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Abstract 

The temperature-dependent elasticity behavior of the B is unknown today. To 
gain insights into the lattice-level temperature-dependent elasticity of the B crystal, we 
present results of in-situ neutron diffraction experiments performed on polycrystalline 
martensitic specimens in the temperature range of 300 down to 50 K. The experimental results 
are validated by the density functional theory molecular dynamics (DFT-MD) and Quasi 
Harmonic Approximation (QHA) calculations. The results show that the 
temperature-dependent  (TDYM) of the crystal is strongly anisotropic. 
For different crystallographic orientations, the  over the 

temperature range of 300-50 K ( ) ranges from  = 2.8 ± 3.5 

GPa (extremely weak) to = 59.6 ± 9.1 GPa (strong). A very weak elastic softening 

( < 0) is observed in two of the orientations at 150 K. Two correlations are found 

between the TDYM and thermal expansion (TE) of each crystallographic orientation. First, the 
orientations with positive TE responses exhibit a stronger TDYM than the orientations with 
negative TE. Second, for orientations with positive TE the TDYM follows a 
Watchman-Varshni (exponential) trend, while the trend breaks down for the orientations with 
negative TE. The DFT-MD and QHA results capture qualitatively the highly anisotropic 
TDYM of the B crystal and further show that there are orientations exhibiting elastic 
softening and ideally no change in  modulus ( = 0) with cooling. This is found 

to originate from the negative temperature dependence of c35 compliance constant. The 
combined experimental and theoretical results help providing a unified scenario for the 
confluent Invar and Elinvar properties in shape memory alloys. It is proposed that these 
properties originate from the phonon properties of the crystal. 
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1. Introduction 

Knowledge of the elastic properties of shape memory alloys (SMAs) is of critical 

importance in numerical modeling [1] and implementation of SMAs in aerospace [2], seismic 

[3], and biomedical applications [4]. In recent years, the researches on the elastic properties of 

NiTi SMAs have mostly focused on understanding the lattice-level elastic response of the 

martensite phase, which is comprised of (monoclinic) crystal structure [5 9]. In this 

regard, in-situ neutron diffraction studies have revealed a discrepancy between the macroscopic 

and lattice-  [5,6,8 12]. For the first time, Rajagopalan et al. [11] noticed 

a remarkable difference between the macroscopic Young -level 

crystal (109 GPa) from neutron diffraction experiments. 

They ascribed such a difference to the onset of twinning  at low stress levels of < 40 MPa. By 

employing a self-consistent polycrystalline model, Qiu et al. [8] showed the importance of 

elastic intergranular constraints and detwinning processes on the  evolution. 

In a series of systematic studies, Stebner et al. [5,6] discussed the ability of texture-based 

analysis for . It was also shown that the orientation-specific 

 (Ehkl) of  crystal is highly anisotropic [10]. Sittner et al. [13] investigated 

-induced martensitic phase 

transformation from B2 phase.  that is 

widely reported in the literatures  due to the unique anisotropy of the  martensite 

[12,13]. 

Theoretical predictions by DFT calculations have confirmed the highly anisotropic 

nature of elastic modulus of  [7,14 16]. However, significant disparities between 

the DFT-predicted and experimentally-measured values of the Ehkl have been well-noted [7,8]. 
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Among the several scenarios at play, Wang et al. [16] discussed the role of martensite 

microstructure (twinned vs single lattice) in correct interpretation of elastic moduli of 

crystal from DFT calculations. It has also been argued that the temperature-dependent elasticity 

of the could be a source of the contradictory results [10]. This stems from the fact 

that the DFT calculations reveal the purely-elastic response of the at 0 K [7,14 16], 

while the diffraction-based experiments provide the elastic responses  in 

polycrystallie specimens at room temperature [5,6,8,10 12]. In an attempt to disclose the 

temperature-dependent elasticity , Haskins et al. [17] calculated the 

temperature-dependent compliance constants cij(T) over the temperature range of 50 to 600 K 

from DFT-MD calculations. From the experimental point of view, however, surveying the 

literature shows that the temperature-dependent elasticity is still unknown. The 

objective of this study is to unveil the temperature-dependent elasticity 

combining in-situ low temperature neutron diffraction experiments with theoretical predictions. 

The motive of this work is instigated by the ongoing reports of tailored TE (TTE) and 

weak TDYM (Elinvar effect) in thermomechanically-processed SMAs [18 21]. Ren et al. [22] 

proposed strain glass and the accompanying continuous phase transformation as the physical 

origin of TTE in SMAs. The other suggested proposal is that the TTE originates from the 

intrinsic anisotropic TE of the low symmetry crystals of the SMAs e.g.,  in NiTi [19], 

ordered tetragonal L10 in CoNiGa [18], and orthorhombic B19 in NiTiPd [18], which exhibit 

negative/positive/zero TE coefficients (CTE)s along different crystallographic orientations. 

