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8  
Summary 

8.1 Primary conclusions 

Ship motions, icebreaking pattern, and ice resistance are three key 
characteristics that interact in the continuous-mode icebreaking process: 

 

 

 

 

 

The mean values of the ship motions and ice resistance increase with the 
degree of dependence of the pressure–area relation (i.e., the n value 
decreases). 
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A dynamic bending failure criterion for ice was incorporated into the 
numerical procedure to clearly reveal the effect of the ship’s forward speed 
on the ship motions and the ice resistance compared to the previously used 
static bending failure criterion. 

 

 

The effect of propeller flow on the hull resistance in astern mode was 
considered by calibrating the numerical model with model test data.

 

8.2 Contributions 

A numerical procedure was developed to accomplish the following objectives:

 

 



 
 
 

The developed numerical procedure was used to clarify the following issues 
that are related to the continuous-mode icebreaking process of ships in level 
ice:

 

 
 
 
 
 

8.3 Recommendations for future work 

In practice, the icebreaking process in level ice involves a breaking pattern of 
ice which seems quite chaotic. Further studies should be carried out to 
investigate the features of this chaotic system instead of following the 
evolution of individual breaking events.

A follow-up study should be conducted on the correlation between the 
mathematical model of the icebreaking pattern and the channel width and 
ship motions.

The speed dependence of the ice wedge failure load obtained in this study 
was based on limited information and idealized conditions. The adequacy of 
the dynamic bending failure criterion for describing the icebreaking 



processes for other ice thicknesses and flexural strengths should be verified 
in future studies.

In practice, the propeller flow may also affect the breaking of level ice by 
lowering the water pressure below the intact ice. Future studies are needed 
to describe this effect quantitatively. 
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A new numerical model simulating ship–ice interaction is proposed in this paper. Since icebreaking is in its
nature a three-dimensional nonlinear dynamic problem, the numerical model is developed to look into the
intricate interaction process by considering ship motions in 6 degrees of freedom (DOFs). The effect on the
icebreaking pattern and ship's performance of ship motions in heave, roll and pitch is investigated. Moreover,
pressure–area relation is included in calculating the contact force. Semi-empirical method is used in develop-
ing the numerical model and the results are validated by comparing with full-scale data from an icebreaker.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

1.1. Review

Ship–ice interaction is a continuous process during which ship mo-
tions and the breaking of ice affect each other. Due to the lack of field
observations and the insufficient understanding of the physics of
icebreaking especially by moving structures, studies are usually done
by combining rational theoretical analysis with information obtained
empirically, i.e., semi-empirical methods. Global and local ice load
models proposed in previous works (e.g. Daley, 1991; Enkvist, 1972;
Kashteljan et al., 1968; Lewis and Edwards, 1970; Lindqvist, 1989;
Milano, 1973; Varsta, 1983) describing various aspects of icebreaking
process have been implemented by many researchers into numerical
procedures. One of the basic assumptions that has commonly been ac-
cepted is that the total ice resistance can be taken as the superposition
of several force components, i.e., icebreaking force, ice floe turning
and submergence force and friction force associatedwith ice contact, al-
though it could be questionable because the force components could be
“complicatedly entangled in each other” (Enkvist et al., 1979). More-
over, since open water resistance is usually very small comparing to
ice resistance at icebreaking speeds, the coupling between them could
be neglected without causing significant error. Thus, the open water re-
sistance and the pure ice resistance are separable (Riska et al., 1997).

One of the earliest attempts including rational analysis to evaluation
of ice resistance is the work by Milano (1973), where ice was assumed

to bend in a predictable manner, which was defined by the depth (C1l)
and length (C2l) of cusps (Fig. 1) evaluated based on plate bending the-
ory and full scale observations. Lewis et al. (1983) conducted a study
based on a semi-empirical ice resistance model developed by Naegle
(1980)whichwas in turn a further development of an earlier work car-
ried out by Lewis and Edwards (1970). A large database of model– and
full–scale tests was compiled to form the empirical coefficients for the
analytical model. Enkvist's (Enkvist, 1972) method for evaluating ice
resistance components was used significantly. Varsta (1983) developed
a mathematical model analyzing the ice load during level ice–ship
interaction process. Several aspects of the icebreaking process, such as
average ice pressure formulation, effect of shell stiffness, dynamic
bending of ice edge, etc., were especially investigated.

The early mathematical models mentioned above provide ap-
proaches to rational analysis of various aspects of the ice load. In gen-
eral, the results showed good agreements with physical tests, and
some of them are still being followed today. However, most of the
early models are either based on static analysis of forces (as in
Milano's and Lewis's model) or capable of simulating only a short pe-
riod of time (one icebreaking cycle) or with a too simplified hull and
ice edge geometry and contact algorithm.

In recent years, efforts have been put to themodification and refine-
ment of the early models. For example, Valanto (2001a,b) presented a
3Dfinite elementmodelwith thehydrodynamic effects of thewater un-
derneath on the bending failure of ice taken into consideration. It was
also suggested that the large motion of rotating floes after being bent
from the ice cover could be modeled by a mixed Eulerian–Lagrangian
formulation, which could further promote the direct calculation of ice
floe turning and submergence forces. However, the focus was not yet
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on the study of continuous icebreaking process but on what's going on
during one break–displace cycle.

Although the icebreaking cycles are essential elements of the contin-
uous icebreaking process, individual icebreaking events do not act at the
same tune. The hull may interact with a pattern of icebreaking, i.e., the
process by which a hull's bow opens a sufficiently wide and cleared
channel to enable the hull to transit the ice sheet, rather than individual
breaking events. Hull motions may affect the cyclic processes by signifi-
cantly altering contact geometry and loading pattern, resulting in differ-
ent rates of ice sheet loading. Important noncyclical processes also occur
due to non-simultaneous failure of ice around ship's hull (Ettema et al.,
1987). These characteristics of icebreaking make it realistic to investi-
gate the problem from a time domain point of view and examine the dy-
namic process by patterns of icebreaking instead of individual breaking
events. Wang (2001) presented a numerical procedure aiming at a time
domain solution. Themodel was based on geometric gridmethod simu-
lating the continuous contact between a (flexible) fixed conical struc-
ture and a moving ice sheet. The work was a continuation of Daley's
(Daley, 1991) framework of conceptual ice edge contact model where
the ice failure process is, based on observed ice failure events at full
scale andmodel scale, simplified as a nested hierarchy of discrete events
including the three continuum processes of crushing, bending and rub-
ble formation. In Wang's work, the focus was on crushing and bending
failure, and the process of icebreaking is idealized as successive con-
tact–crushing–bending cycles with predefined bending manner similar
to that of Milano (1973). The strategy proposed by Wang (2001) is
then followed up by many researchers dealing with different aspects
of ships in ice such as dynamic positioning (Nguyen et al., 2009, 2011)
and ice resistance and maneuvering (Martio, 2007; Sawamura et al.,
2009; Su et al., 2010; Tan et al., 2012, etc.).

1.2. Present work

Since icebreaking is in its nature a three-dimensional nonlinear
dynamic problem, it is of interest to look into the intricate interaction
process by considering a general picture – that is, a ship moves with 6
degrees of freedom (DOF) – to include the effect of ship motions in
heave, roll and pitch on the icebreaking pattern and ship's ice
performance.

In this paper, a similar strategy to the one adopted byWang (2001),
which treats the process as successive contact–crushing–breaking cy-
cles, is used; the numerical model is developed by extending the planar
model of Su et al. (2010) to a 6-DOF model. First, the continuous
icebreaking process is discretized into successive time steps. During
each time step, the six coupled dynamic equations of motion for the
ship are established, where the icebreaking forces and other external
environmental forces are calculated according to the current state vari-
ables (orientation, location, velocity and acceleration) of the ship, the
current ice edge shape and the ship–ice contact geometry. Then, the
equations of motion are solved simultaneously, and incremental dis-
placements are found correspondingly. Since the environmental forces,
especially the ice forces, are coupled with the ship's movements, itera-
tions are performed to achieve dynamic equilibrium at each temporal
integration point. The state variables of the ship are then updated by
the vector sum of the increment and the values at the beginning of
the time step. During the icebreaking process, the ship is treated as a
rigid body. True geometry of 3D ship hull was modeled using computa-
tional geometrymethods. Newly formed ice edge due to bending failure
is generated according to the indentation of ship's hull into the ice, local
contact speed and material properties of ice. The numerical model is
implemented into a FORTRAN program. The flow chart of the numerical
procedure is illustrated in Fig. 2.

A case study consisting of a series of numerical simulations is then
carried out with the icebreaker Tor Viking II. First, simulations with
the 6-DOF model are carried out and the results are compared to
the full-scale performance data. Then, two reduced-order models
are generated by constraining desired degrees of freedom to investi-
gate the effects from ship motions in corresponding directions. Final-
ly, pressure–area relations are implemented to the 6-DOF model to
investigate the effect of local contact pressure.

2. Kinematics

2.1. Reference frames

Motions and state variables of the ship and the ice in the model
are expressed primarily with respect to two right-handed Cartesian
coordinate systems, as illustrated in Fig. 3.

Fig. 1. Idealized bending model of icebreaking (l denotes the characteristic length of ice) (Milano, 1973).
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Earth-fixed frame: The trajectory of ship is expressed with respect
to this reference frame, denoted as x0y0z0. The coordinates of its ori-
gin O0 could be any prescribed value with the vertical coordinate

lying on the calm water plane which coincides with the coordinate
plane x0O0y0. The ice sheet is defined with its top surface lying on
the calm water plane.

Body-fixed frame: Since hydrodynamic properties and inertial co-
efficients are constant with respect to the coordinate system that is
parallel to the principal axes of inertia of the ship, a body-fixed refer-
ence frame xyz is defined with its origin fixed to the center of gravity
(CG) of the ship and body axes x, y, z being longitudinal, transverse
and vertical coordinates respectively. Linear and angular velocities
and accelerations are expressed in this reference frame. Besides, sev-
eral local coordinate systems were used to transform the intermedi-
ate variables used in the calculation.

The transformation of a vector between xyz and x0y0z0 is expressed
by

a0 ¼ Uþ R0
b Θð Þab ð1Þ

Fig. 2. Flow chart of the numerical procedure.

Fig. 3. Reference frames.
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where,

a0 and ab are the expressions of an arbitrary vector a in x0y0z0 and
xyz respectively;

U is the position vector of CG relative to O0;
Rb
0(Θ) is the rotation matrix (Fossen, 2011).

Θ = [ϕ,θ,ψ] are Euler angles, roll(ϕ), pitch(θ) and yaw(ψ), specify-
ing the orientation of xyz relative to x0y0z0.

The relationship between the body-fixed angular velocity (ωb/0
b )

and the Euler rate ( _Θ) is given by the transformation matrix T:

_Θ ¼ T Θð Þωb
b=0 ð2Þ

where,

T Θð Þ ¼
1 sin ϕ tan θ cos ϕ tan θ
0 cos ϕ − sin ϕ
0 sin ϕ= cos θ cos ϕ= cos θ

2
4

3
5 ð3Þ

2.2. Ship kinematics, temporal discretization

The continuous icebreaking process is discretized into successive
time steps which are short enough so that it can be assumed that
the accelerations of ship vary linearly within each time step, thus by
integrating accelerations, velocities and displacements are obtained
being expressed in a discretized form (Langen and Sigbjornsson,
1977). In this paper, the components of all vectors are organized in
the order of surge, sway, heave, roll, pitch and yaw.

