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This paper presents a study of the dynamic behavior of a coupled train-slab track system considering
discrete rail pads. The slab track is modelled as a three-layer Timoshenko beam. The study is carried
out using the moving element method (MEM). By introducing a convected coordinate system
moving at the same speed as the vehicle, the governing equations of motion of the slab track are
formulated in a moving frame-of-reference. By adopting the Galerkin's method, the element stiffness,
mass and damping matrices of a truncated slab track in the moving coordinate system are derived.
The vehicle is modelled as a multi-body with 10 degrees of freedom. The nonlinear Hertz contact
model is used to account for the wheel-rail interaction. The Newmark integration method, in
conjunction with a global Newton-Raphson iteration algorithm, is employed to solve the nonlinear
dynamic equations of motion of the vehicle-track coupled system. The proposed MEM model of the
system is validated through comparison with available results in the literature. Further study is then
made to investigate the vehicle-track system accounting for track irregularities modelled as short
harmonic wave forms. Results showed that irregularities with short wavelengths have a significant
effect on wheel-rail contact force and rail acceleration, and the dynamic response of the track
structure does not increase monotonously with the increase of the vehicle speed.
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1. Introduction

Since China's first high-speed rail line (Beijing-Tianjin intercity railway) was completed
in 2008, China's high-speed rail mileage had reached 29,000 kilometers in the past 10
years by 2018 and ranked the first in the world. In terms of the form of track designs, the
slab (ballastless) track has become the most used design for the construction of
high-speed rails in China. Compared to the traditional ballasted track, the slab track is a
modern design that was developed and employed in the Japanese Shinkansen high-speed
railway in the 1960s. The rapid development and wide adoption of the slab track can be
attributed to its higher running stability, better stiffness uniformity and lower
maintenance cost than the ballasted track.%? To continuously improve the safety and
comfort of high-speed trains and extend their service life, the dynamic behavior of a
railway track has been a focus for research and study globally.

Historically, early models of the train-track system treated vehicles as moving loads
and tracks as infinitely long beams on elastic foundations. Based on these models, many
analytical approaches including the Laplace transform method,® Fourier transform,* Fast
Fourier transform,> mode superposition,® and spectral element method” have been used to
solve the governing equations of motion of the system. However, these analytical
solutions are often limited to linear elastic assumptions and greatly simplified
applications. These approaches are inadequate in dealing with today's complex railway
problems.

The finite element method (FEM) is a powerful numerical approach for structural
analysis and has been widely used to solve various train-track problems. Filho® presented
a review on the use of the FEM in solving the problem of a uniform beam subject to a
moving load. Esmaeili et al.® modelled the slab track as a double Euler-Bernoulli beam,
developed a vehicle-slab track interaction algorithm for the dynamic simulation of the
coupled vehicle-track system and analyzed the effects of the slab thickness, foundation
stiffness and axle load on dynamic responses of the system. Lei and Zhang'® proposed a
slab track element model with a three-layer Euler-Bernoulli beam and a vehicle element
model with 26 degrees of freedom. A direct integration scheme was employed to
calculate the dynamic response of the coupled vehicle-track system. Zhai et al.l* further
improved the slab track model by considering two parallel continuous beams supported
by a series of elastic plates on a viscoelastic foundation. The vehicle and track
subsystems were coupled through a wheel-rail model that accounts for the
three-dimensional vibrations of the rails. Moreover, a fast explicit integration method was
applied to solve the nonlinear equations of motion of the system in the time domain. Xu
et al.!? established a three-dimensional coupled vehicle-slab track-subgrade finite element
model. The dynamic characteristics and the corresponding dynamic coefficient of slab
track system were studied considering different types of track irregularity.

From the existing literature, it may be concluded that there are mainly three types of
finite element models, namely the multi-layer beam model, beam-slab model and
beam-solid element model, that can be used for the dynamic analysis of the coupled train
and slab track system. However, since the track degradation mainly occurs in the vertical
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direction® and for the sake of computational efficiency, the multi-layer beam model is
still one of the most widely used models. In a conventional FEM model, a global fixed
coordinate system is used to formulate the structural matrices. As the vehicle moves from
one track element to the next, the loads vector must be updated at each time step for
tracking the position of moving wheels. A refined mesh is usually needed to ensure a
satisfactory degree of accuracy of the results. In addition, a large domain size is often
required for the simulations, especially when the speed of the vehicle is high. These
disadvantages make the FEM computationally inefficient for analyzing coupled
high-speed train-track systems.

