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A B S T R A C T   

Stretch bending is commonly used in the fabrication of profile-based shapes. However, one of the challenges in 
many bending-type forming processes is controlling springback upon unloading. Springback appears sensitive to 
upstream and in-process parameters, making prediction and control difficult. The springback problem is 
particularly important in forming processes where stringent control strategies are needed to assure product 
dimension, process flexibility and overall equipment effectiveness. In this research, we present an analytical 
framework for springback assessment in a stretching-controlled bending process. A new, flexible rotary stretch 
bending machine is designed and built, which allows the manufacture of complex-shape profiles with varying 
curvatures, including straight portions, with low tool investments. Furthermore, a Full Moment (FM) analytical 
model is developed for springback assessment. The modeling strategy employs a full moment distribution along 
the entire profile upon bending, introducing a stretching-controlled moment transition between different cur-
vature portions such that the springback contribution from the plastic moment outside the theoretically bent 
portions is considered. Additionally, the influential factors related to material, geometry and process, including 
the applied stretching strains, are comprehensively considered. In this way, the modeling strategy enables ac-
curate evaluation of springback in the flexible stretch bending process. Moreover, the proposed forming process 
is validated by a series of experiments conducted for a wide range of stretching levels using rectangular hollow 
aluminum alloy profiles. This forming strategy demonstrates high capability for controlling springback and 
dimensional accuracy. By comparing experiments, numerical simulations and analytical calculations, this proves 
that the developed FM model provides accurate and efficient assessment of springback. The average relative 
error provided by the FM model is 2.2%, as compared to 10.5% for a classical method used for comparison. Using 
the analytical model combined with numerical simulation, the crucial deformation characteristics, including 
stretching-dependent evolution of strain transition, are revealed. Overall, the FM analytical strategy has proven 
its capability as an effective tool, which can make springback knowledge more explicit, generic and reuseable for 
stretching-controlled bending processes.   

1. Introduction 

In response to the more stringent regulatory requirements on energy 
consumption and CO2 emission, weight reduction has become an 
important concern in the automobile industry [1,2]. Profile-like light-
weight products and product families are attracting more and more 
attention to achieve the new requirements [3,4]. Up to now, multiple 
forming technologies have been developed to manufacture profile-based 
components and semi-finished parts. Among these methods, bending as 
well as bending-based technologies are among the most commonly used 

ones in several application areas [5]. 
During the past decades, a series of methods have been developed to 

fabricate bent shapes; examples are given as stretch bending [6], rotary 
draw bending (RDB) [7], roll bending [8], torque superposed spatial 
bending (TSSB) [9], extrusion bending [10,11], free form bending [12], 
and recently-reported hydro-forging bending [13]. In all these bending 
processes, however, springback is one of most significant issues that 
seriously affects the dimensional accuracy of the formed product, the 
process flexibility, the manufacturing cost, and the overall equipment 
effectiveness (OEE) [14–17]. As springback appears sensitive to 
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in-process and process parameters throughout the manufacturing chain 
[18], effective prediction and control of springback are facing consid-
erable challenges. 

Stretch bending, owning to its high dimensional accuracy and 
reproducibility, is a widely used process for high-volume production of 
bent shapes [3]. From the perspective of kinematics, conventional 
stretch bending can be divided into two categories; i.e., stress (or 
force)-controlled processes and strain (or kinematically)-controlled 
processes [5,19]. The former often includes open-arm and 
rotation-arm type processes, as shown in Fig. 1 (a) and (b), which are 
usually used for forming symmetric parts. The latter usually includes 
single-rotation and double-rotation type movements, as shown in Fig. 1 
(c) and (d), which are widely used for forming more complex shapes. 
However, a challenge faced by conventional stretch bending is low 
flexibility, high tool cost and high machine or press cost. In most cases, 
one set of tools can only support one product configuration, making it 
difficult to meet today’s demand for mass customization at low cost [6]. 
As a countermeasure, some attempts have been made to improve the 
flexibility in stretch bending. One example is using multi-point dies to 
replace the conventional dies based on the above-described stretch 
bending methods [20,21]. This multi-point flexible tool strategy is also 
used for forming complex-curvature sheet parts with reduced part spe-
cific tool cost [22]. For this method, however, the dimensional accuracy 
and surface quality of the formed parts are much lower than those of 
conventional stretch bending due to the discontinuous surface topology 
of multi-point dies. Recently, a new concept for flexible rotary stretch 
bending was introduced for fabrication of complex three-dimensional 
(3D) profiles [6]. In this strategy, enhanced flexibility is realized by 
adding rotational axes combined with a tooling concept utilizing 
part-specific inserts, thus enabling the manufacture of multiple part 
configurations with lower tool investments. However, the springback 
problem is more difficult to control as some new characteristics and 
mechanisms come into play, compared to conventional stretch bending. 
Therefore, how to effectively assess the springback behavior becomes a 
more urgent issue which needs to be solved in stretching-controlled 
flexible bending processes. 

To address the springback problem in stretch bending, numerous 
efforts have been made during the recent decades, using experimental 

(empirical), analytical as well as finite element (FE) methods. Numerical 
and analytical methods are commonly used to reduce or replace ‘trial- 
and-error’ associated with more expensive physical experiments. FE 
analysis presents superiority for considering nonlinear material behav-
iors and complex workpiece-tool contacts in forming analysis [23]. 
However, FE is time-consuming, and it needs deep modeling knowledge 
often not present in many small and medium size (SME) manufacturing 
companies. Analytical approaches, despite their simplifications, offer 
rapid springback evaluated and the associated mechanisms can be effi-
ciently and qualitatively estimated [24], thus providing an effective 
means to make process and springback knowledge more explicit and 
reuseable, which will leverage dimensional control in metal forming. 

As starting point for developing advanced analytical models for 
springback assessment, the fundamental theory of stretch bending and 
the state-of-the-art of the existing analytical models must be critically 
reviewed. They are briefly introduced in the following. 

1.1. Theory of stretch bending 

In stretch bending, the strategy employed for applying combined 
stretching and bending as well as nominal stretching history is of 
importance. Stretching can be applied in different sequences; namely, 
before bending (pre-stretching), during bending (in-process stretching), 
and after bending (post-stretching) [5,6]. An appropriate strategy for 
applying stretching can improve the quality of the formed component 
along with the performance of final product. Too severe stretching, on 
the other hand, may induce damage to the formed parts, negatively 
affecting product performance [25]. From the perspective of springback 
reduction, the total accumulated stretching strain and the loading path 
can make a significant difference. Here the latter should be applied 
proportionally to avoid local unloading, especially towards the end of 
forming prior to unloading. The former determines the stress gradient 
across the cross-section at the instant of unloading, which mainly de-
termines the magnitude of springback. 

The distribution characteristics of stress and strain in stretch bending 
can be characterized by neutral layer (NL) shifting. As shown in Fig. 2 
(a), under the assumption of pure bending without stretching, the NL 
can shift from the centriod of the section, especially at tight radii, among 

Fig. 1. Schematic view of process principles of stretch bending methods [19]: (a) open-arm type; (b) rotation-arm type; (c) single-rotation type; (d) 
double-rotation type. 
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others, due to mass conservation effects induced transition of tension- 
compression across the depth of the cross-section upon plastic defor-
mation (bending). Both direction and distance of NL shifting depend on 
the material properties as well as the bending curvature. For most 
metallic materials, with similar stress-strain behavior in tension and 
compression, the NL shifts towards the curvature center; however, for 
some alloys with initial tension-compression asymmetry, such as mag-
nesium alloys, outward shitfing may occur under pure bending [24]. 
When applying stretching in bending process, the NL moves towards the 
bending center, as shown in Fig. 2 (b) ~ (d). If the applied stretching 
strain is sufficiently large, the (theoretical location of) NL can move 
outside the cross-section, as shown in Fig. 2 (e). 

