having a green energy production
of 28.4 TWh by 2020 has been reached [Energy Facts Norway, 2015]. Al-
ternatively, a policy can be withdrawn or altered due to a depleted
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budget, as was the case in Italy for their solar photovoltaic (PV) support
in 2013 [Karneyeva and Wiistenhagen, 2017]. However, in some loca-
tions green technologies are still unable to survive without subsidies
[Institute for Energy Research, 2017]. For these countries, the question
what consequences subsidy withdrawal has for renewable energy pro-
duction and renewable energy investment, will be a relevant question
in the near future.

In countries where policy changes already occurred, it had a severe
impact on the profitability of renewable energy projects and investment
behavior. In Spain an unforeseen subsidy retraction caused a 40% drop
in profitability for investors [Del Rio and Mir-Artigues, 2012]. Spain's
largest power group, Iberdrola, reported a 91% decline in net profits
from wind after subsidies were reduced [Financial Times, 2014]. Simi-
larly, subsidy cuts in the UK for solar PV damaged investor confidence
and could also delay the point at which solar could be cost competitive
[The Guardian, 2015]. Del Rio and Mir-Artigues [2012] mentions that
when policy costs are high, the social acceptance of the policy decreases,
increasing the pressure to implement (retroactive) changes to the pol-
icy. This increases policy instability, creating uncertainty and risks for
investors, who, in return, want higher risk premiums. This all increases
costs and reduces profitability.

This paper aims to determine how the optimal investment decisions
related to renewable energy projects depend on the availability of a sub-
sidy, the size of the subsidy and the withdrawal risk of the subsidy. A so-
cial planner wants to know how social welfare is affected by the subsidy,
its size and the withdrawal risk. Studying the effect on social welfare is
the standard approach in the public economics literature. However, it is
not necessarily the standard approach in public decision-making, where
it is of main importance to set the right goals and targets [Stern, 2018].
We, therefore, also look at the question how the ability to reach a capac-
ity target within a certain time-frame is affected by the subsidy, subsidy
size and subsidy withdrawal risk.

We consider a firm that has the option to invest in a renewable en-
ergy project. It has to decide on both the time to invest, as well as the
size of the capacity it wants to install. We consider a dynamic frame-
work with demand uncertainty. The cost of installing capacity of a cer-
tain size depends on the size of the capacity as well as the availability
of support. Support is provided in the form of a lump-sum investment
subsidy, which represents a general class of investment subsidies in-
cluding investment tax credits and capital subsidies. Investment tax
credits constitute the most widespread policy instrument for renewable
energy globally,! and is often implemented with the aim to increase the
affordability and profitability of renewable energy production [REN21,
2018a, page 70]. We study the effect of policy uncertainty in the form
of retraction of a currently provided subsidy.

We first derive the optimal investment decisions of a profit-
maximizing firm facing subsidy retraction risk. We find that increasing
the subsidy size speeds up investment but this goes at the expense of
a decreased optimal investment size. Increasing subsidy retraction risk
for a given subsidy size has the same effect. Surprisingly, the firm's op-
timal investment size when there is no subsidy provided is larger than
the optimal investment size when subsidy is provided but there is risk
of future retraction.?

We then take the viewpoint of a policy maker, where we analyze the
effect of the subsidy on the resulting investment decision of the firm.
We find that a subsidy could increase welfare. Numerical experiments
suggest that a subsidy increases welfare when subsidy withdrawal

! Worldwide, an estimated amount of 30 to 40 countries used investment or production
tax credits to support renewable energy installations over the past decade [REN21, 2018a,
page 69].

2 0On the macro level it could still be the case that more firms invest when a subsidy is
provided, and that - despite that the average installed capacity per firm is smaller - the to-
tal renewable energy capacity on the market increases. See, for example, Hassett and
Metcalf[1999], in which it is obtained that providing a lump-sum subsidy increases the to-
tal market capacity when many firms are faced with the option to invest in a project of
fixed size.
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risk is sufficiently small. A policy maker aiming to maximize welfare
should minimize subsidy withdrawal risk, since welfare decreases
with a larger subsidy withdrawal risk. We also derive the impact of a
subsidy on the ability to reach certain policy targets. When a proposed
capacity target is smaller than the firm's optimal investment size, a sub-
sidy can be used to speed up investment, thereby raising the probability
that the target is reached in time.

Our paper contributes to different strands of literature. First, we
contribute to the literature on incentive regulation of a firm within
an uncertain dynamic framework (see, e.g., Brennan and Schwartz,
1982, Dobbs, 2004, Evans and Guthrie, 2005, 2012, Guthrie, 2006,
2020, Willems and Zwart, 2018 and Azevedo et al., 2020). Azevedo
et al. [2020] consider revenue neutral tax-subsidy package on the
firm's timing and capacity decision under demand uncertainty with-
out regulatory uncertainty. Within the aforementioned strand of liter-
ature, regulatory uncertainty is considered by Teisberg [1993], Dixit
and Pindyck [1994, Chapter 9], and Hassett and Metcalf [1999],
where the latter two also consider the effect of subsidy size on invest-
ment timing. Motivated by recent frequent occurrences of changes in
regulatory policies in the green energy industry, we contribute to this
literature by focusing on the effect of policy risk in the form of poten-
tial subsidy withdrawal. In addition we determine the optimal subsidy
size looking at different aims, such as welfare maximization and ca-
pacity targets, and we study the role of policy risk in determining
the optimal subsidy size.

Our paper also contributes to an increasing strand of literature that
studies the effect of subsidies on green investment (e.g., Pizer, 2002;
Eichner and Runkel, 2014; Nesta et al., 2014; Abrell et al., 2019;
Bigerna et al., 2019). Pennings [2000] and Danielova and Sarkar [2011]
focus on the combination of subsidy and tax rate reduction. Unlike the
aforementioned papers, we also analyze how the risk of policy change
intervenes with the effect of policy measures. Some of the literature fo-
cuses on carbon pricing and studies how policy uncertainty affects the
volatility of the prices (see, e.g., Blyth et al., 2007, Fuss et al., 2008,
Yang et al., 2008, and Kang and Létourneau, 2016). The carbon pricing
literature generally concludes that more policy uncertainty results in
larger volatility in prices and, therefore, delays investment.

Some recent literature related to renewable energy accounts for
policy uncertainty related to random provision, revision or retraction
of a subsidy, such as, for example, Boomsma et al. [2012], Boomsma
and Linnerud [2015], Adkins and Paxson [2016], Eryilmaz and
Homans [2016], Ritzenhofen and Spinler [2016] and Chronopoulos
et al. [2016]. These papers focus on how uncertainty in the availability
of a certain type of subsidy affects investment behavior. The effect of
uncertainty in availability of a subsidy on investment behavior
strongly depends on the type of subsidy in place as well as the level
of uncertainty. We contribute to this literature by studying a lump-
sum investment subsidy, the most widespread policy instrument for
renewable energy globally [REN21, 2018a, page 70], and study the
role of subsidy size and the risk of potential subsidy withdrawal on in-
vestment. Furthermore, we do not solely focus on the firm's invest-
ment behavior, but also study the effect of policy risk on the goals of
the social planner and welfare. To our knowledge, we are the first to
conclude that a larger likelihood of an investment subsidy withdrawal
damages both welfare and the policy maker's ability to increase re-
newable energy capacity.

The remainder of this paper is organized as follows. Section 2 pre-
sents the model and characterizes the optimal investment decisions
both from a profit-maximizing firm and social welfare point of view.
In Section 3, we study the optimal investment decision of a firm in
more detail by providing comparative statics. Numerical experiments
are performed in Section 4. Section 5 focuses on the effect of both the
subsidy size and the likelihood of subsidy withdrawal on reaching cer-
tain environmental targets as well as welfare. In Section 6 we discuss
the role of the type of subsidy we study on our results. Section 7
concludes.
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2. Model

We propose a theoretical framework that studies a firm's optimal
investment decision under uncertain subsidy support. We consider a
risk-neutral, profit-maximizing firm that holds the option to invest in
a renewable energy project with an uncertain future revenue stream.
The firm has to determine the optimal timing of the investment and
the size of the capacity to be acquired. We assume that the firm pro-
duces up to capacity, and cannot scale up capacity in the future. Renew-
able energy projects, such as wind parks, are location- and firm-specific
due to governmental concessions needed to obtain the investment op-
tion. In most concession-based contracts for renewable energy genera-
tion capacity, the investment is a one-time lumpy decision.

We assume the firm to be sufficiently large so that it exerts market
power. This is supported by the fact that a series of studies has indicated
that the electricity market is highly concentrated. In the United States, a
government report by the United States General Accounting Office
[2005] states that the four federal Power Marketing Administrations
(PMAs) exert market power from the federal hydroelectric dams and
projects. Signs of market power on the US electricity market are also re-
ported on a state level.? In Europe, signs of market power are reported
on a national level, for example in Italy,* England and Wales,” and the
Nordic countries.® We refer to Karthikeyan et al. [2013] for a thorough
review on market power in the electricity market in different countries.
The output price at time t, P(t), is given by:

P(t) = X(6)(1-mK),X(0) = x (2.1)

where K is the firm's production capacity, and 17 > 0 is a constant.”
The output price P(t) depends on an exogenous shock X(t), which is
assumed to follow a geometric Brownian motion process given by:

dX(t) = pX(t)dt + oX()dW(t) (2.2)

where ptis the drift rate, o the uncertainty parameter and dW(t) the in-
crement of a Wiener process. The inverse demand function (2.1) is a
special case of the one used by Dixit and Pindyck [1994, Chapter 9],
which assumes P = XD(K) with an unspecified demand function D(K),
and is frequently used in the literature (see, e.g., Pindyck, 1988, He
and Pindyck, 1992, and Huisman and Kort, 2015).