The generalized acceleration, velocity and global position and ori-
entation vectors are denoted as

€r ¼ _u _; v _;w _;p _; q _; r½ �
_r ¼ u; v;w;p; q; r½ �
r ¼ x; y; z;ϕ; θ;ψ½ �

ð4Þ

according to the nomenclature of SNAME (SNAME, 1950).
By linear acceleration assumption, the acceleration at any time in-

stant τ in the (k + 1)th time step €rk τð Þ is given by

€rk τð Þ ¼ €rkk þ €rkkþ1−€rkk
� � τ

h
ð5Þ

where,

h is the time step length;
τ is time instant within each time step;

subscript indicates the time step; superscript indicates in which refer-
ence system the vector is expressed.

The time integration of Eq. (5) gives incremental velocity:

Δ _rk τð Þ ¼ ∫τ
0€r

k
ξð Þdξ ¼ €rkkτ þ €rkkþ1−€rkk

� � τ2
2h

ð6Þ

thus, velocity at any time instant τ in the (k + 1)th time step is:

_rk τð Þ ¼ _rkk þ Δ _rk τð Þ ¼ _rkk þ €rkkτ þ €rkkþ1−€rkk
� � τ2

2h
ð7Þ

Displacement could be obtained through a procedure similar to
the one stated above:

rk τð Þ ¼ rkk þ ∫τ
0 _r

k
ξð Þdξ ¼ _rkkτ þ €rkk

τ2

2
þ €rkkþ1−€rkk
� � τ3

6h
ð8Þ

By letting τ = h, the velocity and displacement at the end of each
time step is obtained:

_rkkþ1 ¼ _rkk þ €rkk þ €rkkþ1
� �h

2
ð9Þ

rkkþ1 ¼ rkk þ _rkkhþ €rkk
h2

3
þ €rkkþ1

h2

6
ð10Þ

Equilibrium is required at the end of each time step:

MþAð Þ€rkkþ1 þ B _rkkþ1 þ Crkkþ1 ¼ Fk
kþ1 ð11Þ

where

M, A, B and C are the general mass, added mass, damping and restor-
ing force matrices;

F is the general excitation force vector with F(1), F(2) and
F(3) being surge, sway and heave forces, and F(4), F(5)
and F(6) being roll, pitch and yaw moments, respectively.

Linear hydrodynamic damping is not included because in ice
covered water the ice load is considered to be the most major source
of energy consumption.

Solving Eqs. (9)–(11) gives

Δrkkþ1 ¼ _rkkhþ €rkk
h2

3
þ MþAð Þ−1 Fk

kþ1−Crkkþ1
� �h2

6
ð12Þ

Finally, state variables are updated and then used as initial values
for the next time step:

€rkkþ1 ¼
6
h2 Δrkkþ1− _r

k
kh−€rkk

h2

3

 !
ð13Þ

_rkkþ1 ¼ _rkk þ Δ _rkkþ1 ð14Þ

rkkþ1 ¼ rkk þ Δrkkþ1 ð15Þ

3. Kinetics, modeling the physical process of icebreaking

In order to solve Eqs. (9)–(11) in each time step, the general force
vector F must be found according to the loading state at the current
time step. In this paper, the force superposition principle as used by
Lindqvist (1989) is followed: by assuming that ice floes are cleared
by the advancing hull immediately after being broken from the intact
ice sheet, the resistance arises from ice floe clearing and submergence
can be considered not to interfere with the subsequent contact. Thus,
this component, denoted as Fsbmg, can be separated from the total re-
sistance. Similarly, the open water resistance, Fow, is also separated as
explained in Section 1.1. Finally, the expression for total resistance of
ship in ice can be written as:

F ¼ Fbrk þ Fsbmg þ Fp þ FEuler þ Fow ð16Þ

where Fbrk is the icebreaking component which accumulates due to
crushing until bending failure happens; Fp is propulsion force; FEuler

is a fictitious force induced by a non-uniformly rotating frame (i.e.
the body-fixed frame) relative to the inertial frame.

Since the focus of this paper is on the breaking of ice, in the nu-
merical model, Fbrk, which is the immediate cause for the forming of
breaking pattern, is calculated by integrating icebreaking forces
along the icebreaking waterline, while other excitation force com-
ponents are estimated by empirical formula, i.e., without knowing
the spatial distribution. For example, the open water resistance is

4 X. Tan et al. / Cold Regions Science and Technology 92 (2013) 1–16



calculated by crossflow theory given in Faltinsen (1990); Fsbmg is cal-
culated by empirical formula given in Lindqvist (1989); propulsion
force is estimated by net thrust in ice.

In this chapter, the numerical method for the realization of the
physical process of icebreaking is introduced.

3.1. Geometry model, spatial discretization

When a ship advances into an intact level ice field, the hull at the in-
stantaneouswaterline comes into contact with the ice cover edge. Since
it is always the waterline that is breaking the ice, the ship's hull, espe-
cially the region around the waterline, forms the rigid body boundary
condition for ice in the process of icebreaking. At the contact zones
along the waterline, individual ice wedges are broken off from the
unbroken ice sheet as the ship's penetration increases. The possible con-
tact zones for the ice as well as for the ship hull are found by geometry,
i.e., by detecting any contact (or overlap) between the ship's waterline
and the ice channel edge (Su et al., 2010).

Numerically, the ship's hull is modeled by spline interpolation
based on information from lines drawing. When considering ship's
motions in 6 DOFs, one of the important issues is to identify the wa-
terline variation over time, given the ship's global position and orien-
tation. This is done by searching for the intersection between the
ship's hull and the water plane. Computational geometry principles
(Farin, 1997) are applied to develop a subroutine to discretize the wa-
terline into nodes (Fig. 6) which are updated at each time step
according to the ship's current attitude. Ice is discretized into nodes
too on the edge based on the ice edge shape from the previous time
step or any given initial condition. The nodal model for the calculation
of ice–ship interaction is illustrated in Fig. 4.

Once the contact zones are spotted, the local crushing force for
each zone is then calculated based on the model of average contact
pressure (Riska, 1995):

Fcr ¼ pavAcr ð17Þ

where the local crushing force, Fcr, is idealized as the product of the
average contact pressure, Pav, and the contact area, Acr.

Two cases of contact interface are predefined following Su (2011)
(Fig. 5a). In each of the cases, flat hull at contact point is assumed, and
the contact area is described by the contact length, Lh, and the inden-
tation depth, Ld:

Acr ¼
1
2
Lh

Ld
cosφ

; Ld tanφ≤ hi

1
2

Lh þ Lh
Ld � hi= tanφ

Ld

� �
; Ld tanφ > hi

8>><
>>: ð18Þ

where Lh and Ld are determined by contact geometry (Fig. 5b), and φ
is the frame angle at the contact point determined by the ship's cur-
rent attitude.

Frame angles of thewaterline nodes are calculated at each time step
in compliance with the ship's motions in heave, roll and pitch. In order
to get information about the frame angle,φ, i.e., the slope angle, an extra
auxiliary waterline below the instantaneous icebreaking waterline is
created (Fig. 6) to help in constructing hull panels between the twowa-
terlines. When the size of individual hull panel is small enough (of the
order of cm2), the slope angle, φ, could be represented by the direction-
al cosine between the normal to the hull, n, and vertical axis on each
waterline node.

Fig. 4. Example of contact detection procedure (a), and corresponding breaking force (b).

5X. Tan et al. / Cold Regions Science and Technology 92 (2013) 1–16



Field observations have shown that, when the slope angle of hull
at the contact region is smaller than 90 degrees, ice piece with a
curved edge is bent down from the intact ice cover as shown in
Fig. 7. Then a new edge is formed and will be the basis for the next
cycle of contact. In this paper, the shape of broken ice wedge is ideal-
ized as an arc whose size and curvature is controlled by the average
breaking radius over one contact region. The calculation of breaking
radius for an ice cusp was proposed by Wang (2001), where the
size of cusp was considered to be dependent on speed, characteristic
length of ice and the frame angle.

3.2. Local contact forces

Before the ice edges are bent off from the intact ice cover, local
crushing occurs at the contact zones. The global ice load is obtained by
integrating local contact loads over the contact zones acting on the
ship simultaneously. In the present work, crushing failure is considered
to be themost dominant local failure mode in ice, although model tests
have shown that shearing or flaking could also occur (Riska, 1995).
Fig. 8(a) shows the contact zones that the ship experiences; Fig. 8(b) il-
lustrates the contact forces caused by the relative velocity between ice
and hull. In order to calculate the nodal velocity, a local coordinate sys-
tem is introduced, denoted as τnz (Fig. 8(a)). The normal relative veloc-
ity, v2, gives the crushing force, Fcr, which is normal to the contact
surface. In the contact plane, the tangential relative velocities, v1 and
vτ, give a vertical and a horizontal frictional force, denoted as f1 and fτ,
respectively. Compared to the planar model, an extra velocity:

vz ¼ R0
b3i

Θð Þvshipi
_rð Þ ð19Þ

is introduced in the 6-DOF model, which is brought about by the ship's
orientation, Θ, and velocities, _r, in 6 DOFs.

The crushing force, Fcr, togetherwith the vertical frictional force com-
ponent, f1, contributes a contact force, Fz, pointing upwards, given by

Fz ¼ Fcr cosφþ f 1 sinφ ð20Þ

f 1 ¼−μFcr
vn cosφþ vz sinφffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2τ þ vn cosφþ vz sinφð Þ2
q ð21Þ

Thus the dependency of Fz on the local velocity components is
obtained by introducing Eq. (21) into Eq. (20):

Fz ¼ Fcr cosφ−μFcr
vn cosφ sinφþ vz sin

2φffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2τ þ vn cosφþ vz sinφð Þ2

q ð22Þ

(a) Two cases of contact geometry

(b) Indentation

Fig. 5. Idealized contact interfaces (Su, 2011).

Fig. 6. Frame angle calculation.

Fig. 7. Observed circular cracks in bending failure onboard YMER in March, 2011 (Pho-
tograph by X. Tan).
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3.3. Bending failure criterion

As the ship penetrates further into the ice, the contact area and thus
the forces increase. Radial and circumferential micro cracks would de-
velop. This process will continue to the point when Fz, the controlling
force in bending cusps off the ice cover, exceeds the bearing capacity,
Pf, of the ice edge. Details about the expression for Pf are given by Kerr
(1975). Once the ice edge is broken from the intact ice sheet, new ice
edge is generated and the next icebreaking cycle begins.

3.4. Pressure–area relation

So far, the numerical model is established by approaches introduced
in previous parts of the paper, with a constant contact pressure σcr

being used. It interests the authors at this point to implement a pres-
sure–area (p–a) dependency for local crushing to the established numer-
icalmodel to examine the effect of p–a relation on ship's ice performance.