However, little is known on the origin of Elinvar-like property in 

thermomechanically-processed SMAs [23]. One interesting observation is that the TTE and 

Elinvar properties generally accompany each other (i.e., they are confluent properties) 

[20,22,24]. Whether the Elinvar property is linked to the anisotropic TDYM of the  crystal 

is unknown at the moment. In this paper, we first compare the experimental results of the TE of 
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the  with the theoretical predictions from our QHA, DFT-MD [17], and 

MEAM-MD simulations [25]. Then, the low temperature neutron diffraction results of TDYM 

of the crystal are presented. The experimental results are validated with the DFT-MD 

results published by Haskins et al. [17] and our QHA analysis. Finally, we discuss the origin of 

Invar and Elinvar properties in SMAs. 

2. Experimental details 

2.1 Material 

The material used in our experiments is a slightly Ti-rich NiTi in the form of a rod 

provided by Fort Wayne Company. The alloy exhibits martensite finish temperature of Mf = 

315 ± 3 K and hence it is fully martensitic at room temperature. The material is annealed at 

high temperatures and cooled under controlled condition so that martensite variants form 

randomly. The stress-strain responses of the material at three temperatures of 50, 150, and 300 

K are shown in Fig. 1. It is seen that with decreasing temperature the stress plateau 

corresponding to reorientation of martensite variants increases from  214 MPa at 300 K to 

562 MPa at 50 K [26]. The E calculated from the slope of the stress-strain curves in the very 

early stage of the deformation (dashed lines in Fig. 1) increases in an exponential fashion from 

41.6 GPa at 300 K to 54.1 GPa at 50 K, as shown in the inset.    

2.2 In-situ low temperature neutron diffraction experiments  

In-situ neutron diffraction measurements are performed at the beam-line 19 (Takumi) 

of the Materials and Life Science Facility in the Japan Proton Accelerator Research Complex 

(J-PARC) using a high resolution time-of-flight neutron diffractometer [27]. The loading 

direction is oriented 45° to the direction of the incident beam. Diffracted spectra with 

diffraction vectors Q parallel and perpendicular to the loading direction are recorded at the 

north and south banks, respectively (Fig. 2(a)). Diffraction spectra are recorded for  30 min 

in the d-  We have used a custom-built screw-driven 
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cryo-cooling loading frame that exploits a Gifford-McMahon technology [28,29] that is 

capable of reaching a nominal temperature of 6 K (see Fig. 2(b)). All diffraction spectra are 

collected under a high vacuum of better than 7.5×10-3 Pa. To measure the temperature of the 

specimen, a Chromel-Au/Fe(0.07 at.%) thermocouple is placed outside gauge section to avoid 

diffractions from the thermocouple. To allow for the temperature uniformity, the specimen is 

kept at the preset temperature for 5 hours. Measurements are performed at temperatures of 300, 

150, and 50 K.  

2.3 Specimens, loading, and temperature stability 

Flat dogbone tensile specimens with a gauge length of 20 mm, thickness of 3 mm, and 

gauge width of 6 mm are used for neutron diffraction experiments (Fig. 2(c)). Indium foil is 

placed between the specimen and the jigs (made of copper-beryllium) to enhance the thermal 

contact [29]. Loading is performed in a stress-controlled mode at intervals of 10 MPa up to a 

maximum stress of 175 MPa at a stress rate of 1 MPa/min. After reaching each nominal stress 

level, the cross head displacement is kept constant allowing the stress relaxation during the 

collection of neutron diffraction spectra as it is shown in the inset of Fig. 2(d). The blue curve 

in Fig. 2(d) shows the temperature profile of the sample during the collection of the neutron 

spectra at a preset temperature of 50 K. It is seen that with loading the temperature of the gauge 

section rises by  0.5 K followed by a gradual decrease during the collection of neutron 

spectra. The average temperature profile fluctuates only by 1 K during the whole collection 

time of the neutron spectra, which indicates the high temperature stability of the system. The 

orientation-specific lattice strain  for a given hkl 

macroscopic applied stress , is calculated according to   

                   (1)   

where  is the stress-free d-spacing of an hkl plane reflection and  is the d-spacing 

under the applied macroscopic stress . Note that due to stress relaxation during 
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collection of neutron spectra, the  is taken as the average stress.  

2.4 Rietveld refinement 

The recorded neutron spectra are refined using the Z-Rietveld code developed at the 

J-PARC. The code is based on nonlinear least-square algorithms, which enables successful 

application of Pawley method without requiring any constraints on the integrated intensities 

even in the case of severely overlapping peaks [30]. The crystal parameters used to refine the 

neutron spectra are as follow: space group of P121/m, lattice constants of a = 2.9002 Å, b = 

4.1144 Å, c = 4.6540 Å,  = 97.7046°, atomic positions of x = 0.0372, y = 0.25, z = 0.1752 for 

Ni and x =0.4176 y = 0.25 z =0.7164 for Ti with the same anisotropic temperature factors of 

B11=B22=B33= 0.005 and B12=0.00067 for both elements. The neutron spectra are refined in 

the d-spacing range of 1.2-3.2 Å with a TOF function with cut off value of 0.1. A typical 

indexed neutron spectra is shown in Fig. 3. 

