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Stator Core Flux Density Analytical Determination
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Nada Elloumi, Matteo Leandro, Jonas Kristiansen Nøland, Member, IEEE
and Alberto Tessarolo, Senior, IEEE

Abstract—Slotless machines equipped with surface-mounted
permanent magnet (SPM) rotor are used in such applications
where the torque ripple and the additional losses due to the
slotting effect are critical. For this kind of machine it is possible
to have an accurate analytical solution for the magnetic fields
in every machine cross-section domain. This paper derives
an analytical expression for the magnetic field distribution
inside the stator core of an SPM slotless machine for general
load conditions. Different rotor magnetization patterns are also
considered for board evaluation of the flux density. All results
are compared with finite element analysis showing satisfactory
accordance.

Index Terms—Analytical method, Laplace equation, mag-
netic field, magnetization pattern, slotless machine, stator core.

I. INTRODUCTION

In conventional PM machines, windings are fixed to a
slotted stator core and usually retained with non-conductive
wedges. The presence of slots in the stator topology is known
to produce several parasitic phenomena like cogging torque
and additional eddy current losses. In some applications, like
wind power generation [1] or gas compression [2], it is nec-
essary to overcome such issues in order to achieve very high
efficiency and negligible torque ripples. One possible solution
is to use the slotless stator structure. This kind of stator is
designed to get rid of the slotting effect by distributing the
windings along the bore of an annular stator core which are
usually retained through a resin cast encapsulation. As widely
treated in the literature, the design of such a machine can
be approached by means of Finite Element Analysis (FEA)
simulation tools possibly interfaced with design optimization
programs [1], [3]. This approach suffers from the drawback
of being very time consuming. Alternatively, Thanks to the
absence of teeth, the slotless SPM machine geometry enables
a relatively easy analytical solution for the magnetic fields
in the active parts. For that, several previous works have
addressed the analytical modeling of slotless SPM machines
adopting the resolution of differential equation in order to
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compute the magnetic field in the slotless SPM machine [4]–
[8]. Most of the literature dedicated to the analytical modeling
of this kind of machine has focused on the air-gap magnetic
field evaluation to predict the machine performance such as
the calculation of back EMF, torque and inductance [8], [9].
Another work such as in [7] has proposed a more general
analytical expression of the vector potential and the magnetic
field has been developed considering a multi-layer cylindrical
system to predict the field in a wider range of the machines’
sub-domains taking into account the effect of eddy current in
the conductive areas. However, it is noticeable that among all
the aforementioned analytical modeling techniques dealing
with slotless machines, little or no attention is paid to the
machine stator core. Indeed, the prediction of the magnetic
field in the stator core is crucial to estimate core losses which
could have critical effect on the machine performance.In
[10] an analytical approach to compute a two dimensional
magnetic field distribution the stator has been developed
yet considering a soft magnetic composite material (SMC)
stator core. Moreover, a further approach has focused on the
magnetic field prediction inside the stator core, but limiting
the scope of the treatment to the no-load operation and just
considering radial magnetization in the rotor [11].

The aim of this work is to extend the investigation
proposed in [11] to develop an analytical expression for the
total magnetic field (due to both stator and rotor) in the stator
core of SPM slotless machines with a generic magnetization
pattern (parallel, radial, Halbach). The availability of an
explicit analytical magnetic field computation formula may
enable the instantaneous estimation of the iron core losses
(using, for example, the Bertotti’s formulation [12]–[15]). An
analytical expression for the magnetic field (both radial and
tangential components) in the iron core is possible through
the solution of Poisson and Laplace differential equations
in the machine domains of interest (stator core, air gap,
magnets).

In this paper, the explicit formulation for the total mag-
netic field is derived for SPM slotless machines covering
different possible magnetization patterns: parallel, radially
segmented and halbach magnetization. The accuracy of the
proposed magnetic field expressions is then successfully as-
sessed by comparison against Finite Element Analysis (FEA)
for different numbers of poles and magnetization patterns.



II. PROBLEM DEFINITION AND MODEL ASSUMPTIONS

The slotless structure allows a direct solution for the
magnetic field distribution inside every machine domain solv-
ing the Laplace/Poisson differential equations [6]. The rotor
magnetization patterns addressed in this work are shown in
Fig.1, where the arrows represent the magnetization direction
inside the magnet’s region.

a) b) c)

Fig. 1. Rotor types considered in the analysis. a) Parallel magnetization, b)
radial segmented magnetization, c) halbach array magnetization.