Most of the previousmathematical models mentioned in Section 1.1
(Except in Varsta (1983)where the effect of contact lengthwas touched
upon) treated the average pressure, Pav, in Eq. (17) as a constant evalu-
ated by the crushing strength, σcr, of ice (the mean value of crushing

pressure in Kujala (1994)) for simplicity. However, when considering
local ice loads on ship hulls, the pattern of decreasing ice pressure
with increasing (nominal) contact area has been observed by compila-
tion of a large amount of in-service data, which implies that local
ice loads could not be simply described by a “failure pressure”
(Masterson et al., 2007; Sanderson, 1988). Usually, this relationship is
given by pressure–area curves which are used as design loads based
on the correct use of design area (ISO, 19906, 2010).

Analysis on full-scale measurements in published works show
that p–a curves take the form of power relation (e.g. Masterson and
Frederking, 1993; Sanderson, 1988):

pav ¼ kAn
cr ð23Þ

where k and n are parameters, and n has a negative value.
Regarding the determination of k, n values, although various sug-

gestions were given in those works based on full-scale data, they are
not directly applicable to the numerical model due to the nature of
the contact detection algorithm used in the model. In the numerical
model, a nominal contact area refers to a geometrical domain without
any discontinuity on the waterline, while in reality small gaps on

(a) Local cooridinate system ττnz

(b) Local contact forces

Fig. 8. Contact forces.
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waterline could exist within one contact area, i.e., geometrical imper-
fections. The difference in the definition of contact area between the
numerical model and full-scale measurements on ship hulls (usually
strain gauges with standard sizes) leads to rather different degrees
of dependency of average pressure on contact area.

A more relevant contact situation to that in the numerical model is
the contact between a plate and a monolithic ice wedge, as is shown
in Fig. 5(b). Even for a monolithic ice wedge, the pressure during
crushing may not be a constant due to the mechanical properties of
ice. Actually this kind of material property is shared by many brittle
solids, e.g., in Bienawski (1968) measurements of the compressive
strength of coal were done with different sample sizes and the aver-
age trend of decreasing strength with increasing area was found.
Palmer (1991) proposed a simple mathematical model which quanti-
fied the p–a relation based on combination of fracture mechanics
model of fragment breaking and fractal hierarchical distribution of
fragment size. Since the mechanism of decreasing average pressure
with increasing area is not fully understood, the work is carried out
semi-empirically and parametric study on k, n values is conducted.
Based on comparison of results from several selected k, n values to
full-scale measurements, optimum values for the parameters of k
and n are suggested and discussions are made in Section 4.4.

As depicted in Fig. 9, a pair of reference values for contact area and
corresponding pressure is selected, denoted as A0 and P0 respectively.
It is assumed that all of the parameterized p–a curves following
power relation characterized by Eq. (23) pass through this reference
point. Thus, n and k are now dependent on each other, and by varying
n (or k) value only, a series of curves are constructed. Apart from sim-
plifying the parametric study, the introduction of reference point is
necessary also because a threshold value for contact area needs to
be fixed below which the pressure is independent of contact area, im-
plying a transition of material property from being governed by frac-
ture mechanics to strength of material. In this paper, the values of A0

and P0 are determined empirically. In the Baltic Sea, the measured av-
erage pressure on a gauge with an area of 35 × 35 cm2 has a mean
value of 2.3 Mpa (Kujala et al., 2007). These values are adopted to
represent the reference values in the parametric study. Four sets of
p–a curves are calculated with n value equally spaced from −0.1 to
−0.4. The case with no p–a relation included is equivalent to the spe-
cial case when n is equal to 0 (represented by red horizontal line in
Fig. 9). In Fig. 9, also marked is the p–a curve given by Palmer's model.

4. Numerical results

In this chapter, a case study is conducted and numerical results are
presented. Section 4.1 outlines some parameters and coefficients for
the vessel and the ice. In Section 4.2 and Section 4.3, simulations are
done using constant contact pressure (σcr, Table 2); influences of ship
motions on ship's ice performance are investigated. In Section 4.4, the
numerical resultswith p–a relation included are presented and compar-
isons are made to those with constant contact pressure.

Since the numerical model is designed including ship motions in
all directions, by constraining any of the degree(s) of freedom,
reduced-order models can easily be generated. In order to investigate
the influence on icebreaking from some specific motion(s), it is natu-
ral to follow the idea of elimination, i.e., comparing the results from
models with and without the motion(s) in question. In this paper,
several configurations are used to conduct numerical experiments
on the influence from vertical motions and heading control:

- 6-DOF model, with ship motions in all directions;
- 3-DOF model, with ship motions in surge, sway and yaw, also
known as planar model or PMM;

- 4-DOF model, with ship motions in surge, heave, roll and pitch.

Thus, by comparing simulations from the 6-DOF and 3-DOF models,
the influences from vertical motions are easier to be analyzed. And also,
by comparing results from the 4-DOF and 6-DOF models, added ice re-
sistance from sway and yaw is looked into. Additionally, themodel used
by Su et al. (2010) is referred to as “previous planar model” in this
paper, and is used to verify the 6-DOF model.

4.1. Ship and ice parameters

The Swedish multi-purpose Anchor Handling and Towing Supply
vessel/Ice Breaker, AHTS/IB Tor Viking II, is adopted as the physical proto-
type in this paper to validate the numerical model. The ship parameters
and ice properties are listed in Tables 1 and 2. For more information on
the ice trials and the ship's operations please refer to Riska et al. (2001).

4.2. Interaction between icebreaking pattern, ship motions and ice
resistance

The influence of breaking pattern on ice resistance was observed
in Su et al. (2010), where the resistance is not only determined by
the ice thickness but by the breaking pattern. In cases where shoulder
crushing happens constantly, the ship would experience higher
icebreaking resistance (mean value of icebreaking force in surge di-
rection) even in a thin ice thickness. When considering ship's motions

Fig. 9. Pressure–area curves.

Table 1
Ship parameters.

Parameter Notation Value Dimension

Length over all LOA 83.70 m
L. between perpendiculars Lpp 75.20 m
Breath, molded B 18.00 m
Draft, max icebreaking D 6.50 m
Bollard-pull, ahead TB 202 t
Displacement M 5.74 × 106 kg
Moment of inertia Ixx 2.98 × 108 kg·m2

Iyy 2.03 × 109 kg·m2

Added mass coefficients A33 1.83 × 107 kg
A44 5.36 × 107 kg·m2

A55 4.47 × 109 kg·m2

Restoring force coefficients C33 1.31 × 107 N/m
C44 1.38 × 108 N·m
C55 6.09 × 109 N·m

Propulsion output PD 13,440 kW
Open water speed vow 16.40 knot

Table 2
Ice properties.

Parameter Notation Value Dimension

Density ρi 880 kg/m3

Young's modulus E 5.40 × 109 Pa
Poisson ratio ν 0.33
Crushing strength σcr 2.30 × 106 Pa
Bending strength σf 0.58 × 106 Pa
Frictional coefficient μ 0.15
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in 6 degrees of freedom, the varying waterline and frame angle due to
ship's vertical motions bring more complexity to the situation by al-
tering the loading condition. In Tan et al. (2012), the interaction be-
tween breaking pattern and ship's motions was studied. The loading
rates of ice edge are significantly altered by the introduction of the
new rate component, vz, given by Eq. (19). Moreover, the loading
rates vτ, vn and vz are functions of ship's global orientation (Θ)
which causes the change in frame angles, φ(Θ), as well as the node's
location with respect to CG. All these highly coupled relations on local
level make it difficult to express the dependencies explicitly. Numer-
ical models that simulate the dynamic icebreaking process in a con-
tinuous mode provide a versatile tool to look into the problem.

A typical simulation result of motions is shown in Fig. 10, where T
stands for the period. The undamped natural frequencies for heave, roll
and pitch in water can be calculated by Eq. (24) (Lewandowski, 2004):

T03 ¼ 2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M þ A33

C33

s
¼ 8:5s

T04 ¼ 2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ixx þ A44

C44

s
¼ 10:0s

T05 ¼ 2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Iyy þ A55

C55

s
¼ 6:5s

ð24Þ

(a) Heave

(b) Roll

(c) Pitch

(d) Ship’s course (not to scale) and breaking pattern

Fig. 10. Simulated motions in ice thickness 0.6 m at full power from 6-DOF model.
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When ships advance in level ice, the loading conditions on the port
and the starboard side are usually asymmetric due to different loading
rates, ship's vertical motions, asymmetric waterline geometry and hull
sloping angles. This dynamic effect of breaking pattern–waterline–
frame angle interaction usually brings an extra transverse force and
yaw moment which cause the ship to drift, as illustrated in Fig. 10(d)
(note that in this paper the figures showing the ship's courses are not
to scale due to the large aspect ratio aswell as the limited space; the fig-
ures are only intended to illustrate the trend over a relatively long sim-
ulation time). Heading control strategies should be incorporated here to
keep the ship going straight ahead (Zhou et al., 2012).

In addition to the influence on the planar motions, breaking pattern
will also affect the vertical motions. Fig. 11 shows the results in ice
thickness 0.5 m, where the simulated breaking pattern shows a lot of
difference to the one in 0.6 m ice: the course of ship (Fig. 11(d)) is
much “rougher”, and a close-up indicates that the loading regions are
more unevenly distributed along the hull, and also shoulder crushing
is more severe in this case. The vertical motions in ice thickness 0.5 m
have much larger vibration amplitudes although the mean values are
lower than those in ice thickness 0.6 m.

Since icebreaking pattern represents a dynamic contact process be-
tween ship and ice, time histories of contact loads could also show the

(a) Heave

(b) Roll

(c) Pitch

(d) Ship’s course (not to scale) and breaking pattern

Fig. 11. Simulated motions in ice thickness 0.5 m at full propulsion power from 6-DOF model.
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difference in characteristics of breaking patterns in terms of the frequen-
cies of different hull regions exposed to contact and the varying breaking
radius of ice cusps. Fig. 12 gives the time histories of icebreaking forces in
surge direction for ice thicknesses 0.6 m and 0.5 m calculated by 6-DOF
model. It is observed that in the case of 0.6 m-thick ice, the curve shows
some regularity, while in 0.5 m-thick ice the loading history is more dy-
namic and irregular. When the ice fails simultaneously around the bow
and the channel is sufficiently wide to let the ship transit (Fig. 12(a)),
the resistance drops momentarily before subsequently increasing.
While in 0.5 m-thick ice, nonsimultaneous failure is dominant, and the
breaking force could continue increasing for several seconds before it
drops (Fig. 12(b)).

In order to investigate the influence of ship's course on shipmotions
and resistance, calculations are also done with a 4-DOF reduced-order
model by constraining the degrees of freedom in sway and yaw to elim-
inate the possible drift effect. Since the ship's course in the case of ice
thickness 0.4 m shows a clear zigzag pattern, this could become an

interesting case for the study of ship course influence. The courses of
ship from 6-DOF and 4-DOF model in ice thickness 0.4 m are given in
Fig. 13. In contrast to the breaking pattern in the 6-DOF model, the
one obtained from the 4-DOF model shows more symmetry and regu-
larity, and shoulder crushing barely happens in this case. The difference
in breaking pattern also corresponds to the performance for ice thick-
ness 0.4 m in Fig. 15, where ship speed at full propulsion from the
6-DOF model is a bit lower than that from the 4-DOF model.