To overcome the abovementioned complications faced by the FEM, Krenk et al.'*
proposed the use of FEM involving a moving coordinate to study the wave propagation
problem of an elastic half space subject to a moving load. By using a Galilean coordinate
transformation, Andersen et al.'® derived the FEM formulation of an infinite Euler beam
resting on a linear viscoelastic Kelvin foundation subject to a harmonic moving load. In
their study, the equations of motion of the beam under the moving load were formulated
in a convected coordinate system that travels with the moving load. Subsequently, Koh et
al.’® studied dynamic responses of a coupled train-track system in a moving coordinate
system and termed the approach the moving element method (MEM). By discretizing the
truncated track model into elements that 'flow" with the same speed as the moving vehicle,
the vehicle load is always 'stationary' in the moving frame-of-reference. This method not
only eliminates the need to track and update wheel positions but also ensures that the
vehicle in question would never move out of the finite model. Since then, many
researchers have applied this technique to study various moving load problems.*”-28 For
example, Ang and Dai'” employed the MEM to investigate the dynamic response of a
high-speed rail system accounting for an abrupt change of the foundation stiffness. The
railway beam was treated as a viscously damped Euler-Bernoulli beam resting on a
Winkler foundation. By employing a two-parameter Pasternak foundation model, Tran et
al.’8 studied the dynamic response of a high-speed train subject to abrupt braking. More
recently, the liquid sloshing behavior and its effect on the braking of a partially filled
freight train were examined.’® A computational scheme was proposed by Dai et al.?® in
conjunction with the MEM to study the dynamic responses of a coupled high-speed
train-train system accounting for the effect of periodically placed discrete supports
beneath the rail beam. Subsequently, Dai et al.?* modelled the ballasted track in a moving
coordinate system by using a three-layer model consisting of a continuous rail, discrete
sleepers and ballast, and studied the dynamic response of a high-speed train-track system
considering unsupported sleepers. Lei and Wang?? developed a slab track element model
with a three-layer Euler-Bernoulli beam system to investigate the dynamic behavior of
the coupled train-slab track system. In their study, the effect of discrete rail pads and the
nonlinear relationship of wheel-rail contact were neglected. It should be noted that in real
situations, the rail may not resemble a slender beam due to the short spacing (usually
600-650 mm) between adjacent supports. Studies have shown that the shear-deformable
Timoshenko beam model is superior to the classic Euler-Bernoulli model in describing
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the rail vibrations especially in the high frequency range.?®-3! Therefore, it is important
that the slab tracks are properly modelled to ensure a realistic analysis of the high-speed
train-track system.

In this paper, a computational model in conjunction with the MEM is proposed to
study the dynamic response of a coupled high-speed train-slab track system. A new slab
track model comprising a three-layer Timoshenko beam supported by discrete rail pads
and sustaining substructures is presented. The accuracy of the proposed computational
model is evaluated by comparison with available results in the literature. The effects of
track irregularities and vehicle speeds on the dynamic response of the coupled train-track
system are examined and discussed.

2. Fundamental Assumptions

The following assumptions are made as a basis for establishing the mathematical model

of the vehicle-slab track system:

(1) Only the vertical dynamic responses are of concern in this study.

(2) Half of the vehicle-slab track system is modelled in view that the system is
symmetrical about the centerline in the longitudinal direction.

(3) The vehicle model is based on the CHR3% locomotive unit with primary and
secondary suspension systems, in which the vertical and pitch motions of the coach
body and bogies are considered.

(4) The track system is based on the CRTSII®? slab track consisting of the rail beam, rail
pads, track slab, cement asphalt (CA) mortar layer, concrete base and subgrade.

(5) The rail is treated as an infinitely long elastic beam supported by discrete pads with
elastic stiffness and damping properties.

(6) The track slab and concrete base are idealized as elastic beams supported by
continuous CA mortar and subgrade, respectively. Only the elastic stiffness and
damping properties of the CA mortar and subgrade are considered.

3. Mathematical Formulation

The vehicle-slab track system comprises two parts. The first corresponds to the vehicle
which includes the coach body, bogies and wheel-sets. The second is composed of the rail
and supporting structures. The schematic drawing of the coupled system is shown in Fig.
1, in which the vehicle is modelled as a multi-body system with 10 degrees of freedom
(DOFs), and the slab track is represented by a three-layer Timoshenko beam model. The
vehicle is assumed to move at a constant speed V in the positive x-direction. Note that in
the employed coordinate system, the vertical displacement and force are positive in the
upward direction and the rotation and moment are positive in the counterclockwise
direction.
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Fig. 1. \ehicle-slab track system.

3.1. Slab track model

The slab track model comprises three Timoshenko beams representing the rail, track slab
and concrete base, respectively. These are interconnected by spring-dashpot units (refer to
Fig. 1). The densities of the rail, track slab and concrete base are labelled as p,, p, and

p. respectively. Likewise, their cross-sectional areas are denoted as A, A, and A;
the second moments of areaare | ,1, and | ;the Young's moduliare E,,E, and E_;
the shear moduli are G,,G, and G_; and the Timoshenko shear correction coefficients
are k,,k, and k_, respectively.

