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ABSTRACT

This thesis presents a study of superconducting phases in different
effectively two-dimensional (2D) systems with spin-orbit coupling,
with particular emphasis on systems consisting topological insulators
(TIs) in proximity to superconductors (S) and magnetic insulators.
The research has led to five papers.

The first paper examines the possible superconducting phases in
a 2D repulsive Hubbard model with Zeeman splitting and Rashba
spin-orbit coupling, showing that the Kohn-Luttinger mechanism is
responsible for the effective attractive pairing. The spin-orbit cou-
pling, however, indirectly affects the symmetry of the order parame-
ter, leading to a chiral p & ip or p state depending on the orientation
of the Zeeman field.

Two papers consider the proximity effect between a superconduc-
tor and topological insulator, and the interplay with exchange fields.
When a spin valve is placed on top of a TI Josephson junction, we
find that vortices can be induced on the surface of the TI depending
on the spin valve configuration. We also study the possibility of
a strong inverse proximity effect — a significant reduction in the
superconducting gap — in an S-TI bilayer, finding that this is un-
likely for a conventional s-wave superconductor, but might occur in
unconventional superconductors with low Fermi energies.

The final two papers examine superconductivity mediated by
magnons on the surface of a TI coupled to a magnetic insulator.
When neglecting the frequency dependence of the magnons we find
that, depending on the coupling between the magnons, both BCS type
and Amperean p-wave pairing is possible. Including the magnon
frequency dependence, we also find the possibility of odd-frequency
s-wave Amperean pairing.
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CONVENTIONS

We use the de Gennes convention of e = —|e| being the charge of the
electron [6, p. 436]. Unless otherwise stated, we have set the reduced
Planck constant and Boltzmann constant to unity, h =1, kg = 1.
Unit vectors in the three Cartesian coordinate directions are written
as X, ¥ and Z.
The spatial and imaginary time Fourier transform is

f(t,1) = B]V Y elrionTi(w,, k),
k,wn
4 L
flwn, k) = Jer dr e erHionTe(p 4,
0
where V is the volume of the system, and § = (kgT)~ ! with temper-
ature T.

For 2D wave-vectors we will often use the notation k = (k, ky) =
Ik|(cos ¢y, sin ¢y ). 3-vector notation is also frequently used, such as
k = (wn, k) and q = (Qn, q), where wn, = (2N +1)nt/p and Q,, =
2N7t/p with N € Z are fermionic and bosonic Matsubara frequencies
respectively. We also use the Pauli vector notation o = (o, 0y, 0;),
with Pauli matrices

01 0 —i 1 0
Ox = , oy = , 0, = .
10 i 0 0 —1

In equations with matrix structure, the N x N identity matrix TN is
seldom explicitly written, meaning that e.g. iwn + k - o should be
interpreted as iwnl, +k- 0.

ix






CONTENTS

Publications vii

Conventions ix
1 INTRODUCTION 1
2 SUPERCONDUCTIVITY 3

2.1 Early history and defining properties 3

2.2 The Ginzburg-Landau theory 4

2.3 Superconductivity from attractive pairing 11
2.4 Phonon-mediated superconductivity 18

2.5 Unconventional superconductivity 25

2.6 Superconductivity in two dimensions 26
KOHN-LUTTINGER SUPERCONDUCTIVITY 31
3.1 Superconductivity from weak on-site interaction
3.2 Spin-polarized systems 36

3.3 Rashba spin-orbit coupling 37

3.4 Spin-splitting and Rashba SOC 41
TOPOLOGICAL INSULATORS 49

4.1 The Hall effects 49

4.2 Model for topological insulators 52

4.3 Surface states 55

4.4 Breaking the time-reversal symmetry 58
TOPOLOGICAL SUPERCONDUCTING PROXIMITY EFFECT
5.1 Proximity effect on the topological insulator surface
5.2 Vortex spin valve 64

5.3 Inverse proximity effect 65
MAGNON-MEDIATED SUPERCONDUCTIVITY 73
6.1 Ferromagnetic insulator 74

6.2 Magnon-mediated interaction 76

6.3 The gap equation 79

6.4 Zero frequency limit 81

61
62

Xi



Xii CONTENTS

6.5 Frequency dependent gap solutions
7 OUTLOOK 89

BIBLIOGRAPHY 91
LIST OF ABBREVIATIONS 113

Appendix
A PATH INTEGRAL FORMALISM 117
ENCLOSED PAPERS 125

85



INTRODUCTION

Condensed matter physics is a relatively new field of study [7], but
is currently one of the largest research fields in physics, and includes
a wide range of topics. In this field systems of a large number of
particles are studied using quantum mechanics, statistical mechanics
and electromagnetic theory, which leads to entirely new phenomena
not possible to envision from studying only a few particles [8]. The
field of condensed matter physics and its predecessor, solid state
physics, has also taken a great part in many of the technological
developments of the last decades which we now benefit from in our
daily lives: The development of the transistor has lead to computer
processors becoming smaller and faster, and the discovery of the giant
magnetoresistance effect [9, 10] lead to compact hard disk drives
[11]. Moreover, the discovery of superconductivity and subsequent
development of superconducting magnets has applications in medical
imaging [12].

Some of the technological advances of the last century are due
to discoveries that can be considered serendipitous, and exemplify
the fact that it can often be difficult to predict the outcome of re-
search. Perhaps it is thus best to strike a balance between research
directly focused on solving the various problems at hand, and strictly
curiosity-driven fundamental research of which the outcome is more
uncertain. There is at least little doubt that there are many big prob-
lems yet to be solved, such as the ever greater need for more powerful
and energy efficient computers.
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Research toward these goals currently go along many lines, for
instance in utilizing the electron spin instead of the charge as an
information carrier using magnetic materials — spintronics instead
of electronics [13, 14], and combining this with superconductors —
superconducting spintronics [15-17]. Progress is also being done
in making quantum computers, where the possibility of quantum
superpositions of the classical bit states o and 1 can allow for much
faster computing for certain types of problems [18].

The topic of this thesis lies in this landscape, though the focus
on technological applications has taken a back seat. The aim has
been to study different superconducting states and mechanisms for
superconductivity in effectively two-dimensional systems, such as at
the interface between two materials, with the main emphasis being
on superconductivity on the surface of topological insulators (TIs).

The following chapters give an introduction to the main topics of
the thesis and the results of the enclosed papers. Chapter 2 gives an
introduction to the topic of superconductivity, outlining the early
history of the field while introducing the main theoretical framework
used in the thesis. Chapter 3 discusses the Kohn-Luttinger mech-
anism for superconductivity in various systems, before turning to
the specific system discussed in Paper [1]. We subsequently give
an introduction to topological insulators (Chapter 4), the class of
materials on which we have focused the most. In the following two
chapters we discuss superconductivity on the surface of a TI due
to proximity coupling to a superconductor (Chapter 5, Papers [2,
3]), and due to interactions with magnons in a magnetic insulator
(Chapter 6, Papers [4, 5]). Chapter 7 gives a brief outlook on possible
future work.

In the grand scheme of furthering our knowledge and technolog-
ical advancement, this thesis represents my tiny, but hopefully not
entirely insignificant, contribution.



SUPERCONDUCTIVITY

The overarching topic of this thesis is superconductivity, which will
be introduced and discussed in some detail in this chapter. We start
with a brief historical account of the discovery of superconductors,
and their defining properties. We then go into some detail of one
of the early phenomenological theories of superconductivity — the
Ginzburg-Landau (GL) theory. This leads us into a discussion of the
celebrated microscopic Bardeen-Cooper-Scrieffer (BCS) theory of su-
perconductivity, where we will also introduce the general theoretical
framework used throughout most of the thesis. After a brief account
of unconventional superconductivity, we will finally address changes
to the superconducting state due to the reduced dimensionality in
the effective 2D systems discussed in the thesis.

2.1 EARLY HISTORY AND DEFINING PROPERTIES

In 1911" Kamerlingh Onnes [20] discovered something remarkable
when cooling mercury using liquid helium: Below a certain tem-
perature the DC resistance suddenly dropped to zero. The material
had become superconducting. Two decades later, another feature of
the superconducting state was discovered, namely the expulsion of
magnetic fields from the interior of superconductors upon cooling

'Only a very brief historical account of the main early developments of supercon-
ductivity is given here and the following sections. For a more thorough overview
see e.g. the books by Tinkham [6], and Fossheim and Sudbe [19].
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down the material — the Meissner effect [21]. These two properties,
perfect conductivity (o = oo) and perfect diamagnetism (magnetic
susceptibility x = —1) below a critical temperature T, and critical
field H., established that a superconductor is a new thermodynamic
state defined by the thermodynamic variables temperature T and
applied field H [6, 19].

It was later discovered that there are in fact two types of super-
conductors: In type I superconductors the transition from the super-
conducting state with total expulsion of magnetic field (the Meissner
phase) to the normal state occurs abruptly at the critical field H = H,.
In type II superconductors, however, there is no sudden change from
the Meissner phase to the normal phase when increasing the field
strength. Instead there is an intermediate mixed state where some
magnetic flux penetrates the superconductor, occurring for H above
the first critical field H.;. The amount of flux increases with increas-
ing H, reaching full penetration and thus the normal state at the
second critical field H¢, [19]. The phase diagrams of type I and II
superconductors, and the magnetic field response is illustrated in
Fig. 2.1.

2.2 THE GINZBURG-LANDAU THEORY

On the theoretical side, the first phenomenological theory of super-
conductivity was proposed by London and London [22] in 1935,
describing the main electromagnetic phenomena of superconductiv-
ity [6]. Two decades later Ginzburg and Landau [23] incorporated
the London theory into a new theory based on Landau’s theory for
phase transitions.

The GL theory is based on a free energy expansion in terms of a
complex order parameter \ [6, 19, 24],
(—ihV — e, AJpP? + - B2,
2m, 2u0

(2.1)

b
F=Fn+a(Mp + SRpl* +
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H Type I H Type II
H2,

Normal Normal

HY
S (Meissner) s ;
eissner

0 T, 0 Te

T A L

Normal phase Mixed phase Meissner phase

Figure 2.1: (top) Sketch of T — H phase diagram for type I (left) and type
II (right) superconductors, showing the transitions between the
normal phase, and superconducting (S) mixed and Meissner

phases. H?, HS] and ng denote the critical fields at zero tem-

perature. (bottom) Sketch of response to an applied magnetic
field for the normal phase, mixed phase, and Meissner phase
(left to right). Based on figures in Ref. [19].

where F, is the free energy in the normal phase, A is the vector
potential, B = V x A is the magnetic induction, and m, and e,
is an effective mass and charge. a = a;(T —T¢)/Tc and b > 0 are
phenomenological coefficients. The free energy is relevant for the
superconducting electrons, with number density ns assumed propor-
tional to [|? [6, 19].

We now minimize the free energy with respect to variations in 1
and {* using the Euler-Lagrange equations

oF oF
-V
P (*) (V)

=0, (2.2)
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Figure 2.2: (left) Sketch of the solutions Py and g, and the corresponding
free energy (right) as a function of temperature.

resulting in the first GL equation

1
2m,

a(T)p + b2 + (—hV — e, A)?p = 0. (2.3)

The second GL equation is obtained by varying A, resulting in

Cx W*(—1hV —e AP +c.c.] = l[V(V ‘A)—V?A] = J,
2m, Ko

(2.4)

where c.c. denotes the complex conjugate. Here we have identified J
as the supercurrent density by using Maxwell’s equation V x B = o]
[6, 19].

Assuming no fields and a homogeneous system, the first GL equa-
tion has solutions

_ _ __EU,T__1}
YN =0, and fpg| = 4/ T

where the latter is valid only for T < T, see Fig. 2.2. Inserting these
solutions into the free energy Eq. (2.1), we see from Fig. 2.2 that above
Tc we only have the trivial solution 1y, corresponding to the normal
state. Below T, however, s minimizes the free energy compared to
the normal state free energy, and we thus have superconductivity,
where the density of superconducting electrons ng increases with
decreasing temperature.

The solution Eq. (2.5) only specifies the magnitude of = [ple'?®,
not the phase. There are therefore infinitely many degenerate solu-
tions corresponding to different values of ¢, of which the system

(2.5)
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spontaneously “chooses” one global value when the temperature
drops below T.. When including spatial variations of 1, this freedom
in choosing ¢ ensures that the free energy is gauge invariant, which
is necessary for physical observables such as the supercurrent to be
gauge invariant, see Eq. (2.4) [19]. The magnetic induction B is invari-
ant under the local transformation A — A’ = A — V0, where 0(r) is
a real function. For the free energy to be invariant we must simulta-
neously transform the phase according to ¢ — ¢’ = ¢ —e,0/h.?

FLUX QUANTIZATION From the gauge transformation of the su-
perconducting wavefunction 1 one can already deduce one of the
remarkable facts about superconductors, namely that the flux ®
through a normal region embedded in a superconductor, such as
a vortex in the mixed superconducting phase described above, is
quantized in terms of a flux quantum ®y. In order for the order
parameter to be single-valued at any point, a line integral in a closed
circle has to satisfy

Ef;dl -V = 27N, (2.6)
where N € Z. This must hold also for a gauge transformed phase
@'. Using the gauge freedom to choose A’ = 0 in a superconducting

region with B = 0, we get A = V0. Integrating around a closed loop
enclosing a normal region with B # 0, we therefore get

j@dl-vw’:%l-vq)—iﬂgdl.Azan. (2.7)

2It is often stated that the superconducting state spontaneously breaks the U(1)
gauge symmetry of the system. It is important to point out that a local gauge
symmetry cannot be spontaneously broken [25]. The local gauge U(1) symmetry in
this case is not a physical symmetry (such as e.g. the O(3) symmetry of an isotropic
ferromagnet), but rather a redundancy in our mathematical description [26, 27].
The system does however break the global U(1) phase rotation symmetry [26],
meaning superconductors can have different phases, as is evident in e.g. Josephson
junctions.
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Using Stokes’ theorem, this results in

2mh

*

JdS-B:(D: N = N, (2.8)
A

where we have defined the flux quantum @y = 27th/|e, /.

PERFECT CONDUCTIVITY Using the London approximation of |
constant in space [19], the second GL equation simplifies to

2 2 h
T, Roy]
my [

J= (2.9)
We see that the vector potential A in a static magnetic field, as well as
phase gradients, lead to supercurrents [19]. Moreover, taking the time-
derivative of the above equation, assuming V¢ =0, we get E ~ 0].
This implies perfect conductivity since an electric field accelerates
a supercurrent, instead of just maintaining it [6], and a stationary
current is possible even when E = 0 [22].

MEISSNER EFFECT Rewriting Eq. (2.9) in terms of the field A =
A —-hVe/e,, we get

2
e ~
V x B = o] = —“T?TWA. (2.10)

Taking the curl of this equation results in

M
B= oo Y P 1)
where we have used V x (V x B) = —V?B since V - B = 0 [28]. This
means that a uniform non-zero magnetic field is not possible inside
a superconductor. In one dimension, assuming a constant field Bex
outside the superconductor (x < 0), we get the following solution
inside the superconductor (x > 0) [19, 27],

B(x) = Bexe 1, (2.12)
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where we have defined the London penetration depth

m,
A = —_—. 2.1
TV woe2fw? (213)

Hence, in the superconducting phase an external field is screened
from the interior of the superconductor by supercurrents on the
surface of the superconductor, with penetration depth Ar [6, 12, 19].
For decreasing temperatures the density of superconducting electrons
increases, leading to a more efficient screening of the magnetic field.
In reality the effective penetration depth A can deviate significantly
from A [6, 19] due to non-local effects [6, 19, 29].

TYPE I AND II SUPERCONDUCTORS In addition to the above
phenomena, which was also described by the London theory,? the GL
equations also allowed for the study of superconductors in strong
fields, and with variations in 1 [6]. In the latter case, assuming zero
field and variation in only one dimension, the first GL equation

Eq. (2.3) gives [24]
(T -+ bl — 02 =0 (214)
QT + b — 50t =o0. 2.14
Defining { = /s, we can rewrite the above as
— 4+ [pIPP — £(T) 203D = 0, (2.15)

where we have defined the GL coherence length [6, 19, 24]

h
ET) = —, 2.16
" 2m.a(T)| (216
as the characteristic length scale over which 1 varies.
We thus have two length scales associated with the superconductor:
the penetration depth A and the correlation length &, see Fig. 2.3.

3For both the Meissner effect and perfect conductivity paragraphs, we essentially
use some form of the London equations derived from the GL equations.
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l/Mbs
B/B.

o

0

Figure 2.3: Variation of {» and magnetic field B at the interface between
superconducting and normal regions, illustrating the length
scales A and &. Based on similar figures in Refs. [6, 19, 24].

Since both diverge approximately as (T —T.)""/? as T — T, the
dimensionless quantity

K = 2, (2.17)
the Ginzburg-Landau parameter, is approximately constant close to
T. [6]. Abrikosov [30, 31] showed that the size of k determines if
a superconductor is of type I or II. A simplified argument goes as
follows [6, 19, 24]: At the interface between a normal and a super-
conducting region with an applied field H. parallel to the surface,
there is a decrease in the free energy compared to the bulk normal
state associated with the screening of the magnetic field over a length
scale A. However, there is also an increase in energy compared to the
bulk superconducting state due to the lost condensation energy over
a length scale &, see Fig. 2.3. The surface energy — the change in
free energy due to the interface — is therefore approximately propor-
tional to the difference between these length scales, AFg¢ ~ (£ —A) [6,
19, 24]. Hence, if k < 14 the surface energy is positive and the system
tries to minimize the interface area. This is a type I superconductor.
On the other hand, k > 1 results in a negative surface energy, and
the system tries to maximize the interface area. However, as we have
seen above, the minimum flux allowed is the flux quantum ®,. Type
IT superconductors therefore have quantized flux lines of flux ®¢ in
the mixed phase [19, 24].

4The exact separation point between type I and II superconductors is k = 1/v/2. [6,
19, 24, 31]
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2.3 SUPERCONDUCTIVITY FROM ATTRACTIVE PAIRING

When the GL theory was proposed in 1950, though it correctly
described the key features of superconductors, it was purely phe-
nomenological, and not derived from a microscopic theory. There
were several hints to what ingredients such a theory should con-
tain. For instance experiments had shown that there was an energy
gap 2A ~ kg1, separating the ground state and lowest excited state
[6]. Moreover, when measuring the critical temperature for differ-
ent isotopes the transition temperature was found to increase with
decreasing nuclear mass [32, 33], indicating that the microscopic
mechanism was related to interactions between the electrons and the
lattice vibrations — the phonons — of the material [34].

Finally, in 1957 Bardeen, Cooper and Scrieffer [35] published their
theory of superconductivity, describing how effective interactions
between electrons due to phonons lead to the formation of bound
pairs of electrons — Cooper pairs [36]. Their theory predicted an
energy gap of 2A = 3.5kg T at zero temperature, in good agreement
with experiments [6, 35]. Later, Gor’kov [37, 38] showed that the GL
theory could be derived from the microscopic BCS theory for tem-
peratures close to the critical temperature, with the GL wavefunction
P being proportional to the gap parameter A [6, 24].

Before discussing the BCS theory in more detail, we will take a
detour to introduce a more general formulation of a superconduct-
ing theory [39] where we do not consider any particular pairing
mechanism. This theory will then be specialized to the BCS theory
with phonon-mediated attraction, and later applied to the other var-
ious cases studied in the thesis. Our starting point is the quantum
partition function®

Z = JDth@tl) e STl (2.18)

5For an introduction to the path integral formalism see e.g. Altland and Simons
[40], Lancaster and Blundell [41] or Negele and Orland [42], or Appendix A for a
short summary.

11
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where we have defined the action

S= SO + Smt BV Z Z 1wn oo’ T hk Ucr’)ll)k o-ll)k o/

k o,0'
0'10'20'30‘4
[3\/3 Z Z ka’ (q)
k,k’,q 01,02,
03,04
X l‘bk.'.q g]w_k+q,c;21|)—k’+q,031|)k/+q,04- (2-19)

Here {y s denotes Grassmann fields for the electrons [40] with 4-
momentum k = (wn, k), where wy = 2n+ 1)/, n € Z is a
Fermionic Matsubara frequency, 3 = 1/kgT, and k is the wavevector.
o denotes the (pseudo-)spin state of the field. hy ;o is the single
particle Hamiltonian, and V| 72?3*(q) is a two-particle interaction
potential depending on 4-momenta k and k’, spin states o, and
the g-momentum q = (Q,q) which defines the center-of-mass

momentum 2q. Here, Q,, = 2mn/f is a bosonic Matsubara frequency.

2.3.1 Hubbard-Stratonovich transformation

The above action is difficult to handle in its current form because of
the 4-field interaction. One method of handling this is by introducing
a new bosonic field through a Hubbard-Stratonovich (HS) decoupling
[40]. For notational simplicity we will write the interaction as

3 Z voq 062063“411)“11])“211)06311)0(4/ (2'20)

x1,K2,
3,04

where «; = (ki, 0i), meaning that we have now implicitly added

d(k1 + k2 — k3 — k4) to the potential to ensure that frequency and

momentum is conserved. In principle «; can be any set of quantum

numbers, and the result of the HS transformation is therefore quite
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general. The starting point of the HS transformation is the identity
[40, 42]

1= JD@TD@exp{BVZ (pfm/v;;/ﬁﬁ,@ﬁﬁ/}, (2.21)
o, o
BB
where V!, «so, denotes the matrix elements of the inverse of V,

and @ are bosonic fields. Writing the interaction as [39, 40]

Vo apazoy = (X1 | Vixzog), (2.22a)
Vo_q]oczogou, = (oo V7 ozoa), (2.22b)
we find
D Vilpe VarBasas = Y (xioal VT |BRY) (B'B| VIazou)
BB’ BB’
= Ooyosotzos — otz Sorpoys (223)

where we have used the completeness relation } g [3) (Bl =1 [24, 40,
43] and V=V = 1. The two delta-function terms reflect the fact that
the interaction Vi, o, a3, i 0dd under interchange of «; and «;, or
a3 and o4 due to the anticommutation of the fermionic fields 1. The
consequences of this will be discussed more below.

We next rescale the bosonic fields,

1

(chrxoc’ - (chfxoc’ + Z(BV)z Zwixlp;rﬂvvy'cx’ou (2'24a)
YY'
1
©pp — (pﬁﬁ/—’_WZVB/BYV/IbYl‘I)V,’ (224b)
Yy’

which when inserted into Eq. (2.21) results in the relation [42]
eim Z"‘1 x)xz ey VO(] 06201306411’};1 11’:&211’0(3 11)044

T -1
— JD(‘)TD@ eBVZ‘x“/ﬁf’/ (pococ’voux’ﬁﬁ’q)ﬁﬁ/

X e BV Z“B[(ptxﬁwtxwﬁJrﬂ’LwE(Ptxﬁ]' (2.25)

13
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Hence, we are able to exchange the interaction with four fermionic
tields at the cost of introducing bosonic fields. These fields describe
the Cooper pairs. Applying this to the theory in Eq. (2.19), we get
the partition function

2 = JD@TD@ e Seolel el J@qﬂ@w e~ Solb b —Sushbi b0l 0]
(2.26)
with Sy defined in Eq. (2.19), and

Seo=—BVD Y @0 KV TP (q)9q,050, (k)

TR
(2.27)
Sus = BV Z Z (Pq Gg/ kP k+q, olpk+q o’
q,k oo’
+q)k+q,0‘1‘l)_k+qro-/q’)q,0—(7/(k)j| . (2.28)

2.3.2  Symmetries of the Cooper pair field

Since the fields \{ anticommute, the bosonic fields ¢ have to satisfy
certain symmetry properties. From action Sys we get

Y Y [0l oo (b kiqobicsqor +hel

k oo’

- Z Z (pq o' 0' )d’—k—i—q,cll’kJrq,c’ +h'C']r (2-29)

k oo’/

where h.c. denotes the Hermitian conjugate. Here we have anticom-
muted the fermionic fields, used the sum to let k —+ —k, and renamed
the spin indexes o <+ o’. Hence, we must have

(pL,O'G’(k) - _(p]:q,o”d(_k)f (2.30)

and the same for the field ¢4 o/(k). The three operations made
when going from the left to the right-hand side in the above equa-
tion is essentially a (pseudo-)spin permutation (8), a relative spatial
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Table 2.1: The allowed symmetries of ¢ ;¢ (k) under the operations 8, P
and T leading to an overall negative sign under the combined
operation §PT, where +(—)1 means that the bosonic field is even
(odd) under the operation.

8 P T 8PT
—1 +1 +1 —1
+1 —1 +1 —1
+1 +1 —1 —1
—1 —1 —1 —1

coordinate permutation (), leading to k — —k, and a relative time
coordinate permutation (7), iw, — —iwn [44—49]. Since the com-
bined operation of these three permutations leads to a negative sign,
we get the condition [44]

SPT =—1 (2.31)

for the bosonic fields ¢ and @'. The different allowed combinations
of symmetries under the three operations are summarized in Table 2.1

[44, 50].
2.3.3 The mean field gap equations

We next rewrite the fermionic terms Sy and Sys in a form which al-
lows us to integrate out the fermionic fields. Before doing so, however,
we will make a couple of assumptions. First, we assume only two
(pseudo-)spin states labeled o =t, |. Moreover, we restrict the analy-
sis to Cooper pairs with one common center-of-mass momentum Q,
and zero center-of-mass frequency, writing

1
(P(b,cc’(k) = zéﬂn,oéq,QAQ,Gcr’(k)- (2~32)

Since the center-of-mass momentum Q can be finite, this includes the
possibility of Fulde-Ferrel-Larkin-Ovchinnikov (FFLO) [51, 52] states.

15
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We now define the Nambu spinor

i i !
lyQ(k) = (lbk,T Py, | 11’4<+2Q,T 11)71<+2Q,¢) ’ (2.33)

and the matrices®

Ao (k) Ag+y(K)
Aq(K) QT QT ) (2.34)
° (AQ,M(k) AQ,u(k)
_ AL (k) AL L (k)

A1k A (0

where Q = (0, Q). This allows us to write the action S, = So + Sus
as

1

S =—7gv %wgm Q)5q' (K¥Wo(k+Q), (2.35)

where we have defined the inverse Green’s function
_ Gyl (k+ —Ag(k
55/ (k) = (G0 K+ ~Aalk) T>, (2.36)
—Aqg(k)  —[Gy (=k+Q)]
and the inverse non-interacting single-particle Green’s function
_ iwn —h —h
Gy'(k) = ( mo eIt e ) : (2.37)
“hiyr lwn =gy
Integrating out the fermionic fields, we get the effective action for

the Cooper pair fields [53, 54]

1 _
So=S00—3 Trin(—5g,'), (2.38)

where Tr denotes a trace over all degrees of freedom, including the
matrix trace tr. The self-consistency equation — the gap equation —

5We use the notation Aq (k) instead of Ag (k), since [Ag ()]t Aq (k).
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for the bosonic fields Ag 44 is found by doing a stationary phase
approximation, i.e. by requiring [40]
0S,

[ SE— O, 2.
aAQ,GG’(p) ( 39)

resulting in

Z Z ATQrG] o) (k’) [V_l ]12-,];;0-2,0-'0_/ (Q)

k 01,02
(2.40)

where Gq (p) is the inverse of 9(_2] (p). Multiplying both sides with

v0/0'0'3 o4

op’ and summing over p, o and o’, we get

355 (p)
0AQ,020:(P)

1
AEI(M% (p') = —B—V Z Vg}‘)?zcrsm tr [SQ(p) ,
P

’
01,02

(2.41a)

where we have used Al (—p) = —AE,M o3 (p), see Eq. (2.30).

Q,0304

Using instead the requirement 58S,/ 6ATQ, oo = 0, we get

1 99
AQ,sz (p/) = _W Z V§,1p62630'4 tr [SQ(p)Q
0'31?6'4

(2.41b)

These are the self-consistency equations, or gap equations. If solutions
exist this indicates that the Cooper pair wavefunction is finite, and the
system is superconducting below the critical temperature. We now
apply this theoretical framework to the theory of phonon-mediated
superconductivity.
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Figure 2.4: (left) An electron moving through a lattice of ions, causing an
increase in positive charge density in its wake. Since the ions
are much heavier than the electrons, there can be a significant
distortion in the lattice quite some time after the electron has
passed through. Hence, at a later time, another electron can be
attracted to the area with increased charge density (right). The
effect is strongest for electrons moving in opposite directions.
Drawn based on similar figures in Refs. [19, 55].

2.4 PHONON-MEDIATED SUPERCONDUCTIVITY

In the BCS theory a phonon-mediated effective electron-electron
interaction is responsible for overcoming the repulsive Coulomb
interaction, and causing the superconducting instability [6, 19, 35].
The physical picture is of an electron attracting the ion cores, thus
causing the ion cores to form an area with higher positive charge
density. At a later time, another electron is attracted to this area
of increased charge density [6], see Fig. 2.4 for an illustration. In
reality the interaction is a complicated function of wavenumber and
frequency, but one often uses a simplified effective theory [6, 19, 24,

31, 40, 43]

1
— va Z(—iwn +ex— H)lb]t,gll)k,o‘

f ( ¥
[3\/ 2(BV)3 Z Z Viae (4 k+q N

k,k’,q o,0'
(2.42)
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k,o k+q,0
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Figure 2.5: (a) Illustration of phonon-mediated electron-electron coupling:
Electrons with momentum and spin k, o and k’c’ respectively
interact via a phonon transferring momentum q and energy w,
resulting in two electrons with momentum and spin k+ q, ¢
and k'’ — q, 0. (b) The effective potential is approximated by a
constant —V for energy transfers |w| < wp.

where € = k?/2m, where m is the electron mass, and p is the
chemical potential. The interaction term is illustrated by the Feynman
diagram in Fig. 2.5a), with a potential assumed to take the form [6]

off Q) —g for |w| < wp with w = &, Exkrqr &k Ek—qr

kk’

0 otherwise,
(2.43)

see Fig. 2.5b). Here &k = ex — 1, and wp is the Debye cut-off fre-
quency, which is assumed to be much smaller than the Fermi energy
er of the system. Hence, all the interacting electrons should have
energies close to er, which is easiest to ensure if k’ = —k with k
close to the Fermi surface, since then k’ — q and k + q both lie on the
Fermi surface with an appropriate choice of q [19]. Moreover, it is
expected that choosing opposite spins 0’ = —o will lead to a stronger

19
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interaction since this allows for a smaller separation between the
electrons [6, 19]. Hence, we arrive at the simplified interaction term

Sint = _([3%)3 Z lbLleikﬂLkwﬂ)k'T, (2.44)

kK’

where the primed sum indicates that we keep only momenta such
that |&x, |1&x| < wp is satisfied.

Comparing the action in Egs. (2.42) and (2.44) to the general theory
in Eq. (2.19), we see that the matrices in Egs. (2.34) and (2.37) simplify

to
0 Ay(K)
A(k) = , .

(%) (Aw(k) ; ) (2.452)

_ 0 Al (k)
Alk) = ( T ) , (2.45b)

Al(k) 0
Gyl(k) = [m e 0 : (2.45¢)
0 iwn + 1 —€ex

where we drop the subscript Q since Q = 0. Inserting this into the
full inverse Green’s function Eq. (2.36) and calculating the inverse

we get
iwn+Ex 0 0 Ay (k)
WZ+EL W2 +EL |
0 iwn+E&k Ay (k) 0
w%—O—EiLT w%+EKH
(k) = — 0 AL (k) iwn—E&k 0 , (2.46)
T w%+E§/M w%+Ei/lT
A (k) 0 0 L —Ex
wWZ+EL WA +EL
where we have defined
By = \/512( + AT¢(k)A1T(k), (2.47a)

Exyr = \/512( + An(k)Ah(k)/ (2.47b)
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5571 (k 5571 (k
and used ¢, = e_i. We also have BSTL((k)) = —Eq14 and 5iw((k)) =

—E23, where Ej; is a 4 x 4 matrix with value 1 at index (i,j) and zero
otherwise. Hence, from Eq. (2.41a) we get the two gap equations

ror T T
Al (k') = g Z AiT(k) o ATi(k)
e 28V K | (lwn)? — Eirlﬁ (iwn)? — Ei,ﬂ,—
(2.48a)
- T T
AT (k/) _ 9 / ATi(k) o AiT(k) )
l 28V k _(iwn)z - Ei/¢¢ (iwn)? — Ei/¢¢_
(2.48b)

From the above equations we notice two important features. First,
there is no explicit dependence on w/, on the right-hand side, which
means it is natural to assume that Afy oK) — AE - k), making it even
in frequency (T = +1). Moreover, from the two equations we also
find that Ai i(k) = —AiT(k), i.e. we have spin singlets (§ = —1). From
the symmetry rule in Eq. (2.31) we therefore must have P = +1, i.e.
an even parity state Ag5(k) = Ass(—k), which is consistent with the
above equations. In fact, the right-hand side of the above equations
do not depend on k' either, making Aga(k) constant in k, meaning
we have an s-wave solution. Using Eq. (2.41b) we get similar results
for Agqr (k).

2.4.1  Solving the gap equation

We now simplify the notation by writing Ay (k) = A and AiT(k) =

AT, leading to Ex 4, = Exj+ — Ex = (/&2 +|A[27 This leads to the
simplified gap equation

9 vy A
A= v 22 G B (2.49)

7This choice ensures real quasiparticle energies Ej.
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We perform the fermionic Matsubara sum using the trick [40, p. 171]
1 .
3 > h(iwn) =) Resh(z)ng(z) — (2.50)
Wn i

where z; are the singularities of h(z), and ng(e) = (ePe+1)Tis
the Fermi-Dirac distribution function. In the present case we have
singularities at +Ey, leading to

1=—2
vk

2Ex 26

g o [nF(Ek) nF(_Ek)]:g o , BEx

(2.51)

where we have canceled the common constant A from both sides of
the gap equation, and the gap now enters only in Ey. Since Eyx > 0,
the sum is always positive, and it is therefore necessary to have g > 0
in order for the gap equation to have a solution in this case.

We solve the gap equation analytically in two limiting cases: at zero
temperature, and at the critical temperature. At zero temperature
tanh BEx/2 = 1. Changing from a k summation to an energy integral
using the definition of the normal state density of states [40],

1
D(e) =y, ) dlex—¢), (2.52)
k
we get
1~ D(O)T g1 D) 2*D (2.53)
=9 Veazar T >

where we have used the assumption wp < ptolet D(&) — D(0), the
normal density of states at the Fermi level, and assumed |A] < wp.
Defining the dimensionless coupling constant A = gD (0), we find the
zero temperature gap

Ao =2wpe X, (2.54)



2.4 PHONON-MEDIATED SUPERCONDUCTIVITY

This solution is valid in the weak coupling limit, A < 1. As was the
case for the GL solution found in Section 2.2, the gap equation only
determines the magnitude of A, not the phase.