 

3. Theoretical analysis 

3.1 DFT calculations 

First-principles calculations are performed using the Vienna Ab-initio Simulation 

Package (VASP) [31,32]. The generalized gradient approximation (GGA) using the 

Perdew-Bruke-Ernzerhof (PBE) functional is applied for the exchange correlation [33,34]. A 

Conjugate gradient scheme is employed with an iterative relaxation of the atomic positions 

with the residual forces acting on the atoms of 0.01 eV/Å and a total energy convergence of 

10 6 eV per unit cell. A planewave cutoff energy of 500 eV and a 15×11×10 

[32] k-point mesh are examined for the Brillouin zone sampling of a 1×1×1 supercell of NiTi. 

Thermal properties and temperature-dependent lattice constants of NiTi are studied by density 

functional perturbation theory (DFPT) [35,36]. The phonon dispersions are calculated by the 

PHONOPY code [37,38] within a 4×3×2 supercell of NiTi including 96 atoms (48 Ni and 48 
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Ti) with k-point meshes of 4×3×5  [32].  

3.2 Temperature-dependent lattice constants of  crystal  

In order to calculate the temperature-dependent lattice constants of the crystal we 

have employed and improved the approach introduced by Won Seok [39]. The approach starts 

with optimization of lattice parameters a, b, and c for a fixed monoclinic angle from 90o to 

108o  Since the structure optimization with a fixed is not implemented in the standard VASP 

code, we applied an optimization technique presented by Mizuno et al.[40]. To capture the 

temperature effect on the lattice constants, the energy landscapes between the B19, B , and 

B33 structures as a function of the monoclinic angle at different temperatures is calculated by 

QHA. It is important to note that in the previous work [39], a harmonic approximation analysis 

has been employed. In this study, we have employed QHA method taking into account the 

anharmonic volume dependence of the phonon properties.  

3.3 Temperature-dependent compliance constants cij(T) of B33 and B19   

Here we briefly describe the method that we employed for calculating the cij(T) of the 

B33 and B19  crystals. Details of the calculations are found in Refs. [41,42]. Isothermal cij(T) 

can be considered as strain derivatives of the Helmholtz free energy F [41]: 

F[X( );T] = E[X( )] + Fvib[X( );T]                 (2) 

where E[X( )] is the total energy of the specific deforming configuration. Fvib[X( );T] is the 

vibrational Helmholtz free energy calculated from phonon density states. There are 13 

independent elastic constants c11, c22, c33, c44, c55, c66, c12, c13, c15, c23, c25, c35, and c46 for a B19  

crystal. To calculate cij(T), 14 sets of deformed crystals are required, which can establish 14 

sets of Helmholtz free energy F[X( );T] curves with respect to strain s. 

We chose ( ), ( - 2/ (1- 2), 0, 0, 0), ( 2/ (1- 2), - ), ( ), (

), (0 ), ( 2/ (1- 2 - 0, 0, 0), ( 2/ (1- 2 ), ( 0, 0, 0, 2 ), 

( 0, 0, 0, -2 ), (0 0, 0, 2 ), (0, 0 2 ), (0, 0, 0 0 ) and (0, 0, 0 0, - )) as 14 



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65

deformation modes. For the space consideration, further details of the calculations are left to 

the readers [41].   

 

 

4. Results and discussion 

4.1 TE behavior crystal; comparison of the neutron diffraction data with the theoretical 

predications  

Let us start with a comparison between the measured TE behavior of the  crystal 

from neutron diffraction experiments (Fig. 4(a)), with those predicted from our QHA analysis 

(Fig. 4(b)), DFT-MD results of Ref. [17] (Fig. 4(c)), and MEAM-MD results of Ref. [43] (Fig. 

4(d)). The first row in Fig. 4(a) shows the thermal strain evolution of sixteen hkl planes of the 

 during cooling from 300 down to 50 K. The thermal strain is calculated as 

 where  is the d-spacing at a temperature T and  is the d-spacing 

at a reference temperature of 300 K. The error bars in Fig. 4(a) are associated with the statics of 

peak fitting. In line with the previous reports [9,19], the measurements show that 

crystal exhibits orientations with both positive and negative TE responses. The orientations 

perpendicular to 100, 102, 112, 120, 020, 021, 103, , and 011 planes are the positive TE 

orientations, while , 12 , 10 , 002/003, 11  and 10  are the negative ones. From these 

measurements and using a least-square approach [44], the four components of the TE matrix at 

300 K are calculated as 11 = 19.7 ×10-6 K-1, 22 =27.3 ×10-6 K-1, 33 = -18.8×10-6 K-1, and 13 

= 40.3×10-6 K-1. A detailed description of the calculations can be found in Ref. [10,18,19]. The 

three dimensional representation surface of the TE matrix is shown in the second row of Fig. 