The rotor types being covered are; 1) parallel magneti-
zation Fig. 1a; 2) segmented radial magnetization Fig. 1b,
where each pole is composed of Nseg parallel magnetized
magnets blocks; 3) halbach magnetization pattern where each
pole is composed of Nseg parallelly magnetized magnet
blocks as well. These kinds of rotor magnetization patterns
are commonly employed in permanent magnet machines [16],
[17]. The field problem definition is based on the following
simplifying hypothesis:
• Stator and rotor cores are assumed to have infinite

magnetic permeability;
• The relative magnetic permeability of permanent mag-

nets is considered to be equal to unity;
• End effects are disregarded; hence the vector potential is

everywhere parallel to the rotational axis so that its axial
component is always considered as a scalar quantity.

• The stator windings are assumed to carry a three phased
balanced sinusoidal current.

III. MAGNETIC FIELD EVALUATION IN THE SLOTLESS
MACHINE STATOR CORE

In this section, the total magnetic field distribution in the
stator core is evaluated by superimposing the contributions
of both stator windings and rotor magnets fields.

A. Computation of the Flux Density in the Stator Core due
to Stator Currents

In order to evaluate the stator currents contribution in
the total magnetic field, it has been necessary to solve
the Laplace equation (1) in the domain named as “Stator
region” as shown in Fig. 2. This region is bounded with two
circumferences whose radii are R2 and R3 for the inner and
outer bound respectively. In a cylindrical coordinate system
(r,ϑ,z) centered in the machine rotational axis, the vector
potential A in the stator region is governed by the Laplace
differential equation as follows:

∇2A =
1

r

∂

∂r

[
r
∂Az
∂r

]
+

1

r2
∂2Az
∂θ2

= 0 (1)

Fig. 2. Characteristic dimensions of the machine cross-section. Stator s-axis
and rotor d¬axis are also represented.

where Az is the scalar component of the vector potential.
Using the Fourier expansion taking into account the

harmonics introduced by the field source, a solution of this
kind of differential equation can be formulated as follows:

Az(r, θ, t) =

∞∑
kp=5p,11p,...

(
V +
kp
rkp + V −kpr

−kp
)

cos(kpθ + ωt)

+

∞∑
km=1p,7p,...

(
V +
km
rkm + V −kmr

−km
)

cos(kmθ − ωt)

(2)

Where V +
n and V −n are constants that have to be de-

termined defined for kp and km. Thanks to the relationship
between the magnetic vector potential and the flux density
in a planar domain, the flux density produced by the coil
currents in the stator region can be obtained as:

Bstr (r, θ) =
1

r

∂Az(r, θ)

∂θ
(3)

Bstθ (r, θ) = −∂Az(r, θ)
∂r

(4)

Using the latter equations, it is possible to determine the
constants V +

n and V −n by imposing the following boundary
conditions:

Bstr (R3, θ) =
1

r

∂Az(R3, θ)

∂θ
= 0, (5)

along Γ4 in Fig. 3.

Bstr (R2, θ) =
1

r

∂Az(R2, θ)

∂θ
= BSb.c.r (θ, t), (6)

along Γ3 in Fig. 3.
The boundary condition (5) is due to the fact of imposing

the homogeneous Dirichlet condition along the outer machine
border. The second boundary condition (6) represents the
radial magnetic field continuity between the winding region



and the stator region. As a consequence, BSb.c.r (θ, t) can be
expressed using the results obtained in [6] as follows:

BSb.c.r (θ, t) = −
∑
kp

kp
r
w(r, kp) sin(kpθ + ωt)

−
∑
km

km
r
w(r, km) sin(kpθ − ωt)

(7)

Where the function w(r, n) is the part that accounts for
the dependency on r and can be expressed for a generic n as
follows :

w(r, n) =

W
+
n r

n +W−n r
−n −W ∗nr2, if n 6= 2

µ0J2
4

[
A+B(r)r4

4r2(R4
i −R4

2)
− r2 ln r

]
, if n = 2

(8)
where coefficients A and B(r) are given as:

A = R4
1R

4
2 −R4

2R
4
i + 4R4

2R
4
i ln

(
R1

R2

)
B(r) = R4

1 − 2R4
2 +R4

i + 4R4
i ln

(
R1

r

)
+ 4R4

2 ln

(
r

R2

)
(9)

and coefficients Jn,W+
n ,W−n and W ∗n can be found in [6] in

formulas (4), (15), (16) and (17).
The two coefficients V +

n and V −n of the Laplace equation
solution are determined solving the set of two equations
obtained by substituting (2) in (5) and (6). The solution of
the the linear system yields:

V −n =
Rn2R

2n
3 · w(R2, n)

R2n
2 −R2n

3

(10)

V +
n =

Rn2 · w(R2, n)

R2n
3 −R2n

2

(11)

with the latter expressions being determined, the radial
and tangential components of the magnetic field due to the
stator currents are expressed as follows:

Bstr (θ, r, t) =

−
∞∑

kp=5p,11p,...

kp
(
V +
n r

kp−1 + V −n r
−kp−1

)
sin(kpθ + ωt)

−
∞∑

km=1p,7p,...

km
(
V +
n r

km−1 + V −n r
−km−1

)
sin(kmθ − ωt)

(12)

Bstθ (θ, r, t) =

−
∞∑

kp=5p,11p,...

kp
(
V +
n r

kp−1 − V −n r−kp−1
)

cos(kpθ + ωt)

−
∞∑

km=1p,7p,...

km
(
V +
n r

km−1 − V −n r−km−1
)

cos(kmθ − ωt)

(13)

B. Computation of the Flux Density in the Stator Core due
to the Magnets

The aim of this subsection is to evaluate the magnetic
field component in the stator core due to rotor magnets solely.
For this purpose, it is assumed that, considering all magne-
tization patterns under study (Fig. 1), the rotor permanent
magnets are arranged into uniformly-magnetized blocks. In
order to simplify the computations, a group of 2p magnet
blocks displaced by π/p mechanical radians apart (Fig. 3)
is considered. Regardless of the magnetization pattern, the
magnetization vectors of magnet blocks displaced by π/p
mechanical radians are shifted by 180◦.

For the sake of simplicity, a new angular coordinate ϕ
measured from the axis of the first block of the group is
introduced so that a generic point p, in the rotor reference
frame (Fig. 3), will be identified with the couple of polar
coordinates (r,ϕ). This angular coordinate can be expressed
as a function of θ as follows:

ϕ = θ−Θ, where,Θ =
ωt

p
+ γ, so, ϕ = θ− ωt

p
− γ, (14)

where ω is the stator electric pulsation and γ is the angular
shift between the stator s-axis and the rotor d-axis (Fig. 2).

After the magnetic field computation for this “magnet
group” the resultant flux density, for all the magnetization
patterns, can be computed extending the result using a finite
sum of elements.

In a similar way as already done in the previous section,
the vector potential in the stator core due to a magnet block
group only (ΦΦΦ), can be expressed by the Laplace equation:

∇2ΦΦΦ =
1

r

∂

∂

[
r
∂Φz
∂r

]
+

1

r2
∂2Φz
∂θ2

= 0

for R2 ≤ r ≤ R3

(15)

Fig. 3. Two magnet blocks displaced by one pole pitch. The set of 2p
magnet blocks displaced by π/p mechanical radians around the rotor surface
is referred to as a “group” of magnet blocks.



It is known that this kind of partial derivative differential
equation has solutions that can be expressed also as follows:

Φz(r, ϕ, α, β) =
∞∑

n=1,3,5,..

[
G+
n (α, β)rnp +G−n (α, β)r−np

]
sin(npϕ)

+

∞∑
n=1,3,5,..

[
H+
n (α, β)rnp +H−n (α, β)r−np

]
cos(npϕ)

(16)

Where the parameters G+
n (α, β), G−n (α, β), H+

n (α, β) and
H−n (α, β) are function of the magnet block semi opening
angle β and function of the magnetization vector orientation
α. These parameters can be determined by imposing the
following boundary conditions:

Brotr (R3, ϕ, α, β) =
1

R3

∂Φz(R3, θ, α, β)

∂ϕ
= 0 (17)

along Γ4 in Fig. 3.

Brotr (R2, ϕ, α, β) =
1

R2

∂Φz(R2, θ, α, β)

∂ϕ
= BRb.c.r (ϕ, α, β),

(18)
along Γ3 in Fig. 3.

In the same way as the previous section, the condition
(17) is due to the fact that we want to impose the nullity of
the magnetic field radial component along the circumference
Γ4. The other condition reported in (18) represents the
continuity of the magnetic field radial component along the
circumference Γ3. The BRb.c.r (θ, t) function can be expressed
using the results obtained in [6] as follows:

BRb.c.r (ϕ, α, β) =
∞∑

n=1,3,5,..

[
X+
n (α, β)rnp +X−n (α, β)r−np

]
sin(npϕ)

−
∞∑

n=1,3,5,..