The cost of one unit of investment is set equal to 6. Hence, installing a
production capacity of size K yields an investment cost of 6K when no

3 A government report by the United States General Accounting Office [2002] on the
California power market concluded prices did not follow patterns consistent with prices
under competitive conditions. Furthermore, Woerman [2019] estimates the impact of
market power on the Texas electricity market, and finds that a 10% increase in demand
causes markups to more than double, showing that producers do have market power.

4 European Commission [2011] reports that the Italian energy market is highly concen-
trated, and also Bosco et al. [2010], Bigerna et al. [2016] and Sapio and Spagnolo [2016]
find empirical evidence of market power on the Italian energy market.

5 David and Wen [2001] found that two dominant suppliers in the England and Wales
pool, which is a highly concentrated market, decrease capacity to increase profits during
peak periods.

6 Lundin and Tangeras [2020] empirically reject the hypothesis of perfect competition
on Nord Pool, the day-ahead market of the Nordic power exchange, during the period
2011-2013. Tangeras and Mauritzen [2018] test the hypothesis of perfect competition
in some areas in Sweden in the period 2010-2013 and reject this hypothesis. Fleten and
Lie [2013] conclude that Norway's largest hydro power producer has an incentive to re-
duce thermal production in order to increase the market spot price.

7 Note that output price is always positive, as the production capacity K is endogenous.
Therefore, the firm will choose the production capacity such that it will be less than }’ By

applying Eq. (2.1), we implicitly assume that the production quantity is constant. In the
short and medium term, renewable energy generation is highly variable due to a large de-
pendency on, among others, weather conditions. However, in the long run production is
more predictable and less variable. As the decision to install a renewable energy project,
as well as policy decisions have a long term focus, we refrain from focusing on fluctuations
in productions on the short and medium term. See, for example, Boomsma et al. [2012],
Dalby et al. [2018] and Bigerna et al. [2019] for similar assumptions. A reader interested
in how production flexibility affects a firm's investment timing and size can for example
look at Hagspiel et al. [2016].
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subsidy is in effect. Subsidy provides a one time discount at rate 6 on
the investment cost, so that the investment costs are then equal to (1
— 6)dK.

Initially, the lump-sum subsidy?® is assumed to be available, but due
to technological development (or a restriction from the budget con-
straint or a change in government), the firm expects the subsidy to be
withdrawn. We model the firm's perceived risk of subsidy retraction
by an exponential jump with parameter A. This implies that the firm's
perceived probability that the subsidy will be retracted in the next
time interval dt is equal to Adt.

The optimization problem for the profit-maximizing firm is then
given by an optimal stopping problem in which it aims to find the opti-
mal time 7 to invest in a capacity of optimal size K:

F(x,0) = supE{ / “P(t)Ke dt— (1—61@(,))51@*” 1X(0) = x,£(0) = 1

{r.K}
(2.3)
with
0 if subsidy retraction has occurred at time ¢ or earlier
&(t) = . (2.4)
1 otherwise

When investing, the firm pays a lump-sum investment cost and ob-
tains the revenue stream P(t)K from time 7 on. r is the risk-free rate,
where we assume r > 1. In case r < i, the problem is trivial as it would
always be optimal to wait with investment.

Obviously, it is optimal for the firm to invest when the output price P
(t) is large enough, where (2.1) learns that P(t) is proportional to X(t). It
follows that the investment rule is of a threshold type. In particular,
there exists a threshold value of X(t) at which the firm is indifferent be-
tween investing and waiting with investment.” It is intuitively clear that
when the price is below a certain threshold level, denoted by X, the
firm will not invest, independently of whether the subsidy is available
or not. Furthermore, when the price is high enough, i.e. above a threshold
Xo > X, the firm will always invest, independent of the availability of the
subsidy. For X(t) in the interval [X;,X;), the firm will only invest when the
subsidy is active, and it will not do so when the subsidy has been with-
drawn. Therefore, X; (Xo) is the value of the geometric Brownian motion
at which the firm is indifferent between investing and not investing,
while the policy is (not) in effect. Fig. 1 summarizes the above.

The thresholds X, and X; are directly linked to the investment
timing. When there is (no) subsidy available, investment is done
when the geometric Brownian motion defined in eq. (2.2) hits the
value X; (Xp) for the first time from below. As a result, there exists a
one-to-one mapping between the investment threshold and the invest-
ment time. Throughout this paper, we will refer to X, and X; both as the
investment thresholds and the timing of investment.

Assuming the initial value of the geometric Brownian motion process,
x, meets the requirement'® x < X;, then there are two cases that can occur
regarding the timing of the investment. In the first case, the firm invests
when the geometric Brownian motion hits the threshold X; for the first
time while the subsidy has not been retracted. Alternatively, the subsidy
is retracted before the GBM hits the threshold X; and the firm invests
when the process hits the threshold X, for the first time. Let s denote
the time at which the policy maker withdraws the subsidy. The firm's ex-
pected investment time follows from the investment thresholds and the
withdrawal time of the subsidy, and is equal to:

Expected time to investment = P[s>74]'E[T]
+ (1—P[s>71])E[T0] (2.5)

8 We also use subsidy to refer to the lump-sum subsidy.
9 See, for example, Dixit and Pindyck [1994] or Huisman and Kort [2015].
10 If x > X, it is optimal for the firm to invest immediately, and the problem is trivial.
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in which P[s > 7] is the probability that the subsidy withdrawal occurs
after threshold X is hit, and E[r1] (E[7o]) is the expected first hitting
time of threshold X; (X,).!!

To determine the optimal investment decision, the first step is to de-
rive the value the firm obtains by investing. Denoting the value of the
firm at the moment of investment by Vj if the subsidy has already

been retracted, and by V; in case the subsidy is still in effect, we get!?

Vo(X,K) _XAIOK_ sk (2.6)
r—Hu

Vi(X,K) :X(l%ZOK—(l—G)SK (2.7)

Using the value functions (2.6) and (2.7) the optimal investment
size for a given value of X can be straightforwardly derived. The result
is presented in Corollary 1.

Corollary 1. Let K;(X) (Ko(X)) denote the optimal investment size while
the policy is (not) in effect. When the firm decides to invest at X, the optimal
investment size is equal to:

_ 1/ a(r—p)
KolX) =5 (1 - ) (2.8)
Ky (X) = 2177 (1 - %) (2.9)

The proofs of all corollaries and propositions can be found in
Appendix A.

Using similar steps as in Dixit and Pindyck [1994] and Huisman and
Kort [2015], the value of the investment option with and without the
subsidy can be derived. These are stated in Proposition 1.

Proposition 1. Let F;(X,K) (Fo(X,K)) denote the value of the option to in-
vest at X while the policy is (not) in effect. When the firm decides to invest
at X, it invests in capacity K. The value of the option to invest at X after the
subsidy has been retracted is equal to:

X(1—nK)K

FoX,K)={ r1—n
A Oxl‘m

—6K if XE[Xo, ) (2.10)

otherwise

where Ag is a (positive) constant and g is the positive solution to
1023 + (u—10?)B—r =0, o1 > 1.

The value of the option to invest at X while the subsidy is available is
equal to:

XA=0OK_ 1 _gysk if XXy, )
FXK)={ r—H (2.11)
A XPr 4 AgxPor otherwise

where A, is a (positive) constant and (31, is the positive solution to
JO2B? + (U—30%)B—(r+ ) = 0, B11 > Por > 1.

When the subsidy is (not) available, it is optimal to invest when X >
X1 (X2 Xo), yielding Eq. (2.7) (Eq. (2.6)) as the value of the investment
option. The firm does not invest, thus waits, when the current output
price is too low, i.e. when X < X; (X < Xp) if the subsidy is (not) available.
If the subsidy is still present, the value of the investment option consists
of two parts: the value of holding the option to invest while the subsidy
is available and the option to invest after the subsidy has been retracted.
When the subsidy is retracted, the former value is lost as the subsidy
will not be re-enacted again in the future.

"1 Explicit derivation of the expected time to investment is shown in Appendix C.2.
12 We write X instead of X(t) for convenience.
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After the subsidy has been abolished, policy uncertainty will
not influence the investment decision anymore. The problem to
be solved in such a situation is already analyzed in Huisman and
Kort [2015]. Proposition 2 presents the optimal investment deci-
sion in this case.

Proposition 2. When the subsidy is abolished, the optimal investment
threshold satisfies:

X 7501'*‘1.5

= r— 2.12
0= g o) (2.12)
whereas the corresponding investment size'> is given by:
Ko = m(Bor + 1)) (2.13)

Proposition 3 presents the firm's optimal investment decision when
the subsidy is still available.

Proposition 3. If the investment subsidy has not been retracted yet, the
optimal investment threshold X, is implicitly given by:

B11—Po po Bu—1 Xi(1 —nK3)K; .
T ApX — : +(1-6)6K; =0 2.14

B o B r—H (1=0)0Ky @19
in which K7 is the optimal capacity under subsidy when investing at X =
Xy, i.e. eq. (2.9) evaluated at X = X;.