The breaking pattern is quite sensitive to the vertical motions for
some ice thicknesses. Fig. 14(a) to (c) show the ice edge shapes calcu-
lated by the 6-DOF model, the present planar model and the 4-DOF
model, respectively, in ice thickness 0.7 m.

Although shoulder crushing (red circles in Fig. 14(a) and (c), and
almost the whole parallel body in Fig. 14(b)) is quite severe in all of
the models compared to other ice thicknesses, result from the present
planar model has much smaller breaking radius than the other
two. Actually, in the planar model, the ice along the parallel body is

Fig. 12. Comparison of simulated ice breaking force in two cases ((a) in 0.6 m ice; (b) in 0.5 m ice).

Fig. 13. Comparison of ship courses from 6-DOF and 4-DOF models in ice thickness 0.4 m.
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broken by crushing only, and the ice edge is almost always flat. It in-
dicates that the introduction of vertical motions, by changing the
frame angle and the local velocity, could change the breaking pattern
significantly.

4.3. Ship's performance, h-v curve

The h-v curve derived from numerical models as well as field data
are shown in Fig. 15. Although for most ice thicknesses (except in the
case of ice thickness 1.1 m) the ship speeds from 6-DOF model are
slightly higher than those from the present planar model, the results

from these two models agree well generally. One of the reasons for
the higher ship speed in 6-DOF model could be that when there are
no extra artificial constraints in the vertical motions, the ship breaks
ice in all optimal manners with respect to energy among the 6
DOFs. By comparing the performance with different model configura-
tions (DOFs), the effect of vertical motions on ice performance can be
investigated. The higher ship speed obtained in 6-DOF model as com-
pared to the planar model implies that the introduction of vertical
DOFs is beneficial to the icebreaking in general. Moreover, this also
implies that the numerical method can be used to interpret model
tests which are often done with planar models.

As stated in Section 4.2, the ship's performance is influenced by
the ship's course, ship's geometry at the waterline, the breaking pat-
tern and consideration of vertical motions. These factors interact with
each other too. Regarding comparison between 6-DOF and 4-DOF
models, the physical meaning of heading control, i.e., ship's course,
and its influence on breaking pattern is the motivation. In several
cases, the general trend of higher velocity from 6-DOF as stated in
the last paragraph is not followed. The reason could be that although
comparing to the 4-DOF model the 6-DOF model has less artificial
constraints which means that with more efficient energy use, the re-
lieved DOFs in sway and yaw do not contribute to icebreaking as
much as the DOFs in vertical directions do. Actually, when the ship's
parallel body is quite vertical (even if the effect of roll is considered)
transverse motions could only cause difficulty in icebreaking because
ice is more easily bent than crushed. The advantage of energy use in
6-DOF is somehow canceled by the added resistance caused by the
ship's drift, as in the case of 0.4 m-thick ice in Section 4.2.

In some cases the h-v curves from the previous planar model and
the present planar model show some inconsistency, and the reason
could be that the ship's lines are digitized manually by different per-
sons, and the different calculation method of frame angles, which are
important factors to change breaking pattern as stated in Section 4.2.
It is also noted that the scatter is larger in thicker ice. This is partially
due to the fact that the same difference in frame angles gives much
larger difference in contact area than in small ice thicknesses. The re-
sults given by the present models show a trend of leveling off imply-
ing that the speed is more sensitive to ice thickness in thicker ice.

4.4. Effect of pressure–area relation

As shown in Fig. 16, the simulated mean values of vertical motions
increase with decreasing n value. This effect becomes more obvious in
thick ice. Fig. 17 shows the mean values of total ice resistance, and
Lindqvist's empirical ice resistance is also calculated and plotted. Similar

(a) Breaking pattern from 6-DOF model

(b) Breaking pattern from planar model

(c) Breaking pattern from 4-DOF model

Fig. 14. Breaking pattern in ice thickness 0.7 m at full propulsion power.

Fig. 15. h-v curve.
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to the motions, the ice resistance is quite sensitive to p–a dependency
especially in thick ice. The reason for the increase in motions and ice re-
sistance is that for a certain contact area, when n value decreases from
−0.1 to−0.4, the local contact pressure decreases (Fig. 9). This implies
that for a stronger dependency of pressure on contact area (meaning a
lower n value), a larger contact area should be attained to produce
the force required to fail the ice. Thus for a stronger dependency, the tri-
angular force peaks for the icebreaking force component have a larger
area, hence a large energy consumption.

In general, the ship speeds after considering that p–a relations
(Fig. 18) are lower than before; ship speeds decrease with decreasing
n value due to the same reason stated above. It is also noted in Figs. 17
and 18 that in some cases (e.g. 0.7 m) the results are influenced by
breaking pattern and show more irregularity.

A general analysis on information given in Figs. 17 and 18 suggests
that the results given by the n values between−0.3 and−0.2 (with a
k value between 1.23 and 1.51) show smaller discrepancies to the
empirical calculations and field data than the results given by other
p–a relations. Moreover, this agrees very well with the k, n values

derived by Palmer (1991) introduced in Section 3.4. The results
from n values of −0.2 and−0.22 are plotted in Fig. 19 in comparison
with the results without p–a relation; generally a smaller discrepancy
is achieved especially in thick ice.

5. Conclusions

A numerical model for simulating the ships' performance in level ice
including ship motions in 6 DOFs is developed and compared with a
previous model for planar motions as well as full-scale ice trial data of
the icebreaker Tor Viking II. Themodel is devised based on similar strat-
egies and assumptions as used in the previous planar model which is
extended by including fully coupled 6-DOF motions as well as by con-
sidering excitation forces in 3 dimensions. The key issue is to capture in-
stantaneouswaterlines and frame angles at each time step based on the
true geometry of the ship's hull. Individual ice wedges are assumed to
bend in a predefined manner; the icebreaking pattern inherently in-
volves the major assumptions in the analytical treatment of the prob-
lem. A slight perturbation to the system may alter dynamic behavior

Fig. 16. Mean values of vertical motions.
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significantly. Moreover, the influence of local contact pressure is inves-
tigated. Pressure–area curves for local contact are implemented, and
parametric study on the degree of dependency is carried out.

The main conclusions are as follows:

(1) As is shown in Fig. 15, for a ship running at full-power, a general
trend for the maximum attainable speeds in different ice thick-
nesses is that the ship's speed decreases with increasing ice thick-
ness. However, icebreaking pattern plays an important, sometimes
dominating role in influencing the ship's motions, ice resistance
and thus the ship's ice performance. In situations when shoulder
crushing is severe (e.g., in the case of 0.7 m thick ice), the ship ex-
periences lower speed than would be expected.

(2) Ship speeds are in most cases slightly higher in the 6-DOFmodel
than the results coming from the 3-DOF model. The explanation
of this observation is that relieving artificial constraints on the
vertical DOFs is beneficial to breaking of ice since more velocity
components have participated in determining the loading rates.

(3) Comparison of results among p–a relations (Figs. 16 to 18) shows
that ice resistance andmean values of motions increase with de-
creasing n value, i.e., with increasingdependency of contact pres-
sure on contact area. This is because for a stronger dependency,
the pressure is lower for the same contact area; since the force
required to bend the ice remains the same, a larger contact area

has to be attained. Thus the triangular force peaks for icebreaking
component have larger area over the contact-break time history,
hence larger energy consumption and lower resistance. This
trend ismore obvious in thick ice due to the fact that a larger con-
tact height (ice thickness) causes bigger change in contact area.
Moreover, the breaking pattern effect may even override this
trend, for instance in the case of 0.7 m ice.

(4) Inclusion of pressure–area relation would generally result in
larger responses and ice resistance. In Fig. 19, it is seen that
when n value is around −0.2, and k is around 1.5, the results
show smaller discrepancy to the full-scale regression curve com-
paring to the resultswhere no p–a relation is included, especially
for thick ice. These values also agree well with the ones (−0.25
and 1.7) derived in Palmer's model based on fracture mechanics
and fractal analysis.

(5) In the real world, the process of icebreaking in level ice includes
a breaking pattern of ice which seems quite chaotic (Ettema
et al., 1991). The word “chaotic” is chosen because on the one
hand, the icebreaking process does evolve a pattern which is
followed and repeated during the whole process; on the other
hand, the evolved patterns after a long time could be so
unpredictable. It is interesting to find that the numerical results
for icebreaking pattern somehow show a similar character. It is
observed from the simulated results that the evolvement of

Fig. 17. Mean ice resistance in surge direction at the hull speed of 5 m/s.

Fig. 18. h-v curve with p–a relation included.
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breaking pattern is so unpredictable, even if the ice is bent in a
predefined manner and all of the elements in the model are de-
terministic since no randomness is introduced to the model. It is
also sensitive to initial conditions, e.g., a change in ice thickness
could sometimes lead to severe shoulder crushing. Since break-
ing pattern is important in influencing ship motions and ice re-
sistance, further work needs to be done to look into the
characteristics of the chaotic system instead of following the
evolution of individual breaking events.

(6) The numerical model is designed in the way that it enables easy
generation of derivative models with reduced-order degrees of
freedom. By choosing the DOF(s) as needed, not only could the
conditions for model tests be realized, but a variety of numerical
tests can be conducted. For example, in this paper, a preliminary
work is done by using the 3-DOF and 4-DOF models to investi-
gate the effect of vertical motions (heave, roll and pitch) and
transverse motions (sway and yaw) on icebreaking. Further
work is to be done by first studying influence from each vertical
motion and then their coupled effects on breaking pattern, the
ship's ice resistance and thus the dynamic process of icebreaking.
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Abstract 13 

This paper focuses on the influences of the dynamic effects of ship–ice–water 14 

interaction on ship performance, ship motions and ice resistance. The influences of 15 

the dynamic bending of ice wedges and ship speeds are especially investigated. The 16 

study is carried out using a numerical procedure simulating ship operations in level 17 

ice with ship motions in six degrees of freedom (DOFs). A case study is conducted 18 

with the Swedish icebreaker Tor Viking II. The 3-D hull geometry of the ship is 19 

modeled based on the lines drawing. The predicted performance of the ship is 20 

compared with data from full-scale ice trials. 21 

Keywords: numerical model; dynamic bending; ice resistance; ship motions; 22 

icebreaking pattern; ship performance 23 

1. Introduction 24 

1.1 Overview of the Dynamic Process of Continuous-Mode Icebreaking 25 

Continuous-mode icebreaking of ships operating in level ice is a process composed of 26 

repeated crushing–bending events of the edge of the channel. The ice edge is 27 

subjected to contact loads from the ship hull which moves in six degrees of freedom 28 

(DOFs). Model- as well as full-scale investigations (e.g., Lewis and Edwards, 1970; 29 
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Kotras et al., 1983; Ettema et al., 1987; Ettema et al., 1991; Izumiyama et al., 1991; 30 