[
Y +
n (α, β)rnp + Y −n (α, β)r−np

]
sin(npϕ)

(19)

Where the coefficients X+
n (α, β), X−n (α, β), Y +

n (α, β) and
Y −n (α, β) can be found in the paper [6] at formulas (91)-
(101).

By substituting (16) into (17) and putting to zero the
coefficients of sin(npϕ) and cos(npϕ), two linear equations
are obtained in the variables G+

n (α, β), G−n (α, β), H+
n (α, β)

and H−n (α, β). Substituting (16) and (19) into (18) and
equalling the coefficients of sin(npϕ) and cos(npϕ) two
more linear equations are obtained in the same variables.
Now, by solving this linear system we can obtain the desired
variables and express them as follows:

G+
n (α, β) =

R2np
2 ·X+

n (α, β) +X−n (α, β)

R2np
2 −R2np

3

G−n (α, β) =
R2np

3

(
R2np

2 ·X+
n (α, β) +X−n (α, β)

)
R2np

3 −R2np
2

H+
n (α, β) =

R2np
2 · Y +

n (α, β) + Y −n (α, β)

R2np
2 −R2np

3

H−n (α, β) =
R2np

3

(
R2np

2 · Y +
n (α, β) + Y −n (α, β)

)
R2np

3 −R2np
2

(20)

The relationship between the magnetic vector potential
and the flux density vector allows to derive the final expres-
sion for the magnetic radial and tangential components of the
field in the stator core due to only a group of 2p magnets:

Brotr (r, θ, t, α, β, γ) =
∞∑

n=1,3,5,..

[
G+
n (α, β)rnp−1 +G−n (α, β)r−np−1

]
·

cos(npθ − nωt− npγ)

−
∞∑

n=1,3,5,..

[
H+
n (α, β)rnp−1 +H−n (α, β)r−np−1

]
·

sin(npθ − nωt− npγ)

(21)

Brotθ (r, θ, t, α, β, γ) =
∞∑

n=1,3,5,..

[
G+
n (α, β)rnp−1 +G−n (α, β)r−np−1

]
·

sin(npθ − nωt− npγ)

−
∞∑

n=1,3,5,..

[
H+
n (α, β)rnp−1 +H−n (α, β)r−np−1

]
·

cos(npθ − nωt− npγ)

(22)

where ϕ is substituted using formula (14).

C. Computation of the Stator Core Total Magnetic Field for
Every Rotor Magnetization Pattern

The evaluation of the total magnetic field distribution in
the stator iron core is possible by superimposing the stator
current contribution with the rotor magnet contribution. As
already said in the first part of the paper, three different
rotor magnetization patterns are considered for the total flux
density evaluation. For this purpose, it is worth to notice
that each magnetization pattern differs from the other only
regarding the rotor contribution in the total magnetic field.
The magnetic field component in the stator resultant from to
the stator currents is the same for each case of magnetization.
This said, it is possible to write the total magnetic field for
the SPM slotless machine with a parallel magnetization as
follows (Fig. 1a):

Bparr (r, θ, t, γ) = Bstr (r, θ, t)+Brotr (r, θ, t, ᾱ, βpar, γ) (23)



Bparθ (r, θ, t, γ) = Bstθ (r, θ, t)+Brotθ (r, θ, t, ᾱ, βpar, γ) (24)

where
βpar = Sm

π

2p
and ᾱ = 0 (25)

Equation (25) means that, in a parallel magnetized rotor, each
pole is composed by only one parallel magnetized block so
there is no sum to perform. The magnet block magnetization
direction is the same as the block symmetry axis. Sm is the
permanent magnet span over the pole pitch ratio.

Regarding the machine with the radial segmented SPM
rotor (Fig. 1b), the total flux density distribution in the stator
core domain can be expressed as follows:

Bsegr (r, θ, t, γ) =

Bstr (r, θ, t) +

Nseg−1∑
0

Brotr [r, θ − τseg(2b+ 1), t, ᾱ, βseg, γ]

(26)

Bsegθ (r, θ, t, γ) =

Bstθ (r, θ, t) +

Nseg−1∑
0

Brotθ [r, θ − τseg(2b+ 1), t, ᾱ, βseg, γ]

(27)

where Nseg is the number of blocks composing a pole,

τseg = Sm
π

2p
and βseg = Sm

π

2pNseg
(28)

According to equations (26) and (27), it is clear that a pole
of the radial segmented rotor is composed by Nseg parallel
magnetized blocks each with the magnetization direction
correspondent to the block symmetry axis (ᾱ = 0).