4(a). The blue dumbbell represents a set of crystallographic orientations that exhibit negative 

TE responses and the yellow torus represents the set of crystallographic orientations with 
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positive TE. 

Comparing the neutron diffraction results with the theoretical predictions in Fig. 

4(b-d), it is seen that the QHA, DFT-MD, and MEAM-MD results can all qualitatively capture 

the strongly anisotropic TE nature of the However, our QHA results capture a 

non-linear evolution of the thermal strain with temperature, as observed in the experiments, 

while, the DFT-MD [17] and MEAM-MD [43] give a linear dependence. Quantitatively 

speaking, the CTE values predicted from the MEAM-MD are significantly larger than the 

experimental results. In Fig. 3(a) it is seen that the orientation perpendicular to 100 plane is a 

strong positive TE plane; however, the QHA, DFT-MD, and MEAM-MD results all predict that 

this orientation is a weak positive TE plane. In agreement with the experimental observations, 

the orientation perpendicular to 020 plane is predicted as strong positive TE plane in DFT-MD 

and MEAM-MD results, which is not accurately captured in our QHA analysis. The 002 plane, 

is a medium negative TE plane and is accurately captured with the DFT-MD results. 

Consequently, overall better agreement is observed between the DFT-MD results of Haskin et 

al. [17] with our experiments. As a concluding remark, the above comparisons show that the 

available theoretical predictions on the temperature-dependent lattice constants and the ensuing 

anisotropic TE behavior of the  crystal can qualitatively capture the experimental 

observations. Further theoretical advancements toward quantitative accuracies are desired. 

4.2 Orientation-specific elasticity of  at room temperature; comparison with previous 

studies 

 The black markers in Fig. 5 show the evolution of lattice strain  with  

along the loading direction for 15 different hkl plane reflections of the crystal at 300 K. 

Note that due to the relaxation of stress in the course of collecting neutron spectra (inset of Fig. 

2(d)), the  represents the average stress in each cycle. The error bars are associated 

with the statistics of peak fitting and the dashed lines represent linear fits to the  vs. 
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, for 125 MPa, which is used to extract the Ehkl (= / ). It is worth 

mentioning that compared with the previous studies [8,10,11], we have recorded neutron 

spectra at smaller stress intervals that results in statistically more reliable values of Ehkl. 

Furthermore, the enhanced detector system of the Takumi beamline enables acquiring sharper 

peaks with better resolution and higher signal to noise ratio, which is beneficial for study of the 

. For example, as it was seen in Fig. 3, peak numbers 6 and 

7 (  and 021) are well-separated, while they are overlapped in Ref. [5]. The 120 and 102 

peaks are fully overlapped in Ref. [5] and hence, their Ehkl values are not reported. However, as 

it is seen in Fig. 3, these peaks are relatively separated and the d-spacing of each peak can be 

satisfactorily refined. 

As it is seen in Fig. 5, despite the nonlinear stress-strain behavior of the 

polycrystalline specimen at 300 K (see Fig. 1), the  vs.  appears linear for most of 

the hkl planes up to 125 MPa. For 102 and 112 peaks deviations from linearity is observed at 

 125 and 150 MPa, respectively. In Table 1, the values of Ehkl at 300 K are compared 

with the previous reports [8,10]. A relatively good agreement is noted for some of the 

orientations. For example, for orientation perpendicular to 011 plane E011 = 113.1 GPa, which is 

the same as the reported value of 113 GPa by Rajagopalan et al. [11] and close to 117.1 GPa by 

Qiu et al. [8]. For other orientations such as perpendicular to  plane, we have measured E 

of 67.2 GPa, which lies in between the reported values by Stebner et al. (65.2 GPa) and Qiu et 

al. (78.2 GPa). Overall, our measured values are in closer agreement with the Qiu et al [8]. It is 

worth noting that Qiu et al. [8] reported E120 = 167.1 GPa and = 78.2 GPa as the highest 

and lowest values of the Youn . Here, we have measured E020 = 183.5 GPa as the 

highest and = 67.2 GPa as the lowest values, which indicate stronger anisotropy of the 

 of NiTi than the previous reports [8,10]. 