In the special case in which there is no subsidy retraction risk, eq.
(2.14) can be solved explicitly. Corollary 2 presents the optimal invest-
ment decisions under a lump-sum subsidy without retraction risk.

Corollary 2. In case of a subsidy with no subsidy retraction risk (i.e. A =
0), the optimal investment timing and size are given by:

Xy =L 1—0jar—p)

- (2.15)
and
Ky = [(Bor + D)™ (2.16)

Comparing the investment decision under a subsidy and the one
without subsidy, we observe that the optimal investment sizes are the
same (Ki = Kg), but the timing threshold with subsidy is actually
smaller than the one without subsidy (X; = (1 — 6)Xo < Xp). The reason
behind this is that lower investment costs allow for investment at lower
output prices, i.e. earlier. The decrease in investment costs has two ef-
fects on the optimal size. First, there is a direct effect. The lower the in-
vestment costs, the more the firm likes to invest for a given level of X.
Second, there is an indirect effect via the timing. As investment is
done sooner, i.e. at a lower output price, the firm can only justify a
smaller investment size. The two effects cancel out when the firm in-
vests at the optimal time.

Now, we consider the problem from the perspective of a social plan-
ner with the objective to maximize social welfare. The social planner
maximizes the total surplus (TS), which consists of the sum of the con-
sumer (CS) and producer surplus (PS)'* minus the subsidy costs of 86K.
We assume the social planner uses the same discount rate r as the firm,
following, for example, Huisman and Kort [2015] and Bigerna et al.
[2019]. A discussion on alternative assumptions regarding the social
planner's discount rate is included in Section 6.

13 For convenience of notation, we use K5 = Ko(Xo) and K;* = K;(X;).
14 The producer surplus is defined as the value of the firm's project.
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The total surplus when investing at X with capacity K is equal to'®

XQ2-nK)K

TS(X,K) = 20—

oK (2.17)

Note that the total surplus does not directly depend on the subsidy.
This is the result of the fact that the subsidy is solely a welfare-transfer
with a zero-sum contribution to total surplus. In other words, each unit
of currency used for the subsidy represents on the one hand a cost for
the social planner and on the other hand a gain for the producer. There-
fore, the net direct impact of the subsidy on total surplus is zero. A sub-
sidy can however impact total surplus indirectly, via influencing the
firm's investment decision.

We can determine the socially optimal timing and capacity using
similar steps as before. Proposition 4 states the first-best social
optimum.

Proposition 4. The socially optimal capacity for a given level of X is equal
to:

_ 1/ o(r—p)
Ks(X) = i (1 X > (2.18)
The total surplus (TS) is then given by:
X(2—nK)K .
————08K XE€[Xs,
TS(X,K) = 2(r—p) ¥ XEXs. ) (2.19)
AgXPor otherwise

in which As is a (positive) constant, and Xs is the social planner's optimal
timing threshold. At this threshold, the social planner is indifferent between
investing and not investing. The optimal timing maximizing the total sur-
plus is given by:

X _[501+16

= r— 2.20
5= g o= (2.20)
The socially optimal capacity, Ks, is given by:
Ks = 20(Boy + 1) (2.21)

We find that the investment timing of the social planner and the
firm are identical when there is no subsidy (i.e. Xs = Xp). Regarding
the size of investment, we conclude that it is socially optimal to invest
twice as much as the profit-maximizing firm (i.e. Ks = 2Kg). The reason
is that the social planner is more eager to invest than the private firm, as
the social planner also accounts for consumer surplus. This means that
the social planner either invests sooner and adapts size accordingly, or
invests more and adapts timing accordingly. We conclude that within
our framework the social planner wants to invest more than the
profit-maximizing firm. Thus, to obtain the first-best solution, the social
planner should stimulate firm investment in such a way that the firm
will invest more without changing the investment time. The next sec-
tion investigates whether introducing a subsidy can achieve this.

3. Investment and subsidy

This section analyzes the effect of an investment subsidy and the
probability that the subsidy will be retracted, on the firm's optimal in-
vestment decision. The following proposition states how the optimal in-
vestment decision is affected by subsidy retraction risk.

Proposition 5. The optimal investment timing and size are affected by the
subsidy retraction risk A in the following way:

15 See Huisman and Kort [2015] for the details of the derivation of the total surplus.
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where [, is the positive solution to 10%f% + (u—10?)B—r =0, and
[11 is the positive solution to 1028% + (u—102)B—(r + ) = 0.

Proposition 5 states that a higher subsidy retraction risk decreases
both the optimal investment threshold!® and the optimal investment
size. A firm speeds up investment under a higher subsidy retraction
risk in order to make use of the subsidy now, as it is less likely it will
be available in the future. Investing at a lower threshold implies that
the firm invests when the output price is lower, which leads to a smaller
optimal investment size. There is no direct effect of subsidy retraction
risk on optimal investment size, but only an indirect effect via the
timing, as can be straightforwardly concluded from expression (2.9).
The intuition behind this is that the investment subsidy only affects
the investment payoff at the moment of the investment, so that the op-
timal investment size does not depend on whether the subsidy will be
withdrawn very soon after investing or remains for a long period
of time.

Inequality (3.2) states that when the ratio of costs and the price
shock at the moment of investment are above a threshold, then the re-
sults in (3.1) hold. Extensive numerical results suggest that this condi-
tion is in fact satisfied for any lump-sum subsidy.

The result that a higher probability of retraction of a subsidy speeds
up investment is in accordance with findings of Hassett and Metcalf
[1999] and Dixit and Pindyck [1994]. Chronopoulos et al. [2016] how-
ever find that subsidy retraction risk delays investment for high levels
of subsidy retraction risk. This is because Chronopoulos et al. [2016]
study a subsidy in the form of a price premium. This keeps on having
an effect after the investment has been undertaken, because in case of
a price premium a higher retraction probability reduces the expected
net present value of the investment. The latter does not happen in our
case, because the lump-sum subsidy just affects the investment payoff
at the moment of the investment, implying that a retraction of the sub-
sidy occurring at a later date has no effect.

We find that the investment size decreases with subsidy retraction
risk. In Chronopoulos et al. [2016] this also holds for low levels of sub-
sidy retraction risk. However, when subsidy retraction risk is high, the
fact that the effect of increasing the subsidy retraction risk will delay in-
vestment, has the implication that a larger withdrawal risk increases the
firm's investment size in Chronopoulos et al. [2016].

Proposition 6 presents the influence of the size of the subsidy on the
optimal investment decision.

Proposition 6. The effects of the subsidy size 6 on the optimal investment
threshold and the investment size are given by:

% <0, dé—f; <0 (3.3)
if and only if condition (3.2) holds.

Proposition 6 shows that a larger size of the subsidy speeds up in-
vestment and decreases the investment size. Increasing the subsidy
size has two different effects on the optimal investment decision. First,
providing a larger subsidy gives some incentive to invest more for a
given output price. Second, as the lower costs make the investment
profitable at lower output prices, it gives also some incentive to invest

16 It can be shown that X, > X; holds for any level of subsidy withdrawal risk A as long as
condition (3.2) is met. From Proposition 2 and Corollary 2, it follows that X, > X; when A
= 0.By Proposition 3, we have that X; decreases if A increases when condition (3.2) is met.
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Fig. 1. Optimal investment strategy at different output prices.

earlier, and as result of the dependency between timing and size, invest
in a smaller capacity. We find that the second effect always dominates
the first, leading to the result in Proposition 6.

From a policy maker's point of view it might be interesting to ana-
lyze under which of the following two scenarios the firm's investment
is larger: (1) a small subsidy subject to a low probability of retraction,
or (2) a larger subsidy subject to a larger probability of retraction.
From Propositions 5 and 6, it follows that both a larger retraction risk
and a larger subsidy in fact decrease both the investment threshold
and the investment size. Therefore, the investment size under the sec-
ond scenario will be smaller than in the first. However, the firm will
have invested sooner under the second scenario compared to under
the first.

4. Quantitative analysis

This section contains a numerical analysis of an investment opportu-
nity in a hydro power plant. The parameter values, displayed in Table 1,
are taken from Fleten et al. [2016] and Finjord et al. [2018]. The data set
in Fleten et al. [2016] consists of 214 licenses to build small hydro power
plants granted by the Norwegian Water Resources and Energy Director-
ate (NVE).

Fig. 2 presents the investment timing thresholds X, and Xj, and the
investment sizes Ky and K7 as functions of the subsidy retraction risk
A, using the parameter values in Table 1. Fig. 2 is in accordance with
the results presented in Proposition 5 in the sense that investment
timing X; and size Ky decrease with subsidy retraction risk A. Further-
more, as Xo and Ky are the investment threshold and capacity size
after retraction of the lump-sum subsidy, these do not depend on A.

More importantly, Fig. 2 shows that the optimal investment size
when there is no subsidy available (Kg) is in fact larger than the optimal
investment size when the subsidy is available (K;) but exposed to re-
traction risk (i.e. A > 0). This means that when there is a risk of subsidy
retraction, the firm's optimal investment size at the corresponding in-
vestment threshold is larger without subsidy than it is with subsidy,
but it is equal if there is no subsidy retraction risk. There are three un-
derlying opposing effects of receiving subsidy that influence the firm's
optimal investment decision and lead to the aforementioned observa-
tion. The first two effects, the direct effect of subsidy on investment
size (increasing the optimal size) and the indirect effect of subsidy on
investment size via timing (decreasing the optimal size), cancel each
other out, as discussed when presenting Corollary 2. The third effect is
that retraction risk speeds up investment, as the firm prefers to obtain
the subsidy over not obtaining subsidy. Speeding up in fact means
investing at a lower threshold where the output price is smaller. This
causes the optimal investment size under subsidy to be smaller than
without subsidy.

