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Abstract

Solar concentrators are essential for enabling several solar energy applica-
tions, including high-efficiency photovoltaic conversion and high-temperature
solar thermal energy. These concentrators require accurate solar tracking,
commonly performed by rotating them towards the sun, which adds to the
bulk and complexity of the system.

In this thesis, we investigate optically tracking the sun using millimeter-scale
translation instead of rotating the complete concentrator — a concept known
as tracking integration. We show how the performance of these systems can
be pushed beyond the current state of the art through a broad exploration
of the design space using a custom sequential ray-tracer in combination with
memetic multi-objective optimization algorithms.

We explore two classes of tracking integration: beam-steering lens arrays
that consist of an afocal stack of lens arrays, and microtracking concentrators
that concentrate sunlight to an array of discrete focal spots where micro-PV
cells can convert the solar energy to electricity. Further, we propose possible
étendue-squeezing solar concentrator designs that may benefit from tracking
integration.

First, we perform a broad exploration of beam-steering lens array configu-
rations for full-day stationary solar tracking. We identify several promising
configurations, including one capable of redirecting sunlight into a < 2◦

divergence half-angle with a 73.4% average yearly efficiency. Second, we
identify two microtracking configurations that achieve > 2000x concentration
ratio at a two-axis ±60◦tracking range. Finally, we demonstrate a line-focus
concentrator with a simulated effective concentration ratio of 218x at a ±1◦

acceptance angle that employs étendue squeezing to go beyond the conven-
tional two-dimensional concentration limit. To the best of our knowledge,
this is the first demonstration of how a line-focus concentrator can be directly
designed as a three-dimensional concentrator to operate beyond the 2D limit
(which is 57x at the ±1◦ acceptance angle). This concentrator, combined with
beam-steering lens arrays, may enable the development of a new class of high-
concentration trough-like solar concentrators.

i



This thesis demonstrates how numerical optimization can be utilized to ex-
plore a large design space, develop new concepts for solar tracking and con-
centration, and contribute to the development of new applications for concen-
trated sunlight. The method and the obtained results may contribute to the
development of low-cost solar tracking and concentration. The optimization
problem formulation and optimization algorithms, in general, may also unlock
solutions to other yet unexplored problems in nonimaging optics.
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Introduction 1
In recent years, solar energy deployment has grown rapidly with the advent of
low-cost photovoltaics (PV) technology. Conventional PV systems utilize sun-
light without concentration, but several additional applications and benefits
can be enabled by introducing optical concentration to the sunlight. However,
solar concentration introduces the additional complexity that concentrating
optics needs to track the sun’s movement across the sky. In traditional concen-
trators, solar tracking is implemented by rotating the entire optical system to
face the sun, with the mechanical bulk and complexity that this entails.

In recent years there has been increasing research into developing alternative
approaches to solar tracking. One approach is using arrays of micro-optical
systems for active integrated tracking. These micro-optical systems can be de-
signed to track the sun’s movement across the sky using micro-movements or
tunable optical properties, providing concentrated sunlight without extensive
external tracking systems as illustrated in Figure 1.1. This thesis investigates
the development, achievable performance, and potential use cases of these
tracking-integrated systems, with a focus on a variant known as beam-steering
lens arrays.

1



External tracking Internal tracking

Optical system dynamically
compensates for incidence angle

Fig. 1.1.: Tracking integration performs solar tracking as part of the optical design,
reducing or eliminating the need for rotating the concentrator to face the
sun.

1.1 Research objectives, methods and scope

The overall aim of this thesis was to investigate the potential of performing so-
lar tracking using tracking-integrated designs, with a focus on beam-steering
lens arrays. This involved the following set of objectives:

1. Developing a design method capable of designing beam-steering lens
arrays and related tracking-integrated optical systems.

2. Exploring the design space of tracking-integrated optics, and identifying
potentially promising designs.

3. Investigating new approaches to solar concentration enabled by the ad-
dition of tracking integration.

In addition to these objectives, some work was carried out towards proof-of-
concept fabrication using grayscale lithography, to physically demonstrate the
developments from the thesis. This fabrication effort has not yet reached the
level of journal publication, and is therefore not included in this thesis.

2 Chapter 1 Introduction



1.2 Thesis overview

This thesis is written as a collection of 5 research papers reporting on different
aspects of the work towards achieving the objectives listed in Section 1.1.
These papers are listed in Section 5, and their full text is included in Appendix
A. Objective 1 is covered by Papers 1, 2, and 4. Objective 2 is covered by
Papers 3 and 4. Objective 3 is covered by Paper 5.

The following chapters cover the background for the work in this thesis, an
outline of the methods used, and a brief report and discussion of the most
important results. The full-text version of each paper then follows in the
appendix of the thesis.

1.2 Thesis overview 3





Background 2
This chapter briefly introduces the basics of solar concentration, tracking in-
tegration, and numerical optimization, laying the groundwork for the work
carried out as part of this thesis.

2.1 Solar concentration

The power of concentrated sunlight has been known for millennia [6]. It was
not until the 1960s and 1970s that a more rigorous research field was estab-
lished, researching how the concentrating optics can be designed to achieve
ideal or close to ideal energy transfer — a field known as Nonimaging Optics
[7, 8]. This field brought a deeper understanding of how the fundamental
limits of optical concentration could be achieved, and illuminated the deep
connections between geometrical optics and thermodynamics [9].

The use of concentrated sunlight enables multiple use cases that are not
achievable with non-concentrated sunlight, including electricity conversion
with high-efficiency multi-junction solar cells [10], high-temperature thermal
energy [11], direct catalysis of chemical reactions [12], or solar lighting
[13].

Mirrors or lenses are used to optically concentrate the sunlight for these ap-
plications. These concentrators depend upon being accurately aimed towards
the sun to enable high optical concentration. The amount of concentration in
air is fundamentally limited by Equation 2.1, where θ represents acceptance
half-angle of the concentrator [7].

Cmax =
( 1

sin θ

)2
(2.1)

5



The acceptance angle must at a minimum be wide enough for the divergence
half-angle of sunlight, at θ ≈ 0.27◦[14, p. 49]. This gives a maximum
concentration ratio of Cmax ≈ 45 000. In most practical applications, the
achievable concentration ratio is much lower, due to tolerances for tracking
errors and imperfect optics. The decline in concentration ratio with increased
acceptance angle means that accurate solar tracking is necessary for high-
concentration applications.

For some applications, especially thermal applications, it can be beneficial to
concentrate sunlight to a line-focus. This enables heat extraction through a
heat-transfer fluid circulated through a receiver tube as illustrated in Figure
2.1, and allows the use of simplified one-axis solar tracking about the axis of
this receiver tube.

y

z

x

Sunlight, redirected 
towards the receiver
tube

Fig. 2.1.: Example of a line-focus concentrator, in the form of a parabolic trough.
The reflector concentrates sunlight towards the receiver tube, where a heat-
transfer fluid is used to extract the heat.

6 Chapter 2 Background



Line-focus concentrators are commonly designed by extruding two-dimensional
concentrator geometries, known as linear concentrators. The translationally
symmetric two-dimensional profile of these linear concentrators means that
their solar concentration is limited by the 2D concentration limit [7]:

Cmax,2D = 1
sin θmax

. (2.2)

For a solar divergence half-angle of θ = 0.27◦, the limit is approximately 212x,
with commercial systems operating at a fraction of this limit [15].

It has been shown that the concentration ratio of linear primary concentra-
tors can be boosted beyond the 2D concentration limit by introducing three-
dimensional secondary concentrators close to the line-focus to break the trans-
lational symmetry, reaching concentration ratios of 300x with one-axis po-
lar tracking [16], or >1000x with two-axis tracking [17, 18]. These sec-
ondary concentrators achieve their increased concentration ratio by using
three-dimensional concentrators to break the line-focus into a set of small
point- or line-foci. Therefore, they are primarily useful for discrete receivers
such as PV cells, not tubular receivers commonly used for concentrated solar
power (CSP) applications. It has also been shown that the 2D limit can be sur-
passed using nominally linear concentrators where the translational symmetry
is broken by ridges in the concentrator, but these have focused on relatively
large acceptance angles suitable for stationary solar concentration[19, 20,
21].

2.2 Tracking integration

Conventional solar concentrators are rotated to follow the sun’s apparent
movement across the sky — either to point directly towards the sun using
a dual-axis solar tracker, or to align its normal vector in the same plane as
the sun and the axis of rotation using a single-axis solar tracker. Rotating the
system to face the sun enables the possibility of high optical concentration.

2.2 Tracking integration 7



At the same time, it also ensures that the projected area of the concentrator,
as seen from the sun, is as large as possible — maximizing the conversion
per concentrator area as further discussed in Chapter 2.6. Still, the rotation
motion also has drawbacks, including mechanical bulk and complexity, sen-
sitivity to wind loads, and difficulties being mounted on locations such as
rooftops [22].

Recent developments in solar tracking and concentration have demonstrated
how solar tracking can be performed optically instead of rotating the con-
centrator to follow the sun. In this manner, large mechanical structures for
solar tracking and concentration can be replaced by small trackers integrated
into a planar form factor. This development has mainly been carried out
within the field of concentrator photovoltaics (CPV) [23]. Less work has
been carried out to implement similar techniques for other solar energy fields
such as concentrated solar power (CSP). This tracking integration enables
the implementation of solar concentration in form factors not traditionally
suitable for such concentration.

Redirected collimated sunlight
To be concentrated by solar concentrator.

Array of PV cellsTracking motion

a b

Fig. 2.2.: Lens-arrays can be used to achieve tracking integration, both in the form of
(a) microtracking solar concentrators, useful for CPV applications, as well
as (b) beam-steering lens arrays useful for CSP applications.

Tracking-integration for CPV applications commonly takes the form of what is
known as microtracking concentrators. These concentrators split the light into
many parallel paths, and each path performs tracking using micro-movements
while also concentrating the sunlight to many discrete focal spots, as illus-
trated in Figure 2.2a. For other applications such as CSP applications, the

8 Chapter 2 Background



receiver cannot be made small to correspond to each of the individual lenslets.
The tracking system can then instead be designed to emit collimated light
for concentration by a larger concentrator, as illustrated in Figure 2.2b. The
general concept is known as beam-steering, and the specific approach using
movable lens arrays shown in Figure 2.2b, is known as beam-steering lens
arrays1.

2.3 Microtracking for CPV applications

When designing tracking-integrated concentrators for CPV applications, the
individual PV cells can be made small enough to directly use the individual
focal points from the lenslets in a lens array, as illustrated in Figure 2.2a.
These designs are known as microtracking concentrators. Early implementa-
tions of this technique were developed by Kotsidas et al. in 2010 [22], first
using lenses designed with the simultaneous multiple surface (SMS) method,
and later using gradient index lenses [28]. At around the same time, Sweatt
et al. demonstrated a microtracking system designed for correcting coarse
external tracking [29]. Hallas et al. demonstrated a microtracking concept
where instead of using PV cells at each focal point, the light was coupled into
a planar light guide [30].

Duerr et al. showed how the performance of microtracking concentrators
could be improved by using two lens arrays that could move relative to each
other [31, 32], and Price et al. showed how a catadioptric pair of lens arrays
could be used to achieve higher tracking range [5].

In 2018, Ito et al. demonstrated how an objective function could be for-
mulated to design microtracking CPV systems optimized for average yearly
efficiency [33], allowing the system to be designed without explicitly choosing
a specific tracking range.

1The same idea has previously been described using several different terms, including
“beam steering with decentered microlens arrays”[24], “beam-deflecting microlens array
telescopes” [25], “beam-scanning MLA system”[26], and “beam-steering array optics”[27].
In this thesis, we consistently use the term “beam-steering lens arrays” (BSLA) as a general
descriptive term for the concept.

2.3 Microtracking for CPV applications 9



Microtracking concentrators are currently being commercialized by the com-
pany Insolight [34].

Some work has also been carried out to implement passive solar tracking using
related techniques, for instance, using phase-changing materials that locally
react to the concentrated sunlight to actuate a coupling feature [35] or to
modulate the transparency of the material [36].

2.4 Beam-steering

Instead of concentrating the sunlight to many small discrete focal spots, an-
other way to implement tracking integration is the concept of beam-steering,
where collimated sunlight is emitted and can be concentrated by a separate
concentrator.

Several possible approaches to beam-steering of sunlight have been reported
in the literature in recent years. Some of the proposed concepts include mi-
crofluidic prism arrays actuated using electrowetting [37], microfluidic beam-
steering arrays [38], rotating prism arrays [39], rotating Fresnel-like lenses
[40], and beam-steering lens arrays [27].

In this thesis, we have focused on beam-steering lens arrays. These systems
benefit from relying on well-known geometrical optics and can likely be made
compatible with high-volume manufacturing processes such as injection mold-
ing or roll-to-roll processes.

2.5 Beam-steering lens arrays

A beam-steering lens array consists of a set of lens arrays arranged in an afocal
configuration, enabling beam-steering by relative lateral translation between
the lens arrays, as illustrated in Figure 2.2b [1]2. The concept was originally

2Portions of the description of beam-steering lens arrays in this section have been published
in Paper 4 of this thesis [4]

10 Chapter 2 Background



proposed for steering of laser beams [41, 24, 26]. In 2012, Lin et al. proposed
utilizing the same concept for single-axis solar tracking, while also proposing
a design method based on the Simultaneous Multiple Surface (SMS) method
[27]. In the Masters thesis leading up to this work, we extended the concept
to two-axis solar tracking for solar cooking applications [42].

f1 f2

Δx
d ϕ

L1

L2

Fig. 2.3.: Paraxial working principle of a simple beam-steering lens array, showing
one of the lens pairs. These lens pairs are then laid out next to each other
in a complete lens array.

Figure 2.3 shows the paraxial working principle of a basic beam-steering lens
array with a pair of lens arrays stacked in an afocal configuration. The lens
arrays are separated by their combined focal lengths f1 + f2. The system
can track incoming sunlight at an angle ϕ by translating the last lens array a
distance ∆x such that it is always aligned with the image of the sun from the
first lens array:

∆x = f1 tan ϕ. (2.3)

In order for all rays to reach the correct lenslet in the array L2, the second focal
length must be smaller than the first. This leads to an angular magnification
factor M :

M = f1
f2

= 1 + 2f1
d

tan ϕmax, (2.4)

where ϕmax is the highest supported angle of incidence for the beam-steering
lens array.
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As discussed in Section 2.1, sunlight has an inherent divergence half-angle
of approximately θ ≈ 0.27◦. The divergence is magnified by this angular
magnification factor M after passing through a beam-steering lens array. The
resulting magnified divergence half-angle limits the maximum achievable con-
centration of a concentrator placed behind the beam-steering lens array, in
following the concentration limit of Equation 2.1. To allow high concentration
ratios, it is therefore desirable that the angular magnification of the system is
low. This leads to a trade-off between the tracking range ϕmax, and divergence
angle θ for this simple paraxial model of a beam-steering lens array.

It has been shown that this magnification factor can be eliminated in laser
beam-steering systems by introducing an additional paraxial field lens to the
system, where all three lens arrays have the same focal length f[24]. This
shows the importance of design choices such as the number and order of
surfaces when designing a beam-steering lens array.

While utilizing the same underlying principle, there are significant differences
between earlier systems for steering of laser beams [41, 24, 26] and a system
designed for solar tracking:

• In solar tracking, the beam-steering system receives sunlight from vary-
ing directions and emits it in a fixed direction. The earlier proposed
laser systems [41, 24, 26] work in reverse, receiving the beam from a
fixed direction and emitting in a variable direction.

• In laser systems, the lens arrays usually work in the diffractive regime,
and additional phase-shifting optics are required to enable continuous
beam-steering [24]. For solar tracking covering larger areas, the in-
dividual lenslets can be made large enough so that the geometrical
optical approximation is appropriate, and the separate lenslets can be
considered individually.

• The steering range used in previously proposed laser systems is 5◦ to
15◦[43, 26, 44], allowing design considerations based mainly on the
paraxial approximation. For stationary solar tracking, much larger steer-
ing angles are required, and the paraxial approximation presented in
this section is no longer sufficient

12 Chapter 2 Background



• In solar tracking, the system must be able to handle broadband sunlight,
requiring chromatic aberration to be taken into account.

This thesis therefore covers a further investigation into the achievable perfor-
mance of beam-steering lens arrays designed for solar tracking applications.

2.6 Projection effects

Stationary receiver Rec
eiv

er 
fac

ing
 th

e s
un

A cos θ

A

Projected area of receiver

θ

Fig. 2.4.: Projection effect of a stationary solar receiver. When sunlight comes from
an angle θ, a receiver with area A has a projected area of only A · cos θ,
causing the receiver to intercept less sunlight than when facing the sun.

One significant drawback with tracking-integrated systems compared to exter-
nally tracked systems is the cosine projection effect, as illustrated in Figure
2.4. An optimally tilted stationary receiver intercepts only on the order of
60%-80% of the daily solar irradiation compared to a receiver under two-
axis external solar tracking, depending on location and local conditions [45].
If the ultimate objective is to maximize energy conversion per concentrator
surface area, the concentrator should therefore be rotated to follow the sun.
On the other hand, conversion per land area can be higher with a stationary
concentrator because there is a reduced need to place the modules far apart
to prevent partial shading from the neighboring modules [5]. For this reason,
tracking integration is most useful in places where conversion per area is an
important factor or where conventional external solar tracking has an imprac-
tical form factor, for instance, rooftop-mounted solar energy [5]. Another
use for tracking integration is to achieve dual-axis tracking using a simplified
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single-axis external tracker [32]. If a receiver is placed on a single-axis polar-
aligned external tracker, it intercepts 96%-99% of the sunlight compared to a
receiver under two-axis external tracking [45].

2.7 Designing tracking-integrated systems

Several powerful design methods have been developed in the field of Non-
imaging Optics, including the edge ray principle, the SMS and SMS3D method,
and the flow-line method [7]. These methods have primarily focused on the
design of static optical systems, and are based on finding static optics that
couple a predetermined set of incoming and outgoing ray-bundles.

A tracking-integrated system, on the other hand, is dynamic. It is designed
to change its behavior depending on its orientation relative to the sun. Some
work has focused on extending existing nonimaging methods for this new
application. For instance, Lin et al. used a method based on the SMS method
for designing their beam-steering lens arrays [27]. Duerr et al. developed a
tailored design method using Fermat’s principle to derive a set of differential
equations for a wide-angle lens used as a microtracking concentrator [32].

Alternatively, the tracking-integrated systems can be designed using numerical
optimization, as demonstrated by a number of micro-tracing designs [5, 33,
34, 30]. Numerical optimization has higher computational demand than
analytic methods, but it enables the design of more complex systems without
first needing to derive an analytic design method for the specific problem. It is
also straightforward to integrate additional effects into the design process, in-
cluding chromatic aberration, behavior under expected manufacturing errors,
and appropriate weighting of performance across a large field of view.

Numerical optimization involves parameterizing the optical system’s design
by a set of parameters x, and defining an objective function f (x) that eval-
uates the optical system and gives it a score based on a predefined set of
requirements and goals. Often this score is formulated so that a lower number
represents a better system. In other words, it is a minimization problem. An
additional set of constraints often needs to be fulfilled: ci (x) ≥ 0. In an
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optical system, this can for instance be the requirement that all lenses have a
positive thickness. Formally, this optimization problem can then be written as
[46]3:

min f (x) (2.5)

such that ci (x) ≥0 (2.6)

This optimization problem is then passed to an optimization algorithm that
systematically tries different values for the parameters x, searching for the
parameters that give the best objective function value. Since f (x) can be
evaluated for millions of different values of x during this search, numerical
optimization is a computationally expensive design method, and it is essential
that the evaluation is as efficient as possible.

2.8 Ray-tracing and ray-sampling

In order to implement an objective function that gives a score to a specific
design, it is necessary to simulate this optical system’s performance. In geo-
metrical optical design-problems, like the ones described in this thesis, this
is commonly done using ray-tracing: Tracing many discrete rays through the
system and inferring the whole system’s performance based on the behavior
of these rays. There is then a trade-off between the accuracy of the simulation
and the computational requirements: Tracing a larger number of rays gives
a more accurate estimate of the performance but also increases the computa-
tional load.

Objective functions in nonimaging optics, including those used in this thesis,
can often be considered a form of numerical integration. The objective func-
tion integrates some figure of merit across the parameters of the irradiation.