Valanto, 1993) have shown that the failure of ice by bending and the emergence of a 31 

new ice edge follow a seemingly regular pattern comprised of sequential breaking-off 32 

of wedge- and cusp-shaped ice pieces from the intact ice sheet. The geometry of the 33 

ice edge created by the repeated icebreaking is often referred to as the “icebreaking 34 

pattern” (e.g., Fig. 1). 35 

 36 
(a) Observed icebreaking pattern in Aalto ice tank in Feb., 2012 37 

(Photograph by X. Tan) 38 

 39 
(b) Simulated icebreaking pattern 40 

Fig. 1 Example of the icebreaking pattern 41 

Although the repeating cycles of icebreaking are essential elements to the continuous 42 

icebreaking process, individual icebreaking events do not act in unison. The ship hull 43 

may interact with a whole pattern of icebreaking rather than the individual events. 44 
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Moreover, hull motions shape the process by significantly altering the loading 45 

conditions, namely, the loading rates and loading directions. 46 

Due to these characteristics, the ice resistance experienced by a ship, i.e., the mean 47 

value of the longitudinal force induced by breaking and clearing the ice, is determined 48 

primarily by the way how the ship interacts with the pattern of icebreaking, i.e., by the 49 

characteristics of the ship–icebreaking pattern system. To be more specific, ice 50 

resistance is influenced by the material properties of ice, hull geometry, ship motions 51 

and ship speeds. In nature, these factors are intertwined with each other, which brings 52 

more complexity to the dynamic system. 53 

 The first ice resistance formulations (e.g., Kashteljan, 1968; Lewis and Edwards, 54 

1970; Enkvist, 1972) used to relate resistance directly to a few “primary parameters” 55 

characterizing ice properties (thickness, strength and friction), hull size (beam, 56 

displacement, etc.), hull form (stem angle, waterline angle, etc.) and ship speed via 57 

single formula. These models have been practical engineering tools for early 58 

(performance) design of ice-capable ships and generally achieved passable 59 

agreements with full-scale measurements. 60 

However, the detailed ship–ice–water interaction mechanisms from where ice 61 

resistance arises are included only when they aid the determination of ice resistance. 62 

Designers were forced to treat the problem from a macroscopic point of view (Lewis 63 

and Edwards, 1970). Effects such as ship motions, icebreaking pattern, ice friction, 64 

local ice pressure distribution and local loading rates were either rarely touched upon 65 

or represented by empirical constants implicitly. Moreover, some of the early models 66 

could sometimes be too ship-specific to be extrapolated to different types of ships and 67 

thus to satisfy the demands for innovative ship (structure) types and optimizing 68 
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designs. Later researches have been dedicated to a better understanding of the 69 

mechanism and physical nature of the dynamic process of icebreaking (e.g., Varsta, 70 

1983; Riska, 1987; Valanto, 1989; Daley, 1991; Tuhkuri, 1996).  71 

Developments in computational mechanics and graphics have stimulated numerical 72 

implementations of mathematical models and made it possible to study the ship–ice–73 

water interaction using bottom-up approaches which enable consideration of detailed 74 

ice action mechanisms. Since ice loads are in general both (quasi) periodic and 75 

variable, a mean value from analyzing only one icebreaking cycle is not always 76 

reliable. Solutions are further sought in the time domain to simulate the whole 77 

icebreaking process (e.g., Wang, 2001; Liu, 2009; Aksnes, 2010; Su, 2011; Lubaed 78 

and Løset, 2011). 79 

1.2 Present Work 80 

Former time domain simulations simulate the repeating icebreaking process using 81 

static bending failure criteria of the ice wedge, where the influence of loading rates on 82 

the bending failure load was not taken into consideration. 83 

The dynamic effects of ship–ice–water interaction may be of great significance to the 84 

icebreaking process in that the ice bending failure load as well as the size of ice pieces 85 

is influenced by local loading rates. Moreover, ship’s forward speed together with the 86 

size of the ice pieces determines the frequency of load peaks and thus influences the 87 

dynamic response of the ship.  88 

This paper focuses mainly on the effect of ship speed dependent phenomena in 89 

icebreaking on ice resistance and ship performance in ice. In particular, the effect of 90 

dynamic bending of ice wedge due to ship impact is investigated. The investigation is 91 

carried out by implementing a dynamic bending failure criterion into a previously 92 
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developed numerical procedure which simulates the continuous-mode icebreaking in 93 

the time domain. This forms the novelty of the paper because a time domain simulator 94 

with a dynamic bending failure criterion has not been addressed before. Speed 95 

dependence of the icebreaking resistance is investigated using the numerical 96 

procedure with a dynamic failure criterion for the bending of the ice edge adopted 97 

(referred to as the “dynamic bending model” hereinafter). 98 

The numerical procedure, proposed by Tan et al. (2012) and further developed by Tan 99 

et al. (2013), simulates continuous-mode icebreaking with ship motions in six degrees 100 

of freedom (DOFs). A static bending failure criterion was then used. However, the 101 

application of static solutions to icebreaking speeds has been questioned. The inertial 102 

force of the ice and the hydrodynamics of the water foundation, which are sensitive to 103 

loading rates, are important factors in determining ice bending failure loads and thus 104 

ship performance.  105 

In this paper, these factors related to the dynamic ice bending are taken into 106 

consideration. First, a dynamic bending failure criterion for ice is developed based on 107 

the semi-empirical studies provided by Varsta (1983). This is then incorporated into 108 

the previously developed numerical procedure. The results from using the dynamic 109 

bending model are compared with those from the static model, in a wide range of ice 110 

thicknesses and ship speeds. The effects of dynamic bending of ice edge on ice 111 

resistance and ship motions are investigated by comparing the results from these two 112 

groups of simulations. 113 

The main assumptions and simplifications made in the numerical procedure are as 114 

follows:  115 

1) The force superposition principle is applied 116 
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It is assumed that ice floes are cleared by the advancing hull immediately after the 117 

bending failure from the intact ice sheet. The resistance from ice floe clearing and 118 

submersion is considered not to interfere with the next contact. Similarly, open 119 

water resistance is also separated from ice resistance. Thus, the expression for the 120 

total resistance of a ship experiences in icebreaking can be written in vector form 121 

as:  122 

T brk sbmg ow

I

R R R R
R

� � �brk sbmg owbrk sbmgbrk sbmg   (1) 123 

where, TR  denotes the total resistance in ice; IR denotes ice resistance; sbmgR is 124 

the resistance caused by clearance and submersion of broken ice floes; brkR is the 125 

icebreaking resistance arising from the crushing–bending actions; owR  is open 126 

water resistance.  127 

The icebreaking force, brkR , which is the immediate cause for the formation of 128 

icebreaking patterns, is calculated numerically by integrating contact forces 129 

(obtained via a contact algorithm) along the icebreaking waterline. The magnitude 130 

of sbmgR  is calculated by the empirical formula given by Lindqvist (1989). 131 

Propulsion force is estimated by the net thrust in ice, netT , which is determined by 132 

bollard pull and ship speeds for a given propulsion power. 133 

2) Ship’s open water maneuvering coefficients are constant, i.e., frequency 134 

independent.  135 

The total excitation force given by Eq. (1) is then applied to solving the ship’s 136 

dynamic equations of motion (EOM): 137 
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( )M A r Br Cr F� � � �)r Br Cr)r Br CrBr Cr)   (2) 138 

where, M, A, B and C are the mass, added mass, linear damping and hydrostatic 139 

restoring force matrices, respectively; F  denotes the general force vector 140 

determined by resistances (as defined in Eq. (1)) and propulsion force.  141 

Eq. (2) is formulated with respect to a ship-fixed coordinate system so that the 142 

coefficient matrices are constant. In this paper, the maneuvering coefficients, M, 143 

A and C, are calculated by 3-D boundary element method. Linear hydrodynamic 144 

damping is not included because in ice covered water, icebreaking is considered to 145 

be the major source of energy consumption. 146 

3) Ice is considered as an elastic brittle material due to the high strain rates 147 

associated with icebreaking especially at the forebody (Enkvist et al., 1979). 148 

Therefore, lateral deflections for the loaded ice wedges are not considered in the 149 

contact algorithm. Local failure mode is assumed to be uniform crushing only, 150 

although in nature flaking and shearing failures are possible. The ship is 151 

considered as a rigid body moves in six DOFs. 152 

2. Numerical Modeling of the Icebreaking Process 153 

2.1 Description of the Icebreaking Process 154 

When a ship is advancing in a level ice field, the hull, especially the forebody (bow), 155 

comes into contact with the edge of the intact ice. Local failures such as crushing, 156 

shearing or (and) flaking could occur at the loaded areas of the ice edge depending on 157 

loading conditions and ice properties. As the ship penetrates continuously into the ice, 158 

some loaded sub-areas of the ice edge start to fail in bending when the downward 159 

bending loads exceed the bearing capacity of the edge.  160 
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In most cases, the bow opens a channel wide enough for the maximum beam to pass 161 

through. But there are also occasions when bow shoulders or even the side hull of the 162 

ship have to force themselves through what is left of the ice edge after the bow 163 

breaking. In this situation, i.e., shoulder crushing, the hull behind the bow shoulders is 164 

constantly in contact with the ice edge with relatively large contact area and low 165 

indenting speed; frictional forces make significant contribution to the ice resistance.  166 

Model- as well as full-scale observations have shown that the ice edge breaks in 167 

pieces in half moon shape (cusps) as well as in wedge shape (wedges), which leads168

the continuous icebreaking process to take on some pattern (as shown in Fig. 1). The 169 

broken ice pieces could either be cleared aside then pushed under the unbroken ice or 170 

simply continue to glide along the bottom line of the ship and emerge again in the 171 

channel from behind the ship.  172 

2.2 Introduction to the Contact Algorithm 173 

In this section, the mathematical modeling of the icebreaking process is briefly 174 

introduced. A more thorough description is presented by Tan et al. (2013). 175 

Two primary coordinate systems are used in the numerical model. One is fixed to the 176 

ship, denoted as xyz; the other one is Earth-fixed, denoted as 0 0 0x y z . 177 

The six coupled dynamic equations of motion given by Eq.(2) are solved by step-by-178 

step integration method; coefficients and variables are organized in matrix and vector 179 

form. Iterations are performed during each time step to solve the interaction between 180 

the icebreaking force and ship motions. The generalized acceleration, velocity and 181 

displacement vectors are denoted as: 182 

� �, , , , ,r � u v w p q r�r � u �u v w p q r, , , , ,u v, ,  183 
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� �, , , , ,r � u v w p q r�r � u v w, ,,   (3) 184 

� �, , , , ,r � � � �x y z  185 

where, the components are arranged in the order of surge (x), sway (y), heave (z), roll 186 

( � ), pitch ( � ) and yaw (� ). Newmark’s numerical integration scheme (see, e.g., 187 

Langen and Sigbjornsson, 1977) is adopted to solve the dynamic EOM, with 188 

modifications made to suit the condition of moving body-fixed frames.  189 

In order to solve the dynamic EOM in each time step, the general force vector, F, has 190 

to be determined first. In the numerical procedure, the icebreaking and crushing force 191 

component, brkR , is calculated by a contact algorithm developed in the previous 192 

works (see, Su et al., 2010a; Tan et al., 2012; Tan et al., 2013). First, the instantaneous 193 

icebreaking waterline is modeled (Fig. 2); then, overlaps between the waterline and 194 

the ice edge are identified as contact zones.  195 

 196 
Fig. 2. Modelling hull form at the waterline 197 

Contact area, crA , for each contact zone is calculated based on the indentation depth, 198 

frame angle of the local hull and the ice thickness. 199 
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 200 
(a). Local contact zone and coordinate system nz		  201 