Table 1
Parameter values used in the numerical example.
Notation Parameter Value
u Electricity price trend 2%
o Electricity price volatility 5%
r Risk-free interest rate 6%
6 Investment cost per unit of capacity 350 /MWh
n Slope of the linear demand curve 0.01
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Based on Fig. 2, we generate some important policy advice regarding
green investment projects. Investors in green investment projects usu-
ally have long-term goals and high investment costs. Given that a sub-
sidy has been implemented and the policy maker wants the firm to
invest as much as possible, the optimal situation for the policy maker
would be that the firm perceives no subsidy retraction risk (i.e. A = 0).

To study a situation where the policy risk is large, we set A\ = 1. This
means that the firm expects the subsidy to be retracted in about one
year. The investment timing thresholds X, and X, and the investment
sizes Ky and Ki are shown as functions of subsidy size 6 in Fig. 3. In ac-
cordance with Proposition 6, both timing and size decrease when in-
creasing subsidy size.

To study the effect of subsidy size 6 and interpret Fig. 3, it is impor-
tant to distinguish between two different cases. Firstly, the simple
case, in which the firm is in the stopping region at the start of the plan-
ning horizon, i.e. the starting value of the GBM X, x, is larger than the in-
vestment threshold X;. Then the firm invests immediately, at the price P
(x) and the optimal capacity is equal to K;(x), i.e. expression (2.9) eval-
uated at X = x. When the government pays for almost all investment
costs, that is, the subsidy size 6 is close to one, the investment quantity
is close to zln which represents the optimal capacity if investment costs

would be equal to zero. That is, the firm maximizes total revenues. Sec-
ondly, the firm is in the waiting region at the start of the planning hori-
zon, i.e. X < X;. In this case, the firm waits with investment until the
threshold X; is hit (or X, if the subsidy is withdrawn before investment)
and invests in K (Kp) as shown in the right-hand graph in Fig. 3.

Fig. 3 helps to analyze the situation in which a government aims to
speed up investment of the waiting firm by threatening to remove the
subsidy soon. Whether the firm will invest immediately under large
subsidy withdrawal risk, depends on the size of the subsidy and the cur-
rent output price level. When the government has implemented a large
subsidy (i.e. 6 close to one), threatening to take away the subsidy soon
results in firms investing immediately to still receive the large invest-
ment cost subsidy. However, it could happen that then, if the current
output price is low, firms will invest in a small capacity.

However, when the subsidy size is relatively small, the approach to
make the firm invest immediately by threatening to remove the subsidy
soon is not always effective. For example, consider a subsidy size of 6 =
0.15. Fig. 3 shows that the optimal timing threshold while the subsidy is
available, X1, is equal to 19.15. Increasing the subsidy withdrawal risk
even further than A = 1 makes the threshold eventually converge to a
value of approximately 18.29 (see Fig. 2). Therefore, when the current
value of the demand intercept is smaller than 18.29, trying to let the
firm invest immediately by threatening to remove the subsidy, is inef-
fective as it is never optimal to invest immediately, independent of the
subsidy withdrawal risk.

Finally, we study the effect of demand volatility on the investment
size and investment threshold. Fig. 4 presents the investment timing
threshold X; and the investment size K7 as functions of the subsidy re-
traction risk A for different levels of demand volatility o, using the pa-
rameter values in Table 1. Fig. 5 shows the investment timing
threshold X; and the investment size K7 as functions of the subsidy re-
traction risk 6 for different levels of demand volatility. We observe the
standard real options result that a larger demand volatility delays in-
vestment and increases investment size (see, e.g., Dangl, 1999 and
Huisman and Kort, 2015). However, this effect does not eliminate the
effects of subsidy withdrawal risk and subsidy size as shown in
Proposition 5 and 6. Even when demand volatility ois large, both the in-
vestment threshold and the investment size decrease with subsidy
withdrawal risk and subsidy size.

5. Capacity target and total surplus

We now study how a policy maker can influence and steer the deci-
sions of the firm towards a socially optimal (first-best) decision. In the
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Fig. 2. Investment timing (left) and size (right) as functions of the subsidy withdrawal rate A. [Parameter values: u = 0.02, o = 0.05, r = 0.06,1) = 0.01, 6 = 350 and 0 = 0.15.]

following we consider two different types of objectives for the social
planner. In Section 5.1, we assume that the policy maker strives to
achieve a predetermined capacity target as soon as possible. This is es-
pecially relevant considering renewable energy capacity targets. In
Section 5.2, we consider a social planner that has the aim to increase
total surplus.

5.1. Capacity target

We first focus on the case where the social planner has the aim to
reach a certain capacity target K as soon as possible. Fig. 6 illustrates
the optimal subsidy size required to reach a certain capacity target
(left panel) and the resulting investment timing (right panel) as a func-
tion of subsidy retraction risk A.!”

In case the target is lower than the firm's optimal investment with-
out subsidy (i.e. K<Kj), the social planner can use the policy instrument
to speed up the firm's investment. In this scenario a subsidy can be used
to reach the capacity target earlier, as illustrated in Fig. 6. The smaller
the capacity target, the sooner investment will take place, which is ac-
celerated by offering a larger subsidy. When the subsidy withdrawal
risk increases, the subsidy required to reach a certain capacity target de-
creases. The optimal investment threshold, however, increases as a re-
sult of the smaller subsidy size.

Until now we have seen subsidies that are used to speed up in-
vestment and, as a side effect, it decreases the firm's optimal in-
vestment size. A different matter arises when the capacity target
is larger than the firm's optimal investment size if no subsidy is
provided. The only way to reach such a target is to implement a
conditional subsidy in the sense that such a subsidy is only pro-
vided at the moment that the firm invests in a capacity size corre-
sponding to the target.

17 Note that when A = 0, the firm's optimal investment size does not depend on the sub-
sidy size (see equation (2.16)), and thus the social planner cannot influence the firm's op-
timal size decision. Therefore, the lines in Fig. 6 start for positive A and not for A = 0.

5.2. Total surplus

In this section, we study the question whether a policy maker can in-
crease total economic surplus'® by use of a subsidy, with a focus on the
role of subsidy retraction risk. To analyze the effect of subsidy retraction
risk and subsidy size on the total surplus (TS), we study the relative dif-
ference between economic surplus generated by the first-best solution
and welfare under the investment decision made by the firm. This rela-
tive difference is called the relative welfare loss (RWL), and depends on
the likelihood of subsidy withdrawal A and the subsidy size 6. In case
there is no subsidy in effect, we can show that the RWL is always equal to:

oy TS(Xs,Ks)—TS(Xo,Ko) 1
RWL(Xo,Kp) = TS (%, =2

(5.1)

See Appendix C.1 for the derivation details.

This implies that a subsidy only has value in terms of increasing total
surplus if it can decrease RWL below 25%. We find that the first-best
outcome can in fact not be obtained with a lump-sum subsidy. To
achieve the first-best outcome, we learn from Proposition 4 that the
subsidy should be such that it should let the firm double the size of
the investment without affecting the investment timing. However, pro-
viding a subsidy would result in an investment size being less than or
equal to the size without subsidy. We conclude that steering the firm to-
wards the first best outcome by providing a subsidy is not possible.

We present further results illustrated by the numerical example with
the same parameter values as in Table 1. Fig. 7 plots the total surplus as a
function of subsidy retraction risk A. For any given subsidy level, we find

'8 In this paper, we focus on the question whether a subsidy can increase total economic
surplus, assuming no government inefficiencies or market distortions caused by the fi-
nancing of the subsidy. We use welfare to describe the total economic surplus. Note that
in practice, policy makers may need to account for inefficiencies in government spending
as well as the costs of obtaining the budget to implement a subsidy. For example, if the
subsidy is financed from a distortionary tax, these effects are the consequence of
implementing the subsidy.
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Fig. 3. Investment timing (left) and size (right) as functions of the subsidy size . [Parameter values: u = 0.02, o0 = 0.05,r = 0.06,1) = 0.01,6 = 350 and A = 1.]

that the higher is the perceived risk of subsidy retraction, the lower the
total surplus becomes. The reason is the following. First note that, taking
it from a welfare perspective, already under zero retraction risk the firm
invests too early in a too low capacity. Fig. 2 learns that the larger the per-
ceived risk of subsidy retraction, the sooner the firm invests in less. So in
this way under a subsidy retraction risk the firm's investment decision de-
parts even further away from socially optimal investment. Hence, we
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conclude that no subsidy retraction risk is optimal in terms of total surplus
and a policy maker maximizing total surplus should try to eliminate this
risk. Fig. 7 in fact shows that already very small increases in subsidy re-
traction risk drastically decrease total surplus.

