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1. Introduction
1.1. Motivation

n+ 1 hyperbolic PDE systems, that is, hyperbolic PDEs with n
invariants propagating in one direction and one single invariant
propagating in the opposite direction, can be used to model
multi-phase fluid flow systems or various interconnected sin-
gle phase flow systems. Although the systems studied can be
used to model a wide range of real-world applications [1], our
main motivation is a particular application in offshore oil and
gas drilling where a drilling fluid is circulated down the drill-
string, through the drill-bit and up the annulus to the top of
the well where a choke and back-pressure pump are installed to
control the top-side pressure. Tight bottom-hole pressure control
is important to avoid unwanted incidents such as inflow of oil and
gas into the well, called a kick, or loss of drilling fluid into the
reservoir. The problem of controlling the bottom-hole pressure
by regulating the top-side pressure and flow is a challenging
problem for a number of reasons. (1) The well can be up-to 10
kilometres long and the distributed effects (fluid compressibility)
are significant. (2) Flow and pressure measurements are often
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only available top-side at the rig and the bottom-hole state must
be estimated. (3) Properties of the oil and gas reservoir are often
unknown. To avoid drilling incidents such as a kick or loss, the
control objective is to make the bottom-hole pressure match the
reservoir pressure. So, if the reservoir pressure is unknown, the
control set-point is itself also unknown.

1.2. Previous work and contributions

In this paper we derive an adaptive estimation and control
scheme for n + 1 hyperbolic systems with unknown boundary
parameters in an affine boundary condition on one end and with
collocated sensing and control at the opposite end only. The
infinite backstepping method has been used extensively to design
observers and controllers for hyperbolic systems. The first result
for 2 x 2 systems was presented in [2] and later extended to
n + 1 systems with non-collocated sensing and control in [3],
n 4+ m systems in [4], and to n + 1 systems with collocated
sensing and control in [5] (using the backstepping transforma-
tion from [4]). For systems with uncertain boundary parameters,
adaptive observers for n 4+ 1 and n + m system with sensing at
the same boundary as the uncertain parameters was presented
in [6,7] respectively, and for 2 x 2 systems with sensing only on
the opposite boundary as the uncertain parameters in [8]. The ex-
tension of the aforementioned papers to output-feedback control
to a zero-state was presented in [9-11] respectively. However, all
of these extensions used linear boundary conditions, that is only
one single unknown reflective boundary parameter. To model
well-reservoir interactions with unknown reservoir pressures as
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described in the previous section, the boundary conditions must
have an affine form where both the parameters describing the
reflective terms and the additive terms are unknown. Extending
the result in [11], control of 2 x 2 hyperbolic systems with un-
known affine boundary conditions using collocated sensing and
control was presented in [12] and using non-collocated sensing
and control in [13].

In this paper, we extend the observer result from [8] to n +
1 systems, while avoiding time-delayed estimates as in [14].
The method in [8] rely on a set of computationally expensive
time-varying backstepping kernels that require continuous, on-
line, re-computation. While a direct extension of the method
in [8] to n + 1 systems using the corresponding time-varying
backstepping kernels for n + 1 systems might be feasible, the
well-posedness proof of such time-varying kernels seems to be
non-trivial and the computational cost might render the method
impractical for use in real-world applications. In this paper, we
propose an alternative design where these difficulties (proof of
well-posedness and computational cost) are overcome by the use
of two cascaded backstepping transformations. The purpose of
the first transformation, which is time invariant, is to obtain a
static parametric model on which to base the parameter update
laws. The second transformation is time variant, and provide
output injection kernels that ensure exponential stability at the
origin of the state estimation error system. The control part is
a generalization of [12] to n 4+ 1 systems, but using a solution
strategy similar to [13]. The formal problem statement is given
in Section 1.4. The state observer and parameter adaptive laws
are presented in Section 2. The control design with corresponding
backstepping target system and reference model is presented in
Section 3 with the main result stated in Theorem 1. Stability of
the interconnected state estimation error system from Section 2
and tracking error system from Section 3 is given in Section 4
and culminates in the final proof of Theorem 1. An illustrative
simulation example is given in Section 5, and some concluding
remarks are offered in Fig. 7.

1.3. Notation
For a signal z : [0, 1] x [0,00) — R", partial derivatives

with respect to i.e. space are denoted z, or d,z; for each element
i=1,...,n The L,-norm is denoted

1
lz|| :== \/f zT(x, t)z(x, t)dx. (1)
0

For f : [0, c0) — R, we use the vector spaces

fe%e(/ If(t |pdt> < 00 (2)

for p > 1 with the particular case

f e %y < suplf(t) < oo. (3)

t>0

Derivatives with respect to time are denoted f. If not otherwise
stated, a statement for a variable with subscript i refers to all
variables with subscripti = 1, ..., n. For two vectors a, b € R",
a®b denotes the Hadamard product with elements (a®b); = a;b;.

1.4. Problem formulation

Consider the system
U + Auy =X (x)u + w(x)v (4a)
— pvy = (x)u (4b)

where u : [0,1] x [0,00) — R" is the upward propagating
Riemann invariants, v : [0, 1]x[0, 1) — R is the single downward
propagating Riemann invariant, X' : [0, 1] — R™" with diagonal
terms being zero, w : [0,1] — R™!, @ : [0,1] — R™", and

A = diag(hq, ..., Ay) and p satisfying —u <0 < Ay < -++ < Ap.

