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Chapter 0

Introduction

Mathematical modeling plays an important role in our attempt to un-
derstand the world around us. An ubiquitous and challenging objective
for such models is to make them complicated enough to account for
the properties we want to model, but simple enough that we are able to
study them with the tools we have available. As such, one could say that
this is yet another instance of the famous Occam’s razor. However, the
simplifications and assumptions do not necessarily end when one finally
has arrived at some equation. On the contrary, most equations of prac-
tical interest cannot be explicitly solved, and one has to resort to further
simplifications in order to obtain sufficiently good approximations of the
solutions. These simplifications are then of a purely mathematical na-
ture, rather than the physical considerations made in the derivation of
the model.

Approximate solutions of the modeling equation are typically ob-
tained through some form of discretization, and there are several possi-
bilities here, but the ultimate goal is typically to end up with a finite-
dimensional system which can be solved numerically by a computer. One
alternative is to solve the equation exactly, but in a finite-dimensional
subspace of the usually infinite-dimensional space of functions, and this
is for instance the basic idea of the finite element methods. A differ-
ent strategy is to derive a discrete version of the equation, which then
has finite-dimensional solutions, as is the case for finite difference dis-
cretizations. Irrespective of the method employed, one usually employs
some form of compactness argument to deduce that the approximate
solutions yield a solution of the original equation as the refinement of
the discretization is increased. Loosely speaking, this means that the
set of discrete solutions is dense enough in the space of solutions, that
for any solution of the original equation one can find a discrete solution
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arbitrarily close to it.

This thesis concerns mathematical models for two quite different
phenomena arising in nature: The first part, Papers 1-3, concerns dis-
cretizatons of equations which have been derived as models for water
waves. In particular, Paper 1 is a study of convergence rates for a finite
element method applied to the Benjamin—Ono equation, which was de-
rived in [1, 36] as a model for internal waves in stratified fluids. Papers 2
and 3 concern a finite difference-type discretization for a Camassa—Holm
system. This equation has been derived as a model for shallow water
waves, and is described in more detail in the next section. The second
part of the thesis, Papers 4 and 5, are on simplified models for biological
shape growth. Here we do not employ any discretizations to solve the
highly nonlinear model equations, but we rather study existence and
uniqueness properties of their solutions.

0.1 Selected background theory

In this section we shall present a selection of theory and results related
to the five papers which constitute the thesis. This is by no means an
attempt at providing a thorough theoretical background for the papers.
Instead, the aim is to give a short introduction of properties and results
which have been of importance in the writing of this thesis. For more
detailed background theory, we refer to the introductions of the papers
and the references therein.

Some properties of the Camassa—Holm equation

The Camassa-Holm (CH) equation,
Up — Uppr + 2KUz + Uty — 2Ugplpy — Ulggy = 0, (0.1.1)

for a time- and position-dependent velocity u = u(t, z), is named after
the authors of [9], who derived the equation as a shallow water limit of
the Green—Naghdi equations from hydrodynamics. The CH equation is
first known to have appeared in a work of Fuchssteiner and Fokas [20]
as a somewhat anonymous particular case in a parameterized family of
completely integrable evolution equations, and in a different form from
(0.1.1). To be specific, it comes from combining equations (26e), (30a),
and (30b) with parameters « = =0, v = —1, and n = 1 which yields
the following equation for u = u(t, x),

up = — (Opudy " +u) (1—02) " uy. (0.1.2)
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Here 0, is the usual partial derivative with respect to z, and 9, ! is in-
terpreted as the antiderivative giving functions vanishing asymptotically
as r — —oo, thus

In particular, we will make use of the identity d;'u, = u. Introducing
the change of variables u = v — v, + & in (0.1.2) and rearranging, we
recover exactly (0.1.1) with v replacing . For more details on how the
techniques from [20] connect to (0.1.1), the interested reader is referred
to [19].

The CH equation is completely integrable for any x € R, see [9, 10],
as it has a corresponding Lax pair for which the compatibility condi-
tion yields exactly (2.1.1). However, the case which has drawn most
attention is the so-called dispersionless limit for which £ = 0. The main
reason for this is most likely that the corresponding solitons then have
a particularly simple form. Indeed, these are the famous peakons

u(t,x) = ce”1#=e, c€R, (0.1.3)

the name of which originates from the discontinuity in the spatial deriva-
tive for any fixed time ¢, yielding a peaked crest for the wave profile.
From (0.1.3) we observe that the peakon travels at constant velocity ¢
corresponding exactly to its elevation at the peak. It is clear from this
discontinuity that peakons are solutions of (0.1.1) for x = 0 only in the
weak sense. In fact, traveling waves cannot be strong solutions of the
CH equation, cf. [12, Ex. 5.2]. From here on we will consider only the
case k = 0 and the resulting equation

Up — Upzr + SUUL — 2UgUpy — Ulgre = 0, (0.1.4)

with weak solutions w such that w(t,-) belongs to the Sobolev space
H!(R). As a consequence of being completely integrable, (0.1.4) has
an infinite number of conserved quantities, see [34], one of which is the

so-called energy
1
2/(u2(t,a:) +ul(t,x)) da. (0.1.5)
R

We also mention that the CH equation can be seen as a geodesic equa-
tion, cf. [33, 15].

Being a nonlinear, integrable evolution equation derived in the con-
text of water waves, the CH equation is often grouped together with
the Korteweg—de Vries (KdV) and, e.g., the Benjamin—Ono equations
as a KdV-type equation. There is however a particular feature of the
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CH equation which is not present in the prototypical KdV equation,
which has sparked much research interest, namely the so-called wave
breaking. That is, initially smooth solutions may develop singularities
in finite time in the sense that the slope of the wave profile in a point
becomes unbounded from below. For this phenomenon where the wave
profile remains bounded while the slope turns vertical we say that the
wave “breaks”, or alternatively, alluding to u, turning unbounded from
below, we say the solution exhibits blow-up. Simultaneously, there is a
concentration of energy, cf. (0.1.5), at the location where u, becomes
unbounded. This property was already pointed out in the original paper
[9] of Camassa and Holm, and was verified in detail by Constantin and
Escher [12, 13] where the former paper also contains a global existence
result for (0.1.4). Since such wave breaking of is readily observed in
nature, think for instance of the behavior of waves approaching a beach,
one may argue that a faithful mathematical model for shallow water
waves should incorporate such effects. We refer to [32] for a thorough
discussion on the validity of the CH and KdV equations as models for
water waves.

The singularity formation in finite time introduces an ambiguity in
how to extend solutions beyond the time of blow-up, and this has re-
sulted in considerable research interest. In the end, this has led to
the dichotomy between conservative and dissipative weak solutions of
(0.1.4), two solution concepts which differ in how the associated energy
is treated as the wave breaks. Indeed, to illustrate the idea, let t. be the
first time when the solution blows up, and x. be an associated position
where u, becomes unbounded. For ¢t < t., the two solution concepts
remain equal, as u(t,-) € H'(R) and the energy (0.1.5) is well defined.
However, at t = t. there is a concentration of energy which amounts to
u2 turning into a singular measure in 2 = x.. The conservative solution
of the CH equation is then characterized by the energy being conserved
for almost every time: that is, for ¢ > t., all energy, including the part
concentrating at x = x, is redistributed to u(t,-) € H', and thus the
value of (0.1.5) remains equal to what it was for ¢ < ¢.. Conservative
solutions of the CH equation have been studied in [3] and [29]. On the
other hand, for dissipative solutions, some, if not all, of the energy con-
centrating at = x. is dissipated, or removed, from the equation. Thus,
for dissipative solutions the value of (0.1.5) for ¢ > t. is strictly smaller
than for ¢ < ¢, and these solutions have been investigated in [4] and
[31].

There have also been proposed several two-component extensions of
the CH equation, one of which is the two-component Camassa—Holm
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(2CH) system

U — Utzy + 3UUL — 2Uglpy — Ulgay + PPz = 0,

pe+ (pu)s = 0 (0.1.6)

derived by Olver and Rosenau [35, Eq. (43)]. This system has also been
derived as a model for shallow water in [14]. One can think of (0.1.6) as
(0.1.4) having been augmented with a term accounting for the effect of
a fluid density variable p = p(t,x), as well as a conservation law for this
density. Assuming the density p has the asymptotic value po, > 0 such
that p — poo € L2(R), the associated energy for (0.1.6) becomes

3 | [0+ o)+ plt) — ] dn (017)

As for the CH equation, (0.1.6) can also be seen as a geodesic equation,
see [17]. The 2CH system shares several properties with the CH equa-
tion, such as being completely integrable and allowing for wave breaking.
We refer to [14, 23] for details on initial data for which one can or can-
not have blow-up for (0.1.6). Since the 2CH system also exhibits wave
breaking, it is then perhaps not surprising that it features conservative
and dissipative solutions as well, and these have been studied in, e.g.,
(25, 26].

Concepts from the calculus of variations and control
theory

Here we will briefly present some concepts from the calculus of variations
and control theory which have been used in the papers of this thesis, but
then typically in a more general form.

The direct method

The direct method is a procedure for proving the existence of an optimal
solution for an optimization problem, see [7, Chap. 5]. To fix the ideas,
let us formally consider the problem of finding = in a set of admissible
solutions which minimizes the goal function ¢(z), possibly under some
additional constraints on x. Then the direct method can be summarized
in four sequential steps:

1. Construct a minimizing sequence z,,, n € N.

2. Show that some subsequence converges to an z*.
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3. Prove that z* is an admissible solution which satisfies the con-
straints.

4. Prove that z* attains the minimum of ¢(z).

If all these steps can be performed, one has proved the existence of
an optimal solution xz*. In order to carry out the direct method, one
must establish some continuity properties for the goal function ¢. For
instance, it would be desirable for ¢(x) to be continuous in x, but this
can be relaxed to lower semicontinuity for minimization problems, or
upper semicontinuity for maximization problems.

The first variation in the calculus of variations

In the calculus of variations, the possibly simplest prototypical example
is to minimize an expression of the form

J(z) = /t LGt (1), i(1) dt (0.1.8)

0

where z : [to,t1] — R is a continuously differentiable curve, @ denotes
the derivative dz/dt, and L is a real-valued function of ¢, x, and &. Let
us also for simplicity impose fixed endpoints x(ty) = z¢ and z(t1) = x1.
To establish a first necessary condition for optimality, we assume x to be
a minimizer and consider perturbations of the form xz. = x + ey, where
e > 0 and y is a continuously differentiable function for ¢ € [to, t1] which
satisfies y(t9) = y(t1) = 0. These endpoint conditions for y are needed
for the perturbation x. to satisfy the same endpoint conditions as x, i.e.,
for z. to be an admissible curve. The first variation of (0.1.8) is then
given by

d
3 (z;y) = EEJ(J} + ey) e (0.1.9)

and we say that a first necessary condition for x to be optimal, is that
dJ(x;y) = 0 for any admissible y. Assuming L sufficiently smooth and
denoting its partial derivatives with respect to x and & by respectively
L, and L;, we may integrate by parts to obtain the following expression
for the first variation,

6.J (x;y) =/t1 [La(t, 2(t), &(8))y(t) + L (t, x(t), 2(2))y(t)] dt

0

t1
-/ [Lxu,:c(t),fc(t))—Cng;(t,m(t),:a(t)) y(t) dt.

0
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Since the final expression is supposed to be zero for any admissible y,
we claim that z must satisfy the identity

L, (t,x(t),z(t)) = %Li(t,:n(t),:'c(t)) (0.1.10)
for t € [to, t1]. Equation (0.1.10) is called the Euler-Lagrange equation,
and an admissible x satisfying it is called an extremal.

The above presentation is based on [18, Chap. 1], and more details
are found there. Note that the optimization problem considered here
is rather simple, and that it could be made more intricate by imposing
different endpoint conditions for x, or even letting the endpoints tg and ¢;
be variable by including them as part of the solution. For more variants
of such problems, see e.g., [37].

The Pontryagin maximum principle

Here we consider the optimization problem known as the Mayer problem
with terminal constraints, as presented in [7, Chap. 6.3]. This can be
stated as

max ¢o(x(T,u)) (0.1.11)

subject to
(t) = f(t,z(t),u(t)), =z=(0)==z, wu(t)eU, te][0,T], (0.1.12)
for the family of admissible controls
U={u:[0,T] - U, u measurable}, (0.1.13)

with U C R™. In addition the terminal time 7" is fixed, and the terminal
point z(T") satisfies the constraints

x(T)e S={zeR"” : ¢i(x)=0, i=1,... .k} (0.1.14)

for some k € N. The Pontryagin maximum principle provides necessary
conditions for an optimal solution of (0.1.11) given the control system
(0.1.12) and the terminal constraints (0.1.14). We shall state its result
as presented in [7, Thm. 6.3.1] below, under the following assumptions:

e The set 2 C R x R™ is open.

e The function f = f(t, z,u) is continuous on 2 x U and continuously
differentiable w.r.t. x.



10 Chapter 0. Introduction

e The functions ¢;: R® — R for ¢ =0, ...,k are continuously differ-
entiable.

Theorem 0.1.1 (The Pontryagin maximum principle with terminal
constraints). Let u* be a bounded admissible control, whose correspond-
ing trajectory x*(-) is optimal for the maximization problem (0.1.11)-
(0.1.14). Assume that the gradients V¢; for i = 0,...,k are linearly
independent at the terminal point x*(T'). Then there exists a nontrivial,
absolutely continuous vector function p(-) which satisfies the equations

p(t) = =p(t) - Do f(t,27(t), u*(t)), (0.1.15)
p(t) - f(8,27(t), w'(t)) = max {p(t) - f(t,27(t),w)} (0.1.16)

at almost every time t € [0,T], together with the terminal conditions

k
= AVei(a*(T)) (0.1.17)
=0

for some constants Ao, ..., A\, with A\g > 0.

Note that in Theorem 0.1.1 z, f and u are column vectors, p is a
row vector, and D,f denotes the Jacobian of f w.r.t. . Moreover,
we mention that the Pontryagin principle for a more general form of
the Mayer problem is presented in [18, Chap. 2] in the setting of a
minimization problem.

0.2 A variational discretization of the
Camassa—Holm equation

Considering the numerous works on the CH equation, it is no surprise
that several discretizations and numerical methods have been proposed
for (0.1.4), and we refer to the introduction of Paper 3 for an outline
of such numerical methods. An interesting discretization of the CH
equation was already proposed in [9] and studied in more detail in [10],
namely the multipeakon solution

Zp “lz=a ()], (0.2.1)
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Here g; and p; satisfy the canonical Hamiltonian equations

n
G = § pje” 1l

(0.2.2)
pz plZSgn — QJ p e ‘Q’L qJI
for i € {1,...,n} with Hamiltonian
1 n
2 > pipje el (0.2.3)
ij=1

This is in fact a generalization of the single peakon solution (0.1.3), with
an associated energy given by (0.2.3). As pointed out in [9, 10], (0.2.2)
can be seen as a geodesic equation for a particle labeled ¢ with position
¢; and momentum p;. We also mention that for conservative solutions
of (0.2.2), i.e., those which preserve (0.2.3) for almost every time, this
system has been proved to be completely integrable in [16].

As suggested by the existence of conservative solutions, wave break-
ing can also happen for the multipeakon solution (0.2.1). In particular,
this happens when two particles with momenta of opposite signs collide.
In these cases, the momenta diverge to plus and minus infinity, as stud-
ied in [38]. An alternative method for characterizing the conservative
multipeakon solutions was established in [28]. This is based on the ob-
servation that (0.2.1) satisfies the boundary value problem u — gz, =0
between ¢;(t) and g;j4+1(t) for ¢ € {1,...,n — 1}, with boundary values
u(t,qi(t)) = u;(t) and u(t, gi+1(t)) = wi+1(t). Replacing ¢; with y;, the
authors introduce an ODE system for y;, u;, and H;, where the latter
variable tracks the cumulative energy at position y;. As opposed to the
momentum variable in (0.2.2), these variables remain bounded even dur-
ing wave breaking. By approximating initial data by multipeakons, one
can obtain a numerical method for the CH equation, and for the con-
servative multipeakons this is done in [30]. Similar numerical methods
based on (0.2.2) are considered in [11, 27].

A discretization in Lagrangian variables is also employed in Paper 2,
but instead of being based on a special type of solution such as (0.2.1),
the discretization is founded upon variational principles. We will here in-
dicate how this semidiscrete system is derived, and to reduce the amount
of terms we will consider the discretization of the CH equation only.
Defining the discrete “labels” & = iA¢ for A > 0, i € Z, and the
difference operators

fzil fz

D.fi= A
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we introduce the discrete set of characteristics y;(t) satisfying the ini-
tial condition y;(0) = y(0,&;), or equivalently (yo); = yo(&). Then
we introduce the discrete Lagrangian velocity U;(t) such that U;(0) =
U(0,4(0,&)), or (Uy)i = Uo((yo):). Based on these quantities we intro-
duce the discrete energy

(m%q, (0.2.4)

Agz [(Uz’)QD—Fyi + Doy

which is a discretization of (0.1.5) in Lagrangian variables

1 U?
24<W%+£>@. (0.2.5)

Following the derivation of the paper, we combine the discrete character-
istic equation g; = U; and the Euler—Lagrange equation resulting from a
first variation of (0.2.4) to obtain the infinite-dimensional ODE system

v =U;

: 1 D.U;\ 2 0.2.6

(A[D+y]U)z =-UD,U; — =D_ Uz2 + — , ( )
2 Dy

where for a grid function v = {v; };cz we have defined the operator

D+Ui

(A9 = (Do~ D (D). (0.2.7)
+Yi

Now, an alternative would be to stop at this point and call this our
discrete scheme. However, unless one can guarantee D y;(t) > § for
some constant § > 0, the division by Dy in (0.2.7) makes the analysis
of existence and uniqueness of solutions for (0.2.6) difficult. This also
causes trouble when applying (0.2.6) directly as a numerical method
for solutions with wave breaking. Figure 0.1 displays the numerical
results obtained with this method for a peakon-antipeakon example with
periodic boundary conditions. Here we were able to run the scheme
until collision time, around ¢t =~ 3.12, when the ODE solver broke down.
However, up to this time the plots clearly show the development of a
delta distribution in the energy density at x = 0.5.

Omitting the dependence on t for the moment, we observe that the
operator equation (A[Diylv); = f; is a discrete version of the Sturm—
Liouville equation

w@ma—(nggzﬂa
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Figure 0.1: Peakon-antipeakon interaction computed with the prototype
scheme (0.2.6). The 64 characteristics (a), wave profile (b), pointwise
energy (c), and cumulative energy (d) before collision time at ¢t ~ 3.12.
We underline that the height of the profile at ¢ = 3.1 in subfigure (c) is
about 1.4 x 10%.

The above equation can be solved for v through

o) = 5 | O 1) (0.2.8)

where we recognize the integration kernel as the Green’s function for
Id—82, ie., %e"”_””/‘, evaluated in Lagrangian coordinates. This is ex-
actly the sort of integral which defines the variables P(t, ) and Q(t,€) in
[29, Eq. (2.10)], where the evolution equation for the Lagrangian velocity
is explicitly given by U; = —@Q. Due to this similarity, it seemed natural
to follow the approach of [29, 24] for the CH equation and 2CH system in
the analysis of (0.2.6). However, then we would have to invert the opera-
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tor A[Dyl, and unlike the continuous case we cannot use composition of
functions to obtain an explicit inverse such as (0.2.8) from the Eulerian
Green’s function. Instead, we prove the existence of discrete integral
kernels, which correspond to %e“y(f)_y(”)‘, by applying results from the
Poincaré—Perron theory on difference equations. From these kernels we
may then define an inverse for (0.2.7), which remains well-defined even
as waves break, i.e., when D y; = 0. After proving existence and unique-
ness of solutions for the new system, which is equivalent to (0.2.6) for
D.iy; > 0, we construct sequences of interpolated functions which are
shown to converge to solutions of the Lagrangian system considered in
[29]. Hence, the variational discretization leads to conservative solutions
of (0.1.4).

In paper 3 we study the corresponding variational discretization for
the CH equation and 2CH system with periodic boundary conditions.
Since the convergence of the discretization can be proved using the ar-
guments of Paper 2, we choose instead to illustrate how it can work
as a numerical method. To this end, we use an explicit ODE solver to
integrate in time, and compare with other existing methods over several
numerical examples. In particular, we introduce a periodic version of
the multipeakon method considered in [28] and [30].

0.3 Variational principles and control theory
applied to shape growth problems

In [8] the authors introduce and study two classes of variational prob-
lems which concern the optimal configuration of respectively tree roots
and branches. The aim of the paper is to introduce mathematical mod-
els which serve as a step toward understanding the biological shapes
appearing in nature. Each of these variational problems consists of a
functional to be maximized, which is expressed as the difference of a
gain functional and a cost functional. In the case of roots, the gain is
expressed through a harvest functional which accounts for water and
nutrients gathered by the tree roots. The gain for the branches comes
from a sunlight functional, which measures the amount of sunlight ab-
sorbed by the leaves of the branch. For both cases, the cost functional
represents a ramified transportation cost, for transporting water and
nutrients from the roots to the trunk, and from the trunk to the leaves
on the branches. The central idea of such ramified transport problems
is that it is less costly to transport commodities, in this case nutrients,
along a common path, than transporting them along separate paths.
That is, the cost of transporting a commodity of size s along a path
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of length [ is assumed to take the form [ x s® for some 0 < a < 1.
The limiting cases of @« = 0 and o = 1 are respectively connected to
the Steiner and Monge—Kantorovitch problems in transportation net-
work theory. The mathematical framework for such ramified transport
is detailed in [2].

In [8], several important properties are established for the functionals
involved, which are then used to deduce existence of optimal configura-
tions. This work is expanded upon in [6], where existence of optimal
solutions are proved under less restrictive assumptions. Paper 4 ([5])
considers the variational problem for branches applied to plant stems,
and two submodels are studied in detail. In the first model, the den-
sity of leaves is constant along the stem, leaving only the shape of the
stem to be decided. The second model generalizes the first by including
also the density of leaves as part of the configuration. Bearing in mind
the general functional presented in [8], a specialized optimization prob-
lem is derived for each of the aforementioned models. The existence of
maximizing solutions for both models is proved by means of the direct
method presented in Section 0.1, where the semicontinuity properties of
the functionals established in [8] plays a central role. Uniqueness of such
solutions is then proved under some additional assumptions, by study-
ing the necessary conditions for optimality. In the first model this is
established through a more general form of the first variation presented
in Section 0.1, while in the second model a more general form of the
Pontryagin maximum principle in Theorem 0.1.1 provides the necessary
conditions. After establishing these results for a single stem, one ana-
lyzes the existence and uniqueness for a competitive equilibrium, where
the configuration of each individual stem is optimal given the configu-
ration of all other stems.

Paper 5 concerns a shape optimization problem in two dimensions.
More specifically, the aim is to find the optimal configuration for a set
of branches in the plane, in order to maximize the gain functional for
branches described above. The main result is that for % < a < 1in the
ramified transport cost, the optimal shape is uniquely determined to be
a solar panel-like shape. The same holds for 0 < a < % under some
additional restrictions on the angle of the incoming sunlight. This result
is connected to Paper 4 in the sense that the second model of the paper
can be used to describe the optimal distribution of leaves along the rays

constituting the “solar panel”.
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0.4 Summary of papers

Here I give a brief description of the papers included in the thesis, and
how they came to be. For a more detailed description of the scientific
content, the reader is referred to the abstracts of the papers in the
subsequent sections.

Paper 1

Paper 1 is written for the proceedings of the XVI International Confer-
ence on Hyperbolic Problems in Aachen, Germany 2016, were I gave a
contributed talk on my Master’s thesis. The results of the thesis were
later published as [22], while Paper 1 is published as [21]. In the pro-
ceedings paper, I show theoretical best case convergence rates for the
finite element scheme in [22] for sufficiently regular data, and has little
in common with the rest of the thesis, other than being on the discretiza-
tion of a wave equation. Most of Paper 1 was written during a research
stay at Institut Mittag-Lefller, Sweden during the workshop Nonlinear
Partial Differential Equations and Functional Inequalities in the Fall of
2016.

Paper 2

Paper 2 constitutes in many ways the main work of my thesis, as it is also
the paper I have spent most time on. It concerns a discretization for the
2CH system derived by my coauthor Xavier Raynaud, and I spent the
first time of my PhD implementing it numerically to see whether it had
potential as a numerical method for approximating solutions of the 2CH
system. After promising numerical results for the periodic problem, I
started the attempt at establishing convergence of the discretization on
the full line. In the end, this turned out to be a quite theoretical paper
on existence and uniqueness for the associated semidiscrete system, and
convergence of the discretization to conservative solutions of the 2CH
system.

Paper 3

Paper 3 returns to the numerical results which sparked the ideas of the
second paper. After the quite theoretical work in Paper 2, it seemed
appropriate to complement it with some illustrations of the variational
discretization. Furthermore, the theoretical analysis led to a method
which improves upon the prototype scheme which I first implemented,
in that the improved method can handle wave breaking, or singularity
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formation, in the solution. To obtain a computationally feasible prob-
lem, my coauthor Katrin Grunert and I considered the periodic versions
of the CH equation and 2CH system, and established the corresponding
discretizations in this setting. As my other advisors Helge Holden and
Xavier Raynaud have introduced a multipeakon method on the real line
which is structurally similar to our discrete scheme, I derived a periodic
version of this method to compare with. In addition, inspired by works
of Camassa and collaborators, I augmented these multipeakon methods
with efficient computational algorithms.

Paper 4

Paper 4 is a step in a completely different direction compared to the top-
ics of Papers 1-3, as it concerns techniques from the calculus of variations
and control theory applied to biological shape models. This paper was
written during my research stay at the Pennsylvania State University in
the academic year 2018-2019, under supervision of Alberto Bressan. In
the course of this work, I learned a lot about the mathematical theory
of control, of which I had no prior knowledge.

Paper 5

At the end of my research stay at Penn State, Professor Bressan and I
started working on Paper 5. This is related to Paper 4 in that it con-
cerns the optimal configuration of branches, given the same underlying
models as in the previous paper. The methods involved are however
quite different from Paper 4, as the proofs are less reliant on general
results from control theory, and more tailored to the problem at hand.
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Convergence Rates of a Fully Discrete )
Galerkin Scheme for the Benjamin-Ono Gt
Equation

Sondre Tesdal Galtung

Abstract We consider a recently proposed fully discrete Galerkin scheme for the
Benjamin—Ono equation which has been found to be locally convergent in finite time
for initial data in L?(R). By assuming that the initial data is sufficiently regular, we
obtain theoretical convergence rates for the scheme both in the full line and periodic
versions of the associated initial value problem. These rates are illustrated with some
numerical examples.

Keywords Benjamin—Ono equation - Finite element method - Convergence rates
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1 Background

We will in the following consider the Benjamin—Ono (BO) equation [2, 7] which
serves as a generic model for weakly nonlinear long waves with nonlocal dispersion.
Its initial value problem reads

u; +uu, —Hu,, =0, (t,x) € (0,T] xR, 0
u(0, x) = uo(x), x R,
where H denotes the Hilbert transform defined by
1 u(,x —
Hu(-, x) :=p.v.— / udy,
T Jr y
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for which p.v. denotes the Cauchy principal value. We may also consider the 2L-
periodic IVP for the BO equation

2

u; +uiy — Hpertty, =0, (£,x) € (0, T] x T,
u(0, x) = uo(x), x €T,

where T := R/2LZ, and H,; denotes the 2 L-periodic Hilbert transform defined by

L

1
Hpertt (-, x) := p.V.E ., u(-,x — y)cot (%y) dy.

Based on a method for the Korteweg—de Vries equation due to Dutta and Risebro
[4], Galtung [5] proposed a fully discrete Crank—Nicolson Galerkin scheme for (1)
where an inherent smoothing effect is used to prove convergence locally for initial
data ug in L*>(R) and a finite time 7 which depends on |Juo]|>.

The scheme for (1) is defined in the following way. First one discretizes a sub-
set of the real line by dividing it in intervals of equal length Ax, I; = [x;_1, x;],
where x; := jAx, j € Z. For the temporal discretization, one analogously has
t, =nAt, n € {0,1,..., N}, for a discretization parameter At such that 7 = (N +
1/2)At. Let us also for convenience define #,41,2 := (¢, + t,+1)/2. Consider now
the following finite-dimensional subspace of the Sobolev space H?(R):

Sy ={ve H*®R) |veP.U)),jeZ} A3)

where r > 2 is a fixed integer and PP, (/) denotes the space of polynomials on the
interval / of degree less than or equal to r. Given R > 0, we define ¢ € C*(R), for
which the derivative is a cutoff function, satisfying the following conditions:

L 1=<¢(x) <2+2R,

2. ¢'(x) = 1for |x| < R,

3. ¢’(x) =0for x| > R+ 1, and
4. 0 < ¢'(x) <1 forall x.

This function plays a key role in establishing the previously mentioned smoothing
effect for the scheme, and it may be chosen to be point symmetric in (0, ¢(0)).

We need a reasonable approximation of u in (1) as initial data u° for our scheme,
and so we set u® = Pug, where P is the L2-pr0jecti0n on S,.. Now, we define a
sequence of approximations {u"},’;’zo of the exact solution at each 7, by the following
procedure: find u"*! € S,, such that

(un-&-l’ (pV) _ % <(un+l/2)2 i ((/)V)x> + At (H (un-‘rl/Z)X , ((pv)x> = (u”’ (pv) s (4)

for all v € Sx,, where u° is defined as before and u"*'/? := (" + u"*')/2. Here,

(-, ) is the standard L’-inner product. Note that the inner product (-, -¢) =: (-, Do
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defines a norm which we denote || - ||2,,. The nonlinearity appearing in the above
implicit scheme calls for some form of iterative method to solve (4) for each time
step, and in [5] the following linearized scheme is used:

(Wit ov) — & <(”[%)2 : (<pV)x> + At((H%) : (<pV)x> = (w', v),

()
which is to hold for all v € Sx,. By assuming a CFL condition of the type Af =
O(Ax?), the above iteration is shown to converge to the solution u"*! of (4). From
this, one can show that there exists T > 0 such that u4*, which is a piecewise linear
interpolation of each u", belongs to the space L>(0, T'; Hlif (R)). Then, compactness
arguments yield the convergence result.

Because a monotone increasing cutoff function is incompatible with the periodic-
ity of (2) one cannot use the same arguments to prove convergence for L>-initial data
in this case, and so other tools are called for when considering low regularity initial
data for the periodic BO equation. However, in this study we will assume the initial
data to be as regular as needed, and so we will consider the convergence rate of the
method in best-case scenarios. The established well-posedness of the BO equation
for these more regular spaces then guarantees that the exact solution at all times is
at least as regular as the initial data. This will even make us able to consider the
periodic IVP (2) using a slightly adapted scheme where we have simply replaced the
cutoff function ¢ with 1 wherever it appears.

In the upcoming analysis, we need some preliminary estimates for polynomial
approximations in finite element spaces. For a function v € S4,, we have the follow-
ing inverse inequalities:

C
[VIwkom) < W|V|H"(R)v k=0,1, (6)
C
VIgeo @) < E|V|HA‘(]R)a k=0,1, @)

where the constant C is independent of v and Ax. Both here and in the following,
| - |wer(r) denotes the seminorm of the Sobolev space Wwk»(R) for which H*(R) :=
WX2(R). The reader is referred to [3, p. 142] for a proof of the above inequalities.

Let us now consider two projections P : L2(R) — S,, and P, : L*(R) — Sax
defined, respectively, by

/(Pu—u)vdx:O, Vv E Say, ®)
R

and
/ (Pwu—u)govdxzo, Vv E Say. )
R
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For these projections applied to a function u € H*(R), we have the bounds

IPoull2ry < Cllullr2(w)s
IPoull gy < Cllull gt wys (10
IPoull 2wy < Cllull m2(wys

where Py denotes either of the two projections and C is a constant which is inde-
pendent of Ax. These bounds can be derived from the norm equivalence in a finite-
dimensional space and the definitions of these projections.

We also have the following polynomial approximation error estimate on the dis-
cretized domain £2. Given u € H'*'(£2),0 <m <1 and s := min{l, r}, then

IPou — ul gy < CAX T " |ul gy, m=0,1,2, (11)

where again Py denotes either of the two projections and C is a constant not depending
on Ax. For a proof of (11) for P, we refer to [8, p. 98], and the result for P, follows
from an adaption of the same proof.

The following properties of the Hilbert transform, which can be found in [6, p.
317], are also useful:

(Hu,v) = — (u, Hv) foru,v € L*(R),
(Hu)x = letx,

IHull2my = llull2w)-

Note that these properties hold analogously for the 2L-periodic Hilbert transform
Hper on T with L*(T) = L*([—L, L]), except that [|Hpertt || 22¢r) < ||l 22¢T)-

2 Analysis of Convergence Rates

In the following, we want to consider the L?-norm of the difference u™ — u(z,), and
we will do so by decomposing the error as

u" —u(ty) = " —Pou(ty)) + Poulty) —u(t,)) =" + p",

and we will use the notation w" := Pou(t,) for the sake of brevity. Here, Py = P, in
the full line case, and Py = P for the periodic case. For p", we already have estimates
for the L2-norm by virtue of (11), and so it remains to estimate the norm of 7”. As
the analysis is similar for the full line and periodic problems, we will give detailed
estimates for the former case and only indicate the main differences between the
two for the latter case. Note that in the following, C will denote a constant which
exact value is of no importance. Similarly, C (R) will denote such a constant which
depends on R and so on. When we write, e.g., L? it is understood from context if we
are referring to L?(R) or L?(T) = L?([—L, L]). For both the full line and periodic
case, we have the following result which is proved in the next subsections.
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Theorem 1. Given sufficiently regular initial data ug, say ug € H™ U1 for the
1IVP of the BO equation, we have the following convergence rate for the fully discrete

Galerkin scheme described in the previous section:

lu" —u@ty)|l2 = O(AX" "' + At?), n=0,...,N. (12)

2.1 Full Line Problem

From multiplying (1) by v, where v € H?, and integrating by parts, we get

1
(u(®?, (@v)s) + (Hu, (1), (pv)x) =0, t € (0,T]. (13)

(@), ov) = 5

From (4), (13), and (9), we are able to write

.L,n+1 —h un—H —u" Wn+1 —
—_— V) ={—, V) —{ —————, @V
ar Y A Y ar ¥
un+1 —u
= <—, </)V> — (s (ts12), 9v)

At
U(tng1) — (ty) >
_—, (pV

+ <ut(tn+1/2) - Ar

Kn+l/2
1
=-5 (@2 — utyi1/2), (@v)x)

+ (H@! 2 = up(tys12), (@v)s) + ("2 0v) |

for v € Say. As we are now considering u evaluated at t,;1/,, we cannot use the
previous decomposition of the error directly, but we instead write

"tz n+1/2 + pn+1/2 + u(ty1) + u(ty)

— u(t, )
5 u(tp+1/2)

—u(tyy12) =7

ontl1/2
Then, we may rewrite part of the nonlinear term as

(un+1/2)2 _ u(tn+l/2)2 — (.L,n+1/2)2 + 2.L,n+1/2wn+1/2 + (Wn+1/2)2 _ u(tn+1/2)2

— ("H2)2 4 o2y /2

+ (wn+l/2 + M(tn+1/2))(pn+]/2 4 O'n+1/2).
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In the following, we want to use t"1/2 € S,, as test function, and from integrating
by parts, we get the following relevant identities:

((Tn+1/2)2, ((prn+l/2)x> — _% ((T”+1/2)3, (px) ,

X

Z(Tn+1/2wn+l/2’ (QOT"H/Z)X) —_ ((_L,n+1/2)2, g0Wn+1/2> + ((_L,n+l/2)2’ (pan+1/2).