3In the classical formulation of nonlinear optimization problems, they may include a set of
equality constraints cj (x) = 0 in addition to the inequality constraints presented here.
Such equality constraints were not used in the optimization problems in this thesis.
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An objective function based on a random sampling of rays through the system
can therefore be considered as a form of Monte-Carlo integration. For well-
behaved numerical integration problems, it has been shown that the error of
Monte-Carlo integration can be reduced if the integration points are sampled
from a low-discrepancy sequence instead of being truly random. This process
is known as Quasi-Monte Carlo integration [47].

Quasi-Monte Carlo methods have been shown to have significantly improved
performance compared to conventional Monte-Carlo methods for many differ-
ent integration problems [47]. They have also been shown to give significantly
reduced errors when simulating optical devices [48].

2.9 Memetic optimization

The numerical optimization of nonimaging systems is challenged by the fact
that most nonimaging optical problems are multimodal [7] — they contain
several local optima in addition to the global optimum.

Classical gradient-based local optimization algorithms are highly efficient at
finding a local optimum, but this local optimum is not necessarily the global
optimum for the optimization problem as illustrated in Figure 2.5. Conversely,
population-based heuristic optimization algorithms such as evolutionary or
genetic algorithms have been shown to be less sensitive to local optima and
search a wider region in the design landscape, but they are usually not very
good at finding the exact location of an optimum as illustrated in Figure
2.5b.

A class of heuristic optimization algorithm known as memetic algorithms can
be used to create a hybrid of these two classes of optimization algorithms: It
uses local gradient-based algorithms for refining the individuals in the popula-
tion used by the population-based algorithm [49], as illustrated in Figure 2.5c.
Different memetic optimization algorithms have successfully been broadly
applied to many different engineering problems [50].
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evolutionary algorithm
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Fig. 2.5.: Conceptual illustration of memetic optimization with a single-variable
objective function. (a) Local gradient-based optimization algorithms
efficiently find a local optimum from a given starting point, but it is not
necessarily the global optimum. (b) Population-based algorithms such as
genetic or evolutionary algorithms search a broader region in the decision
space and finds several points that may be near the global optimum.
(c) Using a memetic algorithm, the population-based algorithm finds a
number of good points, which are continuously refined using local search,
increasing the likelihood that the global optimum will be found.
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2.10 Objective function formulation

The optimization problem shown in Equation 2.5 is based on a single-valued
objective function f (x), which evaluates the behavior of the optical system
x, and gives it a single numerical score to represent how well it achieves the
design objective. However, the design of an optical system often involves
the simultaneous optimization of several different objectives. In the case of
tracking integration, these objectives may include:

• Maximizing the optical efficiency

• Maximizing the concentration ratio (or minimizing the divergence of the
outgoing light in the case of beam-steering systems)

• Maximizing the tracking range

• Minimizing the mechanical complexity of the design

Therefore, the formulation of an optimization problem involves finding a way
to combine these objectives into the single-valued objective function f (x) — a
process known as scalarizing the problem. Several approaches have been used
to achieve this. A common choice is to use a predetermined tracking range
and concentration ratio, and optimizing the system for maximum efficiency
under these conditions. This approach was used, for instance, by Price et al.
[5]. Another popular way to scalarize an optimization problem with multiple
objectives is to use a sum scalarization [51]:

f (x) =
m∑

i=1
wifi (x) (2.7)

where fi (x) is the individual objectives and wi is a set of weights determining
how they should be weighted in the scalarized objective function.

While maximizing the tracking range and maximizing the optical efficiency
are two distinct objectives, they both affect the yearly cumulative solar energy
collected by the system. Ito et al. therefore elegantly showed how these

18 Chapter 2 Background



two objectives can be combined into the single objective of maximizing this
collected cumulative solar energy [33], which they defined as:

Eannual =
90◦∑

θi=0◦
E (θi) · ηopt (θi) (2.8)

where θi is incidence angle, E (θi) is yearly cumulative solar radiation incident
at the incidence angle θi, and ηopt (θi) is the optical efficiency at incidence
angle θi.

With this objective formulation, it is no longer necessary to choose a prede-
termined tracking range. Instead, the optimization algorithm can select the
optimum trade-off between tracking range and optical efficiency with the ulti-
mate objective of maximizing the yearly cumulative solar energy collected.

2.11 Multi-objective optimization

As an alternative to scalarizing the optimization problem, it is possible to use
algorithms that directly work on multiple objectives, known as multi-objective
optimization algorithms. These algorithms do not look for a single optimal
solution, but instead look for a set of solutions that represent different levels
of trade-off between the multiple objectives in the optimization problem. This
set of solutions is known as the Pareto front of the problem, as illustrated in
Figure 2.6. In this case, the objective function becomes vector-valued:

min f (x) = (f1 (x) , f2 (x) , · · · ) (2.9)

such that ci (x) ≥0 (2.10)

Multi-objective optimization problems are often solved using evolutionary
or genetic algorithms, such as the NSGA II algorithm [52] or the MOEA/D
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P1

P2

Fig. 2.6.: In multi-objective optimization, the algorithm tries to identify the set of
Pareto-optimal solutions — solutions where no other solution exists that
improves on all the objectives simultaneously. As an example, P2 is not a
Pareto optimal solution, because P1 has a better value for both objectives.
Conversely, P1 is Pareto optimal — none of the other solutions are superior
in both objectives. The set of Pareto optimal solutions map out the trade-
off between the objectives of the optimization problem.

algorithm [53]. In the same way as with single-objective optimization, it is
possible to combine these algorithms with local search algorithms to create
hybrid memetic algorithms [54].

2.12 Étendue Squeezing

Many well-known designs in non-imaging optics are either translationally
or rotationally symmetric. This simplifies the design of the systems, but it
can also introduce additional limitations that are a consequence of these
symmetries and not of the design problem itself. One way to utilize freeform
surfaces to go beyond these limitations is the concept of étendue squeezing
[55], as introduced by Miñano and Benitez in 2005 [56].
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Étendue squeezing is a way to achieve a lens with a different field of view
along the x-axis and y-axis, achieved by squeezing the angular extent along
one axis while expanding it along the other axis so that the total étendue
is conserved [55]. This type of lens solves the same nominal problem as
an anamorphic lens in conventional imaging optics [57]. However, while an
anamorphic lens achieves this squeezing of the field of view by changing the
entrance pupil’s shape, an étendue-squeezing lens uses a set of parallel optical
paths to obtain an entrance pupil as large as the lens itself, to facilitate the
efficient transfer of energy.

A simple form of étendue squeezing lens is created when both object and
image is at infinity, and is illustrated in Figure 2.7. This lens uses many afocal
pairs of lens surfaces to compress an optical beam in one axis while expanding
it in the other axis, as illustrated in Figure 2.7a. If the ratio of compression
and expansion is 1:N where N is an integer, the lens pairs can be tessellated
so that they fill the complete front and back surface of a lens array, as shown
in Figure 2.7b [58]. This specific type of étendue squeezing is known as an
étendue-squeezing lens array, and was described by José Blen in his 2007 PhD
dissertation [59]. The étendue-squeezing lens array trades angular extent
along one axis against angular extent along the other axis by a factor N, known
as the squeeze factor of the optics [58]. The idea has been demonstrated for
applications such as changing the aspect ratio of a collimated beam from an
LED source [58].

As part of this thesis, we investigate whether this étendue squeezing principle
also may be used for solar concentration, specifically in combination with
tracking integration.
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Fig. 2.7.: (a) Principle of étendue-squeezing using an afocal lens pair. (b) The lens-
pairs can be tessellated into a complete étendue-squeezing lens array.
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Research methods 3
The primary research method in this thesis has been the numerical simulation
and optimization of optical systems to fulfill the goals outlined in Section 1.1.
This involved the development of a sequential ray-tracer explicitly designed
for simulating tracking-integrated systems, which was used to optimize beam-
steering lens arrays, microtracking concentrators, and a new type of solar
concentrator based on étendue squeezing.

3.1 Custom Python-based ray-tracer

Several commercial software packages exist for the simulation and design
of optical systems, and these have previously been used to design tracking-
integrated and microtracking systems. For instance, LightTools was used
to design the microtracking concentrators by Ito et al. [33], while Zemax
OpticStudio was used to the design microtracking concentrators by Price et
al. [5] and Hallas et al. [60]. We acquired Zemax OpticStudio for the
work performed in this thesis, but we found that it did not fulfill all our
requirements for performing a broad exploration of the design landscape for
tracking-integration, mainly due to limitations in the formulation of objective
functions and optimization algorithms. We therefore developed a custom
Python-based ray-tracer to allow for greater flexibility.

The ray-tracer is a sequential ray-tracer designed specifically for optimizing
tracking-integrated optical designs. It is written as a Python library, and com-
piled using the LLVM-based Numba just-in-time compiler [61], enabling high-
performance ray-tracing despite being written in an interpreted programming
language.
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By having the architecture of a Python library, this ray-tracer opens up new
possibilities compared to the use of commercial optical design software, in-
cluding:

• The use of a prototyping-friendly high-level language makes it possible
to experiment with various objective functions defined using the full
expressiveness of this language, without the overhead of interprocess
communication between the language and another commercial software
package.

• By not relying on limited software licenses, it became possible to be
flexible regarding the computational environment, and to perform large-
scale optimization using computational resources from Google Compute
Engine.

• It became possible to take advantage of the existing scientific comput-
ing ecosystem available from the Python programming language, in-
cluding several optimization libraries with different optimization algo-
rithms that have previously been shown to work well for optical design
problems[62].

• The flexibility of the implementation made it possible to implement
efficient objective functions based on quasi-Monte Carlo methods as
described in Chapter 2.8, where the extra integration dimensions from
the movable optical surfaces are included in the Quasi-Monte Carlo
integration.

We emphasized ensuring numerical stability in the ray-tracer and making the
objective functions smooth and differentiable to enable the use of gradient-
based optimization algorithms. The gradients were estimated using finite dif-
ferences, as is also commonly done in commercial optical design software.

In numerous other scientific domains, it has been shown that superior ac-
curacy and performance can be achieved if gradients are estimated explic-
itly as part of the simulation, instead of using numerical finite differences.
This is known as differentiable programming, and is usually implemented
using automatic differentiation[63]. Due to limitations in the combination
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of Python and Numba, it was not straightforward to use automatic differ-
entiation with the ray-tracer implemented as part of this thesis. Therefore,
significant further performance improvements may be expected if this ray-
tracer is re-implemented using an architecture that enables automatic differ-
entiation.

3.2 Formulation of the optimization problem

In the initial optimization of beam-steering lens arrays for this thesis, we
defined our objective function as a sum scalarization between efficiency and
divergence of the outgoing light, and optimized the systems for a fixed track-
ing range. Formally, this objective function could be written as:

min f (x) =
m∑

i=1

(
w1

1
ηi (x)

+ w2 (δθi (x))2
)

(3.1)

such that gj (x) ≤ 0 (3.2)

where w1 and w2 are relative weights applied to the efficiency and divergence.
ηi(x) is the simulated efficiency for a ray-traced grid of rays with incidence
angle number i and optical system described by x. δθi (x) is the corresponding
RMS divergence half-angle for field number i. m separate incidence angles
are evaluated across the tracking range of the BSLA. gj (x) is a set of inequal-
ity constraints ensuring manufacturability, such as minimum and maximum
thickness, and maximum lens curvature. When optimizing microtracking con-
centrators, we used the same objective function but replaced RMS divergence
half-angle with RMS spot size.

A drawback of this optimization problem was that the tracking range had
to be specified, and an explicit weighting between efficiency and divergence
had to be selected. In order to improve the optimization and enable a broad
exploration of beam-steering lens array configurations, we reformulated the
optimization problem using an approach inspired by Ito et al.’s formulation
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as described in Chapter 2.10. We defined an average yearly efficiency of the
beam-steering lens array:

η (x, θmax) = Eout (x, θmax)
Ein

, (3.3)

where Ein is the yearly direct irradiation received by the beam-steering lens ar-
ray surface, and Eout (x, θmax) is the yearly irradiation successfully redirected
by the beam-steering lens array within the permitted exit cone ±θmax.

Using this average yearly efficiency, we defined the following multi-objective
optimization problem:

min f (x, θmax) = (−η (x, θmax) , θmax) (3.4)

such that gj (x) ≤ 0, (3.5)

where θmax is the allowed divergence of outgoing sunlight, and x is a set of
free variables specifying the optical system. η (x, θmax) is the average yearly
optical efficiency of the optical system subject to θmax. The two components
of f represent the two objectives: Maximizing the average yearly efficiency
(minimizing −η̄), while also minimizing the allowed divergence (minimizing
θmax).

We then used memetic multi-objective optimization algorithms to solve this
multi-objective optimization problem, and mapped out the trade-off between
average yearly efficiency and permitted divergence half-angle for a broad
selection of beam-steering lens arrays.
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3.3 Generating beam-steering lens array
configurations

As outlined in Section 1.1, one of the main objectives of this thesis was to
explore the design space of tracking-integrated optics. This was carried out
by optimizing a large number of beam-steering lens array systems using the
multi-objective optimization problem and algorithm described above.

In order to optimize a beam-steering lens array, a configuration needs to be
selected — the number and types of lens arrays comprising the system, as well
as the permitted movements between these lens arrays. Previously proposed
beam-steering lens array designs have utilized both single-sided [27] and
double-sided [1] lens arrays, with relative lateral [64] or curved [27] tracking
motion, and with both two [27], and three [25] lens arrays stacked together.
In order to readily specify, compare, and evaluate different classes of designs,
we specified a set of symbols as reported in Table 3.1 to represent beam-
steering lens array configurations. We then used these symbols to generate
a full set of beam-steering lens arrays for optimization.

The symbols from Table 3.1 can be used to classify both existing and new
beam-steering lens array configurations. For instance:

• The example beam-steering lens array in Figure 2.2b: ◆⤸◆

• Lin et al., 2012 [27]: ◀⤸▶

• Watson, 1993 [24] (for steering of laser beams): ◆↓◆ and ◆↓◆▤◆

• Johnsen et al., 2018 [1]: ◆⤸◆ and ◀⤸◆⤸◆

Using the presented symbols for specifying beam-steering lens arrays, we
performed a comprehensive optimization of all possible combinations of the
symbols with a maximum of 1 air-gap. This lead to a total of 52 configurations,
of which 40 contains at least 1 movable surface and are candidates for opti-
mization. These configurations cover the range from complex configurations
such as ◀ ▶⤸◀ ▶, to simple configurations such as ◀ ▶. Optimizing across
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Tab. 3.1.: Symbols used classifying different beam-steering lens array configura-
tions.

Symbol Meaning

◀ Single-sided lens array with the flat side on the right.

▶ Single-sided lens array with the flat side on the left.

◆ Double-sided lens array

◀ ▶ A pair of single-sided lens arrays placed back-to-back, with
index-matched lubricating oil between them supporting
relative lateral translation between the lens arrays.

↓ Air-gap between lens arrays supporting a flat, lateral
tracking trajectory.

⤸ Air-gap between lens arrays supporting a curved tracking
trajectory.

▤ Air-gap between two surfaces, but no relative movement
between the surfaces.

this span can therefore give insight into the trade-off between minimizing
complexity and maximizing system performance.
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3.4 Optimization of microtracking concentrators

We did an initial exploration of the achievable performance of different mi-
crotracking solar concentrators for CPV applications. This was done before
adopting the multi-objective design method described in Chapter 3.2, and we
therefore used a sum-scalarization to optimize for concentration ratio and
optical efficiency.

We optimized the three configurations sketched in Figure 3.1. The first config-
uration was chosen because it has already been shown by Price et al. to have
good performance [5], and the two additional configurations were chosen to
see how the concentration can be increased if we let the system have higher
complexity. We optimized each configuration for a fixed tracking range of
±60◦.

Embedded translatable 
array of microcell PVs

Interfaces lubricated 
by index-matched oil

Reflective lens-array

Fig. 3.1.: Conceptual illustration of the three different CPV-configurations that were
optimized: Simple catadioptric (a), flat tracking trajectory (b), and curved
tracking trajectory (c). In each configuration, the lenslets are assumed to
be arranged in hexagonally packed lens arrays.

3.5 Optimization of étendue-squeezing solar
concentrators

Beam-steering lens arrays are designed to emit collimated light, for concen-
tration by a separate solar concentrator. To allow for sufficient concentration
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despite the divergence half-angle introduced by the beam-steering lens ar-
rays, this concentrator would typically be a three-dimensional concentrator
due to the much higher achievable concentration ratios compared to two-
dimensional concentrators, as discussed in Chapter 2.1. For instance, in the
solar cooker developed in the master’s thesis leading up to this PhD thesis, an
off-axis parabolic concentrator with a point-focus was used [42].

However, as further described in Chapter 2.1, line-focus concentrators have
the benefit that they are compatible with tubular receivers, which can simplify
the heat extraction through heat-transfer fluids. We therefore investigated
whether it would be possible to design a three-dimensional solar concentra-
tor that focuses sunlight to a line-focus without being limited by the two-
dimensional concentration limit. Such a concentrator could then be combined
with a beam-steering lens array to create a tracking-integrated line-focus con-
centrator for solar thermal applications.

We used the concept of étendue squeezing combined with numerical opti-
mization to create two design examples of line-focus concentrators: One con-
centrator consisting of only a double-sided lens array, and one concentrator
using an additional secondary reflector. Both designs were based on the
étendue squeezing lens array described in Chapter 2.12. The goal was to
achieve a concentration ratio higher than the two-dimensional concentration
limit, which applies to conventional line-focus concentrators. The étendue-
squeezing lens array was modified by optimizing each lens pair individually
to redirect sunlight towards the focal line of the concentrator. Both designs
were constructed with an étendue squeezing factor of N = 7 (the ratio of the
short to the long side of the individual rectangular facets is 1:7). The factor
7 was chosen as an example, to be high enough to allow for a significant
concentration boost, while low enough to allow for practical implementation.
The lens arrays are assumed to be made from PMMA, and illuminated using
the AM1.5D solar spectrum and a top-hat ±1◦ angular distribution. This
angular distribution was chosen as an example, to demonstrate the possibility
of designing for some tolerance to tracking errors.
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Main Results 4
The full set of results from this thesis are reported in the full-text papers listed
in Appendix A. In this chapter we report on the most important results from
these papers.

4.1 Beam-steering lens arrays

The beam-steering lens array optimization of this thesis culminate in a broad
exploration of possible beam-steering lens array configurations for stationary
solar tracking applications1. The main result from this exploration is shown in
Figure 4.1, which summarizes the expected average yearly efficiency of each
beam-steering lens array configuration depending on the required divergence
half-angle of the outgoing sunlight.

Each line represents a specific beam-steering lens array configuration specified
using the symbols from Chapter 3.3, and each point along the line represents
a specific design optimized for the particular trade-off between efficiency
and divergence half-angle. In order for the comparison to not unrealistically
favor highly complex designs that are overly sensitive to manufacturing errors,
the presented results are optimized for as-built performance with a set of
manufacturing tolerances, as reported in Paper 4.

Due to the number of optimized configurations, only the best-performing con-
figurations are shown in Figure 4.1. The full set is available in the appendix
of Paper 4.

1The beam-steering lens array results presented in this section are based on the published
results from Papers 1, 3, and 4 of this thesis [1, 3, 4].
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Fig. 4.1.: Set of the best performing optimized configurations, mapping out the
trade-off between efficiency and divergence half-angle. The value in
brackets below the divergence half-angle represents the ideal geometric
concentration at this divergence half-angle, according to Equation 2.1.

From the set of designs reported in Figure 4.1, we chose to highlight two
designs representing different trade-offs between efficiency, divergence, and
complexity. The first result is a ◀ ▶↓◀ ▶ configuration optimized for a diver-
gence half-angle of ±2◦, which achieves 73.4% average yearly efficiency. This
represents a configuration with high complexity, low divergence, and high
efficiency. The result is highlighted with a blue circle in the Pareto fronts
in Figure 4.1, and a ray-traced drawing of the system can be seen in Figure
4.2.

The second result is a ◀ ▶↓▶ configuration optimized for ±3.5◦ divergence
half-angle, which achieves 75.4% average yearly efficiency. This is an exam-
ple of a system where a lower mechanical complexity is traded for a higher
permitted divergence half-angle. The result is highlighted with a brown circle
in the Pareto front in Figure 4.1, and a ray-traced drawing of the system can
be seen in Figure 4.3. A 3D model of the two highlighted designs is shown in
Figure 4.4.
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0° 40°

Fig. 4.2.: Beam-steering lens array with ◀ ▶↓◀ ▶ configuration optimized for 2◦

divergence half-angle ( in Figure 4.1), drawn at 0◦ and 40◦ angles of
incidence respectively. The black arrows indicate tracking motion. The
drawing shows a 2-dimensional slice of the optimized system, which
consists of hexagonally packed three-dimensional lens arrays.