At temperatures just below the critical temperature, T = T_, the
gap is equal to zero. Hence, we get

wr‘D ] B&
1=A ) dE, E tanh 7
0
[ B[ [ e 59
I 2 o 2 cosh? % ’ 22

where we have performed a partial integration [19]. Assuming that
kgTe ~ Ap < wp, the first term equals In wp, and in the latter we
can let wp — oo, resulting in®
4eY 2 2eY
1 :?\[lnwo—i—lne—ln} :?\lnm, (2.56)
T 8) T

where v ~ 0.5772 is the Euler-Mascheroni constant [19, 24]. Rewriting
this in terms of T, we get

2 Y
KpTe = =° n‘”D e % ~ 1.13wpe

X, (257)

Combining the results for Ay and T. we find the ratio

ZAO 2n
= — =~ 3.52. .
oT. o 35 (2.58)

This universal ratio was found to be in good agreement with the
superconductors known at the time the BCS theory was published
[6, 35]. Solving Eq. (2.51) numerically, we find the temperature de-
pendence of the gap A as shown in Fig. 2.6a).

8We here use the formula [24, p. 581]

o0 Inx 4eY
dx 5— =— In—.
0 cosh” x us
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Figure 2.6: (a) Numerical results for the gap A as a function of temperature,
normalized to the analytical values Ay and Tc. (b) Plot of quasi-
particle dispersion +Ey as a function of kx with ky = 0, where
the line color indicates whether the quasiparticle is particle-like
(p) or hole-like (h). The normal state dispersion &y is also shown
for comparison. (c) Plot of the normalized superconducting
quasiparticle density of states ds(E).

2.4.2  Quasiparticles

So far A has frequently been called the “gap”. To see the reason for
this nomenclature, we take a brief look at the quasiparticles of the
system. The eigenvalues of the Green’s function matrix are [iw +
Exl~T, and hence the quasiparticles of the system have eigenenergies
+Ey, shown in Fig. 2.6b). Calculating the superconducting density
of states using Ds(E)dE = D(&)d¢& [6] while assuming E lies close to
the Fermi energy, we find

|E|
Do(E)  [—=E for[E> 14,
as(E) = 258) _ ) eiar (2.59)
0 for E < |A],

shown in Fig. 2.6c). From both the eigenenergies and the density
of states, it is clear that a finite A leads to a gap 2A between the
quasiparticle bands. The quasiparticles are a mix of electrons and
holes, as indicated in Fig. 2.6b), with the electron and hole weights
given by the residues of the diagonal entries of the Green’s function
matrix Eq. (2.46).
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In essence, the BCS theory tells us that due to a phonon-mediated
electron-electron interaction, electrons form bound pairs, thus de-
creasing the system’s energy. These pairs are described by a macro-
scopic wavefunction with a common phase, leading to a superfluid
flow of electrons. Breaking up a pair into separate quasiparticles re-
quires a finite energy A due to the gap in the quasiparticle dispersion,
resulting in the superconducting state surviving up to temperatures
comparable with the energy gap.

2.5 UNCONVENTIONAL SUPERCONDUCTIVITY

The results of the BCS theory agreed well with experiments for the su-
perconductors known at the time it was published, earning Bardeen,
Cooper and Schrieffer the 1972 Nobel Prize in Physics. Common
for these superconductors was the fact that the Fermi energy was
much larger than the energy set by the critical temperature, kgT, or
equivalently T, < Tg, the Fermi temperature. For instance the critical
temperature for Niobium (Nb) is 9.5 K [56], while the Fermi tempera-
ture is 6 x 10 K [57]. However, in the late 1970s, superconductivity
was discovered in heavy-fermion materials [58, 59], where the critical
temperature, though low compared to superconductors known at the
time, is closer to the Fermi temperature. Later, in 1986 the high-T.
cuprates [60] were discovered, with rapid developments leading to
materials with critical temperatures exceeding 100K [6], far exceed-
ing those of the conventional superconductors. These findings could
not all be explained using the phonon-mediated interaction of the
original BCS theory, hence leading to a theoretical search for other
microscopic mechanisms which could explain the classes of super-
conductors known as unconventional superconductors [59]. More
than three decades after the discovery of the high-T. cuprates, the
exact microscopic origin of the superconductivity and the otherwise
complex phase diagram is still under debate. Since the main focus
of this thesis is not the unconventional superconductors specifically,
it will not be discussed in further detail. However, there will be
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some similarities with spin fluctuation-based theories for cuprate
superconductors (e.g. Refs. [61-63]) and the magnon-mediated super-
conductivity discussed in Chapter 6. Moreover, one unconventional
mechanism, the Kohn-Luttinger mechanism [64], will be discussed
in the next chapter.

2.6 SUPERCONDUCTIVITY IN TWO DIMENSIONS

As the title of this thesis indicates, the focus will be on supercon-
ducting states in systems which are effectively 2D, i.e. the motion of
the electrons is restricted in the third dimension. However, from the
outset this seems to pose a problem: The Mermin-Wagner theorem
states that a continuous symmetry cannot be spontaneously broken
at a finite temperature in a system with short-range interactions in
one or two dimensions [19, 40, 41, 65, 66]. Recall that the supercon-
ducting state breaks the continuous global phase rotation symmetry,
and should therefore be subject to the Merwin-Wagner theorem in
2D systems. Two questions arise: Is any type of order possible in two
dimensions, and when, if at all, are the effectively 2D systems to be
treated as two-dimensional, thus being subject to the Mermin-Wagner
theorem?

First of all, Berezinskii [67, 68], and Kosterlitz and Thouless [69, 70]
(BKT) showed that a new type of order is possible in two-dimensional
systems, so-called topological order, in contrast to long-range order.
As an example of such order, consider the XY model, namely a 2D
system of spins constrained to lie in the plane, where the direction
of a spin at lattice site i can be parametrized by the angle 0;. If
the coupling between the spins is ferromagnetic, any difference
between the angle of two neighboring lattice sites, [0; —0;| > 0, leads
to an increase in energy. At zero temperature the energy E of a
single vortex (see Fig. 2.7) diverges logarithmically with the system
size N, and is thus unstable [40, 41, 66] and cannot be excited by
thermal fluctuations [71]. However, the entropy S due to the possible
locations of one vortex is also a logarithmic function of N, and at
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Figure 2.7: Orientation of spins in the vicinity of a vortex, antivortex, and
vortex-antivortex pair (left to right). In the latter case the spins
can be continuously deformed to a uniform state away from the
vortex pair. Based on similar figures in Refs. [19, 41].

some temperature Tgrk the free energy F = E — TS will be minimized
by the entropy term rather than the energy term, leading to the
formation of free vortices.

The energy associated with a vortex-antivortex pair, however, de-
pends logarithmically on the vortex separation [6, 71], and is therefore
finite. This difference from a single vortex can be understood from
the fact that the spins can be continuously rotated to form a uniform
state some distance away from the vortex pair, see Fig. 2.7. Since
the energy associated with a bound vortex pair is much smaller
compared to that of a single vortex, vortex-antivortex pairs can be
thermally excited even at low temperatures. Tgxr marks the topo-
logical phase transition between a low temperature phase with only
bound vortex-antivortex pairs, with quasi-long range order [66], and
a high temperature phase where the pairs unbind into free vortices
[6, 41].

To answer the question whether the results sketched above have
any consequences for thin superconductors, we have to consider
the differences between vortices in the XY model described above
and vortices in a superconductor: While the spins in the XY model
always have the same length, the magnetic field and current density
around a vortex in a superconductor decays over a length scale
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A, the penetration depth. For superconducting vortices the energy
associated with a vortex-antivortex pair therefore decays differently
as a function of separation r depending on if r > A or r < A [6]. In
thin superconductors of thickness d the characteristic length scale
is the effective 2D screening length A| = A?/d [72], and the vortex
pair energy goes as Int for r < A and v ! for r > A [70, 72, 73],
being attractive in the first regime but repulsive in the second. This
lead Kosterlitz and Thouless [70] to argue that a BKT type transition
could not occur in superconductors.

However, Beasley, Mooij and Orlando [74] later pointed out that
since the effective 2D screening length increases with decreasing
thickness, A | can be made large enough to justify using the separa-
tion energy ~ Inr more or less over the entire material, just as in the
XY model above. They therefore argued that thin superconductors
could also undergo a BKT type transition, relating the BKT transition
temperature to the BCS mean field critical temperature in terms of
the sheet resistance R,

T R\
_BKT (1 + o.173> for R < R, (2.60)
Tpcs R

where R, = h/e? ~ 4108 Q/0 [74]. Hence, Tgkt decreases compared
to Tpcs for increasing sheet resistance [75]. For superconductors
with thickness such that the lateral dimension is comparable to the
effective 2D screening length, we therefore have a superconducting
phase with bound vortex-antivortex pairs for temperatures below
Tkt. For Tgkr < T < Tpsc vortex pairs are broken up, leading to
a finite resistance due to the lack of phase coherence across the
superconductor. As the temperature, and thus the number of vortices
is increased, the resistance increases until the normal state with zero
superconducting gap is reached at Tgcs [76].

From this discussion it clear that superconductivity can arise even
in effectively 2D systems, and using mean field theory to calculate
the critical temperature will give an indication of whether a super-
conducting state exists. Depending on the effective thickness of the
system, there might also exist a lower temperature corresponding to
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the BKT transition. In the work contained in this thesis, however, we
have not considered the BKT transition temperature, but rather only
used mean field theory to calculate either the critical temperature
or the zero temperature gap. Assuming that the above analysis is
justified also for superconductivity in topological insulators, Tk
should not be very much reduced compared to Tgcs as long as the
TI is thick enough for the charge transport to be dominated by the
surface states [77, 78].
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In 1965 Kohn and Luttinger [64] proposed a new mechanism for
Cooper pairing. They showed that weak repulsive interactions could
lead to an effective attractive interaction. All that is needed is that
one momentum channel is attractive [79, 80]. Physically this can
arise when an interaction is screened by the Fermi sea, leading to
long-range oscillations [81], such as Friedel oscillations in the case of
the screened Coulomb interaction [64, 79]. We will begin this chapter
with an example illustrating how such a situation can arise, and then
build on this example to reach the system studied in Paper [1].

3.1 SUPERCONDUCTIVITY FROM WEAK ON-SITE INTERACTION

We start from a simple model of an electron gas with a d-function
electron-electron coupling with strength U,*

H = Hp + Hint

1 u
=y (e e lo T3 D Sl Caltiyt, (31)
ko ki, k2 k3

where k4 = k7 + ks — k3 in order to conserve momentum. In the
previous chapter, we saw that this can lead to superconductivity

"Because of the way we have defined the Fourier transform, the anticommuta-
tion relations for the operators are {cy, clt, o} = Vokk/dsor and {cxq, Crror}t =

{c;rm, c;r(,g,} =0.
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when U < 0. However, we will now assume that U is positive,
meaning that the interaction is repulsive.

Assuming that the interaction energy is small compared to the
Fermi energy allows us to treat the interaction term perturbatively
using a Schrieffer-Wolff transformation [82-84]. We define a trans-
formed Hamiltonian

H' = e SHeS
1
= Ho + Hint + [Ho + Hint, SI + 7 [([Ho + Hint, SI, ST+ ...,
(3-2)

where S is anti-unitary and [A, B] denotes the commutator. By choos-
ing S such that [Hp, S] = —Hint, we obtain a low-energy effective
Hamiltonian for the system. One choice of S which has the wanted
properties is [1, 85]

Tt
u Z Ck1TCk2\LCk3~LCk4T

3 4
€x, T+ € € €
k] ,kz,kj, k4 k3 kz k]

S = (3-3)

which can be verified using the commutator relation

i tot
[Ckcr’ Cko’s Cy, Tck2¢cksick41‘}
=V {51«1« Sorrchgcl | + ék’kzéﬁ’icl]:ﬁcltcr} Cl3 Ckyt
— Vel el | [ 8o Civo Cit + ke SotCi Cior] - (3.4)

With this choice of S we get to o(u?),

1
H' =Ho + 3 [Hint, S] = Ho + H{y (3.5)
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Figure 3.1: (a) Diagram for interaction term Hjp. (b) Diagram of second
order effective interaction between spin up electrons mediated
by spin down electrons. Based on similar figures in Refs. [85,
86].

To calculate H/ , we use the identity [AB,C] = A [B,C] +[A,C]B

and the relation in Eq. (3.4), resulting in

= 3 3 L
e 2v> €pa + €ps — €p, — €py
ki, k2 k3 P1,P2,P3

Tt T T
~ Ci1Cp11CkatCpat [61(3}72 Ci, Cp3d — 6kzP3 Cp2¢ck3¢}
Tt T T
B SN SA A ENAD SX) [61(4})1 Ci;1Cpat — 6k1p4 Cp1TCk4T:|
TooaT
+ Vékspz 6k4p1 Ci1 1%, Cp34Cpat

oot
- V6k1P46P3kch1Tcpﬂcksickﬁ}' (3.6)

Hence, there are two different classes of terms: six-operator terms
such as ck%cTcTCIc 1, see Fig. 3.1, and four-operator terms c$c1c 1C1-
In the first class of terms we use the approximation clTwck/(y —
Voaene(€x — 1), where ng(€) is the Fermi-Dirac distribution function.
Since the Fermi surface is circular, we also assume that the center-
of-mass momentum is zero as in the regular BCS case discussed in
the previous chapter. Combining these assumptions results in the

effective interaction Hamiltonian
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Since only particles close to the Fermi energy are free to interact
at low temperatures, we can use the approximation ey ~ ey'. This
means that the second term in the above equation can be neglected,
leaving us with

Hin = zvs ZZX —Kef,cl e ot (3-8)
kk/ ©

where we have defined the particle-hole susceptibility [79, 85, 86]

ng( €p+q — 1) _nF(ep —u
v Z -

P (3.9)

x(q)

In a rotationally invariant three-dimensional (3D) system we have

[79]
x(q) ~ —T;Tk; [1 7 <2|E|F> +] , (3.10)

where kg = \/2m for a quadratic dispersion e} = k?/2m. Here only
the two lowest order momentum channels, the s-wave and p-wave
channels have been kept. Inserted into the expression for H/ , the
terms even in k’ and k’ sum to zero, consistent with a spin-triplet
interaction, resulting in

uZ
Hl/nt 2\/3 87-[sz Z Z k' k ckcc koK oCk/c (3.11)

k! ©
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Using the result in Eq. (2.41) from the preceding chapter for a gen-
eral interaction matrix, and performing the Matsubara summation,
we get the gap equation

u’m Z k-k' Ago(k) tanh BEs(k)

Agos(k) =
oo (k) 8m2kpV 2E4(k) 2

(3.12)
k

where Es(k) = \/(ek — )2 + Ao (k)|?. Assuming p-wave solutions
of the form Agq(k) = Agg cos Bk [79], where 6y is the angle of k
relative to the z axis, and that the main contribution to the sum
comes from momenta close to the Fermi surface, we get the following
self-consistency equation for Te:

2
== tanh 5 (3.13)

where we have defined g = U?mkg/8n2, the effective coupling
strength. Compared to the BCS gap equation (2.51) the only dif-
ferences are that the sum has not been constrained to a finite cut-off,
and that there is an extra factor of cos? 0y which leads to a factor
2/3 when performing the angular integral. Hence, a finite T, solu-
tion exists, below which the system becomes a p-wave spin triplet
superconductor, with equal spin (11 and |]) Cooper pairs.

When considering a 2D rotationally invariant system, the suscepti-
bility becomes [79, 85-87]

2 _ 2
xa) =3 [1- VB, (G19)

For q = k' —k with |k’| = |k| = kg, we always have |q| < 2kg,
which means that the susceptibility is a constant. Since a momentum-
dependent interaction is necessary when considering spin-triplet
pairing with no frequency dependence (see Table 2.1), there exists
no superconducting state at O(U?) [79, 88]. However, going to third
order in a perturbation expansion one again finds a p-wave super-
conducting instability at T = 0 [87].
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(a) (b)

- - €k — €k — €k 1+

e—p

—1 0 1
kx/kF kx/kp

Figure 3.2: (a) Plot of spin energy bands €y, — |t as a function of k, with
ky = 0, and (b) the Fermi surfaces determined by €y — u = 0.
We see that the Fermi momentum kg, increases (decreases) for
o =1 (}) compared to the Fermi momentum kg at zero field.

3.2 SPIN-POLARIZED SYSTEMS

One way of getting superconductivity to second order in a perturba-
tion expansion in two dimensions is to spin-polarize the system [86,
88]. Adding a Zeeman coupling to an exchange field h results in the
additional term

1
HB — 7? Z h- ()-O_G/CIT(O_CkO-/. (315)

k o,0’

This term leads to a splitting of the bands, as seen from the eigenen-
ergies

€ko = €k — O'h, (316)

where h is aligned along the spin-up direction, and o = +(—)]1 for
spin-up (spin-down) electrons, see Fig. 3.2. Due to the spin splitting
of the bands, the Fermi momentum is also different for the two bands,

krs = v/2m(p+ oh) for a quadratic dispersion.
The effective interaction now has a spin-dependence,

Hing = 2v3 ZXG — kel e wotis, (3-17)
k Kk’
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where 6 =] (1) for o =1 (|), and the susceptibility depends on the
spin index [85, 86],

xolq) = — % 1_ Re 4 /qz|;| (2kpg )? . (.18)

Since kgp > kg, k' —k can exceed 2kg; for pairing on the spin-
up majority band, and the susceptibility thus has a momentum
dependence. Therefore, we expect that we can have pairing on the
spin-up majority band, but not on the spin-down minority band, as
long as 0 < kFi < kFT [86]

3.3 RASHBA SPIN-ORBIT COUPLING

When an electron is moving with momentum p in an electric field
E, we know from the relativistic formulation of electrodynamics
that this translates to a magnetic field B ~ p xE = —p x V¢ in
the electron’s rest frame, where ¢ is the electric potential [28, 89].
Inserted into the Zeeman term Eq. (3.15), this leads to a spin-orbit
coupling (SOC) term

Hsoc ~ Vo - [p x o], (3-19)

that is, the energy of a particle becomes dependent on the relative
direction of the spin and momentum. This can also be shown from
the non-relativistic limit of the Dirac equation [9o]. Due to internal
crystal fields, e.g. semiconductors have spin-orbit interactions which
increase with the atomic number [91, 92], as will be relevant in the
discussion of topological insulators in the next chapter.

In systems with broken structural inversion symmetry the spin of
the particles is coupled to the momentum through a Rashba spin-
orbit coupling term [89, 93]

&R
Hg = 7 Z Z[k X O-O'O'/]chto-ckcfll (3-20)

k oo’
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(a)

- - e — €ky — €k i
&
3 ~ 0
I 0} <
w
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—1 0 1 —1 0 1
kx/Kp kx /K

Figure 3.3: (a) Plot of helicity energy bands ey, — p as a function of k, with
ky = 0, and (b) the Fermi surface determined by ey« —u = 0.
Similar to the case of Zeeman split bands, we see that the Fermi
momentum kg, increases (decreases) for & = — (+) compared
to the Fermi momentum kg for zero SOC strength og.

where og is the strength of the coupling, and we have assumed that
the inversion symmetry is broken in the z direction. This situation
can arise e.g. at the interface between two materials or when an
electric field is present in the z direction.

Since Rashba SOC is expected to occur in many effectively 2D
systems, we examine if the change in band structure due to the
Rashba SOC itself is enough to lead to a superconducting instability
from weakly repulsive spin-space interactions. In the next section,
we will introduce spin-orbit coupling in a spin-polarized system.

With the inclusion of spin-orbit coupling (SOC), the eigenenergies
of the non-interacting system become

€it = ek — nE aglk], (3.21)
where the Hamiltonian is diagonalized by the operators

A+ = [ieid}kaT + Cki] /\/E/ (3‘22a)
Qg = — [CkT + ie_id’kcki] JV2. (3.22b)

where + denotes the helicity index. The eigenenergies and Fermi

surfaces, kg4 = /2mu+ oclz{m2 F arm, are illustrated in Fig. 3.3.
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(a) Intraband (b) Interband (c) Pair- hopplng ) Mixed

Figure 3.4: The figures illustrate the classes of interaction terms occurring
when transforming the interaction term in Eq. (3.1) to the helicity
basis: (a) Intraband, (b) interband, (c) pair-hopping, and (d)
mixed interaction terms. The incoming momenta are —k’ and
k’ (dashed lines) and outgoing momenta k and —k (solid lines).

Transforming the interaction term in Eq. (3.1) we generate 16
different interaction terms, which come in four categories: Intraband

terms c&c&c(xco{, interband terms CJ&CT CxCq, pair hopping terms

ch&caca, and mixed terms such as chJ&caca, where @« = + and
& = F. The different terms are illustrated in Fig. 3.4. In order for an
electron to contribute significantly to the dynamics of the system,
its energy has to lie within a few kgT from the Fermi energy [56].
Assuming that the spin splitting is significantly larger than kgT,
the interband and mixed processes will only conserve momentum
for very specific choices of incoming and outgoing momenta. For
the intraband and pair-hopping processes, however, we can simply
choose incoming momenta —k’ and k', and outgoing momenta k and
—k close to the Fermi level, thus ensuring momentum conservation.
Hence, the phase space of the interband and mixed processes is much
smaller compared to the intraband and pair-hopping processes, and
the former processes will be suppressed compared to the latter.
Keeping only the dominant terms, we get

u B
Hin = a3 D D> ape O TBOwal of\ awpaip, (3:23)

kk’ «,3

where «, 3 take the values +1.
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Using the above simplified interaction term and the result Eq. (2.41)
from the preceding chapter, we get the two coupled gap equations

Ay (K= — 4\1/¢k, Z {AJML Je' tanh ﬁE;(k)
__(k *“bk E_(k
— E(()li) ’canhB 2( )], (3.24a)
, Uetdw A__(k)e 1Pk BE_(k)
A__ (k)= — v . { (K tanh 3
Ay (k)etPx E.(k
— +E£(:§ anh[5 ;( )}, (3.24b)

where E4 = /(ex+ — )2 + 1A+ (k)[2. From the above gap equation
it is clear that we can write A (k) = A, e P, and A__(k) =
A__e'Px. We also see that for U > 0 the intraband interaction is
repulsive, while the coupling between different A, and A__ is
attractive. Switching to energy integrals with cut-off w. in the above
equations and using a quadratic dispersion, we get for T = T_

N+KJA =K A __, (3.25a)
M+K A =K_A,,, (3.25b)
with
N
Ky = uTm 17 AR In Zek“;c, (3.26)
T xgm? + 2mp TTkB

where we have assumed kpT < w, see the discussion leading to
Eq. (2.56). Combining the two above equations, we get the require-
ment 14 K 4 K_ = 0, resulting in the critical temperature

kgTe = 1.13w e, (3-27)

Hence, we have no solutions when U > 0, since the expression for the
critical temperature violates the assumption kgT. < w. used in the
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calculations. For negative U, however, we would have a chiral p-wave
superconducting state on both bands, with momentum dependence
kx £ iky, where the helical nature of the Cooper pairs is caused by
the SOC.

It is possible to construct an effective low-energy theory with at-
tractive interactions also in this case, showing that superconductivity
can arise on the majority band [94, 95]. We will however not pur-
sue this further, but instead reintroduce the spin-polarization due
to an exchange field, and examine the changes to the momentum
dependence of the induced superconducting gap.

3.4 SPIN-SPLITTING AND RASHBA SOC

We thus study a 2D system with weak repulsive interactions, Zeeman
splitting and Rashba spin-orbit coupling. This situation is relevant
e.g. for the interface between LaAlO3 and SrTiO3, at which one can
have a 2D superconducting state, a magnetic state, and a combination
of the two [96—103]. SOC is also present in such systems due to the
broken inversion symmetry, the strength of which can be tuned by
an applied electric field or gate voltage [104, 105].

The effects of Zeeman splitting and spin-orbit coupling on super-
conductivity in two-dimensional systems has been studied in various
cases before [79, 86, 94, 95, 106—-109], but we here specialize to the case
where the SOC is weak compared to the exchange energy, ag/h < 1.
This was studied in the case of a quadratic dispersion and a general
direction of the magnetic field in Ref. [85], showing that the introduc-
tion of the SOC leads to a superconducting gap on the majority band
with momentum dependence cos & cos ¢y + isin ¢y, where 0 is the
inclination angle of the magnetic field, see Fig. 3.5. However, the crit-
ical temperature did not depend on the SOC strength, and the main
effect of the SOC was thus to change the momentum dependence of
the gap.

In Paper [1] we performed an analysis similar to that in Ref. [85]
using the Hubbard model (see e.g. Refs. [40] and [110]) instead of a
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Figure 3.5: Sketch of the geometry considered: A 2D lattice lies in the xy
plane, the inversion symmetry is broken along the z direction
leading to a Rashba spin-orbit coupling term, and the exchange
field h can be oriented in any direction, determined by the
angles 6 and 6. Based on similar figure in Ref. [85].

model with quadratic dispersion. The total model is H = H¢ + Hp +
HR + Hint = Ho + Hjnt, where

1
He=y é(ek ~ Wiy Cho, (3.28)

is the tight-binding model describing hopping between neighboring
lattice sites. Here € = —2t(cos ky + cosky ), where t is the nearest
neighbor hopping parameter. The Rashba term for a square lattice is

xR . .
He= 3 D D (04 sinks —0¥gsinky)efgtior,  (329)

k oo’

while the remaining terms are unchanged. The magnetic field vector
h is parametrized using h = h(cos0sin9,sin0sind, cosd), see the
sketch of the system geometry shown in Fig. 3.5.

Diagonalizing the non-interacting Hamiltonian Hy, we find the
two bands

€n = € — (a [hz — 2hog(sin ky sin © — sin ky, cos 0) sin &
1
+ o (sin? ky +sin? ky)] 2, (3.30)

where the band index A = 1,2, and (;(;) = +(—)1. When the mag-
netic field has an in-plane component (5 # 0), the Fermi surfaces of
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Figure 3.6: Plot of the Fermi surfaces of € for (a) 8 =6 =0, and (b) 6 =
n/2, © = 7/4. The parameter values used are h = t, ag = 0.2t
and p = —1.5t.

the two bands are no longer symmetric about k = 0, as illustrated in
Fig. 3.6. The energy eigenstates are no longer spin states, but a mix
between spin-up and spin-down electrons depending on the angle
of the exchange field. We follow Ref. [85] and treat the SOC as a
perturbation compared to the exchange field, ag < h, which means
that the bands are spin-bands only to lowest order in ag/h.

Transforming the interaction term Hjn; to the eigenbasis generates
the same types of terms discussed in the previous section, see Fig. 3.4.
However, since we now treat the SOC perturbatively, they are not
all of the same order in og/h. The interband terms are of O(1),
the mixed terms are of O(xr/h) and higher, and the intraband and
pair-hopping terms of (a3 /h?).

Performing a Schrieffer-Wolff transformation to get rid of the inter-
band terms naturally generates higher-order term in the interaction
strength U. However, assuming that U/t < ag/h, we keep only the
terms to O(U?/t?) and O(chrz{/thz). Specializing to zero center-of-
mass momentum, we get the effective interaction Hamiltonian

1 A
Hi/nt = Ve § § Vklikfal];)\aik)\a—k/uakw (3-31)
kk’/ An
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where we have defined

Ua
Vil = U28,x5 (K — k) + ﬁmk)rg(k’), (3.32)

and

M (k) = Ca[ sinky cos 6 + sink,, sin
+1Cx(sinky sin © — sin ky, cos 0) cos §]. (3-33)

Comparing the above interaction Hamiltonian with Eq. (3.17), we see
that the first term in Vli‘lf, is the Kohn-Luttinger term. The second
term is similar to that in Eq. (3.23), and is due to the Rashba spin-orbit
coupling. The former term only has an intraband coupling, while
the latter also has pair-hopping terms. Superconductivity due to the
latter term should therefore lead to superconductivity on both bands
simultaneously.

The susceptibility xx(q) in the Kohn-Luttinger term is as defined
in Eq. (3.9), with ex — €x. In the continuum limit the suscepti-
bility, given by the expression in Eq. (3.18), is independent of the
chemical potential. However, when using a lattice model such as
the tight-binding model, the shape of the Fermi surface depends on
the chemical potential, see Fig. 3.7(a). We therefore also expect the
susceptibility to depend on how many electrons are present in the
system. Calculating the susceptibility numerically, and expanding it
in terms of square lattice harmonics we find that for certain filling
fractions it is enough to consider two terms in the expansion,

XA (k - k/) = X;\ [gx—Hy (k)gx—iy (k/) + Ox—iy (k)9x+iy (k/)}
%3 [x () gx (K') + gy (K) gy (K)], (3-34)

where we have defined the orthonormal functions

21gx+iy (k) = sinky £1isinky, (3.35a)
2mtgx (k) = 2sinky cos ky, (3-35b)
27mgy (k) = 2 cos ky sinky,. (3-35¢)
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Figure 3.7: (a) Plot of the Fermi surfaces of the tight-binding dispersion
for p/t evenly spaced from —3 to 3. (b) Plot of the expansion
coefficients x}\ in Eq. (3.34) as a function of filling fraction n
for field strength h = 0.2t at zero temperature. Keeping only
the first two terms in the expansion is sufficient in the white re-

gions, while the gray regions indicate that other terms contribute
significantly to the susceptibility.

The expansion in terms of only the two terms in Eq. (3.34) is valid in
the white areas of Fig. 3.7(b), which shows a plot of the coefficients
of the two terms included in the expansion as a function of filling
fraction n. Here n = 0 corresponds to an empty system, while n =1
is a full system with two electrons per lattice site.

Calculating the gap equation from the interaction Eq. (3.31), we
arrive at

N VERAN(K) BEA(K)
Au(k)_—zvé N tanh =2 (3.36)

By examining the momentum channels in Vli‘ltﬁ, we find that we can
also expand the gap function in terms of square lattice harmonics

M(K) = AT Yg i (K) + A g, gy (K)
+ AXgx (k) + AY gy (k), (3-37)
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for filling fractions where the expansion in Eq. (3.34) is valid. Close
to the critical temperature, the gap equation can therefore be written
as

A =M(T)A, (3-38)

where A = (AYTYY A’f—iy co. AT, and M(T) is the matrix
coupling the different gap coefficients at temperature T. In order for a
nontrivial solution to exist, there must exist a temperature T at which
M(T) has eigenvalue 1, corresponding to det[M(T.) — 1] = 0. This
determines the critical temperature. The eigenvectors of M(T.) with
eigenvalue 1 gives information about the relative strength between
the gap coefficients AL, and thus the dominant momentum channels
of the gap.

Solving gap equation numerically for two filling fractions n = 0.1
and n = 0.45, we find that the A = 1 band is superconducting in the
gx+iy channels in the first case, while in the latter case the A = 2
band is superconducting in the g« and gy channels, see Fig. 3.8.
Hence, it is possible to change which band is superconducting by
changing the filling fraction of the system.

Changing the orientation of the magnetic field changes the mo-
mentum dependence of the superconducting gap, as can be seen in
Fig. 3.8. For a pure out-of-plane field we have Aj (k) ~ kx + (riky
in the limit of small k|, while a pure in-plane field in the x direc-
tion gives A)(k) ~ ky. This, together with the fact that only one
band becomes superconducting at T. indicates that only the Kohn-
Luttinger term is responsible for the attractive pairing, since the
Rashba-term would lead to superconductivity on both bands simul-
taneously with chirality opposite of what was found here. In fact,
since the intraband part of the Rashba term is repulsive, the resulting
momentum dependence of the gap is such that the effects of the
Rashba-term is minimized, thus leading to T, being independent of
ar. The main effect of the Rashba spin-orbit coupling is therefore
the introduction of a chiral p-wave order parameter, compared to
the regular p-wave gap for zero SOC. Moreover, though we did not
include the shift in the dispersion in the analysis to leading order,
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Figure 3.8: Plot of the absolute value, real and imaginary part (top to
bottom) of the coefficients A}\ as a function of § at the critical
temperature for filling fractions n = 0.1 (left) and n = 0.45
(right), and 8 = 0. The coefficients not shown are approximately
equal to zero.

the Cooper pairs have a finite center-of-mass momentum whenever
the exchange field has an in-plane component [85], resulting in a
Fulde-Ferrel-Larkin-Ovchinnikov [51, 52] state.
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TOPOLOGICAL INSULATORS

This chapter serves as an introduction to the topic of topological
insulators (TIs), relevant for the discussion of Papers [2-5]. We begin
with a brief historical overview of the different Hall effects, leading
up to the quantum spin Hall effect (QSHE) and topological insulators.
Next we focus on one particular model for topological insulators,
and use this model to introduce some of the features of TIs, before

focusing on the TI surface states and their response to a magnetic
field.

4.1 THE HALL EFFECTS

The Hall effect was discovered by Edwin Hall [111] in 1879: When
running a current through a gold leaf placed in a perpendicular
magnetic field, he found that there was an induced voltage difference
transverse to the current direction. This can be explained from the
expression for the Lorentz force on a charge q [28, 56]

F=q(E+vxB), (4.1)

where E is the electric field, B is the magnetic field, and v is the
velocity of the charged particle. Assuming a magnetic field in the
z direction, and a current in the x direction, the trajectory of the
electrons will initially be deflected in the negative y direction, see
Fig. 4.1 for an illustration. However, in time, a negative (positive)
charge density will accumulate at the lower (upper) edge, giving rise
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Figure 4.1: Illustration of the Hall effect with electrons as charge carriers.
(top) When the current is turned on, the electrons are deflected
toward the lower edge due to the perpendicular magnetic field.
This leads to an induced electric field between the upper and
lower edges which eventually cancels the Lorentz force due to
the magnetic field (bottom). Based on similar figures in Ref. [56].

to an electric field eventually exactly counteracting the force from the
magnetic field when Ey = v«B.. Thus, there is a voltage difference
Vh between the upper and lower edges, where the sign of the Hall
voltage is indicative of the sign of the charge carriers.

In analogy to the Hall effect, a spin Hall effect (SHE) was later
theoretically predicted. In this case spin-dependent impurity scat-
tering [112—114] or intrinsic spin-orbit coupling [115, 116] leads to
a spin current transverse to an applied electric field [117, 118], and
thus serves as a mechanism of converting a charge current to a spin
current [89]. In the steady state we therefore have a spin imbalance
instead of a charge imbalance.

In 1980 von Klitzing, Dorda and Pepper [119] reported measure-
ments of the Hall voltage of a 2D electron gas (2DEG) in a semicon-
ductor with a strong magnetic field at low temperature. They found
that when varying the applied magnetic field, the Hall resistance
did not increase linearly with the magnetic field, but had plateaus
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(a) QHE (b) QSHE
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Figure 4.2: (left) Illustration of the QHE, where the electrons close to the
edges cannot have complete cyclotron orbits, but instead hop
along the edge, leading to metallic surface states. (right) Illustra-
tion of the QSHE, where particles with opposite spin move in
opposite directions. The figures are based on similar figures in
Refs. [122-125].

at quantized values h/ ev [41, 56, 119, 120], where h is Planck’s
constant, e is the electron charge, and v is an integer. This effect has
been dubbed the quantum Hall effect (QHE). The results were inde-
pendent of the device geometry or material imperfections, stemming
from the fact that the Hall conductance was related to a topological
invariant of the system [120, 121].