The boundary conditions are given by

u(0, t) — rv(0, t) =k(6 — v(0, t)) (5a)
v(1,t) =U(t) (5b)

for some known constant r = {r;}1<i<p € R", unknown param-
eters 0 € R and k = {ki}1<i<n € R", but with known lower
bounds k; < k;, and control signal U : [0, co) — R. The boundary
condition (5a) can be written on the affine form u(0,t) = (r —
k)v(0, t) + k6 where (r — k)v(0, t) is the reflective term and ko
the additive term. However, since the reflective term contains
both the known parameter r and the unknown parameter k,
the proceeding stability analysis is simplified by combining the
unknown elements in a bilinear form as in the right hand side in
(5a). For the drilling application this form is particularly useful,
since the right hand side of (5a) can be used to model the well-
reservoir interaction, which is unknown, and the left hand side
of (5a) models the natural boundary reflection in a well isolated
from any reservoir.

We assume that system (4) with boundary conditions (5) and
some initial conditions

u(x, 0) =:u;c(x) (6a)
v(x, 0) =:vic(x) (6b)

form a well-posed system. We thus restrict the initial conditions
and boundary condition to satisfy certain compatibility condi-
tions. In addition, for a general class of control laws, including
the control law U considered in this paper, it was shown in
[15, Theorem 1.1] that the growth rate of system (4)-(6) is
bounded by an exponential function, meaning that for any finite
time, system (4)—(6) has a bounded solution.
The control objective is

4T
lim [u(0, t) — rv(0, t)|dt
t—o00 t
4T
= lim / |6 —v(0, t)|dt =0 (7)
t—00 t

for some constant T > 0. Related to the boundary conditions
above, this control objective can be interpreted as eliminating the
effect of the external disturbance, that is k(6 — v(0, t)) — 0. For
the drilling application this corresponds to stopping any flow of
fluids between the well and the reservoir. The integral operator
in (7) is included for technical reasons: Since in the following,
only solution in the L,([0, 1])-norm is studied and not point-wise
stability, the control objective is formulated over a time-interval.
As a secondary objective we also want to generate reliable esti-
mates of the states with particular interest in u(0, t), v(0, t), and
reliable estimates of the unknown parameter 6. That is, for some
estimate é,-(t) we seek

lim ‘9 - é,—(t)‘ = 0. (8)

t—o00

For both objectives, we only rely on the boundary measurements
y(t) =u(1,t) 9

Remark 1. Identification of the parameter k is intractable since
identifiability is lost when the control objective is achieved.
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2. State and parameter estimation

To estimate the unknown states we design an observer in
terms of the state estimates (i, v). Consider the observer

iy + Al =X(x)i + w(x)d

+ PT(x, t)(y(t) — (1, 1)) (10a)

¢ — My =@ ()i + P~ (x, £)(¥(t) — (1, t)) (10b)

(0, t) — r;9(0, ) =ki(£XGi(t) — (0, 1)) (10c)
(1, t) =U(t) (10d)

(x, 0) =0jc(x) (10e)

0(x, 0) =ic(x) (10f)

where P+ and P~ are spatially and temporary varying injection
gains and k(t) = {k,( J}<i<n and 9( )= {9(t)}1<,<n are estimates
of k and 0 respectively. The state estimation error i = u — i,
U = v — 0 then satisfies

il 4+ Ally =X (%)ii + w(x)v — P(x, t)ii(1, t) (11a)
e — uix = (X)il — P~(x, £)i(1, t) (11b)
(0, t) =(r — k(t))5(0, t) + €(t) (11¢)
(1, t) =0. (11d)
where we have simplified notation by defining (t) = {ei(t)}1<i<n,
€i(t) = ki(® — v(0, 1)) — ki(£)(Bi(t) — v(0, 1)). (12)

Remark 2. The observer boundary condition (10c) allows the
flexibility of using n independent estimates 6; of the same pa-
rameter 6. This flexibility is necessary when proving convergence
of the state estimation error system, where we rely on a prop-
erty of the adaptive law to be designed, namely ¢; € %. This
property only follows if a redundant set of parameters {6;}1<i<n
are estimated independently for each boundary condition (10c).
Removing this over-parametrization is desirable, but seems to be
non-trivial.

Lemma 1. The backstepping transformation

1
u(x, t) =a(x, t) + / PY(x, &)a(&, t)dE (13a)
1
o(x, t) =B(x,t)+ / P°(x, &)a(&, t)dE, (13b)
with kernels P* : 73 — R™", PV : 7 — R satisfying
PEA + APY =S (x)P" + w(x)P" (14a)
P! A — uP; = (x)P", (14b)
X(x) =P"(x, x)A — APY(x, x) (15a)
w(x) =P"(x, x)A + uP'(x, x), (15b)
and
Pji(, 1)—5“21 1<j<i<n (17)

defined on the triangular domain 73 = {(x,£)|0 <x < & < 1}, is
invertible and maps target system

(X, t) + Aoy(x, t) =o(X)B(x, t) —

1
- / D*(x, £)B(E. 1)d

X

M*t(x, ta(1, t)

(18a)

1
Bl t) — whr(x. t) = — / d-(x, £)B(E. t)dE (18b)
1
o0, 1) = / H(E, a(t, t)ds
0
+ (r — k(t))B(0, t) + €(t) (18¢)
B(1. 1) =0 (18d)

where M+ = {ma-“(x, t)}1<i<j<n iS an upper triangular matrix to be
decided, D" and d~ satisfy

D*(x, £) =P(x, £)of€)

- /E PY(x, s)D*(s, § )ds (19a)
d (% §) =P (x, £)ol)

- P, D, £)s (19b)
and H(E, t) = {le,-j(s, £))121jn is defined by
H(E, £) == —PU(0,€) + (r — KOP'(0, &), (20)

into the error system (11) with

Pt(x, t) =PY(x, ) A+M™(x, t)
1
+ / PU(x, £ M (&, 0)d (21a)
1
P’(x,t):P“(x,])A+/ P°(x, £)MT(£&, t)dE. (21b)

Moreover, the kernel equation (14)-(17) has a unique solution.