The rail is supported by a layer of evenly spaced rail pads with stiffness coefficient
k, and damping coefficient c . Using the same method employed by Dai et al? and Lei

and Wang?? , the vertical force and moment dynamic equilibrium of an infinitesimal part
of the rail of length dx can be established using d'Alembert's principle. The two coupled

second-order differential equations of the coupled rail-track slab can be written as

pA LBED 6, ROy 6, P00, S (@a;tx,t)_ayb(x,oj

i=1 at (1)
x5(x—iLS)+Zk1(ya(x,t)—yb(x,t))xﬁ(x—iLs)=—iFj5(x—X1(t)),

az(pa (X,t) _ az(pa (X,t) _ 8ya(x’t) — 2

Pl Bl 2 7 kA, =K AGe, (4 =0, )
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where y_and y, denote the vertical displacements of the rail beam and track slab,
respectively, and ¢, the bending rotation of the rail. The contact force between the jth
wheel-set and rail is denoted by F (j=12,3,4). Other notaions used are | the
spacing between two adjacent pads along the track, X, the travel distance of the jth
wheel-setand §(s) the Dirac-delta function.

For the track slab supported by the CA mortar with stiffness k, and damping
coefficient c,, the equations of motion are given by

A ERUD 6 PHOD g P00 (ayb(x B (% t)}

b b b
ot? ox? — ot

x5(X— ILS)+Zk Yo (X, 1) = Y, (%, 1)) x5 (x—iL,) +c, [ayb(Xt) @(Xt)j )

Z(yb(xit)_yc(xvt)): )

Oy (x.1) Oy (x.1) Yy (X,1)
pblb#_Eblb#_kbp\)Gbt)a—x+kbAaGb(Db(X!t):0! (4)
where y_ denotes the displacement of the concrete base, and ¢, the bending rotation

of the track slab.
Similarly, for the concrete base supported by the subgrade with stiffness k, and

damping coefficient c,, the equations of motion are given by

CA; yc(x t) kcp\;Gc aZyac)fzx!t) + kcA;Gc a(l)(:()(’t) +Cz (ayc(x’t) _ ayb(x’t)J

ox ot ot )
kz(yc(x,t)—yb(x,t))+c3%+kgyc(x,t)=0,

Fo.00) ¢ T | ) i _ :

Pl LT BN SRRk AG TR AG L, (x.0) =0 )

where ¢, denotes the bending rotation of the concrete base.

3.2. Vehicle model

The 10-DOF vehicle model is composed of a coach body with two bogies and four
wheel-sets, as illustrated in Fig. 1. The coach body has a lumped mass m, and moment

of inertia J, . The two bogies have an identical lumped mass m,and moment of inertia
J,- Each of the four wheel-sets has a lumped mass m,;(i=12,3,4). According to

Newton's second law of motion, the governing equations of the vehicle can be written as

m, ¥, +C,(2Y, = Yor = Yor ) * K (2Y, = Yor = Yot ) =—M. 0, (7)
‘]vév + Csll(ybr + Zévll - ybf ) + ksll(ybr + Zevll - ybf ) = 0, (8)
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Mg For +Co Vor + 6, = ¥,) +C, (Vo = Y = Vo) +Ko Yo + 6, = ¥,)
+Ko (2Yhr = Yoa = Yuz) = —Myy 9,

350y +C, 1, (Vs + 26,1, = Vo) + Kb, (Vs + 26,1, = ¥,2) =0, (10)

My Vi + €, (Vo = Ol = ,) + €, (2o = Vs = V) + K (Ve =6l = ¥,)

©)

(11)

K, (2Yer = Yas = Yua) =—Myy 0,
350y + €l (Vs + 26,1, = Vi) + Ko, (Vs + 26,1, = Y,a) =0, (12)
My Yua + Co (Fa + el = Vor) + K, (Vi + il — Vi) = R —M,0, (13)
mwzywz +Cp(yW2 _9br|2 - ybr) + kp (sz _Hbrlz - ybr) = Fz —-Mm,.39, (14)

mwsywz +Cp(yw3 + ébflz - ybf ) + kp(yWS + gbflz - ybf) = Fs —-m,s9, (15)
Mys Yoia +Cp (Youa _ébf L= Yir )+ Ky (Vs =Gl = Yie ) = Fo =M, 9, (26)

where Y., Yp. Yy and Y, (j=12,3,4) denote the vertical displacements at the

centroids of the coach body, rear bogie, front bogie and wheel-sets, respectively. The
pitching rotations at the centroids of the vehicle, rear bogie, and front bogie are denoted
by o,, 6,, and 6, , respectively; k, and c, denote the stiffness and damping
coefficients of the primary suspension system; k. and c, are the corresponding
coefficients of the secondary suspension system; 21, is the distance between two bogie
centers; and 21, is the distance between the centers of two adjacent wheel-sets under the

same bogie.
From Eqgs. (7)-(16), the equation of motion of the moving vehicle can be written as
M,Z, +C,Z, +K,Z, =F,, 17)
where M,, C,and K, are the total mass, damping and stiffness matrices of the

vehicle, respectively; Z, and F, the displacement and force vectors of the vehicle,

U
respectively.