 202 
(b). Local contact forces on ship 203 

Fig. 3. Contact 204 

Before analyzing the contact forces, a local coordinate system, denoted as nz		 (Fig. 205 

3(a)), is introduced to transform the rigid body velocities to hull nodal velocities: 206 


 � 
 �
x

nz ship
n y

z z

cos sin 0
( )sin cos 0

0 0 1
v M v

	
	

�  �� � � �� �
� � � �� �� � � � �� �� � � �� �
� � � �� �� �� � � �

i i

i i ii i

v v
v v
v v

  (4) 207 

where,�i denotes waterline angle at node i. 208 
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Eq. (4) is an important relation specifying the transformation from ship’s rigid body 209 

velocities to local nodal velocities.  210 

Then the velocities are decomposed into components that are tangential ( 1v ) and 211 

normal ( 2v ) to the contact surface, as depicted in Fig. 3(b). As a result, the nodal 212 

velocities are expressed in vector form as: 213 


 �
1 n

2 z

1 0 0
0 cos sin
0 sin cos

v
	 	

	��

� �� � � �
� �� � � �� � � �� �� � � �

�  �� �� � � �� � � �� �
i i i

i i

v v
v v
v v

  (5) 214 

where, �i is the frame angle at node i. 215 

The magnitude of the normal crushing force, crF , caused by the indentation into the ice 216 

edge is determined by the contact area and the average crushing pressure: 217 

av cr 2
cr

2

0
0         0
 ��
�
�

p A  ,     v
F =

,       v >
  (6) 218 

where, the negative sign means the force is always in the opposite direction to 2v . 219 

On the contact plane (plane1- τ in Fig. 3(b)), the tangential relative velocities, 1v and220 

	v , give rise to a vertical and a horizontal frictional force, denoted as 1f and 	f , 221 

respectively: 222 

1
1 cr 2 2

1	

� �
�

vf F
v v

  (7) 223 

cr 2 2
1

	
	

	

� �
�

vf F
v v

  (8) 224 
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The nodal forces on the ship hull expressed in nz		 are obtained through: 225 


 �nz
1n

crz

1 0 0
0 cos sin
0 sin cos

F
		

	

� � � �� �
� � � �� �� � � �� � � �� �

�  �� � � �� �� � � � � �
i i i

i i

fF
fF

FF
  (9) 226 

Finally, the force in nz		 , 
 �nzF 	
i , is transformed back to ship’s coordinate system by: 227 


 � 
 �ship nz1( )F M F 	� � �i i i   (10) 228 

The global ice crushing and breaking loads on the ship are obtained by integrating229 


 �shipFi over all of the contact zones in the current time step.  230 

2.3 Dynamic Bending of Ice Wedge 231 

The forces exerted on the ice wedge by the ship hull are reactions to the forces shown 232 

in Fig. 3(b). The normal crushing force, denoted as cr�F , together with the vertical 233 

frictional force, denoted as 1�f , gives rise to a vertical force component, z�F : 234 

z cr 1( cos sin )� � ��  � �F F f   (11) 235 

By introducing 236 

n z
1 1 cr 2 2

n z

cos sin
( cos sin )	

� � �� ��  � �
� �� �

v vf f F
v v v

  (12) 237 

into Eq. (11), and by knowing that cr cr av cr� �  � �F F P A , we arrive at: 238 

2
n z

z av cr cr2 2
n z

cos sin sincos ( )
( cos sin )	

� �� � � �� �  � � � �� �
� � � �� �� �

v vF P A A
v v v

  (13) 239 
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 240 
Fig. 4 Illustration of the idealized indentation depth and crushing area 241 

Ice is assumed to be brittle meaning that the lateral deflection is small relative to ice 242 

thickness before bending failure happens. The contact area, crA , could then be 243 

expressed by the vertical crushing depth, 
 �nz
z z ( )v 	� � � i , and the ice wedge’s opening 244 

angle, w� , as (Fig. 4): 245 

w

2
cr z

tan( )
2

sin tan

�

� �
� �

A   (14) 246 

By inserting Eq. (14) into Eq. (13), a simplified dependence of the vertical load on the 247 

vertical crushing depth as well as the local contact velocities are obtained: 248 


 �nz
z d z z( , )v 	� � � ��iF K   (15) 249 

where, 250 

w
2

n z
d av cr z2 2

n z

tan( )cos sin sin 2cos ( )
sin tan( cos sin )	

�
� �� � � �

�  �� � � � �� �
� �� � � �� �� �

v vK P A
v v v

  (16) 251 
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is the equivalent dynamic stiffness of an ice element defined by two adjacent ice 252 

nodes.  253 

In the numerical procedure, bending failure of an ice wedge occurs when z�F  exceeds 254 

the bending failure load (also known as the bearing capacity), denoted as fP , of the 255 

ice wedge. 256 

In the previous works (see, Tan et al., 2012; Tan et al., 2013), a static bending failure 257 

criterion was used in the numerical procedure. Field tests have shown that for an ice 258 

sheet with a vertical loading on the edge, an increase in the vertical load causes 259 

fractures which begin with the formation of radial cracks. The cracks grow in both 260 

number and length and propagate from the loaded area into the ice field until the ice 261 

ultimately fails due to the formation of circumferential cracks. This character of a 262 

semi-infinite ice field loaded on the edge suggests that it is feasible to transform from 263 

the plate bending problem to the (non-uniform) beam bending problem (Nevel, 1958) 264 

by assuming that the adjacent ice wedges divided by radial cracks are independent. 265 

The studies on the static bending failure load for a vertically loaded ice sheet was 266 

comprehensively surveyed by Kerr (1975) where the model given by Kashtelyan 267 

based on observations was introduced: 268 

static 2 2w
f f f i ( )�

� �
 

P c h   (17) 269 

Eq. (17) proposed by Kashtelyan is an empirical formula where the static bearing 270 

capacity of an ice wedge is proportional to the bending strength ( f� ) and the square 271 

of thickness ( ih ) of the ice, which is consistent with observations from experiments 272 

(e.g., Lau and Williams, 1991) and results given by beam theory. The less studied 273 
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factor of wedge geometry was assumed to be represented by the term, 2w( )�
 

, where274 

w� is the opening angle at the vertex. The non-dimensional analysis thus leaves one 275 

empirical coefficient, fc  , to be determined by field tests, in theory. 276 

However, the application of the static bending failure criterion to the icebreaking 277 

process is not proper as speeds clearly influence the load. Both experimental and 278 

theoretical studies (e.g., Varsta, 1983; Valanto, 1989; Valanto, 1992) imply that the 279 

bending failure load of an ice wedge subjected to a rapid loading increases with 280 

increasing loading rates. The inertial force of the ice and the hydrodynamics of the 281 

water foundation, which are associated with loading rates, influence the ice bending 282 

failure load.  283 

When an ice wedge is loaded by an icebreaker hull at a relatively high speed, it is 284 

crushed and bent at the same time and obtains an acceleration instantly. This 285 

acceleration then causes an effect similar to “slamming”, only in this case the water 286 

entering object is the ice (see, e.g., Lu et al., 2012). Since water is incompressible, the 287 

deflecting ice wedge with certain acceleration causes an increase in the hydrodynamic 288 

and possibly hydrostatic pressures in the water foundation. This increased supporting 289 

pressure from the water foundation acts in the opposite direction to the hull loading 290 

and thus increases the load required for bending failure. The increased water pressure 291 

leads to an increased “stiffness” in the loaded ice–water system. 292 

The physical effects taking place during the dynamic bending of the ice wedge are 293 

complicated considering the coupling between ice and water. Although simplified 294 

solutions have been proposed based on analytical models (e.g. Sørensen, 1977) to 295 

account for inertial and hydrodynamic forces by introducing “inertial constants”, 296 
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considering the variation of the added mass of the ice over in time and space, this 297 

method has also been questioned (Dempsey and Zhao, 1993).  298 

Elastohydrodynamic theory (see, e.g., Fox, 1993; Fox and Squire, 1994; Dempsey et 299 

al., 1999; Fox and Chung, 2002; Lubbad et al., 2008) has been drawing more and 300 

more attentions due to its ability to include the hydrodynamic effects. But no quickly 301 

applicable solutions exist. 302 

Varsta (1983) developed a numerical procedure to study the mechanics of ice loads on 303 

ships in level ice in the Baltic. In particular, the non-linear dynamic bending behavior 304 

of an ice wedge was investigated. Fig. 5 shows a schematic illustration of the ice 305 

wedge geometry, which is idealized based on full-scale measurements. The main 306 

dimensions are the contact length ( cl ), contact depth ( dl ) and the wedge angle ( w� ). 307 

The normal crushing force applied on the wedge is obtained by the product of the 308 

contact area and the average crushing pressure.  309 

 310 
Fig. 5. Idealized wedge geometry (reproduced from Varsta, 1983) 311 

In Varsta (1983), the problem was solved by fluid–structure interaction (FSI) finite 312 

element method, which is a finite-element realization of the elastohydrodynamic 313 

theory. The ice wedge and the water underneath are fully coupled on the ice–water 314 
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interface. Tsai–Wu failure criterion was adopted to define ice failure, with the 315 

mechanical constants for a macroscopic failure criterion being determined 316 

experimentally by the procedure developed by Riska (1980).  317 

The calculation results were compared with full-scale tests of ice impact on a landing 318 

craft bow, which was especially designed to measure the dynamic ice loads. The 319 

calculation results along with the test data are shown in Fig. 6. Although the measured 320 

ice failure loads show quite a scatter, the average values correlate well with the 321 

calculated curves. The calculated curves and the measured data show that bending 322 

failure loads increase with increasing loading rates.  323 

 324 
Fig. 6. Normal crushing force at failure vs. ship speed (reproduced from Varsta, 1983. 325 

Notations for force, speed and frame angle are changed to be consistent with the 326 
present work) 327 

The information given by Fig. 6 is processed in the present work to formulate the 328 

dependence of ice bending failure load on loading rates. The procedure is given in the 329 

forthcoming part. 330 

By using the relationships: 331 
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f f
f cr crcos sin� �� �P F F   (18) 332 

2 n sin� �v v   (19) 333 

the dependence of the vertical load at failure, fP , on normal relative speeds, 2v , for 334 

different frame angles is obtained, as presented in Fig. 7. It is shown in Fig. 7 that the 335 

fP – 2v relations for the four tested frame angles (40°, 60°, 65°, 70°) are very close to 336 

each other. Thus, it seems justified to believe that the 2v dependence of fP for 337 

different frame angles can be reduced to a common base (the “average” curve in Fig. 338 

7) which is independent of frame angles. 339 

 340 
Fig. 7. Vertical failure load vs. normal relative speeds 341 

Then, a non-dimensional analysis is carried out assuming, based on the static model 342 

proposed by Kashtelyan, that the dynamic bearing capacity, fP , is proportional to the 343 

bending strength ( f� ), the square of thickness ( 2
 ih ) of the ice and the geometry factor,344 