One of the intriguing features of the QHE is the presence of metal-
lic edge states, often explained in terms of broken cyclotron orbits
for electrons near the edge [122, 123], see Fig. 4.2a). In 2005 Kane
and Mele [126] predicted a quantum version of the spin Hall ef-
fect in graphene, the quantum spin Hall effect (QSHE) [127]." They
predicted that the presence of spin-orbit coupling could lead to a
state which was insulating in the bulk, but with gapless edge states
where the momentum and spin directions are locked, see Fig. 4.2b).
The states were invariant under time-reversal symmetry 7, and the
system is classified by a nonzero topological invariant Z, [130], as
opposed to regular insulators which have Z; = 0. Bernevig, Hughes
and Zhang [131] later predicted that the QSHE could be observed in

"What follows is by no means a comprehensive account of history of the quantum
spin hall effect and topological insulators. For more details see e.g. Refs. [122-125,
128, 129].
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mercury telluride-cadmium telluride (HgTe-CdTe) quantum wells,
which due to its heavy elements has strong spin-orbit coupling [122].
This was experimentally confirmed shortly after by Konig et al. [132].

Several groups also proposed a three-dimensional version of the
quantum spin hall insulator, or topological insulator [133-137], later
discovered in e.g. Bij_Sby [138], Bi»Sesz [139], Bi;Tes [140] and
strained HgTe [141]. In order to introduce some general features
of topological insulators we in the next section study the model
proposed by Zhang et al. [137] for the three-dimensional topological
insulators Bi,Se;, Bi,Te; and Sb,Te;.

4.2 MODEL FOR TOPOLOGICAL INSULATORS

For the three-dimensional topological insulators Bi,Se;, Bi,Te; and
Sb,Te; the states lying closest to the Fermi level are the p, orbital
states of both spins, with positive and negative parity states com-
ing from different kinds of atoms, e.g. Bi and Se respectively in
Bi,Se; [137]. Including only these states in an effective, low-energy
model satisfying time-reversal symmetry, three-fold rotation symme-
try along the z axis, and inversion symmetry, the model has the form
[137]

MEK) Ak 0 Ak

H=C+Dk2+Dykd 4 | Aske ~MI Al 0
0 Apky Mk —Azk,
Ajky 0 —Azk, —M(k)

(4-2)

where kﬁ =kZ+kJ, ke = ky £ iky, and M(k) = M —B_k2 —BHkﬁ. A
4 x 4 identity matrix is implied in the first terms. The coefficients A;,
Bi, C, Dy, and M are fitting parameters determined by comparison
to ab initio calculations [137]. The parameter M effectively tunes
the strength of the spin-orbit coupling in the system. Numerically
calculating the eigenvalues of this model using periodic boundary
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Figure 4.3: Plot of the bulk bands of the model in Eq. (4.2) for ky =0 as a
function of ky, where each line corresponds to a different value
of kz. The coefficient M is negative (positive) in the left (right)
column, while the off-diagonal couplings A; are zero (finite) in
the upper (lower) plots. The red dashed lines show the edges of
bulk band gap.

conditions in the ky — k. plane, using parameter values given in
Ref. [137], results in the energy bands shown in Fig. 4.3. The figure
shows that changing the sign of M from negative to positive leads to a
band inversion when A; = 0 [Fig. 4.3b)], and the band hybridization
when A; is finite leads to an energy gap [Fig. 4.3d)].

Though there is a difference between the bulk bands in Fig. 4.3¢)
and d) for M < 0 and M > 0, the important difference between

the two cases only becomes apparent when including an interface.

Calculating the eigenvalues assuming a finite length L, in the z

direction leads to energy bands similar to Fig. 4.3c) for negative M.

For positive M, however, Fig. 4.4a) shows the presence of energy
states inside the bulk band gap. For small [k| the in-gap energy states
resemble the Dirac dispersion [142] for massless electrons, with a
Dirac point where the lines cross. Calculating the eigenvectors of
these in-gap states with ky = 0 reveals that there are two degenerate
states located at either side of the material, at z = 0 and L,, as seen
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(I) ]—IZ

Figure 4.4: (a) Energy bands of the model in Eq. (4.2) for ky = 0 as a
function of ky assuming a finite size in the z direction. There are
now states inside the bulk band gap (yellow lines). Plots of the
probability densities as functions of position for the indicated
energy values show that the in-gap energy states are localized
at either side of the material (b), which is not the case for the
states outside the bulk band gap (c). The lines in panel (b) are
shifted vertically to increase visibility.

by the probability density as a function of z in Fig. 4.4b). The same
is not the case for states above or below the band gap, as seen in
Fig. 4.4¢c). Hence, the metallic in-gap energy states are surface states,
quite different from the insulator states in the bulk bands.

The results are similar if instead of having vacuum at z = 0 and
z = L,, the sign of M changes abruptly at L,/2 while keeping |[M|
fixed, as shown in Fig. 4.5. The surface states, now located at L,/2
and L, are no longer degenerate due to the difference in interfaces.
In both cases surface states occur where there is a change in the
bulk description of the system, suggesting a connection between the
existence of surface states and the bulk properties of the system.

It turns out the occurrence of edge or surface states can be pre-
dicted based on the bulk properties of a system, which can be cat-
egorized using different topological invariants. The bulk-boundary
correspondence states that the number of surface states is related
to the change in topological invariants [123, 129, 143-145], i.e. to
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Figure 4.5: (a) Energy bands of the model in Eq. (4.2) for ky = 0 as a
function of kyx assuming a finite size in the z direction, and a
sign change of M at z = L, /2, see right axis in (b). The band
structure now is a combination of the topologically trivial and
nontrivial bands, with states in the middle of the bulk band gap.
(b) The surface states are now located close to L,/2, where M
changes sign, and at L., the interface to vacuum.

changes in the bulk of the system. In the case of topological insu-
lators the topological invariants are Z; invariants [130, 133, 134,
146, 147], which are finite for Tls and zero for trivial materials and
vacuum. Therefore, we have surface states at both the interface to
vacuum and to topologically trivial materials, materials with M < 0
in the above model, see Fig. 4.5.

4.3 SURFACE STATES

We now turn our attention to the effective theory for the surface
states, and study the properties of the surface states in more detail.
When the chemical is inside the bulk band gap it is natural to assume
that mainly the surface states contribute to the dynamics of the TI
Moreover, since surface states reside at the interface between TIs and
other non-topological materials, we assume that these states are most
relevant when coupling TIs to other materials, thus using only the
effective surface state theories to model TIs in Papers [2—5].
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In the limit [k|] — O the surface states are well described by the
Hamiltonian [137, 148]

Haut = ) W10 [hvg(oxky — oyky) — wl¥(k), (4-3)
k

where ¥(k) = (P4(k) wi(k))T, with {4 () denoting a spin up (down)
electron, and we identify hvg = A|. n is the chemical potential
determining the location of the Dirac point. Note that k = (ky, ky) =
[k|(cos ¢y, sin Py ), i.e. it contains only the 2D wavevectors on the
surface of the TL

The eigenenergies and eigenstates are found by solving the eigen-
value problem Hv = ev, resulting in the bands

e+ = *hvplk| -, (4-4)

and eigenvectors

v. — 1 ie Pk (4.52)

vz o1 ) >
1 —1

(k) (+3")

Calculating the spin expectation values (S¢); = vichi, we get

h h
(Sx)e = £5sind,  (Sy)y =F5cosdi, (S2) =0, (46)

From this we notice a few interesting features. First of all, the spin
expectation value depends on the momentum. This is due to the
special time-reversal symmetric form of the Hamiltonian Eq. (4.3),
which leads to spin-momentum locked states, with the spin pointing
normal to the momentum direction. Moreover, the spin directions
are opposite for the upper (+) and lower (-) bands. This is illustrated
in Fig. 4.6.

Due to the spin-momentum locking, the surface states are robust
against backscattering from non-magnetic impurities [124, 129, 143].
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ky

kx

Figure 4.6: Plot of energy bands e (_) in blue (red), with arrows indicating
the spin structure as a function of k, shown also in the ky —ky
plane to the right. The spin structure is independent of the
magnitude of k.

This can be explained by considering that a surface fermion can be
reflected by an impurity by taking either a clockwise or counterclock-
wise path around the impurity. The two paths lead to spin rotations
of 7 or —m, and thus an overall 27t rotation of the spin. Hence, there
is a sign difference between the two paths, and they destructively
interfere [124].

The model

Hours = ) W (K)[hvpo - k— w¥(k) (4.7)
k

is also used for the TI surface states [123, 149]. This model has the
same eigenenergies as the model in Eq. (4.3), but the spins of the
surface states are rotated counterclockwise by 7t/2 to point along
(opposite) k for the +(—) band. We will use both models, Egs. (4.3)
and (4.7), to model TI surface states later in the thesis.
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4.4 BREAKING THE TIME-REVERSAL SYMMETRY

The degenerate states at k and —k with opposite spin in one band
(see Fig. 4.6) are Kramers pairs [41], as required by the time-reversal
symmetry [150]. However, for k = 0, each band contains only one
state, and the Kramers pair is made up by the k = 0 state from both
the + and — band. Hence, the band crossing at the Dirac point is
ensured by the time-reversal symmetry of the system [124].

Introducing a perturbation to the system that breaks time-reversal
symmetry, such as a magnetic field, may therefore lift the degeneracy
of the k = 0 states, removing the Dirac point [129, 146, 151]. This be-
comes relevant for instance when placing a TI in proximity to a ferro-
or ferrimagnet [149, 152—-155], or when introducing ferromagnetically
ordered magnetic dopants in the TI [156—167]. If the magnetic field
has a component perpendicular to the interface, this induces a gap
in the surface state dispersion, dubbed the mass gap [149] in analogy
to the electron mass in the Dirac equation [142]. The surface states
can nevertheless remain intact.

When adding a coupling to a magnetic field, the model for the
surface states is changed to

Hgurt = ZWT (k) [VFky Ox — VFKx Oy —m-0— u¥(k), (4.8)
k

where m = (m,, my, m;) is a magnetic field pointing in a general
direction, with all coupling constants included in the strength |m| =
m. Calculating the surface state bands, we now get

€y = i\/(kaX—l—my)z—i-(kay —my)2+m2—p. (4.9)

Hence, we see that while the in-plane components of m only shift
the dispersion such that it is no longer symmetric around k = 0, the
out-of-plane component creates a gap in the dispersion of 2/m.|, as
illustrated in Fig. 4.7a).
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Figure 4.7: (a) Plot of energy bands e+ in Eq. (4.9) for m in the z and y
directions. (b) Plot of energy bands e (_) in blue (red) with
m = mZ, where the breaking of the time-reversal symmetry has
lead to a gap of 2m. The projections to the x —y plane and and
y — z planes show energy contour lines and the spin-projections
at these energies. Notice that (S;)_ are finite in this case, but
decrease for increasing |k|.

For notational simplicity, we define vgK = (vgk +my, vik —m,),
and calculate the eigenvectors and spin expectation values, resulting
in

VFKy + ivpKy

, (4.10a)
m; + 1/VEK[2 4+ m2 4
—m, — 4 /V&|K|2 + m2 (4.10b)

7
"FKy — iVFKX

2- 3l
~ ~
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2
where ng = VI%IKI2 + (mz + VI%|K|2 + m%) , and

h vpK
(Sx)g = iE—F J , (4.112)
\/VEKZ +m2
h VFK
(Sy>i =+ 7 =

NIy (4.11b)
veK< +mz
S h mZ 4+ m,4/viK?2
(S = T (4110)
veKs +mz +mzy/viKs +mz

For finite m, we now have finite (S;),, which decreases as |K] in-
creases. The spin structure is illustrated in Fig. 4.7b) for the case of
m = mZz, showing the momentum-dependence of the spin expecta-
tion values.

The influence of magnetic fields on the TI surface states is relevant
for the discussion of both the proximity effect between a supercon-
ductor and TI in the next chapter, and magnon-induced supercon-
ductivity in Chapter 6.




TOPOLOGICAL SUPERCONDUCTING PROXIMITY
EFFECT

When a non-superconducting material (M) is placed in proximity
to a superconductor (S), Cooper pairs can diffuse into the non-
superconducting material, leading to superconducting correlations.
This is called the proximity effect [6, 15, 16, 168-171]. This in turn
also weakens the superconductivity close to the S-M interface, an
effect called the inverse proximity effect. The nature of the proximity
effect varies greatly depending on the material M. For instance, for a
normal metal in the ballistic limit the superconducting correlations
decay over a length scale &y, as sketched in Fig. 5.1. However, for
a conventional spin-singlet superconductor in contact with a ferro-
magnet the pair-breaking effects lead to a much shorter oscillatory
decay. One important example of the proximity effect in action is the
Josephson effect [172], the presence of a supercurrent at zero voltage
and finite phase difference between two superconductors separated
by a thin insulator. Such Josephson junctions can be combined to
create superconducting quantum interference devices (SQUIDs) used
to measure magnetic fields with high precision [19].

The surface states of a topological insulator differ from normal
metal electrons in many respects: The dispersion is linear, with the
spin being locked to the momentum direction, meaning that any
proximity-induced superconducting pairing between T1I surface states
may result in Cooper pairs with symmetries different from those in
the superconductor. Moreover, while coupling normal metal electrons
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Al

Figure 5.1: Cooper pairs leak from a superconductor into the adjacent
normal metal (N), leading to a finite Cooper pair wavefunction
a finite distance into the N, and a suppressed wavefunction in
the S close to the interface. Based on similar figures in Refs. [15,

16, 173].

to an exchange field leads to pair-breaking effects due to the spin-
splitting of the bands, we saw in the previous chapter that exchange
fields do not spin-split the surface state bands, but rather open a gap
or shift the bands in k-space. Hence, one might expect the response
of proximity-induced superconductivity to an exchange field to differ
between the TI and normal metal. In this chapter we will give a brief
introduction to the topological superconducting proximity effect
— the proximity effect between a superconductor and topological
insulator, and present the main results from Papers [2, 3].

5.1 PROXIMITY EFFECT ON THE TOPOLOGICAL INSULATOR SUR-
FACE

The proximity effect on the surface of a topological insulator was first

studied by Fu and Kane [174]. They assumed that s-wave Cooper
pairs tunnel into the surface states, resulting in the effective action

1 .
S= BV % {WL [—iwn +vEk - 0 — pril ¥y

+ AT+ AT g | (5.1)
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for the TI surface states, where ¥y = [hy+ by ]T. Switching to the
diagonal basis of the non-interacting system, we find that the pairing
terms are transformed to

A . .
ATy = =Sl Ty L +e el Ty ) (52)

where + denote the + and — helicity states. Assuming that the
chemical potential is tuned far away from the superconducting gap,
urr > A > 0, we get an effective theory of a spinless px + ipy
superconductor [174]

1 .
S, = v Z {1|)Tk’+ [—iwn + Velk| — pribk 4+
k

AetPx
- 2 1-I)]T<,+ll)ik,+ + h C } (53)

This result garnered much attention because of earlier predictions
that Majorana zero modes could occur at the cores of vortices in
such superconductors [175-177], with potential application to fault-
tolerant quantum computation [178] based on non-Abelian statistics
[179-182], leading to much experimental [183-195] and theoretical
[196—206] work on such systems.

Irrespective of the presence of Majorana fermions, superconduc-
tivity on the surface of TIs is in itself interesting, differing from
the superconducting states in both conventional and cuprate super-
conductors. A more detailed handling of the coupling between the
TI and superconductor showed that the induced superconducting
correlations in the TI are a mix of s-wave spin singlet and p-wave
spin singlet correlations [197, 200, 203, 205]. Moreover, due to the
similarities between the kinetic term of the TI surface states and the
Zeeman coupling, the effects an exchange field on the superconduct-
ing state differs from regular superconductors, as we will see in the
next section.
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5.2 VORTEX SPIN VALVE

Adding a coupling to an electric potential, gauge field A, and an
in-plane exchange field m in the action Eq. (5.1), we get the action

g
S = JdTJdr {‘PT [0 —VE(iV 4+ eA)- 0 —m- 0 — uy + lep|¥
0
— o] - Aty |, (5.4)

where we have switched to an imaginary time, and coordinate basis.
From the above we see that the gauge and exchange fields enter the
action in the same way. This equation is gauge invariant under the
local transformation

Yo — 1I)ae_ie, (5-52)
eA — eA — Vo, (5.5b)
ep — ed + 06, (5.5¢)

A — Ae 20, (5.5d)

The requirement that A must be single-valued when integrating
around a contour enclosing a region with a magnetic field, leads to
flux quantization with flux quantum ®, = 7th/|e|, see the discussion
in Section 2.2. In analogy to the above transformations, we can also
define another transformation

Yo — hoe M/F, (5.6a)
A — Ae 2 tM/VE, (5.6b)

where we have defined a time-independent function M such that
VM = m. This allows us to remove the m term in the action at the
cost of an additional phase factor for the electron and Cooper pair
fields. In a Josephson junction of length L along the x direction this
leads to a cumulative phase ¢ = 2myL/vr when integrating over the
length of the junction. The current-phase relation is therefore shifted,
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Figure 5.2: (left) Sketch of the system considered in Paper [2]: A spin valve
placed on top of a TI Josephson junction. In the anti-parallel

configuration the in-plane exchange field can induce vortices in
the TI (right). No vortices a present in the parallel configuration.

I ~ sin(@ — @o) [196, 199], meaning that one can have Josephson
junctions with tunable phases ¢ other than 0 and 7t in the ground
state.
Integrating around a contour € and requiring that the gap must be
single-valued, we get the requirement
Zi;dl-VM:2§dl-m:2JdS-V><mzZT[N. (5.7)
VE VE VF
e e A
Defining an effective flux @, = [, dS- V x m, we see that this flux
is quantized in terms of the new flux quantum ®F* = 7tvg. Therefore,
it should be possible to induce vortices by an in-plane exchange
field. This was examined in Paper [2] using the quasiclassical Usadel
equation [207] for topological insulators in proximity to supercon-
ductors [208—210], showing that a spin valve structure on top of a TI
Josephson junction can be used to control the presence of vortices,
see Fig. 5.2.

5.3 INVERSE PROXIMITY EFFECT

The aforementioned effect depends on the fact that superconductivity
is present in the system, and it is thus crucial that the inverse prox-
imity effect is weak enough that the superconducting correlations
survive when coupling to a TI. This problem was first addressed
in Refs. [200, 202] and [201] for the case of 2D and 3D topological
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Figure 5.3: Plots of the symmetry functions v(k) in Eq. (5.9) for the s-wave
and d-wave cases.

insulators respectively,’ showing that the superconducting correla-
tions decayed compared to the bulk value close to the S-TI interface,
but still remained finite. In Paper [3] we investigated if there exist
situations where the inverse proximity effect is strong, resulting in a
large decrease in the superconducting gap, by studying a model of an
effectively 2D s-wave or d-wave superconductor coupled to the sur-
face states of a TI. The bulk states were not considered, though these
can also become superconducting [192, 211], meaning the chemical
potential should be located inside the bulk gap of the TI. The model
consists of three terms, S = Ss + St1 + S, where the superconducting
part reads

1

Ss = [37\/ Z[_iwn + €x — U’]Cicckc
k,o
Vi
- Z (BV)3 CLTCJLmekQCk'T, (5-8)
Kk’

where the interaction written in separable form [19]

Viekr = gv(k)v(k') (5.9)

with v(k) determining the symmetry of the interaction. For s-wave

v(k) = 1, while for dy2_y2-wave v(k) = V2 cos 2¢y, as illustrated in

Fig. 5.3. The coupling strength g is finite only for —w_ < ex —u <

"Unfortunately, I was not aware of these works when working on and writing
Paper [3], and therefore failed to mention that such self-consistent calculations had
already been performed.
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w4, where w4 is an upper (lower) cut-off frequency. For the TI
surface state theory St; we use Eq. (5.1) with |A| = 0. The TI surface
states are coupled to electrons in the superconductor by the hopping
term [204, 212—214]

1
St = 7[37\/ Z t[CTko—lka + ll)]‘i-(o'cko—]' (5-10)
k,o

Integrating out the TI fermions leads to an SOC term in the ef-
fective S action [213], which for an s-wave superconductor is ex-
pected to result in p-wave correlations, see e.g. Ref. [106]. Performing
a Hubbard-Stratonovich decoupling, and calculating the Green’s
function in the superconductor, this is exactly what we find. The
anomalous Green's function has the form

Fk) = oK)

= or o PRl + PR(k- o] ioy, (5.11)
n T Bk

where Ey = v/(ex — 1)2 +|A(k)|?, indicating that the proximity to
the TI has induced spin triplet p-wave (f-wave) correlations in the
s-wave (d-wave) superconductor [200, 201]. The form of F(k) is very
similar to that found on the TI side of an S-TI bilayer in Ref. [203].
The anomalous Green’s function does not contain odd-frequency
correlations. However, adding an in-plane exchange field does re-
sult in odd-frequency correlations, in agreement with the results in
Ref. [203]. Proximity-induced odd-frequency pairing was recently
observed in the bulk of a TI with a magnetic field applied parallel to
the interface [211].

Due to the induced spin-orbit coupling, the spin basis is no longer
the eigenbasis of the S. In the normal state (T > T.) we have the
bands

1
ex(k) = 2 [ex — n+Avek| — pry

+Y\/(€k—H—?\VFlk|+uT1)2+4t2], (5.12)
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Figure 5.4: Plots of the bands e}\’(k) in Eq. (5.12) for different pr with
parameter values relevant for (a) s-wave and (b) d-wave super-
conductors, with line widths proportional to the spectral weights
in Eq. (5.13). The dotted lines in the inset in (a) show the cut-off
momenta corresponding to the cut-off frequencies w+.

with quasiparticle weights given by the residues of the Green’s func-
tion,

—u—Avglk
Wl ) ]+ €x — 1t — Avglk| + pr

- , 1
2 2y len— = Avelkl £ )2 140 (5.13)

where A,y = £. The bands are plotted in Fig. 5.4 for typical parameter
values for conventional s-wave and high-T. d-wave superconductors.
In both cases we see that for certain choices of pry there is a strong
hybridization of the bands close to the Fermi level, leading to only
one band crossing and thus a reduced density of states at the Fermi
level. This could in turn result in a reduced superconducting gap.
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In the superconducting state we have the bands

1
V2
+v{[E§ — (Avplk| — prr)?)?

E) (k) = {Eﬁ + (Wplk| — )2 + 2t2

+ 48 (e — pt Avelkd — pm)? + AP, 1g)

where Ey = /(e — 1)2 +A(k)[2, and A(k) = Av(k) is determined
self-consistently from the gap equation

— (Avglk] — ppp)? BEY (k)
tanh .
V%% Ey )Ex(k)Z—EZ(k)Z T2

(5.15)

Solving the gap equation numerically, we get the dependence on pg
and t shown in Fig. 5.5a) and b) for the s-wave and d-wave cases,
which we discuss in more detail in the following.

5.3.1 s-wave superconductors

In the s-wave case there is a reduction in the superconducting gap
when p}‘f <um < u}‘f, where

tZ
W (1) = Ay/2mvE (n F wp) o (5.16)

with cut-off frequencies w set to the Debye frequency wp. This cor-
responds to chemical potentials where one normal band [Eq. (5.12)]
does not cross the Fermi level within a range of momenta given
by the cut-off frequencies, see the inset in Fig. 5.4a). Naively we
therefore expect a reduction in the gap to the value |A| = |Agle=1/2,
where A = gDy is the dimensionless coupling constant and Dy is the
normal density of states at the Fermi level, since this corresponds
to the density of states being halved. From the inset in Fig. 5.5a) we
see that this is in good agreement with the numerical results. The
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Figure 5.5: Plots of the superconducting gap at T = 0 normalized to the
bulk value Ay as a function of prp and t for the (a) s-wave and
(b) d-wave cases. The inset in (a) shows the normalized gap as a
function of pry at three specific values of t, where the dashed
line indicates the value e~ '/?, where A is the dimensionless
coupling constant.

reduction of A thus decreases for increasing A, as seen in Fig. 5.6,
consistent with the fact that the superconducting state is more robust
for higher coupling constants.

For most conventional s-wave superconductors the values u%ii (t~
0) lie far outside the bulk gap of the TI due to the high chemical
potential 1, meaning a strong coupling t is necessary to observe the
strongly reduced gap. Since no strong inverse proximity effect has
been observed, e.g. in Ref. [193], it seems that the coupling is too
weak in most systems. This is also in agreement with the results in
Refs. [200—-202]. Moreover, since we only consider the surface states,
our model is not valid for chemical potentials outside the bulk gap.
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Figure 5.6: Plot of the normalized superconducting gap as a function of
urr for different effective coupling constants A for the (a) s-wave
and (b) d-wave cases, showing that the suppression decreases
for increasing A.

5.3.2 d-wave superconductors

In the case of d-wave superconductors, the chemical potential is typ-
ically much lower, leading to strong suppression for pry inside the
bulk band gap even at very low coupling, see Fig. 5.5b), and should
therefore be experimentally more accessible. We here use cut-off
frequencies of the order of the characteristic energies of antiferromag-
netic fluctuations assumed to be relevant for high-T. superconductors
[61-63, 215—220]. The suppression now occurs when the hybridiza-
tion of the bands Eq. (5.12) is so strong that the bands bend away
from the Fermi level, see Fig. 5.4b), leading to a reduced number of
bands crossing the Fermi level. However, when the maxima or min-
ima of the bent bands are located close to the Fermi level the density
of states is increased, thus explaining the increase in the normalized
gap seen in Fig. 5.5b). In principle it could therefore be possible to
tune the superconducting gap by a few orders of magnitude by small
variations in prr. From Fig. 5.6 we again see that increasing A leads
to smaller suppression of the gap, and a reduced increase at pfﬁ The
inverse proximity effect between a high-T. superconductor and a TI
was also studied in Ref. [221] using dynamical mean field theory,
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showing that the coupling to a TI could lead to a large suppression
of the gap for certain parameter values.



MAGNON-MEDIATED SUPERCONDUCTIVITY

In the previous chapter we discussed superconductivity on the sur-
face of topological insulators due to proximity to superconductors.
In this chapter we will discuss another proximity system, namely a
topological insulator coupled to a ferromagnetic insulator (FMI). Kar-
garian, Efimkin and Galitski [222] showed that the coupling between
the topological surface states of the TI and the magnetic fluctuations
— the magnons — in the FMI could lead to a novel type of super-
conductivity called Amperean pairing [223], where the momenta of
the Cooper pair electrons point in the same direction, see Fig. 6.1, in
contrast to regular BCS pairing where the momenta are opposite.
The idea of magnons being mediators of attractive interactions
leading to superconductivity is not unique to TI-FMI systems, as
it is one of the proposed mechanisms for superconductivity in cer-
tain unconventional superconductors [224, 225], where there can
be either competing or coexisting magnetic and superconducting
phases [61-63, 215—220, 226—231]. Moreover, there have also been

Ampére’s force law Amperean paring

Fi12 b r
Foq .1, L

Figure 6.1: In analogy with the attractive force between two current-
carrying wires, Amperean pairing is caused by attractive in-
teractions between fermions with close to parallel momenta.
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zZ 0

I

~_7
~—

Figure 6.2: The topological surface states are coupled to the magnetic
moments in the ferromagnetic insulator with magnetization
direction determined by the angle 0 relative to the z axis.

studies of superconductivity in systems consisting of ferromagnetic
and antiferromagnetic insulators coupled to normal metals [232-236].

In this chapter we will discuss the results of Papers [4] and [5],
focusing on a TI coupled to an FMI, allowing for a tilted magneti-
zation, see Fig. 6.2. In Paper [4] we also considered coupling to an
antiferromagnetic insulator (AFMI), giving similar results to that of
an FMI. However, this model does not capture important differences
between the FMI and AFMI cases, such as the enhanced interaction
strengths due to asymmetric couplings between the AFMI sublattices
[234, 236—239]. For this reason, we will focus on the FMI case for the
remainder of the chapter.

6.1 FERROMAGNETIC INSULATOR

The ferromagnetic insulator is modeled using the action [222, 240]

sm:JdTJdr [b(m).iaTm+§(Vm)2—7\(m.a)2 . (61)
0

where m is the magnetic moment in the FMI, and & = sin 6% + cos 62.
In general, we could also have included a y-component in a, but this
can be shown to be equivalent with the chosen axis a. The first term
in S, is the Berry phase term describing how the action depends
on the trajectory, and thus history, of the magnetic moment [110].
b(m) is the Berry connection satisfying V, x b(m) = m/|m|? [110,



6.1 FERROMAGNETIC INSULATOR

p. 104], where Vi = (0, Om,, Om,). K must be positive in order for
the system to be stable.

Assuming no time- and space-dependence, the action is minimized
by maximizing m in the direction of a for positive A. Therefore, in
the ground state all spins are oriented along a. Fixing the length of
m, lm| = M, we parametrize the magnetic moment vector in terms of
fluctuations n in the directions orthogonal to 4,

m = /1 —n?ma+ mn, (6.2)
with
n = (N, Ny, n;) =n(cos 0% —sin 02) +ny7y, (6.3)

where we assume the fluctuations are small, |n] < 1. We have
two independent fluctuation directions orthogonal to the axis a
parametrized by n and ny. For the Berry connection, we use [222]

b=—- (6.4)

which to lowest order in fluctuations results in V, x b = a/m.
Rewriting the action in terms of the fluctuations and Fourier trans-
forming, we get to second order in n

Qn A
sn—g;; [2[n(—q)xn(qn-a+qu(—q)-n<q) , (63)

where we have defined the magnon dispersion

Wq = %qz AT (6.6)
From this we see that the magnon energy increases quadratically
with increasing wavenumber, and that there is a finite energy cost
Am of creating any spin wave due to the easy-axis anisotropy.

In Paper [4] we used a slightly different model, where the TI
surface states and the FMI magnetization are indirectly coupled by
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fermions residing on the surface of the FMI [240]. This leads to a
renormalization of the parameter A in the magnon model, making
negative values of A possible for the fluctuations. We will therefore
also discuss negative values of A below, interpreting it as an effective
value for the fluctuations due to a more complex underlying model,
while still having an easy-axis along a.

6.2 MAGNON-MEDIATED INTERACTION

On the surface between the FMI and TI we couple the surface
states and magnetic moments via an exchange interaction term with
strength |

Se=— J’dTJdr Jm-Yigy, (6.7)

0
where ¥ = ({4, ¥ L)T, where 1), describe the electrons on the surface
of the TI with spin o =7, . Fourier transforming the coupling term,

and separating the mean-field and fluctuation terms we get S. =
S™ + S?, with

Sm = — [I;{‘/ % via. ov, (6.8a)
n Jm
- BV ;qw,t+qn(q) oYy, (6.8b)

to leading order in n. The six vertexes in Eq. (6.8b) are shown in
Fig. 6.3.
Adding Eq. (6.8a) to the TI action

1 .
STI g [37\/ Z \PL[*lwn +VF(kxo-y - ky O—X) - H]\Pk/ (69)
k

results in a gap and/or a k-space shift in the surface state dispersion
of the =+ helicity states (see Section 4.4),

ex (k) = £4/vEkZ +vE(ky —Ky)2+ M2 —p, (6.10)
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cos 0 [skrk fq T TkS, }q]

t t VIR
Vi1 cos 0 ¢k+q,i Vi, cos 0 ll)kJrq‘T W, k+q,+
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Figure 6.3: Diagrams for interaction vertexes in Eq. (6.8b), and the resulting
interaction vertexes when projecting to the + helicity band, see
Eq. (6.11). The coupling functions for each vertex is written in
blue font, denoted V]l<,k +q with 1 = x,y, z for the + helicity band
in the rightmost column.

where we have defined M = Jm cos 0 and vgK, = Jm sin 6. Assuming
that u > 0, only the + helicity states will contribute significantly to
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z IJ’1<-¢—q + IJ)k-¢—q

1 1
| y |
I I
I I

Vs s Yk (O Yy ]
() (b)

Figure 6.4: Diagrams for effective interactions mediated by (a) n and (b) ny,

constructed from the diagrams in Fig. 6.3.

any dynamical processes in the system. Hence, we get the mapping
between the spin basis and the + band,

Pyp — \/S:(Tkll)k+/ (6.11a)
Py — \/T%(ll)kju, (6.11b)

where si = Vi(ky — Ky) + iveky, Tk = M+ /M2 + [si]?, and ny, =
2 + |sk/?. Inserting this mapping into the coupling term Eq. (6.8b),
the interaction vertexes are transformed as shown in Fig. 6.3, leading
to new effective coupling functions between the surface states and
magnon species n and ny, denoted v}(,k +q with i = x,y, z. These
coupling functions reflect the fact that due to the spin-orbit coupling
the spin-up and spin-down weights of a surface state depend on the
momentum direction, and thus the scattering processes depend on
the incoming and outgoing momenta of the surface states.

As with phonons in the BCS theory, the interactions between
surface states and magnons lead to interactions between the surface
states mediated by the n or ny magnons, as illustrated in Fig. 6.4.
Including all possible diagrams to second order in J, we get the
following theory for the + fermions,



6.3 THE GAP EQUATION

1

S+:[Tvz[ L + e (k) — phblby

Z Vi (q +%¢1k+%¢7k’+%wk’+%/
kk’
(6.12)

where we have dropped the subscript + for notational simplicity, and
defined the symmetrized interaction matrix

2. -
m
Vi) =~ [D(k— K)Aqlk k') — Dl + K)Aq(k, )]
(6.13)
with magnon propagator
w
D(q) = o, 6.
and scattering form factor
A k)= T] Vit g ier gV g ks
i,j=x,z
+VE’+%,k+ngk’+g,fk+%‘ (6.15)

6.3 THE GAP EQUATION

In the above interaction term we have allowed for a finite center-of-
mass momentum q, which could in principle lead to Cooper pairing
with a finite center-of-mass momentum. Moreover, whenever Ky # 0,
the dispersion € (k) is centered at k = (0, Ky ), meaning that Cooper
pairs can have a finite center-of-mass momentum even when located
at opposite sides of the Fermi surface. This would be analogous to
FFLO states [51, 52], and we thus have some similarities with the
Rashba spin-orbit coupled and Zeeman split system discussed in
Section 3.4.
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Introducing a bosonic Cooper pair field A through a Hubbard-
Stratonovich decoupling, and deriving the gap equation along the
lines sketched in Section 2.3, we arrive at

2 AL(K)Viae (Q)
QT BV A—fiwn— e§ (k) —Eq(k)]fiwn— e (k) + Eq(K)]’
(6.16)

Here we have specialized to one center-of-mass momentum Q, while
the center-of-mass frequency is set to zero, meaning Q = (0, Q). We
have also defined the even and odd parts of the dispersion relation

€4 (k+%) — €4 (—k—i—%)

eg(k) = 5 , (6.17a)
k+9)+e (—k+2
ea(k) = - ( 2> 2€+ < 2>’ (6.17b)
and the function
Eq(k) = /le§ (k)12 +1Aq(K)2. (6.18)

Notice that Eg(k) depends on the Matsubara frequency wy through
the frequency dependence of Ag(k).