According to the NL position, stretch bending can be categorized in 
terms of different modes as follows: Mode 2 (Fig. 2 (b)) with both tensile 
and compressive plastic zones in the cross-section; Mode 3 (Fig. 2 (c)) 
with a tensile plastic zones and a compressive elastic zone; Mode 4 
(Fig. 2 (d)) is a state without a compressive deformation zone; and Mode 
5 (Fig. 2 (e)) with the entire cross-section under tension. In this mode, 
the stress gradient across the depth of the profile is reduced, and the 
springback is dramatically reduced compared to pure bending. Mode 5 is 
usually used in industrial practice [5]. Thus, Mode 5 bending will also be 
focused herein, seeking to develop an advanced analytical model for 
accurately assessing springback in the flexible rotary stretch bending 
process to be presented in the continuation. 

1.2. Review of existing analytical models 

At present, extensive analytical models have been developed to 
analyze springback problems in bending-type processes. To name a few, 
Yu and Johnson [26] analytically studied the springback of a beam 
under pure bending subjected to an external axial force, showing that 
the axial force can effectively reduce springback. However, this work 
employs a simple perfect-plasticity material model without considering 
working hardening, which can only be used for a very rough analysis of 
beam bending cases. Geiger and Sprenger [27] proposed an analytical 
model of springback for stretch bending of rectangular extrusions based 
on element bending theory, in which the geometrical and mechanical 
parameters are considered for springback analysis. In this method, 
however, the changes of geometrical dimensions, like thinning is not 
included, reducing the accuracy especially for bending cases under high 
stretching. In addition to springback, similar methods were also used to 
analyze forming loads and bendability in stretch-bending within fully 
elastic, primary-plastic, and secondary-plastic regimes in Refs. [28–30]. 
Based on element bending theory, Zhao et al. [31,32] and Zhai et al. 
[19] conducted analytical modeling for springback under 
small-curvature sheet bending, and extending it to modeling springback 
of profiles in pre-bending-tension process. For the above-mentioned 
models, the stress distribution of the entire cross-section is considered 
for prediction of the (elastic-)plastic moment at the instant of unloading. 
However, there exist also more simplified formulations, which only take 

Fig. 2. Stress and strain distribution of stretch bending of profile.  
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partial sectional regions into account; for example, Zhu and Stelson [33] 
proposed a two-flange model for springback in stretch bending of rect-
angular profile. In this model, only the outer and inner flanges of the 
rectangular section are used to calculate the bending moment, while the 
stress distribution across the webs is ignored. Due to the geometrical 
assumption, however, the application of a two-flange model is only 
limited to simple symmetric sections. The prediction accuracy becomes 
more sensitive to sectional dimensions like the thickness of flanges/si-
dewalls, width and height. In addition to the material and geometrical 
parameters, Zhu and Stelson [33] and Liu et al. [34] also considered 
workpiece-tool friction within the above-described analytical frame by 
introducing a capstan model, thus enabling the modeling of friction 
effects on springback. However, Miller et al. [35,36] reported that 
friction can only exert a very slight influence on the forming proc-
ess—although the part should be lubricated in most cases for best results 
from post-tension. 

Moreover, analytical modeling of springback can provide more than 
prediction accuracy. Owning to high solution efficiency, analytical 
methods can be used for real-time, in-process control of bending pro-
cesses. To name few cases, Geiger and Sprenger [27] used an analytical 
method together with artificial neural networks (ANN) to optimize 
process parameters from the relation between a force-displacement 
chart and springback ratio, and the model is further applied to 
develop an on-line control circuit. Welo and Granly [37,38] employed 
an analytical steering model to design a closed-loop-control system of 
springback in rotary draw bending. Unlike conventional control strate-
gies, this novel control strategy is attractive for high-volume production 
since the high solution efficiency does not impact cycle time. Grzancic 
et al. [39] derived an analytical model for predicting wall thickness 
reduction and forming force for a radial-indentation, incremental profile 
forming process. It is claimed to provide time-efficient estimation of 
process output parameters, e.g. forming force, which is of interest for 
industrial closed-loop control applications. From the abovementioned 
studies, another attracting point of analytical models can be presented is 
the design of intelligent systems for controlling springback. However, 
the capability of springback control still depends highly on the accuracy 
of the analytical models. 

The body of research on analytical springback in bending processes is 
obviously more extensive than the above-summarized ones and many 
not mentioned have made great contributions to addressing the prob-
lems involving springback. However, many of these studies focus mainly 
on conventional stretch bending processes, which can only solve the 
springback problems of constant-curvature geometries. As for more 
generalized forming processes, as well as emerging processes for fabri-
cation of more complex shapes, there is still a lack of advanced analyt-
ical methods applicable for springback analysis. Especially, for the 
springback in stretching-controlled flexible bending of complex geom-
etries with varying-curvatures configurations, very few relevant studies, 
if any, do exist. 

To make a contribution to fill these identified research gaps, this 
paper aims to develop an advanced analytical framework for accurate 
and efficient assessment of springback in a flexible, stretching- 
controlled bending process. First, a new flexible stretch bending 
method is proposed, and a full-scale machine system is built, allowing 
forming of complex-shape profiles with varying curvatures, bend angles, 
as well as a kinematically-controlled strain history. Furthermore, a novel 
analytical framework for springback prediction will be developed by 
considering the full moment distribution along the entire formed profile 
as well as influential parameters related to material, geometry and 
process, thus providing an accurate and rapid assessment of springback. 
Moreover, a series of carefully designed physical experiments and FE 
simulations will be conducted to validate the process capability of the 
proposed flexible bending method along with the prediction accuracy of 
the developed analytical model. Finally, based on analytical model and 
FE simulation, the deformation characteristic of the new process will be 
discussed for the better understanding of how these affect the 

springback behavior. 

2. Novel flexible stretch bending method 

2.1. Process description 

A new stretch bending process is developed to enhance the flexibility 
of conventional stretch forming, seeking to meet today’s rapidly 
changing demands for complex product geometries. Fig. 3 presents a 
schematic view of the CAD model of the machine design, which is based 
on the 3D bending strategy reported in Refs. [6]. By adding multiple 
rotational axes in conjunction with an innovative design of dies with 
different geometrically configurations, machine flexibility can thus be 
improved to accommodate different product geometries. 

As shown in Fig. 3, this machine system consists of two opposing sets 
of bending arms. Each arm provides three degrees of freedom (DOFs), 
and are described as follows:  

• Rotational movement in the vertical x-z plane controlled by Axis 2 
and Axis 3.  

• Rotational movement in the horizontal x-y plane controlled by Axis 4 
and Axis 5.  

• Translational movement in the base structure (x-direction) 
controlled by Axis 1. 

As shown in Fig. 4 (a) and (b), each pair of bending arms provide 
rotational moments around individual pivot points, continuously 
stretching the profile while this is clamped and prevented from sliding at 
the ends. The distance (x) between the individual axes and the 
perpendicular distance from the individual pivot point to the inside of 
the profile (y in Fig. 4 (a) and z in Fig. 4 (b), respectively) is crucial for 
the stretching path of the profile upon forming. If the locations of pivot 
points do not ensure a continuous increase of the strain of the entire 
workpiece during the bending stroke, the workpiece may experience 
local elastic unloading, thus causing large springback upon unloading. 
In this study, the location of the pivot points for two rotation directions 
(as shown in Fig. 4 (a) and (b)) are determined based on the above 
guideline. The translational movement can accommodate profiles with 
different lengths, geometries and shapes, providing flexibility for 
various products needed in mass customization. In addition, this degree 
of freedom provides pre-/post-stretching or in-process (simultaneous) 
stretching capibility for optimizing the stretching path with regard to 
springback. For the built machine, Axis 2 and Axis 3 use electric servos 
and rotary absolute encoders; Axis 4 and Axis 5 are controlled by hy-
draulic servo actuators and linear absolute encoders; and Axis 1 is 
realized by the movement of the base platforms relative to each other, 
controlled by hydraulic servos. As illustrated in Fig. 5, based on the 
above design principle, a full-scale 3D stretch bending machine is 
designed, built and installed in the laboratory. This new machine system 
can produce both two-dimensional (2D) and 3D bending configurations 
of large profiles with lengths up to more than 2 m, different cross- 
sections and geometry configurations. 

2.2. Springback definition 

When the bending arm is rotated to the final stop position, the clamp 
tools are released and springback occurs instantly during unloading. 
Springback induces changes of local curvature along the part, making 
reduction of chord heights in the two bending directions. In this 
research, however, we consider 2D bending only (activating axes 2 and 
3) to fundamentally study the springback behavior of the bending 
method. 