0° 40°

Fig. 4.3.: Simplified beam-steering lens array with ◀ ▶↓▶ configuration optimized
for 3.5◦ divergence half-angle ( in Figure 4.1), drawn at 0◦ and 40◦

angles of incidence respectively. The black arrows indicate tracking motion.
The drawing shows a 2-dimensional slice of the optimized system, which
consists of hexagonally packed three-dimensional lens arrays.
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a, b,

Fig. 4.4.: Ray-traced 3D-model of the two selected beam-steering lens arrays, both
shown at a 40◦ angle of incidence. (a) ◀ ▶↓▶ configuration optimized for
a permitted divergence of 3.5◦, (b) ◀ ▶↓◀ ▶ configuration optimized for
a permitted divergence of 2.0◦.
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4.2 Microtracking solar concentrators

As described in Section 3.4, we optimized three configurations of microtrack-
ing solar concentrators. A ray-traced drawing of the resulting designs are
shown in Figure 4.52. Simulated efficiency and concentration ratio across the
±60◦ field of view are shown in Figure 4.6.

(a) (b)

(c)

Fig. 4.5.: Ray-traced drawing of the three optimized microtracking CPV concentra-
tors, each shown at 60° angle of incidence.

The simulated performance of the simple catadioptric configuration gives a
geometric concentration ratio >400x and optical efficiency >90%. This is
comparable to the results published by Price et al [5], and the small variations
may be caused in part because our work assumes a circular receiver when
estimating concentration ratio. The lowest concentration ratio across the field
of view is increased from approximately 400x to approximately 2000x when
adding an additional pair of lens arrays to the system in the configuration
shown in Figure 3.1b. The lowest concentration ratio is further increased

2The microtracking concentrator results presented in this section are based on the published
results from Paper 2 of this thesis [2].
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Fig. 4.6.: Simulated optical efficiency and concentration across tracking range for
the optimized CPV configurations. The geometric concentration ratio is
defined as the geometric concentration ratio that would lead to a 90%
intercept factor at that specific angle of incidence.

to approximately 5000x if the lens arrays are allowed to follow a curved
tracking trajectory, as illustrated in Figure 3.1c. The significantly increased
concentration ratio comes at the cost of reduced optical efficiency due to
reflection losses and the additional mechanical complexity with several lens
arrays moving relative to each other. In order to reduce the burden of this
additional mechanical complexity, all the lens arrays are constrained to move
proportionally to each other. They may therefore share the same mechanical
actuator.
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4.3 Étendue-squeezing line-focus solar
concentrators

As described in Chapter 3.5, we optimized two solar concentrators based on
the étendue squeezing principle. Both design examples were optimized for
±1◦ acceptance angle. At this designed acceptance angle, the 2D concentra-
tion limit is 57.3x, while the 3D concentration limit is 3 283x according to
Equations 2.1 and 2.2. The first design example is a single double-sided lens
array, for operation similar to a linear Fresnel lens. A ray-traced 3D model of
the concentrator is shown in Figure 4.7, and a 2D drawing is shown in Figure
4.8.

xy

z
x

y

z

Fig. 4.7.: A solar concentrator utilizing étendue-squeezing, consisting of an array
of tessellated étendue-squeezing lens pairs. Each lens-pair squeezes the
beam in the x-direction and expands it in the y-direction, while redirecting
the sunlight towards the common focal line. The cutout shows one such
lens-pair highlighted in green, and demonstrates how the lens-pairs are
tessellated into a complete double-sided lens array.

The concentrator has a numerical aperture of NA = 0.32 (f/1.47) and
achieves 79.1% efficiency at 95x geometric concentration ratio under ±1◦

illumination, leading to an effective optical concentration of Ceff = 0.791 ·
95 ≈ 75.1. The intensity across the focal line of the concentrator is shown
in Figure 4.9. This design demonstrates that it is possible to surpass the 2D
concentration limit, but the concentration ratio of this example design is still
only about 31% higher than the 2D limit. The low numerical aperture of the
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resulting concentrator indicates that the concentration can be increased by a
high numerical aperture secondary concentrator, leading us to the next design
example.

y x

z

Design 2

Design 1

Double-sided étendue-
squeezing lens array

Secondary aluminum reflector

Fig. 4.8.: Ray-traced drawing of the two design examples. Only a subset of the lens-
pairs are drawn and traced, to reduce clutter in the drawing. In reality, the
lens-pairs are tessellated to fill the entire front and back surface of the lens
array, as shown in Figure 4.7.

The second design example combines the étendue-squeezing lens array with
a reflective secondary concentrator assumed to be made from aluminum. The
geometry of this reflective secondary is designed so that the resulting concen-
trator is approximately aplanatic, a condition that has previously been shown
to generate concentrators with performance very close to the fundamental
concentration limit [65, 66]. The concentrator has a numerical aperture of
NA = 0.89 and achieves 78.0% efficiency at a 280x geometric concentration
ratio under ±1◦illumination. This leads to an effective optical concentration of
Ceff = 0.780·280 ≈ 218. The intensity across the focal line of the concentrator
is shown in Figure 4.9.
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Fig. 4.9.: Intensity profile across the focal line for the two concentrators, under 1
sun AM1.5D illumination with a ±1◦ top-hat angular distribution. Both
concentrators go beyond the 2D concentration limit. The non-uniform
intensity profile of the ideal linear concentrator is caused by the circular
±1◦ angular distribution of the illumination and assuming an ideal imaging
concentrator, as further discussed in the supplemental document to Paper
5 of this thesis.
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List of papers 5
5.1 Paper 1

Title Solar tracking using beam-steering lens arrays
Authors Håkon J. D. Johnsen, Jan Torgersen, Astrid Aksnes

DOI 10.1117/12.2320046
Type Conference Paper

Publisher Proceedings of SPIE

This paper gives a thorough introduction to how beam-steering lens arrays
can be used to achieve solar tracking, and describes how the beam-steering
lens array concept can be viewed from a phase-space perspective. This phase-
space perspective was also used to develop an optimization method where the
focusing and collimating lens are designed separately.

Using an optimization method based on the phase-space representation of
the optical system, we developed two examples of beam-steering lens array
designs. One using two lens arrays and achieving a simulated > 60% efficiency
across a two-axis ±40° tracking range, and a divergence of the outgoing beam
of less than ±1.7◦. The second design used three lens arrays, and achieved
a simulated > 70% efficiency across the two-axis ±40◦ field of view, with a
divergence of the outgoing beam of less than ±0.65◦.

The paper also reports on the physical proof-of-concept developed as part of
the master’s thesis leading up to this work [42].
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Limitations and implications for further work

The use of phase-space optics to divide the optimization problem into smaller
sub-problems was initiated before the development of the Python-based ray-
tracer, and mainly as a consequence of limitations in Zemax OpticStudio mak-
ing it difficult to optimize the complete system without dividing the problem
into sub-problems. While this phase-space approach provides useful insights
into the behavior of the optical system, it turned out to not be necessary for
optimization once the in-house ray-tracer had been developed. In the work
following this publication, the optical system was therefore treated more like
a black box, optimizing the complete system simultaneously.

The ±40◦ tracking range permits 5.3 hours of stationary solar tracking, which
is useful for demonstrating the idea but likely not sufficient for a practical
implementation.
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5.2 Paper 2

Title High-concentration wide-angle tracking integration with
stacked lens arrays

Authors Håkon J. D. Johnsen, Jan Torgersen, Astrid Aksnes
DOI 10.1063/1.5124204

Type Conference Paper
Publisher AIP Conference Proceedings

The paper reports on the use of a numerical optimization-based design
method which is used to optimize microtracking concentrators with much
higher concentration ratios than what has previously been reported in the
literature. One of the optimized configurations achieved an approximately
5000x concentration ratio across a two-axis ±60° tracking range, and another
achieved > 2000x concentration across the same tracking range. This
work shows that there is still a large unexplored region in the design
space of microtracking solar concentrators, and that significantly improved
concentration is achievable using more complex optical designs.

Limitations and implications for further work

The design of microtracking concentrators is a trade-off between performance
and complexity. This paper explored designs towards the more complex end
of that spectrum, and most likely at a complexity level where the results are
not directly applicable for practical systems. Still, the results demonstrate that
there is room for improving the performance of microtracking concentrators,
and may motivate a search for other designs that find an appropriate balance
between complexity and performance.

This work was carried out before developing the objective function listed in
Chapter 3.2, and the system was therefore optimized with an explicitly chosen
tracking range of ±60◦ and a simple sum-scalarization to combine the effi-
ciency and concentration objectives. The simulation results also assume ideal
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systems with no manufacturing errors, and the optimization may therefore
have favored designs that are more sensitive to such errors.

Additionally, the optimized systems are reported with a geometric concentra-
tion ratio varying as a function of incidence angle. This can be useful to see
how the performance of the optics varies as a function of angle of incidence.
However, in a practical microtracking concentrator for CPV applications, the
PV cell is not going to change its size across the tracking range. It may there-
fore have been more relevant to report on the performance of the concentrator
under a fixed geometric concentration ratio.
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5.3 Paper 3

Title Pushing the limits of beam-steering lens arrays
Authors Håkon J. D. Johnsen, Astrid Aksnes, Jan Torgersen

DOI 10.1117/12.2528751
Type Conference Paper

Publisher Proceedings of SPIE

This paper explores how beam-steering lens arrays can be optimized specif-
ically for stationary solar tracking using multi-objective optimization. It in-
troduces the notion of optimizing a stationary tracking-integrated system for
average yearly efficiency, and formulates a bi-objective optimization problem
where the objectives are to maximize this average yearly efficiency while mini-
mizing divergence half-angle of the redirected sunlight, as outlined in Section
3.2. The paper introduces the notation from Chapter 3.3 for describing beam-
steering lens array configurations, and compares the beam-steering lens array
configurations reported in Paper 1 to two new configurations with improved
performance. One example configuration consists of four single-sided lens
arrays that can track the sun with a yearly average efficiency of 74.4% into
an exit-cone with divergence half-angle less than ±1◦. Another, simplified
system consists of three single-sided lens arrays achieving 74.6% efficiency
and a divergence half-angle of less than ±2.2◦, and might be relevant for
low or medium concentration applications. These results demonstrate the
multi-objective optimization based design method, and how the notation from
Chapter 3.3 can be used to specify and optimize new beam-steering lens array
configurations.

Limitations and implications for further work

The simulations in this paper did not take into account manufacturing er-
rors, and therefore does not necessarily reflect the performance of physical
implementation of the design. Additionally, only 4 different beam-steering
lens array configurations were optimized, and it therefore did not constitute
a thorough exploration of the design space.
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5.4 Paper 4

Title High-performance stationary solar tracking through
multi-objective optimization of beam-steering lens arrays

Authors Håkon J. D. Johnsen, Astrid Aksnes, Jan Torgersen
DOI 10.1364/OE.396477

Type Journal Paper
Publisher Optics Express

This paper uses the design method introduced in Paper 3 to optimize a large
number of beam-steering lens array configurations. Additionally, it introduces
a way to incorporate position and slope errors into the optimization, in order
to optimize for designs that are more tolerant to such errors.

Using this approach, the paper reports on screening the full set of beam-
steering lens array configurations that can be represented using the symbols
introduced in Section 3.3 and with a maximum of one air-gap. Two designs
from this optimization are highlighted in the paper, as well as in Section 4.1
of this thesis. One design with a ◀ ▶↓◀ ▶ configuration achieving 73.4%
average yearly efficiency with a < 2◦ divergence half-angle, as well as a
simplified design with a ◀ ▶↓▶ configuration achieving 75.4% efficiency with
a < 3.5◦ divergence half-angle. These designs indicate the potential use of
beam-steering lens arrays for stationary solar tracking. The higher divergence
half-angles compared to Paper 3 are a result of assuming a certain set of
manufacturing error in the optimization and simulation. The paper discusses
and explores how this encourages the optimization algorithm to find designs
less sensitive to such errors.

Limitations and implications for further work

The magnitude of the error distribution during simulation and optimization in
this paper were selected to demonstrate the principle, but do not necessarily
represent the manufacturing and tracking errors of a specific implementation.
Before creating a physical implementation of these designs, the lens arrays
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should be re-optimized with the expected tolerances for the selected manufac-
turing process and mechanical actuator.

The optimization performed in this paper assumes rotationally symmetric lens
profiles packed hexagonally in a lens array. The expected angular distribution
of sunlight reaching a stationary receiver is far from rotationally symmetric.
Therefore, it may be beneficial to utilize freeform surfaces that can utilize this
lack of symmetry for increased performance.

Additionally, this paper only explores the use of beam-steering lens arrays
for stationary solar tracking. As outlined in Chapter 2.6, another possible
application for beam-steering lens arrays is on a single-axis external tracker,
to track across the second axis and use concentrating optics that utilize two-
axis tracking. This may have been especially useful for the type of étendue-
squeezing concentrator also explored in this thesis, and will be relevant for
future exploration.

The beam-steering lens arrays in this paper are simulated as scale-independent
geometrical optical systems, and no specific dimensions were selected for
the simulation. Therefore, the designs can be arbitrarily scaled up or down
for a physical implementation, as long as the size of the lenslets is large
enough that diffractive effects are negligible. Several factors would affect the
choice of dimensions for a physical implementation of the concept. Important
factors to consider will be that larger lenslets lead to lower sensitivity to
positioning errors (in absolute terms), including position errors caused by
different thermal expansion of the different lens arrays in the stack. On
the other hand, thinner lenslets lead to reduced material usage and reduced
volume absorption losses in the resulting system. An evaluation of these
different aspects was not carried out in this paper, and is left for further
work.
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5.5 Paper 5

Title Beyond the 2D limit: Étendue-squeezing line-focus solar
concentrators

Authors Håkon J. D. Johnsen, Astrid Aksnes, Jan Torgersen
DOI 10.1364/OL.406280

Type Journal Paper
Status In Press at Optics Letters. Accepted November 17th, 2020.

This paper investigates the possibility of using étendue squeezing to develop
a line-focus solar concentrator capable of concentrating beyond the 2D con-
centration limit. It provides a quick introduction to étendue squeezing and
describes how the concept can be used for solar energy applications. The
paper uses numerical optimization to design and simulate two design exam-
ples to demonstrate the principle, and the resulting designs are reported in
Chapter 4.3.

Limitations and implications for further work

While demonstrating that étendue-squeezing can achieve high line-focus solar
concentration, the demonstrated concentration is still quite far from the three-
dimensional concentration limit. The different parameters selected in the
two example designs were selected without much exploration, in order to
demonstrate the concept. To further investigate the feasibility of this concept,
a much more thorough exploration of the design space should be carried
out.

The two-axis tracking may come from a stationary beam-steering lens array
like the ones explored in Papers 3 and 4. However, the ±1◦ angular distribu-
tion assumed during optimization of these étendue-squeezing concentrators
is smaller than what would be expected from such a stationary beam-steering
lens array. Therefore, further work would be needed to explore étendue-
squeezing solar concentrators designed for the larger divergence half-angles
from stationary beam-steering lens arrays.
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Alternatively, the two-axis tracking may come from a combination of one-
axis external tracking and one-axis tracking from a beam-steering lens array,
where the beam-steering lens array’s reduced tracking requirements may im-
prove tracking performance compared to what is reported in Papers 3 and
4. Optimization and simulation of a complete system combining these two
approaches are left for further work.
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Conclusions and further
work

6
This thesis has investigated the achievable performance when using lens ar-
rays to implement solar tracking and concentration. This includes a thorough
screening of the performance of different beam-steering lens array configu-
rations, an exploration of new microtracking configurations, and the devel-
opment of a line-focus solar concentrator based on étendue-squeezing lens
arrays. These developments were enabled by the development of a sequential
ray-tracer designed specifically for tracking integrated optics, as well as the
adoption of memetic and multi-objective optimization algorithms. Together,
these results demonstrate how numerical optimization can be used to develop
a broad range of lens-arrays suitable for solar tracking and concentration.

The presented results may not necessarily compete with conventional ap-
proaches for tracking & concentrating sunlight in their current form. Still,
they demonstrate that there are unexplored regions in the design space of
optical systems for tracking integration and solar concentration. With further
development, it may be possible to identify designs that appropriately balance
the trade-off between optical performance and complexity.

The work in this thesis has identified several promising directions for further
research:

Single-axis external tracking All the tracking-integrated systems optimized
during this work have been assumed to be stationary systems performing two-
axis solar tracking. For several applications, it might be beneficial to still use a
single-axis external tracker. As discussed in Chapter 2.6, this eliminates most
of the cosine projection losses compared to a stationary system, while it can
be implemented with significantly reduced mechanical bulk and complexity
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compared to a dual-axis external tracker. Therefore, an important direction
for further work would be to explore the same design methods used in this
thesis, but applied to single-axis tracking.

Freeform surfaces All the beam-steering lens arrays and microtracking con-
centrators optimized in this thesis used rotationally symmetric lens profiles.
The angular distribution of incident irradiation is not rotationally symmetric
— whether it is a stationary orientation or on a one-axis external tracker.
Therefore, there may be benefits of further exploring the design space of
optical profiles that are not rotationally symmetrical.

Combining beam-steering lens arrays and étendue-squeezing The results
from this thesis indicate that there may be a promising path towards com-
bining beam-steering lens arrays and étendue-squeezing solar concentrators.
Further work is needed to explore the potential of this approach. This would
include the development of beam-steering lens arrays for one-axis external
tracking as described above, as well as the combination of these beam-steering
lens arrays with étendue-squeezing concentrators. An important question
would be whether it is possible to design such a combined system while
keeping the complexity and number of optical surfaces sufficiently low.

Applying optimization approaches to other design problems in nonimaging
optics The numerical optimization in this thesis introduces several concepts
that, as far as we know, have not previously been applied to optimization
problems in nonimaging optics. This includes multi-objective optimization,
memetic optimization, and the stochastic approach used to optimize for tol-
erance to manufacturing errors. These developments may therefore be of
interest for identifying promising solutions to other design problems in non-
imaging optics.

Physical proof-of-concept All the work in this thesis has been based on nu-
merical simulation and optimization. The simulation is based on well under-
stood geometrical optics, but there are still open questions regarding how well
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they will perform under real-world conditions, manufacturing tolerances, and
manufacturing constraints. The development of a physical demonstration of
the concepts developed in this thesis will therefore be of interest.

In summary, this thesis has developed numerical optimization-based design
methods suitable for designing tracking-integrated optical systems, and used
this to explore the design space of beam-steering lens arrays, microtracking
concentrators, and étendue-squeezing solar concentrators. These results may
contribute towards the development of low-cost utilization of concentrated
sunlight for both CPV and CSP applications, and the design method may be of
interest for the broader field of nonimaging optics.
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Solar tracking using beam-steering lens arrays

H̊akon J. D. Johnsen*a, Jan Torgersena, and Astrid Aksnesb

aDepartment of Mechanical and Industrial Engineering, Norwegian University of Science and
Technology, Trondheim, Norway

bDepartment of Electronic Systems, Norwegian University of Science and Technology,
Trondheim, Norway

ABSTRACT

Conventional tracking solar concentrators track sunlight by rotating the concentrator optics to face the sun, which
adds to the cost and bulk of the system. Beam-steering lens arrays, in contrast, allow solar tracking without bulk
rotation of the optics. It consists of lens arrays stacked in an afocal configuration, and tracking is implemented by
relative translation between these lens arrays. In this work, we present a phase-space methodology for analyzing
and optimizing the performance of the beam-steering, and for revealing optical aberrations in the system. Using
this methodology, we develop a beam-steering lens array with a simulated ≈70% efficiency across a two-axis
�40� tracking range, and a divergence of the outgoing beam of less than �0.65�. We also present a functional
small-scale prototype and demonstrate the feasibility of the concept for solar tracking. Beam-steering lens arrays
can be placed in front of conventional concentrator optics and operated with little or no external tracking. This
may enable low-cost robust concentrated solar power systems, and could also find other applications such as
solar lighting and steerable illumination.