3.3. Wheel-rail contact model
The nonlinear Hertz contact model is adopted here for the computation of the normal

contact force between the wheel and railhead. The contact force is given by Zhai*®as
3

1 2
F - [—(ya,- +Y, —ywj)} Yo + Vi~ Yuy 20

G (18)

0 Yoy + Y~ Yy <0
where F, denotes the Hertz normal contact force between the jth wheel-set and rail at

the contact point; G is the wheel-rail contact coefficient (unit: m/N??) for the wheel
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with cone tread or worn tread. G can be chosen as 4.57R**x10® or
3.86R %" x10°°, respectively, where R is the radius of the wheel, unit: m); y_is

the displacement of the track at the contact point; y, is the magnitude of track surface
irregularity; and Yui is the displacement of the jth wheel in contact with the rail.

4. Moving Element Method
The moving element method (MEM) involves the use of a moving coordinate r-axis
(refer to Fig. 1) , whose relationship with the fixed x-axis is given by

r=x-Vt, (19)
where the origin of the X-axis is located at the midpoint of the truncated track of length
L and V is the velocity of the vehicle. The position of the track is within the interval
[-L/2,L/2] at time t=0 in the X-axis, which changes to [vt-L/2Vvt+L/2] at

time t. When using a moving r-coordinate as defined in Eq. (19), the position of the track
is always the interval [-L/2,L/2] inthe I -coordinate.

With the simple transformation,'® the governing equations of the rail beam expressed
in Egs. (1) and (2) can be rewritten in the moving r- axis as

o’y o, 0%y a9,
V2 a_2v =28 a G +k,AG, —
aA‘[ or? orot " ot? KA A or
+ch(%—v Fa M,y %]x§(r+Vt—iLS) (20)
= or ot 0

+Zk — ¥, )xS(r+Vt—iL,) = ZF&(r— ),

=1

o op, 0°p 62
| |V2=Za_py—Ta  ~ 7a =0, (21)
Pa [ ot < oot ot j a%a

Similarly, Egs. (3) - (6) can be rewritten as

azy 32y 92y 5
O, V2 b _ 2V b 4 bk AG +k AG -
bAl( or? or 6’[ ot? bAb b or

o (Mo Vo Na y KNa |, _
+ch(— Y p—— FRVRLS p j S(r+Vt-iL,) (22)

x Ny _yy N _ Ve \y Ve
+Zk1 Yo — Yo )xO(r +Vt - |L)+c(at ~ atJr\/ arj

z(yb—yc)= ,
2 2
pb,b(vza(/%_z\,@%ﬁ%] E1L 2% aG ayb+kA]Gb(pb 0, (3

or? orét  ot? * or 2
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o%y, %y, o% o%y, hl)
vele oy Yo O |y ag Lok AG,
pc'%( arZ arat + atZ C& C arZ + CA: [ ar

Ne e O, aybj (5)/ 3)/)
o e R Y L T - c < — ¢ 1+k,y. =0,
+ z(at o ot + or +Ky (Yo = Vo) +Cs ot or TKsYe

(24)

or? orot - ot? ©° or? or

To derive the moving element matrices of the track, a 6-node track element consisting
of a three-layer beam element in the moving coordinate is established, as shown in Fig. 2.
Note that y! , ¢! and yJ , ¢ are the vertical displacements and bending rotations

2 2 2 2
pCIC{VZ 00 _p 00 9 %]—E 1L 2% 7G Yo ik AGp, =0, (25)

of the rail element at node 1 and node 4, respectively. Likewise, y! , ¢, , y/ and
@) correspond to nodes 2 and 5 of the track slab element; and y! , ¢! , y) and @)

are for nodes 3 and 6 of the concrete base element. In this model, the rail pads are treated
as discrete viscoelastic supports,? but the elastic stiffness and damping properties of the
CA mortar and subgrade are modelled by using continuous viscoelastic spring-dashpot
units. It is worth noting that when discrete rail pads are accounted for, the support
stiffness of the rail always varies periodically with time in the moving coordinate and
therefore needs to be constantly updated. So this moving element is different from the
case of a continuously supported moving element employed by Lei and Wang.??

i J J
y(’l p(’oﬂ 1 ' ' 4 yU P (p(l
Moving 4—

v P 2 L2 s Poi
A TEXIET S

T ¢ P

=~
B
W

Fig. 2. Sketch of moving track element.

The nodal displacement vector of one typical moving track element can be written as

y={y, 2 % v @ v oo v oa v od}. @

By introducing the interpolation functions, the displacements and bending rotations of
the rail, track slab and concrete base within the moving element can be expressed as

Ya=Na¥% ¥y = Ny ¥ ¥ = Ngy°, 27)
P =No¥Y" 0 =Ny Yo 0 = NG y*, (28)
N, =[N, N, 0000 N, N, 00 0 0], (29)
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N,, =[N, N, 0 0 0 0 Ny N, 00 0 0], (30)
Ny, =[0 0 N, N, 0 00 0 N, N, 0 0], (31)
Ny, =[0 O N, N, 0 0 00 Ny N, 0 0], (32)
Ny=[0 0 0 0 N, N, 000 0 Ny N,J (33)
N, =[0 0 0 0 Ny N, 000 0 N, N_,J| (34)
where, N, . N,, N, and N, + Ny, N, denote the vectors of shape function

for the vertical nodal displacements and bending rotations, respectively. The super
convergent locking-free interdependent interpolation elements with cubic polynomial
shape functions N, and N, (i =1,2,3,4) proposed by Reddy** are employed.