Fig. 6 shows a reference line with the distance (Lr) between points J 
and K (or between points J’ and K’) used to define the springback chord 
height. First, the chord height (H) of the part before springback is 
defined as PO, representing the distance from the reference line to the 
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Fig. 3. Novel 3D, flexible rotary stretch bending process.  

Fig. 4. Geometries of formed parts: (a) top view before forming; (b) side view before forming; (c) schematics of 2D/3D forming processes.  
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symmetry point (P), taken from the inside of the profile. Similarly, the 
chord height (H′ ) after springback is denoted as distance PO′ . Thus, the 
springback chord height (ΔH) can simply be written by Eq. (1), which 
will be used in the following to evaluate the springback under different 
stretching conditions. 

ΔH =H − H ′ (1)  

3. Analytical model of stretch bending 

3.1. Assumptions 

Analytical modeling of the stretch bending process is developed 
under the following main assumptions:  

• The cross-section of profile remains plane and perpendicular to the 
longitudinal axis after stretch bending.  

• The stress state is uniaxial such that stresses across the thickness of 
members are neglected.  

• Constant volume (mass conservation) principle is used for plastic 
deformation.  

• The deformation theory of elasto-plasticity is employed.  
• Large bending radius-to-depth of cross-section (Bernoulli-Navier) is 

assumed. 

For the material properties used in the analysis, elasto-plasticity is 
used to describe the deformation behaviors upon forming. Since longi-
tudinal strain component dominates deformation upon bending, it is 
taken to represent the total strain. The longitudinal strain can be written 
as follow: 

ε= εe + εp (2)  

where εe is the elastic strain component, and εp is the plastic strain 
component expressed by εp = ε − εe. For purely elastic deformation, 
Hooke’s law is used. When the material enters the plastic stage, a suit-
able constitutive relationship is selected in accordance with the defor-
mation characteristics of the material used. Here the Swift hardening 
equation is employed to describe the true stress – (logarithmic) strain 
response. Thus, the constitutive model for elasto-plastic deformation can 
be written as: 

σx = f (ε)=
{

Eε, ε ≤ εe
K
(
εp + ε0

)n
, ε > εe

(3)  

where E is Young’s modulus, K is the strength coefficient, n is the strain 
hardening exponent, and ε0 is a coefficient of Swift hardening equation. 

3.2. Geometry analysis 

The formed profile includes geometry configurations of both bent 
and straight portions. Due to symmetry, a semi CAD model is used for 
analysis. As shown in Fig. 7, lms, lb and les represent the lengths of the 
mid-depth layer of the mid-straight portion, bent portion, and end- 
straight portion, respectively. 

In the stretch bending process considered, pre-stretching, in-process 
stretching, and post-stretching can be partially or completely applied. In 
this research, the total strain theory is assumed, meaning that the strain 
history does not influence the final strain distribution. Here the total 
stretch-induced tensile strain (εgt) can be represented as: 

εgt = εpre− t + εin− t + εpost− t (4)  

where εpre− t, εin− t and εpost− t are the tensile strain components in the 
longitudinal direction caused by pre-stretch, in-process stretch and post- 
stretch, respectively. In order to represent the average global stretch 
level of the bent profile, the elongation of the centroid (mid-depth) layer 
is used for calculation, as shown in the following equation: 

εgt = ln
(

1+
Lc − L0

L0

)

(5)  

where εgt is the average global stretching strain, L0 is the initial length of 
profile, and Lc is the total length of the mid-depth layer after stretch 
bending, which can be calculated by: 

Lc = lms + lb + les (6)  

where lb is the length of mid-depth layer of the bent portion, whichcan 
be calculated by: 

lb = θRc (7)  

where θ is the bending angle, and Rc is the bending radius of the mid- 
depth layer. 

As mentioned above, the tool configuration contains both bent and 
straight portions, so that the deformation of the profile in the longitu-
dinal direction is nonuniform, especially within the transition zones 

Fig. 5. Full scale, laboratory-based flexible stretch bending machine system: 
(a) overview of the machine; (b) flexible dies for 2D/3D bending. 

Fig. 6. Springback of stretch bending: (a) before unloading; (b) definition 
of springback. 
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between the bent portion and the straight portions. In order to accu-
rately characterize the strain distribution, the formed part is further 
divided into five different zones. 

As shown in Fig. 8, the red and blue lines indicate the strain distri-
butions of the outermost layer and innermost layer, respectively. The 
five zones are defined as follows:  

• Mid-uniform stretch zone (MUS zone): This zone is in a uniform 
tensile state from A to B. The length of the MUS zone depends on the 
bent geometry as well as the stretch strain level. If the length of the 
mid-straight portion is very short, the MUS zone may not exist since 
the entire mid-straight portion appears within the transition state.  

• Mid-transition zone (MT zone): This zone is in the transition state 
where the strain evolves from bending portion to mid-straight 
portion. It consists of a segment from B to C in the mid-straight 
portion, and an arc segment from C to D in the bent portion.  

• Uniform bending zone (UB zone): This zone is in a uniform bending 
state, in which the bending deformations are constant from D to E.  

• End-transition zone (ET zone): Like the MUS zone, the strain of this 
zone evolves from the bending portion to the end-straight portion. It 
also consists of a segment from E to F in the mid-straight portion, and 
an arc segment from F to G in the bent portion.  

• End-uniform stretch zone (EUS zone): This zone resembles the MUS 
zone, and its length also depends on the final geometry of the bent 

part and applied stretch strain. If the straight end portion of the 
formed part is sufficiently short, the end-uniform stretch zone may 
not exist. 

In order to identify the locations of the above-defined deformation 
zones, a local x-z coordinate system is defined and adopted throughout 
this paper. As shown in Fig. 8 (a), x-direction is defined in the longitu-
dinal direction of bent profile, y-direction represents the width direc-
tion, and z-direction represents the depth direction. Point A in the 
symmetry plane is defined as the start point x=0. For the target geom-
etry of the bent profile, the x-coordinates of points C and F are fixed. 
Consequently, the positions B, D, E, and G for the two transition zones 
must be identified. The length of the transition zone could be affected by 
the strain-stress gradient from the uniform bending zone to the mid-/ 
end-uniform stretch zones. This gradient is governed by the depth of the 
profile, bending radius and the global stretch level. 

Therefore, the coordinates of B, D, E, and G can be determined with 
respect to the total length of the mid-straight portion and end-straight 
portion. If the straight portion is sufficient long, a nominal length of 
the transition zone (ltr) is first defined. As the transition is partially 
located in the mid portion and partially located in bending portion, a 
fraction parameter (η) is defined to divide the partial lengths of the 
transition zone located in two portions. The partial lengths located in 
straight and bent portions can thus be expressed as ηltr and (1-η)ltr. Then, 

Fig. 7. Schematic view of formed profile with hybrid bent and straight configurations.  

Fig. 8. Strain distribution of stretch bent profile: (a) deformation zones; (b) characteristics of strain distribution.  
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the coordinates of different deformation zones can be written as follows: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xA = 0
xB = lms − ηltr, if lms ≥ ηltr; xB = xA, else if lms < ηltr
xC = lms
xD = xC + (1 − η)ltr
xE = xC + lb − (1 − η)ltr
xF = xE + (1 − η)ltr
xG = xF + ηltr, if les ≥ ηltr; xG = xF + les, else if les < ηltr
xH = xG + (Les − ηltr), if les ≥ ηltr; xH = xG, else if les < ηltr

(8)  

where xi (i= A ∼ H) represents the x-coordinate of the transition point 
between each deformation zone, lms  and  les are lengths of the mid- 
straight and end-straight portions, respectively. 