Keywords: beam-steering, lens arrays, solar tracking, micro-tracking, phase space

1. INTRODUCTION

Solar concentrators can provide highly concentrated solar power for applications such as concentrator photo-
voltaics, solar thermal energy, or solar lighting.1 However, the concentrators require accurate solar tracking in
order to achieve high concentration.2 This tracking has traditionally been performed external to the concentrat-
ing optics, by mounting the concentrating optics to an external tracking system. The tracking system rotates
the concentrating optics to keep it facing the sun, which introduces complicating factors including wind loads,
the challenge of balancing the center of mass, and more complicated mechanical structures.3

As an alternative to external tracking, several studies3–8 have recently considered integrated tracking, where
an optical system tracks sunlight without being rotated towards the sun. Lin et al.5 proposed a tracking-
integrated beam-steering concept that emits collimated light, which can be used directly or passed on to a
separate concentrator system as conceptually illustrated in Figure 1.

In this work, the beam-steering concept proposed by Lin et al is explored further, and we adopt the term
beam-steering lens array (BSLA) for describing this type of concept.� First, the concept of BSLA for solar
tracking is introduced, and discussed both from the perspective of paraxial optics and from the perspective of
phase-space optics. Then, an optimization-based method is developed for designing BSLAs utilizing insights
from phase-space optics. To demonstrate the feasibility of BSLA for large-range two-axis solar tracking, two
different BSLA concepts are optimized using this design method. Finally, a physical proof-of-concept of a BSLA
is presented.

* E-mail: hakon.j.d.johnsen@ntnu.no
�Related beam-steering concepts based on decentered lens arrays have previously been described using several different

terms, including “beam steering with decentered microlens arrays”,9 “beam-deflecting microlens array telescopes”,10

“beam-scanning MLA system”,11 and “beam-steering array optics”.5 In this work, we choose to use “beam-steering lens
arrays” (BSLA) as a general descriptive term for the concept of using decentered lens arrays for beam-steering.
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Beam-steering lens array

Concentrator

Receiver

Figure 1: Conceptual illustration of how a beam-steering lens array can be combined with conventional concen-
trator optics.

2. BEAM-STEERING LENS ARRAYS

Δx

L1

L2

L1 L2

f1

f2

(a)

f1 f2

Δx

L1

L2

L1 L2

f1 f2

(b)

L1 Lf L2

L1 Lf
L2

f f

f f

(c)

Figure 2: Paraxial beam-steering lens array principle using (a) Galilean configuration, (b) Keplerian configura-
tion, and (c) Keplerian configuration including a field lens.

A basic BSLA consists of a pair of lens arrays arranged in an afocal configuration, allowing beam-steering
by relative lateral translation of the two lens arrays as illustrated in Figure 2. This concept has previously been
proposed for steering of laser beams.9,11 Despite utilizing the same idea, there are some important differences
between these laser applications and applications for solar energy:

� For laser beam-steering, a BSLA receives a beam parallel to its optical axis and emits it at an angle.
For solar energy applications, the BSLA must be operated in reverse, receiving a beam at an angle, and
emitting it parallel to the optical axis, as first proposed by Lin et al.5

� When used for solar energy, the BSLA must be orders of magnitude larger than when used for laser beam
steering. This naturally also leads to larger lenslets.

� The coherence of laser light means that additional optics are required in order to allow for continuous laser
beam steering.11 This is not necessary for solar tracking, due to the reduced coherence of sunlight.
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� The beam-steering range for laser beam-steering is typically on the order of 5◦ to 15◦.11–13 For solar
tracking, much larger beam-steering angles are required.

Because of the large differences from previous laser applications, there is a need to re-think the concept and
develop new design methods, which is the target of this work.

The idea behind this approach to beam-steering can be described both from the perspective of paraxial optics
and from the perspective of phase-space optics.

2.1 Paraxial optics

f1 f2

Δxmax
d θmax

L1

L2

(a)

f

Δxmax
d θmax

f

L1 Lf

L2

(b)

Figure 3: Geometry of a BSLA lenslet (a) without and (b) with a field lens, at maximum steering angle.

Figure 2a and Figure 2b show basic beam-steering lens arrays in Keplerian and Galilean configurations. The
lens arrays are separated by their combined focal lengths f1 + f2. The BSLA can track incoming sunlight at
an incidence angle θ by translating the last lens array a distance ∆x such that the second lens array is always
aligned with the focused image of the sun from the first lens array:

∆x = f1 · tan θ. (1)

In order for all rays to reach the correct lens in the array L2, the second focal length must be smaller than
the first, as illustrated in Figure 3a. This leads to an angular magnification factor M :

M =
f1

f2
= 1 + 2

f1

d
tan θmax. (2)

Sunlight has an inherent divergence of ±0.27◦.14 In order to limit the increase of divergence behind the
BSLA and allow concentrators with high concentration factors, it is desirable that the angular magnification of
the system is low. With two paraxial lenses, we therefore face a trade-off between the tracking range θmax, and
the additional divergence caused by angular magnification.

One approach to reduce this angular magnification is to add a field lens Lf to the BSLA in the Keplerian
configuration, as shown in Figure 2c. With this approach, identical focal lengths f and an angular magnification
of unity can be achieved.9 However, with a field lens, the maximum tracking angle is limited to θmax = arctan d

2f

as illustrated in Figure 3b.

2.2 Phase-space optics

A phase-space approach can be used to develop visual insight into the behavior and performance of a BSLA,
and provides understandings that are useful in reducing the complexity of the design of such a system.

The trajectory of a ray in a geometrical optical system is determined by its position and direction. These
parameters can be represented together in optical phase space, a space consisting of the linear dimensions as
well as direction cosines of the optical ray. Phase-space optics is used to prove a number of important results
in nonimaging optics,2 and is also useful in visualizing the performance and aberrations of optical systems.15
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For three-dimensional systems, four parameters are required to describe a ray-bundle crossing a surface - two
directional parameters and two physical parameters. The phase-space representation of a three-dimensional
optical system is therefore not very easy to visualize. However, much information about the system can be
extracted from the two-dimensional counterpart, where ray-bundles crossing a surface can be described using
only two parameters.15

Figure 4 shows the optical behavior of a paraxial BSLA from a phase-space perspective. At each indicated
surface, ray-bundles from the whole tracking range are plotted in two-dimensional phase-space with their position
x, and direction p = n · sin θ. This illustrates the different transformations performed by the system: The lenses
are used to convert a collimated beam with an angular offset into a focused ray-bundle with translational offset.
This focused ray-bundle can then easily be tracked mechanically before being transformed back into a collimated
beam.

(a)

(b)

Figure 4: (a) Simple two-dimensional BSLA without field lens. (b) Sketch of the phase-space transformations
performed by a two-dimensional paraxial BSLA. An incoming collimated ray bundle has a certain offset in
direction p. The focusing lens transforms the rays into a focused bundle with a certain offset in position x. The
tracker performs a coordinate transformation to center this position. Finally, the collimating lens transforms the
rays into a centered collimated beam.

Figure 4 indicates that the phase-space transformation performed by the focusing lens has very different
requirements from the phase-space transformation performed by the collimating lens:

� The focusing transformation is heavily overdetermined. From each separate tracking angle, the focusing
lens should transform the incoming ray-bundle into a ray-bundle with a consistent phase-space geometry.
The design problem is therefore very similar to design problems in conventional imaging optics, with one
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important relaxation: the focused wavefronts should be consistent, but not necessarily spherical. This
difference is further discussed and illustrated below.

� The collimating transformation should transform a single ray-bundle into a narrow collimated ray-bundle.
This is a variant of the bundle-coupling problem of Nonimaging Optics, and well known design methods
such as the Simultaneous Multiple Surface (SMS) method can give optimal or close to optimal solutions
to this problem.2

(a)

(b)

Figure 5: (a) Simple two-dimensional BSLA with field lens. (b) Phase-space transformations by this BSLA.
The two first lenses are spherical, which is visible in the spherical aberration at surface 2 and 3. This spherical
aberration is corrected by the final lens, which is aspherical.

Figure 5 shows phase-space plots of a real BSLA with a field lens, illustrating the difference between the
focusing (and field) lens in a BSLA and a conventional imaging system. For illustration purposes, the focusing
and field lenses in this system are spherical, leading to significant spherical aberration. This spherical aberration
is visible as curved shapes in the second and third phase-space plots of Figure 5, and the lenses would therefore
work poorly as an imaging system. As part of a BSLA however, the collimating lens is able to compensate for
the spherical aberration. This is the major distinction between an imaging lens and the focusing lens in a BSLA:
The performance of an imaging system depends on how well rays from a single field of the input, p, are mapped
onto a position, x. In other words, it depends on the edges to be vertical in phase-space plot 2 of Figure 5. The
performance of a BSLA on the other hand, does not require focusing to a perfect point. Instead, performance
depends on the size of the total phase-space area to be collimated by the collimating lens. This area can be
reduced by making ray-bundles from all the different incidence angles overlap as much as possible after tracking,
as they do in phase-space plot 3 of Figure 5.
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It is possible to estimate the performance of a BSLA directly without its collimating lens, by utilizing the
properties of the phase-space transformations. Assuming that the collimating transformation can be solved with
close to optimal performance, BSLA-performance can be predicted by evaluating the total occupied area in phase-
space by all ray-bundles after tracking. The evaluated area is the etèndue of the ray-bundles,15 and assuming
optimal etèndue-conserving collimation, this directly gives the etèndue and the divergence of the collimated beam.
This concept will be used for subdividing and simplifying the optimization problem for designing a BSLA.

3. OPTIMIZATION OF BEAM-STEERING LENS ARRAY

An optimization approach is developed for designing a three-dimensional BSLA. Optimization methods are
more computationally expensive and less stable than direct solution methods, but they have the benefit that
they readily handle overdetermined problems with the complexities of real-world systems such as wavelength
dependent effects and manufacturing constraints.

3.1 Practical considerations

In order to implement a BSLA with high efficiency over a large two-axis field of view, some modifications must
be done to the basic principles in Figure 2:

� The field lens in Figure 2c improves performance, but limits the tracking range to θmax = arctan d
f
. It can

either be removed, or it can be allowed to move as part of the tracking motion in order not to limit the
system’s tracking range.

� For wide field of view, field curvature becomes significant, and planar tracking is not sufficient. Tracking
is therefore allowed to follow a curved trajectory.

� For tight packing in a lens array, close-packed hexagonal lenses are used instead of circular lenses.

� The wide field of view and limited number of optical surfaces introduce large aberrations, which are
compensated for by using thick lenses and allowing each lens surface to have an aspherical profile.

3.2 Formulation of optimization problem

We will consider three main performance indicators for quantifying and evaluating the performance of a complete
BSLA:

� Maximizing tracking range

� Maximizing efficiency

� Minimizing divergence

The design of a BSLA can be considered a multi-objective optimization problem, where a solution must be
found that provides a reasonable trade-off between these three performance indicators. Improving one of these
indicators can be done at the cost of lower performance in the other indicators. For example increasing the
tracking range will increase the off-axis optical aberrations, leading to increased divergence of the outgoing rays.
Increasing the efficiency on the other hand imposes additional constraints on the system, leaving fewer degrees of
freedom for handling the optical aberrations and decreasing divergence. Multi-objective optimization algorithms
can be used to find a set of Pareto optimal solutions for these types of problems,16 quantifying these trade-offs
and allowing the designer to make an informed choice among the set of solutions. However, in order to limit
the scope of this work, the optimization problem is reduced to a single-objective optimization problem in the
following way:

� A sum scalarization16 is performed to combine the efficiency and divergence into a single objective function.

� The racking range is fixed to a single value. In the design examples in this work, the value of ±40◦ is
chosen as an example of a relatively wide tracking range.
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A sum scalarization allows optimization using simpler single-objective optimization algorithms, and a solution
to the scalarized problem is also a solution to the original multi-objective problem.16 However, this approach
has the drawback that it gives only a single solution and therefore no information about the trade-off between
the different performance indicators. The result is the following optimization problem

min f (x) =

m
�

i=1

�

w1

1

ηi (x)
+ w2 (δθi (x))

2

�

(3)

such that gj (x) ≤ 0 (4)

where w1 and w2 are relative weights applied to the efficiency and divergence. ηi(x) is the simulated efficiency
for a ray-traced grid of rays with incidence angle number i and optical system described by x. δθi (x) is the
corresponding RMS divergence half-angle for field number i. m separate incidence angles are evaluated across
the tracking range of the BSLA. gj (x) is a set of inequality constraints ensuring manufacturability, such as
minimum and maximum thickness, and maximum lens curvature.

3.2.1 Separation of optimization procedure using phase-space optics

The optimization problem in Equations 3 and 4 can in theory be solved directly for the complete system,
using ray-tracing simulations and a suitable optimization algorithm. However, it is a non-linear non-convex
optimization problem with many variables, with no guarantee of finding the global minimum.

In order to reduce the complexity of the optimization problem and to increase the chance of finding a global
minimum, the phase-space analysis from Section 2.2 can be utilized to subdivide the optimization problem. This
gives the following final design process:

1. Optimize focusing lens (and field lens, if included). The optimization problem in Equations 3 and 4 is
solved. ηi(x) and δθi (x) are estimated by evaluating the volume in phase-space occupied by the set of
bundles focused by the focusing (and field) lens. x contains only parameters varying the geometry of the
focusing (and field) lens. The analysis in Section 2.2 considered only two-dimensional systems, but this
volume estimate is readily extended to three-dimensional systems by assuming rotational symmetry of the
collimating lens.

2. Optimize a collimating lens for the optimized focusing lens. The same optimization problem in Equations
3 and 4 is solved, but now ηi(x) and δθi (x) are evaluated directly from ray-tracing results of the complete
system, and x contains only parameters for the geometry of the collimating lens. This step might also be
performed using a direct method such as the SMS method, bypassing the need for optimization in this
step.

3. Refine the complete system by performing an optimization step where x contains all parameters for the
complete system. This allows for any final improvements that were not achieved when optimizing sepa-
rately due to inaccuracies in the phase-space model. For instance, the phase-space evaluation assumes a
rotationally symmetric system, while the lenses are actually hexagonal when closely packed in an array.
Some small additional improvements can therefore be gained by this final optimization step, and step 1
and 2 can be considered as a way to get a good initial starting point for this final optimization step.

4. DESIGN EXAMPLE

4.1 Methods

Two different systems were optimized using the optimization procedure outlined in Sections 3.2 & 3.2.1.

� One BSLA with three lens arrays: A focusing lens, a movable field lens, and a collimating lens. This was
chosen in order to demonstrate how the benefits of a field lens can be extended to large tracking ranges
when the field lens is allowed to move.

Proc. of SPIE Vol. 10758  1075805-7

Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 11/13/2018
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use

Pa
pe

r
1

A Paper 1: Solar tracking using beam-steering lens arrays 73



� One BSLA with only two lens arrays: A focusing lens and a collimating lens. This was chosen in order to
demonstrate a BSLA without the mechanical complexity of the movable field lens.

Both BSLAs were simulated across the AM1.5D solar spectrum,17 with Poly(methyl methacrylate) (PMMA)
as lens material, using a custom sequential three-dimensional ray-tracer. The ray-tracer was written in Python
and accelerated using Numba.18 Optimization was performed using a combination of the Differential Evolution,
Basinhopping and L-BFGS-B-algorithms available from SciPy.19

Table 1: Constraints used in optimization of BSLA. The dimensions of the system are scalable with the arbitrary
scaling factor k.

Parameter Constraint

Semi-diameter of lenses 1.0 · k

Minimum thickness at thinnest point of lens 0.5 · k

Maximum thickness at thickest point of lens 2.0 · k

Minimum air gap between lenses 0.05 · k

Maximum air gap between lenses 2.0 · k

Minimum radius of curvature on lens 0.7 · k

Maximum aspect ratio of single surface 0.5

Fresnel reflections and dispersion were taken into account, while material absorption was ignored�. Hexagonal
lenses were used for all simulations to allow for close packing in a lens array. The divergence of outgoing light
was estimated as a combination of divergence due to optical aberrations, and divergence due to magnification of
the inherent divergence of sunlight.

The constraints from Table 1 were used to ensure reasonable, manufacturable designs. For the design with
a field lens, the lateral translation of the two lens arrays were constrained to be proportional to each other,
allowing linked control sharing the same mechanical actuator.

Plots of efficiency and divergence half-angle are created using ray-tracing of 80 000 random rays per incidence
angle, with random wavelengths according to the AM1.5D spectrum and random directions within the 0.27◦

divergence half-angle of sunlight. The plotted divergence half-angle is defined as the half-angle encircling 90%
of the transmitted energy. The plotted efficiency takes into account Fresnel reflections, but does not consider
material absorption or cosine projection loss.

4.2 Results and discussion

The resulting optimized design with a field lens is shown in Figure 6a, and the system without a field lens is
shown in Figure 6b. The simulated optical performance under solar irradiation is shown in Figure 7. The system
with a field lens has lower optical efficiency at low angles of incidence, due to the increased number of optical
surfaces. However, at high incidence angles, it still surpasses the efficiency of the system without a field lens.

The additional divergence introduced by the BSLA requires the use of concentrator optics with higher ac-
ceptance angle, decreasing the maximum achievable concentration ratio. However, the results in Figure 7 show
that by including a field lens, this final divergence half-angle can be kept at less than 0.65◦ across the tracking
range, which will still permit approximately 7800x concentration from an ideal concentrator.2

With increased angle of incidence, intensity of sunlight received by a flat stationary receiver decreases due
to the cosine projection effect. Even if the lens design is improved with a higher acceptance angle, power
will therefore be low for high angles of incidence, and some amount of external tracking might be required for

�Material absorption depends on the physical dimensions of the BSLA, which are not fixed in these design examples
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(a) (b)

Figure 6: Ray-traced sketch of optimized system (a) with, and (b) without field lens.

Figure 7: Simulated optical performance with and without field lens. Using a field lens reduces divergence
significantly at the cost of increased mechanical complexity. Inherent divergence of natural sunlight is included
for reference.

efficient full-day operation. Yet, we conclude that the use of beam-steering lens arrays still significantly reduces
the requirements for this external tracking.

Figure 8 shows two-dimensional phase-space plots of the optimized systems. The phase-space plots are gen-
erated at the focal point after tracking. As discussed in Section 2.2, performance of the focusing transformation
depends on how well the ray-bundles from one specific wavelength and angle of incidence overlap with all other
ray bundles. For the BSLA without field lens (Figure 8b) we can see that the optimization algorithm has chosen
a focusing lens where the shape of the total occupied area in phase-space is strongly nonlinear, but this is not
a problem for the collimating lens. We can also see that ray-bundles from different wavelengths don’t overlap
very well, indicating significant chromatic aberration. For the BSLA with field lens, in Figure 8a, we see that
the field lens is able to significantly improve the overlap of the ray-bundles, especially the overlap in momentum.
In addition, the ray-bundles for different wavelengths overlap more. This leads to the reduced divergence after
collimation and improved performance.
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(a)

(b)

Figure 8: Two-dimensional phase-space plots at focal point. For system (a) with, and (b) without field lens.

5. PROOF-OF-CONCEPT

A physical and functional proof-of-concept with automatic tracking has been created using a previously opti-
mized BSLA design. The design was created using an earlier optimization technique, with lower performance.20

Despite this lower performance, the proof-of-concept serves to demonstrate the feasibility of creating a complete,
functional BSLA. As an example use case for this proof-of-concept, the BSLA has been attached to an off-axis
parabolic reflector that illuminates a target from the underside. This specific configuration is a scaled-down
version of a solar cooking concept using BSLA.

5.1 Manufacturing and testing methods

Compression molds for the lens arrays were machined in aluminum on an in-house Computer Numerical Control
(CNC) milling machine, due to the lack of access to high-precision optical manufacturing equipment. These
molds were used for compression molding of PMMA plates.

The tracking motion is actuated using SG-92R micro servos and controlled from an Arduino Nano devel-
opment board. The system uses a combination of open- and closed-loop control, and both control loops have
been implemented with low-cost photocells: Approximate solar position is detected using a set of four inclined
photocells, each inclined ±40◦ from the front plane about their respective axes. The four photocells sense differ-
ent relative brightness values due to their different angle towards the sun and the cosine projection loss. From
this data, the incidence angle of the sunlight can be inferred. The microcontroller orients the BSLA to this
approximate angle. Secondly, the tracking is fine-tuned by diverting a small section of the input aperture to a
set of photocells that measure tracking error, and a closed control loop is implemented in order to minimize this
tracking error.