The target system (18), but without the M™(x, t)x(1, t) term,
and injection gains P*(x) = PY(x, 1)A and P~ (x) = P%(x, 1)A,
was first used in [5] for collocated observer design for n +
1 systems, which itself was a straightforward application of
the kernel equations derived in [4]. The effect of including the
M™T(x, t)a(1, t) term in the target system can be seen by substi-
tuting M1 (x, t)x(1, t) for a(x, t) in (13) showing the origin of the
injection gains (21). The proof of Lemma 1 is therefore similar
to [4] and omitted.

The advantage of transforming the error system to the form
(18) is that, for t > u~!,8 = 0 and the w-dynamics can
be solved for each element «;. This solution is exploited in the
next lemma to obtain a bilinear parametric model relating the
unknown parameters to known signals.

Lemma 2. Let A ;= minj A; = Aq. For t > tp == p~' 4+ 2171,
Oi(t) = ki(0 + ¥ (1)),
where ¥ and  are known signals defined by
o) =Fi(t + 27" =27

1<i<n (22)

e =27 (e = 27+ 9(0)
noptar Al
_ Zf M = e (e
t—A"

=i

=1
n 1

— / hu(ft
=10
n t+k;1(1—§)—k’1
Z/tlk’l

A B+ -2
mi(E +xt+27"—1),1)

X yl(r)dr> dg, (23)
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Y(t) = —0(0,t — A

n 1
N+ Zf P(0,£)
i=1 V0

n

t+r N (1-g)—21 )
x Z/f mi(E + Mt + A7 —10), 1)

j=1 Y

x Ji(T)dT — Ji(t + A;! 1—5)—11)>d§, (24)

and
Yilt) = oy(1, t) = yi(t) — (1, £). (25)

1

Proof. Since 8 =0 fort > ™', we have on component form

n
deeti + Mot = Yy mi(x, D)Fi(1)
=i

noa
0.0 =e(0)+ Y [ e v 0
j=1"0

which, by integrating along the characteristic lines, can be shown
to have the implicit solution

(26a)

(26b)

n ¢
. — + (T — 7.
wx 0= /Hm M A = 0,2
j=i i 0
+ ai(Xo, t + A7 (x0 — X)) (27)

valid for all t > ="+ A,
and inserting (18c) yield

ai(x, t) Z/
+Z/0 hii(§

+ et — 2 'x). (28)

and some xq € [0, 1]. Selecting xo = 0

Fx + (T —t), T)yi(r)dT

t— 2 "Xey&, £ — 27 'x)dE

Selecting X, = 1 and inserting (25) yield

n t+A; (1=x)
i(x, t)=— Fx+ xilr —t), T)yi(r)d
. 1) ;f (X (T — 1), ()T
+ Ji(t + 2711 = x). (29)

We have from (13b) for t > ', and (29) that

1
0(0.6) = (0, £) + f PH(0, £)a(E. t)d
0

n 1
=0(0,t) + Z/ P{(0,§) (h(t + a7 (1 -8))
i=1 0

n

t+A (1-§)
- Z/ mf (& + 2t — 1), T)(r)dr | dé. (30)
j=i It
Thus,
v(0,t — A7) = —y(t). (31)

Next, inserting the right hand side of (29) into the left hand side
of (28) evaluated atx =land t =t + ){1 — 171 <t yields

Jilt+27 =AY =gt — 27

n a7 Tl
+Z/H—1 mi((r —t+ A"

i, T)Yi(T)dT

j=i

Doy, t —a~")dg

n 1
+ Z/ hy(§,t — A~
j=1"70
n

a7 Tl
:Z/ mi((r =t + A7, T)j(r)de
t

= e
+ k(0 —v(0,t —2171)

— kit = 2716t — 27" —v(0, £ — 271))

noa
#30 [tee—a [pena-g -0
=170

noopt (162!
Z ﬁ—rl

I=j

mi (€ + At +27" 1), 7)

X 5/,(7:)(11) dg (32)

which is equivalent to (22) in view of (23)-(25) and (31).

Using the bilinear parametric model (22) we can now design
adaptive update laws for the parameter estimates based on the
gradient method [16, Theorem 4.5.2]

Lemma 3. Let Gi(t) = 6 — Bi(t), ki(t) = k — ki(t) and B(t) :=

9i(t) — k,'(t)( i(t) + Y (t)). The adaptive laws

A (1)

l_ygil-i-lp ) (33a)
Bi(t)

k =Yk [ i(t )+w(t)] 1T 920 (33b)

fort > tr and 6‘, = k = 0 otherwise, where yg,, i, > 0 are the
adaptation gains, have the following properties:

(1) éz‘, l;i € Lo
(2) éi, l’%j € .22 ﬁjf

(3) 7 = € Lo N D,
]+v2( 0,-)

(4) If ¢ is bounded for almost all t > 0 and (6 + V) € &, then
0 € &, 0; converges to 6 and k; converges to some constant.

Proof. Differentiating
ki 1 -

— (e 34
2 1()+2)’ki i() (34)

with respect to time for t > tr and inserting (33) yield

VO,'(t)

1~ & 1. =
— ki—0,(£)0i(t) — —ki(t)ki(t)
yei )/k,-

Fi(t) - Ta Bi(t)
T~ kO B+ v 5 R

(kiie) + k(o) [ i) + w(0)])

‘./Oi(t) =

k,@(t)

(t)
1+ P2 (t)
DAt
- _ ¢ <0 (35)
T+ 92(1)
implying Vo, € %, and Property 1. Integrating Vo,- fromt =0 to
t = oo yields

R0 dt = Vy,(0) — V, 36
/0 TS = Vo(0) Vo oo). (36)

Since Vy, is a non-increasing function of time and bounded below,
Vo, (00) is finite. From the adaptive law (33a) we immediately see
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that é,- € Yo N % For the IA<,- update law for t > tr, we have
O(t) + vt Di(t
i < i, |POHVO] | B
V1920 | V14 92(0)

which shows that also IA<,- € Yo N.%. That m; € %5 follows from
Property 1. To show that ; € %, let