Since the gap function Ag(k) describes pseudo-spin triplet Cooper
pairs — the interaction is only between + helicity fermions — we see
from Table 2.1 that the gap function must either be even in frequency
and odd in momentum, or odd in frequency and even in momentum.
From Egs. (6.13) and (6.16) we see that the only dependence on the
free frequency w;, comes from the magnon propagator. Neglecting
the frequency dependence in the propagator [228, 229, 237] thus
amounts to specializing to the odd-momentum state. We will study
possible superconducting states in this limit first, before later treating
the frequency-dependent gap equation.



64 ZERO FREQUENCY LIMIT
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Figure 6.5: Plot of 4Txg(k) with Ag = 0 as a function of momentum for
different center-of-mass momenta Q = (Qy,0). The tilt angle
0 =0, resulting in Ky = 0, and the temperature is set to kgT =
2 x 1073 eV. We get similar results when when increasing Q.

64 ZERO FREQUENCY LIMIT

In the zero frequency limit the magnon propagator simplifies to
D(q) = w;‘ , leading to a simplified gap equation

, 2
Ak =~ % Viae (Q)A4 (K)xq (K), (6.19)

with

{tan B|eg (k) + Eq()|

1
XQ(k) = m P

—tanh

> (6.20)

B|eg (k) — Eq(k)] }
For notational simplicity we shift Q — Q + 2K, with K = (0,Ky),
which ensures that the dispersion eg(k) is always centered at the
origin when Q = 0 independent of the tilt angle 6. Plots of xq(k) for
different center-of-mass momenta Q are shown in Fig. 6.5. From the
figure we see that for zero center-of-mass momentum, corresponding
to the regular BCS type pairing, xq gives a large contribution around

the entire Fermi surface [k| = kg, thus resulting in a large phase-space.

The reason for this is that eg(k) = 0 for all k in this case, giving
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BCS Amperean

—k

Figure 6.6: The figure shows the momentum space coordinates used when
studying the BCS and Amperean cases. While both k and —k can
reside on the Fermi surface (blue) in the BCS case, it becomes
increasingly difficult to place both momenta P & k close to the
Fermi surface when |k| increases in the Amperean case.

Xq a sharp peak at the Fermi level. Increasing Qy shifts the zeros
of e, (£k + Q/2) apart, giving a strong peak only where the Fermi
surfaces intersect, thus dramatically reducing the phase-space. The
points at which the two Fermi surfaces intersect are brought closer
together for increasing Q, and coalesce to one point at Qx = 2k,
leading to an extended peak around the origin. Hence, we have the
largest phase-space for Q = 0, and a significant, but smaller phase-
space for |Q| ~ 2kg. We therefore investigate the possibility of pairing
at these two center-of-mass momenta, illustrated in Fig. 6.6.

6.4.1 BCS type pairing (Q = 0)

Setting Q = 0 and assuming that the gap M is small compared to the
chemical potential p, the functions sy and vy defined after Eq. (6.11)
are simplified to sy = ilkle~ %% and 1y = |k Assuming that k and k’
lie close to the Fermi surface, we get the scattering form factor

Ao(k k') = —e' 1P [T —gin? @ sin ¢y sin Py ] - (6.21)

As seen in Fig. 6.7a) the form factor becomes anisotropic in k space
when the magnetization has an in-plane component. However, the
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Figure 6.7: (a) Plot of the absolute value of Ay in Eq. (6.21) as a function of
b with &y = /2 for different tilt angles 6. (b) Eigenvalues 1
of the gap equation Eq. (6.22) as a function of A.

expression in the square brackets never changes sign, and for ¢y =
¢y the interaction Vi (0) is always positive for A > 0. For negative
A, however, the magnon dispersion and thus the magnon propagator
can change sign, resulting in a negative interaction potential for
certain momentum values. Solving the eigenvalue problem derived
from the linearized gap equation [39],

nab (k) = — (2Via (A k)) (6.22)
where (...); pg denotes a Fermi surface average, we get the eigen-
values in Fig. 6.7b). The critical temperature is proportional to e¢/™
with some constant ¢, and we therefore see that we have finite critical
temperatures for A < 0. For positive A, however, the eigenvalues are
very small, and by inspecting the eigenvectors one finds that these
are not actual solutions of the gap equation. Based on numerical
calculations we therefore conclude that BCS pairing is possible for
A < 0and p > M, i.e. when the Fermi momentum is finite. Moreover,
remembering that the dispersion actually is shifted by K even when
Q =0, the pairing is of FFLO type whenever the magnetization has
a finite in-plane component.
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6.4.2  Amperean pairing (|Q| = 2kg)

For notational simplicity we define the vector P = kg(cos ¢p, sin ¢p),
where kg = \/p? — M2 /vg, such that in the Amperean pairing case
Q = 2P. To zeroth order in momenta at 1 > M, we get the scattering
form factor

Azp(k, k') = 1—sin? 8sin? dp + O([kl, [K]), (6.23)

leading to a decrease in the scattering strength for certain center-of-
mass momenta when the magnetization has an in-plane component.
More importantly, the form factor has the opposite sign compared to
the BCS case, and the interaction should therefore be attractive when
A>0.

Solving the linearized gap equation numerically [241] we indeed
find solutions which are odd in k, as seen from Fig. 6.8a) and b)

Re A [a.u.] Im A [a.u.]
0 - 0

- 0
o kx/kF
1071(c) s 5@

— 1 =)
) = 4
a2 ~ 3 bp
=0 =
= < 2 + o
K <, + n/4

10 F o /2

0.01 0.1 R 1 0 ' /4 ' 72
J [eV nm?| 0

Figure 6.8: (a) Real and (b) imaginary parts of the eigenvalues of the gap
equation at the critical temperature. (c) Critical temperature
as a function of coupling J, and (d) tilt angle 6 for different
orientations of P at | = 0.01 eVnm?.
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for the real and imaginary part of A, where the critical temperature
depends on the coupling ] as shown in Fig. 6.8c). From Eq. (6.23) we
expect the critical temperature to decrease for increasing 6 when 0 <
¢p < 7, which agrees with the numerical results in Fig. 6.8d). Hence,
whenever the magnetization has an in-plane component, we expect
the superconducting pairing to arise for center-of-mass momenta
P = (%kg, 0). From the figure we also see that the critical temperature
increases for ¢pp = O, the reason for which is not apparent from
the lowest order expression Eq. (6.23), and is probably caused by
higher-order terms in Ap.

65 FREQUENCY DEPENDENT GAP SOLUTIONS

When including the frequency dependence of the magnon propa-
gator we can no longer neglect the frequency dependence of the
superconducting gap itself. This is evident when writing out the
linearized gap equation

tA

_JPm oNK)
AE(N’,k’) = %( [Nt+i€+(k+%)}[Nt—i€+<—k+%>}
wi—kAg(k k')
X {(N —NN2t2 + 2wy_g)?

= —k/)] ,
(6.24)

where we have written the Matsubara frequencies as wn, = Nt with
N = 2n + 1 being odd numbers, and t = 7kgT is a temperature
parameter. Since the right-hand side of the equation depends on
the free frequency parameter N’, the gap must also be frequency
dependent. Based on the fact that the gap has the overall symmetry
Ag(N, k) = —Ag(—N, —k), we therefore have two possible symmetry
channels (see Table 2.1),

Ag(N, k) = AG(N, k) + A (N, k), (6.25)

where AS/O(N,k) = [Ag(N, k) + Ag(—N,k)]/2 is even (odd) in fre-
quency and odd (even) in momentum.

85



86

MAGNON-MEDIATED SUPERCONDUCTIVITY

Including a finite number N, and Ny of positive Matsubara fre-
quencies and reciprocal lattice points respectively, we can numer-
ically solve the gap equation as a matrix equation A = MA by
finding the temperature t where the largest eigenvalue of the matrix
M is equal to 1. Here A is a vector of length 2N, Ny and M is a
(2N, Ny) x (2N, Ny ) matrix.

We normalize the eigenvectors such that

Nw

> D lAgn+1,K)P
n=—N, k

Now

Z Z AG(2n+1,K)[F + A (2n+1,k)[*], (6.26)
n=—Ng

1=

<l-

1
TV

and define the weight function for frequency index N and symmetry
i=-¢e,0,
1 .
wi(N):\/%[Ab(N,k)] Ag(N, k) = Z|AQ (N, k)2
(6.27)

which is an even function of N. Hence, the total weight of each
symmetry channel is determined by

Nw
Wi= )  wi2n+1), (6.28)

n=—Ng

which satisfies W, + W, = 1.

Solving the gap equation numerically in the case of Amperean
pairing (Q = 2P) we find that the odd-frequency channel is the dom-
inating channel, W, > W,, independent of coupling strength, tilt
angle and orientation of P, see Fig. 6.9. The reason for this might be
that the interaction is maximized when k = 0, a point which does not
contribute to the gap equation for an even frequency, odd momentum
state. The gap equation for the odd-frequency gap will therefore get
a much larger contribution from the area around k = 0 compared to
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Figure 6.9: Plot of (a) critical temperature and (b) weight functions W;
as functions of coupling ] for different N,, and (c) critical
temperature and (d) weight functions as functions of tilt angle 8
for different orientations of P.

the even-frequency gap, enhancing its value compared to the even-
frequency solution. Moreover, it has previously been shown that a
finite center-of-mass momentum stabilizes odd-frequency pairing
[242—244], consistent with the present results.

The fact that there is close to no change in the results for T, when
increasing N, [Fig. 6.9a)] probably reflects the fact that this is not a
strong coupling calculation which takes the renormalization of sur-
face state and magnon propagators into account [222]. Without this
renormalization, the largest contribution to the gap equation always
comes from N = N’ = +1, independent of N,. It would therefore
be interesting to perform a strong coupling calculation using e.g.
Eliashberg theory [245-247], especially for antiferromagnetic insula-
tors which might have enhanced critical temperatures compared to
ferromagnetic insulators [234, 236, 239].
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OUTLOOK

In this thesis we have considered the possible superconducting states
in the effectively two-dimensional systems occurring in different
heterostructures, and in particular on the surface of topological insu-
lators. While the previous chapters have introduced and summarized
the work leading to the enclosed research papers, I would now like
to take a brief look forward to possible future research.

The first point is rather general and applies to most, if not all the
enclosed papers related to topological insulators. When modeling the
TI we chose to always include only the surface states in the model.
This includes only the most relevant states close to the interface to
other materials, and thus simplifies the analysis greatly. It would
however be interesting to consider the entire topological insulator,
including the insulating bulk, not just to check the robustness of our
results, but also in the hope of finding new interesting phenomena.

There are many possible avenues for further research on magnon-
mediated superconductivity in TIs coupled to ferromagnetic or an-
tiferromagnetic insulators. First of all one should investigate the
possible superconducting states in a strong coupling calculation
such as Eliashberg theory. Moreover, it would be interesting to ex-
amine what experimental signatures the even- and odd-frequency
Amperean pairing states would have by for instance performing
transport calculations, or study the Meissner response by deriving
and studying the Ginzburg-Landau theory. This could give a means
to distinguishing the Amperean state from the BCS state.
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Common for the systems studied in Papers [1-5] is the role of
spin-orbit coupling in generating interesting superconducting states,
both by itself and in cooperation with exchange fields. It will be
interesting to see what developments will come in this research venue,
both in expanding our knowledge and hopefully in technological
applications.
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ABBREVIATIONS

2D two-dimensional.
2DEG 2D electron gas.
3D three-dimensional.

AFMI antiferromagnetic insulator.

BCS Bardeen-Cooper-Scrieffer.
BKT Berezinskii-Kosterlitz-Thouless.

c.c. complex conjugate.

FFLO Fulde-Ferrel-Larkin-Ovchinnikov.
FMI ferromagnetic insulator.

GL Ginzburg-Landau.

h.c. Hermitian conjugate.
HS Hubbard-Stratonovich.

QHE quantum Hall effect.
QSHE quantum spin Hall effect.

S superconductor.
SHE spin Hall effect.
SOC spin-orbit coupling.

TI topological insulator.

113






APPENDIX

115






PATH INTEGRAL FORMALISM

We here give a brief introduction to the many-body path integral
formalism, meant mostly as a reference, following the treatment in
Altland and Simons [40] and Lancaster and Blundell [41].

The Schrodinger equation describes the evolution of a particle,

¢ b)) = HW), (A.1)

where H is the Hamiltonian operator. Assuming that the Hamiltonian
has no explicit time-dependence, we can integrate the Schrodinger
equation between an initial and final time t; and t¢ respectively,

W (te)) = e 1) (1)) = Uty t) hp(t:), (A.2)

where we have defined the unitary time evolution operator U(t’, t) =
e~ (') which describes the evolution of state [b) from time
t to t’. From this definition it is clear that U has the property
ut”,t)u(t’,t) = U(t”,t), from which we see that we can write
emtHt—t) — |o—iHAL N, where the time has been split into N
smaller time intervals At = (t; —t;)/N.

This can be used when calculating for instance the amplitude A of
a particle going from coordinate q; at time t; = O to coordinate q at

time t¢f = t,
A N
A= (arlU(t,0)las) = (arl [e7M2] " jq)

= (q¢| e tHAL o~ tRAL gy (A.3)
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Here |q) is a position eigenstate, which forms a complete set and
thus satisfies the identity

] =qu ) (g (Ag)

Inserting such identities between each operator U(At,0) in the ex-
pression for A, we get

A= quN_L..qu] (gl e~ tHAt laN_1) ... <q1|e*iHAt Iq1)
N-1
= quN_1...qu1 H An, (A.5)
n=0

where Ay = (qns1letH4%qy), and we use qo = q; and qn = qr.
We have essentially divided the trajectory between the spacetime
points (ti, qi) and (t¢, q¢) into N independent trajectories with time
intervals At, and then sum over all possible intermediate positions
qn between the points q; and q¢. In other words, in the limit N — oo
we sum over all possible trajectories between (ti,qi) and (t¢, q¢).
This is what is often called the Feynman path integral approach.
We will not proceed here with the single particle path integral, but
instead focus on the path integral for many-particle systems.

In the many-body case we are interested in the quantum partition
function®

=Y (nle Py, (A.6)

where the states {In)} represent a complete set in Fock space. Since
the many-body Hamiltonian is given in terms of creation and annihi-
lation operators, it is convenient to use states which are eigenstates
of these operators, namely coherent states.

For notational simplicity we have included the pN term in H.



A.1 COHERENT STATES

A.1 COHERENT STATES

We define the coherent state ) as an eigenstate of the annihilation
operator ¢, with quantum number «,

Cx |¢> =V« |1b> ’ (A7)

where 1\, is the eigenvalue. The fermionic annihilation operators
anticommute, which means we must have

cacp ) =) Yobg = —cpeah) = —[0) Vphq. (A.8)

We see that the eigenvalues must also anticommute, pobpg = =y,
meaning they can not be ordinary complex values, but rather Grass-
mann numbers. The Grassmann numbers also anticommute with the
fermionic operators ¢, and cfx. From the anticommutation relations
we also see that ), = 0, meaning that any function of Grassmann
numbers can only go up to linear order in each number 1.

We now show that the fermionic coherent states are defined by

hp) = e~ Zaback |0y (A.9)

where [0) is the vacuum state. Operating with an operator cg, we get

o [z

cplb) =cp ) - 0) =cp [ (1 —uck)10)
k=0 ' x
= JTO—wachwpl0) =wp ), (A.10)
a#R

where we have used ll)é = 0 to rewrite g |0) = P (1 —ﬂ)BCE) 10).
The adjoint coherent state is given by

(| = (0] eZ bice, (A.11)
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where it is important to note that ‘LI):rx is an independent variable, and
not the hermitian conjugate of 1\ . From this we find that the overlap
between two coherent states is

(v = O T T(T+nkea) (1 —wpch) l0)
o, 3

= O] +nibacach)0) = eZansbe, (A.12)
X
Finally, the coherent states have the completeness relation
1= [aplap e Tobhve ), (A13)

where dTdyp = [ dxpl(dmpcx. To show that this holds, we insert the
identity into

(i) = | dpidp e Za¥e ) (pin)

— pdll).i—dll) e_zawgwanBﬂEﬂ)Beszinv

0 avtay e ZalWhkbamnlba—bina (A.14)

This has the form of a Gaussian integral. The Gaussian integral for
Grassmann numbers is given by

Jdllﬁdll) e*‘lﬁaﬂ)JrllﬁﬂJrﬂtll) — J'dll)leb(] —II)TCU.])
+dIn 4+ +Ppinniy)
nfn

=a+nn=aew, (A.15)

where a is a complex number, and we have used the definitions
Jdp =0and [d ¢y = 1 for integration of Grassmann variables.
Generalizing this to multiple Grassmann variables results in

Jdlwdll) e—ll)J&Aoqsll)a-i-lbLna-i-nlea — detA eTlJ&A;E;T]ﬁl (A.16)



A.2 COHERENT STATE PATH INTEGRAL

where summation of repeated indexes is implied, and A is a complex
matrix. Applying the latter equation to Eq. (A.14), we get

(nin) = eXananes (A.17)

which is in agreement with Eq. (A.12), showing that the completeness
relation does indeed hold.

While we have here focused solely on the fermionic coherent states,
the bosonic coherent states are defined in exactly the same way,
and the relations above hold for both, with only a differing sign in
some cases [40, p. 164]. However, since we are mostly interested in
fermionic systems, we will focus on this case in the following.

A.2 COHERENT STATE PATH INTEGRAL

We now use the fermionic coherent states when constructing the
path integral. Inserting the completeness relation Eq. (A.13) into the
quantum partition function Eq. (A.6), we get

2= | aplap e T i (uig) (ple P n)

— [ aplap e Zavite (e P y). (A.18)

We now follow essentially the same procedure as at the beginning
of the appendix: We split the imaginary time interval 3 into N
equally spaced segments At = 3/N, and insert N — 1 copies of the
completeness relation Eq. (A.13). To simplify the notation we will
now use 1 to mean a vector of all {4, such that YTy = 5~ 0611)&1])0(.
We also use the notation 1\, for 1 at imaginary time nAt. Hence, we
have

N
2= J(H dwidwn> (nle PR e HAT gy

n=1
YR 1 _ 1
X (PN 1] e TP AT ) (g [ e oo e HAT )
(A.19)
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where PN = —p. Using

(W i1l (e, c) fbn) = HEWT |, b )ebniin, (A.20)

we see that the partition function gets terms in the exponential which
can be written

N—-1 N—1
S Wh vl en = Y 0l a1 — ), (A-21)
n=0 n=0

where we have used 1])21])0 = 1|)TN1])N after shifting n — n+1in the
first term. Inserting this into the partition function we get

(A.22)
Since At — 0 in the limit N — oo, we let
No1 B
At Z Jd’t, (A.23)
n=0 0
HO! 1, ] = HDT(nAT), h(nAT)], (A.24)
and define
T e U)
e e (A.25)
N
DYiDy = ]&iirlmg At dy,. (A.26)

Hence, we arrive at the path integral (or functional integral)

Jm*m ) (A.27)



A.2 COHERENT STATE PATH INTEGRAL

where we have defined the action

B
Skt p) = JdT [who + HOwT, )] (A.28)

0

Though we have focused on fermionic coherent states, the result
is exactly the same for bosons. The difference lies in the boundary
conditions of the fields ' and 1,

Y(B)=+w(0),  $I(B)=+w(0), (A.29)

where the upper (lower) sign is for bosons (fermions).
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We study the superconducting order in a two-dimensional square lattice Hubbard model with weak repulsive
interactions, subject to a Zeeman field and weak Rashba spin-orbit interactions. Diagonalizing the noninteracting
Hamiltonian leads to two separate bands, and by deriving an effective low-energy interaction we find the mean
field gap equations for the superconducting order parameter on the bands. Solving the gap equations just below the
critical temperature, we find that superconductivity is caused by Kohn-Luttinger-type interaction, while the pairing
symmetry of the bands is indirectly affected by the spin-orbit coupling. The dominating attractive momentum
channel of the Kohn-Luttinger term depends on the filling fraction n of the system, and it is therefore possible to
change the momentum dependence of the order parameter by tuning n. Moreover, n also determines which band
has the highest critical temperature. Rotating the magnetic field changes the momentum dependence from states
that for small momenta reduce to a chiral p, & ip, type state for out-of-plane fields, to a nodal p-wave-type state

for purely in-plane fields.

DOI: 10.1103/PhysRevB.97.024515

L. INTRODUCTION

Much attention has been paid to the possibility of un-
conventional superconductivity due to weak repulsive inter-
actions, as first pointed out by Kohn and Luttinger in 1967
[1]. They found that because of oscillations in long-range
interactions, a p-wave superconducting state could be formed
in a three-dimensional electron gas at O(U?) in the inter-
action strength U. In two dimensions, no such state can be
formed at O(U?) [2]; it is only present at O(U 3) and zero
temperature [3]. However, by applying a magnetic field the
effect is present on the majority band also at second order
inU [2,4].

In systems with broken inversion symmetry, either due
to crystal structure or an applied electric field, one has to
include the effects of spin-orbit interactions by including a
Rashba spin-orbit coupling (SOC) term [5,6]. A Rashba term
in the system Hamiltonian will lead to a coupling between the
spin-up and spin-down Fermi surfaces, and hence opens up
the possibility of proximity-induced superconductivity on the
minority band [4,7]. Reference [8] provides a recent review on
superconductivity in systems with broken inversion symmetry.
The effects of magnetic fields and spin-orbit coupling in
two-dimensional systems has been studied in various cases,
in limiting cases of, e.g., the strength of the SOC or the
direction of the magnetic field [4,9—14]. Recently Lake et al. [ 7]
studied a weakly spin-orbit-coupled two-dimensional electron
gas (2DEG) with a magnetic field which could be rotated in
and out of the plane. They reported that topological p + ip
superconductivity is realized when the field is perpendicular

“henning.g.hugdal @ntnu.no
fasle.sudbo@ntnu.no

2469-9950/2018/97(2)/024515(10)

024515-1

to the plane, while an in-plane magnetic field in the x direction
leads to a p, momentum dependence of the order parameter.
In either case, only the majority band was found to be
superconducting.

In this paper, we perform an analysis similar to that of
Ref. [7] to study the superconducting order in a weakly repul-
sive, spin-polarized Hubbard model on a two-dimensional (2D)
square lattice with weak SOC. Such systems can be realized,
e.g., at the interface between LaAlO3 and SrTiOs, which has
been shown to exhibit a 2D superconducting state [15-17], a
magnetic state [18], and coexistence of superconductivity and
magnetism [19-22]. Moreover, it has been shown that the SOC
at the interface can be tuned by a gate voltage or an applied
electric field [23,24].

By finding the superconducting state that emerges at the
critical temperature 7,, we study the dominating pairing
symmetries on the two bands for different filling fractions and
magnetic field orientations. We find that superconductivity can
be induced on both bands, depending on the filling fraction.
We also find that two different pairing symmetries are realized,
one for nearly empty or nearly filled bands, and one close to
half filling. However, the small-momentum limit of the order
parameters are the same in both regions, a chiral p, £ip,
symmetry for purely out-of-plane fields and p-wave state state
for purely in-plane fields. We also find that the Cooper pairs
have a finite center-of-mass momentum [7,14,25], i.e., a Fulde-
Ferrell-Larkin-Ovchinnikov state (FFLO) [26,27], whenever
the magnetic field has an in-plane component.

The remainder of the paper is organized as follows: The
model systemis presented in Sec. II together with the derivation
of the effective Hamiltonian and self-consistent equations for
the mean field superconducting gap. The numerical solution
strategy is discussed in Sec. III, the results of which are pre-
sented in Sec. IV. Finally, we summarize our results in Sec. V.

©2018 American Physical Society



HENNING G. HUGDAL AND ASLE SUDB@

PHYSICAL REVIEW B 97, 024515 (2018)

FIG. 1. Sketch of system geometry, where the 2D lattice is located
in the xy plane and the magnetic field B can point in any direction.

1. MODEL

Our starting point is a two-dimensional lattice in the pres-
ence of an external magnetic field, and with broken inversion
symmetry such that SOC is present. A sketch of the geometry is
shown in Fig. 1. We use the Hubbard model augmented by SOC
to describe the fermions on the lattice, with a spin-diagonal
hopping integral between nearest-neighbor lattice sites given
by ¢, and the electrons interact via a onsite repulsion Un;sn; |,
U > 0. We will assume that the interaction is weak, i.e., the
energy scale of the Hubbard interaction is small compared
to the kinetic energy, U/t < 1. Time-reversal symmetry is
broken by applying an external magnetic field B, which couples
to the electrons via the Zeeman coupling —gugB - 0 /2, where
g is the g factor and pp is the Bohr magneton. This lifts the
degeneracy between the spin directions. The effect of SOC
is included via a Rashba term with spin-orbit axis normal
to the lattice plane, ag(p X @) - Z, where a is the strength
of the spin-orbit coupling. We thus obtain the total system
Hamiltonian H = H, + Hg + Hr + H; = Hy + H;, with

H, = Z EkCleCkm (1a)
ok

Hy=ag y Y (0], sink, — o}, sink,)cl,cior.  (1b)

k o,0' |

Hz =-H- Z Zam/cfwckgu (1e)
k o0’
Y P
H; = v Z Ck,1.Ciy y Chis L ChyHho—ks, 1 (1d)
ki ko ks
where ex = —2t(cosk, +cosk,) — pu is the square-lattice

tight-binding dispersion relative the chemical potential pu,
o =1, ] denotes spin-up and spin-down electrons re-
spectively, H = gupgB/2 = h(cosf sindx + sinf sindy +
cosd2), and V is the volume of the system. For notational
simplicity, we have set 7 and the lattice constant a to 1
throughout the paper.

A. Diagonalization of noninteracting Hamiltonian

Following Ref. [7], we will treat the SOC as a perturbation,
assuming that g/ h < 1. Hence, we expect that when diago-
nalizing the noninteracting Hamiltonian Hy, the lowest order
expression will simply be that of a tight-binding system with
spins polarized along the direction of H. We therefore rotate
the spin quantization axis to point along the magnetic field
using the unitary rotation operator R,(«) = exp(—iao - i1/2),
where « is the angle of rotation about an axis 7i: We first rotate
an angle 0 about /i = Z, and then an angle § about 71 = . This
yields

Ho=Y">" Eow(K)c}, cro. ©)
k 0,0’
where
E(K) = €,06° — ho® + ag[(sin k, sin6 — sin ky cos @) cos 8o
+ (sink, cos @ + sink, sin6)o”
+ (sink, sin @ — sin k, cos 0) sin o). 3)

Diagonalizing H) leads to two bands with eigenenergies

6.(k) = ex — g\/h2 — 2hag(sink, sin® —sink, cosf)siné + ozfe(sin2 ky + sin? ky)

2
ek — G [h — ag(sink, sin@ —sink, cosé)sind + Z—Z(sin ky cos® + sink, sin %

o
2

where {;—12) = +(—)1 for the majority (minority) band. In
the last line, we have kept terms only up to first order in
ag/h. In the limit |k| < 1 and 6 = 0, this result agrees with
Ref. [7]. When the magnetic field has an in-plane component,
the momentum ¢ corresponding the minima of the band
dispersions will shift away from the origin according to

G~ — 4*2":’* sindsiné, (52)
qy ~ + QZO;R sin 8 cos 6. (5b)

2
+ —z(sin ky sin® —sink, cos )% cos? 8:|, “4)

This shift is illustrated in Fig. 2.

Using the eigenvalues in Eq. (4), we also find relations
between the spin and band creation and annihilation operators,
which to second order in ag/ h are given by

- % 5.0 IR (k8,6 6
ckp = —W\)’( ,0,0) akl+ﬁy( ,0,0)axy, (6a)
o 052
Cky = —ﬁyf(kﬁy@)akl + [1 - gkzl}’(k,a,@)lﬂakz,

(6b)

024515-2



p-WAVE SUPERCONDUCTIVITY IN WEAKLY ...

PHYSICAL REVIEW B 97, 024515 (2018)

1.0
/’—~\\
/’ \\
0.5 ¢\ S
. > ~
7’ N
7 A
V4 N
£ ! )
5 004 \ ° )
< \ 4
~ d
~ e
N 4
~ e
—0.5 AN e
~ '
~ 7
\\~”
—1.0 T T T
—1.0 —0.5 0.0 0.5 1.0
ko /T

FIG. 2. Plot of the Fermi levels for an in-plane magnetic field (§ =
7/2) with angle 6 = 7 /4 relative to the x axis, for filling fractionn =
0.3, magnetic field strength 1/t = 1, and SOC strength ag /1 = 0.2.
The momenta corresponding to the minima of the band dispersions
are shifted away from the origin according to Eq. (5). Note that the
shift is exaggerated compared to what will be considered throughout
the paper.

where we have defined the function

y(K,8,0) = (sink, sin — sink, cos 0) cos §
—i(sink, cos @ + sink, sin )

and ali.A and ay; are the creation and annihilation operators
for band A respectively. Using these relations, we find that
the expectation value of the z component of the spin is
1/2 for the majority A = 1 band and —1/2 for the minority
A = 2 band, with the corrections being second order in g/ h.
Hence, to lowest order, the majority and minority bands consist
of spin-up and spin-down particles, respectively. This has
consequences for the momentum dependence of any intraband
interaction which could lead to superconductivity. In the next
section, we will transform the interaction Hamiltonian using
the above operator relations and obtain an effective low-energy
theory using a Schrieffer-Wolff transformation [28].

B. Transformation of the interaction Hamiltonian

Since the interaction Hamiltonian H; is proportional to U,
where we have assumed that the interaction is weak, U/t < 1,
we have to consider what powers of U and ag / h to keep when
transforming the Hamiltonian to the eigenbasis according to
Eq. (6). Following Ref. [7], we keep terms of O(U?/t%) and
O(Ua%/th?), while disregarding terms of O(U%ag/t?h); i.e.,
we assume ag/h > U/t.

Transforming the creation and annihilation operators in
H;, we get four main types of terms: intraband and pair-
hopping terms a:{ Aafmakx wli, of O(Uak/h?); interband

ot
terms ak;kakm

ali,xaiquakskakak of O(Uag/h) and higher. The notation X
denotes the opposite band of A. We collect the intraband and

ag,3ax,. of O(U); and mixed terms such as

pair-hopping terms in H; and the remaining terms in H>:

- S e )

k.kK.q

T T
XAy 50 B Gk s 7

where
I.(K) = &, [sink, cos € + sink, sin 0
+ i (sinky sin @ — sin ky cos ) cos 8] )

and

U 1 UO[R
=gy 2 Vel + 0o(5%).
ki ky ks A

©

The terms in H, correspond to processes where the resulting
quasiparticles are on different bands, and including such
interactions in a mean-field treatment would require order
parameters with mixed-band indices. In order to get a form
of the interaction suitable for analysis within a mean-field
theory, we perform a Schrieffer-Wolff transformation; see, e.g.,
Ref. [29] for a review. This enables us to get rid of the lowest
order processes in H, while still including the effects of H, to
higher order, such as an intraband process at O(U?). This is
obtained by the unitary transformation

H' = e He® = Hy+ Hy + H, + [Hy + H + H,S]
+ 3[[Ho + Hy + Hp.S1.S1+ -+, (10
where S is an antiunitary operator chosen such that
[Hy,S] = —H,. The lowest order term in S is necessar-

ily of O(U/t), and this is the only contributing term
to the order we are working. Using as an ansatz S =

Zk].kz.k} >, Caky ,kz,k3,k4)ailkalz;\ak3xakﬂ, where ky =
kl + k2 — k3, we find

U
S=5v >

ki ky k3 ky A

“lilﬂl 5k, 8 (kK1 + ko — ks — k)

en(ky) + €5.(k3) — €5(ka) — ex(ky)
(11)

Since S comes with a factor U, we can neglect most of the
terms in the transformed Hamiltonian, leaving us with H' =
Hy + H; + [H,,S]/2. Hence, the contributing higher order
processes due to H, are found by calculating the commutator
between H, and S.

The commutator leads to two kinds of terms of relevant

order: a four-operator interband term proportional to aiakaxaA

and six-operator terms aiaxuka-ﬂaxa;, both of O(U?/1?).
However, since the interactions must conserve momentum,
and the interacting particles are close to the Fermi level, the
phase space of the interband interaction is severely limited,
as illustrated in Fig. 3. Although the figure does not include
the shifts in the minima of the dispersions away from the
origin, Eq. (5), these shifts are small when ag/h < 1, and the
argument should still hold. Hence we will neglect this term,
and include only the six-operator terms.

An effective intraband process on band A is obtained
from the six-operator terms aialamxa;a; by projecting the
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FIG. 3. The figures illustrate that the interband scattering from
k +q/2and —k + q/2tok’ + q/2 and —k’ + q/2 has a very limited
phase space for both low (top) and high (bottom) filling fractions .
Here we have not included the shifts in center-of-mass momenta, since
the shifts are small when ag/h < 1.

I
py
in a replacement a;ka;k/ — 8(k — K') f(€;(k)) [4,7]. Here,
f(¢e) is the Fermi-Dirac distribution function. Since the shifts
in center-of-mass momenta are small, including them in the
interaction terms leads to a correction of higher order than
we are considering. We therefore specialize to the case where
the total momentum of the particles interacting is zero, which
yields the result for the commutator

operators a.aj; to the noninteracting A band, which results

! U? N
UH.S1= 50373k = Kaly oy aiaks,
Kk A
12
where we have defined the susceptibility

L .
w@=1 ; fe®to) = fe®

&(p+q) — €.(p)

In contrast to the 2DEG case [4,7], we have not been able to
calculate the susceptibility analytically for the lattice model.
However, a numerical calculation is possible, the results of
which will be discussed in Sec. IIT A.

Setting the total momentum of an interacting pair of parti-
cles to zero also in Hj, and collecting all terms, we arrive at

the effective low-energy Hamiltonian

H' =Hy+Y Y gukKaly al a0 a0, (14)
kK Apun

where we have defined the interaction matrix

U? Ua?
kKk)=—38, ;K —k R
Sk K) v e X ( )+ Vi

where I'; (k) is defined in Eq. (8). The first term in Eq. (15) is
an intraband interaction due to the Kohn-Luttinger mechanism.
The second term, which is caused by the SOC, contains both
intraband and pair-hopping terms, with opposite signs due to
the factors ¢, ,,. We thus expect the two terms in Eq. (15) to give
rise to different superconducting states. The first term gives rise
to uncoupled ordered states on the two bands with different 7,
while the second term couples the order parameters and should
lead to simultaneous superconductivity on both bands.