4.3 Temperature-dependent  (TDYM) of  crystal; comparison with 0 K 
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self-consistent polycrystalline models 

In Fig. 5, the red and blue markers/dashed-lines represent the evolution of  with 

 at temperatures of 150 and 50 K, respectively. As expected, with decreasing 

temperature the slope of the dashed lines (Ehkl) increases for most of the orientations1. However, 

it is evident that such increase in Ehkl is highly orientation-specific. A visual inspection of the 

slopes in Fig. 5 shows that for some orientations such as perpendicular to 102 (peak 9), 103 

(peak 15), and 112 (peak 12) planes, Ehkl is strongly temperature sensitive, while for some 

orientations such as perpendicular to 10  (peak 3), 12  (peak 8), and 10  (peak 9) planes 

such increase is relatively weak. Fig. 6 summarizes the variations of Ehkl with temperature. The 

strongest TDYM is observed in the orientation perpendicular to 103 plane where E increases 

from 107.5 ± 2.8 GPa at 300 K, to 152.1 ± 9 GPa at 150 K, and further to 167.1 ± 9.1 GPa at 

50 K corresponding to E = 59.6 GPa over the whole tested temperature range. The orientation 

perpendicular to 10  plane exhibits the weakest TDYM where E initially decreases from 84.6 

± 1.1 GPa at 300 K, to 81.8 ± 2.1 GPa at 150 K, and further increases to 87.4 ± 3.5 GPa at 50 

K corresponding to an extremely weak change of E = 3.3 ± 4.3 % over temperature range of 

300 to 50 K. 

Before further expansion of the experimental results, let us point to a meaningful trend 

that highlights the accuracy of our measurements. Consider as an example the 102 (peak 15) 

and 103 (peak 9) planes with d-spacings of 1.694  and 1.288 , respectively. The normals to 

these planes lie in the a-c plane of the  and the angular difference between them is 

xpected to have close values of E at 300 K as well as 

similar TDYM behaviors. Despite having different Pearson linear correlation coefficients (  

associated with the Rietveld refinement (102 plane has a much stronger intensity than the 103 

plane), both orientations appear to have close values of Ehkl at 300 K (E102 = 92.3 GPa and E103 

or the orientations perpendicular to 12  and 10  planes, the Ehkl decreases a little with cooling from 300 to 
150 K (i.e., elastic softening occurs) and it increases slightly with further cooling down to 50 K. 
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= 107.3), and they exhibit strong TDYM. Moreover, the mode of TDYM follows a similar 

exponential trend for both orientations as it is seen in Fig. 6. Similarly,  = 69.5 GPa and 

 = 84.6 GPa and both orientations show a very weak TDYM and the mode of TDYM 

follows a non-exponential trend. 

 Qiu et al. [8] employed a self-consistent polycrystalline model and showed a much 

higher agreement with the neutron diffraction results, compared with the single crystalline DFT 

predictions, however, the role of temperature has not been discussed. Comparing our 50 K 

results with the Ehkl from self-consistent model (see Table 2), it is observed that for some 

orientations such as 011, , , , better agreements are obtained, while for some 

orientations the values of Ehkl at 50 K are higher than the self-consistent predictions. This 

points to the fact that any realistic model should not only take into account the inelastic 

contributions, but also the highly anisotropic temperature-dependent elasticity of the  

crystal has to be considered.  

4.4 Correlations between TDYM and CTE and breakdown of the Watchman-Varshni equation  

 As it is clearly seen in Fig. 6, the orientations with positive TE responses show, overall, 

a stronger TDYM than the orientations with negative TE. Comparing the TDYM within the 

orientations with positive TE, it is seen that those sets of orientations with higher values of 

CTE exhibit stronger TDYM than the orientations with lower values CT2. For example, the 

orientations perpendicular to 103, 102, 112, and 020 planes with the largest values of CTE 

exhibit the strongest TDYM. The orientations perpendicular to  and 011 planes with the 

lowest values of CTE, exhibit the weakest temperature sensitivity. Comparing the TDYM of 

the orientations with negative TE responses, no systematic dependence to CTE is observed as 

orientations perpendicular to  (CTE = -26.1×10-6 K-1), and (CTE = -4.6×10-6 K-1), 

and  (CTE = -11.3×10-6 K-1) planes, all exhibit extremely weak TDYM. The results in Fig. 

orientation perpendicular to 120 plane seems an exception. espite having a large positive CTE (19.7 10-6 

K-1), this orientation shows a moderate TDYM.
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6 further show that there is a distinct difference in the mode of TDYM between the orientations 

with positive and negative TE responses. In the positive TE orientations, the Ehkl increases 

rather considerably with decreasing temperature to 150 K and tends to saturate with further 

decrease of temperature to 50 K. Such temperature dependence follows the empirical equation 

(exponential) proposed by Watchman and Varshni [45] as follow:  

           (3) 

where T is temperature,  , and B is a 

constant. In contrast, for the orientations with negative TE responses, the Ehkl increases rather 

insignificantly with decreasing temperature to 150 K and further increases noticeably down to 

50 K. This shows that the Watchman-Varshni equation breaks down to fit the TDYM of the 

orientations with the negative TE responses.  