3.3. Deformation analysis 

3.3.1. Strain analysis for uniform stretching and uniform bending 
As described in the previous section, the formed profile (see CAD 

model above) contains three different types of deformation zones; i.e., 
uniform stretching zones (MUS zone and EUS zone), uniform bending 
zone (UB zone) and bending-stretching transition zones (MT zone and 
ET zone), as shown Fig. 8. First, in the MUS zone and EUS zone, the 
stretch-induced longitudinal strain is considered equal to the average 
global stretch strain of the bent profile: 

εt = εgt = ln
(

1+
Lc − L0

L

)

(9)  

where εt denotes the longitudinal strain in uniform stretch zone, and εgt 

is the average global stretch strain given in Eq. (5). 
Furthermore, the final longitudinal strain in zone UB is as a result of 

the combination of pure bending deformation and the applied stretch-
ing. Applying the principle of superposition, as shown in Fig. 9, the 
longitudinal strain of the UB zone can be expressed as the sum of the 
strain component induced by pure bending and the strain component 
induced by stretching: 

εb = εpb + εgt (10)  

where εb is the longitudinal strain in the UB zone, εpb is the longitudinal 
strain component induced by pure bending, and εt is the longitudinal 
strain component induced by stretching mentioned in Eq. (9). 

As shown in Fig. 9 (a), the longitudinal strain component εpb(z)
induced by pure bending at an arbitrary position (z) across the depth of 
the cross-section can be calculated as: 

εpb(z)= ln(1+ dz / ρ)= ln
(

1+
z − znl

Rc + znl

)

(11)  

where ρ is the bending radius of the neutral layer, and dz is the distance 
taken perpendicular from the identified position of the NL to any point 
(z) in the plane of the cross-section, and Rc is the bending radius taken 
from the curvature center to the mid depth of the profile. In this equa-
tion, the centroid of the profile is used as the zero-reference point, and 
the z-coordinate of the NL location is denoted znl. In this study, the 
bending radius is much larger than the profile depth (Rc/h = 45.68) so 
that the NL shifting can be ignored. Thus, in the analytical model, the 
longitudinal strain component induced by pure bending can be re- 
written as: 

εpb(z)= ln(1+ z /Rc) (12) 

By substituting Eqs. (9) and (12) into Eq. (10), the final longitudinal 
strain εb(z) in the UB zone can be calculated as: 

εb(z)= εt + εpb(z)= ln
(

1+
z

Rc

)

+ ln
(

1+
Lc − L0

L0

)

(13)  

3.3.2. Strain analysis for bending-stretching transition 

3.3.2.1. Governing equation for bending-stretching transition length. As 
the strain distributions in MUS, EUS and UB zones have been determined 
in Section 3.3.1, the strain gradient and stress gradient between UB zone 
and MUS (or EUS) zone are known. As shown in Fig. 8, the strain dis-
tribution of the outermost layer is used as an example to analyze the 
stretching-dependent stress gradient between UB zone and MUS (or 
EUS) zone. Due to the flattening of the stress-strain curve towards higher 
strains, the stress difference within a given strain interval is reduced, as 
shown in Fig. 10. Therefore, the stress gradient between UB and MUS (or 

Fig. 9. Strain superposition principle: (a) pure bending induced nonuniform tension-compression strain; (b) stretching-induced uniform tension strain; (c) strain 
superposition of pure bending and stretching. 

Fig. 10. Stress gradient across the depth of profile under different stretch-
ing levels. 
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EUS) zone will be reduced at higher stretching strain level, even though 
the strain gradient across the depth of bent profile remains unchanged. 
In addition, the lower the stress difference, the shorter the length of the 
transition zone from the bent portion to the straight portions. Conse-
quently, the length of the bending-stretching transition zone can be 
assumed proportional with the stress difference between UB zone and 
MUS (or EUS) zone. As this stress difference approximately equals to half 
the stress difference between the outermost and innermost layer across 
the profile depth, the length of the bending-stretching transition zone 
can be expressed as: 

ltr∝Δσ (14)  

where the length of bending-stretching transition zone (ltr), and Δσ is the 
stress difference between the outermost and innermost layers of the 
cross-section. 

As the strain gradient across the depth remains unchanged, the stress 
difference across the depth is only affected by the average global stretch 
level given by Eq. (5). As shown in Fig. 10, when the average global 
stretch strain increases, the stress gradient decreases. Accordingly, the 
length of the bending-stretching transition can be assumed to be pro-
portional with the stress (equals the stress of MUS and EUS zones), 
corresponding to the average global stretch level. 

Here a Ludwik-type function is employed to rewrite the stress-strain 
curve: 

σgt

σ0
= 1 +

Kσ

σ0

(

εgt
p

)nσ

(15)  

where σgt represents the average tensile stress, Kσ and nσ are the strength 
coefficient and straining hardening exponent fitted to the Ludwik model, 
respectively, σ0 is the previously defined as initial yield stress, and εgt

p is 
the plastic strain caused by average global stretching, which can be 
calculated by εgt

p = εgt − σ0/E. 
Based on above analysis, a similar function is constructed to describe 

the stretching-dependent length of the transition zone: 

ltr

ltr,0
= 1 −

Kl

ltr,0

(

εgt
p

)nl

(16)  

where ltr,0 is a constant parameter, and Kl is a parameter controlling the 
change of length with respect to the stretching strain, and nl is an 
exponent controlling the change rate of the transition length. It is noted 
that the constant parameter ltr,0 is assumed to be an independent 
parameter, which denotes the length of the bending-stretching transi-
tion zone when the applied global stretching strain upon bending vanish 
(i.e., no stretching applied during bending). In other words, ltr,0 is a 
maximum-length condition as the stress difference is at maximum when 
no stretching is applied during bending. Based on above analysis, the 
length of the transition zone can be assumed proportional to the stress of 
MUS or EUS zones, such that the following relationships can be assumed: 
Kσ/σ0 = Kl/ltr,0, and nl = nσ . Accordingly, the governing equation for 
the transition length is constructed as follow: 

ltr = ltr,0
(
2 − σgt / σ0) (17) 

In this work, the length of the bending-stretching transition is 
assumed to be equal to ten times the profile depth, namely, ltr,0 = 10h. 
As for the fraction parameter (η) in Eq. (8), the partial lengths of the 
transition zones located in bent and straight portions are analytically 
estimated to be 2:1 for the forming case in Section 5 based on an 
assumed Coulomb friction coefficient of 0.33, reflecting low degree of 
lubrication. Alternatively, for more precise evaluation, ltr,0 can either be 
determined by using simulation or inversely calibrated by experiment. 

3.3.2.2. Governing equation for strain distribution. At the beginning of 
the analysis, it should be noted that superscript ‘x’, which represents the 

strain component in the longitudinal direction (x-direction), is intro-
duced in the following equations to distinguish the strain components in 
y-direction and z-direction (as shown in Figs. 8 and 9) for the repre-
sentation of material anisotropy in the deformation analysis. In order to 
describe the strain evolution of the outermost layer in the transition 
regions, a simple linear equation is constructed. Thus, the strain of MT 
zone can be written as: 

εx,o
BD(x)= εx,o

D −
εx,o

D − εx,o
B

ltr
( − x+ xD) (18)  

where the superscript ‘o’ denotes the outermost layer, εx,o
BD(x) is the 

longitudinal strain of the outermost layer in the transition zone, εx,o
B and 

εx,o
D are the longitudinal strains of outermost layer at points B and D, 

respectively. 
Similarly, the strain evolution of the innermost layer can be given by: 

εx,i
BD(x)= εx,i

D −
εx,i

D − εx,i
B

ltr
( − x+ xD) (19)  

where the superscript ‘i’ represents the innermost layer. As section B is 
located at the end of the MUS zone, both the outermost and innermost 
strains are equal to the average global stretch strain (εt). Section D is 
located at the start of the UB zone, which means that the outermost and 
innermost strains can be calculated as follows: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

εx,o
D = ln

(

1 +
h

2Rc

)

+ ln
(

Lc

L0

)

εx,i
D = ln

(

1 −
h

2Rc

)

+ ln
(

Lc

L0

) (20) 

Since the strain distribution across the depth of the section can be 
assumed linear (Bernoulli-Navier), the strain at an arbitrary depth of 
profile can be calculated: 

εx
BD(x, z)= εx,i

BD(x) +
εx,o

BD(x) − εx,i
BD(x)

h

(

z −
h
2

)

(21)  

where εx
BD(x, z) represents the strain at coordinate z in section-x. 