Next, we turn our analysis to the socially optimal subsidy size 6. Fig. 8
plots the total surplus as a function of subsidy size 6. We obtain that pro-
viding subsidy can increase welfare as illustrated in both the left and

Investment size

40 ' '
0 — 005
vemmnnnio =015
o =025
35+ |
=
M» 30 r %.."n |
o "...
B ?.!Ql
E i
: d
&
s
& 250y |
,S |}
S \
= Ay
o \
& \.
N,
20} s -
‘§~~-—-—-—
15 ' |
0 0.5 1 1.5

Subsidy withdrawal rate, A

Fig. 4. Investment timing (left) and size (right) as functions of the subsidy withdrawal rate A. [Parameter values: i = 0.02,r = 0.06,1) = 0.01, 6 = 350 and 6 = 0.15.]
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middle panel of Fig. 8. The left panel of Fig. 8 shows that in case of no
subsidy retraction risk the total surplus is highest when 6 = 0.156, i.e.
the lump-sum subsidy is equal to 15.6% of the firm's total investment
costs. At § = 0.156, the total surplus is equal to 429.79, while the first-
best outcome leads to a total surplus of 543.25. This results in a RWL
of 20.9% opposed to the 25% when the subsidy is not provided. By
implementing the subsidy, the relative welfare loss decreases by ap-
proximately 16.4%. The increase in welfare is the result of the fact that,
under no withdrawal risk, the firm invests earlier and in the same
size. This increases both the discounted consumer surplus and the
discounted producer surplus, and these increases outweigh the costs
of providing the subsidy. This result holds when there is no policy risk.
We now study how policy risk affects this result.

The middle panel of Fig. 8 shows the total surplus if there is a low
subsidy retraction risk. If we introduce only a small probability of sub-
sidy withdrawal by setting A = 0.0001, the optimal subsidy size is
slightly smaller and equal to 6* = 0.135 compared to when there is
no risk of subsidy retraction (6 * = 0.156). Introducing a probability of
a subsidy retraction, results in that the investment is done sooner and,
therefore, with a smaller capacity. Decreasing the subsidy size makes
the firm postpone investment. When it invests, it, therefore, invests in
a larger size. Thus, decreasing the subsidy size counters the effect of
the increased probability of subsidy retraction. Comparing the middle
panel with the left panel in Fig. 8, we observe that for any given subsidy
size the total surplus decreases when there is subsidy retraction risk.

Assuming a slightly larger subsidy withdrawal risk by setting A =
0.001, it in fact becomes optimal not to introduce a subsidy at all. This
is because the firm has a strong incentive to invest early, but therefore,
in a small capacity. The investment is done too early and at a too small
scale from a welfare-maximizing point of view. Therefore, when policy
risk is large, it is best for social welfare not to offer a subsidy at all.

6. Discussions

Next, we discuss the effect of alternative assumptions on our results.
We discuss the effect of different types of subsidies, the effect of the firm
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having the option to expand, and the effect of the social planner's dis-
count rate in this section. A detailed analysis of the effect of a different
demand function is included in Appendix B, in which we assume an
isoelastic demand function.

Firstly, we compare our results under a lump-sum subsidy with the
(expected) results under two different types of subsidies: the feed-in tar-
iff (FIT) and feed-in premium (FIP). Feed-in policies (i.e. tariffs and pre-
miums) are still widely used. By the end of 2019, they were in place in
113 jurisdictions at the national, state or provincial levels [REN21,
2020]. The main difference between a lump-sum subsidy on the one
hand and the FIT and FIP on the other hand is that the lump-sum subsidy
is a one-time transfer at the time of investment, while both the FIT and
FIP payments happen during the project life-time. This difference is
also the key explanatory factor in the difference in conclusions.

We find that, under a lump-sum subsidy, an increase in the subsidy
withdrawal risk, lowers the firm's investment threshold and decreases
its investment size. Chronopoulos et al. [2016] studies investment
under subsidy withdrawal risk under a FIP and draws the same conclu-
sion when the risk of subsidy withdrawal is low. This is the result of a
firm wanting to obtain subsidy and it is being threatened the subsidy
may disappear in the near future. When the risk of subsidy withdrawal
is high, this effect disappears for the FIP, but not for the lump-sum sub-
sidy. In case of a FIP, a firm increases its investment threshold and in-
creases its investment size when the subsidy withdrawal risk of
withdrawal increases. The firm's gain from a feed-in premium is ob-
tained from production, hence a firm only invests when either the out-
put price is high or when the expected lifetime of the feed-in premium
is substantial. This is different from the lump-sum subsidy, for which the
gain is fully obtained at the moment of investment.

Boomsma et al. [2012] studies the effect of FITs on investment. As-
suming there is no risk of subsidy withdrawal, Boomsma et al. [2012]
conclude that FITs encourage earlier investment. The firm invests earlier
under a FIT as it is protected from risk on the market. When accounting
for the risk of subsidy withdrawal, the firm faces a trade-off similar to
the scenario in which the subsidy available is a FIP. We would expect
both the investment threshold and investment size to go down (up)
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with retraction risk when the risk of retraction is low (high). The
trade-off consists of two opposing effects. Firstly, the firm has an in-
centive to invest sooner in order to still obtain the subsidy. The firm
would then also invest in a smaller size. Secondly, it wants to keep its
revenue high also in the case when the FIT is retracted. Hence, it has
the incentive to increase its investment threshold to make sure out-
put prices are sufficiently high. In this case, the firm would increase
its investment size.

Secondly, we discuss the case in which the firm has the option to ex-
pand the renewable energy capacity by investment in new locations
after. This means it faces a sequential investment decision. In the case
of sequential investment, a firm can invest early to take advantage of
the available subsidy, while still being able to scale up investment
later if output prices are high. This provides it with more flexibility.
We expect that this leads to the firm investing sooner to obtain subsidy
and also investing more in the long-run if output prices are high.
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Lastly, we discuss the effect of a difference between the social
planner's and the firm's discount rate. The firm's investment size
and quantity are affected in the same way by a lump-sum subsidy
under withdrawal risk as discussed in Sections 3 and 4: both a
higher withdrawal risk and a higher subsidy size speed up invest-
ment and decrease the investment size. In case the social planner
maximizes total surplus and has a higher discount rate than the
firm, it prefers that the firm invests sooner than the firm would
without subsidy. Therefore, the larger the social planner's discount
rate, the larger its optimal subsidy.

7. Conclusions

This paper studies the effect of a lump-sum subsidy subject to
risk of retraction on optimal investment decisions in terms of timing
and capacity size installed. We find that increasing the likelihood of
subsidy withdrawal gives the firm an incentive to invest sooner to
still obtain the subsidy. As the firm invests sooner, it also invests in
a smaller size. The same effect, i.e. investing sooner in a smaller
size, is obtained by increasing the subsidy size under positive subsidy
withdrawal risk.

Since the firm does not take into account the consumer surplus
when investing, it has less incentives to invest than a social planner
maximizing total surplus. When demand is linear, a profit-maximizing
firm invests at the right time but in a too small capacity. When demand
is isoelastic, the firm does invest in the same capacity as the social plan-
ner, but the profit-maximizing firm invests later. We find that in both
cases a lump-sum subsidy can increase welfare when there is no sub-
sidy retraction risk, but it harms welfare when there is substantial sub-
sidy retraction risk. Therefore, a social planner maximizing welfare
should try to minimize the subsidy retraction risk. If subsidy retraction
risk increases, the socially optimal subsidy size decreases, and welfare
decreases rapidly as the firm invests in a much too small size from a so-
cially optimal point of view.
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In case the policy maker aims to reach a capacity target that is
smaller than the firm's optimal investment size without subsidy,
implementing a lump-sum subsidy can speed up the firm's investment.
If the policy maker sets a capacity target that is larger than the firm's op-
timal investment size, the only way to achieve the target is to imple-
ment a subsidy that is provided conditional on the firm investing in
the right capacity size.

Our model can be extended for the case in which the firm is able to
receive signals on future government decisions, so that it can update its
beliefs about the possibility of a subsidy retraction. Pawlina and Kort
[2005] propose a model with consistent authority behavior, which
takes into account that the government will only intervene at a certain
price level, but they only consider the investment timing decision and
not the investment size decision. Dalby et al. [2018] provide a model
in which firms receive signals and can learn about the timing of subsidy
revision. However, their model does not account for a firm's investment
timing and capacity size decisions.

Appendix A. Proofs of theorems and propositions

A.1. Proof of corollary 1

Proof of Corollary 1. This proof shows that the expression for K;(X)
(expression (2.9)) holds for X > X;. The proof that Eq. (2.8) is correct
for X > X, follows the same steps.

The optimal investment size K = Ki maximizes V;(K,X) for X > X;.

Since % =— % <0 for X > 0, it holds that V;(K,X) is concave in K as

X > X; > 0. Therefore the first order condition, %LK' = 0, can be applied

here.

avi o X(1-2K) o

Wfo = (1-0)6=0 (A1)
1 (=6)sr—p)

=K (X) = 2 (1 e (A.2)
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A.2. Proof of proposition 1

Proof of Proposition 1. Firstly, looking at the value of the investment op-
tion without the subsidy, we can follow Huisman and Kort [2015] as there
is no subsidy uncertainty in this case. When X > X, it is optimal to invest,
and we have:

X(A1—nK)K
r—u

oK (A3)

Vo(X.K) =

When X < X, it is optimal to wait with investing. It can be shown
that the following holds for V(X), the value of the investment at level

Discounted total surplus with A = 0
T T T

Discounted total surplus with A = 0.001
T T T

X when the policy has been withdrawn (see, e.g., Dixit and Pindyck,
1994):

%(72X2 VA(X) + XV (X)—1Vo(X) = 0

(A4)

Solving this ordinary differential equation yields Vy(X) = AgX™' +
BoXP®. In this expression, Ag and By are constants that remain to be de-
termined. Bo; (Bo2) is the positive (negative) solution to
102B% + (u—Jo?)B—r = 0. Since Vp(0) = 0 and Py, < 0, it follows
that By = 0, hence:
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Fig. 12. Total surplus under iso-elastic demand as a function of the subsidy size 6 for different levels of subsidy withdrawal risk A. [Parameter values: 4= 0.02, o0 = 0.05, r = 0.06, §; = 150,

6, =200 and y = 04.]
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Vo(X) = AgXPor (A.5)

Combining expressions (A.3) and (A.5) yields the expression (2.10)
for V.