(37)

- N N N T
O(t) =: [ki — ki(6), kb — k,—(t)9,~(t)] (38a)
1
i(t) = ——— [Y(0), 1] (38b)
14+ y2(t)
so that Bi(t)(1 + Y2(t))"2 = &T(1)O(t). We have
o[ ()6(t) = &/ (1) (/ éi(f)df + 64t — Af])) (39)
t—a—1

which after rearranging and squaring both sides give the inequal-

ea(oro [ o)

(@] (06t — 171
< 201(1)6,(1))
< 2T ()(0) +c/ 82(c) + (o) (40)

1
[
for some constant ¢ > 0. From (36), the first term is clearly
integrable. For the second term, we have by changing the order
of integration

lim/ /
T=00 Ji-1 Je—a-1
A1 T-2"1 pr4a”! T T

- | f / [l
T=oo | Jo A1 s v T-21Je

x dt62()dr. (41)

T)drdt

The first inner integral evaluates to r with v € [0, A~!], the sec-
ond inner integral evaluates to A~!, and the third inner integral
evaluates to (T — t) with t € [T — A~!, T]. Since all the inner
integrals evaluate to A~ or less,

lim / f t)dtdt < lim A~
T—oo — t—a—1 T—o0

which by Property 2 is bounded. The term involving k; can simi-
larly be shown to be integrable, showing that the left hand side of
(40) is integrable, which after substituting (38a) back into the left
hand side of (40) and using the definition (12) and (31) completes
the proof of Property 3. The adaptive law (33a) is rewritten as

6(0) = =(0) (ki) + k(o) (B0 + w(0)) ) (43)

where fi(t) = v, /(1 + ¥2(t)) > 0 for all t > tz. Forming Vo, (t) =
%Oiz(t), time differentiating and applying Young’s inequality to the
cross term, we get

Vi (6) = = JOKIZE) = B (B0 + vi()
ki ~ 1 ~ ~ 2
< = SHORO + ZAORO (Ao + ) . @

Since by assumption for Property 4, ¥; is bounded for almost
all t > 0, it follows that essinf;>¢ fi(t) > 0, which along with
Property 1 and boundedness of fi(t), provide the existence of
constants b; and ¢; > 0 such that

Ua(0) = ~e20) + gOF O + b (d— () (45)

T .
/ 63 (t)dr (42)
A1

where g;(t) = 0 almost everywhere and therefore gi(t) € .#1.
Since (0; — ¥i)* € .4, it follows from [17, Lemma D.6] (Lemma 10
in Appendix C) that Vy, € £ N %, which together with
[18, Lemma 2.7] (Lemma 11 in Appendix C) imply Vj,, 6, — 0.
Convergence in IAq to some constant can be shown by integrating
(33b) fromt = 0to T = oo and applying Cauchy-Schwarz’
inequality

T, . T 2
/ k(o] ax syk,.\// 60+ yi(o)| dr
0 0

T
/

which, by Property 2 and (@,- + ;) € 2, shows that IAc,' € 4.
Then for any §; > 0 there exists a T; such that

/00 ‘fc,—(r)‘ dr < §;. (47)
T

Therefore,
t.
/ ki(z)dr
T;

ke) - k(m)| =
which shows that IA<,'(t) has a limit as t — oo and the second part
of the proof of Property 4 is complete.

751‘(1')

< /OO ‘I@,-(r)‘ dr < §; (48)
T

i

The last lemma in this section is related to stability of the
estimation error system (11) which is achieved by specifying the
matrix M+, which appears in the output injection gains P* and
P~.

Lemma 4. For t > p~!, the backstepping transformation

1
alx, t) = alx, t)—l—/ F(x, &, t)a(&, t)dE (49)
where F = {f;j}1<ij<n is given by

fie =27 'x,0), (= i) N (A& — Ax = 0)

50
0, otherwise (50)

filx. §.t) = {

and ﬁj defined for j > i, is the on-line solution to the Volterra integral
equation

f(St—huétHZ/

which for every bounded k (recall the definition of hy in (20)) has
a unique, bounded solution, is invertible and maps the sub-system
(18a) and (18c) (recall that B = 0 for t > pu~') with

M*t(x, t) = F(x, 1, ) A (52)

hi )»1)» S t)

T fi(§ — s, t)ds, (51)

into the target system

ar(x, t) + Adax(x, t) :[lA(x, &, ta(&, t)dg (53a)
x

a(0, t) =€(t) + fol H(E, )a(g, t)de (53b)
where H is the strictly lower triangular matrix
H(g, t):=H(&, t) — F(0,&,t) + /S H(s, t)F(s, &, t)ds (54)
and A is the solution to the Volterr(()J integral equation
Ax, &, t) = —F(x,&,t) — fé F(x, s)A(s, &, t)ds (55)

x

which has the property |A|| € £ N Zwo.
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Proof. Differentiating (49) with respect to time and space, insert-
ing the dynamics (53), and integrating by parts yield

or(x, t) + Aoy(x, t) + M*T(x, (1, t)
=a;(x, t) + Aax(x, t) + Mt (x, (1, t)

1
+ / Fi(x, &, (€, 0)de

1 1

+ f F(x, &, t)f A(&, s, t)a(s, t)dsdé
X &

+ F(x,x, t)Aa(x, t) — F(x, 1, t)Aa(1, t)

1
+ / Fe(x, &, t)Aa(§, t)dg

1
— A 03 0+ [ ARG, 03, 01 (56)
X
From the definition (50), we have that f; satisfies
)\jagf,‘j + )\iaxﬁ'j =0 (57)

for all (x,&) € 7. This fact together with (52) and (55) and
a(1,t) = a(1, t) shows that the right hand side of (56) is zero,
which verifies (18) (with 8 = 0). For the boundary condition, we
have