Similarly, for zone ET between E and G, the strain at an arbitrary z- 
position in section-x can be calculated as follow: 

εx
EG(x, z)= εx,i

EG(x) +
εx,o

EG(x) − εx,i
EG(x)

h

(

z −
h
2

)

(22)  

where εx,o
EG(x) and εx,i

EG(x) represent the strain at the outermost and 
innermost layers in zone ET, expressed by: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

εx,o
EG(x) = εx,o

E −
εx,o

E − εx,o
G

ltr
(x − xE)

εx,i
EG(x) = εx,i

E −
εx,i

E − εx,i
G

ltr
(x − xE)

(23) 

Here section G is located at the start of zone EUS, and both the 
outermost and innermost strains are equal to the average global stretch 
strain (εgt). Reference point E is located at the end of the UB zone, which 
means that the outermost and innermost strains can also be calculated 
by Eq. (20). 

Finally, the governing equation for the longitudinal strain distribu-
tion within the entire bent profile can be represented by Eq. (24) in a 
local x-z coordinate system: 
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εx(x, z)=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

εt, MUS zone : 0 ≤ x < xB

εx,i
BD(x) +

εx,o
BD(x) − εx,i

BD(x)
h

(

z −
h
2

)

, MT zone : xB ≤ x < xD

ln
(

z
Rc

)

+ ln
(

Lc − L0

L0

)

, UB zone : xD ≤ x < xE

εx,i
EG(x) +

εx,o
EG(x) − εx,i

EG(x)
h

(

z −
h
2

)

, ET zone : xE ≤ x < xF

εt, EUS zone : xG ≤ x ≤ xH

(24) 

Considering the anisotropy of the extruded profile, the Lankford 
coefficient (r-value) along the extrusion direction is used to analyze the 
plastic strain in the local y-direction (width direction) and local z-di-
rection (depth direction). Here the same r-value is assumed for both 
inner/outer flanges and left/right webs. The elastic deformation is 
ignored in analyzing the changes of thickness, width and depth of the 
formed profile. Thus, when demanding volume conservation, the strain 
component εy(x, z) in the y-direction can be written as follows: 

εy(x, z)=

⎧
⎪⎪⎨

⎪⎪⎩

−
r

1 + r
εx(x, z), flanges

−
1

1 + r
εx(x, z), sidewalls

(25)  

where r is the r-value obtained in tensile experiments of samples cut in 
the extrusion direction. 

Similarly, the strain component εz(x, z) in the z-direction can be 
calculated by: 

εz(x, z)=

⎧
⎪⎪⎨

⎪⎪⎩

−
1

1 + r
εx(x, z), flanges

−
r

1 + r
εx(x, z), sidewalls

(26) 

By combining Eqs. (24)–(26) and Eq. (3), the stress distribution 
σ(x, z) of the entire formed profile can thus be solved analytically. 

4. Analytical model of springback 

4.1. Full moment (FM) – curvature relation 

To analytically calculate springback after unloading, a moment- 
curvature model needs to be developed for the stretch bending pro-
cess. Recalling the theory of elasto-plastic bending [40], the following 
equation can be obtained applicable for the unloading process: 

Δκ = κ0 − κu =
ΔM
EI

=
Mep

E⋅I
(27)  

where Δκ is the change of bending curvature upon unloading, κ0 and κu 
are curvatures before and after unloading, respectively, Mep is the 
applied moment prior to unloading, E is Young’s modulus, and I is the 
second moment of area of the cross-section. 

As previously discussed, the curvatures vary along the part and are 
generally different from the tool curvature in the transition regions. 
Thus, in addition to the internal moment in the main bending portion, 
the internal moment distribution in other portions will also contribute to 
the final springback, as illustrated by the shaded moment area in Fig. 11. 
Therefore, a full moment - curvature model must be constructed to 
include the springback contribution of the internal moment from all 
sections along the profile. 

For this purpose, the moment function along the entire profile 
including the previously-defined various deformation zones, i.e., UB 
zone, MUS zone, EUS zone, MT zone and ET zone, must be constructed. 
This is given by: 

M(x)=
∫z=zo

z=zi

σ(x, z)⋅zdA (28)  

where M(x) represents the moment function in the longitudinal direc-
tion of formed profile, and dA is the integration area. Based on the strain 
analysis in Section 3.3, the integration area can be written as follows: 

dA=

⎧
⎨

⎩

w0 exp[εy(x, z)]dz, zi ≤ z ≤ zis, inner flange
2t0 exp[εy(x, z)]dz, zis < z < zos, sidewalls
w0 exp[εy(x, z)]dz, zos ≤ z ≤ zo, outer flange

(29)  

where w0 and t0 are the initial width of inner/outer flanges and thickness 
of sidewall, respectively, zi, zo, zis, zos are the four reference coordinates 
of the section after forming, as shown in Fig. 12, which represent the 
innermost and outermost positions of the cross section, and the inner-
most and outermost positions of sidewalls. The four reference co-
ordinates can be expressed as follows: 
⎧
⎪⎪⎨

⎪⎪⎩

zi = − hside,in − tin
zis = − hside,in
zos = hside,out
zo = hside,out + tout

(30)  

where tin and tout are the thickness of the inner and outer flanges, 
respectively, hside,in and hside,out are the heights of the inner and outer 
half sidewalls, respectively, and can be calculated as follows: 

Fig. 11. Full moment distribution of the entire formed profile.  
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

tin =

∫− h/2+t

− h/2

t exp[εz(x, z)]dz, inner flange

hside,in =

∫0

− h/2+t

w exp[εz(x, z)]dz, inner half sidewalls

hside,out =

∫h/2− t

0

w exp[εz(x, z)]dz, outer half sidewalls

tout =

∫h/2

h/2− t

t exp[εz(x, z)]dz, outer flange

(31) 

Then, the curvature – moment relation shown in Eq. (27) can be re- 
written as follow: 

Δκ(x)=
M(x)
E⋅I(x)

(32)  

where Δκ(x) is the curvature during unloading, I(x) is the second 
moment of inertia at section-x of the deformed profile after stretch 
bending. Due to the forming-induced changes of thickness, width and 
depth of profile, the second moment of area can be calculated by: 

I(x)=wavghavg
3 / 12 −

(
wavg − 2tside,avg

)(
havg − 2tflange,avg

)3 / 12 (33)  

where wavg, tflange,avg, tside,avg and havg represent the average width, 
thickness of inner/outer flange, thickness of left/right sidewalls, and 
depth after bending, respectively. Using the average global stretch 
strain, the average width, thicknesses and depth can be calculated as 
follows: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wavg = w exp
(
−

r
1 + r

εgt
)

tflange,avg = t exp
(

−
1

1 + r
εgt

)

tside,avg = t exp
(

−
1

1 + r
εgt

)

havg = 2tflange,avg + (w − 2t)exp
(
−

r
1 + r

εgt
)

(34) 

Hence, as shown in Fig. 13, the springback angle, considering the 
nonuniformly distributed full moment along the entire formed profile, 
can be analytically calculated:  

where Δαi denotes the contributions of different deformation zones to 
the final global springback angle as defined by the change of slope of the 
part’s end upon unloading. 

As described in Section 2.2, the curvature of the formed profile after 
unloading is varying between bent, transition and straight zones. This 
means that springback offset (chord height) cannot be described by 
using the springback change of slope (overall bend angle). Therefore, a 
relationship between the chord springback chord height and the full 
moment distribution must be established. For this purpose, the virtual 
work method is employed. As shown in Fig. 13 (a), the nonuniform 
distribution of moment induces nonuniform change of curvatures from 

A to H during unloading. Using the virtual work method, the total 
springback chord height (δ) from A to H can be calculated as follow: 

δ=
∫xH

xA

Δκ(x)⋅Mv(x)dx (36)  

where Mv(x) is the virtual moment function obtained by applying a 
virtual unit load in the vertical direction at point H, while the semi- 
profile is fully clamped in the center A, as shown in Fig. 13 (b). 