An image analysis setup was used for testing the optical performance of the completed BSLA, as reported in
earlier work.20
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(a) (b)

Figure 9: (a) 3D model of Proof-of-concept with concentrator (b) Video of proof-of-concept tested outside in the
sun. http://dx.doi.org/10.1117/12.2320046.1 

5.2 Results

A 3D model of the proof-of-concept attached to a concentrator is shown in Figure 9a, and the device is shown
outside in the sun in Figure 9b.

Figure 10 shows the measured optical performance of the proof-of-concept BSLA, compared to simulated
values. The results show ≈ 10% reduced efficiency compared to the simulated values, and approximately a 
doubling of divergence compared to simulation. The high divergence is likely a result of a waviness in the 
surface of the lens array, due to the low precision of the mold manufacturing process. With improved mold 
manufacturing and corresponding increased surface quality, future prototypes are expected to better follow the 
predicted performance.

Figure 10: Simulated and measured efficiency and divergence of the proof-of-concept over its field of view.

6. OUTLOOK AND CONCLUSIONS

We have shown that beam-steering lens arrays can be used to track and redirect sunlight with low losses over
a two-axis �40� tracking range, and we have presented an optimization-based design method for designing such
systems. We have also demonstrated a physical proof-of-concept, demonstrating its practicality in the real world.
Further work will involve exploration of the solution space, by mapping the trade-off between tracking range,
efficiency, and divergence, as well as the impact of the selected manufacturing constraints. We are also planning
to create a new proof-of-concept according to updated BSLA designs, and with improved manufacturing methods.
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Beam-steering lens arrays can be made from common low-cost materials such as PMMA, and they can be
compatible with high-volume production techniques such as injection molding or hot embossing. They may
therefore foster the development of low-cost, small-scale solar energy systems for a number of applications
including solar cooking, small-scale solar thermal processing, solar water heating, concentrator photovoltaics and
solar lighting.
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Abstract. Tracking-integration can reduce or eliminate the need for external solar tracking in CPV (concentrator 
photovoltaics). Previous research has shown how tracking-integrated systems can achieve high concentration ratios, wide 
tracking ranges, and compatibility with low-cost high-volume manufacturing methods. However, to our knowledge, no 
existing concept has demonstrated high performance in all of these objectives at the same time. We show how a numerical 
optimization-based design method can be used to develop high-performance tracking-integrated configurations. We then 
present a configuration maintaining an approximately 5000x geometric concentration ratio across a two-axis ±60° tracking 
range, while also being compatible with low-cost manufacturing processes. By significantly increasing the achievable 
concentration ratio of low-cost tracking integrated systems, these systems may improve the competitiveness for 
concentrator photovoltaics. This can also lead to new applications such as high efficiency rooftop-mountable or vehicle-
mountable CPV. 

INTRODUCTION 

Concentrator photovoltaics (CPV) promises improved efficiency compared to flat-panel Silicon photovoltaics [1], 
but this requires highly accurate solar tracking. Solar tracking is usually implemented using an external dual-axis 
tracking system, which adds to the bulk and cost of the installation. The large mechanical size can also make these 
trackers unsuitable for small-scale installations such as rooftop or vehicle-mountable CPV. 

Tracking-integrated concentrator-schemes have been proposed as a way to mitigate this problem by reducing or 
removing the need for external solar trackers [2]. Kotsidas et al. proposed a system where an array of solar cells is 
moved relative to a stationary lens array in order to track the sun [3], and Hallas et al. proposed a similar system where 
an array of waveguide coupling features are moved relative to a stationary lens array [4]. Duerr et al. proposed a 
system where a pair of lens arrays are moved relative to each other to concentrate sunlight onto a moving lens array [5]. 
Price et al. proposed a system where a catadioptric optical stack creates a very flat image plane, and solar tracking is 
implementing by moving an array of microcells in this image plane [6]. 

In this work, we present an optimization-based design method for designing tracking-integrated CPV systems, and 
use this method to combine the novel catadioptric stack proposed by Price et al. with the idea of relative motion 
between lens arrays as proposed by Duerr et al. These new configurations achieve concentration ratios on the order of 
5000x across a ±60° tracking range. 

DESIGN METHOD 

A tracking-integrated CPV concentrator should concentrate incident solar radiation with (1) the highest possible 
efficiency, (2) across the largest possible tracking range, and (3) onto the smallest possible surface of a PV cell. The 
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design of a tracking-integrated CPV concentrator can therefore be considered a multi-objective optimization problem 
where the goal is to find a design that optimizes these three objectives. 

We have chosen a design method based on numerical optimization. The objective function is scalarized using a 
sum scalarization of the efficiency and concentration ratio objectives: 

min ∑ 	 (1)

such	that 0, (2)

where   is the simulated optical efficiency for a grid of rays with incidence angle number  and optical system 
described by the parameters x.  is the RMS radius of the rays in field number  relative to the position of the PV 
cell for this angle of incidence.  and  are relative hand-tuned weights applied to optical efficiency and RMS 
radius.  is a set of constraints ensuring manufacturability of the design.  

A set of constraints were selected as shown in Table 1. These constraints were chosen as example values in order 
to demonstrate how manufacturing requirements can be taken into account in the optimization process. When choosing 
a manufacturing method, these constraints should be updated to match the requirements of the specific process. All 
lenses were assumed to be made from PMMA as an example of an injection-moldable thermoplastic with good optical 
properties, and reflective lens arrays were assumed to be silver coated. We have chosen a fixed two-axis tracking 
range of ±60° for the optimization. 

TABLE 1. Constraints used when optimizing the different CPV configurations. The 
dimensions of the system are scalable with the arbitrary scaling factor .   

Parameter Value 

Semi-diameter of lenses 1.0 ⋅  
Minimum thickness at thinnest point of lens 0.4 ⋅  
Maximum thickness at thickest point of lens 2.5 ⋅  
Minimum air gap between lenses 0.05 ⋅  
Maximum air gap between lenses 4 ⋅  
Minimum radius of curvature on the lens 0.5 ⋅  
Maximum aspect ratio of a single surface 0.5 

A custom-built three-dimensional sequential ray-tracer was used to simulate the optical system, as reported in a 
previous publication [7]. The ray-tracer takes into account reflection losses and chromatic aberration in the PMMA 
lens arrays. The material is assumed to be non-absorptive, because absorption losses depend on system dimensions 
which were not fixed in this work. The surface profile is aspheric and rotationally symmetric, and modelled as an even 
polynomial with 4 terms. The lenses were assumed to be hexagonally packed in a lens array. 

The numerical optimization problem was solved using memetic optimization, a class of optimization algorithms 
that combine evolutionary algorithms and their ability to search a large design space for an approximate global 
minimum, with the ability of local gradient-based algorithms to quickly and accurately identify a local minimum.  We 
implemented a memetic optimization algorithm based on Qin et al.’s local search chains [8]. The differential evolution 
solver from SciPy [9] was extended to evolve the population using local search chains based on SciPy’s SLSQP 
optimization algorithm in parallel to the differential evolution algorithm. 

Three different configurations were optimized: 
 Simple catadioptric: A catadioptric stack with an embedded translatable array of microcell PV, as

conceptually illustrated in Fig. 1a and first proposed by Price et al. [6]
 Flat tracking trajectory: A catadioptric stack similar to simple catadioptric, but all lens arrays are

allowed to move laterally relative to each other, and an additional pair of lens arrays are added to the
front, as conceptually illustrated in Fig. 1b.

 Curved tracking trajectory: A catadioptric stack similar to flat tracking trajectory, but the lens arrays
are allowed to follow a curved tracking trajectory at the air gap between the two pairs of lens arrays as
illustrated in Fig. 1c.
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(a) (b) (c)

FIGURE 1. Conceptual illustration of the three different CPV-configurations that were optimized: Simple catadioptric (a), flat 
tracking trajectory (b), and curved tracking trajectory (c). In each configuration, the lens stacks are assumed to be arranged in 

a hexagonally packed lens array. 

OPTIMIZATION RESULTS 

Figure 2-4 show ray-traced drawings of the optimized CPV-designs after 9000 iterations of differential evolution.  

(a) (b)

FIGURE 2. Optimized simple catadioptric CPV-system at 0° (a), and 60° (b) angle of incidence. 

(a) (b)

FIGURE 3. Optimized CPV-system with flat tracking trajectory at 0° (a), and 60° (b) angle of incidence. 
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(a) (b)

FIGURE 4. Optimized CPV-system with curved tracking trajectory at 0° (a), and 60° (b) angle of incidence. 

A more comprehensive Monte-Carlo simulation was performed on the optimized systems, quantifying optical 

efficiency and geometric concentration ratio as a function of angle of incidence. We define optical efficiency  

where  is total energy in the rays entering the system for a specific angle of incidence, and  is the energy in the 

rays arriving on the receiver plane. We define geometric concentration ratio as  where  is the hexagonal 

area of a lenslet, and  is defined as the smallest area of a circular receiver intercepting 90% of the transmitted 
energy for the given angle of incidence. This definition allows quantifying how the concentrating abilities of the 
system varies with angle of incidence. In a physical implementation, a fixed receiver size  would be chosen.  

For each angle of incidence, 100 000 rays were sampled with random wavelengths according to the AM1.5D solar 
spectrum, random directions within the 0.27° divergence half-angle of sunlight, and random positions within the 
hexagonal aperture of the first lens. The results from this Monte-Carlo simulation are shown in Fig. 5.  

The simulated performance of the simple catadioptric configuration gives a geometric concentration ratio >400x 
and optical efficiency >90%. This is comparable to the results published by Price et al [6], and the small variations 
are mainly because our work assumes a circular receiver when estimating concentration ratio.  

The geometric concentration ratio is increased from approximately 400x to approximately 2000x when adding an 
additional pair of lens arrays to the system in the configuration shown in Fig. 1b. The concentration ratio is further 
increased to approximately 5000x if the lens arrays are allowed to follow a curved tracking trajectory as illustrated in 
Fig. 1c. The improved concentration ratio comes at the cost of reduced optical efficiency due to reflection losses, but 
these reflection losses can possibly be reduced without significant added cost using anti-reflective coatings or anti-
reflective surface nanostructures [10].  

The improved concentration ratio also introduces additional mechanical complexity with several lens arrays 
moving relative to each other. However, the translation of the different lens arrays is constrained to be proportional to 
each other so that they can share the same mechanical actuators, and the increased complexity might be justified by 
the significant improvement to concentration ratio. The designs are compatible with high-volume manufacturing 
techniques, such as injection molding or hot embossing by being relatively thin and made from commonly available 
thermoplastics such as PMMA. 

The reported concentration ratios are very high, and much higher than in conventional CPV systems. We believe 
that the very high simulated concentration ratio is explained by a combination of factors. First, the concentration 
happens inside a dielectric, which inherently increases the thermodynamic limit to concentration by a factor  where 
n is the refractive index of the dielectric. Second, the largest contributor to optical power in the system is the reflective 
lens array, which does not suffer for chromatic aberration unlike refractive lenses. Third, the system is assumed to be 
able to track the sun exactly, with an acceptance angle just large enough to fit the angular extent of the solar disc. This 
final assumption is made because each module can track the sun individually using a closed control loop, eliminating 
tracking errors from mounting the module to an external tracer, as well as tracking errors due to flexing of this external 
tracker. 

Manufacturing tolerances are not taken into account in these simulations. It is likely that this will limit somewhat 
the ratio achieved in a physical implementation. The reported concentration ratios may also be too high for a PV cell 
to handle. However, we believe that this work demonstrates how it is possible to design tracking-integrated optical 
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systems where optical aberrations are not the limiting factor to system performance, and that it can motivate a further 
search towards tracking-integrated configurations with an optimal trade-off between performance and complexity. 

FIGURE 5. Simulated optical efficiency and geometric concentration ratio across tracking range for the optimized CPV 
configurations. The performance is simulated using Monte Carlo ray-tracking, taking into account reflection losses, chromatic 

aberration in the PMMA lens arrays, and the angular divergence of sunlight. The material is assumed to be non-absorptive.  

CONCLUSIONS 

We have presented an optimization-based design method for tracking-integrated CPV concentrator, and 
demonstrated how this method can be used to develop new and improved concentrators. Using this design method, 
we demonstrated new configurations for tracking-integrated CPV concentrators with improved optical performance, 
including a concentrating achieving a geometric concentration ratio of 5000x across a two-axis ±60° tracking range.  

By significantly increasing the achievable concentration ratio of low-cost tracking integrated systems, these 
systems may improve the competitiveness for concentrator photovoltaics, and can also motivate the further search for 
new and promising concentrator configurations. The improved performance might enable new applications such as 
high efficiency rooftop-mountable or vehicle-mountable CPV. The presented design method can take into account the 
requirements of a specific application and manufacturing method, and can therefore be used to develop tailored CPV 
solutions optimized for specific use-cases and applications. 
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Pushing the limits of beam-steering lens arrays
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ABSTRACT
An essential part of a concentrated solar power system is the solar tracker. Tracking is usually implemented by
rotating the entire optical system to follow the sun, adding to the bulk and complexity of the system. Beam-
steering lens arrays, on the other hand, enable solar tracking using millimeter-scale relative translation between
a set of lens arrays stacked in an afocal configuration. We present an approach for designing and comparing
beam-steering lens arrays based on multi-objective optimization, where the objective is to maximize efficiency,
minimize divergence, and minimize cost/complexity. We then use this approach to develop new configurations
with improved performance compared to previously reported results. As an example of a design suitable for
high-concentration applications, we present a system consisting of four single-sided lens arrays that can track
the sun with a yearly average efficiency of 74.4% into an exit-cone with divergence half-angle less than ±1◦.
We also present a simplified system consisting of three single-sided lens arrays, which can be implemented with
less mechanical complexity and potentially lower cost. This simplified system achieves 74.6% efficiency and a
divergence half-angle of less than ±2.2◦, and might be relevant for low or medium concentration applications.
We believe that these results demonstrate the previously untapped potential of beam-steering lens arrays. If
such designs are successfully manufactured, they may become an attractive alternative to conventional external
solar trackers for a range of solar energy applications.

Keywords: beam-steering, lens arrays, solar tracking, micro-tracking

1 INTRODUCTION
Solar concentrators can provide highly concentrated solar power for applications such as concentrator photo-
voltaics, solar thermal energy, or solar lighting.1 The concentrators require accurate solar tracking in order to
achieve high concentration,2 which is usually performed by rotating the concentrator to face the sun. Recent
work, however, has considered the use of tracking-integrated systems, which can track the sun without being
rotated by an external solar tracker.3

One approach to tracking-integration is the concept of beam-steering, where a tracking-integrated system
emits collimated light, which can then be concentrated in a separate concentrator, as conceptually illustrated in
Figure 1a. This approach enables the same beam-steering system to be used for several different applications
and allows the design of the concentrator optics to be independent of the design of the tracking optics. Several
beam-steering concepts have been proposed for solar tracking, including electrowetting to change the angle of
the interface between two liquids with different refractive indices,4 microfluidic beam-steering arrays,5 rotating
prism arrays,6 liquid crystals controlled by electric fields,7 rotating off-axis Fresnel lenses,8 and beam-steering
lens arrays.9,10

A beam-steering lens array consists of a set of lens arrays stacked in an afocal configuration that can redirect
sunlight by relative movement between these lens arrays, as first proposed for solar tracking by Lin et al.9 The
core principle is illustrated in Figure 1b.

In this work, we investigate the achievable performance of beam-steering lens arrays. We develop a new
approach for comparing different beam-steering lens array configurations and use it to optimize new configurations
with improved performance compared to previously reported results.

* E-mail: hakon.j.d.johnsen@ntnu.no
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Figure 1: (a) Conceptual illustration of how a beam-steering system can be combined with conventional concentrator
optics. (b) Example of a beam-steering lens array: An afocal stack of lens arrays, which redirects sunlight utilizing
relative movement between these lens arrays.

2 CLASSIFYING DIFFERENT CONFIGURATIONS
With the development of new types of beam-steering lens arrays, we believe that it will be useful to have a way
of classifying different designs. Previous beam-steering lens array designs have utilized both single-sided9 and
double-sided10 lens arrays, with relative lateral11 or curved9 tracking motion, and with both two,9 and three12

lens arrays stacked together. In order to readily specify, compare, and evaluate different classes of designs, it
can be useful to designate specific symbols for each of the components in a beam-steering lens array. Specific
configurations of beam-steering lens arrays can then be described using a sequence of these symbols.

In this work, we use the set of symbols shown in Table 1.

Table 1: Proposed symbols for classifying different beam-steering lens array configurations. Symbols are represented in
Unicode and can be copied and pasted as text into any software that supports Unicode.

Symbol∗ Meaning

◀ Single-sided lens array with the flat side on the right.
▶ Single-sided lens array with the flat side on the left.
◆ Double-sided lens array
↓ Air-gap between lens arrays supporting a flat, lateral tracking

trajectory.
⤸ Air-gap between lens arrays supporting a curved tracking

trajectory.
◀ ▶ A pair of single-sided lens arrays placed back-to-back, with

index-matched lubricating oil between them supporting relative
lateral translation between the lens arrays.

The symbols from Table 1 can be used to classify both existing and new beam-steering lens array configura-
tions. For instance:

• Lin et al., 2012:9 ◀⤸▶
• Watson, 199314 (for steering of laser beams): ◆↓◆and ◆↓◆ ◆
• Johnsen et al., 2018:10 ◆⤸◆and ◀⤸◆⤸◆
∗The symbols are represented by the following Unicode13 code-points: ◀=U+25C0, ▶=U+25B6, ◆=U+25C6,

↓=U+2193, ⤸=U+2938, ◀ ▶=U+25C0 U+200A U+25B6
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3 DESIGN METHOD
We have utilized a design method based on ray-tracing and numerical optimization for designing and comparing
different beam-steering lens array configurations. In this section, we describe this design method and specify the
conditions for the optimization results reported in this paper.

3.1 Formulation of the optimization problem
We consider three main performance objectives for evaluating the performance of a complete beam-steering lens
array:

• Maximizing the efficiency in redirecting sunlight.

• Minimizing the divergence of outgoing sunlight

• Minimizing the cost/complexity

The design of a beam-steering lens array can, therefore, be considered a multi-objective optimization problem.
An optimal solution must provide a reasonable trade-off between these objectives. Multi-objective optimization
problems can be solved by finding a set of Pareto optimal solutions: solutions where one objective cannot
be improved without degrading another objective. In this way, the trade-off between objectives is quantified,
allowing a designer to make an informed choice among the set of solutions.15

Efficiency and divergence can be quantified as continuous objective values, allowing a multi-objective opti-
mization algorithm to map out the Pareto front between these objectives. Cost/complexity, on the other hand, is
difficult to quantify and depends on several different factors. We have, therefore, not tried to quantify complexity
directly. Instead, we optimized several different configurations with different levels of complexity.

We formulated the following optimization problem:

min f (x, θmax) = (1− η (x, θmax) , θmax)
T (1)

such that gj (x) ≤ 0, (2)

where θmax is the allowed divergence of outgoing sunlight, and η(x, θmax) is the average yearly optical
efficiency of the optical system x. gj (x) is a set of inequality constraints, ensuring manufacturability.

3.2 Estimating average optical efficiency
Average optical efficiency can be defined as the fraction of yearly direct irradiation successfully redirected in the
desired direction:

η (x, θmax) =
Eout (x, θmax)

Ein
, (3)

where Ein is the yearly direct irradiation received by the beam-steering lens array surface, and Eout (x, θmax)
is the yearly irradiation successfully redirected within the permitted exit cone.

This average efficiency can be estimated by integrating across all angles of incidence:

η̄ (x, θmax) =

∫ π

0

e (ϕ) · η (x, θmax, ϕ) dϕ, (4)

where e (ϕ) =
Ein,ϕ(ϕ)

Ein
is the normalized angular distribution of irradiation received by the beam-steering lens

array in its installation location. η (x, θmax, ϕ) is the optical efficiency of the beam-steering lens for an optical
system x, a maximum divergence of outgoing sunlight θmax and an angle of incidence ϕ.
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In this work, we consider the beam-steering lens arrays to have a fixed orientation, tilted towards the equator
with an angle equal to the latitude of the installation location as illustrated in Figure 2a. As noted by Ito et al.,
this orientation gives a peak in irradiation distribution at 22◦−25◦ angle of incidence, irrespective of installation
location.16 We consider the beam-steering lens arrays optimized in this paper to be installed at a latitude of
40◦. We simulate the angular distribution of solar irradiation using Meinel and Meinel’s air mass attenuation
model17 and assuming that cloud cover is not correlated to time of day or time of year. The resulting normalized
irradiation distribution is shown in Figure 2b. When planning a physical realization of such a system, the real
meteorological conditions of the desired installation location should be used.