4.5 DFT-MD and QHA results of TDYM 

Haskins et al. [17] calculated the temperature-dependent compliance constants cij(T) 

of the B  and B33 crystal structures of the NiTi using a modified version of thermodynamic 

upsampling within DFT-MD calculations. We have calculated the orientation-dependent 

B  and B33 crystal structures from the cij(T) data provided by 

Haskins et al. [17] using MTEX Toolbox [46]. Fig. 7(a) illustrates the three dimensional 

representation surfaces (quadric)s  at two temperatures of 300 and 50 K 

for B  crystal. 

crystallographic orientations at 300 and 50 K. Note that the quadrics have two-fold symmetry 

along the Y (b of the ) axis. It is seen that with a decrease of temperature the quadric 

expands. It is also clear that such expansion is non-uniform and the overall shape of the quadric 

varies, which hints at the anisotropy of the TDYM of the  crystal. The anisotropic TDYM 

is better illustrated in two-dimensional cross-section plots, as they are shown in Fig. 7(b) for 

five selective planes rotated by different angles around the Y axis. For planes 1 and 5, the 
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TDYM is realized by a relatively-isotropic/weakly-anisotropic TDYM, where with a decrease 

of temperature Ehkl increases ( E > 0) along all crystallographic orientations. In the plane 

number 2, the TDYM is anisotropic. The red dashed lines define a set of crystallographic 

orientations where TDYM is very weak ( E 0) as opposed to Y direction ([010]) where the 

TDYM is strong and positive E > 0. In the planes 3 and 4, a range of crystallographic 

orientations (blue dashed lines) appear to exhibit negative TDYM (elastic softening) where 

with a decrease of temperature Ehkl decreases ( E <0). The intersection between the 

orientations that exhibit E < 0 and E > 0 responses, characterize a set of crystallographic 

orientations at which an ideal Elinvar ( E 0) exists. Another prediction from the DFT-MD 

results that is close to our experimental observations (see Fig. 6) is that the orientations that 

exhibit E 0 and E < 0 responses, appear to possess lower  

compared to orientations with E > 0. It should be note that in our experiments we did not 

observe any orientation that exhibits E < 0 in the whole temperature range of 300 to 50 K. We 

only noticed that the , such as perpendicular to 

 (E300K = 86.3 GPa),  (E300K = 84.6 GPa), and  (E300K = 69.56 GPa) planes, they 

all exhibit weak TDYMs E 0. Note that for  and plane, with a high Pearson 

linear correlation coefficient, we noted a small decrease 

decrease of temperature down to 150 K (blue arrows in Fig. 6).  

We have calculated the evolution of the orientation-  with 

temperature Ehkl (T) for some orientations of positive and negative TE responses using the 

following equation [44]:  
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                (4) 

where l1, l2, and l3 are the direction cosines normal to an hkl plane of the  crystal and sij(T) 

is the stiffness tensor (i.e., the inverse of the compliance matrix cij(T)-1). As it is seen in Fig. 

7(c), the DFT-MD results predict the highly anisotropic nature of the  crystal, however, it 

predicts a Watchman-Varshni trend for all the positive and negative TE orientations (i.e., it fails 

to capture the non-exponential trend that we observed in all negative TE orientations). 

Moreover, the strongest TDYM from DFT-MD calculations were determined to be  = 31 

GPa, which is almost half of the  of the orientation perpendicular to 103 plane with the 

highest sensitivity of E to temperature (see Fig. 6). These quantitative discrepancies indicate 

that there is still advancement desired toward fabrication of single crystalline B19  specimens 

and conducting low temperature neutron diffraction observations.  

Before discussing the temperature-dependent elasticity of the B  crystal from our 

QHA analysis, it is important to bring in mind that the calculation of cij(T) of the B  crystal 

from QHA is not reliable, since the  is not the ground-state structure of the NiTi at 0 K. 

Being aware of such limitation, we performed QHA calculations on the B33 and B  crystals 

and calculated the cij(T) for both crystals. Fig. S1 summarizes the temperature-dependent 

elasticity behavior of the  crystal from our QHA analysis. Surprisingly, the QHA 

calculations yields qualitatively similar results as that of the DFT-MD; it captures the existence 

of crystallographic orientations with E > 0, E < 0, and ideal Elinvar ( E = 0). Moreover, the 

non-exponential TDYM is also captured with QHA. This is an interesting finding since our 

QHA analysis captures the non-linear TE behavior as well, unlike the DFT-MD and 

MEAM-MD results that predict linear dependencies (see Fig. 4). Furthermore, from our QHA 

calculations and DFT-MD results of Haskins et al. [17], we noted that the hypothetical  B33 

crystal structure does not show orientations with negative/zero TE, nor orientations that 

undergo elastic softening during cooling (results are not shown). Comparing the cij(T) data of 
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the B33 and B  crystals, we found that it is the strong negative temperature-dependence of 

the c35 compliance constant that brings the E < 0, E  0, and E = 0 to the 

temperature-dependent elasticity behavior of the B  crystal.  