1
(0. 1) = (¢) - / F(0. £, )a(e, t)de
0
1 1
+ / HE, ) (&(g, 0+ / Fe, s, Oals, t)ds) dz
0 &

1 &
:f (H(g,t)—F(O,g,t) + / H(s, t)F(s,S,t)ds)
0 0
x a(&, t)dE + €(t), (58

which by H as in (54) equals (53b). Substituting the solution (50
into the integral on the right hand side of (51) and f(&, t)
fi(0, &, t) for j > i on the left hand side yield

= =

n &
0.6.0= .0+ 3 [ huts s 6. s (59)
=170

for j > i, which from the definition (54) shows that H is strictly
lower triangular. Existence of a unique, bounded solution to (51),
as well as the existence of an inverse transformation @ — o are
shown in Lemma 9 (Appendix A). Lemma 8 (Appendix A) gives
an upper bound for A in (55) in terms of ||[F(-, t)]| and ||F¢(-, t)]|
which again by Lemma 9 is bounded by IA<(t) and IA<(t). By Lemma 3,
Al € £ N Zy follows.

If v(0, -) is bounded, it follows from Lemma 3, Property 3 that
€ € % N Zs. Using the fact that |A|| € £ N %5 and H is lower
triangular, it is then possible to show that the target system (53)
is exponentially stable and in turn that the state estimation error
system (11) is exponentially stable. This stability result is proved
in Section 4 in conjunction with a proof of stability for the closed
loop tracking error discussed in the next section.

3. Stabilization and reference tracking

The stabilizing part of the control law and the reference track-
ing part is designed independently in the next to lemmas. Let

U(t) = Us[ab(t) + Urrack(t)~ (60)
Lemma 5. The backstepping transformation

w(x, t) =i(x, t) (61a)

2(x, ) =d(x. 1) - / K(x, £)E. 0)dE
0
- / Ko, £)0(, D, (61b)
0
£x, ) =2(x, 6) — " / CGx— &, (e, t)de (610)
0

with kernels K* : % — R>™ KV : % — Rand G : % x [0, c0) —
R satisfying

UK — KPA =K"S + K'or (62a)
1K+ Ko =Ko (62b)
o =—K%(x, x)A — uK"(x, x) (62c)

K*(x, 0\ =K"(x, 0)Ar, (62d)

G(x, t) =K"(x, 0)Ak(t)
— ! f G(x — &, H)KY(&, 0)Ak(t)d& (62e)
0
over the triangular domain 7 = {(x, §)|0 < & < x < 1}, which has

a unique, bounded solution for every bounded k, and the control law
(60) with

1
Usa(£) = f KU(1, £)A(E. t)de
0
1
+ / K'(1, £)0(E. )de
0
1
+u’]/ 61— &, 0)a(E, t)de, (63)
0

map the observer system (10) into the target system

we(x, t) + Awy(x, t) =2 (x)w(x, t) + w(x)z(x, t)
+ PT(x, t)a(1, )

+ / CHx, £l £)dE
0

+ /X C(x, &)z(t, £)dE (64a)
Gi(x, £) — pix(x, t) =9T(x0, t)a(1,t)
+ T (x, 0)(k(t) © (1))
+ B &, 006, 0 (64b)
wi(0, £) — 1i£ (0, t) =f<f(t)(oé,-(t) —¢(0,1)) (64c)
¢ (1, t) =Utraai(t) (64d)
where C* 1+ &% — RV C~ : 5% — RY, £ :[0,1] — R,

B: % x[0,00) > Rand ¥ : [0,1] — R" are characterized
in the proof, and B has the property B(x, &, -) € £ N L.

Proof. The w-dynamics (64a) with

CHx, &) =w(x)K"(x, &) + f ' C(x, s)K"(s, £)de (65a)
&

X
C™(x, &) =w(x)K"(x, §) +/ C(x, )K" (s, &)d& (65b)
&
is identical to the target system in [4] and is verified by inserting
(61) into (64a), using the dynamics (10a) and changing the order
of integration. For (64b), differentiating (6 1b) with respect to time
and space, inserting (10) and integrating by parts and collecting
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similar terms yield
ze(x, t) — Ux(X, t)
— /XK”(x, £) (—Alg(&, 1) + ZU(E, t) + wd(x, t)
0 + PY(E, t)a(1,t)) dE
- /OxK”(x,s)(uﬁg(s,r)+wﬁ(s,r)
P7(§, )a(1,t)) d&

+ uK4(x, x)ﬁ(x,t)—i-M/ V(x, E)(E, t)dE

UZx(X, t) = De(x, t) —

+ uK (x, X)o(x, t) + u/ K7 (x, £)0(&, t)dE

=20 (x, ha(1, t) + o (x)(k(t) © 6(t) — k(t)z(0, t)) (66)
provided K" and KV satisfy (62a)-(62d),
24(x,t) =P~ (x) — /XK“(x, E)PF(§, t)dE
0
- / KY(x, )P (£, 1) (67)
0

and tI/OT(x) = —K"(x,0)A gives (64b). Differentiating (61c) with
respect to time and space, inserting (66), integrating by parts,
using (62e), defining

2700 1) =20 () — ! / Cox— £, Rl (E (682)
0
wi(x, t) =9 (x) — u! / G(x — £, t)¥, (§)d& (68b)
0
and
Bx.£. 1) =Gy — )
! / Gulx — 5. )Gofs. £)d (69)
3

where Gg is the kernel of the inverse transformation (A.6) in
Lemma 9, finally yields (64b). The details can be found in
[11, Appendix D]. The boundary conditions (64c) and (64d) follow
trivially by evaluating (61) at x = 0 and x = 1 and applying
(63) and (62d). The existence of a unique solution (K", K") to
(62a)-(62d) is proved in [4]. The existence of a bounded solution
to (62e) follows from Lemma 9. Furthermore, Lemma 9 gives an

upper bound for G; in terms of k which together with bound-
edness of the inverse transformation kernel Gy and boundedness
and integrability of k from Lemma 3 yield B(x, &, -) € A N L.