Secondly, we derive expression (2.11) for V;. When X > Xj, it is op-
timal to invest and the value of the option to invest when the subsidy is
in effect is equal to:

X(1—nKK
T

ViX,K) = (1—0)6K (A.6)

For X < Xj, it holds that it is best to wait. The investment option
while the policy is active satisfies the following ordinary differential
equation:

%ozxzv’{ (X) + XV (X) =1V (X) + A(Vo(X) =V (X))

0 (A7)

The main difference with Eq. (A.4) is the addition of the term A(Vy
(X) — V1(X)), which has been added as the value of the option to invest
can drop from V; to V; if the subsidy is retracted while we wait. Since X
< X; means X < Xo, we have Vo(X) = AoX™ for X < X;. Solving the ho-
mogeneous part of the above ordinary differential equation yields solu-
tion VH(X) = A XP" + B1XP2. By; (Br2) is the positive (negative)
solution to 0?p% + (u—J0?)B—(r +A) = 0.

To find a particular solution to the ordinary differential equation in
(A.7), one can try V5(X) = C;X*, as the in-homogeneous part is
AoXP'. From this it follows that C; = Ao. Combining the homogeneous
and particular solution gives V;(X) = A XP + B1XP12 + AgXP'. However,
as V1(0) = 0 and B4, < 0, it follows that B; = 0.
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This results in the following expression for V;(X):

Vi(X) = A1 XPr 4 AgXPor (A.8)

where A; and Ag are constants that needs be determined. As before, 3p;
is the positive solution to }02B% + (u—10?)B—r = 0. Combining
expressions (A.6) and (A.8) yields expression (2.11) for V.

A.3. Proof of proposition 2

Proof of Proposition 2. The constant Ay and thresholds Xy satisfy the
value matching and smooth pasting condition for V. The value matching
equation for Vg is (A.9), which guarantees that the value for Vo(Xo,Kg) is
uniquely defined.

Xo(1-7Kq)Kq
r—u

AoXber = 8K, (A.9)

Apart from value matching condition, there is also a smooth pasting
condition for Vy. Eq. (A.10) guarantees that % has a unique value atX =
Xo.

(1-1Ky)Ky

Bor—1 _
AoBo1 Xy R——

(A.10)

Multiplying (A.9) by o1 and subtracting X, times (A.10) from it
yields:

Xo(1-1Ky)Ky

— —Bo10Kq

0= (By—1) (A11)

01
Boi—1

=Xo(1-1Kp) = B(r—p) (A12)
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Plugging the expression for the optimal capacity Ky (see expression
(2.8)) into (A.12) and rewriting this equation results in:

By +1.
Bor—

Xo = 8(r—p) (A13)

Substituting the expression (A.13) for X, into (2.8) yields an expres-
sion for the optimal capacity when the subsidy is not available.

Ko(Xo) = M(Bor + 1)) " (A14)

A.A4. Proof of proposition 3

Proof of Proposition 3. The constant A, and threshold X, satisfy the
value matching and smooth pasting conditions for V;. The value matching
equation is (A.15), which guarantees that the value for V;(Xy,K7) is
uniquely defined.

X (1-1K})K;

Bn Bor _
A]Xl -‘rA()X] = r—u

—(1—6)5K; (A15)

Apart from value matching condition, there is also smooth pasting
condition (A.16), which guarantees that % has a unique value at X = X;.

(1-nK})K;

APrX T+ Ao X = (A16)
Subtracting 51 times Eq. (A.16) from (A.15) yields:

B11—Bu o Bu—1 Xi (1=K} K} .

—AX" = : —(1—6)6K A17
B o B r—p ( ok ( )
Rearranging terms in (A.17) leads to:

Pr—Por oyt _ P~ KK ek, =0 (a1s)

C Bn B r—u

In the above, an expression for Ap can be derived by rewriting
Eq. (A.10) and subsequently substituting the derived expressions for
Xo and Ky

6

W(Bg1_1)

A.5. Proof of proposition 4

Proof of Proposition 4. To derive the optimal capacity from a social
welfare point of view, we take the first order condition of TS with re-
spect to K, similar to deriving the optimal capacity for the profit-
maximizing firm, see the proof in Appendix A.1.

Ao

_ .XO*V'm (A19)

We take the same steps as the proof in Appendix A.2 when deter-
mining the expression for Vj to derive the value of the option to invest
for the social planner.

The threshold for the social planner X; satisfies the value matching
and smooth pasting conditions. The value matching equation is:

Xs(2—nKs(Xs))Ks(Xs)

Bor _ —
AsX = 20— 6Ks(Xs) (A.20)
and the smooth pasting condition is:
ASBO]X?OI_I _ (2_77KS(XS>)KS(XS> (AZ])

2(r—p)

The interpretation of the value matching and smooth pasting
conditions are the same as the value matching and smooth pasting
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conditions for the profit-maximizer, which are discussed in
Section 2.

The threshold Xs can be derived using the same steps as in Appendix
A.3 and even yields:

B +1 .

Xs = (A22)

A.6. Proof of proposition 5

Proof of Proposition 5. We start by proving the first statement of this
proposition:

dX, Bo1Bi + \/3(2)1 +B%1_1‘ _ _
N <0=Xi< Boa=DB=1) (1—=0)6(r—p) (A.23)

To derive the effect of subsidy retraction risk A on timing threshold
X1, we only have to look at the direct effect of A on Xj, as there is no in-

direct effect via investment size, since zg_;] = 0. Therefore:

dX; 0%,
NN 24

Xy

Let implicit Eq. (2.14) be denoted by f. To derive %!, we apply total

differentiation to f:

of
df of of oX 0X n
O—cm—aﬁax'ai‘:’ai——%

We are going to show that
condition (3.2) holds.
To derive g—{ we can use that aa% = 0. This gives:

dB] 1
d\ Ao Xffm

(A.25)

x <0 always holds, and £ 7% <0ifand only if

= (B

B
— (B~ —1K})K;
r—p

B _
1 dBn BorAoXPe — X1(1-nK7)K;
r—p

B

—Bo1)

d
1 5}11 X (A.26)

where

1

dp
11 %)

—_ >O
o ([511

We rewrite the smooth pasting condition (see Eq. (A.16)) as

X1 (1-1K})K,

BorAoXio = (r_” L phAXn (A27)

and plug (A.27) into (A.26). This gives:

¥ 1

o dBn B
N [311 A X" <0

= (A.28)

To prove <0 if and only if condition (3.2) holds, we start with tak-
ing the partlal derivative of fwith respect to X. Note that we also need to

account for the derivative of the optimal investment size under subsidy
with respect to the timing evaluated at the optimal timing threshold,

which we denote by %% 4K, Taking the partial derivative of f with respect

X (1-2nK})

to X gives the following, after using that =

= (1—6)6 can be
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derived from the expression for Ki (substituting X = X; into (2.9)), and
rearranging terms:

% 511B Boi BorAgXin 1 BE
1
(1-nK})K; X1 (1-2nK7) dK, 1-0) dK; (A-29)
— x ) Tl ax
Bi1—Boi po—1_ Bu—1_ (1-nK{)K;
_ B ApXPor 1 _ .
B Porfo 1* B r—p
1 K}
o (1=06 7 (A30)
[301 B Bm AXﬁ‘“ Bi1—1 Xl( _WIG)K;
S Xi \ Bu B r—u
L ) ) (A31)
B” _77K1 K] 1 dK,
+ ST RUT 1—6)5- 21
(B 1) P2 SRR (1 T

The term ‘% is the derivative of K;(X) with respect to X evaluated at
X; and can be rewritten into terms of X; and K7 as follows:

1 1=0sr—pw 1 /1 .

2n X3
Note that the term between the brackets in the first line of Eq. (A.31)
can be substituted out by using the implicit Eq. (2.14), i.e.

Byt MUK (1 )6k, Using this fact, com-

blned with Eq. (A.32) for dky % and Eq. (2.9) evaluated at X = X; for K7 re-
duces (A.31) after some algebra to:

of 1

dK;

X ~

dity
dX
X=X,

(A32)

ﬁll 7[:,'01 .AOXﬁO] —

X~ apg—p "
where
gX1) = Bou—1)(Bn _1)X%_2/301511 (1=0)6(r—pu)X;+ (A34)

(Bor + D(Bry + 1)(1-0)*6% (r—p)*.

Since —1— >0 we conclude that 55 i x <Oifand only if g(X;) <0.1Itis

47]X1
straightfonNard that gisaparabola that opens upward for By = By > 1.
The two zeros are at:

BoiBi1—/ B%l +B%1_1
Xg1 =

(1—=6)6(r— A.35
Bor— DBy —1) O (A35)

BoiBi1 + /B + BT —1
Xop = (1—=6)6(r— A.36
S (T D (A30)
Smce »-<0if and only if g(X;) < 0, we can conclude that dj‘)\‘ <0ifand
only 1fX1 (Xg, 1.Xg, r) always holds. Since X; <X, ris the condition (3.2),

only a lower bound on X, Xin, meeting the requirement X, ; < Xmin
needs to be shown.