000 (K, (15)

C. Mean-field treatment

Defining the mean-field order parameters (gap functions)

M) = =Y 283, (kK ) (aua ), (16)
K.p

AL = =" 28, (K K)(a',al,;), an
k'

we rewrite the Hamiltonian in the standard way

1
H = Z E{[Q(_k) —ul+ A}\(k)(aikkaltk)}
KA

1
+5 kZ; ARA(SY/o8 (18)

Here, we have defined the Nambu spinors ¥k, = (akx aim)T
and the matrix

6k (a(k) _

Ay (k)
Al (k) ) a9

—a(=k)+n
Performing a Bogoliuobov transformation yields

k) — e, (—k
H =E+ Y [% + Ex(k)]nkx, @0)
kA

where ny; is the number operator of the Bogoliubov quasipar-
tices in the rotated basis and

Ex(k) = \/61(K) + |As (k) 2D

is the approximate quasiparticle dispersion with &, (k) =
[6:.(K) + €, (—K)]/2. Moreover,

1
Eo =5 ) [60) = B0 + A @l ga)l.  22)
k,x

Since the SOC term in the system Hamiltonian is the only
term which breaks inversion symmetry, we have [€;(K) —
€,(—Kk)]/2 ~ ag. The [€,(k) — €,(—Kk)] term in the diagonal-
ized Hamiltonian thus leads to higher order corrections and
will therefore be neglected. Minimizing the free energy with
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respect to Ai(k) yields the gap equations
E, (K
tanh(ﬂ ;( )), (23)

where B = 1/kpT. Note that we have set ag = 0 in E;(Kk),
since including the effects of the SOC in the dispersion give
rise to terms of higher order than what we are considering.

(K K)A (K
Ank) = —
* kz E,(K)

III. NUMERICAL SOLUTION STRATEGY

A. Calculation of the susceptibility

The susceptibility is obtained numerically from Eq. (13)
in the zero-temperature limit. Since the susceptibility enters
the gap equations Eq. (23) with a prefactor proportional to
U?, we can neglect the effects of SOC and thus set ag =0
in the calculations. The results for the majority band for three
different n are shown in Fig. 4, together with the analytical
result for the 2DEG with Zeeman splitting treated in Refs. [4,7].
For low n, the susceptibility is isotropic and resembles the
2DEG result. Closer to half-filling, the susceptibility becomes
more anisotropic due to the anisotropy of the dispersion.

In order to find the dominating attractive pairing channels
due to the Kohn-Luttinger term in the gap equations, we expand
the results for the susceptibility in square lattice harmonics;
see the Appendix for details. Considering only the dominant
attractive pairing channels, we find that the susceptibility to

(a) n=0.02 %10-2
1 ~1.0
-3.0
3 L
E —50
=
7.0
_1 .
-1 0 1
(¢) n=10.45
1 —0.1
—0.5
& 7
ER N
—09 2
-1.3
-1
-1 0 1
qz/”

good approximation can be written
x.(k —K)
= 0 [8x iy (K)xiy(K) + groiy(K)gxriy(K)]
+ 1718 (K)ge (k) + g,(K)gy (K]
+ 1318 (ki 2Ky ) g (K, 2K)) + gy (k. 2K ) gy (K} 2K,)

+ 8x(2ky k) g 2k k) + gy 2k Ky gy (2K K], (24)

where we have defined the functions

27 gy yiy(K) = sink, +isink,, (25a)
2w g, —iy(K) = sink, —isink,, (25b)
2w g (k) = 2mg (ky,ky) = 2sink, cosk,, (25c)
2mgy(K) = 2mg,(ky,ky) = 2cosk, sink,. (25d)

These functions are orthonormal, i.e., f \BZ dkg;(k)g;(k) =
8ij.

! The values for the expansion coefficients x! for different
filling fractions n are shown in Fig. 5 for 7 = 0.2t at zero
temperature. Notice that )(){(n) = xﬁ(l —n). We will in the
following focus on filling fractions where the first two terms
in Eq. (24) suffice to describe the most attractive pairing
channel, i.e., the channel with the most negative coeffi-
cient x.. Regions where this does not simultaneously hold
for both susceptibilities, because of significant or dominant

T
-
=
—0.4 —
=]
04 =
=
-0.7
-1 T -1.0
=1 0 1
qac/"r

FIG. 4. Plot of numerically calculated susceptibilities for the majority band at filling fraction (a) n = 0.02, (b) n = 0.2, and (c) n = 0.45,
which is close to half-filling of the band. The spikes at q = 0 are numerical divergences that do not contribute to the results when expanding in
square lattice harmonics. The susceptibility in the 2DEG case with Zeeman splitting treated in Refs. [4,7], x(q) o« —1 + Re /g2 — (2kr)*/q,

is shown in panel (d) with kr /7 = 0.2 for comparison.
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FIG. 5. Plot of expansion coefficients x; in Eq. (24) as a function
of filling fraction n for h = 0.2t at zero temperature. Filling fraction
n = 0 corresponds to a completely empty system, and n = 1 to two
completely filled bands. The gray regions indicate where keeping only
the first two terms in the expansion in Eq. (24) is not sufficient due to
dominant contributions to attractive pairing from other square lattice
harmonics, such as the x; term in Eq. (24).

contributions from other channels, are indicated by the gray
regions in the figure. The coefficients x! should, strictly
speaking, be calculated at the temperature of the system, but
we expect the superconducting transition temperature to be
sufficiently low for this to be a good approximation.

The plots of the coefficients x/ in Fig. 5 illustrate two
important points. First, the dominant attractive Kohn-Luttinger
pairing channel depends strongly on the filling fraction. For
instance, the dominant attractive channel for intermediate
filling fractions differs from low and high filling fractions. This
is related to the shape of the Fermi surfaces in these regions and
could lead to significantly different k dependences of the order
parameters in these regions. Second, the plots also show that the
majority and minority bands have the most negative expansion
coefficient in different filling fraction intervals. Therefore,
there exists a possibility that there can be a switching between
bands with the highest T..

B. Momentum dependence of the order parameter

From the preceding subsection, we found that the poten-
tially dominating momentum dependence of the supercon-
ducting gap due to the Kohn-Luttinger term in the interaction
Eq. (15) could be any of the four functions in Eq. (25). If,
however, the solution were to be determined by the second
term in Eq. (15), the solution should be proportional to T'; (k)
in Eq. (8), which can be rewritten in terms of g,;,(k),

[(K) = gy yiy(K)(&), — cos 8)(cos @ — i sin6)
+ 7 gy—iy(K)(&, + cos §)(cos O + i sinf). (26)

Therefore, keeping only the dominant terms, the superconduct-
ing gap can be expanded using the four functions in Eq. (25),

A k) = AL gy (K) + AL gemiy(K) + Al gy (k)
+A)gy(K). 7N

C. Solutions close to the critical temperature 7,

The physically realizable solution of the gap equations
is the solution which corresponds to a global minimum of
the free energy. However, when solving the gap equations
numerically using, e.g., a root solver, the solution might just as
well correspond to a local minimum of the free energy. These
solutions will have a lower T, and will therefore not be realized
when cooling down the system. In order to circumvent this
problem, we instead calculate 7, and find the corresponding
solution.

Close to and below T, we linearize the gap equations,

s RKOAKTD) Bl )]
S D tanh< : )

(28)
By multiplying this equation by (27)*¢g}(k)/V, where j =
{x +iy,x —iy,x,y}, and summing over the first Brillouin
zone, we get a system of linear equations

AL =33 M (T)A], (29)
jon
where
ij 2 ? ’
M1 = -2 5 [(Z gk k >g}<k>)
k' k

&) oh <’3 el (kD) )} (30)

x !’
(M) 2
which may conveniently be written in the form
A = M(T)A. @31

Here, A = (A}YY ATTY AT Thus, for a nontrivial
solution to exist we require that det(M(7;)) = 0, which allows
for a computation of 7. In cases where this holds for multiple
temperatures, the highest 7. corresponds to the channel where
superconductivity actually occurs. When 7, is determined, A is
found by calculating the eigenvector of M(T,) corresponding
to eigenvalue 1. The eigenvector only gives information about
the relative size of the coefficients in Eq. (27), not the absolute
scale. This is nonetheless enough information to determine
the dominant momentum dependence of the order parameter
close to T, and hence in which channel superconductivity first
appears upon cooling.

IV. RESULTS AND DISCUSSION

Using the procedure described in the previous section, we
have calculated the eigenvector of M(T,), focusing on filling
fractions n = 0.1 and n = 0.45. These values are indicated in
Fig. 5. All results are obtained with 7 = 0.2¢. For n = 0.1,
the results as a function of tilt angle § at & = 0 is shown in
Fig. 6. We see that for a pure out-of-plane field, § = 0, A(k) o
sin k, + i sin ky,, which for small momenta corresponds to a
chiral k, + ik, order parameter. For a pure in-plane field in
the x direction, Aj(k) o sink,, which corresponds to a k,
dependence in the low-|Kk| limit. This is in agreement with
the results of Lake et al. [7]. It is important to note that when
calculating the eigenvectors at 7., we do not get information
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FIG. 6. Plotofthe (a) absolute value, (b) real part, and (c) imaginary part of the dominant elements of the eigenvector of M(T,) corresponding
to eigenvalue 1 as a function of § for n = 0.1 and 6 = 0. The terms proportional to the function g+;,(k) are the dominant terms in A, (k).

A, (k) = 0, not shown in the plot.

about the absolute value of the gaps, nor the relative size of the
gap coefficients between, e.g.,§ =0and § = 7.

Rotating the magnetic field in the xy plane, the k de-
pendence of the gap also changes accordingly, from a pure
sink, dependence for 6 =0, to a pure sink, dependence
for 8 = m/2, as seen from the values of the coefficients in
Fig. 7(a). This change coincides with the rotation of the center
momentum q in Eq. (5). The reason for this might be that the
superconducting state is of FFLO kind whenever there is an
in-plane component of the field. In the above calculations, we

(a)
1.0
—Re AV == Im AT
05 Re A} Im A}
S 00 emmm————- e
<
—0.5 A
—1.0 15 T T T T T
0.0 0.1 0.2 0.3 0.4 0.5
6/m
(b)
1.0
054 =—Reay ==mas
_ Re A Im A
=
3 004 =~
<
—0.5 A
—1.0 4

0.0 0.1 0.2 0.3 0.4 0.5
6/m

FIG. 7. Plot of dominating terms of the eigenvector as a function
of # for pure in-plane magnetic field and filling fraction (a) n = 0.1
and (b) n = 0.45. In the small-|Kk| limit, the k dependence is changed
from pure k, to a pure k, as the field is rotated. The overall phase is
chosen such that the dominating contribution at & = 0 is real.

neglected the shift in the center momentum of the Fermi levels,
Eq. (5), since they lead to higher order corrections. However,
since the Fermi levels in fact are shifted, the Cooper pairs have
a finite center momentum 2q and thus are FFLO Cooper pairs.
This is in agreement with Ref. [7].

Though the majority band has the highest 7, here, we see
from Fig. 5 that also the minority band is attractive in the
gx+iy channel for low filling fractions, in contrast to what
has been found in other studies with quadratic dispersions
[4,7]. Instead of being completely flat for |k — k'| < 2|kp; |,
as in the quadratic case, the susceptibility develops a dome
in this region when increasing the filling fraction. In this
way, the susceptibility on the majority band also becomes
k-dependent for interactions between particles close to the
Fermi surface on the minority band, leading to the possibility
of attractive interactions. We therefore expect that the minority
band becomes superconducting at some finite temperature
lower than 7, on the majority band.

Performing similar calculations close to half-filling, with
n =0.45, we find that the momentum dependence for the
order parameter is dominated by the functions g, (k) and g, (k).
Moreover, superconductivity is now induced on the minority
band at T, as shown in Fig. 8. The value n = 0.45 is close to
the filling fraction for which the majority band is half-filled,
which corresponds to a van Hove singularity in the density
of states of the majority band. The fact that the minority
band has the highest 7. can thus be explained by the vast
number of particles on the majority band which can mediate
an effective intraband interaction. Again, the functional form
of the gap is changed by rotating the magnetic field: When
8 =0, Ay(k) ocsink, cosky, —icosk, sink,, which in the
small-|K| limit corresponds to k, —iky, and thus has the
opposite chirality compared to the n = 0.1 case. For a pure
in-plane field, we get A,(Kk) o cosk, sink,, which for small
momenta corresponds to a pure k,, dependence. As forn = 0.1,
rotating the field in-plane changes the k dependence, as shown
in Fig. 7(b).

Since the coefficients X{ have the symmetry Xi(n) =
x;(1 —n), we have also performed the above analysis for
n=0.9 and n = 0.55. In both cases, superconductivity is
now present on the opposite band compared to the n =
0.1 and n = 0.45 cases, again with helicity k. + ik, for
A =1 and k, — ik, for A = 2. Therefore, it appears that a
superconducting state with the same helicity as the band is
favored [7].
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FIG. 8. Plotofthe (a) absolute value, (b) real part, and (c) imaginary part of the dominant elements of the eigenvector of M(T,) corresponding
to eigenvalue 1 as a function of § for n = 0.45 and 6 = 0. The terms proportional to the functions g, (k) and g, (k) are the dominant terms in
A, (k), which differs from the n = 0.1 case in Fig. 6. A;(k) = 0, not shown in the plot.

In both previous cases, only one band is superconducting
at T,. This indicates that the second term in Eq. (15) does
not contribute significantly to the superconducting pairing, as
this would lead to simultaneous superconductivity on both
bands. Moreover, from the form of I'y(k), we see that this
term should lead to superconductivity of opposite chirality
of what was found here, k. F ik, on the majority/minority
band [7]. Notice also that it is in principle possible to read
off the dominating functional form of the superconducting gap
directly from Fig. 5.

Finally, we have found that the value of ag/h has no
impact on 7., while it depends strongly on the value of
U/t. These are indications that the Kohn-Luttinger term in
the interaction is responsible for the physically realizable
superconducting order, and thus due to pure intraband in-
teractions. This allows to make some predictions regarding
parts of the gray regions in Fig. 5, where the Xf term is
the dominating attractive term. From the above results, it
is reasonable to assume that the solution in these regions
is of the form A; (k) = AF ™ g, (ke,2ky) + AL g, (ke 2ky) +
ASF g (2K ky) + A{’ngy(ka,ky), with the same small-|k|
functional form as found above. This, however, has not been
checked explicitly.

The fact that superconductivity is not proximity induced on
the opposite band by the second term in Eq. (15), requires that
A, (K) satisfies

Tl (®)A; (k) (m&(k)\)
h =0. 32
) I o

Using this requirement, we derive an ansatz for the functional
form of the superconducting gaps,

1+ cosé

V2(1 + cos? §)

1 —cosé ..
— ——(cos 6 +isin0)g._iy(k)

V2(1 + cos? §)
2|:cost9 —icosdsiné
Al ———
1+ cos?§
sin® + i cos § cos 6

———
1+ cos?§ &l )]

Ay(k) = A{|: (cos @ — i sin0)gy1iy(K)

gy(k)

(33a)

1+ cosé

V2(1 + cos? 8)

1 —cosé ..
— —————-(cos 0 —isinfh)g.1;y(k)

V2(1 4 cos? 8)

Ay(k) = A;[ (cos @ + i sin0)g,_iy(k)

Az|:cos9 +icosdsinf ®

2 —m 8y

sin@ — i cos § cos 6

T /ixeods gx(k)}, (33b)

where A in general can depend on the field alignment angle.
Using this ansatz to find 7, and the solution eigenvectors,
we find the same results as presented above. Hence, we see
that even though the results do not depend directly on the
SOC strength, the fact that SOC is present affects the realized
pairing symmetry [7]. The results of Ref. [14] indicate that
this conclusion might not hold for all values of «g/h, and
an interesting development would therefore be to study this
system for general SOC strengths.

The 7, quickly decreases with decreasing U/t, and for
values in the regime set by the derivation of the gap equations,
a numerical solution is impossible. Hence, we have performed
the above analysis for a range of values of U/t and ag/ h, and
found that the results were qualitatively unchanged. The facts
that the results agree with Ref. [7] for small filling fractions and
that 7, depends only on U/ indicate that the results presented
above should be valid also for realistic valuesof U/t and ag / h.

There could in principle exist a transition to a magnetic state,
such as the antiferromagnetic phase found for the 2D repulsive
Hubbard model at half-filling in the weak-coupling limit [30].
However, applying a Zeeman field splits the degenerate spin
bands, and we therefore expect that no antiferromagnetic
ordering can exist as long as 1 > U. Though the application of
aZeeman field could favor a ferromagnetic phase, other studies
have indicated that ferromagnetic ordering does not appear in
the weak-coupling limit of the 2D Hubbard model [30,31], a
result we expect to hold also in the present case.

V. CONCLUSION

‘We have investigated the role of a weak spin-orbit coupling
on a spin-polarized weakly repulsive Hubbard system on a
square lattice. Performing an analysis along the same lines as
done by Lake et al. [7] for the 2D electron gas, we found that
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the superconducting order was caused by the SOC-independent
Kohn-Luttinger term in the interaction. The pairing symmetry
was, however, indirectly determined by the SOC: The realized
superconducting gap has the same chirality as the band. We also
found that the momentum dependence of the superconducting
gap could be tuned by rotating the magnetic field and changing
the filling fraction. The filling fraction also determines which
band has the highest 7.
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APPENDIX: EXPANSION OF SUSCEPTIBILITY
IN SQUARE LATTICE HARMONICS

To the order we are working, we can set g = 0 when
calculating the susceptibility, Eq. (13). In this case, the dis-
persion in Eq. (4) has the symmetries of the C4, group and is
invariant under spatial inverision, k — —Kk, 4-fold rotations,
(kx,ky) — (ky,—k,), mirror operations, (k,ky) — (—kx,ky),
etc. Since we in Eq. (13) sum over the 1 BZ, it can be shown
that the susceptibility has the same symmetries. The expansion
of the susceptibility thus has to be invariant under the same
operations, which greatly reduces the possible terms in the
expansion. Since the susceptibility is even under inversions
(only the SOC term breaks inversion symmetry, which is
neglected here), the expansion must contain only even terms,
which we write in a general form [32] as

X(@ =D am, cos(mq, +ng,), (A1)
where m and n are integers, and the band index has been
dropped for notational simplicity. From the requirement
Xx(qx,qy) = x(=qx.qy), we find @y, = au,_n = a_pn, and
similarly from x (q.,q,) = x(gqy,—¢qx) wefind a,, = a_, m =
anm. Using these relations, we simplify the above equation:

X@=an+ Y 2aulcosimg, +ng,)

(m,n)>0
(A2)
Separating the terms according to if m = n or not, we get

Xx(q@) = DooGoo + Z Dyin G un(q)

m>n>0

+ D [DowGon(@) + Dy Grun (@),

m>0

+ cos(mq, — ngy)].

(A3)

where we have redefined the expansion coefficients a,,, and
defined the orthonormal functions

1

Goo = 5, (Ada)
2
Cos mgqy + cosm
Gonlq) = A2, (Adb)
COS Mg, COS My
Gmm(q) = f}’ (A4C)
Gon(Q) = COS M(y COS Nqy + COS NGy COS Mmqy _ (Add)

V2r

We now insert @ = k — k' and rewrite the above functions in
terms of products of functions of k or k' separately,

47 Gon(k — K') = [(sinmk, +i sinmk,)(sinmk, —i sinmk))
+H.c.] + [sin — cos],

7 Gpm(k —K') = [(cosmk, cosmk,)(cosmk, cosmk,)
+ (cosmk, sinmk,)(cos mk, sinmk,)]

+ [sin <> cos],

V27 Gk — K') = [(cos mk, cos nky)(cos mk), cosnk)

’
X

+ (cosmk, sinnk,)(cosmk, sinnk))
+ (sinmk, cosnk,)(sinmk, cosnk)
+ (sinmk, sinnk,)(sinmk; sinnk)]
+[n < m].

Since the SOC is weak, the interaction can be regarded to be

between particles of equal spin to the order we are working.

Hence, the interaction must be odd in k and Kk’. In this way,

we can neglect most of the above terms and are left with an
expansion of the form

X —K) =Y x""[geriy(mK)giy(mk') + Hoe ]
+ ) X" g (mK) g (mK) + gy (mK)g, (mk')]

4 Z an [gx (n,lk)”nk))gt(l’nk/t ,nk;v)

m>n

+ gy (mky,nky)g,(mk, ,nk)) +m <> nl, (AS)

where m,n > 0 and we have used the functions defined
in Eq. (25). The leading-order terms included in Eq. (24)
correspond tothe x°!, x'!, and x?' terms in the above equation.
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Vortex spin valve on a topological insulator
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Spin-valve structures are usually associated with the ability to modify the resistance of electrical currents. We
here demonstrate a profoundly different effect of a spin-valve. In combination with a topological insulator and
superconducting materials, we show that a spin-valve can be used to toggle quantum vortices in and out of exis-
tence. In the antiparallel configuration, the spin valve causes superconducting vortex nucleation. In the parallel
configuration, however, no vortices appear. This switching effect suggests a new way to control quantum vortices.

DOI: 10.1103/PhysRevB.98.144505

I. INTRODUCTION

Topological insulators (TI) are fascinating materials which
are insulating in their bulk, but have topologically protected
conducting surface states [1]. When a conventional s-wave
superconductor is placed in contact with a topological in-
sulator, the superconducting correlations induced on the TI
surface gain a topological character [2]. This may give rise
to a range of exotic phenomena, such as the appearance of
Majorana bound states at vortices [3], which provides an
exciting avenue toward non-Abelian statistics and topological
quantum computation [4].

A particularly interesting property of the surface states of a
TI is the presence of spin—-momentum locking. By proximity
coupling both superconducting and ferromagnetic elements to
the topological insulator, this may be used to create complex
supercurrent density distributions [5]. A key observation is
that the exchange field enters the Hamiltonian for the surface
states of a TI in the same way as the magnetic vector potential
does, due to the spin-momentum locking. Because of this,
one might expect that quantum vortices with a phase-winding
could be induced by an exchange field alone on the surface
of a TI in contact with a superconductor, without the need of
any external magnetic flux. The study of superconducting vor-
tices induced in nonsuperconducting materials via proximity
has recently attracted attention both theoretically [5-9] and
experimentally [10].

In this paper, we show that a spin-valve structure combined
with a topological insulator and superconducting materials
can be used to toggle quantum vortices in and out of existence.
These vortices behave in the exact same way as conventional
proximity-induced vortices in superconducting heterostruc-
tures, except for the crucial difference of being generated by
an inhomogeneous in-plane exchange field, rather than the
orbital effect of an applied magnetic flux. Indeed, we will
show that vortex nucleation may be understood in terms of
the presence of an effective flux created by the exchange
field, completely analogously to the flux produced by a mag-
netic vector potential. An advantage of using an exchange

*Corresponding author: morten.amundsen @ntnu.no
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field to generate vortices is that it provides greater freedom
in studying inhomogeneous effective flux densities than is
possible with an applied perpendicular magnetic field, and
hence may give rise to more complex vortex patterns. The
spin valve consists of two ferromagnetic layers which can be
either in a parallel (P) or antiparallel (AP) configuration. In
the P configuration, the spin valve does not cause supercon-
ducting vortex nucleation. In contrast, vortices can exist in the
AP configuration. This switching effect suggests a new way
to control quantum vortices in heterostructures. The precise
conditions under which this can occur will be detailed below.

II. THEORY AND MODEL

To demonstrate the spin-valve effect, we consider the
system shown in Fig. 1. Two superconductors are placed on
top of a topological insulator, maintaining a good electrical
contact to induce a measurable proximity effect. This can,
for instance, be a Nb-Bi,Te;-Nb heterostructure, in which
the presence of a Josephson effect has been experimentally
verified [11]. Between the superconductors is placed a pair
of ferromagnets. This creates an effective SFS Josephson
weak link on the two-dimensional surface of the TI via the
proximity effect. The distance between the superconductors
is L = 2&, where & is the superconducting coherence length,
which is assumed to also be the width of the system. The
exchange field in the ferromagnet is directed along the x
axis (between the superconductors). The magnitude of the
exchange field is constant in the x direction, but can be toggled
between either a P or AP configuration. Such a system can be
experimentally designed by separating the two ferromagnets
by a thin nonmagnetic spacer layer. If the ferromagnets have
different coercive fields, one may toggle between configura-
tions, for instance, by heating the system to above the critical
temperature of the superconductors, 7., apply a magnetic field
in the x direction large enough to switch the magnetization in
one of the layers, and then cool the system to below 7. To
ensure different coercive fields, the ferromagnets may either
be different materials or have different sizes.

The surface of the three-dimensional diffusive topolog-
ical insulator here considered may be described by using
quasiclassical theory [12,13]. In the following, we use units

©2018 American Physical Society
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FIG. 1. The geometry considered. Two superconductors and a
spin valve are placed on top of a topological insulator. The spatial
variation of the exchange field induced by the antiparallel configura-
tion of the ferromagnets creates vortices in the TI. The spin valve is
shown lifted for clarity.

where /i = 1. In equilibrium, all physical observables may be
computed from the 2x?2 retarded Green’s function

g f)
G=|(". , 1
(f -8 M

where g and f are the normal and anomalous Green’s func-
tions, respectively, and f(¢) = f*(—¢). G has structure only
in particle-hole space, and the spin structure has been factored
out by a unitary transformation to take the spin-momentum
locking into account. A detailed description of this procedure
is given in Ref. [14]. In the diffusive limit, the Green’s
function is governed by the Usadel equation [15]

2DiV - (GVG) = [g03, G, )

where VG = VG — #[hcg, G], h is the in-plane exchange
field, D is the diffusion constant, ¢ is the quasiparticle energy,
vr is the Fermi velocity, and o3 is the third Pauli matrix.
We solve Eq. (2) in the region of the TI located between
the superconductors, which we consider as large enough to
be described by their bulk expressions, Gpcs, as given in
Ref. [14]. The numerical method we employ is described in
detail in Ref. [16], and only slight modifications are necessary
to adapt it to topological insulators. We neglect the inverse
proximity effect, which is a good approximation as long as
the Fermi level pry in the TI is substantially different from
++/2m v%,us, where m and ug are the electron mass and Fermi
level in the superconductor, respectively [17]. We further as-
sume transparent boundary conditions to the superconductors,
while the vacuum interfaces are described by the Neumann
boundary condition VG = 0. We note in particular that the in-
plane exchange field enters Eq. (2) in precisely the same way
as does the vector potential in a normal metal. A consequence
of this is that the system will react to a spatial variation in h
in the same way as if an effective flux ®, = [, Vxh dr is
applied, where A is the area of the TI surface. This means
that for a sufficiently large inhomogeneous exchange field,
vortices may appear. Note that for a curl-free inhomogenous
h, vortices do not appear. An analogy to an SNS junction with
a uniform applied magnetic flux is found by considering an

exchange field h = —hgpy%. In the Fraunhofer limit, where
the width of the junction (in the y direction) is much larger
than its length, the number of vortices in the system is equal
to the number of flux quanta that is applied. The relevant
flux quantum for the exchange-field-induced vortices in the
present paper is then @y = wvp. The square geometry of the
system studied herein influences the number and position of
the vortices. However, the number of flux quanta produced
by the effective flux &, still remains a good estimate for the
number of vortices.

From the retarded Green’s function, G, the density of
states, normalized by its value at the Fermi level, may be
computed as N(r,e) =Reg(r, ), with g(r, ¢) defined in
Eq. (1). Furthermore, the pair correlation in the TI, which is
a measure of the strength of the superconducting correlations
induced by the proximity effect, may be computed from

W(r)= Ny / de [f(r,e)— f(r,—e¢)]tanh %, 3)

where 8 = 1/kpT, T is the temperature and Ny is the density
of states at the Fermi level. Finally, the current density is given
as
. 4i - Be
Jr)=1Jy | deRe| fVf —fVf——hff tanhj,
Vf
(C))
with Jy = NgeD.

III. RESULTS AND DISCUSSION

We consider an in-plane exchange field and set h =
hy(y)x. The necessary (but not sufficient) requirement for
inducing vortices is then that 9,4, # 0. To be specific, we
assume that the AP configuration of the ferromagnets induces
an antisymmetric exchange field with a spatial variation given
by h = hotanh(ay/L)%, where o is a shape factor which
determines the size of the transition region. We note that the
size of the effective flux &, and thus the net number of
vortices introduced, does not depend on the specific shape
of the exchange field since, by the fundamental theorem
of calculus, ®, = L[h(L/2) — h(—L/2)]. To model the P
configuration, a constant exchange field A = hoX is assumed.

The two configurations show markedly different behaviors,
as is shown in Fig. 2 where we set o = 20 (the results are
qualitatively the same for all o > 1, which corresponds to
the magnetization saturating before it reaches the outer edges
of the magnetic regions). The uniform exchange field in the
P configuration introduces a phase shift between the super-
conductors, so that a net supercurrent flows between them.
Otherwise, the system is unaffected. The pair correlation
decays towards the center of the TI, but remains nonzero
everywhere, as seen in Fig. 2(a). In the AP configuration, there
is no net current due to the antisymmetry of the exchange field,
which induces an antisymmetric current-density distribution.
Furthermore, the exchange field produces a net effective flux
&, >~ 2hoL, which may cause vortex nucleation. This is
shown in Fig. 2(b) for hy = 2vr/&. In this case, two vortices
appear along the x axis—the region of largest effective flux
density. Figures 2(c) and 2(d) show the spatial distribution
of the density of states at zero energy for the two configu-
rations. In the P configuration, N(r, 0) is clearly uniformly
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FIG. 2. A comparison of the results for the parallel (upper row)
and antiparallel (lower row) configuration of the spin valve. (a)
and (b) show the absolute value of the pair correlation for the
two configurations, as given by Eq. (3). The localized zeros in the
antiparallel case indicate vortices. (c) and (d) show the density of
states N at zero energy, which is gapped in the parallel configuration
and admits a normal state solution at the location of the vortices in
the antiparallel configuration.

suppressed throughout the entire system, as is expected due
to the presence of a proximity-induced energy gap. In the AP
configuration, on the other hand, the presence of the vortices,
which have normal cores, leads to a more complicated topog-
raphy of the density of states, wherein a normal state value of
N =1 is found in localized regions surrounding the vortices.
The topological nature of these vortices is illustrated by the
phase of the pair correlation, which is shown in Fig. 3(a).
It is seen that for any closed contour around a vortex, it is
necessary to traverse two discontinuous jumps of value 7,
giving a total winding of 2. This is the hallmark of a vortex.
Another signature of vortices is circulating supercurrents, as is
shown in Fig. 3(b), in which streamlines of the current density,
as given by Eq. (4), are plotted. Since the eddies produce an
out-of-plane magnetic field, which should be detectable using,
for instance, a scanning nanoSQUID device [18], this provides
means for experimentally verifying the presence of vortices. It
is interesting to note that there are currents circulating around
the origin of the system, as seen in Fig. 3(b). A conventional
vortex has a phase gradient that goes like V¢ ~ 2”7", where
n is the winding number of the vortex, and r is the radius
from its center. This means that the phase gradient diverges
at the vortex core, leading to a suppression of the pair cor-
relation. The observed flow pattern in the present case is not
accompanied by such a suppression, and is hence not a vortex
in the topological sense. Rather, it is caused by an accidental
cancellation of the phase gradient at the origin due to the ap-
plied exchange field. This can be seen from the current density

-2 0 a2

-0.5 0 0.5 -0.5 0 0.5
x/L x/L

FIG. 3. Evidence of vortex nucleation. (a) The phase of the pair
correlation, showing a winding of 27 around each of the vortices.
(b) Streamlines of the current density, as given by Eq. (4), which
gives its direction at every point, showing that supercurrents circulate
around the vortices.

J ~ V¢. The x component, J,, is antisymmetric about the
x axis due to the antisymmetric exchange field. It therefore
vanishes along the x axis. The y component on the other hand,
must change direction as one moves along the x axis from
one vortex to the other. J, is therefore zero in the origin as
well. This means that the magnitude of the current is zero at
this point, thereby producing the observed current pattern. We
emphasize that this eddy is not topologically protected, and
may be removed by minor perturbations of the exchange field.

The behavior of the vortices is greatly influenced by the
symmetries of the system. The model considered herein is
symmetric about the y axis, and either symmetric or antisym-
metric about the x axis, depending on the applied exchange
field. This means that a single vortex pair can only be located
on symmetrically opposite sides of the origin, along either
the x or the y axis without breaking the symmetries of the
system. For an increasing exchange field amplitude, kg, the
AP configuration will lead to the appearance of an increasing
number of vortices. The vortices enter the system from the
vacuum edges, and must do so in pairs from opposite sides.
Due to the low flux density near the vacuum edges, even the
slightest additional increase in ko will cause the vortices to
translate along the y axis, meet at the origin, and stabilize
at a location along the x axis, as shown in Fig. 2. As hg
is increased further, vortices accumulate along the x axis.
This will, in turn, result in a complete suppression of the
density of states in their vicinity, whereas superconductivity
will still be present closer to the vacuum edges. We point out
that while the present discussion relies on the symmetry, the
symmetry is not crucial to observe the spin-valve effect. The
only requirement is the ability to switch between a rotational
and an irrotational exchange field. Another interesting feature
of the inhomogeneous effective flux density is that it leads
to significant vortex pinning. Indeed, if the superconducting
leads are given a phase difference, for instance by applying a
current bias, so that a net supercurrent flows between them, the
vortex positions are only slightly perturbed. This is in contrast
to the behavior of conventional SNS Josephson weak links
with an applied magnetic flux, where a phase difference leads
to a transversal shift of the vortex positions [6,7].
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FIG. 4. An analysis of the effect of the spacer layer. (a) The
transversal distribution of the exchange field & for increasing size
§ of the central region of suppressed magnetization. (b) The zero-
energy density of states along the y axis for the exchange fields in
(a). (c) The phase of the pair correlation for the case where § = 0.2,
showing the appearance of a vortex—antivortex pair.

The exchange field induced on the topological insulator
is assumed generated by two separate ferromagnets with an
intermediate spacer layer. In the P configuration, this will
likely create a suppression of the induced exchange field
beneath the spacer. The resulting 9y, # 0 could in itself
induce vortices in the system, in addition to the switching-
effect we have described above. To investigate this, we con-
sider a P exchange field k(y) = ho{l + 0.5(tanh[a(y/L — §)]
— tanh[a(y/L + §)])}x, where § is another shape factor indi-
cating the width of the central dip in 2(y). The exchange field
is plotted along the transversal direction y for increasing § in
Fig. 4(a). Since the exchange field is symmetric, the effective
flux &, = 0. Nonetheless, topological excitations in the form
of vortex—antivortex pairs may be induced. It is clear that
this can happen if an effective flux greater than @, passes
through any subdomain of the system within which vortex
nucleation is allowed by symmetry. The central dip in the
exchange field will cause vortices to nucleate where Vxh
is largest and positive, at y = §L, whereas antivortices will
nucleate at y = —§L, where the largest negative effective flux

density is found. To conserve the symmetry of the system, a
single vortex—antivortex pair must appear along the y axis.
The first appearance of such a pair may therefore be gauged
from the zero-energy density of states along this line, as is
shown in Fig. 4(b). It is seen that N remains gapped for a
sufficiently small dip, as exemplified by § = 0.05and § = 0.1.
This shows that the vortex spin-valve effect is robust against
small deviations from a constant exchange field due to the
presence of the spacer layer. For § = 0.2, however, a vortex—
antivortex pair appears, and the gap in the density of states
closes. This is verified from the phase of the pair correlation,
shown in Fig. 4(c), where the two vortices along the y axis are
seen to have opposite windings.