Egs. (20) and (21) are multiplied by a weighting function W and then integrated over
a typical element length |, leading to the following weak form

I 2 2 2
jW(r){paAd[vz 8 ya _2\/ aya + a yaJ_kaAﬁGa a y2a +kaA-1Ga a¢a
0

or? oret  ot? or or
> Yay Yo Yoy Mol e vt (35)
~n ot o et er

j=1

+Zn:k1(ya—yb)x§(r+Vt—iLS)+iFj6(r—Rj)}dr =0,
i=1

2 2 2
I pala(vzaagia_zvaa%t+aa¢2)aj_Ea aaa(ia
fW(r) r r t " lgr=o0. (36)
’ _kaAaGa aaya +kaAaGa¢a

r

Next, by adopting the Galerkin's method, the element mass, damping, and stiffness
matrices of the moving rail beam element can be expressed as

| |
M: :paAaJ.N-la—yNaydr+pa|aJ.N;pNarpdr1 (37)
0 0

ap' Vag,r (38)
+ClN;yNay§(Sj)_ClNZbey6(Sj)’

| |
C: =-2p,AV [NIN,, dr—2p,1V[N]N,, dr
0 0

10
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paAaV _[Nay ayrrdr+palv J.Na(p a(prr J.Na:p a(prr

~k,AG, jNay e dr +k,AG, _[Nay ardr —k,AG, jNT N, dr 39)

ap' Yay,r

+kaAaGaJ'NTN dr—cVNIN, 5(S;)+cVNLN,, 5(S;)

ap’ “ap ay’ “ay,r by,r
+klN;yNay5( 1) -kNLN,8(S)),
where () and ( )”denote the first and second partial derivatives with respect to r,

respectively; the terms containing the Dirac-delta function 5(sj) are used to describe

the effects of the motion of discrete rail pads.
For Egs. (22) and (23), the corresponding moving track slab element matrices can be

written as

|
M; = p,A, [N, byo|r+pb|ijTN dr, (40)
0

|
Ci = —ZpbA)VIbeN dr - ZprbVJ.Nng

by,r

dr+¢,Ny N, 5(S;)

bp,r
(41)
|

~GNIN,5(S;)+c,[NJ N, dr - chTNdr

0

| !
K, :pbA)VZIN Ny dr + o, 1,V jN b¢rrdr—Eh|bJNbT¢Nb¢,rrdr
0

—kbA,JijN N, .dr +k,AG, jNTNder k,AG, jNT N, .dr
(42)
+k,AG, INTN dr+cVNg N, 8(S;)-cVNy N, 5(S;)

by' Vay,r by,r

+kNI N, 5 (S;) kNI N, 3 (S)) cvjNTN dr

by Vay by,r

+cvjN dr+k jN N, dr - ij N_dr,

by" Yey,r by" Vcy

Similarly, the moving concrete base element matrices are given by

Me = p A jNCyN dr+pCICINTN dr, (43)

11
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|
Ci:—ZpCA:VJ‘NIyNCy'rdr—ZpCICVJ'N N, dr+ch N, dr

. (44)
—CZJ.N dr+cIN N, dr,
Ke = p,AV chy o dr+ o1V INW - Eclchw conedl
~k.AG, chy o dr +k.AG, chyNWdr kAGCJ'N;,NWdr 45)
>
+kACGjNC¢, o,dr - cvjNcy cyrdr+cvjN N, dr
+ijCy odr— ij o, dr — cvjNCy Cy,dr+ijCchydr

Upon assemblage of element matrices, the mass, damping and stiffness matrices of a
typical moving track element can be written as

M® =M; + M; + M¢, (46)
C°=C;+C; +C;, (47)
K®=K: +K; +K¢, (48)

Finally, by using the 'set-in-right-position’ rule, the global mass matrix M, , damping
matrix C,_ and stiffness matrix K of the entire truncated slab track model can be

obtained. The dynamic equations of motion of the slab track model can thus be written as

M Z +CZ +K Z =F, (49)
where Z and F_ denote the displacement and force vectors of the slab track model,
respectively.

5. System Equations and Numerical Solution
Egs. (17) and (49) may be combined to obtain the coupled equations of motion of the
vehicle-slab track system as follows

AN AN et

which may be solved in the time domain using Newmark’s constant acceleration scheme.
To ensure the accuracy of the results, the time step is controlled within 0.0001s.%¢ In view
of the fact that the force vector contains nonlinear terms describing the wheel-rail
interaction, Newton-Raphson’s scheme is used to iteratively linearize the equations at
each time step, and the convergence tolerance of rail displacement at wheel-rail contact
points is controlled not to exceed 1.0x107°.%
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6. Numerical Validation

The numerical simulation based on the proposed model is conducted using MATLAB.
The accuracy of the results is validated through comparison with available results in the
open literature.??3°

The first validation study is made by comparing with the FEST results by Lei and
Wang??, in which the dynamic response of the CRTSII slab track when a CRH3 vehicle
passes by at a speed of 72 km/h was analyzed. The vehicle characteristics and slab track
properties used in the study are given in Tables 1 and 2, respectively. Note that there is no
track irregularity and the wheel-rail interaction is assumed linear.??