Inserting this in the previous equations, we get

2

1 1 1 1
”.L_n+1 ”%7('0 — EH‘CVLH;W 4 At |:_6 <(Tn+1/2)3, ¢x> o 5 <(,L.Vl+l/2)2’ g0‘4}?4-1/2)

+ <(,L,n+]/2)2’ (pan+1/2>

SN SR

("2 g 2) (072 4 0", (@), )

H.[;+1/2’ ((prn+l/2)x) _ <Hp§+l/2, ((prn+l/2)x)

HO_;L-H/Z’ ((pT"H/z)x) 4 (Kn-H/Z’ (prn+1/2>:| )

+

—_—

From the commutator estimates presented in [5], we have the inequalities

and

(Hwy, (pw)o) = || VoD w|%, = Cliwl2.,

(W, 0] < |V D2w|5, + C+ w2 Iwl

for w € H?. By inserting these in the preceding identity and using the L>-isometry
of the Hilbert transform, we obtain

2

1 2 12 17212 ~ 2,12
||'L'n+1||2"p+At || /QDXD / 'L'n+/ ||L2 —AZ‘C”‘L’”—H/ ”2#’

I, At n 2
< 31T, + 5 IVeD e,
+ AL[C A+ 12— w22 ) e 23

1 1
1/2 1/22 1/2 1/22
S IVl 2 4 S 2

1
+3 Wit 4w (g ) L U™ Pl + 0™ 2 2 ) 127 Ly

1
+3 W™ 72 b w2 = WOl + ol 2 ) 12" 1l

2 2 2
+ CrlE T 2N 2T P 0 + CrITI T2 12)

X
12 12 12 12
+ Crllof T P11t 2 Nl + Crlle™ 2 21T 12 ] -



31

Convergence Rates of a Fully Discrete Galerkin Scheme ... 595

From the Sobolev inequality [|[w| L~®) < W] &1(r), the Cauchy—Schwarz inequality,
(6) and reordering we then obtain

1 2At 2
EHTHIH%W’F 3 H\/@Dl/zT"H/Z”Lz
1
< Sl + A1Cr [(1 + T2, A+ w223,

1/2 1/2,2 1/2
+ W2 g T2, 4 S I

1
2
+ (W2 g2 A a2 1) A" T2 2 4 102 ) 122,

+1/2 +1/2
+ A2 4w DU + ot T2 1) 12 2y,

1/2,2
wllt"2013,

+172 1
+ o8 22U P g + I )

n+1/2 1/2 1/2 1/2
e e P L PO P S P LS

The following result is a part of Lemma 4.1 in [5] and will be of use.

Lemma 1. Let u" be the solution of (4) and assume furthermore that the scheme
fulfills a CFL condition of the form At*/Ax® < C, where C is a constant depending
on ||ug||r2. Then, ||[u™ |2 < C(|lugllz2) forn =0, ..., N.

Using Lemma 1, (10), Cauchy’s inequality, and dropping the second term on the
left-hand side, we get

12 2 12 2 1/22 1722
1" 113, < ||r"||2,@+ArC(u,R)[||r”+ 13,4 + 1715, + 1" 12017, + 10" 1212

1
+ " eI, + ||Kn+1/2||izi| :

which implies
(1= ArCGu, RT3, < (1+ ArC(u, R)|T"[13,, + ArC(u, R)S,,

where we have the remainder term

1722 1722 1212 122 1722
S = 10" 215 + 10" 200 + =5 10" 2 + o™ P e + 217

Ax?

We will assume At small enough that the left-hand side of the previous inequality
is strictly positive, say 1 — ArC(u, R)) > 1/2. From Taylor’s formula with integral
remainder, we can derive the following estimate for the seminorms of ontl/2,

Iyt
"R, < CaP f g (5) 2y ds, (14)
Iy
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and the L2-norm of k" +1/2,
/22 3 [ 2
e 2 = cart [ o)l ds. (s)
Iy
Then, we may estimate the remainder term using (11), (14) and (15),

20r+1) cax> 2 2
Sp < CAx (‘”(tn)|Hr+l + |”(tn+1)‘Hr+1) + W(W(MMHH-I + |“(tn+l)|Hr+1)
3 In+1 5 3 Int1 5
+0a8 [ @R ds+ a8 [ )12, 0
th n

20—1) 2 3 [+ 2 fn+1 2
= CAx sup Iu(t)\HH_l + C At (/ ||u,,(s)||H2 ds + / ||ugee (s)||L2 ds) .
In n

0<t<T
This yields
—1 i
1+CAr\" & [1+CAar\"/
2 - 02 AtC S
It HZ-‘/’_(I—CAt) 1113, + ;0 ey }
n—1
<t T0)3 , + are?CT 3 s;
j=0

T

T
STC@w. R T)Ax*"™D +c(T)art </0 llure ()13, ds +/0 lueee ()17 2 ds)

=C@u, R, T)(Ax20=D 4 A%,

To ensure that the above norms are bounded, we assume that uy € H*(R), s >
max{r + 1, 6}, see Theorems 5.3.1 and 9.1 in [1]. Then, we have

I7"2 < 12" 2 < Cu, R, T)(AX"™ + Ar%),
where we have employed (11) to deduce
1722 < IIPuo — uollz2 + lluo — Pyutoll 2 < CAx™,

and if one in the original scheme instead had set ul = Pyuo, then one would have
1% = 0 directly. From this and (11), we get

" — @)z < Itz + 10" 2 < Cu, R, YA + A%, n=1,...,N,

which proves Theorem 1 for the full line case.
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2.2 Periodic Problem

For the 2 L-periodic case, we follow the steps made for the real line case, but without
the cutoff function ¢ involved in the scheme and all inner products now act on
[—L, L]. In this case, it is straightforward to check that the L?-norm of the fully
discrete solution u” is conserved, simply by choosing v = u"*!/? in the adapted
version of (4), integrating by parts and applying the skew-symmetry of the Hilbert
transform and the periodicity of u". The existence and uniqueness of solutions the
adapted version of the iterative scheme (5) can be done analogously to the original
version. In this case, we do not have the commutator estimates which were used to
bound the terms (Ht!, (¢7"),) and ((t")%, (¢1");) by =3, but since these now
appear as, respectively, (Hpe 7/, 7/') and ((t")?, 77') we use the skew-symmetricity
of Hpr and the periodicity of " to conclude that they both vanish. Apart from this,
one proceeds similarly to obtain the estimate (12) for the periodic problem. Note
that by obtaining this estimate, we have proved the convergence of the scheme in the
periodic case given sufficiently regular initial data using a stability and consistency
argument.

3 Numerical Experiments

In order to verify the convergence rates numerically, we applied the fully discrete
schemes to the problems (1) and (2). Inspired by [4] we define the subspace S, as
follows. Let f and g be the functions

14+ y2Q2ly| - 3), <1,
Fy) = Yy Q2lyl=3), Iyl

07 |y| > 1’
2(y) = y(—1yD? Iyl <1,

For j € 7Z, we define the basis functions

X —)Cj X —)Cj
wix)=f ) Vajp1(x) =g Ax ),

where x; = jAx. Then, {v,»}ﬂjM spans a 4M + 2 dimensional subspace of H*(R).
In the following, we define N := 2M, which is the number of elements used in the
approximation. Note that for this choice we have » = 3 in (3), and so we expect
convergence rates of order O (Ax? + At?).

To approximate the full line for (1), we have chosen to consider a finite inter-
val with periodic boundary conditions, and we claim that this is a reasonable
approximation as long as the approximate and exact solutions are close to zero
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at the endpoints, simulating the decay at infinity on the real line, which is the case
for our examples. We have chosen to set Ar = O(Ax), contrary to the assertion
At = O(Ax?) from the theory, as smaller time steps did not lead to significant
improvement in the accuracy of the approximations. In the iteration (5) to obtain
u"*1, we chose the stopping condition |[w ™! — wt||;> < 0.002Ax]|u"| ;2. The inte-
grals involved in the Hilbert transforms were computed with seven and eight point
Gauss—Legendre quadrature rules, respectively, for the inner Cauchy principal value
integral and the outer integral appearing in the inner product. For t = nAt, we
set Uay(x,t) =u"(x,1) = Zfl:fM u;fvj (x). We have measured the relative error
E :=|luax — ullz2/l|ullz2 of the numerical approximation compared to the exact
solution u, where the L?-norms were computed with the trapezoidal rule in the grid
points x; of the finest grid considered.

3.1 Full Line Problem

A solution to this problem is the double soliton given by

4dcicp (Cl)\.% + cz)»% + (c1 + cz)zcl_lcz_l(cl — cz)_z)

2 9
(crcarira = (c1 + 2)2(e1 — €2)72)" + (c1A1 + ©24)?

M;Q(x, t) =

where A :=x —c1t —d; and Ay := x — cat — d». When ¢, > ¢ and d; > d», this
equation represents a tall soliton overtaking a smaller one while moving to the
right. We applied the fully discrete scheme with initial data uy(x) = us(x, 0) and
parameters ¢; = 0.3, ¢; = 0.6, d; = —30, and d; = —55. The time step was set to
At = 0.5Ax/||up||L~ and the numerical solutions were computed for + = 90 and
t = 180, that is, during and after the taller soliton overtakes the smaller one. To
approximate the full line problem, we set the domain to [—100, 100] with the afore-
mentioned periodic boundary condition, and based on this domain we chose the
weight function ¢ (x) = 120 + x for all experiments in this setting. The results are
presented in Table 1 and a comparison between the approximation for N = 256 and
the exact solution is shown in Fig. 1. These results for the full line problem are also
presented as numerical examples for this scheme in [5].

The plot shows that the numerical approximation appears to be close to the exact
solution and this is confirmed by the errors which are decreasing from N = 256
onwards, but not with a consistent rate. According to our analysis, we should expect
a convergence rate of 2, but at r = 180 it varies from slightly below 1 to slightly
above 2. As pointed out in [5], this is a complicated numerical example since one has
to approximate the nonlinear interaction between two solitons. Moreover, approx-
imating the full line by a periodic finite interval could also be contributing to the
error, and thus, we are led to believe that the method applied to the periodic problem
will yield results which are in better agreement with theory.
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Table 1 Relative L2-error at + = 90 and 7 = 180 for full line problem with initial data us> and

periodic boundary conditions

N t =90 t =180
E rate E rate
128 0.01844 —1.45 0.11959 —1.32
256 0.05021 1.58 0.29755 1.75
512 0.01678 0.68 0.08869 0.74
1024 0.01044 1.16 0.05295 2.35
2048 0.00467 0.08 0.01040 0.89
4096 0.00442 0.00561

Double soliton

25
approximation: N = 256
— — exact
2+
151
z
=
1 |
0.5
0 . I L _—
-100 -80 -60 -40 -20 0 20 40 60 80 100

X

Fig. 1 Numerical approximation for N = 256 and exact solution for r = 0, 90, and 180, respec-
tively, positioned from left to right in the plot, for full line problem with periodic boundary condi-

tions. This figure is reproduced from [5]

3.2 Periodic Problem

In our second example, we consider the Cauchy problem for the 2L-periodic BO
equation (2). In this case, there exists a 2 L-periodic single wave solution that tends

to a single soliton as the period goes to infinity, given by

2¢8 T
upl(xst)z 82_

1 — /1T —=82cos (c8(x — ct))’ cL
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We applied the scheme with initial data uo(x) = u,(x, 0) with parameters ¢ = 0.25
and L = 15. The time step was setto Ar = 0.5Ax and the approximate solution was
computed for ¢+ = 480, which is four periods for the exact solution. As previously
mentioned, we do not have a weight function in this setting, which is equivalent to
¢ = 1. A visualization of the results for N = 16, 32, and 64 is given in Fig.2.
Again, the plot indicates that the numerical approximation closes in on the exact
solution, and this is confirmed by the errors in Table 2 which are decreasing with a
rate of approximately 2, as predicted by theory. The reason for this better behavior
compared to the previous example could also be its somewhat less complicated
nature, where the exact solution is simply the translation of a single solitary wave.

Periodic wave
0.8 e

-~ approximation: N = 16
—-— - approximation: N = 32
approximation: N = 64

— — exact

u(x,480)

Fig. 2 Exact and numerical solutions of the 2 L-periodic problem at t = 480 for element numbers
N =16, 32, and 64, with L = 15 and initial data u

Table 2 Relative L2-error at t = 480 for 2L-periodic problem with initial data u pl

N E rate
16 0.14960222 2.41
32 0.02807195 2.28
64 0.00577740 2.16

128 0.00129088 2.07
256 0.00030683 1.97
512 0.00007805 1.85

1024 0.00002172
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Abstract

We define kinetic and potential energies for which the principle
of stationary action from Lagrangian mechanics yields a Camassa—
Holm system (2CH) as the governing equations. After discretizing
these energies, we use the same variational principle to derive a
semi-discrete system of equations as an approximation of the 2CH
system. The discretizaton is only available in Lagrangian coor-
dinates and requires the inversion of a discrete Sturm-Liouville
operator with time-varying coefficients. We show existence of fun-
damental solutions for this operator at initial time with appro-
priate decay. By propagating the fundamental solutions in time,
we define an equivalent semi-discrete system for which we prove
that there exists unique global solutions. Finally, we show how
the solutions of the semi-discrete system can be used to construct
a sequence of functions converging to the conservative solution of
the 2CH system.

2.1 Introduction
The Camassa-Holm (CH) equation

Up — Uppr + ULy — 2UpUpy — Ulgyy = 0, (2.1.1)

41
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is first known to have appeared as a special case in a hierarchy of com-
pletely integrable partial differential equations presented in [25, Egs.
(26e) and (30)], although written in an alternative form. The equation
gained prominence after it was derived in [8] as a limiting case in the
shallow water regime of the Green—Naghdi equations from hydrodynam-
ics, see also [18]. Since then. the Camassa—Holm equation has been
widely studied due to its rich mathematical structure: It is for instance
bi-Hamiltonian, admits a Lax pair and is completely integrable. The
solutions may develop singularities in finite time even for smooth initial
data, see, e.g., [12, 13].
The so-called two-component Camassa—Holm system (2CH)

Ut — Utpr + SUUL — 2UzUzy — Ulgrr + PPz = 0, (2.1.2a)
pt + (pu)y =0 (2.1.2b)

was first introduced in [39, Eq. (43)]. This is not the only two-component
generalization which has been proposed for the CH equation. For in-
stance, in [9, 23] the authors showed how similar systems are related to
the AKNS hierarchy. However, we will here only consider (2.1.2), which
similarly to (2.1.1) can be derived as a model for water waves. Indeed,
the system was derived in [20] from the Euler equations in the case of
constant vorticity, while different derivation based on the Green—Naghdi
equations can be found in [14]. The 2CH system shares many properties
with the CH equation: The equation is bi-hamiltonian [39], admits a Lax
pair and is integrable [14]. Results on the well-posedness, blow-up and
global existence of solutions to (2.1.2) are provided in [22, 33, 32, 21].

Both the CH equation and the 2CH system are geodesic equations,
see [17, 15, 16, 21]. The CH equation is a geodesic on the group of
diffeomorphisms for the right-invariant norm

E= E ullf = 1/(u2 + u?) dz. (2.1.3)
2 2 Jr

To clarify this statement, we introduce the notation y : Rt x R — R

for a path in the group of diffeomorphisms, meaning that y(¢, ) denotes

the path of a particle initially at &, and the Eulerian velocity is given

by yi(t,€)) = u(t,y(t,£)). The geodesic equation is then obtained as an

extremal solution for the action

Aly) = ttl E(t)dt:;/t /(yt ,5+> dédt.

The momentum map, as defined in [2], is given by the Helmholtz trans-
form m(u) = u — Uy, in Eulerian coordinates. Then we may write the
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energy as E = L [, m(u)udz. For the 2CH system in [21], the diffeo-
morphism group is extended by a semi-direct product, which accounts
for the variable p. Then the 2CH system is a geodesic for the norm
3 ullfn + : Hp||i2 We do not follow this purely geometrical approach
here, but consider instead (2.1.2) from a Lagrangian mechanics perspec-
tive, see, e.g., [1]. Then we treat p as a density and define a potential
energy given by

1
EPot = 2/(p — poo)? dz, (2.1.4)
R

for a constant p», > 0. Equation (2.1.4) can be interpreted as an elastic
energy: It increases whenever the system deviates from the rest configu-
ration given by p = poo. In a standard way, see, e.g., [1], the Lagrangian
L is defined as the difference of a kinetic and potential energy

L= Ekin . Epot.

Here we set the kinetic energy equal to (2.1.3). The governing equation
is then derived by the least action principle, also called principle of
stationary action, on the group of diffeomorphisms.

To derive a discrete approximation of the CH and 2CH equations,
we propose to follow the two steps of this variational approach. First,
we discretize the path functions y(t,£) by piecewise linear functions,
yi(t) = y(t,&) for & = 1AL, i € Z and A > 0. Then, we approximate
the Lagrangian using these discretized variables. Finally, we obtain the
governing equation for the discretized system from the principle of sta-
tionary action. The group structure of the diffeomorphisms is not car-
ried over to the discrete setting, as the composition rule is not defined
for the discrete functions. In practice, this means that our discretized
equation will not have a purely Eulerian form and should be solved in
Lagrangian variables. We retain two symmetries though, the time and
space translation invariance. As a result, we have conservation of dis-
crete counterparts of the integrals fR u? +u2 dr and fR u dx, see Section
2.2.

We rewrite the 2CH system (2.1.2) in Lagrangian variables following
[30]. We first apply the inverse of the Helmholtz operator Id —0,, to
obtain

1 1
u+uuy = —P,, P — Py =u®+ §u§+§p2. (2.1.5)

We rewrite the second equation above as a system of first-order equa-

tions,
[_fm —gx] ° [g} - m ! (2.1.6)
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for @ = P, and f = u? + %u% + %pQ. In Lagrangian variables we have
P(&) = P(y(&)), and the system (2.1.6) becomes

—85 Ye P . 0

[ Ye —35] ’ [Q} M ’ (217)
for f = foy. In (2.1.7), the operator denoted by y¢ corresponds to
pointwise multiplication by y¢. The matrix operator corresponds to the
momentum map in Lagrangian coordinates and must be inverted to solve
the system. In contrast to its Eulerian counterpart in (2.1.6), the opera-
tor evolves in time. This complicates the analysis significantly, especially

in the discrete case. In Section 2.4, we introduce the operators G and K
which define the fundamental solutions of the momentum operator,

—85 Ye K g . 6 0

[yg Y o ¢ l=lo sl (2.1.8)
Note that the operator becomes singular when y¢ vanishes. In the dis-
crete case, the momentum operator and its fundamental solution are

given by

—D_ Diy vk 0 0

RN RT T
where Dy denotes forward and backward difference operators, see Sec-
tion 2.2. This is a form of Jacobi difference equation, cf. [41]. To establish
solutions of (2.1.9), we shall invoke results from [24, 40], which gener-
alize the Poincaré—Perron theory on difference equations. Section 2.3 is
devoted to this analysis.

The CH equation and 2CH system can blow up in finite time, even
for smooth initial data. Blow-up, also known as wave breaking, for the
CH equation has been described in [11, 12, 19] and consists of a singular-
ity where limy_,;, u,(t,z.) = —oo for some critical time ¢, and location
z.. However, since the H'-norm of the solution is preserved, the so-
lution remains continuous. In fact, the solution can be prolongated in
two comnsistent ways: Conservative solutions will recover the total en-
ergy after the singularity, while dissipative solutions remove the energy
that has been trapped in the singularity, see [5, 36, 30, 29, 6, 38, 31].
If p > 0 initially, no blow-up occurs and the 2CH system preserves the
regularity of the initial data, see [30]. We can interpret this property as
a regularization effect of the elastic energy: The particles cannot accu-
mulate at a given location because of an elastic force that acts then as
a repulsive force. The peakon-antipeakon collision is a good illustration
of the dynamics of blow-up, see, e.g., [35]. We present this scenario in
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Figures 2.1 and 2.2. In the peakon-antipeakon solution, which corre-
sponds to pg = 0, we observe the breakdown of the solution and the
concentration of the energy distribution into a singular measure. At col-
lision time, u? 4+ u2 = 0 and the energy reduces to a pure singular Dirac
measure, which naturally cannot be plotted. In the case py = 1, the
potential energy prevents the peaks from colliding, which is clear in the
plot of the characteristics in Figure 2.1. The potential energy grows as
the characteristics converge and results in an apparent force that divert
them.

The global conservative solutions of the 2CH system are based on
the following conservation law for the energy,

(3(u® + 1 + (p = poo)®))e + (ug (u® + Ul + (p = poo)?))a = —(uR)a,

where R = P — 1u® — $p% for P in (2.1.5). This equation enables us to
compute the evolution of the cumulative energy defined from the energy
distribution as

1 [y ) ) N
B9 = [ @it (o g o
2 )
in Lagrangian coordinates, and we obtain %I = —(uR) o y. This evolu-

tion equation is essential to keep track of the energy when the solution
breaks down. To handle the blow-up of the solution, we need also to
have a framework which allows the flow map & — y(t,£) to become
singular, that is where y¢ can vanish and the momentum operator in
Lagrangian coordinates become ill-posed. In [30], explicit expressions
for P and @ are given. Here, we have to adopt a different approach
where we propagate the fundamental solutions I and G from (2.1.8) in
time. The equivalent system which is obtained for (2.1.2) is given by

w=U, U=-Q, H=-UR, (2.1.10a)
with the evolution equations for I and G given by
Sg_wx, k=g (2.1.10b)
ot~ TV ot Y o

Here [, K] denotes the commutator of U and K, see Section 2.4. In the
case where poo =0, R and @ in (2.1.10a) are given by

{}Qz] - [g Ii} © FZI' (2.1.10¢)

The derivation of (2.1.10) can be carried over to our discrete system,
and this is done in Section 2.4.
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Figure 2.1: Plot of the characteristics for the peakon-antipeakon initial
data for pg equal to 0 and 1. We observe the regularizing effect of pg > 0
which prevents the characteristics from colliding.

The short-time existence for the solution of the semi-discrete system
relies on Lipschitz estimates. At this stage, one of the main ingredients
in the proofs is the Young-type estimate for discrete operators presented
in Proposition 2.4.2. For the global existence, we have to adapt the argu-
ment of the continuous case and complement it with a priori estimates
of the fundamental solutions (g, k,7,x). These estimates follow from
monotonicity properties of these operators, see Lemma 2.4.3. Section
2.5 is devoted to establishing the existence and unique of global solution
to the discrete 2CH system. There we also present how one can con-
struct initial data for the semi-discrete system. Finally, in Section 2.6,
we explain how the solution of the semi-discrete system can be used to
construct a sequence of functions that converge to the solution of the
2CH system (2.1.2).

2.2 Derivation of the semi-discrete CH system
using a variational approach

The 2CH system can be derived as the Euler-Lagrange equation for the
kinetic and potential energy given by (2.1.3) and (2.1.4) respectively.
The variation is done with respect to the particle path, denoted by
y(t,€). This approach requires us to rewrite X" and EP°! in Lagrangian
variables. For the kinetic energy, we obtain

kin _ 1 ytf
= [ <y§yg+y§> (1) . 1)
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(c) u(t,z) for pg =1 (d) u?(t,z) + uZ(t,z) for pg =1

() (p(t, ) — poc)? for po = 1

Figure 2.2: Solutions for peakon-antipeakon initial data. For pg = 0 we
plot  in (a) and u?+u2 in (b). We observe the blow-up of u, at t. ~ 1.5
and the concentration of energy. For the same initial ug, but pg = 1,
we plot the corresponding solution in (c) and (d), and observe that it
does not blow-up. In (e) we plot the distribution of the potential energy
given by (p(t, ) — pso)?, and observe how it grows when the peaks get
closer to each other.
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By definition, the density satisfies
p(t, y(t, €))ye(t, €) = p(0,5(0,€))ye(0,£), (22.2)

which expresses that the mass is conserved. We rewrite the potential
energy (2.1.4) in terms of y and obtain

o= 2 [ (w0, 9509 ) g @29
2 R yf(t7£)

The definition of p given by (2.2.2) is equivalent to the conservation law

(2.1.2b). We can check this statement directly:

%(ﬁ(t YYe) = (pe(t,y) + pu(t, y)ult, y) + pt, y)ua(t,y))ye = 0.

By introducing the Lagrangian density r, defined as

and requiring it to be preserved in time, we impose the definition of the
density p in the system.

Next we shall discretize the kinetic and potential energies. First,
we divide the line into a uniform grid by defining §; = jA¢ for some
discretization step A{ > 0 and j € Z. Then we approximate y(t,§;)
with y;(t), and the spatial derivatives ye(t,&;) with the finite difference
D y;. The finite difference operators D and D_ are defined as

Yj+1 — Yj
Diy;, = +=——> 2.2.4
iy] Aé— I ( )
and they satisfy the discrete product rule
Di(vjwj) = (Divj)wjil + Uj(Di’LUj). (2.2.5)

When we later encounter grid functions with two indices, such as g; ;
for 4,5 € Z, we will indicate partial differences by including the index
in the difference operator, e.g., Dj1¢; j = (gij+1 — gi,j)/AE. We use the
notation #P and £°° for the Banach spaces with norms

P

lalle = [ ALY lasl? and  [lallg= = sup |ayl, (2.2.6)
JEL JEL

with 1 < p < co. For p = 2 we introduce a discrete analogue to the
L2-inner product, namely

(v, W) p2 = A&Zijj, v,w € £2. (2.2.7)
JEZ
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Then we may also define the adjoint, or transpose as we are working
with real functions, of each difference operator in (2.2.4). We denote
them by (D4)": €2 — £2, and they are defined through the relation

Z(( Tvj)w; = Zvj (Diw;), v,w € £2. (2.2.8)
JEZ JEL

Summing by parts in the right-hand side of (2.2.8) we find that the
operators in (2.2.4) satisfy (D))" = —Dx.

Turning back to the energy functionals, we discretize the kinetic
energy (2.2.1) using finite differences to obtain

mn D y 2
B¢ ;Agz ( 9;)*(D1y;) + (D+yf_) ) (2:2.9)
jez +97

The Lagrangian velocity is as usual defined as U; = 9; and, using this
notation, (2.2.9) becomes

| (D, U;)?
kin __ E : (72 ++J
Eac = §A£ < iDets D y; ) .

The discrete counterpart of the potential energy (2.2.3) is similarly de-

fined as
t D—i—yO] 2
B =3 fZ( ’ —poo) (D)),
JEZ

where yo ; == yo(&;) and po ; = po(yo,;). Now we define the Lagrangian
as the difference between the kinetic and potential energy,

Lais = BS; — BN

We compute the Fréchet derivatives of Lg;s with respect to y and y.
Formally, we have

B2 = Ag :( ;(D D+Uip, (sU )
E ¢ fjez (Dyy;) + D,y (6U);
D, U;\?
A 2D (M) D.(Su):
+ 5;@ < +(6y); — Doy, +( y)g)
D+Uj>>
=A g (D —D_ oU);
fjez < +yj <D+yj ( )]

N2
_ A&Z%D, ((Uj)z _ (gﬁ;) ) (69);,

JEZ
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where in the final identity we have used (2.2.8) and D] = —D_. This
leads to the Fréchet derivatives

JERE 1 D, U\ 2
(8) - (o7 32)
) j +Yj

SEXn D.U; 6L gis

13 o ) N +Uj _ dis

( 507 >'—U](D+y]) D_ (D+yj> ( 517 >j, (2.2.10)
J

where the rightmost equality in (2.2.10) is a consequence of EY; belng

and

independent of U. Here the Fréchet derivative is given in £2, usmg the
duality pairing defined by (2.2.7). For the potential term we find

A D.yo,; D yo,;
SENG = Z ( ( == 00,5 = poo D++y~J po,;D+(6y);
] J

D+y0j 2
0 o — b | D (Sy);
+ < Dy, pPoj — P +( y)])

2
= A(SZ ED, <D+y()vjp0 > — o2 | oy;
9 D+y] 5] o] R

JEZ

which gives the Fréchet derivative

t
OB _15 D+yo,jp0 N e
5?] ; 927~ D+yj 2] 0

The Euler—Lagrange equation gives us

0Lais  d 0Lais

oy dt oU

—0, (2.2.11)
see, e.g., [1]. Since

d (dLais d D, U;

el — “(U.Dov:)—D_ [ =+

dt< 35U >j dt <UJ( +3) <D+yj>>

. D, U,
=U;(D;y;) —D_ | =2
(D) <D+yj>

D, U;\?
+U;(D4U;j) + D <J> :
5(D+5) ( Doy,
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we obtain the following system of governing equations

v; = Uj (2.2.12a)
and
: D, U;
Dyy))U;, —D_ | =—2
( +y.7) J <D+y]>
= —U;(DLU;) — ED (UA)2+ <D+Uj>2+ <D+y07jp .>2
PR T ! D.y; Dy; ’
(2.2.12b)

for j € Z. Note that we have omitted p%, on the right hand side in
(2.2.12) as D_ maps constants to zero.

Next we show that energy, which coincides with the Hamiltonian, of
the system is preserved in time. We can use the Legendre transform to
define the Hamiltonian

5»Cdis
iS — —_—, — iS' 22.1
’Hd < (5U U >Z2 ﬁd ( 3)

Writing out the above Hamiltonian explicitly we have

N2 A 2
Hais = %Afz ((UJ-)Q + (D""UJ> + (D'*'yoﬂp()’j _ Poo) ) (Dyy;).

‘ez Dy; Dy;
(2.2.14)
We observe that the Lagrangian L4;s does not depend explicitly on time.
Then it is a classical result from mechanics, which follows from Noether’s
theorem, that Hg;s is time-invariant,

deis

=0.
dt

The Lagrangian Lgjs is also invariant with respect to translation, which
means that another time-invariant can be obtained. We denote by
W €2 x R — £2 the transformation given by the uniform translation
(¥(y,€)); = y; +¢. For simplicity, we write y*(t) = ¢ (y(t),e). From the
definition of ¢, we have

()= §(t) and Dy (1) = Dyy(d).

Hence, the Lagrangian Lg;s is invariant with respect to the transforma-
tion 9. Then Noether’s theorem gives us that the quantity <6§gfs , %>22
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is preserved by the flow. In our case, (‘%&). = 1 and (‘Sﬁi}l@)' =
j j

U;(D;y;)—D_ (]BLL/]JJ ), see (2.2.10). Thus, we obtain that the quantity

I=A)" ( (Dyy;) — D_ <1])3+UJ>> = ALY Uj(Dyyy), (2:2.15)

JEZ +Yi JEZ

is preserved. Note that I corresponds to a discretization of

/R(u—um)dﬂz:/Rud:z

in Eulerian coordinates, which is preserved by the 2CH system.

Let us return to (2.2.12), and in particular to the left-hand side
which contains Uj but not in an explicit form. For a given sequence
a = {a;j}jez € €*° and an arbitrary sequence w = {w;}jez € €2, we
define the operator Ala] : £2 — £2 by

Diw;

(Ala]w); = ajwj —D_ (“) , JEL. (2.2.16)
aj

The operator Afa] corresponds to the aforementioned momentum op-

erator m when a; = Diy;, and takes the form of a Sturm-Liouville

operator. This operator is symmetric and positive definite for sequences

a such that a; > 0, as we can see from

Aﬁ€j£:1h ] _'436252 <ajuhlh +’é?

(D+UUMD+vﬁ>,
JEL JEZ J

where we once more have used (2.2.8). When A[D_ y] is positive definite,
it is invertible and we may formally write (2.2.12) as a system of first
order ordinary differential equations,

y; = Uj,

Uj = —A[D4y] ™! (Uj(D+Uj)

1 DU \? | (Dimoy )
+-D_ U~2+< ’>+< L poj :
2 <( 2 Dyy; Diy;
When solving the above system, we obtain approximations of the fluid
velocity and density in Lagrangian variables, U;(t) ~ u(t,y(t,§;)) and
po.i/(Dyy; () = p(t, y(t, &5))-

(2.2.17)
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We conclude this section with some comments on the Hamiltonian
form of the equations. Hamiltonian equations in generalized position and
momentum variables can be derived from the Lagrangian approach in
classical mechanics, see, e.g., [1]. The generalized momentum is defined
as p = %{}is(y, U). When we express the Hamiltonian Hgjs given in
(2.2.14) in term of y and p, the Hamiltonian equations are then given as
usual by

o OMas . Ha

- op dy

From (2.2.15), we get that the momentum is p; = (A[D;y]U);. Hence,
Uj = (A[D4+y]"'p);, and the Hamiltonian (2.2.14) is

)

(2.2.18)

1 -1 t
Hais = 5 A ij(A[Der] p)j + Ele -
JEZ
Moreover, (2.2.18) are exactly y = U and (2.2.11). If we introduce the
fundamental solution g; ; of the operator A[D,y], see Section 2.3, the
Hamiltonian can be rewritten as

1 1
—— . . — . Ney- - pot
Hais = 2A§ E J2PAY E 9i,jPi = 5 E (A&pi) (Ap;)gi; + EAg'
JEZ iE€EZ i,JEL

In the case p = 0, i.e., EZ? = 0, we recognized the similarity of this
expression to that of

| N
Hmp = 5 Z pipje_‘yi_yj|
7,7=1
given in [8]. The Hamiltonian H,, defines the multipeakon solutions,
which can be seen as an other form of discretization for CH, see [37] for
the global conservative case. Then, the two discretization appear as the
results of two different choices of discretization for the inverse momentum
operator: We have g; ; in the case of this paper and g; ; = e~ lvi=uil in
[8]. We note that a numerical study of discretizations of the periodic
CH equation considering both multipeakons and the variational method
presented in this paper can be found in [26].

2.3 Construction of the fundamental solutions
of the discrete momentum operator
In this section we will construct fundamental solutions for the momen-

tum operator in (2.2.16). However, we will first present some results on
sequences which will prove useful in the later analysis.
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2.3.1 Some useful results for sequence spaces

Given a grid parameter A > 0, let £ be the space of all bilaterally infinite
sequences a = {a;}jez defined on the lattice AZ = {jAE | j € Z}.
We have already encountered the Banach spaces £°° and #P with norms
defined in (2.2.6). Let us also define a discrete analogue of the H!(RR)-
inner product,

(@ D) = A6 [ah; + (Da)(Diby)], (23.1)
JEZ

which induces a norm in the usual manner. Finally, we introduce the
subspace of £*° defined as

Vae={ael*[Diac ), ally,, = lalg + [Diallpe. (23.2)

Now we are set to present some results for sequences which will be useful
to us.

Proposition 2.3.1 (Useful results for sequences). We list some useful
results for sequences a: Z — R, b: Z — R, and f: Z X Z — R, where we
use the convention q/oco =0 for ¢ < oo, and co/oco = 1.

The inverse inequalities

1 1
llallg= < ﬁHQHZQ < E!MH@, (2.3.3)

the discrete Sobolev-type inequality

l[allg= (2.3.4)

< ! || ”h
allyt,
- \/>2

the summation by parts formula

n n
ALY (Db + AL aj(D_bj) = anp1bn — ambm-1,  (2.3.5)

Jj=m Jj=m

and a discrete generalized Holder inequality
n
[
k=1

where in (2.3.6) the j-th component of a product of sequences is inter-

preted as
(H ak) = [ [ (ar);-
k=1 j

k=1

q

n n
1 1
< H HakHZPk for Z — =, ¢,pk€E [1700]7 (236)
0 k=1 j—1 Pk
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Furthermore, any sequence a such that Dya € £2 is bounded in the “dis-
crete Holder seminorm”,

|aj — ay|
sup ———————— < ||Diallp. (2.3.7)
jkeN 2k (ALl — k|)1/2 ¢

In addition, such sequences satisfy the asymptotic relation
lim +/A¢|Dqaj| =0, (2.3.8)
Jj—Eoo
which in particular implies

lim |aj41 —aj| = lim A¢|Diaj| =0 for a € Vae. (2.3.9)
Jj—Foo

Jj—Foo

For the proof of Proposition 2.3.1 we refer to Appendix 2.A.