It is worth noting that η̄ in Equation 3 is defined relative to the irradiation reaching the front surface of
the beam-steering lens array as it is mounted in its assumed orientation. Cosine projection loss is therefore not
included in this average efficiency, and will give an additional reduction in power compared to a system pointed
directly towards the sun. On the other hand, fixed-orientation systems can increase power conversion per land
area due to reduced shading between modules, as discussed by Price et al.18 These effects must be taken into
account when comparing tracking-integrated systems to externally tracked systems, but have been considered to
be beyond the scope of this work.

Towards the equator

Tilt equal to latitude

Beam-steering lens array

(a)
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Figure 2: (a) Assumed orientation of beam-steering lens array during optimization. (b) Simulated angular distribution of
normalized yearly direct irradiation on a lens array with the fixed orientation from a, installed at a latitude of 40◦

3.3 Numerical optimization
The multi-objective optimization problem in Equation 1 is trivially scalarized by setting a fixed θmax. The Pareto
front can then be mapped by repeated optimization of the resulting single-objective optimization problem for
different values of θmax.

The scalarized optimization problem was solved using a custom memetic optimization algorithm inspired
by Qin et al.’s local search chains.19 The differential evolution solver from SciPy20 was extended to optimize
the population using local search chains based on SciPy’s SLSQP optimization algorithm in addition to the
global differential evolution algorithm. The memetic optimization algorithm was run for 1500 iterations for each
combination of beam-steering lens array configuration and permitted divergence half-angle, which seemed to give
a reasonable trade-off between convergence and computational resources.

The optimization routine was implemented in a Jupyter Notebook21 and parameterized using Papermill.22

The optimization workflow was managed using Snakemake,23 and solved using computational resources from
Google Compute Engine. Ray-tracing was performed using a custom sequential three-dimensional ray-tracer, as
reported in previous work.10 Hexagonal lens apertures were used for all simulations to simulate close packing in
a lens array. Optimizations were performed across the AM1.5D solar spectrum,24 and all lenses were assumed
to be made from Poly(methyl methacrylate) (PMMA). Reflection losses and chromatic aberration were taken
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into account, while absorption losses were not considered.† Sunlight was assumed to originate from a uniform
solar disc with a 0.27◦ angular radius. Average efficiency according to Equation 4 was estimated using multi-
dimensional numerical integration with a quasi-Monte Carlo method and a low-discrepancy Sobol sequence. Lens
surfaces were represented as Forbes’ Qcon surfaces,25 with a curvature, a conic constant, and 3 Qcon polynomial
terms.

Four different configurations were optimized across a range of permitted divergence half-angles from ±0.3◦ to
±4◦: ◀ ▶⤸◀ ▶ was optimized to evaluate achievable performance with the most complex configuration with up
to 4 air-interfaces. ◀ ▶↓▶ was optimized to evaluate achievable performance with a simplified and potentially
lower-cost system. ◀⤸◆⤸◆ and ◆⤸◆ were optimized for comparison, because they have previously been shown
to have good performance for solar tracking.10

In each design, the lateral movements of the different lens arrays were constrained to be proportional to each
other, allowing linked control, sharing the same mechanical actuator. The aspect ratio of each lens surface was
constrained to be 0.7 or less, to prevent excessively curved lenses. Each lens array was constrained not to be
thinner than half the lenslet diameter, to prevent too thin lens arrays.

4 RESULTS AND DISCUSSION
Equation 1 was solved using numerical optimization, as described in Section 3.3. The result is shown in Figure
3. Each line represents a specific beam-steering lens array configuration and shows the optimized yearly average
efficiency for this configuration as a function of permitted divergence half-angle. Given the non-convex nature
of the optimization problem, the optimization algorithm is not guaranteed to find the global optimum. The
resulting Pareto front therefore only gives a lower bound on achievable efficiency for a specific configuration and
divergence half-angle.
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Figure 3: Optimized yearly efficiency as a function of permitted divergence half-angle for different configurations. For
reference, the x-axis also shows the corresponding concentration ratio for an ideal concentrator at the given divergence
half-angle.

4.1 Selected results
We choose to highlight two results that we believe to be of interest for solar energy applications. The first result
is a ◀ ▶⤸◀ ▶ configuration optimized for a divergence half-angle of ±1◦, which achieves 74.4% average yearly

†The beam-steering lens array is a scale-invariant afocal system (as long as it is operated far away from the diffraction
limit). Absorption losses depend on the dimensions of the system, which were not specified in these simulations.
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efficiency. This configuration, which may be relevant for high concentration applications, such as concentrator
photovoltaics (CPV) or solar thermophotovoltaics, is highlighted with a blue circle in the Pareto front in Figure
3. A ray-traced drawing of the system can be seen in Figure 4. Simulated efficiency across the tracking range is
shown in Figure 6a and is overlaid with a yearly irradiation distribution in Figure 6b.

Figure 4: Beam-steering lens array with ◀ ▶⤸◀ ▶ configuration optimized for 1◦ divergence half-angle at (a) 0◦ angle of
incidence and (b) 40◦ angle of incidence. Tracking motion is indicated by black arrows.

The second highlighted result is a ◀ ▶↓▶ configuration optimized for ±2.2◦ divergence half-angle. This
configuration offers simpler mechanical implementation at the cost of lower optical performance. Compared to
the previous result, the number of single-sided lens arrays is reduced from 4 to 3, and all relative motion is strictly
lateral. This result is highlighted with an orange circle in the Pareto front in Figure 3, and a ray-traced drawing
of the system can be seen in Figure 5. Simulated efficiency across the tracking range is shown in Figure 6a, and
is overlaid with a yearly irradiation distribution in Figure 6b. This configuration may be relevant for medium
concentration applications, such as concentrated solar power (CSP), or for solar lighting applications. The sine
limit of concentration26 for an ideal concentrator placed behind this beam-steering lens array is 678x, which is
more than three times the 212x ideal concentration ratio for a trough concentrator with single-axis tracking.
This indicates that such a simplified beam-steering lens array can be useful for CSP applications despite the
relaxed divergence requirements.

Figure 5: Simplified beam-steering lens array with ◀ ▶↓▶ configuration optimized for 2.2◦ divergence half-angle at (a)
0◦ angle of incidence and (b) 40◦ angle of incidence. Tracking motion is indicated by black arrows.
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Figure 6: (a) The two selected beam-steering lens arrays have >80% efficiency for ±40◦angle of incidence, and a gradual
drop-off in efficiency at larger angles of incidence. (b) When the systems are placed in a fixed orientation as described in
Section 3.2, this efficiency distribution corresponds to average yearly efficiency of 74.4% for the high concentration design
and 74.6% for the simplified design, respectively.

5 CONCLUSIONS
We have introduced a set of symbols for categorizing different beam-steering lens array configurations and
developed a numerical approach based on multi-objective optimization for comparing the performance of different
configurations depending on application requirements. Using this approach, we have identified new configurations
of beam-steering lens arrays that, to the best of our knowledge, outperform previous beam-steering lens arrays
reported in the literature. Further work will involve a more extensive search through possible beam-steering
lens array configurations, and exploration of the consequences for other installation orientation and locations as
well as real-world manufacturing tolerances. The beam-steering lens array configurations reported in this paper
may contribute to low-cost tracking-integrated solar energy, and the multi-objective optimization approach may
enable further developments in this field. The presented designs are compatible with high-volume manufacturing
methods such as injection molding, and future work may also involve extending the concept to Fresnel lenses
compatible with roll-to-roll manufacturing processes such as extrusion coating.27
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Abstract: Beam-steering lens arrays enable solar tracking using millimeter-scale relative
translation between a set of lens arrays. This may represent a promising alternative to the
mechanical bulk of conventional solar trackers, but until now a thorough exploration of possible
configurations has not been carried out. We present an approach for designing beam-steering
lens arrays based on multi-objective optimization, quantifying the trade-off between beam
divergence and optical efficiency. Using this approach, we screen and optimize a large number of
beam-steering lens array configurations, and identify new and promising configurations. We
present a design capable of redirecting sunlight into a <2° divergence half-angle, with 73.4%
average yearly efficiency, as well as a simplified design achieving 75.4% efficiency with a <3.5°

divergence half-angle. These designs indicate the potential of beam-steering lens arrays for
enabling low-cost solar tracking for stationary solar concentrators.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Solar concentrators can provide highly concentrated solar power for applications such as
concentrator photovoltaics (CPV), concentrated solar power (CSP), or solar lighting [1]. The
concentrators require accurate solar tracking to achieve high concentration [2], which is usually
performed by rotating the concentrator to face the sun. Recent work has considered the use of
tracking-integrated systems that can track the sun without being rotated by an external solar
tracker [3–7].

One approach is the concept of beam-steering, where a tracking-integrated system emits
collimated light, which can be concentrated in a separate concentrator [3], as illustrated in
Fig. 1(a). This approach allows the design of the concentrator optics to be independent of the
design of the tracking optics, and it enables the beam-steering system to be used for different
applications. Several beam-steering concepts have been proposed for solar tracking, including
electrowetting to change the angle of the interface between two liquids with different refractive
indices [8], microfluidic beam-steering arrays [9], rotating prism arrays [10], liquid crystals
controlled by electric fields [11], rotating off-axis Fresnel lenses [12], and beam-steering lens
arrays [13–15].

A beam-steering lens array consists of a set of lens arrays arranged in an afocal configuration,
enabling beam-steering by relative lateral translation between the lens arrays [14], as illustrated
in Fig. 1(b). The concept was originally proposed for steering of laser beams [16–18]. In 2012,
Lin et al. proposed utilizing the same concept for single-axis solar tracking, while also proposing
a design method based on the Simultaneous Multiple Surface (SMS) Method [13]. Johnsen

#396477 https://doi.org/10.1364/OE.396477
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Fig. 1. (a) Conceptual illustration of how a beam-steering system can be combined with
conventional concentrator optics. (b) Example of a beam-steering lens array: An afocal
stack of lens arrays, which redirects sunlight utilizing relative movement between these lens
arrays.

et al. extended the concept to two-axis solar tracking and demonstrated the use of numerical
optimization for designing the systems [14,15].

By relying entirely on geometrical optics, beam-steering lens arrays have the benefit that they do
not depend on special materials. This can make them compatible with conventional high-volume
manufacturing methods such as injection molding or roll-to-roll processing. A successful design
may, therefore, have a short path towards commercial implementation. However, the design of a
beam-steering lens array requires a careful balancing of the different requirements of the system,
such as tracking range, divergence of the outgoing sunlight, and optical efficiency.

In this paper, we numerically investigate the achievable performance of a large number
of different beam-steering lens array configurations designed for stationary solar tracking
applications. In order to optimize the systems, we propose and use a design method for beam-
steering lens arrays based on multi-objective optimization. Section 2 contains a description of the
concepts and requirements of beam-steering lens arrays. Section 3 introduces the optimization
method and the optimization parameters selected in this work, including a classification scheme
used to generate the different optimized configurations. In Section 4, we present the results of
the numerical optimization, which are further discussed in Section 5.

2. Beam-steering lens arrays

Figure 2 shows the basic paraxial working principle of a basic beam-steering lens array with a pair
of lens arrays stacked in an afocal configuration. The lens arrays are separated by their combined
focal lengths f1 + f2. The system can track incoming sunlight at an angle φ by translating the last
lens array a distance ∆x such that it is always aligned with the image of the sun from the first lens
array:

∆x = f1 tan φ. (1)

In order for all rays to reach the correct lenslet in the array L2, the second focal length must be
smaller than the first. This leads to an angular magnification factor M:

M =
f1
f2
= 1 + 2

f1
d

tan φmax, (2)

where φmax is the highest supported angle of incidence for the beam-steering lens array.
Sunlight has an inherent divergence half-angle of approximately θ = 0.27◦ [19], which is

magnified by this angular magnification factor M after passing through a beam-steering lens array.
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Fig. 2. Paraxial working principle of a simple beam-steering lens array.

The resulting divergence half-angle limits the maximum achievable concentration of a system
with the configuration from Fig. 1(a) according to the fundamental limit to solar concentration
for 2-axis concentration in air [2]:

Cmax =
1

(sin θ)2
(3)

To allow high concentration ratios, it is therefore desirable that the angular magnification of the
system is low. This leads to a trade-off between the tracking range φmax, and divergence angle θ
for this simple paraxial model of a beam-steering lens array.

It has been shown that this magnification factor can be eliminated in laser beam-steering
systems by introducing an additional paraxial field lens to the system, where all three lens arrays
have the same focal length f [17]. This shows the importance of design choices such as the
number and order of surfaces when designing a beam-steering lens array. We call this the
configuration of the system, which is a topic of investigation in this work.

While utilizing the same underlying principle, there are significant differences between earlier
systems for steering of laser beams [16–18] and a system designed for solar tracking:

• In solar tracking, the beam-steering system receives sunlight from varying directions and
emits it in a fixed direction. The earlier proposed laser systems [16–18] work in reverse,
receiving the beam from a fixed direction and emitting in a variable direction.

• In laser systems, the lens arrays usually work in the diffractive regime, and additional
phase-shifting optics are required to enable continuous beam-steering [17]. For solar
tracking covering larger areas, the individual lenslets can be made large enough that
the geometrical optical approximation is appropriate, and the separate lenslets can be
considered individually.

• The steering range used in previously proposed laser systems is 5◦ to 15◦ [18,20,21],
allowing design considerations based mainly on the paraxial approximation presented in
this section. For stationary solar tracking, much larger steering angles are required, and
the simple paraxial approximation presented in this section is no longer sufficient.

• In solar tracking, the system must be able to handle broadband sunlight, requiring chromatic
aberration to be taken into account.

Based on these differences, we believe that a design method based on numerical optimization
will be best able to handle the complexities and requirements of solar tracking applications.

3. Design method

We have utilized a numerical design method based on ray-tracing and numerical multi-objective
optimization to design the beam-steering lens array systems. Numerical optimization is routinely
used to design optical systems, and several studies of imaging optical systems have shown how
the design space can be further explored by the use of multi-objective optimization algorithms,
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identifying the trade-off between a set of competing system objectives [22–24]. In this section, we
describe our design method, demonstrating how multi-objective optimization can also be utilized
to design nonimaging optical system, and we specify the conditions for the results reported later
in the paper.

3.1. Formulation of the optimization problem

We consider three main performance objectives for evaluating the performance of a complete
beam-steering lens array:

• Maximizing the efficiency in redirecting sunlight.

• Minimizing the divergence of outgoing sunlight

• Minimizing the cost/complexity of the resulting system
The design of a beam-steering lens array can be considered a multi-objective optimization
problem. An optimized solution must provide a reasonable trade-off between these objectives.
Multi-objective optimization problems can be solved by finding a set of Pareto optimal solutions:
solutions where the performance in one objective cannot be improved without degrading
performance in another objective. In this way, the trade-off between objectives is quantified,
allowing a designer to make an informed choice among the set of solutions [25].

Efficiency and divergence can be quantified as continuous objective functions, allowing a
multi-objective optimization algorithm to map out the Pareto front between these objectives.
Cost/complexity, on the other hand, is difficult to quantify and depends on several factors.
Rather than quantify complexity directly, we consider cost/complexity to be influenced by the
configuration of the beam-steering lens array – the sequence of surfaces and type of relative
movements between them. We have chosen to optimize a broad set of configurations, enabling
the comparison of different configurations with varying complexity, and allowing the selection of
a configuration with the appropriate level of complexity for a specific use case. Cost/complexity
can also be influenced by a number of other factors, including material selection, manufacturing
tolerances, and optimization constraints for manufacturability - all of which are kept constant in
the present work and may be considered more thoroughly in future work.

We formulated the following optimization problem:

min f (x, θmax) = (−η (x, θmax) , θmax) (4)

such that gj (x) ≤ 0, (5)
where θmax is the allowed divergence of outgoing sunlight, x is a set of free variables specifying
the optical system (as listed in Table 2). η (x, θmax) is the average yearly optical efficiency of the
optical system subject to θmax, as described in Section 3.2. The two components of f represent the
two objectives: Maximizing the average yearly efficiency (minimizing −η̄), while also minimizing
the allowed divergence (minimizing θmax). gj (x) is a set of inequality constraints as listed in
Table 3, ensuring manufacturability.

3.2. Average yearly efficiency

The metric of average yearly efficiency is inspired by the work from Ito et al., who elegantly
showed that such a metric could be used to design a tracking-integrated system [26]. We define
the average yearly optical efficiency as the fraction of yearly direct irradiation successfully
redirected in the desired direction:

η (x, θmax) =
Eout (x, θmax)

Ein
, (6)

where Ein is the yearly direct irradiation received by the beam-steering lens array surface, and
Eout (x, θmax) is the yearly irradiation successfully redirected within the permitted exit cone ±θmax.
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This average efficiency can be estimated by integrating across all angles of incidence φ:

η̄ (x, θmax) =

�⊰ π

0
e (φ) × η (x, θmax, φ) dφ, (7)

where e (φ) = Ein,φ (φ)
Ein

is the normalized angular distribution of irradiation received by the
beam-steering lens array in its installed location. η (x, θmax, φ) is the optical efficiency of the
beam-steering lens for an optical system x, a maximum divergence of outgoing sunlight θmax and
an angle of incidence φ.

In this work, we consider the beam-steering lens arrays to have a fixed orientation, tilted
towards the equator with an angle equal to the latitude of the installation location, as illustrated in
Fig. 3(a). As noted by Ito et al., this orientation gives a peak in irradiation distribution at 22◦−25◦
angle of incidence, irrespective of installation location [26]. We consider the beam-steering
lens arrays optimized in this paper to be installed at a latitude of 40◦. The location of 40◦ was
chosen as an example to demonstrate the principle. However, as demonstrated by Schuster [27],
this angular distribution is virtually independent of installation latitude when the panel is tilted
according to installation latitude. We simulate the angular distribution of solar irradiation using
Meinel and Meinel’s air mass attenuation model [28] and for simplicity assume that cloud cover
is not correlated to time of day or time of year. The resulting normalized irradiation distribution
is shown in Fig. 3(b).

Fig. 3. (a) Assumed orientation of beam-steering lens array during optimization. (b)
Simulated angular distribution of normalized yearly direct irradiation on a lens array with
the fixed orientation from a, installed at a latitude of 40°.

With this formulation, the location of the installation location, weather data, and orientation
of the beam-steering lens array are all contained in the normalized angular distribution of
irradiation, e (φ), as shown in Eq. (7). The same formulation can therefore be used for optimizing
beam-steering lens arrays with the details of a planned installation, by using the appropriate
distribution e (φ). This may include real-world weather data, as well as other orientations, for
instance being oriented east or west, or being mounted on single-axis external trackers.

It is worth noting that η̄ in Eq. (6) is defined relative to the irradiation reaching the front
surface of the beam-steering lens array while it is mounted in its chosen orientation. The cosine
projection loss is therefore not included in the average efficiency, and will give an additional
reduction in intensity compared to a system pointed directly towards the sun. On the other hand,
fixed-orientation systems can increase power conversion per land area due to reduced shading
between modules, as discussed by Price et al. [29]. These effects must be taken into account when
comparing tracking-integrated systems to externally tracked systems, but have been considered
to be beyond the scope of this work. Here, the aim is to compare different stationary systems that
all share the same cosine projection loss.
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3.3. Classifying different configurations

Previously proposed beam-steering lens array designs have utilized both single-sided [13] and
double-sided [14] lens arrays, with relative lateral [30] or curved [13] tracking motion, and with
both two [13], and three [31] lens arrays stacked together. In order to readily specify, compare,
and evaluate different classes of designs, it can be useful to designate specific symbols for each
of the components in a beam-steering lens array. Specific configurations of beam-steering lens
arrays can then be described using a sequence of these symbols.

In this work, we use the set of symbols shown in Table 1.
The symbols from Table 1 can be used to classify both existing and new beam-steering lens

array configurations. For instance:

• The example beam-steering lens array in Fig. 1: _⤸_

• Lin et al., 2012 [13]: J⤸I

• Watson, 1993 [17] (for steering of laser beams): _↓_ and _↓_▤_

• Johnsen et al., 2018 [14]: _⤸_ and J⤸_⤸_

Table 1. Proposed symbols for classifying different beam-steering lens
array configurations.