We claim that solutions of system (64) are bounded in the
L,-sense. Our strategy is now to design a simple stable reference
model ¢ that can be solved explicitly and shown to satisfy a
tracking objecting relevant to (7). The tracking performance of
(64) can then in turn be inferred from the stability of the tracking

error n :==¢ — ¢.
Lemma 6. Consider the reference model
b — by =¥ (x, £)(k(t) © 6(1))

¢(]7 t) =Utrack(t)

where ¢ : [0, 1] x [0, 0] — R, k and 6 are generated from (33)
and Ugaer € Zso. Solutions of (70) are bounded for all x € [0, 1]. If
in addition

(70a)
(70b)

N

1
Unaa(t) = (6 — " / W&, k(D) © B(0))dE (71)
0

for somei=1,...,n, then
(¢(0,) = 61) € 2. (72)
Proof. Solving (70) along its characteristics for t > ="' yields
¢(x, ) =Upace(t — 1~ (1 = x))+

w / et e - )

ul(E — x))ds. (73)

For point-wise boundedness, by Property 1 in Lemma 3, k, 0 €
Z» implying that the kernel equation (62e) has a unique solution
G(x, -) € Zso. SO if Uk € Lo, then ¢(x, -) € £, for all x[0, 1].
Towards establishing (72), evaluating (73) at x = 0, inserting (71)
and rearranging yield

$(0, t) — 6i(t)
1
=m1/ Tt — e k@Ot — e )dE
0

x (k@ b))t —

1
- /ﬂ/ WT(E, t — RO Ot — Ve
0

+ 0t — =1 = b(t).
t—plg d
= / (¥ o)k 0 b)) drds
t
- / fi(x)de (74)
t—p1

From Lemma 9, G and G; are bounded by k and k, respectively. It
then follows from the definitions (68b) that

sup [W(x, t)] <cspt + capulk(t)| (75a)
x€[0,1]
sup |@e(x, £)| <csulk(t)| (75b)

x€[0,1]

for some c3, ¢4, cs > 0. We then obtain the upper bound

(0, £) — Gi(0)]
o / /
t—p 1 .
Jo / / lk(o)ldrd
+ sup| kOG t)|c5/ / |i<
t

+/ | i(T)ldt. (76)
t—p1

Following the same steps as in the proof of Property 3 in
Lemma 3, it is possible to show that all integrals on the right
hand side of (74) are square integrable and (72) follows.

<(cs + sup [k(t)|ca) sup [k(t 7)ldzdé

t>0 t>0

+ (c5 + sup [k(t)|ca) sup Ot

t>0 t>0

)|drdé

4. Stability proof

We first study stability in terms of the target tracking error
n = ¢ — ¢ and target state estimation error «. Differentiating
the tracking error n with respect to time and space and inserting
the dynamics (66) and (70), and combining the result with the

state estimation error & with dynamics (53) for t > p~!, gives
the combined dynamics
1
G = Aa,+ [ A, vats, ods (773)
X
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Fig. 1. System states open loop.

ne =uny + 27 (x)a(1, t)
4 / B(x, £, O)(n(E. £) + (&, ))dE (77b)
0
1
&(O,t):e(t)—i—/ H(E, t)a(g, t)de (77¢)
0
n(1,t) =0 (77d)

Our strategy is to show boundedness and convergence of the
combined system (77) and relate those results back to the original
closed loop system (4)-(5) (with the appropriate control law
U(t) = Ugap(t) + Ugaer(t)) and the ultimate control objective (7).

Lemma 7. The target tracking error n and target state estimation
error a specified by (77) have the properties

lell, 1]l € Zo N2, (78)
a(0,-),n(0,-) € & (79)
and

llell, Inll — 0. (80)

The proof of Lemma 7 is given in Appendix B.

Theorem 1. Consider the closed loop system (4)-(5b) with control
law

1
U(t):/ K™ (1, £)i(e, r)ds+f K™ (1, £)0(¢, t)dE
0

1
+u‘1/ 61— £.0) (2(6. ) — D)) +6,(0)
0

and state and parameter estimates generated by the observer (10)
with injection gains (21) and (52), transformation (61b) and adap-
tive laws (33). All signals in the closed loop are bounded and the
objective (7) is achieved. Moreover, 91 — 0 and k1 converges to
some constant.

(81)

Proof. Invertibility of the transformations (13), (49) and (61)
together with boundedness of the adaptive laws from Lemma 3
give |[u]l, vl ltll, D]l € % and ||it||, ||D]| € %. For the tracking
objective, we have

v(0, t) — B;(t) =0(0, t) — B;(t) + (0, t)
=¢(0,£) — 01(t) + 7 @(-, £)]1?
=n(0, £) + (0, t) — bi(t) + s @(-, £)]1?
<In(0, )] + 190, £) — 61 ()] + c7 |&(-, )|I?

for some ¢; > 0. By Lemmas 6 and 7 the right hand side is
bounded, implying (v(0,-) — 64) € . Now since

(82)

[v(0, t) — él(t)l < |v(0, t) — 6] + |64(t)], the objective is satisfied
if 01 € % which by Property 4 in Lemma 3 is the case if  is
bounded and (6; + ) € %. Boundedness of ¢ follows from
boundedness of n, «, P/ and m+ For the second condition, we
have

Oa(t + 2" )Pt + 27 = 0y(t + 271 = v(0, £)

R 4271
—(Br(t) - v(0, £)) + f bi(x)de (83)
t
where the last term, similarly to the proof of Property 3 in
Lemma 3, can be shown to be integrable. By Property 4 in
Lemma 3, we then also have that 91 — 0 and k1 converges to
some constant, and the proof is complete.