IV. CONCLUSION

We have considered a Josephson weak link made on the
surface of a topological insulator, onto which is proximity
coupled two ferromagnets separated by a spacer. By using
microscopic calculations, we have shown that it is possible to
switch vortices on and off in this system solely by toggling
between an AP and P configuration of the ferromagnets,
respectively. We further show that this vortex spin-valve effect
is robust against small deviations in the induced exchange
field caused by the spacer layer.

An interesting direction for future work would be to study
the effect of an electrically induced phase gradient in the
superconducting leads, which has recently been shown to
generate vortices in proximitized normal metals [9].
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We study the inverse proximity effect in a bilayer consisting of a thin s- or d-wave superconductor (S) and
a topological insulator (TI). Integrating out the topological fermions of the TI, we find that spin-orbit coupling
is induced in the S, which leads to spin-triplet p-wave (f-wave) correlations in the anomalous Green’s function
for an s-wave (d-wave) superconductor. Solving the self-consistency equation for the superconducting order
parameter, we find that the inverse proximity effect can be strong for parameters for which the Fermi momenta
of the S and TI coincide. The suppression of the gap is approximately proportional to e~'/*, where A is the
dimensionless superconducting coupling constant. This is consistent with the fact that a higher A gives a more
robust superconducting state. For an s-wave S, the interval of TI chemical potentials for which the suppression
of the gap is strong is centered at ur = £+/2mvku, and increases quadratically with the hopping parameter ¢.
Since the S chemical potential  typically is high for conventional superconductors, the inverse proximity effect
is negligible except for ¢ above a critical value. For sufficiently low 7, however, the inverse proximity effect is
negligible, in agreement with what has thus far been assumed in most works studying the proximity effect in
S-TT structures. In superconductors with low Fermi energies, such as high-T, cuprates with d-wave symmetry,
we again find a suppression of the order parameter. However, since p is much smaller in this case, a strong
inverse proximity effect can occur at s = 0 for much lower values of . Moreover, the onset of a strong inverse
proximity effect is preceded by an increase in the order parameter, allowing the gap to be tuned by several orders

of magnitude by small variations in fory.

DOI: 10.1103/PhysRevB.99.094505

I. INTRODUCTION

Topological insulators (TIs) are insulating in the bulk, but
host metallic surface states protected by the topology of the
material [1-3]. For three-dimensional topological insulators,
the two-dimensional (2D) surface states can be described by
a massless analog of the relativistic Dirac equation, having
linear dispersions and spin-momentum locking. Many inter-
esting phenomena are predicted to occur by coupling the TI
to a superconductor, thus inducing a superconducting gap in
the TI [4]. For instance, such systems have been predicted
to host Majorana bound states [5], which could be used
for topological quantum computing. Moreover, the Dirac-
like Hamiltonian o - k has consequences for the response to
exchange fields, allowing the phase difference in a Josephson
junction to be tuned by an in-plane magnetization to values
other than 0 and 7 [6], and inducing vortices by an in-plane
magnetic field [7,8].

Numerous papers have studied the interesting phenom-
ena that have been discovered in topological insulators with
proximity-induced superconductivity [9-22]. To our knowl-
edge, however, much less attention has been paid to the
inverse superconducting, or topological [23], proximity ef-
fect, i.e., the effect that the topological insulator has on the
superconductor order parameter. There have been indications
that superconductivity might be suppressed [17], while other

*Corresponding author: asle.sudbo@ntnu.no
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studies have found no suppression [20], One recent study
demonstrated that the proximity to the TI induces spin-orbit
coupling in the superconductor (S), possibly making a Fulde-
Ferrel [24] superconducting state energetically more favorable
near the interface of a magnetically doped TI [25]. Another
study showed that the TI surface states can leak into the su-
perconductor, resulting in a Dirac cone in the density of states
[26]. In this paper, we focus on the superconducting gap itself
and study under what circumstances the inverse proximity
effect is negligible, as is often assumed in theoretical works.

Using a field-theoretical approach, we study an atomically
thin Bardeen-Cooper-Schrieffer (BCS) s-wave superconduc-
tor and d-wave superconductor coupled to a TI. While this
is an approximation for most conventional and high-7 super-
conductors such as, e.g., Nb, Al, and YBa,Cu307, supercon-
ductivity has been observed in, e.g., single-layer NbSe; [27]
and FeSe [28-30]. Integrating out the TI fermions, we obtain
an effective action for the S electrons. Due to the induced
spin-orbit coupling, spin-triplet p-wave (f-wave) correlations
are induced in the s-wave (d-wave) superconductor.

Solving the mean-field equations, using parameters valid
for both conventional s-wave superconductors and high-T7; d-
wave superconductors, we find that in both cases a strong
suppression of the superconducting gap is possible. For con-
ventional superconductors, where the Fermi energy p is high
compared to the cut-off frequency, the coupling between the S
and the TT has to be quite large in order for the inverse proxim-
ity effect to be strong for relevant TI chemical potentials ji1y.
This can explain the lack of any inverse proximity effect in

©2019 American Physical Society
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experiments [20]. In high-7; d-wave superconductors, on the
other hand, where the Fermi energy is much smaller, we find
a strong gap suppression at much lower coupling strengths,
which might therefore be experimentally observable. For
these systems, we also find an increase in the gap for pry just
outside the region of strong inverse proximity effect.

The remainder of the paper is organized as follows: The
model system is presented in Sec. II, and the effective action
for the S fermions and order parameter is derived in Sec. III.
In Sec. IV we derive the mean-field gap equations for the
order parameter. Numerical results for the superconducting
gap are presented and discussed in Sec. V, and summarized
in Sec. VI. Further details on the calculation of the criteria
for strong proximity effect, the Nambu space field integral,
the zero-temperature, noninteracting gap solutions, and the
numerical methods used, are presented in the Appendices.

II. MODEL

‘We model the bilayer consisting of a thin superconductor
(S) coupled to a TI by the action

S=8s+Smu+S;. (1)

In Matsubara and reciprocal space, the superconductor is
described by

1 . . K2
Ss = & Xk:c (k)(—m),, +o- - u)c(k)

Vi
= 2 Gyt ®E K + ek + e k),
k.k',q

@

where c(k) = [c4 (k) ci(k)]T with ¢4(})(k) denoting the anni-
hilation operator for spin-up (spin-down) electrons, m is the
electron mass, and u is the chemical potential in the S. g =
1/kgT and V = L,L, are the inverse temperature and system
area, respectively. We have used the notation k = (w,, k) [¢ =
(2, q)], where w, (£2,) is a fermionic (bosonic) Matsubara
frequency, and k (q) the fermionic (bosonic) in-plane wave
vector. Vi i is the pairing potential, which can be written [31]

Vi = guk)v(k), 3)

where v(k) = 1 for s-wave pairing, and v(k) = «/Ecos(Zzi)k)
for dy>_,>-wave pairing, where ¢y is the angle of k relative
to the k, axis. The coupling constant g is assumed to be
nonzero only when —w_ < k?/2m — u < w,, where o is
the upper (lower) cut-off frequency. For conventional s-wave
superconductors this is typically taken to be the characteristic
frequency wp of the phonons, while the cut-off frequencies in
high-T7 superconductors are of the order of the characteristic
energy of the antiferromagnetic fluctuations present in these
materials [32-35]. We will set 7 = 1 throughout the paper.
For the TI we use the Dirac action

1
St = B D W k) (—iw, + vik - 0 — pr)Wk),  (4)
k

where W(r) = [y4(r) ¥, (r)]” describes the TI fermions, vg is
the Fermi velocity, and oy is the TI chemical potential. The

S and TI layers are coupled by a hopping term [25,26,36,37]
1 .
S=-2 D ot oWt + Wikl (3)
k

Similar models were recently used in Refs. [25,26] when
studying similar systems with an s-wave S. The full partition
function of the system is therefore

Z= /D[c*,c]e-ss </ DY, xp]e—sﬂ—s') (6)

III. EFFECTIVE ACTION

As we are interested in the inverse proximity effect in
the S and its consequences for the superconducting gap, we
integrate out the TI fermions by performing the functional
integral Zry, = fD[\Iﬁ, Wle S where

Z{\Iﬁ(k)( — G )W(k) — tc (k) W(k)

k

1
St = —
TL¢ ﬂV
+ W (k)e)]}. (7
Here, we have defined the matrix G;II = iw, — vgk - 0 + 1.

Performing the functional integration leads to an additional
term in the S action,

2
555 = ,;7 ; )G, ®)

with the TI Green’s function
iw, + i + vk - o
GTI = ﬁ (9)
(ioy + pm)* — vgk

The effective S action thus reads

o 1 _ Vk/ k
ST =—— ) "Gy elk) — ) ——=cl (k)
BV ; 0 kaq BV
x ¢} (=K + q)ey (=k + g)ey (k) (10)

where we have defined the inverse noninteracting Green’s
function
k2
Gy' =iwy— —— +pu—1°Gn. (1
2m

From this we see that the coupling to Gy in Eq. (9) leads to
an induced spin-orbit coupling ~K - ¢ in the S, in agreement
with Ref. [25].

Performing a Hubbard-Stratonovich decoupling [38], the
four-fermion term in the S action can be rewritten in terms of
bosonic fields ¢(g) and ¢'(q),

Ve s o g 1
-y KN (=K + ey (—k + g)ep (k) > ——

& BVY BV
< Y lp(@K)c] (k)e] (—k + q) + Hee.l. 12
k.q

This also leads to an additional term in the total system action

\%4
)= % > o @), (13)
q
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and a functional integration of the bosonic fields in the parti-
tion function. Note that the decoupling is performed such that
the bosonic fields have units of energy.

By defining the Nambu spinor

Ck) = [er (k) ey (k) cf (—k) ¢} (=1, (14)
the effective S action can be written
eff __ _L i —1 ’ ’
S5 = 2V %;C k)G (k, KHC(K'), (15)

where
G (k)8 k — K (K)ioy
G (k. K= o (K)dik o( ( T)“T.
@' (—k + KY(K)io, —[Gy'(—k)] Sew
(16)

Performing the functional integration over the fermionic
fields, we arrive at the effective action for the bosonic fields

\%4 1
Sy = % 2 ¢ @e@ =5 Trin(=g"hH. (7

q

The additional factor 1/2 in front of the trace is due to the
change in integration measure when changing to the Nambu

spinor notation (see Appendix B and, e.g., Ref. [39] for
details).

IV. MEAN-FIELD THEORY

Since G, Yiw,, k) is still inversion symmetric in the di-
agonal basis (see below), we assume that the bosonic field
¢(g) is temporally and spatially homogeneous as in the
regular BCS case. However, a recent study has shown that
introducing in-plane magnetic fields in the TI breaks this
symmetry and can make a Fulde-Ferrel [24] order parameter
energetically more favorable in an s-wave S [25]. Calculating
the matrix G(k) assuming a spatially homogeneous bosonic
field ¢(q) = 8404, and defining the superconducting order
parameter A(k) = A - v(k), we get

G(k)

7= (mk)

F(k)
—GT<—k)>’ (9

where to leading order in ¢

Glk) = e +iw, 5 (ex +iwy)*[(iwy + prr) + vek - o] 2 IAK)P[(iwy — ) — vik - o] (19)
) - 2 . - 2 . ’
§+o (82 + w2) [vEk® — (iw, + pm)?] (82 + w2) [vEk? — (iwy — prn)?]
P = A0 o (8K — i — el)ecun — @l (Vi + uiy + o))
& +o; (&8 + o) [(orlk| = pr)? + 2 ][ (velk| + pr)? + @7
U2k2 _ 2 + 2 e — 2, 2
+202 (uek” = oty + e — 20,07 vk - o oy, 20)
(&2 + w2)[(vrlk| — pur1)? + @2 ][ (velK| + pm)? + 2] i
[
with ex =k?/2m — p and & = Vei + |Ak)]>. As men- with
tioned above, the proximity-induced spin-orbit coupling leads )
. . o 5 . t

to nondiagonal ter'ms in G(k?. Moreover, F (k) now has dlflgo G }0 (k) = iw, — e — - 1)
nal terms ok - oioy, signaling that p-wave (f-wave) triplet iw, + purr F vrlK|
superconducting correlations are induced in the s-wave (d-
wave) superconductor. This has been shown to be the case and
in s-wave superconductors when the spin degeneracy is lifted _
by spin-orbit coupling [40]. A similar expression was found PUE) = 1 /1 i o
for the anomalous Green’s function on the TI side of an S-TI (k) = ﬁ 1 —e itk t 22)

bilayer in Ref. [41]. The results in Ref. [41] also suggest
that odd-frequency triplet pairing could be induced in the
S by including a magnetic exchange term m - ¢ in the TI
Lagrangian.

Gap equation

While the above Green’s functions contain information
about the correlations in the superconductor, the supercon-
ducting gap must be determined self-consistently. We first
change to the basis which diagonalizes the nonsuperconduct-
ing normal inverse Green’s function Gal. We find Glzlo(k) =

P(k)Gy' (k)PT(k), where G (k) = diag[G7 ' (k), GZ\y(k)],

Here ¢ is the angle of k relative to the k, axis. + (—) here
denotes the Green’s function for positive (negative) chirality
states. Inverting G;_}) we find the Green’s functions

iw, F velK| + pr
licwy — ef (K)][iw, — e (k)]

Giolk) = (23)

where

el(k) = %[ék + avplK| —
+yv/ (e — avplk| + )2 + 421, (24)
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with &, y = 1. The Green’s function has residues

— k
w? (k )_7 ek — ovp|K| + pn .25
2y/(ex — avplk| + pmr)* + 412

‘We next transform the enti;e inverse Green’s function G
using gd_l(k) = Pk)G' (k)P (k), where

which yields

G\ (k) = (_

Hence the full Green’s function matrix for the superconductor

is
Gy (k) Fu(k)
k)= , 28
Ga(k) (F;(k) _Gd(_k)) (28)

G (k)

—A(K)e g, 27
Af(k)el? o, ’ @7

G o(—k)

where we have defined the 2 x 2 matrices Gyk) =

diag[G.(k), G_(k)] and Fy(k) = diag[F,(k), F_(k)], and

Py 0 7+ (k). G—(h
Pk) = 0 P—k) (26)  Green’s functions
|
liw, + e W)]liw, + ex W)][iw, F vek| + gl

Gi(k) = , 29

=0 liw, — EX W0)][iw, 4 EX ()]lie, — &5 (K)][iw, + EX (k)] @
—idkr(7, 2 _ _ 2

Fi(k) = Ade™ [(iwy)” — (Fvplk| — pr)7] (29b)

liw, — &5 (0)][iw, + &5 (K)]liw, —

£ (0)]liw, + &5 (K]

The eigenenergies of the system are now given by the poles in the above equation, where

& (k) =

%\

The gap equation for the amplitude A is found by requiring
%% — 0 [38], which ylelds
At = ZﬁV Z tr F (kyv(k)o.e ™. 31

Inserting the Hermitian conjugate of Eq. (29b) and performing
the sum over Matsubara frequencies, we get the gap equation,
pr)?

g [ £7002 — (vrlK| — BEL (k)
1=— k h
av Zk YO moEr i —e aon M 2

& (k) — (velk| = pm)’ anh B&1 (k)
£ WIEL (k) — &7 (k)7 2

£5 (&) — (velk| + ) tanh BEX (k)
EXREF (k) — 2 (k)% 2

~(k)* — (vrlk ? “(k
_ ;E:_ ((k))[ff((lf;zl _I tum)” L PEC )}. 32)

£~ (k)% 2
Setting t = 0 simply yields the regular BCS gap equation,
which results in a gap Ag = 2wpe~!/* in the s-wave case [42],
where A = gDy /V is a dimensionless coupling constant, and
D, is the density of states at the Fermi level. d-wave pairing
results in a slightly smaller gap for the same values for A
and the cut-off frequencies (see Appendix C for details). For
t # 0, the above equation can be expressed in terms of an

energy integral over €k using vp|k| = vpv 2m(ex + p).

V. RESULTS AND DISCUSSION

From the expressions for the system eigenenergies in the
nonsuperconducting case, Eq. (24), we see that the S and
TI bands have hybridized, leading to avoided crossings. The
effect of this hybridization is largest when the chemical

{sk+<avF|k| s +26 + y/[8 — @velkl — )2 + 422 (e + v lk| — pnn)? + [AGORI . (30)

potential of both the S and TI is tuned such that the Fermi
momenta coincide, i.e., for pum = :I:«/va%u. A possibly
strong proximity effect should therefore be expected to occur
in a region close to these values of wry, the size of which
increases with increased hopping 7. In the following we
numerically solve the gap equations for both s- and d-wave
superconductors for relevant parameter values.

A. s-wave pairing

Using numerical values p ~ 5 eV, a cutoff correspond-
ing to the Debye frequency, fiws = hiwp ~ 25 meV [43],
h2/2m ~ 40 meV nm?, fivg ~ 300 meV nm [20,44], and » =
0.2, we solve the gap equation in Eq. (32) for different values
of t and ut at T =0 for an s-wave superconductor. The
results in Fig. 1(a) show that the absolute value of the gap
is not changed significantly due to the inverse proximity
effect for small ¢, except for py close to «/2mv12;/1,. Both
for wr; above and below this region, the inverse proximity
effect is small, signifying that the disappearing gap in the
region where the inverse proximity effect is strong cannot
be simply related to the increasing density of states in the
TI. For increasing ¢, the region where superconductivity is
suppressed increases quadratically with 7, eventually leading
to suppressed superconductivity also at pr; = 0.

The strong suppression of the order parameter can be
understood from the fact that the pairing potential is attractive
only when [k?/2m — 11| < wp, corresponding to wave vectors
between ki = v2m(u = w4). This means that the Fermi
wave vectors kg of the bands in Eq. (24), the value of [k|
for which €/ (k) = 0, have to satisfy k_ < kg < k. in order
to contribute significantly to the integral in the gap equations
and thus give a finite gap. This can be seen by comparing
the left panels in Fig. 1(b), where the upper left panel shows
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FIG. 1. (a) Plot of the superconducting gap at 7 = 0 for an s-wave superconductor as a function of wr; and ¢ and with an upper cutoff
w,; = 0.0025 eV, normalized to the bulk value | Ay| for parameter values relevant for Nb-HgTe bilayers. The kg values for the TI appear vertical
on this plot as a function of w1y due to the small value of the cutoff w, . The numerical results show that the zero-temperature gap essentially is
unaffected by the proximity to the TI for small values of ¢, where the suppression is severe only for values of gy close to v/2muiu, a value far
too large to be experimentally achievable. However, for increasing ¢, the region where superconductivity is suppressed increases quadratically
with ¢, eventually leading to a suppression also for pr; = 0. The inset shows the normalized gap at t = 0.1, 0.2, and 0.3 eV, indicating that
the gap is not suppressed entirely in most cases, but rather to a reduced value of Age~'/* (dashed line), consistent with there being only one
band contributing to superconductivity in this region. The exception is close to p1; = 0 for # = 0.3 eV, where there are no bands with Fermi
wave vector between k_ and k., resulting in A = 0. This is the case in the area restricted by the dotted line in the main figure. (b) The upper
left panel is a plot of the integrand in the gap equation, Eq. (32), evaluated at A, for wave vectors k_ < |K| < k; and r = 0.1 eV, where light
colors correspond to high values of the integrand. The three remaining panels show the magnitude of the Fermi wave vectors kg of the bands
defined in Eq. (24) (left axis) in the same interval at ¢ = 0.1, 0.2 and 0.3 eV, and the normalized gap (right axis). Notice that the plots are
close to symmetric around pr; = 0 since wp < . The dash-dotted lines are kg and kgl(,u—n), the Fermi wave vectors of the S and TI fort = 0,
respectively. Comparing the two left panels it is clear that the main contribution to the integral in the gap equation comes from wave vectors
close to the Fermi wave vectors of the bands in the relevant |K| interval. ;L%ii (1) are plotted as dashed (¢ = 1) and dotted (¢ = —1) lines in all

plots, indicating the onset of the region in parameter space where superconductivity is greatly suppressed.

the integrand of the gap equation, Eq. (32), and the lower
left panel plots kg for the bands in Eq. (24) as a function of
wri. The main contribution to the gap equation clearly comes
from the values |k| = kg. From Fig. 1(b) we also see that as
1 approaches =+ 2mv§u, the value where the Fermi wave
vectors for the bare the S and TI bands, k$ and k{' () cross,
the wave vector of one of the bands exceeds k and thus does
not contribute to the gap equation. Now there is only one
nondegenerate band inside the relevant region, meaning that
the density of states and thus A is halved compared to the t = 0
case, where the band is doubly degenerate. Hence the resulting
gap is suppressed to Age™/* = 2wpe~?/*, in good agreement
with the numerical results, as shown by the dashed line in the
inset in Fig. 1(a). This also means that the suppression is less
severe for higher A, which we have confirmed by numerical
simulations.

For positive w1y, the Fermi wave vector in one band exits
the integration interval [k_, k4] at pup = ;L.IYI”, while a new
band enters this region at ug = 1f; ", where we have defined

[2
M) = oy 2mu(n F wp) £ — 33)
D

(see Appendix A for details). A similar argument holds
for negative wy, and hence superconductivity is strongly
suppressed for

w < pm < 1§ (34)

indicated by the dashed and dotted lines in Fig. 1. If the hop-
ping parameter is large enough, > > wpv 2mv§(u Fwp) =
(t¢)2, u{fr and ;,L;I" change sign. Hence, for [¢| > || > |t_]
and ui;™ < pm < uyp™, no bands have a Fermi wave vector
between k_ and k., resulting in A = 0, as seen fort ~ 0.3 eV
and low wy in Fig. 1. Since p > wp, all results are close to
symmetric about pr; = 0, as seen in Fig. 1(b).

In order for strong suppression to occur for some value of
(i, We must require ug < ;ﬁi*’. For ¢ = —1 this always
holds, while for « = +1 we get a lower limit for 2,

2 > wp\2mE(u + 0p) — \2muR(u — wp)].  (39)

For conventional s-wave superconductors p >> wp, meaning
strong suppression can occur even at low values of ¢, though
for TI chemical potentials close to v/ 2mv2 .

While this result is strictly only valid in the limit of an
atomically thin superconductor, we expect that this effect
in principle could reduce the zero-temperature gap and thus
also reduce the critical temperature in superconducting thin
films. However, for typical parameter values in TIs and s-wave
superconductors, the values of py; where superconductivity
vanishes is inaccessible, tuning w1y by several eV would place
the Fermi level inside the bulk bands of the TI, where our
model is no longer valid. The only exception from this is
when [f]| 2 |¢_|, when superconductivity is suppressed even
at uyr = 0. The fact that no strong inverse proximity effect
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FIG. 2. (a) Plot of the superconducting gap at T = 0 for a d-wave superconductor as a function of wr; and ¢ with upper cutoff w; =
0.15 eV, normalized to the bulk value | A¢| for parameter values relevant for bilayers consisting of HgTe and high-T, superconductors. The gap
is strongly suppressed for j; < w1 < iy, where the approximate (exact numerical) functions p;(¢) in Eq. (36) are plotted as dotted (dashed)
lines. The approximate solution is only valid for kr & kg, corresponding to small . For jr; & i (¢) the gap increases beyond Ay. (b) Plot of
the magnitude of the Fermi wave vectors of the bands in Eq. (24) in the interval k_ < kr < ky (left axis), together with the normalized gap
(right axis) for @, = 0.15 and 0.04 eV. The upper limit k. in the left axis corresponds to w, = 0.04 eV. The black dash-dotted lines show the
S and TI Fermi wave vectors for = 0. As for the s-wave case, the strong suppression of the gap is due to only one band having a Fermi wave
vector in the integration interval. Note how the values of kg(ury) of the hybridized bands (originating with the left + = O crossing of the kg’s of
the TI and the S) bend back in a pronounced way as a function of w1y (kg is a multivalued function of w1y since there are four bands). This leads
to an enhanced density of states for these values of ju1;. This in turn gives an enhancement of the gap in the immediate vicinity of the region of
w1 where the gap is suppressed by the disappearance of bands crossing the TI Fermi surface. This effect is not seen in the s-wave case, where

the pronounced back bending of kr(i1r) does not occur inside the integration interval with the much lower values of w. [see Fig. 3(a)].

has been observed, e.g., in Ref. [20], might indicate that the
coupling constant 7 is below this limit, meaning that an un-
physical high chemical potential is needed in the TI to observe
the vanishing of superconductivity. Since conventional s-wave
superconductors have high Fermi energies, it might not be
possible to reach the parameter regions where superconduc-
tivity vanishes, unless the chemical potential in the S can be
lowered significantly, the Fermi velocity of the TI is lowered
by renormalization, as was proposed in Ref. [26], or the
coupling between the layers can be increased beyond ¢_. How-
ever, as we show below, similar effects are present also for
unconventional, high-7 superconductors, for which the Fermi
energy is lower. Examples of such superconductors would be
the high-T, cuprates and the heavy-fermion superconductors.'

B. d-wave pairing

Using a much lower chemical potential in the S, p ~
35 meV [45], and an upper cut-off frequency comparable to
the spin fluctuation energy in the high-7, cuprates, w; ~
0.04—0.15 eV [32,33,46], w_ = w, and parameters otherwise
as for the s-wave case, we solve the gap equations for a d-
wave superconductor. First of all, the effect of the d-wave gap
structure, compared to an s-wave gap, is an overall change in
scaling, just as is the case for A (see Appendix C). Hence, the
results for AS™Ve/ ASTVHC are jdentical to A9V / ATV

'Although heavy-fermion superconductors nominally have a
quitelow critical temperature in absolute terms, they are nevertheless
high-T,. superconductors. Their critical temperatures are a significant
fraction of their Fermi-temperatures.

when using the same parameters, and we have therefore
solved the numerically more efficient s-wave gap equations
with parameters valid for high-7, superconductors.

Figure 2(a) shows the numerical results for the normalized
gap as a function of w1y and 7. The most prominent difference
compared to the results in Fig. 1 is that the results are no
longer symmetric about pt; = 0, which can be understood
from the fact that wy is of the same order of magnitude or
larger than p. Due to the anticrossing of the Fermi wave
vectors at negative iy, there is only one Fermi wave vector
between k_ and ky for pup < pum < u,.}'l [dashed lines in
Fig. 2(a)], leading to strong suppression for negative jity.
This is illustrated in Fig. 2(b), where we plot the Fermi wave
vectors of the bands together with the normalized gap as a
function of w1y for different values of ¢. The figure also shows
how the regions of strong mixing between the bands increases
with increasing ¢. Interestingly, the suppression of the gap is
preceded by an increased A at uﬁ, due to the bending of
the Fermi wave vectors away from the crossing point of kg
and k;l(,uﬂ), which leads to an increase in the density of
states at the Fermi level. This is illustrated in Fig. 3(b), where
for TI chemical potentials p,% the bands have a minimum
(maximum) at the Fermi level, resulting in high densities of
states. The difference in the gap enhancement between
and 7y is due to the combined effects of different spectral
weights, indicated by the linewidths in Fig. 3(b), and the size
of the Fermi surface, leading to a net larger increase in |A| at
7y In the small ¢ limit, we find the approximate expressions

mv> 174 1
u%}:—Jva%pc:l:Z(Z—;) t+at2. (36)
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(a)
s-wave, t = 0.2 eV purr = 0.0eV =— —33eV
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FIG. 3. Plots of the bands €/ (k) in Eq. (24) for (a) s-wave and (b) d-wave parameter values and different values of pu1. The linewidths are
proportional to the spectral weights w (k) of the bands [see Eq. (25)]. In (a) the values of i1y correspond to a barely suppressed (pr; = 0.0 eV)
and strongly suppressed (1 = —3.3 eV &~ —+/2mu}p) gap for coupling ¢ = 0.2 eV. The inset shows that there is no hybridization of bands
close to the Fermi level (dashed line) for the lowest w1y, while the strong hybridization for 1 = 3.3 eV leads to only one band crossing the
Fermi level in the interval [k_, k] (dotted lines). In (b) we see that only one band crosses the Fermi level for up; = —0.25 eV, explaining the
strong suppression in this case. At uy = 13, we have an increase in |A|, which can be explained by the bands having minima/maxima at the

Fermi level in these cases, leading to high densities of states.

These lines are plotted in Fig. 2(a) (dotted lines) together with
the exact numerical solutions (dashed lines) (see Appendix A
for details). This increase in |A] is not due to the the d-wave
symmetry, and should therefore be present for ug = /“‘%1
whenever the interval [k_, k. ] includes either of the points
kﬁ =+ |8kg|, where dkg is defined in Eq. (A7).

For positive pr there is a small reduction in A close
to pumr = «/vaéu, even though there are three bands with
kg € [k_, k.]. However, since the numerator of each term in
the gap equation, Eq. (32), can be written Sai(k)2 — (avplk| —
wri)?, regions where $f(k) are similar to the bare TI bands
contribute little to the gap equations, resulting in a small
decrease of A.

The effect of using a lower upper cutoff in the solution of
the gap equations is also shown in Fig. 2. Comparing the w; =
0.15 and 0.04 eV lines, we see that for high ¢, the mixing of
the S and TI bands is still significant at kg = k., leading to
abrupt changes in A. For the negative w1y the main effect of
lowering the upper cutoff w, is a further increase of A at ,u%.

From the above results, it is clear that a strong suppression
of the gap is more probable in S-TI bilayers consisting of a
high-7, S, where both the chemical potential —+/ 2mv§,u cor-
responding to ké = kf'(wr) and the hopping strength needed
for strong suppression at gy = 0 is much lower. Hence, we
may expect a strong inverse proximity effect in such systems,
with a strength determined by A, as illustrated in Fig. 4 for
both the s- and the d-wave case. Increasing A leads to a
reduced suppression of the gap, consistent with the fact that
the superconducting state is more robust for higher A. For the
s-wave case, the suppression is proportional to e~!/*. This
holds only approximately for the d-wave case due to other
factors than Fermi level crossings affecting the suppression,
such as changes in the spectral densities at the Fermi level and
changes in the size of the Fermi surface (see Fig. 3), effects
which are small in the s-wave case. From the results in Fig. 2
we also see that it should be possible to change A by several

orders of magnitude by small changes in (1y, again depending
on the value of A as illustrated in Fig. 4.

VI. SUMMARY

We have theoretically studied the inverse superconducting
proximity effect between a thin s-wave or d-wave supercon-
ductor and a topological insulator. Using a field-theoretical
approach, we have found that in both cases there are regions in
parameter space where the inverse proximity effect is strong,
leading to a strong suppression of the gap approximately
proportional to e~!/*. The suppression can be related to the

100 Sowave. f = 0.2¢eV A

—0.2

—03

o 0.4

10 —_s
1072

|A[/]A0]

-5 0 5
-wave, t = 0.05 eV
. 10°3
g
>~qn-14
310
-2
10 —0.5 0.0 0.5
uri [eV]

FIG. 4. The figure shows how the dimensionless coupling con-
stant A affects the suppression of the superconducting gap for s-
wave S with 7 = 0.2 eV (top) and d-wave S with r = 0.05 eV and
w; = 0.15eV (bottom). Increasing A makes the superconducting
state more robust, reducing both the suppression of A, and also the
increase in A at p13; in the d-wave case.
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hybridization of the TI and S bands, and the large degree of
mixing which occurs when the Fermi wave vectors of the S
and TI coincide for chemical potential pu = £+ 2mvl%p.. A
larger value of A results in a more robust superconducting
state, and hence less suppression.

For parameter values relevant for s-wave superconductors,
the interval of suppression grows quadratically with the hop-
ping ¢, and eventually leads to strong suppression even at
wurr = 0. However, since there have been no experimental
indications of a strong inverse proximity effect, we must
conclude that the hopping is too weak to lead to suppression
for experimentally accessible values of ;. Neglecting the
inverse proximity effect regarding the stability of the super-
conducting order therefore seems to be a good approximation
for conventional s-wave superconductors.

A similar effect of suppressed superconductivity is also
present for d-wave superconductors with parameter values
relevant for the high-7, superconductors. In this case the
strong suppression is found for TI chemical potentials close
to —v2muviu, where the interval of strong suppression of
the gap grows approximately linearly with ¢. Since the Fermi
energy w is much lower for high-7;. superconductors, both
the magnitude of the chemical potential —+/ 2mv§p¢, and the
hopping strength needed for strong suppression at pp = 0 is
much lower, making a strong inverse proximity effect more
probable in such systems. In contrast to the s-wave case, the
region of strong suppression was preceded by an increase in A
above A. This is, however, not a consequence of the pairing
symmetry, but rather the difference in system parameters. For
large enough cut-off frequencies, the integration region will
include a band minimum/maximum just touching the Fermi
level, leading to a large increase in the density of states, and
thus increased gap.

We also find that the spin-triplet p-wave (f-wave) super-
conducting correlations are induced in the s-wave (d-wave)
S due to the proximity-induced spin-orbit coupling. Possible
further work could include breaking the translation symmetry
in the x or y direction and probing the density of states normal
to the z axis, possibly revealing signatures of p-wave or f-
wave pairing. Moreover, it could be interesting to study the
spatial variation of the order parameter in a superconductor
with finite thickness.
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APPENDIX A: CRITERIA FOR STRONG
PROXIMITY EFFECT

For superconductivity to occur, the Fermi wave vector
of at least one of the bands has to lie within the interval

of attractive pairing, which for s-wave superconductors is
V2m(u — wp) < |K| < vV2m(u + wp). We find the Fermi
wave vector of the energy bands by setting €} (k) = 0, which
yields the equation

levelk| — prilex — 1> = 0. (AD)

Inserting |k| = k. we get the value of 1y for which the Fermi
wave vector of a band enters or leaves the interval of attractive

pairing,
+ / r
W) = ay/2mv3(n F wp) £ —.
wp

The Fermi wave vectors of the bands e, (k) exceed
ky at p3;”, while the Fermi wave vectors of e} (k)
enter the interval [k_,k;] at /ﬁi*’. /“L%—f+ (™) s
always positive (negative), while ,u.ﬁ” and ppt
change sign when 12 >a)[)x/2mv%(u+a)n)z(tg')2 and

(A2)

12 > wpV2mvi(u — wp) = (7 )?,  respectively,  where
ltgl > It .
Hence we have strong suppression when
wi < pm < it (A3)

which for @ = +1 requires

2> w[\/2mv§(u + wp) — \/vag(u — w)].

Moreover, for |¢| > |t;| and u}'l‘_ < ur < ;1.{1”' no bands
have a Fermi wave vector inside the relevant interval, and the
gap is zero.