A lower bound on X; is found by assuming all value is lost after sub-
sidy withdrawal, i.e. A = 0. Then solving implicit (2.14), we find

KXo = 1,+1 (1—6)8(r—p). To show Xg. | < Xpmin, We rewrite it as follows:
<X @Bmﬁn_ By +Bh—1 B+l (A.37)
ST By DB 1) P |
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BB —/Bo + B —1=(B1 + 1)(Bor —1) (A38)
SP11—PBor + 15/ 5%1 + [3%1 —1 (A.39)

Since 311 — o1 + 1> 0, we can square both sides, and the inequality
still holds. Therefore:

Xg1Xmin=(B11—Po1 + 1)°<BG; + B — (A.40)
S—2B01P11 +2B11—2Po1 +2<0 (A41)
<=2(B11 + 1)(1—PBo1)20 (A42)
which holds since 311 2 o1 2 1.
Next, we prove the second part of Proposition 5:
dK; BoiBu + /B + B —1
<0=X;< (1—=6)6(r— A.43
L S e T P VA (A4
We apply total differentiation to Ky to get:
dk, 0K, 9K 0X;
" On 0K On (A44)
Since  Kq(X) = 5; (1— %) we have % -0 and
9o _ 000 5,
As shown previously, if and only if
X <‘7‘m(’;;(;*_ PPy =t - (1-6)6(r—p), we conclude:
0X1
— <
N <0 (A.45)

Therefore, if and only if X; < <“°‘““+7 VEu Py

Feonp o (1=0)6 (r—p), we have

that
dki 1 (1-0)8(r—p) X,
e (A.46)
A.7. Proof of proposition 6
Proof of Proposition 6. We start the proof by showing that
dX; 501311 o/ B(zn +B%1_1
<0=X;< (1—0)o(r— A.47
R s s PR (A47)
Taking the total differential of X; with respect to 6 yields:
dX; 0X; | 9X; 9K,
d 00 0K 06 (A48)

We can directly derive BK‘ from the closed-form expression of K7,
Eq. (2.9), yielding:

oKy 1 §(r— [J)
0 20 X (A.49)
Furthermore, after rewriting (Eq. (2.9)) to
_ (1=0)8(r—p)
X1(K) = ook (A.50)
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and using (Eq. (2.9)) evaluated at X = X; for K7, it follows that:

X, X 0

w0 Aoy

Thus, the indirect effect of subsidy size on timing is captured by:

0X 0Ky 22Xi 18— X

9K 90 (A=6pr—p 20 K 1-60 (A52)
Therefore, & <0 if and only if

Ky __ 0% 0K X (A53)

B0 " 9K 00 10

Let fbe the implicit Eq. (2.14). To derive the % axl ,we apply total differ-
entiation to f:

o
T )
O-%~2 ax 90 " a0 @ (A->4)

A larger subsidy size decreases the investment threshold if and only

(A55)

We will show that af <0 always holds, and, therewith, condition

(A.55) can only hold if 75 af % <0 af is derived via partial differentiation on
implicit equation f:
of  Bnu—1 Xi(1-21K)) .81(1

A TR T

oK,
06

—oK, (A.56)

From the first order condition with respect to capacity, it can be

shown that Xl(liinlﬂ) = (1—0)6. Therefore, we can derive the follow-

ing:

of _ Bi—1 0K, .

30= ( B 1> (1-6)é- 50 oK, (A.57)
B +1 (A=0)6(r—p) > o

= : —1)=— A58
( B X4 2n ( )

We first note a{; is monotonically decreasing in X; for X; > 0. As

shown in the proof in Appendix A.6, X;2£12%-(1—6)(r—u) holds.
Therefore, we can show that % <0:
of <511+1 (1-6)8(r—u) ) 6
he A . -1 A.59
20 B Xi 2n (A-59)
Bu+1l — (1=6)6(r—p) 0
1|2 (A.60)
( Bui (ﬁn“ (1—0)6 (r—u)) )277
1 6
__ .9 A.61
Bn 2n ( )
<0 (A62)

Assuming (3.2) holds, we have that
Then, (A.55) can be rewritten as:

<0, as shown in Proposition 5.
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00 1—6 0X (A.63)

Plugging in Egs. (A.58) for 3 i 5 and (A.33) for g—{( into (A.63), condition
(A.63) can be rewritten to:

o xi o 1

316 X O dnA—6) (o — B () "XV (AGY)
where
h(X1) = —(Bn—1X3

2Py (1= 0)5(r—)Xs —(Byy + DA—028(r—p)?  (A6S)

; 1 dx
Since TT=0) B =TV X, =10 >O we have that§ <0 ifand only if h(X;)

< 0. his a parabola that opens downward w1th the following two
Zeros:

X = (1=6)5(r—) (A66)
Xug =201 (16)6(r—p) (A67)
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We have shown that X; > Xj, rin the proof of Proposition 5 as X, g is
the lower bound on X; by assuming all value is lost after subsidy with-
drawal. Therefore, h(X;) < 0 and we conclude that dx 5 <0.

Deriving the conditions for "K' <0 if condition (3.2) holds, can be
shown by starting with total dlfferentlatlon

dK; 0Ky 0Ky 0X,
W 900X 00 (A.68)
As previously derived:
oKy 1 §(r—p)
e >0 (A.69)
Ky 1 (1=0)8(r—p) _
o T (A.70)
Bi+1, (1=0)6(r—p) 5
o __ (R4 (A71)
00 o '
ox
We can rewrite expression (A.68) to:
dk; 1-0 0X1\ 1 8(r—p)
@ (1 X ae) m X (A72)

When %1 <0 holds, it follows that aaie‘ <—
a4 0.

1x__16 from (A.53), hence

Appendix B. Robustness under iso-elastic demand

This appendix performs a robustness analysis on the results of
Sections 3 and 5 by replacing the linear demand curve (2.1) with an
iso-elastic curve. In case of iso-elastic demand, the output price at
time ¢, P(t), is given by:

P(t) = X(H)K ™, (B.1)

where Kis the firm's installed capacity, and y € (0,1) is the elasticity pa-
rameter. X follows the GBM, defined in (Eq. (2.2)).

For this analysis we make two additional assumptions (see also
Huisman and Kort, 2015). Firstly, the costs of investing in a capacity of
size K are ;K + 6,, where 6, > 0 is the fixed cost component. Secondly,
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we assume 0,7y > 1, where p; is defined as before. Under these as-
sumptions the firm's optimal investment decision again consists of a
threshold that determines the timing without subsidy, Xo, and an in-
vestment size without subsidy, Kg.

The firm's optimization problem is given by:

F(x,0) = sup]E{/ P(t)Ke "dt—
T

(K} (B.2)

(1-6-Tgr)) (81K + B2)e ™™ |X(0) = ,§(0) =

1
with P(t) as in (B.1) and

if subsidy retraction has occurred at time ¢ or earlier

0
&0 = {1 otherwise (B.3)

We take the same steps as in Section 2 to solve the optimization
problem in (B.2). To do so, we can derive the firm's optimal investment
decision when the subsidy has been abolished. The result is stated in
Proposition 7.

Proposition 7. When the subsidy is abolished, the optimal investment
threshold is given by:

(Ko)" o
Xo = T—y 1 (r—u) (B.4)
whereas the corresponding investment size is given by:
o Ba(1—Y) 6
Ky=———"7"-= B.5
0" Bory—1 6 (B:3)

where [ is the positive solution to the fundamental quadratic, as de-
fined in Proposition 1.

Proof. The proof takes the same steps as the proof of Proposition 2 in
Appendix A.3 and is therefore omitted.

Proposition 8 presents the firm's optimal investment decision
under isoelastic demand when the subsidy is still available, but sub-
ject to subsidy retraction risk.

Proposition 8. If the investment subsidy has not been retracted yet, the
optimal investment threshold X, is implicitly given by:

oy 1—
Bri—Por g o _Pu=1 Xu(iG)
B ! B r—p

in which K7 is the optimal capacity under subsidy when investing at X =
Xy, ie.:

+(1—6)-(6:K; + &) =0 (B.6)

. A=9X )7
Kl:(a—wma—m)

Proof. The proof takes the same steps as the proof of Proposition 3 in
Appendix A.4 and is therefore omitted.
Proposition 9 contains the socially optimal investment decision.

(B.7)

Proposition 9. The social planner maximizes the total surplus, which
under iso-elastic demand, is given by:

1—y
TS(X,K) = XK_ — (61K + 83) (B.8)
The optimal timing maximizing the total surplus, Xs, is equal to:
Xs = (Ks)"-61(r—p) (B.9)
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The socially optimal capacity, Ks, is given by:

K. — 01 (1Y) 62

S~ Bouy—1 &1 (B.10)

Proof. The proof is omitted as it takes the same steps as the proof of
Proposition 4 in Appendix A.5.

We find that the investment threshold of the social planner is
lower than the one of the firm when there is no subsidy (i.e. Xs =
(1 — y)Xo). The firm without subsidy and the social planner do opti-
mally invest in the same size (i.e. Ks = Kg). Like with linear demand,
also here the social planner is more eager to invest than the firm.
However, where in case of linear demand this results in more invest-
ment than the firm at the same optimal time, under iso-elastic de-
mand the social planner invests sooner than the firm in the same
investment size.