2w( )�
 

, specifying the wedge size in the circumferential dimension. The result is then 345 

a dimensionless coefficient function of the normal relative speed, defined as: 346 
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f 2
t 2 2

2 w
f i

( )( )! �
�" #� $ % & '

P vv
h

  (20) 347 

t!  is plotted versus 2v  in Fig. 8. 348 

 349 

Fig. 8. Coefficient t!  as a function of crushing speed 2v (  ih =0.35m, f� = 1.2MPa, 350 
o

w = 90� ) 351 

After curve fitting for t! shown in Fig. 8, Eq. (20) is then expressed numerically as: 352 

 
2

0.40 2 w
f 2 2 f i( ) (1.65+ 2.47 ) �" #� � $ % & '

P v v h   (21) 353 

Eq. (21) is used as the dynamic bending failure criterion and implemented into the 354 

numerical procedure to investigate the speed effect on icebreaking resistance and ship 355 

motions. It should be noted that Eq. (21) is a semi-empirical formula based partially 356 

on finite element method and partially on physical tests. 357 

2.4 Icebreaking Pattern 358 

In the present work, individual ice wedges are assumed to bend in a predefined 359 

manner. A series of successive individual icebreaking events develop a pattern of 360 
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icebreaking which interacts with the motions of the ship and influences the resistance 361 

a ship experiences. The icebreaking pattern involves some major assumptions in the 362 

analytical treatment of the bending problem. Both full-scale and model-scale data (see, 363 

e.g., Lewis and Edwards, 1970; Enkvist, 1972; Varsta, 1983) suggest that the size of 364 

broken ice pieces generally decreases with increasing ship speeds and increases with 365 

increasing ice thicknesses. This is attributed to the fact that the loaded end of the ice 366 

beam, as compared to the location that is far away from the free end, receives less 367 

support from the dynamic water flow underneath (because the water underneath the 368 

loaded free end is under free surface condition). When loaded at higher rates, the 369 

location where maximum bending moment occurs in the ice beam moves closer to the 370 

end. In addition to ship speeds and ice properties, the size of broken ice pieces is also 371 

influenced by the bow form of the ship. In Wang (2001), a relationship describing the 372 

geometry and the size of the ice floe was proposed with rational justifications. 373 

Comparison was made with test data given by Izumiyama et al. (1991). Based on the 374 

studies of Enkvist (1972) and Varsta (1983), Wang (2001) suggested that the shape of 375 

the circumferential bending crack can be modeled as a circular arc and the size of the 376 

broken ice floe be controlled by the quantity “ice floe radius”, which is expressed as: 377 

l v 2(1 )R = C l +C v   (22) 378 

where, l is the characteristic length of the ice; lC  and vC are empirical constants. 379 

Static theory of a plate on elastic foundation gives the solution of l as: 380 

13
 i 4
2

w

( )
12(1 ) (

Ehl =
ν g

  (23) 381 
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It is shown theoretically in Fox (2001) that the characteristic length derived from 382 

static cases gives the appropriate length scale for both static and dynamic responses. 383 

In nature, the crack shape could be more complicated and radial cracks could happen. 384 

Based on previous studies (Tan et al., 2012; Tan et al., 2013), the authors believe that 385 

Eq. (22) is able to describe the most typical shape of the bending cracks observed in 386 

physical tests. The two major factors – loading rates and ice thicknesses – are taken 387 

into account empirically by tuning the empirical constants lC and vC . 388 

The shape of the ice edge in contact with the hull can be quite irregular, which has 389 

been observed in icebreaking patterns from both nature and numerical simulations. 390 

The “ice floe radius” model given by Wang (2001) specifies only one dimension (the 391 

radial, or, the depth) of the broken floe. In the present paper, an additional relationship 392 

is used together with Wang’s model to describe the geometry by which the ice cover 393 

fails. Milano (1973) suggested, based on full-scale tests, that the ratio between the 394 

length (denoted as 2c l in Fig. 9) and the depth (denoted as 1c l  in Fig. 9) of the cusp 395 

for sea ice ranges from about 3 to 6. 396 

 397 
Fig. 9 Example of icebreaking pattern (Milano, 1973) 398 

(l denotes the characteristic length of ice) 399 
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 In this paper, a coefficient rC , following Milano (1973): 400 

2
r

1

�
c lC
c l

  (24) 401 

is introduced to represent the length-to-depth ratio of broken ice cusps. 402 

Thus, based on the length and depth of the ice floe, the ice edge in contact with ship 403 

hull will be deleted if the vertical load exceeds the dynamic bending failure load 404 

developed in Section 2.3. A new edge will be generated by interpolating an arc at the 405 

location of the circumferential crack.  406 

3. Numerical Results 407 

3.1 Ship and Ice Properties 408 

The ship parameters and ice material properties adopted in the numerical model are 409 
listed in Table 1 and Table 2.  410 

Table 1. Ship parameters 411 
Parameter Notation Value Dimension 

Length over all LOA 83.70 m 

Length between perpendiculars Lpp 75.20 m 

Breath, moulded B 18.00 m 

Draught, max icebreaking D 6.50 m 

Bollard pull, ahead TB 202 t 

Displacement M 5.74×106 kg 

Moment of inertia 
Ixx 2.98×108 kg • m2 

Iyy 2.03×109 kg • m2 

Added mass coefficients 

A33 1.83×107 kg 

A44 5.36×107 kg • m2 

A55 4.47×109 kg • m2 

Restoring force coefficients 

C33 1.31×107 N/m 

C44 1.38×108 N • m 

C55 6.09×109 N • m 

Propulsion output PD 13440 kW 

Open water speed vow 16.40 knot 
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Table 2. Ice properties 412 
Parameter Notation Value Dimension 

Density i(  880  kg/m3 

Young’s modulus E 5.40  GPa 

Poisson ratio )  0.33  

Crushing strength cr�  2.30 MPa 

Bending strength f�  0.58 MPa 

Coefficient of friction �  0.15  

 413 

3.2 Ship Performance 414 

The numerical predictions of ship performance with the static and the dynamic 415 

bending models are shown in Fig. 10 and Fig. 11, where full-scale measurements are 416 

also included. It is shown in Fig. 10 that the h–v curve derived by the dynamic 417 

bending model correlates better to full-scale curve than the static one, especially in the 418 

cases where ice thickness is above 0.4m. It is also noticed in Fig. 11 that in very thick 419 

ice (1.1m and 1.2m), the resistance given by the static bending model is much higher 420 

(ship speed gets much lower) than that given by the dynamic bending model. This can 421 

be attributed to the fact that thick ice corresponds to low ship speeds and thus low 422 

normal speed for local impact, given an certain propulsion power. According to Fig. 8, 423 

the bending failure load given by the dynamic bending model is more sensitive to 424 

loading rates at the low velocity range. The dynamic modulation could result in a 425 

lower bending failure load than given by the static bending model.  426 

In the case of ice thickness 0.6m, the result for ship speed diverges from the others. A 427 

closer examination of the breaking pattern shows a large contact area between the 428 

parallel midbody and the ice edge. Due to the large frame angle (nearly vertical) at the 429 

side hull, ice is continuously crushed rather than fail in bending. The corresponding 430 

high ice resistance shown in Fig. 11 indicates the “shoulder crushing” effect. 431 
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 432 
Fig. 10. h–v curve 433 

 434 
Fig. 11. Mean surge ice resistance at full propulsion power 435 

It is worth noticing that in Fig. 8, the value of t! for zero speed (1.65), which seems 436 

supposed to correspond to the static case, is not equal to the fc value used in the static 437 

model (which is 2.9), as may be expected. Technically, the fc value is to be obtained 438 

either by direct field tests or by tune-up according to measurements (e.g., h–v curve 439 

and ice resistance as shown in Fig. 10 and Fig. 11) or at least some analytical 440 

resistance formulae. Especially, when developing numerical models, tuning is 441 
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commonly used due to insufficient field data and the complexity in conducting such 442 

measurements as the one conducted by Varsta (1983) with special designed set-up.  443 

A literature study reveals a quite a big scatter of fc values in former works. For 444 

example, Kashtelyan, who proposed the static bending failure criterion, used a value 445 

of 1.04 (Kerr, 1975); in Wang (2001) the same value was used for a wedge with apex 446 

angle of o90 ; while Nguyen et al. (2009) adopted a value of 4.5 and the calculations 447 

were validated with Lindqvist’s resistance model; in Su et al. (2010a) a value of 3.1 448 

was selected by validation with Lindqvist’s resistance model too; in a later work, Su 449 

et al. (2010b) readjusted it to 2.9 by validation with full-scale measurements and this 450 

is then followed by Tan et al. (2012). The scatter implies that the numerical 451 

adjustment of fc were made to agree with either full-scale measurement, where the 452 

influence of dynamic bending is already included in the measured results, or with 453 

empirical resistance formulae, where many details of the icebreaking cycle discussed 454 

in Chapter 2 were roughly represented by a few main particulars of ships.  455 

Thus, it is reasonable to believe that the fc values suggested by former works 456 

mentioned above is a result of balancing calculation results over the particular speed 457 

ranges associated with each model. In other words, for each of the numerical 458 

simulations listed above, the loading rates encountered may lie in different speed 459 

ranges in Fig. 8, which gives quite scattered fc values.  460 

3.3 Mean Ice Resistance vs. Ship Speed 461 

For ship design, it is practical to relate the mean value of resistance to ship speeds as 462 

well as other primary parameters of ice and hull geometry. Regression analysis and 463 

dimensional studies typically include the ship speed effect by relating mean ice 464 
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resistance (or its components) to Froude numbers based on ice thickness or (and) ship 465 

waterline length (e.g. Lewis et al., 1982; Lindqvist, 1989). For example, Lindqvist 466 

(1989) proposed an ice resistance formula: 467 

ice h L
x c b n s n= ( + )(1+1.4 ) + (1+ 9.4 )F F F F F F   (25) 468 

which accounted for hull speed effect by multiplying static ice resistance components 469 

for crushing, breaking and submersion, denoted as cF , bF  and sF , respectively, by 470 

Froude numbers, h
nF and L

nF : 471 

h x
n

i

L x
n

wl

vF =
gh
vF =
gL

  (26) 472 

Typically, empirical formulae based on regression and dimensional analyses indicate 473 

linear dependence of mean ice resistance on ship speeds. 474 

The numerical results showing relations between ship speed and mean resisting force 475 

and moment from ice in surge and pitch directions at steady speed are presented in Fig. 476 

12. Regarding the numerical results obtained by the dynamic bending model, the 477 

mean values of resisting forces and moments increase linearly with ship speed, which 478 

agrees with the trend predicted by most ice resistance formulae. The values for surge 479 

ice resistance (Fig. 12(a)) calculated by Lindqvist’s are however lower than that given 480 

by the dynamic bending model especially for thick ice. For the static bending model, 481 

the main ice resisting force component that is speed dependent is the ice floe clearing 482 

and submersion force. It is noticed in Fig. 12(a) that in very thick ice (e.g., 1.1m), 483 

where the icebreaking component has became dominant over the clearing and 484 
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submersion component, resistance given by the static bending model does not seem to 485 

show much sensitivity to ship speeds. In thin ice, however, the total ice resistance 486 

from the static bending model is influenced more by the ice clearing and submersion 487 

component and thus shows a linear dependence on ship speeds as depicted in Fig. 488 