For the d-wave S we find an increase in the gap function for
certain values of . An increase in the gap would occur in
regions where the Fermi wave vectors of two bands approach
each other and finally coincide as a function of wry, resulting
in a region of closely spaced Fermi wave vectors. This can
be seen to happen in Fig. 2(b). To find the value of
corresponding to the increase in A we find the local minima of

2
wri(kr) = avpkp — o

kg

(A4)

by requiring g iri(ke) = 0, from which we get the equation
for kg,

lzkp
avg +— =0. (AS)
ke
Solving this equation numerically with « = —1 and inserting

the results into Eq. (A4) yields the dashed lines in Fig. 2, in
good agreement with the numerical results of the gap equa-
tion. To get an approximate analytical expression, we assume
that kg = k1§ + 8kg, where 8kp < kS, which is valid for suffi-

ciently small 7. Neglecting terms of O(ka:) and higher, we get
,  t'm 12
Ski +

_
e (k3)°

Neglecting the last term yields, effectively keeping terms up
to O(t?), results in

I 1/4
k= £ ——(=—=—)
F o ZUIZ;;L ’

Sk = 0. (A6)

akaE

(A7)
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from which it is clear that we only have solutions for @ = —1. This result is plotted as dotted lines in Fig. 2(a), and is
Inserting this expression into Eq. (A4), we get to O(t) in good agreement with the exact numerical results for
o 1/4 small ¢. For up; < prp < /,L}rl, there is only one Fermi wave
M% ~ /2mv§,u,:|:2(va) f 4 —12. (A8) vector in the integration region, leading to a suppressed

21 4 gap.

|
APPENDIX B: FUNCTIONAL INTEGRAL IN NAMBU SPINOR NOTATION

We begin by considering the Gaussian integral over Grassmann variables [47],

T
(e ) ) ()
i i ij

where Pf[(M — M) /2] is the Pfaffian of the antisymmetric part of M, where Pf(A)? = det(A). As an example we consider only
two variables, a; and a,. In this case, terms containing M;; disappear, since ul.z = 0, as do second-order terms in M. For the above
integral we therefore get

1 M — M M—MT
= /daldazi(—alMuuz — Myay) = ~2 5 2= [det = Vdet MA = Pf(M™). (B2)

Here, M* is the antisymmetric part of M.
Applying this to the problem of integrating exp(—SgT), we first write the action in terms of the Nambu spinor C:

1 (p%(k’ _ k)atfiay 0
S =5y 2.0 (=h ’ o ) =~ 37 T oAk KCw)
TV ; ( G W)l — k/)"*;"") 26V Z
1 =Tk = )EEE —[G5 0] S 1 : o
=——> C"k 2 0 C)C(=K) = ——= ) CTR[-AK, k)" C(=k).
7 ; ( )( o o pyi (K =757 ;“ (O[—AWK, k)" C(—K)

Combining these two expressions, we get

P B W B (e O S [ e 3) R S
Set = 2’3‘/;C( k)( Ck')

Gy (k)de ek — Kioy
_ T Atk k) — AT (=K', k) , | _ r B )
= zﬁv ZC (=k) 5 Ck')=— zﬂVZC (—k)AY (k, K YC(K), (B3)

where A4 (k, k') denotes the antisymmetric part of A. This is exactly equal to Eq. (15), as can be seen by the following
manipulations. For notational simplicity we use the two-vector notation

c(k)
C(k) = (c*(fk))’ (B4)

ie., [C(k)]; = c(k), [C(k)], = c*(—k). Hence the matrix multiplication in Eq. (B3) can be written

SICT (—RUAN ke, KGICHN),; = — [CT(—k)ig" (K — Kioy [CK )y — [CT (—h)1i [Gy ' (—h)Sse ] [CK )
ij
+ [CT(=k)1aGy  (—k)8i i [CKN1 + [CT (=K gk — K)ioy [C(K ). (B5)

We use the fact that [CT(k)]; = [CT (=k)], and [CT(k)], = [CT (—=k)];, and relate the remaining factors to the elements of
G~!(k, k') in Eq. (16),

CT (=AM Kk, KNCHK) = [CTUNIG ™ (e, KT [CAEDy + [CTUNLG ™ (e, K )2 [CKD T + [CT TG (e, K11 [CKD
+(CTUING™ (k, KD)[CH)]
=C' ()G (k, K)C(K), (B6)

which shows that Egs. (B3) and (15) are equivalent. Using Eq. (B1), the functional integral of the action in Eq. (B3) results in
Z= / Dt Dee™S = /det[—A4], (B7)
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where we have neglected various numerical constants. By interchanging an even number of rows, it can be shown that
AA(k, k') = G~ !(k, k'), and since the determinant is invariant under an even number of interchanges, we find [39]

7= el/2Tr1n(—g")_

APPENDIX C: ZERO-TEMPERATURE GAP FOR ¢ =0
When ¢t = 0, the gap equation, Eq. (32), reduces to

rs v (k)

Ve +180(K)I?

in the zero-temperature limit. Transforming this to an integra-
tion over ¢y and energy, we get

2
_ &/ / dg V() €2
2J)- 0 27 Jet (Aol

where w4 are positive. Performing the energy integral we get

Ao dox 2 |A0(¢k)‘2 + wi +wy
-z / 2 () In
2o 27 1Ao(@OP + o — ?

~ 3 fo 4o 2<¢k>[ln

where we in the last line have assumed that the gap is small
compared to the cut-off energy. For an s-wave superconduc-

tor v(¢x) = 1, and we get simply Ay = 2/ w_w e~ '/*. For

1= (ChH

—2In Iv(¢k)|] (C3)

(B3)

d-wave pairing we can instead write the gap as

Ay =2 o wye MM (C4)

where we have defined the integral

1=/ déx 2<¢k)1n|v(¢k)|_%~0.153426.
0

(C5)

Hence, the maximum d-wave gap amplitude is marginally
smaller than the s-wave gap for the same values of A and w.

APPENDIX D: NUMERICAL INTEGRATION
PROCEDURES

When solving the gap equation numerically, the k sum is
rewritten in terms of an energy integral over €, and an integral
over ¢, which in the s-wave case is simply equal to 27. In
the s-wave case we therefore only have to perform the energy
integral for energies in the interval [—w_, w.], in our case
using Python and the implementation TRAPZ of the trapezoidal
method in the SCIPY library. In the d-wave case, we use the
QUADPY library’s implementation of the numerical integration
method in Ref. [48] when calculating the 2D integral in the
ex-Pk plane.
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We study the effective interactions between Dirac fermions on the surface of a three-dimensional topological
insulator due to the proximity coupling to the magnetic fluctuations in a ferromagnetic or antiferromagnetic
insulator. Our results show that the magnetic fluctuations can mediate attractive interactions between Dirac
fermions of both Amperean and BCS types. In the ferromagnetic case, we find pairing between fermions with
parallel momenta, so-called Amperean pairing, whenever the effective Lagrangian for the magnetic fluctuations
does not contain a quadratic term. The pairing interaction also increases with increasing Fermi momentum and
is in agreement with previous studies in the limit of high chemical potential. If a quadratic term is present, the
pairing is instead of BCS type above a certain chemical potential. In the antiferromagnetic case, BCS pairing
occurs when the ferromagnetic coupling between magnons on the same sublattice exceeds the antiferromagnetic
coupling between magnons on different sublattices. Outside this region in parameter space, we again find that

Amperean pairing is realized.

DOI: 10.1103/PhysRevB.97.195438

L. INTRODUCTION

Topological insulators (TIs) have attracted much attention
since their discovery a decade ago [1,2]. Although being
insulating in the bulk, the surface of a three-dimensional TI has
topologically protected metallic surface states. These metallic
surface states are well described by the two-dimensional
(2D) massless Dirac equation, having linear dispersions and
spin-momentum locking, and are therefore often called Dirac
fermions [3]. A gap in the dispersion, analogous to the mass gap
for massive relativistic fermions, can be opened by breaking
the time-reversal symmetry of the system, for instance, by
applying a magnetic field normal to the TI surface or by
proximity coupling to a magnetic insulator [4-8].

Many theoretical works have studied heterostructures con-
sisting of TIs and ferromagnetic (FM) insulators, focusing in
particular on the effects on the magnetization in the magnetic
layer [9-20]. One recent study focused instead on the effective
interactions between Dirac fermions on the surface of a TI
coupled to a FM insulator with mean-field magnetization
perpendicular to the TI surface [21]. It showed that interactions
between the Dirac fermions and the transverse magnons in the
FM lead to an effective attractive pairing between fermions
with parallel momenta, so-called Amperean pairing [22,23].
In the presence of spin-momentum locking, this exotic pairing
also implies that the pairs will form spin triplets. However,
the chemical potential was assumed to be tuned far away
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from the gap thus neglecting the effects of the mass gap
in the Dirac fermion dispersion. This raises the question
how the pairing is affected when the chemical potential is
tuned towards the gap as the pairing must disappear in the
absence of a Fermi surface. Moreover, the pairing mediated by
fluctuations in other magnetic configurations than FM order
have not yet been studied. Bilayer systems of antiferromagnetic
(AFM) insulators and TI films, for instance, are also under
experimental investigation [24].

Rex et al. [20] recently studied the effective theory for the
magnetic moments in a bipartite magnetic insulator (BMI)
coupled to the Dirac fermions on a TI surface. Their model
allows to continously tune the magnet from a FM to an AFM
configuration. In the present paper we will use the same model,
restricted to the limiting FM and AFM cases, to study the
effective interactions between the Dirac fermions induced by
the magnetic fluctuations, including the effects of the mass
gap. Possible material choices for such systems are Bi,Se; or
Bi,Tes as the TI, EuS as FM [4,25], and NiO or CoO as AFM
[26-30]. In both cases, we find that pairing between Dirac
fermions is possible in certain regions of parameter space.
For coupling to ferromagnetic fluctuations, the pairing is of
the Amperean type whenever there is no quadratic coupling
term between the magnons, in agreement with Ref. [21] in the
limit of high chemical potential. However, as the Fermi level
is moved towards the gap, the pairing decreases, vanishing
when the chemical potential is tuned inside the gap. We also
find that pairing of the Bardeen-Cooper-Schrieffer (BCS) type,
i.e., where the interacting particles have momenta in opposite
directions, is possible in certain regions of the parameter space.

©2018 American Physical Society
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i) i)

FIG. 1. Bilayer heterostructures consisting of ferromagnetic and
antiferromagnetic insulators proximity coupled to a TI are modeled
using a bipartite magnetic insulator with tunable mean-field magne-
tizations [20]. The surface of the TT is placed in the xy plane, and the
mean-field magnetization of the magnetic insulators is perpendicular
to the interface.

In the antiferromagnetic case we again find pairing of both
types, depending on the relative strength between the intra- and
interlattice couplings. Hence, we find that, for both magnetic
configurations, magnon-induced superconductivity due to the
attractive interactions is possible.

The remainder of the article is organized as follows: The
model is presented in Sec. II together with the derivation of
the effective action for the TI surface fermions. Subsequently,
the effective pairing interaction on the TI surface is discussed
for the FM and AFM cases in Secs. III and IV, respectively.
The results are summarized in Sec. V. Further details regarding
the derivation of the effective TI action are presented in the
Appendix.

1I. MODEL

The bilayer heterostructures are described by taking into
account the surface of the TI and magnetic insulator, the bulk
of the magnetic insulators, and hopping across the interface
due to the proximity [20]. In order to treat heterostructures
with FM and AFM insulators simultaneously, we will consider
a BMI consisting of two FMs with lattice magnetizations m;
and m, as is illustrated in Fig. 1. We set i = 1 throughout
the paper and work close to zero temperature utilizing the
zero-temperature Matsubara frequency formalism. The bulk
of the magnetic insulator is described by the Lagrangian
Lewmi = L1 + L + Lex, where

£; = —b(m,) - d,m; — %(Vmi)z )

amounts to a continuum description of each of the two
sublattices with i = 1,2, whereas

Lex = —Amy - my )

describes the exchange interaction. x > 0 is the ferromagnetic
exchange-coupling constant, whereas the coupling between the
two lattices is ferromagnetic or antiferromagnetic for A < 0 or
A > 0, respectively. b denotes the Berry connection, satisfying
Vi, X b(m;) = m;/m?.

The surface of the TI is described by the 2D Dirac
Lagrangian together with a weak quadratic term in the deriva-
tives leading to particle-hole asymmetry [31-34],

Ly = W1[id, — ive(oyd, — 0,0y) + Eo(9] + 97) + n] W,
&)

where ¥ = (Y4, ¥ l)T is the spinor of the Dirac fermions, 1,
label the spin in the z direction, v is the Fermi velocity, and p is
the chemical potential. The second derivative term is assumed
small compared to the Dirac term. We have not included the
fluctuating Coulomb interactions between the Dirac fermions
since this interaction is screened whenever we have a Fermi
surface. For the ferromagnetic case, there will also be a demag-
netizing field outside the ferromagnet, resulting in a coupling
to amostly in-plane vector potential in the TI Hamiltonian [35].
This coupling in turn leads to circular orbits with radii of the
order of the magnetic length / ~ /euo|M|/h [33] where M
is the magnetization, j is the vacuum permeability, and e is
the electron charge. This coupling can only be neglected when
the motion of the TI fermions is unaffected on the relevant
length scale, which for superconductivity is the coherence
length &, i.e., we must have [ > &. Using & ~ hvg/kgT, [36]
where T, is the critical temperature, we get the requirement
that |M| < epok3 T2 /hvz. We will assume that this holds in
the following. Since antiferromagnets have close to zero stray
fields [37,38], the coupling to the vector potential can be safely
disregarded in the AFM case.

In order to couple the TI fermions and BMI magnetization,
Rex et al. [20] introduced auxiliary fermionic fields x; =
(X1.x i)T on the surface of the magnet for the two sublattices
i = 1,2. These fields can be interpreted as electrons in the
magnetic insulator, which are localized in the atomic limit.
Their spins S; = % X,Ta xi are coupled to the magnetization
of the corresponding sublattice, and in proximity to the TI,
hopping across the interface is taken into account. Thus, the
Hamiltonian of i, x» is

Hot = =t 12+ x3x0) =1 Y ximi oy
i=1,2

— R Gn + x2) + O + (DL )

Here, t is the coupling between the surface fermions, J and
h are the strengths of the coupling to the magnetization m;
at z = 0 and to the Dirac fermions, respectively, and ¢ is the
Pauli matrix vector.

A. Integration of magnetic moments

By integrating out the x; fermions, an effective theory
for the Dirac fermions and magnetizations was obtained in
Ref. [20], including effective couplings between W and m;. In
the following, we will assume that the length of the magneti-
zations my; is fixed to the mean-field value of |m;| = £, and
write the magnetization vector as [21]

(6))

where W; = % + M} §. By fixing the length in this way,
the fluctuations in the z direction are of second order in |m;]|.

Working to second order in /i/”, we get the Berry connection,
mx—m'y
bm;) = ——————, (6)
2m;
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MAGNON-INDUCED SUPERCONDUCTIVITY IN A ...

PHYSICAL REVIEW B 97, 195438 (2018)

and the effective Lagrangian for the magnetic fluctuations can
be written as

a- gl

1 .
L ZD?“)ﬁ (W x d1i) — = (Vi)
2m,- 2

i

1[5 T
+ [m%x —2J%(DY - D;~)]mi oy

+ Wi, - o\IJ} — A4+ 2JXT® — T%))fy -y

+2J2T%2 - (g x 3,1y + iy x 3,1y, Q)
where
nJ
J=—__ "7 2-2 - t2 8
= T Py e ) ®

is the effective magnetic coupling of the TI surface states

t and Jm; [20], we have neglected terms of O(h?|m;|?)
in Eq. (7). Note that the exchange couplings between
fluctuations are renormalized in the above Lagrangian,

ke n_13—i 2 00 7z
Yi = — 1 —J2(DY — DF), 9
! 20 ( i i ) %2)
Dot = A+ 2JHTY — T7), (9b)

Integration of the x fermions also results in an additional
term in the Dirac Lagrangian due to the mean-field magneti-
zations in the BMI,

SLvr = V(i o, + Jaimyo,)W. (10

As will be shown in the next section, this term can create a gap
in the Dirac fermion dispersion.

Specializing to the ferromagnetic (m, =m; =m) and
antiferromagnetic (7, = —m; = —m) cases, we define v =
my/m = %1 for notational simplicity. In both cases the mag-
netic couplings in Eq. (8) are identical on the two sublattices
Ji = J, = J. Transforming to imaginary time 7 = it in the
zero-temperature limit and Fourier transforming both the time
and the space variables [44], we arrive at the functional integral
in the magnon fields,

to m;. The coefficients DY, D, D%, T® T and T% Z= f D[M]eSme, an
depend only on the model parameters and are described in
detail in Ref. [20]. Since & is assumed small compared to where
|
dS‘I T L7 T
Simag = 2n)y M (—q)K(@)M(q) — 5[‘7 (OM(@) + M (- T (=] ¢ 12)

Here, we have defined the matrix,

K 2 Av 2
24 -5+ D—;

Kg) =
( L4+ T 4+ 721+ v)T%i0,Q

and the four-component fluctuation vectors,

M(q) = [m-l‘(q)m{(q)m-;(q)m;‘(q)]T, (14)

and
JUi ko, Wk — q)
&Pk | TVI(k)oy Wk — q)
Q)3 | Tt (ko Yk — q)
JVi(k)o, Wk — q)

J(q) =

s)

The functions D, T, and m* are defined in the Appendix.
We have also used the notation ¢ = (£2,q) and ¥ = (w,Kk) for
the bosonic and fermionic fields, respectively. Performing the
functional integral, we get the additional contribution to the
Dirac action,

1 d’q
88t =—- @K™ —q). 16
=y f ST @K T (16)
After calculating K~!, details of which are given in the
Appendix, the effective action in the FM and AFM cases
can be calculated separately. However, the resulting magnon-
mediated interaction between the W fermions is given in the

ioy
m* Q

A 2 2 Z7
AL 2T + 721 +v)T%i0,Q
2 y i (13)

S — £+ D — 520

2vm*

chirality basis rather than the spin basis. Therefore, we will
derive the corresponding operator transformations for the W
operators entering Eq. (16) through the current vector J in
Eq. (15).

B. Diagonalization of the TI Hamiltonian

The operator transformations are derived by diagonalizing
the TT Hamiltonian including the interaction with the mean-
field magnetizations in Eq. (10),

Hp = /dzr Uiivp(0,8, — 0,8y) — EgV?
—p = J( + vyio ],

_ / &2 U 0. a7

Fourier transforming the Hamiltonian and solving the eigen-
value problem HpWVy = EW,, we find the eigenenergies,

Ei(k) = Eok® £/ J2m2(1 +v)2 + v2k2 — pu,  (18)
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and eigenvectors,
(v _ 1 S Tk
wi<k>_(w7(k))_ m(—rk Sk)wao, (19)

where we have defined the functions,
sk = vp(ky +iky),

(20a)

re = Jin(1 4 ) + [ T2+ v)? + v2kP2, (20b)

Ni = rg + sl (20c)

The subscripts + and — denote Dirac fermions with positive
and negative chiralities, respectively. Note that the eigenvectors
of Hrp are unaffected by the value of E, since this is a
diagonal term. If © > 0, the conduction band will consist of
¥4 fermions. Considering only the fermions which are free to
interact, i.e., projecting onto the conduction band, allows us to
make the substitutions,

Yy (k) —

Sk Ik
N N

in the effective action 8St;. This results in a momentum-
dependent scattering form factor Agx(q) characterizing the
interaction between the fermions in the effective action, which
we write as

Yi(k) and (k) — (o), (2D

dq [ &k [ PK

@ry ) @ry ) @)
) Vi @k + Qv (K = @y )y k). (22)
with the interaction matrix defined as
Viw(q) = —J*D(q) A (@), (23)

where D(gq) is the magnon propagator. We refer to the
Appendix for further details. If the effective action leads to
an attractive interaction, it can be shown that this results in a
superconducting instability, e.g., by performing a mean-field
treatment of the effective theory. We will, however, not perform
such an analysis but rather focus on the type of effective
interaction that arises due to the proximity to the magnetic
layer. In the following two sections, we will analyze the
effective action in the FM and AFM cases separately.

88t =

III. FERROMAGNETIC CASE

In the ferromagnetic case, the magnon propagator is given
by

£¢° — 5500 -1)
(£)"+(5¢2 - 5500 — 1))’

where we have used the definitions of D{* and T“* given
in Ref. [20] and m is defined in the Appendix. Here, a is
the lattice constant, introduced when using 7 /a as a cutoff
in diverging momentum integrals [20], ®(x) is the Heaviside
step function, and 7 = 12/ J*m? is a dimensionless parameter
signifying the strength of the coupling between x; and x»
relative to the coupling between y; and the magnetic moments,
see Eq. (4). Assuming that the Dirac fermions move at speeds
higher than the ferromagnetic magnons, which certainly holds
for small momentum transfers |q|, we set € to zero in the

D™(g) = (24)

kr

kg

FIG. 2. The figure shows parts of the Fermi surface and the
momenta of the interacting particles k = k', k + q, and k — q. The
figure illustrates that only small momentum transfers |q| compared to
kg are kinematically allowed since the momenta must lie within a thin
shell (red dotted lines) around kg (black line). This also implies that
a process with momentum transfer —q is necessarily kinematically
allowed if the process with q is allowed.

magnon propagator. This yields

1
p™Mo,qh= —— —————. 25
©,1q)) - T el (25)

2 T 2a%m

Note that if 7 > 1, D™(0,|q]) is positive for any q. Because
the coupling constants Df”5 and 7*# are discontinuous atv = t
[20], values of 7 =~ 1 are excluded from the analysis in the
ferromagnetic case.

Kargarian et al. [21] found attractive interactions between
particles with parallel momenta, dubbed Amperean pairing
[22], in the high-doping regime. We expand this analysis to
also include the gap in the Dirac fermion dispersion, i.e., by
not setting 7 = 0 in the operator transformations, Egs. (19)
and (20). Since k ~ Kk’ for Amperean pairing, a process is only
possible if both k + q and k — q lie within a thin shell of the
Fermi level. This restricts the kinematically allowed values of
q to those with small |q| as illustrated in Fig. 2. Moreover, if
a process with momentum transfer q is possible, the process
with momentum transfer —q is necessarily also possible. Thus,
any term linear in q in the form factor disappears when
performing the q integration in 6 St;. Expanding the form factor
in vg|q|/|Jm| and neglecting linear terms in q, we get to

leading order,
VEkE (2T 4 QT + k2) cos( — )
2[vEkE + 2Tm)? + 2T my [T my? + vikE]

(26)

A(dr, 1) =

where we have set |k| = |k’| = kr and introduced the polar
angle ¢, of each momentum in the xy plane. Setting m =
0, we get A = cos(¢pr — Pr)/2, which is in agreement with
Ref. [21]. This corresponds to the limit vekr > |Jm| for which
the interaction is strongest. The interaction strength decreases
for decreasing kp and disappears at kp = 0, as illustrated in
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(b)

V]:k]:/‘?.jl’m

FIG. 3. (a) Variation of A(¢ = ¢;) in Eq. (26). The form factor
increases when increasing kg, corresponding to moving the Fermi
level away from the gap in the dispersion. A(¢ = ¢;) approaches
1/2 in the limit vekg > |Jm|. (b) A diagram showing the regions in
parameter space where Amperean or BCS pairing is possible for TI
surface states coupled to a ferromagnet. 1 = |2J77| corresponds to
kg = 0.

Fig. 3(a). This s as expected since there must be a Fermi surface
in the conduction band in order for interactions to be possible.

From the above results of the form factor and integrated
magnon propagator, we see that the overall interaction matrix
Vi s negative for all kinematically allowed q if T > 1 and k
and k' are parallel. Hence, superconductivity with Amperean
pairing is possible if T > 1. This is in agreement with the
results in Ref. [21], which treats an analogous situation. Setting
m; = n1, in the magnon Lagrangian Eq. (7), we note that the
ferromagnetic coupling between magnons,

X+ 7g — Ao = —2J7(DY° — DFF — T® 4 T%)

J
{ﬂ—mG(l ) 27

disappears when t > 1, which is, again, similar to the situation
discussed in Ref. [21].

For 7 < 1, D™(0,|q|) is negative for |q| < /J /a2,
resulting in repulsive interactions, and changes sign as |q| is
increased. Since Amperean pairing is kinematically possible
only for small |q|, Amperean pairing is suppressed for increas-
ing J /mk. However, note that for small |q| and ¢y — ¢ = 7,
corresponding to normal BCS pairing, the interaction matrix
is attractive. Therefore, the possibility of BCS pairing is
investigated further.

In the BCS case k' = —k, the length of q is less re-
stricted since |k’ —q| = |k + q| ~ kg is satisfied for the
same momentum transfer q. Requiring |k| = |k + q| = kg, we
find

_ | —2kpcos(pn — #y), ifm > b — 4l = 7,
lal = !0, otherwise. (28)

Inserted into the form factor, we find

AP (gr,00)

VK2 @00 [2] i + JvEkE + 2T )]

= .29
2[vEkE + 2T im)? + 2T JvikE + 2Tm?]

Since the signs of DFM(0, |q|) with kinematically allowed |q],

and ABCS(¢y,¢,) both vary with ¢ — ¢,, the overall sign of

5 3
: E
3 =
= 0 L
<
: £
¥
! <
0 -3
0.5 0.75 1

(0 — 0g) /7

FIG. 4. Plot of Vy _i in Eq. (30) as a function of  and ¢ — ¢,
showing that the BCS pairing is attractive only for certain scattering
angles ¢,. The black dotted lines show where the interaction changes
sign. For n > 1, shown by the red dashed line, integrating over the
scattering angle gives a dominantly attractive pairing.

the real part of the interaction matrix will depend on ¢ — ¢,
as

2a*m  cos 2(px — )
J o nPeosi(gp — ) — 1

ifw > |px — ¢g| > 5, where n = 2kg/+/J /a*ic. This quan-
tity is plotted in Fig. 4 where it is clear that a BCS-type
interaction is both attractive and repulsive depending on the
scattering angle. Integrating Vi _x over ¢, gives a measure to
whether most scattering angles are attractive or repulsive and
in this way gives a conservative estimate of when BCS pairing
is possible. The results show that the overall interaction is
attractive whenever n > 1,1.e., when 2kg > +/J /a?mi, which
corresponds to chemical potential © > ., where

EoJ _ vZJ
J@Tm? 4+ 31
4a’mk +y@Im T+ 4a?mk @D

Hence BCS pairing is possible for t < 1 and © > u.. The
attractive pairing is most dominant close to ji. and decreases
for increasing chemical potential. It is however important to
note that the phase space of the pairing is reduced since not
all scattering angles give attractive interactions, and the overall
pairing is thus weakened compared to a normal BCS pairing.

To summarize, we find that, for T > 1, which corresponds
to a disappearing m? term in the magnon Lagrangian, super-
conductivity with Amperean pairing occurs. For 7 < 1 and
> . we instead have BCS pairing. The pairing strength
decreases for decreasing kr in the Amperean case, vanishing
when the Fermi level lies inside the mass gap, whereas the BCS
pairing is strongest close to .. A simplified diagram showing
for which parameter values Amperean and BCS pairings occur
is presented in Fig. 3(b).

Vk,—k X — (30)

He =

IV. ANTIFERROMAGNETIC CASE

In the antiferromagnetic case, the net mean-field mag-
netization is zero, and hence a gap is not opened in the
dispersion. This also gives significantly simplified operator
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transformations, resulting in a scattering form factor,
2k-k'—itkkxq—-k'xq)-Z2—-k-q+k' -q
41Kk K’|

A (q) = ,

(32

where we have used |k + q| &~ [k|. The magnon propagator in
the antiferromagnetic case is given by

DAFM(q)
kgt — —J
2q 2a2m/1+7

2
(%) + (59 - 2a2rhj 1+T)(%q2 - 2a2m(1j+r)3/z +1)
(33)

The frequency of antiferromagnetic magnons typically lies in
the microwave range [39] and can therefore also be considered
slow compared to the TI fermions, which have group velocities
vg ~ 10° m/s (see, e.g., Ref. [40]). Setting Q = 0 in the above
propagator yields

1
(34)

DA™0,|q)) = .
’ J
54 - e T A

Plots of DAFM as a function of |q| and t for A > J/2a’m and
) < J/2a%m are shown in Fig. 5. From the figure we see that
the propagator is positive for all |q| and T when A > J/2a%m.
For A < J/2a’m the propagator is positive for all |q| if T > 7.,

where
J2a2m)\ >
. (@) _1 (35)

and for |q| > ¢, if T < 7., where

-

In the Amperean case we are again restricted to small mo-
mentum transfers, which to lowest order gives the form factor
AA™ — 1/2. Hence magnon-induced Amperean pairing be-
tween Dirac fermions is possible either when A > J/2a%n or
when A < J/2a%*m and T > 7.

For BCS pairing, however, we get the form factor ABCS =
e2@=94) /2 which corresponds to setting 7 = 0 in Eq. (29).
The real part of the overall interaction can then be written

" _( J B ) ' cos 2k — ¢y)
k—k O 2a2m(1 + t)3/2 n? cos?(gx — ¢g) — 1
37

form/2 < |¢r — ¢4| < . Here we have used Eq. (28) and de-
fined n = 2kg/+/J /a2m(1 + ©)3/2kc — 21 /. Again, the sign
of the interaction depends on the parameter n and the scat-
tering angle ¢ — ¢, in exactly the same way as in the
FM case. Therefore the interaction is dominantly attractive
when n > 1, which corresponds to ;. > p.(t), where u.(t) =
Eq.(t)?/4 + vrq.(t)/2. Hence, BCS pairing can be realized
when A < J/2a2n'1, T < 7.,and > p.. Thisisaconservative
limit as there are attractive regions of phase space also when
1 < pe. The type of pairing realized for different values of t
and p is shown in Fig. 6.

2
(1 +1)"

J

A
Eyer — 2;, T <T. (36)

Aa?/x=1,J/2mx=0.5

1 2
0.8
e 0.6
£
S
=04
0.2 -1
0 -2
0 05 1 15 2 25 3
T

A2 Jx=1,J/2imK =2

1 8
N
0.6 1\
0.4
0.2
0
0 0.5 1 l‘kS 2 2.5 3

FIG. 5. Plot of DA™ as a function of |q| and  for A > J/2a’m
(top) and A < J/2a*m (bottom). In the former case DA™ > 0 for
all q and 7. In the latter case however, the integrated propagator is
negative in a region around |q| = 0 and r = 0. This region is bounded
by the curve g.(t) (dashed red) given in Eq. (36) and increases for
increasing J/2a%mA. The white region indicates values outside the
color bar range. The propagator for |q| = 0 is plotted in the insets.

Ju—

(=1
KDATM(0, |q])

|gla/m
| [=] ~
N
KDATM(0, |q])

|
o

7. corresponds to the value where A+ Ao — Aeir, SE€
Eq. (9), changes sign from positive to negative, i.e., the point
where the ferromagnetic coupling between spins on each of
the two sublattices becomes weaker than the antiferromagnetic
coupling between spins on different sublattices. Thus, for both
the FM and the AFM cases, BCS pairing seems to be possible

A > J/2d%m A< J/2d%m

“ u

BCS

Amperean

Amperean
T
0 0

FIG. 6. Diagram showing the regions in parameter space where
BCS or Amperean pairing is possible for TI surface states coupled to
an antiferromagnet. BCS pairing is possible only when A < J/2a*m
when 7 < 7. and u > p (7).
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when the quadratic m? term dominates over the interlattice
coupling.

V. SUMMARY

We have studied the possible electron pairing due to mag-
netic fluctuations at the interface of a TI and a FM or AFM
insulator. In the FM case, we have expanded the results of
Ref. [21] to be valid also for chemical potentials close to the
gap in the TI fermion dispersion. We find that for > 1, which
corresponds to a vanishing quadratic term ocm? in the magnon
Lagrangian, Amperean pairing occurs. The pairing strength
decreases for decreasing kg and vanishes when the chemical
potential lies inside the mass gap. For v < 1, Amperean
pairing is suppressed for increasing J /i« , and instead BCS
pairing occurs above a critical chemical potential. In the AFM
case BCS pairing is realized only when the ferromagnetic
coupling between magnons on the same sublattice exceeds
the antiferromagnetic coupling between magnons on different
sublattices. For other parameter values, Amperean pairing
is realized with an interaction strength independent of the
chemical potential. In both the FM and the AFM cases, the BCS
pairing has a limited phase space compared to the regular BCS

interaction and could therefore be a weak effect depending on
the chemical potential of the system.

In conclusion, magnetic fluctuations at the interface be-
tween a TI and a magnetic insulator can mediate attractive in-
teractions between Dirac fermions, giving pairing of both BCS
and Amperean types, depending on the degree of anisotropy
of the magnetic fluctuations in the system. Investigating other
magnetic configurations, such as ferrimagnetic insulators,
would be an interesting further development. We also leave it
for future work to consider bilayers involving magnetic metals
where a similar pairing mechanism is likely to remain in effect.
For the metallic FM case, non-s-wave pairing has already
been reported in recent experiments on superconducting Ni-Bi
bilayers [41-43].
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APPENDIX: CALCULATION OF EFFECTIVE TI ACTION

In the cases 7y /i) = v = %1, we have the relations DY = D, D¥ = D§*, and DY = vDY, whereas T and 7% are
zero in the antiferromagnetic case. To handle this, we write T3 = (1 4+ v)T%/2 and 7% = (1 + v)7 /2. Inserting this into the
magnon action and rewriting in vector form, we defined the matrix K in Eq. (13) using the functions,

D = D{ - DY, (Ala)
1
T=T%_ —;VT”, (A1b)
1 1 i
=_—— — 2D (Alc)
2m* 2m
for notational simplicity.
The inverse of K can be written in the form
1 _ 1 Ao-‘rAyl'Uy BQ+Byi0'y ’ (A2)
det K\ By + Byio, A+ vA,io,
where
det K = (fq2 + 120)2 [(fq2 + 12D> - v,\]z 1ol (2 ’ F (1 +2T%Q) | — 20T — 272
2 2 2m*
202 Q 2
+2<5q2+J2D) VAT + T) + 4T(1 +v)7ﬁ) — — (1 + 0T
2 2m* 2m*
Q\? 22/ Q 2
+ T (T + 1)+ 20 — ) +20 +v)X(TEQ? |+ 1 + v’ = —27%Q
2m* 22\ 2m*
Q 2 Q 2 2
+20T( — - +v)7%Q) + — (1 +v)XT%Q)? |, (A3)
2m* 2m*
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and

2
_ (k2 23_3L)‘f2 22522 ﬁ__z & 2.0z )2
A0_<2q +J D) ( @ +J D) +(2q +J D) S A =T (5 ) AT

2 \2
v T2 v/ Q 2
CATO+T)+20+0T el Q) | A4
+5ATOAT) +20 4 0T —— 2(2m* (14+wn)T° ) (Ada)
_ (K 2 25} Q2 K 2 2 o Q
A, = (2q +J D) o +(2q +J D)[(1+u)(2r+x)70 Q- vis—
Q Q\? e ) 22 A i
— (L + VAT + 0T + (1 + ) + AT | = (1 + )2 +2T)T%Q, (A4b)
2m |\ 2m 2 3
1 /k 2 K A 70202 1
B =77(7 20 2D) o427+ (5¢ JZD) 2O+ 2T) + (1 40 22T
=5 (50 + ) o+ )+(2q+ Z042T) + (v |+ 5

Q\’ e ) 3 Al @ T
+T| | — ) + A+ v2(T%Q) +T<T+7k>+v7 —14+nT%Q]|, (Adc)
2m* 2 2 2m*
__8 A “e+rp-)_ 2
B, = 2m*(1+v)<2+T)<2q +J2D 2) (1+0T%Q
K N2 2 Q\?
x[(1+u)2(7*)zsz)2+<q2+ﬂb—) +<—+T> —( )] (A4d)
2 2 2 2m*

The above equations have been simplified using v> = 1 and 1/v = v and are therefore valid only when 7, = ;.
Performing the matrix multiplication in Eq. (16) using the above form of X~! and the definition of J(¢) in Eq. (15), we get
dq dk a3k’ Ao+ By
2r)» ) 2Cn)d ) Q2| det K
JAy(1+v)+2B,
2 det K
In the antiferromagnetic case, A,(1 + v) 4 2B, is exactly equal to zero. In the ferromagnetic case however, this term has an
overall factor of €2, making it less divergent in the low-frequency limit. We will therefore neglect this term [21].
Projecting onto the conduction band using Eq. (21), we get the effective action,
d’q &’k &K
@rm)* ) @n)y ) @2n)
where we have dropped the subscript + for notational simplicity and defined the magnon propagator,

_ Ao(q) + Bo(g)
D(q) = e K (A7)

8Sm = —J*

[ w | (K (K + @)y (k — @) + ¥ [ U KW (K + @tk — )]

(WG| (K (K + )y (k — q) — Y[ Wl Ky (K + @tk — g)) } (A3)

85m = —J D(@) A @y (k + @y (K — w k) k), (A6)

and the scattering form factor,

* *
Skrq K —qSK Tk + Tk+qSK_q k' Sk

A (q) = (A8)
/NN Ng—q N 1q
Defining the parameter m such that
1 1 . :
— = — —27*D% — J2(1 +»)T%, (A9)
2m  2m
and using the results in Eqs. (A4a) and (A4c), we get the ferromagnetic propagator (v = 1),
K o2 2
5qQ°+J(D+T
DM(g) = —— 4 ( ) 5 (A10)
() + (5> +J2(D+T1))
and the antiferromagnetic propagator (v = —1),
K o2 2
5q°+J(D-T
DA () — 2+ D -T) (Al1)

(2) + (562 + J2D — D)) (52 + D +T) + 1)
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We study the magnon-mediated pairing between fermions on the surface of a topological insulator (TI)
coupled to a ferromagnetic insulator with a tilted mean field magnetization. Tilting the magnetization toward
the interfacial plane reduces the magnetic band gap and leads to a shift in the effective TI dispersions. We
derive and solve the self-consistency equation for the superconducting gap in two different situations, where we
neglect or include the frequency dependence of the magnon propagator. Neglecting the frequency dependence
results in p-wave Amperean solutions. We also find that tilting the magnetization into the interface plane favors
Cooper pairs with center-of-mass momenta parallel to the magnetization vector, increasing 7, compared to the
out-of-plane case. Including the frequency dependence of the magnon propagator, and solving for a low number
of Matsubara frequencies, we find that the eigenvectors of the Amperean solutions at the critical temperature are
dominantly odd in frequency and even in momentum, thus opening the possibility for odd-frequency Amperean

pairing.