According to the geometry relation illustrated in Fig. 13 (b), the 
virtual moment distribution function from A to H can be expressed by: 

Mv(x)=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

x − xA,  xA ≤ x < xB, MUS zone
x − xA,  xB ≤ x < xC
(xC − xA) + Rc sin((x − xC)/Rc), xC ≤ x < xD

}

, MT zone

(xC − xA) + Rc sin((x − xC)/Rc), xD ≤ x < xE, UB zone
(xC − xA) + Rc sin((x − xC)/Rc), xE ≤ x < xF
(xC − xA) + Rc sin θ + (x − xF)cos θ, xF ≤ x < xG

}

, ET zone

(xC − xA) + Rc sin θ + (x − xF)cos θ, xF ≤ x ≤ xH, EUS zone
(37)  

4.2. Solving procedure 

The full moment (FM) model established above includes a set of 
complex integrals. It is impossible to obtain an explicit analytical solu-
tion, so a numerically-assisted procedure is needed. As shown in Fig. 14, 
for a given section geometry S and bending configuration B, solving for 

springback offset includes four steps as follows:  

• Step 1: Determine the average global stretching level and the strain 
distributions in the bending zones and stretching zones.  

• Step 2: Identify the lengths of bending-stretching transition zones 
and the reference coordinates of different deformation zones, and 
thus calculate distributions of strain and stress along the entire 
profile  

• Step 3: Determine the instantaneous thickness, width and depth of 
the formed profile, and then calculate full moment – curvature 
relationship. 

Δθ =

∫x=xH

x=xA

Δκ(x)dx =
∑

Δαi =

∫xB

xA

0dx+
∫xC

xB

Δκ(x)dx +
∫xD

xC

Δκ(x)dx

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟
Contribution by bending− stretching (mid) transition zone

+

∫xE

xD

Δκ(x)dx

⏟̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅ ⏟
Contribution by uniform bent zone

+

∫xF

xE

Δκ(x)dx +
∫xG

xF

Δκ(x)dx

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
Contribution by bending− stretching (end) transition zone

+

∫xH

xG

0dx

(35)   

Fig. 12. Variations of thickness, width and depth of profile during stretch 
bending due to mass conservation upon plastic deformation. 
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• Step 4: Determine the springback chord height through the virtual 
work method, as described above. 

A numerical integration approach using a forward Euler algorithm 
was employed to solve the analytical model, which was coded and 
implemented based on MATLAB R2019b. 

5. Validation and discussion 

5.1. Experiments and numerical modeling 

AA6082-T4 rectangular, hollow extrusions are used in the experi-
ments. The width is 60 mm, the depth is 40 mm, the gauge thickness is 3 
mm, and the outer and inner fillet radii are 2 mm and 1 mm, respec-
tively. By conducting tensile tests of samples cut from the middle zone of 
the top of the profile, the stress-strain curve is obtained, as shown in 
Fig. 15. The gauge length and width of the tensile sample are 50 mm and 
10 mm, respectively. Three repeated tests are carried out and the Digital 
Image Correlation method is used to measure the full field strain dis-
tribution of the gauge area. The r-value is determined at a reference 
longitudinal strain of 2.0%. The basic mechanical properties are ob-
tained as follows: elastic modulus is E = 71,982 MPa, the 0.2% offset 
proof stress (initial yield stress) is σ0 = 146 MPa, the ultimate tensile 
strength is σb = 266 MPa, and the r-value is 0.41, indicating high normal 
anisotropy. The Swift hardening function is employed to describe the 
stress-strain relationship. It can be found from Fig. 15, showing that the 
fitted curve can well describe the stress-strain relationship. The hard-
ening exponent (n) and strength coefficient (K) fitted to the Swift 
equation are n = 0.26, and K = 502 MPa, respectively. 

A series of carefully designed experiments, applying different stretch 
strain levels, is conducted to validate the forming process and the 
developed analytical springback model. In the stretch bending process, 
the profile is initially stretched to a pre-set length (1900 mm), and then 
followed by a combined stretch-bending operation. It should be noted 
that the geometric locations of the pivots will induce a stretch strain of 
2.05% during the combined stretch-bending operation, without the 
initial pre-stretching applied; that is, the total stretch strain is composed 
of the additional strain induced by pre-stretching and the strain induced 
by the rotational movement creating combined stretch-bending. 

As shown in Table 1, five sets of total stretching levels are used in the 
experiments. The as-received profiles are cut into different pre-set 
lengths to realize the pre-set stretching levels with the exact same 

configuration prior to unloading. For comparing the impact of applied 
stretching level on springback, the configuration of the bent parts prior 
to unloading was exactly the same, independent of the (pre-) stretching 
sequence. As shown in Fig. 7, the length of the mid-straight portion is lms 
= 44.20 mm, the length of end-straight portion is les = 106.30 mm, the 
bending radius of center line is Rc = 1827 mm, and the bending angle is 
θ = 24.6◦. In order to examine the process capability of this stretching- 
controlled forming method, 10 repeated tests are performed for the 
stretch strain levels of 2.05% and 4.15%. For the other sets, three 
repeated tests are conducted. Mobil Vactra™ lubrication oil No. 2 is used 
to lubricate the contact surfaces between the profile and the tools. The 
control loading time for pre-stretching and bending are calculated and 
shown in Table 1. 

Fig. 16 (a) shows the experimentally formed parts for all five sets of 
different stretching levels. The bent profile is measured using a special- 
purpose laboratory fixture. As shown in Fig. 16 (b) ~ (d), the fixture is 
composed of two pre-calibrated reference points with the reference 
distance of Lref = 1764 mm, and a pre-calibrated digital measuring scale. 
By adding the recorded value to the calibration height, the chord height 
after springback can thus be obtained. For the target geometrical 
dimension in the experiments—provided by the stop configuration of 
the tools—as shown in Fig. 7, the chord height before unloading (H) is 
calculated as 203.17 mm. Consequently, the springback height can be 
obtained from Eq. (1). 

In addition, several preliminary FE simulations have been carried out 
to evaluate mechanisms important to the assumptions made in the FM 
analytical model, as well as explore the more general deformation 
characteristics of the forming process. Based on the Abaqus R2017x, a 
full-process FE model of stretching-bending-unloading is established. 
Here the forming (stretching-bending) and unloading steps are modeled 
by the explicit and implicit solvers, respectively. As shown in Fig. 17, the 
half model is used due to symmetry. The forming dies, clamp tools and 
inserts are modeled as discrete, rigid bodies and meshed by element type 
R3D4, while the profile is meshed by element type C3D8R with a size of 
4 × 3 × 1 mm. The Coulomb friction law with coefficient of 0.2 is used to 
model friction between the profile and tools. Hooke’s law and J2 plas-
ticity model, which are calibrated by the tensile test, are used to model 
the elasto-plastic response of the profile. Like the analytical models, a 
local coordinate system is employed to define the material orientation in 
the simulation. The unloading process was initiated by releasing contact 
and removing tools from the formed part while fixed constraints are 
applied at the symmetry plane. 

Fig. 13. Analysis of springback chord height: (a) formed profile before unloading; (b) virtual work method for springback chord height calculation.  
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5.2. Validation of stretching-controlled forming processes 

Based on the experimental procedure described above, the dimen-
sional capability of the forming sequenced with different stretch levels is 
validated. As shown in Fig. 18 (a), taking the bending processes with 
stretch strain levels of 2.05% and 4.15% as examples, the repeatability 
of the newly-developed process and machine is validated. The average 
absolute errors of chord heights under stretching strains of 2.05% and 
4.15% are 0.20 mm and 0.15 mm, respectively, and the standard de-
viations for the above two stretching levels are 0.26 and 0.17, respec-
tively. It is found that the forming process and established machine 
system can provide high dimensional part accuracy. Here, for the pur-
pose of industrial comparison, the process capability can be predicted 
for a more quantitative analysis, as shown in the following equation: 

Cp =
USL − LSL

6⋅SD
(38)  

where Cp represent the process capability, ‘USL’ and ‘LSL’ represents the 
upper and lower specification limits, respectively, and ‘SD’ is the stan-
dard deviation of chord heights of the ten samples for each set. 

Assuming that tolerance band is ULS – LSL = 2 mm (±1 mm)—which 
in industrial terms is a very tight tolerance for such a large-size part—the 
process capabilities for bending with stretching strains of 2.05% and 

Fig. 14. Solving procedure of the FM springback model.  