Finally, although several experimentally-observed features of the 

temperature-dependent elasticity of the B  crystal are captured qualitatively with QHA and 

DFT-MD calculations, the theoretically-predicted elastic softening over the whole tested 

temperature range (300 down to 50 K) was not observed in our experiments. This might be due 

to the fact that the range of crystallographic orientations that show elastic softening E < 0 are 

narrower than the orientations with E > 0 and thus more difficult to detect. It may also be 

attributed to the temperature-dependence of twin boundary motions in our polycrystalline 

specimens. 

4.6 Mechanism of Elinvar and Invar in nanocrystalline SMAs 

By surveying the literature, it is revealed that the Elinvar and Invar (more precisely 

tailored TE) are the two confluent properties that come together in most studied nanocrystalline 

SMA systems. For example, we observed tailored TE [19] and invariance of superelasticity 

with temperature down to 18 K (Elinvar) [29] in a severely-deformed superelastic NiTi. 

Multifunctional Gum metal [24], NiTiFe [20], and TNTZ-1.2O [22] are typical SMAs that 

exhibit the confluent Invar and Elinvar properties. To the best of our knowledge, there is no 

consensus on the origin of these nascent properties in SMAs. One of the proposed scenarios is 

that both Invar and Elinvar originates from the continuous phase transformation upon cooling 

[22,47]. Such proposed mechanism, however, fails to explain the tailored TE observed in fully 

martensitic SMA systems, where no continuous/discontinuous phase transformation occurs 

with cooling [18]. Monroe et al. [18] proposed that the tailored TE leading to Invar effect in 

SMAs, originate from the anisotropic TE of the low symmetry crystals of SMAs [18]. We also 

showed that the tailored TE in severely-rolled sheets originate from intrinsic TE of the 
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stabilized B  crystal. The close agreement between DFT-MD, QHA, and experimental results 

presented in Fig. 4 to Fig. 7 help providing a unified mechanism, based on the phonon 

properties of the  crystal, for the confluent Elinvar and Invar properties in SMAs. The 

results clearly show that the B  crystal exhibits the negative/positive/zero TE as well as 

negative/positive/zero TDYM along different crystallographic orientations. Lastly, the reports 

on Elinvar effec invariant with 

temperature e.g.,  60 GPa for Gum metal [24], 45 GPa for TNTZ-1.2O [22], and 50 

GPa for NiTiFe [47]. Our neutron diffraction experiments, DFT-MD, and QHA results (Fig. 6, 

Fig. 7, and Fig. S1

exhibit a weak TDYM. We believe these observations are complelling evidence that Invar and 

Elinvar in SMAs originate from  

 

6. Summary and conclusions  

We have investigated the temperature-dependent elasticity behavior of the B

monoclinic NiTi in polycrystalline specimens over the temperature range of 300 to 50 K, using 

time-of-flight neutron diffraction experiments. For the first time, the temperature-dependent 

 modulus (TDYM) of different crystallographic orientations (Ehkl(T)) is measured. To 

validate the experimental findings, Quasi Harmonic Approximations (QHA) and density 

functional theory molecular dynamics (DFT-MD) calculations are employed. From the 

experimental and theoretical findings the following conclusions are drawn: 

1. The orientation-specific temperature-  of unique 15 

crystallographic orientations in the B  are measured. It is shown that the TDYM 

of the B  is strongly anisotropic. The over the 

temperature range of 300 to 50 K ( ) varies from extremely weak 
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with  = 2.8 ± 3.5 GPa, for an orientation perpendicular to 10  plane, to very strong 

with  = 59.6 ± 9.1 GPa, for an orientation perpendicular to 103 plane.  

2. By comparing the measured values of Ehkl at 50 K with the single crystalline DFT and 

self-consistent polycrystalline models, it is found that the temperature effect is not the main 

reason for the discrepancies between the theoretical and experimental results of Ehkl. 

Instead, the intergranular stresses and martensite morphology (twinned vs. detwinned) 

seem to play major roles.      

3. Two correlations are found between the thermal expansion (TE) behavior and TDYM of 

each crystallographic orientation. First, the orientations with positive TE responses exhibit 

an over-all stronger TDYM than the orientations with negative TE responses. Second, in 

the orientations with positive TE the TDYM follows the Watchman-Varshini type 

(exponential) trend. The Watchman-Varshini trend breaks down in the orientations with 

negative TE, which leads to much weaker TDYM compared with the positive TE 

orientations. 

4. From the temperature-dependent compliance constants obtained from DFT-MD and QHA 

calculations, the TDYM of the B  crystal is calculated and represented in three 

dimensions. The B comprises crystallographic orientations that exhibit elastic 

hardening (  > 0), anomalous elastic softening ( < 0), as well as orientations with 

ideally zero TDYM (  = 0). B33 crystal only shows 

orientations with  > 0. It is found that the negative and weak TDYM of the crystal 

originates from the negative temperature dependence of c35 compliance constant. 