In order to study the robustness of our results in Sections 3 and 5, we
provide a numerical example. We consider the following parameter
values as in Table 2.

Table 2

Parameter values used in the iso-elastic demand scenario.

Notation Parameter Value

u Electricity price trend 2%

o Electricity price volatility 5%

r Risk-free interest rate 6%

81 Variable investment cost 150 €/ MWh
[ Fixed investment cost 200 €

Y Demand elasticity 0.4

First, we discuss the results that are robust under iso-elastic demand.
In short, the effect of subsidy withdrawal risk and subsidy size on the
optimal investment timing and size as well as the effect of subsidy with-
drawal risk effect on total surplus remains the same. Furthermore, it
also holds that under iso-elastic demand a lump-sum subsidy can only
speed up investment and decrease the investment size as a result. The
only difference in results between linear and iso-elastic demand, is the
optimal subsidy size to maximize welfare under subsidy
withdrawal risk.

The effect of subsidy withdrawal risk and subsidy size on the firm's
optimal investment decisions are shown in Figs. 9 and 10. Fig. 9 shows
the optimal investment timing threshold with subsidy (X;) and with-
out subsidy (Xp) as functions of subsidy retraction risk A, as well as
the optimal investment size with subsidy (K;) and without subsidy
(Kg) as functions of subsidy retraction risk A. Firstly, the results in
Fig. 9 are conform Corollary 2. In case of no subsidy retraction risk
(i.e. A = 0) we have Xy < X; and K3 = K7, which was also the case
for linear demand. Secondly, Fig. 9 is conform Proposition 5: the larger
the subsidy retraction risk, the lower the optimal investment thresh-
old and the lower the optimal capacity. In Fig. 10, the optimal invest-
ment decisions subject to large subsidy retraction risk are shown,
where A = 1. It shows that increasing subsidy size decreases both
the investment threshold and the optimal investment size. These re-
sults are similar to Fig. 3.

Next, we present two figures representing total surplus as a function
of the welfare retraction probability and the subsidy size. Fig. 11 shows
that increasing subsidy retraction risk harms welfare, independent of
the size of the subsidy, which coincides with the conclusion drawn
from Fig. 7 in the linear demand case. The only difference between the
linear demand and iso-elastic demand case is that it could still be opti-
mal in the linear demand case to implement a subsidy in case of a
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positive but not too significant subsidy withdrawal risk, which is not the
case under iso-elastic demand (see Fig. 12).

As can be seen in Fig. 11, a larger subsidy withdrawal risk de-
creases total surplus and no subsidy withdrawal risk is optimal;
both results are identical to the results in Section 5. The sensitivity
of the total surplus with respect to the subsidy size parameter is
slightly different from before, as the investment cost structure be-
tween the linear demand case in Section 5 and the iso-elastic de-
mand case differ. As before, the maximum total surplus is largest
when the subsidy withdrawal risk is zero. In this case, the maximum
total surplus is attained by setting subsidy size 6 = 0.4. It is optimal
not the implement a subsidy when the subsidy withdrawal risk is
positive, as can be seen from both the middle and right panel of
Fig. 11. From the middle and right panel of Fig. 11, it shows that
the subsidy size 6 has a non-monotonic effect on the total surplus.
This is the result of two different effects that work in opposite direc-
tion. Firstly, increasing subsidy size lowers the firm's optimal in-
vestment threshold (left panel of Fig. 10) causing the expected
time to investment to decrease and, therefore, increases the total
surplus. Secondly, a larger subsidy size lowers the firm's optimal in-
vestment size (right panel of Fig. 10) decreasing consumer surplus,
which has a negative effect on total surplus. The upward jump in the
total surplus just after 6 = 0.4 is caused by the fact that the firm's
expected time to invest drops to zero. As the subsidy becomes
larger, there is a point at which the firm's optimal investment
threshold is equal to or smaller than the starting value of the GBM,
which is assumed to be equal to 10. This means that investment is
done immediately, which is beneficial for total surplus.

In Fig. 13, we study the role of subsidy withdrawal risk on the social
planner's ability to reach certain capacity targets as soon as possible.
Similarly to the results under linear demand shown in Fig. 6, a lump-
sum subsidy can only speed up investment at the cost of a lower invest-
ment size.

Appendix C. Additional derivations
C.1. Derivation of constant relative welfare loss under no subsidy

Let Xs and K¢ denote the socially optimal timing and capacity, and let
Xo and Kg be the firm's optimal timing and capacity without any sub-
sidy. Using that Xs = X and K¢ = 2Kg, and expressions (2.12) and
(2.13) for X, and K, the relative welfare loss is equal to:
761(E)>

Xs(2—1K5)Ks o (xo (2—1Ky)Kq

RWL*TS(XS,K;)—TS(XO,KB) B 2(r—p) 2(r—p)

TS(Xs, Ks) Xs(2—mKg)K; 5K

2(r—p) s
AXo(1-1Ky)Ky - Xo(1—1Kg)Kg + XoKp .
—26K;— + 6K
2(r—p) 0 2(r—p) oo

4Xo(1-1Kg)Ky . -

o (171K )Ko 0 —26K;

2(r—p)
3Xo(1—1Kg) —Xo—26(r—p)
4Xo (1—nKy) —45(r—p)

%(Xo +6(r—H)) = (Xo + 26(r—p))
2(Xo + 6(r—p)) —46(r—p)

1

4

C.2. Stochastic discount factor and expected time to investment

When analyzing the effect of a subsidy on welfare, we need to take
into account that a subsidy speeds up investment, and thus investment
is done at a different time under subsidy than without the subsidy. As
we compare welfare outcomes under different times, we need to dis-
count both the welfare with and without subsidy properly. This
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subsection shows that the discount factor for investment without sub-
sidy is equal to:

Bor
X
5= (%)

We also derive that when investment is influenced by a subsidy sub-
ject to subsidy retraction risk, the discount factor is equal to:

(C.1)

[%01 ’$Ul
S; = Pls>T1)- (%) + (1=P[s>T1)): %) (C2)
where
Pls>T1] = exp {()(10—x) ((‘i - 5—22 + 27\> } (C3)

The discount factor for discounting investment without subsidy risk
has been derived in Dixit and Pindyck [1994] and has been addressed in
Huisman and Kort [2015].

To derive the stochastic discount factor for investment under sub-
sidy subject to subsidy retraction risk, we need to derive the expected
time to investment. We define the first hitting times of the thresholds
as follows:

To = min {t : X()>Xp} (C4)

71 = min {t : X(t)2X1} (C.5)
Furthermore, let s be the time at which the exponential jump pro-
cess with parameter A has its first jump. Then the expected time to in-

vestment 7* can be written as follows:

7" = P[s>T1]E[exp (—rT1)] + (1—P[s>T1])-E[exp (—1Tp)] (C6)

The first part of the sum takes the scenario in which the first
exponential jump occurs after the first hitting time of investment
threshold X;. In that case, the first hitting time of X; is relevant for
our solution. The second part of the sum takes the scenario in
which the first exponential jump occurs before the first hitting
time of investment threshold X;. Then, the policy is withdrawn
before we invest and we are no longer interested in the first
time the GBM process reaches X;, but the first hitting time of
threshold X, is the relevant stochastic variable.

In Eq. (C.6), the analytic expressions for E[To] and E[T¢] are known
from, e.g., Dixit and Pindyck [1994, p. 315-316]:

Boi

E[exp (—rTo)] = (%) (C.7)
X [‘;0]

E[exp (—rT1)| = <X—1> (C.8)

P[s > 71] is the probability that the exponential jump occurs
after the first time the GBM process X hits the threshold Xj.
Thus, we compare two first passage times of two independent ran-
dom processes. In general, this problem is solved by solving the
following integral:

/me*“ fr, (bt (C9)
0

where f-1(t) is the density function of the hitting time of the GBM.
Valenti et al. [2007] state that the distribution of time 7; for a GBM pro-

cess X starting at x (see Eq. (2.2)) to reach threshold X; is given by the
inverse Gaussian:
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2
—(Xg—x—pmy)
2027y

f(XLx) :ﬂ.e

\/2m0273

To simplify the derivation, we rewrite (C.10) into the standard form
of an inverse Gaussian pdf:

(C.10)

X1—x —(Xy—x—pry)?
f(T1;X1,X)—~exP{ (C.11)
\/2m0273 20°T
2 2
X1—x a2 (T _Xi—x
= () cexp{ — K120 -(] w) (C.12)

2n73 o?

2n (5

Expression (C.12) is an inverse Gaussian pdf with parameters X and

o~ = — 2 -~ -
I, where X = (’%) and fi = X% So, from now on, we use

f(T]) — i exp _XLﬁ)Z (C 13)
2nr3 27 .ﬁz
for the pdf of the first hitting time.
Now the integral can be solved as follows:
| e nor, @
- A < (t—p)°
= —A == —N\———dt C.14
| e (hy 5o exp { i (C14)
= exp E 1— 1+ﬁ (C.15)
1 \ A ‘
Plugging in the expressions for X and 1 into (C.15), we get:
=~ 2
exp i 1—y/1+ %
H A
X1—Xx o?
- exp{‘% (1—,/1+2A~”—2>} (C.16)
_ Xi—x(p_ 12
= exp {T (6 ;—&-2)\ (C.17)

The probability the exponential jump occurs after threshold X; is hit,
is equal to the expression (C.17), in which x is the starting value of
the GBM.
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