In the end, for the machine with the halbach array SPM
rotor (Fig. 1c), the total flux density distribution in the stator
core domain can be presented as:

Bhalr (r, θ, t, γ) =

Bstr (r, θ, t) +

Nseg−1∑
0

Brotr

[
r, θ − τhal(2b+ 1), t, ¯α(b), βhal, γ

]
(29)

Bhalθ (r, θ, t, γ) =

Bstθ (r, θ, t) +

Nseg−1∑
0

Brotθ

[
r, θ − τhal(2b+ 1), t, ¯α(b), βhal, γ

]
(30)

where Nseg again is the number of blocks per pole and:

τhal = Sm
π

2p
and βhal = Sm

π

2pNseg
(31)

The direction of the magnetization vector for each block with
respect to its symmetry axis is written as:

¯α(b) = p [βhal(2b+ 1)] (32)

D. Considerations on the Stator Core Magnetic Field

In some core loss evaluation methods [13]–[15], it is nec-
essary to derive the trajectory described by the flux density
fundamental harmonic vector in any point of the iron core.
In general, such trajectory is an ellipse (as already shown
in [11]). Indeed, the availability of an analytical expression
for the radial and tangential flux density distributions in the
stator core allows the instantaneous computation of the ellipse
trajectory of the magnetic field at any point of the stator core
unlike finite element analysis. In Figure 4C the trajectory
is shown for the flux density vector in points P1 and P2 for
every machine architecture taken into account. All the derived
equations underline the fact that the shape of the ellipse is
strongly dependent only on the radial coordinate.

IV. FINITE ELEMENT VALIDATIONS

The final formulas for the flux density in the iron core are
assessed by comparison with finite element results obtained
on two different machines which main data are reported
in Table I. The validation is performed considering each
machine equipped with the different magnetisation patterns
previously dealt with.

TABLE I
SPM MACHINE DATA USED FOR FINITE ELEMENT VALIDATIONS

Machine specification
Parameter Machine 1 Machine 2

Ri 47.5 mm 47.5 mm
Rm 57.5 mm 57.5 mm
R1 58.5 mm 58.5 mm
R2 62.0 mm 62.0 mm
R3 90.0 mm 90.0 mm
Hc 850 kA/m 850 kA/m
µmag 1 1
Sm 0.95 0.95
p 2 3

The comparison is made between the flux density com-
puted analytically and with FEA along two different circum-
ferences Γ1 and Γ2 as shown in Fig. 5A and B. In the same
figure is also represented the flux density trajectory in two
different stator core points P1 and P2 (Fig. 5C). Assuming
that the major contribution of the field in the stator core
comes from the fundamental component, it is possible to
present the fundamental vector trajectory of the flux density
by means of analytical formulas derived from (23) to (32) in
Cartesian coordinate system (considering n and km equal to
1 and excluding the part of the solutions (12) and (13) with
the coefficient kp). The fundamental field vector describes
an elliptical trajectory as predicted which is illustrated with
the dashed line in Figs 4 and 5. It is noticeable that, for all
the magnetisation arrangements considered, the deeper is the
studied contour in the stator core, the lower is the magnitude
of the radial component of the flux density and the more
dominant the tangential component gets. A further emerging
observation is that for the parallel and radial magnetisation
cases, the elliptical trajectory described by the total field



vector (continuous red line) has a larger major diameter
than the one corresponding to the fundamental field vector
(dashed red line). However for the halbach magnetisation
arrangement, both of the trajectories are almost coinciding.
This validate the fact that the magnets with parallel and radial
magnetisation generate a field that containing a larger har-
monic contents with respect the the hallbach magnetisation
case which produces an almost sinusoidal field’s waveform.
In the end, it is proved that the proposed method is in a very
good agreement with the results derived from FEA for both
machine polarities taken into account.

V. CONCLUSION

In this paper, an analytical solution of the magnetic flux
density in the stator core of a slotless permanent magnet
machine is derived taking into account both the armature
reaction and the permanent magnet contribution. The re-
sultant solution was adapted to be applicable to different
SPM rotor magnetization patterns commonly used in syn-
chronous machines. Results have been compared with finite
element calculations showing very good accordance. Besides
the straightforwardness and instantaneous estimation of the
stator core field of slotless SPM machines, the formulations
being presented could be directly used for the analytical
computation of the core losses, including the eddy-current,
hysteresis and other loss components. Further works will take
this path in order to fully demonstrate the feasibility of this
application and compare the estimated iron core losses with
experimental measurements.
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