The computed vertical rail displacements and wheel-rail contact force are presented
in Figs. 3 and 4, respectively. As illustrated in Fig. 3, a very good match of the
steady-state rail displacement is observed between the proposed model and the results by
Lei and Wang?? despite that some minor discrepancies are observed at the contact points
between the rail and the front and rear wheel-sets. Fig. 4 shows the time history results of
the wheel-rail contact force as the vehicle moves over a distance of 70 m. The results
obtained using the proposed model generally agree well with those reported in the
literature. The difference is that the wheel-rail contact force history curve obtained using
the present model is not a smooth curve, but has small and dense oscillations. These
oscillations may be attributed to the parameter excitation caused by the discrete rail pads,
which is similar to the periodic vibration caused by the discrete sleepers of ballasted
tracks.®® However, such oscillations are not observed in the results by Lei and Wang?,
owing to the fact that the rail is assumed to be continuously supported by the substructure
in their study. From the comparison displayed in Figs. 3 and 4, it is also obvious that the

effect of discrete rail pads on rail displacement is less than that on the contact force.
x10*

=== Lei and Wang?? — Analysis

Rail displacement (m)
N
T

0 20 0 20 40
Track profile (m)

Fig. 3. Rail displacement profile.
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Fig. 4. Wheel-rail contact force history.

Table 1. Parameters for Chinese high-speed train CRH3*

Parameters Value
Mass of coach body 2 m,, (kg) 40,000
Mass of bogie 2 m, (kg) 3200
Mass of wheel m,, (kg) 1200
Pitch inertia of vehicle body 2 J, (kg m?) 5.47x10°
Pitch inertia of vehicle body 2 J, (kg m?) 6800
Stiffness of primary suspension system 2 ksl(M N/m) 2.08
Stiffness of secondary suspension system 2 ke, (MN/m) 0.8
Damping of primary suspension system 2 ¢_ (kN s /m) 100
Damping of secondary suspension system 2 Cy, (kN s /m) 120
Wheelbase 2 I, (m) 2.50
Distance between centers of front and rear bogies 2 | ) (m) 17.375
Stiffness of wheel-rail contract k_(MN/m) 1.325x%10°
Axle load (kN) 140
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Table 2. Parameters for CRTSII slab track®

Parameters Value
Distance of ties (m) 0.625
Rail pad Stiffness of pad (MN m™) 60
Damping of pad (kN s m™) 50
Length (m) 6.45
Width (m) 2.55
Track slab Height (m) 0.20
Density (kg m=) 2500
Young's modulus (MPa) 3.9>10"
Cement-asphalt layer Stiffness (MN m) 0.9x10°
Damping (KN s m?) 80
Upper bottom width (m) 2.95
Lower bottom width (m) 3.25
Concrete base Height (m) 030
Density (kg m=) 2500
Young's modulus (MPa) 3.3>10
Subgrade Stiffness (MN m™?) 65
Damping (KN s m™) 90

To further examine the accuracy of the proposed model, the vertical vehicle-track
dynamic interaction investigated by Aggestam et al.*® is considered. In their study, two
slab track models, namely a two-layer Timoshenko beam model and a three-layer
Timoshenko beam model, were employed in combination with an extended state-space
vector and a complex-valued modal superposition. In both models, the rail pads were
modelled as discrete elastic point supports spaced uniformly apart at 0.65 m. Based on
the model presented in this paper, the static stiffness of the rail along the longitudinal
direction is estimated based on the properties reported.® Fig. 5 shows the static stiffness
of the rail evaluated by the present model and that reported by Aggestam et al. As can be
seen, both models agree well with each other, thereby validating the applicability of the

proposed model.
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Fig. 5. Rail static stiffness.

Next, we compare the dynamic wheel-rail contact force of the coupled system. It
should be noted that the 10-DOF vehicle model adopted in this study is reduced to a
4-DOF model.*® Also note that a low-pass filter technique was applied to eliminate the
oscillations in the wheel-rail contact force due to the finite element interpolation
polynomials used for Timoshenko beam elements.®3° Although the MEM model does
not encounter the motion of load points, the motion of the discrete supports relative to the
rail beam also introduces some spurious fluctuations in the results. Therefore, the
Butterworth low-pass filter®” is employed to filter out these spurious fluctuations. Fig. 6
shows the steady-state wheel-rail contact force when the vehicle speed is 100 km/h. It can
be seen that although there are some differences between the current and reported results,
the maximum difference in contact force amplitude is less than 1%. The dynamic
wheel-rail contact force experiences periodic variations. This is due to the periodic
excitation caused by the discrete rail pads which would not be observed for the case of
continuously supported rails, as shown in the results by Lei and Wang?? in Fig. 4.
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Fig. 6. Wheel-rail contact force at steady state with low-pass filter.