2.3.2 Construction of fundamental solutions

In this section we construct a Green’s function or fundamental solution
for the operator defined in (2.2.16). Note that when a = D,y coin-
cides with the constant sequence 1 = {1};cz, we have from (2.2.16)
that A[1] = Id —D_D,, which corresponds to the operator used in the
difference schemes studied in [10, 34]. As the coefficients are constant,
the authors are able to find an explicit Green’s function g which can be
written as

il
4+ A§2> (2.3.10)

pR— (1+A52+“f
YT Virae

2 2
and fulfills (Id —D_D4)g = dp. Here 69 = {0 j}jcz for the Kronecker
delta d; j, equal to one when the indices coincide and zero otherwise.
In our case, the coefficients appearing in the definition of A[D_y] are
varying with the grid index j, which significantly complicates the con-
struction of the Green’s function.

Let us consider the operator Afa] from (2.2.16) and the equation
(Alalg); = fj. We want to prove that there exists a solution which
decreases exponentially as j — +oo. To this end, we want to find a
Green’s function for the operator Afa], and the first step is to realize
that the homogeneous operator equation (Afalg); = 0 can be written as

Dyg; Dygi—
7+ng = Afajgj + —+9i-1 .

a; j—1
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This can again be restated as a Jacobi difference equation, see [41, Eq.
(1.19)].

1 11 ) 1
——gjr1+ | — + —— +a;(AL )g'—g'—1=0,
con+ (o a(A07) 0 -

or equivalently in matrix form

[gj—l} = A, [gjfl} . (2.3.11)

gj g

= a; a;
g |mas 14 +(aA8)?

Observe that /Nlj is not symmetric and always contains positive, negative
and zero entries under the assumption a; > 0. Moreover, flj is ill-defined
when a;_; = 0. This case is of importance to us, as it corresponds to
wave breaking for the system. We want to allow for a; = 0 in order to
obtain solutions globally in time. If we go back to the first restatement
of the operator equation and introduce the variable

- Digj _gj+1—9;
J aj ajA§ ’

(2.3.12)

we get the following characterization of the homogeneous problem

o D ] [g]] [0}
= , 2.3.13
|: a; -D_ Vi 0 ( )
or equivalently

gis1] _ [1+ (a;4€) ajAS] [ 95 ] o [ 9j ]
{% ] _[ e 2= es

Here A; is a symmetric matrix with positive entries whenever a; > 0,
and it reduces to the identity matrix when a; = 0. We will use (2.3.14)
rather than (2.3.11) to construct our Green’s function, and it will also
significantly simplify the analysis of the asymptotic behavior for the
solutions.

Lemma 2.3.2 (Properties of matrix A;). Consider A; from (2.3.14)
and assume a; = 1+ Dyb; > 0 where Db € €2. Then det A; =1 and
there exist My > my > 0 depending on ||Dyb| e and AE such that the
etgenvalues )\;t of Aj satisfy

mp <A <1< A <M, (2.3.15)

uniformly with respect to j when a; > 0. Moreover there is the obvious
identity )\]i =1 when aj = 0. Asymptotically we have limj_,4- A; = A,
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where A is given by A; after setting a; = 1, and the eigenvalues At of
A satisfy
m<A<l< A<M (2.3.16)

for M > m > 0 depending only on AE. Moreover, as the eigenvalues
are strictly positive it follows that the spectral radius of Aj, spr(A;) =
max{|\]'[, |\ |} satisfies | A;] = spr(4;) = AJ, [|A] = spr(4) = AT,
and both matrices can be diagonalized: A; = RjAjR;-r, A= RART.

Proof of Lemma 2.3.2. To see that det A; = 1 one can compute it di-
rectly, or see it from the eigenvalues

(ajA£)2 4 ajAf
2 2

)\ji =1+ 4+ (a; AE)?

) 9 (2.3.17)
= 1 < 4+ (ajA£)2 + (le£> ,

which shows that A; is invertible irrespective of the value of aj. As A; is
real and symmetric it can be diagonalized with orthonormal eigenvectors

rji as follows

1 1
AT 0 L+ AF 1+ A7
T J

_\/1+/\j‘ \/1+>\j
(

2.3.18)

Since Db € €2, for any j € Z we have the bound

1/2
VAEIDb| = (A¢ID40;) " < ID1 bl
which leads to
0 < aj AL < AL+ /AL Dbl = K,
meaning a; is bounded from above and below. Then it follows that

A+ K- K, 4+ KZ + Ky
e D e I

0< 5 y 5

IN

corresponding to (2.3.15). Furthermore, we have lim; 1 a; AL = A&
by (2.3.9). We denote by A, A, R, and A the matrices and eigenvalues
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given by A;, A;, R;j, and )\;E after replacing a; by 1. From the preceding
limit, (2.3.17) and (2.3.18) we obtain

lim (Aj,Aj,Rj) = (A, A, R) (2319)

j—*Eoo
Bounds for A* are obtained similarly to the bounds for )\;.t. As A; A
are symmetric and hence normal, their norms coincide with the spectral
radius spr(-) which here coincides with the largest eigenvalue. O

Note that (2.3.14) corresponds to a transition from (g;,vj-1) to
(9j+1,7j), so that A; can be considered as a transfer matrix between
these two states. Thus, solving the homogeneous operator equation
(Alalg); = 0 bears clear resemblance to propagating a discrete dynami-
cal system, and this is also the idea employed in the analysis of Jacobi
difference equations in [41, Eq. (1.28)]. However, in making the change
of variable to obtain (2.3.14) we lose the symmetry of the difference
equation, and so the results in [41] are no longer directly applicable. On
the other hand, our system can be regarded as a more general Poincaré
difference system, and our idea is then to apply the results [24, Thm.
1.1] and [40, Thm. 1] to the matrix product

Ap—1--- Ay, k> j,
Bp ;=1 1, k=j, (2.3.20)
(Ap)™ ' (4-0)7h k<,

which is the transition matrix from (g;,7vj—1) to (gx, 7k—1). Note that in
the lemma below, the norms can be taken to be the standard Euclidean
norm, but one could use any vector norm.

Lemma 2.3.3 (Existence of exponentially decaying solutions). Con-
stder the matrix equation

Un = (Pno)vo,  vp = [ n ] , (2.3.21)
Yn—1

coming from (2.3.14) with ®,, 0 as defined in (2.3.20). Then there exist

inatial vectors vy = v(jf such that the corresponding solutions vt satisfy

lim {/|lvi | = A~ (2.3.22)
n—Too
That is, there exist solutions v, with exponential decay in either direc-
tion, owing to the Lyapunov exponent A\~ < 1. Moreover, the initial
vectors are unique up to a constant factor.
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Proof of Lemma 2.3.3. We begin with the case of increasing n, and we
want to apply [24, Thm. 1.2] which states that for sequences of positive
matrices {A,} satisfying lim,,_, - A, = A for some positive matrix A
we have

ApAn_1 ... A1 A -

lim VW (2.3.23)

n——+o00 ||AnAn,1 R A1A0||
for some vectors v and w with positive entries such that Av = spr(A)v.
As mentioned in [3, Rem. 4], there is in general no easy way of deter-
mining the vector w explicitly.

We recall that our A, has positive entries, unless a,, = 0 in which
case we have A, = I. Because of (2.3.19), there can only be finitely
many n > 0 for which A,, reduces to the identity. If we instead consider
the sequence of positive matrices consisting of our {A,,} where we have
omitted the finitely many identity matrices, they clearly still satisfy
(2.3.19) and so (2.3.23) holds with spr(A) = AT and v = r* from (2.3.17)
and (2.3.18). However, as the matrices we omitted were identities, it is
clear that the limit in (2.3.23) for both sequences coincide. Hence, [24,
Thm. 1.1] holds for our nonnegative sequence as well.

Now, as A, > I entrywise it follows that the entries of ®, o are
nondecreasing for n > 0, which means that ||®, | is also nondecreasing
for such n. Therefore, by (2.3.23) we have that any initial vector vg
such that w "vg # 0 leads to a solution v,, with nondecreasing norm, and
which then by [40, Thm. 1] must satisfy

0= ngrfoo llvn | (2.3.24)
with o = AT > 1 due to (2.3.16), i.e., an asymptotically exponentially
increasing solution. Indeed, the nondecreasing norm rules out the pos-
sibility of v, = 0 for n large enough. It follows that (2.3.24) holds for
o0 equal to either AT or A7, but if it were A= < 1, then ||v,|| could
not be nondecreasing. However, choosing instead a nonzero vy such
that w vy = 0, we obtain an asymptotically exponentially decreasing
solution v,, satisfying (2.3.24) with ¢ = A\~ < 1. This follows by once
more excluding the scenario of v, = 0 for large enough n, since vg is
nonzero and each A, has full rank. Then the only remaining possibility
is vy, satisfying (2.3.24) with o = A™. An obvious choice of vy given
w = [w; wo] ! is then vy = [wy —wy]T.

For decreasing n, we will be able to reuse the arguments from above.
From (2.3.20) we find that ®,, o is a product of inverses of A,, for n < 0,
and by (2.3.14) we have

2o 1L s
Vi-1 ! Vi —a; A 14 (a;A8)%] | v |7
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Since (A,)~! contains entries of opposite sign, it would appear that
we may not be able to use our previous argument. However, a change
of variables will do the trick for us. First recall (2.3.12) which shows
that «y; corresponds to a rescaled forward difference for g;, hence its
sign indicates whether g is increasing or decreasing at index j. For an
increasing solution in the direction of increasing n it is then necessary
for g, and 7,—1 to share the same sign as n — +o0o. On the other
hand, for an increasing solution in the direction of decreasing n, the
forward difference for 7,_1 should have the opposite sign of g, as n —
—o0o. Therefore, a change of variables allows us to rewrite the previous
equations as

g5 | _| 1 a; AL :||:gj+1:| _ [gjﬂ]
L%’—J [ajAf |t (02| |2 | =B [ 25| 2329)

[ In ]—Bn...B_l[ go ] n<0

and

—Tn—1 —7-1

and for this system we may use the positive matrix technique from be-
fore. The eigenvalues of B; in (2.3.25) are the same as those of A;, but

they switch positions in the corresponding eigenvectors F;E compared to

r;-t of A;:

1 1
+ F
. V14X S 1+ M
J 1 ’ J 1
+— +

V1+AT V1+AT

The same argument as in the case of increasing n then proves the exis-
tence of vy giving exponentially decreasing solutions as n — —oo.

The uniqueness follows from the uniqueness of limits in (2.3.23),
which for a given eigenvector v of A means that w is unique up to a
constant factor. But then again, since we are in R?, the vector orthogonal
to w is unique up to a constant factor. ]

Remark 2.3.4 (Signs of the initial vectors). Here we underline that the
form of ®,( implies that the entries of U[:)t in Lemma 2.3.3 must be
nonzero, with opposite signs for v, and same sign for var . Indeed, by
(2.3.21) and (2.3.22) we have

lim H(@n,o)vau = 0.

n——+o0o
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Let us then assume v, # 0 with nonnegative entries of the same sign,
namely v, > 0 (v, < 0) understood entrywise. From the definition
(2.3.20) and A,, > I, it is clear that (®,,0)vy > vy ((Pno)vy < vy ) for
n > 0, and so it is impossible for the norm to tend to zero. Hence, the
entries of v, must be nonzero and of opposite sign. For n — —oo, we can
use (2.3.25) and the same argument to arrive at the same conclusion for
[go —7v-1]", implying that v& = [go 7—1]" has nonzero entries of equal
sign.

Theorem 2.3.5 (Existence of a discrete Green’s function). Let {a;};cz
be a nonnegative sequence such that aj = 1+D.b; with Db € €2. Then,
for any given index i, there exists a unique sequence g; = {gi ;}jez such
that 5

(Alelgo); = 2. (2.3.26)

Proof. Our strategy follows a standard approach for constructing Green’s
functions: We first construct solutions of the homogeneous version of
(2.3.26) with exponential decay, and then we “glue” them together mak-
ing sure we obtain a delta function at a given point. We start by con-
structing go ; centered at i = 0.

Choosing vat from Lemma 2.3.3 we set

- +

90 | . — 9o | ., +

2| =y, =y, 2.3.27
[7—1] 0 [’Yfl] 0 ( )

and define the sequences

- — + +
9n o g[) dn o gO
In | =@, | %0 |, — D, C neZ, (2328
[%1] 0 [71] [’YIJ 0 ['YJrJ ( )

where by construction g, 4% are exponentially decreasing for n — Foo.
Then, applying the operator Ala] to g% we find

(Alalg®); = ajg; —D_7f =0, jeL
by construction of g and 4*. Let us then define
— + . — + .
9i 9, J=0, Y 90, J=0,
gog=Cq7370" Yoy i=CR 00 (2.3.29)
979, J<0, Y 9, J<0

for some hitherto unspecified constant C', and observe from the homo-
geneous equation that a;jgo j —D_v0; = 0 for j # 0. Moreover, we have
D4go,; = a;v,; for all j by construction. Now we would like to show
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that the constant C' can be chosen to obtain Ala]gog = 1/A. From
(2.3.5), we get

AED " gf (Alalg);—AE Y (Alalg™)jg; = Walg g7 )~Wim-1(g~, "),
j=m j=m

(2.3.30)
where we in the spirit of [41, Eq. (1.21)] have defined a discrete Wron-
skian

Walg ™ 9%) =gt = 9bim =90 — 95 s (2.3.31)

and the last equality follows from the identity ng = gt + Afayvyt.
Since the left-hand side of (2.3.30) vanishes by definition of g*, we have
Wi(g=,g7) = Wi_1(9~,g") for any n,m € Z. That is, the Wronskian
W,(g~,9") is a constant W (g™, g") for the constructed sequences g*
and ¢—. An alternative way to see this can be found in Remark 2.3.6.
Next, we want to show that the Wronskian is nonzero. Considering

W(g™,9")=Wlg™,9") =997 — 9471 = 957"1 + % (—771)
and the definition (2.3.27), we use the sign properties stated in Remark
2.3.4 to conclude that the two terms in the final sum are always nonzero
and of the same sign, implying W(g~,g") # 0. Finally, we will deter-
mine the constant C' by considering the backward difference

Y95 —vh9 0 9s —vT98 798 — g

Dj_v,0=0C A¢ =C At
Wi, gt W(g,g"
= Cygg aogy — Cl(zg ) _ a090,0 — C(gAgg )7
which leads to
W(g,g")

(Alalgo)o = aogoo — D-v0,0 =C A¢
Consequently, setting C~! = W(g~,g") in (2.3.29) gives the desired
Green’s function.

Note that there is nothing special about the index ¢ = 0 where we
centered the Green’s function. We can simply use the sequences (2.3.28)
from before and define

g 979, 3= MUV S Ve, i,
Y — — . . ) _ _ . .
J W(g ’g+> g] gz+7 J < 1, J W(g 7g+) ,yj gz+7 j <

(2.3.32)
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to obtain a Green’s function g; ; centered at an arbitrary .

The uniqueness of g; ; follows from the vectors U(:)t in Lemma 2.3.3
being uniquely defined up to constant factors. Indeed, when constructing
the Green’s function in (2.3.32) these factors disappear since we are
dividing by the Wronskian W (g~,¢"), and so we have no degrees of
freedom left in our construction of g; ;, hence it is unique. O

Remark 2.3.6. The constancy of the Wronskian (2.3.31) can be derived
in an alternative way using only (2.3.14). Observe that

_ — Y
Wa-1(97,9") = g4 7m_1] [ = 1} :
In
Without loss of generality we may assume n > k, and transposing

(2.3.14) we find

ot v =[ob wia] (@ap)T

On the other hand, by interchanging rows (2.3.14) can be written

|:_’Yn1:| _ [ 1 —ap—1A§ ] |:_’Yn2:| =(A 1)—1 |:_7n2]
9n —an-1A8 1+ (an—148)?| | 9,4 " I1 ]’
which leads to

e )

It is then clear that

Wia1(97,9") =91 i) ((I)n,k)—r(q)n,k)_—r [_;k_l] =Wi-1(97,9"),
k
which is what we claimed.

Note that Afa] is not the only way to discretize the operator
919
9¢ a(§) ¢

with first order differences, we may also consider

a(§)1d

D_k;
(B[a]k)j = ajkj — D+ < ]> . (2333)
aj
In fact, we will need the Green’s function for this operator as well to
close our upcoming system of differential equations. Fortunately, the
existence of Green’s function for (2.3.33) follows from the considerations
already made in Theorem 2.3.5.
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Corollary 2.3.7. Under the same assumptions on {a;};cz as in The-
orem 2.3.5, for any given index i there exists a unique sequence k; =
{kij}jez such that
5

(Bla]k;); = A%' (2.3.34)
Proof of Corollary 2.3.7. By manipulating the homogeneous version of
(2.3.34) we find it to be equivalent to

D_k;

D_k;
——* — Atajk; +
aj+1 a;

Introducing
D_k‘j B kj — kj—l
7] N ajAE ’

the previous equation can be written as
rivn| _ [1+ (03402 ;A [ w5 | _ [ s
kij o CL]’AS 1 kij,1 - k‘j,1 ’
where we recognize the matrix A; from (2.3.14). Going backward we
find
Kj _ 1 —(Ijﬂg Rj+1
kjfl —ajA§ 1+ ((1jA§)2 kj ’
or equivalently
—/ij _ 1 ajAé’ _"‘fj—&-l — B, —/<aj+1
kjim1] g A8 1+ (a;A8)%] | Ky Lok

with B; from (2.3.25). Hence, we get the solution for free from 2.3.5.
Indeed, choosing

R N i
k1 Vo1l k:—1 —’7:—1

we know that these sequences have the correct decay at infinity. Defining

(2.3.35)

Rj =

T 1 ki, j>i,_ —1 G d >
YW, gt) kTR G<i WleTet) v, g <
PR S 0 R A B (/R R X
Y Wleg) sk G<i, Wlegh) g, J <,
(2.3.36)

it follows from (2313) that (B[a]k‘z)] = ajk:m - Dj+//v'i,j = 0 for ] 75 1.
Moreover, by the constancy of (2.3.31) we find (B[a]k;); = 1/A¢ in the
same way as for (Ala]g;);. O
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Remark 2.3.8. Note that we may observe directly from (2.3.32) and
(2.3.36) that g;; = gji, kij = kjs, and K;j = —v;;. Moreover, the

eigenvalues

Ai—;<2+A§2iAg 4+A§2)

are exactly those found in (2.3.10) for the operator Id —D_D,. In fact,
for a; = 1 the sequences g and k coincide since D_Dy = D, D_, and

their explicit expression (2.3.10) can be recovered from the columns of
A"R~! in the diagonalization A = RA"R™.

Observe that by (2.2.16), (2.3.12), (2.3.33), and (2.3.35) we can
rewrite (2.3.26) and (2.3.34) in the compact form

-Dj- aj ]Pm hq 1 Pj 0]
SN I . 2.3.37
[ aj  —Dji| (915 Kij] AL[O0 by ( )

Lemma 2.3.9 (Sign properties of the discrete Green’s functions). As-
sume aj > 0 for j € Z, and let g, v, k, and k be solutions of (2.3.37)

which decay to zero for |j —i| — 4+00. Then the following sign properties
hold,

(i) gij >0 and k; j > 0 for j € Z,
(11) sgn(v; ;) =sgn(i —j —1/2) and sgn(k; ;) =sgn(i —j+1/2).

In particular, this leads to the monotonicity properties

max gij = Gii,  Hm g \0,
JEZ |[j—i|—+o0 (2 3 38)
max ki,j == k/’iﬂ', lim ki,j \ 0, o
JEZ |j—t|—+o0

where the arrows denote monotone decrease.

In Figure 2.3 we have included a sketch of g; », Vin, kin, and &; ,, for
AE=0.2,i=0,4 and a, = a(nAf) given by

-1 <€<0.5,
0.5 <¢<1,
1<€&<15

otherwise.

2,
a(€) = Z’ (2.3.39)
L,

We say sketch, as they have been computed on a finite grid where n €
{—20,...,20} with boundary conditions v; —21 = gi21 = 0 and k; _2; =
ki21 = 0, and consequently we find that neither of g; _20, i 20, Ki,—20 Or
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Figure 2.3: Sketch of g;n, Yin, Kin, and K, for AL = 0.2, 7 = 0,4
and a, = a(nAf) for a(§) defined in (2.3.39). Note the jump of size
—1+4 O(AE) at n =i for both v and &.

ki 20 are exactly zero. However, the exponential decay makes them very
small and the qualitative behavior indicated in Lemma 2.3.9 is still the
same. Note how a(&) being zero on the interval (0.5, 1] leads to constant
kernel values in that neighborhood, even at the peaks for the kernels
centered at & = 0.8.

Proof of Lemma 2.3.9. We prove this only for g and v as the proof for
k and k is similar. The proof relies on the reasoning in Remark 2.3.4.
As a first step we want to show that the properties (i) and (ii) hold
for gii, 9iit+1, Vii—1, and v;;. To this end, we recall from the proof of
Theorem 2.3.5 that since g;; and v;; satisfy (2.3.37), they must also

satisfy
Yirj — B....B; iy <i—1

[—’Yi,j—l} 7o [—%‘,i—l] =
and

|: g%] :| = Aj*l e Ai+1 |:g271+1:| ) ] Z 1+ 27

Vi, j—1 i
with Ay and By, as defined in (2.3.14) and (2.3.25). By our assumptions,
the Green’s functions must tend to zero asymptotically, and we recall
from Remark 2.3.4 that a necessary condition for this is for the vectors
[9ii, —ii-1]" and [gi7i+1,%,i]T to have entries of opposite sign. Hence,
Gii7Vii—1 > 0 and g; ;417 < 0, where we stress the importance of a; > 0
for this argument to hold. Using only (2.3.37) we calculate

0> giiv17Vii — 9iiViji—1

_ At (Gii+1 — 9i,i) Vi + 9ii (Vi — Visi—1)
AL
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1
= AL [ai%,i%,i + 9isi [az’gi,i - Aﬁ”

= Ala; [(9”)2 + (%1)2] = Giji-

Since a; > 0, it follows that g;; > 0. Recalling that g; ; must be nonzero
according to the sign requirements, we necessarily have g; ; > 0, and then
Vi.i—1 > 0 follows. Moreover, multiplying the identity g; ;+1 — Afa;vi; =
9ii by giiy1 and using a; > 0, g;; > 0, and g; ;417 < 0, we must have
Gii+1 > 0, which then implies ~; ; < 0.

Next we must prove that (i) and (ii) hold for the remaining values of
7, and this will be achieved with a contradiction argument. We define

the vectors
+ . | Yij — _ |9+
v, = V. =
J {’Vm‘—l] ’ J [—%,j]

such that v;ﬁrl and v;_; both have positive first component and negative
second component, and satisfy

vjt_l = Ajv;-r forj >i+1, v,y = Byuy for j <i-—1.
If we can prove that they retain the sign property under the above
propagation, then we are done. Let us consider

vig = Al jzi+l

Assume that vj does not retain the sign property, then there is some
k > i+ 1 which is the first index such that ’U,;"H does not have a positive
first component and negative second component. We consider the two
possible cases.

The first case is ”1;:1 >0 (v,;:l < 0) considered entrywise. First
of all, v,jﬂ cannot be the zero vector as A has full rank, since then
v,j would also have to be zero, which contradicts £ + 1 being the first
problematic index. Otherwise, the entrywise inequality Agiq > I leads
to v,j+2 = Ak+17}2—+1 > v,';_l (v:+2 < v,;:l), and thus limy,_, o v;7 > v,;:_l
(limy, s 400 v;F < v,:rﬂ). This is however impossible, as it contradicts the
assumed decay of the Green’s functions.

The remaining case is that the entries interchange sign from v,j to
v:ﬂ. However, then we would have

_ 1 —ap A€
(A Lt = k +
o= AT = g ae 1 (aag)?]
Since ag > 0, v,': would also have negative first component and positive
second component, which contradicts k 4+ 1 being the first problematic
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index. Hence, vj always has positive first component and negative sec-
ond component for j > 4, thus for j > i it follows that g;; is always
positive, while ~; ; is always negative which shows that g; ; is decreasing
in this direction.

A similar argument holds in the other direction when considering vy
and Bj. Then —v; ; is always negative for j < 4, which means that g; ; is
increasing with j for these indices. Thus, (i) and (ii) hold for {g; ;};cz

and {’Yi,j}jEZ- UJ

2.4 An equivalent semi-discrete system for
global solutions in time

We now return to the initial value problem (2.1.2). We use the La-
grangian formulation introduced in earlier works, see [30], but reformu-
late the governing equations by including the fundamental solutions of
the momentum operator in the solution.

2.4.1 Reformulation of the continuous problem using
operator propagation

The 2CH system can be written as
ut+UUI+Px:07 pt+(up)r:0
for P implicitly defined by

1 1
P— P, :u2+§u§+§p2. (2.4.1)

Let us introduce p := p — pso € L? to ease notation. Note that most
expressions simplify when we consider po, = 0. We have chosen to cover
the case of arbitrary pe, to allow for the initial condition p(0,z) = €,
for any € > 0. Such initial data lead to solutions without blow-up, see
[28]. In the case of the 2CH system, the conservation law for the energy
is given by

A@? +u + %)+ (ud (W +u2 +p%)z + (uR), = 0, (2.4.2)
where we have used P from (2.4.1) to define
R:P—%uz—%pgo.

We can check that the first order system

-0, 1 R] wiy
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is equivalent to (2.4.1). Hence,

ug + uu, + Q =0, (2.4.4a)
pt+ (up)y =0 (2.4.4b)

and (2.4.3) is yet another form of the 2CH system.
We introduce as before the Lagrangian position y(t,£) and velocity
U(t,£). Moreover, we define the Lagrangian density

r(t,€) = p(t,y(t, §))ye(t, £),
and the cumulative energy H given by

1 y(tvg) 9 9 9
HEO =5 [0+ a s o) do

1 €

=3 / ((u? +ul + p°) o y)ye(t,m) dn,

as well as the Lagrangian variables Q = Q oy and R = Roy. From
(2.4.4), we get Uy = —Q and r; = 0, while the conservation of energy
(2.4.2) yields H; = —UR. Finally, we also rewrite the system (2.4.3) in
terms of the Lagrangian variables. To simplify the notation, we replace
Q by Q, and similarly for R. The equivalent system in Lagrangian
variables is then given by

y =", (2.4.52)
U, = —Q, (2.4.5b)
H,— —UR, (2.4.5¢)
Tt = U, (245d)
0 e } {R] [ UUg
— . 2.4.6
{ ye —O¢ °le He + poo(T — poc¥e) ( )

In (2.4.6) we use the same notation for the variable y¢ and the operator
for point-wise multiplication by ye. We will use this convention for the
rest of the paper. The equivalence between (2.4.3) and (2.4.6) holds only
assuming the that y¢ > 0 and all the functions are smooth enough to do
the manipulation.

Note that we need to decompose the variables y and r in (2.4.5) to
give them a decay which enables us to define them in a proper functional
setting. We define ¢ and 7 as

y(t’ f) = C(t7 5) + 5 and T(tv 5) = f(t7 5) + pooyﬁ(tv 5)
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The Banach space which contains ¢ and H is the subspace of bounded
and continuous functions with derivative in L2,

V= {f € Cp(R) | fe € L(R)}, (2.4.7)

endowed with the norm || f||v := || f||Lee + || f¢|lL2. Recall that we defined
a discrete version of (2.4.7) in (2.3.2). Then we let

E:=VxH! xV xL? (2.4.8)
be a Banach space tailored for the tuple X = ({,U, H,7) with norm
Xl = l<lv + 1Ullar + [[Hlv + (72 (2.4.9)

The unique solution of (2.4.5), as studied in [30], is then completely
described by this tuple.

Let us define the operators G and K as the fundamental solutions to
the operator in (2.4.6), meaning that they satisfy

—(95 yg /C g i 5 0
[ ve 0 o ¢ | =lo sl (2.4.10)
As we mentioned in the introduction, the operators K and G can be

computed explicitly using the fundamental solution of the Helmholtz
operators in Eulerian coordinates. If we define

g(n, &) = %e—ly(i)—y(n)\ (2.4.11a)

and )
k(n, &) = -5 sgn (& — n)e—|y(§)—y(n)\, (2.4.11D)

then we can check that the operators defined as G(f) = [z 9(n,&)f(n) dn
and K(f) = [z x(n,€)f(n)dn are solutions to (2.4.10), again assuming
y is monotone increasing in £. This means that we can obtain explicit
expressions for R and @ given by

R—/Fv(mf)U(n)Ug(n)dn
R (2.4.12a)

+ / 9(1,€) (He() + poo(r(n) — pocye(n)) i,
R

Q= / 9, E)U (m)Ue (n) dn
R (2.4.12b)

+ / 41, €) (He (1) + poo(r(1) — pootie(n))) .
R



2.4. An equivalent semi-discrete system for global solutions in time 71

In [36, 30], the authors prove that the right-hand side of their respective
versions of (2.4.5) is locally Lipschitz, and consecutive contraction argu-
ments yield the existence of a unique short-time solution. In the same
manner, we would like to prove that there exists a unique short-time
solution for our semi-discrete system, but the explicit forms for g and
k in (2.4.11) are not available in the discrete setting. As a remedy, we
propagate the kernel operators corresponding to X and G by incorporat-
ing them in the governing equations. Given the evolution of y, that is,
yr = U, we can derive evolution equations for G and K. Let us see how
this can be done in the continuous case before dealing with the discrete
case. Formally we have

/875 el dn
_ j/ sen(w(t) =0(B8) (o gy (t,m))e 9D ()
R

) —
2
_ /ngn( (t’n; V) (17t ) — Ut my)e e -vem] () iy

Here we again assume that we know a prior: that y remains a monotone
function with respect to £. Then, we can rewrite the last equality as

50(0) =~ [ seule — U9 — Ut e W9 3)d
R

(2.4.13)
For a function U, we can associate a pointwise multiplication operator,
which we denote by Y. That is, we write U(f)(§) = U(€)f(§) for any
function f and any point £. The integral kernel of & would be singular
and equal to U(£)d( — n). Using this notation, we can rewrite (2.4.13)
as

0
5 9(f) = UK)(f) = (KoU)(f).
This can equivalently be stated as

) )
SO=UK, S K=U.G), (2.4.14)

where the evolution equation for K is derived analogously. An equivalent
system of equations for the 2CH system is then given by

yp=U U=-Q, H=UR, 1=0, (2.4.15a)
d 0
59 =Kl S K=U.9]. (2.4.15b)
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with R and @ given as

[g] = [’g /%] o [Hé +pOOU(gf_ poot) (2.4.16)

Then, the new system (2.4.15) and (2.4.16) gives rise to the same solu-
tions as the one given by (2.4.5), (2.4.11) and (2.4.12).

We note that the evolution equation for G and K can be obtained
directly from the product identity (2.4.10). Indeed, after differentiation
with respect to time, we get

o Glefo © [ )l Ao
Ug 0 Q /C y€ —8& g /C ’

which implies

K G]_ [k 6] [o U] [K G
[g. d_ {g K}O[Ug O}O[g K] (2.4.17)
. . . -1 _ _
This expression, which corresponds to % = -M 1%M I for a

matrix M, can be simplified to (2.4.14) using integration by parts. Then
it follows from (2.4.17) that the identity (2.4.10) is preserved by the
evolution equation.

The following proposition establishes properties and a priori bounds
for the fundamental solutions g and x. Those bounds are obvious from
the explicit expressions given in (2.4.11), but we prove them here using

the relation
—0c e o 19 _ |0
Ye —85 Y 1)

which define them. Notice that parts of the proof resembles a standard
proof of the Sobolev inequality

1
V2
Proposition 2.4.1. Assume we have functions g,r: R> — R satis-

fying (2.4.10) for ye(§) > 0. Furthermore, assume g(n,§) > 0 and

Sgn(ff(n,ﬁ)) = Sgn(n - 5) Then, for a given 1, we have |g(77,§)| =
|k(n,&)| for a.e. & and we have the upper bound |g(n,§)|, |k(n,&)| <

g(n,m) =1%.

[fllzee < —= 1l - (2.4.18)

Proof of Proposition 2.4.1. We start by observing

5 [/E (9(n,s)?), ds— /:OO (9(n,s)?), ds

&2 =5 [
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¢ +o0
=/ g(n,8)gs(n, s) ds—/ 9(n,5)gs(n, s) ds,
3

—00

Then, we have

(9(n,m))? —/

—00

n oo
g(n,s)gs(n, s) ds — / g(n,s)gs(n, s) ds
n

n “+o00
:/’%@wmmm$ﬁ—/ ye(s)g(n, s)r(m, ) ds,
e’ n

where we use 0¢g = y¢r from (2.4.10). It follows that

“+oo

(g(n,n))2=/ ye(s)g(n, )|k (n, s)| ds

o
< ;/ ys(s) [9(n, 5)* + K(n, 5)?] ds
1

+o00
~ 2 / 9(n, ) [ye(s)g(n, s) — (k(n, 5))s] ds.

Hence, by y¢g — O¢k = 6 from (2.4.10), we find

1 [t 1
<5 [ o)t - )ds = Jatnn)
and the result g(n,n) < 3 follows. Since y¢(£)g(n, &) — ke(n, &) = d(n, ),
we find that for £ < 7,

£
(s P =2 [ i s)esn,) ds

—0o0

3
2/ "{‘7(77’ 3)95(3)9(777 3) ds

—0o0

§
= 2/ 95(7%3)9(777 S) ds

—0o0

= (9(n,9))?,

and consequently x(n,§) = g(n,&) for & < n, where we have used the
sign properties of g and k. In a similar way we find x(n, &) = —g(n, §) for
£ > n, obtaining lim¢_,,+ x(n, &) = +g(n,n). Moreover, since r¢(n,&) =
Ye(€)g(n,§) = 0 for £ # n we have

. 1
Sup|"<‘(77>€)| = lim |K’(777§)’ <3
¢ E—=nF 2
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In fact, we find that we must have equality, as the above limits show
lim x(n, &) — lim k(n,&) > 1.
Jim k(n, &) = Bim k(n, &)

Then, the jump condition for s required at 7 = £ to obtain a delta
implies that the difference above is exactly one, which can only happen
if

. 1
lim +k(n,§) =g(n,n) = 5.
E=nF 2

Since g¢(1,€) = ye(§)r(n, ) is positive for £ < 1, and negative for £ > 7,
it follows that g(n,&) < g(n,n). O

Due to our lack of explicit formulae for the discrete counterparts of
g and Kk, an argument similar to that of Proposition 2.4.1 will help us to
establish bounds also in the discrete case.

2.4.2 Reformulation of the semi-discrete system using
operator propagation

Turning back to the formal expression (2.2.17), we use the the Green’s
functions from Theorem 2.3.5 and Corollary 2.3.7 to write out the right-
hand side explicitly. Considering (2.3.37) where we now have a; = D y;,
we observe that they correspond to the discrete versions of (2.4.10).
Indeed, we have the following identity

—Dj— (D4y;) Yij kij| _ 1 [dij O
[(D+yj) ~Djy °© gs ks TAEL O 6 (2.4.19)

which has to be compared with (2.4.10) in the continuous case. Thus,
(2.2.17) can be rewritten as

Uj = —A¢ % 9ij (Ui(D+Ui) +D_ <D}fyi + p°°Diiyz->> . (2.4.20)
where we have defined
Ti = poi — Poo(D1¥i) (2.4.21)
and 1 1(DyU)? 1 72
hi = i(Ui)z(D+yi) +3 Diyz 5D:yi' (2.4.22)

From the expressions in (2.4.20) and (2.4.22), it seems that, if D1 y; goes
to zero for some index ¢ and time ¢, then U; and h; blow up. However,
it turns out that these quantities remain bounded, which allows us to
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extend the solution globally in time. To obtain a well-defined system,
we are going to remove the explicit dependence on 1/D,y; by adding h
to the set of variables of the system.