5. Simulations

The system (4) with control law (81), observer (10) with
injection gains (21), was simulated in MATLAB using the method
of lines with the ode45 solver and N = 100 spatial discretization
points. The kernels equations (14)-(17) and (62) were solved by
successive approximation of the corresponding integral equations.
The following set of parameters were used.

[Olez 02;‘} F) ) 8} (84a)
0
:[ 0.1} (84b)
—o 1 0
r=[4 - (84c)
k=[1 —1]T (84d)
0 =2. (84e)
The initial condition were selected as
we(x)=[1 0], wxelo,1] (85a)
Vic(x) = sin(27x) (85b)
() =[0 0], wxelo,1] (85¢)
bic(x) =0, Vx e [0, 1] (85d)
k0)=b(0)=[0 0]". (85€)

This system is open loop unstable, as can be seen in Fig. 1. In
closed loop with the observer (10), control law (60) and adaptive
law (33), Figs. 2 and 7(a) show that the system states (u, v) and
the reacting control signal U are bounded and converge to a non-
zero steady state profile. The observer is able to correctly estimate
the system states and the state estimation error converge to zero
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Fig. 4. Parameter estimates IA<(t).

as can be seen in Fig. 3. Fig. 7(b) shows that the objective (7)
is achieved and, in-line with Theorem 1, Figs. 4 and 5 show
that the parameter estimates 6 converge to the true parameter
6 and k converge to some constants. The dynamic injection gains
(21) are shown in Fig. 6. For benchmarking, the corresponding
static injection gains formed by replacing r with (r — k) in (16)
which would be off-line computable if k is a-priori known, is
also included in (21). The figure shows that the upper triangular
elements of the dynamic injection gains P+ and P~ approximates
the static injection gains as better estimates k close to k are used
to compute (20).

6. Concluding remarks

We have designed an estimation and control scheme for n+ 1
hyperbolic systems utilizing only collocated sensing and control
at one boundary and with unknown parameters appearing in
an affine form at the opposite boundary. The observer injection
gains are computationally expensive. However, by separating the
known part of the boundary condition from the unknown, the
backstepping kernel can be computed off-line, leaving only a

simple Volterra integral equation to be solved on-line each time a
new parameter estimate is generated. Similarly for the controller,
the backstepping integrals can be solved off-line leaving only
the part of the controller dependent on parameter estimates to
be solved on-line. A reference model and reference signal based
on parameter estimates was designed. Reference tracking to-
gether with parameter convergence was shown to guarantee the
overall control objective. The resulting parameter convergence
properties are strong. Parameter convergence for one boundary
parameter (the parameter modelling reservoir pressure in the
drilling application) is guaranteed if the control objective is sat-
isfied. This property is very useful in offshore oil and gas drilling,
where good estimates of the reservoir pressure are important in
itself.

For many application, the observer and/or controller is stable
even if the on-line computed parts are ignored. For instance,
this seems to be the case with most realistic drilling parameters.
Further work includes studying conditions for when the off-line
computable elements are sufficient to guarantee stability.
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Appendix A. Existence, boundedness and invertibility of trans-
formations

Lemma 8 (Lemma 9 from [11]). Consider a function F(x, &,t).
Assume F satisfies the following Volterra equation in x and &

&
F(x,é,t):f(x,é,t)+/ G(x,s, t)F(s, &, t)ds (A1)

for some bounded, known functions f(x, &, t) and G(x, &, t). For any
given time t, Eq. (A.1) has a unique, bounded solution F(x, &, t), with
an upper bound given by

F(x, £, 1) < fe*

where f and G are upper bounds of f and G, respectively.

(A2)

Although Lemma 8 are given for scalar F, f and G in [8], the
result is trivially extended to functions mapping to R".

Lemma 9. For every bounded k there exists a unique bounded
solution F to (50)-(51) and G to (62e), with bounds on the form

sup [F(x, t)] < cilk(t)l,  sup |F(x, t)] < calk(t)| (A3)
xe[0,1] x€[0,1]

and

sup [G(x, t)] < c3lk(t)l,  sup [Ge(x, £)| < calk(t)| (A4)

xe[0,1] x€[0,1]

for some ¢y, c3, c3, ¢4 > 0. Moreover, the transformations « — @ in
(49) and z — ¢ in (61c) are invertible with inverses

1
a(x, t) = alx, t)+ / Fo(&, t)a(&, t)dE (A.5)
and
206 6) = ¢(x, £) + / Golx, £, 0)C (£, ) (A6)
0

where Fo and Go have a bounded unique solution for every bounded
k.
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Proof. Let F; and H; denote the j column with row elements
i < jof Fand H, respectively, and let I:I]‘ denote the matrix
with columns 1, ..., j of H. That is, Fi(x, &, t) = [fy;(x, &, t)J o
filx, &, 17, Hi(x, &, t) = [hy(x, &, t), ..., hi(x, &, £)]7 and H(s, t)
= [Hy, ..., H;]. For each j € [1, n], the Volterra integral equation
(51) can be written as (using the intermediate step (59))

é ~
5(0,€,t)=1'1j(§,f)+/ Hj(s, t)Fy(s, &, t)ds, (A7)

0
which is on the form (A.1), and we have that F is bounded by
H. Differentiating (A.7) with respect to time give similarly an
upper bound in terms of H;. From the definition of H in (20)
we obtain the upper bounds (A.3) in terms of k and k, showing
that F(x, &, t) has a unique bounded solution for every bounded
k. For invertibility of the transformation, substituting the right
hand side of (A.5) into (49), rearranging and changing the order
of integration yields a Volterra integral equation for Gy for which
boundedness follows from Lemma 8. Similar arguments can be
made for (A.4) and the inverse transformation (A.6).