Symbola Meaning

J Single-sided lens array with the flat side on the right.

I Single-sided lens array with the flat side on the left.

_ Double-sided lens array

JI A pair of single-sided lens arrays placed back-to-back, with index-matched
lubricating oil between them supporting relative lateral translation between
the lens arrays.

↓ Air-gap between lens arrays supporting a flat, lateral tracking trajectory.

⤸ Air-gap between lens arrays supporting a curved tracking trajectory.

▤ Air-gap between two surfaces, but no relative movement between the
surfaces.

aThe symbols are represented by the following Unicode [32] code-points: J=U+25C0,
I=U+25B6, _=U+25C6, ↓=U+2193, ⤸=U+2938, JI=U+25C0 U+200A U+25B6,
▤=U+25A4

3.4. Selecting configurations

Using the presented code for classifying beam-steering lens arrays, we have performed a
comprehensive optimization of all possible combinations of the symbols in Table 1 with a
maximum of 1 air-gap. This leads to a total of 52 configurations, of which 40 contains at least
1 movable surface. These configurations cover the range from complex configurations such
as JI⤸JI, to simple configurations such as JI. Optimizing across this span can therefore
give good insight into the trade-off between minimizing complexity and maximizing system
performance.

3.5. Numerical optimization

The multi-objective optimization problem in Eq. (4) was solved using a memetic version of
the MOEA/D-DE [33] multi-objective optimization algorithm. This algorithm decomposes
the multi-objective problem into a set of scalarized sub-problems that are solved cooperatively.
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We created the scalarized sub-problems by setting θmax in Eq. (4) to fixed values in the range
0.5◦ ≤ θmax ≤ 5◦, which we assume to encompass the region of interest between high-accuracy
and low-accuracy tracking. The MOEA/D implementation from Pymoo [34] was extended
with the differential evolution strategy and the diversity preservation scheme proposed in the
MOEA/D-DE algorithm [33]. The algorithm was then further extended to augment the global
differential evolution with local searches based on SciPy’s [35] implementation of the SLSQP
optimization algorithm [36], as shown in Fig. 4. The resulting memetic optimization algorithm
was run until convergence, with a limit of 10 000 iterations for each beam-steering lens array
configuration.

Fig. 4. The global MOEA/D-DE optimization algorithm is combined with the SLSQP local
optimization algorithm to form a hybrid optimization algorithm. The choice between local
and global search is based on the number of objective function evaluations in the local search,
nfev,local compared to the total number of objective function evaluations, nfev,total. We used
k = 0.5, which means that 50% of the search effort is dedicated to the local searches.

The optimization workflow was managed using Snakemake [37]. Ray-tracing was performed
using a custom sequential three-dimensional ray-tracer, as reported in previous work [14].
Hexagonal lens apertures were used for all simulations to simulate close packing in a lens
array. Optimizations were performed across the AM1.5D solar spectrum [38], and all lenses
were assumed to be made from Poly(methyl methacrylate) (PMMA). Reflection losses and
chromatic aberration were taken into account, while absorption losses were not considered. The
beam-steering lens array is a scale-invariant afocal system (as long as it is operated far away from
the diffraction limit). Absorption losses depend on the dimensions of the system, which were not
specified in these simulations. Reflection losses were estimated according to Fresnel’s equations,
taking the average of Rp and Rs and assuming that the light stays approximately unpolarized
throughout the system. The angular distribution of sunlight was modeled using Buie’s sunshape
distribution model [39], assuming a circumsolar radiation of 5%. Average efficiency, according to
Eq. (7), was estimated using multi-dimensional numerical integration with a quasi-Monte Carlo
method implemented using a low-discrepancy Sobol sequence. Lens surfaces were represented
as 8th order Forbes’ Qcon surfaces [40], and the full set of free variables that was optimized is
listed in Table 2. The lens arrays were optimized for as-built performance by assuming uniformly
distributed positioning errors of ±0.0025 · T where T is the total thickness of the system, and
assuming uniformly distributed slope errors in the surfaces of ±8 mrad, as listed in Table 3. If the
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beam-steering lens array design is scaled to have a thickness of 20mm, this would correspond to
a positioning error of 50 µm. In the ray-optical regime, errors such as curvature error, thickness
error, surface waviness, or tracking error, all have the effect of changing the position and slope
at the point where a ray intercepts a surface [2]. All these errors are therefore combined into
the chosen error distribution for slope and position error. These errors were integrated into the
quasi-Monte Carlo integration of Eq. (7) by sampling from these error distributions each time a
ray crosses a surface, and this approach is further discussed in Section 5.2.

Table 2. List of free variables during
optimization of the beam-steering lens arrays

Every surface

R Radius of curvature

k Conic constant

a1, a2, a3 Aspherical Qcon coefficients

t Thickness

For the whole system

c1, c2, c3, c4 Polynomial coefficients representing
tracking motion

Every tracking motion (every JI, ↓, and ⤸)

d Proportionality constant for tracking
motion

Every curved tracking motion (every ⤸)

Rt Radius of curvature of tracking
geometry

kt Conic constant for tracking geometry

at,1, at,2 Qcon polynomial representing
tracking geometry

In addition to assuming a fixed distribution of positioning and slope errors, the effect of these
errors was further investigated by optimizing the JI↓JI configuration for a set of different
error distributions.

In each design, the lateral movements of the different lens arrays were constrained to be
proportional to each other, allowing linked control, sharing the same mechanical actuator. The
aspect ratio of each lens surface was constrained to be 0.5 or less, to prevent excessively curved
lenses. Each lens array was constrained not to be thinner than half the lenslet diameter, to prevent
too thin lens arrays, and also to be no thicker than 3 times the lenslet diameter, as summarized in
Table 3.

These assumptions and constraints were chosen as an example of fairly permissive constraints,
to explore a broad design space and get an overview of the performance of different configurations
of beam-steering lens arrays. When planning a physical realization of such a system, these
constraints would be modified according to the requirements of the chosen fabrication process.
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Table 3. Manufacturing errors and
manufacturing constraints assumed during

optimization.

Assumed manufacturing errors (uniform
distributions, T is total system thickness)

Position error ±0.0025 · T

Slope error ±8mrad

Constraints (D is lenslet diameter)

Lens thickness (thinnest point) >0.5 · D

Lens thickness (thickest point) <3 · D

Air gap thickness (thinnest point) >0

Air gap thickness (thickest point) <2 · D

Lens aspect ratio <0.5

4. Optimization results

The result of the numerical optimization is shown in Fig. 5. Each line represents a specific
beam-steering lens array configuration, and each point along the line represents a specific design
optimized for the particular trade-off between efficiency and divergence half-angle. Given the
non-convex nature of the optimization problem, the optimization algorithm is not guaranteed
to find the global optimum. The resulting Pareto front therefore only gives a lower bound on
achievable efficiency for a specific configuration and divergence half-angle.

Fig. 5. Set of the best performing optimized configurations, mapping out the trade-off
between efficiency and divergence half-angle. The value in brackets below the divergence half
angle represents the ideal geometric concentration at this divergence half-angle, according
to Eq. (3).

Due to the number of optimized configurations, only the best-performing configurations are
shown in Fig. 5. The full set is available in Fig. 11.
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4.1. Selected results

Each point along the lines in Fig. 5 represents a separate beam-steering lens array design. We
report on two of those designs in more detail, representing different trade-offs between efficiency,
divergence, and complexity. The first result is a JI↓JI configuration optimized for a divergence
half-angle of ±2◦, which achieves 73.4% average yearly efficiency. This represents a configuration
with high complexity, low divergence, and high efficiency. The result is highlighted with a blue
circle in the Pareto fronts in Fig. 5, and a ray-traced drawing of the system can be seen in Fig. 6.
Simulated efficiency across the tracking range is shown in Fig. 8(a) and is overlaid with a yearly
irradiation distribution in Fig. 8(b).

Fig. 6. Beam-steering lens array with JI↓JI configuration optimized for 2◦ divergence
half-angle ( in Fig. 5), drawn at 0◦ and 40◦ angles of incidence respectively. The black
arrows indicate tracking motion. The drawing shows a 2 -dimensional slice of the optimized
system, which consists of hexagonally packed three-dimensional lens arrays.

The second result is a JI↓I configuration optimized for ±3.5◦ divergence half-angle, which
achieves 75.4% average yearly efficiency. This is an example of a system where a lower mechanical
complexity is traded for a higher permitted divergence half-angle. The result is highlighted with
a brown circle in the Pareto front in Fig. 5, and a ray-traced drawing of the system can be seen in
Fig. 7. Simulated efficiency across the tracking range is shown in Fig. 8(a), and is overlaid with a
yearly irradiation distribution in Fig. 8(b).

A ray-traced 3D model of the two selected designs is shown in Fig. 9. Zemax OpticStudio
models are available as we show in Code 1 (Ref. [41]), and a comparison between the Zemax
OpticStudio models and the internal ray-tracer models are included in Appendix C.

4.2. Influence of position and slope errors

To investigate the influence of position and slope errors on the optimization results, the JI↓JI
design was optimized for a set of error distributions with magnitudes different from the ones
described in Table 3. The Pareto fronts for the different error distributions is shown in Fig. 10(a),
while a tolerance analysis of selected designs is shown in Fig. 10(b). In addition, all configurations
were also optimized for nominal performance assuming no errors, and the resulting Pareto fronts
are included in Fig. 12 in Appendix B.
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Fig. 7. Simplified beam-steering lens array with JI↓I configuration optimized for 3.5◦
divergence half-angle ( in Fig. 5), drawn at 0◦ and 40◦ angles of incidence respectively.
The black arrows indicate tracking motion. The drawing shows a 2-dimensional slice of the
optimized system, which consists of hexagonally packed three-dimensional lens arrays.

Fig. 8. (a) The two selected beam-steering lens arrays have >80% efficiency for ±40◦angle
of incidence, and a gradual drop-off in efficiency at larger angles of incidence. The dashed
curves show nominal performance, while the continuous curves show expected performance
with the chosen set of error distributions. (b) When the systems are placed in a fixed
orientation as described in Section 3.2, this efficiency distribution corresponds to average
yearly efficiency of 73.5% for the high concentration design and 75.6% for the simplified
design, respectively.
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Fig. 9. Ray-traced 3D-model of the two selected beam-steering lens arrays, both shown at a
40◦ angle of incidence. (a) JI↓I configuration optimized for a permitted divergence of
3.5◦, (b) JI↓JI configuration optimized for a permitted divergence of 2.0◦.

Fig. 10. (a) Optimized Pareto fronts for the JI↓JI configuration, assuming different
scaled versions of the error distributions in Table 3. 100% corresponds to the values
reported in the table. The achievable performance is strongly influenced by the scale of
manufacturing errors, as can be seen by the large changes to the Pareto fronts. (b) The
selected designs from a are simulated at different error distributions to see how sensitive they
are to errors. The system optimized for nominal performance has the highest performance at
zero manufacturing errors, but is also the most sensitive to such errors.
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5. Discussion

Stationary solar tracking requires beam-steering lens arrays with a wide dual-axis tracking range,
making it difficult to rely on paraxial models and experience from conventional optical design to
choose the ideal configuration. The use of numerical multi-objective optimization has enabled
screening of many different configurations, to identify designs that are promising for future
implementations of this concept.

The optimization results show that fairly complex optical systems are required to achieve high
efficiency and low divergence for stationary solar tracking. The complex JI⤸JI and JI↓JI
configurations outperform all the other configurations in Fig. 5 across the entire Pareto front.

At higher permitted divergence half-angles, some additional systems achieve relatively high
efficiency, more specifically the class of systems starting with a JI-pair of single-sided lens
arrays.

Simpler configurations with only 1 moving surface, such as _⤸_ or JI do not have the
required degrees of freedom to enable high-efficiency stationary solar tracking. As seen in Fig. 5,
the _⤸_ configuration only achieves 67% average yearly efficiency when divergence half-angle
is permitted to be as high as ±5.00◦.

The selected results presented in Section 4.1 represent two different prioritizations of the
different objectives, and they represent designs that we believe might be of interest for solar
energy applications. The high-complexity JI↓JI design in Fig. 6 redirects sunlight into a
narrow cone of ±2◦ divergence. It may therefore be relevant for high concentration applications,
such as concentrator photovoltaics (CPV) or high-temperature concentrated solar power (CSP)
applications. Figure 5 shows how even higher performance can be achieved with a JI⤸JI
configuration, but the additional complexity in implementing a curved tracking trajectory might
not be worth the relatively minor improvements to performance.

The selected JI↓I design offers a simpler mechanical implementation with 3 lens arrays
instead of 4. This reduced complexity comes at the cost of increased permitted divergence
half-angle. The permitted divergence angle of ±3.5◦ represents a geometric concentration limit
of 268x according to Eq. (3), which is still 26% higher than the 1

sin(0.27◦) ≈ 212 concentration
limit of conventional linear trough concentrators with single-axis tracking [2]. We therefore
believe that this design might be of interest for low- to medium temperature CSP applications.

The beam-steering lens arrays demonstrated here emit collimated and redirected sunlight. To
be used in CSP or CPV applications, these devices must be combined with a solar concentrator,
for instance in the configuration illustrated in Fig. 1(a). An investigation into the best way to add
such a concentrator, as well as a comparison of the resulting performance compared to other
tracking-integrated solar concentrators, will be of interest for future development of this concept.

5.1. Optimizing for as-built performance

As described in Section 3.5, the systems were optimized for as-built performance by estimating
the expected efficiency under the influence of manufacturing errors. Optimizing the systems for
as-built performance is important because a system optimized for nominal performance can be
very sensitive to manufacturing errors, while a system with slightly lower nominal performance
may exhibit significantly lower sensitivity to surface errors [42]. We consider optimization
for as-built performance to be especially important in the type of screening performed in this
work, in order to not unrealistically favor highly complex configurations that may turn out to
require very strict manufacturing tolerances. This effect is demonstrated in the tolerance analysis
in Fig. 10(b): The system optimized for nominal performance is more sensitive to errors than
systems optimized for as-built performance.

The optimization results are strongly affected by the chosen error distributions, as seen in
Fig. 10(a), where the same configuration has been optimized for different error distributions.
The distributions in this work were chosen as an example to demonstrate how the systems can
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be optimized while taking manufacturing errors into account, and as a common ground for
comparing the different beam-steering lens array configurations. When planning a real-world
implementation of a beam-steering lens array, these error distributions should be updated to
more accurately match selected manufacturing tolerances of the chosen lens molding process
and system assembly.

Due to the strong influence of the error distributions, it can be difficult to compare the results
in Fig. 5 with other related work optimized for different tolerances, or for nominal performance.
For this reason, we have also included Pareto fronts optimized for nominal performance, available
in Fig. 12 in Appendix B. The nominal results in Fig. 12 can be useful for comparing the beam-
steering lens array configurations in this work against other alternatives optimized for nominal
performance. However, we expect the nominal designs to be too sensitive to manufacturing
errors to be used as a basis a physical beam-steering lens array, and therefore keep them outside
the main body of the paper.

5.2. Implementation

There is no universally accepted way to optimize an optical system for reduced sensitivity to
manufacturing errors, and different optical design software packages have implemented different
heuristics to try to achieve this goal [42]. The task is especially challenging in conventional
optical design, where the design of each individual system is of interest. In these designs,
tolerance analysis is typically performed by sampling each surface error from the manufacturing
tolerances, before applying an error compensation such as a refocus and simulating the resulting
performance of the whole system. In the case of a beam-steering lens array, on the other hand,
the object of interest is the combined average performance of the full set of lenses in the lens
arrays, each subject to their own set of errors. We have therefore chosen to directly integrate
the error distributions into the objective function by including them in the quasi-Monte Carlo
integration of Eq. (7). In this way, each ray traced through the system is subject to a unique set of
manufacturing errors sampled from the error distribution. This approach enables fast calculation
of the average performance of a system subject to the selected error distributions, allowing the
estimate to be directly used during optimization.

Unlike conventional tolerance analysis, our approach does not enable the use of compensators.
The estimate might, therefore, be too pessimistic when estimating the influence of lateral
positioning errors, which can likely be partially compensated for by the closed-loop tracking
system in a physical realization of a beam-steering lens array. When planning a real-world
implementation of a beam-steering lens array, the resulting design should therefore also be
subjected to conventional tolerance analysis to more accurately validate the predicted as-built
performance.

5.3. Multi-objective optimization

The use of a multi-objective optimization algorithm has enabled a comprehensive screening a
large number of configurations of beam-steering lens arrays for stationary solar tracking, without
having to make an upfront decision for the trade-off between permitted divergence angle and
efficiency.

The permitted divergence angle is related to the achievable concentration ratio through Eq. (3).
The trade-off curves in Fig. 5 are therefore a representation of the efficiency-versus-concentration
curves known from Nonimaging Optics [2], and the objective function in Eq. (4) can be considered
a special case of the overall problem in Nonimaging Optics of simultaneously optimizing both
efficiency and concentration. The use of multi-objective optimization algorithms may, therefore,
be of general interest to several problems in the field of Nonimaging Optics, and may constitute a
topic of further future investigation beyond the topic of beam-steering lens array design.
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6. Conclusions

We have performed a thorough screening of beam-steering lens array configurations in order to
identify the most promising configurations for stationary solar tracking applications. This was
enabled by using a set of symbols to specify and generate each configuration, and optimizing each
configuration using multi-objective numerical optimization. The multi-objective optimization
approach has enabled the optimization of beam-steering lens arrays without having to make an
up-front decision for the trade-off between efficiency and divergence. The approach also enables
the handling of manufacturing constraints and expected manufacturing errors, and may be of
interest for other design problems in the field of nonimaging optics.

From this screening, we have identified beam-steering lens array designs capable of high
efficiency full-day stationary solar tracking, and we specifically picked out two designs that
might be candidates for solar energy applications. The first design has relatively high mechanical
complexity with 4 optical surfaces, and can be suitable for high-concentration applications,
achieving 73.4% average yearly efficiency in redirecting sunlight into a <2◦ divergence half-
angle. The second system has lower complexity, with 3 optical surfaces, and may be suitable
for low-concentration applications. It achieves 75.4% average yearly efficiency in redirecting
sunlight into a <3.5◦ divergence half-angle. These reported configurations may contribute to
the development of low-cost tracking-integrated solar energy, and further the development of
tracking-integrated solar concentrators.
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Appendix A Full optimization results

Fig. 11. Full set of trade-off curves for different configurations of beam-steering lens arrays
optimized as described in Section 3.5.
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Appendix B Full optimization results optimized for nominal performance

Fig. 12. Full set of trade-off curves for different configurations of beam-steering lens arrays
optimized as described in Section 3.5, but assuming nominal performance instead of as-built
performance.

Appendix C Details on Zemax OpticStudio model

Zemax OpticStudio models of the two selected beam-steering lens array designs is available in
the supplementary materials Code 1 (Ref. [41]). These models are used to document and verify
the designs, and also used to create the 3D models in Fig. 9. However, due to limitations in
Zemax OpticStudio, the models do not capture the full complexity of the Python ray-tracer used
during optimization.
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The Zemax OpticStudio model includes a Merit Function used to evaluate optical efficiency
at the discrete set of angle of incidence. This merit function is used to verify the performance
of the beam-steering lens arrays, as shown in Fig. 13. However, the merit function does not
implement the design method described in Section 3, and is not suitable for optimization using
the built-in optimization algorithms in Zemax OpticStudio, which do not support multi-objective
optimization.

Fig. 13. Comparing internal Python model and Zemax OpticStdio model of the selected
beam-steering lens array designs. The Zemax OpticStudio model assumes nominal per-
formance and constant azimuth angle, and the simulated efficiencies agree well with the
internal Python model when these assumptions are replicated.

The efficiency estimate from Zemax OpticStudio contains the following set of simplifications
compared to the Python model:

• Tracking motion is represented at a set of discrete angles of incidence using the multi-
configuration functionality in Zemax OpticStudio. During optimization, tracking motion
is represented as a continuous function of angle of incidence.

• The builtin PMMA material model in Zemax OpticStudio is only defined between 365nm
and 1060nm, and the AM1.5D solar spectrum is therefore clipped to this range. During
optimization, the whole AM1.5D spectrum is used.

• For simplicity, the Zemax OpticStudio model only demonstrates solar tracking across 1
axis – in other words, with a constant azimuth angle. Since lenslets are packed hexagonally
and thus not completely rotationally symmetric, tracking performance is not fully uniform
across different azimuth angles. During optimization, the azimuth angle is included as an
integration dimension in the multi-dimensional quasi-Monte Carlo integration of Eq. (7).