With the discrete kernels g, k, v, and x, we are able to express
A[Dyy]~! in (2.2.17) to obtain (2.4.20). However, since we do not know
their explicit form as functions of D, y;, we derive a system analogous
to (2.4.15) by introducing g, k, 7, and k as variables. To compute the
evolution of g, k, v, and k, we repeat the procedure from the continuous
case. By differentiating (2.4.19) and using the fact that y; = U;, we get

vkl [y ok 0 DUy &
g k| |lg k| DU 0 g K
which in explicit form yields

Gij = —Km,j * ((D+Um)%’,m) — Om,j * ((D+Um)gi,m)a (2.4.23)
Yij = _km,j * ((DJrUm)%',m) - Tm,j * ((DJrUm)gi,m)»

and

kij = —km.j * (D1Un)kim) — Ym.j * (D+Um)Kim),
Rij = —Km,j * ((DJrUm)ki,m) — 9m,j * ((D+Um)“i,m)-

Here we denote by (g f); the action of the operator g; ; as a summation
kernel on a sequence f;, defined as

(9% f)j = AED gisfi
i€EZ

For the operators, we introduce the following norms

S =

lgller = sup llgiller = sup [ A& " [gisl” |
(A 1

JEZ
9]l = sup (sup Igm\> -
i J

Moreover, for the kernel operator g we have that the transpose g' of
g is given by (g")i; = gji- Then, the following result, reminiscent of
Young’s convolution inequality, will prove useful.

Proposition 2.4.2 (Young’s inequality for general operators).

T 1-3
g7, 1l (2.4.24)

q
lg* Fller < llgllga
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for
1 1 1
I1+-=-4+- p7Q7T€[1voO]a
r p q

with the convention q/oo =0 for ¢ < oo, and co/oco = 1.

We refer to Appendix 2.A for a proof of Proposition 2.4.2 . Note
that the standard Young’s inequality is usually given for a translation
invariant kernel where g takes the form g; ; = g;—; for some sequence g.
For an operator of this form, we can check that ¢| = 70 gor, where the
operator T inverts the indexing, that is 7(f); = f—;. Since the operator
T is an isometry in all £9-spaces, the expression (2.4.24) simplifies to

g Fller < lgllea 1 Fllev -

Now that we have evolution equations and norms for the kernels, we
are set to prove some fundamental properties in the next lemma.

Lemma 2.4.3 (Preservation of identities). Let T' > 0, and assume thal,
for t € [0,T], (Dyy;(t)): = Dy U;(t) for j € Z, and that g,k,v,x and
DU are bounded in £2-norm in [0, T). Then, fort € [0,T)] the sequences
Gi,j(t), kij(t), vi;(t), kij(t) satisfy the following identities:

(i) The Green’s function identities (2.4.19),
(i) The symmetry identities
9ji=9i; and kj;=k;j, (2.4.25)
and the antisymmetry identity

")/jﬂ‘ = —KJZ‘J‘. (2.4.26)

Proof of Lemma 2.4.3. Recall from Remark 2.3.8 that these identities
are satisfied for ¢ = 0 by construction. The rest of the proof then relies
on Gronwall’s inequality. (7): We introduce the four operators z; for
1 =1,2,3,4 defined as

ij 03,
#ig = (D4yi)gig = D=y = Jgo 2205 = (Daygkiy = Diskig = Ze
23,05 = (D195)%ij — Djt iy 245 = (Dyyj)riy — Dj-kiy.

Using (Dyy;(t)): = D4U;(t) and (2.4.23) we find that

(21,i5)t = (D+y;j)t9i5 + (D+y;)gi5 — Dj—Yig



2.4. An equivalent semi-discrete system for global solutions in time 77

= (D4U;j)gij — (D1y;) AL D (D4 Unm) (GimGm.j + Yimbm.5)
meZ

+ D, AEY (D1 Un) (gim¥mj + Yimbim,;)
mEZ

= (D4Uj)gi; — A Y (D1Unm)gim (D495)9m.j — Dj—Ym.5)
meZ

— ALY (D4 Un)Vism (D495, — Dj—km ;)
meZ

= —ALY (D4 Un)(gim21m,j + Yim4m.5)-
meZ

Similarly, one shows that

(ZQ,i,j)t = -A¢ Z (D+Um)(ki,m22,m,j + ’Qi,mz?),m,j)u
meZ

(23,05)t = —AE Z (D4 Um)(9im#3,m,j + Yim?2,m.5)
meZ

and

(24,i5)e = —AE Z (D1Un) (kimza,m,j + Kim21,m.5)-
meZ

Integrating the first of these, taking absolute values, applying Holder’s
inequality and taking supremum over ¢ we obtain

t
sup |21,4,5(t)] < sup |z1,i,5(0)] +/ ID+U($)llg2 l9(5)llg2 sup [21,m,5 ()] ds
7 1 0 m
t
+ [ IV s 126510 210, 5)
m
Treating the three other relations similarly and defining
4
Z) =Nz
=1
we may add the four inequalities to obtain an inequality of the form
t
Z(t) < Z(0) +/ C(s)Z(s)ds,
0

where

C(s) = 2[D+Ullgz (llgllez + 1kllez + lI7llez + lI5llg2) ()
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is bounded by assumption. Since Z(0) = 0, Gronwall’s inequality yields
Z(t) =0 for t € [0,T], which proves the result.
(ii): We prove the symmetry of g. From (2.4.19) we have

(D+ym)gi,m - Dm—’}/i,m =
such that a summation by parts shows

9ji = Aé Z [(D+ym)gi,m - Dm—’Y@m] 9gjm
meZ

= Af Z [(Derm)gi,mgj,m + 'Yi,mDm+gj,m} .
meZ

Then we use the identity Dyygjm = (D4ym)vjm from (2.4.19) twice,
first for j and then for 4, to obtain

gii = ALY [(D1ym)gimjm + Vi (D4 Ym) Vjm]
meEZ

= A§ Z [(D-i-ym)gi,mgj,m + (Dm+gi,m)7j,m] .
MmEZ

After summing by parts and using (2.4.19) once more, we end up with

i =AD" Giim [(D4tm)gjm + Dm—jm] = i
mEZL

and the symmetry of ¢ is proved. A similar procedure shows the sym-
metry of k; ;. For the antisymmetry we also use (2.4.19) and the same
techniques to compute

Vi = A Z [(D4-ym)kim — DintKim] Vjm
mMEZL

- A§ Z [ki,mDm—i-gj,m + Hi,mDm—’Yj,m]
meZ

*Af Z m—k; m g] m /‘Qi,mDmf’Yj,m]

meZ
= —A& Y i [(D+ym)gjm — Din—jm]
mEZ

= —hij-
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Returning to (2.4.20), the second term in the right-hand side can be
simplified as follows,

-A 7 : oo ’L+g]2 ol
£> giD- (D 5 > ALY Dy, (it peori)

i€EZ IEZL
= AL i (hi + pooi)
i€Z

= — ALY iy (hi+ pocTi)

iE€EZ

where we have used (2.4.19) and (2.4.26). We define

]._Agz,gw (D1U;) +A§Zn” (hi + pooTi) -

€L €L
Then, the evolution of U is given by
U; = —Q;j (2.4.27)

The form of () also motivates the definition

Rj = ALY i gUi(DyUi) + AED ki (hi+ pocTi)

i1€EZ 1E€Z

Indeed, with these definitions we have

ol =0 W55

meaning R and @ satisfies

[(—D <D+yj>} . m _ {UADM)] | (2.4.28)

Dyy;) =Dy | |Q5] [+ peoTy
We recognize this as the discrete version of (2.4.6).
The relation U; = —(); shows that we have a differential equation

for U in the variables y, U, H, 7, g, and k. From (2.4.21) we obtain
T’;j = 7'“j — pooD+yj = —,OOOD+Uj. (2.4.29)
Next, we introduce the cumulative energy H; as

j—1
Hy= A& b,

1=—00
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so that h; = D_H;. To obtain the evolution equation of H, we first
multiply (2.4.22) by D, y; and differentiate the result with respect to
time to obtain

d

T (Dyyi)hi) = —UiQi(Dyyi)* + U (Dyyi) (D4.Uy)

— (D4+Ui)(D+Q:) — pooTiD+ Ui,

after using (2.4.27) and (2.4.29). Then, we use the relation between @
and R given in (2.4.28) to obtain

d
dt

Simplifying further, we obtain
iLi = — [Ui(D_Ri) + Ri(D+Ui)] .

(D4yi)hi) = (D+Ui)hi — (D4:) [Us(D-R;) + Ri(D4+ U;)].

This leads to

=—A¢ Z ) + Ri(D1Us)] = —Uj R,
i=—00
where in the last equality we have used the decay at infinity together
with (2.3.5).
Collecting all the equations and applying the relations (2.4.25) and
(2.4.26) we obtain the closed system

{=Uj, (2.4.30a)

Uj = -Q; (2.4.30b)

Hj = ~U;R;_1, (2.4.30c)

) = —poD4Uj, (2.4.30d)

Gig = —AEY (D4 Um) (Gimm.j + Yianbm.s) (2.4.30¢)
MEZ

= —AL> (D4 Un) (Kimkm,j + Fim¥m;) (2.4.30f)
meEZ

Yig = —AE> (D yUnm) (Vimbm, + Gim¥m.s) (2.4.30g)
MEZ

fig = —AEY (D Up) (KigmGm g + Kimbim,j) (2.4.30h)
MmEZ

where y; = jA¢ + (j, and we recall

Rj = ALY 7iUi(DyUi) + ALD  kij (hi + pooTi)

1€EZ IEZ
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Qj = Af Z gi,jUi(D+Ui) + A€ Z Rij (hz + poofi) .

1€EZL 1EL

2.5 Existence and uniqueness of the solution
to the semi-discrete 2CH system

In this section, we show that the semi-discrete system (2.4.30) has a
unique, globally defined solution. Let us first introduce the functional
setting for the analysis. We define the discrete versions of the spaces
used in the continuous setting, namely

EA£ = VAE X h1 X VAE X 327
with norm

16U H M) g e = Wl + 10T + I1H [l + (17l -

Since we have included the operator kernels as solution variables in
(2.4.30), we have to introduce a space for them as well. To account
for that the kernels are well-behaved, we choose their space to be £* =
21 N £ with norm ||||pe = [|*[|p1 + ||[lgoe, and this will be sufficient for
our purposes. We note that £* C £2, since we have the inequality

1/2 12 1
lgllee < I9ll,E Nalla> < = (lgllgm + lgller)- (2.5.1)

Thus, we will consider solution tuples of the form
X = (CU,H,7,g,k.v,k) € Bae x (£)* = EXI,

where EkAesr denotes the space Ex¢ augmented with the space for the
kernel operators £*.

2.5.1 Existence and uniqueness of the solution to the
semi-discrete system

To prove the short-time existence of (2.4.30), we consider an auxiliary
system which corresponds to (2.4.30), except that we have decoupled (,
U and H from their discrete derivatives D4 (, D, U and D4 H by intro-
ducing the sequences «, 8 and h. The reason for this is that we cannot
take for granted that the kernels satisfy (2.4.19) for ¢ > 0, and then
we cannot use (2.4.28) when estimating the right-hand side of (2.4.30b)
in h'-norm. Once the short-time existence of solutions to the auxiliary
system is established, we will prove that the coupling between y, U, H



82 Paper 2. A variational discretization for a 2CH system

and their discrete derivatives is indeed preserved if it holds initially. The
auxiliary system reads

éj =Uj, Uj = —Qj, Hj = -Uj;R;, (2.5.2a)
7§ = —Poolj &; = B, (2.5.2b)
Bj = —Rj(1+ o) + hj + poorj, (2.5.2¢)
hj = ((Uj)? = Ry) Bj — U;Q;(1 + o), (2.5.2d)
and

9ij = —A Z B (Gi;mTjm — YiymYjm) » (2.5.2¢)

meZ
ki:j = —A¢ Z Bm (ki,mkj,m - /{i,m/{j,m) ) (2.5.2f)

MEZ
;Yiaj = —Af Z Bm <7i,mkj,m - gi,m/ij,m) 5 (252g)

meZ
Rij = —A Z B (KimGim — KimYim) » (2.5.2h)

meZ

where we have momentarily redefined R and @ as

ol =[5 b
Q g K] [t peoT]
Equations (2.5.2c), (2.5.2d), and the second equation of (2.5.2b), have
been obtained formally by applying D; to (2.4.30a), (2.4.30b), and
(2.4.30c), in combination with (2.4.28). We collect all the variables in a
tuple

Y:(CanH7T7aaB7h797k777H)E aAug(

for
A =L x (£2NL7°) x €2 x ()" x (€9)",

and introduce the corresponding norm

1Y e = WKllgse +11Ullgz + Ul + [1H [lge + [I7[lg2
+llellez + 11Bllez + I2llgz + llgllg- + [1Elle- + 1l

e+ [l -

Note how we require U € £°° to account for the fact that the decoupling
of U and DU deprives us of the continuous inclusion h! C £*.
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Lemma 2.5.1 (Short-time solution for (2.5.2)). Let Yy € EYE be such
that 14+« > 0 for all j, and with initial auxiliary variables go, ko, Y0, ko
constructed according to Theorem 2.3.5 and Corollary 2.3.7 with a; =
1 + . Then, there exists a time T > 0 depending only on ||Y0||E‘21g

such that (2.5.2) has a unique solution Y € C([0,T], E%¢) with indtial
datum Y.

Proof of Lemma 2.5.1. We will use the symmetry and anti-symmetry
identities (2.4.25) and (2.4.26) in our estimates and we explain now
why it can be done. First, we note that these identities hold initially
by the construction of (2.3.32) and (2.3.36). Then, from the evolution
equations (2.5.2e)—(2.5.2h) one can check that the symmetry identities
are preserved by the Picard fixed-point operator which we will use here
to prove the short-time existence of (2.5.2). Then, by establishing local
Lipschitz regularity of the right-hand side, we can prove the existence
of a short-time solution in the closed subset of E%* where (2.4.25) and
(2.4.26) hold.

Let us consider two functions in EX,
Y = (C7 U,H, r,a,ﬁ,h,g, k;7fy7,£)

and

V= (C.O 76,8 h 3,k 7.F) -
For the Lipschitz estimates, we first treat the right-hand sides of (2.5.2¢e)—
(2.5.2h). We only provide details for (2.5.2e) as (2.5.2f)—(2.5.2h) can be

treated similarly.
We start by considering the £°°-norm using the following splitting,

—Af Z ﬁm (gj,mgi,m - 'Yi,m')/j,m) + A§ Z /Bm (gjﬂngi,m - ’S/Lm;}/j,m)

meZ meZ
< AE Z ﬁmgj,mgi,m - Af Z Bmf]j,mf]i,m
meZ meZ
+ A§ Z 5m'7i,m’7j,m - Af Z Bm'%,m:)’j,m
MEZ MEZ

We estimate the first term as follows

A§ Z ﬁmgj,mgi,m - A£ Z Bmgj,mgi,m

mEZ meZ
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< llgllge= llgllez 15—=Blle2+lgllgeo 15112 [lg = Gllez+1IBllez |gllg2 119 = Gllgoo

and the second term has a similar estimate. For the £'-norm, use the
same splitting and consider again only the first term. We make use of
the symmetry properties of the kernel operators, as given in Lemma
(2.4.3), to switch between indices and obtain

AED A Bngimiim — AL Bmjmim

€L meZ meZ
< llgller lgllez [1B8—Bllez+gllex 1Bllez lg = gllgz+1Blle2 [19llg2 lg = Gller

From (2.5.1) we get [|g—gllez < 2(lg — 9llg= +]lg—7ller) and therefore we
can conclude that the right-hand side in (2.5.2e) is Lipschitz-continuous
with respect to the EaAugx—norm.

Let us consider Lipschitz properties of R and ). We decompose @)
in @1 + Q2 where

(Q); = Afzgi,jUi(DJrUi), (2.5.3a)
€L

(Q2)j = ALY ki (hi + pooTi) - (2.5.3b)
€L

Similarly, we decompose R in R; + Ry where

(R1)j = ALY i Ui(DL 1), (2.5.4a)
€L

(Ra)j = ALY ki (hi + pooTs) - (2.5.4b)
€L

We have Q2 = k x f for f = h + poor so that

[fllez = lIh + poorllez < [[llez + pool7(lez-

Starting with @2, we have

1Q2 = Qalle = Il % f = &% flle < 1(k = &) * fllez + |17+ (f = F)llez
For the first term above, applying the Young’s inequality (2.4.24) with
r=p=2and ¢g=1, we get

1 1
- ~1n9 T3
(5 = &) * fllez < lls = &l N (5 — &) A1 llez
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Using the antisymmetry property (2.4.26) of x and &, namely x' = —y
and & = —7, we get

1 1
(5 = 7) = fllee < lls = Ellglly = AN fllez

Hence, we obtain the following estimate in £2-norm,

~ 1Y = Fller + |l — &l 1Yller + 1|72 z
Q2 — Q2|2 < 5 £ 1|2 +f”f—f||e2-

For the £>°-norm, we use the same splitting

1Q2 — Qalle < [|(k — &) * fllee + [I5 % (f = F)lew-

Applying Young’s inequality (2.4.24), for r = co and p = ¢ = 2, and the
symmetry property of x, we obtain in a similar way as before that

1Q2 = Qzlle= < v = Al fllee + 1Fllell f = fllee-

In a similar fashion as for Qs we find

1Rz = Rallez < [Ik = Kllex [1fllg2 + I1Elles 1 = Flee
[R2 = Ralle < ||k = kllg2 [ fllgz + [[Elle2 | f = [lle2-

Furthermore, analogous applications of (2.4.24) and (2.4.26) produce

1Q1 — Qullez < llg — dllez 1UBN g + 3lle2llUB — UB|lgr,
1Q1 — Qulle= < llg — Fllese IUBNgr + dlle= 1UB = UB|ler,
IRy — Rille < v = Alle2 1UBllgx + 1712 1U B — UBler,
IRy = Rillee < |17 = Allew 1UBllgr + [13lle= |UB — UBJlgr-

For the £'-norms above we then apply the Cauchy-Schwarz inequality
to obtain

UBllg < 1Ullgz 1Bllgz s WUB=UBller < |Ullge 18—Bliez+1U ez 5—Bllee

which contain the relevant norms.

From the preceding estimates on )1 and ()9 the local Lipschitz prop-
erty of the right-hand side of the second equation in (2.5.2a) in the
£? N €>*-norm is clear. Furthermore, since U € £, the previous £>°-
estimates on R and @ also show that the right-hand sides of (2.5.2c)
and (2.5.2d) are locally Lipschitz in the £2.-norm. For the last equation
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in (2.5.2a), we introduce the right-shift operator (TR); = R;j—1 and we
have

IU(tR) = U(tR)llg=e < |U = Ulles |TRllgoc + [|U e [ T(R — R) [
< NU = Ulle [|1Bllgo + U le [ = Rlle=
The remaining right-hand sides in (2.5.2a) and (2.5.2b) are linear in the

solution variables, and thus Lipschitz in their respective norms. Hence,
for (2.5.2) written as Y = F/(Y') we have

[E(Y) = F(Y)|lgax < C([Y gz, 1Y [B2) 1Y — Y| Baps,
which is what we set out to prove. O

The final step in obtaining short-time existence for (2.4.30) from the
auxiliary system, is to show that if the initial data for (2.5.2) satisfy

—Dj_ (1 + Oéj):| |:%'j kij:| 1 {(52] 0 :|
o ’ = — | 2.5.5a
(I1+a;) —Djyt 9ij Kij] AEL0 by ( )

a=D,(, B=D,U, and h=D_H, (2.5.5D)

then these identities are preserved in time by the solution. The result
for (2.5.5a) has been proved in Lemma 2.4.3, as it only depends on
the identity (Diy); = D4U, which is replaced here by oy = 3. Using
(2.5.5a), we infer from (2.4.28) that

-D_ (1+ aj)] [Rj] [ U;B; ]
) = _ - 2.5.6

(1 + Oéj) —D+ Qj hj + PooT’j ( )
From the definition of (2.5.2) we get

d

@(Oéj —D.¢;) = B; — DUy, (2.5.7a)

while the expression for D @Q); from (2.5.6) yields

d

ﬁ(ﬁj ~D,U;) =0, (2.5.7Db)

and from the expression for D_R; we obtain

qa
dt

Hence, the equations (2.5.7) give us that (2.5.5b) holds for all time if it
holds initially. Then we have proved the following theorem.

(hj = Dy Hj) = —R;(8; — D1Uj). (2.5.7¢)
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Theorem 2.5.2 (Short-time solution for (2.4.30)). Given Xy € EIXE
such that 1+ D¢ > 0 and go, ko, 0, and ko are constructed according
to Theorem 2.8.5 and Corollary 2.3.7 with a; = 1+ Dy (;. Then, there
exists a time T depending only on HXOHEkAcg such that (2.4.30) has a

unique solution X € Cl([O,T],EkAeg) with initial datum Xo.

The next step is to prove that there exists a subset, denoted by B, of
EkAeg which is preserved by the evolution equation. For this subset, the
solution exists globally in time. The subset B is defined as follows.

Definition 2.5.3. The set B is composed of all (¢,U, H,7,g,k,v,k) €
EIXE such that

(a) g,k,, r satisfy the properties listed in Lemma 2.4.3 for a = Dy,
(b) (D+y7 D+U7 D+H’ F) € (KOO)47

(¢) 2(D+y;)(D+H;j) = (U;)*(D4y;)* + (D1U;)? + 75 for all 7,

(d) D+y] >0, D+Hj >0, D_t,_yj + D+H] > 0 for all 7.

Lemma 2.5.4 (Properties preserved by the flow). Given initial datum
Xo € B, let X(t) € Cl([O,T],ElXE) be the corresponding short-time so-
lution given by Theorem 2.5.2. Then X (t) € B for all t € [0,T].

Proof of Lemma 2.5.4. Property (a) follows from Lemma 2.4.3, since the
solution variables in X (¢) satisfy Dy¢; = D+U; and DU € €2, where
we as usual have Dyy; =1+ D, (.

The proof of property (b) essentially follows [30, Lem. 3.3], which
again is based on [36, Lem. 2.4], and the argument is as follows. Consider
U, R, Q defined in (2.5.3a), (2.5.3b), (2.5.4a) and (2.5.4b) as given
functions for ¢ € [0,7] based on the solution variables in X (¢). Then
we can read off from (2.5.2) that the variables (Dyy, D U, D H,7)(t)
coming from X (t) satisfy the following affine system,

&j = f;
ﬁj = —Rja; + hj + poor;j
hj = ((U;)* = R;) B; — U;Qj0,

(2.5.8)

in the respective variables (a, 3, h,7). We know that U, R, and Q are
bounded in the £*°-norm, and so the affine system (2.5.8) has bounded
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coefficients. Then we may take any norm we like, in particular the £°°-
norm, and right-hand side of (2.5.8) will be locally Lipschitz in that
norm. Hence, the result follows from a standard contraction argument.
To prove (c) we simply differentiate the identity with respect to time
while applying (2.4.28) and (2.4.30), or (2.5.2) if you will, to find

4D y)hs — 02D — 5D U3~ 573

= (Dyyy)hy + (D1g)h; — UsU;(Dyy;)* = (U;)*(Dyy;) (D4 gs)

- (D+U')(D+U') — 7575
= (D4y;) [((Uj)* = R;) (D+U;) — U;Q;(Dyy;)]

+ (D4Uj)h; +U 7Qj(D1y;)* — (U;)*(D4y;) (D1Uj)

+ (D4Uj) [Rj(Dyy;j) — hj = pooTj] + Tjpoo (D1 Uj)

= O’

where we identify h; and D H;. Consequently, if (c) holds for ¢ = 0,

then it will hold for all ¢ € (0, T].
To prove (d) we fix j € Z and define

t* :==sup{t € [0,T] : Diy;(t') >0,t €[0,t]},

and assume t* < T. Since D, y; is continuous with respect to time we
have Dyy;(t*) = 0, which by (c) and h € £*° from (b) implies

Dygis(t) = Dy () = 75(¢%) = 0.
From (2.4.28) and (2.4.30) we get
Digj = -D4Qj = —R;j(D1y;) + hj + pooT,
implying D 4j;(t*) = h;(t*). Assume first h;(t*) = 0 which implies
(D4y;, D4 Uj, by, 75)(t7) = (0,0,0,0).
Uniqueness of solutions for (2.5.8) then yields
(D4y;,D4Uj, hy,75)(0) = (0,0,0,0),

which contradicts Xo € B. Assume then h;(t*) < 0. This contradicts
the definition of ¢* as there would then be a neighborhood of t* where
Diy; < 0. Therefore we must have h;(t*) > 0 and so there must be
a neighborhood of t* where D y; > 0 contradicting the definition of
t*. Hence t* = T and we have proved D,y;(t) > 0 for t € [0,T].
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When Dyy; > 0 it follows from (2.4.22) that h; > 0. On the other
hand, if D4 y;(t) = 0 we have just seen that h;(t) < 0 would imply that
D4y; < 0 in a punctured neighborhood of ¢, which is impossible. Thus
we must have h;(t) > 0 for t € [0,7]. For the last inequality, assume
that Dyy;+h; > 0 does not hold for ¢ € [0,T]. Then by continuity there
is a ¢ such that (Dyy; + h;)(t) = 0, but this would again by uniqueness
of solutions for (2.5.8) mean that (Dyy; + h;)(0) = 0 which contradicts
Xy € B. J

For the rest of the paper we will only consider X € BN EkA‘}r , as

solutions in this set contains all the relevant solutions to the original
2CH system (2.1.2). Lemma 2.5.4, and in particular the preservation of
the identity

2(Dyyj)h; = Ui (Dyy;)* + (D1U))* + 75, (2.5.9)
allows us to prove useful estimates for the solutions in 5. We have
A€ 3 U5 [D4 Uy < Hac(0) (25.10)
JEZ

where Hoo(t) = lim,,— o0 Hy, is the total energy of the discrete system.
This quantity corresponds to Hgis in (2.2.13). Indeed, the Hamiltonian
(2.2.14) is conserved for t € [0,T7], that is Hx(t) = Hso(0) < oo for
t € [0,T]. We denote the preserved total energy Hoo(t) by Hso. Turning
back to the inequality (2.5.10), it can be proved as follows,

AED US| D5 < A& S |U1 3/ (Dyy)[2h; — UF(Dsyp)]

= =
1 1
< §A§Z U?(Dyy;) + 5452[2’% — U?(Dyy;)]
jE€L jE€L
== Hom

where in the first inequality we have used (2.5.9), and in the second
inequality we have used Dyy; > 0 together with the Cauchy-Schwarz
inequality. An immediate consequence of (2.5.10) is that ||U||s can be
uniformly bounded by a constant depending only on H,. To show this,
we note that by adding and subtracting in (2.2.5) we have the identity

D (U;)? = 2U;(D1U;) + AE(DLU),

Taking advantage of the decay of U at infinity, we may then write

o0

(Uj)? = =248y Ui(D4U;) — (A6)° Y (D1Ui)* < 248y U] DUl

=7 =7 1€EL
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from which the bound

A 1T (#)|lgee < v/2H. (2.5.11)

follows. From (2.5.11) and (2.4.30a) we then obtain the estimate

1€ llge < NC(O0)lgoe + v/ 2Hool- (2.5.12)

Another useful estimate coming from (2.5.9) is
75| < \/2(D+y;)h;. (2.5.13)

Now that Lemma 2.5.4 has established D;y;(t) > 0 in the short-time
solution for ¢t € [0,7], we can apply Lemma 2.3.9 with a; = D,yj;.
Indeed, the sequences g, 7, k, and k solve (2.4.19) and belong to £* for
t € [0,T1], and so they correspond to the unique decaying solution. These
properties contained in Lemmas 2.3.9 and 2.4.3 are essential to establish
the a priori estimates contained in the next lemma.

Lemma 2.5.5 (A priori relations and inequalities for the kernels). As
a consequence of establishing the preservation of the summation kernels
and their sign properties over time, we have the identities

ALY (Dryy)lvigl = A Djigijl = 2gllge » (2.5.14a)
jez JEL
ALY (Dyy)lrigl = AED D, kil = 2|[kllges , (2.5.14b)
JEZL 1€EZ
as well as
AEY (Dyyj)gij = ALY (ADyylg); = 1, (2.5.15a)
JEZ JEZ
ALD (Dyyj)ki; = ALY (BDyylk:); = 1, (2.5.15h)
1E€EL JEZ

and the bounds

19llese > 1Kllgoe > 17llgoe » [15]lge <1, (2.5.16)

lgllgr < T4+2(ICllgoe s Bl <14+ 2|C]goo

2.5.17
Il <20+ 1clem]s Nl < 201+ [Clpe]. (25.17)
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Proof of Lemma 2.5.5. To prove (2.5.14a) we use D;y; > 0 and (2.4.19)
for the leftmost equalities, while for the rightmost equalities we use the
monotonicity properties of (2.3.38) to write

i—1 00
ALY IDjigigl = A D Diygiy— ALY Diigiyj = 2015 = 2| 9llp~ -

= j=—o0 j=i

We obtain (2.5.14a) in the same way. To obtain (2.5.15), we use the
definitions of the operators A in (2.2.16) and B in (2.3.33), and apply
telescopic cancellation to the differences D;,; j and D;_x; ; in the iden-
tities (2.4.19). In the same manner, telescopic cancellation applied to
(2.4.19) yields

Yij =

A (Diym)gim, G <i—1,
_Aé- Z:no:j+1(D+ym)gi,m7 ] 2 ia
Using the fact that D,y; > 0 and g; ; > 0, the triangle inequality and

(2.5.15) yield (2.5.16) for v. We proceed similarly for x. For g, observe
that, using (2.4.19), we can rewrite them as

9ij =D Gimbjim

meZ
= AE D gim [(D49m)gjm — Din—jom] (2.5.18)
meZ
= A& (Dyym) [9im8jm + YimVim] -
meZ

Using the decay at infinity we can then write

+oo
(gi,i)Q = Z [(9i,m+1)2 - (gi,m)2]
m=t
+oo
= A§ Z [gi,m—l—l + gi,m] Dm+gi,m
m=i
+o00o
= ALY [gimt1 + Gim] (D ym) Vi
m=i
+oo
< 248> Gim(Dym) Vil

m=i

“+o0o
< AED (Diym) [(gim)? + (Vim)?]

m=t
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< A{ Z (D+ym) [(gi,m)2 + ('Yi,m)2]

meZ
= Gi,i»
where we have used (2.3.38) for the first inequality, and (2.5.18) for
the final identity. The bound g;; < 1 follows, and note how the above
estimates align nicely with those in the proof of Proposition 2.4.1. We

then use 0 < g;; < gi; from (2.3.38) to conclude. A similar procedure
can be applied to prove that k; ; < 1. Furthermore, we have

AEY gij =AY [Diy; — Dyl g
JEZL JEZL
=1+ A¢ Z <j+1(Dj+gi,j)a from (2515),
JEZ
=1+ A (a(Diys)yig, from (2.4.19),
JEZ

< 1+ [|C]gee AfZ(Derj)’%,j
jez

)

and the result on the £' bound of g follows from (2.5.14) and (2.5.16).
A similar procedure proves the bound on ||k||,1. For the bound on |||/,
we find

Ag Z |7i ]
jez

= ASZ D+y; — D4l iy
jez

1—1 +oo
=295 — AL DY (DG + ALY (DG

P =
i1 +00
=2||gllgo — 2Civiyi—1 + AE Z G (Dj—vij) — AL Z G(Dj—vig)
j=—00 j=t
A |
=2|\gllgee + (1 = 27i3-1)Gi + AL D sgn (l —Jj- 2> CGi(D1y;)gi
jez

< 2|gllgee + ICllgee |11 = 27vii1] + ALY " (Dyys)giy | -
JEZ

where in the second equality we use Lemma 2.3.9, the third equality uses
summation by parts (2.3.5), and the fourth is due to the kernel definition
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property (2.4.19). Then the result follows from (2.5.15), (2.5.16), and
0 < 7i—1 < 1. A similar procedure proves the bound on ||&||p. O

A direct consequence of (2.5.16) is that the €>°-norms of the ker-
nels remain bounded by 1 for all time. Moreover, combining (2.5.17)
with (2.5.12) we find that the £!-norms remain bounded for any finite t,
namely

ol kOl <142 [[6O0) g + V2Hct|

(2.5.19)
Ol Il < 2|1+ 110 e+ v/2Hoct]

Furthermore, Lemma 2.5.5 allows us to find a bound similar to
(2.5.11) for ||R||pee and ||Q||gee. For Q we find

1Qlle < llg * (UD+U))lle= + [I5# (b + pooT)l=>

) (2.5.20)
< 1glle= [UD+U)ler + |5 [les< 1aller + poollre * 7] [lg=-

Using (2.5.13) and the Cauchy—Schwarz inequality, we have

_ 1 1
poclli = [l e < 5%l 1] (Diy)llee + 51 [6] + (21) e
which by (2.5.14) and (2.5.16) simplifies to
_ 1
poollt % [Pl e < 552N Elle) + Islle= 1 Bller < p% + Hoo-
Using (2.5.10), we get [UD4U||pn < Hs. Hence, from (2.5.20), we get

1Qllg=e < 3Hao + p%.

An analogous estimate for R can be obtained so that we can conclude
with the bounds

1
sup [ R(t) [l < 3Hoo + 505, S Q) g < 3Hoo + Pho-

0<t<T 2
(2.5.21)
Now we are set to prove global existence for solutions of (2.4.30).

Theorem 2.5.6 (Global existence). Given initial datum X in the set B
from Definition 2.5.3, the system (2.4.30) admits a unique global solution
X € C1([0,00),Ex¢), such that X € B for all times. In particular, for
t > 0, the norm HX(t)HEA6 is bounded by C ||X(0)||EA€ for a constant
C depending only on t, the total energy Ho, the asymptotic density poo,

and [|¢(0)]|goo -
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Proof. The solution has a finite time of existence T" only if

1X N, = Il + 1Tl + [ E gy, + 17l

blows up as t approaches T'. Otherwise the solution can be prolonged by
a small time interval by Theorem 2.5.2. Let X be the short-time solution
given by 2.5.2 for initial datum Xo. We will prove supy<;<r ||X||EA§ <
00.

From the definition of the h'-norm and (2.3.4) we find that the right-

hand side of (2.4.30a) is bounded in the Va¢-norm by % |U||},2, while
the right-hand side of (2.4.30d) is bounded in £2-norm by poo |U]|}:-
Next, we estimate the right hand side of (2.4.30b),

1@l < 1Qllg2 + ID1+Qlg2 < [ Qllg2 + |R(1+ D4C) — h — pocT||p2
<|1@Qllgz + I R[lg2 + [ Rllgeo [D+Cllg2 + 12 + pooTllg2 5

where we have used the definition of the h!-norm, (2.4.28) and the de-
composition D;y; = 1+ D,.¢;. Then, recalling the definitions (2.5.3a)
and (2.5.3b) and applying the Young inequality (2.4.24) to the final
expression above we see that it is bounded by

1 1 1 1
9ller 1TMD+U)llgz + vl 15l 12+ pooTllez + VIl [[llg [T D1U) g2
+ [ Bllgoo 1D4Cllez + [|Ellgr 12+ pooTllgz + 12+ pootllee

1 1
< [mup ik |m||;1] [0l 1D4T 1l + | Rl = IIDCllp
1 1 _
i [Hk‘Hel ST ||m||;1} llgs + poo 17lle]

Then, applying (2.5.10), (2.5.11), (2.5.19), (2.5.21) and the definitions
of the Vj¢- and h'-norms we obtain

@l < (3 40O e + V2Hct]) Ut + [Hll + oo 7]
1 2
(38 + 52 ) 1€l

Finally, the Vag-norm of the right-hand side of (2.4.30c) can be esti-
mated as

[U(TR)|ly,, = IU(TR)|lg + |[U? = R(DLU) = UQ[L + Dy 2
< |Rllgoo U lgso + [1U 7 + | Rllgoe] DT |2
+1Qllgoe 1Ulg2 + IRl oo U]l goo [[D+C|lg2
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- <2+\/§
2

(3Hoo + p2) + 2Hoo> 1011

1
VI (3t + 3 ) Gl

where we again use the notation (TR); = R;_1. In the first identity
above we have employed (2.4.28), while in the final line we have used
the definitions of the Va¢- and h'-norms together with (2.3.4), (2.5.11)
and (2.5.21).