DOI: 10.1103/PhysRevB.102.125429

I. INTRODUCTION

Spin fluctuations are one of the proposed mechanisms for
superconductivity in unconventional superconductors [1,2],
for which the phase diagrams often have both antifer-
romagnetic and superconducting regions [3-9], or where
ferromagnetism and superconductivity appear simultaneously
[10-15]. Recently, there have been studies focusing on the
possibility of magnon-mediated superconductivity in het-
erostructures consisting of magnetic insulators and a normal
metal or topological insulator (TI) [16-22], where the elec-
trons couple to magnetic fluctuations at the interface. In TIs
the superconductivity can be between fermions with parallel
momenta, so-called Amperean pairing [23]. It has also been
shown that a coupling to magnons can lead to indirect exciton
condensation [24].

Coupling the magnetic insulator to the TI surface states
[25,26] has a few interesting consequences compared to cou-
pling to the electrons in a normal metal. First of all, the
metallic states are restricted to the surface, locating them close
to the spin fluctuations, ensuring a strong coupling. Moreover,
due to the spin-momentum locking in the TI, the response
to the magnetization is very different compared to a normal
metal. While an exchange field leads to a band splitting and
thus pair-breaking effects for any spin-0 Cooper pairs in a
normal metal, the exchange field in a TI leads only to a
gap and/or shift in the surface state dispersions, but no band
splitting. Hence, the Fermi level only crosses one band, and
the Cooper pairs must necessarily be pseudospin triplets.

In this work we study a TI exchange coupled to a ferromag-
netic insulator (FMI) with a mean field magnetization that can
be tilted toward the plane of the interface between the TI and

2469-9950/2020/102(12)/125429(11)
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FMI. We derive the gap equation for the static gap, and study
the possibility of both Bardeen-Cooper-Schrieffer (BCS) [27]
type superconductivity and Amperean superconductivity, fo-
cusing on the changes due to the in-plane component of the
magnetization. We also derive the gap equation including the
frequency dependence of the magnon propagator, and solve
these equations including only a few Matsubara frequencies.
Our results show that the eigenvectors are mostly odd in
frequency [28-36], thus showing the possibility for magnon-
mediated odd-frequency Amperean superconductivity.

The remainder of the paper is organized as follows: The
model is presented in Sec. II, as is the derivation of the
effective magnon-mediated action. The general gap equations
are derived in Sec. III, and specifically studied for the static
and frequency-dependent cases in Secs. IV and V. Finally, the
main results are summarized in Sec. VI. Further details re-
garding the derivations and material parameters are presented
in the Appendix.

II. MODEL

A sketch of the system is shown in Fig. 1. We model the
FMI using the Lagrangian

L = —b(m) - 3,m — %(Vm)z +am-a? (1)

where a is the direction of the mean field magnetization,
parametrized by @ = sin6X + cos6Z, and A > 0. A general
mean field magnetization including a y component can be
shown to be equivalent to considering only an xz-plane
magnetization by rotating the spin-quantization axis and the
coordinate system. b(m) is the Berry connection, satisfying

©2020 American Physical Society
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FMI///////.’”“ )

TI

FIG. 1. Sketch of the system consisting of TI coupled to a FMI
with a mean field magnetization tilted in the xz plane by angle 6 with
respect to the z axis. J is the strength of the exchange coupling.

Vo X b(m) = m/m? [37], where V,, = (O, » Opm, > O, )- Here
m is the length of the mean field magnetization along a. We
have set /i = 1 throughout the paper. The Lagrangian of the TI
surface states reads as

Loy = Wid; — iv(0yd; — 0,0)) + u]V, @

where W = (Y, ¥, )T is a vector of spin-up and spin-down
electrons in the T, vg is the Fermi velocity, and  is the chem-
ical potential. The TI and FMI are coupled via the exchange
coupling term

Lo=JV'm- oV, 3)

where J is the coupling strength.
We fix the length of the magnetization vector to /7, and thus
write

m = /1 — n%mna + mn, )
where n is the fluctuation vector perpendicular to a,
n = n(cos 6% — sin0z) + n,y. (@)

We assume that n, n, < 1.

‘We next calculate the Berry connection by generalizing the
leading-order expression b = (Z x n)/2 [16] to a mean field
direction along a:

axn ny cos 0% — ny — ny sin 62

b="5-=—= 5 NG

Hence, to lowest order, we have

Vi xb= 7)

NIEY

Switching to imaginary time v = it and Fourier transform-
ing,' we get the three contributions to the action:

s - 1 /cn12 e B

;’” [y (—q)n(g) — n(—q)n,\(q)]}, ®)

"We use the convention

fr,r) = LV Zf(wm K)ot

wp k

for the Fourier transform.

1 .
S11= 5y 20 Wi — velhkeoy — ko) — KIV(K),
k

&)
S.= S+ 5"

Jin .
= fﬁ—v Z vi(a - aWk)

(ﬂv)z Z‘V (k+qn(g) - aW(k).  (10)

Here, we have used the notation ¢ = (€2,,, q) and k = (w,, K)
for bosonic and fermionic Matsubara frequencies and mo-
menta, respectively. We have also kept only leading-order
terms in the fluctuations in the coupling term. Using a more
general model as a starting point, such as the one in Ref. [38],
A could in principle be renormalized to take negative val-
ues, meaning that an antiferromagnetic alignment between the
magnetic fluctuations r could be favored.

A. Integrating out the magnons
To obtain the effective, magnon-mediated interaction be-
tween Dirac electrons, we need to integrate out the magnons.
This can be done by rewriting the full magnon action S, =
S, + 82 by introducing the vectors N(q) = (n(q), ny(q))r
and

Jm
i =gy Z(

U (k 4+ g)(cosHoy — sin GUZ)W(k)>
Uik + q)oy (k) ’
(11)

resulting in

1

Sy = — {N( q)T[ q+‘zx+ng-”]
q

BV N(q)

N (=9j(-9) + jT(q)N(q)}

> 12)

Performing the functional integral, we get an additional term
in the TI action:

. _
8Sm=——e ()2 - -
i 2 G g )

In the low-frequency limit, the last term in the numerator
is less singular than the other two terms, and we therefore
neglect it in the following [16]. We therefore get

1
551 = — 4/%1; 2 T@i—q), (14

Q,\2
(%) + g
where we have defined the magnon dispersion

Km
wq = Tq + mA. (15)
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FIG. 2. Plot of eigenenergies in Eq. (23) as a function of k, with
k, = 0 and p = 0 for different values of 0. Increasing 6 toward 7 /2
reduces the mass gap and shifts the center of the dispersion away
from k, = 0. At r /2 we have a Dirac point located at k, = J7/vg.

B. Diagonalization of mean field TT action

‘We next diagonalize the mean field TI action
: 1
ST = —ﬂ—VZWk)G—‘(k)w, (16)
k

where we have defined the inverse Green’s function
G (k) = iw, + o + Mo, + vekeay — ve(ky — K)oy, (17)

where M = Jm cos® and K, = Jin sin6/vg. Diagonalizing
the Green’s function results in

G;' = RGP} = diag(r, ), (18)

where the diagonal entries are

hi = i, + 0 F O 2y — K2 M2, (19)

and the Green’s function is diagonalized by the matrix

1 *
A== ) )

where
sk = vr(ky — K,) + ivgky, (21a)
re =M+ |sel2 + M2, (21b)
ng = rﬁ + |sk|2. 21c)

The eigenvectors W, (k) in the helicity basis are given by
a transformation from the spin basis W(k), defined below
Eq. (2), as follows:

v, (k)= (zt) = P W(k), (22)

where the helicity index is denoted by + or —. The eigenen-
ergies are given by the zeros of the diagonal entries

ex(k) = £k + vk, — K2+ M2 — . (23)
Hence, M leads to a gap in the dispersion, while K, shifts the

dispersion along the k, axis. This is illustrated in Fig. 2.

C. Magnon-mediated interaction

We now rewrite the effective action in Eq. (14) in terms of
the Dirac fermions defined by Eq. (22), assuming that u > M

and thus restricting the problem to only considering the ¥
fermions. This results in (see Appendix A for details)

Jin
St = — IBVy quk,D(Q)Ak’k(q)
x Y K + @y’ (k — @y ()y (K), (24)

where we for notational simplicity have dropped the subscript
+ on the fields ¥, and defined the magnon propagator

D(q) = (25)

@q
(.27 + 2’
and the scattering form factor Agi(q) = A, (q)+
ALy (@) + AT, (), with

cos?6 + 1

X [sk/qurkr_,_qu + sksl’;,_*_qu/rk,q], (26)

A (q) =

sin? 0
N hg—qhy’ }’lkf+q

k * *
X [sk’sksk'+qsk_q R

Afik(‘l) =

— sksf:ﬂlrkrrlwq + "kTk—q"k W +q

— SKSKTK+q k—q ~ Sk qSk—q K ks N
cos 6 sin 6

Tk —qT T 1

>k *
X [sk/sksqurkurq + SKSK S+ qTk—q

A @ = -

* * * *
T SkSk—qSk'+q"K T 5K Sk 4qSk—q"k
- sk/rk/_,_qurk_q - skrk_qurrkf_,_q
* *
— Skq K Tk k—q Sk—q KTk TR +q]- (28)

The first expression is the same expression as was analyzed in
Refs. [16,19], except it now has a 6 dependence and an overall
multiplicative factor of 2 when 6 = 0. This term is, however,
always nonzero. The other two expressions were not present
in Refs. [16,19], as they both require an x component in the
mean field magnetization. The last expression also requires a
finite z component. Hence, we may have differences in the
pairing depending on the angle of the mean field direction,
which will be analyzed after calculating the gap equations for
the system.

III. GAP EQUATIONS

Including the symmetrized magnon-mediated interaction
in the action, we get the following effective action for the +
fermions:

S, = _ﬁLV Z YT ()AL (k) (k) + (/3%)3 Z Vier(q)
k kK \q
)y (K + D)yt (% + D)y (—k+ D)y (k+ 32)9
29)
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with the symmetrized interaction
Vier(g) = — Jsz[D(k’ — k) Aq(K', k)
—D(k' + k)Aq(K', —K)]. (30)
For notational simplicity we have defined
Ag(K' . K) = Mgy grs (k' — k). 31)

We have also relabeled the momenta to allow for a finite
center-of-mass momentum ¢ for the Cooper pairs, which is
necessary for Amperean pairing. Moreover, since the mini-
mum of the dispersion is shifted away from k = 0 for nonzero
6 there is also the possibility of BCS Cooper pairs with
finite center-of-mass momentum, i.e., a Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) state [39,40]. As such, the system has
some similarities to two-dimensional normal metal systems
with Rashba spin-orbit coupling coupled to a Zeemann field
with an in-plane component, leading to a shift in the disper-
sion and thus the possibility of a FFLO state [41-46].

We now perform a Hubbard-Stratonovich decoupling [47]
by introducing bosonic fields ¢, and d); (see Appendix B for
details), resulting in the functional integral

7= / Dy Dy e / Dy Dy, e, (32)

where we have the fermionic action containing the coupling
to the bosonic fields

S = YU () (k)

W
e fuin(ch uleed
q

i CAWRYS |
v (k4 D)yt (—k+ Z)wq(k)]}, (33)
and the additional bosonic action

SO = =BV Y gh Vi@ ey k). (34

q.k'k

Before proceeding any further, we will assume that the mean
field bosonic field is of the form

9q(k) = 584,080, 0Aq(k). (35)
|

2

This effectively restricts the analysis to only consider
Cooper pairs with one common center-of-mass momentum. In
general, these will couple to Cooper pairs with other center-
of-mass momenta. However, since any interaction between
them does not conserve momentum, the couplings are likely
to be small, and we therefore focus on only one Q in the
following.

In order to integrate out the fermions, we rewrite the action
using the vector

vt = (4 L o)) (0

where Q = (0, Q), leading to
1

S =y k \P;<k+%)gél(k)\l/Q(k+

Q

9w

where we have defined the inverse Green’s function matrix

Q
G5'k) = <A+(k+ ) Aq(k) )

AGk) —i(—k+2))
Integrating out the fermions, we finally get the effective action
for the bosonic fields

(3%

Vv
Se= = P03 A 0vin@1 ! agth)
k'k

1
—ETrln(—gél)‘ (39)

The gap equation follows from using the saddle-point ap-
proximation [47]

85,
= 40
3Aq(p) @0
resulting in
BV F o - Ag(p)
L A , = 41
. kz QK MVip(@1™! = = By () 1)

where detgél(k) = A (k+0Q/2)1 (—k+Q/2) —
|[Aqg(k)[>. Multiplying both sides with V,x(Q)/BV and
summing over p, we get

AYKWir(Q)

i —
Agth) =

), K [

where we have defined

r4 Q) K+ Q
Q) = e (K + 2) 2€+( k' + 2)’ (43)
7. Q K1 Q
iy = < 3) +26+( K3
o) = [eg KO + 18q)I2 45)

i), — € (K') — Eq(k)][iw, — (') + Eq(k)] ’

“42)

It is important to point out that since we have included only the
¥ states in the analysis, the gap equation is for pseudospin
triplets, the “spin” in this case being the helicity index + or
—. The physical spin is not a good quantum number because
of the spin-orbit coupling in the system. Therefore, following
the symmetry analysis in, e.g., Ref. [36], the gap function has
to be odd in w, and even in K, or even in w, and odd in k.

We will now treat the gap equation in two different ways:
(1) We neglect the frequency dependence of the magnon
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propagator in Eq. (25) [12,13,19,24] and study the static limit,
and (2) we use an approach similar to the Eliashberg equations
[48-50], solving the gap equations directly including only a
low number of Matsubara frequencies.

IV. FREQUENCY-INDEPENDENT SOLUTION

In the static limit, we set the frequency to zero in the
magnon propagator,

1
D(q) - D(q) = P (46)
q

such that the interaction now only depends on the momenta
Vier(@) — Viek(q). Hence, there is no longer a free frequency
in the gap equation, and we can perform the remaining Mat-
subara sum, resulting in

B 2
Mgl = = 7D Vi @Ao(K)xoK),  (47)
-

with
e B(eg k) + Eq(k))
1000 = 4 ) [m" 2
2(k) — Eg(k
SR R

where B = 1/kgT. Since the surface states are pseudospin
triples, and we have neglected the frequency dependence,
Aq(k) must now be an odd function of k [36], which is evi-
dent also from the interaction. For simplicity, we now define
K = (0, K,), and let Q = 2K + 2P, such that the center of the
Fermi surface is at the origin when P = 0 independent of the
angle 6.

A. BCS pairing
We first study the case P = 0, which resembles the reg-
ular BCS pairing case with circular Fermi surface. Now,
€9k (k) = 0 for all k, and the temperature-dependent factor in
the gap equation simplifies to

BExk (k)
>

1
xok(K) = tanh

49
2E>k (k) @

which is peaked at the minima of Ek, at Fermi momenta

vrkp = /0> — M?. Instead of solving the gap equation di-
rectly, we write the linearized gap equation [51]

¥ dk’
Alg(k) = — (2Vk’k(2K)A2K(k/))k’,Fs/7k/XZK(k/)v

2w
(50)
which can be written as an eigenvalue problem
nAx (k') = — 2V CK) Az (K)y s, (5D

where FS denotes an average over the Fermi surface. The
critical temperature is then proportional to e~¢/", where 7 is
the highest positive eigenvalue [51], and ¢ is some constant.

TABLE 1. Material parameters used unless otherwise stated.

hvg 0.4 eV nm [57]
m 0.2 eV [58]

a 0.4 nm [57]
Jm 10 meV [59,60]
Tk 0.03 meV nm? [61]
Ak 0.01 nm~2

Assuming M < p, we get for the scattering form factor
Ak (K, K) &= —e™F0¢ [1 —sin® 0 sin gy sin ], (52)

The expression in the square brackets never changes sign, but
introduces anisotropy in k space. Hence, for ¢y = ¢y, the
interaction Vjy (2K) is always positive as long as the easy-axis
parameter A > O [see Eq. (1)], giving the wrong overall sign
in order for a nontrivial solution of the gap equation to be
possible. To verify this, we solve Eq. (51) numerically as a
function of A using the parameter values in Table I, resulting
in the eigenvalues shown in Fig. 3 for tilt angle 6 = 0. The
figure shows that n is very small for positive values of A.
We also calculated the eigenvectors, which were randomly
fluctuating for positive A. For other tilt angles, the results are
qualitatively the same. Hence, we conclude that BCS pairing
is not possible in the static limit for A > 0. For A <0 we
find finite eigenvalues 1 and smooth eigenvectors, meaning
that the system has a superconducting instability in this case,
the reason being that the magnon propagator, and thus the
interaction potential, now can change sign. This is consistent
with the results in Ref. [19]. In systems where A < O and
0 # 0 is possible, this would lead to FFLO Cooper pairs with
momentum 2K. However, for the present system, we have
assumed that A > 0, thus, we do not find a solution to the gap
equation in the BCS-type case.

B. Amperean pairing

As has been shown in previous work [16,19,22], it is possi-
ble to get a superconducting instability where the Cooper pairs
reside on the same side of the Fermi surface, and the Cooper

10

1072

= 107°
=,

= 10°®

10—11

U

-0.01 0 4, p— 0.01 0.02

FIG. 3. Plot of solutions to the eigenvalue problem (51) as a func-
tion of A for & = 0 and J = 0.01eV nm?. We see that the eigenvalues
are very small for A > 0, indicative of the gap equation not having
solutions. For & < 0, however, we get finite eigenvalues, meaning
that the gap equation has solutions for negative A.
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S <
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—1 —20
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kz/kF

FIG. 4. Plot of the logarithm of 4T xq (k) with Q = 2K + 2P for
P = (kg, 0), kgT =5 x 10~*eV, and Aq = 0. The white areas are
outside the range of the color bar. The red lines indicate kﬁ +k3 £
2kjkr = 0.

pairs thus have a finite center-of-mass momentum of 2kp.
In the present case, this means setting Q = 2K + 2P, where
|P| = kg. In the limit T — 0, x (k) quickly drops off to zero
when the €9y | ,p(K) term in the tanh terms dominates over the
€5k+op(K) term in the A = 0 limit, i.e., approximately when

ki + k7 =& 2kjkp > 0, (53)

where k; (k) is perpendicular to (parallel with) P [23] (see
Fig. 4). Even inside this region, we see that x (k) is largest
for small |k|. In the limit |k|, |K'| < |P| the form factor to
lowest order is

vék%(l — sin? ¢p sin® 0) + M?sin® 0
M2+ ok

Aok42p(0,0) = , 54

a plot of which is shown in Fig. 5. The figure shows that
as 6 increases toward /2, the isotropy in the xy plane is
broken, and pairing of particles with P pointing along the x
axis becomes increasingly more favored. Importantly, the sign

—_

S Aok T S Akiop T S Akiop

ufJm

FIG. 5. Plot of Ayx2p(0, 0) for different tilt angles 6 as a func-
tion of ¢p and chemical potential . The pairing is zero foru < M =
Jm cos 8 since we have no Fermi surface in this case.

is opposite compared to the BCS case studied above. Solv-
ing the linearized gap equation numerically in the Amperean
pairing case as a function of tilt angle 0 for different orienta-
tions of P = kp(cos ¢p, sin ¢p), we get the results shown in
Fig. 6(a). As expected from Fig. 5 the critical temperature
decreases when 6 increases toward 77 /2 when ¢p = 7 /4 and
1 /2 compared to ¢pp = 0. For ¢p = 0, the critical temperature
increases for increasing 6, meaning that Amperean supercon-
ductivity might be easier to detect in a system where the FMI
magnetization lies in the interface plane. It must be noted
that the change in 7. due to changes in J [see Fig. 6(b)]
is quite large for J ~ 0.01eVnm?, and might explain the
rather large relative increase in 7, for ¢p = 0 when tuning the
magnetization into the plane. Figures 6(c) and 6(d) show
the real and imaginary parts of the eigenvector, showing that
the eigenvector is odd in k. The eigenvector is similar to that
obtained in Ref. [22] for a topological insulator coupled to an
antiferromagnetic insulator.

For systems with a finite in-plane component of the magne-
tization, the system no longer has many degenerate solutions
for all the possible choices of the vector P. The highest T,
will be for P = (%kg, 0), and hence we expect the system to
condense to either or both of these P vectors. Although con-
densing with P = (%kg, 0) is equally probable, there is still
an overall shift 2K in the center-of-mass momentum, meaning
we always have a net shift in the Cooper pair center-of-mass
momentum.

V. FREQUENCY-DEPENDENT TREATMENT

We next solve the gap equations including the frequency
dependence of the gap function and magnon propagator. In
this way we allow for both even-frequency/odd-momentum
solutions, and odd-frequency/even-momentum solutions. The
latter has, to our knowledge, not been considered in the con-
text of Amperean pairing in other works. Writing out the
interaction potential in Eq. (42), we get

2 -
Alia,, K) = ;—"f >y

o, KV
yor_yho(K, YK)AY (i), K)

X . . N . 9
[iw], — z11liw), — 22]liw), — zyﬂ[ta),g — z;]

(55)

where y = %1, and the poles are given by
712 = (k') £ Eq(K), (56a)
zf = yiw, £ 20p_ k- (56b)

To find 7. we linearize the above gap equation, and define
the indices N = 2n + 1 and M = 2n’ + 1, and the temperature
parameter t = kg7, such that the Matsubara frequencies can
be written w, = Nt and w, = Mt. For notational simplic-
ity, we also define A'&(N, k) = Ag(iwn, k). Inserted into the
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FIG. 6. (a) Plot of 7, normalized to that at ¢p = 0 and 6 = 0 for J = 0.01eV nm?2. We see that as the tilt angle 6 increases, the critical
temperature is no longer the same for different P: It decreases for 0 increasing toward 7 /2 for ¢p = 7 /4 and 7 /2, as we would expect from
Fig. 5. For ¢p = 0 it actually increases for increasing #. We use a momentum cutoff of 3k for k, and k,. (b) Plot of T. as a function of J
normalized to the value of T, at J = 1eV nm?, showing a very sharp decrease in the critical temperature for J < 0.01eV nm?. The error bar
shows the sample standard deviation for five calculations of 7. (c), (d) Show the real and imaginary parts of the eigenvector A at T for ¢p = 0,

6 = 0, and clearly shows that the eigenvector is odd in k.

linearized equation, we get

AL(N,K) = szz
QYT qv
MK

AHM, K
[Mt +ie, (k' + Q)][Mt —ie, (- K + 2)]
N ok Ak, k)
(M — NY1% + Quy_)?

_ oAk, —k) ]
(M + N2 + Qo) |

X

(57)

Including a finite number N,, of positive Matsubara frequen-
cies, and Ny reciprocal lattice points k, we can write this as
a matrix equation A = M(t)A, where M(t) is a (2N,Nx) X
(2N,,Nx) matrix. Hence, the critical temperature is given by
the value of ¢ such that the highest eigenvalue of M is 1.

Since we did not find any BCS-type solutions, except for
A < 0 in the frequency-independent treatment above, we will
focus only on Amperean pairing. Solving the eigenvalue prob-
lem numerically for the Amperean case with Q = 2K + 2P,
P = (kg, 0) for & = 0, we find the dependence on coupling J
as shown in Fig. 7(a) for N,, = 1, 2, and 3. The critical temper-
ature does not change significantly by increasing the number
of Matsubara frequencies included in the calculation. The
reason for this is that this is not a strong coupling calculation,
and thus the renormalization of the fermion propagator is not
included. Hence, the largest eigenvalues of M are given by
M = N = +£1, and necessarily do not change when including
more frequencies.

We also calculate the eigenvalues A(N, k) at 7, when solv-
ing the matrix equation. Under particle exchange, we must

have A(N, k) = —A(—N, —K) [36] which means the eigen-
vectors can be written in the form

AN, k) = A (N, k) + AN, k), (58)

where A/, is even/odd in the frequency index N. Hence, we
have

ALN.K) = A(N, k) +2A(—N, k)’

ALK = A —ZA(—N, k)

(59a)

(59b)

where A/, necessarily is odd/even under k — —k. Numeri-
cally, we normalize the eigenvectors such that

Noy
1=% Z Z|A(2n+1,k)|2
=—N, k

N,
| M
=7 > Y A+ LK) +[A,2n + 1, k)P,
n=-N, k

(60)

For an index N, we define the weighting function for odd-
or even-frequency pairing

wi(N) = é 3 AT KAN, k)
k
BRRN
=y Xk: AN, K)[AAN,K) + AN, K)]

1
=y Xk: |A(N, K> = wi(=N), (61)
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FIG. 7. (a) Plot of the critical temperature for different couplings J and N,, normalized to that at J = 1eV nm? and N,, = 1. (b) Plot of the
total weight W; for odd- (solid) and even- (dashed) frequency solutions as a function of J for different N,,. For the entire range of couplings,
the eigenvectors are dominantly odd in frequency. For both plots we see that there is no significant difference between the plots for different
N,. (c) Plot of T, normalized to that at ¢p = 6 = 0 and (d) the total weight W; as functions of tilt angle 6 for different P orientations for
J =10"'eVnm? and N,, = 1. The error bars show the sample standard deviation for 5 runs with momentum cutoff k.

where i = e/o, and the total weight for each symmetry is
defined as

No
W; = Z w;2n + 1). (62)
n=—N,
Hence, we must have
No
1= Z [we@Rn+ 1)+ w,2n+ D] =W, +W,. (63)
n=—N,

A plot of W; is shown in Fig. 7(b), and shows that the
odd-frequency part of the eigenvectors dominates the even-
frequency part. Hence, this points to the possibility of
magnon-mediated odd-frequency Amperean pairing, which
is consistent with the fact that pairing at finite momentum
has been shown to stabilize odd-frequency superconductivity
[30-32]. Moreover, the reason odd-frequency solutions are
favored might be understood from the fact that s-wave solu-
tions allow for a finite gap close to k = 0, corresponding to
a maximum of the first term in Eq. (57). The even-frequency
p-wave solution, however, has to be zero at k = 0, and thus
gets a much smaller contribution from these areas of k space.

Again, we see negligible change when increasing N,,.
Figure 8 shows the effects of increasing the number of
momentum-space grid points on the critical temperature and
weights W;, showing that 7, converges quickly for the given
parameter values. For lower couplings J (not shown), the
convergence is slower due to the increasing sharpness of
the potential when the temperature decreases. However, the
qualitative picture still remains the same independent of the
number of grid points, namely, that the odd-frequency solu-
tion dominates.

Figures 7(c) and 7(d) show the critical temperature and
weight functions W; as functions of tilt angle 6 for different
orientations of P for J/ = 10~'eV nm?. The overall 6 depen-
dence is similar to that in Fig. 6(a), which is expected since

the 6 dependence of T is determined by the scattering form
factor. Compared to Fig. 6(a) the changes in 7, are somewhat
less pronounced due to the fact that 7. changes less rapidly
as a function of pairing strength in this case, as seen when
comparing Figs. 7(a) and 6(b).

VI. SUMMARY

We have derived and solved the gap equation for magnon-
mediated superconductivity in a TI/FMI bilayer for a

1.10
o (a)
E
e
\Zj 1.051
=
2
Z 100 ; s —
& T 1
10° #(b)
— W,
107" 5 - W
= 1072
107%4
;_ﬁ,{- ------- o deb oo mmmmm e —
0 1000 2000 3000 4000

Ni

FIG. 8. (a) Plot of the critical temperature and (b) weights W; as
functions of the total number of grid points N, used in the numerical
calculation, for ¢p = 0 = 0, J = 0.1 eV nm?, and momentum cutoff
kp. The critical temperature is normalized to the value at the highest
number of grid points. The figures show an average over five runs,
with the error bars showing the sample standard deviation. The
deviation in the number N, is due to the way the number of grid
points is set by the adaptive Python library [52].
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general magnetization direction. Neglecting the frequency
dependence of the magnon propagator, we found that only
Amperean-type pairing was possible for easy-axis anisotropy
coupling A > 0. Tilting the magnetization toward the interface
plane led to an overall shift in the Cooper pair center-of-mass
momenta, and an increase in 7. for Cooper pairs with P
parallel to the magnetization vector.

Including the frequency dependence of the magnon
propagator, we found that odd-frequency, even-momentum
solutions to the gap equations dominated, thus leading to
odd-frequency Amperean pairing. If odd-frequency pairing
is found in such a system, it is an example of a natu-
rally occurring odd-frequency superconductor, in contrast to
odd-frequency pairing due to superconductors coupled to
magnetic or spin-orbit-coupled materials [53-55]. This pos-
sibility should be further investigated by performing a strong
coupling Eliashberg calculation, where also the frequency-
dependent renormalization of the fermion propagator is taken
into account. In addition, there are many other properties
that should be calculated, such as the Meissner response [56]
and the transport properties of the system, which might yield
interesting results.

Pk+q0x1)l( =

/g +q

i SkTk+q — Spralk
. q ~ Sk

G ( 4

/kk+q
PoyqocPk = ———

/T +q

%
1 Sklk+q T Sk+q'k
SkSk+q — "k'k+q

SkSk+q T "kk+q

1 SkSlt — "kTk+q
+q
—Sk’k+q — Sk+q’k
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APPENDIX A: DETAILS OF THE CALCULATION
OF THE MAGNON-MEDIATED INTERACTION

We rewrite the effective action in Eq. (14) in terms of the
Dirac fermions defined by Eq. (22). We first get

(@)
_J (w"i'(k + q)Pi1q(cos 00, — sin 60,)P \Ili(k)>
BV £ WL (k + q)Pisq0, By W (k) ’
(AD)

and performing the matrix calculations results in

* ok
SkSkJrq — IkTk+q
s
—SiTk+q — Sk+q'k

* K
_Sksk+q — Fk'k+q
* £

—SiTk+q T Sk+q7k
3 o oF
— Sk Tk+q ‘Sk+qu
ok -
—Sk+qSk T TkTk+q

We will now assume that the chemical potential u > M > 0, meaning that the Fermi level will lie in the + fermion band, and
hence only the positive-helicity fermions will be free to interact. We therefore keep only the upper diagonal term in the above

matrices, resulting in

/M +q

(SkTk+q — Sk1q7k)

i(q) = % Z M <(sk”ﬁ+q + Sk4q/K) €08 0 — (SkSk g — Mklktq) SIN 9). (A2)
*

We therefore get, dropping the + subscript on the fields,

K + vtk — vy )

* * 2 * * *
X [(skrsqurkurqu + skskurqurrk,q)(cos 0+4+1)+ (Sk'SkSerlSk,q — Sk g kTk—q

J*m ¥
88T =— D
TI 1BV qg; (@)

* * * 2
— SkSk_q/K Tk +q T TkTk—q"K Tk +q — SK'Sk'k'+q/k—q — sk,+qsk7qu/rk) sin“ 0

* * * * * *
— (sk/s|<sk7qur+q + SKSK S 4o k—q + SkSk—qSK —q' ¥’ + Kk +qSk—qk

— ST +q kTk—q — SkTk—q7k Tk +q — Sl?-;-qu’ TkTk—q — S;:,qurk/ T 4q) €OS O sin 6] (A3)
=- Jzi Z D(@) Ao (@ (K + @) (k — @)y ()y (k) (Ad)
T 2 KK ,

where D(g) and Ay (g) are defined in the main text.
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APPENDIX B: HUBBARD-STRATONOVICH DECOUPLING
‘We perform a Hubbard-Stratonovich decoupling [47] by using the identity

Rescaling the bosonic fields ¢y,

or (k') — @l (k') +

94 = 94 + ——— ﬂV)Z ka,,(q)w(

we get

BY D @l V(@) g (k) = BV Y @l )V ()] 0 (k)

q.k' .k q.k' k

+ 5y Z [eitow (-

1= /D‘qu‘pq exp [ﬂV Zﬂﬂq(k/)[vkk(Q)] <ﬂq(k):| (B1)
(ﬁ‘l/)z Z ‘/f%<P + %)W(—p + %)Vpk’(‘]), (B2)
+3)u(r+3). ®)

e+ D) ne (4 Do (52 Y]
+ Dy (x4 Daou (-, + D (k+2). @

(/3V)3 2.0 (

q.K k

Hence, we arrive at the functional integral given in Eq. (32).

APPENDIX C: MATERIAL PARAMETERS

Unless otherwise stated, we have used the parameter values presented in Table 1.
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