• The Zemax OpticStudio model estimates nominal system performance, not as-built
performance, as discussed in Section 5.1.

• During optimization, the lenslet surfaces are represented using 8th order Forbes’ Qcon

surfaces [40]. When creating the Zemax OpticStudio models, this representation is
converted to an even polynomial representation, in order to be represented as Zemax
OpticStudio’s “Hexagonal Lenslet Array” object type.
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• The Zemax OpticStudio system is modeled as a lens array with 9 by 9 lenslets, and the
source is modeled as a rectangular source aimed towards this array. There might therefore
be small edge-effects, where some of the lenslets are only partially illuminated. During
optimization, an infinite array of lenslets is assumed.
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Line-focus solar concentrators are commonly designed
by extruding a two-dimensional concentrator in the
third dimension. For concentration in air, these concen-
trators are, by the nature of their design, limited by the
two-dimensional solar concentration limit of 212x. This
limit is orders of magnitude lower than the 45 000x con-
centration limit for three-dimensional solar concentra-
tors. Through the use of étendue-squeezing, we concep-
tually show that it is possible to design line-focus solar
concentrators beyond this 2D limit. This allows a con-
centrator to benefit from a line-focus suitable for heat-
extraction through a tubular receiver, while reaching
concentration ratios and acceptance angles previously
unseen for line-focus concentrators. We show two de-
sign examples, achieving a simulated 75x concentration
and 218x concentration ratio respectively, with a ±1◦ ac-
ceptance angle. For comparison, the 2D concentration
limit is 57x at this acceptance angle. Étendue-squeezing
line-focus solar concentrators, combined with recent
developments in tracking-integration, may enable the
development of a new class concentrated solar power
(CSP) system. © 2020 Optical Society of America

http://dx.doi.org/10.1364/ao.XX.XXXXXX

Solar concentrators are essential for efficient utilization of solar
thermal energy, and have a fundamental concentration limit in
air of

Cmax =
1

(sin θmax)
2 (1)

where θmax is the acceptance angle of the concentrator, which
must at least be wide enough for the θ ≈ 0.27◦ divergence
half-angle of sunlight. This leads to a solar concentration limit
in air of approximately 45 000x[1]. To approach the limit, the
concentrator must concentrate sunlight in three dimensions,
which traditionally means concentrating to a point-like focus.
The high fundamental concentration limit enables point-focus
solar concentrators to be designed with large acceptance angles
and non-ideal optics, and still achieve sufficient concentration
for many applications. In the remainder of this paper we will
be considering the condition θmax = 1◦, where the increased

acceptance angle represents an increased tolerance to tracking-
and surface errors. At this increased acceptance angle, the two-
dimensional concentration limit is 3 283x.

Solar concentrators can also be built to concentrate sunlight
to a line-focus. Such a line-focus is suitable for heat extraction
through tubular receivers, and can also be designed to benefit
from a simplified one-axis tracking motion. Line-focus concen-
trators are commonly designed by extruding two-dimensional
concentrator geometries, which limits the concentration in air to
the 2D concentration limit[1]:

Cmax,2D =
1

sin θmax
. (2)

For a solar divergence half-angle of θ = 0.27◦, the limit is ap-
proximately 212x, and with the 1◦ acceptance angle considered
in this paper it is reduced to 57x. The 2D and 3D limits in Eqs.
1-2 are plotted against acceptance angle in Figure 1.
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Fig. 1. Concentration limits versus acceptance angle, as given
by Eqs. 1-2, shown on a log-log scale. The line-focus concentra-
tors demonstrated in this work, represented by the symbols
and , have concentration ratios beyond the 2D concentration
limit.

It has previously been shown that the concentration ratio of
linear primary concentrators can be boosted beyond the 2D con-
centration limit by introducing secondary concentrators close to
the line-focus, reaching concentration ratios of 300x with one-
axis polar tracking[2], or >1000x with two-axis tracking[3, 4].
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However, these secondary concentrators achieve their increased
concentration ratio by breaking the line-focus into a set of small
point- or line-foci, missing the benefit of a true line-focus for
tubular receivers (as further illustrated in Fig. S3 of the Supple-
mental Document). It has also been shown that the 2D limit can
be surpassed using nominally linear concentrators where the
translational symmetry is broken by ridges in the concentrator,
but these have focused on relatively large acceptance angles
suitable for stationary solar concentration[5–7].

We show that the common approach of extruding a two-
dimensional concentrator is not the only way to design a line-
focus concentrator, and demonstrate a method to directly con-
struct a 3D concentrator that concentrates to a line-focus. Thus, it
is possible to benefit from the high concentration of 3D concentra-
tors while maintaining the practical benefits for heat-extraction
through tubular receivers placed along a line-focus. The use
of such a high-concentration line-focus concentrator would re-
quire two-axis tracking, but this does not necessarily mean that it
needs to be mounted on a two-axis external solar tracker. Instead,
tracking across the secondary axis may be implemented without
physical rotation of the concentrator, similar to what has previ-
ously been demonstrated with tracking-integrated solar concen-
trators for concentrator photovoltaics (CPV) applications[8].

An afocal pair of lens surfaces can be used to compress an
optical beam in one axis, while expanding it in the other axis,
as illustrated in Figure 2a. If the ratio of compression and ex-
pansion is 1:N where N is an integer, the lens pairs can be tes-
sellated in such a way that they fill the front and back surfaces
of a lens array, as shown in Figure 2b [9]. This is known as
an étendue-squeezing lens array, as introduced in José Blen’s
2007 thesis[10], and is an example of the more general concept of
étendue-squeezing[11]. The étendue-squeezing lens array trades
angular extent along one axis against angular extent along the
other axis by a factor N[9]. It has been demonstrated for applica-
tions such as changing the aspect ratio of the collimated beam
from an LED source[9].

Tesselated array of
étendue-squeezing elements

Incoming light

Outgoing light,
compressed in 
x-direction
and expanded in 
y-direction

xy

z

(a)

(b)

Fig. 2. (a) Principle of étendue-squeezing using an afocal
lens pair. (b) The lens-pairs can be tessellated into a complete
étendue-squeezing lens array.

By adjusting the lens geometry, the étendue-squeezing lens
array can be used to create a solar concentrator with a line-focus:
Instead of emitting the collimated beam, as shown in Fig. 2, each
lens-pair can be optimized to redirect the sunlight towards a
shared focal line. The principle, as well as a complete such solar

concentrator, are shown in Figure 3. Such a concentrator thus
becomes a combination of a linear Fresnel lens — redirecting the
sunlight towards a shared focal line, and an étendue-squeezing
lens array — reducing angular extent in the y-direction to permit
higher concentration ratios. As shown in the design examples
below, this principle enables the concentrator to utilize two-axis
tracking and bypass the 2D concentration limit.

xy

z
x

y

z

Fig. 3. A solar concentrator utilizing étendue-squeezing, con-
sisting of an array of tessellated étendue-squeezing lens pairs.
Each lens-pair squeezes the beam in the x-direction and ex-
pands it in the y-direction, while redirecting the sunlight
towards the common focal line. The cutout shows one such
lens-pair highlighted in green, and demonstrates how the lens-
pairs are tessellated into a complete double-sided lens array.

To demonstrate the principle, we used numerical optimiza-
tion to create two line-focus solar concentrators: One concen-
trator consists of only a double-sided lens array, and one con-
centrator uses an additional secondary reflector. Both designs
were constructed with an étendue squeezing factor of N = 7 (the
ratio of the short to the long side of the individual rectangular
facets is 1:7). The factor 7 was chosen as an example, with the
aim of being high enough to allow for significant concentration
boost, while low enough to allow for practical implementation.
Each individual lens-pair was numerically optimized according
to its position in the concentrator, using a custom Python ray-
tracer. Optimization was performed using a memetic optimiza-
tion algorithm combining the SLSQP and Differential Evolution
algorithms from the Scipy library[12]. The optimization was
performed in two stages: In the first stage, a small subset of
the lens pairs were optimized to identify a realistic geometric
concentration ratio where efficiency on the order of 80% could be
expected. In the second stage, all lens pairs were independently
optimized for maximum efficiency at the geometric concentra-
tion ratio chosen from the first stage. The freeform front- and
back- surfaces were represented as 6th order Legendre polyno-
mials, chosen for being orthogonal in sag on the rectangular lens
aperture[13]. Due to the problem’s symmetry, only Legendre
terms symmetric in the x-direction were allowed to be non-zero
during optimization. After optimization, the lens pairs were tes-
sellated and combined into a Zemax OpticStudio model to verify
and evaluate the complete system. These Zemax OpticStudio
models are available in the supplementary material as we show
in Code 1 (Ref. [14]). The lens arrays are assumed to be made
from PMMA, and illuminated using the AM1.5D spectrum and a
top-hat ±1◦ angular distribution. This angular distribution was
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chosen as an example, to demonstrate the possibility of design-
ing for high tolerance to tracking errors. Reflection losses and
chromatic aberration are taken into account. For simplicity, vol-
ume absorption and surface scattering losses were not included
in the simulation of these design examples. For simplicity, the
absorbing surface is assumed to be planar. The optimization of
concentrator performance with tubular receivers is left for future
work, and may involve the adaptation of techniques previously
developed for high-concentration 2D concentrators for tubular
receivers[15].

y x

z

Design 2

Design 1

Double-sided étendue-
squeezing lens array

Secondary aluminum reflector

Fig. 4. Ray-traced drawing of the two design examples. Only a
subset of the lens-pairs are drawn and traced, to reduce clutter
in the drawing. In reality, the lens-pairs are tessellated to fill
the entire front and back surfaces of the lens array, as shown in
Fig. 3.

The first design example is a double-sided lens array, for op-
eration similar to a linear Fresnel lens. A ray-traced 3D model
of the optimized concentrator is shown in Fig. 3, and a 2D
drawing is shown in Fig. 4. The concentrator is optimized for a
95x geometric concentration ratio under ±1◦ illumination, and
achieves 79.1% efficiency at these conditions. This leads to an
effective optical concentration of Ce f f = 0.791 · 95 ≈ 75.1. The
resulting concentrator has an optimized numerical aperture of
NA = 0.32 ( f /1.47). The intensity across the focal line of the of
the concentrator is shown in Fig. 5, and the angular acceptance
is shown in Fig. 6. Further details about the compression of an-
gular extent performed by this concentrator is shown in Fig. S1
of the Supplemental Document. This concentrator demonstrates
that it is possible to surpass the 2D concentration limit, but the
concentration ratio of this example design is still only about 31%
higher than the 2D limit. The low numerical aperture of the
resulting concentrator indicates that the concentration can be
increased by a high numerical aperture secondary concentrator,
leading us to the next design example.

The second design example combines the étendue-squeezing
lens array with a reflective secondary concentrator assumed to
be made from aluminum. The geometry of this reflective sec-
ondary is designed so that the resulting concentrator is approxi-
mately aplanatic, a condition that has previously been shown to
generate concentrators with performance very close to the funda-
mental concentration limit[16, 17]. The numerical aperture of the
resulting concentrator was NA = 0.89, chosen to be relatively
close to 1 for high concentration, while having a more practical
geometry than a concentrator fully reaching NA = 1. Optimized
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Design 1
Cg=95
=79.1%

Design 2
Cg=280
=78.0%

Ideal Linear
Cg=57.3
=100%

Fig. 5. Intensity profile across the focal line for the two concen-
trators, under 1 sun AM1.5D illumination with a ±1◦ top-hat
angular distribution. The solid lines represent the intensity
within the selected geometric concentration ratios. The non-
uniform intensity profile of the ideal linear concentrator is
caused by the circular ±1◦ angular distribution of the illumi-
nation, as further discussed in the Supplemental Document.

for a geometric concentration ratio of 280x, this concentrator
achieves 78.0% efficiency under ±1◦illumination. This leads to
an effective optical concentration of Ce f f = 0.780 · 280 ≈ 218.
The intensity across the focal line of the concentrator shown in
Fig. 5 and the angular acceptance of the concentrator is shown
in Fig. 6.

0.025 0.000 0.025
L

0.025

0.000

0.025

M

Design 1

0.025 0.000 0.025
L

Design 2

0% 20% 40% 60% 80% 100%

Fig. 6. Optical efficiency of the concentrators as a function of
incidence angle, shown as contour plots in direction cosine
space. L and M are direction cosines along the x- and y-axis,
respectively. The concentrators are optimized for maximum
efficiency under a ±1◦ top-hat angular distribution, which is
illustrated by the red circles.

The presented design examples have modeled efficiencies
of 79.1% and 78.0%, respectively. The losses arise from reflec-
tion losses in the lens array, geometric losses from shading of
neighboring elements in the lens array, absorption losses in the
reflector, and finally, a non-unity intercept factor. Volume ab-
sorption losses, surface scattering losses, and losses due to man-
ufacturing tolerances were not included in these simulations.
The relative magnitude of each loss was measured by selectively
disabling loss mechanisms while simulating the system, and are
summarized in Table 1.
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Table 1. Relative magnitude of different losses in the designs

Design 1 Design 2

Lens array reflection loss 7.8% 7.6%

Lens array geometric loss 3.2% 2.6%

Reflector absorption loss - 5.4%

Intercept loss 11.4% 8.3%

Complete efficiency 79.1% 78.0%

A consequence of the decreased angular extent along the y-
axis in these concentrators is an increased angular extent along
the x-axis. This angular extent leads to a gradual reduction
in intensity at the ends of the line-focus, as illustrated in Fig.
7. The effect can be eliminated by using edge reflectors, or
the concentrator modules can be placed in long enough solar
collector assemblies that such edge effects become negligible —
similar to how conventional parabolic trough solar concentrators
are organized in long solar collector assemblies.

φ

xy

z

φ

Gradual end 
of focal line

φ/2

Edge reflector

Sharp end 
of focal line

φ

Multiple concentrators

Shared, continuous
focal line

Fig. 7. The étendue-squeezing lens pairs increase the angular
extent of the light along the x-direction, which introduces a
softening at the ends of the focal line. This effect can be cir-
cumvented by creating a long assembly of concentrators shar-
ing the same focal line, or by using an edge reflector.

Both of the presented design examples demonstrate the pos-
sibility of utilizing étendue-squeezing to go beyond the 2D con-
centration limit, as plotted in Fig. 1. This may represent a new
class of solar concentrator, achieving the high concentration and
high acceptance angle of three-dimensional concentrators, while
maintaining the linear and modular geometry of line-focus so-
lar concentrators. The combination of such concentrators with
tracking-integration to achieve the required two-axis solar track-
ing without needing to rotate the concentrator across two axes
will be of interest for future research. One potential approach for
such tracking integration is beam-steering lens arrays[18], which
can perform one (or two) axis tracking using millimeter-scale
lateral translation and emit collimated sunlight for concentration
by an étendue-squeezing concentrator. The presented design
examples are chosen to demonstrate the concentration abilities
of étendue-squeezing solar concentrators. Still, they are not nec-

essarily the most economical and practical way to implement an
étendue-squeezing concentrator. Further research is needed to
identify designs that show a good trade-off between efficiency,
concentration and manufacturability.

In summary, we have shown through two design examples
how étendue-squeezing can be used to design line-focus con-
centrators not limited by the 2D concentration limit. To the best
of our knowledge, this type of concentrator has not previously
been reported in the literature, and the possibility of such con-
centrators has not previously been appreciated. We have further
proposed how developments in tracking-integration can be used
to circumvent the need for two-axis tracking of these concen-
trators. If a manufacturable and practical étendue-squeezing
solar concentrator can be combined with tracking integration,
this may constitute a promising path towards a new class of
concentrated solar power, combining the high concentration of
heliostats with the modular nature of parabolic trough concen-
trators.
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1. TRANSFORMATION OF ANGULAR EXTENT

The presented étendue-squeezing concentrators compress the angular extent of the light along
the y-axis, while also shifting it so that the light is redirected towards the common focal line.
To show this transformation, we plot how radiance in direction cosine space is modified by
the concentrator, as shown in Fig. S1. The transformation in angular extent from position a to
position a’ shows how the angular extent is reduced along the y-axis (M-component in the figure),
while the angular extent along the x-axis is increased (L-component in the figure). The angular
extent along the x-axis was not penalized in the optimization, and the optimization algorithm has
therefore selected a design where this angular extent is magnified by a large factor. This leads to
the observed reduction in radiance.

At point b-b’ in the concentrator, we observe how the concentrator performs the combined
action of compressing the angular extent along the y-axis while also shifting it in the y-direction,
so that the light is redirected to the common focal line.
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Fig. S1. Transformation of angular extent as light passes through the étendue-squeezing con-
centrator, shown as radiance in direction cosine space. Note that scale of the y-axis has been
compressed in the a’ and b’ plots to prevent the figure from becoming too wide.

2. INTENSITY DISTRIBUTION OF THE IDEAL 2D CONCENTRATOR

Fig. 5 of the main paper shows the intensity distribution across the focal line for the two
étendue-squeezing concentrators compared to an ideal linear concentrator. While this ideal
linear concentrator may be expected to have a uniform intensity distribution exactly at the 2D
concentration limit, this is not the case when it is evaluated under the same conditions as the
étendue-squeezing concentrators. Therefore, the real intensity distribution of an ideal imaging
linear concentrator under these same conditions is used to provide a fair comparison. A brief
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explanation of the non-uniformity of this concentrator is included here, while a more thorough
discussion is left for other work.

If an ideal concentrator is illuminated with uniform radiance over its full acceptance angle and
full aperture, it achieves a uniform intensity distribution exactly reaching the thermodynamic
concentration limit[1]. However, if the radiance is not uniform, the concentrated intensity profile
may also be non-uniform.

An ideal reflective linear concentrator designed for an acceptance angle of θmax accepts all rays
where the projected angle θp in the 2D plane of the concentrator (the y-z plane in the coordinate
system in Fig. S2a) is less than θmax[1, 2]. This angular acceptance region takes the shape of an
ellipse in direction cosine space, with a major radius of 1 and a minor radius of θmax[1, 2], as
illustrated in Fig. S2b. When evaluating the concentrators in this paper, we use a rotationally
symmetric angular distribution with a radius θmax, which represents subjecting the concentrator
to two-axis solar tracking. This angular distribution does not fill the full angular acceptance of
the ideal linear concentrator, despite using the same value of θmax, as illustrated in Fig. S2, and
the intensity profile is therefore no longer necessarily uniform. The amount of non-uniformity
depends on the type of ideal concentrator. For simplicity we have used the extreme case of an
ideal imaging concentrator where the y-position of each ray on the focal line only depends on the
ray’s projected angle of incidence in the y-z plane, θp.

Ideal linear
concentrator
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Fig. S2. (a) Coordinate system assumed for the ideal linear concentrator. (b) Illustration of
geometry mismatch between angular acceptance of an ideal linear concentrator, compared
to the circular angular distribution used to generate Fig. 5 of the main paper. L is direction
cosine along the length of the linear concentrator and M is direction cosine across its width.
This plot shows the case when θmax = 10◦ in order to make the region large enough to be
clearly visible, but the same geometry applies when θmax = 1◦ as in the main paper. The lines
of constant projected angle θp shows how different projected angles receive illumination with
different angular extent allong the x-axis, leading to the nonuniform intensity profile for an
ideal imaging concentrator.

3. MOTIVATION FOR A FULL LINE-FOCUS IN CONCENTRATED SOLAR POWER AP-
PLICATIONS

This paper reports on a way to design a three-dimensional concentrator that concentrates sunlight
to a continuous line-focus while going beyond the 2D concentration limit commonly associated
with such concentrators. Fig. S3 conceptually shows how this continuous line-focus compares
to the previously explored approach of going beyond the 2D limit by using secondary concen-
trators to break the line-focus from a parabolic trough into several smaller point-foci[3–5]. For
concentrated solar power (CSP) applications, where the thermal energy may be extracted through
tubular recievers, the continuous line-focus permits the use of a narrower tubular receiver, lead-
ing to lower heat losses. Alternatively, it may permit the use of larger acceptance angles while
concentrated towards the same receiver size.

2

Pa
pe

r
5

126 Appendix A Full-text papers



Fig. S3. Conceptual comparison between several point foci and one line-focus. The combined
area of the blue point-foci is identical to that of the red line-focus, but the red line-focus is bet-
ter for extracting heat through a tubular receiver.
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