Gathering all the above estimates of the right-hand sides, writing
(2.4.30) in integral form, and taking norms we obtain the following in-
equality for X (¢t) = (¢,U, H,7)(t),

XD, < 1X0)][g,+C(Hoo, [[€(0) [l ,poo)/o (1+5) [ X (5)l|g 5 s,

for ¢t € [0,7] and some constant C(Hoo, [|C(0)|lpe , poo) depending only
on Heg, [[€(0)[|gee and poo. Grénwall’s inequality then yields

X (Ol < 1XO)l X0 { O [CO v 00 ¢+ 52|

for t € [0,T], which shows that HX(T)||EA§ is bounded, and we may
according to Theorem 2.5.2 extend our solution indefinitely.

In retrospect, with the estimates (2.5.11) and (2.5.21) in hand, we
see that a Gronwall estimate applied to (2.5.8) shows that the £°°-norm
of Dyy, DLU, h and 7 at time ¢ € [0,7] is bounded by their £>*°-norm
at time t = 0 times a factor exp{C(Ho, poo)t}, where the constant
C(Hoo, poo) depends only on Hy, and peo. d

We also mention that if p > 0 initially, the smoothness of the initial
data for the 2CH system (2.1.2) is preserved, see [30]. This is because
the characteristics do not collide in this case, and y¢ remains positive for
all time. In the discrete setting, this property takes the form of a lower
bound for D;y. For any given time T, there exists a constant C' > 0
depending on max;c 7y HX(t)||EA£, Poo and T such that

2
Po,;
(D) (1) > 2,

for all j and ¢ € [0,7]. This follows from (c) in Definition 2.5.3. Thus,
if po; > 0, we will have y;(t) < yj4+1(t) for all time.
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2.5.2 The choice of initial data

In this subsection we will elaborate upon the choice of initial data for
(2.4.30). Let us first consider (2.1.2) where we in addition to ug € H!,
assume ug 4, Po — Poo € LZM L. This allows us to choose y; = §; as the
initial positions of the characteristics, since there is no concentration
of energy in any points. As a consequence, (j(0) = 0 and the initial
conditions for (2.4.30) can be chosen as U;(0) = Uy(&;) and p;(0) =
po(&;). Then we define initial values for the auxiliary variables through

Fj(o) = pj(O) — Poo

7j—1
Hj(0) = A8 > [(Un(0))” + (D4 U (0)) + (7 (0))?] .

m=—0Q0

Moreover, since in this case g;;(0), k;;(0) are Green’s functions for
A[1] = B[1] = Id—-D_Dy, they can be computed explicitly. Indeed,
for Dyy; = 1 we have

()\+)*|J'*i\
VA+ A

with AT defined in (2.3.10). Thus, initially we have the Eulerian Green’s
sequences as computed in [34].

On the other hand, in our construction of the Green’s functions we
have allowed for D, y; = 0, and so our discretization should be able
to handle singular initial data as well. To fix the ideas we consider
the CH equation (2.1.1) only, that is, we set pg = 0, poo = 0 and thus
r, 7 = 0. Moreover, we take uy € H' and the positive, finite Radon
measure ug to be given, where the absolutely continuous part of ug
satisfies dppac = (u% + u%r) dz, and we allow its singular part to be
atomic. This means that po((—o0,x)) may contain jump discontinuities.

In the usual manner we introduce the equispaced grid on R. Inspired
by works on conservative solutions of (2.1.1) in Lagrangian coordinates,
we then define

9i,;(0) = k; j(0) =

y;(0) :==sup{z : po((—o0,2))+z <&}
This is of course the same as interpolating the function
(&) =supfz = pol(—oo,m) +a <€ (2522)

in the gridpoints §;. In fact, (2.5.22) is given in [36, Eq. (3.21a)], and
we can use the results therein to show that our choice of initial data will
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satisfy Definition 2.5.3. We also adopt their definition of Uy, Up(§) =
upoyo(§), in [36, Eq. (3.21)], but we will have to modify the definition of
H to satisfy our discrete identity (2.5.9). In our endeavor we will use that
the continuous-setting variables (yo, Uy, Ho) € V xH! x V. From [36] we
have |yo(§) — &| < uo(R), and since the total energy po(R) is bounded,
we have |lyo — Id||g,0c < po(R). Since y;(0) = yo(§;), this carries directly
over to our setting, |y;(0) —&;| < po(R), meaning [|C(0)|lpe < £0(R).
Moreover, they prove £ — yo(§) to be 1-Lipschitz, which yields

1y0(&j+1) — yo(&5)| < 1€ — &l = A = [Dyy;(0)] <1,

thus D;y(0) € €°°. They also prove £ — fffi) u?(z)dz to be 1-Lipschitz.
Then we have

[Uo(&5+1) — Uo(§)| =

y(&j+1)
/ u(x) dx
y(&))

y(€i+1)
< Jy&) - y<s]~>\/ / o v
Y(Sj

(2.5.23)

Using that both factors in the final expression of (2.5.23) are 1-Lipschitz
we obtain |U;j41(0) — U;(0)| < A, implying |D.U;(0)| < 1and DLU(0) €
¢, In addition, as ug € L it is clear from U;(0) = u(y;(0)) that
10(0) g < o~

Now we need to choose H; in such a way as to satisfy property (c) in
Definition 2.5.3, and we will separate two possible cases. If D y;(0) > 0
we define h;(0) > 0 such that it satisfies 2h;(D+y;) = (U;)?(Dyy;)? +
(D4+U;)2. On the other hand, if Dyy;(0) = 0 we set h;(0) = 3. Then
we define H;(0) = A SV hy(0). Let us estimate h;(0) in the case

m=—0o0

D1y;(0) > 0, where we note that another takeaway from (2.5.23) is

|Uj+1(0) — U;(0)| < /AE/yj+1(0) — y;(0), or equivalently D U;(0)] <
v/D4+y;(0). Using this and D;y;(0) < 1 together with property (c) we

find
(D+U;)
D

2
2y = UZD.4y; + U7+ 1< |lugllfee + 1.

+97
Thus, h(0) € £°°. Finally,

>0, D, y;(0) =0,
h;(0) +Dyy(0) >0, Dyy;(0) >0

I

and the requirements (a)—(d) in Definition 2.5.3 are satisfied.
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It remains to verify ({(0),U(0),H(0),0) € Exe. We already know
that ¢(0) € £°°. We know y is continuous, so it follows that (o = yo —Id
is bounded and continuous, and we may write

Ei+1 2 &i+1
o)~ &) =| [ @) de] < ae [ @) de

J

or equivalently

§i+1
A DG (0)] < / (o)) de.

&5

Summing over j in the above equation we obtain |D¢(0)]]p2 < [[(¢o)ellg.2:
and so ((0) € Vae. A completely analogous procedure shows that
ID+U(0)][p2 < [|(Uo)e|ly2- For the L2-norm of U we estimate

2

2y wor =3 [

JEZ jez /&

Eit1
<23 [ e ag

JEZ.

i1 i1 2
w2y [ (/g r<Uo>g<s>|ds) it

jez 78

&1
é,

3
Un(e) — | Wh)s(s) s

Eit1
<22 +2 A / (Uo)e(s)? ds,

jeZ 5.7

U(0) € h'. Then it remains to check that H(0) € Va¢, and from (2.5.9)

we estimate

which translates into HU(O)HEQ < 2 HU0||i2 + 2A8 ||(U)ely,2, and so

2h; = UiD.y; + (D4Uj)* — 21D G
< U7 + (D4U;)? + 2h; D4 G|
< U7+ (D1U;)° + hy + hy D¢

Now, summing over j we find [ 4(0)|pn < [[U(0)][2+1A(0) g [D+C(0) 21
where the right-hand side is bounded by our previous estimates. Since

h;(0) > 0, it follows from our definition of H;(0) that H;(0) < H;11(0)

and Hj < [|h(0)], which yields [|H (0)]|p- = [[A(0)]p1. Finally, we have

|R(0)]lg2 < ||R(0)]|goo [|R(0)]| 41, s0 H(0) € Va¢. In conclusion we have the

following theorem, where the functions involved should be compared to

Definition 3.1 in [36].
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Theorem 2.5.7. We consider initial data of the Camassa—Holm equa-
tion given by a pair ug € H' and po, where pg is a positive, finite Radon
measure whose absolutely continuous part satisfies djg,qc = (u? +u2) dz,
while its singular part is atomic. Then we can construct sequences of
initial data of the type (o, Uo, Ho, go, ko, Y0, ko) € Vag X h! x Vag x (€)*
for the semi-discrete system (2.4.30), which belongs to the set B in Def-
inition 2.5.3 (for 7 =0).

The drawback of not having y; = §; is that we do not have an
explicit expression for the initial Green’s functions. However, Theorem
2.3.5 guarantees their existence, so the semi-discrete scheme can still be
used. In [26], the discretization (2.4.30) as a numerical method for the
periodic version of (2.1.2). As the problem then is finite-dimensional,
computing the Green’s functions amounts to inverting a matrix and we
are able to find them for any Dyy; > 0. An interesting feature is then
that we may allow for singular initial data from the very beginning in
our numerical experiments. For instance, we could let po((—o0,x)) be
a pure step-function, meaning that all initial energy is concentrated in
separated points on the domain, and then our scheme would yield the
conservative solutions for this system.

2.6 Convergence of the scheme

In this section we interpolate the solutions of the semi-discrete scheme
analyzed in Section 2.5. We shall then show that these interpolated
functions converge to the solution of the 2CH system as written in (2.4.5)
and (2.4.6). Let us in this section use Ya¢ to denote the tuple of grid
functions obtained in Theorem 2.5.6 for ¢ € [0, 7],

YAg(t) = (¢,U,H,7)(t) € Eae = Vae x h' x Ve X 32, (2.6.1)

to avoid confusing the sequence {U;};ez € h! with the reference solution
U € H, etc. In order to ease notation below, we will write ||Ya¢| for
supg<i<r ||Yae(t)]|. We define the interpolated functions as follows

Va(t,&) =Y [Vi(t) + (€ = &) DLV ()] x5(9),
JEZ

Fa(t,€) =Y Ti(1)x; (), (2.6.2)
JEZ

Ra(t,€) = Y [R;(t) + (€ — 1) (D-R;(£))] x;(£),

=7/
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where V' is a placeholder for ¢, U, H, and @, while x;(£) denotes the
indicator function for the interval [£;,{;41). We also introduce the func-
tions

ayA (ta 5)

yA(taé) ::£+Cﬂ(ta§)v T'A(t7€) = fA(t7§>+poo a€

. (2:6.3)

Observe that the interpolated functions above are piecewise linear and
continuous, except for ra, 7A which are piecewise constant. In particular
we note the identity

Rj+(§—&41)(D_Rj) = Rj—1+ (£ = &§)(D-Ry), €€ [&,&41];

which shows Ra(t,&;) = Rj—1. Let us also recall the definition of the
space E in (2.4.8). A consequence of Theorem 2.5.6 is that the tuple of
interpolated functions

XA(t) = (CA(t’ ')7 UA(t7 ')7 HA(tv ')7 fA(t7 )) (264)

satisfies XA (t) € CL([0,T],E) for any fixed T > 0 and A¢ > 0. Let
us now consider a given initial datum X = (o, Uy, Ho, 7o) € E for the
equivalent 2CH system (2.4.5). Assume we have a sequence of initial
data Ya¢ o € Ea¢ such that the interpolation of Y a¢ o, denoted by X o,
converges to Xo, i.e.,

li Xao—X = 0. 2.6.
Jim [ X20 = Xollg = 0 (2.6.5)

For T' > 0 and each Y¢ o, let Yo¢ be the corresponding solution given
by Theorem 2.5.6. Furthermore, we denote by X € C([0,T],E) the
solution to (2.4.5) with initial datum Xy, while XA € C([0,T],E) is the
function interpolated from Y a¢ using (2.6.2). Then we have the following
convergence result.

Theorem 2.6.1 (Convergence). The approzimation X o in (2.6.4) con-
verges to the solution X of the 2CH system (2.4.5) in C([0,T],E).

Proof of Theorem 2.6.1. The strategy of the proof is to show that our
interpolated functions (ya,Ua, Ha,7a) satisfy (2.4.5) and (2.4.6), where
we allow for a small error of order O(A¢). For (2.4.5a), (2.4.5b), and

(2.4.5d), we observe that, by construction, we have

Oya U AU ora

o VA gy = QA =0
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due to (2.4.28), (2.4.30a), (2.4.30b), and (2.4.30d). Thus, the three linear
equations in (2.4.5) are satisfied exactly by our interpolants. The next
step is to check how well H satisfies (2.4.5¢), and we find

0@% _ %[U iRj1+ (€= &)[U;(D_R;) + R;(DL U, x;
:—jé Rj1+ (£ = &)D-Ry)] + R;(§ — &)(D+Uj)] x;
- _% [Uj + (€ = &)(DLU))] [Rj—1 + (€ — &)(D_R;)] x;
+ é(f = &§)(€ = &§+1) (D4 U;) (D-R;)x;
- —[J]ARA +) (€= &)E - &) (DU (D-Ry)y,

JEZ

This identity then implies

O0H
([%A + UARA>€ = 2(25 — & — &+1)(D1U;) (D Rj)x;,
JEZ

almost everywhere. Combining the above identities we can estimate the
error in the V-norm as follows,

oOH
HA + UaRA

\%

N

<A€Y DU [D_Ry| + (ASZA€2 DU DRjQ)
ez ez
< ALD4Ullg2 [D-Rllg2 + AL DU ||goo [|D—R| 2
< AL(ID4Ullg2 + [[D4Ullgso) [[(D4+y)Q — U(D1U) |2
< AL([[D+Ullgz + [ID4U][gee ) (IID4yllgee [@llg2 + [1U ][ ||D+U(||z2) -)
2.6.6

Now, for the relations (2.4.6), we measure the error in L2-norm.
From (2.4.28), we obtain the relation

0 OR oU
gg@ﬂ— a; ~Ua 8; =3 (6 &) [(D4y)(D1Q)) — (DU x5,

JEZ

and find
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dya ORA oUx
_ Y )
H e 94" ¢ Ve |

< AL (D4 yllgee [1D+@Qllgz + D4 Ullgoo [I1D4Ullg2) - (2.6.7)

Finally, using (2.4.28) once more, we have

0 0S8 OH
g? RA — (%A — 8§A — PooTA = jezz(ﬁ —&+1)(D-R;)(D4y;)x;

which can be estimated as

i < ALD1yllpee [D-R|[g2 -
L

(2.6.8)
The estimate (2.6.6) is exactly as we want it, (2.4.5¢) is satisfied in the
appropriate norm up to some small remainder. However, the estimates
(2.6.7) and (2.6.8) require some more work, as we shall see next.
Let us estimate the E-norm of the difference between X 4(7") and the
exact solution X(7T') := ((,U, H,7)(T'). From the above estimates and
(2.4.5) we find

T
1a = (T )lly < [[(€a =)0, )|y +/0 [(Ua=U)(&, )y dt

T
1T~ UV, < [(Ua — U)(O0, ) lgas + / 1@ — Q)(t, g e
|(Ha — H)(T, )y < l(Ha — H)0,)]ly
T
+ / |(UsRA — UR)(E, )y dt
0

+ ASCu([[Yael)T
1(Fa = )T, )z < [1(7a =70, )|

+,ooo/0T O(Ua —U)(t, ")

73
where we have used that the final expression in (2.6.6) can be bounded
by A(CH(||Y a¢l|) for some constant Cy depending only on ||Ya¢l|.
From (2.6.9), it is clear that we need estimates of [[QA — Q|/g1,
[Ra — R||pe, and [[(Ra — R)¢|ly2 in terms of

dt,

L2
(2.6.9)

[1Xa = Xllg = [ICa = Cllv + [Ua = Ullgs + [[Ha — Hlly + [ITa = 7lg2,
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and by definition of the H'-norm and the Sobolev inequality (2.4.18), it
will be sufficient to bound [[Qa — Q|/g: and [[Ra — R||¢gpn. To this end,
we note that by the estimates (2.6.7) and (2.6.8), it follows that

oA o o P i A ol B

for some functions va,wa € L? which are bounded by a constant de-
pending only on the norm [[Ya¢|| of (2.6.1). Recalling (2.4.12) and the
operators defined in (2.4.10) we know that R(¢,€) and Q(¢,&) can be
written as

R(16) = [ sl UTeltm) dn-+ [ gl €)(He + oot 1)
=K (UUg) + G (Hg + pooT) ,

Qt.6) = [ gt UUe(t.mdn + | WA, €)(He + ot )
=G (UUe) + K (He + pooT)

with kernels

glt)(n, &) = 5e” W=D K[H](n, €) = —sgu(& — n)g[t](n, ).

Due to the obvious similarities between (2.6.10) and (2.4.16) we would
like to generalize the operator identity (2.4.10) by replacing y(¢,&) with
any function b(t,§) such that b(t,-) —Id € V and b¢(t,£) > 0, in partic-
ular this holds for our ya(t,€) in (2.6.3) by virtue of Lemma 2.5.4. This
is can be done, and the unique H'-solution of

by "% [

for v(t,-),w(t,-) € L? is then

- [oes)]

00.6) = | 5o MO0 (e, ) — sgn(€ = m)o(t. )] d,

0(t.) = [ 5O [o(t, ) —sgnl — myu(t. )] d

Consequently, we can generalize G and K from (2.4.10) to be operators
from V x L? to H! as follows,

Gt &b~ 1d, f) = /R S MO ) i,
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Klt. &b~ 1d, f) = - /R sgn(€ — ) ge PO 1) iy,

Using these operators, we may write the general solutions ¢(t, &), ¥(t, &)
as

¢(t7 f) = ]C[ta 5](17 - Id? U) + g[tvg](b - Id? w)a
P(t,&) = g[t, &](b —Id,v) + K[t, &](b — 1d, w).

An argument analogous to [30, Lem. 3.1] then proves that the operators
R [ta ] : (C? U, H, f) = K[tv ](C? UUE) + g[tv ](Ca H{ + pOOrF)

and

RQ[tv ] : (Ca v, w) = ,C[tv ](Ca U) + g[tv ](C? w)

are locally Lipschitz as operators from E — H! and V x (L2?)? — H!
respectively, and the same is true for

Oilt,]: (U, H,7) = G[t,|(¢,UUg) + K[t, -](¢, He + pooT)

and

Q[t,]: (¢, v,w) = G[t, J((,v) + K[t (G w).

Finally turning back to the functions we are interested in, we note
that, since our interpolants Ra and QA are solutions of (2.6.10), they
can be written as

Rﬂ(t)f) = Rl[tvﬂ (CA7 Ua, Hﬂvfﬂ) + Aé RQ[t,f](CA,UA,U)A),
Qﬂ(t7§) = Ql[t,f] (gA, Ua, HA7FA) + A§ QQ[taﬂ(CAﬂ)A?wA)‘

These should then be compared to R and @ for the exact solution, which
now can be written as

R(t7 g) =T [tv g](gv U, H, F):
Q(t7§) = Ql[taf](C7 U, H, 7:)'

Then, we write

QA(tag) - Q(t7§) =Q (CAa UA,HA,?A) -9 (C? U, H, f)
+ AL Dot €] (Ca,va, wa)

and it follows from the Lipschitz property that

1Qa(t,-) = Qe < CoullXa®)llg, [XDe) [[Xa(t) = XO)|g
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+ AC ([ Y acll)

for constants Cq1,Cg,2, and we can derive an analogous estimate for
[Ra(t, ) = R(t, ) || -

From the above estimates, the obvious inequality ||feli2 < ||f|lg,
and ||f|ly < % | fllg: coming from (2.4.18), we may add the equa-
tions in (2.6.9) to obtain

[Xa(T) = X(D)|g < [[Xa(0) = X(0)[|g + ASC1([|Yael)T
T
+ Co([[Yacell IIXII)/0 [ Xa(t) = X(#)[lg dt,

where we have used that both supg«;<7 || Xallg < C(||Ya¢l|) and || X|| =
supg<s<7 || X (t)||g and are bounded by constants depending on T and the
E-norm of their initial data. In particular, by Theorem 2.5.6 we know
[Ya¢|| is bounded by a constant depending only on T, He, [[C(0)]]gse,
and po,. Gronwall’s inequality then yields the estimate

1Xa(T) = X(D)llg < Cs ([Vacll, X1
x [1Xa(0) = X(0)[lg + AEC1([[Yac)T] -

Combining this estimate with (2.6.5), we obtain the desired result. [

Since convergence in Lagrangian coordinates implies convergence in
the corresponding Eulerian coordinates, see [27] for details, this shows
that interpolated solutions of the discrete two-component Camassa—
Holm system can be used to obtain conservative solutions of the 2CH
system (2.1.2). In particular, as conservative solutions of (2.1.1) are
unique according to [4], our discretization of the CH equation corre-
sponds to the unique conservative solution of (2.1.1).
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Appendix 2.A Proofs of Propositions 2.3.1
and 2.4.2

Proof of (2.3.3). This is a consequence of the following inequalities,

1 1
2 12 E 12
J
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and
2
1 1
A i < 72 A6 laglAc ) lail = 7z | A6 D lasl |
JEL JET i€Z JET
where we have used the definitions (2.2.6). O

Proof of (2.3.4). We rewrite (a;)? as

1 1 &
(%‘)2 = ) Z ((ai+1)2 - (%)2) — 3 Z ((ai+1)2 - (%’)2)
1=—00 1=j
=5 > (air1+ai)Diai =Y (a1 +ai)Dya;
i=—00 i=j
Ag
< T2 (laaP + il + 2Dy
€L
1
= Sl
where we have applied (2.3.1). O

Proof of (2.3.5). Telescopic cancellations yield

n

Af Z(D+aj)bj = Z(ajqu - aj)bj

n n n
=D ajbj— Y agbji1— Y aj(bj—bj-1)
j=m j=m j=m

= Gny1bn — Ambm-1 — ALY a;(D_by).

j=m
L]

A proof of (2.3.6) follows that of the continuous case, see, e.g., [7,
Ex. 4.4]. To be precise, it comes from applying induction to the standard
Holder inequality.

Proof of (2.3.7). Without loss of generality we may assume k < j and
compute

j—1
jaj — ax| = ‘Ag > Dian

m=k
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-1 1/2 j—1 \ 12

< (As > rD+am|2> (As > 1)
m=k m=k

< |Dyallz |A8(5 — k).

The result follows from taking supremum over j and k. O

Proof of (2.3.8). We first note

IDiallp = ALY Dia; + A8 > IDyaj® =l +un, neN,

l7]<n lj|>n

where [, ||D+a||§2 and u, N\, 0 as n — +oo by Bolzano—Weierstraf.
Furthermore,

VAED a;] = (AgDa;2)"?

1/2 . 1/2
+o0 J /
<minq | A& " |Dyay) ,(45 > |D+ak|2>
k=j k=—oc0
so that
1/2
lim /A¢Dyaj| < lim | AL > Dyl
j—too j—too >l
= 1 . 1/2 g
O

Proof (2.4.24). Let us denote h = g x f. Note that r < co = p,q <
oo, which shows that some configurations are impossible and can be
excluded. We deal with the three remaining cases:

(i) r < co: From the generalized Holder inequality we obtain

il < 2637 (1l 1gigl?) 1" Flgigl =

€L
) -
< AgZ(mﬁmm%)r A‘CZ('ﬁ'l_g)Tpp] p
s IEZL

r—4q

AfZ <|gi’j‘1fg> J_qq] ra
€L

X




108 Paper 2. A variational discretization for a 2CH system

r—p

Asz fﬂ]

Afz | fil?19i,51°

i€l i€EZ
17 54
< | sup (Aﬁz 193,51 )
€L
which implies
ALY |yl
JEZL
r 177r—q
q
<1 £llg” up (AfZ\gm ) ALY AN | filPlgig |
i i€Z jez i€z
r 177r—q
q
<1 /lle” |sup (AfZ\gm ) A |SPAED gl
L i€EZ iE€EZ JEL
r—q % q
< | fllge up <A§Z!gw| ) sup ALY gigl? :
1EZ JEZ

where we have used Fubini’s theorem in the second inequality. Taking
r-th roots we obtain the result.

(i) r = 00, g < oo: We find

|| < Afz 93,5

1E€EL

Lfil < 11fllge (Afz |gi,j|q) :

1€EZ
and taking supremum over j this corresponds to (2.4.24) where g/oco = 0.
(iii) r = q = oo: We find

|y < AED  |gijlIfil

iE€EZ

< A€ Z |fil <SUP |gm‘>

€L je

< sup (sgp \g”> Aéz | fil,

€L \ j icZ

and taking supremum over j this corresponds to (2.4.24) where co/co =
1. 0
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Abstract

The models introduced in this paper describe a uniform distribution of plant stems competing for sunlight.
The shape of each stem, and the density of leaves, are designed in order to maximize the captured sunlight,
subject to a cost for transporting water and nutrients from the root to all the leaves. Given the intensity
of light, depending on the height above ground, we first solve the optimization problem determining the
best possible shape for a single stem. We then study a competitive equilibrium among a large number of
similar plants, where the shape of each stem is optimal given the shade produced by all others. Uniqueness
of equilibria is proved by analyzing the two-point boundary value problem for a system of ODEs derived
from the necessary conditions for optimality.
© 2020 Elsevier Inc. All rights reserved.

MSC: 34B15; 49N90; 91A40; 92B05

Keywords: Optimal shape; Competitive equilibrium; Nonlinear boundary value problem

1. Introduction

Optimization problems for tree branches have recently been studied in [3,5]. In these models,
optimal shapes maximize the total amount of sunlight gathered by the leaves, subject to a cost for
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building a network of branches that will bring water and nutrients from the root to all the leaves.
Following [2,8,11,13,14], this cost is defined in terms of a ramified transport.

In the present paper we consider a competition model, where a large number of similar plants
compete for sunlight. To make the problem tractable, instead of a tree-like structure we assume
that each plant consists of a single stem. As a first step, assuming that the intensity of light /(-)
depends only on the height above ground, we determine the corresponding optimal shape of the
stem. This will be a curve y(-) which can be found by classical techniques of the Calculus of
Variations or optimal control [4,6,7]. In turn, given the density of plants (i.e., the average number
of plants growing per unit area), if all stems have the same shape y(-) one can compute the
intensity of light 7 (k) that reaches a point at height /.

An equilibrium configuration is now defined as a fixed point of the composition of the two
maps () — y(-) and y(-) — I(-). A major goal of this paper is to study the existence and
properties of these equilibria, where the shape of each stem is optimal subject to the presence of
all other competing plants.

In Section 2 we introduce our two basic models. In the first model, the length ¢ of the stems
and the thickness (i.e., the density of leaves along each stem) are assigned a priori. The only
function to optimize is thus the curve y : [0, £] — R? describing the shape of the stems. In the
second model, also the length and the thickness of the stems are allowed to vary, and optimal
values for these variables need to be determined.

In Section 3, given a light intensity function /(-), we study the optimization problem for
Model 1, proving the existence of an optimal solution and deriving necessary conditions for
optimality. We also give a condition which guarantees the uniqueness of the optimal solution.
A counterexample shows that, in general, if this condition is not satisfied multiple solutions
can exist. In Section 4 we consider the competition of a large number of stems, and prove the
existence of an equilibrium solution. In this case, the common shape of the plant stems can be
explicitly determined by solving a particular ODE.

The subsequent sections extend the analysis to a more general setting (Model 2), where both
the length and the thickness of the stems are to be optimized. In Section 5 we prove the existence
of optimal stem configurations, and derive necessary conditions for optimality, while in Section 6
we establish the existence of a unique equilibrium solution for the competitive game, assuming
that the density (i.e., the average number of stems growing per unit area) is sufficiently small.
The key step in the proof is the analysis of a two-point boundary value problem, for a system of
ODE:s derived from the necessary conditions.

In the above models, the density of stems was assumed to be uniform on the whole space. As a
consequence, the light intensity / (k) depends only of the height & above ground. Section 7, on the
other hand, is concerned with a family of stems growing only on the positive half line. In this case
the light intensity / = I (h, x) depends also on the spatial location x, and the analysis becomes
considerably more difficult. Here we only derive a set of equations describing the competitive
equilibrium, and sketch what we conjecture should be the corresponding shape of stems.

The final section contains some concluding remarks. In particular, we discuss the issue of
phototropism, i.e. the tendency of plant stems to bend in the direction of the light source. Devising
a mathematical model, which demonstrates phototropism as an advantageous trait, remains a
challenging open problem. For a biological perspective on plant growth we refer to [9]. A recent
mathematical study of the stabilization problem for growing stems can be found in [1].
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Fig. 1. By a reflection argument, it is not restrictive to assume that the tangent vector t(s) to the stem satisfies (2.4), i.e.,
it lies in the shaded cone.

2. Optimization problems for a single stem

We shall consider plant stems in the x-y plane, where y is the vertical coordinate. We assume
that sunlight comes from the direction of the unit vector

n = (ny,ny), ny<0<nj.

As in Fig. 1, we denote by 6y € 10, 7 /2[ the angle such that

(—np,n1) = (cosby, sinby). 2.1

Moreover, we assume that the light intensity /(y) € [0, 1] is a non-decreasing function of the
height y. This is due to the presence of competing vegetation: close to the ground, less light can
get through.

Model 1 (a stem with fixed length and constant thickness). We begin by studying a simple
model, where each stem has a fixed length £. Let s — y(s) = (x(s), y(s)), s € [0, £], be an
arc-length parameterization of the stem. As a first approximation, we assume that the leaves are
uniformly distributed along the stem, with density «. The total distribution of leaves in space is
thus by a measure u, with

w(A) =« -meas({s cl0,6]: y(s)e A}) 2.2)

for every Borel set A C R2.

Among all stems with given length ¢, we seek the shape which will collect the most sunlight.
This can be formulated as an optimal control problem. Since y is parameterized by arc-length,
the map s — y (s) is Lipschitz continuous with constant 1. Hence the tangent vector

t(s) = y(s) = (cosH(s),sinb(s))

is well defined for a.e. s € [0, £]. The map s — 0(s) will be regarded as a control function.
According to the model in [5], calling ®(-) the density of the projection of 1 on the space E ,f
orthogonal to n, the total sunlight captured by the stem is
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S(y) = / (1 —exp{—CD(z)}) dz
4

—K
- / 1((s)) - (1 —exp {m}) cos(0(s) — o) ds. 2.3)
0

In order to maximize (2.3), we claim that it is not restrictive to assume that the angle satisfies

6o < 0(s) < for all 5 € [0, £]. (2.4)

S

Indeed, for any measurable map s — 6(s) €] — m, w], we can define a modified angle function
6%(-) by setting

0(s) if 6(s)€]0,6p+ /2],
—60 if 6 -7, 0y —1/2
0i(s) = () 1 (s) el —m, 6o — /2], 25)
200+ —6(s) if 6(s)€lbp+ /2, 7],

200 —0(s) if O(s)elbp—m/2,0].

Calling yn - [0, £] = R? the curve whose tangent vector is y#(s) = (cos 0%(s), sin@%(s)), since
the light intensity function y — I(y) is nondecreasing, we have S(y*) > S(y).

By this first step, without loss of generality we can now assume 6(s) €10, 6y + 7 /2]. To
proceed further, consider the piecewise affine map

6 if 0 el6y, /2],
0O = { 7—60 if 6¢e[n/2, 6p+m/2], (2.6)
200—6 if 6 € [0,60].

Call y¥ the curve whose tangent vector is y%(s) = (cos(w(@(s))), sin(p (0 (s)))). Since 1(-) is
nondecreasing, we again have S(y?) > S(y). We now observe that, since 0 < 6y < 7/2, there
exists an integer m > 1 such that the m-fold composition ¢ = ¢ o --- o ¢ maps [0, 6y + /2]
into [0y, 7 /2]. An inductive argument now yields S (y‘/’m) > S(y), completing the proof of our
claim.

As shown in Fig. 2, left, we call z the coordinate along the space E,f perpendicular to n, and
let y be the vertical coordinate. Hence

dz(s) = cos(O(s) — o) ds, dy(s) = sin(0(s))ds. Q2.7

In view of (2.4), one can express both y and 6 as functions of the variable y. Introducing the
function

- _ —K cos(8 — 6p)
g(@) = <1 exp { COS(@ _ 00) }) sin® s (28)

the problem can be equivalently formulated as follows.
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(OP1) Given a length £ > 0, find h > 0 and a control function y +— 6(y) € [0y, 7 /2] which
maximizes the integral

h
/I(y)g(ﬁ’(y))dy (2.9
0
subject to
h
/@d}) = /. (2.10)
0

Model 2 (stems with variable length and thickness). Here we still assume that the plant
consists of a single stem, parameterized by arc-length: s — y (s), s € [0, £]. However, now we
give no constraint on the length £ of the stem, and we allow the density of leaves to be variable
along the stem.

Call u(s) the density of leaves at the point y (s). In other words, p is now the measure which
is absolutely continuous w.r.t. arc-length measure on y, with density u. Instead of (2.2) we thus
have

w(A) = / u(s)ds. (2.11)

{s; y(s)eA}

Calling / (y) the intensity of light at height y, the total sunlight gathered by the stem is now
computed by

12

S(u) = /uy(s)) : (1 —exp |

0

—u(s)

m» cos(6(s) — bo) ds. (2.12)

As in [5], we consider a cost for transporting water and nutrients from the root to the leaves. This
is measured by

0 [ o

I“(M)=/ /u(t)dt ds, (2.13)

0 s

for some 0 < @ < 1. Notice that, in Model 1, this cost was the same for all stems and hence it did
not play a role in the optimization.
For a given constant ¢ > 0, we now consider a second optimization problem:

maximize: S(u) —cZ%(n), (2.14)

subject to:

y(0) = 0, $(s) = siné(s). (2.15)
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The maximum is sought over all controls 6 : Ry + [0, 7] and u : R4 — R. Calling

+00

z(t) = /u(s)ds, (2.16)

t

GO,u) = (1 — exp i ) cos(6 — 6p) , (2.17)

—u
cos(0 — 6p)
this leads to an optimal control problem in a more standard form.

(OP2) Given a sunlight intensity function 1(y), and constants 0 <o < 1, ¢ > 0, find controls
0 : R4+ [0p, 7/2] and u : Ry — R which maximize the integral

+o0
/ [10)G@.w) 2| ar, 2.18)
0
subject to
y(t) = sinb, y(0) = 0,
{ { (2.19)
z2(t) = —u, z(4+00) = 0.

3. Optimal stems with fixed length and thickness
3.1. Existence of an optimal solution

Let 7(y) be the light intensity, which we assume is a non-decreasing function of the verti-
cal component y. For a given « > 0 (the thickness of the stem), we seek a curve s — y(s),
starting at the origin and with a fixed length ¢, which maximizes the sunlight functional defined

at (2.9).

Theorem 3.1. For any non-decreasing function y — I1(y) € [0, 1] and any constants £,k > 0
and 6y €10, t/2[, the optimization problem (OP1) has at least one solution.

Proof. 1. Let M be the supremum among all admissible payoffs in (2.9). By the analysis in [5]
it follows that

0<M < «kpu®R? = «t.
Hence there exists a maximizing sequence of control functions 6, : [0, #,] — [0, /2], so that

h}l
1
/%dy =1 foralln > 1, 3.1)
sin6,(y)
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hy
/ I(y)gOn(y))dy — M. (3.2)
0

2. For each n, let 9}3 be the non-increasing rearrangement of the function 6,,. Namely, 9,5 is the
unique (up to a set of zero measure) non-increasing function such that, for every c € R

meas({s; 9,’3(s) < c}) = meas({s; 0,(s) < c}>, 3.3)
This can be explicitly defined as
0:) = sup &5 meas((o €10.hls a(0)28)) > v].

For every n > 1 we claim that

hn 1 h’l 1
——dy = ———dy = ¢, 3.4
/sin@,?(y) Y /sin@n(y) Y G
0 0
hn h”
/ 10)8 @) dy = / 1980 () dy. (3.3)
0 0

Indeed, to prove the first identity we observe that, by (3.3), there exists a measure-preserving
map y — ¢(y) from [0, i, ] into itself such that 9,]1:(y) = 6,(¢(y)). Using ¢ as new variable of
integration, one immediately obtains (3.4).