7. Dynamic Response of Train-Slab Track System
In this section, a parametric study is carried out to find out the effects of vertical track
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irregularity and train speed on the dynamic responses of the CRH3 vehicle traversing the
CRTSII slab track system supported on discrete rail pads. The vehicle characteristics and
slab track properties specified earlier in Tables 1 and 2 are employed. In the following
analysis, the track segment between two adjacent rail pads is discretized into 4 elements,
and the total length of the track model is set to 140 m.

As is well-known, the response of the coupled train-track system is significantly
affected by the severity of the track irregularity. The cause of track irregularity may be
due to track formation technology, wear, clearances, settlement, and other factors. The
most common type of track irregularity is due to rail wear and weld defects, with
wavelengths ranging from a few centimeters to about 3 meters.'” For track irregularities
with larger wavelengths, its formation is often related to the track structure and its
foundation.*° There are generally two approaches to describe track irregularity, namely
deterministic functions and stochastic processes.'62240-42 Here, a sinusoidal function to
represent the track irregularity in the vertical profile is adopted, which can be written as

y, = Asin(2zx/B), (51)

where A and B denote the amplitude and wavelength of the rail irregularity,
respectively.

Figs. 7 and 8 show the time history of the rail displacement at the contact point under
wheel 1. Two different track irregularity wavelengths of 0.5 m and 1.0 m and four
amplitudes of 0 (smooth track), 0.1 mm, 0.3 mm and 0.5 mm are considered. The vehicle
travels at a speed of 72 km/h. With the same irregularity wavelength, the rail
displacement under the contact point increases significantly as the amplitude of
irregularity increases. Comparatively speaking, with the same irregularity amplitude,
when the wavelength changes from 0.5 m to 1.0 m, the periodic change of track
displacement is obvious, but in terms of the dynamic rail displacement amplitude, the
change is insignificant. In addition, one can also find that when the track irregularity is
not considered (i.e., amplitude is 0), the rail displacement experiences small periodic
variations due to the discrete rail pads.

-0.7 T T T T T T T T T
— ---___0_,.___—0.1 mm === 0.3 mm - 0.5 mm

-0.75

-0.8
-0.85
-0.9
-0.95

Rail displacement (mm)

-1.05[

BN

_1.13 [ L [ I [ [ [ [
.8 3.81 3.82 3.83 3.84 3.85 3.86 3.87 3.88 3.89 3.9
Time (s)

Fig. 7. Rail displacement at contact point of wheel 1.
(V=72 km/h, wavelength=0.5 m, amplitude=0, 0.1, 0.3, 0.5 mm)
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Fig. 8. Rail displacement at contact point of wheel 1.
(V=72 km/h, wavelength=1.0 m, amplitude=0, 0.1, 0.3, 0.5 mm)

Figs. 9-10 show the time history of the wheel-rail contact force developed at wheel 1.
Clearly, the amplitude of track irregularity is the key factor causing the amplification of
the wheel-rail contact force. By comparing Fig. 9 with Fig. 10, it is observed that as the
irregularity wavelength becomes shorter, the periodic change of the wheel-rail contact
force is prominent, and its magnitude increases significantly. It may be concluded that
the irregularity wavelength also has a significant effect on the wheel-rail contact force. It
is interesting to note that with the aggravation of rail irregularity, i.e. shorter wavelength
and/or larger amplitude, the periodic oscillation of wheel-rail contact force appears to
vanish, which can be attributed to the relatively larger "roughness excitation".*3-44

120 T T T T T T T T T
===0—0.1 mm ---- 0.3 mm 0.5 mm

100

Contact force (kN)

L i i I L L L L L
28.8 3.81 3.82 3.83 3.84 3.85 3.86 3.87 3.88 3.89 3.9
Time (s)

Fig. 9. Wheel-rail contact force at contact point of wheel 1.
(V=72 km/h, wavelength=0.5 m, amplitude=0, 0.1, 0.3, 0.5 mm)
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Fig. 10. Wheel-rail contact force at contact point of wheel 1.
(V=72 km/h, wavelength=1.0 m, amplitude=0, 0.1, 0.3, 0.5 mm)

To study the effect of vehicle speed on the coupled system, the peak displacement
and acceleration responses of the track are investigated. Five different speeds, namely
160 km/h, 200 km/h, 250 km/h, 300 km/h and 350 km/h, are considered. In the
following analysis, the wavelength of the track irregularity is kept at 1.0 m, but three
different amplitudes of 0.0 mm, 0.1 mm and 0.3 mm are considered.