Fig. 15. True stress – true strain curves of AA6082-T4 profile.  
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4.15% are 1.26 and 1.98, respectively. A reference value of Cp = 1.33 is 
considered to represent acceptable process capability for standard 
characteristics in e.g., the automotive industry, as well as to be a ‘ideal’ 
target in terms of OEE [41]. From this point of view, the process capa-
bility under the lower stretching level with 2.05% is next to industrial 
standards. Moreover, although the sample size is small it is interesting to 
note that the higher stretching level of 4.15% provides a significant 
improvement, making the process capability higher than this reference. 
Thus, it can be found that this new, flexible forming process can achieve 
high dimensional capability. In addition, the process capability can be 
improved when forming at higher stretching level up to a certain range, 
which is of importance for defining the optimal forming sequences with 
regard to dimensional forming accuracy. 

Comparing the springback under different stretching levels, as 
shown in Fig. 18 (b), the springback chord height is reduced by about 
32% from 6.37 mm to 4.32 mm, when the stretch strain increases from 
2.05% to 4.15%. It can also be found that the increasing rate trends to be 
lower with increased stretching strains. Even though all the experiments 
are in Mode 5 (as shown in Fig. 2), the observed reduction of springback 
is still considerable throughout the entire stretching strain range 
investigated. For the stretch-strain controlled bending process, with the 

continuous increase of stretch strain, the stress gradient across the depth 
of profile is reduced and the rate of springback trends to decrease. 
However, the increased stretch strain can simultaneously induce severe 
thinning, cross-section distortion, and other defects. In addition, 
stretching can cause various failures initiations, some of which are non- 
visual and that may further affect product performance, for example, 
fatigue life, or energy absorption in crash management applications. 
Therefore, the stretching level applied in industrial forming process 
should be optimized to find a ‘trade-off’ between springback control, 
forming defects and product performance. 

5.3. Validation of analytical springback model 

The accuracy of the FM analytical model for springback assessment is 
studied by both physical experiments and FE simulations. In addition to 
the proposed FM analytical model, two alternative simplified ap-
proaches are also taken into account for comparison. These are briefly 
introduced as follows: Reduced-FM model is a simplified form based on 
the present FM model, which neglects the moment distribution beyond 
the bent portion while still considering the changes in cross-sectional 
geometry; Classical model is the most conventional and widely-used 
method for springback analysis in stretch bending [27,34], in which 
both the moment distribution outside the theoretically bent portion as 
well as the mass conservation effects are neglected. Unlike the FM and 
reduced-FM models, which use the true stress-true strain curve for 
calculation, the engineering stress–strain relationship is applied in the 
classical model. 

Before assessment of the analytical models, the FE simulation accu-
racy for springback is evaluated. As shown in Fig. 19 (a), the FE simu-
lated springback chord heights agree well with the experimental ones, as 
illustrated by a low average relative error of 2.38%. It also can be found 
that, except for the case with 4.15% stretching strain, the relative errors 
for different stretching levels are less than about 2.0%. Thus, the FE 
simulations presented herein provide good accuracy for springback 
prediction and can thus be used to evaluate mechanisms associated with 
the assumptions made in the FM analytical models along with the crucial 
deformation characteristics in stretching-controlled bending processes. 

Fig. 19 (a) compares the springback chord heights obtained by 

Table 1 
Parameters used in forming experiments.  

No. Totally applied 
stretch strain 

Nominal input initial 
length of profile [mm] 

Average length of cut 
samples [mm] 

Additional stretching 
displacement [mm] 

Pre-stretching 
loading time [s] 

Bending loading 
time [s] 

Repeated 
times 

1 2.05% 1900.00 1900.00 0 0 15.07 10 
2 2.55% 1891.10 1891.00 8.90 5.48 15.07 3 
3 3.01% 1883.10 1882.93 16.90 10.33 15.07 3 
4 3.58% 1873.43 1873.43 26.57 16.32 15.07 3 
5 4.15% 1863.47 1863.21 36.53 22.57 15.07 10  

Fig. 16. Experimental samples and springback measurement fixture: (a) bent profiles; (b) overview of springback measurement; (c) reference point; (d) measure-
ment point. 

Fig. 17. FE modeling of stretch bending process.  
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experiments, FE simulations and analytical calculations. It can be 
observed that the FM model does quite accurately predict springback 
chord height for a wide range of stretching strain levels. As shown in 
Fig. 19 (b), the average relative prediction error is less than about 
2.22%, showing comparable capability for accurate springback assess-
ment to the FE numerical method. When examining the analytical 
springback at different strain levels, the relative errors are around or less 
than the average error except for the case with 3.58% stretching strain 
with a relatively large error of about 5.21%. Comparing the prediction 
accuracy of the other two analytical methods, it can be found that the 
reduced-FM model, however, underestimates springback with an 
average relative error of 6.78%, while the classical model also un-
derestimates springback but with a higher error of 10.53%. Overall, the 
FM model achieves a significant improvement for springback prediction 
compared to the reduced-FM model and the classical model. 

Furthermore, the comparison between FM model and the other 
analytical models, this work indicates that the former, considering the 
internal moment distributed in the bending-stretching transition zones, 
can provide about 4.65% improvement of the prediction accuracy. This 
improvement is slightly more significant than the contribution made by 
the dimensional changes of cross-sectional members due to incompres-
sibility upon plastic deformation. It should be noted that the springback 

chord height depends on the length of the straight portion and where the 
straight position is located relative to the reference measurement point 
location. In this study, as shown in Fig. 16 (b), the reference points for 
measuring the springback chord height are near the profile’s ends, 
meaning that almost the entire profile is considered for springback 
analysis. In the experiments, the length of the straight portion of the 
target part is not sufficient long to ensure that the entire straight length 
is included in the transition portion. If the length of the straight portion 
is increased, the expected improvement of the accuracy of the FM model 
will increase, as compared to the reduced-FM and classical models since 
the contribution by the moment in the transition zone is neglected in the 
latter two models. In such a case, the FM model would expectedly pro-
vide improved springback assessment capability. 

It is well-known that the analytically-based methods have more or 
less limitations when applied in practical problems. For the FM model 
proposed herein, due to the necessary assumptions employed, the main 
limitation is the applicability in forming of large-curvature (tight-radius 
bending) shapes. On one hand, the NL shifting in this model only de-
pends on the applied stretching level assuming initially plane sections 
remain plane upon forming. For large-curvature bending, the assump-
tion of a linear distribution of strain may create an error in the calcu-
lation of stress distribution across the profile depth, hence reducing the 
analytical accuracy of moment distribution and thus the springback 
assessment. Moreover, tight-radius bending can also induce severe 

Fig. 18. Experimental results: (a) repeatability validation; (b) springback chord 
height under different stretch strain levels. 

Fig. 19. Comparison among experiments, analytical predictions and FE simu-
lations: (a) springback heights for different stretching levels; (b) error analysis 
of analytical models. 
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flange sagging during forming, which accordingly leads to the critical 
problems, for example, local distortions, local unloading affecting the 
moment and stress distributions, along with stiffness and springback. 
However, local flange sagging phenomena is beyond the mechanisms 
considered in the present model. In addition, several secondary aspects 
may also limit the applicability of the model. For example, the influence 
of loading path on springback is not modeled due to the total strain 
theory employed in the model. Also, the friction between the workpiece 
and forming dies is not considered, and the clamping-induced stresses 
and deformations are neglected. 

Overall, even though several limitations do exist, the developed FM 
analytical model can still provide good capability for springback 
assessment in most kinematically-controlled stretch bending cases, since 
this type of bending processes is commonly used for forming relatively 
large-radius shapes. This means that the above-mentioned limitations 
are usually of minor importance in industrial practice. 