To prove (3.5) we observe that the function g introduced at (2.8) is smooth and satisfies

) <0  foralld e by, /2l. (3.6)

Therefore, the map y > g(@,if (y)) coincides with the non-decreasing rearrangement of y >
£(6,(»)). On the other hand, since /(-) is non-decreasing, it trivially coincides with the non-
decreasing rearrangement of itself. Therefore, (3.5) is an immediate consequence of the Hardy-
Littlewood inequality [10].

3. Since all functions 9,1,1 are non-increasing, they have bounded variation. Using Helly’s com-
pactness theorem, by possibly extracting a subsequence, we can find 2 > 0 and a non-increasing
function 6* : [0, h] — [, /2] such that

lim h, = h, lim H,B(y) = 0*(y) fora.e. y€[0,h]. 3.7)
n—o00 n—oo
This implies
h | h
[ Gy =t [ 1@ onay = .
sinf*(y)
0

proving the optimality of 6*. O
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3.2. Necessary conditions for optimality
Let y — 6*(y) be an optimal solution. By the previous analysis we already know that the

function 6*(-) is non-increasing. Otherwise, its non-increasing rearrangement achieves a better
payoft. In particular, this implies that the left limit at the terminal point y = & is well defined:

0*(h) = yEI}L 0*(y). (3.8)
Consider an arbitrary perturbation
0. = 0% + €0, he = h+en.
The constraint (2.10) implies

h+en

1
0

Differentiating (3.9) w.r.t. € one obtains

h
1 cos0*(y)
— O@()dy = 0. 3.10
sin9*(h)77 O/Sinze*(y) dy G-10
Next, calling
he
Je = /I(y)g(Ge(y))dy
0

and assuming that /() is continuous at least at y = &, by (3.10) we obtain

h
_ / 1(»)g' O*(»)O () dy
; (3.11)

h
+ [(h)g(6* (k) - sin6* (h) / 097 6y) dy.
J sin” 6*(y)

Since (3.11) holds for arbitrary perturbations ©(-), the optimal control 6*(-) should satisfy the
identity

cos0*(y)

(g (6* e — =2 =
Me'(e* ) + 26

0, fora.e.y €[0, h], (3.12)



183

A. Bressan et al. / J. Differential Equations 269 (2020) 1571-1611

where
A = I(h)g(@*(h)) - sin®*(h).

It will be convenient to write

_ GO

0 ,
@ sinf

G() = (l—exp{ }) cos(0 — 60).

—K
cos(0 — 6p)

Inserting (3.14) in (3.12) one obtains the pointwise identities

1()(G'©O* () sind* () = G(0* (1)) cos6*(y)) + 0567 (3) = 0.

At y = h, the identities (3.13) and (3.15) yield

LG E*(h)

G'(6*(h)) tan6*(h) — G(O*(h)) = T

Hence
G'(6*(h)) tan0*(h) = 0,
which implies
0*(h) = 6o, A = I(h)gBp)sinby = (L—e ) I(h).

Notice that (3.15) corresponds to

sinf  sinf

05y — {] )G(G) )\}
> = argererfg);J (y .

Equivalently, & = 6*(y) is the solution to
G'®)tanf — G©H) = 2
HON

where G is the function at (3.14).

1579

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Lemma 3.2. Let G be the function at (3.14). Then for every z €] — 0o, e™* — 1] the equation

F@®) = G'@®tand —GOH) = z
has a unique solution 0 = ¢(z) € [0y, /2.
Proof. Observing that

G(bp) = 1—e7", G'@®) <0

for 6 €16p, /2[,

G'(0o) = 0, G"(©®) < 0

(3.19)

(3.20)
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we obtain F'(6p) =e " — 1 and
F'(6) = G"(0)tan6 + G' () tan’6 < 0 for 6 € [0y, /2.
Therefore, for 6 € [0y, w/2[, the left hand side of (3.19) is monotonically decreasing from
e — 1 to —oo. We conclude that (3.19) has a unique solution 6 = ¢(z) for any z €] — oo,

e —1]. O

The optimal control 6*(-) determined by the necessary condition (3.18) is thus recovered by

—A (e —=1DIh)
0* = ) = - - . 3.21
v ‘”(uy)) "’( o) ) 62D

Next, we need to determine % so that the constraint
h

. 1
0

is satisfied. As shown by Example 3.4 below, the solution of (3.21)-(3.22) may not be unique.
In the following, we seek a condition on / which implies that L is monotone, i.e.,

L'(h) =

h
1 / cos0*(y) 1 I (h)G(go)dy > 0. (3.23)

sin(6p) 0 sin2 6*(y) F/(6*(»)) 1(y)

This will guarantee that (3.22) has a unique solution. To get an upper bound for F’(6), observe
that, for 6 € [6y, /2],

tan(9)G” (9)

K —K
— tan(6 s(6 — 6 11— —+1 _—
an( )[Cog( o) < (cos(e "oy T ) exp { cos(@ — o) }>
an?(9—0 —x
+ t(‘:l:s(((i—e(?)) K2 €xp { cos(6—6p) }:|

—tan(#) cos(w/2 — 6‘0)(1 — (K + 1)67)().

F'(9)

IA

Since 6*(y) € [0, 7/2] and G(6p) = 1 — e™*, using the above inequality one obtains

]‘ cos0*(y) 1 I'(h)

. GOy d
JSiorn TF@E NI T0) @0y
h
cosZ 6y 1—e* I'(h)
=3 / dy.
sin” 6o cos(rr/2 — 90)(1 —(k+ l)e*“) 0 I(y)
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Fig. 2. Left: the optimal shape of a stem, as described in Theorem 3.3. Right: if the light intensity / changes abruptly as
a function of the hight, the optimal shape may not be unique, as shown in Example 3.4.

Hence (3.23) is satisfied provided that

h
/1 ® dy < tan’6q - cos(r/2 = 60)(1 — ( + De ).

1(y) I—e™*

(3.24)
0

From the above analysis, we conclude

Theorem 3.3. Assume that the light intensity function I is Lipschitz continuous and satisfies the
strict inequality (3.24) for a.e. h € [0, £]. Then the optimization problem (OP1) has a unique
optimal solution 6* : [0, h*] — [0y, 7/2]). The function 6* is non-increasing, and satisfies

I(h*
0*(y) = ¢ ((e_'c -D I((y))>’ (3.25)

where z — ¢(z) = 0 is the function implicitly defined by (3.19).

The following example shows that, without the bound (3.24) on the sunlight intensity function
1(-), the conclusion of Theorem 3.3 can fail.

Example 3.4 (non-uniqueness). Choose n = (

S 1) - _
ﬁ,ﬁ>,2—6/5<\/§,/<_1,

€ if yel0,1],
I(y) =
1 if y>1,

with & > Ol

By Theorem 3.1 at least one optimal solution exists. By the previous analysis, any optimal
solution 6* : [0, h*] > [0, 77 /2] satisfies the necessary conditions (3.25). In this particular case,
this implies that 6*(y) is constant separately for y < 1 and for y > 1. As shown in Fig. 2, right,
these necessary conditions can have two solutions.

Solution 1. If #* < 1, then I (y) = ¢ for all y € [0, 2*] and the necessary conditions (3.25)
yield



186 Paper 4. Competition models for plant stems

1582 A. Bressan et al. / J. Differential Equations 269 (2020) 1571-1611
0F(y) = p(e ' —1) = 6p = n/4  forall y € [0, h*].
The total sunlight collected is
Se(07) = g(l —e b, (3.26)

Solution 2. If 2* > 1, then I (k™) = 1 and the necessary conditions (3.25) yield

I(h*)) (et =ne) i yerom,

03(y) = w((e’l -1 o)

/4 if y>1.

Callingo =a(e) = ¢ ((e_1 — e ), the total sunlight collected in this case is

oo (el 1 _ 6 1 -l
S0 = <1 expi Cos(a_ﬂ/4)}>cos(a 71/4)8+<5 sina>(1 e ). (327

We claim that, for a suitable choice of ¢ € ]0, 1[, the two quantities in (3.26) and (3.27) become
equal. Indeed, as ¢ — 0+ we have

. e -1 T
Ot(€)=<ﬂ( - ) - 3

1—e!

S:07) — 0, S:(05) — (3.28)

On the other hand, as ¢ — 1 we have a(¢) — 7 /4. By continuity, there exists ¢; €]0, 1[ such
that

. 5
sina(g)) = r

As & — g1+, we have

S:(05) — (1 —exp { }) cos(ae(er) —m/der < Se (6]). (3.29)

cos(a(e)) — m/4)

Comparing (3.28) with (3.29), by continuity we conclude that there exists some € € ]0, &1 such
that 83(6‘1*) = Sg(@é‘). Hence for & =¢ the optimization problem has two distinct solutions.

We remark that in this example the light intensity /(y) is discontinuous at y = 1. However,
by a mollification one can still construct a similar example with two optimal configurations, also
for I(-) smooth. Of course, in this case the derivative I’(h) will be extremely large for 2 ~ 1, so
that the assumption (3.24) fails.
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4. A competition model

In the previous analysis, the light intensity function 7 (-) was a priori given. We now consider
a continuous distribution of stems, and determine the average sunlight / (y) available at height y
above ground, depending on the density of vegetation above y.

Let the constants ¢, x > 0 be given, specifying the length and thickness of each stem. We
now introduce another constant p > 0 describing the density of stems, i.e. how many stems grow
per unit area. Assume that all stems have the same height and shape, described by the function
0 : [0, h] + [0, w/2]. For any y € [0, k], the total amount of vegetation at height > y, per unit
length, is then measured by

h
K
| ———dy.
P f sino(y)
Y
The corresponding light intensity function is defined as

h
. K
I(y) = exp *P'/mdy for ye€[0,n], 4.1

y

while 7(y) =1 for y > h. We are interested in equilibrium configurations, where the shape of
the stems is optimal for the light intensity /(-). We recall that 6y is the angle of incoming light
rays, as in (2.1), while the constants £, k > 0 denote the length and thickness of the stems.

Definition 4.1. Given an angle 6y € ]0, 7/2] and constants ¢, k, p > 0, we say that a light in-
tensity function 7* : Ry + [0, 1] and a stem shape function 6* : [0, h*] — [6p, /2] yield a
competitive equilibrium if the following holds.

(i) The stem shape function 6* : [0, h*] > [0p, /2] provides an optimal solution to the opti-
mization problem (OP1), with light intensity function I = I'*.
(i1) For all y > 0, the light intensity at height y satisfies

h*
K
I* = —p- —dy ;. 4.2
(y) = expy—p / sno () 4.2)
min{y,h*}

If the density of vegetation is sufficiently small, we now show that an equilibrium configura-
tion exists.

Theorem 4.2. Let the light angle 0y €10, /2] be given, together with the constants £,k > 0
determining the common length and thickness of all the stems. Then there exists a constant cy > 0
such that, for all 0 < p < co, an equilibrium configuration exists.

Proof. 1. Consider the set of stem configurations

K = {@) 110, €] [6p, /2], ©Ois nonincreasing}, 4.3)
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and the set of light intensity functions

J = {I 1[0, 4o0[+ [0, 1]; [ is nondecreasing, I(y)=1 fory>¢,
4.4)
[ is Lipschitz continuous with constant

sin 6y }

We observe that K is a compact, convex subset of L!([0, £]), while 7 is a compact, convex
subset of C2([0, 4+o0]).

If ©(-) € K describes the common configuration of all stems, we denote by 1€ (-) the corre-
sponding light intensity function. Moreover, for a given function 7(-), we denote by ©*(I) the
corresponding optimal configuration of plant stems.

In the following steps we shall prove that:

(i) The map © > I® is continuous from K into 7.
(i1) The map I — ©*([I) is continuous from 7 into K.

As a consequence, the composed map © — ©*(I®) is continuous from K into itself. By Schaud-
er’s theorem, it has a fixed point, which provides an equilibrium solution.
2. Given ® € K, define the constant

14

h= /sin@(r)dl. 4.5)
0
More generally, for s € [0, £], set
s
y(s) = /sin@(t)dt e [0, i). (4.6)
0

We observe that, since ©(¢) € [0y, 7 /2], the inverse function y — s(y) from [0, h]into [0, ¢]is a
strictly increasing bijection, with Lipschitz constant L = nl % The corresponding light intensity
function is determined by

0 { exp{—pk(€—s(y)}  if yel0,hl, o
y = .
1 if y> 0

From the above definitions it follows that ® > I® is continuous from K into 7.

3. Next, let € J. Given the constants ¢, k, by choosing p > 0 small enough, any Lipschitz
continuous function / : [0, £] — [0, 1] with Lipschitz constant L = Siﬁ '(90 will satisfy the inequal-
ity (3.24). Hence, by Theorem 3.3, the optimization problem (OP1) has a unique optimal solution
0* . [0, h*] — [0o, 7 /2].

Notice that in Theorem 3.3 this solution is written in terms of the variable y € [0, h*], and
satisfies the optimality condition (3.25). In terms of the arc-length parameter s € [0, £], this cor-

responds to
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©*(s) = 0"(h(s))
where the variable y(s) € [0, #*] is implicitly defined by

y(s)

-

1
—  d7 =
sin6*(z) ¢

St

In view of (2.3), given I € J and © € K, the total sunlight collected by the stem is computed
by

14

SU,0) = = /I(y(s))-(lfexp{m}> cos(®(s) — 60) ds, (4.8)
0

where
S
y(s) = /sin@(s)ds.
0

From the above formulas it follows that the map (I, ®) — S(/, ®) is continuous on the compact
set J x K. In particular, the function

I — max S(I,0) (4.9)
Qe

is continuous on the compact set 7.

Given a light intensity function I € 7, call ®*(I) € K the unique optimal stem shape. We
claim that the map I — ®*(I) is continuous.

Indeed, this is a straightforward consequence of continuity and compactness. If continuity
fails, there exists a convergent sequence I, — I such that ®(/,,) does not converge to ® (/). By
the compactness of X', we can extract a subsequence such that

0,, — 0 £ a().
By continuity, one obtains

S, 0)=sup SU,0) = lim sup S(I,,,O)
ek k=00 gek

= lim Sl OI))) = SU, 7).

This contradicts the uniqueness of the optimal stem configuration, stated in Theorem 3.3. We
thus conclude that the map I +— ®*(I) is continuous, completing the proof. O
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4.1. Uniqueness and representation of equilibrium solutions

By (3.21) and (4.2), this equilibrium configuration (h*, 6*) must satisfy the necessary condi-
tion
h*

0*(y) = ¢ | (e —Dexp /

y

LIy y € [0, h*] (4.10)
sin*(y) ’ T ’

where ¢ is the function defined in Lemma 3.2. Here the constant 2* must be determined so that

h*

1
——dy = L. 4.11
/ sin0*(y) Y 1D
0
Based on (4.10), one obtains a simple representation of all equilibrium configurations, for any

length £ > 0. Indeed, for r €] — 00, 0], let ¢ — /g\(t) be the solution of the Cauchy problem

Pk
sing’

= — where 9 = go((e_K — 1)e{>,

with terminal condition ¢(0) = 0.
Notice that the corresponding function # g(t) =9 ((e*" —-1) ew)) satisfies

9(0) = e —1) = 6.
For any length £ of the stem, choose h* = h*(£) so that

0

1

The shape of the stem that achieves the competitive equilibrium is then provided by

0*(y) = 0y —h"), y €[0,h"]. (4.13)
Since the backward Cauchy problem

pPK

¢'= - sin ((p((e*" -1 ei))

, (0) =0, (4.14)

has a unique solution, we conclude that, if an equilibrium solution exists, by the representation
(4.13) it must be unique. (See Fig. 3.)
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13

Y(© / 1,

Fig. 3. Left: the curve y, parameterized by the coordinate 7. For t < 0, the tangent vector is i,—)l/ = (tan6(t), 1), where
6(t) is obtained by solving the Cauchy problem (4.14). Right: for different lengths 0 < £ < £, < {3, the equilibrium
configuration is obtained by taking the upper portion of the same curve y, up to the length ¢;, i = 1,2, 3.

5. Stems with variable length and thickness

‘We now consider the optimization problem (OP2), allowing for stems of different lengths and
with variable density of leaves.

5.1. Existence of an optimal solution

Theorem 5.1. For any bounded, non-decreasing function y — 1(y) € [0, 1] and any constants
O<a<l,c>0and6y€l0,r/2[, the optimization problem (OP2) has at least one solution.

Proof. 1. Consider a maximizing sequence of couples (6, ux) : Ry — [6p, 7/2] x Ry. For
k>1,let

s s

s = w(s) = /cos@k(s)ds, /sin@k(s)ds

0 0

be the arc-length parameterization of the stem y. Call j; the Radon measure on R? describing
the distribution of leaves along yx. For every Borel set A € R”, we thus have

wi(A) = / ug(s)ds. (.1

{55 m(s)eA}
For a given radius p > 0, we have the decomposition
b
we =ty + 1p
where uz is the restriction of u; to the ball B(0, p), while M;E is the restriction of u; to the

complement R?\ B(0, p). By the same arguments used in steps 1-2 of the proof of Theorem 3.1
in [3], if the radius p is sufficiently large, then

S(up) — eI () = S(pui) — I () (5.2)
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for all k > 1. Here S and Z¢ are the functionals defined at (2.12)-(2.13). According to (5.2), we
can replace the measure py with //L]b( without decreasing the objective functional.
Without loss of generality we can thus choose £ > 0 sufficiently large and assume that

ur(s) =0 foralls > ¢, k=>1.
In turn, since S(ug) — cZ%(ug) > 0, we obtain the uniform bound

1 ¢
T%(up) < k1 = ;S(Mk) < (5.3)

2. In this step we show that the measures p; can be taken with uniformly bounded mass.
Consider a measure px for which (5.3) holds. By (2.13), for every r € [0, £] one has

l o
T%(ug) = r- fuk(t)dt

In view of (5.3), this implies

L

/uk(s)ds < (K—‘)W. (5.4)

r
r

It thus remains to prove that, in our maximizing sequence, the functions u; can be replaced with
functions iy having a uniformly bounded integral over [0, r], for some fixed r > 0.

Toward this goal we fix 0 <& < 8 < 1, and, for j > 1, we define r; =27/, and the interval
Vi =1rjy1,r;]. Given u = uy, if fV_,- u(s)ds > rj., we introduce the functions

uj(s) = XV_,- u(s), i j(s) = min{u;(s), cj}, (5.5)

choosing the constant ¢; > er ~! 5o that
/ﬁl(s)ds = (5.6)
i =T;. .
Vi
We then let ; =uju and fi; =i ju be the measures supported on V;, corresponding to these

densities.
For a fixed integer j*, whose precise value will be chosen later, consider the set of indices

J= iz

[u(s) ds > rf- 5.7)

Vi

and the modified density
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i(s) = u(s) + Y (i (s) — u;(s)). (5.8)
jeJ

Moreover, call i the measure obtained by replacing u with & in (2.11). By (5.4) and (5.5) the
total mass of j is bounded. Indeed

¢ " 1/ 1/
;I(Rz)zfﬁ(s)ds—l—/ﬁ(s)ds < <K—‘> + Z ri < (K‘ ) +Zz—fs < +o0.
Tjx — T ‘
Fin 0 J iz I j=1
5.9)
We now claim that
S(it) = cI% (1) = S(u) — cZ% (). (5.10)

Toward a proof of (5.10), we estimate

S —S[@ <y ( [ I(y (1) cos(0 (1) — o) dt

jeJ vj
' iij (1)
- / 1(y(1)) (1 —exp { e =i }) cos(0(1) — o) dt)

Vi
rj
=y f exp{—ii;(1)}dr < erﬂexp{—zrf*‘}. (5.11)
J€Jrip jeJ
To estimate the difference in the irrigation cost, we first observe that the inequality
¢ o

1_, K1
u@®yde | < -I%(w) = —
r r

v
implies

¢ oa—1

/u(z)dt > (Kr—l);l . (5.12)

r

Since u(s) < u(s) for every s € [0, £], using (5.12) we now obtain

d
TG =T = | 2T+ = 0)i)dn

Il
S ~—

o

1 ¢ L
//% /[Au(l)—l—(l—)»)ﬁ(t)]dt dsdx
0 0

s
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a—1 )

1 ¢ 14
/f « /[Au(l)—l—(l—k)ﬁ(l)]dz /[u(t)—ﬁ(t)]dt dsd
00 K

s

¢ ¢ a=l
z/ o /u(l)d[ /[u(z)—ﬁ(t)]dt ds
0 s K}
Tj+1 [ a=l
> Z/ o /u(t)dt /(uj(t)—ﬁj(z))dt ds
jEJVHz s Tj+1
a—1
Ki “ & B
> ZO& <rj+2) (VJ r_,) Tj4+2
jeJ
=Y ka0t =), (5.13)
jeJ

where k) = ot(4/<1)aa;l. Combining (5.11) with (5.13) we obtain

T (0~ T (1= [SG0 =S = Y (exar 05 =) = rjrexp|-277'}). 5.19)
jeJ

By choosing the integer j* large enough in (5.7), for j > j* all terms in the summation on the
right hand side of (5.14) are > 0. This implies (5.10).

3. By the two previous steps, w.l.o.g. we can assume that the measures p; have uniformly
bounded support and uniformly bounded total mass. Otherwise, we can replace the sequence
(ur)k>1 with a new maximizing sequence (iix)x>1 having these properties.

By taking a subsequence, we can thus assume the weak convergence p; — . The upper
semicontinuity of the functional S, proved in [5], yields

S(w) = limsup S(ug)- (5.15)
k—o00

In addition, since all maps s — yx(s) are 1-Lipschitz, by taking a further subsequence we can
assume the convergence

vi(s) = ¥(s) (5.16)

for some limit function 3, uniformly for s € [0, £].

Since each measure pu is supported on yj, the weak limit & is a measure supported on the
curve y.

4. Since 0 (s) € [0o, /2], we can re-parameterize each stem y in terms of the vertical vari-
able

s

i(s) = /sinek(t)dr.

0
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Calling s = s¢(y) the inverse function, we thus obtain a maximizing sequence of couples

v GOL TG = (B, s ), yel0hul.
Moreover, the stem y; can be described as the graph of the Lipschitz function

sk(y)
x = xx(y) = cosO(s)ds.
0

Since all functions xx(-) satisfy x;(0) = 0 and are non-decreasing, uniformly continuous with
Lipschitz constant L = cosép/sinfy, by possibly extracting a further subsequence, we obtain
the convergence iy — h and x;(-) — X(-). Here ¥ : [0, 4] — R is a nondecreasing continuous
function with Lipschitz constant L, such that x(0) = 0. More precisely, the convergence x; — X
is uniform on every compact subinterval [0, 2] with i < /.

5. We claim that the irrigation cost of 1 is no greater that the lim-inf of the irrigation costs for
k. Let o — y (o) be an arc-length parameterization of y. Since s + y(s) is 1-Lipschitz, one
has do/ds < 1. We now compute

a(l) /o(t) o a (L) 14 o
%) = / /ﬁ(z)dt do = / lim /uk(t)dl do(s)
k—o00
0 o « 0 s (5.17)
< lim fuk(t)dt ds = lim Z%(ug).
k—o00 k— o0
0 N

6. Combining (5.15) with (5.17) we conclude that the measure 1z, supported on the stem ¥, is
optimal.

Let u be the density of the absolutely continuous part of 7t w.r.t. the arc-length measure on
7, and call u* the measure that has density i w.r.t. arc-length measure. Since S(u*) = S(w),
it follows that u* = . Otherwise Z%(u*) < Z%(m) and 7t is not optimal. This argument shows
that the optimal measure 1 is absolutely continuous w.r.t. the arc-length measure on .

Calling o — y (o) the arc-length parameterization of ¥, the optimal solution to (OP2) is now
provided by o — (0(0), (o)), where @ is the orientation of the tangent vector:

57/(0) = (cosf(0), sinf(0)). O

5.2. Necessary conditions for optimality

Letz +— (6*(¢), u™(¢)) be an optimal solution to the problem (OP2). The necessary conditions
for optimality [4,6,7] yield the existence of dual variables p, g satisfying

b
(5.18)

; |
g = caz" ",

—I'(y») GO, u), {p(+oo) =0,
q(0) 0,
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and such that the maximality condition

0" (0.0 (1) = arg max {p(t) sin — g (O + 1(y(1)) GO, u) —cz”‘}. (5.19)

We recall that G (0, u) is the function defined at (2.17). An intuitive interpretation of the quanti-
ties on the right-hand side of (5.19) goes as follows:

e p(¢)isthe rate of increase in the gathered sunlight, if the upper portion of stem {y (s); s > ¢}
is raised higher.

e ¢(1) is the rate at which the irrigation cost increases, adding mass at the point y (¢).

e /(y(t)) G(O, u) is the sunlight captured by the leaves at the point y (¢).

6. Uniqueness of the optimal stem configuration
Aim of this section is to show that, if the light intensity / (y) remains sufficiently close to 1 for
all y > 0, then the shape of the optimal stem is uniquely determined. This models a case where

the density of external vegetation is small.

Theorem 6.1. Let h +— 1 (h) € [0, 1] be a non-decreasing, absolutely continuous function which
satisfies

I'y) <Cy™?  forae y>0, 6.1)
for some constants C >0and 0 < B < 1. If
I10)>1-§ (6.2)
for some § > 0 sufficiently small, then the optimal solution to (OP2) is unique.

Proof. We will show that the necessary conditions for optimality have a unique solution. This
will be achieved in several steps. 1. Given /, p, g, define the functions ®, U by setting

(@(1,p,q),U(1,p,q)>£arg max {p-sin@—qu-i—l~G(9,u)—cza}. (6.3)
0€l0,7], u>0

We recall that G is the function defined at (2.17). Notice that one can write

GO.u) =ul (L ©- 90))
u

with
~ 1 ~ ~
G(x) = (1 —exp{——})x > 0, G'(x) <1, G'(x) <0, for all x > 0.
X
(6.4)
Denote by

HO,u) = p-sinf —qu+1()G@O,u) —cz* (6.5)
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the quantity to be maximized in (6.3). Differentiating H w.r.t. 8 and imposing that the derivative
is zero, we obtain

P __GyOu
I~ cosf
. (6.6)
sin (6 — 6p) u u u
= ———|1—expy— — expy— ¢ |-
cosf cos (6 — 6p) cos (6 — 6p) cos (6 — 6p)
Similarly, differentiating H w.r.t. u, we find
+1G,(6,u) 4 lex " 0
— ,u) = — e — =
a " a P cos (0 — 6p)
This yields
_ _m(e _
W= —1In (1 ) cos (6 — ). 6.7)

A lengthy but elementary computation shows that the Hessian matrix of second derivatives of H
w.r.t. 0, u is negative definite, and the critical point is indeed the point where the global maximum
is attained. By (6.7) it follows

U, p.q) = —1n<%) cos(O(1, p. q) — 00). (6.8)

Inserting (6.8) in (6.6) and using the identity

sin (6 — 6p) .
—————— = cosfptanf — sinfy
cos6
we obtain
L p
6y 1
O, p,q) = arctan (tan90 + L) (6.9)
=4+ ()
Introducing the function
) /1
w(l, p,q) = , (6.10)
= f+ ()
by (6.9) one has the identities
< 9
sin(O(1, p. q)) = Sinfo+w ,
/08?6y + (w + sin6p)? 6.11
1 + wsin6y 6.11)
cos(O(1, p,q) — o) = —
/€026y + (w + sin6p)?

Note that w > 0, because p, g, I > 0. In turn, from (6.11) it follows
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cos by
cos(@(l, p,q)) = - ,
/€082 6y + (w + sin6p)?
(6.12)
L w cos By
sin(®(/, p,q) —6o) = - .
/€082 6y + (w + sin 6p)>

2. The necessary conditions for the optimality of a solution to (OP2) yield the boundary value
problem

) ) y(0) = 0,
y() = sin®,
z(T) = 0,
() = —U,
p(T) =0, (6.13)
p@) = —I'(1)G(®,U),
q(T) = I(y(T)),
q(1) = caz® !,
q(0) = 0.
Here [0, T'[ is the interval where u > 0, while
0 =00y p. 9, U=U0U®O),p,q) (6.14)

are the functions introduced at (6.3), or more explicitly at (6.8)-(6.9). Notice that the length 7" of
the stem is a quantity to be determined, using the boundary conditions in (6.13).

3. Since the control system (2.19) and the running cost (2.18) do not depend explicitly on
time, the Hamiltonian function

ax {p-sin@—qu—l—l(y)G(O,u)—cza} (6.15)

H(y,z,p,q) = m
(y P q) 0€l0,7], u=0

is constant along trajectories of (6.13). Observing that the terminal conditions in (6.13) imply
Hy(T),z(T), p(T),q(T)) =0, one has the first integral

H(y(@),z(t), p(t),q@) =0 forallt €[0,T]. (6.16)
This yields

psin® + [I(y)—q +qln(i>]cos(®—00)—cz°‘
I(y)

plsinfy + w] + [I(y) —qg+gln (%)] [1+ wsinép]
V/c0s2 6y + (w + sin6p)?

_4 9 (4 2 N2
1(y) [1 o) + o) ln<1(y)>] \/cos 6o + (w + sinfp)~ — cz“.

o
I

o

‘We can use this identity to express z as a function of the other variables:
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1) q_ . 4 1\ Jeor 51
z(I(y), p.q) = { |:1——+—ln(—>} cos* Oy + (w + sinbp) }
( ) c Iy) 1) 1(y)
q 2
= c—'/”{ ([l(y) —g+gln (—)] cos90> 6.17)
I(y)

+(p+[10)—a+am(7%5)] sin90)2 }1/20,

4. Since [ is given as a function of the height y, it is convenient to rewrite the equations
(6.13) using y as an independent variable. Using the identity (6.17), we obtain a system of two
equations for the variables p, g:

d , q(y)} cos (O(1(y), p(»),4(»)) — o)
Lo = —r'm|1-L2
" (y)[ 1001~ sine(1(), p(,a(»)
— Iy [1_@} 1+w§in490 (6.18)
I1(y) | w+sinby

= —I') AT, p»).q()),

calz(1). p(»).a )]

sin®(1(»), p(»), g())

acl/® 2 2 -5
= —,[cos 6o + (sinfy + w) ]
w + sin 6y

-1
q q q «
o (1--2 4 9 (-1
X[ (y)( ORI n(l(y)))]

LI, p(3).q().

d p—
E‘I()’) =

(6.19)

where w = w(/, p, q) is the function introduced at (6.10). Note that under our assumptions, fj
remains bounded, while f> diverges as g(y) — I(y). The system (6.13) can now be equivalently
formulated as
{p’(y) =-I'y) AT, p.q). {p(h) =0,
q0) = 0. (6.20)
g = LI, p.q). q(h) = I1(h),

5. To prove uniqueness of the solution to the boundary value problem (6.13), it thus suffices
to prove the following (see Fig. 4, right).
(U) Call

y = (p(r.h), q(y, b)) (6.21)

the solution to the system (6.20), with the two terminal conditions given at y = h. Then there
is a unique choice of h > 0 which satisfies also the third boundary condition

q0,h) = 0. (6.22)
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I(y)

u(y) q(y)
z(y) ‘

Fig. 4. Left and center: sketch of the solution of the system (5.18) in the case where /(y) = 1. Left: the graphs of the
functions z in (6.25) and u = —Inq. Center: the graph of the function ¢ at (6.26). The figure on the right shows the case
where 7 (-) is not constant. As before, 7 must be determined so that ¢ (0, z) = 0.

To make the argument more clear, the uniqueness property (U) will be proved in two steps.
(i) When /(y) =1, the map
h +— q(0,h) (6.23)
is strictly decreasing, hence it vanishes at a unique point /.
(ii) For all functions 7 (-) sufficiently close to the constant map = 1, the map (6.23) is strictly
decreasing in a neighborhood of .

In the case I (y) =1, recalling (6.9) we obtain (see Fig. 4)

I'(y) =0, p(y.h) =0, 8(,0,9) = 6o, G(6.U) = 1—-¢7Y,
U(1,0,q) = argmax {—qu+ G(6,U)} = argmax{—qu+1—¢""} = —Ing,
u u

The system (6.13) can now be written as

p'(y) =0,
p(h) =0,
() =
TV = "5hay gy =1,  q@0) = 0. (6.24)
() = ln_q, z2(h) = 0,
sin 6y
From (6.24) it follows p(y) = 0, while
dz _ Ing
dg = cazel’

Integrating the above ODE with terminal conditions g = 1, z = 0, one obtains

1/a
z = c_l/”‘[l +qlng —q] . (6.25)

The second equation in (6.24) thus becomes
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1/ a—1
ac o
g = [1+qInigl—q] (6.26)
sin 6y

Notice that here the right hand side is strictly positive for all g € ] — 1, 1[ . Of course, only positive
values of ¢ are relevant for the optimization problem, but for the analysis it is convenient to
extend the definition also to negative values of ¢g. The solution of (6.26) with terminal condition
q(h) =1 is implicitly determined by

1
sin 6y Lo
h—y = —— l4+sln|s|—s ds. (6.27)
acl/e
q(y)

The map /& +— ¢(0, h) thus vanishes at the unique point

l—a

1
- e
hy = 22 0/[1+s1n|s|—s] ds. (6.28)
0

- acl/e

As expected, the height A of the optimal stem decreases as we increase the constant ¢ in the
transportation cost. A straightforward computation yields

1/a -

[1 440, h)In|g (0, h)| —q(O,h)] “ (6.29)

d oc
—q(0,h) = — —
th( ) sin 6y

In particular, at 1 = ho we have q(hO)(O) = 0 and hence

1/a
= -2 o (6.30)
h=ho sin 0y

d
—q(0,h
dhq( )

6. We will show that a strict inequality as in (6.30) remains valid for a more general function
1 (+), provided that the assumptions (6.1)-(6.2) hold.
Toward this goal, we need to determine how p and g vary w.r.t. the parameter /. Denoting by

. op(y,h) . 9q(y,h)
on 0 20 =

6.31)

their partial derivatives, by (6.20) one obtains the linear system

P _ (-I'D)fip —F@MM)<Hw>
(Q@J = ( o Fra o) (6:32)

The boundary conditions at y = h require some careful consideration. As y — h—, we expect
(), p(y),q(y)) = +0o0 and Q(y) — —oo. To cope with this singularity we introduce the
new variable

o(y)
IUONIORTO)R

o) = (6.33)
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The system (6.32), together with the new boundary conditions for P, é can now be written as

P'(y) = ~I'D) [ fipP + f1.4/20]. P(h) = 0,
~ p B ~ ~ (6.34)
50 = Jap p IO fz,pfl]Q’ { Oy = —1.

2 f2

To analyze this system we must compute the partial derivatives of f; and f>. From the definition
(6.10) it follows

d 2 9 3 2
—=2-1 =20 2 =B (6.35)
al p 1 ap p aq p 1
Using (6.35), from (6.18), (6.19) we obtain
-1
fl.p(l()’)vP,Q) = ) p Y p p s
1(y)tan? ® [1 — &5 + 745 n (m)]
1 cos(@—gp  Sin(®—fp)cos® 1—%},)]1n(%)
fia(I3), p.q) = 0) sme = . . RYE
¢ I1(y)sin @[l—ry)—l—mln(m)]
o
LU, pg) = — |1+ —Za] , (6.36)
2 ) | sin?@ 2(I(y), p.q)

[(1—a)si in(® — In( +Ls
foalt)pog)) = — [ S0 O <1+ - 2a>]z( )

sin” © cos © sin2@ 1(y),p.q)
_ ) ) q
(1 —a)sinfy  sin(® — 6p) < a )] e €]
I , D, = — + 1+ — 2« .
fz,l( (y) p q) i Sil’l2® cos ® Sil’l2® Z(I(y), p’q)

At this stage, the strategy of the proof is straightforward. When 1 '(y) =0, the solution to (6.34)
is trivially given by P(y) =0, Q(y) = —1. This implies

a ~
5,401 = 000 /2(1(0). p(0),4(0)) < 0.