Fig.11 presents the effect of vehicle speed on the peak displacement and acceleration
of the rail. When the vehicle speed increases from 160 km/h to 350 km/h, the changes in
the rail displacement and acceleration are expectedly insignificant for the case of a
smooth railhead. With the increase of the irregularity amplitude, the peak displacement
and acceleration of the rail increase substantially. When the degree of track irregularity is
large, the effect of vehicle speed on rail acceleration is stronger than that on displacement.
Moreover, the increase is noted to be not monotonous with the increase in speed. For
example, the peak acceleration of the rail reaches its maximum value of 1120 m/s? at a
speed of 250 km/h. This may be due to the fact that the excitation frequency is close to
the natural frequency of the train-track system at a speed of 250 km/h, leading to a much
amplified acceleration response. Figs.12 and 13 also present the peak displacement and
peak acceleration of the track slab and concrete base, respectively. It can be seen from
Fig. 13 that the displacement and acceleration of the concrete base also do not increase
monotonously with the vehicle speed. The peak displacement and acceleration are only
-0.63 mm and 37 m/s?, respectively. Compared to the rail beam, the displacement and
acceleration responses of the track slab and concrete base are much smaller. This is
expected in view of the damping effects of each sub-structure of the coupled system.
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514 Fig.14 presents the variation of the peak wheel-rail contact force of wheel 1 with
515 respect to the vehicle speed. When the track is perfectly smooth, the maximum wheel-rail
516 contact force is almost unaffected by the vehicle speed. The severity of the track
517 irregularity has a significant amplification effect on the contact force. As the vehicle
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speed increases, this amplification effect does not increase monotonically with the
vehicle speed. When the speed is 250 km/h, the wheel-rail contact force reaches the
maximum value, which is about 1.7 times the half static axle weight. To explain this
phenomenon, we further compared the contact forces of the four wheel-sets during a
period of time under steady-state vibration, as shown in Fig. 15. Obviously, due to the
presence of the track irregularity, two contact forces developed at the two wheel-sets
under the same bogie, i.e. wheels 1 and 2, present an alternate oscillation. More
specifically, when the contact force at wheel 1 is the largest, the contact force at wheel 2
reaches its minimum value; on the contrary, when the contact force at wheel 1 is the
smallest, the contact force at wheel 2 reaches its maximum value. The same applies to the
contact forces developed at wheels 3 and 4.
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Fig. 14. Peak contact force of wheel 1.
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Fig. 15. Wheel-rail contact forces of wheels 1, 2, 3, 4
(V=250 km/h, wavelength=1.0 m, amplitude= 0.3 mm)

Finally, the effect of the vehicle speed on the vertical acceleration of the coach is
investigated for the case of track irregularity wavelength of 1.0 m. As can be seen from
Fig.16, the amplitude of the irregularity has almost no effect on the peak vertical
acceleration of the coach. In addition, as the speed of the vehicle increases, the vertical
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acceleration response of the coach is very small, and the maximum acceleration is less
than 0.09 m/s?. It may be concluded that the primary and secondary suspension systems
of the CRH3 have a good damping effect on the vibration of the coach thus leading to a
high comfort level for the passengers.
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Fig. 16. Peak coach acceleration.
(wavelength=1.0 m, amplitude=0, 0.1, 0.3 mm)

8. Conclusion

A new three-layer Timoshenko beam model with discrete rail pads is proposed for the
railway slab track. A computational scheme based on the MEM is proposed for the study
of an infinitely long slab track with viscously damped elastic supports. The dynamic
response of the high-speed train-slab track system is investigated, in which the train is
modelled as a moving 10-DOF multi-body and the coupling between the vehicle and
track is established by considering the nonlinear contact between the wheel and the rail.
The proposed method is shown to be an effective and accurate approach for the analysis
of high-speed train-slab track systems.

A realistic modelling technique for discrete rail pads is presented. Studies considering
the evenly spaced discrete rail pads are carried out to investigate the dynamic responses
of the system. Results show that the periodic static stiffness variation arising from the
discretely supported pads will generate an excitation on the moving vehicle at the pad
passing frequency and thus cause dynamic vibrations even when the railhead is perfectly
smooth. It is thus important to consider the effects of discrete rail pads in the slab track
model.

The influence of short harmonic track irregularities on the dynamic response of the
system is investigated. The results show that the irregularity amplitude has a significant
effect on the dynamic wheel-rail contact force. For the effect of irregularity wavelength,
the situation is more complicated, as it depends on the static stiffness changes caused by
the discrete rail pads, the frequency of excitations by irregularity, the vehicle speed, and
the natural frequencies of the coupled vehicle-track system.

The effect of different vehicle speeds on the peak displacement, acceleration, and
wheel-rail contact force of the vehicle-track system is also examined. If the railhead is
smooth, the vehicle speed has a negligible effect on the dynamic response of the system.
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However, the vehicle speed substantially amplifies the dynamic response of the system,
especially the wheel-rail contact force and rail acceleration, in cases of short harmonic
track irregularities. Moreover, this effect does not increase monotonically with the
vehicle speed. In addition, the maximum coach body acceleration is found to be small for
all vehicle speeds considered in the study.

Although the MEM eliminates the need to track the wheel-rail contact points and
assigns contact forces to element nodes that are superior to the conventional FEM, the
motion of discrete rail pads however introduces some similar complications encountered
by the FEM. To further improve the accuracy and reduce the spurious wheel-rail force
oscillations in the numerical results, a refined mesh of the slab track may be needed.
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