Appendix B. Proof of Lemma 7
Proof. Define the Lyapunov function candidates

1
Vi(t) :/ e~*a’(x, )ITa(x, t)dx (B.1a)
0

1
Vo(t) =p ! / e"*n?(x, t)dx (B.1b)
0

where IT is a positive definite diagonal matrix and ¢ > 0.
Differentiating (B.1a) with respect to time, inserting the system
dynamics (77a) and integrating by parts give the upper bound

1
Vi(t) < — / a'(x, ) [ae™ T — apH (x, O)TH(x, t) — 1]
0

x a(x, t)dx
— c@™(1, 0)a(1, t) + c2eT (t)e(t)

+ GlIAC, - O 11 Va(e) (B.2)

for some positive constants cq, C, c3. Since I:I(x, t), as defined
in Lemma 4, is strictly lower triangular, and by Property 1 in
Lemma 3 bounded for all t > 0, it is possible to (recursively)
select IT such that Aje~'JT — A,HT(x, t)[TH(x, t)— 1 > 0 yielding
Vi(t) < — caVa(O)+csllAC, -, DIPVA(E)

— qal(1, a1, t) + coel (t)e(t) (B.3)

for some positive constant c4. From (13b), (61b), (49) and
z(0,t) = n(0, t) + ¢(0, t) we obtain the upper bound

v2(0, t) < 4n%(0) + 4¢(0, t) + c5V4(t), (B.4)

for some cs > 0, so that for the last term in (B.3), we have
e (De(t) < ' (O (t)(1 4 v*(0, 1))
<com! ()7 (£)(1+ 4n°(0) + 44(0, t) + csVi(t))

where 7 := {7;}1<i<n is defined in Property 3 in Lemma 3, and
therefore

Vi(t) < — caVi(t)+esllAC, -, £)IPVa(t)
— ca’(1, Ha(l, t)
+ e (O ()1 + 4n*(0) + 4¢(0, t) + c5V1(t)).

Differentiating (B.1b) with respect to time, inserting the system
dynamics (77b) and integrating by parts give the upper bound

Va(t) < =10, t) — poV,

(B.5)

(B.6)

1 X
+ 2! f e (. t) f B(x. &, t)(n(E. £) + B(£. 0))dE dx
0 0

1
+ 2;(1/ e"*n(x, )27 (x, t)dxa(1, t). (B.7)
0

The third and fourth terms in (B.7) are bounded by sequen-
tially applying Young’s inequality and Cauchy-Schwarz’ inequal-
ity, yielding
Va(t) < —n(0, ) + (uo) ' 2(e” — Da" (1, t)a(1, t)
— (o —2 = Q2)Vy(t)
+ ”B(s 's t)”zVZ + ”B(a 's t)||2eg/"l'71 ”¢(’ t)”z
where £ upper bounds all elements in £(x, t) for all (x,t) €
[0, 1] x [0, 1). Selecting ¢ > u~'(2 + £2) ensures that the

third term in (B.8) is negative semidefinite. Now forming V3(t) =
arVi(t) + Vo(t) with ag = (o )"'2(e” — 1)c; 'gives

(B.8)

Va(t) < — c6V3 + L(E)Vs + L(t)

— (1= 4cay " () (1)) n°(0, 1) (B.9)
with
l(t) =[B(-, -, OI° + coay " (¢)(t) (B.10a)
L(t) =caay 7" (E)7(£)(1 4 4p(0, £)+c3[AC-, -, O]

+ IBC-, -, )lIe” I, )1 (B.10b)

for some ¢ > 0. By Lemmas 3-6 we have that respectively
72 e A, |AG, L O € LN L, |IBC, -, OI? € 4 N %y and
that sup;>o [1(-, t)||? exists. In addition, it can be shown that the
growth rate of (4)-(6) and (10) are exponentially bounded (see
e.g. [15, Theorem 1.1]) and in turn, since all transformations are
bounded, that the growth rate of (77) is exponentially bounded.
We then have that V3 with the upper bound (B.9) together with
Vo with the upper bound (35) in the proof of Lemma 3 satisfy
the conditions in Lemma 10 in Appendix C and Vs, ||n]|%, [l&||?
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€ #1 N % follows. Rearranging (B.9) and integrating from t = 0
tot =T yield

T
(1 — cy4sup nT(t)rr(t)) / (0, t)dt
0

t>0

T T

= V(0) - V(T + / L(e)Vs(e)de + f h(t)dt (B11)

0 0

which when taking the limit as T — oo shows that 7%(0, -) € .

Similarly, integrating (B.3) with the bound (B.5) from t = 0 to

t = T where T — o0, shows that @2(0, -) € .%;. Now, (B.9) has the

form considered in Lemma 11 in Appendix C and V3, @], | [|—
0 follows.

Appendix C. Additional stability and convergence lemmas
Lemma 10 (Lemma 8 from [9]). Let V5(t), Vo(t), l1(t), lr(t) and f(t)

be real-valued functions and G(t) a real-valued matrix of dimension
n x n defined for t > 0, with

Wo(©) = 20 (000 1
for a signal vector v of length n. Suppose
h.L ez (C.2b)
V| € Zs (C.2c)
0 fG(l’) = GT(t) < Inxn (C-Zd)
/ f(s)ds <AeP (C.2e)
0
Vo < —vT(6)G(E)u(t) (C.2f)
Vs < — cVa(t) + h(t)Vs(t) + ()
—a (1 — va(t)G(t)v(t))f(t) (C.2g)

for some positive constants A, B, a, b and c. Then V3 € £ N .

Lemma 11 (Lemma 2.17 from [18]). Consider a signal g satisfying

&(t) = —ag(t) + bh(t) (C.3)
for a signal h € % and some constants a, b > 0. Then

g € Lo (C4)
and

tl_i)rlolog(t) =0. (C.5)
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