We need to show that the same strict inequality holds when § > 0 in (6.2) is small enough.
Notice that, if the right hand sides of the equations in (6.34) were bounded, 1ettin§ || —
0 a continuity argument would imply the uniform convergence P(y) — 0 and Q(y) — —1.
The same conclusion can be achieved provided that the right hand sides in (6.34) are uniformly
integrable. This is precisely what will be proved in the next two steps, relying on the identities
(6.36).

7. In this step we prove an inequality of the form

0 <6 <0OUpg <6 < % (6.37)

As a consequence, this implies that all terms in (6.36) involving sin ® or cos ® remain uniformly
positive.
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The lower bound ® > 6 is an immediate consequence of (6.9). To obtain an upper bound on
®, we set

ﬁi@
I(y)

By (6.13), a differentiation yields

o caz® ! —g*l'sin(©)
q- = 7 .

Next, we observe that, by (6.13), one has
z(h) = 0,

g (h) = 1.

1

o Ing®-cos(® —6p)
= e 00z —q*I'sin(®)

dq*

= ¢1(¢") Ing* az* ", {

In (6.2) we can now choose § < ca M®~!, where M > z(0) is an a priori bound on the mass of
the stem, derived in Section 5. This ensures that ¢ is a bounded, uniformly positive function for
y close enough to &, say

O<c < ¢ < ct,

for some constants ¢, ¢T. Integrating, we obtain

Z 1 1

& = fa;‘“dc = —fwl(S)lnsds = —wz(q”)/lnsdm @3(g") - (1 —gh)?, (6.38)

0 e 4t
and
a—1 a=1
1 o 1 o
dqj ca 4
Ezsin(a — [ ¢1(s) Insds =@4(q")- | — | Insds
q* P
2(x—1)
=ps(g")-(1—gH "o . (6.39)

Here the ¢ are uniformly positive, bounded functions. Integrating (6.39) we obtain

1 21—
/ 1—=s) « ds =h—y. (6.40)

To fix the ideas, assume

0 <3 < 9s(s) < Cs.
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Then

1
1 2(1-a) o 4 2=
— | (l=s) ¢ ds = — (1 —q") @« ds > h—y.
c3 2 —-a)c3

qﬁ
I—gf(y) = (Q_a—"‘)“>m<h—y>ﬁ. 6.41)

A similar argument yields

Q-a)C3)\ 7% o
1—¢*(y) = (T) (h—y)=s. (6.42)
Using (6.1) and (6.42) in the equation (6.18) we obtain a bound of the form

—P' () < Cll—q(y) < Ca(h—y)7= (6.43)

for y in a left neighborhood of /4, which yields

Cr 2
p(y) < m(h—y)2-a. (6.44)

Since o < 1, using (6.41) and (6.44) in (6.9) we obtain the limit ®(y) — 6y as y — h—.

On the other hand, when y is bounded away from %, the denominator in (6.10) is strictly
positive and the quantity w = w(/, p, ¢) remains uniformly bounded. By (6.9), we obtain the
upper bound ® < 6T, for some 67 < /2.

8. Relying on (6.36), in this step we prove that all terms on the right hand sides of the ODEs
in (6.34) are uniformly integrable.

(i) We first consider the terms appearing in the ODE for P(y). Concerning f1,,, as y — h—
one has

—1 o
fip = 0m-(1=1) " = 0W)-h—y7, (6.45)

because of (6.41). Since o < 1, this implies that f1,, is an integrable function of y.
(i) By the second equation in (6.36), as y — h— one has

1= aHIn(at
fig :O(l)'l( q°)In(g")

(iii) The term £, blows up as y — h—, due to the factor z*~!. However, this factor is integrable
in y because, by (6.38), (6.41) and (6.42)

(1), p(), () = O) - (h — y) T, (6.47)
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This implies

LI, p(»).q())=01) -1, p(»). q(»))
=0()-(h—y)~ ', (6.48)
showing that f> is integrable, because o > 0.

(iv) We now solve the linear ODE for P in (6.34) with terminal condition P (k) = 0. By the
estimates (6.45)-(6.46) and (6.48) one obtains a bound of the form

P(y) = O() - (h—y)7e, (6.49)
valid in a left neighborhood of y = h.

In a neighborhood of the origin, the function f} 4 contains a logarithm which blows up as
y — 04. However, this is integrable because, for y & 0, we have

10) - (490))
I(y) dy 1(y)

(v

~

) _ co
o 0T GO)TEI0)sin(©0)

and In y is integrable in y. Recalling (6.1), as y ranges in a right neighborhood of the origin,
i.e. for y > 0, we conclude

I'D) - figfr=00-I'Mfiqg = O01) -y Plny,
(6.50)

oM -I'(y) = Oy -y

I/(y) . fl,p

This shows that, in (6.34), the coefficients in first equation are uniformly integrable in a
right neighborhood of the origin. N
(vi) It remains to consider the terms appearing in the ODE for Q(y). We first observe that

fp  sin®
) ca

—2a |71 ,
75 a}z (I, p(M.q(»)

As y — h—, by (6.47) and (6.49) this implies

f;_v".p = O() - (h=)=% - (h— )™, (6.51)
2

which is integrable for o < 1.
(vii) Finally, as y — h—, we consider

Sfa.1 sin ® |:(1—a)sin00 sin (® — 6p) ( o >:|
Ll + 1+ —2u
f2 ca sin? © cos © sin ©
_ 49
-5 (6.52)

X
(1), P, q()
O - (1 =gHz (1), p(),g()) = O) - (h — )= - (h — N
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which is integrable in y since « < 1. Similarly, by (6.51), (6.18), and (6.42), it follows

%.ﬁ = O()- (h—y)Ta - (h — y) 23, (6.53)

which is again integrable.

9. The proof can now be accomplished by a contradiction argument. If the conclusion of
the theorem were not true, one could find a sequence of absolutely continuous, non-decreasing
functions I, : Ry +— [0, 1], all satisfying (6.1), with ,,(0) — 1, and such that, for each n > 1,
the optimization problem (OP2) has two distinct solutions, say (én, it,) and (én, iy). As a
consequence, for each n > 1 the system (6.13) has two solutions. To fix the ideas, let the
first solution be defined on [0, A »] and the second on [0, h,l] with h < h These two solu-
tions will be denoted by (pp, ¢n,Zn) and (P, Gn, Zn)- They both satisfy the boundary condi-
tions

Pulhn) = PuChn) =0,  Gulh) = L), Guh) = I(hy),  Gu(0) = §(0) = 0.
(6.54)

As a preliminary, we observe that, for § > 0 small, the heights h, h of optimal stems must
remain uniformly positive. Indeed, by (2.3) the sunlight gathered by a stem y of length £ is
bounded by

Sy) < ¢t

Hence, for a sequence of stems y,, with heights hn — 0, the total sunlight satisfies

~

Syn) < £y <

sin 6y

Therefore, for n large, none of these stems can be optimal.
Thanks to the last identity in (6.54), by the mean value theorem there exists some intermediate
point k,, € [h,,, h ] such that, with the notation introduced at (6.21),

aﬂ(o kn) = 0. (6.55)

For each n > 1 consider the corresponding system

Piy) = =L [fipPa+ fi.g/204]. Poer) = 0.
Y PR _ (6.56)
J'(y) = fsz "2 — f2,p f1] N { Ok = —
f2 f2
Since f2(1,(0), pn(0, ky), 0) > 0, by (6.55) it follows
0,(0) = : 0,k = 0. (6.57)

fZ(In(0)7 Pn(O,kn),O) oh
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Let

1 g(y. k)

O = Lo ok k)

be the solutions to (6.56). By the previous steps, their derivatives (P,;, é;)’pl form a sequence

of uniformly integrable functions defined on the intervals [0, k,,]. Note that the existence of an
upper bound sup,, k, = h™ < +o0 follows from the existence proof.

Thanks to the uniform integrability, by possibly taking a subsequence, we can assume the
convergence k, — h € [0, h™], the weak convergence of derivatives P, — P’, O/, = Q' in L,
and the convergence

P, - P, 0, O,

uniformly on every subinterval [0, &] with & < .

Recalling that every I, satisfies the uniform bounds (6.1), since I,,(y) — I(y) = 1 uniformly
for all y > 0, we conclude that (P, é) provides a solution to the linear system (6.34) on [0, hl,
corresponding to the constant function /(y) = 1. We now observe that, when I(y) = 1, the
solution to (6.34) is P(y) =0 and Q(y) = —1. On the other hand, our construction yields

0(0) = lim 0,(0) = 0.
n—00
This contradiction achieves the proof of Theorem 6.1. O

7. Existence of an equilibrium solution

Given a nondecreasing light intensity function / : Ry +— [0, 1], in the previous section we
proved the existence of an optimal solution (6™, u*) for the maximization problem (OP2).

Conversely, let pp > 0 be the constant density of stems, i.e. the number of stems growing
per unit area. If all stems have the same configuration, described by the couple of functions
y = (0(y), u(y)) asin (2.18), then the corresponding intensity of light at height y above ground
is computed as

+00

©,u) . . £0 u(¢)
7o) = exp cos / sinf(¢) - .D

v

The main goal of this section is to find a competitive equilibrium, i.e. a fixed point of the
composition of the two maps I — (8*, u*) and (6, u) — 1@,

Definition 7.1. Given an angle 6 € ]0, v /2[ and a constant py > 0, we say that the light intensity
function 7* : R4 +— [0, 1] and the stem configuration (0*, u*) : Ry + [0y, 7/2] x Ry yield a
competitive equilibrium if the following holds.

(1) The couple (8*, u™) provides an optimal solution to the optimization problem (OP2), with
light intensity function [ = I'*.
(i) The identity I* = 1®"#") holds.
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The main result of this section provides the existence of a competitive equilibrium, assuming
that the density pg of stems is sufficiently small.

Theorem 7.2. Let an angle 6y €10, /2[ be given. Then, for all po > 0 sufficiently small, a
unique competitive equilibrium (I*, 0*, u™) exists.

Proof. 1. Setting C =1 and 8 =1/2 in (6.1), we define the family of functions

F = {I :Ry[1—34,1]; I isabsolutely continuous,
(12)
I'(y) €0, yil/z] fora.e.y>0},

where § > 0 is chosen small enough so that the conclusion of Theorem 6.1 holds.
2. Foreach I € F, let (8, u'!) describe the corresponding optimal stem. Calling

ah = sup {y >0; uD(y) > O}
the height of this stem, by the a priori bounds proved in Section 6 we have a uniform bound
D < pt

forall 7 € F. Let p, ¢ : [0, D] R be the corresponding solutions of (6.20). For con-
venience, we extend all these functions to the larger interval [0, h™] by setting

pP ) = pP(nD), ¢P) = qPn?D),  forallye[n?, nt].

3. By the analysis in Section 6, for any / € F, the solution to the system of optimality condi-
tions (6.13) satisfies

b0 < O M), p(y).a() < 6% oy < % <1, (13)

for some 1 < 7/2 and ¢g > 0 sufficiently small. In view of (6.8), this implies

I
U, p®»),q») = —In (%) cos(OU (»), p().g(»)) — o) < —In(coy). (7.4)

Note that ©(1 (y), pP (), ¢P () = 6D (y) and U (), p (), ¢ () = u'D(y). Thus,
if we choose pg > 0 small enough, it follows that the corresponding light intensity function 7©-*)
at (7.1) is again in F. A competitive equilibrium will be obtained by constructing a fixed point
of the composition of the two maps

Al (09, uD), Ar:(@,u) = 109 (1.5)

In order to use Schauder’s theorem, we need to check the continuity of these maps, in a suitable
topology.
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We start by observing that F C C°([0, 1) is a compact, convex set. Again by the analysis
in Section 6, as I varies within the domain F, the corresponding functions 8" are uniformly
bounded in L*®([0, h*]), while u) is uniformly bounded in L' ([0, hT]).

From the estimate (6.43) it follows that the functions p/) are equicontinuous on [0, 2 T].
Recalling that ¢ = g% - I, by (6.39) we conclude that the functions ¢!/ are equicontinuous as
well.

4. Motivated by (7.3)-(7.4), we consider the set of functions

U ={©.0eLl((0.h%]: R?), 00)elbo,0%], 0=u( =—ln@y}. 7.6

Thanks to the uniform bounds imposed on 6 and u in the definition (7.6), the continuity of the
map Ay : U — C°, defined at (7.1) is now straightforward.

5. To prove the continuity of the map Aj, consider a sequence of functions I, € F, with
I, — I uniformly on [0, h*]. Let (8, u,) : [0, AT] — R2 be the corresponding unique optimal
solutions.

We claim that (6,, u,) — (0, «) in LY ([0, h1]), where (0, u) is the unique optimal solution,
given the light intensity /.

To prove the claim, let (p,, g,) be the corresponding solutions of the system (6.20). By the
estimates on p’, g’ proved in Section 6, the functions (p,, g,) are equicontinuous. From any
subsequence we can thus extract a further subsequence and obtain the convergence

Pnj = D> qn; = G Iy — 1, (1.7)

for some functions p, g, uniformly on [0, 2 T].
For every j > 1 we now have

On; (¥) = O(In; (¥), Pn; (¥), dn; (), tn; () = U(ln;(3)s Pn; (9)2 4n; (),

where U and © are the functions in (6.8)-(6.9). By the dominated convergence theorem, the con-
vergence (7.7) together with the uniform integrability of 6,; and uy; yields the L! convergence

16, — Bl — O, llin; —@lly — O. (7.8)

In turn this implies that (p, g) provide a solution to the problem (6.20), in connection with the
light intensity /. By uniqueness, p = p and § = ¢. Therefore, & = 6 and 7 = u as well.

The above argument shows that, from any subsequence, one can extract a further subsequence
so that the Ll—convergence (7.8) holds. Therefore, the entire sequence (6, u,),>1 converges to
(0, u) in L1([0, h*1]). This establishes the continuity of the map Aj.

6. The map Ao A is now a continuous map of the compact, convex domain F C co[o, ht)
into itself. By Schauder’s theorem it admits a fixed point 7*(-). By construction, the optimal stem
configuration (9(’ RS *)) yields a competitive equilibrium, in the sense of Definition 7.1.

7. To prove uniqueness, we derive a set of necessary conditions satisfied by the equilibrium
solution, and show that this system has a unique solution.
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Using (6.8) and (6.11), we can rewrite the light intensity function (7.1) as

o0
1 &
1) = expl -2 fln Trwsinbo |
cos By sinfy + w
y
where w = w(l, p, q) is the function introduced at (6.10). Differentiating w.r.t. y one obtains
00 g\ 1+ wsin6y .
I = — In{ = -1 = 1,p,q). 7.9
) cos 6y (l) sinfp + w fU.p.q) 7.9)

Combining (7.9) with (6.20), we conclude that the competitive equilibrium satisfies the system
of equations and boundary conditions

PO =—AIM. p().q) - UG, p(»). q(M). p(h) = 0,
9 = L), PO, q()). qgth)y =1, (7.10)
I'y) = UG, p(»),q(). Ith) =1,
together with
q(0) = 0. (7.11)

Here the common height of the stems % > 0 is a constant to be determined.
8. The uniqueness of solutions to (7.10) will be achieved by a contradiction argument. Since
this is very similar to the one used in the proof of Theorem 6.1, we only sketch the main steps.
In analogy with (6.31), (6.33), denote by p(y, k), q(y, h), I(y, h) the unique solution to the
Cauchy problem (7.10), with terminal conditions given at y = h. Consider the functions

ap(y, h) 50y) = 1 dq(y, h) J(y);al(y,h)
’ ~ an

P(y) = :
W= A p.q) ok

By (7.10), these functions satisfy

P'y) =—[fifi+ A =[HBpfi+ AP —[faefi+ f3f1.q]f2§,

Q(y)—f2’ +ﬁP f3

5 5 I =[far — f2,pfl:|éa (7.12)
JO) = f1d + P+ f.4 10,
with boundary conditions

P(h) =0, o) =—1, J(h) =0.

Set dy = COS % - Several of the partial derivatives on the right-hand side of (7.12) were computed
in (6.36). The remaining ones are
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g 14 wsinfy cos?by  w? q
filpg) =15 — - — ;—[1-1]
1 sinfy + w (sinfp + w)~ p 1

q 1 + wsinfy q cos6y w q
=i () ) L (1) o))
Sl p.q) 0|: "7 sinfy + w "7 (sinfp + w)? p I

cos?6y w

f.pU, p,g)=dolIn (q>m

(sinfy +w)?2 p

1 + wsinby [1 <q>]2 cos?hy  w?
q sinfy+w

f3.qU,p.q) = —dol[—

By the same arguments used in step 8 of the proof of Theorem 6.1, we conclude that the right-
hand side of (7.12) is uniformly integrable.

9. Leta dens1ty po >0 be given. Assume that the problem (7. 10) (7 11) has two distinct
solutions (p, g, I) and (p, ¢, I) defined on [0, h] and [0, h] %ay with i < h Since g(0) = g(0) =
0, by the mean value theorem there exists k € [h h] such that (0 k)=

Next, if multiple solutions exist for arbitrarily small Values of the densny po, we can find
a decreasing sequence pp, | 0 and corresponding solutions P,, Q,, I, of (7.12), defined for
y € [0, k,1, such that

Putk)) =0,  Oulk)=—1,  Juka)=0,  0,(0)=0. (7.13)

Thanks to the uniform integrability of the right hand sides of (7.12), by possibly extracting a
subsequence we can achieve the convergence k, — h € [0, h*], the weak convergence P, —~ P,
Q! — Q',J/ — J' in L, and the strong convergence

P,—P,  0,—0, Sy,

uniformly on every subinterval [0, 4] with & < .
To reach a contradiction, we observe that
kﬂ

Ja(y) = —/J,;(z)dz

y
and the right-hand side of J;, in (7.12) consists of uniformly integrable terms which are multiplied

by po,n. This implies J(y) = 0. This corresponds to the case of an intensity function I (y) = 1.
But in this case we know that Q(y) = —1, contradicting the fact that, by (7.13),

0(0) = lim 0,(0) = 0. O
n—00
8. Stem competition on a domain with boundary
We consider here the same model introduced in Section 2, where all stems have fixed length £

and constant thickness «. But we now allow the sunlight intensity / = I (x, y) to vary w.r.t. both
variables x, y. As shown in Fig. 5, left, we denote by
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¢ X
Fig. 5. Left: to leading order, the amount of vegetation in the shaded region is proportional to x p(§)dé&ds. Since the
area is computed in terms of the cross product (3)_1&/ X ‘%, this motivates the formula (8.4). Right: a possible competitive
equilibrium, where the light rays come from the direction n = (%, %) and stems are distributed along the positive
half line, with density as in (8.9). In this case, stems originating from points close to the origin have no incentive to

grow upward, because they already receive a nearly maximum light intensity. Hence they bend to the right, almost
perpendicularly to the light rays.

s = y(s,8) = (x(s), y(5)), s €0, €], (8.1

the arc-length parameterization of the stem whose root is located at (&, 0), and write g for the
function introduced at (2.8). This leads to the optimization problem

(OP3) Given a light intensity function I = I (x, y), find a control s — 0(s) € [0, 7] which max-
imizes the integral

£
/I(X(S),y(S))gw(S))ds (8.2)
0
subject to
d
g(X(S)J(S)) = (cosf(s),sinb(s)), (x(0), y(0) = (5,0). (8.3)

Next, consider a function p(£) > 0 describing the density of stems which grow near £ € R.
At any point in space reached by a stem, i.e. such that

x,y)=vy(s,8) for some &£ e R, s €][0,¢],

the density of vegetation is

-1
AN a”] . (8.4)

px,y) = p(y(s,§) = Kﬁ@'[ag o5
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The light intensity at a point P = (x, y) € R? is now given by

+00
I(P) = exp —fp(P—{—tn)dt . (8.5)
0

Definition 8.1. Given the constants ¢, x and the density o € L>°(R), we say that the maps y :
[0,4] x Rand I : R x R4 + [0, 1] yield a competitive equilibrium if the following holds:

(i) Foreach & € R, the stem y (-, §) provides an optimal solution to (OP3).
(ii) The function I (-) coincides with the light intensity determined by (8.4)-(8.5).

‘We shall not analyze the existence or uniqueness of the competitive equilibrium, in the case

where the distribution of stem roots is not uniform. We only observe that, if the stem y (-, £) in
(8.1) is optimal, the necessary conditions yield the existence of a dual vector s — p(s) satisfying

P(s) = — VI(x(s), y(s)) g(0(s)), p(®) = (0,0), (8.6)

and such that, for a.e. s € [0, €], the optimal angle 6*(s) satisfies
6"(s) = argmax {p(s) - (cos B, sin6) + I (x(s), y(s))g(e)}. 8.7)

Ditferentiating the expression on the right hand side of (8.7) one obtains an implicit equation for
0*(s), namely

I(x(5), ())&’ (0% () +p(s) -n(s) = 0 (8.8)

fora.e. s € [0, £]. Here n(s) = (— sinf(s), cos 9(5)) is the unit vector perpendicular to the stem.
Moreover, by (8.6) one has

€

p@s) = /VI(X(G),y(U))g(Q*(O))dU-

N

An interesting case is where stems grow only on the half line {£ > 0}. For example, one can take

0 if £<0,
pE) = {b7'e if £€[0,b], (8.9)
1 if&E>b.

In this case, we conjecture that the competitive equilibrium has the form illustrated in Fig. 5,
right.
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Fig. 6. The stem yp, oriented perpendicularly to the sun rays, collects much more sunlight than y,. Indeed, y; would
give the best orientation for solar panels. Notice that y» minimizes the sunlight gathered because the upper leaves put the
lower ones in shade.

9. Concluding remarks

A motivation for the present study was to understand whether competition for sunlight could
explain phototropism, i.e. the tendency of plant stems to bend toward the light source. A naive
approach may suggest that, if a stem bends in the direction of the light rays, the leaves will
be closer to the sun and hence gather more light. However, since the average distance of the
earth from the sun is approximately 90 million miles, getting a few inches closer cannot make a
difference.

As shown in Fig. 6, if a single stem were present, to maximize the collected sunlight it should
be perpendicular to the light rays, not parallel. In the presence of competition among several
plant stems, our analysis shows that the best configuration is no longer perpendicular to light
rays: the lower part of the stems should grow in a nearly vertical direction, while the upper part
bends away from the sun.

Still, our competition models do not predict the tilting of stems in the direction of the sun rays.
This may be due to the fact that these models are “static”, i.e., they do not describe how plants
grow in time. This leaves open the possibility of introducing further models that can explain
phototropism in a time-dependent framework. As suggested in [12], the preemptive conquering
of space, in the direction of the light rays, can be an advantageous strategy. We leave these issues
for future investigation.
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Appendix 4.A Details on Paper 4

In the following we will provide some additional details to motivate and
explain some results in Paper 4 ([2]) which for publication reasons had
to be rather brief, leaving out several intermediate steps. We assume
below that the reader has some familiarity with the papers [3, 2], and
we will frequently refer to equations within these papers.

4.A.1 Details on Section 2 in Paper 4 [2]

Equation (2.3) in [2] gives the impression of being a straightforward
result from [3], but this derivation is somewhat involved. The equation
can be derived from Equations (2.22) and (2.23) in [3], which expresses
the amount of sunlight absorbed by the measure p in the presence of
competing vegetation in form of a measure v absolutely continuous with
respect to the Lebesgue measure.

Moreover, the aforementioned (2.22) is simply presented as is, mo-
tivated by the less general equation (2.20) where both p and v are ab-
solutely continuous with respect to the Lebesgue measure. We will first
give a formal argument for (2.22) being the generalization of (2.20),
before using (2.22) to justify Equation (2.3) in [2].

Following the notation in [3] we let n be the unit vector facing the
incoming sunlight, 7, be the projection parallel to the light onto the per-
pendicular subspace Ei of dimension d—1, and x® denote the projected
measure

ph(A) = ({r € BY: () € 4))

for every open set A € Ei.

Generalizations to non-absolutely continuous measures

In [3], they generalize the expression for the sunlight absorbed by a
measure p absolutely continuous with respect to the Lebesgue measure
mg in R?, which we denote by p < myg, and for which the Radon—
Nikodym derivative is du/dmg = f. To be precise, they take Equation
(2.3) which reads

S™(p) = /E# <16Xp{/_z f(y+tn)dt}> dy

and generalize it to

S = [ (= exp (<30} do (A1)
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for p with projection u™ < mg_; onto Ei, where my_; is the Lebesgue
measure on K& and du®/dmg_, = ®®. This generalization is simply
claimed to be an easy generalization, and so we give a formal derivation
here for the reader’s benefit. Starting with p*(A) we find

(4) = iy () "<

R4 R4

By the Fubini—Tonelli theorem, the rightmost expression above is equal

to
/Eé 1,4/: fly+tn)dtdmg_1(y) = /A (/_Z f(y + tn) dt> dma_1(y).

Next, in the expression for the function S, in (2.22) they generalize

/oof(y+tn)dt

to ®"(z)uY([s,00)). The explanation follows. First, observe that by the
procedure above we may write

(A [500) = [ Lisgoo f dma
—/LlA/ L(s.00) f(y + tn) dt dmg—1(y)
Eg —o0

_A(/Swf(y+tn)dt> dmg_1(y).

By the disintegration theorem, cf. [1, Thm. 2.28], we also have
,LL(A X [S, OO)) = / ]-Ax[s,oo) dp
Rd
= [ 14 / L5, 00) dp? (t) dp™ (y)
EL —o0
= [ (.00 d" 0
A
= [ 1 (1.00) 80 dma 1)
Combining the previous expressions we obtain

/OO (=4 tn) dt = (2)1% (5, 00)) (4.A.2)
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for mg_q-a.e. z € ELX. As p? is a probability measure on the real line it
follows that
+oo
| e ma =) (1A.3)
—0o0

hence we obtain the generalization (4.A.1). Moreover, as (2.22) in [3]
comes from (2.20) by replacing the left-hand sides of (4.A.2) and (4.A.3)
with their respective right-hand sides, we have justified this generaliza-
tion as well.

Equation for sunlight collected by single stem

Here we motivate Equation (2.3) in [2], the expression for sunlight ab-
sorbed by a single stem with background vegetation in the form of a
light intensity function I. Let us assume that for mi-a.e. z € Eg, the
stem does not cross Ey(z) := {z+sn|s € R} more than once. Indeed, to
do otherwise would be suboptimal, as the stem would put itself in shade.
For z with a single value s defining the non-empty intersection between
the stem and Ey(z), we call this value o(z). Since p® is a probability
measure which lives on the support of ;1 we must have u* = o) for
such 2, and it follows that p*([s, 00[) = 1(_og (2)](5). Inserting this into
the last term of S, (%) as defined in [3, Eq. (2.22)] we obtain

/OO g(z + sn) exp {— /:O g(z + tn) dt} exp {—®"(2)1% ([s, 00[) } ds

—00

~ exp {—0%(2)} /Z) g(= + sn) exp {— /:o g(z + tn) dt} ds

" /:) g(z + sn) exp { /:og(z + tn) dt} ds
= exp {—®"(2)}

X (exp{—/g(:)g(z—ksn)ds} —exp{—/ig(z—l—sn)ds})
—i—l—exp{—/U:)g(z—i-sn)ds}.

Using the above identity, the evaluation of S, ,(2) yields two cancella-
tions and the expression

Spur(2) = exp {— / :O) 9(z + sn) ds} (1 —exp {~8"(2)}).
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This must hold for a.e. z € E, since those z where the intersection of
the stem and Fj,(z) is a non-empty interval, i.e., the stem is parallel to
n, can at most be countable. It then follows that the total amount of

sunlight absorbed by the stem is

Sy = /E e {— / o) ds} (1 — exp {~®"(2)}) da

which is exactly the expression
S)= [ 1) (1 —exp (-0} iz

from (2.3) in [2], where we identify the light intensity function I with
the exponential function involving the density g = dv/dmy,

I(z) iexp{—/:o)g(z—i—sn)ds}.

For the final expression, note that the projection of an infinitesimal
segment dv(s) of the stem onto Ef equals (§(s)-nt) ds to leading order.
As |dz| is the length of this projection it follows that

ds r I
=it nt| = feos(0(s) — o)
which leads to
dz K
q) = _—=—-——,
(2(8) = %1 55| = Teos(@(s) = o)

Finally, because of the assumption 6y < 0(s) < 7 justified below, we
may remove the absolute value to recover exactly (2.3) in [2].

Reflection argument

A reflection argument is presented below Equation (2.4) to prove that
it is not restrictive to assume 6y < 6(s) < 5. The argument with the
m-fold composition coming from (2.5) and (2.6) contains a lot written
between the lines, and we will give a more detailed exposition here.
The stem is above ground by definition, and so it should only be
necessary to include the first and third cases in (2.5). If one is in the
third case, the modified angle is a reflection about n which does not
change the contribution from ®, but such a reflection will elevate part
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of the stem and since I increases with height this increases the sunlight
captured.

For the next step, we see that we are done if the new angle is mapped
to the interval [0y, 7/2]. Observe that if 0 < 6 < 6y then the mapping
20) — 0 is a reflection about n*, which does not change the value of
|cos(8(s) — 0p)|, but it will increase the contribution from I as part of
the stem is lifted.

If 7/2 < 0 < 6p+m/2 then the mapping m—0 is a reflection about the
y-axis, which does not change the elevation of the stem, but it decreases
the angle between 4 and n', which increases the value of |cos(6(s) — 6p)|.
Since (1—e~1/*)z is monotone increasing in x, it follows that the amount
of absorbed sunlight increases.

To see that this iteration must end after finitely many steps, observe
that if we are in [0,6p) then the mapping 6 — 20y — 0 sends us to
(60,2600 € (60,00 + 7/2]. Likewise, if we are in (7/2,6p + 7/2], the
mapping 6 — 7 — 60 maps us to [7/2—6p,7/2) C [0,7/2). Let us assume
that we start with angle ¢g € [0,6), and that we find the next iterate
¢1 € (7/2,200]. Then it follows

po =T —¢1 =7 — (200 — ¢o) = Po + 2(7/2 — bp) > ¢o.

This holds in general: if some angle ¢, € [0,60y) is not mapped into
[fo,7/2] in the next iteration, we have @12 = ¢, + 2(7/2 — Oy) <
/2. Similarly, if some angle ¢,,11 € (7/2, 600 + 7/2] is not mapped into
[0o,7/2] in the next iteration we have ¢p4+3 = dpi1 — 2(7/2 — bp) > bp.
Since 6y < 7/2, there must be some finite m for which ¢,, € [0y, 7/2].

4.A.2 Details on Section 5 in Paper 4 [2]

Here we recall the optimization problem (OP2). First we define the
functions

A(t) = /:OO u(s)ds, GO,u) = (1 —exp{(m(g%}> cos(0— ).

Then (OP2) is defined as follows. Given a sunlight intensity function
I(y), and constants 0 < o < 1 and ¢ > 0, find controls 6 : Ry — [, 5]
and u : Ry — Ry which maximize the integral

+oo
/0 [T(y(t)GO(t),u(t)) —cz*(t)] dt (4.A.4)
subject to

y(t) =sin6(t),  y(0) =0,

2(t) = —u(t), z(+o00)=0. (4.4.5)
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In Section 5.2 it is simply stated that the necessary conditions for opti-
mality lead to the dual equations

p(t) = =I'(y(1)G(O(t), u(t)), p(+00) =0,

Q(t) = COéZail(t% q(o) _ 07 (4A6)

and the maximality condition

(0 (t),u"(t)) = argmax {p(t)sin€ — q(t)u+ I(y(t))G(0,u) — cz*(t)} .
0€[0,7],u>0
(4.A.7)
This is in fact an application of the Pontryagin maximum principle, and
we will in the following provide details on how (4.A.6) and (4.A.7) are
derived. First we rewrite (OP2) as the Mayer problem (0.1.11)—(0.1.14).
To this end we introduce the auxiliary variable w(t) satisfying

w(t) = I(y(1)GO(t), u(t)) —e2%(t),  w(0) =0,

for which we want to maximize ¢o(+00, (y, z,w)) = w(400) subject to
(4.A.5). Note that this Mayer problem does not correspond exactly
to the one considered in Theorem 0.1.1, as one does not give an ini-
tial condition for the primal variable z, but only a terminal condition
z(+00) = 0. We shall indicate below how this affects the derivation.

For this maximization of w(+400), let (6*,u*) be a pair of optimal
controls with corresponding optimal trajectory (y*,z*,w*). By virtue
of (0.1.15) we have dual variables p, ¢, and r satisfying the evolution
equation

0 0 0
p q 7|=—1|p q r|- 0 0 0
| | | | I'(y)G(O,u) —caz®1 0 (4.A.8)

= [-rI'(y)G(O,u) reaz*"t 0],

where the matrix is the Jacobian corresponding to D, f in (0.1.15).
For the terminal conditions of (p,q,r), we see that multiplying \; for
i = 0,...,k with the same positive constant we may assume A\g = 1.
Moreover, we think of the endpoint condition z(+o00) = 0 as a con-
straint in (0.1.14) by setting ¢1((y,z,w)) = z. Then it follows from
(0.1.17) that (p,q,7)(+00) = (0,A1,1), where A\; is arbitrary. In con-
sequence, we have p(+o0) = 0 and r(4+o00) = 1, while ¢(400) is free.
The dual variable ¢ will instead be specified at the initial time ¢ = 0,
according to the Pontryagin principle presented in [5, Chap. 2], which
is more general in the sense that the primal variables may be specified
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at either the initial or terminal time. Indeed, replacing the initial con-
ditions z(0) = z in (0.1.12) by a set of initial constraints analogous to
(0.1.14), there is an expression analogous to (0.1.17) which specifies the
dual variables at ¢ = 0. Since in our case we may regard y(0) = 0 and
w(0) = 0 as initial constraints ¢;((y, z,w)) = 0 for ¢2((y, 2z, w)) = y and
¢3((y, z,w)) = w, this leads to (p,q,7)(0) = (A2,0, A3) where Ay and A3
are arbitrary. Hence, ¢(0) = 0, while p(0) and r(0) are free. Combin-
ing the initial and terminal conditions of (p, ¢, ) with (4.A.8) we obtain
r =1, and consequently (4.A.6).

4.A.3 Details on Section 6 in Paper 4 [2]

Equation (6.32) comes from the differential equation satisfied by the
derivative of a solution with respect to a parameter, details can be found
in, e.g., [6]. In step 9 of the proof of Theorem 6.1 it is stated that due
to uniform integrability one has weakly convergent subsequence in L'.
This is can be seen as an application of the Dunford—Pettis theorem, cf.
[4, Thm. 4.30].
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Abstract

This paper is concerned with a shape optimization problem, where the functional to be
maximized describes the total sunlight collected by a distribution of tree leaves, minus the
cost for transporting water and nutrient from the base of the trunk to all the leaves. In the
case of 2 space dimensions, the solution is proved to be unique, and explicitly determined.
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1 Introduction

In the recent papers [7, 9] two functionals were introduced, measuring the amount of light
collected by the leaves, and the amount of water and nutrients collected by the roots of a tree.
In connection with a ramified transportation cost [1, 14, 18], these lead to various optimization
problems for tree shapes.

Quite often, optimal solutions to problems involving a ramified transportation cost exhibit a
fractal structure [2, 3, 4, 12, 15, 16, 17]. In the present note we analyze in more detail the
optimization problem for tree branches proposed in [7], in the 2-dimensional case. In this
simple setting, the unique solution can be explicitly determined. Instead of being fractal, its
shape reminds of a solar panel.

The present analysis was partially motivated by the goal of understanding phototropism, i.e.,
the tendency of plant stems to bend toward the source of light. Our results indicate that this
behavior cannot be explained purely in terms of maximizing the amount of light collected by
the leaves (Fig. 1). Apparently, other factors must have played a role in the evolution of this
trait, such as the competition among different plants. See [6] for some results in this direction.

The remainder of this paper is organized as follows. In Section 2 we review the two functionals
defining the shape optimization problem and state the main results. Proofs are then worked
out in Sections 3 to 5.
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Figure 1: A stem ~v; perpendicular to the sun rays is optimally shaped to collect the most light. For
the stem 2 bending toward the light source, the upper leaves put the lower ones in shade.

2 Statement of the main results

We begin by reviewing the two functionals considered in [7, 9].