5. Our experimental findings along with the theoretical calculations indicate that the nascent 

Elinvar and Invar properties in SMAs both originate from the phonon properties of the B  

crystal. 
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Figure captions 

Fig. 1. Stress-strain responses of the polycrystalline martensitic NiTi specimens at three 
temperatures of 50, 150, and 50 K. 
   
Fig. 2. (a) A photograph of the GM cryogenic loading frame mounted on the neutron 
diffractometer stage for in situ loading, (b) inside the GM cryogenic loading frame, (c) drawing 
of the dog-bone specimens used for in situ neutron diffraction experiments, and (d) the loading 
protocol and variations of the specimen  temperature in the course of collecting neutron 
spectra at 50 K.   
    
Fig. 3 A typical no-load neutron diffraction spectra in the d-spacing range 1.4-3.3 Å recorded 
at 300 K, peaks indexed and numbered. Note that 012/111 peaks are completely overlapped 
and upon cooling they split. Thus, they are not included in the analyses. The peak 13 is an 
overlap of 003/022 peaks, however, the peak shows almost the same TE response as the 002 
plane and does not split with cooling, thus it is indexed as 003. 
   
Fig. 4. Thermal strain of 16 unique orientations of B crystal with cooling down to 50 K and 
the corresponding three dimensional representation of the TE matrix (quadric) from, (a) our 
neutron diffraction experiments, (b) our QHA analysis, (b) DFT-MD results of Haskins et al. 
[17], and MEAM-MD results of Ko et al. [43].  
   
Fig. 5. Evolution of the lattice strain  with macroscopic applied stress  
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perpendicular to 15 unique hkl planes of the 
50 K. The dashed lines are linear fits to the data points below 125 MPa for calculation of Ehkl.      
      
Fig. 6. Variation of E (left axes) and E (right axis) with cooling from 300 down to 50 K for 15 
unique orientations perpendicular to hkl planes of the B . The dashed lines are 
exponential fits to the experimental data. The blue arrows point to the Ehkl at 150 K that a small 
elastic softening was detected.  
 
Fig. 7. DFT-MD results of temperature-dependent elasticity of the B  calculated with 
the cij(T) provided in Ref. [17]. (a) Three dimensional representation surfaces (quadric)s of Ehkl 
at two temperatures of 300 and 50 K. The Y axis is parallel to b of B . The numbered 
surfaces are cross-section cuts through the quadric, (b) two dimensional plots of Ehkl 
corresponding to different cross-section cuts in (a) revealing the strong anisotropy of TDYM of 

B  crystal E vs T).  
 

 

 

 

 

List of Tables 

Table 1 

Comparison between the measured orientation-dependent  Ehkl at 300 K with 
the previous measurements in Ref. [8] and Ref. [10]. The Pearson linear correlation coefficient  
 is also indicated.  

hkl Ehkl (GPa) Ehkl (Ref.[8]) 
 

Ehkl (Ref.[10]) 
 

011 113.1 0.9984 117.1 3.4 57.8 3.8 

 67.2 0.999 78.2 14 65.2 3 

002 151 0.953 N/A N/A N/A N/A 

 94.1 0.997 104.7 10.1 81.9 14.9 

020 183.5 0.9962 N/A N/A 55.6 230 

 84.6 0.9983 101.4 16.6 55.4 52 

021 139.8 0.9234 145.4 3.8 50.8 175.2 

 86.6 0.9983 93.3 7.2 61.9 39.9 

102 92.3 0.9981 N/A N/A NA N/A 
120 163.6 0.9995 167.1 2.1 NA N/A 

 136 0.9977 165.1 17.6 75.3 80.6 

112 94.9 0.9980 104.6 9.3 88.9 6.7 
003 177.5 0.9949 N/A N/A 62.6 183.5 

 102 0.9925 N/A N/A N/A N/A 
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103 107.2 0.9871 N/A N/A N/A N/A 

 

 

Table 2 

Comparison between the self-consistent (SC) model predictions with the room temperature 
neutron diffraction data of Ref. [8] and our 50 K neutron diffraction results. 

hkl Ehkl (GPa) 
50 K 

Ehkl (Ref.[8]) 
300 K 

Ehkl (Ref.[8]) 
SC model    

011 131 117.1 155.7 18.8 33 

 75.9 78.2 105.1 38.5 34.4 

 112.1 104.7 130.2 16.1 24.4 

 91.2 101.4 106 16.2 4.5 

021 166.4 145.4 146.7 11.8 0.9 

 93.9 93.3 122 29 30.8 

120 185.7 167.1 152.8 17.7 8.6 

 152.1 165.1 147.6 2.9 10.6 

112 136.5 104.6 116.3 14.8 11.2 
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