5.4. Analysis of deformation characteristics 

Using the FM analytical model combined with FE simulation, the 
deformation characteristics in the flexible stretch bending process of 
AA6082-T4 profiles are analyzed. Fig. 20 (a) shows the analytical strain 
distributions in the longitudinal direction of the innermost and outer-
most layers of the entire profile when formed at 2.05% stretching strain. 
It can be found that there is no MUS zone and EUS zone in the profile, 
since the length of the straight portion is too short. For the strain dis-
tribution predicted by the FM model, there are strain transition zones 
between UB and MUS/EUS zones, thus leading to the transition of strain 
gradient across the profile depth. For the results predicted by the clas-
sical model, however, the strain distributions change abruptly at the 
boundary between the bending portion and the straight portions, 
meaning that it theoretically does not fully obey the deformation theory 
of a continuum. As shown in Fig. 20 (c), the strain transition between the 
UB and the MUS/EUS zones also can be observed in the FE simulated 

Fig. 20. Analysis of deformation behaviors of the formed profiles: (a) analytical strain distributions at 2.05% stretching; (b) analytical strain distribution within 
2.05–4.15% stretching; (c) FE simulated strain distribution; (d) FE simulated stress distribution; (e) FE simulated springback distribution. 
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results. However, it should be noted that the FE simulated strain dis-
tribution along the longitudinal direction of the entire formed parts is 
nonuniform, and there is no such absolute uniform strain zone as 
described in the FM analytical model. Except for the transition zone near 
the mid-section (x = 0 mm), the FE model shows that the longitudinal 
strain gradually decreases from the area near the mid-section to the end 
(x = 935 mm) of the bent profile, which further results in such a stress 
distribution where the longitudinal stress slightly decreases from the 
middle to the end, as shown in Fig. 20 (d). When comparing the strain 
distribution predicted by the analytical method and the FE method, as 
illustrated in Fig. 20 (a) and (c), it is observed that the former predicts a 
strain of the outermost layer in the UB zone that reflects the average 
level of the FE simulated strain distribution in this zone. However, the 
deformation behaviors are more complex than those that can be 
described by the analytical models; for example, the effects of loading 
path, friction and local flange distortion (sagging) are not considered in 
the present analytical models. As shown in Fig. 20 (d), due to the slight 
sagging of the outer flange during forming, the stress near to the flange 
corner of the profile is higher than that in the middle, leading to local 
‘unloading’ and a nonuniform distribution of stress (and strain) across 
the width of the external flange. 

In addition, the strain distributions of the outermost layer under 
stretching strain levels of 2.05–4.15% are calculated by the FM analyt-
ical model to analyze the stretching-dependent evolution of the strain 
transition phenomenon. As shown in Fig. 20 (b), when the global 
stretching level is increased, the transition length is shortened (the UB 
zone is expanded) due to the reduced stress gradient across the profile 
depth in the UB zone. Furthermore, the stretching-dependent evolution 
of strain transition can also be verified in the FE simulation. As 
demonstrated in Fig. 20 (c), taking the transition zone near the mid- 
section for a detailed analysis, it can be clearly seen that the strain 
transition phenomenon at the outermost layer under the lower stretch-
ing level (2.05%) is longer than that under a higher stretching level 
(4.15%). Comparing the middle transition lengths obtained by the FM 
analytical model (Fig. 20 (b)) and the FE simulation (Fig. 20 (c)), it can 
be found that analytical results under both lower and higher stretching 
levels agree well with the FE simulated ones; i.e., about 100 mm and 
130 mm under 2.15% and 4.15% stretching strains, respectively. Thus, 
the FE results support important assumptions made in FM analytical 
model. The stretching-dependent evolution of strain transition can make 
a difference in the distributions of stress and moment of the entire 
formed part, thus affecting the global springback, as illustrated in Fig. 20 
(e). Here mainly analyzes the strain transition behavior in the bending 
cases with stretching strains of 2.05–4.15%. Based on the governing 
equation of strain transition proposed in Section 3.3.2, if the stretching 
level upon forming is continuously increased, the stress difference be-
tween UB zone and MUT/EUT zones (equivalent to the stress gradient 
across the profile depth) is reduced, and the strain transition area will be 
reduced accordingly. 

Furthermore, the moment distribution in the longitudinal direction 
of the entire formed part is analyzed, as shown in Fig. 21. The moment 
distribution predicted by the FM model consists of a uniform distribu-
tion in the UB zone and two reduced transitions from the UB zone to the 
mid-section and the end of the profile, due to the above-described as-
sumptions. In the analytical calculation by the classical model, the 
moment is only uniformly distributed in the bending portion. 
Comparing the moment distribution of the UB zone under the stretching 
levels of 2.05% and 4.15%, it can be found that the moment obtained by 
the FM model is slightly higher than that obtained by the classical model 
under 2.05% stretching strain, while the classical model presents a little 
higher moment under 4.15% stretching. It should be noted that the 
moment difference calculated by the FM model and the classical model 
are as small (about 6 N⋅m). However, it can be found from the bending 
case with 2.05% stretching that the moments at x = 0 mm and x = 935 
mm can still reach about 72 and 36 N⋅m, respectively, which is much 
larger than the moment difference of the UB zone calculated by the two 

methods. Thus, the moment distributed in the transition zones can make 
a significant contribution to the global springback, given that the entire 
part is under heavy stretching. It also can be observed from Fig. 21 that, 
when high stretching level is applied, the transition length is shortened, 
thus reducing the effect of the strain transition on the global springback. 
Moreover, with increased stretching level, the second moment of inertia 
trends to decrease due to changes of the sectional dimensions (thickness, 
width and depth). This leads to more accurate prediction of springback 
with the FM model than with the classical model. 

6. Conclusions and outlook 

Springback is a major problem affecting the dimensional accuracy of 
formed products, process flexibility, manufacturing cost, and produc-
tivity (OEE). Effective prediction of springback is a challenge due to its 
crucial sensitivity to upstream and in-process parameters. In this work, 
an analytical framework for accurate springback assessment in 
stretching-controlled, flexible bending process is developed, aiming to 
make springback knowledge more explicit, generic and reuseable. The 
main conclusions of this work can be summarized as follows:  

• A new flexible, 3D rotary stretch bending method for fabrication of 
complex-shape profiles is presented, and a full-scale machine is 
designed and built. The innovative machine design is based on 
adding the number of rotational/translational axes in conjunction 
with a flexible tooling design concept, which enables the manufac-
ture of complex and flexible geometrical configurations with low tool 
investments.  

• A Full Moment (FM) analytical framework for springback assessment 
is developed. In this model, the internal moment distribution along 
the entire formed part upon stretch bending is modeled. This strategy 
enables the contribution of the plastic moment distribution beyond 
the theoretically bent portions can be considered in the global 
springback analysis. Moreover, the influential parameters of mate-
rial, geometry and process are comprehensively modeled. This 
analytical model improves the applicability and capability for 

Fig. 21. Moment distribution in the formed profiles.  
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evaluating springback of complex part configurations in 
kinematically-controlled bending processes, while enabling explo-
ration of springback characteristics and compensation strategies.  

• Carefully designed experiments with applying different stretching 
levels prove that the new flexible bending process provides superior 
capability for controlling springback, thus improving the dimen-
sional accuracy of products. Doubling the stretching strain from 
about 2% to 4%, the springback chord height can be reduced by one 
third, which significantly improves the process capability (Cp).  

• A comparative study between experiments, numerical simulations 
and analytical calculations shows that the FM analytical modeling 
strategy provides accurate assessment of springback in stretch 
bending cases undergoing a wide range of stretching levels. The main 
limitations of the FM model include neglection of mechanisms 
related to tight-radius bending, friction, local distortion, and 
clamping. Using the analytical models combined with the FE simu-
lation, the crucial deformation characteristics, including the 
stretching-dependent evolution of strain transition, important to the 
understanding of the process are revealed and interpreted. 

Overall, the present analytical model provides an effective means to 
enhance the understanding of springback mechanisms, thus creating a 
basis for making such knowledge more explicit, generic and reuseable in 
industrial practice. Although the model and experimental validation 
presented herein concerns manual ‘feedback prediction’ of springback in 
2D, the strategy can be extended to the forming of 3D shapes with 
automated, closed-loop feedback control of springback as part of the 
machine control system. However, the latter would require successful 
integration of sensor and vision technologies that provide acceptable 
accuracy for closed-loop feedback to the control system of the bending 
machine and tools, along with the demonstration of operational 
robustness in a manufacturing plant environment. 
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