12(a).  489 

 490 
(a). Mean surge ice resistance vs. ship speed 491 

 492 
(b). Mean pitch moment vs. ship speed 493 

Fig. 12. Simulated mean values of ice resistance vs. ship speed 494 

Comparison between numerical results from the dynamic and the static bending 495 

models shows that for a certain ice thickness, the ice resisting force and moment given 496 

by the static bending model is slightly higher than that given by the dynamic bending 497 

model at very low speed (1.0m/s). The reason is explained in Section 3.2. In the high 498 
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speed range, the situation is reversed due to the same reason. As shown in Fig. 8, the 499 

bending failure load given by the dynamic bending model increases with colliding 500 

speeds which are associated with the ship’s forward speed, whereas in the static 501 

bending model, it is independent of ship speeds.  502 

Fig. 13 shows the dependence of surge ice resistance on ice thickness with the lowest 503 

and the highest speeds that are covered in this paper. The fitted curves of numerically 504 

predicted data as well as Lindqvist’s calculations show a power relation between 505 

mean values of surge ice resistance and ice thicknesses: 506 

ice b
x i=F ah   (27)  507 

Both Lindqvist’s calculation and the numerical predictions indicate that the 508 

coefficient a increases with ship speeds, which is a trend also observed in the model 509 

tests conducted by Ettema et al. (1987). The values of a given by Lindqvist are lower 510 

than the ones given by the dynamic bending model, which is the main cause for a 511 

lower resistance as seen in Fig. 12(a). The smaller sensitivity to ship speeds of the 512 

static bending model is reflected in Fig. 13 too. The exponent b for the dynamic 513 

bending model is in the range of 1.2 ~ 1.4 for the speed range covered; Lindqvist’s 514 

gives values of b between 1.2 ~ 1.3, and it is 1.9 ~ 2.1 given by Ettema et al. (1987).  515 

Although Eq. (25) is somewhat simplified and empirically based especially with 516 

respect to hull geometry and contact mechanism, it is however illustrative and helpful 517 

when trying to understand the relations between ice thickness, ship speed and ice 518 

resistance. The resistance components given by Lindqvist in Eq. (25) can be 519 

expressed concisely as:  520 
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2
c h i

1.5
b h i

s h i

F = c h
F = b h
F = s h

  (28) 521 

where hc , hb and hs are coefficients associated with hull geometry, ice flexural strength 522 

and friction, i.e., independent of ice thickness and ship speeds. By inserting Eq. (26) 523 

and Eq. (28), Eq. (25) can be rewritten as: 524 

 ice 2 1.5h h h
x h i h x i h x i

wl

1.4 1.4 9.4+ ( + ) + ( + ( + ) )c b sF = c h b v h s v h
g g gL

  (29) 525 

Eq. (29) reveals that in addition to the dependence on 2
ih , other lower-order terms 526 

may exist. Moreover, xv and ih may be entangled with each other. This explains why 527 

the coefficient a increases with xv , which is observed in three different studies. The 528 

overall power dependence, i.e., the b value, is determined by parameters in Eq. (29), 529 

on which ship speeds has an influence too. 530 

 531 
Fig. 13. Simulated mean surge ice resistance vs. ice thickness 532 

3.4 Ship Motions 533 



30 
 

The simulated mean values of heave, roll and pitch are presented in Fig. 14. Similar to 534 

the characters of forces and moments, the motions given by the static bending model 535 

are not as sensitive to ship speeds as those given by the dynamic bending model. 536 

 537 
(a) Mean heave vs. ship speed 538 

 539 
(b) Mean roll vs. ship speed 540 

 541 
(c) Mean pitch vs. ship speed 542 

Fig. 14. Simulated mean values of motions vs. ship speed 543 
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Fig. 14(b) indicates that roll is not influenced by ship speeds. However, several major 544 

jumps of roll angle are spotted in thick ice for both the static and the dynamic bending 545 

models. The ice loads around the bow is not laterally symmetric especially for thick 546 

ice where icebreaking radii (floe sizes) are larger and thus the ship is loaded more 547 

non-uniformly. Transverse responses may under some circumstances be significant in 548 

determining the icebreaking pattern and the ice resistance. Large amplitudes of roll 549 

and correspondingly high values of ice resistance have also been reported in the 550 

model tests conducted by Ettema et al. (1987).  551 

The pitch angles given by the static bending model decrease linearly with ship speeds 552 

for all ice thicknesses calculated. For the dynamic bending model, however, the pitch 553 

angles decrease with ship speeds for thin ice while increase with ship speeds for thick 554 

ice (Fig. 14(c)). It is interesting to note that in medium thick ice for the dynamic 555 

bending model (e.g., 0.5m and 0.7m), an increase in low speed range is followed by a 556 

decrease with speeds in high speed range. The natural frequency of pitch for Tor 557 

Viking II is estimated to be 0.15Hz. Spectral analysis on the time histories of pitch 558 

moment at 1.0m/s ship speed (i.e., the lowest speed) gives the frequency values of 559 

1.31Hz and 0.20Hz in 0.1m and 1.1m ice, respectively. As the ship speed increases, 560 

the frequency of pitch moment increases and thus goes further away from the natural 561 

frequency of pitch. This leads to a general decrease of pitch as shown by results given 562 

by the static bending model. For the dynamic bending model, however, the magnitude 563 

of pitch moment in thick ice increases dramatically as compared to that in thin ice as 564 

well as to the case in the static model. Therefore, the value of pitch angle is influenced 565 

by the magnitude of pitch moment and its frequency. A similar trend for the mean 566 

values of pitch and heave variations with ship speeds is reported in the model tests by 567 

Ettema et al. (1987), as is shown in Fig. 15. 568 
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 569 

Fig. 15. Mean pitch and heave vs. ship speed from a model test with an USCGC 570 
Polar-Class Icebreaker (Ettema et al., 1987) 571 

3.5 Spatial Distribution of Icebreaking Forces 572 

The spatial distributions of the icebreaking forces with various ice thicknesses and 573 

ship speeds are inspected. The ship’s waterline is discretized into 50 nodes and 574 

segments. The time histories of the normal icebreaking loads on each of the hull 575 

segments are recorded, and examples of typical load histories for different hull areas 576 

are shown in Fig. 16Fig. 17.  577 

 578 
(a) Normal icebreaking force on segment #9 – #10 (side hull) 579 

 580 
(b) Normal icebreaking force on segment #21 – #22 (bow shoulder) 581 
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 582 
(c) Normal icebreaking force on segment #26 – #27 (bow) 583 

Fig. 16 Examples of time histories of local icebreaking forces (  i =h 0.7m, x �v 5m/s) 584 

The mean values of the icebreaking forces on each of the segments are calculated and 585 

plotted in Fig. 17. 586 

 587 
(a) 588 
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 589 
(b) 590 

 591 
(c) 592 
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 593 
(d) 594 

Fig. 17 Spatial distribution of the mean normal ice force on the hull (the magnitudes 595 
are represented by the “heights” of the “load rectangles” associated with each 596 

segment) 597 

The forces on the bow area, especially on the segments between nodes #25, #26 and 598 

#26, #27, show a distinct dependence on ship speeds. For the shoulder and the side 599 

hull areas, however, the distribution is more irregular as compared to the bow area 600 

due to the drastically increased frame angles. Additionally, since at the bow shoulder 601 

and the side hull areas the ship hull is sliding along the ice edge rather than indenting 602 

directly into it, the normal relative speed is much smaller than that for the bow area. 603 

Ice is more often crushed than bent. This makes the frictional force the major 604 

contribution to the hull loading. When the channel opened by the bow is not 605 

sufficiently wide to avoid constant contact between the hull and the ice edge, crushing 606 

may be significant, as in the case of 0.3m–3.0m/s, 0.7m–1.0m/s & 3.0m/s and 1.1m–607 

3.0m/s. These cases correspond to the high resistance points in Fig. 12(a). Thus, the 608 

inspection of spatial distributions of ice forces explains how, in some cases, despite 609 
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the relatively small ice thickness and low ship speed, the total ice resistance is much 610 

higher than expected, and how the occurrence of shoulder crushing could increase the 611 

total ice resistance by increasing the local ice loads. 612 

4. Conclusions 613 

The dynamic bending effect of the ice edge is investigated and implemented into a 614 

numerical procedure simulating the interaction between level ice and ships. The h–v 615 

curve reflecting ship performance is calculated and compared with full-scale data. 616 

Based on the mechanism of dynamically bent ice edge, the relations between ice 617 

resistance, ship motions and ship speeds are examined. Conclusions are listed as 618 

follows: 619 

1) The bending failure load of a wedge shaped ice edge is dependent on loading rates, 620 

which is associated with ship’s forward speed, via power relation as given by Fig. 8 621 

and Eq. (21). 622 

2) The h–v curve given by the dynamic bending model correlates better to full-scale 623 

ice trial than does the one derived by the static bending model due to the ability of the 624 

dynamic bending model to dynamically modulate the local failure load of the ice edge. 625 

3) The ice resistance and pitch moment given by the dynamic bending model increase 626 

linearly with ship’s forward speed. 627 

4) Roll motion could under certain conditions bring about extra resistance in ice, 628 

especially when the bow does not open a channel sufficiently wide to let the 629 

maximum beam transit through.  630 

5) An inspection of the spatial distribution of the icebreaking resistance reveals that 631 

for some cases the shoulder areas experience much higher ice loads locally than other 632 
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area of the hull. The occurrence of shoulder crushing is determined by the icebreaking 633 

pattern which assumes ice bending in a predefined manner in the numerical model; 634 

the icebreaking pattern inherently involves the major assumptions in the analytical 635 

treatment of the problem. A further study on the correlation between the mathematical 636 

model of the icebreaking pattern and the channel width and ship motions needs to be 637 

carried out.   638 

6) Pitch angles given by the dynamic bending model decrease with ship speeds for 639 

thin ice while increase with ship speeds for thick. In medium ice thicknesses (e.g., 640 

0.7m), pitch angle increases more rapidly in low speed range (1m/s~3m/s) than in 641 

high speed range. This is a result of both the magnitude and frequency of pitch 642 

moment. 643 

(7) The speed dependence of the ice wedge failure load proposed in this paper is 644 

based on limited information and idealized conditions. For example, the speed 645 

dependent term, t! , is derived under a certain ice thickness (0.35m), flexural failure 646 

strength (1.2MPa) and wedge opening angle (90°). By assuming that the failure load 647 

is proportional to the square of ice thickness and that it is linearly proportional to the 648 

flexural strength of ice, the limited information given by Varsta’s tests are 649 

extrapolated to be used for different thickness and strength conditions. Although the 650 

assumed proportional relationships are consistent with former works conducted by 651 

various researchers, its adequacy to describe the picture for other ice thicknesses and 652 

flexural strengths needs to be verified in future works. The influence of the geometry 653 

of the ice wedge also needs to be investigated. For this purpose, more extensive 654 

investigations, both theoretically and experimentally, on the problem of ice–water–655 

ship interaction are expected. 656 
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