2.1 A sunlight functional

Let u be a positive, bounded Radon measure on Ri = {(x1,22,...,24); x4 > 0}. Thinking
of p as the density of leaves on a tree, we seek a functional S(u) describing the total amount
of sunlight absorbed by the leaves. Fix a unit vector

ne ST = {zeR?; |z =1},

and assume that all light rays come parallel to n. Call E} the (d — 1)-dimensional subspace
perpendicular to n and let 7, : RY — E be the perpendicular projection. Each point x € R?
can thus be expressed uniquely as

X = y+sn (2.1)

with y € Ef and s € R.
On the perpendicular subspace Eé consider the projected measure p™, defined by setting

ut(A) = /t({x eRY; ma(z) € A}) (2.2)

Call " the density of the absolutely continuous part of u™ w.r.t. the (d — 1)-dimensional
Lebesgue measure on Fj.

Definition 2.1 The total amount of sunlight from the direction n captured by a measure p
on R? is defined as

S = /EL (1 - exp{-2"()}) dy. (2.3)

More generally, given an integrable function n € L'(S?1), the total sunshine absorbed by p
from all directions is defined as

S'p) = /Sd,l </El (1 - exp{*b“(y)}) dy) n(n)dn. (2.4)

In the formula (2.4), n(n) accounts for the intensity of light coming from the direction n.
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Remark 2.2 According to the above definition, the amount of sunlight S™(u) captured by the
measure g only depends on its projection u™ on the subspace perpendicular to n. In particular,
if a second measure [ is obtained from p by shifting some of the mass in a direction parallel
to n, then S(i) = S(p).

2.2 Optimal irrigation patterns

Consider a positive Radon measure p on R? with total mass M = p(R%), and let © = [0, M].
We think of £ € © as a Lagrangian variable, labeling a water particle.

Definition 2.3 A measurable map
X:O xRy — R? (2.5)

is called an admissible irrigation plan if

(i) For every £ € ©, the map t — x(&,t) is Lipschitz continuous. More precisely, for each
& there exists a stopping time T(§) such that, calling

. 0
WED = o X&)
the partial derivative w.r.t. time, one has

] 1 for a.e. t € [O, T(g)},
[x(& 1) =
0 fort>T(§).

(2.6)

(i) At time t = 0 all particles are at the origin: x(§,0) =0 for all § € ©.

(iii) The push-forward of the Lebesgue measure on [0, M) through the map & — x(&,T(€))
coincides with the measure . In other words, for every open set A C R? there holds

u(4) = meas({€ €03 x(&,T(€) € A}). (2.7)

One may think of x(&,t) as the position of the water particle £ at time ¢.

To define the corresponding transportation cost, we first compute how many particles travel
through a point z € RY. This is described by

lz|y, = meas({f €0; x(&t)=a forsome t> O}> (2.8)

We think of |z|y as the total fluz going through the point x. Following [13, 14], we consider
Definition 2.4 (irrigation cost). For a given « € [0, 1], the total cost of the irrigation plan

X 18
T(©) )
e = [ ( | ol dt) de. (2.9

The a-irrigation cost of a measure p is defined as
I%(p) = inf&%(x), (2.10)
X

where the infimum is taken over all admissible irrigation plans for the measure p.
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Remark 2.5 Sometimes it is convenient to consider more general irrigation plans where, in
place of (2.6), for a.e. t € [0,T()] the speed satisfies |x(&,¢)| < 1. In this case, the cost (2.9)

is replaced by
() B
e = [ ( | el 1x<s,t>dt> de. (2.11)

Of course, one can always re-parameterize each trajectory ¢ — x(&, ) by arc-length, so that
(2.6) holds. This does not affect the cost (2.11).

Remark 2.6 In the case o = 1, the expression (2.9) reduces to
E*x) = / (/ Ixe(&,1)] dt> d¢ = / [total length of the path x(&,-)] d€.
Jo \Jr, o

Of course, this length is minimal if every path x(-, ) is a straight line, joining the origin with
X(§ T(£)). Hence

) = inf€(x /IX&T Nds = [ faldu.

On the other hand, when o < 1, moving along a path which is traveled by few other particles
comes at a high cost. Indeed, in this case the factor ‘X £, t)| ! becomnes large. To reduce the
total cost, it is thus convenient that many particles travel along the same path.

For the basic theory of ramified transport we refer to the monograph [1]. For future use, we
recall that optimal irrigation plans satisfy

Single Path Property: If x(&,7) = x(¢',7') for some £,£' € © and 0 < 7 < 7/, then

x(&t) = x(€,t) for all t € [0, 7]. (2.12)

2.3 The general optimization problem for branches.

Combining the two functionals (2.4) and (2.10), one can formulate an optimization problem
for the shape of branches:

(OPB) Given a light intensity function 7 € L'(S%™!) and two constants ¢ > 0, a € [0,1], find a
positive measure p supported on Ri that maximizes the payoff

S"(p) = eZ%()- (2.13)

2.4 Optimal branches in dimension d = 2.

We consider here the optimization problem for branches in the planar case d = 2. We as-
sume that the sunlight comes from a single direction n = (cos 6y, sinfp), so that the sunlight
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functional takes the form (2.3). Moreover, as irrigation cost we take (2.10), for some fixed
a €]0,1]. For a given constant ¢ > 0, this leads to the problem

maximize: S™(p) — Z%(p), (2.14)

over all positive measures y supported on the half space R2 = {z = (v1,72); 22 > 0}. To fix
the ideas, we shall assume that 0 < 6y < m/2. Our main goal is to prove that for this problem
the “solar panel” configuration shown in Fig. 2 is optimal, namely:

Theorem 2.7 Assume that 0 < 6y < 7/2 and 1/2 < o < 1.Then the optimization problem
(2.14) has a unique solution. The optimal measure is supported along two rays, namely

Supp(p) C {(rcos&,rsin&); r >0, either=0 0r9:90+g} = TouTy. (2.15)

When 0 < a < 1/2, the same conclusion holds provided that the angle 0y satisfies

K_ _ 92a—1
cos(2 90> > 1-2 . (2.16)
n
S
T /<0
Io
0

Figure 2: When the light rays impinge from a fixed direction n, the optimal distribution of leaves is
supported on the two rays Iy and I'y.

In the case a = 1 the result is straightforward. Indeed, for any measure p we can consider its
projection g on I'g U Ty, obtained by shifting the mass in the direction parallel to the vector
n. In other words, for z € R? call ¢™(z) the unique point in Ty U T such that ¢®(z) — z is
parallel to n. Then let & be the push-forward of the measure p w.r.t. ¢™. Since this projection
satisfies |¢™ ()| < |z| for every z € R2, the transportation cost decreases. On the other hand,
by Remark 2.2 the sunlight captured remains the same. We conclude that

S™(f) — I (f) = S™(p) — I (n),
with strict inequality if p is not supported on I'g U T';.

In the case 0 < a < 1, the result is not so obvious. Indeed, we do not expect that the
conclusion holds if the hypothesis (2.16) is removed. A proof of Theorem 2.7 will be worked
out in Sections 3 and 4.

Having proved that the optimal measure p is supported on the two rays I'g UT';, the density
of p w.r.t. one-dimensional measure can then be determined using the necessary conditions
derived in [6]. Indeed, the density u; of u along the ray I'y provides a solution to the scalar
optimization problem

+oo +o0 +o0 a
maximize: Ji(u) = / (1- 67"(5)) ds — c/ (/ u(r) dr) ds, (2.17)
0 0 s
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among all non-negative functions u : Ry — Ry. Here s is the arc-length variable along I';.
Similarly, the density ug of p along the ray I'g provides a solution to the problem

+oo . +oo +oo «
maximize: Jo(u) = / sinfo (1 — g~u(s)/sin 9") ds — c/ (/ u(r) dr) ds. (2.18)
0 0 s

We write (2.17) in the form
+o00
maximize: Ji(u) = / {(1 - e*"(‘“)) - czo‘]ds7 (2.19)
0

subject to
2= —u, z(+00) = 0. (2.20)

The necessary conditions for optimality (see for example [8, 11]) now yield
u(s) = argmax{ —e ¥ — wq(s)} = —Ing(s), (2.21)
w>0
where the dual variable ¢ satisfies
§ = coz®!, q(0) =0. (2.22)

Notice that, by (2.21), u > 0 only if ¢ < 1. Combining (2.20) with (2.22) one obtains an ODE
for the function ¢ — z(q), with ¢ € [0,1]. Namely

dz(q) Z17%Ingq

=z e 1)=o. 2.23
dq - (1) (2.23)

This equation admits the explicit solution
2(q) = ¢/ [14qng—q". (2.24)

Inserting (2.24) in (2.22), we obtain an implicit equation for ¢(s):

1 q(s) o
s = —— [1+tnt—t] =« dt. (2.25)
act/e |,
In turn, the density u(s) of the optimal measure p along I'1, as a function of the arc-length
s, is recovered from (2.21). Notice that this measure is supported only on an initial interval
[0, ¢4], determined by

1 1 1—a
0 = ﬁ/ 1+slns—s] = ds.
acC Jo

The density of the optimal measure along the ray 'y is computed in an entirely similar way.
In this case, the equations (2.21) and (2.25) are replaced respectively by

u(s) = —(sinfp)Ing(s),

l1—a

_ (sin 90) a

a(s) l-a
— /O [1+tnt—4 = dt.

Again, the condition u(s) > 0 implies ¢(s) < 1. Along I'y, the optimal measure u is supported
on an initial interval [0, ], where

(sin o) o

acl/o

l—a

1
by = / 1+slns—s] « ds.
0

[§
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2.5 The case a = 0.
In the analysis of the optimization problem (OPB), the case @ = 0 stands apart. Indeed, the
general theorem on the existence of an optimal shape proved in [7] does not cover this case.

When o = 0, a measure p is irrigable only if it is concentrated on a set of dimension < 1.
When this happens, in any dimension d > 3 we have §"(11) = 0 and the optimization problem
is trivial. The only case of interest occurs in dimension d = 2. In the following, (-,-) denotes
the inner product in R2.

Theorem 2.8 Let a =0, d = 2. Let n € L'(S') and define

K = max / (
[wl=1 Jnest

(i) If K > c, then the optimization problem (OPB) has no solution, because the supremum
of all possible payoffs is +00.

w, n>) 5(n) dn. (2.26)

(i) If K < ¢, then the mazimum payoff is zero, which is trivially achieved by the zero
measure.

A proof will be given in Section 5.

3 Properties of optimal branch configurations

In this section we consider the optimization problem (2.14) in dimension d = 2. As a step
toward the proof of Theorem 2.7, some properties of optimal branch configurations will be
derived.

By the result in [7] we know that an optimal measure p exists and has bounded support,
contained in R2 = {(z1,22); z2 > 0}. Call M = p(R%) the total mass of p and let
X : [0, M] x Ry +— R2 be an optimal irrigation plan for u.

0

Figure 3: According to the definition (3.3), the set x~(z) is a curve joining the origin to the point z.
The set x™(x) is a subtree, containing all paths that start from .

Next, consider the set of all branches, namely
B = {zcR%; |z|, >0} (3.1)

By the single path property, we can introduce a partial ordering among points in 3. Namely,
for any z,y € B we say that z < y if for any & € [0, M] we have the implication

x(t,&) =y = xt,&) = for some ¢’ € [0,1]. (3.2)
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This means that all particles that reach the point y pass through x before getting to y.
For a given = € B the subsets of points y € B that precede or follow = are defined as
X (z) = {yeB; y=a}, X"(z) = {yeB: ==y} (3.3)

respectively (see Fig. 3).

X

1

Figure 4: If the set x* () is not contained in the slab ', (the shaded region), by taking the perpen-
dicular projections 7f and 7> we obtain another irrigation plan with strictly lower cost, which irrigates
a new measure o gathering exactly the same amount of sunlight. Notice that here P is the point in
the closed set x*+(z) N Re; which has the largest inner product with n.

We begin by deriving some properties of the sets xy*(z). Introducing the unit vectors e; =
(1,0), e2 = (0,1), we denote by Re; the set of points on the zj-axis. As before, n =
(cos o, sin By) denotes the unit vector in the direction of the sunlight. Throughout the follow-
ing, the closure of a set A is denoted by A, while (-, -) denotes an inner product.

Lemma 3.1 Let the measure u provide an optimal solution to the problem (2.14), and let x
be an optimal irrigation plan for p. Then, for every x € B, one has

XT(z) ¢ T, = {yeR2; (n,y) € [az,bz}}, (3.4)

where a; = (n,z), while b, is defined as follows.

o If xt(z)NRey =0, then by = az = (n,z).

o If xt(z)NRey # 0, then
b, = max {ag,b,}, b, = sup{(n,z); z € xT(x) ﬁ]Rel}.

Proof. The right-hand side of (3.4) is illustrated in Fig. 4. To prove the lemma, consider the
set of all particles that pass through z, namely

O, = {£€[0,M]; x(r,€) == for some T >0}.

1. We first show that, by the optimality of the solution,
(n, x(&1) > a forall £€0O,, t>T. (3.5)
Indeed, consider the perpendicular projection on the half plane

™R = S = {yeR?; (n,y) > a.}
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Define the projected irrigation plan

7t o x(t, &) if £€0,, t>r,
(L, &) = {

x(t,€) otherwise.

Then the new measure z# irrigated by x* is still supported on ]RQ+ and has exactly the same
projection on Er{ as p. Hence it gathers the same amount of sunlight. However, if the two
irrigation plans do not coincide a.e., then the cost of x? is strictly smaller than the cost of x,
contradicting the optimality assumption.

2. Next, we show that
(n, x(&t) < by forall £€0, t>T. (3.6)

Indeed, call
b = sup {(n,z); zE)ﬁ(ac)}.

If v < b,, we are done. In the opposite case, by a continuity and compactness argument we
can find § > 0 such that the following holds. Introducing the perpendicular projection on the
half plane

iR § = {y €R?; (n,y) < V' -6},

one has
(P yext(@)} < B2, 3.7
Similarly as before, define the projected irrigation plan
b ) 7 o x(t,€) if £€0,, t>r,
X' (t,€) =
x(t, &) otherwise.

Then the new measure p° irrigated by X’ is supported on ]R%_ N S” and has exactly the same
projection on Ej as y. Hence it gathers the same amount of sunlight. However, if the two
irrigation plans do not coincide a.e., then the cost of x” is strictly smaller than the cost of ¥,

contradicting the optimality assumption. This completes the proof of the Lemma. O
21
] S
Tty AL
y
X
‘\ w,=m2-§
%

Figure 5: After a rotation of coordinates, the sunlight comes from the vertical direction. Here the
blue lines correspond to the set B* in (3.8).

Based on the previous lemma, we now consider the set

B* = {zxeB; xT(z)NRe #0}. (3.8)
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It will be convenient to rotate coordinates by an angle of /2 — 6, and choose new coordinates
(21, 22) oriented as in Fig. 5. In these new coordinates, the direction of sunlight becomes
vertical, while the positive x1-axis corresponds to the line

S = {(21,22); 21>0, 2= —)\zl}, where A = tanf. (3.9)

Calling (zl(f ,1),22(£, 1)) the corresponding coordinates of the point x(¢,¢), from Lemma 3.1
we immediately obtain

Corollary 3.2 Let x be an optimal irrigation plan for a solution to (2.14). Then

(i) For every & € [0, M], the map t — z(§,t) is non-decreasing.
(ii) If z = (21, %2) ¢ B*, then xT(2) is contained in a horizontal line. Namely,

X" (2) c {(z1,5); sE€R}. (3.10)

To make further progress, we define

2" = sup {zl; (21, 22) GB*}.

Moreover, on the interval [0, z2]***[ we consider the function
o(z1) = sup{s; (z1,s) € B'}. (3.11)
p :
Z ®z) 0 a b

Figure 6: The construction used in the proof of Lemma 3.3.

Lemma 3.3 For every z1 € [0, 2", the supremum p(z1) is attained as a mazimum.

Proof. 1. Assume that, on the contrary, for some z; the supremum is not a maximum. In
this case, as shown in Fig. 6, there exist a sequence of points P, — P with P,, = (z1, sp),
P = (z1,22), $n T z2. Here P, € B* for every n > 1 but P ¢ B*.

2. Choose two values a, b such that

Az < b < a < ¢o(z1).

10
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By construction, for every n > 1 the set x(P,) intersects S. Therefore we can find points
P, < A, < B,
all in B*, with

An = (tn7 a)7 B’IL = (t'lm b)7 Z1 <tp < til < Z{n(w .

3. Since the branches x*(A4,,) are all disjoint, we have
ST Anly € M = p(R2).
n>1

We can thus find N large enough so that
en = |Axly < (a—b)Ts. (3.12)

Consider the modified transport plan X, obtained from x by removing all particles that go
through the point By. More precisely, X is the restriction of y to the domain

© = 0\{¢; x(¢,7)=By for some T > 0}.
Let 1z be the measure irrigated by Y.

Since 11 < p, the total amount of sunlight gathered by the measure j1 satisfies
S(p) —S(H) < (n—[)(R?). (3.13)

We now estimate the reduction in the transportation cost, achieved by replacing p with f.
Since all water particles reaching By must pass through Ay, they must cover a distance
> |By — An| > a — b traveling along a path whose maximum flux is < ey. The difference in
the transportation costs can thus be estimated by

I(u) —I%(F) > (a—b)-asy ' (u — B)(R?). (3.14)
If (3.12) holds, combining (3.13)-(3.14) we obtain
S(p) = cI%(p) < S() — I%()-

Hence the measure p is not optimal. This contradiction proves the lemma. O

By the previous result, the graph of ¢ is contained in one single maximal trajectory of the
transport plan x. As in Figure 7, we let s — 7(s) be the arc-length parameterization of this
curve, which provides the left boundary of the set B*.

Along the curve «, we now consider the set of points Cj = (21,5, 22, ;) where some horizontal
branch bifurcates on the left. A property of such points is given below.

Lemma 3.4 In the above setting, for every j, one has

o(s) < 225 foralls < z1;. (3.15)

Proof. If (3.15) fails, there exists another point Cj = (2] ;, 22,;) along the curve v, with
Zi‘J < z1,;. We can now replace the measure p by another measure fi obtained as follows.
All the mass lying on the horizontal half-line {(z1,,5); s> 22} is shifted downward on the
half-line {(27 ;,8); s > 22} Since the functional S" is invariant under vertical shifts, we
have S™(f1) = S™(p). However, the transportation cost is strictly smaller: Z@(f) < Z%(p).
This contradicts the optimality of p. O

11
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Figure 7: The thick portions of the curve  are the only points where a left bifurcation can occur.
If a horizontal branch o bifurcates from Cj, all the mass on this branch can be shifted downward to
another branch o* bifurcating from C}. Furthermore, if some portion of the path v between P* and @
lies above the segment * joining these two points, we can take a projection of v on v*. In both cases,
the transportation cost is strictly reduced.

Next, as shown in Fig. 7, we consider a point P* = (p},p5) € v where the component z;
achieves its maximum, namely

ps = max{z; (21,22) €7} = 0. (3.16)

Notice that such a maximum exists because v is a continuous curve, starting at the origin.
If this maximum is attained at more than one point, we choose the one with smallest zi-
coordinate, so that

pi = min{z1; (21,p3) € 7} (3.17)

Moreover, call
g5 = inf{za; (21,22) € Supp(p)},
and let Q* = (¢f,¢5) € S be the point on the ray S whose second coordinate is ¢5. We observe
that, by the optimality of the solution, all paths of the irrigation plan y must lie within the
convex set,
o= {(21722)§ 2z € [quﬂv z9 > qz}

Otherwise, calling 7* : R? — ¥* the perpendicular projection on the convex set ¥*, the
composed plan
X&) = 7 (x(&.1))
would satisfy
S = S0, (X)) < &%),
contradicting the optimality assumption.
By a projection argument we now show that, in an optimal solution, all the particle paths

remain below the segment v* with endpoints P* and Q*.

Lemma 3.5 In the above setting, let
7 = {(z1,22); ;1 =a+bz, 2z € (g5, 13}
be the segment with endpoints P*,Q*. If

(57 t) = X(£7 t) = (Zl (67 t)v 22(67 t)) (318)

12
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is an optimal irrigation plan for the problem (2.14), then we have the implication

2(8t) € [43,p] = 21(6:1) < a+bz(lit). (3.19)

Proof. 1. It suffices to show that the maximal curve « lies below v*. If this is not the case,
consider the set of particles which go through the point P* and then move to the right of P*,
namely

QF = € [0,M]; x(&t")=P* for some t* >0, 29(&t) <ps fort>t*t. 3.20
2

2. Consider the convex region below «v*, defined by
Y= {(21,22); 0<z <a+bz, ZQE[q;‘,p’Q‘]}.
Let 7 : R? = ¥ be the perpendicular projection. Then the irrigation plan

W(X(g,t)) if €O, t>

X&) = (3.21)
x(&,t) otherwise,
has total cost strictly smaller than y. Indeed, for all x,{,t we have
[n(@)| = lzh, X&) < [x(& ). (3.22)

Notice that, in (3.22), equality can hold for a.e. £, only in the case where x = x.

3. We now observe that the perpendicular projection on ¥ can decrease the zo-component. As
a consequence, the measures p and pf irrigated by x and x' may have a different projections
on the 2y axis. If this happens, we may have S™(u) # S™(ut).

To address this issue, we observe that all particles ¢ € Q* satisfy xT(¢,¢*) = x(¢,¢*) = P*. In
terms of the z1, zo coordinates, this implies

HE) = (€)= ABETE) < 2(ET©) < ph (3.23)
By continuity, for each & € Q* we can find a stopping time 7(£) € [t*, T(£)] such that
A(67(€) = (& T().
Call ¥ the truncated irrigation plan, such that
XEn i £eQr 1<),
XEH = { xETE) i £er, t>1(9), (3.24)
X(&.1) it ¢ 0

By construction, the measures p and g irrigated by x and X have exactly the same projections
on the z9 axis. Hence S™(1) = S™(u). On the other hand, the corresponding costs satisfy

() < (X < ).

This contradicts optimality, thus proving the lemma. O

13
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4 Proof of Theorem 2.7

In this section we give a proof of Theorem 2.7. As shown in Fig. 7, let P* = (p},p3) be the
point defined at (3.16). We consider two cases:

(i) P*=0€R?,
(i) P* #£0.

Assume that case (i) occurs. Then, by Lemma 3.4, the only branch that can bifurcate to the
left of v must lie on the z9-axis. Moreover, by Lemma 3.5, the path v cannot lie above the
segment with endpoints P*, Q*. Therefore, the restriction of the measure u to the half space
{z2 < 0} is supported on the line S. Combining these two facts we achieve the conclusion of
the theorem.

The remainder of the proof will be devoted to showing that the case (ii) cannot occur, because
it would contradict the optimality of the solution.

To illustrate the heart of the matter, we first consider the elementary configuration shown in
Fig. 8, left, where all trajectories are straight lines. We call x the flux along the segment P*Q
and o the flux along the horizontal line bifurcating to the left of P*. As in Fig. 8, right, we
then replace the segments PP* and P*() by a single segment with endpoints P, Q). To fix the
ideas, the lengths of these two segments will be denoted by

by = |P =P, 4 = |Q— P (4.1)

The angles between these segments and a horizontal line will be denoted by 6,, 8y, respectively.
Our main assumption is
0<6, <

T T
z < T _b. .
<% 0= <5—b (4.2)

A\
A\

ZZ 0 Z2 0
Figure 8: The basic case: in a neighborhood of P* the trajectories are straight lines. To show that
the configuration on the left is not optimal, we replace the portion of the trajectory between P and @
with a single segment.

Having performed this modification, the previous transportation cost along PP* and P*Q

(k+0)% + K,

14
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is replaced by

K \//?L + 02 — 20,8, c08(0q + 0p) + 0¥ Lq cos b, . (4.3)

Notice that the last term in (4.3) accounts for the fact that an amount o of particles need to
cover a longer horizontal distance, reaching P instead of P*.

The difference in the cost is thus expressed by the function

fla, ) = (k+0)%q — 0%y cosl, + K {lb - \/eg + 02 — 20,0, cos(0q + 0p) | -

Notice that this function is positively homogeneous of degree 1 w.r.t. the variables ¢, {;,. We
observe that, by choosing the angle 6. between the segment P and a horizontal line to be
just slightly larger than 6, we can render the ratio £, /¢, as small as we like. Taking advantage
of this fact, we set

ly=¢l, b =1

for some ¢ > 0 small. By the homogeneity of f it follows

fet,0) = ¢ [e(n +0)* —e0%cos b, + n”‘(l —/1+e2—2ecos(f, + Qb)>] .

This yields

d
—f(el,l) = e(k+0)* —eocosb, + k™ (1 —/1+¢e2 —2ecos(f, + 95))
= 5[(/{ +0)* — 0% cosb, + Kk cos(fq + 0p) + O(1) - 5} .
Setting
A= 2
K+o
we now study the function
F(X04,0,) = 1—X"cosf,+ (1 —X)*cos(f, + 6), (4.5)

and find under which conditions on 6, this function F' remains positive for all A € [0,1],
0, € 10,7/2].
Lemma 4.1 (i) For a > 1/2 and any 6,0, € [0, 7/2], we always have F(X,60q,0,) > 0.

(it) When 0 < o < 1/2 we have F(X,0q,6y) > 0 for every 04,0, € [0,7/2] provided that 6,
satisfies the additional bound
cosf > 1—2%° L (4.6)

Proof. The function F in (4.5) can be written in terms of an inner product:

F(X\04,0,) = 1—c080,[A*— (1 —X)*cosp] —sinf,(1 — \)*sin 6,
(4.7)
= 1- < (cosBq, sinby,) , ()\“ —(1=X)%cosby, (1 -~ siné‘b)>.

To prove that F' > 0 it thus suffices to show that the second vector on the right hand side of
(4.7) has length less than or equal to one, namely

A2 (1= A)2% —20%(1 — A\)%cos )y < 1.

15
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This inequality holds provided that
A (1- )2 —1

50, > 4.
O = T - e (48)
In the case where @ > 1/2 we have
M4 (11— <1 forall Ae0,1],
hence (4.8) holds.
To study the case where o < 1/2, consider the function
N (1= A2 -1 A= (1= 0 1
eV i (k) P Ut Vi)
2X2(1 =A@ 209(1 — N«
We observe that, for 0 < a < %7 one has
L 2a-1
< < g(z) = 1-2% .
0< g0 < g(5) = 1-227 (4.9)

while

Ali%l+g()\) - Alinllfg(/\) =0

From (4.9) it now follows that the condition (4.6) guarantees that (4.8) holds, hence F > 0,
as required. O

Figure 9: A more general configuration, compared with the one in Fig. 8.

‘We now consider the more general configuration shown in Fig. 9. Water is transported along
the path v up to the point P*. Then the flux is split into a finite number of straight paths.
One goes horizontally to the left, with flux o > 0. The other pipes go to the right, with fluxes
K1, ..., kn > 0, at angles

o
IN

Oy < o < by < O <gfeo. (4.10)

We compare this configuration with a modified irrigation plan, where a “bypass” is inserted
along a segment v with endpoints P, P}, at an angle (3 satisfying

0 < B < gfeo. (4.11)

16



241

In this case, water particles travel along 7 until they reach P. Then, an amount o of particles
bifurcates to the left. All the remaining particles are transported along the segment 7, until
they reach the points P,, ..., P; along the old pipes. The next lemma estimates the saving in
the irrigation cost achieved by inserting the “bypass” along the segment PP;.

Lemma 4.2 As in Theorem 2.7, assume that either 1/2 < o < 1, or else (2.16) holds. In the
above setting, one has

[old cost] — [new cost] > |P — P*|-d(01, k), (4.12)

where (01, %) is a continuous function, strictly positive for 0 < 61 < 5 — 6y and k = K1 +
s 4Ry > 0.

Proof. 1. As in the previous lemmas, we call 8, the angle between the segment PP* and a
horizontal line. The difference between the old cost and the new cost can be expressed as

n n n J @
|P=P*[ {0+ & +ZK?P*—P]-—a“c059a|P—P*|—Z< n> |Pji1—Pj|, (4.13)
j=1 j=1 j=1 1

i=
where, for notational convenience, we set P11 = P. According to (4.13) we can write
[old cost] — [new cost] = A+ S, (4.14)

where

«@ «@

A= P-P||o+3 k| —o%cost| + |3k (|P*—P1|—\P—P1\), (4.15)
j=1 j=1

n n

Sn = i“?|P*—Pj\—(ZHj)a<|P*—P1I—\Pn+1—P1\)—Z(ZHOQIPJH—P]-\. (4.16)
= :

Jj=1 j=1 =1

2. Notice that the quantity A in (4.15) would describe the difference in the costs if all the
mass K = K] + -+ + k, were flowing through the point P;. Using Lemma 4.1, we can thus
choose P = P; close enough to P* such that this difference is strictly positive. More precisely,
for a fixed k > 0, we claim that one can achieve the lower bound

K |P — P*|
A > |P-P" ¥ —0%cosly+ Kk cos(0y +01) — —5———
> | | {(aJrn) c® cos O, + £ cos(0, + 61) 3P = P*\} (417)
> |Py— P*|-6(61,5) > 0.
Indeed, the last two terms within the square brackets in (4.17) are derived from
: P —P| P PP
P*—P|—|P-P| = |PP-P||1—4/1-2 0.+ 0
| 1| = | 1| | 1| ¢ |P*7P1|COS( + 1)+|P*—P1|2
: P =P PP
> |\ PP=-P||1-(1— s 0.+ 6 — .
> | 1|{ ( \P*fPl\COS( + 1)+2|P*7P1|2
Moreover, since we have the strict inequalities
0 < % if a> %,
(4.18)
0<% —6o if a<jy,

17
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the same argument used in the proof of (4.8) in Lemma 4.1 now yields the strict inequality

Ao (1= —1

cosf; > (I =\

(4.19)
Given k > 0 and P, we can then choose P close enough to P* so that

e the term within the square brackets in (4.17) is strictly positive,

e the ratio |P— P*|/|P,— P*| is small but uniformly positive, as long as 61 remains bounded

away from 7 or from 5 — 6y respectively, in the two cases considered in (4.18).

This proves our claim (4.17).

3. To complete the proof of the lemma, it remains to prove that S, > 0. This will be proved
by induction on n. Starting from (4.16) and using the inequalities

n n—1
«a

P, —P| < |P"— Py, (m)" < ma+ ()

i=1 i=1
we obtain

n—1 J

Sn:inﬁ‘lp*,Pﬂ—( n]> (P*— P\~ |P, — P1|) Z( ,{1) |Pjs1 — P
j=1

>0 j=1 =1

n—2

H]) (IP* = Pi| = |Po1 — P1) Z(Z’“) |Pjt1— Py

Jj=1 i=1

(\Y

MHH

n—1
SlPt - p - (3
Jj=1 J

FRE|P* — Py| — nn(|P* P~ |P, — Pl\)

Il
MR

- Sn,1+nﬁ<|P*—Pn|—\P*—P1\+|PR—P1|) > Sy

Repeating this same argument, by induction we obtain 420
Sp > Spe1 = -0 =51
Observing that
S) = KPPy - H?(‘P* — P~ |Py— Pl\) — K| Py — Py =
we complete the proof of the lemma. O

We now consider the most general situation, shown in Fig. 10. Differently from the setting of
Lemma 4.2, various scenarios must be considered.

e In addition to the horizontal path bifurcating to the left of P* with flux o, there can be
countably many additional horizontal branches bifurcating to the left of v, below P*.
We shall denote by o, n > 1, the fluxes through these branches, at the bifurcation
points.

e There can be countably many distinct branches bifurcating to the right of P*, say with
fluxes k3, j > 1.

18
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e Furthermore, there can be countably many additional branches bifurcating to the right
of v, at points close to P*. We shall denote by «}, ¢ > 1, the fluxes through these
branches, at the bifurcation points.

e Finally, the measure p could concentrate a positive mass along the arc PP*.

We observe that, by optimality, all particle trajectories to the right of v move in the right-
upward direction. Namely, setting x(£,t) = (21(£,t), 22(£,t)), for these paths we have

21(§7t) = 0, 22(§7t) < 0.

We now construct a “bypass”, choosing a segment P() with endpoints both lying on the curve
v, making an angle 8 with the horizontal direction such that

B < B < gfeo. (4.21)

Here 5* denotes the angle between the segment P*Q* and a horizontal line.

Given € > 0, we can choose N > 1 large enough so that, among the branches bifurcating from
P*, one has

d < e (4.22)
J>N

Moreover, by choosing @ sufficiently close to P*, the following can be achieved:

(i) The total flux along the horizontal branches bifurcating to the left of v below P* satisfies

don < e (4.23)

n>1

(ii) The total flux along the branches bifurcating to the right of v between P and P*, and
between P* and @ satisfies

ZH; < e (4.24)

i>1
(iii) For each j = 1,..., N, there exists a path -; connecting P* with a point P; on the

segment PQ, along which the flux remains > x; > &} — (¢/N). Here we denote by x;
the flux reaching P;.

In other words, even if the j-th branch through P* further bifurcates, most of the
particles along this branch cross the segment PQ at the same point P;.

(iv) The total mass of u along y between P and P* is < ¢.

We estimate the difference in the new cost produced by these additional branches. Call
P =(p1,p2), @ = (01, 32)-

e The additional mass on the left branches, together with the mass of p present between
P and P* now travels along a horizontal line through P. By (i) and (iv) this mass is
< 2¢. Hence:

[additional cost] < (2e)'7%(z5 — z). (4.25)
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)

Figure 10: In the fully general situation, we have additional branches bifurcating to the left of ~

between P and P*, and to the right of « at any point between P and @). In addition, there can be an
additional absolutely continuous source along the arc PP*.

e The additional mass bifurcating to the right of 7, not crossing the segment PQ at one
of the finitely many points Py, ..., Py is < 3e. The additional cost in transporting this
mass from P to some point between P and @ satisfies

[additional cost] < x5 - 3¢|P — Q). (4.26)

We now use Lemma 4.2. Combining (4.12) with (4.25)-(4.26) we obtain
[old cost] — [new cost] > |Py — P*|-6(01, k) — (26)'7%|P — P*| — k§™' - 3¢|P — Q. (4.27)

By choosing £ > 0 small enough, the right hand side of (4.27) is strictly positive. Hence the
configuration with P* # 0 is not optimal. This completes the proof of Theorem 2.7. O

5 Thecased=2,a=0
We give here a proof of Theorem 2.8.

1. Assume that there exists a unit vector w* € R? such that

K = /
nest

Let v = (cos 3, sin 8) be a unit vector perpendicular to w*, with 8 € [0, 7]. Let p be the mea-
sure supported on the segment {rv; r € [0,¢]}, with constant density A\ w.r.t. 1-dimensional
Lebesgue measure.

<w*7n)‘77(n) dn > c.

Then the payoff achieved by u is estimated by

S"p) —cI%(w) = g./sl <lexp{|<)\|}> ’(W*,n>‘n(n)dnfc€

W*7n>

> 0-(1—e?)

<w*,n>‘ n(n)dn — c¢ (5.1)
51

= [a-eNK-d]e
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By choosing A > 0 large enough, the first factor on the right hand side of (5.1) is strictly
positive. Hence, by increasing the length ¢, we can render the payoff arbitrarily large.

2. Next, assume that K < c¢. Consider any Lipschitz curve s — ~(s), parameterized by
arc-length s € [0,¢]. Then, for any measure u supported on v, the total amount of sunlight
from the direction n captured by p satisfies the estimate

s < '/:)ms)% )| s

Indeed, it is bounded by the length of the projection of v on the line EL perpendicular to n.
Integrating over the various sunlight directions, one obtains

S(u) < /OZ/S

More generally, 1 = >, j1; can be the sum of countably many measures supported on Lipschitz
curves ;. In this case, since the sunlight functional is sub-additive, one has

S'u) < D 8"m) < > Kb

(3(s)*, n)‘n(n) dnds < KU.

Hence

S8"(p) — eI(p) < ZK&-ch&- < 0.

This concludes the proof of case (ii) in Theorem 2.8. O
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